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Abstract

Understanding hypersonic aerodynamics is important for the design of next-

generation aerospace vehicles for space exploration, national security, and other applica-

tions. Ground-level experimental studies of hypersonic flows are difficult and expensive;

thus, computational science plays a crucial role in this field. Computational fluid dy-

namics (CFD) simulations of extremely high-speed flows require models of chemical and

thermal nonequilibrium processes, such as dissociation of diatomic molecules and vibra-

tional energy relaxation. Current models are outdated and inadequate for advanced

applications.

We describe a multiscale computational study of gas-phase thermochemical processes

in hypersonic flows, starting at the atomic scale and building systematically up to the

continuum scale. The project was part of a larger effort centered on collaborations

between aerospace scientists and computational chemists. We discuss the construction

of potential energy surfaces for the N4, N2O2, and O4 systems, focusing especially on

the multi-dimensional fitting problem. A new local fitting method named L-IMLS-G2

is presented and compared with a global fitting method. Then, we describe the theory

of the quasiclassical trajectory (QCT) approach for modeling molecular collisions. We

explain how we implemented the approach in a new parallel code for high-performance

computing platforms. Results from billions of QCT simulations of high-energy N2+N2,

N2 +N, and N2 +O2 collisions are reported and analyzed. Reaction rate constants are

calculated and sets of reactive trajectories are characterized at both thermal equilibrium

and nonequilibrium conditions. The data shed light on fundamental mechanisms of

dissociation and exchange reactions – and their coupling to internal energy transfer

processes – in thermal environments typical of hypersonic flows. We discuss how the

outcomes of this investigation and other related studies lay a rigorous foundation for

new macroscopic models for hypersonic CFD.

This research was supported by the Department of Energy Computational Science

Graduate Fellowship and by the Air Force Office of Scientific Research Multidisciplinary

University Research Initiative.
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Chapter 1

Introduction

1.1 Background and Motivation

Hypersonic aerodynamics is the study of gas flows at speeds exceeding about five times

the speed of sound, i.e., where the characteristic Mach number M is greater than about

five. The hypersonic regime is distinguished from the supersonic regime (characterized

by 1 < M . 5) because of the extreme conditions and unusual physics induced by very-

high-speed motion through a gas. Hypersonic flows arise in applications of importance

to space exploration and space science, national security, and aerospace technology.

For example, they must be understood for the successful engineering design of space-

craft for planetary entry on Earth, Mars, or elsewhere, ballistic missile systems, and

scramjet-powered aircraft. Studies of hypersonic aerodynamics are of great interest to

NASA, the Department of Defense, the Department of Energy, and other organizations

in the aerospace engineering community. Ground-level experiments at hypersonic con-

ditions are difficult, expensive, and limited in the physical insight they can provide.

Consequently, computational simulation plays a crucial role in this field.

Hypersonic flows in modern aerospace applications exhibit features that pose sig-

nificant challenges for the computational scientist. Temperatures can reach 20000 K or

higher. Stagnation point pressures can exceed 100 atm. Chemical reactions between

gas species (such as nitrogen and oxygen in air), as well as between gas species and the

vehicle surface, can play significant roles in the overall fluid dynamics. Furthermore,

regions may exist where timescales for atomic and molecular collisions are comparable

1



2

to characteristic timescales of the flow; in such regions, assumptions typically made at

lower speeds about chemical and thermal equilibrium break down. We wish to be able

to account for all of these phenomena, and many others not explicitly mentioned here,

in computational fluid dynamics (CFD) simulations. We wish to do so with sufficient

fidelity so as to provide predictive capability to designers of new hypersonic vehicles.

1.2 Current State of the Art

As discussed in a recent review,4 essentially all major contemporary CFD codes used

to simulate hypersonic flow over an aerospace vehicle are based on the finite volume

method. The technique involves dividing the space around the vehicle into elements

(i.e., finite volumes), setting appropriate boundary conditions, and then solving the

governing equations for conservation of fluid mass, momentum, and energy in each

element and at distinct intervals of time.∗ In this way, the partial differential equations

describing (in an Eulerian sense) the dynamics of the fluid are discretized, yielding

a system of algebraic equations that is solved at each time-step. The process yields

numerical approximations for the evolution of quantities of interest such as fluid velocity,

density, pressure, and temperature, in each element. With current supercomputers,

simulations on complex geometries with hundreds of millions or billions of elements are

possible, and continued advances in computing hardware are eagerly welcomed and will

further expand capabilities. However, hypersonic flow simulations are notable for their

inherent reliance on simplifying models of the unique physics of high-temperature flows.

These models introduce uncertainties into the simulations – uncertainties that will not

necessarily be reduced solely by an increase in computational power.4

Our focus in this research is on models of gas-phase thermochemical processes in

hypersonics, and we discuss here some key aspects of the current state of the art. As

a representative example, we will describe the formalisms built into the US3D code,4–8

developed at the University of Minnesota and now widely used in the aerospace commu-

nity. US3D treats chemical reactions by solving a set of mass conservation equations,

one for each species in the gas model. Each equation includes a source term, defined as

the instantaneous rate of production (in units of mass per unit volume per unit time)

∗ In this thesis, we use the terms fluid and gas interchangeably.
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of the corresponding species due to chemical reactions. At any specific location in the

fluid and any instant in time, the sum of all of these rates must be zero. For example,

a typical simple model treats air as a composition of five species: N2, O2, NO, N, and

O.† In that framework, some of the chemical reactions that are considered include

the following:

N2 + N2 −→ N2 + 2N

N2 + N2 −→ 4N

N2 + N −→ 3N

N2 + O2 −→ 2N + O2

N2 + O2 −→ N2 + 2O

O2 + O2 −→ O2 + 2O

O2 + O2 −→ 4O

O2 + O −→ 3O

(1.1)

These are dissociation reactions, in which a diatomic molecule collides with a partner

atom or molecule and splits into two atoms. Other reactions considered include the

following:

N2 + O −→ NO + N

O2 + N −→ NO + O
(1.2)

These are exchange reactions that produce nitric oxide. At each time-step, the code

calculates instantaneous rates of creation or destruction of each of the five model species

due to each reaction in Eqs. (1.1) and (1.2). The rates are calculated for each element

as a function of local gas properties like temperature.

In this framework, the effects of chemical reactions on gas species concentrations are

fully coupled to the fluid dynamics. Consequently, in principle, chemical nonequilibrium

processes will be captured completely when a sufficiently-small simulation time-step is

used. However, the formalism is based on the assumption that reaction rates can be

accurately represented as functions of the bulk fluid properties calculated by the finite

volume solver. In fact, the available data for such rates is old and very limited, based

† More complex models include free electrons and ions like N2
+. Chemical processes involving

ionization and charge exchange can play important roles in extremely high-temperature flows, but they
are beyond the scope of this thesis.
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primarily on shock tube experiments from the era of the Apollo missions. Important

examples of such experiments (with years of publication) include the measurements of

oxygen dissociation rates by Mathews (1959),9 Byron (1959),10 Camac and Vaughan

(1961),11 and Rink et al. (1961),12 and the measurements of nitrogen dissociation rates

by Byron (1966),13 Appleton et al. (1968),14 and Hanson and Baganoff (1972).15 The

results of those studies carry significant uncertainties. It is especially important to note

that (1) the reported rate data are themselves dependent on modeling assumptions made

about the shock-tube gas dynamics and (2) they do not cover all temperature regimes

that arise in hypersonic flows of contemporary interest. Despite these shortcomings,

those experimental data still directly inform models that are used in CFD codes today.

Compilations are available of recommended reaction rate data for hypersonic CFD.16–19

Park provides additional discussion of early shock tube experiments in his text16 and in

the appendix of his 1989 article.20 ‡

A more fundamental issue is inherent in this formalism for treating chemical reac-

tions in hypersonic CFD. In a volume of gas, the instantaneous reaction rate is a function

of the distributions of relative translational kinetic energies and polyatomic internal en-

ergies of its component species. Many high-speed flows exhibit thermal nonequilibrium,

i.e., regions of the flow (often downstream of strong shock waves) in which the different

energy modes of the gas are not equilibrated.21–23 In such regions, it is often impossible

to accurately characterize the distributions of particle energies in terms of a simple pa-

rameter like temperature, and, indeed, the usual notion of temperature breaks down.§

Consequently, it becomes a significant difficulty to determine rate-constant functional

forms that correctly represent the underlying physics.

Properly accounting for thermal nonequilibrium has been a persistent challenge in

computational hypersonic aerodynamics for decades. State-specific approaches, in which

all energy states of all species are treated distinctly, are not tractable for macroscopic

aerodynamic simulations. Instead, approximate models are needed for characterizing a

gas in which energy is preferentially stored in one or more modes. One strategy is to

‡ Note that the recommendations in the 1989 article20 were refined and are superseded by those in
the later works by Park et al.16–19

§ Recall from statistical mechanics that, at thermal equilibrium, the relative translational kinetic
energies follow a Maxwell-Boltzmann distribution and the polyatomic internal energies follow a Boltz-
mann distribution. Both distributions can be defined in terms of a common parameter, which is called
the temperature.24
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define three temperatures, which are allowed to all be different: a translational temper-

ature T , a rotational temperature Tr , and a vibrational temperature Tv .
3,25, 26 In this

context, rotation and vibration refer to the rotating and vibrating of molecules in their

center-of-mass coordinate frames; for hypersonic flows in air, the most important of these

molecules are usually the diatoms N2, O2, and NO. Formally, the three-temperature

framework implies that each chemical species inside a fluid element is characterized by

a Maxwell-Boltzmann distribution of relative translational kinetic energies at T , an ap-

proximately Boltzmann distribution of rotational energies at Tr , and an approximately

Boltzmann distribution of vibrational energies at Tv . However, in order to be more

broadly applicable, such models typically employ a generalized definition for effective

temperature as a function of energy averages.3, 25, 26 This allows T , Tr, and Tv to be

defined even for non-Boltzmann energy distributions, which is useful, even though it

cannot be justified by statistical-mechanical arguments.

In a nonequilibrium gas, it is often assumed that the translational and rotational

energy modes equilibrate rapidly, while the vibrational energy mode equilibrates more

slowly through a process of vibrational relaxation.21–23, 27, 28 For example, if we define the

mean free time as the average time between collisions, typical textbook assumptions are

that translation and rotation equilibrate in roughly 1 - 10 mean free times, while vibra-

tion equilibrates in roughly 103 - 106 mean free times.28–30 Consequently, a widely-used

additional assumption of multi-temperature models (made either explicitly or implic-

itly) is that T = Tr , while Tv may be different, thus reducing the three-temperature

model to a two-temperature one.16, 17, 19, 20, 31–36 A two-temperature model, involving

a single translational-rotational temperature, will be used for most of the work de-

scribed in this thesis, and we will provide further details in Chap. 3. We note that there

is a growing literature challenging the accuracy of assuming effectively-instantaneous

equilibration between translation and rotation; such investigations consider rotational

relaxation times to be significant.25, 26, 37, 38

We stress the approximate nature of all of these multi-temperature approaches.

Rotational and vibrational internal energies are not separable according to either clas-

sical or quantum mechanics. As a representative example, let εint be the total internal

energy of a diatomic molecule with vibrational quantum number v and rotational quan-

tum number j. (These concepts will be discussed in detail in Chap. 3.) Let εvib be
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the molecule’s vibrational energy, and let εrot be its rotational energy, each defined

according to some reasonable (but ultimately arbitrary) way to separate the kinds of

motion. For any reasonable scheme, we should have that εint is the sum of εvib and

εrot , but all three quantities will depend on both v and j. That is, it is not possible

to simultaneously define εvib as a function of v alone and εrot as a function of j alone.

Thus, strictly speaking, the notion of distinct rotational and vibrational temperatures is

ambiguous. Furthermore, even if one accepted the approximation that vibrational and

rotational energies were separable, a two- or three-temperature model can only fully

characterize a gas with Boltzmann distributions of the translational, rotational, and

vibrational manifolds.

Despite these shortcomings, multi-temperature models are widely used in modern

hypersonic CFD codes. The models are implemented along with frameworks for (1)

describing how the various temperatures change due to energy transfer between the

corresponding modes and (2) calculating chemical reaction rates as a function of the

multiple temperatures. (1) typically consists of formulating two (rather than one) fluid-

dynamical energy conservation equations: one for total energy per unit volume, and one

for vibrational energy per unit volume. A relationship is defined between the vibrational

temperature Tv and the vibrational energy per unit volume. The most common approach

for (2) involves the so-called TTv model of Park,16, 17, 20 in which reaction rate constants

are expressed in an Arrhenius-like form as a function of the controlling temperature

Ta ≡ √
TTv, the geometric mean of the translational-rotational temperature T = Tr

and the vibrational temperature Tv. Park designed this model as a curve fit to available

data, and he explicitly acknowledges that it is not based on a rigorous understanding

of underlying thermochemical mechanisms.20 We will elaborate on frameworks for (1)

and (2) in Chap. 6.

The treatment of chemical and thermal nonequilibrium, as surveyed above, has been

used successfully to design vehicles like the Space Shuttle and many others. However,

the models we have discussed are increasingly inadequate for advanced applications,

and there is a strong and growing need for improvements. There are many examples

of hypersonic flows of contemporary interest that state-of-the-art CFD codes fail to

simulate accurately. An especially illustrative example can be found in the analyses

by Nompelis et al.39–42 In those works, comparisons were made between experimental
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and CFD results for heat flux to the surface of double cone geometry in a high-speed

flow. These flows exhibit complex gas dynamics features, including shock/shock and

shock/boundary-layer interactions, which are difficult for CFD to capture well. Accord-

ingly, the double cone flow was and still is seen as canonical test case for code validation.

In one study, Nompelis and Candler found that they were able to match experimental

measurements with CFD very well, provided that the free-stream enthalpy of the flow

was less than about 3 MJ/kg. For free-stream enthalpies of approximately 4.5, 10.4,

and 15.2 MJ/kg, (corresponding to free-stream Mach numbers of approximately 10, 15,

and 17), the agreement between experiment and CFD became increasingly worse.42 In

particular, the computation was not able to predict the peak heat flux and the start of

a flow separation zone near the interface of the two cones. The study was presented in

2007. Remarkably, however, as of 2015 there has been essentially no improvement in

the ability of the hypersonic CFD community to predict the features of high-enthalpy

double-cone flows, as discussed in a recent paper by Candler.4 Moreover, studies sug-

gest that poor modeling of chemical and thermal nonequilibrium processes bears signif-

icant responsibility for the failure of state-of-the-art CFD to accurately simulate these

flows,4, 42, 43 (though there are other uncertainties as well).

Thus, advances are needed in our modeling of high-temperature thermochemistry.

Ideally, we would like to move away from a reliance on crude experimental data and

ad hoc approximations. Instead, we seek new models that are grounded in a mechanis-

tic understanding of the nonequilibrium processes that play major roles in hypersonic

flows: diatomic dissociation and exchange reactions, translational-rotational-vibrational

energy transfer, and the coupling between chemical reactions and energy transfer.

1.3 Perspectives on Diatomic Dissociation

Much of the work discussed in this thesis focuses on diatomic dissociation, including

how it depends on and affects the translational, rotational, and vibrational energy dis-

tributions in a reacting gas. Research aimed at attaining a theoretical understanding

of this chemical process has a long history, and an overview of important highlights is

warranted.

Many studies have viewed dissociation as a process of vibrational excitation to an
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unbound state. They used a simplified form of the diatomic potential energy, such

as a truncated harmonic oscillator or a Morse potential, to compute probabilities of

transitions between vibrational energy levels, which in turn could be used to determine

reaction rate constants. Such studies became increasingly more sophisticated in the last

several decades. In the simplest ladder-climbing framework,44–46 it was assumed that vi-

brational excitation occurred only via single-quantum transitions and that dissociation

occurred only from the highest vibrational energy level. Variations of this idea allowed

for limited multi-quanta transitions, but only permitted dissociation from the highest

few vibrational levels.47,48 More advanced models discarded the second assumption

of the ladder-climbing framework, i.e., they allowed for dissociation from any vibra-

tional level, but still only permitted single-quantum transitions in the vibrational man-

ifold.31, 32, 44, 49, 50 In some of these works, it was assumed that dissociation was equally

likely from any vibrational level.31, 49 Other researchers built into their models a prefer-

ence for dissociation from high vibrational levels.32, 50 Indeed, several early works found

evidence that dissociation caused significant depletion of the high vibrational levels (re-

sulting in non-Boltzmann energy distributions), because molecules in such levels were

favored to dissociate.47, 51, 52 Finally, still more advanced models, such as Johnston and

Birks’ Morse potential model with all transitions allowed,44 the forced harmonic oscilla-

tor (FHO) framework of Adamovich et al.,53–56 and the information-theoretic approach

of Gonzales and Varghese,57–59 permitted both multi-quantum transitions and dissoci-

ation from any vibrational level. We could also include in this category the analytic

model of Macheret and Rich,60 which assumes classical, impulsive collisions between

molecules and a threshold function for the minimum translational energy needed for a

dissociative collision.

Many of the models we have referenced here did not account for the influence of

rotational energy on the probability of dissociation. However, the possible dangers of

that assumption have been analyzed,61–63 and some of the investigators cited above did

include rotational effects in their models.48,55, 56, 60

Advances in quantum chemistry and scientific computing in recent years have allowed

for the construction of highly accurate potential energy surfaces, which describe chemical

interaction at the atomic scale and which we will discuss further in Chap. 2. These,

in turn, have enabled the simulation of dissociative collisions using molecular dynamics
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(MD),62, 63 without the many simplifying assumptions inherent in most of the models

outlined above. For example, several researchers have used MD and a master equation

to study H2 dissociation (due to collisions with various partners such as Ar, He, and

H); these studies consider both vibrational and rotational effects.62–68 ¶ Recently,

the success of such methods spawned a new family of MD-based nitrogen dissociation

studies.25, 26, 69–72 We will make detailed comparisons with these studies of nitrogen

later in this thesis.

1.4 Scope of Work and Key Publications

In 2010, a team of researchers at the University of Minnesota and partner institutions,

led by Principal Investigator Professor Graham V. Candler, was awarded a five-year

grant from the Multidisciplinary University Research Initiative (MURI) of the Air Force

Office of Scientific Research (AFOSR) in the U.S. Department of Defense. The proposed

research was on Fundamental Processes in High-Temperature Hypersonic Flows, and

its overall aim was “to develop and validate new models for gas-phase processes and

gas-surface interactions for realistic materials using advanced computations and novel

experiments.”73 This MURI grant funded a large collaborative effort, to which the

research we will present in this thesis contributes.

This thesis will discuss efforts to build a fundamental understanding of gas-phase

thermochemical processes in hypersonic aerodynamics, starting at the quantum scale

and working systematically up to the continuum scale. Such an approach is possible

using modern theoretical and computational tools. The MURI project focused par-

ticularly on the high-temperature interaction between nitrogen and nitrogen, nitrogen

and oxygen, and oxygen and oxygen, all of which are important in hypersonic flows

in air. The work aims to address many of the needs of the aerospace community dis-

cussed in Sec. 1.2, and it expands on the literature discussed in Sec. 1.3. It consists

of four major phases. First, quantum mechanical calculations are used to model inter-

actions between individual atoms of interest. Second, molecular dynamics is used to

simulate high-energy collisions between particles, such as between two diatomic nitro-

gen molecules. Third, collision outcomes are analyzed statistically to compute reaction

¶ The concept of a master equation will be explained in greater detail in Chap. 6.
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rate constants and to characterize energy transfer. Finally, the data are reduced into

macroscopic models suitable for implementation in a hypersonic CFD code or in other

continuum-scale simulation tools. In this thesis, we will provide methodological details

and results from work on the first phase in Chap. 2, from the second and third phases

in Chaps. 3 - 5, and from the fourth phase in Chap. 6. Our primary emphasis in this

thesis is on the first, second, and third phases; accordingly, Chap. 6 will give a relatively

brief overview of current and future work. Nitrogen-nitrogen interactions were studied

first by the MURI team, and most of the findings discussed in this thesis concern that

chemical process. However, we present our methodology and software implementation

from a general perspective, applicable to nitrogen-nitrogen as well as nitrogen-oxygen

and oxygen-oxygen interactions, and we also present some early results from studies of

collisions between nitrogen and oxygen molecules. Research on these topics is ongoing

at the University of Minnesota.

Above all, we emphasize the multidisciplinary and multiscale nature of this work.

Crucial to the project were collaborations between experts in physical chemistry, com-

pressible gas dynamics, and high-performance computing. Some understanding of all

three of these fields is necessary to accomplish our goal: to gain insight – using modern

computational tools – into physics at engineering length scales, by investigating physics

at atomic length scales. Much of the work described here falls outside the traditional

academic boundaries of aerospace engineering.

We close this chapter with a note on key publications that developed out of the

MURI effort on gas-phase thermochemistry in hypersonics. Two articles were published

by Bender et al. in The Journal of Chemical Physics on potential energy surface fitting1

and molecular dynamics simulations of nitrogen dissociation,2 and much of the content

of those articles is included here.‖ Valentini et al. published further work on nitrogen

dissociation at thermal nonequilibrium conditions.3 Paukku et al. published quantum

mechanical calculations describing nitrogen-nitrogen interactions.74 Finally, as of this

writing, Varga et al. have submitted for publication an article on quantum mechanical

‖ This is consistent with policies of The Journal of Chemical Physics and of the University of
Minnesota Graduate School. The American Institute of Physics (AIP), which publishes the journal,
“permits authors to include their published articles in a thesis or dissertation. It is understood that the
thesis or dissertation may be published in print and/or electronic form and offered for sale, as well as
included in a university’s repository. Formal permission from AIP is not needed.” (Quoted from URL:
https://publishing.aip.org/authors/copyright-reuse [cited 1 Feb. 2016].)
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calculations describing nitrogen-oxygen interactions.75 We will refer to these papers

throughout this thesis. They are necessary reading for any researcher seeking a full

understanding of this portion of the MURI project.



Chapter 2

Potential Energy Surface

Construction

In this chapter, we discuss techniques for constructing potential energy surfaces (PESs)

relevant to the gas-phase chemistry of hypersonic flows. Three four-atom systems were

considered over the course of this research: the N4 system (suitable for studying N2+N2

collisions), the N2O2 system (for N2 + O2 collisions), and the O4 system (for O2 + O2

collisions). For each of these systems, the PES is a model of how the constituent atoms

interact. More specifically, it defines the total potential energy as a function of positions

of the atoms. Forces on the atoms can then be calculated as the negative gradients of

the PES.

In Sec. 2.1, we expand on the notion of a PES using fundamental concepts from

quantum chemistry, and we briefly review the work of Professor Donald G. Truhlar

and coworkers that forms an important foundation for the present study. In Sec. 2.2,

we introduce the PES fitting problem and describe a framework for categorizing fitting

methods. In Sec. 2.3, we give an overview of least squares fitting methods in one

dimension. Then, in Secs. 2.4 and 2.5, we discuss two different methods that we used

to construct multi-dimensional PESs for the N4, N2O2, and O4 systems. Techniques

for evaluating surface quality are presented in Sec. 2.6. Applications and analysis are

provided in Sec. 2.7. Portions of this chapter are drawn from or based on the article by

Bender et al.1

12
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2.1 Quantum Chemistry Foundations

2.1.1 Born-Oppenheimer Approximation

For our purposes, a system of atoms is governed by the time-independent molecular

Schrödinger equation from quantum mechanics,

Ĥψ = Eψ, (2.1)

where E is the total energy, Ĥ is the Hamiltonian operator, and ψ is the wave function.

Assuming the nuclei and electrons to be point masses and neglecting relativistic effects,

we can express the Hamiltonian in the following form:76, 77

Ĥ = K̂N + K̂e + V̂NN + V̂Ne + V̂ee (2.2)

From left to right, these terms correspond to the kinetic energy of the nuclei, the ki-

netic energy of the electrons, the potential energy due to nucleus-nucleus repulsion, the

potential energy due to nucleus-electron attraction, and the potential energy due to

electron-electron repulsion. Expanding each of these terms yields the following equiva-

lent expression:76

Ĥ =− ~
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In Eq. (2.3), indices α and β denote nuclei, indices i and j denote electrons, ~ is Planck’s

constant divided by 2π, me is the mass of an electron, mα is the mass of nucleus α, e is

the magnitude of the charge of an electron or proton, ǫ0 is the permittivity of vacuum,

Zα and Zβ are the atomic numbers corresponding to nuclei α and β, and ̺ denotes the

distance between two point masses.

Attempting to solve Eq. (2.1) directly would be a formidable task. However, an

important simplifying assumption can be made that is often quite accurate. Because

the nuclei are much more massive than the electrons, the electronic and nuclear motions

can be decoupled and treated separately to a very good approximation; this was first

demonstrated by Max Born and J. Robert Oppenheimer. Intuitively, we assume that
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the electrons view the nuclei as nearly stationary, heavy point charges, while the nuclei

view the electrons moving so fast that they appear as a blurred distribution of charge.

Within this framework, Eq. (2.1) is split into two equations.76, 77 The first of these is

the electronic Schrödinger equation, formulated for fixed positions of the nuclei:

Ĥeψe = Eeψe

Ĥe = K̂e + V̂NN + V̂Ne + V̂ee.
(2.4)

Here, we have defined the electronic Hamiltonian Ĥe (which by convention includes the

effects of nuclear repulsion), the electronic wave function ψe, and the electronic energy

Ee. The second equation is the nuclear Schrödinger equation,

ĤNψN = EψN

ĤN = K̂N + Ee,
(2.5)

written in terms of the nuclear Hamiltonian ĤN and the nuclear wave function ψN. In

Eq. (2.5), as in Eq. (2.1), E is the total energy. The electronic Schrödinger equation

governs electronic energy, while the nuclear Schrödinger equation governs translational,

rotational, and vibrational nuclear energies.

In the formalism outlined above, Ee and ψN are functions of the positions and spin

coordinates of the nuclei only. From Eq. (2.5), the electronic energy Ee is the potential

energy for nuclear motion. Thus, Ee defines the potential energy surface (PES) we will

use for running molecular dynamics. Our task is to construct this surface first for a

system of atoms. Then, we use the surface to simulate the motion of the nuclei as point

masses, viewing the evolution of the system as being associated with the motion (or

trajectory) of a single point along the PES. For all further discussion in this thesis, we

let E denote this potential energy; in the Born-Oppenheimer framework, E ≡ Ee.

The Born-Oppenheimer approximation has a long history, and it has proven to be

extremely successful for accurately representing how many chemical systems behave.

It was used in the MURI project as an important first step in understanding high-

energy chemical reactions between nitrogen and oxygen molecules. However, we note

that sophisticated methods do exist to treat systems in which the Born-Oppenheimer

framework is inadequate.78, 79 Full consideration of non-Born-Oppenheimer (or nonadi-

abatic) dynamics is beyond the scope of this thesis, but should form an important part

of future research.
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2.1.2 N4, N2O2, and O4 Datasets

To construct a potential energy surface, we must calculate electronic wave functions ψe

and electronic energies Ee from Eq. (2.4). Conducting so-called electronic structure cal-

culations is a difficult problem in itself, particularly because of electron correlation, the

electron-electron repulsive interactions corresponding to the Hamiltonian term V̂ee. For-

tunately, powerful methods exist to compute electronic energies. The field of electronic

structure theory is vast, and it is beyond the scope of this thesis to discuss it in detail.

We do mention that, for the MURI project, the complete active space second-order per-

turbation theory (CASPT2)80, 81 approach was used for computing energies. CASPT2

is capable of accurately treating systems with partially or fully broken bonds, like the

ones we must consider in reactive collisions between nitrogen and oxygen molecules.

It achieves this by considering multiple electronic configurations in a single calculation

and by using perturbation theory to obtain accurate approximations for the electron

correlation energy.76, 82, 83

Over the course of the project, researchers under the leadership of Professor Donald

G. Truhlar built a large database of electronic structure calculations for the N4, N2O2,

and O4 systems. They used the CASPT2 method as implemented in the program

MOLPRO.84, 85 Each calculation corresponded to a fixed four-atom geometry, which

they designed to be representative of what might arise in a high-energy collision. Here,

we briefly summarize their work, because it forms the foundation for all molecular

dynamics simulations discussed later in this thesis.

It is important to note that each dataset is associated with a fixed spin state76 of the

system; it was assumed, as a first approximation, that the total spin quantum number of

the system does not change in a collision.74, 75 Moreover, this fixed spin state was always

chosen to correspond as closely as possible to the ground electronic state. Treating the

ground state first was part of a long-term strategic plan formulated by the Truhlar

group, and it was seen as an important first step for building understanding of nitrogen

and oxygen dissociation chemistry. It is planned to consider excited electronic states

later, (which requires treatment of nonadiabatic dynamics, as mentioned in Sec. 2.1.1).

Work on the N4 system was published first. CASPT2 calculations were conducted

on the singlet ground electronic state.74 These efforts went through three stages of

development, and we denote the dataset at the end of each stage as follows:



16

� Version 1 : 16421 electronic structure calculations were presented by Paukku et al.

in 2013.74 These included 15363 geometries designed to model N2+N2 and N2+N

interactions, 1017 geometries to model N3 +N interactions, and 41 miscellaneous

geometries.

� Version 2 : In 2014, Paukku et al. published an erratum to their 2013 article.74

They found that some of the original CASPT2 computations had not converged

properly, and they both corrected those data points and added 14 additional

points. Thus, with this update, the version-2 dataset consisted of 16435 electronic

structure calculations.

� Version 3 : In 2015, a final improvement to the dataset was published in a paper

by Bender et al.2 It was found that accuracy was improved by the addition of 99

new data points corresponding to non-planar arrangements of the four N atoms.

No changes were made to any of the version-2 data points. Thus, with this update,

the version-3 dataset consisted of 16534 electronic structure calculations.

We mention the version-1 dataset here for historical reasons. However, no work pre-

sented in this thesis used the version-1 dataset, since it was superseded by the corrected

version-2 dataset. The version-2 dataset was used for development of the L-IMLS-G2

local fitting method, which we will discuss in detail in Sec. 2.4; however, it was not used

for running production-scale molecular dynamics. Instead, we used the most recent

dataset, version 3, as the foundation for all nitrogen-nitrogen quasiclassical trajectory

calculations, which will be the subject of Chaps. 3, 4, and 5. Any future research on the

N4 system should not use the version-1 or version-2 datasets.

Throughout the remainder of this thesis, we will also use the version numbers ex-

plained above to refer to fitted N4 potential energy surfaces, i.e., a version-2 fitted PES

means a fit to the version-2 dataset. Fitting will be introduced in Sec. 2.2 and discussed

in detail in subsequent sections.

Work on the N2O2 system was done concurrently with work on the N4 system.

CASPT2 calculations were run on the triplet spin state, which was found to usually

correspond to the ground electronic state for a given four-atom geometry.75 A dataset

of 54889 electronic structure calculations was recently made available, and an article

discussing the effort was submitted for publication by Varga et al.75 A variety of different
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geometries were considered in that project; they were chosen to capture diatom-diatom

interactions (i.e., N2+O2 and NO+NO interactions), as well as atom-diatom interactions

(i.e., N2 + O, NO + N, O2 + N, and NO + O) and atom-triatom interactions (i.e.,

N2O+O and NO2+N). This dataset formed the basis for nitrogen-oxygen quasiclassical

trajectories; we will discuss early progress on these calculations in Chap. 5. Studies of

N2 +O2 collisions are ongoing in the Candler group.

Finally, we note that CASPT2 calculations on the O4 system are ongoing in the

Truhlar group. As of this writing, over 24000 electronic structure data points have

been completed, for three different spin states: the singlet, triplet, and quintet states.76

Unlike for the N4 and N2O2 systems, three different spin states must be considered

for O4 to accurately treat the ground-electronic-state dynamics of O2 + O2 collisions.

The O4 datasets are in active development, and we will not discuss them or associated

dynamics calculations any further. Note, however, that much of the theory and methods

discussed in subsequent sections apply equally well to the N4, N2O2, and O4 systems.

2.2 Introduction to Fitting

To simulate molecular collisions, we require the potential energy and its gradients for an

arbitrary arrangement of the relevant atoms, not just for a discrete set of pre-selected

arrangements in a database. In many chemical problems, it is prohibitively expensive

to carry out direct dynamics, i.e., to generate energies and gradients as needed directly

from electronic structure calculations. Instead, we construct an analytic fitting function

that is relatively inexpensive to evaluate, and we use this for simulating collisions. Fit-

ting analytic forms to electronic structure datasets is a well-known problem in physical

chemistry. It presents many challenges, especially for systems with more than three

atoms, and it has yielded a rich literature. Numerous fitting techniques have been

proposed, and several reviews of these are available.86–89

For this research, a single CASPT2 calculation for an N4, N2O2, or O4 geometry

took on the order of several hours of compute time on 24 cores, on University of Min-

nesota Department of Aerospace Engineering and Mechanics supercomputing resources.

Furthermore, it was necessary for our chemist colleagues to monitor the calculations

carefully to ensure that solutions were physically meaningful. These facts precluded the
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possibility of running direct dynamics for these systems. Thus, an important compo-

nent of the MURI project was fitting analytic potential energy surfaces to the datasets

discussed in Sec. 2.1. Note that each of these PESs is six-dimensional; the six dimen-

sions correspond to the six distinct internuclear distances in a four-atom system, (i.e.,

the distance between the nuclei of atoms 1 and 2, 1-3, 1-4, 2-3, 2-4, and 3-4).

A useful categorization of fitting methods was explained in a recent review.88 We

summarize it briefly, because it provides an important conceptual framework for the

remaining discussion in this chapter. Fitting methods can be global or local. In a global

method, each electronic structure data point influences the fitting function uniformly,

i.e., in a way that is formally independent of evaluation location. For a method to be

global it is not necessary for each data point to have precisely the same effect on the

fitting function; such a condition of constancy is a stronger condition than that of spatial

uniformity. In a local method, the influence of a data point on the fitting function may

vary with evaluation location. Typically, this means that only those data points that are

nearby, with respect to an appropriate multi-dimensional definition of distance, affect

the fitted energy at an evaluation point. We will further explore the distinction between

global and local approaches in Sec. 2.3. Note that any fitting method may be classified

as global or local; this classification scheme is universal, because it is based only in a

general sense on the way in which data points influence the fitting function.

2.3 One-Dimensional Least Squares Methods

We will begin our discussion of PES fitting methods by restricting our attention to

least-squares-based approaches in one dimension. Our goal here is to survey important

concepts and terminology that will form the foundation for our exposition of the six-

dimensional methods of Secs. 2.4 and 2.5. Further discussion of a variety of least-

squares-based techniques, including theoretical issues of differentiability and numerical

stability, can be found in the text by Lancaster and Šalkauskas.90

Consider a set of N data points, specified by sequences (x1, x2, ..., xN ) and

(g1, g2, ..., gN ). Suppose we wish to fit the data using a quadratic polynomial. Thus, we

wish to determine coefficients (a1, a2, a3) such that the fitting function g(x) = p(x) =

a1 + a2x + a3x
2 is a reasonable approximation to the data. The factors 1, x, and x2
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are basis functions. A simple way to solve this problem is to minimize the following

functional:

F (p(x)) =

N
∑

k=1

(p(xk)− gk)
2 . (2.6)

As discussed in textbooks on linear algebra, this leads to the matrix normal equations,

BTBa = BTg, (2.7)

where T denotes a matrix transpose, and where we have defined the following matrices:91

B =















1 x1 x21

1 x2 x22
...

...
...

1 xN x2N















, a =









a1

a2

a3









, g =















g1

g2
...

gN















. (2.8)

The normal equations are solved for the coefficients {aj} using linear algebra. Those

coefficients define the quadratic polynomial. This process is the standard least squares

(LS) approach.

The method can be refined by introducing weights into the normal equations. Sup-

pose that some of the data points are deemed more significant that others, that is, we

place a higher priority on the fitting function’s accuracy near some data points than

near others. Then we seek to minimize the following functional:

F (p(x)) =

N
∑

k=1

ω(xk) (p(xk)− gk)
2 . (2.9)

Here, ω is the weight function, defined at least on the set {xk}. A data point with a

larger weight will have a larger influence on the functional. Minimization of F leads to

new matrix normal equations,

BTΩBa = BTΩg, (2.10)

where we have defined the following diagonal matrix,

Ω =















ω(x1) 0 · · · 0

0 ω(x2) · · · 0
...

...
. . .

...

0 0 · · · ω(xN )















/(

N
∑

k=1

ω(xk)

)

. (2.11)
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Observe that Ω is normalized such that all of its elements lie between 0 and 1. As

before, the normal equations are solved for the coefficients {aj}, which define the fitted

polynomial. This process is the weighted least squares (WLS) approach.

There are many ways to define weights in the WLS method. When the value of the

weight function at one of the data point coordinates xi is relatively large, the resulting

WLS polynomial will be especially accurate near that point. With a large enough weight,

the polynomial will appear to nearly interpolate through the data point at xi, although

it is important to note that true interpolation is only achieved in the theoretical limit

of infinite relative weight at xi. It is interesting that smooth solutions to Eq. (2.10)

can be obtained even with extremely large relative weights.90, 92 These observations

motivate the consideration of a family of WLS polynomials, one associated with each

data point. We can construct a set of WLS polynomials {p1(x), p2(x), ..., pN (x)} using

a corresponding set of weight function {ω1(x), ω2(x), ..., ωN (x)}, where the polynomial

pi(x) is designed to be especially accurate in the vicinity of xi. We refer to xi as the

localization point of the WLS fit. This procedure, which requires us to solve a total of

N matrix equations in the form given in Eq. (2.10), can be accomplished by equating

ωi(x) to a generalized, two-parameter weight function of the following form:

ω(x, xi) ≡ ν

(

z =
|x− xi|2
R2

)

, where ν(z) ≡ exp(−z)
zpν + εpνν

. (2.12)

Similar functions have been studied in the one dimensional case in the work of Maisuradze

et al..93, 94 McLain also recommends a similar function in his studies of weighted least

squares methods.95, 96 In Eq. (2.12), pν is an integer power, εν is a small number used

to ensure that ωi(x) is well defined at x = xi, and R is a constant scaling parameter.

We refer to the variable z as the weight function variable. In this scheme, a good gen-

eralized weight function should have the properties that it is large when z = 0 (at the

localization point) and that it decreases sharply when z increases.

Having constructed a family of WLS polynomials in this way, we can now define a

smooth fit to the entire dataset. We refer to the polynomials as local fitting functions

or simply local fits. A new fitting function is defined as a weighted average of the local
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fits:

g(x) =

N
∑

i=1

w(x, xi)pi(x)

N
∑

i=1

w(x, xi)

. (2.13)

In Eq. (2.13), w(x, xi) is not the same as ω(x, xi). These two functions serve different

mathematical purposes: ω defines values in matrix equations that are solved for the

coefficients of the local fits, whereas w defines weights in a weighted average of all local

fits. Farwig presented a detailed study of interpolation methods involving equations

similar to Eq. (2.13).97, 98 Also, the modified Shepard interpolation scheme that Collins

and Ischtwan presented for PES fitting relies on a similar formula. Note, however, that

their method requires the gradient and Hessian at each data point to construct Taylor

polynomials.99, 100 In the present approach, only energies are needed at the data points.

The purpose of w is to vary the influence of the local fits on g(x). We use a form

similar to Eq. (2.12), with new parameters pu and εu that serve roles similar to those of

the parameters pν and εν . For simplicity, we use the same value of the scaling parameter

R:

w(x, xi) ≡ u

(

z =
|x− xi|2
R2

)

, where u(z) ≡ 1

zpu + εpuu
. (2.14)

When the evaluation point x is close to one of the data points xi, the corresponding

weight function w(x, xi) is large, and the value of g(x) is nearly equal to the value of

the corresponding local fit pi(x). In this way, the local fits are recovered near the data

points themselves, which had defined the localization points in the WLS constructions.

The weighted sum in Eq. (2.13) combines the local fits into a single smooth function.

The process we have described is the local interpolating moving least squares (L-IMLS)

approach. The term L-IMLS and its application to PES fitting in physical chemistry

are due to Dawes et al.101 and Guo et al.,102 who developed the method for systems of

higher dimensionality. Their research makes use of weight functions similar to those in

Eqs. (2.12) and (2.14).

Notice that the evaluation of an L-IMLS fitting function by Eq. (2.13) does not

require any matrix computations. The construction of the local fits should be done in

advance, yielding a set of coefficients {a[i]j } for each of the data points xi. Then, calcu-

lating g(x) at any location only requires the evaluation of the local fits, the evaluation of
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the weight functions, and finally the summation and normalization defined by Eq. (2.13).

We refer to these two distinct phases of the L-IMLS procedure as the construction step

and the evaluation step. The fact that the evaluation step does not involve any work

with matrix equations is a vital feature with regard to efficiency, as Dawes et al. and

Guo et al. emphasize in their development and analysis of the method.101, 102

It is useful to categorize the three methods above in the framework88 we described

in Sec. 2.2. The LS and WLS approaches are global fitting methods. In the context of

our one-dimensional discussion, they each yield a single quadratic polynomial, with co-

efficients determined by the data points via matrix normal equations. L-IMLS is a local

approach. It involves the determination of a set of quadratic polynomials, one associ-

ated with each data point. With a typical weight function, the fitting function defined

by Eq. (2.13) is more heavily influenced by data points that lie closer to the evaluation

point. Thus, the data points do not influence the fitting function in a spatially uniform

way. We expect the local method to be both more accurate and more computationally

expensive than the global methods, because it uses a larger number of coefficients to

define the fitting function. Figure 2.1 illustrates each of the three methods applied to a

set of five data points.

For each of the examples considered in this section, the fitting function was based on

polynomials, since we used monomial basis functions. When possible, we will continue

to frame our discussion in this section and in Secs. 2.4 and 2.5 in terms of polynomials for

simplicity. However, note that each of the LS, WLS, and L-IMLS methods can be used

with other basis functions, such as trigonometric, rational, or exponential functions.

Least squares methods are not limited to fitting functions of polynomial form. In this

exposition, we do require that all basis function coefficients be determined linearly,

via matrix normal equations of the form given by Eq. (2.10). Nonlinear methods are

available for determining fitting function parameters in more general problems, but

these are beyond our scope. Moreover, such approaches present additional difficulties,

such as sensitivity to initial guesses.

We also remark on a fourth kind of least squares method found in the literature. In

the interpolating moving least squares (IMLS) approach, the fitting function g is defined

as follows. At an evaluation point x, we form a set of matrix normal equations as in

Eq. (2.10), by using the weight function ωx(x
′) ≡ ω(x′, x) in which the localization
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point is taken to be the evaluation point itself. The normal equations are solved for a

set of coefficients {aj}. These define a single polynomial, which is then evaluated at

x. The resulting value is g(x). Lancaster and Šalkauskas include a thorough discussion

of IMLS methods, both for one-dimensional and multi-dimensional problems.90 The

IMLS approach was studied for physical chemistry applications by Maisuradze et al.93, 94

Tokmakov et al. also explored how to incorporate gradient information at the data

points into the IMLS method.103 The work by Guo et al. focuses on explicitly comparing

the IMLS and L-IMLS approaches.102

The difference between L-IMLS and IMLS merits emphasis. Both are local methods

by the definitions given above88 (despite the distinction in nomenclature). IMLS is

a simpler method in some respects; it involves only one major computation step and

one generalized weight function. However, it is typically much more computationally

expensive, since each fitting function evaluation with IMLS requires the solution to a

new set of matrix normal equations. In particular, it would be quite difficult to express

an IMLS fitting function in an explicit form like Eq. (2.13). Ultimately, as Guo et al.

conclude, IMLS is less practical than L-IMLS for multi-dimensional fitting problems.

Moreover, they found that the accuracies of IMLS and L-IMLS are similar.102

We conclude this section with several important comments about terminology. As

a method for fitting potential energy surfaces, L-IMLS developed out of earlier studies

using IMLS.101, 102 However, in organizing this discussion, we have chosen to explain

L-IMLS in terms of WLS fits, rather than introducing IMLS first. We believe this to be

a more direct way to present and understand the method. According to Lancaster and

Šalkauskas, the term moving in IMLS refers to the use of a new weight function, new

matrix normal equations, and a new polynomial for every fitting function evaluation.90

Strictly speaking, L-IMLS takes a different approach, in which a finite number of poly-

nomial coefficients are computed in advance. Thus, rather than viewing L-IMLS as a

variant of a moving least squares method, it might be better characterized as a local

weighted least squares (L-WLS) method; it relies on a family of WLS local fits. Fur-

thermore, as noted earlier, the term local in L-IMLS could be interpreted as redundant,

since IMLS is itself a local method according to the definitions in Sec. 2.2. Nevertheless,

we continued to use the term L-IMLS in this research to maintain consistency with prior

literature.
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One final remark concerns the term interpolating. Formally, a method is interpo-

lating only if it produces a surface that passes through every one of the data points.

Accordingly, in the exposition of Lancaster and Šalkauskas, IMLS is described as a spe-

cial case of an ordinary moving least squares (MLS) method in which the maximum

value of a generalized weight function ω(x′, x) is increased to infinity. We will instead

use the term interpolating more loosely, to refer to methods that are designed to give

highly accurate approximations to data but that do not necessarily achieve the theoret-

ical interpolation limit. Again, this is done for consistency with earlier literature in the

physical chemistry community.

2.4 Six-Dimensional L-IMLS-G2 Method

2.4.1 Overview

In Sec. 2.3, we explained key concepts in least squares fitting in the one-dimensional

context. Next, we turn to six-dimensional methods suitable for fitting four-atom-system

potential energy surfaces. In this section, we give an exposition of a new local method,

which was developed as part of the MURI project.

The new local method is named second generation local interpolating moving least

squares or L-IMLS-G2. Jason D. Bender led the design and implementation of the

method; the effort was documented and published.1 Three overall goals drove the de-

velopment of L-IMLS-G2: (1) Our approach should yield a highly accurate and smooth

surface. (2) It should be computationally efficient to evaluate energies. (3) The method

should be simple enough so that gradients, as needed for molecular dynamics simula-

tions, can be computed analytically and efficiently.

We begin with an overview of L-IMLS for a general six-dimensional fitting problem,

building on the ideas in Sec. 2.3. This will establish notation and conventions that

will be used when we describe the distinguishing innovations in L-IMLS-G2. An anal-

ogous formulation of multi-dimensional L-IMLS can be found in the article by Guo et

al.102 Also instructive are the expositions of the IMLS method by Kawano et al. and

Maisuradze et al. in their studies of the six-dimensional HOOH system.104, 105 Finally,

Lancaster and Šalkauskas give an extensive treatment of multi-dimensional IMLS in

their text.90
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Figure 2.1: Illustration of different fitting methods in one dimension using quadratic
polynomials, for the dataset defined by {xk} = (0, 1, 2, 3, 4) and {gk} = (3, 2, 4, 7, 16).
(a) depicts the LS method. (b) depicts the WLS method, with the weight function given
by Eq. (2.12) with pν = 1 and εν = 10−3. Results are shown for two different selections
of the localization point (LP). (c) depicts the L-IMLS method. The weight function for
the construction step is the same weight function used in (b). The weight function for
the evaluation step is given by Eq. (2.14) with pu = pν and εu = εν . The non-solid lines
are the five local fits. The solid line is the fitting function defined by Eq. (2.13).
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Consider a set of N data points, specified by three sequences:

(x1,x2, ...,xN ), (q1,q2, ...,qN ), (g1, g2, ..., gN ). (2.15)

The k-th data point is described by two ordered six-tuples, xk = (xk,1, xk,2, ..., xk,6)

and qk = (qk,1, qk,2, ..., qk,6), and by the energy gk. We call xk the coordinates of the

point in the basis function coordinate system, and we call qk the coordinates of the

point in the weight function coordinate system. These two coordinate systems could be

the same, but we will discuss the general case where they are not. We assume that we

have a well-defined way to convert between the two coordinate systems. The flexibility

granted by this framework is an important feature. Indeed, Maisuradze et al. have

noted the advantages of using a “hybrid” coordinate system, in which the coordinate

system for the basis functions is not necessarily the same as the one used for the weight

functions.104

As in one dimension, L-IMLS in six dimensions consists of two distinct steps: a

construction step and an evaluation step. In the first step, we construct a set of N local

fits, one for each data point, as follows. Consider one of the points xi ∼ qi, where the

symbol ∼ denotes equivalence across the two coordinate systems. Treating xi ∼ qi as

a localization point for a WLS fit, we construct a local fit of the following form:

pi(x) =

M
∑

j=1

a
[i]
j bj(x). (2.16)

In this equation, {bj(x)} are basis functions and {a[i]j } are coefficients. M is the number

of basis functions used for each local fit. We next introduce a weight function defined

on the weight function coordinate space:

ω(q1,q2) ≡ ν

(

z =
d2(q1,q2)

R2(q1)

)

, where

ν(z) ≡ exp(−z)
zpν + εpνν

. (2.17)

Eq. (2.17) is similar to Eq. (2.12), but now we have defined the weight function variable

z more generally; d2(q1,q2) denotes the square of the distance between points q1 and

q2 in the weight function coordinate space. For now, we will assume that this distance

metric is well defined; it will be discussed in greater detail in Sec. 2.4.4. Also, we allow
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the scaling parameter R to be a function of q1, the first argument of ω; this will also

be the subject of further discussion in Sec. 2.4.5.

Minimization of the functional,

F (pi(x)) =
N
∑

k=1

ω(qi,qk)(pi(xk)− gk)
2, (2.18)

leads to the normal equations,

BTΩiBai = BTΩig, (2.19)

where we have defined the following matrices:

B =















b1(x1) b2(x1) · · · bM (x1)

b1(x2) b2(x2) · · · bM (x2)
...

...
. . .

...

b1(xN ) b2(xN ) · · · bM (xN )















, ai =















a
[i]
1

a
[i]
2
...

a
[i]
M















, g =















g1

g2
...

gN















,

Ωi =















ω(qi,q1) 0 · · · 0

0 ω(qi,q2) · · · 0
...

...
. . .

...

0 0 · · · ω(qi,qN )















/(

N
∑

k=1

ω(qi,qk)

)

. (2.20)

Observe that the definition of B in Eq. (2.20) is a generalization of the definition used

in Eq. (2.11). Solving Eq. (2.20) for the coefficients {a[i]j } defines the local fit pi(x). We

repeat this process for each of the data points. This ultimately yields an N ×M array

of coefficients, describing a family of local fits.

For the evaluation step, we define a second weight function, analogous to Eq. (2.14),

w(q1,q2) ≡ u

(

z =
d2(q1,q2)

R2(q1)

)

, where

u(z) ≡ s(z)

zpu + εpuu
, (2.21)

and

s(z) ≡







(1 − z4)4 if 0 ≤ z < 1

0 if z ≥ 1
. (2.22)
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Note that s(z) forces u(z) to be zero for all z ≥ 1. The powers of 4 in Eq. (2.22) are

used to achieve a satisfactory degree of differentiability. We use the same scaling factor

R in Eq. (2.21) that we used in Eq. (2.17). Whenever the distance d(q1,q2) is greater

than or equal to R(q1), the weight function w(q1,q2) is zero; therefore, R will be called

the cutoff radius. Our choice in Eq. (2.22) is based on the work of Guo et al.102 and

Kawano et al.,106 who investigated cutoff strategies using a slightly more general form of

Eq. (2.22). An alternative choice for s(z) involving an exponential function can be found

in the paper by Tokmakov et al.103 and in the work of Levin.107 Yet another choice

based on the hyperbolic tangent function can be found in earlier work by Maisuradze

et al.104 and by Guo et al.108

Consider an arbitrary point x ∼ q. We adopt the shorthand notation d2i (q) ≡
d2(q,qi). Then the fitting function evaluation at x is defined by the following expression:

g(x) =

N
∑

i=1

w(q,qi)pi(x)

N
∑

i=1

w(q,qi)

=

∑

{i: d2i (q)<R2(q)}

w(q,qi)pi(x)

∑

{i: d2i (q)<R2(q)}

w(q,qi)
(2.23)

As in Eq. (2.13), g(x) is a weighted, normalized sum of local fits evaluated at x. We

only need to consider the local fits pi whose localization point qi lies within a hyper-

sphere that is centered at q and has a radius of R(q). As we noted in our discussion of

Eq. (2.22), all other local fits receive a weight of zero and can be ignored.

2.4.2 Separation of Pairwise Interaction Energy

We next describe how we adapted the multi-dimensional L-IMLS method to construct

PESs for four-atom systems, particularly those in which some or all of the atoms are

identical. Our focus will be on the distinguishing features of L-IMLS-G2.

In this section we discuss an important first step in our approach. For any multi-

atom PES, it is desirable to guarantee the following property: for geometries that are

characterized by only pairwise (i.e., diatomic) interactions, the PES should reduce to

a sum of pairwise potentials.∗ To ensure this correct asymptotic behavior, we first

∗ For example, the total potential energy of an arrangement of two N2 molecules placed very far
apart should simply equal twice the N2 potential energy.
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define the pairwise additive energy component EPA as the sum of six diatomic interaction

energies, one for each of the system’s six internuclear distances {rℓ}:

EPA ≡
6
∑

ℓ=1

VD,ℓ(rℓ) (2.24)

As discussed in Paukku et al.,74 Varga et al.,75 and the references contained therein,

extensive research has been done to characterize the N2, O2, and NO diatomic molecules.

Thus, our colleagues constructed accurate potential energy curves for each of these

diatoms,74, 75 based on available experimental data109,110 as well as electronic structure

calculations. Ultimately, for the N2 potential, they used the functional form (which we

will reference as type I)

VD(r) = Deq



1− exp



−





6
∑

j=0

cj (ζ(r))
j



 (r − req)









2

−Deq , (2.25)

where

ζ(r) =
r4 − r4eq
r4 + r4eq

. (2.26)

For the O2 and NO potentials, they used the functional form (which we will reference

as type II)

VD(r) = Deq





8
∑

j=1

cj (ζ(r))
j



 , (2.27)

where

ζ(r) = exp

(

−r − req
b

− (r − req)
2

c

)

. (2.28)

Here, req is the equilibrium internuclear distance, Deq is the equilibrium dissociation

energy, and a, b, and the {cj} are constants.† These parameters were determined for

each diatom independently; numerical values can be found in the references74, 75 and in

Table 3.1 of the next chapter.

The pairwise additive energy component EPA is fully defined by the formulas in

Eq.(2.24) and either Eq. (2.25) or (2.27), along with parameter values given in the

corresponding references. We now define the many-body energy component EMB as the

† The equilibrium dissociation energy Deq should not be confused with the ground-state dissociation
energy D0, which is less than Deq by an amount equal to the diatom’s zero-point energy.
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difference between the total electronic energy E (calculated from quantum chemistry)

and EPA; the procedure outlined in Sec. 2.4.1 will be conducted only on this energy

difference:

g = EMB ≡ E −EPA. (2.29)

We expect EMB to be a smoother function than E, with favorable consequences for the

accuracy of our fit (and, indeed, our experience bears this out). In particular, the EPA

term captures much of the character of the steep repulsive walls of the multi-dimensional

PES. This concept of fitting the difference from an energy component that is expressible

in a simple analytic form was also discussed by Kawano et al.; in Eq. (2.29), EPA plays

the role of a “zeroth-order potential function” in the context of their investigation.105

The basic principle is even older.111

2.4.3 Permutational Invariance and the Basis Functions

We next turn to the definitions of a six-dimensional coordinate system and a set of basis

function {bj} to use in Eq. (2.23). As we have noted, a system of four atoms has six

internal degrees of freedom. Consider any geometry of four atoms, corresponding to a

single point on a potential energy surface. As in previous work,74, 75 the point could

be identified with a combination of internuclear distances and angles. Such a scheme

is useful for organizing electronic structure calculations, but it is not a practical choice

for the L-IMLS-G2 procedure; the mixture of distances and angles is cumbersome when

defining basis functions. Instead, a common choice is to identify the point by the set of

six internuclear distances, which we denote (consistent with our notation in Sec. 2.4.2)

by the ordered six-tuple r:

r = (r1, r2, r3, r4, r5, r6) ≡ (̺12, ̺13, ̺14, ̺23, ̺24, ̺34) . (2.30)

Here, ̺αβ is the distance in three-dimensional Cartesian space between nuclei α and

β. We call r the coordinates of the point in the raw internuclear distance coordinate

system. To better reproduce the repulsive walls of the potential energy surface and its

asymptotic behavior at large distances, a modified coordinate system can be defined

using exponential functions. We define a new ordered six-tuple q = (q1, ..., q6) by the

general expression, for ℓ = 1, ..., 6:

qℓ ≡ ξ(rℓ). (2.31)
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The function ξ(r) should have the property that ξ(r) → 0 as r → ∞. Early investiga-

tions in the MURI project1, 74 used the following Morse function, which we will reference

as type I:

ξ(r) = exp

(

−r − req
a

)

(2.32)

Later work in the MURI project used an alternative mixed exponential Gaussian (MEG)

function, which we will reference as type II:

ξ(r) = exp

(

−r − req
b

+
(r − req)

2

c

)

. (2.33)

This form was introduced in the article by Bender et al.2 and later used in the study

by Varga et al.,75 particularly because it performed better than Eq. (2.32) in describing

long-range interactions. In Eqs. (2.32) and (2.33), a, b, and c are constants to be

optimized and req is the equilibrium diatomic bond distance. Note that Eq. (2.33) has

exactly the same form as Eq. (2.28) discussed above. We call q the coordinates of the

point in the raw transformed coordinate system.

The basis functions should account for the permutational symmetry of the system.112

More specifically, if a geometry can be obtained by a permutation of the atoms of

a second geometry, then the basis functions evaluated for each geometry should be

identical. A list of all 4! = 24 possible permutations for an A4 system (i.e., a system

with four identical atoms, such as N4 or O4) and of all (2!)(2!) = 4 possible permutations

for an A2B2 system (i.e., a system with two pairs of identical atoms, such as N2O2) is

provided in Sec. B.1 of the appendix. (Note that we assume, for an A2B2 system,

that the atoms are indexed such that the first and second are A, and the third and

fourth are B.) The subject of incorporating permutational invariance in PES fitting has

been discussed in detail in the literature, and several approaches have been suggested.

Murrell et al. recommend the use of symmetry variables, which they constructed by

analogy with the irreducible representations of permutation groups.113 In a recent

review, Braams and Bowman described two other approaches,114 which we summarize

here. In the monomial symmetrization approach, the PES is expressed as a linear

combination of polynomial basis functions in Morse variables (defined by Eq. (2.32)).

Each basis function is constructed to ensure permutational invariance, by using the

correspondence between permutations of the atoms and permutations of the variables.
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Xie and Bowman studied this method in detail and developed codes to perform the

procedure.115,116 In the second approach, the PES is expressed as a sum of products of

primary invariant polynomials and secondary invariant polynomials in Morse variables.

The number of primary invariant polynomials is always equal to the number of variables.

Braams and Bowman used results from the theory of polynomial invariants to show

that, with a finite number of secondary invariant polynomials, all possible invariant

polynomials up to an arbitrary order can be expressed in this way in the functional

form of the PES. The authors used the computational algebra package MAGMA to

assist in determining secondary invariant polynomials.114,117 Bowman et al., in their

recent review, emphasize the importance of accounting for permutational symmetry in

PES construction in general.89 As examples, we note that the methods they describe

were applied to PESs for NO3 and OH3, among many other systems.118,119

To incorporate permutational invariance into the L-IMLS method, we combined

various ideas from the previously-used approaches. First, we chose a set of six permu-

tationally invariant polynomials {ϕ1, ..., ϕ6}. Then, we define a new ordered six-tuple

x = (x1, ..., x6) by the general expression, for ℓ = 1, ..., 6:

xℓ ≡ ϕℓ(q). (2.34)

Eq. (2.34) specifies a new six-dimensional coordinate system, which we call the permu-

tationally invariant transformed coordinate system. We then define the basis functions

pi(x) as simple polynomials in the components {xℓ}. Thus, the {ϕℓ} play roles similar

to those of the primary invariant polynomials described by Braams and Bowman,114

although our method does not include corresponding elements that are analogous to

the secondary invariant polynomials. Importantly, our goal was not to ensure that all

possible permutationally invariant polynomials could be expressed in terms of basis

functions. Because the fitting function is expressed as a weighted average of a large

number of local fits, per Eq. (2.23), each one only needs to contain enough terms to

adequately approximate a relatively small region of the PES.

The choice of the polynomials for {ϕℓ} varied based on the type of permutational
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symmetry in the system. For an A4 system, we used the following expressions:

ϕ1 =
1

12

(

q1q2 + q1q3 + q1q4 + q1q5 + q2q3 + q2q4

+q2q6 + q3q5 + q3q6 + q4q5 + q4q6 + q5q6

)

ϕ2 =
1

4

(

q1q2q4 + q1q3q5 + q2q3q6 + q4q5q6

)

ϕ3 =
1

24















q1q2(q1 + q2) + q1q3(q1 + q3) + q1q4(q1 + q4)

+q1q5(q1 + q5) + q2q3(q2 + q3) + q2q4(q2 + q4)

+q2q6(q2 + q6) + q3q5(q3 + q5) + q3q6(q3 + q6)

+q4q5(q4 + q5) + q4q6(q4 + q6) + q5q6(q5 + q6)















ϕ4 =
1

4

(

q1q2q3 + q1q4q5 + q2q4q6 + q3q5q6

)

ϕ5 =
1

12









q1q3q4 + q2q3q4 + q1q2q5 + q2q3q5

+q2q4q5 + q3q4q5 + q1q2q6 + q1q3q6

+q1q4q6 + q3q4q6 + q1q5q6 + q2q5q6









ϕ6 =
1

3

(

q1q2q5q6 + q1q3q4q6 + q2q3q4q5

)

(2.35)

The polynomials were selected from among the permutationally invariant polynomials

generated by the procedure described by Xie and Bowman.115, 116 Each one approaches

zero, as the system approaches a geometry exhibiting only pairwise interactions. In this

way, we maintain consistency with our strategy of fitting only the many-body component

of the energy, as expressed in Eq. (2.29). As defined by Eqs. (2.34) and (2.35), x1, x2, and

x3 capture three-body interactions; if a geometry is dominated by pairwise interactions,

then each of these coordinates will be small. Likewise, x4, x5, and x6 capture four-

body interactions; if a geometry is dominated by pairwise interactions and three-body

interactions, then each of these coordinates will be small. Note that a polynomial such as

q1+q2+q3+q4+q5+q6 would not be a suitable choice for this scheme. This polynomial is

permutationally invariant, but it does not have the asymptotic behavior required by our

strategy of fitting only the many-body component of the energy. Finally, note that the

normalizing factors in Eq. (2.35) were added mainly to assist in interpreting coordinate

values. As expected, they do not appear to have any significant impact on PES quality.

For an A2B2 system, we used the following expressions, again based on results from
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the procedure of Xie and Bowman.115, 116

ϕ1 =
1

2
(q2q4 + q3q5)

ϕ2 =
1

2
(q2q3 + q4q5)

ϕ3 =
1

4
(q1 (q2 + q3 + q4 + q5))

ϕ4 =
1

4
(q6 (q2 + q3 + q4 + q5))

ϕ5 =
1

2
(q1 (q2q3 + q4q5))

ϕ6 =
1

2
(q6 (q2q4 + q3q5))

(2.36)

As in the A4 case, each of these polynomials approaches zero as the system approaches a

geometry exhibiting only pairwise interactions, maintaining consistency with the strat-

egy embodied in Eq. (2.29). With the definitions in Eqs. (2.34) and (2.36), x1, x2, x3,

and x4 all capture three-body interactions, and x5 and x6 capture four-body interac-

tions. As in Eq. (2.35), the normalizing factors in Eq. (2.36) do not have any significant

impact on fitting quality.

Having defined the x coordinate system, we now enumerate monomial basis functions

in these six coordinates based on degree. It is a simple exercise to list all such monomials.

There are six of degree one, 21 of degree two, 56 of degree three, and 126 of degree four.

Thus, if we wished to use all basis functions of degree two or less, we would use a total

of 27 basis functions. To use all basis functions of degree three or less or of degree

four or less, we would use, respectively, 83 or 209. Note that a constant term is not

allowed. Indeed, to maintain consistency with our strategy of fitting only the many-

body component of the energy, all basis functions must vanish as four or more of the

six internuclear distances approach infinity.

2.4.4 Permutational Invariance and the Distance Metric

The weight functions of Eqs. (2.17) and (2.21) require a distance metric, which assigns

a real number d2(q1,q2) to each pair of points q1 and q2. The distance metric plays a

critical role in any method based on L-IMLS: it assigns a numerical measure of closeness

to a pair of points, which is used both to construct the normal equations in Eq. (2.19)

and to compute the weighted average of local fits in Eq. (2.23). A good distance metric
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should return a small value for a pair of points if and only if the two corresponding

geometries are similar. In particular, if q1 and q2 are different ordered six-tuples, but

q1 describes a geometry that can be obtained by a permutation of the atoms in the

geometry described by q2, then d2(q1,q2) should be zero. The need to account for

permutational invariance in this way makes the selection of a distance metric a subtle

task.

Consider any two points q1 and q2, expressed in the raw transformed coordinate

system. The most näıve approach is to use a simple two-norm of the vector q1 − q2:

d2(q1,q2) =

6
∑

ℓ=1

(q1,ℓ − q2,ℓ)
2 = |q1 − q2|2 . (2.37)

However, this definition ignores the permutational symmetry of the four-atom system:

it will only return zero if q1 and q2 are identical ordered six-tuples, and not in the case

that q1 and q2 are different but correspond to permutationally symmetric geometries.

Figure 2.2 gives an illustration of this difficulty.

We develop a more sophisticated strategy as follows. For a given four-atom system,

consider all possible permutations of the atoms that do not change the system’s energy.

There are 24 such permutations for an A4 system, and four such permutations for an

A2B2 system; see Sec. B.1 in the appendix for further details. Now for any ordered

six-tuple q2, let χk(q2) be the rearranged ordered six-tuple that corresponds to the k-th

atom permutation. Then we can define the distance metric as a minimum of two-norms

over all such permutations:

d2(q1,q2) = min
{

|q1 − χk(q2)|2 : k = 1, ..., kmax

}

. (2.38)

The use of a minimum function in a distance metric for IMLS-based methods has been

explored by other workers.120 This distance metric meets the “zero distance condition”

described above, and we were able to use it to obtain a continuous PES. However, the

surface was not smooth: the use of the minimum function led to cusps in the surface,

and it destroyed our ability to compute continuous, analytic gradients.

Consequently, we sought a function that has a behavior similar to the minimum

function used in Eq. (2.38) but is also continuously differentiable with respect to the

coordinates of the first point q1. A modified power mean can be used to satisfy both of
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Figure 2.2: Example of failure of the näıve distance metric. We consider two ge-
ometries, one of which is obtained by a permutation of the atoms of the other.
Using Eqs. (2.30), (2.31) and the ξ(r) function of type I given by (2.32) with
a = 1.0 Å, the coordinates of geometry (1) are r1 = (1.2, 1.9, 1.1, 1.1, 1.9, 2.0) Å
and q1 ≈ (0.90, 0.45, 1.0, 1.0, 0.45, 0.41). The coordinates of geometry (2) are r2 =
(1.9, 1.2, 1.1, 1.1, 2.0, 1.9) Å and q2 ≈ (0.45, 0.90, 1.0, 1.0, 0.41, 0.45). Observe that the
array q2 is a reordering of the array q1. The distance metric given by Eq. (2.37) yields
d2(q1,q2) ≈ 0.42 6= 0, despite the fact that the geometries are permutationally sym-
metric.

these conditions.121 We used

d2(q1,q2) =

(

kmax
∑

k=1

(

|q1 − χk(q2)|2
)−pd

)− 1
pd

, (2.39)

where pd is a power that defines the sharpness of the function. We set pd = 2. Note that

the minimum function is recovered in the limit pd → ∞. This distance metric proved

effective, yielding an accurate and continuously differentiable surface. The performance

of the method will be discussed in more detail in subsequent sections.

2.4.5 Cutoff Radius Correlation

In the fitting function evaluation step of L-IMLS, we calculate a weighted average of

local fits from Eq. (2.23). The number of local fits is equal to the number of data points
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that lie within a hyper-sphere that is centered on the evaluation point q and has a

radius R(q). We denote this number by L, and we say that those points lie within the

cutoff radius. The cost of an evaluation depends strongly on L. Thus, it is desirable

to keep this number as small as possible, while still maintaining a highly accurate fit.

Evidently, the number of points cannot be zero, since then no local fits would be used

to evaluate the fitting function. One typically imposes a condition that L never falls

below some threshold value Lmin that ensures a desired level of accuracy.

The distribution of data points throughout the six-dimensional coordinate space de-

pends on how those data points were originally obtained. For many chemical datasets,

it is not true that the data points are approximately uniformly distributed throughout

the relevant portion of space, nor would this property typically be attractive from a

chemical point of view. Instead, some regions are populated with data points more

densely than others. For example, regions of high density might correspond to equi-

librium geometries, transition states, or reaction pathways. If a constant cutoff radius

value was used in all evaluations, then the need to maintain L ≥ Lmin would force us to

set R based on the lowest-density region of the coordinate space where calculations are

needed. This, in turn, would degrade performance in the high-density regions, where

an unnecessarily large number of local fits would be used in Eq.(2.23).

Several strategies for increasing computational efficiency in IMLS-based methods via

the cutoff radius have been explored in the literature, as noted earlier in our discussion

of the s(z) function in Eq.(2.22). Two works describe ideas for varying the cutoff radius

at different evaluation locations. Maisuradze et al. used a variable cutoff radius and a

smooth damping function to improve efficiency in a six-dimensional implementation of

IMLS.104 More recently, Kawano et al. compared two cutoff strategies in IMLS, which

they termed the fixed radius cutoff and density adaptive cutoff approaches. The later

approach involved a sophisticated iterative scheme to determine the cutoff radius.106

Also, we note that the weight functions used in the work by Dawes et al. incorporate

a density-adaptive scaling factor, but it was not used as a cutoff radius.101 These

researchers interpret their scaling factor as a type of confidence radius, citing earlier

work by Thompson et al.122

We use a new statistical approach, which we call the statistically localized strategy.

First, for each data point, we calculate a scalar characteristic coordinate qch, which is
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assumed to correlate in some way with the density of data points. Next, we construct a

univariate polynomial cutoff radius correlation (CRC), which expresses the cutoff radius

as a function of qch. For an arbitrary location in six-dimensional space, the cutoff radius

is obtained simply by calculating the characteristic coordinate and then evaluating the

CRC. For our research, we defined the characteristic coordinate qch for A4 systems by

qch = qch(q) ≡ q21 + q22 + q23 + q24 + q25 + q26 (2.40)

and for A2B2 systems by

qch = qch(q) ≡ q22 + q23 + q24 + q25. (2.41)

(Observe that Eq. (2.41) involves a sum over only those coordinates corresponding to

AB internuclear distances.) Then, the cutoff radius is expressed in the following form:

R(qch) =

Cmax
∑

j=1

cjq
j−1
ch . (2.42)

This value is squared for use in Eqs. (2.17) and (2.21). In this expression, Cmax is the

total number of terms in the CRC, and the {cj} are coefficients. We used Cmax = 5 for

this research. This choice and the choices of the characteristic coordinates were based

on numerical experimentation; a strategy was deemed effective if it was simple and it

yielded a significant gain in computational efficiency.

We determine the coefficients {cj} by a least squares procedure, performed as a

pre-processing step before the local fit construction step. Our algorithm consists of the

following steps. First, we choose a target value Ltar and a minimum allowable value

Lmin for the number of points within the cutoff radius associated with each data point.

We then loop over all data points. For each point qi, we calculate two values: Rtar(qi),

the value of the cutoff radius needed to include exactly Ltar data points within the

cutoff radius, including qi itself, and qch(qi), the characteristic coordinate for qi, given

by Eq. (2.40) or (2.41). We then use a standard least squares method to fit a polynomial

curve to the one-dimensional dataset Rtar versus qch. This gives an initial guess for the

coefficients {cj}. Next, to ensure reasonable quality of the CRC, we again loop through

all data points. For each point qi, we compute the cutoff radius R(qi) using Eq. (2.42)

and determine the number of points L that lie within it. If L ≥ Lmin for all data points,
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then the CRC is deemed valid. Otherwise, we increase the value of Ltar and repeat

the entire procedure. In our implementation, we also used various simple weighting

strategies in the least squares procedure to improve the fit of the CRC to the data Rtar

versus qch.

It is instructive to compare the statistically localized approach with the density

adaptive cutoff method designed by earlier researchers.104, 106 In those prior studies,

the cutoff radius was defined implicitly by a nonlinear equation (involving a sum over

all data points), which was solved using an iterative scheme. In the present work, the

cutoff radius is defined explicitly by Eq. (2.42) and by either Eq. (2.40) or (2.41). Its

computation during a PES evaluation is generally much less costly, since the coefficients

{cj} can be determined in advance. Likewise, it is straightforward to calculate the

derivatives of Eqs. (2.40), (2.41), and (2.42), a feature that facilitates the analytic

evaluation of gradients. A disadvantage of the statistically localized approach is that

it does not provide a strict lower bound on the value of L; as we discussed above, the

L ≥ Lmin condition is verified only at the data points themselves. Consequently, it

is possible that this condition will fail to hold at a location far from any data points.

By contrast, the density adaptive cutoff method does not present this risk, because it

guarantees that L never falls below a user-specified value.106

2.4.6 Analytic Gradients

As we stated earlier, we were guided in our research by the desire to keep L-IMLS-G2

simple enough to allow gradients to be computed analytically, instead of resorting to

finite difference approximations. Our method meets this goal. In this section we briefly

outline how the gradient computation is done.

For running dynamics, we require the Cartesian components of the forces on each

atomic nucleus; these will be calculated at each time-step of the simulation. The force

on nucleus α is Fα = −∇αE. Hence, we must compute derivatives of E with respect to

each of the twelve Cartesian coordinates that define a four-atom geometry. These we

denote by the array y, where ykα is the k-th Cartesian coordinate (for k = 1, ..., 3) for

nucleus α (for α = 1, ..., 4). From the chain rule and Eq. (2.29),

∂E

∂ykα
=

6
∑

ℓ=1

∂E

∂rℓ

∂rℓ
∂ykα

=
6
∑

ℓ=1

[(

∂g

∂qℓ

dqℓ
drℓ

+
∂EPA

∂rℓ

)

∂rℓ
∂ykα

]

. (2.43)
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The {∂rℓ/∂ykα} factors are defined by the Jacobian matrix given in Sec. B.2.‡ The

{dqℓ/drℓ} factors are computed from the definition of the raw transformed coordinate

system given by Eq. (2.31) and either Eq. (2.32) or (2.33). We turn our attention to the

computation of the six factors {∂g/∂qℓ}. Indeed, we will sketch here only the calculation

of the derivatives of the fitted many-body energy component g. It is straightforward to

compute the derivatives {∂EPA/∂rℓ} of the pairwise additive energy component from

Eq. (2.24).

Recall that we express g as a weighted sum of local fits per Eq.(2.23). Also recall

that we had earlier defined d2i (q) ≡ d2(q,qi). To further simplify the notation in this

section, we define the following:

wi(q) ≡ w(q,qi). (2.44)

W (q) ≡
∑

{i:d2i (q)<R2(q)}

wi(q), (2.45)

Going forward in the derivation, we assume it is understood that wi, W , R2, and d2i are

all functions of q. We see that

∂W

∂qℓ
=

∑

{i:d2i<R2}

∂wi

∂qℓ
. (2.46)

With these conventions, Eq. (2.23) becomes,

g =
1

W





∑

{i:d2i<R2}

(wipi)



 , (2.47)

where it is understood that g and pi are functions of x (which itself is a function of q).

‡ Note that many of these factors are zero. This fact should be exploited for computational efficiency.
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Consider any one of the six coordinates qℓ. Then we calculate the following:

∂g

∂qℓ
=

W





∑

{i:d2i<R2}

(

∂

∂qℓ
(wipi)

)



−





∑

{i:d2i<R2}

(

∂W

∂qℓ
wipi

)





W 2

=
1

W





∑

{i:d2
i
<R2}

(

wi
∂pi
∂qℓ

+ pi
∂wi

∂qℓ
+
wipi
W

∂W

∂qℓ

)



 (2.48)

=
1

W





∑

{i:d2i<R2}

(

wi

[

6
∑

ℓ′=1

∂pi
∂xℓ′

∂xℓ′

∂qℓ

]

+ pi
∂wi

∂qℓ
+
wipi
W

∂W

∂qℓ

)





The {∂pi/∂xℓ′} and {∂xℓ′/∂qℓ} factors are straightforward to compute; pi consists of ba-

sis functions {bj} that are simple monomials in the six permutationally invariant trans-

formed coordinates {xℓ′}, which in turn are defined by Eq. (2.34) and either Eq. (2.35)

or (2.36). We consider next how to compute the derivative of the weight function

∂wi/∂qℓ. From Eq. (2.21), we find,

∂wi

∂qℓ
=
du(z)

dz

∂z

∂qℓ

=

[

1

zpu + εpuu

(

ds(z)

dz
+ u(z)puz

(pu−1)

)]









R2∂(d
2
i )

∂qℓ
− d2i

∂(R2)

∂qℓ
R4









. (2.49)

The derivative ds(z)/dz is computed from the polynomial expression for s(z) in Eq. (2.22),

and the derivative ∂(R2)/∂qℓ is calculated from the expressions for the cutoff radius cor-

relation R(qch) in Eq. (2.42) and for the characteristic coordinate qch(q) in Eq. (2.40)

or (2.41). Finally, we compute the derivative of the permutationally invariant distance

metric from Eq. (2.39) (using pd = 2) as,

∂(d2i )

∂qℓ
=
∂
(

d2(q,qi)
)

∂qℓ
=
(

d2i
)3

kmax
∑

k=1

[

2 (qℓ − [χk(qi)]ℓ)
(

|q− χk(qi)|2
)−3

]

. (2.50)

In this equation, note that [χk(qi)]ℓ refers to the ℓ-th component of the array obtained

after applying the k-th permutation function χk to qi. These results, together with

Eq. (2.48), complete our calculation of the {∂g/∂qℓ} derivatives.
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2.5 Six-Dimensional GPIP Method

Having described in detail the new L-IMLS-G2 local fitting method in Sec. 2.4, we

now give a brief overview of the second six-dimensional fitting method used in the

MURI project. The method is named global permutationally invariant polynomial or

GPIP. Dr. Ke R. Yang, Dr. Yuliya Paukku, and Dr. Zoltan Varga led the design and

implementation of the method; the work was documented and published by Paukku et

al.,74 Bender et al.,2 and Varga et al.75 We discuss here some highlights of those efforts,

making use of concepts that we introduced in Secs 2.3 and 2.4.

GPIP involves the construction of a single, relatively-high-order polynomial g. Ex-

actly as in L-IMLS-G2, the function g is fit only to the many-body energy component

EMB, defined in Eq. (2.29) to be the difference between the total electronic energy E

and the pairwise additive energy component EPA.
§ Also as in L-IMLS-G2, the GPIP

method defines a raw transformed coordinate system q according to Eq. (2.31). Early

investigations74 used the Morse function of Eq. (2.32), while later studies2, 75 used the

MEG function of Eq. (2.33). The fitting function for the many-body energy component

is then defined as a linear combination of permutationally invariant basis functions in q,

following the monomial symmetrization approach of Braams and Bowman114 and Xie

and Bowman:116

g(q) =

M
∑

j=1

ajϕj(q) (2.51)

The coefficients {aj} are determined via a weighted least squares method. A constant

weight is assigned to each data point with an energy less than or equal to a critical energy

value; higher-energy points are assigned a weight that decreases with energy. Finally,

care is taken in the GPIP method to exclude from Eq. (2.51) any so-called connected

terms, which fail to have the property that ϕj(q) → 0 as the system approaches a

geometry exhibiting only pairwise interactions.74

It is instructive to compare the methodologies of GPIP and L-IMLS-G2, using the

framework we described in Sec. 2.2. L-IMLS-G2 is a local method, since it yields a

fitting function that is influenced more heavily by those data points that lie close to

§ Whenever we made comparisons between the L-IMLS-G2 and GPIP methods for a given four-atom
system, we maintained consistency by requiring that the diatomic potential functions (given by either
Eq. (2.25 or Eq. (2.27)) used for the L-IMLS-G2 method were identical to those used for the GPIP
method.
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the evaluation location. Indeed, from Eqs. (2.17) and (2.21), the influence of points

vanishes as the distance from the evaluation location approaches infinity. GPIP is a

global method, because it yields a single polynomial fitting function with coefficients

that are independent of evaluation location. Thus, while the data points do not influence

the fitting function equally, they do so in a way that is spatially uniform with respect

to evaluation location.

Also note that the {ϕj} in Eq. (2.51) are analogous to the {ϕℓ} in Eq. (2.34). In-

deed, these permutationally invariant polynomials play crucial though slightly different

roles in each of the two methods. In GPIP, the set of M {ϕj} functions are precisely

the basis functions used to construct g. Coefficients for these basis functions are calcu-

lated via a weighted least squares procedure. In L-IMLS-G2, a set of exactly six {ϕℓ}
are instead interpreted as a new six-dimensional coordinate system x; basis functions

are constructed as simple monomials in the components of x, up to arbitrary order.

Consequently, it is computationally more straightforward to list all L-IMLS-G2 basis

functions than it is to list all GPIP basis functions, up to a certain order. This reflects

the philosophy that each individual L-IMLS-G2 local fit is only required to accurately

capture a relatively small portion of the potential energy surface, since the final fitting

function is expressed as a weighted average of all local fits per Eq. (2.23).

2.6 Evaluating Surface Quality

This section discusses procedures we used to ensure that the fitting functions generated

by either the L-IMLS-G2 or GPIP methods were of high quality. There are many ways

to judge the quality of a potential energy surface. Typically, more than one method of

judgment is needed to gain confidence that the surface is suitable for further work. In

our research, we used two quantitative tests, a fitting accuracy test and a cross validation

test, to measure the success of a fitting function, and we also used several qualitative

tests.

In the fitting accuracy (FA) test, the fitting function (defined by either Eq. (2.23)

or (2.51), plus the analytic pairwise additive energy component of Eq. (2.24)) is evalu-

ated at each of the electronic structure data points themselves. The evaluated energies

are compared with the energies of the data points, which we call in this context the
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reference energies. Statistics, such as the mean unsigned error or the root-mean-square

error, are then computed on the results. This is perhaps the simplest test that can be

done to measure the success of a fitting method. However, it would be dangerous to

rely only on the FA test to claim that a viable fitting function has been obtained. In

particular, the test does not reveal when the PES is over-fitting the dataset. We use

this language to refer to a situation in which the surface is extremely accurate near

the data points used in its construction, but exhibits unacceptable behavior elsewhere.

Additional tests are required to ensure that surface quality is maintained in regions of

space that are not very close to data points.

The cross validation (CV) test is one such test. We give a concise description of the

test here; further details are available in the references.123 First, we select an integer K,

and we divide the set of data points into K partitions of approximately equal size. For

example, to construct these partitions for K = 5 (a typical value used in our research),

we arrange the points in a chemically-motivated order, then put points 1, 6, 11, ... in the

first partition, points 2, 7, 12, ... in the second partition, and so on. Next we iterate over

the partitions. For each partition I, we construct a fit using only the data points in

the other remaining partitions. Then, we evaluate the fitting function at each of the

data points in partition I, and the evaluated energies are compared with the reference

energies. In this way, the points in partition I form a test set, and the points in the

other remaining partitions form a training set ; the procedure is repeated using each of

the partitions as a test set. The CV test gives a quantitative measure of the predictive

capability of the fitting approach: low errors will be returned if the fitting function

accurately approximates data points that were not used in its construction.

Another test used to evaluate fitting quality and to guard against over-fitting is

based on linear synchronous transit (LST) paths.124 An LST path connects two points

in the six-dimensional coordinate space, with distance along the path parametrized by

a scalar progress variable λ ∈ [0, 1]. The test consists of the following steps. Given a

dataset of electronic structure points, which we call in this context the reduced dataset,

paths are defined between selected pairs of points, such that they pass through regions

of coordinate space where there are little or no nearby data. Then, additional electronic

structure calculations are done at intervals along the paths. These new data are added

to the original data, forming what we call here the full dataset. Next, we fit PESs to both
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the reduced and full datasets. For a high-quality fitting method, the fitted energies along

the LST paths from both cases should closely match the electronic structure energies,

and the curves should be qualitatively similar. Such behavior supports the claim that

the PES is accurate even in regions where electronic structure data were not obtained.

The procedure can be repeated iteratively to identify problematic regions of the PES

and determine where additional quantum chemistry calculations may be needed.

The quantitative FA and CV tests and the qualitative test using LST paths, (along

with visual comparisons of fitted and reference energies in selected regions), were im-

portant tools in the development of four-atom PESs for the MURI project. For GPIP

surfaces with reasonable choices of fitting parameters, it was often the case that errors

from the FA test were close to those from the CV test. However, for L-IMLS-G2 sur-

faces, it was generally more common to find a significant discrepancy between FA and

CV test results. Indeed, recall that L-IMLS-G2 uses each of the data points as local-

ization points for a set of N local fits; the method is explicitly designed to yield good

approximations for the data points themselves. Consequently, the risk of over-fitting

is generally higher with L-IMLS-G2 than with a global method like GPIP. For all of

these reasons, the principal metrics of fitting quality used by MURI researchers were (1)

for GPIP surfaces, the mean unsigned error from the FA test, and (2) for L-IMLS-G2

surfaces, the mean unsigned error from the CV test. Having reviewed the theory of

global and local fitting methods and how we can measure their performance, we next

turn to results from fitting the datasets described in Sec. 2.1.2.

2.7 Examples and Analysis

2.7.1 N4: Experiments with Local Fitting

In this section we describe various results and analyses from L-IMLS-G2 fitting of the

version-2 N4 dataset, described in Sec. 2.1.2 and published by Paukku et al.74 This was

the most recent version of the N4 data available when we were developing the L-IMLS-

G2 method. The fitting experiments conducted on this dataset reveal much about the

strengths and weaknesses of the L-IMLS-G2 method. Additional results and discussion

of the material in this section can be found in the paper by Bender et al.1

There are several important parameters in the L-IMLS-G2 method, and we will
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elaborate here on our process for choosing their values. Perhaps the most critical of

these parameters are found in the weight functions: pν and εν in Eq. (2.17) and pu

and εu in Eq. (2.21). The values of these quantities can have a dramatic effect on

fitting quality. To reduce the size of the parameter space, we chose to set pν = pu and

εν = εu in our work. (However, as we have noted in Sec. 2.3, this is not a necessary

constraint.) We varied pu from 1 to 4 and varied εu from 10−3 to 10−1. The following

qualitative trends emerged from this search. Within reasonable bounds, larger values

of pu and smaller values of εu decreased errors in the fitting accuracy test but increased

errors in the cross validation test. (See Sec. 2.6 for explanations of these tests.) This

is an expected result. Indeed, such changes sharpen the weight functions in Eqs. (2.17)

and (2.21), which in turn forces the L-IMLS-G2 fitting function to be more strongly

dominated at an evaluation point by the local fit associated with the nearest data point.

Thus, the fitting function tends to become a better approximation to the data points

themselves, at the expense of overall smoothness. The predictive capability of the fitting

function suffers, as captured in the larger cross validation errors. We examined various

one-dimensional and two-dimensional cuts through the six-dimensional fitted surface to

further assess accuracy and smoothness. Ultimately, based on these quantitative and

qualitative tests, we chose pu = 3 and εu = 10−1 as recommended values for this dataset,

and we also recommend these choices as reasonable initial guesses for other datasets.

We used the diatomic potential VD(r) for N2 that was recommended by Paukku et

al.;74 this is a type-I diatomic potential of the form given by Eq. (2.25). Also, for all our

work with this dataset, we used a type-I Morse function ξ(r) in the definition of the raw

transformed coordinate system q, per Eq. (2.32). We explored different values for the

a parameter in Eq. (2.32).¶ Within reasonable bounds, this variation did not appear

to significantly affect error statistics from the fitting accuracy or cross validation tests.

We chose the value a = 0.85 Å for the final fitting function. The error statistics tended

to be much more sensitive to the choices of the weight function parameters described

above than to the choice of a.

Another consideration in our research concerned the possibility of redundancy in

the N4 dataset. The permutationally invariant distance metric in Eq. (2.39) gave us

a mathematical tool to identify the closest pairs of data points in the six-dimensional

¶ Note that the equilibrium bond distance for this diatomic potential was req = 1.098 Å.
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weight function coordinate space. We noticed that the dataset included some pairs of

points that were separated by a very small distance, indicating that the corresponding

geometries were nearly the same, except for permutation of the atoms. Building on

the hypothesis that, in such cases, only one of the geometries should be necessary to

build a sufficiently accurate L-IMLS-G2 PES, we added a capability to our codes to

systematically identify and rank the closest pairs of data points with respect to the

distance metric in Eq. (2.39). For each pair up to a user-specified maximum, one of

the data points in the pair could be excluded or masked from future consideration

in the fitting procedure. After experimentation with this tool, we decided to use a

20% masking strategy. That is, we chose to exclude the top 20%, rounded down,

of the electronic structure data points that were deemed “most redundant” by the

permutationally invariant distance metric. Thus, we masked a total of 3287 data points

out of the total 16435, for a final set of 13148 data points to be used for fitting. Errors

from the fitting accuracy and cross validation tests were only slightly affected by this

masking strategy, while the average number of local fits used for the fitting function

evaluations decreased substantially. Thus, we considered this improvement in efficiency

to be worthwhile, and used it for future tests on this dataset.

Summarizing the investigations discussed so far, for L-IMLS-G2 fitting of the version-

2 N4 dataset we used pν = pu = 3 in Eqs. (2.17) and (2.21), εν = εu = 10−1 in Eqs. (2.17)

and (2.21), a = 0.85 Å in Eq. (2.32), and a 20% masking strategy. We now look at

results from tests conducted with these choices of parameters, for various values of a

final and extremely important parameter: the maximum order M of the basis functions

in the local fit construction step, explained in Sec. 2.4.3. Table 2.1 gives mean unsigned

errors (MUEs) from the FA test, and Table 2.2 gives MUEs from the CV test. Results

from three cases are shown: the M = 2 case, corresponding to 27 total basis functions

in the coordinates x; the M = 3 case, corresponding to 83 basis functions; and the

M = 4 case, corresponding to 209 basis functions.

The data indicate that a large value of M is not necessary to obtain a high quality

PES. Indeed, since a PES based on L-IMLS techniques is constructed from a large

number of local fits, it does not appear necessary to use a high-order polynomial for each

one, especially when we remove the steep pairwise potential beforehand, per Eq. (2.29).

Indeed, at least in some regions of the coordinate space, it may even be less accurate
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to use a large value of M. Errors in the fitting accuracy and cross validation tests are

generally lower after M was increased from 2 to 3. However, for M = 4, the errors

increased considerably for some points in the cross validation test, even though the

corresponding errors from the fitting accuracy test decreased further. This suggests

that, at M = 4, L-IMLS-G2 is over-fitting the dataset, a danger that we described in

Sec 2.6. We therefore chose M = 3 as the final value for this particular investigation.

The errors reported in Tables 2.1 and 2.2 for this optimal choice are quite small,

typically on the order of a tenth of a percent or less. Moreover, the accuracy of the fit, as

reflected in these data, is generally better than the expected accuracy of CASPT2 itself

for energies at least up to the dissociation limit (which is approximately 228 kcal/mol).1

When fitting a potential energy surface for use in dynamics calculations to an electronic

structure dataset, little is gained by fitting the data to a higher accuracy than that of

the associated electronic structure method.

We can judge the computational efficiency of the PES by examining the number of

local fits used to evaluate the fitting function via Eq. (2.23). The M = 3 PES involves

13148 local fits, and each one of these consists of 83 basis functions with coefficients de-

termined via matrix normal equations of the form given by Eq. (2.19). By implementing

the cutoff radius correlation in Eq. (2.42), the number of local fits used for any partic-

ular fitting function evaluation is typically much less than the total number available.

For this fit, after numerical experimentation, we used the parameters Lmin = 3 and

Ltar = 59 to construct the CRC, per the procedures of Sec. 2.4.5. Table 2.3 shows the

mean and standard deviation of the number of local fits used for each energy evaluation

in the fitting accuracy and cross validation tests. Typically, less than 5% of the available

local fits are used for any one case. Note that the results in Table 2.3 also reflect the

increased efficiency granted by the 20% masking strategy to reduce data redundancy.

For comparison, results from testing on the unmasked dataset are provided in the sup-

plementary material of the article by Bender et al.1 Also note that the number of local

fits is typically larger than the target value Ltar that was used to construct the CRC.

This is a consequence of the variable density of data points across the coordinate space

and of the least squares weighting schemes that were used to determine the coefficients

{cj} in Eq. (2.42). The ultimate measure of success of the cutoff radius correlation was

the gain in computational efficiency that it provided.
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Table 2.1: Mean unsigned errors (MUEs) from the fitting accuracy test, for L-IMLS-G2
fits to the version-2 N4 dataset. Various values of the order M of the local fits are
considered. Results are given for data subsets based on the total electronic energy E
calculated from quantum chemistry. All energies and MUEs are in kcal/mol.

Data subset Number of points M = 2 M = 3 M = 4

E < 100 516 0.33 0.17 0.084
100 ≤ E < 228 1556 0.57 0.32 0.20
228 ≤ E < 456 9238 0.68 0.41 0.28
456 ≤ E < 1000 1515 3.3 2.0 1.3
1000 ≤ E 323 2.9 1.5 0.80
All data 13148 1.0 0.60 0.39

Table 2.2: Mean unsigned errors (MUEs) from the cross validation test, for L-IMLS-G2
fits to the version-2 N4 dataset. The same conventions used in Table 2.1 are used here.
All energies and MUEs are in kcal/mol.

Data subset Number of points M = 2 M = 3 M = 4

E < 100 516 0.44 0.26 0.13
100 ≤ E < 228 1556 0.89 0.59 0.43
228 ≤ E < 456 9238 1.2 0.98 0.90
456 ≤ E < 1000 1515 5.0 3.9 3.6
1000 ≤ E 323 7.3 6.5 11
All data 13148 1.7 1.4 1.4

Additional quantitative and qualitative results from this L-IMLS-G2 fit of the version-

2 N4 can be found in the article by Bender et al.1 Also, a Fortran subroutine of the fitted

PES is in the POTLIB library.125 For additional visualization of L-IMLS-G2 PESs, we

will present one-dimensional and two-dimensional cuts through a similar but slightly

improved surface in the next section.
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Table 2.3: Statistics on the number of local fits used for the energy evaluations in the
fitting accuracy and cross validation tests, for the L-IMLS-G2 fit to the version-2 N4

dataset with M = 3. L̄ is the mean number of local fits and σL is the standard deviation
of the number of local fits. Results are given for data subsets based on the total electronic
energy E calculated from quantum chemistry. All energies are in kcal/mol.

Fitting accuracy Cross validation

Data subset Number of points L̄ σL L̄ σL

E < 100 516 450 119 360 96
100 ≤ E < 228 1556 346 214 277 171
228 ≤ E < 456 9238 460 409 368 327
456 ≤ E < 1000 1515 216 159 173 128
1000 ≤ E 323 110 94 88 76
All data 13148 409 368 328 295

2.7.2 N4: Comparison of Global and Local Fits

In this section, we compare two fits to the version-3 N4 dataset described in Sec. 2.1.2:

a global fit using the GPIP method and a local fit using the L-IMLS-G2 method. This

dataset is the highest quality N4 dataset developed by Truhlar group researchers for the

MURI project, and it should be used for all future work.

For all global and local fits to the version-3 dataset, MURI researchers used the

type-II MEG function ξ(r) (given by Eq. (2.33)) in the definition of the raw transformed

coordinate system q in Eq. (2.31). This is an important difference from the use of the

type-I Morse function (given by Eq. (2.32)) for fits to the version-2 dataset, such as

the one described in Sec. 2.7.1. As explained in further detail by Bender et al.,2 it was

observed that use of the Morse function could lead to poor representation of long-range

forces between atoms. A recent article pointed out that this could lead to incorrect

treatment of low-temperature chemical processes.126 To correct this problem, it was

proposed to replace the Morse function with the MEG function in the definition of q.2

The GPIP fit to the version-3 N4 dataset is based on the method described in

Sec. 2.5, and further details can be found in the references.2, 74 The fitting function is of

the form given by Eq. (2.51), with basis functions up to ninth order in the components

of q and with M = 276 independent coefficients {aj}. In Eq. (2.33), the parameter

values b = 1.0 Å and c = 1.5 Å
2
were used.
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The L-IMLS-G2 fit to the version-3 N4 dataset is based on the method described in

Sec. 2.4. The fitting function is of the form given by Eq. (2.23), with 83 local-fit basis

functions up to third order (M = 3) in the components of x. We used the parameter

values pν = pu = 4 in Eqs. (2.17) and (2.21), εν = εu = 10−1 in Eqs. (2.17) and (2.21),

b = 0.90 Å and c = 4.0 Å
2
in Eq. (2.33), a 20% masking strategy (as described in

Sec. 2.7.1), and Lmin = 3 and Ltar = 62 in the CRC construction procedure described in

Sec. 2.4.5. All of these values were determined by numerical experimentation. Note that

there is no reason a priori to assume that the optimal values for the parameters b and

c should be the same for both the GPIP and L-IMLS-G2 methods. Also, interestingly,

we found that the values pν = pu = 4 generally gave the best performance for L-IMLS-

G2 fits using the MEG function, while the values pν = pu = 3 generally were best for

L-IMLS-G2 fits using the Morse function (like the one described in Sec. 2.7.1).

Table 2.4 summarizes results from fitting quality tests on both the L-IMLS-G2 and

GPIP fits to the version-3 N4 data. For comparison, we also include results from similar

analyses on the version-2 N4 L-IMLS-G2 fit discussed in Sec. 2.7.1 and the version-2 N4

GPIP fit presented in Paukku et al.74 In all cases, the MUEs are generally small, and

are roughly comparable to the estimated accuracy of CASPT2 itself.1 The L-IMLS-

G2 fits are more accurate than the corresponding GPIP fits; the overall MUE is 3.3

kcal/mol from the fitting accuracy test for the version-3 GPIP fit, while it is only 1.2

kcal/mol from the cross validation test for the version-3 L-IMLS-G2 fit. This is an

expected result. Indeed, as we explained in Sec. 2.3, local methods are typically more

accurate but also more computationally expensive than global methods. (And, indeed,

we found that energy evaluations with the local fit could be over an order of magnitude

more costly than evaluations with the global fit.) Also observe that the version-3 fits are

more accurate than the corresponding version-2 fits, supporting the claim that higher-

quality surfaces can be obtained using the type-II MEG function for ξ(r) instead of

the type-I Morse function. However, the improvement in accuracy associated with the

change in ξ(r) (and with the slight increase in overall dataset size) is more significant

with the GPIP method than with the L-IMLS-G2 method. This fact suggests that the

local approach is less sensitive than the global to the form of the basis functions – an

unsurprising feature, since L-IMLS-G2 relies on the averaging formula in Eq. (2.23) and

requires each local fit to accurately represent only a small region of the overall PES.
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Table 2.4: Comparison of GPIP and L-IMLS-G2 fits to the version-2 and version-3 N4

datasets. For each case, mean unsigned errors (MUEs) are reported from the fitting
accuracy test (for the GPIP fits) or from the cross validation test (for the L-IMLS-G2
fits). Results are given for data subsets based on the total electronic energy E calculated
from quantum chemistry, and the number of data points N in each subset is given. Note
that, for a given subset, the value of N for the GPIP case is not equal to the value for
the corresponding L-IMLS-G2 case, due to the 20% masking strategy implemented with
the local fitting method. Sec. 2.1.2 describes the version-2 and version-3 datasets, the
type-I and type-II ξ(r) functions used in the fits are defined by Eqs. (2.32) and (2.33),
respectively, and fitting parameters are provided in the text in Sec. 2.7.2. Note that
the data for the version-2 L-IMLS-G2 fit are identical to those presented in the M = 3
column of Table 2.2. All energies and MUEs are in kcal/mol.

GPIP L-IMLS-G2

Data subset N MUE N MUE

Version-3 data
Type-II ξ(r)

E < 100 693 0.8 567 0.15
100 ≤ E < 228 1974 2.1 1714 0.35
228 ≤ E < 456 11907 2.5 9013 0.93
456 ≤ E < 1000 1627 9.0 1610 3.2
1000 ≤ E 333 15 324 6.0
All data 16534 3.3 13228 1.2

Version-2 data
Type-I ξ(r)

E < 100 693 1.2 516 0.26
100 ≤ E < 228 1941 2.3 1556 0.59
228 ≤ E < 456 11858 3.1 9238 0.98
456 ≤ E < 1000 1610 11 1515 3.9
1000 ≤ E 333 22 323 6.5
All data 16435 4.1 13148 1.4



53

Figures 2.3 and 2.4 plot one-dimensional cuts, corresponding to planar and non-

planar arrangements of the four atoms, respectively, through the version-3 L-IMLS-G2

and GPIP surfaces. Both surfaces smoothly fit the CASPT2 reference energies, but the

greater accuracy of the local fit is apparent. Notice in Figure 2.4(a), for example, that

the local fit better captures the sharp local maxima in the energy at between 2 and 4 Å.

Note that the L-IMLS-G2 fitted energy curves are smooth, even though the number of

local fits used for the energy evaluations varies from less that 100 to nearly 2000 across

the cuts, as seen in Figures 2.3(c) and Figures 2.4(c). This indicates that the cutoff

radius correlation strategy introduced in Sec. 2.4.5 is working successfully. The differ-

ences between the two fits are also visible in the energy gradient component depicted in

Figures 2.3(b) and Figures 2.4(b). There, the L-IMLS-G2 curves exhibit more rugged

qualitative structure than the GPIP curves, indicative of the greater complexity of the

L-IMLS-G2 fitting function. Although the L-IMLS-G2 gradient components shown in

these figures do vary smoothly (and, we believe, would be suitable for running dynam-

ics), we suspect that some of those rugged features are the result of magnification of

small irregularities in the quantum chemistry dataset. This serves as a reminder that

the risk of over-fitting must be monitored closely when using local methods.

As a final visualization, Figure 2.5 gives an example of a two-dimensional cut through

the version-3 L-IMLS-G2 surface. The energy and the selected energy gradient compo-

nent vary reasonably smoothly. The plots here provide some sense of the complicated

features in four-atom-system potential energy surfaces.
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Figure 2.3: One-dimensional cuts through version-3 N4 PESs for H-shaped planar ar-
rangements of the atoms. Four geometric parameters are fixed: θA = θB = 90°, φ = 0°,
and d = 1.2 Å. The bond distance rA is fixed at 1.098 Å for case (1) or at 1.298 Å for
case (2), as indicated in the legends. Variation in the bond distance rB corresponds to
the horizontal axes. (a) gives the total potential energy E from the GPIP fit, the L-
IMLS-G2 fit, and the CASPT2 electronic structure calculations. (b) gives the analytic
gradient of the energy with respect to the x-coordinate of the third atom, ∂E/∂y13, for
the two fits. (c) gives the number of local fits used for each L-IMLS-G2 fit evaluation.
The geometric parameters are defined by Figures 1 and 3 of Paukku et al.74 Fitting
parameters are discussed in the text in Sec. 2.7.2.
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Figure 2.4: One-dimensional cuts through version-3 N4 PESs for X-shaped non-planar
arrangements of the atoms. Four geometric parameters are fixed: θA = θB = φ = 90°and
d = 1.2 Å. The bond distance rA is fixed at 1.098 Å for case (1) or at 1.298 Å for case
(2), as indicated in the legends. Variation in the bond distance rB corresponds to the
horizontal axes. (a) gives the total potential energy E from the GPIP fit, the L-IMLS-G2
fit, and the CASPT2 electronic structure calculations. (b) gives the analytic gradient of
the energy with respect to the y-coordinate of the third atom, ∂E/∂y23, for the two fits.
(c) gives the number of local fits used for each L-IMLS-G2 fit evaluation. The geometric
parameters are defined by Figures 1 and 3 of Paukku et al.74 Fitting parameters are
discussed in the text in Sec. 2.7.2.
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Figure 2.5: Two-dimensional cut through the version-3 N4 L-IMLS-G2 fit for H-shaped
planar arrangements of the atoms. Four geometric parameters are fixed: θA = θB = 90°,
φ = 0°, and rA = 1.298 Å. The parameters d and rB are both varied, as indicated on the
lower axes. (a) gives the total potential energy E, and (b) gives the analytic gradient of
the energy with respect to the x-coordinate of the third atom, ∂E/∂y13. The geometric
parameters are defined by Figures 1 and 3 of Paukku et al.74 Fitting parameters are
discussed in the text in Sec. 2.7.2.
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2.7.3 N2O2: Comparison of Global and Local Fits

In this section, we compare two fits to the N2O2 dataset described in Sec. 2.1.2: a

global fit using the GPIP method and a local fit using the L-IMLS-G2 method. Our

presentation is analogous to the one in Sec. 2.7.2.

The GPIP fit to the N2O2 dataset is based on the method described in Sec. 2.5, and

further details can be found in the article by Varga et al.75 The fitting function is of

the form given by Eq. (2.51), with basis functions up to tenth order in the components

of q and with M = 2153 independent coefficients {aj}. In Eq. (2.33), the values of b

and c varied depending on the pair of atoms corresponding to the internuclear distance

r: b = 1.15 Å and c = 1.70 Å
2
for N−N, b = 1.25 Å and c = 1.80 Å

2
for N−O, and

b = 1.30 Å and c = 1.60 Å
2
for O−O.

The L-IMLS-G2 fit to the N2O2 dataset is based on the method described in Sec. 2.4.

The fitting function is of the form given by Eq. (2.23), with 83 local-fit basis functions

up to third order (M = 3) in the components of x. We used the parameter values

pν = pu = 4 in Eqs. (2.17) and (2.21), and εν = εu = 10−1 in Eqs. (2.17) and (2.21),

and Lmin = 4 and Ltar = 111 in the CRC construction procedure described in Sec. 2.4.5.

In Eq. (2.33), as for the GPIP fit, the values of b and c varied depending on the pair

of atoms: b = 0.90 Å and c = 2.5 Å
2
for N−N, b = 0.95 Å and c = 3.0 Å

2
for N−O,

and b = 1.00 Å and c = 3.5 Å
2
for O−O. All of these parameters were determined via

numerical experimentation.

Unlike for the N4 local fits, we did not use a masking strategy (as described in

Sec. 2.7.1) when working with the N2O2 dataset. Indeed, when experimenting with

N2O2 L-IMLS-G2 surfaces, we found that masking typically had a significant negative

impact on overall cross validation errors. This may indicate that there is less redundancy

in the N2O2 dataset than in the N4 dataset.

Table 2.5 summarizes results from fitting quality tests on both the L-IMLS-G2 and

GPIP fits. All MUEs are small, on the order of a few percent or less. For most

subsets of data points, the L-IMLS-G2 fit is slightly more accurate than the GPIP

fit. The overall MUE is 4.0 kcal/mol from the fitting accuracy test for the GPIP fit,

while it is 3.1 kcal/mol from the cross validation test for the L-IMLS-G2 fit. This

is consistent with our expectation that the local method be more accurate (and more

computationally expensive) than the global method. Notice, however, that the difference
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Table 2.5: Comparison of GPIP and L-IMLS-G2 fits to the N2O2 dataset. For each case,
mean unsigned errors (MUEs) are reported from the fitting accuracy test (for the GPIP
fit) or from the cross validation test (for the L-IMLS-G2 fit). Results are given for data
subsets based on the total electronic energy E calculated from quantum chemistry, and
the number of data points N in each subset is given. Sec. 2.1.2 describes the dataset
and fitting parameters are provided in the text in Sec. 2.7.3. All energies and MUEs
are in kcal/mol.

Data subset N GPIP L-IMLS-G2

E < 100 3096 1.1 1.2
100 ≤ E < 200 17242 2.1 1.8
200 ≤ E < 350 24640 3.1 2.3

350 ≤ E < 1000 8557 8.5 6.3
1000 ≤ E 1354 22. 18.
All data 54889 4.0 3.1

in accuracy between the GPIP and L-IMLS-G2 fits for the N2O2 dataset is less than

the corresponding difference for the version-3 N4 dataset, as seen in Table 2.4. This is

also not surprising, since the N2O2 GPIP fit is of a higher order than the version-3 N4

GPIP fit: the former involves 2153 independent basis functions up to tenth order, while

the later involves 276 independent basis functions up to ninth order.

Figures 2.6 and 2.7 plot one-dimensional cuts, corresponding to planar and non-

planar arrangements of the four atoms, respectively, through the L-IMLS-G2 and GPIP

surfaces. The figures are analogous to Figures 2.3 and 2.4. In Figures 2.6(a) and 2.7(a),

both surfaces smoothly fit the CASPT2 reference energies, but the local fit appears

slightly more accurate. Differences between the two fits are also noticeable in the energy

gradient component plotted in Figures 2.6(b) and 2.7(b), where we see more rugged

features in the L-IMLS-G2 curves. This illustrates the tradeoff between accuracy and

smoothness, a characteristic difficulty of PES fitting.

Figure 2.8 gives an example of a two-dimensional cut through the L-IMLS-G2 sur-

face. The surfaces are smooth, though complex features abound. Similar to our ob-

servations in Sec. 2.7.2, we suspect that not all of the structure revealed in the energy

gradient component plot is entirely physical, but rather is due to the fitting method

magnifying small irregularities in the dataset. A lower-accuracy method may smooth

out such variations, while increasing fitting errors at the data points.
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Figure 2.6: One-dimensional cuts through N2O2 PESs for H-shaped planar arrangements
of the atoms. Four geometric parameters are fixed: θA = θB = 90°, φ = 0°, and d = 1.2
Å. The bond distance rA is fixed at 1.208 Å for case (1) or at 1.408 Å for case (2), as
indicated in the legends. Variation in the bond distance rB corresponds to the horizontal
axes. (a) gives the total potential energy E from the GPIP fit, the L-IMLS-G2 fit, and
the CASPT2 electronic structure calculations. (b) gives the analytic gradient of the
energy with respect to the x-coordinate of the third atom, ∂E/∂y13, for the two fits. (c)
gives the number of local fits used for each L-IMLS-G2 fit evaluation. The geometric
parameters are defined by Scheme 1 and Figure 1 of Varga et al.75 The letter A refers
to the O2 diatom, and the letter B refers to the N2 diatom. Fitting parameters are
discussed in the text in Sec. 2.7.3.
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Figure 2.7: One-dimensional cuts through N2O2 PESs for X-shaped non-planar ar-
rangements of the atoms. Four geometric parameters are fixed: θA = θB = φ = 90°,
and d = 1.6 Å. The bond distance rA is fixed at 1.208 Å for case (1) or at 1.408 Å for
case (2), as indicated in the legends. Variation in the bond distance rB corresponds to
the horizontal axes. (a) gives the total potential energy E from the GPIP fit, the L-
IMLS-G2 fit, and the CASPT2 electronic structure calculations. (b) gives the analytic
gradient of the energy with respect to the y-coordinate of the third atom, ∂E/∂y23, for
the two fits. (c) gives the number of local fits used for each L-IMLS-G2 fit evaluation.
The geometric parameters are defined by Scheme 1 and Figure 1 of Varga et al.75 The
letter A refers to the O2 diatom, and the letter B refers to the N2 diatom. Fitting
parameters are discussed in the text in Sec. 2.7.3.
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Figure 2.8: Two-dimensional cut through the N2O2 L-IMLS-G2 fit for bent H-shaped

planar arrangements of the atoms. Four geometric parameters are fixed: θA = 90°,
θB = 60°, φ = 0°, and rA = 1.208 Å. The parameters d and rB are both varied, as
indicated on the lower axes. (a) gives the total potential energy E, and (b) gives the
analytic gradient of the energy with respect to the x-coordinate of the third atom,
∂E/∂y13. The geometric parameters are defined by Scheme 1 of Varga et al.75 and by
Figure 3 of Paukku et al.74 The letter A refers to the O2 diatom, and the letter B refers
to the N2 diatom. Fitting parameters are discussed in the text in Sec. 2.7.3.



Chapter 3

Quasiclassical Trajectories:

Methodology and Implementation

In this chapter, we detail the theory of the quasiclassical trajectory method (QCT) and

how we implemented it in a parallel computer code. QCT is a computational tool for

analyzing a chemical reaction.127, 128 It involves several steps. First, reactant molecules

are prepared in classical analogs of quantized initial states. Then, reactants are collided

by solving Hamilton’s equations of motion for a classical trajectory, governed by inter-

atomic forces computed as the negative gradients (with respect to atomic coordinates) of

a potential energy surface.∗ Finally, after the collision is complete, product particles

are identified and analyzed. This process is repeated many times, with initial con-

ditions sampled from appropriate probability distributions. Then, ensemble-averaged

quantities like the reaction rate constant are calculated.

The primary input to a QCT calculation is the PES, the construction of which was

the subject of Chap. 2. By modeling the interactions between the atoms of a system,

the PES provides a foundation for simulating a large number of representative collisions

between particles with QCT. The method is called quasiclassical because the trajec-

tory motion is computed classically, while the initial conditions are determined based

on quantized energy states. Also note that quantum mechanical effects are included

∗ Here and in subsequent discussions, we use the terms interatomic forces and atomic coordinates

somewhat loosely, to refer to forces on and coordinates of nuclei, respectively, in the Born-Oppenheimer
framework of Sec. 2.1.1.
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indirectly, to some extent, in the development of a PES based on electronic structure

calculations; see Sec. 2.1.

In Secs. 3.1 - 3.5, we explain all key components of the QCT method. Portions

of those sections are drawn from or based on the article by Bender et al.2 Then, in

Sec. 3.6, we summarize key features of the Rovibrational Energetics and Analysis of

Quasi-Classical Trajectories (REAQCT) computer code that was developed for this

research.

3.1 Reaction Rate Constants

Consider a general chemical reaction of the form

sAA + sBB −→ sCC + sDD, (3.1)

which states that sA moles of reactant A and sB moles of reactant B react to form sC

moles of product C and sD moles of product D. The constants sA, ..., sD are stoichio-

metric coefficients. The reaction rate R is defined by the following equation:129

R = − 1

sA

d[A]

dt
= − 1

sB

d[B]

dt
=

1

sC

d[C]

dt
=

1

sD

d[D]

dt
. (3.2)

The reaction rate specifies (in units of species concentration per time) how the composi-

tion of a reacting mixture changes with time, due to destruction of A and B and creation

of B and C via Eq. (3.1). In many chemical reactions, including those of interest here,

R is proportional to integer powers of concentrations of each of the reactants A and B.

This is expressed via a rate equation,

R = k[A]mA [B]mB . (3.3)

The proportionality constant k is the reaction rate constant, a principal quantity of

interest in this investigation.

Now consider the specific chemical reactions studied over the course of this project.

These include the single and double dissociation reactions involving the collision of two

nitrogen molecules,

N2(v1, j1) + N2(v2, j2) −→ N2(v
′, j′) + 2N, (3.4a)

N2(v1, j1) + N2(v2, j2) −→ 4N, (3.4b)
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the dissociation reaction involving collision of a nitrogen molecule with a nitrogen atom,

N2(v1, j1) + N −→ 3N, (3.5)

and the following four dissociation reactions involving the collision of a nitrogen molecule

with an oxygen molecule:

N2(v1, j1) + O2(v2, j2) −→ N2(v
′, j′) + 2O. (3.6a)

N2(v1, j1) + O2(v2, j2) −→ O2(v
′, j′) + 2N. (3.6b)

N2(v1, j1) + O2(v2, j2) −→ 2N + 2O. (3.6c)

N2(v1, j1) + O2(v2, j2) −→ NO(v′, j′) + N + O. (3.6d)

In all of these equations, v and j denote vibrational and rotational quantum numbers,

respectively. These describe molecular internal energy states, and they will be discussed

in detail in subsequent sections. In addition to the dissociation reactions listed above,

we also are interested in various exchange reactions. These are chemical processes in

which molecular bonds are broken and reformed such that the number of bonds in the

products is the same as the number in the reactants, but the bonds in the products

involve different pairs of atoms than the bonds in the reactants. One example is the

following reaction, also involving a nitrogen-oxygen collision:

N2(v1, j1) + O2(v2, j2) −→ NO(v′, j′) + NO(v′′, j′′). (3.6e)

This and other exchange processes will be the analyzed later in this thesis.

Each of the chemical reactions (3.4) - (3.6) is an elementary bimolecular reaction,129

and its associated reaction rate is proportional to the concentrations of the reactants.

For example, the rate equation for the single dissociation process (3.4a) is,

R(N2+N2)
1 = −d[N2]

dt
=

1

2

d[N ]

dt
= k

(N2+N2)
1 [N2]

2. (3.7a)

Similarly, the rate equation for the double dissociation process (3.4b) is

R(N2+N2)
2 = −1

2

d[N2]

dt
=

1

4

d[N ]

dt
= k

(N2+N2)
2 [N2]

2. (3.7b)

When analyzing collisions between two identical diatomic molecules like N2 and N2, it

is also useful to consider the net effect of both single and double dissociation processes.
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Combining Eqs. (3.7a) and (3.7b), we define the following effective dissociation rate as

follows:

R(N2+N2)
eff ≡ −d[N2]

dt

∣

∣

∣

∣

total

=
1

2

d[N ]

dt

∣

∣

∣

∣

total

= R(N2+N2)
1 + 2R(N2+N2)

2 ≡ k
(N2+N2)
eff [N2]

2.

(3.8)

The effective dissociation rate constant is evidently given by,

k
(N2+N2)
eff = k

(N2+N2)
1 + 2 k

(N2+N2)
2 . (3.9)

This rate constant describes the total rate of removal of N2 and half the rate of pro-

duction of N due to dissociation via N2 + N2 collisions. Such rates are useful because

they can be used directly to calculate species concentrations in macroscopic simulations

of high-temperature gases. Furthermore, by combining the effects of reactions (3.4a)

and (3.4b) in this way, we can obtain a more comprehensive picture of energy transfer

via dissociative N2 +N2 collisions, as discussed in Chap. 4.

As additional examples, we write the rate equation for reaction (3.5) as,

R(N2+N) = −d[N2]

dt
=

1

2

d[N ]

dt
= k(N2+N)[N2][N]. (3.10)

For reactions (3.6a) - (3.6e), we have, respectively, the following:

R(N2+O2)
1 = −d[O2]

dt
=

1

2

d[O]

dt
= k

(N2+O2)
1 [N2][O2]. (3.11a)

R(N2+O2)
2 = −d[N2]

dt
=

1

2

d[N]

dt
= k

(N2+O2)
2 [N2][O2]. (3.11b)

R(N2+O2)
3 = −d[N2]

dt
= −d[O2]

dt
=

1

2

d[N]

dt
=

1

2

d[O]

dt
= k

(N2+O2)
3 [N2][O2]. (3.11c)

R(N2+O2)
4 = −d[N2]

dt
= −d[O2]

dt
=
d[NO]

dt
=
d[N]

dt
=
d[O]

dt
= k

(N2+O2)
4 [N2][O2]. (3.11d)

R(N2+O2)
5 = −d[N2]

dt
= −d[O2]

dt
=

1

2

d[NO]

dt
= k

(N2+O2)
5 [N2][O2]. (3.11e)

Note that effective rate constants for the total rates of removal of N2 and O2 and of

production of N, O, and NO can also be defined, following principles similar to those

used in Eq. (3.8).

In the QCT framework, we express k for a general bimolecular reaction in terms

of probabilities based on a large number of representative collisions between reactant

particles in an ensemble (characterized by one or more temperatures). We derive this
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relationship as follows. The rate constant for a specific set of reactant quantum num-

bers v1, v2, ... and j1, j2, ... and for a thermal distribution of relative kinetic energies

at translational temperature T is the thermal average of the product of the relative

speed νr between the colliding particles and the reaction cross section σ (which itself is

a function of the reactant quantum numbers and of νr):
28, 128

k(T, v1, v2, ..., j1, j2, ...) =
〈 νr σ(νr, v1, v2, ..., j1, j2, ...) 〉T

S . (3.12)

The angular brackets 〈·〉T in Eq. (3.12) indicate a thermal average over the distribution

of relative velocities νr at the temperature T .†

In Eq. (3.12), we have also defined a symmetry factor S, which is equal to 2 if the

two reactants are identical or 1 if they are distinct. This addresses the double-counting

problem, which is discussed at length in the text by Vincenti and Kruger.21 There, the

authors illustrate the difficulty by noting that a collision between two identical species A

and A terminates two free paths of A particles; this is in contrast to a collision between

two different species A and B, which terminates the free path of only one A particle.

Any formulation of a bimolecular collision rate must properly account for this difference

between the two cases.

As described in Sec. 1.2, in hypersonic aerodynamics we are especially interested in

ensembles characterized by up to three temperatures, T , Tr , and Tv, for translation,

rotation, and vibration, respectively. To compute an overall rate constant for such an

ensemble, the cross section must be averaged over the internal-temperature distributions

defined by Tr and Tv . We indicate such an average by an overbar. Then Eq. (3.12)

becomes,

k(T, Tr , Tv) =
〈 νr σ̄(νr) 〉T

S . (3.13)

(Further details of the ensemble average over Tr and Tv are presented in Sec. 3.2 and 3.3.)

Making the average with respect to T explicit, we obtain,28, 128, 129

k(T, Tr , Tv) =
1

S

∫ ∞

0
νr σ̄(νr) f̃(νr) dνr

=
1

S

(

µC
2πkBT

)3/2 ∫ ∞

0
νr σ̄(νr) exp

(

−µCν
2
r

2kBT

)

4πν2r dνr ,

(3.14)

† Eq. (3.12) holds for any elementary bimolecular reaction between two polyatomic molecules. For a
reaction between two diatoms, we would describe the reactant internal energy states using exactly four
quantum numbers: v1 and j1 characterizing the first diatom, and v2 and j2 characterizing the second
diatom.
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which can be recast in terms of the relative translational kinetic energy Er between

collision partners as,28, 128, 129

k(T, Tr , Tv) =
1

S

(

8kBT

πµC

)1/2 ∫ ∞

0

(

Er σ̄(Er)

kBT

)

exp

(

− Er

kBT

)

d

(

Er

kBT

)

. (3.15)

Defining Λr ≡ Er/kBT , we have,

k(T, Tr , Tv) =
1

S

(

8kBT

πµC

)1/2 ∫ ∞

0
Λr σ̄(Er) exp (−Λr) dΛr . (3.16)

In these equations, µC is the reduced mass for the collision partners, kB is the Boltzmann

constant, and f̃(νr) is the Maxwell-Boltzmann distribution of relative speeds. Note that

the integral in Eq. (3.16) can be interpreted as an average over the thermal flux density

of reactant molecules.28

Next we let ¯̄
P(Er , b) denote the probability of reaction averaged over the vibra-

tional and rotational quantum numbers, as well as over all other parameters needed to

specify trajectory initial conditions, apart from Er and the impact parameter b. Further

discussion of those additional parameters implicit in the definition of ¯̄
P(Er , b) will be

given in Sec. 3.4. The cross section can then be written in the following form:28

σ̄(Er) = 2π

∫ bmax

0

¯̄
P(Er , b) b db . (3.17)

Equivalently, we can write,

σ̄(Er) = πb2max

∫ bmax

0

¯̄
P(Er , b)

(

2 b

b2max

)

db , (3.18)

which expresses the cross section as the product of the hard-sphere cross section πb2max

and an averaged probability of reaction. In Eqs. (3.17) and (3.18), bmax is a value of

the impact parameter beyond which there is a negligible probability of reaction.

Combining Eqs. (3.16) and (3.18), we obtain the following:

k(T , Tr , Tv) =

1

S πb2max

(

8kBT

πµC

)1/2 ∫ ∞

0

∫ bmax

0

¯̄
P (Er , b)

(

2 b

b2max

)

Λr exp (−Λr) db dΛr.

(3.19)

Eq. (3.19) forms the basis of all QCT analyses in this work. The double integral in this

equation is the overall ensemble-averaged probability of reaction, which we denote by
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〈P〉T ; it is the average of ¯̄
P(Er , b) over the distributions of the relative translational

energy and the impact parameter. (Note that we have dropped the double overbar from

the expression 〈P〉T to simplify the notation.) For a given chemical reaction, we seek

to evaluate this quantity via Monte Carlo integration, by appropriate random sampling

of the parameters Er , b, and all other quantities necessary to characterize the initial

state of the system of two colliding particles.

3.2 Enumeration of Energy States

To initialize a quasiclassical trajectory, we must assign vibrational and rotational quan-

tum numbers, v and j, respectively, to each reactant diatomic molecule. In this section,

we describe an important prerequisite step: the enumeration of all possible rovibrational

energy states of a diatom like N2, O2, or NO. The procedure is also described in detail

in the book chapter by Truhlar and Muckerman.128 Here, we give a brief overview of

the theory. Also note that several other QCT studies of nitrogen dissociation have used

a similar theoretical framework (with different potential energy surfaces).25, 26, 69–72

Consider any diatomic molecule. We denote its total internal energy by εint. In

analyzing its quantized energy states, it is convenient to place the zero of energy at

the minimum in the diatomic potential energy curve VD(r), where r is the internu-

clear distance. (Examples of functional forms for such curves were presented earlier in

Eqs. (2.25) and (2.27).) Then the energy of the dissociated molecule is the equilibrium

dissociation energy Deq .
‡ We then define the effective potential energy for vibrational

motion as a function of j as,

VD,eff(r, j) ≡ VD(r) +
j(j + 1)~2

2µDr2
, (3.20)

where ~ is Planck’s constant divided by 2π and µD is the reduced mass for the diatom

(not to be confused with µC, the reduced mass for the collision partners in a trajectory).

Depending on the value of j, the VD,eff curve can have three possible shapes. For j = 0,

it reduces to the potential VD , which has a single minimum. For 0 < j ≤ jmax , it has

a local minimum at small r (but larger than the equilibrium bond distance at j = 0),

‡ See Table 3.1 for the equilibrium dissociation energies and other properties of the diatomic po-
tentials used in this work. Also, we remind the reader that Deq should not be confused with the
ground-state dissociation energy D0.
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it has a local maximum at larger r, and it still approaches Deq as r → ∞. The local

maximum is due to the centrifugal barrier, resulting from the second term in Eq. (3.20).

In this case, let εint,max(j) denote the energy at this local maximum. Finally, for the

j > jmax case, VD,eff is purely repulsive, i.e., it has no local minimum (except at r = ∞).

With these definitions, we consider all of the quantum mechanical energy states

of the diatom. In the j = 0 case, the diatom has bound states for εint < Deq. In

the 0 < j ≤ jmax case, it has bound states for εint . Deq, it has quasibound states

for Deq . εint < εint,max(j), and it is unbound for higher εint. For the real molecule,

the quasibound states have a finite lifetime because of quantum mechanical tunneling

through the centrifugal barrier; however, within the quasiclassical framework, they have

an infinite lifetime and hence will be treated as bound. To make a list of all the bound

and quasibound states, we should find, for each integer j ≤ jmax, the eigenvalues εint of

the vibrational Schrödinger equation,130

[

− ~
2

2µD

d2

dr2
+ VD,eff(r, j) − εint

]

ψD(r) = 0, (3.21)

with homogeneous boundary conditions, where ψD(r) is the diatomic nuclear wave func-

tion. We label the eigenvalues εint(v, j), with v = 0, 1, 2, ..., vmax and j = 0, 1, 2, ..., jmax .

Note that vmax is a function of j. To approximate these eigenvalues, we can use the

semiclassical Wentzel-Kramers-Brillouin (WKB)128, 130, 131 approximation. Within this

framework, we obtain the following implicit equation for εint(v, j):

v = −1

2
+

(2µD)
1/2

π~

∫ r+

r−
(εint(v, j) − VD,eff(r, j))

1/2 dr. (3.22)

In Eq. (3.22), r− and r+ are the distances at the inner and outer turning points on the

effective potential energy curve that are associated with the (v, j) state, i.e., they are

the minimum and maximum internuclear separation distances that the diatom reaches

during a full vibrational period. A full derivation of Eq. (3.22) is given in the text

by Griffiths,130 and additional theoretical background on the WKB approximation can

be found in the text by Bender and Orszag.131 This process ultimately yields a set of

triples (v, j, εint), specifying all N internal energy states of the diatom. For convenience,

we reference these states with a single index n, with n = 1, 2, 3, ...,N .

Several important notes are warranted regarding the computational tools needed

to conduct this procedure. A numerical method is required to identify inner and outer
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turning points, r− and r+, respectively, for an arbitrary internal energy εint and effective

potential energy curve VD,eff. For this purpose, we used a simple, iterative bisection algo-

rithm for finding roots.132,133 In our experience, this computation was not a bottleneck

in the overall process.

A numerical method is also required for determining the local minimum and local

maximum in an arbitrary effective potential energy curve VD,eff. For this task, a näıve

approach involves scanning across the curve at closely-spaced regular intervals, evalu-

ating the curve at a point in each interval, and identifying the largest or smallest value.

We strongly recommend against using an approach like this, because it involves many

more evaluations of VD,eff than are actually necessary to achieve a given level of accu-

racy. A more sophisticated method consists of initially bracketing the local extremum

(based on user-provided guesses), and then using inverse parabolic interpolation to it-

eratively narrow the bracket. A bracket in this context consists of three (not just two)

points. For example, if we are searching for the location zmin where a non-trivial func-

tion h(z) reaches its minimum, then a bracket around the minimum must consist of a

point zL < zmin, a point zR > zmin, and a point zM that satisfies zL < zM < zR and

both h(zM) < h(zR) and h(zM) < h(zL). If such a bracket (zL, zM, zR) exists and the

function h(z) is smooth, then a local minimum is guaranteed to exist between zL and zR.

A detailed description of the technique, including recommended practices for achieving

fast convergence and example codes, can be found in the references.132, 133 When using

this method, the overall procedure to enumerate diatomic rovibrational energy states

took on the order of several seconds of compute time on one processor on a desktop

workstation. In contrast, when using the näıve approach, the overall procedure took on

the order of several hours of compute time.

Finally, a method is also needed for numerically evaluating the integral in Eq. (3.22).

For this purpose, we use a Gauss-Chebyshev quadrature scheme. The numerical approx-

imation is given below, where h(z) is an arbitrary, well-behaved function:128, 134

∫ 1

−1
h(z)

(

1− z2
)1/2

dz ≈
P
∑

i=1

wih(zi), (3.23)
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The integration points zi and weights wi are, for i = 1, ..., P ,§

zi = cos

(

iπ

P + 1

)

and wi =
π

P + 1
sin2

(

iπ

P + 1

)

. (3.24)

We define a change of variables by

u = u(z) =

(

(r+)− (r−)

2

)

z +

(

(r+) + (r−)

2

)

, (3.25)

and we define the function (at fixed j),

h⋆(u, j) =

(

εint − VD,eff(u, j)

(u− (r−))((r+)− u)

)1/2

. (3.26)

After some manipulation, and using the definitions in Eqs. (3.24), (3.25), and (3.26),

we arrive at the following numerical approximation for v in Eq. (3.22):

v ≈ −1

2
+

(

(2µD)
1/2

π~

)

(

(r+)− (r−)

2

)2 P
∑

i=1

wih
⋆(u(zi), j). (3.27)

For the diatomic potentials considered over the MURI project, convergence with this

numerical integration scheme was usually very fast. In a typical case, we found that the

result for v was quite well converged for P = 20.

After computing the complete set of (v, j, εint) triples for a given diatomic potential,

we calculate one final quantity of interest for each energy state: the period τ of diatomic

vibration. We derive an expression for τ as follows. In the quasiclassical framework, we

can use conservation of energy to find,128, 135

εint =
µD
2

(

dr

dt

)2

+ VD,eff(r, j). (3.28)

It follows immediately that,

τ = 2

∫ r+

r−
dt = 2

(µD
2

)1/2
∫ r+

r−
(εint − VD,eff(r, j))

−1/2 dr. (3.29)

To evaluate this expression numerically, we again use a Gauss-Chebyshev quadrature

scheme. In this case, the numerical approximation is given below, where h(z) is an

arbitrary, well-behaved function:128, 134

∫ 1

−1
h(z)

(

1− z2
)−1/2

dz ≈
P
∑

i=1

wih(zi). (3.30)

§ Note that the weights defined here are unrelated to and not to be confused with the weights
defined in our discussion of least squares methods in Chap. 2.
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In this case, the integration points zi and weights wi are, for i = 1, ..., P ,

zi = cos

(

(2i− 1)π

2P

)

and wi =
π

P
. (3.31)

We now define precisely the same change of variables that we used before, given by

Eq. (3.25), and we define the new function (at fixed j),

h⋆(u, j) =

(

(u− (r−))((r+)− u)

εint − VD,eff(u, j)

)1/2

, (3.32)

After manipulations, we arrive at the following numerical approximation for τ in Eq. (3.29),

using the definitions in Eqs. (3.31), (3.25), and (3.32):

τ ≈ (2µD)
1/2
( π

P

)

P
∑

i=1

h⋆(u(zi), j). (3.33)

Like Eq. (3.27), the approximation typically converges rapidly.

We close this section with selected results obtained using the MURI project di-

atomic potential energy curves for N2, O2, and NO.2,74, 75 Table 3.1 summarizes data

from the enumeration of all rovibrational energy states corresponding to these curves.

Figure (3.1) gives a visualization of all rovibrational energy states that were calculated

at the j = 0 and j = 150 rotational energy levels, using the N2 diatomic potential curve

that was incorporated into the version-3 N4 multi-body PESs. Notice the centrifugal

barrier in the j = 150 effective diatomic potential energy, and the existence of quasi-

bound states, whose energy is larger than the dissociation energy. Also observe that (as

expected) the spacing between vibrational energy levels becomes smaller as v increases

for fixed j, reflecting the anharmonicity of the potential energy curve. It is also the case

that the spacing between rotational levels becomes larger as j increases for fixed v.

Finally, we mention that in a recent investigation,72 Parsons et al. constructed

an N4 potential energy surface by fitting the version-2 N4 electronic structure dataset

of Sec. 2.1.2 with a functional form not based on either the GPIP or L-IMLS-G2 fit-

ting methods. They also computed rovibrational energy states for N2 using the WKB

method, and obtained results that are different from those in the second column of Ta-

ble 3.1. Specifically, they found 9373 states in total, of which 6930 were bound and 2443

were quasibound, with v in the range 0 - 52 and j in the range 0 - 330. Since the under-

lying quantum chemistry data are identical to those on which the results in the second
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Table 3.1: Properties of the N2, O2, and NO diatomic potentials used for the MURI
project, as incorporated into all N4 and N2O2 GPIP and L-IMLS-G2 potential energy
surfaces described in Sec. 2.7. First we list the equilibrium bond distances req in Å and
the equilibrium dissociation energies Deq in both eV and in kcal/mol. Then, we present
results from enumerating all rovibrational energy states using the WKB approximation
as discussed in the text. We list the maximum rotational energy level jmax (which is
equal to one less than the total number of rotational energy levels), the maximum vibra-
tional energy level vmax (which is equal to one less than the total number of vibrational
energy levels), the total number of rovibrational energy states N , and the number of
bound and quasibound rovibrational energy states, NB and NQ, respectively. Note that
the N2 diatomic potential used for the N2O2 surface was slightly different from the one
used for the N4 surface, as discussed in Varga et al.75

In N4

surfaces
In N2O2 surfaces

Quantity N2 N2 O2 NO

req 1.098 1.098 1.207 1.152
Deq[eV] 9.917 9.904 5.214 6.617
Deq[kcal/mol] 228.7 228.4 120.2 152.6
jmax 278 278 252 245
vmax 54 54 36 45
NS 9198 9181 5900 6809
NB 7122 7099 4172 5212
NQ 2076 2082 1728 1597

column of Table 3.1 are based, this difference is attributable to PES fitting quality,

which is not sufficiently quantified by Parsons et al.72 to draw further conclusions.

3.3 Multi-Temperature Model

In Sec. 3.2, we described a procedure for enumerating all N rovibrational energy states

of a diatomic molecule, indexed by n = 1, 2, 3, ...,N . In this section, we discuss how we

assign probabilities of occupation to those states, based on properties of the statistical

ensemble under consideration and neglect of nuclear spin. Those probabilities are then

used in the initialization of quasiclassical trajectories.

First consider a statistical ensemble characterized by a single rovibrational temper-

ature Trv . From statistical mechanics, the probability of selecting a diatom in internal
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Figure 3.1: Visualizations of rovibrational energy states, calculated using the WKB
approximation, for fixed values of the rotational quantum number j = 0 (in (a)) and
j = 150 (in (b)). The diatomic potential curve is for N2; it was incorporated into the
version-3 N4 GPIP and L-IMLS-G2 PESs of Sec. 2.7.2. Dotted lines denote the effective
potential energy VD,eff, and the solid lines represent the total energy εint of a quantized
rovibrational state. Solid squares mark the inner and outer turning points r− and r+,
respectively, for each rovibrational state.

state n is,24

p(n) = p( (vn , jn) ) =
(2jn + 1) exp(−εint(vn , jn)/kBTrv)

Qrovib(Trv)
. (3.34)

Here, vn and jn are the quantum numbers corresponding to state n, and Qrovib is the

canonical rovibrational partition function, defined by,24

Qrovib(Trv) =
N
∑

n=1

(2jn + 1) exp(−εint(vn , jn)/kBTrv). (3.35)

The factor (2jn + 1) is the degeneracy of a state with rotational quantum number jn .

Note that, with the analysis techniques described in Sec. 3.2, it is not necessary to

use harmonic oscillator or rigid rotor analytic assumptions to evaluate Qrovib(Trv) in

Eq. (3.35). Since we have enumerated all allowable states, we can evaluate the partition

function numerically.
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As we explained in Sec. 1.2, we are interested in modeling ensembles in which the

distribution of internal energies cannot be modeled simply by one internal tempera-

ture. More specifically, we seek a model that can yield an approximately Boltzmann

distribution of rotational energy levels at a rotational temperature Tr and an approx-

imately Boltzmann distribution of vibrational energy levels at a (possibly different)

vibrational temperature Tv . The non-separability of the rotational and vibrational en-

ergies precludes the construction of a model in which the rotational and vibrational

energy distributions can be uniquely defined. However, we can design an approximate

model as follows.

First, we must specify a rule for separating the internal energy of a diatom into

two components: a vibrational energy εvib and a rotational energy εrot . A reasonable

approach is to first define the vibrational energy of state (v, j) as the energy of the

corresponding state with the given v and j = 0, i.e., at the ground rotational level. This

is a common strategy, also used by Panesi et al.25, 26 Then εvib is a function of v alone.

We have the following definition:

εvib(v, j) ≡ εint(v, j = 0) = εvib(v), (3.36)

where we measure εint from the minimum of the potential curve, not from the lowest-

energy state, so that εvib(0) is nonzero.¶ Then, the rotational energy εrot is defined

as the difference between the total internal energy and the vibrational energy. Thus,

εrot is a function of both v and j. This is expressed below:

εrot(v, j) ≡ εint(v, j) − εint(v, j = 0). (3.37)

We refer to the scheme defined by Eqs. (3.36) and (3.37) as the vibration-prioritized

framework. We reiterate that other approaches are possible. For example, one could

define the rotational energy first, as a function of j alone. Nevertheless, the vibration-

prioritized framework is the most intuitive choice for approximately separating internal

energies, because when v and j have low to moderate values, the spacing between

vibrational energy levels is larger than the spacing between rotational energy levels. We

use the definitions in Eqs. (3.36) and (3.37) for all work in this paper.

¶ For example, it is 0.147 eV for the N2 potential used in the version-3 N4 potential energy surface
of Paukku et al.2, 74
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We computed the probability for state (vn, jn) as a product of two quantities: the

probability of selecting the vibrational level vn , and the probability of selecting the

state (vn, jn) conditional on having chosen the vibrational level vn . The first of those

probabilities is calculated based on the vibrational temperature Tv , and the second

based on the rotational temperature Tr . This scheme is expressed in Eq. (3.38) below:

p(n) = p( (vn , jn) ) =
1
η [ p(vn)]Tv

[ p( (vn , jn) | vn)]Tr

=
1

η
[ p(vn)]Tv

[

p( (vn , jn) )

p(vn)

]

Tr

. (3.38)

If we now also define the canonical vibrational partition function (as we would if we had

assumed that vibrational and rotational energies were separable),21, 24

Qvib(Tv) =
vmax
∑

v=0

exp(−εvib(v)/kBTv), (3.39)

then we obtain the expanded form of Eq. (3.38) given below:

p(n) = p( (vn , jn) ) =
1

η

(

exp(−εvib(vn)/kBTv)
Qvib(Tv)

)

×









(

(2jn + 1) exp(−εint(vn , jn)/kBTr)
Qrovib(Tr)

)

(

exp(−εvib(vn)/kBTr)
Qvib(Tr)

)









.

(3.40)

Note, crucially, that Eq. (3.40) reduces exactly to Eq. (3.34) when Tr = Tv . We em-

phasize that Eq. (3.34) is physical, but Eq. (3.40) is not. Rather, we have argued that

Eq. (3.40) is a reasonable model for hypothetical ensembles that can be characterized

by distinct rotational and vibrational temperatures. Notice that we have introduced a

normalization constant η in Eqs. (3.38) and (3.40), which is necessary to ensure that

the sum of all the probabilities is 1 when Tr 6= Tv . Obviously, η = 1 when Tr = Tv . For

cases considered in this project, η usually ranged from about 0.95 to 1.10.

To illustrate the flexibility of the two-internal-temperature model, consider Fig-

ure 3.2. The data shown in the figure were obtained using the N2 diatomic potential

that was incorporated into the version-3 N4 GPIP and L-IMLS-G2 PESs of Sec. 2.7.2.

We have prepared three statistical ensembles of N2 molecules. In the first ensemble,
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Tr = Tv = 20000 K. In the second, Tr = Tv = 8000 K. Finally, in the third, Tr = 20000

K and Tv = 8000 K. (Note that the translational temperature T is not relevant in

this plot.) We give the probability density functions (PDFs) of v and j for each case.

The first two ensembles represent cases of thermal equilibrium. As we discussed above,

they are exactly described by Eq. (3.34) from statistical mechanics. The third en-

semble represents a nonequilibrium case with Tv < Tr , a situation representative of

vibrationally-relaxing gases downstream of shock waves in hypersonic flows. Notice in

Figure 3.2(a) that the PDF of v for the third ensemble is approximately equivalent to

the corresponding PDF for the second ensemble; these two ensembles have the same

vibrational temperature. Likewise, in Figure 3.2(b), the PDF of j for the third ensem-

ble is approximately equivalent to the corresponding PDF for the first ensemble; these

two ensembles have the same rotational temperature. This example supports the claim

that Eq. (3.40) is effective at separating the distributions of rotational and vibrational

energies in the way we desired. The model is not perfect, however: notice the slight

divergence from the Boltzmann distributions in the third case at high v and j. As one

might expect, we observed that this discrepancy generally becomes more significant as

the difference between Tr and Tv increases in magnitude. The difference of 12000 K in

the nonequilibrium case shown here is relatively large among cases we considered in the

MURI project.

3.4 Initialization of Atomic Positions and Velocities

In this section we elaborate on how we initialize a quasiclassical trajectory, building on

our discussion in Secs. 3.1 - 3.3. The initial conditions are the Cartesian positions and

velocities of each atom in the system. For a diatom-diatom collision, 18 parameters

are necessary: 6 × 4 corresponding to three Cartesian positions and three Cartesian

velocity components of each atom, minus six degrees of freedom for the system’s overall

orientation and the position of its center of mass. For an atom-diatom collision, 12

parameters are necessary.

Two of these we have already discussed in Sec. 3.1. The relative translational kinetic

energy Er can be used to define a relative velocity between the centers of mass of the

two reactant particles. Without loss of generality, we align the relative velocity vector
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Figure 3.2: Examples of probability density functions (PDFs) of the vibrational and
rotational quantum numbers v and j, respectively, computed using the two-internal-
temperature model of Eq. (3.40) and using the N2 diatomic potential that was incorpo-
rated into the version-3 N4 GPIP and L-IMLS-G2 PESs of Sec. 2.7.2. (a) gives PDFs
of v, and (b) gives PDFs of j. Three cases are shown in each plot: an equilibrium case
in which Tr = Tv = 20000 K, an equilibrium case in which Tr = Tv = 8000 K, and a
nonequilibrium case (Neq.) in which Tr = 20000 K and Tv = 8000 K.

with the z axis in our simulation reference frame. The impact parameter b is used to

define an initial separation between the centers of mass of the reactants along the x

axis, again without loss of generality. We set the separation along the y axis to be zero,

and along the z axis to be large enough so that the initial interatomic forces between

the reactants are negligible.

Procedures for selecting Er and b are discussed in the book chapter by Truhlar and

Muckerman.128 We summarize some of the key formulas here. Correct Monte Carlo

sampling of Er (per Eq. (3.19)) requires sampling from the probability distribution,

f(Λr) = Λr exp(−Λr) dΛr. (3.41)

This can be done by selecting a random number R from a uniform distribution on the

open interval (0, 1), and then calculating (to a desired level of convergence) the limit of

the sequence defined recursively by,

Λr,i+1 = Λr,i +
1 + Λr,i − (1− R) expΛr,i

Λr,i
, (3.42)
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with the initial guess Λr,0 = 1. To properly select a value of b, we must sample from

the probability distribution,

f(b) =
2 b db

(bmax)2
(3.43)

To do so, we start by selecting a random number R from a uniform distribution on the

closed interval [0, 1]. Then, we set,

b = bmax (R)1/2 . (3.44)

We next consider how to specify the orientation and initial velocities of the atoms

of a diatomic molecule in its own center-of-mass reference frame. Again, we follow the

recommendations of Truhlar and Muckerman,128 and summarize the relevant formu-

las here. For each molecule, we first randomly select a quantized rovibrational state

(v, j) per Eq. (3.40). We use the rotational quantum number j to set the magnitude

of the classical internal angular momentum J of the diatom, based on the following

semiclassical correspondence from quantum mechanics:128,130

J · J = j(j + 1)~2 (3.45)

The vibrational quantum number v is used to set the initial separation distance between

the two atoms. We initialize the diatom at either its inner or outer turning point. Next,

we specify a random orientation of the diatom’s axis of symmetry. This can be done by

selecting two independent random numbers R1 and R2 from a uniform distribution on

the semi-open interval [0, 1). Then, we determine two angles θ and φ by

θ = cos−1(2R1 − 1),

φ = 2πR2,
(3.46)

and we define the unit vector along the diatom’s axis of symmetry by the following

formulas:128

â1 = sin θ cosφ.

â2 = sin θ sinφ.

â3 = cos θ.

(3.47)

We now specify a random orientation for the diatom’s internal angular momentum

vector, perpendicular to its axis of symmetry. We select another random number R



80

from a uniform distribution on the interval [0, 1). We calculate another angle ϑ by

ϑ = 2πR, (3.48)

and we define the unit vector in the direction of the internal angular momentum vector

by the following:128

b̂1 = − sinφ cos ϑ− cosφ cos θ sinϑ.

b̂2 = cosφ cos ϑ− sinφ cos θ sinϑ.

b̂3 = sin θ sinϑ.

(3.49)

Note that Eq. (3.49) uses the same angles θ and φ that were used in Eq. (3.47). The

vector defined by Eq. (3.49) lies in the plane perpendicular to the vector defined by

Eq. (3.47). Also note that the formulas in these equations are not unique; others are

possible that also will give theoretically sound results.

Finally, we must initialize the diatom with a randomized vibrational phase. We

select yet another random number R from a uniform distribution on the interval [0, 1),

and we multiply this number by the period of diatomic vibration, given by Eq. (3.29).

This defines a drift time tdr for the molecule, i.e., an amount of time that the molecule

should freely vibrate before the start of the trajectory, in order to reach a randomized

point in its vibrational period. In this project, the free vibrational motion is computed

with a Verlet integrator,136 although other choices are possible.

The six parameters we have outlined above fully specify the initial coordinates and

velocities of the two atoms of a diatom in its center-of-mass frame: v and j from

Eq. (3.40), the angles θ and φ from Eq. (3.46), the angle ϑ from Eq. (3.48), and the drift

time tdr. Such parameters must be selected independently for each diatom participating

in the collision.

3.5 Stratified Sampling and Uncertainty Quantification

We turn in this section to the problem of evaluating an ensemble-averaged probability of

reaction 〈P〉T from a large batch of quasiclassical trajectories. We need to evaluate the

right-hand side of Eq. (3.19). This requires integrating over appropriate distributions

for the relative translational kinetic energy Er , the impact parameter b, the reactant
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internal rovibrational states, and all other parameters that we identified in Sec. 3.4. For-

tunately, the rapid convergence of Monte Carlo methods makes tractable the numerical

evaluation of the highly multi-dimensional integral in Eq. (3.19).

Recall from Eq. (3.43) that the impact parameter must be sampled so that the

probability of selecting b in the interval [b, db) is 2 b db/ b2max , for 0 ≤ b ≤ bmax . To

accelerate statistical convergence of the Monte Carlo integration, we used stratified

sampling128 on the impact parameter. For a given set of temperatures, we compute

trajectories in batches. In each batch, we sample b from the interval (0, bmax) with

a different value of bmax . For example, a typical run included 6 batches, with bmax =

1, 2, ..., 6 Å. The trajectories from all of the batches are then sorted into non-overlapping

intervals of b, which we call integration strata. Then, the evaluation of the integral in

Eq. (3.19) is done in a piecewise fashion, with appropriate weighting for each stratum.

In our research, we only partitioned the integral in Eq. (3.19) into strata based on the

impact parameter. For all other integration parameters, we sampled without weights.

To quantify this procedure, we follow the exposition of Truhlar and Muckerman.128

Suppose that we have calculated several batches of trajectories and have sorted the

results into K integration strata indexed by κ = 1, 2, ..., K. Each stratum is defined

by a minimum impact parameter value b−κ and a maximum value b+κ , and we assume

that the strata are listed in increasing order so that b−1 = 0 Å and b+K = bmax. Then

each stratum is associated with a fraction Vκ of the total integration volume in b:

Vκ =
(b+κ )

2 − (b−κ )
2

b2max

. (3.50)

The sum of the Vκ is 1. We can interpret the Vκ values as weights on the contributions to

〈P〉T from each of the strata. Let Nκ and Nr,κ denote the total number of trajectories

and the number of reactive trajectories in stratum κ. Then, assuming that we have

used the correct probability distributions for all other integration parameters, we have

the following relation:128

〈P〉T ∼=
K
∑

κ=1

Vκ
Nr,κ

Nκ
. (3.51)

By substituting this value for the integral in Eq. (3.19), we obtain the ensemble-averaged

reaction rate constant k.



82

Importantly, we also have the following formula for the one-standard-deviation sta-

tistical error on this Monte Carlo estimate for 〈P〉T :128

∆〈P〉T ∼=
(

K
∑

κ=1

V2
κ

(

Nr,κ(Nκ − Nr,κ)

N 3
κ

)

)1/2

. (3.52)

We used Eq. (3.52) to calculate statistical uncertainties throughout this research. Note

that this formula accounts only for statistical errors in the Monte Carlo integration; it

does not include other sources of error, such as errors from fitting the PES to electronic

structure data, from the lack of exact energy conservation in numerically-integrated

trajectories, and from the fundamental assumption of classical motion of the colliding

atoms.

Finally, note that Eqs. (3.51) and (3.52) were derived specifically for the calculation

of an ensemble-averaged probability of reaction. However, the same formulas apply for

determining the averaged probability of any event of interest that either does or does

not occur in each trajectory; we simply replace Nr,κ with the number of stratum-κ tra-

jectories in which the event occurred. For example, we may be interested in trajectories

that featured a single diatomic dissociation event and whose molecular product had an

internal energy within a specified range. Thus, we made extensive use of Eqs. (3.51)

and (3.52) to investigate reactive processes in detail.

3.6 The REAQCT Code

A major effort in this research was the design of a new computer code to conduct quasi-

classical trajectory calculations. The code, named REAQCT (Rovibrational Energetics

and Analysis of Quasi-Classical Trajectories), incorporates all of the theory and imple-

ments all of the computational methods we described in Secs. 3.1 - 3.5. The development

of REAQCT grew out of earlier efforts to expand the ANT (Adiabatic and Nonadiabatic

Trajectories) code of the group of Professor Donald G. Truhlar.137 However, REAQCT

is an independent program. Over 95% of the REAQCT code is new and was written

specifically for the MURI project; most of the remaining 5% of code was adapted from

ANT with significant modifications, although the underlying theory is the same.128

REAQCT consists of over 17700 lines of Fortran and C code and associated build
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scripts and comments. Its lead developer was Jason D. Bender, and it includes contri-

butions from Dr. Ioannis Nompelis and Dr. Paolo Valentini. Bender, Nompelis, and

Valentini were advised by and gratefully acknowledge the expert consultation of Profes-

sor Donald G. Truhlar, Professor Thomas E. Schwartzentruber, and Professor Graham

V. Candler throughout the development process. REAQCT is archived on University of

Minnesota Department of Aerospace Engineering and Mechanics computing resources,

and it is being released to the MURI team along with this thesis. Researchers seeking

to use REAQCT should contact Bender.

In the remainder of this section, we discuss key chemical physics capabilities in

REAQCT and notable aspects of how the software was designed. Also, we provide a

concise overview of how to use the code.

3.6.1 Chemical Physics Capabilities

REAQCT is a molecular dynamics program that can be used to simulate diatom-diatom

or atom-diatom collisions (including dissociative collisions) in parallel. It performs all

steps in the QCT framework as outlined in Secs. 3.1 - 3.5 above. Specifically, it includes

the capability to:

� Interface to any four-atom potential energy surface, which must be provided as

a Fortran subroutine. Diatom-diatom collisions (of A2 + A2 or A2 + B2 type) or

atom-diatom collisions (of A2 +A type) can be simulated.

� Enumerate all rovibrational energy states of an arbitrary diatomic molecule from

its potential energy curve (provided as part of the many-body PES), using the

WKB approximation discussed in Sec. 3.2. Specifically, the following data are

computed for each diatomic rotational energy level:

– The number of bound or quasibound rovibrational energy states.

– The separation distance rmin and the total internal energy εint,min at the local

minimum in the effective diatomic potential energy curve.

– The separation distance rmax and the total internal energy εint,max at the

local maximum in the effective diatomic potential energy curve.

The following data are computed for each diatomic rovibrational energy state:
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– The inner and outer turning points r− and r+, respectively.

– The total internal energy εint.

– The period of diatomic vibration τ .

� Calculate the probabilities of selecting each diatomic rovibrational energy state

from an ensemble characterized by a vibrational temperature Tv and a rotational

temperature Tr , per the model given by Eq. (3.40) and discussed in Sec. 3.3.

� Initialize pre-collision reactant particles, with proper random sampling of the fol-

lowing quantities using the techniques described in Sec. 3.4:

– The initial vibrational and rotational quantum numbers v and j, respectively,

for each diatomic molecule, (based on an earlier computation of energy state

probabilities).

– The initial orientations of the central axis and internal angular momentum

vector of each diatomic molecule.

– The drift time tdr needed for each diatomic molecule to reach a randomized

point in its vibrational period.

– The impact parameter b.

– The initial relative speed νr between the two collision partners’ centers of

mass.

Time integration is performed on each diatom for the corresponding drift time tdr.

Ultimately, the process yields positions and velocities for all atoms in the system

before the collision.

� Simulate collisions by solving Hamilton’s equations of motion for a classical tra-

jectory using a Verlet integrator.136

� Analyze the post-collision products in the quasiclassical framework. Dissociation

and exchange events are identified. For any diatomic molecule that is found,

analysis is done to:

– Identify if the molecule is bound or quasibound.
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– Calculate the molecule’s vibrational and rotational quantum numbers v and

j, respectively, using the techniques of Sec. 3.2.

– Calculate the molecule’s vibrational and rotational internal energies εvib and

εrot, respectively.

� Conduct a variety of statistical analyses on the trajectory outcomes, including cal-

culation of the ensemble-averaged probability of reaction 〈P〉T and reaction rate

constant k, as given in Eq. (3.19). Multiple trajectory batches can be considered

together, with stratified sampling on the impact parameter per the discussion in

Sec. 3.5. Also, probability density functions of a variety of reactant and product

properties can be computed, to characterize the sets of reactive trajectories.

3.6.2 Software Design

Here we explain several important features of how REAQCT was designed. These ex-

planations will be of interest to future developers of the code and to readers interested

in learning how the program was engineered to perform well on high-performance com-

puters.

� Parallelization: The code is parallelized with MPI. A manager-worker scheme is

used for dynamic load balancing. More specifically, the (single) manager process

organizes data in what we call batches, with each batch corresponding to one read

or write operation on a file on disk. The manager process divides each batch into

what we call bunches, and each bunch is sent to a worker process for computation.

The manager monitors the states of the workers, and, when it receives a signal

that a worker has completed its computation, it gathers results from the worker

and sends the worker a new bunch. When all bunches are completed and the

results are received by the manager, the manager finalizes the batch and proceeds

to the next one, until all batches in the run are complete.

This parallel processing is done for three major operations in REAQCT: the pre-

collision drift operation, in which each diatom molecule is allowed to freely vibrate

for its drift time tdr before a trajectory begins; the calculation of the collision

motion (which is generally the most expensive operation); and the post-collision

analysis of product states.
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Fortran derived datatypes are used extensively throughout the code, and these are

mapped to MPI derived datatypes. All communication between the manager and

worker processes involves transmission of one-dimensional arrays of structures; the

length of one of these arrays is the size of the bunch.

We note that more sophisticated parallelization schemes are possible. So far, we

have run REAQCT successfully on between 2 and 1200 cores on supercomputing

resources of the University of Minnesota Department of Aerospace Engineering

and Mechanics. For scaling to larger systems, it might be necessary to use a

multiple-manager/multiple-worker scheme instead of a single-manager/multiple-

worker scheme to achieve good performance. Mixed parallelism frameworks, such

as using both MPI for distributed memory parallelism and OpenMP for shared

memory parallelism, have been discussed for REAQCT, but these ideas have not

yet been implemented in the code.

� Data input and output : All input and output (IO) in REAQCT is done using

the Hierarchical Data Format Version 5 (HDF5) library.138 An HDF5 file uses

an internal structure based on heaps and B-trees, which, among other features,

enables very fast reading and writing to arbitrary locations in the file. We have

found HDF5 to be a powerful tool for handling large datasets like the ones that

REAQCT produces. A typical production-scale run of REAQCT for MURI sys-

tems would involve files each storing data from 1 - 50 million trajectories. Such

quantities of data are cumbersome to store in ordinary ASCII text files, but are

easily managed using the HDF5 format.

Two types of HDF5 files are created and used by REAQCT. The first is a

trajectories-format file, which stores the Cartesian positions and velocities of all

atoms in a trajectory, both before and after the collision. The second is a states-

format file, which stores derived properties of the reactants and products in a

trajectory. These properties include the indices of atoms held in bound or qua-

sibound diatoms, the vibrational and rotational quantum numbers and internal

energies of those diatoms, and relative translational kinetic energies between par-

ticles. A states-format file is completely derivable from a trajectories-format file,
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via computations that are significantly cheaper than the computation of the tra-

jectory motion itself. Thus, it is not necessary to archive states-format files to

long-term storage.

Of course, a drawback of an advanced library like HDF5 for data IO is the lack of

human readability of the data files. To ameliorate this difficulty, we have included

in the REAQCT software package an HDF5-to-text conversion utility. This can

be used to extract some or all of the data from a trajectories- or states-format

HDF5 file, and write it to a human-readable text file.

� Random number generation and reproducibility : A high-quality pseudorandom

number generator (RNG) is critical to the success of any Monte Carlo algorithm.

Here, we decided to use the SPRNG library from Florida State University for

all random number generation.139 A notable feature of SPRNG is its ability

to generate high-quality independent pseudorandom number streams on multi-

ple processes, although we did not make use of this feature. Several options are

available in SPRNG. Here, we chose to use a multiplicative lagged Fibonacci gen-

erator, which has a quoted period of approximately 281 according to the SPRNG

documentation.139

We designed REAQCT so that any single run of trajectories is fully reproducible

from a single RNG seed. Accordingly, all operations that require random numbers

(in the trajectory initialization procedures) are executed by the manager process.

Users have the option of specifying any positive integer for the initial random seed,

or allowing the program to select an initial seed based on the current date and

time. In either case, the random seed is saved into all subsequent HDF5 files; that

number can be used to fully reproduce the run.

� Restart capability : REAQCT includes a restart capability in its trajectory inte-

gration subroutines. After time integration of a batch of trajectories, the manager

process opens the corresponding HDF5 file, writes the new results, and closes the

file. If, for any reason, the program later fails, it can restart from the last com-

pleted batch. This feature proved useful for managing large runs that might take

days or weeks to complete.
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� Code organization and modularity : The REAQCT code is organized modularly,

and it is compiled in a series of stages. First, the user compiles a shared library

of core pre- and post-processing subroutines, including those that enumerate rovi-

brational energy states of a diatom, initialize pre-collision reactants, and analyze

post-collision products. Then, the user compiles a second shared library of core

subroutines used for HDF5 IO operations and MPI communication. Finally, the

user builds the main code. This final build operation creates an executable and a

third shared library, which includes all code from the previous two shared libraries.

The executable runs a generalized manager-worker “skeleton” program, which was

written by Dr. Ioannis Nompelis in C. (All other components of REAQCT were

written by Jason D. Bender in Fortran.) When the executable runs, it links to

and calls subroutines in the shared libraries, which are specific to REAQCT.

The various components of REAQCT reflect its development history. Several com-

ponents can be tested individually; for example, the REAQCT package includes

two simple standalone programs that can be used to test the first shared library of

pre- and post-processing subroutines and the second shared library of HDF5 and

MPI operations. These simple testing programs proved useful as the code grew in

complexity, and we encourage future developers to use them.

REAQCT can interface to any four-atom potential energy surface. The user must

provide the PES code itself as a Fortran subroutine. In turn, that subroutine will

be called by subroutines in an interface file, which are in a format that REAQCT

recognizes. Details about these interfacing conventions are explained in comments

in the code, and complete and working examples are provided. The PES code is

compiled as part of the first shared library mentioned above, i.e., the shared library

that includes the core pre- and post-processing subroutines.

Finally, REAQCT also can interface to any random number generator. Presently,

it is set up to use the SPRNG library we discussed above.139 However, if a

different RNG is desired, one must only change the code in the RNG interface

file; SPRNG library functions are not called directly anywhere else in REAQCT.

Future developers should make use of the RNG interface file, rather than change

how random numbers are generated in other individual locations in the code.
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� Utilities packaged with the main code: Included with REAQCT are several utility

programs that proved helpful in the MURI investigations. We have already men-

tioned the HDF5-to-text conversion utility, which allows users to quickly verify

that the code is working as expected or to examine specific trajectories in detail.

Also included are a utility for visualizing one- and two-dimensional cuts through

the potential energy surfaces (like we presented in Sec. 2.7), and a utility for

generating animations of individual trajectories using the Tecplot program.

3.6.3 Simulation Work-Flow

We close this chapter with an overview of how to use REAQCT to run a typical QCT

analysis. This is intended to serve as a mini-tutorial for future researchers.

First, we note that significant efforts were made to annotate the code in an attempt

to make it as transparent as possible. The source code contains many comments that

explain variables, subroutines, and the overall program architecture, input files include

line-by-line descriptions of each input quantity, and the software package includes several

README files with guidelines for set-up and execution. We strongly encourage researchers

to leverage these resources when getting familiar with and further advancing the code.

Setting up REAQCT on a new computing platform consists of several prerequisite

steps. First, update the primary Makefile.in file with the correct locations of the MPI

and HDF5 libraries, along with specification of desired compilers and compiler flags.

Then, install the SPRNG random number generator library, discussed in Sec. 3.6.2

above. Instructions for doing this are provided with the software package. Next, design

the potential energy surface interface file, which provides the subroutines that REAQCT

calls to obtain diatomic and many-body potential energies and energy gradients. Con-

ventions for this interface file and full examples are included with the software package.

With all of these steps completed, compile the code per the instructions in the README

file included with the software package.

A QCT simulation with REAQCT consists of four primary steps; the input variable

qctfunction specifies which step to perform. First, run REAQCT with qctfunction=1.

The program will perform a WKB analysis of each diatomic molecule in the user-

specified reactants and will write data files that contain information about all enumer-

ated rovibrational energy states. The energy state information is written to files with the
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filename prefix jvlevels. Additional data about ensemble probabilities and statistics

are written to files with the filename prefix jvprops. Next, the program prepares trajec-

tories with Monte Carlo sampling for all reactant particle initial conditions. The initial

coordinates and velocities of all atoms in the system are written to trajectories-format

HDF5 files, discussed in Sec. 3.6.2.

Next, run REAQCT with qctfunction=2. The program will read the existing

trajectories-format HDF5 files to obtain reactant particle initial conditions. Then, the

trajectory motion is calculated and the product particle final conditions are written as

additional data in the existing trajectories-format HDF5 files. The program writes the

final (i.e., post-collision) coordinates and velocities of all atoms in the system. Addition-

ally, as part of this step, the program writes a file monitor.dat that contains information

about conservation of total energy in each calculated trajectory; this is provided as a

diagnostic to verify that the numerical integration is proceeding as expected.

Run REAQCT with qctfunction=3 next. The program will read existing

trajectories-format HDF5 files and analyze both the initial and final coordinates and

velocities from each trajectory. Diatomic molecules are identified, in both the reactants

and products, and properties such as vibrational and rotational quantum numbers are

computed. These post-processed results are written to new states-format HDF5 files,

discussed in Sec. 3.6.2.

The final primary step is to run REAQCT with qctfunction=4. The program will

read existing states-format HDF5 files and perform various statistical analyses. Key

quantities of interest, such as the reaction rate constant, are calculated and written to

a file results.dat. Probability density functions and similar results are written to a

file with the filename prefix bins. The precise quantity analyzed for this file is specified

by the user in an input file; many options are available.

This simple progression of four executions of REAQCT was typical for all the cases

discussed in Chaps. 4 and 5 of this thesis. We note that the program runs in paral-

lel when qctfunction=1, qctfunction=2, or qctfunction=3. It runs in serial when

qctfunction=4. The qctfunction=2 step is usually, by far, the most computationally

expensive operation for a given test case. See the input files and the comments con-

tained therein for comprehensive descriptions of how to specify the parameters for a

particular REAQCT simulation.



Chapter 4

Quasiclassical Trajectories:

N2+N2 Collisions

In this chapter we present results from an extensive investigation of dissociation via

N2 + N2 collisions using the quasiclassical trajectory method. We considered both the

single and double dissociation reactions, Eqs. (3.4a) and (3.4b), respectively. We used

the methods and the REAQCT code presented in Chap. 3. Over 2.4 billion trajectories

were computed in total, and the data revealed much about the mechanisms of nitrogen

dissociation at conditions relevant to hypersonic flows.

All calculations discussed in this chapter used the version-3 N4 GPIP potential

energy surface discussed in Sec. 2.7.2. Quantitative metrics of the accuracy of the fit were

presented in Table 2.4, and selected cuts through the surface were provided in Figures 2.3

and 2.4. The GPIP fit, while of high quality, is not as accurate as the corresponding

L-IMLS-G2 fit that we described in Sec. 2.7.2. However, the computational cost of

energy evaluations with the L-IMLS-G2 fit was prohibitively high for an investigation

of this scale, given the computing resources we had available.

In Sec. 4.1, we begin with an overview of the simulations. In Sec. 4.2, we report

results for effective dissociation rate constants for each run, and we make comparisons

with the literature. Sec. 4.3 takes a closer look at the relative contributions to the

dissociation rate from different types of trajectories. Secs. 4.4 and 4.5 discuss two dif-

ferent ways in which we characterized simple dissociation trajectories, to gain a deeper

91
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understanding of reaction mechanisms. Sec. 4.6 examines the coupling between dissoci-

ation and changes in vibrational and rotational energy, a topic of much interest to the

hypersonics community. Important findings from the study are summarized in Sec. 4.7.

Several conventions are used throughout this chapter. The term dissociation in this

chapter is understood to mean dissociation of diatomic nitrogen via N2 +N2 collisions.

Accordingly, we refer to the effective dissociation rate constant, as defined by Eq. (3.9),

by k; the superscript (N2+N2) and the subscript eff are understood and are omitted to

simplify the notation. When reporting a one-standard-deviation statistical error for

a quantity, we use parentheses to indicate the magnitude of the deviation in the last

digit of the quantity. For example, the expression 1.23(4) × 10−10 is equivalent to

1.23 ± 0.04 × 10−10. Probability density functions (PDFs) for a property of reactive

trajectories are denoted by f . A vertical line | indicates a conditional probability, per

standard conventions. For convenience, we use the abbreviation dissoc to mean any

dissociation event, i.e., a trajectory that resulted in at least one dissociated nitrogen

molecule.

4.1 Overview of Simulations

For each run in this investigation, we prepared ensembles of pairs of reactant N2

molecules for collisions. Informed by the prior research discussed in in Sec. 1.2, we

chose here only to prepare ensembles based on a common translational-rotational tem-

perature T = Tr and a (possibly different) vibrational temperature Tv, i.e., we always

assumed that the translational and rotational energy modes are equilibrated.∗ We

view this as an important first step in studying N2 + N2 interactions in both thermal

equilibrium and nonequilibrium environments. Five different temperatures were consid-

ered for each of the two temperatures T and Tv: 8000, 10000, 13000, 20000, and 30000

K. Thus, we carried out a total of 25 runs, which are summarized in Table 4.1. Notice

that we generally ran more trajectories at lower temperatures, at which dissociation

probabilities are lower and more trajectories are needed to obtain meaningful statistics.

In total, over 2.4 billion trajectories were calculated, with individual runs typically using

∗ For the remainder of this chapter, we will refer to the translational-rotational temperature simply
as T .
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between 48 and 1200 cores.

We used a Verlet integrator for these calculations.136 For the purpose of terminating

a dissociating trajectory, a molecular bond was considered broken if it exceeded 10 Å.

A non-dissociating trajectory was terminated if, after the collision, four out of the six

internuclear distances in the system exceeded 15 Å.

To determine an appropriate integration time-step ∆t, we first conducted several

tests to understand how the time-step affected energy conservation in a trajectory.

Results from some of these studies are given in Table 4.2. One needs a smaller time-

step when velocities are higher, so we conservatively chose T = Tv = 30000 K for the

test. For the tests summarized in Table 4.2, we ran conservatively-large batches of

8 million trajectories each, varying ∆t from 0.01 fs to 1 fs. For each trajectory, we

calculated the magnitude of the energy deviation, defined as the difference between the

largest and smallest total energy E values calculated during the trajectory. The total

energy is,

E = E(y) +

4
∑

α=1

(

1

2
mα |vα|2

)

, (4.1)

where y is the array of twelve Cartesian positions of the nuclei, vα is the Cartesian

velocity vector for nucleus α, E is the total potential energy in the system (equal to the

total electronic energy in the Born-Oppenheimer framework discussed in Sec. 2.1.1),

and mα is the mass of nucleus α. We then computed statistics on the set of values

∆E = Emax − Emin for each trajectory. As expected, both the maximum and average

value of ∆E increase as ∆t increases. However, the change in the quantity of interest k

is relatively small; the variation in k between the runs at low ∆t is of the same order of

magnitude as the one-standard-deviation statistical error. Considering that the choice

of ∆t has a major effect on the cost of the trajectory calculations, we decided to use

∆t = 0.05 fs for all of our production runs. This provides a reasonable compromise

between high accuracy and high efficiency.

4.2 Dissociation Rate Constants

The ensemble-averaged effective dissociation rate constants k, computed in the QCT

framework from Eq. (3.19), are given in Table 4.3 as a function of T and Tv. Recall
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Table 4.1: N2 + N2 QCT: Number N (in millions) of trajectories computed for each
combination of the translational-rotational temperature T and vibrational temperature
Tv . Temperatures are in K.

N
Tv

8000 10000 13000 20000 30000

T

8000 400 105 60 28 24
10000 320 96 70 28 24
13000 240 96 56 24 16
20000 240 96 70 40 16
30000 180 96 70 24 16

that these rate constants, defined in a macroscopic sense by Eq. (3.9), account for the

destruction of molecular nitrogen from both single-dissociation and double-dissociation

collisions between pairs of N2 diatoms. The data are visualized in two different forms in

Figure 4.1. We observe that k varies more rapidly with T when Tv is low. Consider, for

example, that the rate constant increases much more rapidly with T when Tv is fixed at

8000 K than when Tv is fixed at 30000 K. Likewise, k varies more rapidly with Tv when

T is low. For example, observe that the rate constant increases much more rapidly with

Tv when T is fixed at 8000 K than when T is fixed at 30000 K.

In Figure 4.2, we compare data from Table 4.3 with past research. Figure 4.2(a)

compares our T = Tv thermal equilibrium results with earlier studies. We include the

experimental findings of Byron,13 Appleton,14 and Hanson and Baganoff,15 and the

QCT-based results from Jaffe et al.71 and Parsons et al.72 Also included here are the

most recent recommendations of Park,16, 17 which were based on compilations of earlier

research. Our data agree most closely with the Park results at low temperatures, but

diverge from his results at higher temperatures. To assist in comparing these various

data, we provide a fit to our equilibrium rate constants in Eq. (4.2) below:

keq(T ) =

(

4.50 × 10−6 cm3

molecule · s · K−0.675

)

T−0.675 exp

(−1.17 × 105 K

T

)

. (4.2)

The parameters in this equation were determined via nonlinear least-squares fitting

using MATLAB.140

In Figure 4.2(b), we repeat our depiction of the 25 rate constants shown in Fig-

ure 4.1(b), but now we also show rate constants computed along lines of constant T
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Table 4.2: N2 +N2 QCT: Statistics on energy conservation in trajectories as a function
of the Verlet integrator time-step ∆t. Each row corresponds to a run of 8 million
trajectories with T = Tv = 30000 K. For each case, we give the dissociation rate
constant k and two statistics on the total energy deviation ∆E from each trajectory:
the maximum value and the average value (across all trajectories in the run). Time is
in fs, k is in 10−11 cm3 molecule−1 s−1, and ∆E values are in meV.

Statistics on ∆E
∆t k max. average

0.01 8.53(1) 0.587 0.0408
0.02 8.53(1) 1.68 0.163
0.05 8.50(1) 11.2 1.02
0.10 8.46(1) 49.6 4.07
0.20 8.41(1) 164. 16.2
0.50 8.15(1) 1070. 100.
1.00 8.28(2) 6090. 408.

using the Park two-temperature model,16, 17, 20 discussed in Sec. 1.2, in which k is ap-

proximated as a function of the controlling temperature Ta ≡ √
TTv. The Park model

predicts values of k that are smaller than ours in almost all cases. The discrepancy is

especially significant in those cases of large thermal nonequilibrium (when the magni-

tude of the difference between T and Tv is large). Agreement is best when both T and

Tv are small.
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Table 4.3: N2 +N2 QCT: Dissociation rate constants k as a function of the translational-rotational temperature T and
the vibrational temperature Tv . Temperatures are in K and k is in cm3 molecule−1 s−1.

k
Tv

8000 10000 13000 20000 30000

T

8000 4.6(1) × 10−15 4.53(7) × 10−14 3.72(3) × 10−13 4.23(1) × 10−12 1.650(3) × 10−11

10000 1.00(2) × 10−14 7.1(1) × 10−14 5.26(3) × 10−13 5.37(2) × 10−12 2.016(4) × 10−11

13000 5.30(5) × 10−14 1.86(2) × 10−13 9.13(5) × 10−13 7.47(2) × 10−12 2.621(5) × 10−11

20000 1.352(2) × 10−12 2.043(5) × 10−12 4.160(9) × 10−12 1.633(3) × 10−11 4.457(7) × 10−11

30000 1.409(1) × 10−11 1.672(2) × 10−11 2.247(2) × 10−11 4.445(6) × 10−11 8.51(1) × 10−11
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Figure 4.1: N2+N2 QCT: Two depictions of dissociation rate constants k as a function
of the translational-rotational temperature T and the vibrational temperature Tv . The
data are from Table 4.3. In (b), variation in Tv corresponds to the horizontal axis, and
the legend specifies lines of constant T . For clarity, an additional dash-dotted black
line is drawn through those equilibrium (Eq.) points at which T = Tv . For each data
point in (b), the error bars, calculated using Eq. (3.52), are smaller than the symbol in
size. Temperatures are in K.
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Figure 4.2: N2+N2 QCT: Comparison of the dissociation rate constants k from Table 4.3
with recent research. (a) compares thermal equilibrium data with experimental data
(shown in dash-dotted lines) and computational or theoretical results (shown in solid
lines). (b) compares all data from Table 4.3 (which is also presented in Figure 4.1(b))
with the Park two-temperature model. QCT results are shown with symbols and lines;
Park’s results are shown with lines only. The value of T is specified by the legend.
Variation in Tv corresponds to the horizontal axis, while T is held fixed along each line.
Temperatures are in K. See the text for corresponding references.
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4.3 Contributions to the Rate Constant from Trajectory

Subsets

To understand the dissociation process in more detail, we report in this section on

the percentage contributions to the dissociation rate constant k from various types of

trajectories. We focus our attention on two sets of runs from the total 25. The first is

an equilibrium test set, consisting of the five runs in which T = Tv , ranging from 8000

K to 30000 K. The second is a nonequilibrium test set, consisting of the four runs in

which T is fixed at 20000 K and Tv varies from 8000 K to 20000 K. The second set was

chosen to shed light on ensembles representative of those in a vibrationally-relaxing gas

behind a shock, in which Tv is initially much less than T and equilibrates to T over

time.

4.3.1 Dependence on Impact Parameter

We begin by examining the contributions to k from different integration strata in the

impact parameter b, per our discussion of Eq. (3.51). Tables 4.4 and 4.5 present the

contributions from six different strata, each characterized by a b interval of width 1 Å.

Figure 4.3 complements these tables. It gives the ratio of the probability of dissociation,

conditional on the impact parameter, to the total probability of dissociation. This

quantity p(dissoc | b) / p(dissoc) can be interpreted as a scaled opacity function.28, 128

It satisfies the following relation, per arguments similar to those in the derivation of

Eq. (3.19):
∫ bmax

0

(

p(dissoc | b)
p(dissoc)

)(

2 b

b2max

)

db = 1 (4.3)

It is important to remember that p(dissoc | b) / p(dissoc) is not a probability density

function itself, and its integral from 0 to bmax is not identically equal to unity; it should

not be confused with the PDF f( b | dissoc). Also note that the total probability of

dissociation p(dissoc) varies by multiple orders of magnitude across the cases considered

here.

First consider Table 4.4 for the equilibrium test set. Notice that, for each run in

this set, the greatest contribution is from trajectories with impact parameters in the

range [1, 2] Å. Furthermore, the normalized contribution from such trajectories becomes
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larger as the temperature increases. Additionally, the contribution from larger-impact-

parameter trajectories, in which b is greater than 2 Å, becomes steadily smaller as

the temperature increases. These trends are confirmed in the sharpening of the scaled

opacity function plots for equilibrium conditions in Figure 4.3(Eq.) as the temperature

increases. These observations are consistent with the well-known trend that the effective

size of a molecule in a collision tends to decrease as the collision relative speed increases,

because, intuitively, there is less time for the molecules to interact in glancing collisions.

We do note that the probability ratio for collisions with b in the range [0.0, 0.5] Å is

somewhat larger for the 20000 K case than for the 30000 K case. This suggests that,

at extremely high temperatures, there is less of a distinction between collisions below a

certain small-impact-parameter threshold.

Now consider the nonequilibrium test set, corresponding to Figure 4.3(Neq.). Here,

there is a clear sharpening of the scaled opacity function as the vibrational temperature

is decreased and the translational-rotational temperature is held constant. This effect

is also evident in Table 4.5, where we see that the normalized contribution to the rate

constant from high-b trajectories decreases dramatically as Tv decreases. We can explain

this phenomenon by noting that, as the vibrational energy of a molecule decreases, the

amount of energy that it must gain in a dissociative collision generally increases. Large

energy transfers tend to result from small-b collisions, which are intuitively “harder.”

Consequently, it is reasonable to conclude that, as Tv decreases while T is held constant,

large-b collisions become less effective at inducing dissociation.

4.3.2 Dependence on Event Subtype

We have used the abbreviation dissoc to refer to a trajectory resulting in at least one

dissociated N2 molecule. It is instructive to look more carefully at exactly what out-

comes are possible in an N2 +N2 collision and at how those different events contribute

to the effective dissociation rate constant. To do so, first assume that we have indexed

the four nitrogen atoms in the system from 1 to 4 such that the reactant diatoms are

N(1)−N(2) and N(3)−N(4). Then we identify five events of interest:

� nonreactive denotes a trajectory whose products have the same molecular bonds

as the reactants. The products are the two diatoms N(1)−N(2) + N(3)−N(4).
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Table 4.4: N2+N2 QCT: Percentage contributions kκ/k to the dissociation rate constant,
from trajectories with impact parameters b in different intervals. Data are from five
equilibrium runs with T = Tv . Temperatures are in K, distances are in Å, and kκ/k is
given as a percentage.

kκ/k: T = Tv =
bmin bmax 8000 10000 13000 20000 30000

0 1 15.3 19.0 20.6 23.7 23.9
1 2 34.1 35.7 36.3 39.3 42.2
2 3 30.6 31.0 29.6 26.5 25.3
3 4 16.8 12.0 12.0 9.6 7.9
4 5 3.2 2.2 1.4 0.9 0.7
5 6 0.0 0.1 0.0 0.0 0.0

Table 4.5: N2+N2 QCT: Percentage contributions kκ/k to the dissociation rate constant,
from trajectories with impact parameters b in different intervals. The same conventions
used in Table 4.4 are used here. Data are from four nonequilibrium runs with T fixed
at 20000 K and with Tv varied.

kκ/k: T = 20000 , Tv =
bmin bmax 8000 10000 13000 20000

0 1 44.3 39.9 32.9 23.7
1 2 36.6 37.7 38.7 39.3
2 3 15.8 17.7 21.3 26.5
3 4 3.2 4.4 6.5 9.6
4 5 0.1 0.3 0.6 0.9
5 6 0.0 0.0 0.0 0.0

� simple-dissoc denotes a trajectory whose products consist of two dissociated atoms

and one diatom with the same molecular bond as one of the reactants. The

products are either N(1)−N(2) + N(3) + N(4) or N(3)−N(4) + N(1) + N(2).

� single-dissoc-swap denotes a trajectory whose products consist of two dissoci-

ated atoms and one diatom that itself is composed of one atom from each of

the two reactants. Two (out of four total) possibilities for the products are

N(1)−N(3) + N(2) + N(4) or N(1)−N(4) + N(2) + N(3).

� double-dissoc denotes a trajectory in which the products consist of four dissociated

atoms. There are no chemical bonds in the products.
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Figure 4.3: N2 +N2 QCT: Opacity functions scaled by the overall probability of disso-
ciation. (Eq.) shows results from five equilibrium runs with T = Tv . The legend gives
the equilibrium temperature. (Neq.) shows results from a set of four nonequilibrium
runs with T fixed at 20000 K and with Tv varied. The legend gives the value of Tv . The
probability ratios in (Eq.) were computed based on trajectories with impact parameters
in the range 0 Å ≤ b ≤ 8 Å, while the probability ratios in (Neq.) were computed based
on the range 0 Å ≤ b ≤ 6 Å. See Tables 4.4 and 4.5 for comparison. Temperatures are
in K.

� metathesis denotes a trajectory whose products consist of two diatoms, each of

which contains one atom from each of the two reactants. There are no dissociated

atoms. The products are either N(1)−N(3) +N(2)−N(4) or N(1)−N(4) +N(2)−N(3).

We will use these abbreviations throughout the remainder of this chapter. Note that,

in general, we expect the lowest-energy trajectories to be of the nonreactive type. Also,

we expect single-dissoc-swap, double-dissoc, and metathesis trajectories to be typically

of higher energy than simple-dissoc trajectories, because they require the breaking of

both reactant molecular bonds rather than only one. Furthermore, when the frequency

of single-dissoc-swap, double-dissoc, and metathesis events increases (relative to the

frequency of simple-dissoc events), we expect an increase in the probability of N2 +N2

dissociation via inelastic-partner collisions, in which internal energy is changed in both

collision partners. Inelastic-partner collisions can be contrasted with elastic-partner

collisions, in which dissociation of one particle occurs but the internal state of the other

is unchanged. (For comparisons made in this paper, we will also use the term elastic

loosely, to refer to internal state changes that are small but not exactly zero.)
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To illustrate these concepts, Figure 4.4 gives visualizations of four representative

trajectories, one for each of the event types except nonreactive. For each trajectory, the

rovibrational states of the reactants were identical to those for the other three event

types. Only the initial relative speed between the collision partners and their molecular

and rotational orientations and vibrational phases were varied among the four plots

of Figure 4.4. In all four cases, the vibration of the two reactants is apparent from

the periodic structure in both the bond distances and the potential energy early in

the trajectory. Figures 4.4(a) and 4.4(c) show a simple-dissoc and single-dissoc-swap

event, respectively. In both cases, there is one diatomic molecule in the products; this is

evident from the smaller amplitude and approximately sinusoidal quality of the periodic

potential energy change late in the trajectories. For the double-dissoc event depicted in

Figure 4.4(c), the potential energy in the products becomes constant as the four atoms

fly apart. For the metathesis event shown in Figure 4.4(d), large-amplitude periodic

fluctuations in the potential energy resume late in the trajectory, after the two diatoms

have formed again and begin to vibrate freely.

It is also instructive to compare the middle portion of the trajectories, when the

actual collision occurs. For the case shown in Figure 4.4(a), diatom N(3)−N(4) rebounds

off its collision partner, with only small changes in its vibrational period, and r5 = ̺24

remains greater than about 2 Å throughout the trajectory. For the cases illustrated

in Figures 4.4(b) and 4.4(d), we see the potential energy peak as both diatomic bonds

break (at approximately the same time), then drop as the molecules move away from

the steep repulsive wall at short interatomic distances. Also observe that the product

diatom N(2)−N(4) in the 4.4(d) case has a much larger vibrational energy than either of

the reactant molecules, indicative of the significant inelastic interaction that occurred in

the collision. Finally, in the highest energy case shown in Figure 4.4(c), both reactant

bonds break, again at approximately the same time, followed rapidly by a plateau in the

potential energy at approximately twice the N2 equilibrium dissociation energy, which

is 9.917 eV for the PES used here per Table 3.1.



103

t [fs]

V
 [e

V
]

r 
[Å

]
0 50 100 150 200 250

0

5

10

15

20

25

30

0

5

10

15

V
r1

r6

r5

(a)

t [fs]
V

 [e
V

]

r 
[Å

]

0 50 100 150 200
0

5

10

15

20

25

30

0

5

10

15

V
r1

r6

r5

(c)

t [fs]

V
 [e

V
]

r 
[Å

]

0 50 100 150 200 250
0

5

10

15

20

25

30

0

5

10

15

V
r1

r6

r5

(b)

t [fs]

V
 [e

V
]

r 
[Å

]

0 50 100 150 200 250
0

5

10

15

20

25

30

0

5

10

15

V
r1

r6

r5

(d)

Figure 4.4: N2+N2 QCT: Visualizations of four representative trajectories. Per the def-
initions in the text, each trajectory shown here is of a different type: (a) simple-dissoc,
(b) single-dissoc-swap, (c) double-dissoc, and (d) metathesis. Dotted lines depict the to-
tal N4 potential energy, and solid lines depict interatomic distances defined by Eq. (2.30):
r1 = ̺12, r6 = ̺34, and r5 = ̺24. The reactant diatoms are N(1)−N(2) + N(3)−N(4).
Quantities are plotted versus elapsed time. For all four trajectories, v1 = 30, j1 = 120,
v2 = 7, and j2 = 78. (Compare the mean v1 and j1 values for the T = Tv = 20000
K case reported in Table 4.10.) The collisions are head-on, i.e., b = 0 Å. The initial
relative speed between the collision partners’ centers of mass was 0.08 Å/fs for (a), 0.10
Å/fs for (b) and (d), and 0.15 Å/fs for (c). Random sampling was used for all other
parameters.
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We turn next to a quantitative assessment of the contribution of each dissociation

event subtype to the overall rate of destruction of N2. For the purpose of counting events

to calculate the effective dissociation rate constant k using Eqs. (3.19) and (3.51), we

treat a single double-dissoc trajectory as if it were two single-dissoc trajectories. This

is consistent with our definition of k in Eq. (3.8).

Table 4.6 gives the contributions to k for the equilibrium test set from each of the

three dissoc event subtypes: simple-dissoc, single-dissoc-swap, and double-dissoc. At

low temperatures, almost all dissociation events are of the simple-dissoc subtype. As

the temperature increases, the contribution from single-dissoc-swap events increases

significantly. double-dissoc events are extremely rare in all cases, although they do

play a slightly more significant role at higher temperatures. For the nonequilibrium

test cases, Table 4.7 shows that the relative contribution from the three dissoc event

subtypes remains approximately the same as Tv is increased with T held constant.

In Tables 4.6 and 4.7, we also give the effective rate constant for the (non-dissociative)

metathesis event, as a percentage of k. In the equilibrium test set, this percentage is

relatively small, but increases steadily with temperature. In the nonequilibrium test

set, the relative rate constant for metathesis increases significantly as Tv is decreased

while T is fixed. The increased frequency of metathesis events may indicate a greater

role of inelastic-partner collisions (as defined above) in the dissociation process. We will

return to this finding in subsequent sections.

4.3.3 Dependence on Type of Reactant States

In Sec. 3.2, we described the difference between a truly bound and a quasibound state.

Both types of states were considered in the reactant ensembles we used for our QCT

calculations. Accordingly, each trajectory can be grouped into one of three classes:

(1) both reactant molecules were in bound states, a case that we denote by the name

bound-bound, (2) one reactant was in a bound state and one was in a quasibound state

(bound-quasi), or (3) both reactants were in quasibound states (quasi-quasi). We report

in this section on the relative importance of each of these three classes of trajectories

to the dissociation rate constant.

Table 4.8 gives data for the equilibrium test set. Percentage contributions to the rate

constant from the three different classes are given. Note the consistency in the relative
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Table 4.6: N2 + N2 QCT: Percentage contributions kevent/k to the dissociation rate
constant, from different types of dissociation events. The event types are defined in
the text in Sec. 4.3.2. For comparison, a value of kevent/k is also provided for non-
dissociative metathesis collisions. Data are from five equilibrium runs with T = Tv .
Temperatures are in K and kevent/k is given as a percentage.

kevent/k: T = Tv =
Event 8000 10000 13000 20000 30000

simple-dissoc 99.1 97.0 92.5 80.5 69.2
single-dissoc-swap 0.9 3.0 7.5 18.9 28.2

double-dissoc 0.0 0.0 0.0 0.6 2.6

metathesis 1.1 2.3 3.3 5.5 6.5

Table 4.7: N2 + N2 QCT: Percentage contributions kevent/k to the dissociation rate
constant, from different types of dissociation events. The same conventions used in
Table 4.6 are used here. Data are from four nonequilibrium runs with T fixed at 20000
K and with Tv varied.

kevent/k: T = 20000 , Tv =
Event 8000 10000 13000 20000

simple-dissoc 80.0 80.3 81.2 80.5
single-dissoc-swap 19.7 19.4 18.5 18.9

double-dissoc 0.2 0.3 0.3 0.6

metathesis 16.2 13.5 9.5 5.5

contribution, across the temperature range, from the bound-bound class. The bound-

bound trajectories account for ∼ 40% of the rate constant, and trajectories featuring

at least one quasibound reactant account for ∼ 60% of the rate constant in all five

runs. This trend is particularly interesting given that the population of (relatively

high-energy) quasibound states in the reactant ensemble increases by multiple orders of

magnitude from the cold to hot cases. For reference, we provide, in the last row of the

table, the percentage p(quasi) of quasibound states in the reactant ensemble. Evidently,

quasibound molecules play a very significant role in the dissociation process. The same

trend is maintained in the data from the nonequilibrium test set, which is reported in

Table 4.9. In all four runs, bound-bound trajectories account for ∼ 40% of the rate

constant, and the other two classes of trajectories account for ∼ 60%. We reiterate that
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Table 4.8: N2 +N2 QCT: Percentage contributions kstate/k to the effective dissociation
rate constant from dissociating trajectories with different reactant initial states. The
states classes are defined in the text in Sec. 4.3.3. The bottom row gives, for reference,
the percentage p(quasi) of quasibound molecules in the corresponding ensemble of re-
actants. Data are from five equilibrium runs with T = Tv . Temperatures are in K, and
kstate/k and p(quasi) are given as percentages.

kstate/k: T = Tv =
Reactant states 8000 10000 13000 20000 30000

bound-bound 36.4 39.4 39.9 41.7 39.8
bound-quasi 63.6 60.6 59.9 56.7 55.1
quasi-quasi 0.0 0.0 0.2 1.6 5.0

p(quasi) 0.00156 0.0205 0.200 2.26 7.93

Table 4.9: N2 +N2 QCT: Percentage contributions kstate/k to the effective dissociation
rate constant from dissociating trajectories with different reactant initial states. The
same conventions used in Table 4.8 are used here. Data are from four runs with T fixed
at 20000 K and with Tv varied.

kstate/k: T = 20000 , Tv =
Reactant states 8000 10000 13000 20000

bound-bound 39.2 39.1 39.7 41.7
bound-quasi 60.1 60.1 59.3 56.7
quasi-quasi 0.7 0.8 1.0 1.6

p(quasi) 0.682 0.817 1.12 2.26

the cases considered here are based on approximately-Boltzmann distributions of initial

translational, rotational, and vibrational energy states. In a real gas, depletion of high-

energy-state populations may affect the relative contribution of quasibound molecules

to the dissociation rate constant.
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4.4 Simple Dissociation: Initial States of the Dissociating

Diatom

In this section, we examine PDFs of the initial vibrational quantum number v1, ro-

tational quantum number j1, and total internal energy εint,1 of the reactant molecule

N2
(1)

= N(1)−N(2), in those simple-dissoc trajectories (as defined in Sec. 4.3.2) in which

N2
(1) eventually dissociates. By restricting our attention to these types of dissociation

events, we can gain information about which reactant molecules are favored to disso-

ciate after colliding with another particle. However, it is important to remember that

“non-swapping” dissociative trajectories make only a partial contribution to the rate

constant at higher temperatures, as reported in Tables 4.6 and 4.7. For a “swapping”

dissociative trajectory, it does not make sense to refer to the initial state of a molecule

that eventually dissociates. Rather, both reactant molecules must be analyzed together.

We will conduct such an analysis in the Sec. 4.6.

Figure 4.5 depicts the PDFs of v1, j1, and εint,1 for the equilibrium test set (denoted

by Eq.) and for the nonequilibrium test set (denoted by Neq.). Consider the equilib-

rium results first. Several trends are evident: as the temperature decreases, the PDF

of v1 becomes more biased toward high vibrational quantum numbers and the PDF of

j1 becomes more biased toward moderately-low rotational quantum numbers. Likewise,

we observe that, at higher temperatures, the PDFs of both v1 and j1 are more uniform,

with greater contributions from low-v and high-j molecules. These trends are main-

tained down to the coldest temperatures 10000 K and 8000 K, although statistical data

noise is more evident in those cases. The trends suggest that the relative contributions

of high-v and moderately-low-j molecules to the overall dissociation rate become larger

as the equilibrium temperature decreases. (Panesi et al. reach a similar conclusion in

their recent QCT analysis of the N2 +N −→ 3N dissociation reaction.25) This finding

is further substantiated by the data in Table 4.10: over the dissociating trajectories

under consideration, the average value of v1 decreases and the average value of j1 in-

creases as the equilibrium temperature increases. This trend in the average vibrational

quantum number can be explained by the fact that, as the relative translational energy

in a collision increases, the probability of large changes in v also increases and less ini-

tial vibrational energy is typically needed to induce dissociation. Thus, if the average
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energy in the translational mode of an ensemble is high, we would expect to see a larger

fraction of low-v reactant molecules among the dissociative trajectories than we would

in a translationally-cold case. Note that the average value of v1 over all molecules in

the reactant ensemble increases with temperature, i.e., the trend in the average vibra-

tional quantum number is reversed when the average is taken over only the dissociating

trajectories instead of over all trajectories. These findings illustrate the shortcomings of

simple ladder-climbing models and their variants, which assume that dissociation occurs

only from the highest vibrational level44–46 or the highest few vibrational levels.47,48 Ev-

idently, such assumptions become worse as the equilibrium temperature increases and

dissociation from lower-v levels becomes more significant.

The observation that favoring of certain (v, j) states becomes stronger as the tem-

perature decreases is also borne out in Figure 4.5(Eq.-c). Here, we see a clear pattern: if

it eventually dissociates via a simple-dissoc event, then the molecule N2
(1)

is very likely

to have a total internal energy εint,1 of ∼ 10.0 eV. This favoring becomes significantly

stronger as the temperature increases. (Again, note a similar trend in the results of

Panesi et al. in their analysis of the N2 +N −→ 3N reaction.25) This behavior is also

revealed in Table 4.10, where we see that the average of εint,1 over the dissociating tra-

jectories remains nearly constant at between 10.0 and 10.1 eV, even though the average

over all molecules in the ensemble decreases with temperature. Note that this average

is slightly more than the dissociation energy of N2, which is 9.917 eV for the PES used

here.

Next we turn to results from the nonequilibrium test set, shown in Figure 4.5(Neq.)

and in Table 4.11. A very different phenomenon is seen here, as the vibrational tem-

perature drops from 20000 K to 8000 K while the translational-rotational temperature

is held fixed. As Tv decreases, we see that there is a greater contribution to the disso-

ciation rate from low-v and high-j states. The average value of v1 over the dissociating

trajectories decreases, along with the average over all reactants in the ensemble. The

average value of j1 over the dissociating trajectories increases, while the average over all

reactants stays approximately constant (since T = Tr is being held constant). Both of

these observations suggest that, as Tv drops but T is held fixed, there is a greater proba-

bility that the dissociating trajectories will involve highly rotationally-excited molecules.

The role of vibrational energy lessens, in the sense that there is less of a bias for high-v
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states in the dissociative collisions. Indeed, notice that the PDFs in Figure 4.5(Neq.-a)

become qualitatively closer to a Boltzmann distribution as Tv drops, indicating a more

uniform probability of dissociation from any v. This suggests that, when Tv ≪ T , the

assumption of some early models that there is no preference for vibrational energy in

dissociation31, 49 is roughly correct, if interpreted in the context of the two-temperature

model. The sharpening of the PDFs in Figure 4.5(Neq.-b) with decreasing Tv also

suggests the increasingly important role of rotational energy in determining trajectory

outcomes when Tv ≪ T . These observations are consistent with several earlier studies

that argued that high-j states can play an important role in the dissociation process, par-

ticularly if there has been a depletion of vibrational energy from the ensemble.52,60, 62, 63

For example, Macheret and Rich assert, using classical arguments, that (non-collinear)

collisions between rotationally-excited molecules should account for a larger fraction of

all dissociation events in the Tv ≪ T case.60 In such a situation, rotational energy

compensates for the lack of vibrational energy in promoting dissociation.

The PDFs of total internal energy εint,1 exhibit dramatic qualitative changes across

the nonequilibrium runs. First notice, from Table 4.11, that the average energy over

the dissociating trajectories still remains very close to 10.0 eV, increasing only by a few

percent as Tv decreases � a result remarkably consistent with the data in Table 4.10.

However, the PDF of εint,1 loses its sharp peak around 10.0 eV as Tv falls. There is a

broadening out of the PDF, and also a notable increase in the probability corresponding

to very-high-energy (quasibound) molecules. From Figure 4.5(Neq.-b) and our discus-

sion above, we expect those molecules to have a large rotational energy component.
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Table 4.10: N2+N2 QCT: Statistics on properties of the first reactant molecule N2
(1)

, over all trajectories and over only

simple-dissoc trajectories in which N2
(1)

dissociates: v1 and j1 are the vibrational and rotational quantum numbers,
respectively, and εvib,1, εrot,1, and εint,1 are the vibrational, rotational, and total internal energies, respectively. Vibra-
tional and rotational energies are defined by Eqs. (3.36) and (3.37). An overbar indicates an average over the entire
ensemble of trajectories. Half-brackets ⌊·⌋ indicate an average over only those trajectories that result in a simple-dissoc

event in which N2
(1)

dissociates, i.e, ⌊x⌋ means an average over the probability density function f(x | simple-dissoc).
Data are from five equilibrium runs with T = Tv . Temperatures are in K and energies are in eV. See Figure 4.5(Eq.)
for comparison.

T = Tv v̄1 j̄1 ε̄vib,1 ε̄rot,1 ε̄int,1 ⌊v1⌋ ⌊j1⌋ ⌊εvib,1⌋ ⌊εrot,1⌋ ⌊εint,1⌋
30000 10.2 95.7 2.77 2.46 5.23 26.7 132. 6.26 3.78 10.0
20000 7.01 78.4 2.00 1.76 3.76 30.1 120. 6.91 3.11 10.0
13000 4.03 61.4 1.25 1.15 2.40 34.3 107. 7.69 2.36 10.1
10000 2.83 53.0 0.929 0.877 1.81 36.7 98.1 8.10 1.96 10.1
8000 2.09 46.9 0.725 0.700 1.43 38.8 91.6 8.43 1.62 10.1

Table 4.11: N2 + N2 QCT: Statistics on initial properties of the first reactant molecule N2
(1)

over all trajectories and

over only simple-dissoc trajectories in which N2
(1)

dissociates. The same conventions used in Table 4.10 are used here.
Data are from four runs with T fixed at 20000 K, and with Tv varied. See Figure 4.5(Neq.) for comparison.

Tv v̄1 j̄1 ε̄vib,1 ε̄rot,1 ε̄int,1 ⌊v1⌋ ⌊j1⌋ ⌊εvib,1⌋ ⌊εrot,1⌋ ⌊εint,1⌋
20000 7.01 78.4 2.00 1.76 3.76 30.1 120. 6.91 3.11 10.0
13000 4.01 77.6 1.25 1.79 3.04 19.0 160. 4.69 5.53 10.2
10000 2.82 77.2 0.929 1.79 2.73 10.7 187. 2.88 7.52 10.4
8000 2.09 76.9 0.726 1.79 2.53 5.87 202. 1.73 8.78 10.5
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Figure 4.5: N2+N2 QCT: PDFs of the initial vibrational quantum number v1, rotational

quantum number j1, and total internal energy εint,1 of the N2
(1)

reactant molecule, for

those simple-dissoc trajectories in which N2
(1)

dissociates. (Eq.) denotes results from
five equilibrium runs; the legend in these plots indicates the temperature T = Tv . (Neq.)
denotes results from four nonequilibrium runs; the legend in these gives the vibrational
temperature Tv while the translational temperature is held fixed at T = 20000. Note
the difference in the vertical axes of (Eq.-c) and (Neq.-c). Temperatures are in K.
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4.5 Simple Dissociation: Energy Transfer to the Dissoci-

ating Diatom

In Sec. 4.4, our focus was on the dissociating molecule in simple-dissoc trajectories. It

is also instructive to analyze its collision partner, e.g., to study the molecule N2
(2)

=

N(3)−N(4) in simple dissociation trajectories in which N2
(1)

= N(1)−N(2) dissociates.

Such an analysis sheds light on the energy transfer mechanisms that cause dissociation.

We will look in detail at two cases from the equilibrium test set and two cases from

the nonequilibrium test set: a hot equilibrium case with T = Tv = 20000 K, a cold

equilibrium case with T = Tv = 10000 K, a moderately nonequilibrium case with

T = 20000 K and Tv = 13000, and a strongly nonequilibrium case with T = 20000 K

and Tv = 8000 K.

First consider Figure 4.6. PDFs are given of three different measures of energy

transfer: the change in vibrational energy of N2
(2)

, δεvib,2, the corresponding change in

rotational energy, δεrot,2, and the change in relative translational energy, δEr , between

the N(1)−N(2) and N(3)−N(4) centers of mass. (Each of these changes is computed as the

quantity in the products minus the quantity in the reactants. Also note that δEr is well-

defined whether or not N2
(1)

is dissociated.) We immediately notice that, in general,

δEr < δεrot,2 < δεvib,2: notice the differences in the PDF maximums near δE = 0, and

the differences in the probability densities at large-magnitude negative values. These

observations are supported by numerical calculations of the PDF means, presented in

Table 4.12. Thus, the additional energy required for simple dissociation of N2
(1)

appears

to come primarily from translation, rather than from vibrational or rotational energy

transfer from N2
(2)

to N2
(1)

.

From Table 4.12, both vibrational and rotational energy losses from N2
(2)

increase

in magnitude when the equilibrium temperature increases. As Tv decreases while T is

held fixed, rotational energy loss increases significantly, but vibrational energy loss de-

creases. In fact, in the strongly nonequilibrium case, there is a tendency for N2
(2)

to gain

vibrational energy when N2
(1)

dissociates, a behavior we would expect in nonreactive

collisions as Tv equilibrates to T . The magnitude of rotational energy transfer in the

strongly nonequilibrium case is over three times larger than in the hot equilibrium case.

These trends in internal energy exchange should be noted alongside the discussion of
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metathesis events in Sec. 4.3.2. The trends support the claim that inelastic-partner col-

lisions play an increasingly important role in dissociation as Tv decreases with T fixed,

although translational energy transfer remains the dominant mechanism of dissociation.

We close this section with a reminder that, especially in the high temperature cases,

simple-dissoc trajectories only account for a fraction of the total number of dissociative

trajectories. To analyze energy transfer due to all dissociation event subtypes, a more

comprehensive approach is needed. This is the subject of the next section.
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Table 4.12: N2+N2 QCT: Statistics on energy transfer in simple-dissoc trajectories in which N2
(1)

dissociates. Analyzed

are the initial vibrational and rotational internal energy of the collision partner N2
(2)

, εvib,2 and εrot,2 , respectively,
and the initial relative translational energy Er between the two atom pairs’ centers of mass. Also considered are the
changes in the corresponding quantities from the beginning to the end of the trajectory, denoted by δεvib,2, δεrot,2, and
δEr . Half-brackets ⌊·⌋ indicate an average over only those trajectories that result in a simple-dissoc event in which

N2
(1)

dissociates, i.e, ⌊x⌋ means an average over the probability density function f(x | simple-dissoc). Four cases were
considered at the temperatures T and Tv specified. Temperatures are in K and energies are in eV. See Figure 4.6 for
comparison, in which each subfigure corresponds to a row in the table as indicated.

Figure T Tv ⌊εvib,2⌋ ⌊εrot,2⌋ ⌊Er⌋ ⌊δεvib,2⌋ ⌊δεrot,2⌋ ⌊δEr⌋
4.6(Eq.-a) 20000 20000 2.04 1.89 4.45 −0.217 −0.227 −1.17
4.6(Eq.-b) 10000 10000 0.949 0.985 2.34 −0.0491 −0.127 −0.656
4.6(Neq.-a) 20000 13000 1.33 2.11 5.23 −0.0603 −0.424 −1.62
4.6(Neq.-b) 20000 8000 0.773 2.40 6.39 0.174 −0.696 −2.28
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Figure 4.6: N2 +N2 QCT: PDFs of changes in vibrational and rotational internal ener-

gies of the undissociated diatom N2
(2)

, δεvib,2 and δεrot,2, respectively, and the change in
relative translational energy δEr between the two atom pairs’ centers of mass, for those

simple-dissoc trajectories in which N2
(1)

dissociates. Four cases are represented: a hot
equilibrium case in (Eq.-a), a cold equilibrium case in (Eq.-b), a moderately nonequi-
librium case in (Neq.-a), and a strongly nonequilibrium case in (Neq.-b). Temperatures
for these cases are given in Table 4.12.
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4.6 Net Changes in Internal Energies due to Dissociation

We will examine in this section how the internal energies in the four-nitrogen-atom

system change from the reactants to the products in dissociating trajectories. More

specifically, we will study the quantity,

δεvib = ε
(products)
vib − ε

(reactants)
vib , (4.4)

where ε
(reactants)
vib is the sum of the vibrational energies of the two reactant molecules, and

ε
(products)
vib is the vibrational energy in the products. For this definition, the vibrational

energy of two dissociated atoms is zero; in the center-of-mass frame, all of the kinetic

energy of the two separated atoms contributes to the system’s relative translational

kinetic energy. Thus, for a dissociating trajectory, ε
(products)
vib is either zero (for a double-

dissoc event) or is the vibrational energy of the single N2 product molecule (for a simple-

dissoc or single-dissoc-swap event). We define the quantities δεrot and δεint analogously

to Eq. (4.4), for the rotational energy and the total internal energy, respectively.

The utility of Eq. (4.4) lies in its generality: this quantity can be defined for any

N2+N2 collision, regardless of the dissoc event subtype or even whether or not a reaction

occurs. This is in contrast to the quantities δεvib,2 and δεrot,2, analyzed in Sec. 4.5. We

thus hypothesize that, by considering the quantity δεvib and its analogues, we can study

(with minimal restricting assumptions) how energy moves between different modes in

the dissociating N2 gas.

Figure 4.7(Eq.) and Table 4.13 show results from our investigation of internal energy

changes in the equilibrium test set. We highlight several features. First, dissociating

trajectories tend to result in a relatively large vibrational energy loss. A loss of about

10 eV is most likely. A loss of larger than 10 eV is extremely rare, but there is a non-

negligible probability of smaller-magnitude losses. Second, these trajectories tend to

result in a relatively small rotational energy loss. A loss of 0 to 1 eV is most likely, but

there is a non-negligible probability of losses up to about 10 eV. Third, there is a very

high probability that these trajectories result in a total internal energy loss of about

10 eV, just larger than the dissociation energy of one N2 molecule. Furthermore, all

three of these trends become sharper as the temperature decreases. Thus, the average

(over dissociating trajectories) of δεvib increases in magnitude and the average of δεrot
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decreases in magnitude as the temperature decreases. The average of δεint decreases

slightly from −10.2 to −11.0 eV as the temperature increases from 8000 to 30000 K.

It is instructive to compare the last column of Table 4.13 with the last column

of Table 4.10. At low temperatures, the magnitude of the average internal energy

loss ⌊δεint⌋ (among all dissociative collisions) is approximately equal to the average

internal energy ⌊εint,1⌋ of N2
(1)

(among simple-dissoc collisions in which that molecule

dissociates). From Table 4.6, we know that dissociation at these conditions occurs

almost entirely via simple-dissoc events. Together, these observations support the claim

that dissociation occurs primarily from translational energy transfer at low-temperature

thermal equilibrium. Indeed, in a simple-dissoc trajectory with only translational energy

transfer, the internal energy of the dissociating molecule’s collision partner remains

unchanged; thus, the magnitude of total internal energy loss is exactly equal to the

initial internal energy of the dissociating molecule. Using the language of Sec. 4.3.2,

we say that dissociation is primarily induced via elastic-partner collisions rather than

inelastic-partner collisions.

As the equilibrium temperature increases, the magnitude of ⌊δεint⌋ increases slightly
above ⌊εint,1⌋, perhaps reflecting the increasingly important role of single-dissoc-swap

and double-dissoc events in the dissociation process, as documented in Table 4.6. Also

notice that, as T = Tv increases, rotational energy loss accounts for a larger fraction of

the total internal energy loss. This is consistent with the results in Table 4.10 and Fig-

ure 4.5(Eq.), where we observed that low-v and high-j states play a more significant role

in simple-dissoc trajectories as the equilibrium temperature increases. It is interesting

to observe, however, that the average combined vibrational energy of the reactants in

a dissociating trajectory is between 9.0 and 9.2 eV in all cases, as shown in the fifth

column of Table 4.13.

Figure 4.7(Neq.) and Table 4.14 summarize results from the nonequilibrium test

set. Comparing these data with the equilibrium results, we first notice that the shape

of the PDF of δεvib changes significantly as Tv decreases with T fixed. Indeed, the high

likelihood of a large vibrational energy loss disappears, and the peak of the PDF moves

towards zero. In fact, in the T = 20000 K, Tv = 8000 K case, the most likely occurrence

is a vibrational energy loss of about 0 to 1 eV. Conversely, the magnitude of the loss

of rotational energy δεrot increases as Tv decreases. The PDFs in Figure 4.7(Neq.-b)
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broaden, with their peaks moving toward more negative energy values. Accordingly,

from Table 4.14, the average value of δεvib decreases in magnitude, and the average

value of δεrot increases in magnitude. The PDFs of δεint in Figure 4.7(Neq.-c) also

broaden, with their peaks moving toward more negative values, though the average of

δεint over the dissociating trajectories remains approximately constant, ranging from

−10.5 to −10.6 eV.

These observations are broadly consistent with our discussion in Sec. 4.4. From the

sixth column of Table 4.14, we see that highly rotationally-excited molecules play a more

significant role in the dissociation process as the vibrational temperatures falls below

the translational-rotational temperature. Also, again using the language of Sec. 4.3.2,

we see further evidence of the importance of inelastic-partner collisions in promoting

dissociation in these nonequilibrium cases. Consider the eighth column of Table 4.14

and the ninth column of Table 4.11. In the nonequilibrium cases, the magnitude of

the average vibrational energy loss ⌊δεvib⌋ (among all dissociative collisions) is always

slightly less than the average vibrational energy ⌊εvib,1⌋ of N2
(1)

(among simple-dissoc

collisions in which that molecule dissociates). This was never the case for the equilibrium

cases, and it suggests the presence of dissociative trajectories with a product molecule

of higher vibrational energy than either of the reactants. This, in turn, suggests the

increasingly important role of internal energy exchange in these trajectories.
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Table 4.13: N2 +N2 QCT: Statistics on initial properties of both reactant molecules and on the total change of energy
from the reactants to the products. Three energy quantities are considered: the vibrational energy εvib , the rotational
energy εrot , and the internal energy εint . The six columns ε̄vib, ... , ⌊εint⌋ give properties for the total energy of the
reactants, i.e., the sum of the initial energies of the two reactant molecules. An overbar indicates an average over the
entire ensemble of trajectories. Half-brackets ⌊·⌋ indicate an average over only those trajectories that result in a dissoc

event, i.e, ⌊x⌋ means an average over the probability density function f(x | dissoc). Finally, the δ symbols in the three
columns ⌊δεvib⌋, ... , ⌊δεint⌋ indicate a difference from the reactants to the products, per Eq. (4.4). Data are from five
equilibrium runs with T = Tv . Temperatures are in K and energies are in eV. See Figure 4.7(Eq.) for comparison.

T = Tv ε̄vib ε̄rot ε̄int ⌊εvib⌋ ⌊εrot⌋ ⌊εint⌋ ⌊δεvib⌋ ⌊δεrot⌋ ⌊δεint⌋
30000 5.55 4.92 10.5 9.20 6.41 15.6 −6.78 −4.22 −11.0
20000 4.01 3.51 7.52 9.09 5.09 14.2 −7.17 −3.42 −10.6
13000 2.52 2.28 4.80 9.03 3.68 12.7 −7.76 −2.56 −10.3
10000 1.89 1.74 3.62 9.13 2.91 12.0 −8.16 −2.05 −10.2
8000 1.49 1.38 2.86 9.22 2.33 11.6 −8.49 −1.69 −10.2

Table 4.14: N2 +N2 QCT: Statistics on initial properties of both reactant molecules and on the total change of energy
from the reactants to the products. The same conventions used in Table 4.13 are used here. Data are from four runs
with T fixed at 20000 K, and with Tv varied. See Figure 4.7(Neq.) for comparison.

Tv ε̄vib ε̄rot ε̄int ⌊εvib⌋ ⌊εrot⌋ ⌊εint⌋ ⌊δεvib⌋ ⌊δεrot⌋ ⌊δεint⌋
20000 4.01 3.51 7.52 9.09 5.09 14.2 −7.17 −3.42 −10.6
13000 2.51 3.57 6.07 5.98 7.64 13.6 −4.60 −5.97 −10.6
10000 1.89 3.57 5.46 3.84 9.58 13.4 −2.64 −7.92 −10.6
8000 1.49 3.58 5.06 2.52 10.8 13.3 −1.42 −9.11 −10.5
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Figure 4.7: N2 + N2 QCT: PDFs of the changes in the combined vibrational internal
energy δεvib, rotational internal energy δεrot, and total internal energy δεint from the
reactants to the products, for all dissoc trajectories. (Eq.) denotes results from five
equilibrium runs; the legend in these plots indicates the temperature T = Tv . (Neq.)
denotes results from four nonequilibrium runs; the legend in these gives the vibrational
temperature Tv while the translational temperature T is held fixed at 20000 K. Note
the difference in the vertical axes of the (Eq.) and (Neq.) plots. Temperatures are in
K.
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4.7 Summary of Findings

To conclude this chapter, we summarize our QCT analysis of N2 +N2 dissociative col-

lisions and highlight important findings. Our calculations used the version-3 N4 GPIP

PES discussed in Chap. 2 and the methodology and computer code described in Chap. 3.

Trajectories were prepared based on quantized rovibrational states of an N2 molecule

and on a two-temperature model that assumes one temperature Tv applies to the vibra-

tional manifold and another temperature T = Tr applies to the translational-rotational

manifold. Thus, in all cases, we assumed approximately-Boltzmann distributions of

states for each energy mode and equilibrium between the translational and rotational

modes. We computed a total of over 2.4 billion trajectories over a range of translational-

rotational and vibrational temperatures. We reported ensemble-averaged dissociation

rate constants for 25 temperature combinations. Then, restricting our attention to a set

of five equilibrium runs and a set of four nonequilibrium runs, we analyzed what subsets

of trajectories contributed to the dissociation rate constants. For those equilibrium and

nonequilibrium test sets, we examined probability density functions (PDFs) of various

quantities that characterize, in dissociating trajectories, the initial internal energies of

reactant molecules and the changes in those energies.

Several important conclusions emerged. First, we saw that the influence of the

translational-rotational temperature T on the dissociation rate constant is stronger

when the vibrational temperature Tv is low, and vice versa. The Park two-temperature

model16, 17 predicts rate constants that are smaller than our QCT results in almost all

cases. Agreement is best when both T and Tv are low, and it is worst when either

T ≪ Tv or Tv ≪ T .

In studying contributions to the rate constants from various trajectory subsets, we

noted that the contribution of low-impact-parameter collisions to the rate constant

increases in two different scenarios: as the equilibrium temperature increases, or as Tv

decreases while T is fixed. At higher temperatures, swap dissociation processes become

more and more significant; they contributed over 28% to the rate constant in the 30000

K equilibrium case. Even double dissociation events were not completely negligible

at the highest temperatures. Across all cases we considered, quasibound states of N2

played a crucial role in the dissociation process, with typical contributions of over 58%
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from trajectories with at least one quasibound reactant.

For equilibrium ensembles, we saw in Figures 4.5 and 4.7 that high-v and moderately-

low-j molecules are predominant in the sets of dissociating trajectories, and this dom-

inance becomes stronger as the temperature decreases. Dissociating trajectories tend

to result in a vibrational energy loss from the reactants of up to about 10 eV and in

a smaller rotational energy loss. (For comparison, the equilibrium dissociation energy

of the diatomic potential we used is 9.917 eV.) As the temperature decreases, the av-

erage vibrational energy loss in a dissociating trajectory becomes larger in magnitude

and less variable (i.e., the corresponding PDF is more sharply peaked), and the average

rotational energy loss becomes smaller in magnitude and less variable. The average

total internal energy loss is consistent at between −10.2 and −11.0 eV, and it again is

less variable at lower temperatures. Broadly, we can conclude from these results that,

at equilibrium, vibrational energy plays a more important role in dissociation than

does rotational energy in the sense that (1) there tends to be more vibrational energy

than rotational energy in the reactants of dissociating trajectories, and (2) the change

in vibrational energy from the reactants to the products in dissociating trajectories is

typically larger than the change in rotational energy. Both biases become stronger as

T = Tv decreases. Also, we found that dissociation is induced primarily via translational

energy transfer in elastic-partner collisions.

For nonequilibrium ensembles, we analyzed a representative set of four runs with

Tv ≤ T and T fixed. As the vibrational temperature decreases below the translational-

rotational temperature in these cases, the proportion of high-j and low-v molecules in

the dissociating trajectories increases. In fact, we observed that when Tv ≪ T , the

PDF of the initial vibrational quantum number v1 in the set of dissociating trajecto-

ries resembles a Boltzmann distribution, indicating a weak dependence of dissociation

probability on the vibrational level. As Tv decreases while T is held constant, the

magnitude of the average rotational energy loss from the reactants to the products in

dissociating trajectories increases, while the magnitude of the average vibrational en-

ergy loss decreases. We can summarize these behaviors by concluding that rotational

energy plays an increasingly important energy-providing role in promoting dissociation

when there is a decline of average vibrational energy in the gas. Even in these nonequi-

librium cases, the average total internal energy loss from the reactants to the products
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remains at between −10.5 and −10.6, values similar to those from the equilibrium cases.

Inelastic-partner collisions are more significant in these nonequilibrium cases than in the

equilibrium cases, but translational energy transfer remains the dominant mechanism

of dissociation.



Chapter 5

Quasiclassical Trajectories: Other

Interactions

We consider in this chapter quasiclassical trajectory simulations of N2+N and N2+O2

collisions, using the potential energy surfaces discussed in Sec. 2.7 and the REAQCT

code introduced in Sec. 3.6. These calculations take advantage of relatively new features

in REAQCT. An earlier version of the program was only capable of simulating collisions

between two identical diatoms; the current version of the code is more powerful, and it

can simulate collisions between an atom and a diatom or between two different diatoms.

The scale of the investigations presented in this chapter is smaller than that of our

N2 + N2 study described in Chap. 4. Still, the calculations presented in the next two

sections shed further light on the high-temperature chemical physics of air.

5.1 N2+N Collisions

The version-3 N4 GPIP PES can be used to analyze N2+N collisions as well as N2+N2

collisions; the surface is based on electronic structure calculations designed to capture

atom-diatom interactions as a subset of diatom-diatom interactions.2, 74 We can com-

pute potential energy gradients for an N2+N quasiclassical trajectory, simply by holding

a fourth proxy N atom at a fixed position very far away from the other three.

To date, we have computed 216 million N2 + N trajectories. We prepared reac-

tant ensembles using the same two-temperature approach that we used in Chap. 4;

124
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we assumed a single translational-rotational temperature T and a (possibly different)

vibrational temperature Tv, using the formalism of Eq. (3.40). Four cases were con-

sidered: three equilibrium cases with T = Tv = 30000, 20000, and 10000 K, and one

nonequilibrium case with T = 20000 K and Tv = 8000 K. Other simulation parameters,

such as the integration time-step and threshold bond distances, were identical to those

reported in Sec. 4.1.

We can classify a N2 + N trajectory as one of three types. If we index the three

atoms in the reactants as N(1)−N(2) and N(3), then we denote three possible outcomes

of the collision:

� nonreactive denotes a trajectory whose products have the same molecular bonds

as the reactants. The products are N(1)−N(2) + N(3).

� dissoc denotes a dissociative trajectory, in which the products consist of three

nitrogen atoms N(1) + N(2) + N(3).

� exchange denotes a trajectory in which the reactant atom replaces one of the

atoms in the reactant diatom. The products consist of an atom and diatom,

either N(1)−N(3) + N(2) or N(2)−N(3) + N(1).

Our analysis will focus primarily on the latter two outcomes.

Reaction rate constants for the dissoc and exchange processes are listed in Table 5.1.

These were computed from Eq. (3.19). The data show several trends. By comparing

Table 5.1 with Table 4.3, we notice that the rate constants for dissociation due to

N2 + N collisions are slightly largely than the effective rate constants for dissociation

due to N2 +N2 collisions, at corresponding values of the temperatures. At fixed T and

Tv, the differences between the values of k for each reaction are small but statistically

significant. For the three equilibrium cases considered in Table 5.1, the atom-diatom

dissociation rate constants are about 5 - 15% larger than the corresponding diatom-

diatom rate constants. The data suggest that, when serving as a collision partner

with an N2 molecule, an N atom is only slightly more effective than an N2 molecule

at inducing dissociation. Table 5.1 also indicate that exchange events are much more

likely than dissociation events in N2 + N interactions. Indeed, observe that the ratio

of (k: exchange) over (k: dissoc) is large, ranging from 4.04 (at T = Tv = 30000 K) to
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250 (at T = Tv = 10000 K) over the four cases. The exchange rate constant exhibits a

generally weaker dependence on the temperatures than the dissociation rate constants.

To gain more insight into these reactions, we consider probability density functions

of the reactant diatom’s initial vibrational and rotational quantum numbers and of

the total changes from reactants to products in the vibrational, rotational, and total

internal energies. Our analysis here mirrors those of Secs. 4.4 and 4.6, and it makes

use of Eq. (4.4). Note that, in an N2 +N dissoc trajectory, there is no vibrational

energy in the products, and hence δεvib is exactly equal to the vibrational energy of

the reactant diatom; the analogous statements are true for rotational and total internal

energy. PDFs of initial quantum numbers are in Figure 5.1, PDFs of internal energy

changes are in Figure 5.2, and computed means of these PDFs are listed in Table 5.2.

Consider the results for dissoc trajectories for the three thermal equilibrium cases

first. From Figure 5.1(Dis.-a), we observe that high-v states contribute most significantly

to the dissociation rate, and that this state favoring weakens as the equilibrium temper-

ature increases. This is precisely the same trend that we identified in Figure 4.5(Eq.-a).

(Recall that we explained the trend as a consequence of the larger average translational

energy in collisions at higher temperatures, which would be expected to increase the

probability of large changes in v.) However, also observe that the relative contribution

from low-v states is greater in the PDFs for atom-diatom trajectories in Figure 5.1(Dis.-

a) than in the PDFs for diatom-diatom trajectories in Figure 4.5(Eq.-a). This is es-

pecially noticeable in the T = Tv = 10000 K case. This observation is corroborated

by comparison of the data in Tables 5.2 and 4.10. Indeed, we see that both ⌊v⌋ and

⌊j⌋ are slightly lower – and closer to the corresponding Boltzmann averages, v̄ and j̄,

respectively – for N2+N dissoc trajectories than for N2+N2 simple-dissoc trajectories,

at a given equilibrium temperature T = Tv. This implies that there is a slightly weaker

favoring of excited v and j reactant states in the dissociation process due to N2 + N

collisions than due to N2 +N2 collisions.

From the PDFs of internal energy changes in Figure 5.2(Dis.) and the associated

mean values ⌊εvib⌋, ⌊εrot⌋, and ⌊εint⌋ in Table 5.2, we see that dissoc trajectories at

T = Tv tend to result in a large vibrational energy loss and a small rotational energy

loss. This is consistent with the PDFs in Figure 5.1(Dis.), and the trend is similar to

the one we identified in Sec. 4.6 in diatom-diatom collisions. It is interesting to see,
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from Table 5.2, that the magnitude of the average total internal energy loss ⌊εint⌋ in

dissoc trajectories (which is equal to the initial total internal energy of the reactant

N2) remains approximately constant at about 9.6 eV as the equilibrium temperature

varies. These values are slightly lower, and also less variable with temperature, than

the corresponding values for diatom-diatom collisions from Table 4.13. The fact that, at

thermal equilibrium, a N2+N dissoc trajectory results in a smaller average loss in total

internal energy than a N2 + N2 dissoc trajectory suggests that it “easier” to transfer

translational energy to a N2 molecule via collision with an N atom than with a second

N2 diatom.

We next turn to results for the exchange trajectories at thermal equilibrium. The

PDFs for the initial reactant quantum numbers v and j in these trajectories, as shown

in Figure 5.1(Ex.), are very nearly Boltzmann. Furthermore, the average values ⌊v⌋
and ⌊j⌋, given in Table 5.2, are only slightly larger than the corresponding Boltzmann

averages. Hence, it appears that the probability of an exchange event is largely inde-

pendent of the internal state of the reactant diatom. Also, from Table 5.2, the average

changes in vibrational, rotational, and total internal energies due to the exchange pro-

cesses at thermal equilibrium are nearly zero, and the corresponding PDFs plotted in

Figure 5.2(Ex.) are nearly symmetrical about a vertical line through the origin. These

properties are not surprising in ensembles where T = Tv. Indeed, the fact that the

exchange average energy changes listed in Table 5.2 for the thermal equilibrium cases

are not exactly zero may simply be an artifact of statistical noise.

Finally, we turn to the nonequilibrium case considered in this study, with T = 20000

K and Tv = 8000 K. The sets of reactive trajectories in this case are dramatically differ-

ent in character from those of the thermal equilibrium cases. In the dissoc trajectories,

the vibrational quantum number PDF of Figure 5.1(Ex.-a) is nearly Boltzmann, while

the rotational quantum number PDF is skewed toward large j values. Accordingly,

from Figure 5.2(Ex.-a), Figure 5.2(Ex.-b), and Table 5.2, vibrational energy losses in

these trajectories tend to be small, and rotational energy losses tend to be large. This

behavior is consistent with the mechanistic explanation we made in Sec. 4.6: in this

Tv < T environment, rotational energy compensates for the relative lack of vibrational

energy in promoting dissociation. It is interesting that the PDFs of ⌊εrot⌋ and ⌊εrot⌋
are nearly uniform across the range of allowable energies.
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The exchange trajectories in the nonequilibrium case reveal much about the process

of vibrational relaxation. From the PDFs in Figure 5.2(Ex.) and the values reported

in Table 5.2, we see that exchange processes tend to result in an increase in vibrational

energy, a decrease in rotational energy, and an increase in total internal energy. All of

these trends are expected in a Tv < T ensemble. More striking, perhaps, is the value

of the average change in vibrational energy, ⌊εvib⌋ = +0.91 eV per trajectory, due to

exchange events. For comparison, consider the following statistics, also collected from

this QCT run at T = 20000 K and Tv = 8000 K:

� For nonreactive trajectories with impact parameters in the range 0 Å ≤ b < 1 Å,

the average vibrational energy change was ⌊εvib⌋ = +0.18 per trajectory. In this

impact parameter range, 64.8% of trajectories were of the nonreactive type, and

34.8% were of the exchange type.

� For nonreactive trajectories with impact parameters in the range 1 Å ≤ b <

2 Å, ⌊εvib⌋ = +0.063 per trajectory. In this impact parameter range, 93.3% of

trajectories were of the nonreactive type, and 6.52% were of the exchange type.

� For nonreactive trajectories with impact parameters in the range 2 Å ≤ b < 3 Å,

⌊εvib⌋ = +0.0012 per trajectory. In this impact parameter range, over 99.9% of

trajectories were of the nonreactive type.

These results suggest that the exchange process plays a dominant role in vibrational

relaxation in a Tv < T nonequilibrium gas. Indeed, (after accounting for proper statis-

tical weights), the above results show that exchange trajectories are responsible for a

significantly larger fraction of average energy transfer to the vibrational mode than are

nonreactive trajectories in this case – even though the exchange outcome is less likely

than the nonreactive outcome for every impact parameter range considered above.∗

Additional QCT calculations of N2+N collisions at various temperatures are eagerly

welcomed, and would further elucidate the trends and mechanisms we have discussed

in this section.
∗ To demonstrate how we can justify this conclusion with back-of-the-envelope quantitative esti-

mates, suppose we have 900 collisions of N2 +N, with impact parameters in the range 0 Å ≤ b < 3 Å.
On average, 100 will have 0 Å ≤ b < 1 Å, 300 will have 1 Å ≤ b < 2 Å, and 500 will have 2 Å ≤ b < 3 Å.
Suppose that all larger-impact-parameter trajectories are negligible. Then the statistics given in the
text indicate that, on average, this set of 900 collisions will result in net gains of vibrational energy of
about 49 eV due to exchange trajectories and about 30 eV due to nonreactive trajectories.
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Table 5.1: N2 + N QCT: Number of calculated trajectories N and dissociation and exchange rate constants k. Data
are from three thermal equilibrium test cases and one nonequilibrium test case, at the temperatures T and Tv given in
the second and third rows, respectively. Temperatures are in K, N is in millions, and k is in cm3 molecule−1 s−1.

T , Tv
30000 20000 10000 20000
30000 20000 10000 8000

N 18 18 150 30
k: dissoc 8.94(1) × 10−11 1.722(6) × 10−11 8.2(1) × 10−14 2.12(1) × 10−12

k: exchange 3.613(2) × 10−10 1.838(1) × 10−10 2.064(1) × 10−11 1.1536(7) × 10−10

Table 5.2: N2+N QCT: Statistics on initial properties of the reactant diatom and on the total change of energy from
the reactants to the products, in dissociation and exchange trajectories. We consider the vibrational quantum number
v, rotational quantum number j, vibrational energy εvib , rotational energy εrot , and total internal energy εint . An
overbar denotes an average over the entire ensemble of trajectories, while half-brackets ⌊·⌋ denote an average over only
those trajectories that feature a dissoc or exchange event (per the entry in the first column). The δ symbol indicates
a difference from the reactants to the products, as in Eq. (4.4). Data here are from the same four runs considered
in Table 5.1, and the temperatures T and Tv are given in the second and third columns. Temperatures are in K and
energies are in eV. Compare with Tables 4.10, 4.11, 4.13, and 4.14. Also see Figure 5.1 and 5.2.

T Tv v̄ j̄ ⌊v⌋ ⌊j⌋ ⌊δεvib⌋ ⌊δεrot⌋ ⌊δεint⌋

dissoc

30000 30000 10.2 95.8 25.7 126. −6.07 −3.50 −9.56
20000 20000 7.05 78.4 28.8 115. −6.66 −2.91 −9.55
10000 10000 2.91 53.1 35.0 93.6 −7.76 −1.84 −9.58
20000 8000 2.20 76.9 4.95 169. −1.50 −6.72 −8.20

exchange

30000 30000 10.2 95.8 13.9 108. −0.01 0.02 0.01
20000 20000 7.05 78.4 11.9 93.6 0.00 0.01 0.01
10000 10000 2.91 53.1 5.86 67.1 −0.01 0.01 0.00
20000 8000 2.20 76.9 2.91 94.7 0.91 −0.56 0.35
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Figure 5.1: N2 + N QCT: PDFs of the initial vibrational quantum number v and ro-
tational quantum number j, in dissociation and exchange trajectories. (Dis.) denotes
results from dissociation trajectories. (Ex.) denotes results from exchange trajectories.
The legend in these plots indicates the values of the translational-rotational tempera-
ture T and the vibrational temperature Tv for each reactant ensemble. Temperatures
are in K. Compare with Figure 4.5.
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Figure 5.2: N2+N QCT: PDFs of the changes in the vibrational energy δεvib, rotational
energy δεrot, and total internal energy δεint from the reactants to the products for
reactive trajectories. (Dis.) denotes results from dissociation trajectories. (Ex.) denotes
results from exchange trajectories. The legend in these plots indicates the values of the
translational-rotational temperature T and the vibrational temperature Tv for each
reactant ensemble. Note the differences in both the horizontal and vertical axes of the
(Dis.) and (Ex.) plots. Temperatures are in K. Compare with Figure 4.7.



132

5.2 N2+O2 Collisions

The N2O2 GPIP fit described in Sec. 2.7.3 is suitable for studying N2+O2 interactions.

This is a complex surface, based on 54889 electronic structure calculations and involving

2153 independent coefficients in its functional form.75 By comparison, the version-3

N4 GPIP surface, used for the work in Chap. 4 and Sec. 5.1, was based on 16534

electronic structure calculations and involved 276 independent coefficients, as discussed

in Sec. 2.7.2. Thus, N2 +O2 quasiclassical trajectory calculations in the MURI project

were generally more computationally intensive than N2 +N2 or N2 +N calculations.

To date, we have conducted two production-scale simulations of N2 + O2 collisions

at thermal equilibrium conditions: 60 million trajectories at T = Tr = Tv = 10000 K,

and 180 million trajectories at 6500 K. For both cases, the impact parameter b was

varied from 0 to 6 Å. We present in this section some preliminary findings from these

runs. Further work on nitrogen-oxygen interactions is planned within the Candler,

Schwartzentruber, and Truhlar groups.

There are five possible outcomes of an N2 + O2 collision that result in a chemical

change. Each corresponds to one of the reactions (3.6a) - (3.6e). As we have done in

our previous studies, we assign names to each of the outcomes as follows, based on the

reaction products:

� In an O-dissoc trajectory, only the O2 molecule dissociates, leaving N2 + 2O.

� In an N-dissoc trajectory, only the N2 molecule dissociates, leaving 2N + O2.

� In a double-dissoc trajectory, both reactants break apart to leave 2N + 2O.

� A dissoc-exchange trajectory produces NO + N+O.†

� A total-exchange trajectory produces 2NO.

In this discussion, we will not consider non-reactive trajectories, in which the bonds in

the products are the same as those in the reactants.

Table 5.3 gathers results for reaction rate constants k for each of the five reactions,

from the 10000 K and 6500 K cases. The rate constant for the O-dissoc reaction is largest

† We can roughly envision such a process as the result of dissociation of one reactant, followed by
an exchange of atoms with the other reactant, though actual mechanisms may be more complicated.
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in each of the two cases, as we would expect since the dissociation energy of O2 is much

less than that of N2. (See Table 3.1.) Observe that the rate constant for N-dissoc at

T = Tr = Tv = 10000 K is only slightly less than the corresponding value for dissociation

via N2 + N2 collisions in Table 4.3, suggesting that, as a collision partner with N2, an

O2 molecule is only slightly less effective at inducing dissociation than a second N2

molecule. Also, it is noteworthy that k for the dissoc-exchange process is significantly

larger than that for the N-dissoc process; furthermore, k for the total-exchange process

is only moderately smaller than that for N-dissoc. Consequently, it appears that nitric

oxide production from N2+O2 collisions is significant. This is a particularly interesting

result for the hypersonics community, because current computational fluid dynamics

codes completely ignore such a mechanism for producing NO.

Table 5.3: N2 + O2 QCT: Number of calculated trajectories N and rate constants
for five reactive processes. Each process corresponds to a reaction discussed earlier in
Chap. 3.1, as indicated in the first column. Also provided for comparison are the ratios
of each rate constant to k1, the rate constant for the dissociation of O2 only. Data here
are from two T = Tr = Tv thermal equilibrium runs, at the temperature indicated in
the second row. Temperatures are in K, N is in millions, k is in cm3 molecule−1 s−1,
and the k1/k1, ..., k5/k1 ratios are unitless.

T = Tr = Tv
10000 6500

N 60 180
(3.6a) k1 : N2 +O2 → N2 + 2O 6.55(2) × 10−12 2.79(2) × 10−13

(3.6b) k2 : N2 +O2 → 2N + O2 6.7(2) × 10−14 3.3(9) × 10−16

(3.6c) k3 : N2 +O2 → 2N + 2O 4(1) × 10−16 0
(3.6d) k4 : N2 +O2 → NO+N+O 2.17(2) × 10−13 1.77(9) × 10−15

(3.6e) k5 : N2 +O2 → 2NO 4.43(6) × 10−14 2.8(3) × 10−16

k1/k1 1 1
k2/k1 0.010 0.0012
k3/k1 0.00006 0
k4/k1 0.0332 0.00636
k5/k1 0.00676 0.0010
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To better understand the mechanisms driving these different chemical reactions,

consider Figure 5.3, which depicts data from the 10000 K run. Plotted in Figure 5.3(a)

are scaled opacity functions, defined in the same way as those in Figure 4.3. Plotted

in Figure 5.3(b) are quantities that we have not yet depicted graphically in this thesis:

probability density functions for the impact parameter b for sets of reacting trajectories.

These PDFs allow us to see the relative contributions to the rate constants, from tra-

jectories with different b values. We consider in this figure all of the reactive processes

listed above except double-dissoc. First notice that the scaled opacity functions and

impact parameter PDFs for the O-dissoc and N-dissoc reactions are nearly identical,

suggesting that such trajectories follow qualitatively-similar pathways on the PES. The

data indicate that dissoc-exchange trajectories (producing NO+N+O) are more heavily

dominated by lower-b collisions, compared to O-dissoc or N-dissoc trajectories. This

skew towards lower-b values is even more pronounced in the total-exchange trajectories

(producing 2NO). Thus, these data suggest that, at least at T = Tr = Tv = 10000

K, the mechanism of the exchange reactions tends to favor more direct (i.e., head-on)

collisions than those for the single-reactant-dissociation reactions.

We can obtain further insight by examining PDFs on the initial vibrational and

rotational quantum numbers of the reactants, similar to our analyses in Secs. 4.4 and 5.1.

We will focus our attention only on the two fastest reactions: the O-dissoc and dissoc-

exchange processes. First consider the PDFs for the reaction producing N2 + 2O.

These are shown in Figure 5.4. We see from Figure 5.4(a) that the sets of O-dissoc

trajectories are characterized by highly vibrationally excited O2 molecules. However,

the curves shown in Figures 5.4(c) and (d) are close to the corresponding Boltzmann

distributions, suggesting that, for a given O2 energy state, the probability of an O-dissoc

event is only weakly dependent on the N2 energy state. Thus, the internal structure

of the N2 particle does not appear to have a significant effect on the probability of O2

dissociation. Roughly speaking, the O2 sees the N2 as a rigid body in the collision.

Now consider the PDFs in Figure 5.5 for the dissoc-exchange reaction that produces

NO+N+O. Here, the distribution of initial vibrational quantum numbers for both the

N2 and O2 molecules, in the sets of reactive trajectories, feature higher-than-Boltzmann

populations at large v. The corresponding rotational quantum number PDFs also ex-

hibit an average j that is larger than the Boltzmann average. Thus, as we might expect
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Figure 5.3: N2 + O2 QCT: Two illustrations of impact parameter dependence in colli-
sions, from the T = Tr = Tv = 10000 K run reported in Table 5.3. Four different re-
actions are considered, each corresponding to different chemical species produced from
an N2 + O2 collision; those products are indicated by the legends. In the vertical axes
labels, reac means the occurrence of the reactions associated with the respective curves.
(a) gives opacity functions scaled by the overall probability of reaction, analogous to
Figure 4.3. (b) give PDFs of the impact parameter for sets of reactive trajectories. Note
that, as explained in the discussion of Eq. (4.3), (a) does not depict PDFs. In (a), the
single data point beyond the upper limit of the vertical axis is located at the coordinates
(0.25 Å, 70.0). Also note that data are plotted here only from trajectories with impact
parameters up to 4 Å, although the run included trajectories with impact parameters
up to 6 Å.

for a reaction event in which both N2 and O2 bonds must break, the dissoc-exchange

process tends to involve trajectories in which both of the reactants have a high internal

energy – not just one reactant as we saw for the O-dissoc reaction.

The simulations discussed in this section should be only the beginning of a much

more extensive study of nitrogen-oxygen interactions. There are many trends that

should be investigated further, and there is much more to be learned.
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Figure 5.4: N2 + O2 QCT: PDFs of the initial vibrational quantum number vO of O2

(in (a)), rotational quantum number jO of O2 (in (b)), vibrational quantum number
vN of N2 (in (c)), and rotational quantum number jN of N2 (in (d)), for only O-dissoc

trajectories, i.e., those resulting in the products N2 + 2O. Data are from the two
runs reported in Table 5.3, with the equilibrium temperature indicated in the legend.
Temperatures are in K.
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Figure 5.5: N2+O2 QCT: PDFs of the initial vibrational quantum number vO of O2 (in
(a)), rotational quantum number jO of O2 (in (b)), vibrational quantum number vN of
N2 (in (c)), and rotational quantum number jN of N2 (in (d)), for only dissoc-exchange

trajectories, i.e., those resulting in the products NO + N + O. Data are from the two
runs reported in Table 5.3, with the equilibrium temperature indicated in the legend.
Temperatures are in K.



Chapter 6

Toward Continuum-Scale

Thermochemical Models

In this chapter, we outline ongoing and future efforts to apply MURI-project molecular

dynamics results to macroscopic aerodynamic simulations. This is the fourth and final

phase of the research strategy described in Sec. 1.4. In Sec. 6.1, we summarize work,

led by our colleagues in the group of Professor Thomas E. Schwartzentruber, on how

dissociation and energy transfer processes evolve over time in the hot gases of hypersonic

flows. Their research uses a recently-developed computational method called direct

molecular simulation. In Sec. 6.2, we discuss preliminary ideas on new thermochemical

models for computational fluid dynamics solvers, focusing on proposed modifications to

the continuum-scale conservation equations.

6.1 Direct Molecular Simulation

6.1.1 Motivation and Methodology

The quasiclassical trajectory method enables us to calculate a bimolecular reaction rate

constant, given distributions of the collision partners’ translational and internal ener-

gies. Per Sec. 3.1, we do this by simulating a large number of representative collisions,

with particle initial conditions assigned by Monte Carlo sampling from the thermal

distributions. QCT calculations can grant much insight into chemical reactions, and

138
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the results presented in Chaps. 4 and 5 have certainly expanded our understanding of

collision-induced dissociation of nitrogen and oxygen. However, the method has no-

table limitations. With QCT, we cannot directly simulate how a chemically-reacting

gas evolves over time, i.e., when energy distributions and species concentrations are

continuously changing. Rather, we can only obtain information about the reaction pro-

cess at fixed moments in time, and even then only if we have a complete picture of the

system’s chemical and thermal state. In Chaps. 3 - 5, we only considered approximately-

Boltzmann distributions of the vibrational and rotational energies of the reactants, since

these distributions could be well-parametrized by temperatures. However, real energy

distributions in high-temperature flows are often non-Boltzmann. Thus, while we can

use QCT to obtain accurate snapshots of an idealized reacting system, other tools are

also needed to study hypersonic flow chemistry at realistic conditions.

The traditional solution to this problem is to solve a master equation,62–65, 141 in

which all internal energy states of reactants and products are considered individually.

First, state-to-state reaction rate constants are calculated (possibly using QCT) for all

reactant and product combinations; then, a system of ordinary differential equations

is solved. This can be interpreted as a brute force method for treating chemical and

thermal nonequilibrium, and it has been used by some workers to study N2 + N disso-

ciative collisions.25,26, 69, 70, 142 However, the approach quickly becomes intractable for

reactions involving more than three atoms. For example, consider the single dissociation

reaction due to N2 +N2 collisions, given by Eq. (3.4a), and suppose we wish to use the

version-3 N4 GPIP PES from the calculations of Chap. 4 and Sec. 5.1. From Table 3.1,

there are 9198 distinct N2 rovibrational energy states for this potential. For the full

master equation approach, we would need to calculate 91983 (∼ 7.8× 1011) dissociation

rate constants, and 91984 (∼ 7.2×1015) non-dissociative energy-transfer rate constants.

This is not sensible.

Recognizing the need for an alternate approach, researchers in the group of Professor

Thomas E. Schwartzentruber have been building capabilities using the direct molecu-

lar simulation (DMS) method. This technique was first introduced by Matsumoto and

Koura143–145 and further investigated by Norman et al.37 and Valentini et al.146 Contin-

ued research using DMS was supported by the MURI grant and was recently published

in an article by Valentini et al.3 That article gives an overview of the approach for
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zero-dimensional calculations, and we summarize the key ideas below.∗

DMS is designed to simulate the time evolution of a volume of reacting gas, and

it combines computational ideas from traditional molecular dynamics and the direct

simulation Monte Carlo (DSMC) method.147 We initialize the calculation by populating

a volume with a large but tractable number (typically on the order of 106) of simulation

particles. Each of these is assigned properties such as translational kinetic energy and

(for polyatomic molecules) vibrational and rotational internal energies, using exactly the

same probability distributions we discussed in detail in Secs. 3.1 - 3.4. While a simulation

particle is assigned the properties of a single atom or molecule, it is envisioned as being

representative of a very large number of real particles, as in the DSMC framework.

The system is now allowed to evolve for a specified time-step. A fraction of the

simulation particles are selected randomly (without regard to actual center-of-mass po-

sition in the volume) for collisions. This stochastic selection step is a key idea in DSMC

methods, and it relies on the premise that the collision rate can be specified accurately.

Relevant formulas and further explanation can be found in Valentini et al.3 The se-

lected particles are then divided into pairs and prepared for a trajectory calculation.

For each pair, initialization is done be randomly selecting an impact parameter from the

probability distribution Eq. (3.43), using the previously-assigned internal energy state

data to set initial vibrational and rotational energies, and following the same proce-

dures discussed in Sec. 3.4 for randomizing geometric orientations. After the collision,

the product particles are analyzed, their internal energy state is saved (if applicable),

and they are returned to the overall gas volume. The simulation can then advance to

the next time-step.

At any time-step, we can average over all the simulation particles to calculate prob-

ability distributions of properties of interest, such as rotational or vibrational energies

of diatomic species. Also, importantly, we can compute chemical reaction rates directly

by analyzing the time history of species concentrations. Thus, DMS offers an attractive

alternative to the master equation approach. It allows us to analyze the dynamics of

a reacting system, without the need to pre-compute all state-to-state rate constants.

In effect, we calculate “on the fly” only those state-to-state reaction probabilities that

∗ We say zero-dimensional here in a gas dynamics context; the terminology indicates that we are
not considering any bulk motion of the fluid of interest or any external forces.
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are needed, based on the naturally-evolving distributions of particle internal energies.

As in QCT, the primary input to a DMS calculation is a potential energy surface for

the constituent atoms in a collision. A much fuller discussion of the theory of the DMS

method and how to implement it can be found in the references.3, 37, 143–146

6.1.2 Results

With support from the MURI grant, Valentini et al. conducted a study of nitrogen

dissociation due to N2+N2 collisions using DMS.3 We mention here important highlights

of the study, since it complements the QCT calculations presented in Chap. 4 and in the

article by Bender et al.,2 and it also plays an important role in developing new models

for computational fluid dynamics.

DMS simulations were conducted of interacting N2 molecules in a volume, with dis-

sociation allowed through the reactions (3.4a) and (3.4b).† For each of the primary

calculations in the study, the translational temperature T of the ensemble was held

fixed, by periodically applying a simple velocity scaling procedure.3, 136 The ensemble

was initialized at Trv = T per Eq. (3.34), but afterward the nitrogen vibrational and

rotational energies were allowed to evolve naturally. Three cases were considered, cor-

responding to T = 10000, 20000, or 30000 K. In their work, Valentini et al. employed

generalized definitions of the vibrational temperature Tv and rotational temperature Tr

in terms of energy averages, so that these quantities could be defined for non-Boltzmann

distributions.

In each of the three cases, after a brief initial transient, the system reached a state in

which each of the three temperatures T , Tr, and Tv (along with each of the correspond-

ing energy distributions) was approximately constant. This quasi-steady state region

(QSS) has been observed in previous master-equation studies of dissociation via N2+N

collisions.25, 26, 142 In the QSS in all three cases, Valentini et al. found that Tv < Tr < T ,

that the vibrational and rotational energy distributions were non-Boltzmann, and that

the populations of high-v energy states were significantly depleted. Recall from Secs. 4.4

† The investigation considered N2 +N2 collisions only; N2 +N collisions were ignored. Accordingly,
whenever a dissociation event occurred, the two or four atomic nitrogen products were removed entirely
from the simulation. The resultant loss in the number of N2 simulation particles was taken into account
in all post-processing analysis. Valentini et al. discuss this issue in more detail in their paper.3 Newer
DMS simulations of hot nitrogen are ongoing at the University of Minnesota, and these include both
diatom-diatom and atom-diatom interactions.
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and 4.6 that high-v states tend to contribute preferentially to the dissociation process.

Accordingly, we can roughly explain the QSS as a state in which depletion from high

vibrational energy levels due to dissociation is balanced by re-population of those lev-

els due to vibrational excitation from non-dissociative collisions. (The latter process

occurs because Tv < T .) In the QSS, Valentini et al. plotted the PDFs of the initial

vibrational quantum number v of the reactant molecule in simple-dissoc trajectories, as

we did in Figure 4.5. They observed that the vibrational-state PDF for the QSS at a

given translational temperature T was skewed toward lower values of v, when compared

with the corresponding PDF from equilibrium QCT calculations at T = Tr = Tv; this is

expected, as a result of the depletion of high-v states in the QSS. They also compared

DMS and QCT effective dissociation rates defined by Eq. (3.8), and found in their test

cases that the DMS rate at a given T was reduced by a factor of approximately 4 - 5,

compared to the corresponding QCT rate at T = Tr = Tv.

The QSS is of great interest to hypersonics researchers, since it is likely representative

of the thermochemical environments that appear downstream of shock waves in high-

speed flows. Consequently, the DMS results of Valentini et al.3 are important for

understanding nitrogen dissociation at realistic nonequilibrium conditions. Throughout

the MURI project, it proved useful to have two different but complementary tools, DMS

and QCT, to study chemical processes.

6.2 New Models for Computational Fluid Dynamics

One of the ultimate goals of the MURI project73 was to develop new macroscopic mod-

els for hypersonic computational fluid dynamics codes – models that are rigorously

grounded in results from quantum chemistry and molecular dynamics. In this section,

we describe some preliminary ideas on how to proceed in order to meet this goal. This

section does not include any data or results; rather, we hope that it serves as a starting

point for future researchers who will build on the efforts of the MURI team.

As we did in Sec. 1.2, we will base our discussion here on the frameworks used in the

US3D code, a state-of-the-art finite volume solver designed for hypersonic aerodynamics

simulations.4–8 Like all finite volume codes, US3D solves a set of conservation equations,

built on the assumption that the fluid can be treated as a continuum. The basic set
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of equations of compressible gas dynamics can be found in textbooks.22, 23 To model

hypersonic flows with chemical and thermal nonequilibrium, two major modifications

are made to the basic equations. We alluded to these changes at the end of Sec. 1.2,

and we discuss them now in more detail.

For the first modification, we consider not one conservation of mass equation but

rather a set of conservation of species mass equations, one for each of the chemical

components of the gas model. This allows us to treat changes in species concentrations

due to reactions like dissociation. For each species s, the relevant conservation equation

(as treated by US3D) is given below:40

∂ρs
∂t

+ ∇· (ρs~u) = −∇· (ρs~us) + wm,s. (6.1)

Here, ρs is the species density, ~u is the bulk velocity vector, and ~us is the species

diffusion velocity vector. Finally, wm,s is a source term that gives the rate of production

of species s due to chemical reactions, (in units of mass per unit volume per unit time).

This source term is directly proportional to a sum of instantaneous reaction rates, like

those defined in Eqs. (3.7) - (3.11), which in turn are calculated in terms of reaction

rate constants. Consequently, dissociation and exchange rate constants calculated with

QCT and DMS can be immediately implemented in US3D via the mass source term. A

reasonable approach, for each rate constant k of interest, would be to first determine a

parameterizable expression for k as a function of macroscopic gas properties, and then

fit it to selected results from QCT and DMS. What functional form these expressions

should take is an open question. Almost certainly, k should depend on some appropriate

definitions of the translational temperature T and the vibrational temperature Tv; other

dependencies might also be considered. Ultimately, we wish to move beyond our reliance

on very old experimental data and on the approximate TTv model of Park16, 17, 20 which

which we discussed in Sec. 1.2 and then compared against QCT data in Sec. 4.2. With

results from QCT and DMS that are based on accurate potential energy surfaces, we

believe that we can place new models for wm,s on stronger scientific footing than was

previously possible.

For the second modification to the basic set of compressible gas dynamics equations,

we consider not one but two energy conservation equations: one for total energy, and

one for vibrational energy of diatomic species. The second of these equations (as treated
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by US3D) is given below:40

∂Ev

∂t
+ ∇· (Ev~u) = −∇· ~qv −∇·

nD
∑

s=1

(ρsev,s~us) + wv. (6.2)

Here, ρs, ~u, and ~us are defined as in Eq. (6.1), Ev is the vibrational energy per unit

volume, ~qv is the vibrational heat flux vector, and ev,s is the vibrational energy per unit

mass for species s. The summation on the right-hand side is over only the nD diatomic

species. Finally, wv is a source term for vibrational energy, (in units of energy per unit

volume per unit time). To derive Eq.(6.2), definitions of Ev and ev,s are needed, along

with several modeling assumptions.‡ Here, we focus primarily on state-of-the-art

approaches for treating the source term. In US3D, wv is defined as follows:40

wv =

nD
∑

s=1

[(

ρs
e∗v,s − ev,s

τs

)

+ wm,s ev,s

]

. (6.3)

The expression within the square brackets contains two terms. The first term is due

to Landau and Teller,21 and it models vibrational relaxation due to transfer between

different energy modes. In that term, τs is the vibrational relaxation time for species

s, and e∗v,s is the vibrational energy per unit mass for species s at the translational

temperature T . The second term accounts for vibrational energy changes due to dis-

sociation or recombination of diatomic molecules. In the current implementation, the

following assumption is made: on average, a dissociating or recombining diatom carries

vibrational energy equal to the local equilibrium average, and therefore the contribution

to wv from creation or destruction of species s is simply proportional to ev,s and wm,s.

Future research should reevaluate all of the simplifications inherent in Eqs. (6.2)

and (6.3). In light of the new findings from the MURI research, a reasonable first step

would be to replace the (wm,s ev,s) term in Eq. (6.3) with a completely new model, fit to

QCT and DMS results for dissociation-induced changes in vibrational energy. Indeed,

the assumptions on which that term is currently based are almost certainly invalid in

most hypersonic-flow thermochemical environments. Consider, for example, our analysis

in Table 4.13 of Sec. 4.6 of the quantity ⌊δεvib⌋, the average total change of vibrational

energy from reactants to products in a single N2 + N2 dissociative collision. Table 6.1

‡ Perhaps the most significant assumption is that all vibrational energy modes are in equilibrium
with each other, such that it is not necessary to write conservation of vibrational energy equations for
individual diatomic species.
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Table 6.1: Comparison of QCT results from Table 4.13 and US3D-model predictions
for the average vibrational energy change ⌊δεvib⌋ in a single dissociative N2 +N2 colli-
sion. Five cases are considered, assuming equilibrium at a temperature T = Tr = Tv.
Temperatures are in K and energies are in eV.

⌊δεvib⌋
T QCT CFD

30000 −6.78 −2.77
20000 −7.17 −2.00
13000 −7.76 −1.26
10000 −8.16 −0.94
8000 −8.49 −0.74

compares the QCT values in Table 4.13 with the values predicted from the assumption

(built into US3D and other contemporary CFD codes) that, on average, dissociating

N2 molecules carry vibrational energy equal to the local equilibrium average. The

discrepancy between the two sets of values is stark. QCT predicts larger vibrational

energy losses than the CFD model for all five cases considered in the table. Moreover,

the trend in each set of values is different. QCT predicts that the energy loss per collision

increases in magnitude as the equilibrium temperature decreases.§ Conversely, the

CFD model predicts that the energy loss per collision decreases in magnitude as the

equilibrium temperature decreases, since the average energy ev,s for N2 decreases with

temperature. This inconsistency should be remedied with new models.

In this section, we have only given a cursory survey of where and how new macro-

scopic thermochemical models, based on MURI findings, could be implemented in CFD

solvers. Many other ideas should be considered for US3D and other codes. In recent

months, for example, MURI team members have explored the possibility of tracking con-

servation of rotational energy or of treating vibrational energy as a sum of two or more

components. Much more research is necessary, and many exciting challenges remain.

§ Detailed justification for why we would expect this trend, based on dissociation mechanisms, was
given in Sec. 4.6. It is important to remember that the thermal equilibrium conditions considered in
the QCT calculations are not intended to be perfect representations of what actually arise in hypersonic
flows. QSS conditions, which can be analyzed with DMS as explained in Sec. 6.1, are more realistic.
Nevertheless, we believe that the values presented in the second column of Table 6.1 do provide an
accurate qualitative picture of overall trends.
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Conclusion

This thesis discussed computational studies of high-temperature thermochemical pro-

cesses in hypersonic flows. The effort was part of a larger project supported by the MURI

program of the AFOSR. We considered gas-phase interactions between nitrogen and ni-

trogen and between nitrogen and oxygen, using a multiscale, interdisciplinary approach

incorporating analysis from quantum chemistry, molecular dynamics, and compressible

gas dynamics perspectives.

Key outcomes of this work included the following. We developed a new local ap-

proximation method termed L-IMLS-G2, suitable for fitting six-dimensional potential

energy surfaces to electronic structure data. The method is extremely accurate, though

also expensive.1 We demonstrated that it yielded higher-accuracy fits than a compan-

ion approach, the GPIP global method, to electronic structure datasets for N4 (from

Paukku et al.2, 74) and for N2O2 (from Varga et al.75).

To run massively-parallel molecular dynamics calculations to study nitrogen and

oxygen dissociation and exchange reactions, we designed a computer program named

REAQCT. It implements the quasiclassical trajectory method (QCT), and it includes

comprehensive pre- and post-processing routines. REAQCT also includes a new sta-

tistical model (designed specifically for this research) that approximately separates the

translational, rotational, and vibrational temperatures of a reactant ensemble.2 The

code is primarily written in Fortran, it uses MPI for parallelization, and it uses the

HDF5 library for all data input and output. The REAQCT code is being released to

146
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the MURI team, with full documentation, along with this thesis; it is archived on Uni-

versity of Minnesota Department of Aerospace Engineering and Mechanics computing

resources.

Using REAQCT, we conducted a study of nitrogen dissociation due to N2 + N2

collisions, using a GPIP potential energy surface developed by Paukku et al.2, 74 Over

2.4 billion trajectories were calculated for 25 different combinations of the translational-

rotational temperature and the vibrational temperature of the reactant ensemble. We

computed dissociation rate constants, analyzed reaction mechanisms, characterized the

properties of reactants in dissociative trajectories, and studied how dissociation is cou-

pled to vibrational and rotational energy transfer. Major conclusions from that study

were summarized in Sec. 4.7, and the work was published.2

The thesis also presented findings from smaller-scale investigations of dissociation

and exchange reactions due to N2+N and N2+O2 collisions, which can also be simulated

using REAQCT. Among other conclusions, we found that N2+N exchange processes play

a dominant role in promoting vibrational relaxation and that direct production of nitric

oxide from N2+O2 collisions was significant, in representative test cases we considered.

We discussed how a companion particle-based method called direct molecular simulation

(DMS) can be used to analyze the realistic time evolution of a nonequilibrium reacting

gas (which is beyond the capabilities of QCT).3 Finally, we proposed directions for

new research to develop computational fluid dynamics models that are grounded in the

findings from QCT and DMS.

The efforts documented in this thesis shed light on the fundamental chemical physics

of nitrogen and oxygen in the gas phase. We look forward to future researchers build-

ing upon this work, in the continued push to develop next-generation computational

simulation tools for hypersonic aerodynamics.
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Appendix A

Nomenclature and Acronyms

A.1 Nomenclature

a Variable transformation parameter (used in ξ)

aj Coefficient for bj

a
[i]
j Coefficient for bj in the i-th local fit

âk k-th component of unit vector along diatom central axis

a Vector of coefficients {aj}
ai Vector of coefficients {a[i]j }
[A] Concentration of species A

b Variable transformation parameter (used in ζ and ξ) OR

Impact parameter

bj j-th basis function

bmax Maximum value of impact parameter b

b−κ Minimum value of impact parameter b in the κ-th stratum

b+κ Maximum value of impact parameter b in the κ-th stratum

b̂k k-th component of unit vector along J

B Matrix of basis function values at all data points

c Variable transformation parameter (used in ζ and ξ)

cj Coefficients used in VD or in the CRC

d Distance metric

di ≡ d(q,qi)
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Deq Equilibrium dissociation energy

D0 Ground-state dissociation energy

e Charge of an electron or proton

ev,s Gas specific vibrational energy of s-th species (units of energy per mass)

e∗v,s ev,s at the translational temperature T

E Total energy

E Total potential energy (≡ Ee in the Born-Oppenheimer framework)

Ee Electronic energy

EMB Many-body energy component

EPA Pairwise additive energy component

Er Relative translational kinetic energy

Ev Gas vibrational energy per unit volume

f Probability density function

f̃ Maxwell-Boltzmann distribution of relative speeds

F Error functional

Fα Force on α-th nucleus

g Fitting function

gk k-th reference data value

g Vector of reference data values

h Arbitrary function in Gauss-Chebyshev quadrature

h⋆ Function in Gauss-Chebyshev quadrature

~ Planck’s constant divided by 2π

Ĥ Hamiltonian operator

Ĥe Electronic Hamiltonian operator

ĤN Nuclear Hamiltonian operator

j Rotational quantum number

jmax Maximum allowable j

jn j of the n-th rovibrational energy state

J Classical diatomic internal angular momentum vector

k Rate constant

kB Boltzmann constant

keff Effective dissociation rate constant
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K Number of integration strata OR

Number of CV test partitions

K̂e Electronic kinetic energy operator

K̂N Nuclear kinetic energy operator

L Number of data points that lie within R

mA Power on [A] in rate equation

me Mass of an electron

mα Mass of α-th nucleus

M Mach number

M Maximum order of the {bj}
nD Number of diatomic species

N Number of data points

N Total number of rovibrational energy states

NB Number of bound rovibrational energy states

NQ Number of quasibound rovibrational energy states

N Total number of trajectories

Nκ Number of trajectories in κ-th stratum

Nr,κ Number of reactive trajectories in κ-th stratum

p Polynomial fitting function in 1D (≡ g) OR

Distribution function for energy state probabilities in an ensemble OR

Probability of a trajectory event

pd Distance metric parameter (used in d)

pi Local fit, with localization at i-th data point

pu Fitting parameter (used in u)

pν Fitting parameter (used in ν)

P Number of integration points in Gauss-Chebyshev quadrature
¯̄

P Probability of reaction averaged over internal temperature distributions

and over all other trajectory initialization parameters except Er and b

〈P〉T Ensemble-averaged probability of reaction

qch Characteristic coordinate

~qv Gas vibrational heat flux vector (units of energy per area per time)

q ≡ {qℓ} ≡ (q1, q2, ..., q6); coordinates of evaluation location in 6D in weight
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function CS (general) or raw transformed CS (L-IMLS-G2 or GPIP)

qk ≡ {qk,ℓ} ≡ (qk,1, qk,2, ..., qk,6); q-type coordinates of k-th data point

Qrovib Canonical rovibrational partition function

Qvib Canonical vibrational partition function

r Internuclear distance

req Equilibrium r

r− r at inner turning point

r+ r at outer turning point

r ≡ {rℓ} ≡ (r1, r2, ..., r6); vector of internuclear distances

R Cutoff radius

R Reaction rate

Reff Effective dissociation rate

R Random number from uniform distribution on [0, 1], [0, 1), or (0, 1)

s Cutoff function (used in u)

sA Stoichiometric coefficient for species A

S Symmetry factor

t Time

tdr Diatom drift time

T Translational temperature OR

Translational-rotational temperature

Ta ≡ √
TTv; Park-model controlling temperature

Tr Rotational temperature

Trv Rovibrational temperature

Tv Vibrational temperature

u Interpolation weight function prototype (used in w) OR

Change of variables function in Gauss-Chebyshev quadrature

~u Gas bulk velocity vector

~us Gas diffusion velocity vector for s-th species

v Vibrational quantum number

vmax Maximum allowable v

vn v of the n-th rovibrational energy state

vα Cartesian velocity vector for α-th nucleus
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VD Diatomic potential energy

VD,eff Effective diatomic potential energy

VD,ℓ VD for the ℓ-th diatom

V̂ee Potential energy operator for electron-electron repulsion

V̂Ne Potential energy operator for nucleus-electron attraction

V̂NN Potential energy operator for nucleus-nucleus repulsion

Vκ Fractional volume of κ-th stratum

w Interpolation weight function

wi ≡ w(q,qi) OR

i-th weight in Gauss-Chebyshev quadrature

wm,s Chemical-reaction source term for gas density of s-th species (units of

mass per volume per time)

wv Source term for gas vibrational energy (units of energy per volume per

time)

W Summation of wi

x Coordinate of evaluation location in 1D

xk x-coordinate of k-th data point

x ≡ {xℓ} ≡ (x1, x2, ..., x6); coordinates of evaluation location in 6D in basis

function CS (general) or permutationally invariant transformed CS

(L-IMLS-G2)

xk ≡ {xk,ℓ} ≡ (xk,1, xk,2, ..., xk,6); x-type coordinates of k-th data point

y ≡ {ykα}, where ykα is the k-th Cartesian coordinate of α-th nucleus;

array of Cartesian coordinates

z Weight function variable

zi i-th integration point in Gauss-Chebyshev quadrature

Zα Atomic number corresponding to α-th nucleus

ǫ0 Permittivity of vacuum

εint Total diatomic internal energy

εint,max εint at the VD,eff local maximum

εrot Rotational diatomic internal energy

εvib Vibrational diatomic internal energy

εu Fitting parameter (used in u)
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εν Fitting parameter (used in ν)

ζ r transformation function (used in VD)

η Normalization constant (used in distribution function p)

θ Orientation angle for diatom central axis

ϑ Orientation angle for J

Λr ≡ Er/kBT

µC Reduced mass of collision partners

µD Reduced mass of diatom

ν Error-functional weight function prototype (used in ω)

νr Relative speed

ξ rℓ-to-qℓ transformation function

ρs Gas density of s-th species

̺αβ Distance between α-th and β-th nuclei

σ Reaction cross section

σ̄ Average of σ over internal-temperature distributions

τ Period of diatomic vibration

τs Gas vibrational relaxation time

φ Orientation angle for diatom central axis

ϕj j-th basis function (GPIP)

ϕℓ q-to-xℓ transformation function (L-IMLS-G2)

χk k-th permutation function

ψ Total wave function

ψD Diatomic nuclear wave function

ψe Electronic wave function

ψN Nuclear wave function

ω Error-functional weight function

Ω Error-functional weight function matrix

Ωi Ω for the i-th local fit

Operators on an arbitrary quantity x in QCT analysis:

δx ≡ x(products) − x(reactants); net change in x from reactants to products

x̄ Average of x over all trajectories in an ensemble
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⌊x⌋ Average of x over reactive trajectories in an ensemble

A.2 Acronyms

1D One Dimension or One-Dimensional

6D Six Dimensions or Six-Dimensional

AIAA American Institute of Aeronautics and Astronautics

AFOSR Air Force Office of Scientific Research

CASPT2 Complete Active Space Second-Order Perturbation Theory

CFD Computational Fluid Dynamics

CRC Cutoff Radius Correlation

CS Coordinate System

CV Cross Validation

DMS Direct Molecular Simulation

DOD U.S. Department of Defense

DOE U.S. Department of Energy

DSMC Direct Simulation Monte Carlo

FA Fitting Accuracy

GPIP Global Permutationally Invariant Polynomial

IMLS Interpolating Moving Least Squares

IO Input and Output

LP Localization Point

LS (standard) Least Squares

LST Linear Synchronous Transit

L-IMLS Local Interpolating Moving Least Squares

L-IMLS-G2 Second-Generation L-IMLS

MD Molecular Dynamics

MUE Mean Unsigned Error

MURI Multidisciplinary University Research Initiative

NASA National Aeronautics and Space Administration

PDF Probability Density Function

PES Potential Energy Surface
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RNG Random Number Generator

QCT Quasi-Classical Trajectory

QSS Quasi-Steady State region

WLS Weighted Least Squares



Appendix B

Formulas for Multi-Dimensional

Fitting

B.1 Four-Atom Permutations

Consider a four-atom geometry specified by an ordered six-tuple q where, for ℓ = 1, ...6,

qℓ ≡ ξ(rℓ)

and

r = (r1, r2, r3, r4, r5, r6) ≡ (̺12, ̺13, ̺14, ̺23, ̺24, ̺34) .

Here, ̺αβ is the distance in three-dimensional Cartesian space between nuclei α and

β. See the discussion of Eqs. (2.31) and (2.30). If the system has at least two identi-

cal atoms, then there exist permutations of the atoms and associated permutations of

the six coordinates in q that leave the geometry unchanged. These permutations are

enumerated in the tables below for A4 and A2B2 systems.
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Table B.1: 24 possible permutations of atoms and coordinates for an A4 geometry
consisting of four identical atoms.

Permutation of atom indices Permutation of coordinates

1, 2, 3, 4 q1, q2, q3, q4, q5, q6
1, 2, 4, 3 q1, q3, q2, q5, q4, q6
1, 3, 2, 4 q2, q1, q3, q4, q6, q5
1, 3, 4, 2 q2, q3, q1, q6, q4, q5
1, 4, 2, 3 q3, q1, q2, q5, q6, q4
1, 4, 3, 2 q3, q2, q1, q6, q5, q4
2, 1, 3, 4 q1, q4, q5, q2, q3, q6
2, 1, 4, 3 q1, q5, q4, q3, q2, q6
2, 3, 1, 4 q4, q1, q5, q2, q6, q3
2, 3, 4, 1 q4, q5, q1, q6, q2, q3
2, 4, 1, 3 q5, q1, q4, q3, q6, q2
2, 4, 3, 1 q5, q4, q1, q6, q3, q2
3, 1, 2, 4 q2, q4, q6, q1, q3, q5
3, 1, 4, 2 q2, q6, q4, q3, q1, q5
3, 2, 1, 4 q4, q2, q6, q1, q5, q3
3, 2, 4, 1 q4, q6, q2, q5, q1, q3
3, 4, 1, 2 q6, q2, q4, q3, q5, q1
3, 4, 2, 1 q6, q4, q2, q5, q3, q1
4, 1, 2, 3 q3, q5, q6, q1, q2, q4
4, 1, 3, 2 q3, q6, q5, q2, q1, q4
4, 2, 1, 3 q5, q3, q6, q1, q4, q2
4, 2, 3, 1 q5, q6, q3, q4, q1, q2
4, 3, 1, 2 q6, q3, q5, q2, q4, q1
4, 3, 2, 1 q6, q5, q3, q4, q2, q1

Table B.2: 4 possible permutations of atoms and coordinates for an A2B2 geometry
consisting of two pairs of two identical atoms.

Permutation of atom indices Permutation of coordinates

1, 2, 3, 4 q1, q2, q3, q4, q5, q6
1, 2, 4, 3 q1, q3, q2, q5, q4, q6
2, 1, 3, 4 q1, q4, q5, q2, q3, q6
2, 1, 4, 3 q1, q5, q4, q3, q2, q6
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B.2 Cartesian Coordinate Transformations

Here we provide formulas that are used for manipulating coordinate systems in six-

dimensional global and local fitting methods, described in Chap. 2. In this section, the

array y denotes the twelve Cartesian coordinates defining a four-atom system; ykα is

the k-th Cartesian coordinate (for k = 1, ..., 3) for nucleus α (for α = 1, ..., 4). The

raw internuclear distance coordinates, as introduced in Eq. (2.30), are calculated from

Eq. (B.1). The Jacobian matrix ∂r/∂y, which contains the derivatives of each raw

internuclear distance coordinate with respect to each Cartesian coordinate, is given

in Eq. (B.2) below. The Jacobian is needed for the analytic computation of energy

gradients, as discussed in Sec. 2.4.6.

r1 = ̺12 =
√

(y11 − y12)2 + (y21 − y22)2 + (y31 − y32)2

r2 = ̺13 =
√

(y11 − y13)2 + (y21 − y23)2 + (y31 − y33)2

r3 = ̺14 =
√

(y11 − y14)2 + (y21 − y24)2 + (y31 − y34)2

r4 = ̺23 =
√

(y12 − y13)2 + (y22 − y23)2 + (y32 − y33)2

r5 = ̺24 =
√

(y12 − y14)2 + (y22 − y24)2 + (y32 − y34)2

r6 = ̺34 =
√

(y13 − y14)2 + (y23 − y24)2 + (y33 − y34)2

(B.1)
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∂r

∂y
=





































∂r1
∂y11

∂r1
∂y21

∂r1
∂y31

∂r1
∂y12

∂r1
∂y22

∂r1
∂y32

∂r1
∂y13

∂r1
∂y23

∂r1
∂y33

∂r1
∂y14

∂r1
∂y24

∂r1
∂y34

∂r2
∂y11

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ∂r2
∂y34

∂r3
∂y11

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ∂r3
∂y34

∂r4
∂y11

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ∂r4
∂y34

∂r5
∂y11

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ∂r5
∂y34

∂r6
∂y11

∂r6
∂y21

∂r6
∂y31

∂r6
∂y12

∂r6
∂y22

∂r6
∂y32

∂r6
∂y13

∂r6
∂y23

∂r6
∂y33

∂r6
∂y14

∂r6
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∂r6
∂y34





































(B.2)
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y11−y12
r1

y21−y22
r1

y31−y32
r1

y12−y11
r1

y22−y21
r1

y32−y31
r1

0 0 0 0 0 0

y11−y13
r2

y21−y23
r2

y31−y33
r2

0 0 0 y13−y11
r2

y23−y21
r2

y33−y31
r2

0 0 0

y11−y14
r3

y21−y24
r3

y31−y34
r3

0 0 0 0 0 0 y14−y11
r3

y24−y21
r3

y34−y31
r3

0 0 0 y12−y13
r4

y22−y23
r4

y32−y33
r4

y13−y12
r4

y23−y22
r4

y33−y32
r4

0 0 0

0 0 0 y12−y14
r5

y22−y24
r5

y32−y34
r5

0 0 0 y14−y12
r5

y24−y22
r5

y34−y32
r5

0 0 0 0 0 0 y13−y14
r6

y23−y24
r6

y33−y34
r6

y14−y13
r6

y24−y23
r6

y34−y33
r6
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