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“Philosophical” remarks



“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”

Personal information will be stored in the Personal Information Bank for the appropriate program.
PROTECTED B WHEN COMPLETED

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
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of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
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there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the
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1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary of Proposal 

Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“Philosophical” remarks



“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
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confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).
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the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary of Proposal 

Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“Philosophical” remarks



“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the
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My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
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bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1
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important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
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vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“Philosophical” remarks



“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1
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Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.
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theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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that plagues instanton studies on R4, see e.g. [7].
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string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary of Proposal 

Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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“…why bother?”
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary of Proposal 

Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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“…why bother?”

2

Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic

1
For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.

2
The atomistic language should be taken with a grain of salt: these “molecules” are correlated tunneling events and

there is no “time” in which the dynamics unfolds. Yet, the vacuum functional of the theory takes the form of (the

potential part of) a grand partition function of a gas of interacting charged and neutral “molecules.”
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string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
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features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
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My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
elusive, but with very interesting physical properties. We called it a “center-stabilizing bion”, later
also called “neutral bion” [17]. Its existence is less trivial to establish than that of the magnetic
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For QCD(adj) with a single Weyl quark there is a connection of the small-L magnetic bion mechanism [9] with

another abelian confinement mechanism on R4
, the celebrated monopole/dyon condensation in Seiberg-Witten theory.
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Most importantly, these monopole-instantons have no size modulus, avoiding the “IR-embarassment”
that plagues instanton studies on R4, see e.g. [7].

The first new insight to follow was by Ünsal [1], who showed that the mass gap and confinement
in QCD(adj) (QCD with adjoint instead of fundamental quarks) can be analytically understood as
due to Debye screening in a three dimensional plasma of “topological molecules”, termed “magnetic
bions”, of these monopole-instantons. The mass gap of gauge fluctuations, related to the confining
string tension, can be calculated from first principles, via a locally 4d generalization of the 3d
Polyakov mechanism [8]. The mere fact that the mechanism extends (even if only infinitesimally)
above 3d is of interest, as there are only a few cases where confinement is understood analytically,
in the continuum, in a controlled manner and starting from the microscopic degrees of freedom.1

Here, the price to pay for theoretical control is the required small size L⇤Nc ⌧ 1. As this small-L,
Abelianized, world is not quite the physical one, one might be tempted to ask: “Why bother?”. It is
important to address this “philosophical” question at the outset. I have three answers:

i. The picture of the confining vacuum and of the thermal deconfinement transition emerging from
these calculable examples is beautiful and elegant. This fact alone is very satisfying to a theorist.

ii. One might hope that upon studying a solvable example, new unexpected and interesting
features of more general utility will be encountered.

iii. Once an analytical approach is understood within its region of validity, it is tempting to
push it to, and even beyond, its limits—i.e. the approach might contain qualitative lessons for
phenomenological models of the real strongly coupled system.

We shall see that all these expectations—the initial motivation for our studies—have borne fruit.
My involvement in the subject began by a physicists’s derivation [10] of the index theorem in

monopole-instanton backgrounds, which is to this day indispensable to study QCD(adj) and other
theories [11]. It was then applied [12] to argue that the ISS model of supersymmetry breaking does
not break supersymmetry; since then, this has also been shown via the superconformal index [13]. We
also studied how the mass gap for gauge fluctuations (⇠ string tension), for a large class of chiral and
vectorlike theories, depends on the radius L [14, 15]. For all theories, we found that there is a change
of behavior, when the number of flavors is increased, with the mass gap changing from increasing
with L to decreasing with L. We suggested that this may be related to the onset of conformality
in the respective gauge theories, diagnosed by the vanishing of the mass gap in the infinite L limit.
While this lacks rigor—the semiclassical calculation loses its validity upon increase of L, except in
perhaps a few cases [15, 16]—we made the qualitative point that one should use the mass gap as a
diagnostic of conformality, not just the commonly used fermion bilinear. Another qualitative lesson
was that the nature of the light fermions in the theory can play a crucial role in the confinement
mechanism via the formation of a zoo of various topological molecules, depending on the theory.

The most interesting observations, till now, that have emerged from the R3⇥S1
L studies, however,

originated in [9]. While studying a known supersymmetric theory, the “topological molecule”2 way
of looking at it gave rise to observations transcending supersymmetry, with deeper implications. One
kind of molecule, giving rise to confinement via the generalized Polyakov mechanism, the “magnetic
bion”, was already found in [1]. In [9], we showed that there is another kind of molecule, more
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Description of Proposed Research Poppitz

1 Gauge dynamics, Semiclassical methods, Continuity, and Resurgence

MOTIVATION: Quantum Field Theory (QFT) describes the non-gravitational elementary particle
interactions and the long-distance properties of various many-body systems. The physics of the
electroweak interactions is well captured by perturbation theory, an expansion in a small coupling
constant. The strong interactions governed by Quantum Chromodynamics (QCD) are di↵erent: ob-
servables involving short-distance physics can be studied via perturbation theory. However, QCD’s
most interesting properties—the structure of the ground state and low-lying excitations—are non-
perturbative and involve a dramatic rearrangement of the degrees of freedom. The answer has been
known from experiment for a long time, yet the reasons behind it still puzzle! The lattice is one
theoretical tool to study QCD, but it alone yields little insight into the continuum dynamics of, say,
confinement and chiral symmetry breaking (it is an immensely practical tool, whose modern use is
a numerical experiment, a kind of ‘black box’ not immediately yielding to a physicist’s desire for
intuitive qualitative understanding).

Thus, the development of any theoretical ideas that shed some dynamical insight into nonper-
turbative QCD is of interest. Furthermore, one should also consider other asymptotically free gauge
theories, obtained by adding di↵erent numbers and representations of “quarks” and/or changing
the gauge group. This excursion away from QCD is motivated: i.) due to our inherent theoretical
curiosity and since exploring the “theory space” is likely to yield insights as to what makes the Stan-
dard Model so special and ii.) because non-QCD like dynamics has long been suggested as possibly
relevant to models of physics Beyond the Standard Model—it su�ces to mention the ideas of com-
positeness, unification via dualities, or flavor via near-conformality (all ideas that are simply pushed
to higher scales with the 125 GeV Higgs discovery). The outstanding big questions, posed long ago
and still waiting for a definitive answer, range from the more theoretical: “What is QFT?”, “What

phases do gauge theories have?”, “Which theories are conformal?” “When are quarks confined or

not?”, “What happens upon ‘heating up’?”, “When and why does chiral symmetry break?”, ... to
the more ‘practical’: “What is the mechanism behind the mass hierarchy in Nature?”.

Theoretically-controlled methods to help find answers are hard to come by. Supersymmetry and
gauge-gravity dualities are two ideas that have given nontrivial insight in the past 20 years, but
hardly cover all theories and observables. A new method to study the nonperturbative dynamics of
asymptotically-free gauge theories emerged over the past few years [1, 2]. It is based on the use of
spatial compactification as an infrared (IR) regulator, allowing theoretically controlled semiclassical
studies of the dynamics of confinement and discrete or abelian chiral symmetry breaking (earlier
related studies [3, 4] relied mainly on supersymmetry and thus overlooked many general aspects).
Surprising new insight into gauge dynamics has already been gained from this approach and I expect
more in the future, as I describe below.

REVIEW OF RECENT PROGRESS: The spacetime manifold considered is not Minkowski space
R1,3, but rather R1,2⇥S1

L (or Euclidean R3⇥S1
L), where the radius of the spatial circle L is a control

parameter. It turns out that, in many cases, if L⇤Nc ⌧ 1 (⇤ is the strong scale and Nc the number
of colors) the theory dynamically Abelianizes due to a nontrivial holonomy expectation value. The
gauge coupling is “frozen” at a small value, making semiclassics theoretically sound.

The crucial discovery that is exploited in this setup was made almost simultaneously and inde-
pendently by the string [5] and lattice [6] communities: it was shown that four dimensional instantons
“dissociate” into constituent monopole-instantons (for SU(Nc) gauge group into Nc constituents).
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Summary of Proposal 

Summary

My topic of research is Quantum Field Theory (QFT), the set of equations that describe the electromagnetic, weak, and strong interactions
of the elementary particles. QFT is an amazing framework, whose application to Nature led to the discovery of the Higgs particle
(hypothesized by theorists 50 years ago) at the Large Hadron Collider in 2012. 

Yet, despite the success, many puzzles remain and, at the moment, we are not sure about their solution. For example, we have no clue as to
why the masses of the elementary particles span many orders of magnitude, from the lightest neutrinos to the heaviest (so far) top quarks
and the Higgs. This is the so-called "mass hierarchy" problem of Nature. A better understanding of the fundamentals of QFT is required
(apart from experiment, of course) in order to make progress. However, QFT is also an amazingly complicated set of equations, intractable in
most cases. This is true, in particular, for the strong hadronic interactions, responsible for the binding of quarks in protons. Other forms of
hypothetical, not yet observed, strong interactions may be responsible for explaining the "mass hierarchy" puzzle. 

One focus of my current work is on situations where the set of equations of QFT simplifies enough, so that it can be studied and
comprehended intuitively, without the use of big computers, while retaining many of the features important in the real world of hadrons. In
this manner, we have gained new insight into the origin of the force holding (or "confining") quarks together, and in particular into the
"liberation" of quarks from hadrons upon heating them up, as in the Big Bang or in heavy-ion collisions. It also appears that these studies
may help us gain new insight into the deeper mathematical structures underlying QFT.
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are - directly or indirectly, to a lesser or larger extent - inspired by these small-L studies

 my own involvement began here, during CAQCD 2008!  

talks by

“Philosophical” remarks



Motivation

So, it is of some interest to better study the few understood QFT 
cases and their relations to each other and to lattice. 

lattice - numerical experiment - confining flux tubes exist, for sure - but not (...) 
given gauge invariant insight into dynamical  mechanism
string theory - under control in regimes quite far from asymptotically free QFT 

- Seiberg-Witten theory: N=2 super YM with N=1 soft mass,            
  abelian confinement  Douglas Shenker, Hanany Strassler Zaffaroni,... 

- monopole confinement in abelian Higgs model and in related          
  (dual) models with nonabelian strings  Gorsky, Shifman, Yung... 

- confinement on R x S  , abelian  Unsal, Shifman, Yaffe... 3 1

Confinement is ubiquitous, ‘old news’.  However, it is quantitatively
understood - within continuum QFT, starting from the microscopic QFT
degrees of freedom and in a controlled manner - only in a few cases. 



Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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dual photon plane

periodicities: 
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �
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We omitted, for brevity, a summation over the n

f
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indices in the kinetic term and a product over the flavor
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for, e.g., a weight of the 
fundamental, say w1

monodromy  



Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
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= M

h
i�̄�̄
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@
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� +
m cos �
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indices in the kinetic term and a product over the flavor
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

monodromy  

C

for, e.g., a weight of the 
fundamental, say w1 DW1

P(DW1)



Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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in semiclassical regime extremize classical 
action with monodromy around Wilson loop:
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f
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indices in the kinetic term and a product over the flavor
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for, e.g., a weight of the 
fundamental, say w1 DW1

P(DW1*)



Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
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h
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1
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(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:

inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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action with monodromy around Wilson loop:
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,
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(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).

0.2

0.4

0.6

0.8

1.0

FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

1

3

1

monodromy  

1

now, w1-string
in vacuum 1

1
1



Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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1

3

quarks with charges in all weights of the fundamental 
have the same string tension, by the Z_N center symmetry

- 

very different from other 
theories with abelian 
confinement, notably Seiberg-
Witten theory (SW)

-

- “baryon vertices” exist, as 
opposed to linear-only 
baryons in SW (show later)

for higher N-alities quarks
string tensions are the same
in every Z_N Weyl orbit [su(4)ex.]
(no free lunch: 
 no complete “N-ality only” 
 dependence in abelian regime)   

- 

QCD(adj)/SYM with SU(3) gauge group:
the story told already in Tin Sulejmanpasic’s talk, about “strings 
from flesh and blood” ending on domain walls also holds, clearly…

- 



magnetic bions - QCD(adj)/SYM vs Seiberg-Witten theory

1.  in SW there are N-1 condensing objects, in QCD(adj)/dYM there are N                 
 “condensing” monopole instantons: the extra “KK monopole” makes all the 
difference

2.   in SW Weyl group totally broken, in QCD(adj)/dYM a Z_N  subgroup exact,         
    (in gauge invariant terms, the Z_N Weyl is really the action of the center)

qualitative difference is because:

Composite nature of strings in QCD(adj)/SYM is, ultimately, due to 
“composite” nature of condensing objects:  

                                MM* “molecules” rather than M’s themselves.



magnetic bions - QCD(adj)/SYM vs Seiberg-Witten theory
in pictures

- nondegenerate mesons 

only linear baryons 
(more dramatic for N>3)

 (k-th component of fundamental bound by k-string and an anti k-1-string) 

recall Seiberg-Witten theory: 

- two types of monopoles (SU(3)) with (co) root-lattice charges, label k=1,2,...N-1   
- ANO vortices are strings confining quarks in the highest weight k-index                

ANO vortex of unit N-ality

ANO vortex of N-ality 2

mesons

antisymmetric representation 



Seiberg-Witten  vs     QCD(adj)/SYM  

in pictures

only linear baryons 
(more dramatic for N>3)

Seiberg-Witten theory: 
 

mesons

QCD(adj)/SYM: 
 

-3

-2

-1

0

1

2

“baryon vertex”
  



Seiberg-Witten  vs     QCD(adj)/SYM        vs     dYM

N-1 monopoles condense

only linear baryons 
(more dramatic for N>3)

Seiberg-Witten theory: 
 

mesons

QCD(adj)/SYM: 
 

dYM: 

-3

-2

-1

0

1

2

*
*

*

w1

P(w1)

P (w1)2

(1+P+P  )w1=02

(non-composite)
N monopoles condense 
so non-composite strings  

“baryon vertex”
  (DW junction)

N bions condense 



Finally, a brief mention of an “application” and a curiosity...

2 1 1

The picture of strings and DWs in dYM and QCD(adj) can be used to elucidate 
the distinct  global structure - discrete theta angles “p” Aharony/Seiberg/Tachikawa, 

Kapustin/Seiberg -of  [SU(N)/Z  ]   theories in a rather pedestrian physical manner. 

As an application, the low-T/high-T Kramers-Wannier-like duality near Tc on 
R xS xS  [Simic, Unsal; Anber, Unsal EP]  can be shown to be consistent with global 
structure and (ST)  =1, eliminating some puzzles:

pk

3



x1

x2

x0

x0=0

x0=β

Figure 7. A typical configuration in the gauge theory on R2 ⇥ S1
� , with the much smaller S1

L not
shown. Electric W -bosons propagate along static worldlines extending along S1

� as shown on the
picture. The magnetic monopole-instantons, shown by dots, are localized in R2 and the Euclidean
time direction and are extended along S1

L. Both gases are dilute in the mW = 1
NcL � T regime.

Further, their separations are exponentially larger [this is not clear from the scale of the picture] than
the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
(4.4). Clearly, the duality (4.5) exchanging electric and magnetic objects emerges only in the 2D limit
as the two kinds of charges have distinct microscopic origin.

validity of semiclassics is assumed. There are further corrections, suppressed by these two

small parameters, to the dimensionally reduced partition function (4.4), see [32] for a detailed

discussion.

Now, without much ado (see [11], also [12] for the derivation), we write the partition

function and explain the ingredients and notation in some detail:

Z =
X

(N i

e±,Nj

m±�0)

X
(i�0, qm

a

=±1)

X
(j�0, qe

A

=±1)

y
P

i

(N i

m++N i

m�)

m y
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(N i
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e�)

eQ
i

N i
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m�!N i
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m�!

Z Y
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d2Ri
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Z Y
A,i

d2Rj
A

⇥ exp

24 g2
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N
cX

i�j

N
eX
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qe
Aqe

B ↵↵↵i · ↵↵↵j ln |~Ri
A � ~Rj

B| +
4⇡LT

g2

N
cX

i�j

N
mX

a>b

qm
a qm
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j ln |~Ri
a � ~Rj
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+ i
N

cX
i,j

N
m

,N
eX

a,B

qm
a qe

B ↵↵↵j · ↵↵↵⇤
i ⇥(~Ri

a � ~Rj
B)

35 . (4.4)

The dynamical objects in this 2D grand partition function are as follows. There are

Nc types of magnetically charged particles and anti-particles (qm = ±1)—the magnetic

– 28 –

x1

x2

x0

x0=0

x0=β

Figure 7. A typical configuration in the gauge theory on R2 ⇥ S1
� , with the much smaller S1

L not
shown. Electric W -bosons propagate along static worldlines extending along S1

� as shown on the
picture. The magnetic monopole-instantons, shown by dots, are localized in R2 and the Euclidean
time direction and are extended along S1

L. Both gases are dilute in the mW = 1
NcL � T regime.

Further, their separations are exponentially larger [this is not clear from the scale of the picture] than
the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
(4.4). Clearly, the duality (4.5) exchanging electric and magnetic objects emerges only in the 2D limit
as the two kinds of charges have distinct microscopic origin.

validity of semiclassics is assumed. There are further corrections, suppressed by these two
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validity of semiclassics is assumed. There are further corrections, suppressed by these two
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discussion.
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Figure 7. A typical configuration in the gauge theory on R2 ⇥ S1
� , with the much smaller S1

L not
shown. Electric W -bosons propagate along static worldlines extending along S1

� as shown on the
picture. The magnetic monopole-instantons, shown by dots, are localized in R2 and the Euclidean
time direction and are extended along S1
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NcL � T regime.

Further, their separations are exponentially larger [this is not clear from the scale of the picture] than
the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
(4.4). Clearly, the duality (4.5) exchanging electric and magnetic objects emerges only in the 2D limit
as the two kinds of charges have distinct microscopic origin.

second root), ii.) 2D magnetic Coulomb law, with strength 4⇡LT
g2 ↵↵↵⇤

1

· ↵↵↵⇤
2

, and iii.) Aharonov-

Bohm phase interactions, with exchange phases ↵↵↵
1

· ↵↵↵⇤
2

⇥
12

, where ⇥
12

is the angle between

the x-axis and the vector from particle 1 to particle 2.

Having explained the physics behind the emergence of (4.4) as a description of the gauge

theory on R2 ⇥S1

� ⇥S1

L, at � � L, we now note an interesting feature—the self-duality of the

electric magnetic Coulomb gas. An inspection of Eq. (4.4) shows that the e↵ective theory is

invariant under electric-magnetic duality (which we label by Ŝ) acting as

Ŝ : (ym, ye) ! (ye, ym) , (qe↵↵↵i, q
m↵↵↵⇤

i ) ! (qm↵↵↵⇤
i , �qe↵↵↵i) ,

g2

4⇡LT
! 4⇡LT

g2

, (4.5)

as well as an interchange of the coordinates of electric and magnetic charges.30 Notice that

(4.5) acts as both electric-magnetic and high-T/low-T (Kramers-Wannier) duality. We stress

again that we do not claim that (4.5) is a fundamental (i.e. all-scale) electric-magnetic duality

in pure (d)YM theory. Invariance under Ŝ is only a property of the long-distance e↵ective

theory of dYM on R2 ⇥ S1

� ⇥ S1

L valid in the regime discussed above. Nonetheless, we shall

see that with respect to the global structure of the theory, (4.5) has properties common with

both Kramers-Wannier duality in the Ising model and strong-weak coupling duality in N = 4

SYM. We labeled (4.5) Ŝ to underlie similarities with the latter case.31

30We note that the partition function can be cast into the form of a self-dual sin-Gordon model, whose

critical features have been studied in [46]; for related works see [42, 47, 48].
31One notable distinction is that our Ŝ holds only for gauge theory ✓ angle 0 or 2⇡. For nonzero ✓, phases
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4.2.3 dYM with [SU(Nc)/Zk]q, with kk0 = Nc

Begin with the simplest case, that of an SU(4)/Z
2

gauge group. The fundamental domain of

���, the group lattice �SU(4)/Z2
, is the lattice of all weights of N -ality 2. For this theory, the

identification of vacua is by (4.3) with k0 = 2 and q = 0, 1 and the minima (3.24) within �r

are at www
0,1,2,3. Thus, for the [SU(4)/Z

2

]q theory, we have to identify wwwk ⇠ P2wwwk + wwwq(mod

�G). The genuine line operators here are (W 2, W qH2).

For [SU(4)/Z
2

]
0

we thus find that (www
0

,www
2

) as well as (www
1

,www
3

) are identified by �G shifts

and there are two ground states. The domain wall configurations connecting minima within

each orbit are strings responsible for the area law of the W 2 genuine line operator, while the

walls between the two vacua (e.g. with ���� = 2⇡www
1

) are genuine domain walls (neither W nor

WH2 are genuine line operators here). The two vacua are distinguished by the vev of the

genuine line operator H2.

On the other hand, for [SU(4)/Z
2

]
1

, there is one �̂(2,1) orbit and a unique vacuum. All

domain walls here are confining strings, reflecting the fact that both genuine line operators

W 2 and WH2 have area law. In particular the domain walls between www
0

and www
1

are now

confining strings.

It is easy to see that this pattern continues to the general case.

For [SU(Nc)/Zk]0 theories, we find gcd(Nc, k) vacua. Indeed the only genuine line oper-

ator with an area law is W k, hence all minima among www
0

, . . .wwwN
c

�1

whose indices di↵er by k

(i.e. by N -ality k) are identified. The “domain walls” connecting them are strings leading to

area law for the W k genuine line operator. There are exactly gcd(Nc, k) unidentified vacua

left, labeled by www
0

, . . .www
gcd(N

c

,k)

. These are connected by genuine domain walls—no genuine

line operators of such N -alities exist for the q = 0 theory.

For the [SU(Nc)/Zk]1q<k theories, on the other hand, we have gcd(Nc, q) minima, www
0

, . . .

wwwl. . .www
gcd(N

c

,q)�1

not identified under l $ (l + q)(modNc) (i.e. these are representatives of

the �̂(k0,q) orbits). Imposing identification by N -ality k shifts does not further restrict the

number of vacua as gcd(Nc, q) < k for q < k. This is also consistent with the string/domain

wall dichotomy as there are no genuine line operators among (W k, W qHk0
) with an area law

and N -alities smaller than gcd(Nc, q) and the domain walls between these vacua are genuine.

4.3 dYM on R2 ⇥ S1
� ⇥ S1

L, Kramers-Wannier duality and global structure

We now consider a further compactification on S1

� , with � = 1/T . We do this because the

e↵ective description of the thermal theory in the low temperature regime � � L of [16]

exhibits interesting duality properties, not much noted before, except for some remarks in

[17]. There is an interesting interplay with the global structure of the gauge group which was

not properly discussed earlier [17, 42].

The dynamics relevant to the finite temperature theory is as follows. The monopole-

instanton gas (with constituents labeled by the a�ne roots of SU(Nc)) remains intact in the

low temperature limit � � L (recall that monopole-instanton core size is L). In addition,

at finite temperature, the W -bosons, the lightest Nc types of which have mass 1

N
c

L , can also
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dYM on
monopole-instanton “events” (world 
lines in smaller L-circle, not shown)

static W-bosons’ worldlines

electric-magnetic “charge” system:  
- very dilute at T << 1/L, typical distances>>1/T, so ~ 2d
- 2d thermal deconfinement transition at T ~ g /L  

 ~ to 3d Polyakov model Dunne, Kogan, Kovner, Tekin;  Lecheminant, Gogolin, Nersesyan

- here: focus on symmetries and duality:

2
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validity of semiclassics is assumed. There are further corrections, suppressed by these two

small parameters, to the dimensionally reduced partition function (4.4), see [32] for a detailed

discussion.
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� , with the much smaller S1

L not
shown. Electric W -bosons propagate along static worldlines extending along S1

� as shown on the
picture. The magnetic monopole-instantons, shown by dots, are localized in R2 and the Euclidean
time direction and are extended along S1

L. Both gases are dilute in the mW = 1
NcL � T regime.

Further, their separations are exponentially larger [this is not clear from the scale of the picture] than
the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
(4.4). Clearly, the duality (4.5) exchanging electric and magnetic objects emerges only in the 2D limit
as the two kinds of charges have distinct microscopic origin.
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second root), ii.) 2D magnetic Coulomb law, with strength 4⇡LT
g2 ↵↵↵⇤

1

· ↵↵↵⇤
2

, and iii.) Aharonov-

Bohm phase interactions, with exchange phases ↵↵↵
1

· ↵↵↵⇤
2

⇥
12

, where ⇥
12

is the angle between

the x-axis and the vector from particle 1 to particle 2.

Having explained the physics behind the emergence of (4.4) as a description of the gauge

theory on R2 ⇥S1

� ⇥S1

L, at � � L, we now note an interesting feature—the self-duality of the

electric magnetic Coulomb gas. An inspection of Eq. (4.4) shows that the e↵ective theory is

invariant under electric-magnetic duality (which we label by Ŝ) acting as

Ŝ : (ym, ye) ! (ye, ym) , (qe↵↵↵i, q
m↵↵↵⇤

i ) ! (qm↵↵↵⇤
i , �qe↵↵↵i) ,

g2

4⇡LT
! 4⇡LT

g2

, (4.5)

as well as an interchange of the coordinates of electric and magnetic charges.30 Notice that

(4.5) acts as both electric-magnetic and high-T/low-T (Kramers-Wannier) duality. We stress

again that we do not claim that (4.5) is a fundamental (i.e. all-scale) electric-magnetic duality

in pure (d)YM theory. Invariance under Ŝ is only a property of the long-distance e↵ective

theory of dYM on R2 ⇥ S1

� ⇥ S1

L valid in the regime discussed above. Nonetheless, we shall

see that with respect to the global structure of the theory, (4.5) has properties common with

both Kramers-Wannier duality in the Ising model and strong-weak coupling duality in N = 4

SYM. We labeled (4.5) Ŝ to underlie similarities with the latter case.31

30We note that the partition function can be cast into the form of a self-dual sin-Gordon model, whose

critical features have been studied in [46]; for related works see [42, 47, 48].
31One notable distinction is that our Ŝ holds only for gauge theory ✓ angle 0 or 2⇡. For nonzero ✓, phases
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4.2.3 dYM with [SU(Nc)/Zk]q, with kk0 = Nc

Begin with the simplest case, that of an SU(4)/Z
2

gauge group. The fundamental domain of

���, the group lattice �SU(4)/Z2
, is the lattice of all weights of N -ality 2. For this theory, the

identification of vacua is by (4.3) with k0 = 2 and q = 0, 1 and the minima (3.24) within �r

are at www
0,1,2,3. Thus, for the [SU(4)/Z

2

]q theory, we have to identify wwwk ⇠ P2wwwk + wwwq(mod

�G). The genuine line operators here are (W 2, W qH2).

For [SU(4)/Z
2

]
0

we thus find that (www
0

,www
2

) as well as (www
1

,www
3

) are identified by �G shifts

and there are two ground states. The domain wall configurations connecting minima within

each orbit are strings responsible for the area law of the W 2 genuine line operator, while the

walls between the two vacua (e.g. with ���� = 2⇡www
1

) are genuine domain walls (neither W nor

WH2 are genuine line operators here). The two vacua are distinguished by the vev of the

genuine line operator H2.

On the other hand, for [SU(4)/Z
2

]
1

, there is one �̂(2,1) orbit and a unique vacuum. All

domain walls here are confining strings, reflecting the fact that both genuine line operators

W 2 and WH2 have area law. In particular the domain walls between www
0

and www
1

are now

confining strings.

It is easy to see that this pattern continues to the general case.

For [SU(Nc)/Zk]0 theories, we find gcd(Nc, k) vacua. Indeed the only genuine line oper-

ator with an area law is W k, hence all minima among www
0

, . . .wwwN
c

�1

whose indices di↵er by k

(i.e. by N -ality k) are identified. The “domain walls” connecting them are strings leading to

area law for the W k genuine line operator. There are exactly gcd(Nc, k) unidentified vacua

left, labeled by www
0

, . . .www
gcd(N

c

,k)

. These are connected by genuine domain walls—no genuine

line operators of such N -alities exist for the q = 0 theory.

For the [SU(Nc)/Zk]1q<k theories, on the other hand, we have gcd(Nc, q) minima, www
0

, . . .

wwwl. . .www
gcd(N

c

,q)�1

not identified under l $ (l + q)(modNc) (i.e. these are representatives of

the �̂(k0,q) orbits). Imposing identification by N -ality k shifts does not further restrict the

number of vacua as gcd(Nc, q) < k for q < k. This is also consistent with the string/domain

wall dichotomy as there are no genuine line operators among (W k, W qHk0
) with an area law

and N -alities smaller than gcd(Nc, q) and the domain walls between these vacua are genuine.

4.3 dYM on R2 ⇥ S1
� ⇥ S1

L, Kramers-Wannier duality and global structure

We now consider a further compactification on S1

� , with � = 1/T . We do this because the

e↵ective description of the thermal theory in the low temperature regime � � L of [16]

exhibits interesting duality properties, not much noted before, except for some remarks in

[17]. There is an interesting interplay with the global structure of the gauge group which was

not properly discussed earlier [17, 42].

The dynamics relevant to the finite temperature theory is as follows. The monopole-

instanton gas (with constituents labeled by the a�ne roots of SU(Nc)) remains intact in the

low temperature limit � � L (recall that monopole-instanton core size is L). In addition,

at finite temperature, the W -bosons, the lightest Nc types of which have mass 1

N
c

L , can also
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Figure 7. A typical configuration in the gauge theory on R2 ⇥ S1
� , with the much smaller S1

L not
shown. Electric W -bosons propagate along static worldlines extending along S1

� as shown on the
picture. The magnetic monopole-instantons, shown by dots, are localized in R2 and the Euclidean
time direction and are extended along S1

L. Both gases are dilute in the mW = 1
NcL � T regime.

Further, their separations are exponentially larger [this is not clear from the scale of the picture] than
the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
(4.4). Clearly, the duality (4.5) exchanging electric and magnetic objects emerges only in the 2D limit
as the two kinds of charges have distinct microscopic origin.

validity of semiclassics is assumed. There are further corrections, suppressed by these two

small parameters, to the dimensionally reduced partition function (4.4), see [32] for a detailed

discussion.

Now, without much ado (see [11], also [12] for the derivation), we write the partition
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validity of semiclassics is assumed. There are further corrections, suppressed by these two
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the extent of the compact time direction, the inverse temperature �. The gas of monopole-instantons
and W -bosons thus appears two dimensional and is described by the Coulomb-gas partition function
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second root), ii.) 2D magnetic Coulomb law, with strength 4⇡LT
g2 ↵↵↵⇤

1

· ↵↵↵⇤
2

, and iii.) Aharonov-

Bohm phase interactions, with exchange phases ↵↵↵
1

· ↵↵↵⇤
2

⇥
12

, where ⇥
12

is the angle between

the x-axis and the vector from particle 1 to particle 2.

Having explained the physics behind the emergence of (4.4) as a description of the gauge

theory on R2 ⇥S1

� ⇥S1

L, at � � L, we now note an interesting feature—the self-duality of the

electric magnetic Coulomb gas. An inspection of Eq. (4.4) shows that the e↵ective theory is

invariant under electric-magnetic duality (which we label by Ŝ) acting as

Ŝ : (ym, ye) ! (ye, ym) , (qe↵↵↵i, q
m↵↵↵⇤

i ) ! (qm↵↵↵⇤
i , �qe↵↵↵i) ,

g2

4⇡LT
! 4⇡LT

g2

, (4.5)

as well as an interchange of the coordinates of electric and magnetic charges.30 Notice that

(4.5) acts as both electric-magnetic and high-T/low-T (Kramers-Wannier) duality. We stress

again that we do not claim that (4.5) is a fundamental (i.e. all-scale) electric-magnetic duality

in pure (d)YM theory. Invariance under Ŝ is only a property of the long-distance e↵ective

theory of dYM on R2 ⇥ S1

� ⇥ S1

L valid in the regime discussed above. Nonetheless, we shall

see that with respect to the global structure of the theory, (4.5) has properties common with

both Kramers-Wannier duality in the Ising model and strong-weak coupling duality in N = 4

SYM. We labeled (4.5) Ŝ to underlie similarities with the latter case.31

30We note that the partition function can be cast into the form of a self-dual sin-Gordon model, whose

critical features have been studied in [46]; for related works see [42, 47, 48].
31One notable distinction is that our Ŝ holds only for gauge theory ✓ angle 0 or 2⇡. For nonzero ✓, phases

– 29 –

exchanges low and high-T, electric and magnetic charges

high-T Z_N center broken

gas [16] that at r ! 1

hH(r)H̄(0)i
��
r!1 =

(
e� �r

T , thus hHi = 0 for T > Tc = g2

4⇡L ,

1, thus hHi = ±1 for T < Tc ,
(4.7)

and

hW (r)W̄ (0)i
��
r!1 =

(
1, thus hW i = ±1 for T > Tc = g2

4⇡L ,

e� �r

T , thus hW i = 0 for T < Tc .
(4.8)

The question that arises is the consistency of these results with the global structure of the

gauge group. For an SU(2) gauge group, the genuine line operator is W . In the T < Tc

confining phase there is a unique ground state hW i = 0, as per Section 4.2.1 and from (4.8).

At T > Tc, it is well known from thermal field theory that there are two, labelled by the

expectation value of the fundamental Polyakov loop W wrapped around S1

� and breaking the

zero-form Z
2

center symmetry. This is also seen in (4.8). A puzzle, similar to the one asked

for the Ising model in [8] arises: since the number of ground states of an SU(2) theory on

the two sides of the Kramers-Wannier duality (4.5) is di↵erent, the e↵ective long-distance

description (4.4) can not be self dual.

The resolution, also similar to [8], is that the high-T dual of the SU(2) theory is an SU(2)

theory coupled to a discrete topological field theory, or, equivalently, an SO(3)
+

theory. To

argue for this, consider the SO(3)
+

gauge theory, where the genuine line operator is H. At

T < Tc, H wrapped around S1

L has a vev breaking the Z
2

-magnetic center symmetry and

there are two vacua, as described in Section 4.2.1 (and is also seen in (4.7)). This is the Ŝ

dual of the high-T phase of the SU(2) theory. At T > Tc, on the other hand, there is a

unique ground state as H has an area law in the deconfined phase32 because monopoles are

confined in the electric plasma phase, as per (4.7). This is the Ŝ dual of the low-T phase of

the SU(2) theory. Thus Ŝ-duality of the e↵ective theory (4.4) acts by interchanging SU(2)

with SO(3)
+

, and H with W .

For the SO(3)� gauge theory, the genuine line operator is WH. At T < Tc, as already

described, there is a unique ground state corresponding to the fact that WH (its electric

component) is confined in the monopole plasma. At T > Tc, there is also a unique ground

state as the magnetic component of WH is confined in the W -boson plasma. We conclude

that SO(3)� is self dual with respect to Ŝ with the genuine line operator WH mapped to

itself.

Thus, the picture that emerges is that the action of the Ŝ duality (4.5) in the e↵ective

theory (4.4) is very similar to the action of S-duality in N = 4 SYM, as we show on Fig. 8.

The T̂ transformation represents a ✓-angle shift by 2⇡ which exchanges the SO(3)± theories

and leaves the SU(2) theory invariant. The fact that SO(3)± theories are interchanged by a

2⇡ shift of ✓ also follows by studying the minima of the potential (3.23) in the �r fundamental

domain for ✓ = 0 vs. ✓ = 2⇡. For Nc = 2, the potential (3.23) is V (�, ✓) ⇠ 2�2 cos ✓
2

cos
p

2�,

using ↵
1

= �↵
2

=
p

2. In the SU(2) theory, the �w fundamental domain is � ⇠ � + 2⇡/
p

2,

32For a study of ’t Hooft loops in thermal gauge theory, see [51].
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~

gas [16] that at r ! 1

hH(r)H̄(0)i
��
r!1 =

(
e� �r

T , thus hHi = 0 for T > Tc = g2

4⇡L ,

1, thus hHi = ±1 for T < Tc ,
(4.7)

and

hW (r)W̄ (0)i
��
r!1 =

(
1, thus hW i = ±1 for T > Tc = g2

4⇡L ,

e� �r

T , thus hW i = 0 for T < Tc .
(4.8)

The question that arises is the consistency of these results with the global structure of the

gauge group. For an SU(2) gauge group, the genuine line operator is W . In the T < Tc

confining phase there is a unique ground state hW i = 0, as per Section 4.2.1 and from (4.8).

At T > Tc, it is well known from thermal field theory that there are two, labelled by the

expectation value of the fundamental Polyakov loop W wrapped around S1

� and breaking the

zero-form Z
2

center symmetry. This is also seen in (4.8). A puzzle, similar to the one asked

for the Ising model in [8] arises: since the number of ground states of an SU(2) theory on

the two sides of the Kramers-Wannier duality (4.5) is di↵erent, the e↵ective long-distance

description (4.4) can not be self dual.

The resolution, also similar to [8], is that the high-T dual of the SU(2) theory is an SU(2)

theory coupled to a discrete topological field theory, or, equivalently, an SO(3)
+

theory. To

argue for this, consider the SO(3)
+

gauge theory, where the genuine line operator is H. At

T < Tc, H wrapped around S1

L has a vev breaking the Z
2

-magnetic center symmetry and

there are two vacua, as described in Section 4.2.1 (and is also seen in (4.7)). This is the Ŝ

dual of the high-T phase of the SU(2) theory. At T > Tc, on the other hand, there is a

unique ground state as H has an area law in the deconfined phase32 because monopoles are

confined in the electric plasma phase, as per (4.7). This is the Ŝ dual of the low-T phase of

the SU(2) theory. Thus Ŝ-duality of the e↵ective theory (4.4) acts by interchanging SU(2)

with SO(3)
+

, and H with W .

For the SO(3)� gauge theory, the genuine line operator is WH. At T < Tc, as already

described, there is a unique ground state corresponding to the fact that WH (its electric

component) is confined in the monopole plasma. At T > Tc, there is also a unique ground

state as the magnetic component of WH is confined in the W -boson plasma. We conclude

that SO(3)� is self dual with respect to Ŝ with the genuine line operator WH mapped to

itself.

Thus, the picture that emerges is that the action of the Ŝ duality (4.5) in the e↵ective

theory (4.4) is very similar to the action of S-duality in N = 4 SYM, as we show on Fig. 8.

The T̂ transformation represents a ✓-angle shift by 2⇡ which exchanges the SO(3)± theories

and leaves the SU(2) theory invariant. The fact that SO(3)± theories are interchanged by a

2⇡ shift of ✓ also follows by studying the minima of the potential (3.23) in the �r fundamental

domain for ✓ = 0 vs. ✓ = 2⇡. For Nc = 2, the potential (3.23) is V (�, ✓) ⇠ 2�2 cos ✓
2

cos
p

2�,

using ↵
1

= �↵
2

=
p

2. In the SU(2) theory, the �w fundamental domain is � ⇠ � + 2⇡/
p

2,

32For a study of ’t Hooft loops in thermal gauge theory, see [51].
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so, can’t be a self-duality, i.e. high T of SU(2) to low T of SU(2)
- same as Seiberg et al puzzle - from Ising to N=4 S-duality...  all done “wrong” so far! 

low-T Z_N center broken

 invariant under



𝑆𝑈 2 (𝑊 − 𝑎𝑟𝑒𝑎) 𝑆𝑂(3)+(H−𝑎𝑟𝑒𝑎)

𝑆𝑂(3)−(HW−𝑎𝑟𝑒𝑎)

 𝑇
 𝑆

𝑆𝑂(3)−(HW−𝑎𝑟𝑒𝑎)

𝑆𝑂(3)+( 𝐻 = ±1) 𝑆𝑈(2)( 𝑊 = ±1)  𝑇

𝑇 < 𝑇𝑐 𝑇 > 𝑇𝑐

Figure 8. The action of the Kramers-Wannier duality of the e↵ective theory (4.4) on gauge theory
observables. Ŝ of Eq. (4.5) interchanges theories with di↵erent global structure. While the action of
Ŝ and T̂ is superficially similar to that in N = 4 SYM, our Ŝ duality only holds for ✓ = 0(mod 2⇡).

as w
1

= 1/
p

2. We observe that the potential has a unique minimum within the fundamental

domain regardless of the value of ✓, and so the SU(2) theory has a unique ground state (except

at ✓ = ⇡, see [24]). On the other hand, in the SO(3)± theories, we have periodicity in the

twice larger �r: � ⇠ � + 2
p

2⇡. Further, for SO(3)
+

we have the identification � ! �� (the

action of P for su(2)) and, for SO(3)�: � ! �� +2⇡/
p

2. An inspection of the potentials on

Fig. 9, plotted for ✓ = 0 and 2⇡, shows if the ✓ = 0 theory has one ground state, the ✓ = 2⇡

has two and vise versa.

4.4 QCD(adj)

According to (3.27), we have the minima h���ik = 2⇡k⇢⇢⇢
N

c

, k = 0, ...Nc � 1 (modulo arbitrary �w

shifts). For an SU(Nc) gauge group, the fundamental domain is �w itself, hence there are Nc

ground states related by the broken chiral ZN
c

symmetry. Next, we follow the same strategy

as in dYM. We shall be brief and less general and only consider Nc = 2, 3, 4.33 These three

classes of theories provide examples of all cases considered in dYM.

33This is because, while the combinatorics of identification of the minima (3.27) in the case of QCD(adj) is

manageable and can potentially be automated, as opposed to the dYM case, we have not found an e�cient

way to treat all N
c

and k.
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4.2.3 dYM with [SU(Nc)/Zk]q, with kk0 = Nc

Begin with the simplest case, that of an SU(4)/Z
2

gauge group. The fundamental domain of

���, the group lattice �SU(4)/Z2
, is the lattice of all weights of N -ality 2. For this theory, the

identification of vacua is by (4.3) with k0 = 2 and q = 0, 1 and the minima (3.24) within �r

are at www
0,1,2,3. Thus, for the [SU(4)/Z

2

]q theory, we have to identify wwwk ⇠ P2wwwk + wwwq(mod

�G). The genuine line operators here are (W 2, W qH2).

For [SU(4)/Z
2

]
0

we thus find that (www
0

,www
2

) as well as (www
1

,www
3

) are identified by �G shifts

and there are two ground states. The domain wall configurations connecting minima within

each orbit are strings responsible for the area law of the W 2 genuine line operator, while the

walls between the two vacua (e.g. with ���� = 2⇡www
1

) are genuine domain walls (neither W nor

WH2 are genuine line operators here). The two vacua are distinguished by the vev of the

genuine line operator H2.

On the other hand, for [SU(4)/Z
2

]
1

, there is one �̂(2,1) orbit and a unique vacuum. All

domain walls here are confining strings, reflecting the fact that both genuine line operators

W 2 and WH2 have area law. In particular the domain walls between www
0

and www
1

are now

confining strings.

It is easy to see that this pattern continues to the general case.

For [SU(Nc)/Zk]0 theories, we find gcd(Nc, k) vacua. Indeed the only genuine line oper-

ator with an area law is W k, hence all minima among www
0

, . . .wwwN
c

�1

whose indices di↵er by k

(i.e. by N -ality k) are identified. The “domain walls” connecting them are strings leading to

area law for the W k genuine line operator. There are exactly gcd(Nc, k) unidentified vacua

left, labeled by www
0

, . . .www
gcd(N

c

,k)

. These are connected by genuine domain walls—no genuine

line operators of such N -alities exist for the q = 0 theory.

For the [SU(Nc)/Zk]1q<k theories, on the other hand, we have gcd(Nc, q) minima, www
0

, . . .

wwwl. . .www
gcd(N

c

,q)�1

not identified under l $ (l + q)(modNc) (i.e. these are representatives of

the �̂(k0,q) orbits). Imposing identification by N -ality k shifts does not further restrict the

number of vacua as gcd(Nc, q) < k for q < k. This is also consistent with the string/domain

wall dichotomy as there are no genuine line operators among (W k, W qHk0
) with an area law

and N -alities smaller than gcd(Nc, q) and the domain walls between these vacua are genuine.

4.3 dYM on R2 ⇥ S1
� ⇥ S1

L, Kramers-Wannier duality and global structure

We now consider a further compactification on S1

� , with � = 1/T . We do this because the

e↵ective description of the thermal theory in the low temperature regime � � L of [16]

exhibits interesting duality properties, not much noted before, except for some remarks in

[17]. There is an interesting interplay with the global structure of the gauge group which was

not properly discussed earlier [17, 42].

The dynamics relevant to the finite temperature theory is as follows. The monopole-

instanton gas (with constituents labeled by the a�ne roots of SU(Nc)) remains intact in the

low temperature limit � � L (recall that monopole-instanton core size is L). In addition,

at finite temperature, the W -bosons, the lightest Nc types of which have mass 1

N
c

L , can also
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dYM on

S action ~ to that of S-duality in N=4 SYM, consistent with (ST)^3 =1 

resolution: 

su(3): SU(3) (SU(3)/Z3)0

(SU(3)/Z3)1
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T
S

T

T

T

S

su(4): (SU(4)/Z2)+

S,T

SU(4) (SU(4)/Z4)0

(SU(4)/Z4)1

(SU(4)/Z4)2
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(SU(4)/Z2)−

T T

T T

TT

S S
S

su(6):

SU(6)

(SU(6)/Z6)0

(SU(6)/Z6)1

(SU(6)/Z6)2(SU(6)/Z6)3(SU(6)/Z6)4

(SU(6)/Z6)5

(SU(6)/Z3)1 (SU(6)/Z3)2

(SU(6)/Z3)0

(SU(6)/Z2)0

(SU(6)/Z2)1

T

S

T

T
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T

T

S
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T

T

T

S

T

S

Figure 4: S-duality orbits of the N = 4 SYM theory with g = su(3), su(4), su(6).

where the product runs over all the prime factors ofN . On the other hand, the total number

of distinct theories that we found is
!

k|N k, where the sum goes over all the divisors k of

N . It is easy to check that these two numbers are the same if and only if N is square-free.

In this case all the different theories we discussed are related by SL(2,Z) transformations,

while otherwise this is not the case. The first value of N exhibiting separate SL(2,Z)

orbits is N = 4, where the (SU(4)/Z2)0 theory is mapped to itself under the full SL(2,Z)

group, while the other 6 theories are permuted.

To illustrate the discussions so far, we show the duality orbits of N = 4 theories with

g = su(3), g = su(4) and g = su(6) in Figure 4. As discussed, we see that there is just

one orbit for g = su(3) and g = su(6), but there are two orbits for g = su(4).
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only example of S-duality 
in non-susy YM (I know of)
emergent S only, for sure  
 (curiosity only?)

different global structures 
theories are seen in, say, 
the XY’ model description 
of the 2d Coulomb gas (in
complete analogy with YM) 
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Conclusions/Questions
Abelian confinement can be quite rich and diverse.

On R3xS1, at small-L, due to 
1.) center symmetry and 
2.) the composite nature of “condensing” magnetic objects
its properties are quite distinct from other theories with abelian 
confinement (e.g. Seiberg- Witten).

What happens as L becomes large? The small-L theory can be 
connected to both pure YM and to softly-broken (to N=1)

Seiberg-Witten theory in this way. How do the various kinds of 
strings we discussed evolve into each other? 
It has been conjectured that upon transition to the nonabelian regime, the 
magnetic flux gets collimated into ‘center vortex sheets’ percolating through 
spacetime and disordering Wilson loops… lattice evidence [Greensite et al; deForcrand, D’Elia]

If so, it would appear that global structure plays a role in the dynamics in the 
nonabelian regime, while it does not in the abelian (both on R3xS1 and in SW).


