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Abstract

Thermoelastic properties of the Earth’s forming minerals play an important role in de-

ciphering the tomographic images of seismic observations. In spite of the considerable

progress in the experimental measurements of the elastic properties of minerals at high

pressures and temperatures, the available data is still quite limited to constrain the

composition and thermal structure of the Earth’s interior. The first-principles atom-

istic calculations have often complimented the experimental measurements in the study

of minerals under high pressure and temperature conditions. In this work, we present

the first-principles investigation of the effect of iron (Fe) and aluminum (Al) on the

thermoelastic properties of MgSiO3 perovksite (also known as bridgmanite), the most

abundant mineral of the Earth’s lower mantle. First, we investigate the pressure in-

duced iron state changes in Fe-bearing MgSiO3 and MgGeO3 perovskite (a low-pressure

analog of MgSiO3) within the local density (LDA+U) and the generalized gradient ap-

proximation augmented by the Hubbard-type correction (GGA+U). We showed that

the iron state transitions occur at particular average 〈Fe-O〉 bond-length irrespective of

mineral composition (MgSiO3 or MgGeO3) or the exchange and correlation functional

used in the calculations (LDA+U or GGA+U). We further study the effect of disorder,

iron concentration, and temperature on the spin crossover in Fe3+-bearing bridgmanite

using LDA+U calculations. Thermal effects have been addressed within the quasihar-

monic approximation using density functional perturbation theory (DFPT). Then, we

calculate the aggregate elastic moduli (bulk and shear modulus) and acoustic velocities

for the Fe- and Al-bearing bridgmanite to investigate the effect of iron state changes

and its possible consequences to the lower mantle composition.
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Chapter 1

Introduction

The primary source of information about the Earth’s interior are the elastic waves gen-

erated by earthquakes or controlled explosions. The travel times of these elastic waves,

which are also refracted and reflected within the Earth, are recorded using seismographs

stationed all over the globe. After a considerable amount of data is collected, these travel

times are inverted to obtain the acoustic velocities of these traveling waves in different

regions of the Earth’s interior. Thus, the tomographic images representing seismic ve-

locity variations are constructed. The velocity of these waves varies with temperature,

pressure, and the chemical composition of the materials through which they propagate.

In order to extract the information form the tomographic images to constrain the

composition and thermal structure of the Earth’s interior, one needs to know the ther-

modynamic and thermoelastic properties of the constituent minerals at the high pres-

sure and high temperature conditions typical of the planet’s interior. State-of-the-art

condensed matter experimental techniques, such as laser-annealed diamond anvil-cells

for sample preparation at high pressures, synchrotron X-ray diffraction, transmission

electron microscopy, X-ray emission spectroscopy, synchrotron Mössbauer spectroscopy,

ultrasonic spectroscopy, and Brillouin scattering spectroscopy have been very useful to

1
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obtain thermal and elastic properties of the Earth’s minerals. However, due to (i) ex-

treme pressure and temperature conditions inside the Earth and (ii) intricacy associated

with the compositional variations within the minerals (i.e., the presence of iron, alu-

minum, calcium, and water within the minerals), the available experimental data is far

too limited to constrain a robust compositional model for the Earth’s interior.

In recent years, quantum mechanical first-principles or ab initio atomistic sim-

ulations have advanced enough to reproduce the available high-pressure and high-

temperature experimental measurements of thermodynamic and thermoelastic proper-

ties of minerals. Therefore, these first-principles methods enable us to make predictions

with confidence even at the extreme temperature and pressure conditions (deep Earth’s

conditions) which, otherwise, are inaccessible to the laboratory experiments. In addi-

tion, they also help us understand the physics behind the experimental observations.
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Figure 1.1: (a) Schematic Earth structure, and (b) seismic velocities and density pro-
file based on the Preliminary Reference Earth model (PREM) [1]. CMB: core-mantle
boundary.
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According to seismological studies based on the Preliminary Reference Earth model

(PREM) [1], the Earth is arranged in concentric nested shells separated by seismic

discontinuities (Fig. 1.1a). These discontinuities cause separation in the crust, upper

mantle, transition zone, lower mantle, outer, and inner core regions. Corresponding

one-dimensional variation of the average acoustic velocities and density as function of

depth is depicted in Fig. 1.1 b.

The crust, averages ∼7 km underneath the ocean and ∼35 km underneath the conti-

nent, mostly consists of silicates containing silicon (Si) and oxygen (O). The Si-O bond

in silicates are usually stronger than that between oxygen and any other elements. As a

result most silicates are dominated by SiO4 tetrahedrons and provide a basis to classify

silicate minerals in terms of SiO4 tetrahedrons arrangement. Beneath the crust lies the

upper mantle (up to ∼410 Km) and lower mantle (∼660 to 2890 Km) separated by the

transition zone. The composition of upper mantle is determined by analyzing the rocks

which are brought to the surface by magma during volcanic eruption. The dominant

minerals of upper mantle are olivines [(Mg,Fe)2SiO4], garnets [(Mg,Fe,Ca)3Al2Si3O12],

and pyroxene [(Ca,Fe,Mg)SiO3 and (Mg,Fe)SiO3] [2]. Based on the peridotitic model

of Earth’s mantle, the volume fractions of different constituent minerals are schemat-

ically shown in Fig. 1.2. High-pressure-high-temperature (High-PT) experiments and

first-principles simulations suggest that the upper mantle’s minerals transform to denser

phases through structural transition at pressure and temperature conditions similar to

that in the transition zone, thus explaining the seismic discontinuities demarcating the

transition zone region.

The dominant minerals in the Earth’s lower mantle based on the peridotitic model

are believed to be iron- and aluminum-bearing MgSiO3 perovskite, also known as

bridgmanite, (∼75-80 vol%) and (Mg,Fe)O ferropericlase or magnesiowüstite (∼15-18

vol%) along with the small amount (∼5-7 vol%) of CaSiO3 perovskite, SiO2 stishovite,
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Figure 1.2: Schematic representation of the volume fraction of constituent minerals in
the peridotitic model of Earth’s mantle as a function of depth (taken from Bovolo; 2005
[2]). Peridotite are brought to the surface by magma form the upper mantle of the Earth.
Pl: plagioclase [CaAl2Si2O8]; Sp: spinel [MgAl2O4]; Gt: garnet [(Mg,Fe,Ca)3Al2Si3O12];
majorite garnet: Mg3(Mg,Si)2Si3O12; Cpx: clinopyroxene [(Ca,Fe,Mg)SiO3]; Opx:
orthopyroxene [(Mg,Fe)SiO3]; Mg-Pv: Mg-perovskite [(Mg,Fe)SiO3, also known as
bridgmanite]; olivine [(Mg,Fe)2SiO4]; Mw: magnesiowüstite [(Mg,Fe)O]; Ca-Pv: Ca-
perovskite [CaSiO3]; and St: stishovite [SiO2].
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and some watter components. MgSiO3 perovskite further transforms to another high-

pressure phase, called post-perovskite, in the pressure and temperature conditions that

are likely to occur in the lowermost part of the lower mantle near core-mantle boundary

(known as the D” region). It must be carefully noted that the exact proportions of these

minerals in the lower mantle is still not known and highly debated.

The estimated pressure in the lower mantle ranges approximately from ∼23.5 GPa

to 136 GPa. Temperature variation as a function of depth (known as geotherm) are

usually estimated by anchoring the temperatures at seismic discontinuities and using

appropriate model for heat transfer inside the Earth. Based on the whole mantle con-

vection model, the temperature is estimated in the range ∼1876 to 2450 K [4], while

based on layered convection model it is around ∼1980 to 3000 K [5] (Fig. A.1). It is ex-

tremely challenging to conduct laboratory experiments to measure thermal and elastic

properties of the minerals under such a high pressure and temperature conditions. The

complexity further increases in the bridgmanite samples due to varying valence states of

iron (i.e., ferrous, Fe2+, and ferric, Fe3+ iron) and iron spin states changes with the ap-

plication of pressure. As shown in Fig. 1.3, the 3d-orbitals in an octahedral surrounding

of oxygen atoms split into eg and t2g states with an energy gap UCF (called crystal-field

splitting energy). The energy splitting between parallel and anti-parallel spin is given

by UX . The spin state changes of iron are primarily driven by the competition between

UCF and UX . At ambient pressure, the value of UX is usually larger than that of UCF

and the ground state of the system would be in the high-spin (HS) state. Crystal-field

energy UCF increases with increasing pressure and may overcome the exchange energy

UX at some pressure PT (transition pressure) resulting in the change of spin-state of

the system. In spite of the considerable effort to understand the pressure induced iron

spin crossover and its consequences to the lower mantle composition, the issue is not

yet resolved completely and is highly debated. The pressure induced spin crossover
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Figure 1.3: (a) 3d orbitals splitting into eg and t2g orbitals in an octahedral environment
(Fig. 1.3a is taken from Lin et al.; 2013 [3]). Pressure induced spin state changes in (b)
ferrous, Fe2+, and (c) ferric, Fe3+, iron. UCF and UX represent crystal-field splitting
energy and spin-exchange energy, respectively. HS: high-spin, IS: intermediate spin, and
LS: low-spin.
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generally leads to volume collapse and may affect the elastic properties of the minerals

substantially.

(a) (b)

Figure 1.4: Lateral velocity variation model for (a) the compressional velocity, VP , and
(b) shear velocity, VS . (Figure is taken from Houser et al.; 2008 [7]). Blue and red
colors, respectively, represent the fastest and slowest region with respect to the average
velocity (white region) as a function of depth.

In order to unravel the three-dimensional (3D) structure of the Earth’s interior,

recently there have been many seismic investigations (seismic tomography) revealing

the lateral variations of seismic velocities in the Earth’s mantle (Fig. 1.4). Deciphering

these variations would require an accurate estimate of thermal and elastic properties

of the constituent minerals. Owing to the uncertainties associated with the physical

properties of the lower mantle minerals, there exists several compositional models in

the literature, each having different and significant implications for the lower mantle
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structure. However, none of these models reveal the whole picture about the lower

mantle composition and thermal structure consistently.

In an effort to provide accurate thermal and elastic properties of the constituent

minerals of the Earth’s interior, we present in this thesis a first-principles investigation

of Fe- and Al-bearing MgSiO3 perovskite (bridgmanite), the most abundant mineral (75-

80 vol%) of the Earth’s lower mantle. The concentration of Fe and Al in the bridgmanite

mineral is expected to be approximately ∼10 mol% and ∼5 mol%, respectively. The iron

can be present as ferrous iron (Fe2+), with six 3d electrons, and ferric iron (Fe3+), with

five 3d electrons. The electronic configurations of iron could be significantly altered due

to lower mantle high pressure and temperatures, which consequently may lead to a spin

state transition. Therefore, we first investigate the pressure induced iron state changes

in bridgmanite and then study its consequences to high pressure and high temperature

thermal and elastic properties. In order to treat the electronic localization of iron’s 3d-

orbitals properly, we have used the density functional theory augmented by the Hubbard-

type correction (DFT+U) as implemented in the quantum-ESPRESSO package [8].

The value of Hubbard parameter U has been calculated self-consistently using linear

response approach by Cococcioni and coauthors [10, 11]. The equilibrium geometry

of the crystal at various pressures have been obtained using the variable cell-shape

molecular dynamics (VCS-MD) method developed by Wentzcovitch and coauthors [13,

14]. The local density approximation (LDA) and the generalized gradient approximation

(GGA) for exchange-correlation potential of electrons have been used to study pressure

induced iron state changes. It is well known that the LDA functional generally provide a

better agreement with experimentally measured structural and elastic properties, so the

calculations of thermoelastic properties have been performed within the LDA. Thermal

effects have been addressed by taking into account the atomic vibrations within the

quasiharmonic approximation (QHA) [120]. The QHA is expected to work quite well
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below the Debye temperature. The melting temperature and the Debye temperature of

the material increase with increasing pressure. Therefore, the temperature range over

which the QHA description of atomic vibrations is supposed to work also increases. As

a result, the high pressure and high temperature thermoelastic properties of the lower

mantle minerals such as bridgmanite can be described very well within the QHA. The

vibrational frequencies, needed for the free-energy calculation within QHA, have been

computed using density functional perturbation theory (DFPT) [121, 123].

The thesis is organized as follows: In Chapter 2, we describe brief theoretical under-

pinnings for first-principles calculations presented in this study. In Chapter 3, the pres-

sure induced iron state changes in Fe-bearing MgSiO3 perovskite and post-perovskite

structures are investigated. Results are compared with Fe-bearing MgGeO3 (a low pres-

sure analog of MgSiO3). We find that in the entire lower mantle pressure range (∼23.5 to

136 GPa), iron (both ferrous and ferric) replacing magnesium, [Fe2+]Mg and [Fe3+]Mg,

remains in the high spin state while the ferric iron replacing silicon, [Fe3+]Si, goes from

high spin to the low spin state. We also study the effect of iron state changes on the

post-perovskite transition. In Chapter 4, we further investigate the spin crossover of

[Fe3+]Si by incorporating the effects of disorder, iron concentration, and temperature.

In Chapter 5, we present the calculations of thermoelastic properties for iron-free and

[Fe2+]Mg-bearing bridgmanite. In Chapter 6, we investigate the effect of Fe3+ and Al3+

substitutions on the elasticity of bridgmanite. We particularly focus on the volume

collapse due to high spin to low spin transition in [Fe3+]Si and its consequences to the

elastic properties. In the charge-coupled substitution of Fe3+-Al3+, Al3+ would ener-

getically prefer to be in the Si site and the spin crossover in [Fe3+]Si and its elastic

consequences may disappear. Finally, in Chapter 7, we summarize our conclusions.



Chapter 2

Theoretical methods

The chapter briefly documents the important theoretical fundamentals used for ab initio

or first-principles investigation of the Earth’s lower mantle minerals. Starting from the

quantum mechanical principles, we present the framework of density functional theory

(DFT) and DFT + U, followed by the variable cell shape molecular dynamics (VCS-

MD) [13, 14] used to obtain equilibrium structure at relevant pressures. We also discuss

density functional perturbation theory (DFPT) that has been used to simulate thermal

and elastic properties of the minerals within the quasi harmonic approximation (QHA).

2.1 Born Oppenheimer approximation

The quantum mechanical many-body Hamiltonian for a system of electrons and ions

[17] is given by

Ĥ = − ~
2

2me

∑

i

∇2
i +

1

2

∑

i 6=j

e2

|ri − rj |
+
∑

i,α

Zαe
2

|ri −Rα|

−
∑

α

~
2

2Mα
∇2

α +
1

2

∑

α6=β

ZαZβe
2

|Rα −Rβ|
, (2.1)
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where index i,j and α,β represent electrons and ions, respectively. In equation 2.1, the

first term represent the kinetic energy of the electrons (T̂r), the second is the mutual

interaction among the electrons (V̂ee), the third is the Coulomb potential acting on the

electrons due to ions (V̂ext), the fourth is the kinetic energy of the ions (T̂R), and the last

term is the Coulomb interaction among the ions (V̂II). The quantummechanical solution

for the system described by this Hamiltonian is given by the Schrödinger equation

ĤΨ(r,R) = EΨ(r,R), (2.2)

where Ψ(r,R) is complicated many-body wave function where electronic and ionic de-

grees of freedom are coupled together. The exact solution of eq. 2.2 is not possible for

a real system. However, the electronic and ionic degrees of freedom can be decoupled

within the Born-Oppenheimer (B-O) or adiabatic approximation. This approximation

relies on the fact that mass of the electron is much smaller than that of ions and the

kinetic energy of ions would be very small compare to that of electrons. Therefore, for

a particular ionic arrangement, a relaxed electronic configuration can be considered to

be in the ground state. Within the B-O approximation, the total quantum mechan-

ical wave function for the system can be written as the product of ionic (Φ(R)) and

electronic wave function for a particular ionic configuration (ψR(r))

Ψ(r,R) = Φ(R)ψR(r), (2.3)

where r={ri} and R={Rα} are the set electronic and ionic coordinates, respectively.

Using eq. 2.3 and ignoring the term T̂RψR(r), the Schrödinger equation for the elec-

trons under the external potential due to ions can be written as



− ~
2

2me

∑

i

∇2
i +

1

2

∑

i 6=j

e2

|ri − rj|
+
∑

i,α

Zαe
2

|ri −Rα|
+

1

2

∑

α6=β

ZαZβe
2

|Rα −Rβ|



ψs
R(r) =

= Es(R)ψs
R(r), (2.4)
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where the upper index s indicates the quantum number of electronic states. Similarly

the Schrödinger equation describing the ions is

(

−
∑

α

~
2

2Mα
∇2

α + E(R)

)

Φ(R) = εΦ(R), (2.5)

where E(R) is the ground state energy of the electrons for a fixed ionic configuration

R (i.e. ground state solution of eq. 2.4) which is also known as Born-Oppenheimer

potential energy surface for the ions due to electrons.

Although B-O approximation is very useful simplification of the problem, which

allows us to treat ionic and electronic degrees of freedom separately, the Schrödinger

equation describing electrons (eq. 2.4) is still much more complicated to be solved exactly

due to mutual interaction among the electrons. Density functional theory provides a

framework to perform practical calculations and find the solution for the real system.

2.2 Density functional theory

DFT provides a way to systematically describe the ground state properties of a system in

terms of the ground state electronic charge density. Hohenberg and Kohn demonstrated

that for any system of interacting particles in an external potential, there exists a one

to one correspondence between the external potential and the ground state electron

density of the system [15]. Due to this one to one correspondence, there also exists

a universal functional for the energy E[n(r)] in terms of the density n(r). The global

minimum of this functional provides the exact ground state energy for the system and

the density which minimizes the functional is the exact ground state density n0(r). For

a external potential Vext(r) acting on the system of electrons (i.e., Coulomb potential

due to nuclei), the energy functional is given by

E[n(r)] = F [n(r)] +

∫

Vext(r)n(r)dr+ EII (2.6)
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where F[n(r)] contains the kinetic energy and mutual Coulomb interaction among the

electrons. EII is the energy due to mutual interaction among the ions. The minimization

of the functional E[n(r)] with the constrain that total number of electrons is preserved,

i.e.,

∫

n(r)dr = N, (2.7)

gives the ground state energy and the ground state electron density of the system.

In spite of these conceptually appealing developments, the practical use of the DFT

formulation was still not possible due to lack of any appropriate formulation for the

functional F[n(r)]. Kohn and Sham proposed a further development by mapping the

complicated many-body interacting system into a fictitious non-interacting one [16] and

made DFT powerful computational tool to study real system.

2.3 Kohn-Sham equations

Kohn and Sham proposed to replace the many-body interacting system obeying equation

2.4 with a different auxiliary non-interacting system which can be described with the

single particle Schrödinger equations in an effective local potential [16]. The ground state

electron density of the chosen auxiliary non-interacting system has been assumed to be

equal to that of original interacting one. Since the chosen auxiliary system also obeys

the Hohenberg and Kohn theorem, the functional F[n(r)] for this system corresponds

to the kinetic energy of non-interacting electrons. Therefore, the functional F[n(r)] for

the real interacting electron system can be written as

F [n(r)] = T0[n(r)] + EHartree[n(r)] + Exc[n(r)], (2.8)
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where T0[n(r)] is the kinetic energy for the non-interacting electrons with density n(r).

The n(r) is given by

n(r) =

N
∑

i=1

|ψi(r)|2. (2.9)

The kinetic energy T0[n(r)] can be written as

T0[n(r)] = − ~
2

2me

N
∑

i=1

〈ψi|∇2
i |ψi〉. (2.10)

EHartree[n(r)] is the classical Coulomb interaction energy of the electron density n(r)

interacting with itself

EHartree[n(r)] =
e2

2

∫

drdr′
n(r)n(r′)

|r− r′| . (2.11)

The exchange-correlation energy (Exc[n(r)]), that contains all the many body effects of

the interacting electrons, can be written as

Exc[n(r)] = F [n(r)]− (T0[n(r)] +EHartree[n(r)])

=
(

〈T̂r〉 − T0[n(r)]
)

+
(

〈V̂ee〉 − EHartree[n(r)]
)

. (2.12)

Equation 2.12 shows that Exc is the difference of kinetic and electron-electron interaction

energies of the original many-body system from those of the auxiliary non-interacting

system with electron-electron interactions replaced by Hartree energy.

The total energy of the interacting electron system

EKS[n(r)] = T0[n(r)] + EHartree[n(r)] + Exc[n(r)] +

∫

Vext(r)n(r)dr+ EII (2.13)

and of the non-interacting auxiliary system

E0
KS [n(r)] = T0[n(r)] +

∫

VKS(r)n(r)dr+ EII (2.14)

are to be minimized at the same electron density n(r) with the constrain
∫

n(r)dr = N .

Then the expression for the Kohn-Sham potential VKS is

VKS(r) = Vext(r) +

(

e2
∫

dr′
n(r′)

|r− r′|

)

+
δExc[n(r)]

δn(r)
. (2.15)
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If the functional Exc[n(r)] is known, then the original many-body interacting system

can be described as the non-interacting electron gas under an effective potential VKS(r).

Using equations 2.9 and 2.10, energy E0
KS[n(r)] can be expressed in terms of sin-

gle particle wave function ψi(r) and minimization of E0
KS[n(r)] with the constrain

∫

n(r)dr = N is equivalent to minimization with respect to wave function, i.e.,

δE0
KS

δψ∗
i

= 0 (2.16)

subject to orthonormality constrains

∫

ψ∗
i (r)ψj(r)dr = δi,j . (2.17)

This leads to the single particle Schrödinger-like equations

ĤKSψi(r) =

(

− ~
2

2me
∇2

i + VKS

)

ψi(r) = ǫiψi(r), (2.18)

where ǫi are the eigenvalues of the Kohn-Sham Hamiltonian. Equations 2.18 along with

2.9 and 2.15 are known as Kohn-Sham equations. It is worth to mention here that

wave functions ψi appearing in Kohn-Sham equations have no direct physical meaning

as these are the eigenfunctions of the auxiliary fictitious non-interacting system whose

only the ground state electron density is equal to that of the real system.

Thus, the Kohn-Sham approach allows us to describe the complicated many-body in-

teracting system in terms of the fictitious non-interacting system in an effective potential

VKS. However, these equations are highly non-linear since the potential VKS entering

in the Schrödinger-like equations 2.18 itself depends on the solution of these equations.

Therefore, the solution of the Kohn-Sham equations must be found self-consistently.

In principle, the DFT framework described above provides a way to calculate ground

state properties of the real system exactly, provided the functional Exc[n(r)] is known

for that system. In practice, however, the exact formulation of Exc[n(r)] is unknown and

one has to rely on a reasonable approximate description of this functional. The success
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of DFT for a real system depends on how well the exchange-correlation contribution

(Exc) is described.

2.4 The local density and generalized gradient approxima-

tion for the functional Exc

In order to make DFT a practical tool for ab-inito or first-principles calculations, rea-

sonable approximations are needed for the functional Exc. In the Kohn-Sham formalism,

the independent particle kinetic energy and long-range Hartree terms are explicitly sep-

arated from the exchange-correlation term, which could be reasonably approximated as

a local or nearly local functional of the electron density [17]

Exc[n(r)] =

∫

n(r)ǫxc[n(r), r], (2.19)

where ǫxc[n(r), r] is the exchange-correlation energy per electron (i.e., exchange-correlation

energy density) at point r which depends on the density n(r) in the neighborhood of

point r.

It was also pointed out by Kohn and Sham that solids can often be considered

to close to the limit of homogeneous electrons gas and that the effects of exchange

and correlations are local in nature. In that limit, exchange-correlation energy density

ǫxc[n(r), r] for the real system can be considered to be equal to that of homogeneous

electron gas with the same density n(r). This approximation is known as the local

density approximation (LDA). The functional Exc within LDA is given by

ELDA
xc =

∫

n(r)ǫhomxc [n(r)]dr, (2.20)

where ǫhomxc [n(r)] is the exchange-correlation energy density for the homogeneous elec-

tron gas. The exchange part of ǫhomxc [n(r)] can be expressed analytically while the

correlation part is to be calculated based on quantum Monte Carlo simulations [18].
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In spite of such a simple description of ǫhomxc [n(r)], LDA has been very success-

ful in ab-inito calculations, especially for the structural and vibrational properties of

metals, semiconductor, and insulators. However, it often fails to estimate the correct

band gaps for insulators and semiconductors, and predicts incorrect ground states for

some the transition metals. In order to overcome these difficulties, the local density

approximation was extended by incorporating the gradient of the density |∇n(r)|. This

approximation is known as generalized gradient approximation (GGA) [19]. Within

GGA, then functional Exc is given by

EGGA
xc =

∫

n(r)ǫhomxc [n(r), |∇n(r)|] dr. (2.21)

The GGA improves the estimate of energy band gaps for the insulator and semiconduc-

tors but does not work well for the structural and elastic properties of the solids.

2.5 Periodic systems and Bloch’s theorem

In a perfect crystal, atoms form an infinite periodic structure. Therefore, the external

potential due to ions is also periodic

Vext(r) = Vext(R+ r), (2.22)

whereR is the translational vector which is an integer linear combination of three funda-

mental lattice vectors describing primitive unit cell of the crystal. For this translational

invariance, Bloch’s theorem allows us to express the single particle wave function as

ψk,ν(r) = expik.r uk,ν(r) (2.23)

where k is the electron wave vector in the crystal within the first Brillouin Zone (also

called crystal momentum) and the ν is the band index for a given wave vector k. The

function uk,ν(r) also has the periodicity of the crystal, i.e.,

uk,ν(r) = uk,ν(R+r). (2.24)
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The periodicity of the function uk,ν(r) allows us to expand the electronic wave function

2.23 in terms of plane waves

ψk,ν(r) =
1√
NΩ

∑

G

Cν(k+G) expi(k+G).r (2.25)

and the wave vectors G are the reciprocal lattice vectors which are constrained by

G.R = 2πm, (2.26)

where m is an integer. Ω is the volume of the primitive unit cell (i.e., the cell that

contains one atom) and N are the total number of atoms in the crystal. Using plane wave

expansion 2.25, integro-differential Kohn-Sham equations (2.18) can be transformed into

a set of algebraic equations

∑

G′

[

~
2

2me
|k+G|2 + VKS(G-G′)

]

Cν(k+G′) = ǫk,νCν(k+G), (2.27)

where VKS(G-G′) is Fourier component of Kohn-Sham potential (2.15) at wave vector

G-G′. The coefficients Cν(k+G) are normalized as

∑

G

|Cν(k+G)|2 = 1. (2.28)

Thus, the set of Kohn-Sham equations for infinite number of electrons (for fictitious

particles to be more precise) in the crystal are being mapped into a set of algebraic

equations at infinite number of wave vectors k within the first Brillouin Zone (BZ). The

electron density n(r) and other physical properties require sum over the all electronic

states which corresponds to the integration over first BZ and sum over the band index

ν. In practice, the integration over the first BZ can be confined to smaller region of

the BZ (known as irreducible wedge of the Brillouin Zone or IBZ) and the resulting

integration can be converted to finite sum over special wave vectors k within the IBZ.

In this work we have used Monkhorst-Pack technique [20] for k-space integration. Since
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DFT is used to calculate ground state properties of the system, only a finite number of

lowest energy band-states (ν) at a given k-vector are required for the electronic charge

density computation. In principle, the plane wave expansion (eq. 2.25) would need

infinite number of reciprocal vectors G for exact calculations. However, in practice,

only a finite number of wave vectors are chosen and this choice is constrained by the

energy cut-off Ecut as

~
2

2me
|k+G|2 ≤ Ecut. (2.29)

For practical calculation, one has to start with an appropriate choice of k-vector grid

and Ecut value then the accuracy of the solution of Kohn-Sham equations is checked by

increasing the density of k-vector grid and the value of Ecut until the convergence is

achieved for the total energy, forces, stresses, and other desired physical properties of

the system.

The plane wave expansion of the electronic wave function is very useful as it converts

the Kohn-Sham equations into a set of algebraic equations and the solution involves the

numerical diagonalization of the Kohn-Sham Hamiltonian. The size of this Hamiltonian

matrix is determined by the choice of Ecut. The parameter Ecut controls the accuracy of

the calculation as it estimates the distance ∼ 2π~/
√
2meEcut beyond which the variation

of the electronic wave functions can be well described.

2.6 Pseudopotential method

Although the plane wave expansion of the electronic wave function (eq. 2.25) is helpful

to numerically solve the Kohn-Sham equations for the real systems, but it would require

a large number of plane waves (i.e., wave vectors G) to accurately describe the rapidly

oscillating wave functions of the electrons in and around the ionic core (nuclei bonded

by inert electrons) region. To circumvent this problem, pseudopotential (PP) method
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[21, 22, 23, 24, 25] has been employed as it reduces the computational cost substantially.

The pseudopotential method is based on the assumption that the relevant physical

and chemical properties of an atom in crystals are described by valence electrons, while

the core electrons, which are inert and tightly bonded to the nuclei, do not respond

substantially to the external environment and can be considered as frozen in their atomic

environment. This means, the valence electrons move in an effective potential produced

by ionic cores. Scattering properties of a localized spherical potential at any energy

can be formulated quantum mechanically in terms of the phase shift. All the properties

of the wave function outside the scattering region are invariant provided the phase

shift changes only varies by integer multiple of 2π. The pseudopotential approximation

replaces the strong potential of the ionic cores with an effective weak potential, which

acts on the pseudo wave functions rather than the true wave function of the valence

electrons and reproduces all relevant properties outside the core region.

The basic idea is that the full potential for an isolated atom is calculated using the

all electron method (AE). The electronic states are divided into core and valence states.

The core electrons are considered to be frozen in their ground states and pseudo wave

functions for the valence electrons are built, in such a way, that they are smooth and

nodeless in the core region and match the true wave functions in the valence region.

Owing to the smoothness of the pseudo wave functions, solutions of the Kohn-Sham

equations in the plane-wave basis sets (eq. 2.27) can be obtained with a reasonable

number of wave vectors G. Hence, the computational cost can be drastically reduced

compared to the all electron calculations. However, the transferability of the pseu-

dopotential to the different chemical environment depends on how well the scattering

properties of the ‘true’ valence states are reproduced in the required energy range to

describe the system. For this purpose, pseudopotential is usually divided into local and
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non-local part (which depends on the angular momentum l):

V pseudo(r, r′) = V local(r)δ(r − r′) +
∑

l

Vl(r)δ(r − r′)Pl(r− r′), (2.30)

where the projector Pl acts on the lth angular momentum subspace. The first term in

the eq. 2.30 matches the real potential in the valence region and second one (non-local)

vanishes outside the core and ensures that each angular momentum is treated differently

in order maintain good transferability of the potential.

There are several methods available in the literature to generate the pseudopoten-

tials, depending on the specific requirements to describe a particular feature of the

system. In this work, the ultrasoft pseudopotentials have been used for aluminum (Al),

oxygen (O), iron (Fe), and silicon (Si) atoms, while the norm-conserving one is used for

the magnesium (Mg) atom. These norm-conserving and ultrasoft methods are briefly

described here.

2.6.1 Norm-conserving pseudopotential method

The basic requirements for generating good norm-conserving pseudopotentials were pro-

posed by Hamann and coauthors [26]:

• Real (all electron) and pseudo wave functions have the same eigenvalues for the

valence states in a given configuration.

• Real and pseudo wave functions for a given angular momentum l should agree in

the valence region (i.e., outside the l-dependent core radius Rc,l).

• The pseudo wave functions must be nodeless except at the origin.

• The charge enclosed within the core radius Rc,l must be equal for real and pseudo

wave function (norm-conserving condition):
∫ Rc,l

0
|ψreal

n,l (r)|2(4πr2)dr =
∫ Rc,l

0
|ψpseudo

n,l (r)|2(4πr2)dr. (2.31)
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• The logarithmic derivatives of the real and pseudo wave functions must agree at

Rc,l.

• The first energy derivative of these logarithmic derivatives the real and pseudo

wave functions i.e., ∂
∂E

(

∂
∂r ln[ψ

pseudo
n,l (r)]

)

must also agree at Rc,l.

The last requirement determines the transferability of the norm-conserving pseudopo-

tentials in a desired energy range. The identity

−2π

[

[rψn,l(r)]
2 ∂

∂E

(

∂

∂r
ln[ψn,l(r)]

)]

Rc,l

=

∫ Rc,l

0
|ψn,l(r)|2(4πr2)dr (2.32)

along with the norm-conserving condition ensure that the logarithmic derivatives
(

∂
∂r ln[ψn,l(r)]

)

at Rc,l are correct to the linear order of the energy E. The recipe of Troullier and Mar-

tins [27] has been used to construct the norm-conserving pseudopotential.

2.6.2 Ultrasoft pseudopotential method

For the atoms with strongly oscillating pseudo wave functions, the pseudopotentials

would be ‘hard’ since they require a large number of plane waves (wave vectors G)

to find the solution of Kohn-Sham equations and any attempt to make these pseu-

dopotentials ‘soft’ just by simply increasing the core radius Rc,l would result in poor

transferability to different environment. Vanderbilt and coauthors [28, 29] found a way

to increase the softness of potential drastically (the so called ultrasoft pseudopotentials)

while maintaining the good transferability. They relaxed the norm-conserving condi-

tion, while maintaining the accuracy by introducing an extra auxiliary function along

with the smoother pseudo wave functions for every angular momentum state l in the

non-local part of the potential in equation 2.30.
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2.7 DFT+U method

These standard approximations for Exc described above (LDA and GGA) are mean-

field like approximations, which usually work for the system with weakly correlated

or delocalized electrons. However, for the system of strongly correlated or localized

electrons such as those with d- and f -orbital electrons, these LDA and GGA functionals

are not sufficient to capture the many-body effects. For this reason, Anisimov and

coauthors [30, 31, 32] introduced the correction to these standard functionals in the

spirit of Hubbard model [33, 34, 35, 36, 37, 38]. The electronic states space can be

divided into subspace of correlated or localized states (i.e., d-states) and subspace of

uncorrelated or delocalized states (i.e., s- and p-states). The delocalized states can

be described with standard DFT functionals and the Coulomb interaction of localized

d-states with ‘on-site’ interaction

EHub =
1

2
U
∑

l 6=l′

nlnl′ , (2.33)

where nl represents the electronic population of lth d-orbital and the total number of

electrons in d-orbitals will be nd =
∑

l nl. However, standard DFT functionals already

describe the correlations of d-orbitals in a mean-field like approach and this contribution

must be subtracted in order to avoid the double counting of the same interaction. Within

the mean-field approximation, this double counting (dc) contribution can reasonably be

approximated as

Edc =
1

2
Und(nd − 1). (2.34)

The energy functional within DFT+U method is then given by

EDFT+U [n(r)] = EDFT [n(r)] + EU [nl,l′ ] = EDFT [n(r)] + EHub[nl,l′ ]− Edc[nd]

= EDFT [n(r)] +
1

2
U
∑

l 6=l′

nlnl′ −
1

2
Und(nd − 1), (2.35)
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where EDFT [n(r)] is the standard DFT energy functional (i.e., LDA and GGA function-

als). The inclusion of Hubbard type correction introduces the energy gap of width ∼U

between occupied and unoccupied orbitals, which can be seen explicitly in the following

expression for the orbital energy

ǫDFT+U
l =

∂EDFT+U

∂nl
= ǫDFT

l + U

(

1

2
− nl

)

. (2.36)

Similarly, we can also find the orbital dependent correction to the Kohn-Sham potential

(Vl(r) = δE/δnl(r), where nl(r) is the electron density of lth d-orbital) and this is given

by

V DFT+U
l = V DFT

l + U

(

1

2
− nl

)

. (2.37)

The above expression clearly shows that the second term is repulsive for the occupation

nl < 1/2 and becomes attractive when nl > 1/2. Thus, the Hubbard type correction

introduces a discontinuity in the Kohn-Sham potential and orbital energies of the lo-

calized orbitals. This is one of the essential features of the exact DFT functional which

was missing in standard DFT functionals such as LDA and GGA.

The expression for the DFT+U functional (2.35) can be generalized for the real solids

having many d-orbitals atoms. In this work, we have used the simplified expression of

rotationally invariant DFT+U functional introduced by Dudarev and coauthors [40]

EDFT+U [n(r)] = EDFT [n(r)] +
∑

I

U I

2
Tr
[

nI(1− nI)
]

, (2.38)

where nI is generalized occupation matrix of d-orbitals, which is defined as the projec-

tion of Kohn-Sham states ψi on the localized orbitals φl (d- orbitals) of the atom at site

I:

nIl,l′ =
∑

i

〈ψi|φ′l〉〈φl|ψi〉. (2.39)
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Figure 2.1: Schematic depiction of the total energy versus number of electrons in system.
The red curve represents the calculation of total energy with the standard DFT (LDA
or GGA) functional, the green line segments are for exact calculation based on the open
quantum system description [39], and the blue curve is for the DFT+U correction to
the standard DFT. The blue curve is the difference between exact and standard DFT
calculation.



26

The parameter U I represents the strength of electronic correlation of the localized states

at site I. This parameter has been calculated self-consistently using the linear response

approach developed by Cococcioni and coauthors [9, 10, 11]. In a representation of

localized orbitals that diagonalizes the occupation matrices nI

nIvIl = λlv
I
l , (2.40)

where eigenvalue λl are considered by 0 ≤ λl ≤ 1, the energy functional within DFT+U

is

EDFT+U [n(r)] = EDFT [n(r)] +
∑

I,l

U I

2
λl(1− λl). (2.41)

The Hubbard like correction term favors the fully occupied (λl ∼ 1) or completely

empty (λl ∼ 0) localized orbitals and penalizes for the fractional occupation. Therefore,

the Hubbard correction discourages the hybridization with neighboring atoms. The

Hubbard type correction part of the energy functional is schematically shown by blue

color curve in figure 2.1. In practical calculations for the real solids, the occupations

of the localized orbitals evolve during the iterative process of self-consistent solution of

Kohn-Sham equations, and eventually may lead to a state in which localized orbitals

may not be completely empty or completely filled due to competition between kinetic

energy and Hubbard type correction. This system can also be thought of as an open

quantum system where an atom having localized states can exchange electrons with

the reservoir (i.e., electrons from the surrounding atoms in the solid). In an open

quantum system, however, only integer number of electrons can be exchanged from the

pure quantum states. The exchange fractional number of electrons is described by the

statistical or ensemble average of pure states with their respective probabilities. The

system with N + ω electrons (where N is an integer and 0 ≤ ω ≤ 1) can be described

with the pure state of N and N + 1 electrons [39] and its quantum state |ΨN+ω〉 as

|ΨN+ω〉 = a|ΨN 〉+ b|ΨN+1〉. (2.42)
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Using normalization constrain |a|2 + |b|2 = 1 and 〈ΨN+ω|N̂N+ω|ΨN+ω〉 = N + ω, it can

be shown that probabilities for the states of N and N + 1 electrons are (1− ω) and ω,

respectively. Then, the total energy of this system is give by

EN+ω = (1− ω)EN + ωEN+1. (2.43)

and total number of electrons are

N + ω = (1− ω)N + ω(N + 1). (2.44)

Thus, the total energy curve for this system (eq. 2.43) consists of straight line seg-

ments, with the slopes (EN+1 − EN ), joining at the integer occupations of the atomic

orbitals. This energy curve itself is continuous but its derivative ∂EN+ω/∂N is dis-

continuous at integer values of N . The energy profile with standard DFT functionals

(LDA or GGA), however, is an analytical function of occupations of the localized states

N and misses the essential discontinuities at the integer values of N . The Schematic

comparison of the energy curve form exact DFT (green color piecewise continuous func-

tion) and with standard DFT functionals (red color parabola type function) is shown

in figure 2.1. The standard DFT calculations produces an unphysical curvature in the

energy profile for fractional occupations.

The expression for the Hubbard type correction (i.e., blue curve in Fig. 2.1) needed

to reproduce the exact calculation (green curve) can be obtained as the difference be-

tween exact (green curve) and standard DFT (curve red) calculation provided the un-

physical curvature of the standard DFT calculation is equal to the magnitude of U.

Essentially, this is what is being done in the expression 2.7, where the spurious curva-

ture is removed by adding the term
∑

I,l
UI

2 λl(1− λl).

Therefore, the computation of parameter U is reduced to proper estimation of the

unphysical curvature of the energy profile from standard DFT functionals with respect
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to the occupation of the localized states (i.e., calculation of ∂2EDFT/∂n
I2). For prac-

tical calculation of the parameter U, the occupation of the localized states is varied by

applying a small perturbation to the effective DFT potential (V DFT ) which only acts

on the localized states of the atom at site I:

V pert = V DFT + αI
∑

l

|φIl 〉〈φIl |, (2.45)

where αI is the amplitude of the perturbation and |φIl 〉 represent the localized states.

After applying a set of small enough perturbations, so that the linear response regime

is maintained, Kohn-Sham equations are solved and αI dependent ground state energy

is obtained:

E[αI ] = EDFT (nI) +
∑

I

αInI . (2.46)

Then, the second derivative of the energy is

∂2EDFT (nI)

∂n2I
= −∂α

I

∂nI
, (2.47)

which can be directly calculated from the response matrix of the occupation with respect

to perturbations

χIJ =
∂nI

∂αJ
. (2.48)

The energy curvature (i.e., second derivative) can be obtained from the inverse of the

response matrix:

∂2EDFT (nI)

∂n2I
= −[χ−1]II . (2.49)

However, this curvature also contains the contribution from orbitals re-hybridization

when external perturbation is applied. The latter implies that there would also be a

quadratic response to the energy, even if the perturbation is applied to a non-interacting
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system, since the variation of occupation leads to re-hybridization of the localized or-

bitals with other degrees of freedom and changes the energy of the system. This contri-

bution (i.e., due to re-hybridization) to the curvature is then subtracted from the second

derivative of the total energy. The effective value of the parameter U is thus calculated

from

U = [χ−1
0 − χ−1]II , (2.50)

where χ0 is the response function of ‘non-interacting’ system due to re-hybridization of

the localized orbitals.

The response matrix χ and χ0, in practice, are calculated using a supercell approach.

For this purpose, a large enough supercell around the Hubbard atom is created so that

it can completely accommodate the charge redistribution due to perturbation. Starting

from the well relaxed structure, self-consistent solution of Kohn-sham equations for

the unperturbed system (i.e., α = 0) is obtained using standard DFT functionals.

Then using these potentials and electronic wave functions, another set of self-consistent

calculations are performed for the perturbed system where a set perturbing potentials

α (the values of α should be small enough to maintain the linear response regime) are

applied to every inequivalent Hubbard atoms. The response matrix χ0 is obtained from

the response to the occupations (i.e., ∂nI/∂αJ ) just after first iteration of the self-

consistent cycle for each perturbations since the charge redistribution is not affected

yet due to electron correlations. However, χ is calculated after the self-consistency is

reached for the perturbed system.

2.8 Ionic forces and stress tensor for a periodic solid

Having briefly described the formalism for calculating the ground state properties of

a system with fixed ionic positions, we now focus on the structural properties of the
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system. Forces on the ions in a particular ionic configuration can be calculated as

FI = −∂E(R)

∂RI
, (2.51)

where E(R) is the ground state Kohn-Sham energy for this ionic configuration. Using

Hellmann-Feynman theorem, which states that the derivative of total energy with re-

spect to a parameter is equal to the expectation value of the derivative of Hamiltonian

with respect to the same parameter, forces on the ions are simply computed as

FI = −
∑

i

〈

ψi

∣

∣

∣

∣

∣

∂Ĥ(R)

∂RI

∣

∣

∣

∣

∣

ψi

〉

(2.52)

Similarly to the Hellmann-Feynman theorem, Nielsen and Martin [41] proposed a the-

orem for calculating the stresses on a periodic solid. The stress tensor σij =
∂E(R)
∂ǫij

,

where ǫij is the strain, has been computed using Nielsen and Martin’s formulation [41].

2.9 Structure optimization

It was shown in section 2.1 that within the Born-Oppenheimer approximation, elec-

tronic and ionic degrees of freedom can be decoupled due to large mass difference.

Hence, the dynamics of ions under the influence of Born-Oppenheimer potential energy

surface E(R) (i.e., ground state energy of the interacting electrons for a fixed ionic con-

figuration) is described by Schrödinger equation 2.5. Due to the large mass difference

(me << MI), the kinetic energy for ions would be very small compared to that for

electrons, and ionic motion can be studied within the classical formalism. The classical

Lagrangian describing the ionic motion is given by

L =
∑

I

1

2
MIṘ

2
I − E(R), (2.53)

whereMI is the ionic mass, and E(R) is the Kohn-Sham (KS) ground state energy. The

dynamics governed by this Lagrangian (eq. 2.53) is called ab initio molecular dynamics
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(MD) since the KS energy E(R) for every MD time step is obtained from the first-

principles calculation.

In order to obtain the equilibrium structure at any arbitrary pressure, Parrinello and

Rahman [42, 43] generalized the above Lagrangian (eq. 2.53) by including the lattice

degrees of freedom:

L =
∑

I

1

2
MI(Ṡ

T
I gṠI)− E(SI) +

1

2
W [Tr(ḣT ḣ)]− PV, (2.54)

where h is the matrix formed by time dependent lattice vectors [a,b,c], SI are the

rescaled ionic coordinates defined as RI = hSI , g is given by g = hTh, W is fictitious

lattice weight, and V is the cell volume. However, this Lagrangian is not invariant for the

choice of lattice vectors of the crystal. Wentzcovitch and coauthors [13, 14] introduced

further developments by using the strains ǫij as time dependent variables. Rescaling

the ionic coordinates as RI = (1 + ǫ)qI , they proposed the following Lagrangian

LW =
∑

I

1

2
MI [q̇

T
I g(ǫ)q̇I ]− E(qI , ǫ) +

1

2
W [Tr(ǫ̇ǫ̇T )]− PV (ǫ), (2.55)

where g is now given by g(ǫ) = (1 + ǫ)T (1 + ǫ). The relationship between matrix h and

ǫ is h = (1+ ǫ)h0, where the matrix h0 corresponds to the initial state of lattice vectors.

The fictitious massW is chosen to optimize the dynamics of ions and lattice with similar

frequencies. The equilibrium structure of the system (ions and lattice parameters) at

pressure P is obtained by minimizing the enthalpy H along the trajectories generated

by the equations of motion of Lagrangian (eq. 2.55).

2.10 Birch-Murnaghan equation of state

The thermodynamic state of matter is described by a mathematical relationship (usually

called the equation of state or EoS) among the pressure P , temperature T , and volume
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V or density ρ. The simplest form of the isothermal EOS for solids [44] is given by

K = − dP

dlnV
= − dP

dlnρ
, (2.56)

where K is the bulk modulus of the system. This EoS is not correct at high pressures

because it does not take into account the fact that the bulk modulus increases signifi-

cantly with increasing pressure (i.e., larger the pressure, more difficult to compress the

solid).

The most relevant equation of states for solids at high pressure (i.e., Earth’s lower

mantle minerals) are described in terms of finite strain. The Helmholtz free-energy of

the solid in terms of finite strain f is expressed as

F (T, V ) = a(T )f2 + b(T )f3 + c(T )f4..... (2.57)

where the ‘compression’ f is defined as

f =
1

2

[

(

V0
V

)2/3

− 1

]

. (2.58)

• Second order Birch-Murnaghan’s equation of state

The free-energy F up to second-order is

F (T, V ) ≈ a(T )f2. (2.59)

Then the isothermal equation of state in terms of zero-pressure bulk modulus K0

is given by

P = 3K0f(1 + 2f)5/2 =
3K0

2

[

(

V0
V

)7/3

−
(

V0
V

)5/3
]

. (2.60)

• Third order Birch-Murnaghan’s equation of state

Similarly to the previous case, now writing F as

F (T, V ) ≈ a(T )f2 + b(T )f3, (2.61)
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the equation of state is

P =
3K0

2

[

(

V0
V

)7/3

−
(

V0
V

)5/3
]{

1 +
3

4
(K

′

0 − 4)

[

(

V0
V

)2/3

− 1

]}

, (2.62)

where K
′

0 is pressure derivative of bulk modulus K0.

2.11 Static elasticity

The response to a finite stress (σij) or strain (ǫij) of an elastic solid within the linear

regime is expressed by constitutive relation:

σij =
∑

k,l

Cijklǫkl or ǫij =
∑

k,l

Sijklσkl

where Cijkl and Sijkl are the fourth-order symmetric elastic and compliance tensor,

respectively. Owing to the fact that stress (σij) and strain (ǫij) tensors are symmetric,

there will be only 21 non-zero independent components in the elastic tensor. The

number of non-zero independent components further decreases as the symmetry of the

considered crystal increases. For convenience, these elastic constants are also expressed

in contracted notation (called Voigt notation), where a pair of indices is replaced by one

index in the following way:

11 → 1, 22 → 2, 33 → 3, 23 = 32 → 4, 13 = 31 → 5, 12 = 21 → 6.

In this thesis, we have studied the thermoelasticity of Fe- and Al-bearing MgSiO3 per-

ovskite, which is an orthorhombic crystal structure. Thus, there are 9 non-zero inde-

pendent elastic constants (namely C11, C22, C33, C12, C13, C23, C44, C55, and C66) for this

system. In practice, a set of small strains (small enough to maintain the linear regime)

are applied to the equilibrium structure and resulting stresses are utilized to obtain

elastic constants Cij.
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2.11.1 Aggregate elastic moduli and acoustic velocities

The isotropic elastic moduli for a polycrystalline system are determined by averaging

the single crystal elastic constants (Cij) or compliances (Sij) over all lattice orientations

under appropriate assumption. In general, the exact distribution and orientation of

single crystals in a polycrystalline sample are unknown and the best that can be done

is to estimate the upper and lower bounds of elastic moduli. In this work, we have used

the Voigt-Reuss-Hill (VRH) averaging scheme [45] to estimate aggregate bulk (K) and

shear modulus. (G). In Voigt average scheme, it is assumed that the strain is uniform

throughout a polycrystalline sample and the ‘upper bound’ of elastic moduli is given by

KV =
1

9
[(C11 + C22 + C33) + 2(C12 + C23 + C13)] , (2.63)

GV =
1

15
[(C11 + C22 + C33)− (C12 + C23 + C13) + 3(C44 + C55 + C66)] . (2.64)

Similarly, the Reuss averages are obtained assuming the uniform stress in throughout a

polycrystalline sample and the ‘lower bound’ of elastic moduli are

1

KR
= [(S11 + S22 + S33) + 2(S12 + S23 + S13)] , (2.65)

15

GR
= [4(S11 + S22 + S33)− 4(S12 + S23 + S13) + 3(S44 + S55 + S66)] , (2.66)

where compliances Sij are determined by inverting the elastic constant matrix Cij (i.e.,

S = C−1). The VRH averages are simply the arithmetic mean of the upper and lower

bounds of the elastic moduli:

KV RH =
KV +KR

2
, (2.67)

GV RH =
GV +GR

2
. (2.68)

These VRH averages, although approximate, provide a very good estimate of aggregate

elastic moduli of the Earth’s lower mantle minerals.
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Having obtained the aggregate bulk and shear modulus, isotropic average compres-

sional (VP ), shear (VS), and bulk (VΦ) velocities are determined by

VP =

√

K + 4
3G

ρ
, VS =

√

G

ρ
, VΦ =

√

K

ρ
, (2.69)

where ρ is the density.

2.12 Phonon calculations using density functional pertur-

bation theory

The vibrational frequencies of the system are determined by the eigenvalues of the

Hessian [121]:

det

∣

∣

∣

∣

1√
MIMJ

∂2E(R)

∂RI∂RJ
− ω2

∣

∣

∣

∣

= 0, (2.70)

where E(R) is again the Born-Oppenheimer potential energy surface for a fixed ionic

configuration, whose Hamiltonian is rewritten from eq. 2.4

ĤBO = − ~
2

2me

∑

i

∇2
i +

1

2

∑

i 6=j

e2

|ri − rj|
+ Vext(r) + EN (R), (2.71)

with the electron-iron interaction Vext(r) =
∑

i,α
Zαe2

|ri−Rα|
and the ion-ion interaction

EN (R) = 1
2

∑

α6=β
ZαZβe

2

|Rα−Rβ |
. Using Hellmann-Feynman theorem (eq. 2.52), the Hessian

of E(R) is obtained by differentiating the forces on the ions:

∂2E(R)

∂RI∂RJ
≡ − ∂FI

∂RJ

=

∫

∂n(r)

∂RJ

∂Vext(r)

∂RI
dr+

∫

n(r)
∂2Vext(r)

∂RI∂RJ
dr+

∂2EN (R)

∂RI∂RJ
. (2.72)

So the calculation of the Hessian of E(R) requires the ground state electron density n(r)

and its linear response to the ionic distortion, i.e., ∂n(r)
∂RI

[121, 46, 47]. For computational

convenience, this Hessian matrix for a crystal can also be expressed as

Cα,α′

s,s′ (R−R′) =
∂2E(R)

∂uαs (R)∂uα
′

s′ ()R
, (2.73)
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where uαs (R) is αth component of the sth ion displacement located at lattice site R. The

coefficients Cα,α′

s,s′ (R−R′) are also called the ‘inter-atomic-force constants’ (IFC).

The linear response of density to ionic distortion
(

∂n(r)
∂RI

)

is determined using ’density

functional perturbation theory’ (DFPT). The derivative of the electron density n(r)

(eq. 2.9) with respect to the parameter RI is

n′(r) = 2Re

(

N
∑

i

ψ∗
i ψ

′

i

)

. (2.74)

Since the potential Vext(r) is real, the Kohn-Sham wave functions ψi are also real. The

derivative of ψi can be determined using standard first-order perturbation theory which

leads to:

(

H0
KS − ǫ0i

)

|ψ′

i〉 = −
(

V
′

KS − ǫ
′

i

)

|ψ0
i 〉, (2.75)

where H0
KS is the unperturbed Kohn-Sham Hamiltonian (eq. 2.18) with the potential

given by eq. 2.15, V
′

KS is the first-order correction to the Kohn-Sham potential

V
′

KS = V
′

ext +

(

e2
∫

dr′
n′(r)

|r− r′|

)

+

[

∂

∂n

(

δExc

δn

)]

n(r)
n(r

′

), (2.76)

and the first-order correction to Kohn-Sham eigenvalue ǫi is given by ǫ
′

i = 〈ψ0
i |V

′

KS|ψ0
i 〉.

Equations (2.74),(2.75), and (2.76) form the set of self-consistent equations similar to

Kohn-Sham equations (2.9, 2.15, and 2.18).

The direct computation of IFC matrx (2.73) is not convenient in practical calcu-

lations because any localized perturbation (i.e., ionic displacement) would break the

translational symmetry of the system and would require computationally expensive

large super-cell. However, in the Fourier space, the IFC matrix (eq. 2.73) can be writ-

ten as

Cα,α′

s,s′ (q) =
∑

R

Cα,α′

s,s′ (R) exp(−iq.R). (2.77)
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Then, the vibration frequencies [ω(q, ν)]2 of the system having n atoms in the unit-cell

are the eigenvalues of the 3n×3n ‘dynamical matrix’

Dα,α′

s,s′ (q) =
1√

MsMs′
Cα,α′

s,s′ (q), (2.78)

where ν represent the vibrational modes of the system. Thus, the numerical compu-

tations of IFC is more convenient in the Fourier space where one can directly obtain

the q-dependent dynamical matrices. In order to obtain the vibrational density of

states (VDOS) of the system, IFC are calculated in an appropriate q-vectors grid of the

unit-cell and are transformed to ‘real-space’ IFC matrices using Fast-Fourier Transform

(FFT) techniques. Then, the IFC matrices are interpolated in a much denser q-vectors

grid again using FFT techniques.

2.13 Thermodynamic and thermoelastic properties within

quasi-harmonic approximation

The temperature dependence of the low-temperature heat capacity (CV ∝ T 3) is well

described in terms of a statistical ensemble of quantum mechanical harmonic oscillators

(Debye model). The success of the Debye model depends on the fact that at low temper-

atures, amplitudes of atomic vibrations are much smaller than inter-atomic distances.

Thus the energy of these vibrations can be approximated to the quadratic dependence

of amplitudes (harmonic approximation). In the harmonic approximation (HA), vibra-

tional frequencies are assumed to be independent of inter-atomic distance. However,

this approximation (HA) is too simple for a proper description of solids at high pres-

sures. Further improvements can be made by considering the volume dependence of

vibrational frequencies (quasiharmonic approximation).

Thermodynamic and thermoelastic properties of solids below the melting temper-

ature are quite well described within the quasiharmonic approximation (QHA). The
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Helmholtz free-energy of the crystal within the QHA is given by

F (T, V, α) = Ust(V, α) +
1

2

∑

q,ν

~ω(q, ν, α) + kBT
∑

q,ν

ln

{

1− exp

(

−~ω(q, ν, α)

kBT

)}

, (2.79)

where Ust(V, α) is the static (zero temperature) internal energy calculated from standard

DFT/DFT+U methods, q represents the phonon wave vector and ν is the vibrational

mode index. Here α represents any constraint other than the volume V on which vibra-

tional frequencies ω(q, ν, α) and static internal energy may depend. ~ and kB are the

Planck and Boltzmann constants, respectively. In practical calculations, equilibrium

volume, static internal energy, and vibrational frequencies of a crystal are calculated at

12-15 pressure points within the desired pressure-range and then the Helmholtz free-

energy F is calculated at these pressure points. Thus, calculated Helmholtz free-energies

are fitted with an appropriate Birch-Murnaghan (BM) equation of state. Having ob-

tained the good fit for the Helmholtz free-energy, all the thermodynamic properties of

the system are calculated using standard thermodynamic relations.

2.13.1 A semi-analytical method for thermoelastic properties at high

pressures and temperatures

The Helmholtz free-energy for a strained solid crystal is obtained by substituting an

infinitesimal strain ǫ for α in equation 2.79:

F (T, V, ǫ) = Ust(V, ǫ) +
1

2

∑

q,ν

~ω(q, ν, ǫ) + kBT
∑

q,ν

ln

{

1− exp

(

−~ω(q, ν, ǫ)

kBT

)}

. (2.80)

The isotropic pressure

P = −
(

∂F

∂V

)

T

(2.81)

and the Gibb’s free-energy

G(T, P, ǫ) = F (T, V ) + PV (2.82)
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for the strained system can be calculated using equation 2.80.

The isothermal elastic constants CT
ijkl are given by

CT
ijkl(T, P ) =

[

1

V

∂2G(T, P, ǫ)

∂ǫij∂ǫkl

]

T,P

, (2.83)

where the indices i, j, k, l = 1, 2, 3. Then, the adiabatic elastic constants CS
ijkl can be

obtained as

CS
ijkl(T, P ) = CT

ijkl(T, P ) +
T

V CV

∂S

∂ǫij

∂S

∂ǫkl
δijδkl, (2.84)

where the entropy S, and the heat capacity at constant volume CV are also calculated

from the free-energy F (T, V, ǫ) (eq. 2.80). It is evident from the equation 2.83 that the

computation of thermal elastic constants requires the calculation of the Gibb’s free-

energy, G(T, P, ǫ), for several strained configurations (number of these strained configu-

rations depends on the crystal symmetry). However, the computation of the vibrational

density of states (VDOS) using density functional perturbation theory (DFPT) for free-

energy calculation (eq. 2.80) is usually computationally expensive, especially for large

and less symmetric supercells, which are used very often to investigate materials with

impurities such as Fe- and Al-bearing minerals. Thus, the computation of high pressures

and high temperatures elasticity becomes exceedingly demanding (∼1000 parallel jobs

each running on tens or more processors).

Owing to the above mentioned difficulty, Wu andWentzcovitch [51] developed a more

efficient semi-analytical method for elasticity calculation, which requires the calculation

of VDOS only for the unstrained configurations. In this method, the isothermal elastic

constants CT
ijkl are expressed in terms of the strain Grüneisen parameters γijq,m which

are defined as

∂ω(q, ν)

ω(q, ν)
= −γijq,mǫij. (2.85)
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Then, assuming that the angular distribution of γijq,m is isotropic, the elastic constants

CT
ijkl can be obtained in terms of the volume Grüneisen parameters γq,m which are

defined as

dω(q, ν)

ω(q, ν
= −γq,m

dV

V
. (2.86)

Since the calculation of γq,m only requires the change in vibrational frequencies with

respect to volume, the thermal elastic constants can be calculated using static elastic

constants and VDOS for the unstrained equilibrium structures at 12-15 pressure points

within the desired pressure-range. The approximation that γijq,m have isotropic angular

distribution is equivalent to assume that the thermal pressure is isotropic. In spite of

this approximation, this method often provides more precise elastic constants than the

traditional method proposed by Karki and coauthors [48, 50], because the error associ-

ated with this approximation is typically smaller than the numerical error introduced

by calculations of VDOS, free-energy and its derivative for the strained configurations.



Chapter 3

Spin crossovers in iron-bearing

MgSiO3 and MgGeO3: their

influence on the post-perovskite

transition

In this chapter, we present ab initio study of the pressure induced iron state changes in

perovskite and post-perovskite structure of Fe-bearing MgGeO3 and MgSiO3. MgGeO3-

perovskite is known to be a low-pressure analog of MgSiO3-perovskite in many respects,

but especially in regard to the post-perovskite transition. As such, investigation of spin

state changes in Fe-bearing MgGeO3 might help to clarify some aspects of this type

of state change in Fe-bearing MgSiO3. Using DFT+U calculations, we have investi-

gated pressure induced spin state changes in Fe2+ and Fe3+ in MgGeO3 perovskite and

post-perovskite. Owing to the larger ionic radius of germanium compared to silicon,

41
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germanate phases have larger unit cell volume and inter-atomic distances than equiv-

alent silicate phases at same pressures. As a result, all pressure induced state changes

in iron occur at higher pressures in germanate phases than in the silicate ones, be it

a spin state change or position change of (ferrous) iron in the perovskite A site. We

showed that iron state transitions occur at particular average Fe-O bond-length (i.e.,

∼2.22(1) Å and ∼1.86(1) Å for Fe2+ and Fe3+ substitutions, respectively) irrespec-

tive of mineral composition (silicate or germanate) or exchange correlation functionals

used in the calculation (LDA+Usc or GGA+Usc). Ferrous iron substitution decreases

the perovskite to post-perovskite (PPv) transition pressure while coupled ferric iron

substitution increases it noticeably.

3.1 Introduction

Iron-bearing MgSiO3 perovskite (Si-Pv), also known as bridgmanite, is one of the major

constituent minerals of Earth’s lower mantle along with (Mg,Fe)O ferropericlase (Fp).

Unraveling the composition and thermal structure of the lower mantle requires a detailed

understanding of the influence of iron (Fe) on these host minerals. It is well known that

iron in (Mg,Fe)O undergoes a pressure induced spin crossover from high-spin (S=2) to

low-spin (S=0) state and affects elastic properties [52, 53, 55, 56, 57, 58, 59, 60, 61].

In the case of Si-Pv, deciphering the iron spin state has been quite challenging due to

complex perovskite structure and possibility of different valence states of iron (ferric

and ferrous) [3, 63, 64, 66, 68, 70, 71, 72, 73, 74, 75, 76]. Si-Pv is also known to undergo

a perovskite (Pv) to post-perovskite (PPv) phase transition in the pressure range ∼

107–125 GPa and this will have geophysical consequences in deep lower mantle region

[54, 84, 92, 99]. Understanding the effect of iron, especially, on Pv to PPv transition

and on elastic properties of Pv and PPv phases is crucial to constrain lower mantle

composition.
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Figure 3.1: (a) Atomic structure around low-QS and high-QS Fe2+-bearing MgSiO3 in
Pv phase at ambient pressure. Fe, Mg, O, and Si are represented as purple, orange,
red, and blue sphere, respectively. MgGeO3-Pv structures are similar and not shown
here. (b) Enthalpy difference (∆H=Hhigh−QS-Hlow−QS) for Fe2+-bearing Si-Pv (blue)
and Ge-Pv (red). Lower and upper bounds correspond to LDA+Usc and GGA+Usc

results, respectively.
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In (Mg,Fe2+)SiO3-Pv, the pressure induced increase in Mössbauer quadrupole split-

ting (QS) above ∼30 GPa (low-QS to high-QS transition) [3, 64, 66, 68, 76, 77, 78]

has been explained by lateral displacement of Fe2+ ion which remains in the high-spin

(HS) state in the entire lower-mantle pressure range [60, 72, 74, 79]. In the case of

(Mg,Fe3+)(Si,Fe3+)O3-Pv, however, first-principles calculations by Hsu et al., 2011 [75]

reported that Fe3+ in B-site undergoes a high-spin (S=5/2) to low-spin (S=1/2) state

change at approximately 41 GPa and 70 GPa using LDA+Usc and GGA+Usc methods,

respectively, while in the A-site Fe3+ remains in the high-spin state. These findings for

Fe3+ substitution were in good agreement with experimental observations of Catalli et

al., 2010 [81]. There have also been several experimental [71, 82, 83] and first-principles

studies [85, 86, 87] about the spin crossover in MgSiO3-PPv (Si-PPv). The consensus

regarding the spin crossover in iron-bearing Si-PPv is that Fe2+ in the A-site remains in

the high-spin and high-QS state throughout the lower mantle pressure range, while Fe3+

undergoes a high to low spin transition in the B site and remains in the high spin state

in the A-site [87]. In spite of these efforts to pin down the state of iron at high pressures,

it has been very difficult to ascertain the exact role of iron with its varying spin and

valence state on Pv to PPv transition, especially because of the extreme pressure and

temperature conditions in the deep lower mantle region.

MgGeO3-perovskite (Ge-Pv) is a low pressure analog of MgSiO3 perovskite [89, 90,

91, 93, 94, 95, 96, 97, 98, 100] and would be a promising candidate to investigate iron

spin crossover and its structural influence on MgSiO3-Pv and PPv phases. In this

study, we have used first-principles DFT+U (LDA+Usc and GGA+Usc) calculations to

investigate the iron spin states and their crossover in the Pv and PPv phases of Fe2+-

and Fe3+-bearing MgGeO3. Comparing enthalpy of the different spin states, we have

determined the stability of the different states and transition pressure. Using these

results, we have also investigated the effect of Fe2+ and Fe3+ substitution on Pv to PPv
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transition.

3.2 Method

We have used density functional theory (DFT) within the local density approximation

(LDA) [18] and generalized gradient approximation (GGA) [19]. It is well known

that 3d and 4f electrons are not adequately described by standard DFT functionals due

to strong correlation effects. To cope with these insufficiencies, the DFT method is

augmented by the self- and structurally consist Hubbard Usc (LDA/GGA+Usc) [10, 11,

75, 12]. Ultrasoft pseudo-potentials, generated by Vanderbilt’s method [28], have been

used for Fe, Si, Ge, and O. For Mg, norm-conserving pseudo-potential generated by von

Barth-Car’s method, has been used. The plane-wave kinetic energy and charge density

cutoff are 50 Ry and 300 Ry, respectively. Self-consistent Usc, calculated by Hsu et al.,

2010, 2011 [74, 75] and Yu et al., 2012 [87] using the linear response approach [10, 11]

(Table 3.1), have been used. All calculations were performed in a 40-atoms super-cell.

Electronic states were sampled on a shifted 2×2×2 and 3×2×3 k-point grid for Pv and

PPv structure, respectively [20]. Structural optimization at any arbitrary pressure has

been performed using variable cell-shape damped molecular dynamics approach [13, 14].

Structures are optimized until the inter-atomic forces are smaller than 10−4 Ry/a.u. For

every possible spin and valence state, structures are optimized at twelve volumes in the

relevant pressure-range and the 3rd-order Birch-Murngharn equation of state has been

used to fit these compression data.

Table 3.1: Self-consistent Hubbard Usc(eV) for ferrous and ferric iron calculated by Hsu
et al., 2010, 2011 [74, 75] in Si-Pv, and by Yu et al., 2012 [87] in Si-PPv structures.

Fe2+ Fe3+

High-QS Low-QS A(HS) B(HS) B(LS)
Pv 3.1 3.1 3.7 3.3 4.9
PPv 2.9 – 4.0 3.5 5.6
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3.3 Iron spin states in Pv and PPv phases

Iron spin states have been investigated in Fe2+ and Fe3+-bearing MgGeO3 and MgSiO3

in a 40-atom super-cell. One Fe2+ ion is substituted for a Mg2+ ion in the A-site

in (Mg0.875Fe0.125)GeO3 and (Mg0.875Fe0.125)SiO3 while two Fe3+’s are substituted for

one Mg2+ and one first neighbor Ge4+ or Si4+ as in (Mg0.875Fe0.125)(Ge0.875Fe0.125)O3

and (Mg0.875Fe0.125)(Si0.875Fe0.125)O3. The nearest-neighbor Fe
3+-Fe3+ substitution has

been chosen as it has been found to be the lowest energy configuration in previous first-

principles studies [75, 87, 88]. The issue of site occupancy and valence states of iron in

MgSiO3 is still much debated experimentally [76, 101, 102]. For example, Lin et al.,

2012 [76] propose that 50% of Fe3+ is substituted through charge-coupled substitution

in Mg and Si site while remaining 50% Fe3+ goes in the Si site through oxygen vacancy.

Hummer et al., 2012 [101] suggest that the ratio of Fe3+ in Mg and Si sites depends

on total iron concentration. Sinmyo et al., 2014 [102] concluded that all Fe3+ would be

in Mg site. Our goal in this study is to estimate the transition pressures for iron state

changes in MgGeO3 as compared to MgSiO3, for this we have chosen a well studied

charge-coupled Fe3+-Fe3+ substitution. Relative enthalpies have been used to calculate

transition pressures (Pt) and the stability of a state or phase in a given pressure range.

Effects of disorder have not been addressed at this point, but it is expected to produce

a two-phase loop. Here we wish to analyze (a) the potentially different effects of Fe2+

and Fe3+ in the Pv to PPv transition and (b) whether the germanate phase could serve

as a good low pressure analog to investigate spin transitions in iron.

Table 3.2: Spin state transition pressures, Pt(GPa), in iron-bearing MgGeO3 and
MgSiO3 calculated within LDA+Usc and GGA+Usc methods.

Low-QS to High-QS in Fe2+-bearing Pv phase B(HS) to B(LS) in Fe3+-bearing Pv and PPv phases

Pv PPv

LDA+Usc GGA+Usc LDA+Usc GGA+Usc LDA+Usc GGA+Usc

MgGeO3 28.5 40.5 56.5 85.0 49.5 82.5
MgSiO3 9.5 22.5 41.0 69.5 28.0 59.5
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Figure 3.2: Atomic environment around iron in Fe2+-bearing Si-Pv and Ge-Pv phases.
(a) Fe-O distances (in Å) in Si-Pv, and Ge-Pv structures at ambient pressure are shown
next to the oxygen atoms. (b) Pressure dependence of average Fe-O distance. Vertical
lines represent the low-QS to high-QS transition. Lower and upper bounds correspond
to LDA+Usc and GGA+Usc results, respectively.
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3.3.1 Spin states of Fe2+ in Ge-Pv and Si-Pv

As in the case of Fe2+in Si-Pv [60, 72, 74], Fe2+ in Ge-Pv remains in the high-spin

(HS, S=2) state in the entire lower-mantle pressure range (0-135 GPa). However, it

undergoes a pressure induced lateral displacement producing a transition from low to

high Mössbauer quadrupole splitting (QS). The atomic structures for the low- and high-

QS states of iron in Si-Pv are shown in Fig. 3.1(a) (similar structures are for Ge-Pv

which are not shown here) indicating the lateral displacement of iron in the perovskite

A-site. The pressure dependence of enthalpy differences between high-QS and low-QS

states (∆H=Hhigh−QS-Hlow−QS) gives the low- to high-QS transition pressure. It is

well-known that LDA usually underestimates transition pressures while GGA usually

overestimates it. In this study, we present both LDA+Usc and GGA+Usc results to

provide lower and upper bounds for this transition, as shown in Fig. 3.1(b). The low-

to high-QS state change in Ge-Pv occurs at ∼28.5 GPa with LDA+Usc and at ∼40.5

GPa with GGA+Usc. These low- to high-QS transition pressures in Ge-Pv are quite

large compared to those in Si-Pv, i.e., ∼9.5 GPa and ∼22.5 GPa, respectively, as shown

in Table 3.2. Owing to the larger ionic radius of Ge4+ (0.53 Å) compared to that of

Si4+ (0.40 Å), the unit-cell volume and inter-atomic distances in Ge-Pv are larger than

in Si-Pv. Zero pressure Fe-O bond-lengths in Si-Pv and Ge-Pv obtained with LDA+Usc

are shown Fig. 3.2(a). The average of Fe-O bond-lengths, 〈Fe-O〉, is also shown in Fig.

3.2(b). The larger 〈Fe-O〉 value in Ge-Pv allows Fe2+ to sustain higher pressures than

in Si-Pv before changing to the high-QS state. It is also interesting to note that this

transition occurs when the 〈Fe-O〉 reaches a particular value (∼2.22(1) Å) whether in

Ge-Pv or in Si-Pv, whether using LDA+Usc or GGA+Usc methods (Fig. 3.2.(b)). In

the case of Fe2+-bearing Si-PPv phase, it was shown by [87] that lowest energy state of

Fe2+ was high-QS below 200 GPa. In spite of larger Ge size, it is very unlikely that low-

to high-QS trasntion in Ge-PPv phase would interfere with the Pv to PPv transition.
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For this reason, we have not investigated low- to high-QS transition in the PPv phase.

3.3.2 Spin states of Fe3+ in Ge-Pv, Ge-PPv, Si-Pv, and Si-PPv

Next, we investigate spin states of Fe3+ in the B-site of Ge-Pv (low-pressure) and PPv

(high-pressure) phases. The crystal structures of Si-Pv and Si-PPv phases are shown

in Fig. 3.3(a). Si-PPv has a layered structure characterized by corner-sharing and

edge-sharing SiO6 octahedron extending along the a-c plane. The pressure dependence

of calculated enthalpy differences between high-spin (HS) and low-spin (LS) states of

Fe3+ (∆H=HB(LS)-HB(HS)) in Pv and PPv phases are shown in Fig. 3.3 (b) and (c),

respectively. The calculated HS to LS transition pressures in Ge-Pv are 56.5 GPa

with LDA+Usc and 85.0 GPa with GGA+Usc. Similarly, these transition pressures in

Ge-PPv are 49.5 GPa and 82.5 GPa with these methods. Our calculated transition

pressures in Si-Pv are 41.0 GPa with LDA+Usc and 69.5 GPa with GGA+Usc, which

are in very good agreement with previous first-principles study [75]. In the case of

Si-PPv, our calculated transition pressures are 28.0 GPa and 59.5 GPa, respectively,

which are quite larger than previously reported values of -30 GPa and 36 GPa [87].

These transition pressures in Si-Pv and Si-PPv are also very similar to those reported

by [88] in (Mg,Al)(Si,Fe)O3-Pv and PPv phases where it was observed that the presence

of aluminum does not affect the spin transition pressure significantly. Considering the

overall agreement of the stability of the iron spin states and pressure induced crossover

in Si-Pv and Si-PPv phases with previous studies [74, 75, 88], the present calculations

about HS to LS transition in Fe3+ at B site seems to be consistent and reliable.

In order to explain the increase of HS to LS transition pressures in MgGeO3 phases,

we compare atomic configurations around Fe3+ in the B-site of Si-Pv and Ge-Pv phases.

As shown in Fig. 3.4(a), the coordination number of Fe3+ is six and Fe-O bond lengths

in this site are smaller than those of Fe2+ in the A-site. The pressure dependence of
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the average bond-length, 〈Fe-O〉, for Fe3+ in the B-site in Si-Pv and Ge-Pv phases are

shown in Fig. 3.4(b). As in the case of low- to high-QS transition in Fe2+ (Fig. 3.1),

the HS to LS transition in Fe3+ in Ge-Pv and Ge-PPv phases are also large compared to

those in Si-Pv and Si-PPv phases (Fig. 3.3) due to relatively larger Fe-O bond-lengths

and unit-cell volumes in germanate phases at a given pressure (Fig. 3.4). Similar to

low- to high-QS transition, the HS to LS transition also occurs only when the 〈Fe-O〉

reaches a particular value (i.e., ∼1.86(1) Å in the present case) irrespective of Ge-Pv

or Si-Pv, or of the exchange-correlation functional used (Fig. 3.4(b)). This is a useful

insight for predicting pressure induced spin state changes in different materials.

Having investigated the stability of different iron states in the lower mantle pressure

range in the previous section, we now focus on the potential effect of Fe2+ and Fe3+

substitution on the Pv to PPv transition. This is a plain static calculation to access the

overall influence of iron substitution on the Pv to PPv transition in these phases. We

have not included finite temperature entropic or vibrational effects, therefore, we are not

able to produce a full phase diagram with a two phase loop region. This is simply the

first step towards the calculation of such phase diagrams. It is well known that the LDA

functional underestimates the equilibrium volume while GGA overestimates it. After

inclusion of vibrational effects LDA equations of state and elastic properties tend to

agree better with experimental data than GGA results [48, 49, 50]. Therefore, we have

chosen LDA+Usc results to investigate the effect of Fe2+ and Fe3+ in the Pv to PPv

transition in both compounds. Previous studies based on ab initio calculations [54, 100]

and experimental measurements [91, 99] have reported the Pv to PPv transition in

MgSiO3 and MgGeO3 to occur around ∼125 GPa and ∼63 GPa, respectively, at ∼2500

K.
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Table 3.3: Perovskite to post-perovskite transition pressures, PC(GPa), calculated
within LDA+Usc methods. x represents the iron concentration.

x 0 0.125 (Fe2+) 0.125 (Fe3+)

MgGeO3 43.2 40.5 57.5
MgSiO3 94.0 88.5 104.0

3.4 Effect of Fe2+ and Fe3+ in Pv to PPv transition

As indicated in Fig. 3.1(b) and in Table 3.2, the low- to high-QS transition in Si-Pv

and Ge-Pv occurs at much lower pressures than the Pv to PPv transition in these

minerals [91, 99]. Considering this fact, only the high pressure high-QS state of Fe2+

was considered in the investigation of the Pv to PPv transition. Similarly, near the Pv

to PPv transition pressure, the stable state of Fe3+ substituted in both Si-Pv and Si-

PPv phases is HS state in the A-site (HS-A) and LS state in the B-site (LS-B). However,

in germanate phases, the HS-B to LS-B transition pressure (Fig. 3.3 and Table 3.2) is

near the Pv to PPv transition pressure. In order to find the appropriate spin states

of Fe3+ across the transition we have considered all possibilities in the calculation of

enthalpy differences (∆H=HPPv-HPv) (see Fig. 3.5). As indicated in Fig. 3.5(b) the

transition pressure 55.5 GPa involves a transition between HS-B in Ge-Pv to LS-B in

Ge-PPv. Obviously iron in the A site remains in the HS state. At high temperatures,

contributions by other states might be relevant as well, but this issue is well beyond the

scope of this paper.This transition and transition pressure, i.e., HS-B in Pv and LS-B

in PPv, is the only combination consistent with B(HS) to B(LS) transition pressures of

56.5 GPa and 49.5 GPa in Ge-Pv and Ge-PPv, respectively.

The effect of Fe2+ and Fe3+ on the Pv to PPv transition in Si-Pv and Ge-Pv

is summarized in Fig. 3.6 showing the pressure dependence of enthalpy differences

(∆H=HPPv-HPv) for the configurations indicated in the previous paragraph. Static

(zero temperature) Pv to PPv transition pressures in iron-free (x=0) MgGeO3 and
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MgSiO3 are 43.2 GPa and 94 GPa, respectively. The Clapeyron slope for the Pv to

PPv transitions have been previously estimated to be ∼ 7.5 MPa/K for MgSiO3 [54]

and 7.8 MPa/K for MgGeO3 [100]. Taking these Clapeyron slopes approximately into

account, transition pressures at ∼2500 K should be ∼ 62.7 GPa and ∼ 112.8 GPa for

MgGeO3 and MgSiO3, respectively. These results are in good agreement with previous

experimental measurements and ab initio LDA calculations [54, 91, 92, 99, 100].
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Figure 3.6: Enthalpy difference (∆H=HPPv-HPv) obtained using LDA+Usc for (a) iron
free, (b) Fe2+-, and (c) Fe3+-bearing Si-Pv and Ge-Pv.

A summary of Pv to PPv transition pressure shifts caused by iron in silicate and

germanate phases is shown in Fig. 3.6 and Table 3.3. The inclusion of Fe2+ results
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in decrease of the Pv to PPv transition pressure for both MgGeO3 and MgSiO3 which

is in agreement with previous ab initio studies [103, 104]. This is also consistent with

experimental studies by Mao et al., 2004 [105] and Shieh et al., 2006 [106], but contra-

dicts the observations by Tateno et al., 2007 [107] and Hirose et al., 2008 [108]. Mao

et al., 2004 [105] and Shieh et al., 2006 [106] also found that PPv phase of MgSiO3 was

Fe2+ enriched in the two phase region, while Tateno et al., 2007 [107] and Hirose et al.,

2008 [108] noticed that Pv phase contains more Fe2+. Equal Fe2+ concentration in our

computations for Pv and PPv phases might have lead to the differences in transition

pressures obtained with experimental studies. In the case of Fe3+ substitution, the Pv

to PPv transition pressure increases noticeably and this trend is in good agreement with

experimental observations [108, 109]. To understand these opposite effects of Fe2+ and

Fe3+ substitution on the Pv to PPv transition, the volume difference between Si-Pv and

Si-PPv phase (∆V=VPPv-VPv) is shown in Fig. 3.7(a). With respect to iron-free case,

the volume difference is smaller and larger in magnitude with Fe2+ and Fe3+ substitu-

tion, respectively. These smaller and larger volume difference will contribute to enthalpy

difference between Pv and PPv phase in such a way that will decrease the transition

pressure with Fe2+ substitution while it will increase when Fe3+ is substituted. This

can be seen explicitly in Fig. 3.7(b and c), where pressure dependence of energy (∆E)

and P×V term [∆(PV)] of relative enthalpy (∆H) are shown separately. Transition

pressure points, where ∆E and ∆(PV) terms cancel each other, are shown by vertical

dashed lines.

3.5 Conclusions

Using ab initio DFT+U calculations, we have undertaken a comparative investigation of

state changes of ferrous (Fe2+) and ferric (Fe3+) iron in MgSiO3 and MgGeO3 perovskite

(Pv) and post-perovskite (PPv) phases. The goal was to verify the possibility of using
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MgGeO3 as a low pressure analog of MgSiO3 for better understanding of spin state

changes in iron. Unfortunately, owing to the larger ionic radius of germanium, Fe-O

inter-atomic distances in the germanate phases are larger than in the silicate phases,

allowing the germanates to sustain higher pressures than analog silicates before state

changes in iron take place. It has been clearly shown that such state changes, whether

the displacement transition (low- to high-QS) of Fe2+ in the A-site or the HS to LS

state change in Fe3+ in the B-site, take place at approximately the same average Fe-O,

〈Fe-O〉, distance irrespective of the chemistry or the exchange and correlation functional

used in the calculations. This encompassing investigation also allowed us to address the

effect of Fe2+ and Fe3+ substitutions on the Pv to PPv transition. Despite the simplicity

of these static calculations, previously measured and calculated effect of Fe2+ on this

transition in MgSiO3 is well reproduced: Fe2+ substitution decreases the transition

pressure, whether in germanate or silicate phases. However, we report the opposite

effect for Fe3+ substitution in the B-site. This transition should involve the LS-B state

in both Pv and PPv silicate phases but HS-B and LS-B states in Pv and PPv germanates,

respectively. For both types of transitions the effect is the same: coupled substitution

of Fe3+ increases the Pv to PPv transition in both materials. This observation has not

been validated by experiments yet and should be relevant for better understanding the

D“ discontinuity and the nature of the deep lower mantle.



Chapter 4

Spin crossover in Fe3+-bearing

bridgmanite: effects of disorder,

iron concentration, and

temperature

In this chapter, we investigate effects of disorder, iron concentration, and temperature

on the spin crossover of [Fe3+]Si in Fe3+ in (Mg1−xFex)(Si1−xFex)O3 bridgmanite using

ab initio LDA + U calculations. The effect of concentration and disorder are addressed

using complete statistical samplings of coupled substituted ([Fe3+]Mg and [Fe3+]Si in

nearest neighbor sites) configurations in 80-, 40-, and 20-atom supercells for iron con-

centration of x = 0.125, 0.25, and 0.50, respectively. Vibrational/thermal effects on the

crossover are also addressed within the quasi-harmonic approximation for x = 0.125.

[Fe3+]Si in the perovskite octahedral site undergoes high (S=5/2) to low-spin (S=1/2)

state change in the pressure range ∼40-50 GPa at 300 K, consistent with experiments,

59
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while [Fe3+]Mg remains in the high-spin state up to core-mantle boundary conditions.

The effect of disorder on the crossover seems very small, while increase in the iron

concentration (x) results in considerable increase in transition pressure. As in the spin

crossover in ferropericlase, this crossover in bridgmanite is accompanied by clear volume

reduction and anomalous softening of the bulk modulus throughout the crossover pres-

sure range. These effects reduce significantly with increasing temperature. Though the

concentration of [Fe3+]Si in bridgmanite may be small, related elastic anomalies may

impact the interpretation of radial and lateral velocity structures of the Earth’s lower

mantle.

4.1 Introduction

Bridgmanite (br), (Mg,Fe,Al)(Si,Fe,Al)O3 perovskite (Pv), is the main constituent of

the Earth’s lower mantle along with (Mg,Fe)O, CaSiO3 Pv, and (Mg,Fe,Al)(Si,Fe,Al)O3

post-perovskite (PPv). Thermodynamics and elastic properties of these minerals pro-

vide a direct link to seismic tomographic models. Understanding the effect of iron (Fe)

and/or aluminum (Al) substitutions on the physical, chemical, and thermodynamic

properties of the host mineral is essential to constrain the composition and thermal

structure of the Earth’s lower mantle. Ferropericlase (Fp), (Mg,Fe)O, is know to un-

dergo a pressure induced spin transition from the high (S=2) to the low-spin (S=0)

state and affects its elastic and thermal properties [52, 53, 55, 56, 57, 58, 59, 60, 61, 62].

In the case of iron-bearing bridgmanite, in spite of considerable progress of exper-

imental measurements at high pressures and high temperatures [3, 63, 64, 66, 68, 71,

73, 76, 77, 78, 101, 102, 110, 111, 112, 113, 114, 116, 118, 119], deciphering the valence

and spin states of multivalent iron and its influence on the physical properties has been

quite a formidable challenge due to complexity of the perovskite structure. Iron in

bridgmanite may exists in ferrous (Fe2+) and ferric (Fe3+) states. Fe2+ occupies the
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A-site ([Fe2+]Mg), while Fe3+ can occupy A- ([Fe3+]Mg) and/or B-site ([Fe3+]Si) of the

perovskite structure [3, 63, 64, 66, 68, 70, 71, 72, 73, 74, 75, 76, 101, 102, 113, 118, 119].

In the entire lower mantle pressure-range, [Fe2+]Mg remains the HS state (S=2) but

undergoes through the pressure induced lateral displacement resulting in the state with

increased iron Mössbauer quadrupole splitting (QS) [3, 72, 74, 76, 77, 79, 116, 117].

On the other hand, [Fe3+]Si goes from the HS (S=5/2) to the LS (S=1/2) state and

[Fe3+]Mg remains in the HS (S=5/2) state [3, 75, 76, 81, 118, 119, 124].

(a) x = 0.125 (b) x = 0.25  (c) x = 0.50 

Figure 4.1: Lowest enthalpy atomic configurations for two (purple and red) nearest
neighbor [Fe3+]Mg-[Fe

3+]Si pairs in (Mg1−xFe
3+
x )(Si1−xFe

3+
x )O3 bridgmanite. Unit cells

consists of 80 atoms (2 × 2 × 1 super-cell) for x = 0.125, 40 atoms (
√
2 ×

√
2× 1

super-cell) for x = 0.25, and 20 atoms for x = 0.50 are shown by black dashed lines.
There are 21, 13, and 5 configurations in 80, 40 , and 20 atoms unit-cell, respectively.
Si-O octahedron and Mg atom is represented by blue and orange color, respectively.

The onset of the HS to LS crossover in [Fe3+]Si is still much debated. For x =

0.10, Catalli et al., 2010b [81] reported the completion the crossover at 53-63 GPa by x-

ray emission spectroscopy(XES) and 48 GPa by Mössbauer spectroscopy (SMS). Using
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SMS, [76] found the crossover pressure range 13-24 GPa for a sample containing about

∼2.0-2.5% of Fe3+. Lin et al., 2012 [76] and Mao et al., 2015 [118] further argued

that the lower crossover pressure obtained by them could be related to the smaller Fe3+

concentration in their samples. Hsu et al., 2011 [75] calculated the crossover pressure

41 GPa and 70 GPa, for x = 0.125, within the LDA + Usc and GGA+Usc functionals,

respectively, while Tsuchiya et al., 2013 [119] reported 44 GPa for x = 0.0625 using

LDA + U. Using thermodynamic model based on ab initio calculations, Xu et al., 2015

[124] estimated Fe3+/
∑

Fe ratio under lower mantle conditions to be ∼0.01-0.07 in Al-

free bridgmanite. They also predicted that spin crossover in [Fe3+]Si would decrease

the value of Fe3+/
∑

Fe in the crossover region. In an effort to understand and reconcile

observations and results of these studies, we have investigated the HS to LS crossover in

Fe3+-bearing bridgmanite by taking into account the effect of 1) disordered substitution

of nearest neighbor Fe3+-Fe3+ pairs, 2) Fe3+ concentration, and 3) vibrational effects

on the HS to LS crossover in Fe3+-bearing bridgmanite.
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(b) x = 0.25 (40 atoms), and (c) x = 0.50 (20 atoms), respectively. g represents the
multiplicity of a particular configuration.
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4.2 Computational details and Methodology

4.2.1 Computational details

Density functional theory (DFT) within the local density approximation (LDA) [18]

has been used. It is well known that standard DFT functionals do not capture strong

correlation effects of 3d and 4f electrons properly. For this reason, the DFT method

is augmented by the the self- and structurally consist Hubbard Usc (LDA + Usc) [10,

11, 12]. Self- and structurally-consistent Usc values reported by Hsu et al., 2010 [74]

using the linear response approach [10, 11] have been used. Disordered substitution of

Fe3+ in (Mg1−xFex)(Si1−xFex)O3 bridgmanite with varying iron concentration has been

investigated in 80- (x = 0.125), 40- (x = 0.25), and 20-atoms (x = 0.50) super-cells

(Fig. 4.1). Ultrasoft pseudo-potentials [28] have been used for Fe, Si, and O. For Mg, a

norm-conserving pseudo-potential generated by von Barth-Car’s method has been used.

A detailed description of these pseudo-potentials has been reported by Umemoto et al.,

2008 [125]. The plane-wave kinetic energy and charge density cut-off are 40 Ry and

160 Ry, respectively. For 80-, 40-, and 20-atom super-cells, the electronic states were

sampled on a shifted 2 × 2 × 2, 4× 4× 4, and 6× 6× 4 k-point grid [20], respectively.

Structural optimization at arbitrary pressure has been performed using variable cell-

shape damped molecular dynamics [13, 14]. Structures are optimized until the inter-

atomic forces are smaller than 10−4 Ry/a.u. Vibrational density of states (VDOS)

for Fe3+ concentration x = 0.125 has been calculated in a 40-atom super-cell using

density functional perturbation theory (DFPT) [121] within the LDA + Usc functional

[123]. For this, dynamical matrices on a 2 × 2 × 2 q-point grid of a 40-atom cell were

calculated and obtained force constants were interpolated on a 8 × 8 × 8 q-point grid.

High throughput calculations have been performed using the VLab cyberinfrastructure

at the Minnesota Supercomputing Institute [127].
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4.2.2 Disordered substitution of Fe3+ and spin transition

Disordered substitution of Fe3+ in (Mg1−xFe
3+
x )(Si1−xFe

3+
x )O3 has been studied by re-

placing a nearest neighbor Mg2+-Si4+ pair with a [Fe3+]Mg-[Fe
3+]Si pair and generating

all possible atomic configurations consitent with super-cell size. The number of sym-

metrically inequivalent configurations, Nc, are 21, 13, and 5 in 80- (x = 0.125), 40-

(x = 0.25), and 20-atom (x = 0.50) super-cells, respectively. Within quasi-harmonic

approximation (QHA) [126], the partition function for disordered system with [Fe3+]Si

in a spin state σ is given by

ZQHA
σ (T, V ) =

Nc
∑

i=1

giMσ exp

{

−E
i
σ(V )

kBT

}

×
Nmode
∏

j=1





∞
∑

νi,j=0

exp

{

−
(

νi,j +
1

2

)

~ωi,j,σ(V )

kBT

}



 (4.1)

where gi is the multiplicity of symmetrically equivalent configurations and Ei
σ(V) is

the static energy of the ith inequivalent configuration at volume V . Mσ the magnetic

degeneracy of the system, which includes the spin and orbital degeneracy. νi,j and

ωi,j,σ(V ) are the number of exited phonons and frequency of jth mode at volume V for

ith configuration. kB and ~ are the Boltzmann’s and Planck’s constants, respectively.

Nc and Nmode are the total number of configurations and vibrational modes of a given

super-cell. After summing over νi,j, the partition function is written as

ZQHA
σ (T, V ) =

Nc
∑

i=1

giMσ exp

{

−E
i
σ(V )

kBT

}

×
Nmode
∏

j=1







exp
(

−~ωi,j,σ(V )
2kBT

)

1− exp
(

−~ωi,j,σ(V )
kBT

)







. (4.2)

The Helmholtz free-energy for the system with [Fe3+]Si in HS/LS state can be calculated

as

FHS/LS(T, V ) = −kBT ln
[

ZQHA
HS/LS(T, V )

]

= F conf+vib
HS/LS (T, V ) + Fmag

HS/LS(T, V ), (4.3)
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where Fmag
HS/LS(T, V ) = −kBT ln

(

MHS/LS

)

is the magnetic contribution to free-energy.

As mentioned before, Fe3+ in (Mg1−xFe
3+
x )(Si1−xFe

3+
x )O3 occupies as a charge-coupled

[Fe3+]Mg-[Fe
3+]Si pair with molar fraction x, where [Fe3+]Mg is always in the HS state

while [Fe3+]Si undergoes HS to LS crossover. Therefore, magnetic degeneracies MHS

and MLS are given by

MHS =
[

mO
HS(SHS + 1)×mO

HS(SHS + 1)
]x

and (4.4)

MLS =
[

mO
HS(SHS + 1)×mO

LS(SLS + 1)
]x
,

where mO
HS/LS and SHS/LS, respectively, are the orbital degeneracy and total spin of

Fe3+ in HS and LS state. The Gibb’s free energy of the system with [Fe3+]Si in HS/LS

state can be calculated as GHS/LS(T, V ) = FHS/LS(T, V )+PV , which can be converted

to GHS/LS(T, P ) using P = −∂F/∂V .

To investigate the effect of HS to LS crossover of [Fe3+]Si, we consider the mixed

state (MS) of HS and LS within the ideal solid solution approximation. This solid

solution model of HS and LS iron is carried out in the [Fe3+]Si sub-lattice only and is

very appropriate for this type of problem [57, 59, 128]. The molar Gibb’s free energy

for the MS state is given by

G(P, T, n) = nGLS(P, T ) + (1− n)GHS(P, T ) +Gmix(P, T ), (4.5)

where n is the low-spin fraction and the mixing free-energy Gmix(P, T ) is

Gmix(P, T ) = kBTx[n ln(n) + (1− n)ln(1− n)]. (4.6)

Minimization of G(P, T, n) with respect to LS fraction, n, leads to

n(P, T ) =
1

1 +
mO

HS
(2SHS+1)

mO
LS

(2SLS+1)
exp

{

∆Gconf+vib
LS−HS

xkBT

} , (4.7)
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where ∆Gconf+vib
LS−HS = Gconf+vib

LS − Gconf+vib
HS . For [Fe3+]Si enclosed by ordered oxygen

octahedron, orbital degeneracies are mO
HS = 1 and mO

LS = 3. Since the degeneracies of

eg and t2g in the perovskite structure (as in the case of Fe3+-bearing bridgmanite) are

broken due to the presence of asymmetry in oxygen octahedron, mLS = 1 has been used

in most of the cases. However, to assess the effect of orbital degeneracies, mLS = 3 case

has also been tested while addressing the vibrational effects.

4.3 Results and discussion

4.3.1 Spin crossover in disordered system

We investigate the solid solution of (Mg1−xFex)(Si1−xFex)O3 by sampling the complete

phase space of configurations of [Fe3+]Mg-[Fe
3+]Si pair in supercells containing 80-, 40-,

and 20-atoms. In this study, we have considered only the nearest neighbor [Fe3+]Mg-

[Fe3+]Si substitution because this is the lowest energy configuration for coupled substi-

tution [70, 75]. Representative crystal structures for this type of substitutions are shown

in Fig. 4.1. Two [Fe3+]Mg-[Fe
3+]Si pairs (shown in purple and red color) are substituted

in the 80, 40, and 20-atoms supercell for x = 0.125, 0.25, and 0.50, respectively. There

are 21, 13, and 5 symmetrically different configurations, respectively, in these super-

cells. The static crossover pressures of HS to LS in [Fe3+]Si and their relative enthalpy

at crossover point for each configurations are shown in Fig. 4.2. The static crossover

pressure for these configurations ranges from ∼27.5 GPa to ∼50.0 GPa. The lowest

enthalpy configurations are shown in Fig. 4.1. In these configurations, Fe3+ ions are

ordered in (010) plane of the perovskite structure. The trend observed here is similar to

the one noticed by [125] for Fe2+ substitution in bridgmanite, where Fe2+ ions energet-

ically preferred to be in (110)-plane. This observation suggest that Fe3+] substitution

in bridgmanite would prefer to be segregated at lower mantle pressure conditions. For
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better understanding, this ordering effect should be investigated by sampling all possi-

ble configurations in a super-cell larger than the one containing 80-atoms (i.e., 120, 160,

320, and 360 atoms super-cell). However, this will be investigated in future.

First, we investigate the effect of Fe3+ pair disorder. Configurational entropy and

its contribution to free-energy of HS and LS states has been calculated using eq. 4.3

and disregarding the vibrational contribution. The low-spin fraction, n(P, T ), shown

in Fig. 4.3, was calculated using eq. 4.7. For x = 0.125, n(P, T ) for disordered sys-

tems (solid lines) at 300 K shifts toward the smaller pressure compare to that of the

lowest energy configuration (dashed lines) due to contribution form the second lowest

energy configuration with smaller static crossover pressure (PT ). At higher tempera-

tures, the contribution form other configurations with higher energy and higher static PT

(Fig. 4.2(a)) shifts n(P, T ) towards higher pressures. The number of symmetrically in-

equivalent configurations decreases drastically with increasing Fe3+ concentration (Fig.

4.2(b,c)). For x = 0.25, the lowest energy configuration has the second highest static

crossover pressure. In the disordered system, all other configurations with smaller PT

will contribute to shift n(P, T ) towards smaller pressure. In the case of x = 0.50, all

other configurations have much higher energy and do not contribute significantly to

change in n(P, T ) of disordered system at lower temperatures. However, at higher tem-

peratures (≥ 2000 K) other configurations contribute to decrease the crossover pressure

and shift the crossover mid-point towards smaller pressure. Overall, the crossover pres-

sure increases significantly with increasing Fe3+ concentration which is consistent with

previous observations [76, 118].

4.3.2 Effect of vibrational contribution

Having investigated the effect disorder, we now focus on the vibrational effects. Owing

to extremely high computational cost of vibrational density of states (VDOS) calculation
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Figure 4.3: Pressure and temperature dependence of low-spin fraction (n) of [Fe3+]Si
in (Mg,Fe3+)(Si,Fe3+)O3 bridgmanite in a) 80 , (b) 40, and (c) 20 atom super-cells,
respectively. Solid lines represent disordered configurations while dashed lines are for
the lowest energy configuration.
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(Mg-br) using DFPT method [121], and for HS and LS state states of [Fe3+]Si (i.e,
ferric iron in B-site of the perovskite structure) in Fe3+-bearing bridgmanite (Fe3+-br)
using DFPT + Usc method [123].
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(i.e., phonon frequencies ωi,j,σ(V )) using LDA + Usc functional, we have investigated

vibrational effects only for x = 0.125 concentration. Computational cost of VDOS

calculation was further reduced by assuming that VDOS for a given Fe3+ concentration

x is same for all symmetrically inequivalent configurations. For x = 0.125, VDOS

calculation for HS and LS states of [Fe3+]Si was performed in a 40-atoms super-cell.

Representative of these VDOSs at 0 GPa are shown in Fig. 4.4. The VDOS spectrum

for Fe3+-br shifts towards lower frequencies with respect to that of MgSiO3-bridgmanite

(Mg-br) due to increased molecular weight of Fe3+-br. The high frequency region of

VDOS for the LS state of [Fe3+]Si further shifts towards low frequency due to HS to LS

crossover.

The vibrational contribution to the free-energy was calculated using QHA [120].

Using eq. 4.3, Gibb’s free-energy was calculated separately for HS and LS states. The

calculated low-spin fraction is shown in Fig. 4.5. Orbital degeneracy for the LS state,

mLS , is more likely to be 1 due to octahedron asymmetry. However, in order to assess

the effects of orbital degeneracy variation, the calculated n(P, T ) for mLS = 1 are also

compared with that for mLS = 3. Inclusion of vibrational contribution to free-energy

increases the crossover pressure significantly. n(P, T ) with mLS = 1 and 3 are also

shown in Fig. 4.5(b) and in Fig. 4.5(c), respectively. Overall the pressure-temperature

phase diagram of n(P, T ) for mLS = 1 and 3 are similar except the smaller Clapeyron

slope (dPT /dT ) in the latter case, which shifts the crossover region to the lower pressure

range. Since the broadening of transition at higher temperatures is not affected by the

choice of mLS values, we will continue to use mLS = 1 from here on out. The HS to

LS transition shown here is much broader than that reported by Tsuchiya et al., 2013

[119]. For example, our estimated transition pressure width at 300 K is about ∼8 GPa

which agrees fairly well with the experimental measurements [76, 81, 118], while the

one reported by Tsuchiya et al., 2013 [119] is <2 GPa. These differences become more
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Figure 4.5: ((a) Low-spin fraction (n) of [Fe3+]Si in (Mg0.875Fe0.125)(Si0.875Fe0.125)O3

bridgmanite when vibrational effects are incorporated using quasi-harmonic approxi-
mation [120]. Dashed and solid lines represent the calculations for mLS = 1 and 3,
respectively. Pressure temperature phase diagram for HS to LS transition of [Fe3+]Si
(b) with mLS = 1, and (c) mLS = 3. Solid black curve in (b and c) represents the lower
mantle model geother by Boehler, 2000 [6], while white bar represents the experimental
pressure range at room temperature in which HS to LS transition of [Fe3+]Si is complete
[81].
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prominent at higher temperatures and may be related to the use of different values of

Hubbard U and different techniques for VDOS calculations. The values of U used here

were calculated self-consistently (i.e., starting form a trial LDA + Usc ground state,

self-consistent Usc’s are obtained iteratively), while those reported by Tsuchiya et al.,

2013 [119] were calculated from LDA ground states. Tsuchiya et al., 2013 [119] used a

finite displacement method developed by Alfè, 2009 [122] for VDOS computation and

ignore the calculation of dielectric constant tensor that leads to LO-TO splitting for

polar materials. Moreover, the numerical errors associated with small displacements

may not be quite small. In this work, we have used DFPT + Usc method developed

by Floris et al. 2011 [123] for VDOS computation, which is although computationally

expensive but much more rigorous and effective approach to address lattice dynamical

effects than that of finite displacement method [122]. This method has been successfully

applied to address the lateral displacement of iron (a very delicate and highly debated

phenomenon) and its associated change of Mössbauer quadrupole splitting (QS) in Fe2+-

bearing bridgmanite [79]. Therefore, we believe that calculation of VDOS and its free-

energy contribution using DFPT + Usc method is quite robust.

4.4 Effect of spin transition on volume and bulk modulus

4.4.1 Theoretical predictions

As shown in Fig. 4.5, HS to LS transition of [Fe3+]Si in (Mg,Fe3+)(Si,Fe3+)O3 is quite

sharp in the lower temperature region and broadens significantly at higher temperature.

To understand the elastic consequences of this transition, we used the formalism similar

to [128] to calculate volume and bulk modulus for the mixed state (MS) of the HS and

LS states. The pressure and temperature dependence of volume of the MS state is given

as
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VMS(T, P ) = (1− n)VHS(T, P ) + nVLS(T, P ), (4.8)

where n is the low-spin fraction. The isothermal bulk modulus can be calculated using

KT (T, P ) = −VMS(dP/dVMS) and is given by

VMS

KT
= n

VLS

KLS
T

+ (1− n)
VHS

KHS
T

−(VLS − VHS)
∂n

∂P

∣

∣

∣

∣

T

. (4.9)

The HS to LS transition of [Fe3+]Si goes through volume reduction which pro-

duces anomalous softening in the bulk modulus (K) across the transition region. The

strength of the anomaly depends on the temperature, volume difference (∆V HS→LS =

VLS −VHS), and Gibb’s free energy difference (∆GHS→LS = GLS −GHS). The value of

∆V HS→LS for 1 mol.% of Fe2O3 (i.e., for x = 0.01) is approximately ∼-0.15%, which

agrees well with the previous first-principles calculations [75, 119] and is fairly compara-

ble to the experimental value of ∼-0.2% [118]. This volume reduction produces a quite

significant anomalous softening (∼12%) at 300 K which is smeared out with increasing

temperature due to broadening of the spin transition region (Fig. 3.6b). In spite of clear

volume reduction across the spin crossover, [119] did not consider the anomalous soften-

ing of bulk modulus probably due to very sharp crossover observed in their calculations.

However, owing to the considerable broad HS to LS crossover and noticeable volume

reduction, as evidenced by experimental observations [118], bulk modulus anomalies

may have significant implications for the interpretation of radial and lateral velocity

structures of the lower mantle.

4.4.2 Comparison with experimental measurements

Having calculated the compression curves for (Mg,Fe3+)(Si,Fe3+)O3-bridgmanite, we

compare our results with the available experimental measurements. As shown in fig-

ure 4.7 (a,b,c), our calculated compression curves for pure MgSiO3, (Mg1−xFe
2+
x )SiO3,
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and (Mg1−xFe
3+
x )(Si1−xFe

3+
x )O3 agree well with measurements [81, 110, 111, 114, 115,

133]. Compression curves for 0< x <0.125 are linearly interpolated using x = 0 and

0.125 results. Using enstatite powder, Lin et al., 2012 [76] synthesized bridgmanite

sample (Mg0.9Fe0.1)SiO3 (Br10) that contains Fe
3+/
∑

Fe ≈ 20% in the octahedral sites

(Si-sites) and Fe2+/
∑

Fe ≈ 80% in the pseudododecahedral sites (Mg-sites). Compres-

sion curve for this sample at 300 K was recently measured by Mao et al., 2015 [118]. To

compare with measurements by Mao et al., 2015 [118], we modeled their Br10 sample

as

Br10 = (Mg0.9Fe0.1)SiO3 = a(Mg1−xFe
2+
x )SiO(3)

+ b(Mg1−y−αFe
3+
y )(Si1−yFe

3+
y )O3(1−β). (4.10)

Figure 4.7(c) shows that the presence of [Fe2+]Mg in bridgmanite does not affect the

compression curve significantly. Considering the smaller ionic radius of Fe3+ compared

to that of Fe2+, [Fe3+]Mg may also not affect the compression curve significantly and

dominant changes would be due to the presence of [Fe3+]Si [81]. We calculated the

compression curves for our modeled Br10 with 10%≤Fe3+Si /
∑

Fe≤20% (red curve in

figure 4.7d). Stoichiometric coefficients in equation 4.10 for 10% Fe3+Si /
∑

Fe (lower-

bound) are: a = 0.505, b = 0.505, x = 0.15842, y = 0.019802, α = 0.039604, β =

0.019802, and for 20% Fe3+Si /
∑

Fe (upper-bound) are: a = 0.51, b = 0.51, x = 0.11765,

y = 0.039216, α = 0.078431, β = 0.039217. Figure 4.7(d) shows that compression

curve measured by Mao et al., 2015 [118] (black symbol) tend to agree better with the

calculated values for (Mg0.9Fe
2+
0.1)SiO3 (blue curve) in the lower-pressure range, while in

the higher-pressure range agreement with our modeled Br10 (red curve) is good. This

observation suggests that Fe2+ present in the sample at ambient condition may tend to

transform into Fe3+ with increasing pressure.
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Figure 4.7: 300 K compression curves for (a) MgSiO3, (b) (Mg1−xFe
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2+
x )SiO3 and
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3+
x )(Si1−xFe

3+
x )O3 bridgmanite (red filed-curve in Fig. d). Lower- and upper-

bound of our model are determined by balancing the stoichiometry with 10% Fe3+ and
20% Fe3+ in octahedral site (Si-site), respectively.
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4.5 Geophysical Significance

Bulk moduli of (Mg1−xFe
3+
x )(Si1−xFe

3+
x )O3 interpolated along the lower mantle geotherm

[6] (temperature profile for three relevant model geotherms are displayed in Fig. A.1)

for several Fe3+ concentrations are shown in Fig. 4.8. For x = 0.125, the strength of

bulk modulus softening (about ∼7%) is smaller than that for (Mg,Fe)O (about ∼11%)

reported by Wu et al., 2013 [59] for similar iron concentration. This bulk modulus

anomaly reduces rapidly with decreasing in iron concentration and almost disappear for

x = 0.02. Based on thermodynamics model, Xu et al., 2015 [124] estimated the amount

of Fe3+/
∑

Fe to very small (∼0.01-0.07) in Al-free bridgmanite under lower mantle con-

ditions. Considering this fact, the spin crossover of [Fe3+]Si may not have as noticeable

impact on lower mantle properties as was reported by [61] due the (Mg,Fe)O ferroperi-

clase. Nevertheless, the volume reduction due to HS and LS transition of [Fe3+]Si and

its associated elastic anomalies should be taken into account while constraining the

composition and thermal structure of the Earth’s lower mantle.

4.6 Conclusions

We have presented the first-principles LDA + Usc investigation of the spin transi-

tion in (Mg,Fe3+)(Si,Fe3+)O3 bridgmanite. In order to investigate the system close to

the experimental conditions, the disordered substitution of Fe3+ was considered using

Boltzmann distribution of symmetrically inequivalent configurations of nearest neigh-

bor [Fe3+]Mg-[Fe
3+]Si pairs. Thermal effects were captured properly by calculating the

vibrational contribution to free-energy within quasi harmonic approximation. [Fe3+]Si

undergoes pressure induced high-spin to low-spin state while [Fe3+]Mg remains in the

high-spin state. Disordered distribution of Fe3+ does not seem to affect the HS to
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LS crossover significantly. The transition pressure increases with increasing Fe3+ con-

centration which is consistent with the experimental observations [76, 118]. The spin

crossover is also accompanied by significant volume reduction and anomalous decrease

of the bulk modulus across the crossover region. Further investigations regarding the

effect of spin transition on the elastic properties such as adiabatic bulk moduli, shear

moduli, and acoustic velocities would be needed to better understand the the thermal

structure and the composition of the Earth’s lower mantle.



Chapter 5

Thermoelasticity of Fe2+-bearing

bridgmanite

In this chapter, we present LDA+U calculations of high temperature elastic properties

of bridgmanite with composition (Mg(1−x)Fe
2+
x )SiO3 for 0 ≤ x ≤ 0.125. Results of

elastic moduli and acoustic velocities for the Mg-end member (x=0) agree very well

with the latest high pressure and high temperature experimental measurements. In the

iron-bearing system, we focus particularly on the change in thermoelastic parameters

across the state change that occurs in ferrous iron above ∼30 GPa, often attributed

to a high-spin (HS) to intermediate spin (IS) crossover but explained by first princi-

ples calculations as a lateral displacement of substitutional iron in the perovskite cage.

We show that the measured effect of this change on the equation of state of this sys-

tem can be explained by the lateral displacement of substitutional iron, not by the

HS to IS crossover. The calculated elastic properties of (Mg0.875Fe
2+
0.125)SiO3 along an

adiabatic mantle geotherm, somewhat overestimate longitudinal velocities but produce

densities and shear velocities quite consistent with Preliminary Reference Earth Model

data throughout most of the lower mantle.

79
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5.1 Introduction

Thermoelastic properties of lower mantle minerals provide a direct link to seismolog-

ical observations. In order to constrain the composition and thermal structure of the

Earth’s lower mantle, a detailed investigation of elastic properties of the constituent

minerals is needed. Bridgmanite, (Mg,Fe,Al)(Si,Fe,Al)O3 perovskite (Pv), is the main

constituent of the lower mantle along with ferropericlase, (Mg,Fe)O, CaSiO3 perovskite,

and (Mg,Fe,Al)(Si,Fe,Al)O3 post-perovskite (PPv). Although there has been consider-

able progress in measurements of elastic properties of these minerals at high pressures

and temperatures [65, 67, 69, 114, 110, 111, 112, 129, 130, 131, 132, 133, 134, 135, 136],

owing to extreme pressure and temperature conditions in the lower mantle the avail-

ability of data on Fe-bearing bridgmanite is quite limited to well constrain lower mantle

composition and temperature. Several experiments and first-principles calculations have

shown that pressure induced iron spin crossover [52, 55, 63, 76] affects elastic proper-

ties of (MgFe)O ferropericlase (fp) [53, 56, 57, 58, 59, 61, 62, 128]. In the case of

iron-bearing bridgmanite, effects of spin crossover on elastic properties have been quite

uncertain due to possible coexistence of ferrous (Fe2+) and ferric (Fe3+) iron along with

the more complex perovskite crystal structure. Experimentally, it has been difficult to

isolate the effects of ferrous and ferric iron unambiguously.

Acoustic velocity measurements using ultrasonic technique [111] and compression

curve measurements [110] in iron-bearing bridgmanite, demonstrated a significant change

in bulk modulus across the state change in iron. By fitting experimental data with 3rd-

order Birch-Murnaghan equation of state to small (0-40 GPa) and large (0-75 GPa)

pressure ranges, Boffa-Ballaran et al., 2012 [110] found ambient condition bulk modu-

lus smaller (245 GPa) and larger (253 GPa), respectively. Since these fitting pressure

ranges had no effect on the iron-free phase, Boffa-Ballaran et al., 2012 [110] attributed

this behavior to change in compression mechanism caused by the high-spin (HS) to
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Fe2+

Figure 5.1: Atomic structure Fe2+-bearing MgSiO3 bridgmanite phase. Fe, Mg, O, and
Si are represented as purple, orange, red, and blue sphere, respectively.

intermediate-spin (IS) crossover [77]. However the HS to IS crossover has not been

found in first-principle studies [60, 72, 74, 75]. Using the local density approximation

augmented by the Hubbard type correction (LDA+U) method, Hsu et al., 2010 [74]

showed that iron in Fe2+-bearing bridgmanite should remain in the HS state throughout

the lower mantle and should, instead, undergo a pressure induced displacement produc-

ing a state with increased iron Mössbauer quadrupole splitting (QS). The calculated low

(1.9-2.4 mm/s) and high (3.3-3.9 mm/s) QS states were consistent with experimental

measurements [76, 77, 116, 117]. Owing to lack of sufficient experimental measurements

on elasticity of iron-bearing bridgmanite, effects of the proposed HS to IS crossover [77]

or iron displacement [60, 72, 74, 75] have not been properly understood. To clarify

this issue we have calculated the high temperature and high-pressure elastic moduli

and acoustic velocities of (Mg1−xFex)SiO3 for x=0 and x=0.125, with iron in low- and
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high-QS states. We also compare the effects of the HS to IS transition [60] in the static

equation of state of Fe2+-bearing bridgmanite.

Unlike in (MgFe3+)(SiFe3+)O3 [75], the high-spin (HS) to low-spin (LS) transition in

(MgFe2+)SiO3 has not been found in the lower-mantle pressure range using the LDA+U

method [60, 74]. However, there have been several studies suggesting that HS to LS

transition might occur at around ∼ 90 GPa [63, 64, 66, 68, 77, 76, 125] and might

have consequences for the vibrational spectrum [137]. Recently Zhang et al., 2014 [138]

found that iron-bearing bridgmanite dissociates into nearly iron-free phase and into

an iron-rich hexagonal silicate phase in the deep lower mantle. As the dissociation

phase boundary is still not well known, we present results for elasticity of Fe2+-bearing

bridgmanite with constant iron concentration in the entire pressure range of the lower

mantle.

5.2 Method and Calculation Details

We have used density functional theory (DFT) within the local density approximation

(LDA) [18] augmented by the Hubbard U (LDA+U) calculated self-consistently [10,

11, 12]. Ultrasoft pseudo-potentials [28] have been used for Fe, Si, and O. For Mg,

a norm-conserving pseudo-potential generated by von Barth-Car’s method has been

used. A detailed description about pseudo-potentials is available in [125]. The plane-

wave kinetic energy and charge density cut-off are 40 Ry and 160 Ry, respectively.

Structural optimization at arbitrary volumes has been performed using variable cell-

shape damped molecular dynamics [13, 14]. Self- and structurally-consistent Usc=3.1

eV, reported by [74] using the linear response approach [10, 11], has been used for high-

spin low-QS and high-QS iron. Vibrational density of states (VDoS), needed to calculate

free energy within quasi-harmonic approximation (QHA) [120], have been calculated

using density functional perturbation theory (DFPT) [121] using the LDA+U functional
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[123]. (Mg1−xFex)SiO3 for x=0 and 0.125 have been investigated in a 40-atom super-

cell. Elastic properties for 0<x<0.125 are linearly interpolated using x=0 and x=0.125

results. Electronic states have been sampled on 2× 2× 2 Monkhorst-Pack k-point grid

shifted by (1/2, 1/2, 1/2) from the Brillouin Zone origin. VDoS have been obtained

by calculating dynamical matrices on a 2 × 2 × 2 q-point grid and interpolating the

obtained force constants on a 8×8×8 q-point grid. The structure for x=0, and x=0.125

with high-QS state have been optimized at twelve pressures between -10 and 150 GPa.

The low-QS structure has been optimized up to 60 GPa only. Beyond this pressure

unstable phonons appear. To obtain static elastic coefficients (zero temperature), Cij,

at each pressure, positive and negative strains of 1% magnitude have been applied and

after relaxing the internal degrees of freedom, associated stresses have been calculated.

Thermoelastic moduli have been calculated using a semi-analytical approach [51]. This

method uses an analytical expression for strain Grüneisen parameters to calculate the

thermal contribution to elastic coefficients using the quasi-harmonic approximation.

This method allows calculations of thermal elastic coefficients using static values and

vibrational density of states for unstrained configurations only. It is almost two orders

of magnitude more efficient than the fully numerical method [48, 50], which required

vibrational density of states also for strained configurations. It also appears to be more

accurate since it avoids numerical differentiation on a reduced number of grid points as

well as calculations of VDoS and free energies for strained configurations. The method

has been applied successfully to several minerals already [51, 139, 140]. Calculations

have been performed using VLab cyberinfrastructure at the Minnesota Supercomputing

Institute [127].
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Figure 5.2: Pressure and temperature dependence of elastic moduli and sound velocities
for (Mg1−xFe

2+
x )SiO3 with x=0 and 0.05 (a, b), and of dM/dx (M= KS, G, VP , VS) (c,

d). Solid (dashed) lines represent first-principles results within (outside) the validity of
quasi-harmonic approximation. BS: Brillouin scattering, US: Ultrasonic technique.
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5.3 Results and Discussion

5.3.1 Elasticity of Iron-free and Fe2+-bearing Bridgmanite

The calculated aggregate elastic moduli, K and G, and acoustic velocities, VP and

VS , of iron-free bridgmanite compare well with Brillouin scattering measurements of

[135, 136] as shown in Fig. 5.2(a) and 5.2(b). Within experimental uncertainties,

ultrasonic measurements of [65] and [111] also compare well with our results. Table 5.1

compares calculated elastic properties at zero pressure and 300 K with measurements

and simulations at ambient conditions. As compared to experimental measurements,

our calculated volume is overestimated by ∼ 0.5% while elastic moduli and acoustic

velocities are underestimated by ∼ 1-3% , which is typical for LDA calculations after

including zero-point energy [48, 50]. Calculated pressure derivatives of elastic moduli,

K′ and G′, are 3.96 and 1.79, respectively. Our K′ agrees reasonably well with previous

studies while G′ compares well with those reported by Sinnelnikov et al., 1998 [132] and

Zhang et al., 2013 [141]. Comparing acoustic velocities and elastic moduli at higher

temperatures, especially shear velocities and shear moduli at 2,700 K by Murakami

et al., 2012 [136], we find that the temperature dependence of elastic properties has

been captured well. As shown in Fig. 5.3, our calculated dKS

dT and dG
dT are smaller

in magnitude compared to values obtained by ultrasonic [65, 129, 132] at 0 GPa and

Brillouin scattering measurements [111] at 22 GPa. Calculated values of dKS

dT compare

well with those of previous calculations [50, 141, 142, 143]. Calculated dG
dT agrees well

with Brillouin scattering measurements by Murakami et al., 2012 [136] and non-self

consistent calculation by Marton and Cohen, 2002 [143] but differs substantially from

that of Wentzcovitch et al., 2004 [50], Zhang et al., 2013 [141], and Oganov et al., 2001

[142].
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The semi-analytical method used here had produced well the temperature depen-

dence of elasticity for all applied materials [51, 139, 140]. This method has also produced

slightly better results for MgO [51] than the fully numerical method [48, 50]. This is

because this method avoids calculations of vibrational frequencies in strained config-

urations and numerical errors associated with finite difference calculations of elastic

coefficients.

The elastic moduli and acoustic velocities of iron-bearing bridgmanite at lower man-

tle pressures are also shown in Fig. 5.2. To compare with measurements of Boffa-

Ballaran et al., 2012 [110] and Chantel et al., 2012 [111] in the iron-bearing phase, we es-

timated elastic properties for 0<x<0.125 by linearly interpolating our calculated results

for x=0 and x=0.125. The calculated volume at ambient conditions is in agreement with

measurements by Boffa-Ballaran et al., 2012 [110] for x=0.04 and is smaller by ∼2%

when compared with measurements by Chantel et al., 2012 [111] for x=0.05 (Table 5.1).

As shown in Fig. 5.2(b), comparison of calculated acoustic velocities, VP and VS , for

x=0.05 with the only available experimental measurements for (Mg0.95Fe
2+
0.04Fe

3+
0.01)SiO3

[111] is also good except for the shear velocity data in the lower pressure range. As

seen in Fig. 5.2 (c) and (d) and in Table 5.1, the presence of iron has very little to no

effect on bulk modulus, KS , but shear modulus G softens by ∼2 to 6%, consistent with

previous static first-principles studies [114, 144]. The effect of iron on the temperature

dependence of acoustic velocities and elastic moduli is not very significant (see Fig. 5.2).

5.3.2 Effect of Pressure Induced Iron Displacement on Elasticity

We have investigated the elastic consequences of the pressure induced iron displacement

[60, 74] by calculating thermal elastic moduli and acoustic velocities for x=0.125 with

iron in low-QS and high-QS sites. The low-QS structure is stable up to 60 GPa in

LDA+U calculations. Above this pressure unstable phonon modes start appearing. As



87

-4

-3

-2

-1

 0

            

dK
S
/d

T
 (

10
-2

 G
P

a/
K

)

 

(a)

300K 700K
1200K 2700K

4000K

Simulations at TM=2500K
Oganov et al. [2001b]
Marton and Cohen [2002]
Wentzcovitch et al. [2004]
Zhang et al. [2013] (LDA) 
Zhang et al. [2013] (GGA) 

-4

-3

-2

-1

 0

 0  30  60  90  120  150

dG
/d

T
 (

10
-2

 G
P

a/
K

)

Pressure (GPa)

(b)

Experiments
Sinnelnikov et al. [1998] at 300K
Aizawa et al. [2004] at 300K
Li and Zhang [2005] at 300K
Chantel et al. [2012] at TM=500K
Murakami et al. [2012] at TM=1500K

Figure 5.3: Pressure and temperature dependence of (a) dKS

dT , and (b) dG
dT for iron-free

bridgmanite. Results from this study (lines) are compared with previous simulations
(black symbols) and experimental data (red symbols). The values of dKS

dT and dG
dT ob-

tained from previous simulations [50, 141, 142, 143] and experimental measurements
[111, 136] shown here are calculated at the midpoint between extreme temperatures

[i.e., dM(P,TM )
dT =M(P,T2)−M(P,T1)

T2−T1
, where TM = T1+T2

2 and M=(KS , G)]. Error bars on
Oganov et al., 2001 [142] and Marton and Cohen, 2002 [143] results are reproduced
from Zhang et al., 2013 [141], while on Wentzcovitch et al., 2004 [50] and Zhang et al.,
2013 [141], they are smaller than the symbols size.
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Table 5.1: Volume, sound velocities, elastic moduli and their pressure derivatives at
ambient pressure and temperature conditions. BS: Brillouin scattering, US: Ultrasonic,
XRD: X-ray diffraction.
V (Å3) x VP (km/s) VS(km/s) KS(GPa) G(GPa) K ′ G′ References

163.2 0 10.72 6.42 245.5 168.2 3.96 1.79 This study, single crystal/LDA
163.3 0.05 10.63 6.34 245.8 167.02 4.03 1.79 This study, single crystal/LDA+U

(Low-QS)
162.3(0.6) 0 11.04 6.57 264(5) 177(4) - - [131], sinlge-crystal/BS
162.3 0 - 6.51 - 176(5) - 1.8(0.4) [132], poly-crystal, US
162.4(0.5) 0 10.84(0.1) 6.47(0.06) 253(5) 173(3) - - [134], poly-crystal/BS
162.4(0.5) 0 10.88(0.06) 6.54(0.03) 253(3) 175(2) - - [134], sinlge-crystal/BS
162.3 0 10.86(0.05) 6.49(0.04) 253(2) 173(1) 4.4(0.1) 2.0(0.1) [65], poly-crystal/US
- 0 10.85(0.03) 6.49(0.03) - 172.9(1.5) - 1.56(0.04) [136], poly-crystal/BS
162.2(0.2) 0 10.82(0.06) 6.54(0.04) 247(4) 176(2) 4.5(0.2) 1.6(0.1) [111], poly-crystal/US
166.5(0.2) 0.05 10.60(0.06) 6.46(0.04) 236(2) 174(1) 4.7(0.1) 1.56(0.5) [111], poly-crystal/US
162.4 0 - - 267 180 4.10 - [142], Simulations
162.49 0 - - 269(2) 159(2) - - [143], Simulations
162.4 0 - - 250.5 172.9 4.01 1.74 [141], Simulations

Compression
Studies

V (Å3) KT K ′

162.3 0 259.5 3.69 [133]
162.4 0 248.8 4 [130]
162.7 0.05 255.4 4 [130]
164.1 0 247 3.97 [145], Simulations
162.30 0 255-261 4 [114]
162.18 0.09 257-259 4 [114]
163.30 0.15 257-259 4 [114]
163.09(0.06) 0.04 253(2) 3.99(0.07) [110], (0-75 GPa)
163.16(0.06) 0.04 245(4) 4.4(0.03) [110], (0-40 GPa)
166.5(0.2) 0.05 246(2) 4 [111],
163.0 0.09 251(13) 4 [112]

shown in Fig. 5.4, vibrational density of states (VDoS) for x=0 and for x=0.125 with

iron in the high-QS and low-QS sites are not very different except for a small shift

towards lower frequencies owing to the presence of iron. However, there is an extra

peak at ∼ 150 cm−1 in the VDoS if iron is in the low-QS site. It is worth noting

that the vibrational mode associated with this extra peak in the low-QS structure is

infra-red active while the same mode is infra-red inactive in the high-QS structure.

This information may provide a crucial test to investigate the state of ferrous iron in

bridgmanite.

The effect of iron displacement (low-QS to high-QS transition) on unit-cell volume,

acoustic velocities, and elastic moduli of iron-bearing bridgmanite with x=0.125 is shown

in Fig. 5.5. To quantify the magnitude of the property change, we define the contrast
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Figure 5.4: Vibrational density of states (VDoS) at P = 0 for iron-free bridgmanite
using LDA, and for low and high QS state of (Mg0.875Fe

2+
0.125)SiO3 using LDA + Usc.

Table 5.2: Calculated equation of state parameters for Low-QS, High-QS, and combined
results at 30 GPa for low-QS and high-QS fitted with different pressure range.

300K 700K

V (Å3) KT K′ V (Å3) KT K′

Low-QS 163.81 247.16 4.05 165.62 234.05 4.12
High-QS 163.64 248.90 3.97 165.44 236.44 4.03
Combined data (0-150 GPa) 163.81 245.59 4.02 165.62 233.93 4.06
Combined data (0-90 GPa) 163.87 243.41 4.09 165.67 232.32 4.11
Combined data (0-75 GPa) 163.93 241.25 4.15 165.68 232.29 4.12
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∆ in a particular property M as ∆M =
Mhigh−QS−Mlow−QS

Mlow−QS
× 100. As shown in Fig. 5.5,

the volume contrast is very small (∼0.1%), consistent with Boffa-Ballaran et al., 2012

[110] and Lundin et al., 2008 [114], and is unlikely to be detected in experiments.

The contrast in bulk modulus, KS, and acoustic velocities, VP and VS , are also small.

However, the shear modulus contrast is about ∼0.5-1.5%. This change in G, was also

suggested by Boffa-Ballaran et al., 2012 [110] using spontaneous strain analysis. To

investigate the fitting pressure-range behavior observed by Boffa-Ballaran et al., 2012

[110] and Chantel et al., 2012 [111] the calculated results for low-QS and high-QS

have been combined at 30 GPa, the pressure above which the HS to IS crossover was

proposed by McCammon et al., 2008 [77] and Potapkin et al., 2013 [117]. The 3rd-order

Birch-Murnaghan equation of state was used to fit these combined results. As shown in

Table 5.2, depending on the pressure-range of the combined results, an isothermal bulk

modulus softening of ∼3 to 7 GPa has been found. This softening, however, reduces

with increasing temperature.

Intermediate spin (IS) states of the iron in Fe2+-bearing bridgmanite are energet-

ically unfavored in the lower mantle pressure-range [60, 74] and phonon calculations

have been extremely difficult for these states. To understand the overall trend of fit-

ting parameters of combined low-QS and IS data, we have used static data for low-QS

state and IS state with QS value 0.9-1.6 mm/s [60]. The static bulk modulus at zero

pressure for low-QS and IS states are 263.2 GPa and 254.1 GPa, respectively. When

static low-QS and IS results have been combined at 30 GPa and fitted within different

pressure-ranges of 0-150 GPa and 0-120 GPa, static bulk modulus of the combined fit

are 305 GPa and 348.7 GPa, respectively. The fitting pressure-range trend of combined

low-QS and high-QS is the same as that observed by Boffa-Ballaran et al., 2012 [110]

and Chantel et al., 2012 [111] while of combined low-QS and IS states the fitting trend is

opposite. These findings substantiate our understanding that ferrous iron in perovskite
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remains in the HS state in the lower mantle pressure range, but instead, undergoes a

horizontal displacement in the perovskite cage which results in an increase in Mössbauer

quadrupole splitting.

5.4 Geophysical Significance

As shown in Fig. 5.6, elastic moduli (KS , G), acoustic velocities (VP , VS), and densities

(ρ) are calculated along the Boehler’s geotherm [6] (temperature profile for three relevant

model geotherms are displayed in Fig. A.1) using new [51] and previous [48, 50] methods

and the results are compared with seismic values from the Preliminary Reference Earth

Model (PREM) [1]. Owing to the smaller magnitude of dG
dT obtained here, present

results for G and Vs differ more from previous results by Wentzcovitch et al., 2004

[50] in the deep lower mantle region, where temperatures are higher. This difference is

sufficient to alter conclusions regarding mantle composition. Inclusion of 12.5% Fe2+

in MgSiO3 perovskite produces good agreement of ρ, VS , and G with PREM values

(Fig. 5.6c,d). Therefore, comparison of calculated VS with PREM’s VS may indeed

suggest a more perovskitic lower manle [136]. However, relatively large values of KS

and VP are found, suggesting that the lower mantle may accommodate a reasonable

amount of ferropericlase, (MgFe)O, and CaSiO3 pereovskite as previously indicated

[50]. Resolving whether the lower mantle composition is pyrolytic or perovskitic still

needs more detailed investigations of the effect of Al2O3 and Fe2O3 on the elasticity

of bridgmanite along with the elasticity of CaSiO3 perovskite. Ultimately, the analysis

of one dimensional velocity profiles might be too limited to address this question more

conclusively. Analysis of lateral heterogeneities, including effects of spin crossovers in

(MgFe)O and in bridgmanite might prove more useful to address this question.
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5.5 Conclusions

We have presented first-principles LDA + Usc calculations of aggregate elastic moduli

and acoustic velocities for Fe2+-bearing bridgmanite at lower mantle conditions. Using

the new semi-analytical approach for high temperature elasticity [51], we find an un-

expected difference of temperature gradients with respect to previous fully numerical

calculations [50] also based on the quasi-harmonic approximation. New results for dG
dT

and dVS

dT for iron-free bridgmanite are in good agreement with the latest high temperature

high pressure measurements of these quantities by Murakami et al., 2012 [136], which

also differ from previous calculations and previous experiments. Overall, it appears

that pressure and temperature gradients of bulk and shear moduli are better estimated

now. Calculated acoustic velocities for iron-bearing bridgmanite also agree well with

ultrasonic measurements of Chantel et al., 2012 [111]. We do not find any significant

effect of iron-site change (low-QS to high-QS) on sound velocities and elastic moduli,

except for ∼1% increase in shear modulus, consistent with findings by Boffa-Ballaran

et al., 2012 [110]. Effects of fitting combined data for low-QS and high-QS states on

elastic properties are consistent with previously observed fitting pressure-range behavior

[110, 111]. Calculated shear modulus and shear velocities of bridgmanite along a typical

mantle geotherm are qualitatively more consistent with PREM values now compared

with previous first principles results [50]. Differences in bulk modulus and longitudinal

velocities remain noticeable.



Chapter 6

Thermoelasticity of Al3+ and

Fe3+-bearing bridgmanite

In this chapter, we present a quasi-harmonic local density approximation augmented by

the Hubbard type correction (LSDA+Usc) calculations of thermoelastic properties of

ferric iron (Fe3+)- and aluminum (Al3+)-bearing bridgmanite (MgSiO3 perovskite), the

main Earth forming phase, at relevant pressure and temperature conditions and com-

positions. Three charge-coupled substitutions, namely, [Al3+]Mg-[Al
3+]Si, [Fe3+]Mg-

[Fe3+]Si, and [Fe3+]Mg-[Al
3+]Si have been investigated. Aggregate elastic moduli and

sound velocities are successfully compared with limited experimental measurements

available. In the case of [Fe3+]Mg-[Fe
3+]Si substitution, the pressure induced high-spin

(S=5/2) to low-spin (S=1/2) transition of [Fe3+]Si passes through a volume collapse

and produces elastic anomalies across the transition region. However, this spin tran-

sition and associated anomalies would disappear with the presence of aluminum as in

[Fe3+]Mg-[Al
3+]Si substitution. Calculated elastic properties along a lower mantle model

geotherm suggests that overall elastic features of simultaneous substitution of Fe2O3 and

Al2O3 in MgSiO3 are similar to that of (Mg,Fe2+)SiO3 bridgmanite.

95
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6.1 Introduction

Aluminum (Al) and iron (Fe)-bearing bridgmanite (br), (Mg,Fe,Al)(Si,Fe,Al)O3 per-

ovskite, is the dominant mineral of the Earth’s lower mantle along with (Mg,Fe)O fer-

ropericlase (fp), CaSiO3 perovskite, and (Mg,Fe,Al)(Si,Fe,Al)O3 post-perovskite (PPv).

In order to unravel the composition and thermal structure of the lower mantle, a very

good estimate of thermal and elastic properties of these constituents minerals is re-

quired. In spite of the considerable experimental [65, 67, 69, 114, 110, 111, 112, 129,

130, 131, 132, 133, 134, 135, 136] and computational effort [48, 49, 50, 51, 57, 59, 79,

80, 128, 141, 142, 143, 144, 145], the available data on high pressure and high temper-

ature elastic properties of these minerals is still quite limited due to ack of sufficient

understanding of the physics and chemistry of these minerals under extreme pressure

and temperature conditions typical of the Earth’s lower mantle. In the case of Al- and

Fe-bearing bridgmanite (br), the elasticity data base is even more limited due to un-

certainties associated with the possible coexistence of ferrous (Fe2+) and ferric (Fe3+)

iron and their pressure induced state change. Moreover, the uncertainties associated

with the site occupancy of aluminum and iron in the perovskite structure make the

measurements and calculations of elastic properties of Al- and Fe-bearing bridgmanite

even more challenging.

It has been shown that the iron in (Mg,Fe)O ferropericlase undergoes a pressure

induced spin crossover from high-spin (S=2) to low-spin (S=0) state and affects elastic

properties [52, 53, 55, 56, 57, 58, 59, 61, 62, 63]. Similarly, the ferric iron at Si-site,

[Fe3+]Si, in the Fe-bearing bridgmanite also goes through the pressure induced high-

spin (S=5/2) to low-spin (S=1/2) state change [3, 63, 73, 75, 76, 81, 101, 113, 118,

119, 124]. In Chapter 4, it has been shown that the spin-state change of [Fe3+]Si also

goes through a noticeable volume collapse across the transition region producing the

anomalous softening of the bulk modulus. These anomalies may have significant impact
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(b)(a) (c)

Fe3+-Fe3+Al3+-Al3+ Fe3+-Al3+

 Fe     Al     Mg     Si     O

Figure 6.1: (a) Atomic structure of Al3+- and Fe3+-bearing bridgmanite with charge-
coupled substitutions (a) [Al3+]Mg-[Al

3+]Si, (b) [Fe3+]Mg-[Fe
3+]Si, and (c) [Fe3+]Mg-

[Al3+]Si. Fe,Al, Mg, Si, and O are represented as purple, green, orange, blue, and red
sphere, respectively.

on the lower mantle properties. Experimental observations on Al-bearing bridgmanite

(Al3+-br) suggest that Al3+ occupies the lattice through charge-coupled substitutions as

[Al3+]Mg-[Al
3+]Si [67, 69, 130]. In the case of simultaneous substitution of Al3+ and Fe3+

in bridgmanite (Fe3+-Al3+-br), Hsu et al., 2012 [88] reported that [Fe3+]Mg-[Al
3+]Si

substitution is energetically favored, wherein [Fe3+]Mg remains in the HS state (S=5/2)

in the entire lower mantle pressure range. Owing to the extremely high pressure and

temperature conditions, experimental observations of the anomalous nature of elastic

moduli and acoustic velocities of Fe3+-bearing bridgmanite are still not available. In

an effort to understand the elastic consequences of spin-state transition of [Fe3+]Si, a

first-principles calculation for thermoelastic properties of the Fe3+-br and Al3+-br is

presented here.
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6.2 Computational details

Owing to the strong correlation of iron’s 3d electrons, we have used the density func-

tional theory augmented by the Hubbard type correction (DFT+U method) within the

local density approximation (LDA) [18]. Three charge-coupled substitutions of Al3+

and Fe3+ (shown in Fig. 6.1): (Mg1−xAlx)(Si1−xAlx)O3, (Mg1−xFex)(Si1−xFex)O3, and

(Mg1−xFex)(Si1−xAlx)O3 bridgmanite for x = 0.125 have been investigated. Elastic

moduli and density for other concentration in the range 0<x<0.125 have been linearly

interpolated using the calculated data for x = 0 and x = 0.125. All calculations are

performed in a 40-atom super-cell. Ultrasoft pseudo-potentials [28] have been used for

Al, Fe, Si, and O. For Mg, a norm-conserving pseudo-potential generated by von Barth-

Car’s method has been used. A detailed description of these pseudo-potentials has been

reported by Umemoto et al., 2008 [125]. The plane-wave kinetic energy and charge den-

sity cut-off are 40 Ry and 160 Ry, respectively. For all three configurations mentioned

above, the electronic states have been sampled on a shifted 2×2×2 k-point grid [20]. The

equilibrium geometry at any arbitrary pressure has been optimized using the variable

cell-shape damped molecular dynamics (VCS-MD) [13, 14]. Thermal effects have been

addressed within the quasiharmonic approximation (QHA). The vibrational density of

states (VDOS) for QHA have been computed using the density functional perturbation

theory (DFPT) [123] within the LDA+Usc approximation for the exchange-correlation

energy functional.

Aggregate elastic moduli and acoustic velocities were calculated for [Al3+]Mg-[Al
3+]Si,

Fe3+]Mg-[Fe
3+]Si, and [Fe3+]Mg-[Al

3+]Si substitutions usingWu andWentzcovitch method

[51]. For this purpose, equilibrium structures were obtained at 10-12 pressure points in

the relevant pressure-range and dynamical matrices at each pressure points were cal-

culated using DFPT in a 2 × 2 × 2 q-point grid. Thus obtained force constants from

dynamical matrices were interpolated in a 8 × 8 × 8 q-point grid to obtain VDOS. In
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Fig. 6.2, representatives of the calculated VDOS for each substitutions and their com-

parison with that of pure MgSiO3 bridgmanite (Mg-br) at 0 and 90 GPa are shown. By

increasing the pressure, inter-atomic forces become stronger resulting in the spread of

VDOS to larger frequency range (Fig. 6.2 a’, b’, and c’). The static (zero temperature)

elastic constants, Cstatic
ijkl , needed for Wu and Wentzcovitch method, were obtained at

each pressure point by applying small ±1% strains (this choice for the value of ap-

plied strain is small enough to maintain the linear regime for stress and strain relation

σij =
∑

Cijklǫkl and large enough to avoid numerical errors) and calculating the associ-

ated stresses after relaxing the internal degrees of freedom. Owing to the orthorhombic

crystal symmetry, bridgmanite mineral has nine independent elastic constants (i.e., C11,

C22, C33, C44, C55, C66, C12, C13, C23 in Voigt notation) and the aggregate bulk (K)

and shear modulus (G) have been estimated by computing Voigt-Reuss-Hill averages.

Using the values of K and G along with the high temperature equation of states (for

density, ρ), we obtained the pressure and temperature dependent acoustic velocities

(compressional velocity, VP , shear velocity, VS , and bulk velocity, VΦ).

6.3 Results and discussion

6.3.1 Elasticity of [Al3+]Mg-[Al3+]Si-bearing bridgmanite

The pressure dependence of elastic moduli, acoustic velocities, and density for pure

MgSiO3 and Al-bearing bridgmanite at several temperatures are shown in Fig. 6.3.

A very good agreement with the experimental measurements of our calculated elastic

moduli and acoustic velocities for pure MgSiO3 bridgmanite (Mg-br) [65, 111, 135],

especially shear velocities and shear moduli at 2700 K by Murakami et al., 2012 [136]

(Fig. 6.3 a, a′), shows that our first-principles calculations provide a robust estimate

for elastic properties of minerals at the extreme pressure and temperature conditions
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typical of the Earth’s lower mantle. Our calculated data for (Mg−1xAlx)(Si1−xAlx)O3

bridgmanite with x = 0.05 at 300 K also compare very well with the room temperature

experimental measurements by Jackson et al., 2005 [69] and Murakami et al., 2012

[136] for Al-bearing sample that contains ∼5 wt% and ∼4 wt% of Al2O3, respectively

(Fig. 6.3 b, b′). Overall trend of Al2O3 substitution at 300 K is consistent with the

previous experimental observations[67, 69, 136].

6.3.2 Elasticity of [Fe3+]Mg-[Fe
3+]Si and [Fe3+]Mg-[Al3+]Si-bearing bridg-

manite

Having successfully calculated the elastic properties for pure and Al-bearing bridgman-

ite, we now investigate the elastic consequences of the pressure induced high-spin (HS)

to low-spin (LS) transition of [Fe3+]Si in (Mg1−xFex)(Si1−xFex)O3. For this purpose,

we calculate the elastic properties of the system in the mixed spin (MS) state of pure

HS and LS state by extending the approach of Wu et al., 2013 [59]. The molar Gibb’s

free energy for the system (under stress σ) in the MS state is given by

G(P, T, n, σ) = nGLS(P, T, σ) + (1− n)GHS(P, T, σ) +Gmix(P, T, σ), (6.1)

where n(P, T, σ) is the low-spin fraction (eq. 4.7), T is temperature, P is pressure,

GLS/HS is the free energy for pure HS/LS state, and Gmix is the mixing free energy for

ideal solid solution of HS and LS states of [Fe3+]Si. Then, the elastic compliances Sij

can be calculated as

Sij = − 1

V

∂2G

∂σi∂σj

∣

∣

∣

∣

P,T

. (6.2)

The derivative of G with respect to σ is computed from eq. 6.1

∂G

∂σi
= n

∂GLS

∂σi
+ (1− n)

∂GHS

∂σi
+ (GLS −GHS)

∂n

∂σi
+
∂Gmix

∂σi
. (6.3)
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However, at equilibrium

∂G

∂n
=

[

(GLS −GHS)
∂n

∂σi
+
∂Gmix

∂σi

]

∂σi
∂n

= 0. (6.4)

In eq. 6.4, the derivative ∂σi

∂n 6= 0 ensures that

(GLS −GHS)
∂n

∂σi
+
∂Gmix

∂σi
= 0. (6.5)
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Figure 6.4: Pressure and temperature dependence of low-spin fraction, n(P,T), of
[Fe3+]Si in (Mg1−xFex)(Si1−xFex)O3 bridgmanite with x = 0.125.

Elastic compliances for the system in MS state are

SijV = nSij
LSVLS + (1− n)Sij

HSVHS +

(

∂GHS

∂σi
− ∂GLS

∂σi

)

∂n

∂σj
, (6.6)

where volume V in MS state is calculated using V = nVLS +(1−n)VHS. The last term

in the above equation (6.6) is responsible for the elastic anomalies due the HS to LS

transition. Using the relation

∂

∂σi
≡ ∂

∂P

∂P

∂σi
=

1

3

∂

∂P
, (6.7)
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for i = 1 − 3 and assuming that the response of low-spin fraction to the shear stress

is negligible, i.e., ∂n
∂σ4

= ∂n
∂σ5

= ∂n
∂σ6

≈ 0, the elastic compliances for the orthorhombic

system are:

SijV = nSij
LSVLS + (1− n)Sij

HSVHS − 1

9
(VLS − VHS)

∂n

∂P
(6.8)

for i, j = 1− 3 and

SiiV = nSii
LSVLS + (1− n)Sii

HSVHS (6.9)

for i = 4 − 6. The elastic constants, Cij , are obtained by inverting the compliance

matrix S:

Cij =
[

S−1
]ij
. (6.10)

The pressure and temperature dependence of calculated low-spin fraction, n(P, T ),

of [Fe3+]Si in (Mg1−xFex)(Si1−xFex)O3 bridgmanite for x = 0.125 is shown in Fig. 6.4.

Fig. 6.5(a,a’) depicts the calculated elastic moduli, acoustic velocities, and density for

x = 0.05. The HS to LS transition of [Fe3+]Si produces anomalous softening in the bulk

modulus (K) across the transition region and this anomalous behavior is also reflected in

the compressional (VP ) and the bulk velocity (VΦ). The strength of anomaly depends

on the temperature, volume difference (∆V HS→LS = VLS − VHS), and Gibb’s free

energy difference (∆GHS→LS = GLS −GHS). The value of ∆V
HS→LS per 1% of Fe2O3

(i.e., for x = 0.01) is approximately ∼-0.15% (Fig. 4.6), which is in good agreement

with the previous first-principles calculations [75, 119] and is fairly comparable to the

experimental value of ∼-0.2% [118]. This volume reduction causes a quite significant

anomalous softening (∼12% at 300 K) in the bulk modulus while the shear modulus

increases only in small amount (∼0.5% at 300 K) across the transition region.

Effects of aluminum (Al) on the spin transition of Fe3+ was previously studied

by Hsu et al., 2012 [88] using first-principles static calculations within the LDA+Usc



105

 200

 400

 600

 800

 1000

            

E
la

s
ti

c
 M

o
d

u
li
 (

G
P

a
)

 

K

G

(a)

300K

700K

1200K

2700K

4000K

 4

 6

 8

 10

 12

 14

 16

 0  30  60  90  120  150
Pressure (GPa)

(a’)

 0  30  60  90  120  150
Pressure (GPa)

ρ
(g

m
/c

m
3
),

 V
e

lo
c

it
ie

s
 (

k
m

/s
)

V
Φ

V
P

V
S

ρ

(Mg
1-x

Fe
x
)(Si

1-x
Al

x
)O

3
-br(Mg

1-x
Fe

x
)(Si

1-x
Fe

x
)O

3
-br

x = 0.05

            
 

x = 0.10

K

G

V
P

V
Φ

V
S

ρ

(b)

(b’)

Figure 6.5: Pressure and temperature dependence of elastic moduli (bulk modu-
lus K, and shear modulus G) and acoustic velocities (compressional velocity VP ,
shear velocity VS , and bulk velocity VΦ) for (a,a’) (Mg0.95Fe0.05)(Si0.95Fe0.05)O3 and
(b,b’) (Mg0.90Fe0.10)(Si0.90Al0.10)O3 bridgmanite. Solid (dashed) lines represent first-
principles results within (outside) the validity of quasi-harmonic approximation.



106

Table 6.1: Calculated volume (V ), elastic moduli (K, G) and their pressure derivatives
(K ′, G′) at ambient pressure and temperature conditions.

V (Å3) K (GPa) K ′ G (GPa) G′ References

MgSiO3 163.2 245.5 3.96 168.2 1.79 Shukla et al., 2015

(Mg0.875Fe
2+
0.125)SiO3 163.7 246.7 4.03 165.2 1.80 Shukla et al., 2015

(Mg0.875Al
3+
0.125)(Si0.875Al

3+
0.125)O3 164.1 242.5 4.06 162.7 1.85 This study

(Mg0.875Fe
3+
0.125)(Si0.875Fe

3+
0.125)O3 168.1 233.6 4.05 143.4 1.88 This study

(Mg0.875Fe
3+
0.125)(Si0.875Al

3+
0.125)O3 165.3 239.4 4.05 156.4 1.83 This study

approximation for the exchange-correlation energy functional and the change-coupled

[Fe3+]Mg-[Al
3+]Si substitution was found to be energetically favorable. Therefore, we

have chosen this substitution to investigate the elastic properties of bridgmanite due

to simultaneous substitution of Al and Fe. Elastic moduli and acoustic velocities

for (Mg1−xFex)(Si1−xAlx)O3 bridgmanite with x = 0.10 are shown in Fig. 6.5(b,b’).

[Fe3+]Mg has been found to be always in the high-spin (HS, S = 5/2) state in the

entire lower mantle pressure range. Owing to the absence of any spin state transi-

tion in [Fe3+]Mg-[Al
3+]Si substitution, the elastic anomalies, otherwise present in the

Fe3+-bearing bridgmanite, would disappear in this case.

6.4 Geophysical significance

The precise understanding of the effect of iron and aluminum substitution on the elastic

properties of bridgmanite is essential to unravel the composition, thermal structure,

and dynamics of the Earth’s lower mantle. Table 6.1 compares calculated volume,

elastic moduli (bulk modulus, K, and shear modulus, G), their pressure derivatives (K′,

G′), and acoustic velocities (VP , VS , and VΦ) at ambient pressure and temperature

conditions for the most relevant substitutions. The inclusion of 12.5 mol% of Al2O3

in the bridgmanite as the charge-coupled substitution [Al3+]Mg-[Al
3+]Si increases the

calculated volume by ∼0.5% and decreases the value of K and G by ∼1.2% and ∼3.5%,
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respectively. This trend become even more noticeable when the same amount (12.5

mol%) of Fe2O3 is substituted as [Fe3+]Mg-[Fe
3+]Si, which results in ∼3% increase of

volume, and ∼5% and ∼15% decrease of K and G, respectively. It is important to note

that the effect of Fe2O3 substitution is different from that of the FeO one. As seen in

Table 6.1, the presence of 12.5 mol% of FeO increases the value of K by ∼0.5%, while the

same amount of Fe2O3 decreases it by ∼5%. Simultaneous substitution of Fe2O3 and

Al2O3 as [Fe3+]Mg-[Al
3+]Si increases the volume by ∼1.3% and decreases K and G by

∼2.5% and∼7%, respectively. These changes in volume and elastic moduli due to Al and

Fe substitutions are also reflected in calculated acoustic velocities. The incorporation

of Al2O3 (x = 0.125) in bridgmanite, decreases VP , VS , and VΦ by ∼0.9%, ∼1.6%,

and ∼0.3%, respectively, while of Fe2O3 decreases these values by ∼6.9%, ∼9.7%, and

∼4.4%, respectively. For simultaneous substitution of Al2O3 and Fe2O3, the decrease

in VP , VS , and VΦ is ∼3.5%, ∼4.8%, and ∼2.3%, respectively.

Table 6.2: Calculated values of temperature derivatives of aggregate elastic moduli
(

dK(P,T )
dT , dG(P,T )

dT

)

in unit of GPa/K at 300 K and at 0 GPa, 60 GPa, and 120 GPa.
dK(0,300)

dT
dK(60,300)

dT
dK(120,300)

dT
dG(0,300)

dT
dG(60,300)

dT
dG(120,300)

dT

MgSiO3 -0.0157 -0.0093 -0.0054 -0.0178 -0.0108 -0.0077

(Mg0.875Fe
2+
0.125)SiO3 -0.0160 -0.0097 -0.0059 -0.0178 -0.0107 -0.0077

(Mg0.875Al
3+
0.125)(Si0.875Al

3+
0.125)O3 -0.0116 -0.0095 -0.0086 -0.0144 -0.0109 -0.0095

(Mg0.875Fe
3+
0.125)(Si0.875Fe

3+
0.125)O3 -0.0191 -0.0088 -0.0001 -0.0205 -0.0101 -0.0066

(Mg0.875Fe
3+
0.125)(Si0.875Al

3+
0.125)O3 -0.0165 -0.0097 -0.0054 -0.0182 -0.0106 -0.0074

The temperature derivatives of elastic moduli for various Fe and Al substitutions at

300 K and at 0 GPa, 60 GPa, and 120 GPa are compared in Table 6.2. The calculated

values of dK
dT and dG

dT for pure, Fe2+-, and [Fe3+]Mg-[Al
3+]Si-bearing bridgmanite are

very similar. This observation suggests that the aluminum present in the lower mantle

may be accommodated with equal amount of ferric iron (without affecting temperature

dependence significantly), and the remaining iron may be present as ferrous iron.
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Figure 6.6: Elastic moduli, acoustic velocities, and density along the lower mantle model
geotherm by Boehler, 2000 [6] for (a,a’) [Al3+]Mg-[Al

3+]Si, (b,b’) [Fe3+]Mg-[Fe
3+]Si,

(c,c’) [Fe3+]Mg-[Al
3+]Si, and [Fe2+]Mg substitution in MgSiO3 bridgmanite. The cal-

culated results (red lines) are compared with that of pure MgSiO3 bridgmanite (green
lines) and with the Preliminary Reference Earth Model (PREM) [1] data (black points).
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Elastic moduli, acoustic velocities, and density interpolated along the lower man-

tle model geotherm [6] for (Mg0.95Al
3+
0.05)(Si0.95Al

3+
0.05)O3, (Mg0.95Fe

3+
0.05)(Si0.95Fe

3+
0.05)O3,

(Mg0.90Fe
3+
0.10)(Si0.90Al

3+
0.10)O3, and (Mg0.90Fe

2+
0.10)SiO3 bridgmanite are shown in Fig. 6.6.

The concentration of Al and Fe in these configurations is chosen appropriately to rep-

resent the expected lower mantle composition. The calculated results are also com-

pared with that of pure MgSiO3 bridgmanite and with the Preliminary Reference Earth

Model (PREM) [1]. The inclusion of Al2O3 does not seem to affect the elastic prop-

erties of bridgmanite significantly. The signature of anomalous softening due to HS

to LS transition of [Fe3+]Si is present in [Fe3+]Mg-[Fe
3+]Si substitution (Fig. 6.6 b,b’).

However, these anomalies no longer exist with the simultaneous inclusion of Al and Fe

as in [Fe3+]Mg-[Al
3+]Si substitution and overall agreement with the PREM data is quite

good except for the bulk modulus, K, and compressional velocity, VP . Relatively larger

values of K and VP compare to PREM values indicate that the lower mantle may also

accommodate a reasonable amount of ferropericlase, (MgFe)O, and CaSiO3 perovskite.

The presence of elastic anomalies due to HS to LS transition in Fe3+-bearing bridgman-

ite and their disappearance with the inclusion of Al2O3 may play an important role in

deciphering the source of lateral velocity heterogeneities in the lower mantle. The elastic

features of (Mg0.90Fe
3+
0.10)(Si0.90Al

3+
0.10)O3 are very similar to those of (Mg0.90Fe

2+
0.10)SiO3

bridgmanite. This again suggest that the aluminum present in the lower mantle may be

accommodated as a charge-coupled substitution with equal amount of ferric iron while

the remaining iron may exist as ferrous iron.

6.5 Conclusions

We have presented first-principles calculations of thermoelastic properties Al3+- and

Fe3+-bearing bridgmanite. Aggregate elastic moduli, acoustic velocities, and density for
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three charge-coupled substitutions, [Al3+]Mg-[Al
3+]Si, [Fe

3+]Mg-[Fe
3+]Si, and [Fe3+]Mg-

[Al3+]Si at pressure and temperature conditions typical of the Earth’s lower mantle have

been computed by combining the vibrational density of states and static LDA/LDA+Usc

calculations within the quasi-harmonic approximation. Our calculated results for pure

MgSiO3 and Al3+-bearing bridgmanite compare very with the available experimental

measurements [65, 69, 111, 135, 136]. Elastic anomalies due to the HS to LS transition of

[Fe3+]Si in Fe3+-bearing bridgmanite cease to exist with the presence of Al2O3 and this

effect may have a noticeable impact on the lower mantle properties, especially the lateral

velocity heterogeneities. Elastic properties calculated along the lower mantle model

geotherm [6] suggest that Al2O3 may be accommodated with Fe2O3 in a charge-coupled

substitution without altering the overall elastic features of (Mg,Fe2+)SiO3 bridgmanite.



Chapter 7

Conclusions

Influence of aluminum (Al) and iron (Fe) substitutions on thermal and elastic properties

of MgSiO3 perovskite (also known as bridgmanite) has been investigated using quan-

tum mechanical first-principles calculations. State-of-the art computational techniques

of condensed matter physics, such as density functional theory (DFT) and density func-

tional perturbation theory (DFPT), have been employed to advance the understanding

of the thermoelastic properties of Al- and Fe-bearing bridgmanite under extreme pres-

sure and temperature conditions. The observations for pure (Mg-br) and Al-bearing

bridgmanite (Al-br) find good agreement with available experimental measurements.

In particular, agreement in calculated shear velocities at 2700 K with experimental

measurements by Murakami et al., 2012 [136] shows the robust predictive power of our

first-principles calculations at very hight temperature typical of the Earth’s interior. In

the case of Fe-br, pressure induced iron state changes and their consequences to elastic

properties have been studied in detail. The existence of elastic anomalies due to iron

spin state transition and their disappearance with Al2O3 inclusion may play an impor-

tant role in deciphering the source of lateral velocity heterogeneities in the Earth’s lower

mantle.
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Appendix A

Model geotherms

Temperature variation as a function of depth or pressure in the Earth’s lower mantle

for three different models are shown in Fig. A.1.
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Figure A.1: Earth’s lower mantle model geotherms by Brown and Shankland, 1981 [4]
(red), Anderson, 1982 [5] (blue), and Boehler, 2000 [6] (black).
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