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Abstract

The high power density of fluid-powered actuators can facilitate design of compact

and powerful devices. Pneumatic actuators in particular are preferred in human in-

teractive devices due to their properties such as inherent compliance, backdrivability

and benign consequences of leakage. A drawback of pneumatic actuators is that the

current sources of compressed air are bulky and not suitable for mobile human-centered

applications. To address these concerns, research is underway on advanced gas based

actuation devices such as chemo-fluidic actuators, dry ice actuators, and mini-HCCI

engines. These actuators are ideal for development of powerful and mobile devices for

human scale applications. The operation of these devices typically requires direct human

interaction between the pneumatic (or gas) actuated system and the human operator.

Therefore safety of operation is imperative. One way of investigating interaction stabil-

ity (and hence safe operation) between multiple systems is by using the framework of

Passivity analysis from systems theory.

The objective of the research presented in this dissertation is investigation of pas-

sivity characteristics of pneumatic actuators. This passivity analysis is a preliminary

step in understanding the feasibility of using gas based actuators in human interactive

applications. Passivity analysis requires definition of a storage function to quantify the

effect of inputs and outputs on the system dynamics. The nonlinear dynamics of air

compression and expansion in a pneumatic actuator are affected by the heat transfer

across the walls of the actuator. In this thesis, physics based energy functions are devel-

oped and defined to be the storage function for three specific models of heat transfer viz

adiabatic, isothermal, and finite heat transfer. For reversible thermodynamic process

(adiabatic or isothermal), the storage function is defined as the work that can be ex-

tracted from the actuator. The storage function for actuator with finite heat transfer is

defined as the maximum work that can be extracted from the pneumatic actuator. It is

shown that the solution to this optimization problem provides a storage function similar

to exergy of the air in the actuator. The supply rate based on these storage functions

corresponds to physically meaningful power interaction between different subsystems,

such as the actuator and the inertia load. Both adiabatic and isothermal actuators have
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two ports for power interaction : mechanical port corresponding to interaction with an

inertial load, and fluid port corresponding to interaction with source/sink of compressed

air. The adiabatic/isothermal actuator behaves as a two-port nonlinear spring with an

active flow input at the fluid port of the actuator. Pneumatic actuator with finite heat

transfer to the ambient has an additional port corresponding to the thermal interaction

with the ambient. The supply rate to the pneumatic actuator with finite heat transfer

illustrates that irrespective of chamber air temperature, heat transfer reduces the ability

of the actuator to do work, thus contributing to passive behavior of the actuator.

Energetically passive controller design for pneumatic actuated human power am-

plifier and tele-operated human scale devices is presented in this thesis. A framework

for controlling the active flow variable at the fluid port of the pneumatic actuator to

provide passive operation of a pneumatically actuated human power amplifier is pre-

sented by assuming the heat transfer model in the actuator to be either adiabatic or

isothermal. This framework is then extended to define the framework for achieving

co-ordinated tele-operation of multiple pneumatic actuated devices, while again ampli-

fying input human power. The control problem is suitably defined within the proposed

framework and a two-stage back-stepping controller is used to achieve the control ob-

jective. The Lyapunov function for the actuator controller design is defined based on

the energy functions developed for adiabatic and isothermal actuators. The designed

controllers are implemented on single-DOF systems and a multi-DOF robotic rescue

crawler with pneumatic actuators. Experimental results confirming the efficacy of the

proposed controller are provided.

Finally, independent metering of each actuator chamber to improve the operational

efficiency of the pneumatic actuators is investigated. In independent metering, two servo

valves are used to control the air flow rate to the two chambers of the actuator. The

valves are controlled to maintain a low operating pressure in both the chambers, while

providing the desired actuator force. This mitigates the losses associated with discharge

of high pressure air to atmosphere. Effectiveness of independent metering is evaluated

in a single-DOF human power amplifier by assuming the heat transfer model in the

actuator to be isothermal. Experimental results show 70% improvement in operation

time.
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Chapter 1

Introduction

1.1 Motivation

An emerging frontier in robotics is their application in human-centered tasks. Electro-

mechanical actuators are commonly used in robotic applications due to their simpler

dynamics and ease of controllability. A drawback of the existing electro-mechanical

actuators is that due to their poor power density, significantly larger actuator will be

required for human-scale systems. The robotic system will have to be designed to accom-

modate the higher weight of these actuators. The high power density of fluid-powered

actuators makes them an attractive alternative to electro-mechanical actuators. The

hydraulic rescue tool shown in Fig. (1.1) is an example of a human scale fluid-powered

devices currently in use. Traditionally, fluid-powered actuators have been very popu-

lar in systems requiring high power output such as, excavators and mining equipment.

However, the recent surge of activity in human scale robots has brought more attention

to the potential benefits of using fluid-powered actuators at lower power levels. In tools

such as the jaws of life shown in Fig. (1.1), a preferable characteristic of these devices is

amplification of input human power. This feature will enable intuitive operation of such

rescue devices, as the system output power would be proportional to the input human

power. Other potential applications that will benefit with the ability to amplify input

human power include powered hand tools, prosthetic/orthotic devices and industrial

exo-skeletons.

Human power amplification and co-ordinated tele-operation of multiple pneumatic

1
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Figure 1.1: Jaws of life : A hydraulic rescue tool being used to cut through a car.

Courtesy : http://www.publicsafetyoutfitters.com/training.htm

actuated systems to assist a human operator will be useful in tasks that require moving

unwieldy loads such as sheetrock. Tele-operation can also be used to move inertial

loads in a remote, inaccessible and/or inhospitable location. Figure (1.2) depicts the

multi-DOF tele-operated system used as an experimental test bed in this study. In

this tele-operator, the master system is a PHANToM(TM1 ) haptic device, while the

slave system to be operated in a remote environment takes the form of a crawling robot

with pneumatic actuators. The intended application of this tele-operated system is to

aid in rescue operations. In mobile, untethered applications of fluid power, pneumatic

actuators are preferable over hydraulic actuators as they can be designed to be lighter.

In addition, the ubiquitous nature of air available for compression, and the benign

nature of any leakage in the system, makes pneumatic actuators more amenable for

both indoor and outdoor mobile applications. Characteristics of pneumatic actuators

such as inherent compliance of air, backdrivability, and ability to provide continuously

variable transmission and variable impedance makes them very attractive for human

interactive applications with contact tasks.

Effectiveness of human interactive devices can be greatly enhanced through suitable

1 PHANToM is a trademarked product of Sensable Technologies, MA
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Figure 1.2: The rescue crawler robot and the PHANToM1 interface used in the experi-

mental study.

haptic feedback. In this thesis, the interaction forces between the crawler and its envi-

ronment are fed back to the human operator. This haptic feedback provides the human

operator with a ‘feel’ for the crawlers’ work environment, thus enabling the operator to

navigate the crawler in the absence of suitable visual information. Presence of human

operator in the decision making loop enables robust performance in navigating unknown

terrain. Such a feedback also ensures that the operation of the tele-operator is bilateral.

Due to the difference in the operating power range of the PHANToM(TM1) device and

the crawler, the interaction forces between the crawler and its environment are appro-

priately scaled before being imposed on the PHANToM(TM1). A useful feature on the

rescue crawler is the ability to amplify input human power. This feature can be used by

people on-site to move heavy loads and aid in the rescue mission. For the experiments

reported in this study, an interface with a force sensor is provided on the right leg of

the crawler. Power input at this interface is amplified by the actuators on the crawler

leg.
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Due to the higher power density of pneumatic actuators it is very important to

guarantee stable interaction with different environments during the tasks performed by

the human operator. It is in fact desirable that these devices using pneumatic actuators

behave as a common passive mechanical tool that interacts simultaneously with multiple

mechanical input from sources such as a local and/or remotely located human operator,

and the physical environment, and provides work output due to power interaction at

these ports only. As interaction between two stable systems is not always guaranteed to

be stable, one approach to investigating stable interaction with unknown environments

is by using the concept of ”passivity” from systems theory [2]. A passive device is

energetically neutral or dissipative in nature. A good example of a passive device is a

bicycle: it remains stationary when provided with no external input and only moves

when sufficient torque is provided on the pedals. It has been shown in [3] that closed loop

interaction between a passive system and a strictly passive system is always guaranteed

to be passive and stable. Most external environments are passive in nature. Earlier

studies on human interactive systems [4] had shown that the human muscular dynamics

can be approximated to be passive. Therefore, interaction stability while operating

pneumatic powered actuators can be guaranteed if the pneumatic actuator behaves as

a passive device. Pneumatic (and fluid-powered) actuators are however not passive

devices as they can draw energy from the compressor to do work on the system without

any input from a human operator.

Passive behavior can be enforced through either integration of dissipative elements

in the actuator [5], or through active feedback [6]. In the current work, active feedback is

used to make the pneumatic actuator behave as a passive system. In [7], a pseudo-bond

graph model is used to design passive controller for force tracking with a pneumatic

actuator. While such a controller can provide stable operation, defining supply rate

in terms of physical power flow is more useful as it enables intuitive analysis of multi-

domain systems. Systems that are passive with respect to supply rates that correspond

to physics based power flow in the system are referred to as energetically passive. This

approach is similar to investigation of human interaction stability through bond graph

based modeling and analysis presented in [8], [9], [10].

To realize a physically meaningful supply rate for energetic passivity, a suitable

storage function corresponding to the energy available in the pneumatic actuator has
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to be defined. Energy in the pneumatic actuator depends on the heat transfer model

associated with the compression and the expansion of air. Therefore, in this disser-

tation, energy functions for three different heat transfer models in pneumatic actua-

tor viz isothermal, adiabatic, and finite heat transfer processes are developed. Ener-

getically passive operation of human interactive applications (human power amplifier,

tele-operation with human power amplification) is achieved by designing appropriate

controllers for the flow variable at the fluid port of the pneumatic actuator.

Inefficiency of operation is also a big drawback for fluid-powered actuators. This can

greatly affect the duration of operation in mobile applications. In pneumatic actuators,

discharge of high pressure air to atmosphere is a source of inefficiency [11]. In this

dissertation, a feedback based approach through independent metering of air flow to

individual actuator chambers is investigated for improving the efficiency of operation of

human power amplifier.

A concern with using pneumatic actuator for mobile applications is that the energy

density offered by these actuators is lower than batteries and servomotors. Recent

research efforts to address this issue have led to development of other gas-based actuation

devices such as chemo-fluidic actuators [12], dry ice based actuators [13], free piston

compression engine [14] and the miniature HCCI engines [15]. These actuators retain the

advantages of power density offered by gas-based (pneumatic) actuators, while providing

better energy density than pneumatic actuators. It has been shown in [12] that the

energy density of chemo-fluidic actuators is an order of magnitude higher than that of

a typical battery or servomotors. The actuation mechanism in these gas-based devices

is similar to pneumatic actuators. Energetic passivity analysis of pneumatic actuators

provided in this thesis is the first step in understanding the feasibility of using these

new gas-based actuators in human interactive applications.

1.2 Research goals

The goal of this project are to

1. Develop physics based energy function for a pneumatic actuator. Such an energy

function will provide insight into the characteristics of the pneumatic actuator and

also facilitate development of energetically passive controllers. These controllers
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are required to guarantee safe operation of pneumatic actuators in human centered

robotic applications.

2. Provide a framework for energetically passive control of pneumatic actuators.

With this framework controllers for two specific human centered applications viz.

human power amplification, and co-ordinated tele-operation of multiple human

scale pneumatic actuated systems, will be developed.

3. Investigate independent metering of air flow rate as a means to improve operational

efficiency of the pneumatic actuators.

In the following section, the contributions of this work are enumerated.

1.3 Contributions

The contributions of this work include the following,

1. A formal definition of storage function for pneumatic actuators: For pneumatic

actuators with reversible thermodynamics (isothermal and adiabatic actuators),

the storage function is obtained as the work available from the actuator. For

pneumatic actuators that have finite heat transfer, the storage function is obtained

by maximizing the available energy in the actuator. It is shown that the resulting

energy function for actuator with finite heat transfer is similar to exergy of the

pneumatic actuator. From these storage functions, physics based supply rate

can be defined for the pneumatic actuators for monitoring their interaction with

external inputs.

2. A framework for passive operation of adiabatic/isothermal pneumatic actuator

for application in human power amplifier and co-ordinated operation of multiple

pneumatic actuators: Due to the active flow input at fluid port of the pneu-

matic actuator, it is not immediately suitable for human interactive applications.

A framework for achieving energetically passive operation of human power am-

plifier with adiabatic/isothermal pneumatic actuator by suitably designing the

active fluid port flow input is reported in this thesis. The control problem for

achieving human power amplification is then defined within this framework. It
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is also shown that the proposed framework for human power amplification can

be easily extended to achieve co-ordinated tele-operation between multiple adia-

batic/isothermal pneumatic actuators. In this framework for multi-actuator co-

ordination, individual actuators can be either pneumatic or hydraulic (with re-

versible thermodynamic process). The proposed framework also lends itself well

to co-ordinated tele-operation of multiple fluid power actuated systems with one

electro-mechanically actuated system.

3. Independent metering of pneumatic actuators: To enhance the operation time of

mobile systems with pneumatic actuators, independent metering of air flow to

the actuator chambers is investigated. The additional degree of control freedom

afforded by independent metering is used to maintain the working pressure low,

thus minimizing energy loss associated with discharge of high pressure air to at-

mosphere.

1.4 Outline

The rest of the document is structured as follows,

• Chapter 2 provides a survey of the existing work on passive control of human

interactive robots. The available literature on passive control of fluid-powered

actuators is listed and the existing gaps are brought to attention.

• In chapter 3, the dynamics of the pneumatic actuator are presented, and the un-

derlying assumptions are explained. Energy based storage functions for isothermal

and adiabatic model are also derived. Based on this energy function, an energy

function for the error dynamics of pneumatic actuator is also derived in this sec-

tion.

• In chapter 4, a storage function for pneumatic actuator with finite heat transfer

is developed. Passivity of the actuator with respect to the storage function is

demonstrated.

• In chapter 5, a framework for energetically passive operation of pneumatic ac-

tuated human power amplifiers is presented. Controller design for a single-DOF
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power amplifier is also derived in this chapter. Experimental results verifying the

controller performance are also presented.

• In chapter 6, a framework for co-ordination of multiple fluid-powered actuators

is presented. In this proposed framework for multiple systems, one single system

can also be electro-mechanically actuated. Controller design for achieving the

desired position and velocity co-ordination is developed within the proposed pas-

sivity framework. Experimental results demonstrating efficacy of the controller are

presented for a system consisting of two single-DOF pneumatic actuated systems.

• Bilateral tele-operation of a multi-DOF rescue crawler is presented in chapter

7. The framework for bilateral tele-operation also includes a feature where in

the multi-DOF crawler leg behaves as human power amplifier. This feature can

help with on-site rescue operation. The co-ordination controller that provides

both bilateral tele-operation and on-site human power amplification is designed.

Results from implementing this controller on the experimental test bed are also

reported.

• In chapter 8, independent metering of air flow to each chamber in a two-chambered

pneumatic actuator is developed as a potential solution for improving operational

efficiency of pneumatic actuators in mobile applications. Efficiency improvements

in the performance of a pneumatic actuator through independent metering are

demonstrated for the human power amplifier.

• Concluding remarks and future research directions are presented in chapter 9.



Chapter 2

Literature Survey

In this chapter, a brief overview of the modeling and control strategies for pneumatic

actuators is presented. Passivity based controllers have been extensively investigated

for tele-operation and human power amplification with electro-mechanical actuators.

Relevant literature on passivity based controllers is also briefly reviewed.

2.1 Pneumatic systems modeling and control: Background

Due to the compressibility of air, pneumatic actuator dynamics has strong nonlinearities.

Earlier controller schemes for pneumatic actuators were however based on actuator

models linearized about the mod-stroke position [16],[17]. While these linear controllers

were simple to analyze and implement, they can only guarantee good performance in the

neighborhood of the nominal position. A linear time varying model was proposed in [18]

to provide a better approximation to the nonlinear actuator dynamics. This model was

used to design controllers for position tracking. Adaptive control strategies were used

in [19], [20], to achieve position and force tracking. While these methods improved the

performance of linear controllers, their bandwidth of operation is still limited. Much of

the early work on pneumatic actuators also ignores the nonlinearities induced by the flow

of the compressible air across a valve. A simple linear mapping is used to characterize the

relationship between the command input to the valve and the air flow across the valve.

In [21], a complete nonlinear model of a pneumatic actuator was proposed. In addition

to the compressibility of air in both the cylinder and the valve, the authors considered

9
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the dynamics of the valve and the transmission loss associated with the hoses, and. A

sliding mode controller to track a desired force was proposed in an accompanying paper

[22]. It is shown in [22] that the valve dynamics and the transmission losses can be

ignored for operations below 20Hz frequency. The applications involving direct human

interaction usually operate at lower frequencies. Therefore, in this thesis, the valve

dynamics are ignored in the actuator model.

Traditional industrial application of pneumatic actuators has been largely limited

to position control systems. The high power to weight ratio and the clean working envi-

ronment provided by pneumatic actuators has recently made them a popular choice for

actuation in human centered robots. This is especially true in therapy robots [23],[24],

where the power density of the pneumatic actuators is used to help in rehabilitation of

people with muscle disabilities. Due to the nature of interaction, safety of operation

is extremely important. In [23], multiple measure to ensure a safe operation of an up-

per body rehabilitation device are outlined. The device has hard stops much within

the range of motion of human operator. This is to prevent the arm from being forced

into unnatural configurations. Additional valves are provided to discharge the actuator

quickly in case of emergencies. Multiple fault checks are also included in the software to

monitor the actuator performance. While this leads to design of simpler controllers, the

system requires a lot of redundancy for safe operation. In addition, the robots used in

rehabilitation interact with a known set of environments. Therefore the controller can

be tuned to respond in a safe manner while interacting with these environments. How-

ever, for human interactive applications such as the human power amplifier or the rescue

robot, the system will need to interact with unknown and un-modeled environments.

Passivity is a concept from systems theory that can guarantee safety when interacting

with unknown environments. In the following section, the notion of passivity is briefly

explained and the relevant literature is reviewed.

2.2 Passivity based control : Background

Passive systems do not generate any energy internally, and require external energy input

to perform any task. In general, for any system with input u ∈ Rm and output y ∈ Rm,
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the external energy supply rate s(u, y) is defined as,

s(u, y) ≡ uT y (2.1)

The system is said to be passive with respect to the external supply rate s(u, y) if,∫ t

0
s(u, y) dτ ≥ −c2

o (2.2)

where c2
o is some positive quantity. The input-output pair (u, y) associated with the sup-

ply rate are usually referred to as effort and flow variables. The flow variable represents

the flow of matter, while the effort variable represents the effort required for/imposed

by the flow of matter. The product of the effort and the flow variables corresponds to

the power interaction with the system. For a given system, the input u can be either

an effort or a flow variable, and the output y would correspondingly represent either

the flow or the effort variable. For example, in a typical electrical system, voltage (ef-

fort) and current (flow) correspond to the input-output pair. In mechanical systems,

the force (effort) provided by actuator is usually the input, while the velocity (flow) of

the inertia is one of the outputs. The supply rate for many mechanical and electrical

systems corresponds to physically meaningful power input/extracted from the system.

Therefore, the integral inequality in Eq. (2.2) states that the amount of energy that

can be extracted from the system to do a particular task is finite, with c2
o representing

the lower bound on the available energy. As will be shown in later chapters, c2
o is usu-

ally a function of the initial available energy in the system. Systems with supply rate

corresponding to physically meaningful power flow and satisfying the inequality in Eq.

(2.2) are said to be energetically passive. Stabilizing controllers satisfying the passivity

condition in Eq. (2.2) can also be designed for an arbitrary input and output pair [25].

Such systems are passive with respect to pseudo power variables. Energetic passivity

enables simple controller design by taking advantage of passive properties inherent in

the system dynamics. The primary objective of our study is to make the pneumatic

actuated system behave as a passive mechanical tool (such as a plier or a wrench) to

the human operator and the physical environment, that is capable of doing work only

when external power from a human operator is provided to the system and remain at

rest in the absence of such power input. The desired supply rate is thus defined to be

suitable mechanical power extracted from the system.
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The main advantage of passivity framework is that it facilitates an intuitive and

stable interconnection between systems. As shown by the passivity theorems in [26],

closed loop interaction between a passive system and a strictly passive system (strict

inequality in Eq. (2.2)) is always passive and hence stable. As shown in the seminal work

by Willems [3], with appropriate choice of supply rate, systems operating in multiple

domains can be interconnected.

Figure 2.1: Two interconnected passive systems.

Lemma 2.1. Consider a feedback interconnection between two passive systems as shown

in Fig. (2.1). The interconnection is asymptotically stable if one of the systems is strictly

passive.

Proof. The input-output pair for the two systems is defined as,

u2 = y1, u1 = −y2 (2.3)

Assume that the system H1 is passive and the H2 is strictly passive. For V1 ∈ <+ and

V2 ∈ <+, the input-output pair to H1 and H2 therefore satisfy the following inequalities,

V̇1 ≤ uT1 y1, V̇2 ≤ uT2 y2 − β(t) (2.4)

where β(t) ≥ 0 is a positive function. Define the following Lyapunov function for the

combined system,

V = V1 + V2 (2.5)
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On differentiating the above Lyapunov function and using the conditions in Eq.

(2.3) and Eq. (2.4), we get,

V̇ ≤ −β (2.6)

Assuming that a series interconnection of the systems satisfy the required observ-

ability conditions, the inequality in Eq. (2.6) proves that the interconnected system is

asymptotically stable.

Typical examples of passive componemts include the damper, the friction brakes,

and the spring. These components are energetically dissipative or neutral, and are

thus intrinsically passive. Using a combination of these elements, an energetically pas-

sive device can be constructed. Examples of such devices include Passive Trajectory

Enhancement Robots (PTER) [27], and Cobots [28]. As explained in [27], PTER is

built using brakes and clutches as controlling elements and simple trajectory tracking

controllers are designed. The driving force is provided externally, either by a human

operator or any other power source. As the actuators (brakes and clutches) are energet-

ically dissipative, the forces generated by the PTER are lower and difficult to control

[29]. On the other hand, Cobots are built with energetically neutral components and

are designed to collaborate with a human operator. They use a computer controlled

continuously variable transmission (CVT) to drive the robot along the desired trajec-

tory, while the human operator provides the necessary forces to move the robot. The

control input to CVT is the velocity of an internal link. By using amplified human

force to control the velocity of this link, desired amplification of human effort can be

achieved. In general, while the construction of Cobots makes them passive, their design

is usually complicated. Enforcing passive behavior through feedback control provides a

convenient way to operate the existing components and devices in a safe manner.

2.2.1 Passivity based control of mechanical systems

A significant focus of earlier work on passive control was on systems with electro-

mechanical actuators ([30] and the references therein). The skew-symmetry property

of the inertia dynamics enables design of energetically passive controllers for Euler-

Lagrangian systems [31]. However, the applicability of this approach is limited due
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to certain assumptions on inverse dynamics [32]. Port-Controlled Hamiltonian (PCH)

models of physical systems provide an alternate way to design energetically passive con-

trollers [32]. In this approach, physical power flow variables for individual subsystems

are identified to understand the underlying interconnection. This network model uti-

lizes any inherent passive properties of the system in defining the controller. A similar

approach is pursued in this thesis. The PCH based controller design as presented in

[9], [32] are suitable for regulation of state dynamics to zero and not trajectory track-

ing. Therefore, these methods are not useful in human interactive applications that

usually involves tracking a time varying trajectory generated by the human operator.

The major impediment to passivity analysis in such applications is the active energy

associated with feed-forward terms in the control input. The feed-forward terms are

however required to achieve the desired control objective. In [33], the PCH framework

is extended to trajectory tracking problems. However, the passivity analysis shown in

[33] is with respect to a modified control input that includes the feed-forward terms.

In this thesis, using the approach presented in [34] the total energy demanded by the

feed-forward terms is extracted from a fictitious flywheel. The energy of the flywheel is

monitored, and if the energy of the flywheel falls below a threshold value, the control

input is modified with additional damping to put energy back into the flywheel. This

method of monitoring the energy demanded by the controller is similar to the passivity

observer proposed in [35].

2.2.2 Passive control of fluid powered devices

Passivity based control for fluid powered systems is a fairly recent research area. The

nonlinear actuator dynamics and the inherently non-passive nature of the components

[36] presents unique challenges for passive control of fluid powered systems. As shown

in [36], a hydraulic valve is not passive. It is shown that passification of the valve can

be achieved either through re-design of valve or through active feedback. In [6], the

feedback based passification scheme for hydraulic valves was used to achieve passive

bilateral tele-operation of a backhoe. In [37], a passivity based control for regulation

of hydraulic actuator is presented. A PCH model for hydraulic systems is presented

in [38]. By assuming constant bulk modulus, an energy function for hydraulic systems

was developed in [38] from first principles. A nonlinear controller for position regulation
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was then developed based on this energy function. In [39] the states of the hydraulic

system are transformed to define a new energy function. A stabilization controller is

defined based on this new energy function. A simplified model of hydraulic system is

analyzed in [40] for PCH based controller design. In [41], an energetic formulation for

hydraulic actuators with pressure dependent bulk modulus is reported. A Lyapunov

function based on the energy function is used to design controller for desired trajectory

tracking. As clearly evident, there has been some recent effort towards energy based

control of hydraulic systems. On the other hand, very little work has been done on

development of such schemes for pneumatic actuators.

In [7], a passive control for force tracking with a pneumatic actuator is designed by

defining a pseudo energy function in terms of the actuator force output. The operation

is shown to be passive for a supply rate defined as the product of force and the input

command to the valve. This choice of supply rate is only for convenience of controller

design and does not correspond to the actual energy being input or extracted from

the system. Energetically passive controller design requires an appropriate definition

of the actuator energy function. The proper choice of energy function for a pneumatic

actuator varies with the assumed thermodynamic process in the actuator. In [42], sum

of change in internal energy in each chamber of a two-chambered pneumatic actuator

defined with respect to ambient conditions is used as an energy function. This energy

function is shown to be similar to that of a linear spring, with the mid-stroke position of

the actuator corresponding to the fixed equilibrium point. The energy function is used

to design controllers for position tracking in a hopping robot. But, as shown in [43], the

stiffness of the actuator is a nonlinear function of the piston position, with a maximum

value in the mid-stroke position and minimum value towards the ends . In this thesis,

energy function for the pneumatic actuator is developed by considering the nonlinear

dynamics of the actuator. Energy based storage functions for isothermal, adiabatic

and finite heat transfer models are presented. The energy function for adiabatic model

is similar to the one presented in [42], but is defined with respect to the adiabatic

equilibrium pressure and temperature. The energy function for pneumatic actuator

with finite heat transfer is defined as the maximum work available from the actuator.

The solution to the maximization problem is shown to be similar to the exergy of air in

the cylinder chambers. Using exergy as the measure of work potential from compressed
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air, an instrument for measuring the exergy of air is developed in [44] and is used to

evaluate efficiency of operation in industrial pneumatic systems. Exergy as a definition

of work potential in systems with multiple domains is discussed in [45]. For mechanical

systems, exergy corresponds to mechanical energy in the system. In [45], this definition

of exergy is used as a Lyapunov function to develop a stabilizing controller for an aircraft.

It should be mentioned that our conclusion regarding exergy as an appropriate definition

for work potential was attained prior to our knowledge of the work presented in [44]

or [45]. In the following subsection, relevant prior work in the area of human-machine

interaction is reviewed.

2.2.3 Human-machine interaction

The human-machine interactive applications of interest in this study are a human power

amplifier and a bilateral tele-operator. Kazerooni and his collaborators have done signif-

icant work on hydraulic human power amplifiers ([46], [47] and the references therein),

which they refer to as human extenders. The controllers in these applications were how-

ever not developed to achieve passive operation and thus cannot guarantee interaction

stability with any unknown or un-modeled environments. Passive operation through

feedback has been extensively investigated for systems with human machine interac-

tions (e.g. [48], [34], [49],[50], [35] and the references therein). In ([48],[34],[49] and

[50]), an energy dependent velocity field is used to passively guide a robot along a pre-

scribed trajectory in the robot workspace. Labeled as Passive Velocity Field Control

(PVFC), this method provides a safe way for performing repetitive tasks while requiring

minimum supervision from the human operator.

In applications with human-machine interaction, it is desired that the machine re-

spond as a common passive mechanical tool. In applications requiring tele-operation,

the system consisting of both the master and the slave should behave as a passive me-

chanical tool with ports for mechanical power interaction with human operators at both

the master and the slave systems, and physical environments at both the master and the

slave locations. The operation of a common passive mechanical tool feels as if it were

a simple extension of human limb providing the operator with extended physiological

proprioception (EPP) [51], [52]. In [53], this property is imposed while achieving scaled

tele-manipulation with electromechanical actuators. A passive controller, to track the
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desired dynamics of a virtual rigid mechanical tool, is obtained by canceling out the

nonlinear dynamics. However, passivity is only shown for the linearized dynamics.

Thus, robustness may become an issue in the absence of complete information about

the system dynamics. In [30], a passive controller for nonlinear bilateral tele-operation

between two systems with electromechanical actuators is presented. The co-ordinated

system is controlled to follow the dynamics of a desired rigid mechanical tool. However,

unlike in [53], the nonlinear dynamics are not canceled out. A major advantage of this

approach is that passivity can be enforced robustly, even with inadequate information

about the environment forces. In [54], [55], energetically passive controllers were de-

veloped by using bond graphs for bilateral tele-operation of hydraulic systems. The

co-ordinated tele-operator is again controlled to behave as a rigid mechanical tool with

desired dynamics.

In tele-operators, passivity based controllers are used to guarantee safety and sta-

bility when interacting with unknown and un-modeled environments. While some prior

work has been done on tele-operation with hydraulic actuators ([54],[6], [55] and the ref-

erences therein), not much work has been published on tele-operation with pneumatic

actuators. In [56], an impedance control scheme is proposed for tele-operation of a four

d.o.f. master-slave system that is used in laparoscopic surgery. The master system is

actuated by electro-mechanical actuators, while the slave system is pneumatically ac-

tuated. While the authors do not describe the actuator model, the control schematic

indicates that a linear model of the pneumatic actuator is used in the controller design.

In [57], a 4-channel scheme is used to achieve tele-operation between two single DOF

pneumatic actuators. Solenoid valves are used to meter the air flow to the actuators.

While the results show position co-ordination, passive operation is not investigated. In

[58], a linear PID control scheme was used to tele-operate a rescue robot. In the current

dissertation, a new framework for rendering passive mechanical tool characteristics to

pneumatic actuated systems is presented.

In [59], a novel method for energetically passive human power amplification with

hydraulic actuators was presented. The compressible actuator is modeled as a combi-

nation of an ideal actuator (velocity source) with no compressibility and a nonlinear

spring for modeling the compressibility effects. By controlling the ideal velocity as

velocity of a virtual inertia, an energetically passive structure is obtained. In [60], a



18

general framework of this approach for both hydraulic and pneumatic actuators, using

the energy function as a storage function, was presented. In [61], contour following using

the PVFC based control from [34] was implemented on a two-DOF hydraulic human

power amplifiers. In addition to contour following, the control implemented in [61] also

provided obstacle avoidance. The energy function in [60] and [61] was however derived

by assuming that the fluid-powered actuator behaves a linear spring. In this disserta-

tion, the nonlinear characteristics of the pneumatic actuator are considered in deriving

a physics based energy function for the pneumatic actuator. This energy function is

used to define a framework for achieving energetically passive operation of pneumatic

actuated human power amplifier and co-ordinated tele-operation of multiple fluid pow-

ered systems. Lyapunov function based on the physics based energy function is used to

design the controllers for achieving the control objective.

2.3 Independent metering

In mobile applications with limited supply of pressurized air, improvements in oper-

ational efficiency can greatly enhance the total operation time. When using a single

valve to meter the air flow to the two-chambered pneumatic actuator, a source of loss is

the discharge of high pressure air to the atmosphere. One of the ways to mitigate this

loss is to scavenge the discharged high pressure air for additional mechanical work. In

[62], high pressure air on the discharge side is rerouted to the charging side through an

accumulator. In [63], a two-way valve is used to achieve cross flow from the discharging

side to the charging side. Efficiency can also be enhanced by operating the system at a

lower pressure, thus minimizing the loss associated with discharge of high pressure air.

In this dissertation, independent metering of air to the two chambers of the pneumatic

actuator is used to lower the maximum pressure required to perform a task.

In a proportional servo-valve, the flow areas metering the flow in and out of the

actuator are mechanically coupled. As a result, it is impossible to control the pressure

in both chambers of the actuator independently. Independent metering ([11],[64]) is an

approach that can be used to overcome the coupling between the two flow areas. A

schematic of the pneumatic actuator with independent metering is shown in Fig. (2.3).

By having two independent valves, the desired task from the actuator can be performed
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Figure 2.2: A typical application of a pneumatic actuator to move inertial loads. A

single 5-port, 3-way proportional valve is used to meter air flow to the actuator

while controlling the operating pressure of the system. In [11], an optimization method

is proposed for a pneumatic actuator to minimize the operating pressure to the atmo-

spheric pressure, while tracking a sinusoidal trajectory. While this method is suitable for

trajectory tracking, it is not amenable for force tracking. As the desired force changes,

higher pressure might be required in one of the chambers, which negates the objective of

maintaining average pressure at atmospheric pressure. In [64], the operating pressure is

lowered by regulating the pressure on the discharging side to a lower value. While this

is similar to our proposed method for energy saving, our method provides an explicit

way to exponentially regulate the pressure on the discharging side. In this thesis, the

advantage offered by independent metering through improved efficiency of operation is

evaluated on a single-DOF penumatic human power amplifier.

2.4 Summary

Passivity is a useful control strategy for ensuring safety in human-machine interaction.

While extensive research has been done towards passive control of electro-mechanical ac-

tuators, such controllers for pneumatic actuators is an open research problem. The pre-

liminary published ideas on passivity based control of pneumatic actuators are limited

by their underlying assumptions. In the current work, physics based energy functions
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Figure 2.3: Operation of pneumatic actuator with two independent, 3-port 2-way pro-

portional valves

for three different thermodynamic models (adiabatic, isothermal and finite heat trans-

fer) of the pneumatic actuator are developed by considering the nonlinear dynamics of

the actuator. These energy functions are used to design energetically passive controllers

for the pneumatic actuator. In the following chapter, the pneumatic actuator model

used in this study is presented. Storage functions for isothermal and adiabatic models

of the actuator are also derived in chapter 3. Storage function for pneumatic actuator

with finite heat transfer is derived in chapter 4. Energetically passive controllers for

human power amplification and co-ordinated tele-operation of multiple actuators is pre-

sented in chapter 5 and chapter 6 respectively. Independent metering of an isothermal

pneumatic actuator used in a human power amplifier is presented in chapter 8.



Chapter 3

Pneumatic Actuator : Dynamics

and Energy

In this chapter, lumped-parameter model of a pneumatic actuator is presented. A two-

chambered pneumatic actuator as shown in Fig. (3.1) is used to provide the required

force in this study. For a two-chambered actuator, it is common practice to designate

the air volume on the piston cap side as chamber 1, while the air volume on the piston

rod side is referred to as chamber 2. The force Fa generated by the actuator depends

on the air pressures P1 and P2 in chambers 1 and 2 of the actuator respectively, and is

given by,

Fa(P1, P2) = P1(t)A1 − P2(t)A2 − PoAp (3.1)

where Po represents the atmospheric pressure, A1 is the cap-side cross-sectional area

of the piston, Ap is the rod cross-sectional area and A2 , (A1 − Ap) is the rod-side

cross-sectional area of the piston. The pressure in each actuator chamber is varied to

achieve the desired output force from the actuator. The pneumatic valve in Fig. (3.1)

is used as the control element for changing the pressure dynamics in each chamber of

the actuator.

A two-chambered pneumatic actuator can be interpreted as two single chamber

actuators mechanically coupled by the actuator piston. For clarity of presentation,

dynamics and energy function for single-chamber actuator are first developed in section

3.1. As shown in Fig. (3.1), a control volume can be defined for each chamber of the

21
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Figure 3.1: Schematic illustrating the control volume (CV) in each actuator chamber of

a two-chambered pneumatic actuator. The dashed green line in the schematic represents

the boundary of the control volume in each chamber.

actuator. The actuator dynamics is developed for a generic heat transfer model by

applying first law of thermodynamics to the control volume. Temperature and pressure

dynamics in a control volume(CV) representing a single chamber actuator chamber with

a generic heat transfer model are reported in section 3.1.1. Dynamics corresponding

to isothermal and adiabatic actuators are then identified from this general model. In

section 3.1.3, the energy function for the air in the control volume is derived. By defining

this energy function as a storage function, the supply rate for energetically passive

interaction with the single-chamber pneumatic actuator is identified in section 3.1.4.

The port variables for establishing this energetically passive interconnection between the

corresponding pneumatic actuator and other physical subsystems are also highlighted.

By treating the two-chambered actuator as two interacting single chamber actuators,

the corresponding dynamics, energy function and supply rate are developed in section

3.2. In section 3.2.1, the dynamics of two-chambered adiabatic and isothermal actuators

is presented. The energy function corresponding these actuators is presented in section

3.2.3. The actuator supply rate for achieving energetically passive operation of two-

chambered isothermal and adiabatic actuators is presented in section 3.2.4. In section
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3.3, the energy function for the two-chambered actuator from section 3.2 is used to define

the energy function corresponding to actuator error dynamics. Concluding remarks for

the chapter are presented in section 3.4

3.1 Single chambered actuator

In this section, pressure and temperature dynamics of a single chamber pneumatic ac-

tuator are developed for a generic model of heat transfer between the chamber air and

the environment. Two specific thermodynamic models viz, isothermal and adiabatic

models are explored further. Energy function corresponding to these reversible thermo-

dynamic models is also developed in this section. By defining the energy function to be

the storage function of the actuator, the supply rate for achieving energetically passive

operation of single-chamber pneumatic actuator is also presented in this section.

3.1.1 Actuator dynamics

Consider a control volume as shown in Fig. (3.2). This control volume can also be inter-

preted as a single chamber actuator. It is assumed that the pressure and temperature

are uniformly distributed in the control volume and can therefore be represented by a

differential equation. The temperature dynamics in the control volume is obtained by

applying the first law of thermodynamics. The pressure dynamics in the control volume

is obtained by assuming that air behaves as an ideal gas.

Figure 3.2: Schematic of an open system with both ingress and egress of matter from

the control volume (CV)
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Let P , V , m, T respectively correspond to the pressure, volume, mass, and temper-

ature of air in the control volume. From ideal gas law [65], they are related as,

PV = mRT (3.2)

where R is the universal gas constant. Let ṁin and ṁout correspond to the mass flow

rate of air entering and leaving the control volume respectively. From conservation of

mass, the rate of change of mass in the control volume is given by,

ṁ = ṁin − ṁout (3.3)

As air is assumed to behave as an ideal gas, the specific heat at constant pressure

Cp, and the specific heat at constant volume Cv, are constant over the operating regime

of the actuator and are related to the universal gas constant R as,

Cp =
Rγ

γ − 1
, Cv =

R

γ − 1
(3.4)

where γ , Cp/Cv is the ratio of specific heats and has a value of 1.4 for air. Let Tin be

the temperature of the air entering the control volume. The internal energy U of the air

in the control volume, the specific enthalpy hin of the air entering the control volume,

and the specific enthalpy hout of the air exiting the control volume are given by,

U , mCvT, hin , CpTin, hout , CpT (3.5)

By defining the heat transfer rate Q̇ to be positive when heat is supplied to the

control volume from ambient, and defining the boundary work PV̇ done by the control

volume to be positive, the rate of change of internal energy in the control volume is

obtained from the first law of thermodynamics [65] as,

U̇ = Q̇− PV̇ + ṁinhin − ṁouthout (3.6)

Using the definition of the internal energy and the specific enthalpies from Eq. (3.5),

and from the definition of mass continuity in Eq. (3.3), the air temperature dynamics

in the control volume is obtained from the first law statement in Eq. (3.6) as,

mCvṪ = −(ṁin − ṁout)CvT + Q̇− PV̇ + ṁinCpTin − ṁoutCpT (3.7)
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By using Eq. (3.4) to express Cp in terms of Cv and R, the temperature dynamics

in Eq. (3.7) can be written as,

mCvṪ = ṁinCv(γ − 1)T − ṁoutCv(γ − 1)T − PV̇ + Q̇+ ṁinCp(Tin − T ) (3.8)

Assuming there are no leakage paths, the mass of air in the control volume can

be changed only through the pneumatic valve. In typical applications with pneumatic

actuators, a single valve as shown in Fig. (3.1) is used to meter the air flow to/from

the actuator. As a result, at any given time, air is either entering the control volume

(ṁout = 0), or exiting from the control volume to the ambient (ṁin = 0). Therefore

the temperature dynamics in the actuator chamber varies with the direction of air mass

flow rate. Using the ideal gas law from Eq. (3.2) to expresses the chamber pressure P

in terms of the chamber temperature T , the temperature dynamics in Eq. (3.8) can be

expressed as,

Ṫ

T
=

(γ − 1)
(
ṁ
m −

V̇
V + Q̇

mRT

)
+ γ ṁm

(
Tin
T − 1

)
if ṁ ≥ 0 charging

(γ − 1)
(
ṁ
m −

V̇
V + Q̇

mRT

)
if ṁ < 0 discharging

(3.9)

On differentiating the ideal gas law in Eq. (3.2), and using the temperature dynamics

from Eq. (3.9), the pressure dynamics in an actuator chamber are obtained as,

Ṗ

P
=

γ
(
ṁ
m −

V̇
V

)
+ (γ − 1) Q̇

PV + γ ṁm

(
Tin
T − 1

)
if ṁ ≥ 0 charging

γ
(
ṁ
m −

V̇
V

)
+ (γ − 1) Q̇

PV if ṁ < 0 discharging
(3.10)

The heat transfer rate Q̇, and the inlet air temperature Tin, are external factors

effecting the pressure dynamics. The rate of change of volume V̇ , is determined by

the forces acting on the actuator piston. The air mass flow rate ṁ is the control input

available for achieving the desired pressure while compensating the effect of these factors

on the actuator pressure dynamics.

The commonly studied thermodynamic process in the actuator are the adiabatic

process (Q̇ = 0) and the isothermal process (Ṫ = 0). Both these processes are re-

versible and their dynamics are amenable for analysis and controller design. For both

the isothermal and the adiabatic processes, it is common to assume that the inlet air

temperature is the same as the chamber air temperature (Tin = T in Eq. (3.9)). This
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assumption is reasonable, as Tin corresponds to the temperature of the air in the dead

volume just outside the control volume. If the inlet air temperature Tin is different from

the ambient temperature T , entropy is generated during mixing of the inlet air with the

chamber air. Therefore, the thermodynamics of the actuator will not be reversible. The

effect of this irreversibility is investigated for an actuator with finite heat transfer model

in the next chapter. In the following section, dynamics corresponding to the adiabatic

process are presented.

Adiabatic process

The schematic for a single chamber actuator with a servo valve for controlling the air

flow to the chamber is as shown in Fig. (3.3). In an actuator with adiabatic process,

there is no thermal interaction between the actuator and the environment (Q̇ = 0 in

Eq. (3.6)). Such an actuator can be realized by providing thermal insulation between

the actuator chamber and the ambient.

Let ρ = m/V be the density of air in the actuator chamber. For an ideal gas, the

density ρ is obtained in terms of chamber P and temperature T by using the ideal gas

law from Eq. (3.2) as,

ρ(P, T ) =
m

V
=

P

RT
(3.11)

From Eq. (3.9) and Eq. (3.10), the temperature and pressure dynamics in an

adiabatic actuator chamber can be expressed in terms of density ρ as,

Ṫ

T
= (γ − 1)

(
ṁ

m
− V̇

V

)
= (γ − 1)

ρ̇

ρ
(3.12)

Ṗ

P
= γ

(
ṁ

m
− V̇

V

)
= γ

ρ̇

ρ
(3.13)

For ease of presentation, it is assumed that when the temperature corresponds to

ambient temperature To, the chamber pressure P corresponds to the ambient pressure

Po. Integrating the pressure dynamics in the above equation, the chamber pressure P

and the air density ρ are related as,

P

ργ
= kaρ =

(RTo)
γ

P γ−1
o

(3.14)
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Figure 3.3: Schematic of a single chamber actuator with a 3-position, 2-way pneumatic

valve for controlling air flow to the actuator.

where the integration constant kaρ is determined from the initial condition that at P =

Po, the air temperature is given by T = To and the air density is given by ρ(Po, To) =

Po/RTo. For given initial conditions (Po, To), the air density ρ(P, T ) for an adiabatic

actuator can be expressed as a function of the chamber pressure P only, and is obtained

from Eq. (3.14) as,

ρ(P, T ) =

(
P

kaρ

)1/γ

=
P

RTo

(
Po
P

) γ−1
γ

(3.15)

An example trajectory generated by the adiabatic characteristic curve in Eq. (3.14)

is as shown in Fig. (3.4).

From the temperature dynamics in Eq. (3.12) and the pressure dynamics in Eq.

(3.13), the temperature and the pressure dynamics in the adiabatic actuator are related

as,
Ṫ

T
=
γ − 1

γ

Ṗ

P
(3.16)

Integrating the above equation, and using the condition that at ambient tempera-

ture To, the chamber pressure P corresponds to ambient pressure Po, temperature and

pressure in an adiabatic actuator are related as,

TP (1−γ)/γ = ktp = ToP
(1−γ)/γ
o (3.17)
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where the integration constant ktp is calculated from Po and To. From the above equa-

tion, the chamber air temperature T can be determined from the chamber air pressure

P as,

T = ktpP
(γ−1)/γ = To

(
P

Po

)(γ−1)/γ

(3.18)

Note that the expression for density ρ(P, T ) in Eq. (3.15) for adiabatic actuator

is also obtained by using the temperature-pressure relationship from Eq. (3.18) in the

expression for ideal gas density in Eq. (3.11).

Dynamics of single chambered isothermal actuator are presented in the next section.

Isothermal process

The other reversible process that is commonly studied is the isothermal thermodynamic

process. By definition, the air temperature in the chamber of an isothermal actuator is

constant. For achieving a constant temperature (Ṫ = 0 in Eq. (3.9)) in the actuator

chamber along with the assumption that the inlet air temperature Tin is the same as

the chamber air temperature T , the required heat transfer rate Q̇ between the chamber

air and the ambient is obtained from Eq. (3.9) as,

Q̇ = −mRT

(
ṁ

m
− V̇

V

)
(3.19)

Using the above expression for Q̇, the pressure dynamics for the isothermal thermo-

dynamic process is obtained from Eq. (3.10) as,

Ṗ

P
=
ṁ

m
− V̇

V
=
ρ̇

ρ
(3.20)

Typically, it is assumed that the chamber temperature in the isothermal actuator

is the same as the ambient air temperature To (Tin = T = To). This can be realized if

the actuator dynamics are very slow providing sufficient time for thermal equilibrium

between the chamber air and the ambient. Isothermal process can also be realized if the

thermal transmittance of the actuator surface is high enough to guarantee instantaneous

equilibrium with the ambient temperature To.

Integrating the pressure dynamics in Eq. (3.20) and using the condition that at

P = Po, the air density is given by ρ(Po, To) = Po/RTo, the characteristic equation for
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an isothermal process is obtained as,

P

ρ
= kcρ = RTo (3.21)

From the above equation, the air density for the isothermal actuator is obtained

as ρ(P, To) = P/RTo and thus depends only on the chamber pressure P . An example

trajectory generated by the isothermal characteristic curve in Eq. (3.21) is as shown in

Fig. (3.4).

Figure 3.4: Schematic of example characteristic curves for adiabatic and isothermal

processes generated from Eq. (3.32) and Eq. (3.42) respectively.

3.1.2 Mass flow rate

In this study a proportional servo-valve is used to modulate the air flow rate to/from

the actuator chamber. The position of the valve spool determines if the chamber is
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connected to the supply pressure Ps or the ambient pressure Po. The magnitude and

direction of air flow rate ṁ across the valve depends on the pressure at the inlet and the

outlet of the valve, and the effective orifice area available in the valve. In a proportional

servo-valve, the effective orifice area available can be varied by adjusting the spool

position. To achieve the desired air flow rate, the spool position is varied by providing

a current or a voltage command to the valve solenoid. As the spool dynamics are much

faster than the pressure dynamics in the actuator, it is reasonable to assume that the

spool reaches the commanded position instantaneously [21]. Therefore, the effective

orifice area is selected to be the command input u to the pneumatic actuator. For a

positive value of the command input u, the spool is positioned such that the actuator

chamber is connected to the supply pressure Ps, while a negative command input u to

the spool connects the chamber volume to the ambient pressure Po.

Prior to defining the mass flow rate as a function of the input command u and the

pressures Ps, Po and P , a function Sg(.) is defined as follows,

Sg(x) =

1 if x > 0

0 if x ≤ 0
(3.22)

The air flows from the high pressure side (upstream side) to the low pressure side

(downstream side). For a given supply pressure Ps and ambient pressure Po, the air

pressure Pu(P, u) upstream of the valve and pressure Pd(P, u) downstream of the valve

are obtained in terms of the command input u and the chamber pressure P as,

Pu(P, u) = (PsSg(Ps − P ) + PSg(P − Ps))Sg(u)

+ (PSg(P − Po) + PoSg(Po − P ))Sg(−u) (3.23)

Pd(P, u) = (PsSg(P − Ps) + PSg(Ps − P ))Sg(u)

+ (PSg(Po − P ) + PoSg(P − Po))Sg(−u) (3.24)

where Sg(.) is as defined in Eq. (3.22). For a given inlet air temperature Tin to the

actuator chamber, the air temperature Tu(T, u) upstream of the valve is defined as,

Tu(T, u) = (TinSg(Ps−P )+TSg(P−Ps))Sg(u)+(TSg(P−Po)+TinSg(Po−P ))Sg(−u)

(3.25)
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It is common to assume that the air flow through the valve is analogous to isentropic

compression and expansion of air in a converging-diverging nozzle [21]. Thus, for a

constant supply pressure Ps and ambient pressure Po, the magnitude of the air mass

flow rate to the actuator chamber is determined by the chamber pressure P , the air

temperature T upstream of the valve and the valve orifice area determined by the input

command u to the actuator valve and is defined as [21],

ṁ = Ψ(P, T, u)u (3.26)

where the nonlinear function Ψ(P, Tu, u) depends on the upstream pressure Pu(P, u) in

Eq. (3.23), the downstream pressure Pd(P, u) in Eq. (3.24) and the upstream temper-

ature Tu(T, u) in Eq. (3.25) as,

Ψ(P, T, u) =
C1

Pu(P,u)√
RTu(T,u)

if Pd(P,u)
Ps(P,u) ≤ Pcr (choked flow)

C2
Pu(P,u)√
RTu(T,u)

(
Pd(P,u)
Pu(P,u)

) 1
γ

√
1−

(
Pd(P,u)
Pu(P,u)

) γ−1
γ Pd(P,u)

Pu(P,u) > Pcr (unchoked flow)

(3.27)

In the above equation, the units corresponding to the input u are m2 and the units

corresponding to the nonlinear function Ψ(P, Tu, u) are kg/m2/s. The dimensionless

parameters C1, C2 and the critical pressure ratio Pcr are given by,

C1 =

√
γ

(
2

γ + 1

)γ+1/γ−1

, C2 =

√
2γ

γ − 1
, Pcr =

(
2

γ + 1

)γ/γ−1

(3.28)

As stated in the earlier section, the air temperature Tin at the valve outlet (i.e the

chamber dead volume) is assumed to be the same as the chamber temperature T for

isothermal and adiabatic actuators. As a consequence, the upstream temperature will

be the same as chamber temperature (Tu(T, u) = T ).

In this study, the command input u to the actuator, is to be designed for achieving

energetically passive operation of the pneumatic actuator. Therefore, it is important to

define a suitable energy function for the pneumatic actuator. By defining the energy

function to be the storage function, the supply rate for achieving energetically passive

operation of pneumatic actuator is derived. In the following subsection, energy function

for a single chamber pneumatic actuator is developed.
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3.1.3 Single chamber actuator energy function

In this section, energy functions are developed for adiabatic and isothermal processes

in the single chamber actuator. For ease of presentation it is assumed that the piston

area exposed to both the chamber pressure P and ambient pressure Po is the same. The

force exerted by the single chamber actuator then is given by,

F (P ) = (P − Po)A (3.29)

where A is the piston cross-sectional area. The ambient air pressure Po therefore deter-

mines the equilibrium state in a single chamber actuator. The initial state of the actua-

tor corresponds to mechanical equilibrium (P = Po) and thermal equilibrium (T = To)

with the ambient. As additional air mass is added to the actuator chamber for extract-

ing work output, the pressure-volume(P − V ) and temperature-volume (T − V ) curves

in the actuator chamber will move along a trajectory that passes through (Po, To).

As both isothermal and adiabatic processes are reversible, the energy in the actuator

for these processes is the boundary work available from the actuator with respect to the

equilibrium state corresponding to zero actuator force F (P ) = 0. From ideal gas law in

Eq. (3.2), the chamber volume at the equilibrium state V̄ is obtained in terms of the

air mass m in the actuator chamber as,

V̄ (m) =
mRTo
Po

(3.30)

For a chamber pressure p and a chamber volume υ, the energy available in the single

chambered actuator with a reversible thermodynamic process is then given by,

Wact(m,P, Po) =

∫ V̄ (m)

V (m,P )
(p− Po) dυ (3.31)

The relationship between the pressure p, and the volume υ is determined by the

underlying thermodynamic process in the actuator. In the next two subsections, energy

available in the single chambered actuator for adiabatic and isothermal thermodynamic

process are derived.

Adiabatic process

On integrating the pressure dynamics in Eq. (3.13), and using the boundary condition

that for chamber pressure p = Po, the chamber volume υ is given by the equilibrium
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volume V̄ (m) in Eq. (3.30), the pressure-volume characteristic equation for adiabatic

actuator is obtained as,

pυγ = ka(m) =
(mRTo)

γ

P γ−1
o

= mγkaρ (3.32)

where kaρ is a positive constant and ka(m) is a constant for a fixed mass of air m in the

actuator chamber.

For a fixed mass of air m, using Eq. (3.32), a differential change dυ in the chamber

volume υ of the adiabatic actuator can be expressed in terms of corresponding chamber

pressure p and differential change in pressure dp as,

dυ = − υ

γp
dp = − mk

1/γ
aρ

γp(γ+1)/γ
dp (3.33)

Using the above equation, the energy function for a single chambered adiabatic

actuator is obtained from Eq. (3.31) as,

W adb
act (m,P, Po) =

∫ V̄ (m)

V (m,P )
(p− Po) dυ =

mk
1/γ
aρ

γ

∫ P

Po

(p− Po)
dp

p(γ+1)/γ
(3.34)

On integrating the above equation, the energy in an adiabatic actuator is obtained as,

W adb
act (m,P, Po) = mk1/γ

aρ

(
1

γ − 1

(
P (γ−1)/γ − P (γ−1)/γ

o

)
+ Po

(
1

P 1/γ
− 1

P
1/γ
o

))
(3.35)

Using the relationship mk
1/γ
aρ p−1/γ = υ between the pressure p and the volume υ for

the pressure volume pairs (P, V ) and (Po, V̄ (m)) from Eq. (3.32), and using the ideal

gas law (PV = mRT ) from Eq. (3.2), the actuator energy function in Eq. (3.35) can

be expressed as,

W adb
act (m,P, Po) = mCv(T − To)− Po(V̄ (m)− V ) (3.36)

where the temperature T and the volume V are related to pressure P and mass m

as given in Eq. (3.18) and Eq. (3.32) respectively. From the above equation it can

be seen that the energy function for the adiabatic actuator is the sum of change in the

chamber internal energy and the work done against ambient pressure Po before reaching
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the equilibrium state. From Eq. (3.35) the gravimetric energy density of the actuator

is obtained as,

W adb
m (P, Po) =

W adb
act (m,P, Po)

m

= k1/γ
aρ

(
1

γ − 1

(
P (γ−1)/γ − P (γ−1)/γ

o

)
+ Po

(
1

P 1/γ
− 1

P
1/γ
o

)) (3.37)

For an adiabatic actuator, the air density ρ = m/V can be defined in terms of the

chamber pressure P by using the ideal gas law from Eq. (3.2), and the temperature-

pressure relationship from Eq. (3.18) as,

ρ(P, T ) =
m

V
=

P

RT
=

Po
RTo

(
P

Po

)γ
(3.38)

Using the definition of the density ρ(P, T ) from the above equation, the gravimetric

energy density of a single chamber adiabatic actuator is obtained from Eq. (3.36) as,

W adb
m (P, Po) = Cv(T − To)− Po

(
1

ρ(Po, To)
− 1

ρ(P, T )

)
(3.39)

To establish that the gravimetric energy density W adb
m (P, Po) of a single chamber

adiabatic actuator is non-negative, the following lemma is proposed.

Lemma 3.1. For α ∈ <+ and n 6= 0, the following conditions are always true,

1. F(α, n) := (αn − 1)− n(α− 1) > 0, ∀ |n| > 1

2. F(α, n) := (αn − 1)− n(α− 1) < 0, ∀ |n| < 1

3. F(α, n) := (αn − 1)− n(α− 1) = 0, if and only if α = 1

Proof. For a given magnitude of n 6= 0, the maximum and/or minimum value of F(α, n)

can be evaluated by looking at the solution to the first and the second order optimality

conditions. On differentiating F(α, n) with respect to α, these conditions are obtained

as,

First order optimality condition :
dF(α, n)

dα
= n(αn−1 − 1) = 0 iff α = 1 ∀ n 6= 0

Second order optimality condition :
d2F(α, n)

dα2

∣∣∣∣
α=1

= n(n− 1) =

{
> 0, if |n| > 1

< 0, if |n| < 1
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At the extremum point (α = 1), the value of the function is obtained as F(1, n) = 0

for all n. Therefore, for |n| > 1, F(α, n) has a minimum value of 0 at α = 1, and is

positive everywhere else, and for |n| < 1, F(α, n) has a maximum value of 0 at α = 1,

and is negative for all other α.

Theorem 3.1. The gravimetric energy density W adb
m (P, Po) of a single chambered adi-

abatic actuator defined in Eq. (3.39) is non-negative for all (P, Po) ∈ <+, and is iden-

tically zero if only if P = Po.

Proof. Using the definition of density ρ(P, T ) = P/RT from Eq. (3.11), the gravimetric

energy density W adb
m (P, Po) in Eq. (3.39) can be expressed as,

W adb
m (P, Po) = Cv(T − To) +R(T − To)− Po

(
1

ρ(Po, To)
− 1

ρ(P, T )

)
−R(T − To)

= CpT

(
1− To

T

)
−RT

(
1− Po

P

)
(3.40)

where the temperature T is related to the pressure P as given in Eq. (3.18), while

Cp , (Cv + R) for an ideal gas. Using the definition of Cp from Eq. (3.4) and the

temperature-pressure relation from Eq. (3.18), the gravimetric energy density in the

above equation can be expressed as,

W adb
m (P, Po) = −CpT

(((
Po
P

)(γ−1)/γ

− 1

)
− γ − 1

γ

(
Po
P
− 1

))
(3.41)

On defining n = (γ − 1)/γ and α = Po/P in the above equation, and using the

results from lemma 3.1, the result follows.

The energy function for a single chamber actuator with isothermal thermodynamic

process is presented in the next subsection.

Isothermal process

The equilibrium volume V̄ (m) of the single chamber isothermal actuator for a given mass

of air m is again as defined in Eq. (3.30). The characteristic equation of the isothermal
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actuator relating the chamber air pressure p and the corresponding volume υ with the

equilibrium pressure Po and equilibrium volume V̄ (m) is obtained from integrating the

pressure dynamics in Eq. (3.20) as,

pυ = mRTo = PoV̄ (m) (3.42)

For a given mass of air m in the actuator chamber, the pressure-volume (P − V )

trajectory in the isothermal actuator is therefore determined by m. A differential change

dυ in the chamber volume υ can be expressed in terms of the differential change dp in

the corresponding chamber pressure p as,

dυ = −υ
p
dp = −mRTo

p2
dp (3.43)

Using the above equation in Eq. (3.31), the energy function for a single chamber

isothermal actuator is obtained as,

W iso
act (m,P, Po) =

∫ V̄ (m)

V (m,P )
(p− Po) dυ = mRTo

∫ P

Po

(p− Po)
dp

p2
(3.44)

Integrating the r.h.s of the above equation the energy available in a single chamber

isothermal chamber with respect to the ambient pressure Po is obtained as,

W iso
act (m,P, Po) = mRTo log

(
P

Po

)
− Po

(
V̄ (m)− V

)
(3.45)

where the chamber volume V and pressure P are related by the isothermal characteristic

curve in Eq. (3.42). For a pressure P in the actuator chamber, and an ambient pressure

of Po, the change in specific entropy of air in the isothermal actuator chamber with

respect to ambient conditions is given by [65],

σiso(P, Po) = R log

(
P

Po

)
(3.46)

Therefore the actuator energy function in Eq. (3.45) can be interpreted as the sum

of the work due to change in the chamber entropy with respect to ambient conditions

(mToσ(P, Po)), and the work done against the ambient pressure Po, as the actuator is

traversing to the equilibrium state (Po, To).

From Eq. (3.45), the gravimetric energy density of the isothermal actuator with

respect to the ambient pressure Po is defined as,

W iso
m (P, Po) =

W iso
act (m,P, Po)

m
= RTo log

(
P

Po

)
− Po

(
V̄ (m)

m
− V

m

)
(3.47)
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Using the definition of the equilibrium volume V̄ (m) = mRTo/Po from Eq. (3.30),

and using the ideal gas law from Eq. (3.2), the gravimetric energy density in the above

equation can be expressed as,

W iso
m (P, Po) = RTo log

(
P

Po

)
− Po

(
1

ρ(Po, To)
− 1

ρ(P, To)

)
(3.48)

where ρ(P, To) corresponds to the density of air for the isothermal actuator and is

obtained from Eq. (3.11) as ρ(P, To) = P
RTo

.

Theorem 3.2. The gravimetric energy density W iso
m (P, Po) for a single-chambered isother-

mal pneumatic actuator as defined in Eq. (3.48) is non-negative for any pair of (P, Po) ∈
<+, and is identically zero only when P = Po.

Proof. Using the definition of ρ(P, To) = P/RTo, the gravimetric energy density in Eq.

(3.48) can be expressed as,

W iso
m (P, Po) = RTo log

(
P

Po

)
−RTo

(
1− Po

P

)
(3.49)

The above equation can be re-written as,

W iso
m (P, Po) = RTo

((
Po
P
− 1

)
− log

(
Po
P

))
(3.50)

Define α = Po/P1. As Po and P1 are always positive, using the following property,

α− log(1 + α) =

> 0 ifα > −1

0 ifα = 1
(3.51)

it can be seen that the gravimetric energy density for the isothermal actuator chamber

is positive for any positive pair of (P, Po), and is identically zero, only if P = Po.

Variation in the gravimetric energy density of the adiabatic actuator (W adb
m (P, Po))

and the isothermal actuator (W iso
m (P, Po)) with different operating pressures P is shown

in Fig. (3.5). As seen in the figure, the gravimetric energy density for both the adiabatic

and the isothermal single chamber actuators is a non-negative function of the operating

pressure P , with a minimum value at P = Po. In addition, it can be seen that for
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P/Po > 1, the gravimetric energy density of the isothermal actuator is greater than the

adiabatic actuator. When the chamber pressure P is less than the ambient pressure Po,

the gravimetric energy density of the adiabatic actuator is greater than the isothermal

actuator.

Figure 3.5: Gravimetric energy density of adiabatic and isothermal single chambered

actuators

By changing the energy available from the actuator, the chamber pressure and con-

sequently the actuator force output can be varied. To achieve passive operation of the

pneumatic actuator, appropriate supply rate to the pneumatic actutor has to be identi-

fied. In the following section supply rate for the single chamber adiabatic and isothermal

actuators is derived. The port power variables available for providing this supply rate

are also identified.
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3.1.4 Passivity property of single chambered actuator

Passivity is an input-output property a system. For an input vector u and an output

vector y the external supply rate s(u,y) is defined as,

s(u,y) = uTy (3.52)

For a system to be passive the supply rate s(u,y) in the above equation has to

satisfy the following condition [2],∫ t

0
s(u,y) dτ ≥ −c2

o (3.53)

where c2
o is a positive constant. If the input-output pair (u,y) corresponds to power

variables, then the supply rate s(u,y) in Eq. (3.52) corresponds to physically meaningful

power input to the system. The system satisfying the passivity condition in Eq. (3.53)

for such input-output pair is said to be energetically passive.

Equation 3.53 can then be interpreted as minimum energy input required for the

system to do work. The negative sign on the lower bound indicates that an initial

energy corresponding to c2
o is available for the system to do work, in the absence of any

external energy input. On multiplying both sides of Eq. (3.53) by the negative sign (’-’),

the upper bound c2
o on the resulting inequality corresponds to the maximum available

energy in the system to do work. In the absence of power input to the system, the

maximum available energy in the system corresponds to the initial energy represented

by c2
o.

The supply rate s(u,y) for a single chamber adiabatic and isothermal actuators are

derived in this section by defining the actuator energy function as the storage function.

As the actuator energy function for reversible thermodynamic process defined in Eq.

(3.31) corresponds to be the boundary work extracted from the actuator, the pneumatic

actuator will be passive with respect to the mechanical supply rate. The port variables

corresponding to the input vector u and the output vector y are also identified in this

section. To facilitate extension to the two-chambered actuator, some of the preliminary

analysis presented in this section assumes that the ambient pressure Po is a variable.

The supply rate for the single chambered actuator presented in this section is however

for an actuator interacting with an ambient at a constant pressure. Supply rate for the

adiabatic actuator is presented in the following subsection.
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Adiabatic process

For a mass of air m in the actuator chamber, using the definition of the gravimetric

energy density W adb
m (P, Po) from Eq. (3.39), the energy in a single chamber pneumatic

actuator with adiabatic thermodynamic process can be expressed as,

W adb
act (m,P, Po) = mW adb

m (P, Po) (3.54)

The derivative of the above energy function is given by,

Ẇ adb
act (m,P, Po) = ṁW adb

m (P, Po)+m
∂W adb

m (P, Po)

∂P

∣∣∣∣
Po

Ṗ +m
∂W adb

m (P, Po)

∂Po

∣∣∣∣
P

Ṗo (3.55)

Using the relationship (kaρ/P )(1/γ) = 1/ρ(P, T ) from Eq. (3.14), the partial derivatives

of the chamber gravimetric energy density W adb
m (P, Po) in Eq. (3.37) with respect to

the chamber pressure P and with respect to ambient pressure Po are obtained as,

∂W adb
m (P, Po)

∂P

∣∣∣∣
Po

=

(
P − Po
ρ(P, T )

)
1

γP

∂W adb
m (P, Po)

∂Po

∣∣∣∣
P

= −
(

1

ρ(Po, To)
− 1

ρ(P, T )

) (3.56)

Using the pressure dynamics for the adiabatic process from Eq. (3.13) and the

expressions for the partial derivative of gravimetric energy density from Eq. (3.56), the

derivative of the actuator energy function in Eq. (3.55) is obtained as,

Ẇ adb
act (m,P, Po) = ṁ

(
W adb
m (P, Po) +

(P − Po)
ρ(P, T )

)
−(P−Po)V̇ −Ṗo (V (x̄)− V (x)) (3.57)

In the above equation, if the air mass flow rate ṁ is designated as the flow variable

at the fluid port, then the corresponding effort variable is the sum of the gravimetric

energy density, and the specific flow work. From Eq. (3.18) the chamber temperature

T and pressure P are related as T = To(P/Po)
(γ−1)/γ . Therefore, the effort variable

Φadb(P, Po) at the fluid port of the single chamber adiabatic actuator is defined as,

Φadb(P, Po) := W adb
m (P, Po) +

(P − Po)
ρ(P, T )

(3.58)

Theorem 3.3. For a constant ambient pressure Po, the single chamber adiabatic actu-

ator is passive with respect to the following supply rate,

sadb((ṁ, ẋ), (Φadb(P, Po), F (P ))) := ṁΦadb(P, Po)− F (P )ẋ (3.59)
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where ṁ is the flow variable at the fluid port of the single chamber adiabatic actuator,

Φadb(P, Po) is the corresponding effort variable at the fluid port of the actuator and is

as defined in Eq. (3.58), the piston velocity ẋ is the flow variable at the mechanical port

of the actuator, and the actuator force F (P ) = (P − Po)A is the effort variable at the

mechanical port of the actuator.

Proof. Define the adiabatic actuator energy function W adb
act (m,P, Po) in Eq. (3.54) to

be the actuator storage function. The time derivative of the actuator energy function

Ẇ adb
act (m,P, Po), is as given in Eq. (3.57). At constant ambient pressure (Ṗo = 0),

using the definition of the fluid port effort variable Φadb(P, Po) from Eq. (3.58), the

definition of the actuator force F (P ) for the single chambered actuator from Eq. (3.29)

and the relationship between the actuator volume V (x) and the piston position x from

Eq. (3.73) the derivative of the energy function in Eq. (3.57) can be expressed in terms

of the supply rate sadb(.) in Eq. (3.59) as,

Ẇ adb
act (m,P, Po) = ṁΦadb(P, Po)− F (P )ẋ = sadb((ṁ, ẋ), (Φadb(P, Po), F (P ))) (3.60)

On the integrating the above equation, and using the result from theorem 3.1 that

the gravimetric energy density W adb
m (P, Po) (and hence the actuator energy function

W adb
act (m,P, Po)) is a non-negative function, it can be shown that the single chamber

adiabatic actuator supply rate sadb(.) satisfies the following passivity condition,∫ t

0
sadb((ṁ, ẋ), (Φadb(P, Po), F (P ))) dτ ≥ −W adb

act (m,P, Po)

∣∣∣∣
t=0

(3.61)

where W adb
act (m,P, Po)

∣∣∣∣
t=0

≥ 0 corresponds to initial energy in the single chamber adia-

batic actuator.

In the following section, the supply rate for a single chamber isothermal actuator is

presented. The port variables corresponding to this supply rate are also identified.

Isothermal process

Using the definition of the gravimetric energy density W iso
m (P, Po) from Eq. (3.48), the

energy available in a single chamber isothermal actuator can be written as,

W iso
act (m,P, Po) = mW iso

m (P, Po) (3.62)
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where m corresponds to the mass of air in chamber volume. The time derivative of the

above energy function is given by,

Ẇ iso
act (m,P, Po) = ṁW iso

m (P, Po) + m
∂W iso

m (P, Po)

∂P

∣∣∣∣
Po

Ṗ + m
∂W iso

m (P, Po)

∂Po

∣∣∣∣
P

Ṗo (3.63)

The partial derivative of chamber gravimetric energy density W iso
m (P, Po) in Eq.

(3.48) with respect to the chamber pressure P and the ambient pressure Po is obtained

as,

∂W iso
m (P, Po)

∂P

∣∣∣∣
Po

=
RTo
P
− Po
ρ2(P, To)

∂ρ(P, To)

∂P

∂W iso
m (P, Po)

∂Po

∣∣∣∣
P

= −RTo
Po

+
1

ρ(P, T )

(3.64)

Using the definition of air density ρ(P, To) = P/RTo from Eq. (3.11), the partial

derivatives of the gravimetric energy density W iso
m (P, Po) in the above equation can be

simplified as,

∂W iso
m (P, Po)

∂P

∣∣∣∣
Po

=
(P − Po)
Pρ(P, To)

∂W iso
m (P, Po)

∂Po

∣∣∣∣
P

= −
(

1

ρ(Po, To)
− 1

ρ(P, T )

) (3.65)

Using the pressure dynamics for isothermal process from Eq. (3.20) and the expres-

sion for the partial derivative of gravimetric energy density W iso
m (P, Po) from Eq. (3.65),

the derivative of the actuator energy function in Eq. (3.63) can be expressed as,

Ẇ iso
act (m,P, Po) = ṁ

(
W iso
m (P, Po) +

(P − Po)
ρ(P, To)

)
−(P−Po)V̇ −Ṗo (V (x̄)− V (x)) (3.66)

In the above equation, if the air mass flow rate ṁ is designated as the flow variable

at the fluid port, then the corresponding effort variable is the sum of the gravimetric

energy density, and the specific flow work. As seen from Eq. (3.57), this structure for

the effort variable at the port interacting with the fluid source is similar to the single

chamber adiabatic actuator. Let this effort variable be represented by Φiso(P, Po) as,

Φiso(P, Po) := W iso
m (P, Po) +

(P − Po)
ρ(P, To)

(3.67)
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Theorem 3.4. For a constant ambient pressure Po, the single chamber isothermal ac-

tuator is passive with respect to the following supply rate,

siso((ṁ, ẋ), (Φiso(P, Po), F (P ))) := ṁΦiso(P, Po)− F (P )ẋ (3.68)

where the air mass flow rate ṁ is designated to be the flow variable at the fluid port

of the actuator, Φiso(P, Po) is the corresponding effort variable at the fluid port of the

actuator and is as defined in Eq. (3.67), the piston velocity ẋ is the flow variable at the

mechanical port of the actuator, and the actuator force F (P ) = (P − Po)A is the effort

variable at the mechanical port of the actuator.

Proof. Define the isothermal actuator energy function W iso
act (m,P, Po) from Eq. (3.62)

to be the storage function. The time derivative of this energy function Ẇ iso
act (m,P, Po) is

as given in Eq. (3.66). For constant ambient pressure (Ṗo = 0), using the definition of

the fluid port effort variable Φiso(P, Po) from Eq. (3.67), the definition of the actuator

force F (P ) from Eq. (3.29), and the relationship between the actuator volume V (x)

and the piston position x in Eq. (3.73), the derivative of the energy function in Eq.

(3.66) is written in terms of the supply rate siso(.) defined in Eq. (3.68) as,

Ẇ iso
act (m,P, Po) = ṁΦiso(P, Po)− F (P )ẋ = siso((ṁ, ẋ), (Φiso(P, Po), F (P ))) (3.69)

Integrating the above equation, and using the result from theorem 3.2 that the gravi-

metric energy densityW iso
m (P, Po) (and hence the actuator energy functionW iso

act (m,P, Po))

is a non-negative function, it can be seen that the supply rate for the single chambered

isothermal actuator siso(.) in Eq. (3.68) satisfies the following passivity condition,∫ t

0
siso((ṁ, ẋ), (Φiso(P, Po), F (P ))) dτ ≥ −W iso

act (m,P, Po)

∣∣∣∣
t=0

(3.70)

where W iso
act (m,P, Po)

∣∣∣∣
t=0

≥ 0 corresponds to the initial energy in the single chambered

isothermal actuator.

Some properties of the supply rates for the single chamber adiabatic and isothermal

pneumatic actuators, given in Eq. (3.59) and Eq.(3.68) respectively, are listed in the

following remark.
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Remark 3.1. The supply rate sadb((ṁ, ẋ), (Φadb(P, Po), F (P ))) for the single chamber

adiabatic actuator defined in Eq. (3.59) and the supply rate siso(ṁ,Φiso(P, Po), F (P ), ẋ)

for the single chamber isothermal actuator defined in Eq. (3.68) have the following

characteristics:

1. The supply rates s(adb)(ṁ,Φ(adb,adb)(P, Po), F (P ), ẋ) in Eq. (3.59) for the single

chamber adiabatic actuator, and s(iso)(ṁ,Φ(adb,adb)(P, Po), F (P ), ẋ) in Eq. (3.68)

for the single chamber isothermal actuator, have two ports for power interaction.

One port corresponds to interaction with the fluid source with the corresponding

power interaction being ṁΦ(adb,iso)(P, Po). The other port corresponds to mechan-

ical interaction, the corresponding power interaction being −F (P )ẋ. The negative

sign for the power interaction at the mechanical port implies that the power is

being extracted from this port of the actuator.

2. From the definition of the gravimetric energy density W adb
m (P, Po) in Eq. (3.39)

and using the definition of air density from Eq. (3.11), the fluid port effort variable

Φadb(P, Po) in Eq. (3.58) can be expressed as the change in specific enthalpy of

the chamber air as the actuator traverses to equilibrium position and is given by,

Φadb(P, Po) := W adb
m (P, Po) +

(P − Po)
ρ(P, T )

= Cp(T − To) (3.71)

where Cp = (Cv + R) is the specific heat of air at constant pressure and is as

defined in Eq. (3.4).

3. From the definition of the gravimetric energy density W iso
m (P, Po) in the above

equation and the definition of density ρ(P, To) = P/RTo, the fluid port effort

variable Φiso(P, Po) for the single chamber isothermal actuator in Eq. (3.67) can

be expressed in terms of the the specific work extracted due to change in specific

entropy σiso(P, Po) as,

Φiso(P, Po) := W iso
m (P, Po) +

(P − Po)
ρ(P, To)

= Toσiso(P, Po) (3.72)

where σiso(P, Po) = RTo log
(
P
Po

)
is as defined in Eq. (3.46).
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The pneumatic actuators available for the experimental work in this study are all

two-chambered. A two-chambered pneumatic actuator can be considered as two inter-

acting single chamber pneumatic actuators. The actuator dynamics, the energy function

and the supply developed in this section for a single chamber pneumatic actuator are

extended to a two-chambered pneumatic actuator in the following section.

3.2 Two-chambered pneumatic actuator

In this section, actuator dynamics, energy function, and supply rate for passive operation

of a two-chambered pneumatic actuator are reported. Schematic of a two-chambered

pneumatic actuator is as shown in Fig. (3.6). The air chamber on the piston cap side

is referred to as chamber 1, and the air chamber on the piston rod side is referred to

as chamber 2. The two chambers of the actuator are mechanically coupled through

the actuator piston. For a piston position x, the volume of chamber 1 (V1(x)) and the

volume of chamber 2 (V2(x)) are given by,

V1(x) , A1(L1o + x), V2(x) , A2(L
′
2o + L− x) = A2(L2o − x) (3.73)

Figure 3.6: Schematic of a two-chambered pneumatic actuator

where A1 and A2 refer to the piston cross-sectional area in chamber 1 and chamber 2
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respectively, while A1L1o and A2L
′
2o correspond to the dead volume in chambers 1 and

2 respectively, and L corresponds to the actuator stroke length.

Let T1 and T2 be the air temperatures in chambers 1 and 2 of the actuator respec-

tively. It is assumed that air in each actuator chamber behaves as an ideal gas. For a

given mass of air m1 and m2 in chambers 1 and 2 of the actuator, the corresponding

chamber air pressures P1 and P2 are obtained from the ideal gas law as

P1 =
m1RT1

V1(x)
, P2 =

m2RT2

V2(x)
(3.74)

The temperature and pressure dynamics for the two-chambered actuator are pre-

sented in the next section.

3.2.1 Actuator dynamics

As adiabatic and isothermal processes are of interest in this chapter, the pressure and

temperature dynamics corresponding to these models only is reported in this section.

Adiabatic actuator

Similar to the single chambered actuator it is assumed that the adiabatic trajectory

in each chamber of the two-chambered actuator passes through (Po, To), where Po is

the ambient pressure while To is the ambient temperature. As shown in Eq. (3.30), the

volume of each chamber at ambient pressure Po and ambient temperature To depends on

the mass of air in each chamber. For an air mass of m1 in chamber 1 and m2 in chamber

2, the chamber volumes V1o(m1) and V2o(m2) corresponding to a chamber pressure Po

and chamber temperature of To is obtained from ideal gas law as,

V1o(m1) =
m1RTo
Po

, V2o(m2) =
m2RTo
Po

(3.75)

The temperature and pressure dynamics in each chamber of the two-chambered

adiabatic actuator are obtained from Eq. (3.12) and Eq. (3.13) as,

Ṫi
Ti

= (γ − 1)

(
ṁi

mi
− V̇i
Vi

)
(3.76)

Ṗi
Pi

= γ

(
ṁi

mi
− V̇i
Vi

)
(3.77)
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where i ∈ (1, 2) is the index for representing the two actuator chambers. Integrating the

above equations for a fixed mass of air m1 and m2 in chambers 1 and 2 respectively, the

temperature-volume (T − V ) and the pressure-volume (P − V ) relationships for each

chamber of an adiabatic actuator are obtained as,

T1V1(x)γ−1 = kt1(m1) = ToV
γ−1

1o (m1), T2V2(x)γ−1 = kt2(m2) = ToV
γ−1

2o (m2)

P1V
γ

1 (x) = kp1(m1) = PoV
γ

1o(m1), P2V
γ

2 (x) = kp2(m2) = PoV
γ

2o(m2)
(3.78)

where kt(1)(m1) and kt(2)(m2) are integration constants for chamber 1 and chamber 2

temperature dynamics respectively in Eq. (3.76), while kp(1)(m1) and kp(2)(m2) are the

integration constant for chamber 1 and chamber 2 pressure dynamics respectively in Eq.

(3.77). These integration constants are determined from the assumed initial pressure

Po and temperature To in each chamber of the actuator. For these initial conditions,

trajectories of the temperature-volume and the pressure-volume curves is determined

by the the mass of air in each actuator chamber.

For the initial pressure Po and temperature To, the pressure Pi and the temperature

Ti in each chamber of the actuator are related as shown in Eq. (3.18) for a single-

chambered adiabatic actuator and this relationship is given by,

T1 = To

(
P1

Po

) γ−1
γ

, T2 = To

(
P2

Po

) γ−1
γ

(3.79)

Note that the relationship between the pressure Pi and the temperature Ti in the

above equation depends only on the initial conditions (Po, To) and is independent of the

air mass. Dynamic characteristics of an isothermal actuator are presented in the next

section.

Isothermal actuator

For the isothermal actuator, the temperature in both chambers of the actuators is

assumed to be at ambient temperature To. Using Eq. (3.20), the temperature and

pressure dynamics in each chamber of the two-chambered isothermal actuator are given

by,

Ti = To (3.80)

Ṗi
Pi

=

(
ṁi

mi
− V̇i
Vi

)
(3.81)
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where again i ∈ (1, 2) is the index for representing the two actuator chambers. On

integrating the pressure dynamics in the above equation and then applying the ideal

gas law from Eq. (3.2), the chamber pressure and volume are related as,

P1V1(x) = kc1(m1) = m1RTo, P2V2(x) = kc2(m2) = m2RTo (3.82)

where kc1(m1) and kc2(m2) are constant for fixed mass of air m1 and m2 in chamber 1

and 2 respectively of the isothermal actuator. Therefore the characteristics of the curve

traversed in each chamber of the isothermal actuator depends only on the mass of air in

each chamber. The expression for mass flow rate to each chamber of the two-chambered

actuator is presented in the following section.

3.2.2 Mass flow rate

In this study it is assumed that there is no air leakage between the two chambers.

Therefore the mass flow rates ṁ1 and ṁ2 to the chambers 1 and 2 of the actuator

respectively, is determined by the pneumatic valve only. The mass flow rate to each

actuator chamber is determined from Eq. (3.26). As shown in Fig. (3.6), if a single valve

is used to meter the air flow, then the pressure port connections to the two chambers

are mechanically coupled through the valve spool position. If the spool is positioned

such that chamber 1 is connected to the supply pressure Ps, then chamber 2 would

be connected to the ambient pressure Po, and vice-versa. The convention for valve

operation is that a positive command input u to the valve corresponds to a positive

valve command input u1 to chamber 1 and a negative valve command input u2 to

chamber 2. As a result chamber 1 is connected to the supply pressure Ps and chamber

2 is connected to the ambient pressure Po. When the command input u is negative, the

spool is position such that chamber 1 is now connected to ambient pressure (u1 < 0),

while chamber 2 is connected to the supply pressure (u2 ≥ 0). Assuming that the orifice

area available for air flow to both the chambers is the same, the input commands u1

and u2 are related to the single valve input command u as,

u = u1 = −u2 (3.83)

In addition to the orifice area, the mass flow rate ṁi to each chamber depends on

the chamber pressure Pi, air temperature upstream to the valve orifice Tui , and the
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external pressure port connected to the chamber (either the supply pressure Ps or the

ambient pressure Po). Similar to the single chambered actuator, the air temperature

Tui at the upstream of the valve is assumed to be the same as chamber temperature for

both the isothermal and adiabatic actuators (i.e Tu1 = T1 and Tu2 = T2). From Eq.

(3.26), the mass flow rates ṁ1 and ṁ2 thus obtained as,

ṁ1 = Ψ(P1, T1, u)u, ṁ2 = −Ψ(P2, T2,−u)u (3.84)

where the nonlinear function ΨPi,Ti,u is as defined in Eq. (3.27). Energy function for the

two-chambered isothermal and adiabatic actuators is presented in the following section.

3.2.3 Two-chambered actuator energy function

For ease of presentation, let m = (m1,m2) be the vector of air mass m1 and m2 from

chambers 1 and 2 of the actuator, while P = (P1, P2) represent the vector of chamber

pressures.

Similar to the single chamber actuator, the energy function for the two-chambered

actuator is defined as the work that can be extracted from the actuator, as it traverses

to the equilibrium state (Fa(P ) = 0 in Eq. (3.1)). For known initial conditions (Po, To),

trajectory of the pressure-volume curve for the adiabatic actuator and the isothermal

actuator, in Eq. (3.78) and Eq. (3.82) respectively, is determined by the air mass m in

the actuator.

For a piston position of x, the chamber volumes are obtained from Eq. (3.73) as,

V1(x) = A1(L1o + x) and V2(x) = A2(L2o − x). For a given air mass m, the pressure

P1, determined from Eq. (3.78) and Eq. (3.82) for adiabatic and isothermal actuators

respectively, decreases monotonically with the piston position x, while the pressure P2

increases monotonically with x. Therefore, for a given thermodynamic process, there

will be a unique position x̄(m) of the actuator, where the chamber pressures P̄1(m) and

P̄2(m) (determined from Eq. (3.78) or Eq. (3.82) depending on the thermodynamic

process) satisfy the following equilibrium condition,

Fa(P̄1, P̄2) = P̄1(m)A1 − P̄2(m)A2 − PoAp = 0 (3.85)

where Ap = (A1 − A2) is the rod cross-sectional area exposed to the ambient pressure
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Po. From Eq. (3.85), the actuator force in Eq. (3.1) can be expressed as,

Fa(P ) = (P1 − P̄1(m))A1 − (P2 − P̄2(m))A2 (3.86)

The volume of each chamber at equilibrium state is obtained from the volume-

position relationship in Eq. (3.73) as,

V1(x̄(m)) = A1(L1o + x̄(m)), V2(x̄(m)) = A2(L2o − x̄(m)) (3.87)

For air pressure of p1 and p2 in chambers 1 and 2 of the actuator for an actuator

position of χ, the energy that can be extracted from the actuator as it traverses from

an initial position of x to the equilibrium position x̄(m) is given by,

Wact(m,P ) =

∫ x̄(m)

x
((p1 − P̄1(m))A1 − (p2 − P̄2(m))A2) dχ (3.88)

Using the relationship between the actuator position x and the chamber volumes

V1(x) and V2(x) from Eq. (3.73), the actuator energy function in the above equation

can be expressed as,

Wact(m,P ) =

∫ V1(x̄(m))

V1(x)
(p1 − P̄1(m)) dυ1 +

∫ V2(x̄(m))

V2(x)
(p2 − P̄2(m)) dυ2 (3.89)

where υ(1,2)(χ) corresponds to volume of chambers 1 and 2 of the actuator for a piston

position of χ and are as defined in Eq. (3.73). Comparing Eq. (3.89) with the definition

of energy function for a single chamber actuator in Eq. (3.31), the available energy in the

two-chambered actuator with a reversible thermodynamic process is therefore the sum

of the work that can be extracted from individual actuator chambers as the actuator

traverses to the equilibrium position x̄(m). In the following sections, the equilibrium

thermodynamic states for the two-chambered isothermal and the adiabatic actuators is

identified and their corresponding energy function is presented.

Adiabatic actuator

The temperature-volume (T −V ) and pressure-volume (P −V ) characteristic curves for

the adiabatic actuator are as given in Eq. (3.78). Using the definition of the chamber

volumes V1(x̄(m)) and V2(x̄(m)) from Eq. (3.87) in the pressure-volume characteristic
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equation given by Eq. (3.78), the equilibrium pressures P̄1(m), P̄2(m) can be expressed

in terms of the equilibrium position x̄(m) as,

P̄1(m) =
kp1(m1)

Aγ1(L1o + x̄(m))γ
, P̄2(m) =

kp2(m2)

Aγ2(L2o − x̄(m))γ
(3.90)

where A1 and A2 are the piston cross-sectional areas in chambers 1 and 2 respectively

and are constant for an actuator. Using the definition of equilibrium pressures from

above equation in the equilibrium pressure relationship given by Eq. (3.85), the equi-

librium position x̄(m) is obtained as the solution of the following equation,

kp1(m1)

Aγ−1
1 (L1o + x̄(m))γ

− kp2(m2)

Aγ−1
2 (L2o − x̄(m))γ

− PoAp = 0 (3.91)

After obtaining the equilibrium position from the above equation, the equilibrium

pressures P̄1(m) and P̄2(m) in actuator chambers 1 and 2 respectively, are determined

from Eq. (3.90). Due to change in the air mass m, the equilibrium pressure P̄1(m)

and P̄2(m) do not necessarily correspond to the assumed initial pressure of Po in each

chamber. Therefore, from Eq. (3.79), the equilibrium temperatures T̄1(m) and T̄2(m)

in chambers 1 and 2 respectively also do not correspond to initial temperature To. The

equilibrium temperatures T̄1(m) and T̄2(m) are determined from Eq. (3.78) as,

T̄1(m) =
kt1(m1)

V γ−1
1 (x̄(m))

, T̄2(m) =
kt2(m2)

V γ−1
2 (x̄(m))

(3.92)

Proposition 3.1. For a given mass of air m1 and m2 in chambers 1 and 2 of the

actuator, and for corresponding chamber pressures of P1 and P2, the energy function

for the two-chambered adiabatic actuator is given by,

W adb
act (m,P ) = m1W

adb
m (P1, P̄1(m)) +m2W

adb
m (P2, P̄2(m)) (3.93)

= m1Cv(T1 − T̄1(m)) +m2Cv(T2 − T̄2(m))− PoAp(x̄(m)− x) (3.94)

where W adb
m (.) represents the gravimetric energy density of the air in an adiabatic ac-

tuator chamber and is as defined in Eq. (3.39), P̄1(m) and P̄2(m) correspond to the

equilibrium pressures in chamber 1 and 2 of the actuator, while T̄1(m) and T̄2(m) corre-

spond to air temperature in chamber 1 and 2 of the adiabatic actuator at the equilibrium

position x̄(m) and are as defined in Eq. (3.92). Moreover, the actuator energy function

as defined in Eq. (3.93) is a positive definite function of air mass in each chamber (m1,

m2), and the chamber pressures (P1, P2).
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Proof. On comparing Eq. (3.89) with Eq. (3.34) the energy available from each actuator

chamber of the two-chambered actuator has a form similar to the energy function of a

single chamber adiabatic actuator in Eq. (3.89). Therefore, using the definition of the

gravimetric energy density W adb
m (P, P̄ ) for a single chamber adiabatic actuator from Eq.

(3.39), the energy function for the two-chambered adiabatic actuator is obtained from

Eq. (3.89) as,

W adb
act (m,P ) = m1W

adb
m (P1, P̄1(m)) +m2W

adb
m (P2, P̄2(m))

= m1Cv(T1 − T̄1(m)) +m2Cv(T2 − T̄2(m))− P̄1(m) (V1(x̄)− V1(x))

− P̄2(m) (V1(x̄)− V1(x))

(3.95)

Using the relationship between the chamber volumes V1(x), V2(x) and the actuator

position x from Eq. (3.73), and from the relationship between equilibrium pressures

P̄1(m), P̄2(m) in Eq. (3.85), the energy function W adb
act (m,P ) in the above equation

can be simplified as,

W adb
act (m,P ) = m1Cv(T1 − T̄1(m)) +m2Cv(T2 − T̄2(m))− PoAp (x̄(m)− x) (3.96)

As stated in the remark 3.1, the gravimetric energy density W adb
m (P, P̄ ) of the adia-

batic actuator is positive definitive for all (P, P̄ ) ∈ <+. Therefore the energy function for

the two-chambered adiabatic actuator in Eq. (3.93) is also a positive definite function for

all feasible elements of the chamber mass (m1,m2), and chamber pressure (P1, P2).

Remark 3.2. The energy function for a two-chambered adiabatic actuator is the sum of

change in internal energy in each actuator chamber and the work done against ambient

pressure Po, as the actuator traverses to the equilibrium position x̄(m).

The energy function for the two-chambered isothermal actuator is presented in the

following section.

Isothermal actuator

The pressure-volume (P − V ) curve in each chamber of the two-chambered isothermal

actuator is as given in Eq. (3.82). The air temperature in both chambers of isothermal

actuator is assumed to be constant and same as the ambient temperature (T1 = To and

T2 = To for all t). Therefore the air temperature in chambers 1 and 2 of the actuator
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at the equilibrium state are the same as ambient temperature (T̄1 = To and T̄2 = To).

For a given mass of air m1 and m2 in the actuator chambers 1 and 2 respectively,

the equilibrium pressures P̄1(m) and P̄2(m) in the actuator chambers 1 and 2 can be

expressed in terms of the equilibrium position x̄(m) by using the ideal gas law from Eq.

(3.2) as,

P̄1(m) =
m1RTo
V1(x̄(m))

=
m1RTo

A1(L1o + x̄(m))
, P̄2(m) =

m2RTo
V2(x̄(m))

=
m2RTo

A2(L2o − x̄(m))
(3.97)

Using the definition of the equilibrium pressures from the above equation in the

equilibrium pressure relationship given in Eq. (3.85), the equilibrium position x̄(m) is

obtained as solution of the following equation,

m1RTo
L1o + x̄(m)

− m2RTo
L2o − x̄(m)

− PoAp = 0 (3.98)

Proposition 3.2. For a given mass of air m1 and m2 in chamber 1 and 2 of the

actuator respectively, and for the corresponding chamber pressures of P1 and P2, the

energy function for the two-chambered isothermal actuator is given by,

W iso
act (m,P ) = m1W

iso
m (P1, P̄1(m)) +m2W

iso
m (P2, P̄2(m)) (3.99)

= m1RTo log

(
P1

P̄1(m)

)
+m2RTo log

(
P2

P̄2(m)

)
− PoAp (x̄(m)− x) (3.100)

where W iso
m (.) represents the gravimetric energy density of the air in a single chambered

isothermal actuator and is as defined in Eq. (3.47), P̄1(m) and P̄2(m) represent the

equilibrium pressure in chambers 1 and 2 of the actuator respectively, while x(m) is the

equilibrium position of the actuator. Also, the actuator energy function as defined in

Eq. (3.99) is a positive definite function of mass (m1,m2) and pressures (P1, P2) in

each actuator chamber.

Proof. On comparing Eq. (3.89) with Eq. (3.44) the energy available from each actuator

chamber of the two-chambered actuator has a form similar to the energy available from

a single chamber isothermal actuator in Eq. (3.89). Therefore, using the definition of

the gravimetric energy density W iso
m (P, P̄ ) for a single chamber isothermal actuator from

Eq. (3.47), the energy function for the two-chambered isothermal actuator is obtained
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from Eq. (3.89) as,

W iso
act (m,P ) = m1W

iso
m (P1, P̄1(m)) +m2W

iso
m (P2, P̄2(m))

= m1RTo log

(
P1

P̄1(m)

)
+m2RTo log

(
P2

P̄2(m)

)
− P̄1(m) (V1(x̄)− V1(x))

− P̄2(m) (V2(x̄)− V2(x))

(3.101)

From the definition of V1(x) and V2(x) in Eq. (3.73), and using the relationship

between equilibrium pressures P̄1(m) and P̄2(m) in Eq. (3.85), the energy function in

the above equation can be simplified as,

W iso
act (m,P ) = m1RTo log

(
P1

P̄1(m)

)
+m2RTo log

(
P2

P̄2(m)

)
− PoAp (x̄(m)− x)

(3.102)

As stated in remark 3.2, the gravimetric energy density W iso
m (P, P̄ ) of the isothermal

actuator is positive definitive for all (P, P̄ ) ∈ <+. Therefore the energy function for the

two-chambered isothermal actuator in Eq. (3.99) is also a positive definite function.

Remark 3.3. The energy function for a two-chambered isothermal actuator can be

expressed as the sum of work done due to change in entropy in each actuator chamber

(σiso(P(1,2), P̄(1,2)(m)) in Eq. (3.46)) and the work done against ambient pressure Po,

as the actuator traverses to the equilibrium position x̄(m).

Unlike in the single chamber actuator, the equilibrium pressures P̄1(m) and P̄2(m)

in chamber 1 and 2 respectively, of a two-chambered actuator can be different from the

ambient pressure Po. They are only required to satisfy the equilibrium condition in

Eq. (3.85). Let j ∈ (iso, adb) be the index to represent the thermodynamic process in

the pneumatic actuator. The available energy W j
act(m,P ) from the adiabatic actuator

given in Eq. (3.94) and from the isothermal actuator given in Eq. (3.100) satisfy the

following lemma.

Lemma 3.2. For a given mass of air m1 and m2 in chamber 1 and 2 of the actuator

respectively, the gravimetric energy density W j
m(P, Po) as defined in Eq. (3.39) and

Eq. (3.48) for the adiabatic actuator (j = adb) and the isothermal actuator (j = iso)
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respectively, the energy W j
act(m,P ) available from the two-chambered actuator can be

expressed as,

W j
act(m,P ) = (m1W

j
m(P1, Po) +m2W

j
m(P2, Po))

− (m1W
j
m(P̄1(m), Po) +m2W

j
m(P̄2(m), Po))

(3.103)

Proof. Using the definition of the gravimetric energy density W j
m(P, Po) from Eq. (3.48)

for the isothermal actuator (j = iso) and from Eq. (3.39) for adiabatic actuator (j =

adb), the gravimetric energy density W j
m(Pi, P̄i(m)) in the ith ∈ (1, 2) chamber of the

actuator corresponding to the equilibrium pressure P̄i(m) can be expressed as,

W j
m(Pi, P̄i(m)) = (W j

m(Pi, Po)−W j
m(P̄i(m), Po))

+ (P̄i(m)− Po)
(

1

ρ(P̄i(m), T̄i(m))
− 1

ρ(Pi, Ti)

)
(3.104)

where T̄i(m) is the air temperature in the ith chamber at equilibrium pressure P̄i(m).

For the two-chambered adiabatic actuator, the air temperature T̄i(m) at equilibrium

state is as defined in Eq. (3.92), while for the isothermal actuator, the chamber tem-

peratures always correspond to the ambient temperature To.

Using the expression for the gravimetric density W j
m(Pi, P̄i(m)) from Eq. (3.104),

the energy W j
act(m,P ) available from a two-chambered adiabatic and isothermal actu-

ators, presented in Eq. (3.94) and Eq. (3.100) respectively, can be expressed as,

W j
act(m,P ) = m1W

j
m(P1, P̄1(m)) +m2W

j
m(P2, P̄2(m))

= m1(Wm(P1, Po)−Wm(P̄1(m), Po)) +m2(Wm(P2, Po)−Wm(P̄2(m), Po))

+ (P̄1(m)− Po)(V̄1(x̄(m))− V1(x)) + (P̄2(m)− Po)(V̄2(x̄(m))− V2(x))

(3.105)

Using the definition for the chamber volume Vi(x) from Eq. (3.73), and the relation-

ship ((P̄1(m) − Po)A1 = (P̄2(m) − Po)A2) between the equilibrium pressures P̄1(m),

P̄2(m) and the ambient pressure Po from Eq. (3.85), the expression in Eq. (3.103) for

the energyW j
act(m,P ) available from the two-chambered adiabatic actuator follows.

Remark 3.4. The energy extracted from the two-chambered pneumatic actuator is less

than or equal to the sum of the maximum energy that can be extracted from each chamber

of the two-chambered actuator.
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Proof. Letm1 andm2 be the mass of air in chamber 1 and 2 of the actuator, while P1 and

P2 be the pressure in each chamber. Let j ∈ (iso, adb) represent the thermodynamic

process in the actuator. For the given initial conditions, the energy W j
acts(mi, P, Po)

available from the ith chamber of the actuator with respect to the ambient pressure

Po is obtained from the definition of the gravimetric energy density W j
m(Pi, Po) in Eq.

(3.39) and Eq. (3.47) for adiabatic and isothermal actuators respectively as,

W j
acts(mi, Pi, Po) = miW

j
m(Pi, Po) (3.106)

The sum of the maximum available work from each chamber of the actuator, repre-

sented by W j
actt(m,P , Po), is given by,

W j
actt(m,P , Po) = m1W

j
m(P1, Po) +m2W

j
m(P2, Po) (3.107)

From theorems 3.1 and 3.2, the gravimetric energy density W j
m(Pi, Po) is non-

negative for any pair (Pi, Po) ∈ <+. Using this property in the expression for the

available energy W j
act(m,P ) in Eq. (3.103), proof follows.

In the following section, supply rate for the two-chambered isothermal/adiabatic

actuators is derived by defining the actuator energy function as the storage function.

The port variables required for energetic interconnection with the actuator are also

identified in the following section.

3.2.4 Passivity property of two-chambered actuator

As presented in section 3.1.4, a system with an input vector u and an output vector y is

passive if the external supply rate s(u,y) as defined in Eq. (3.52) satisfies the following

condition [2], ∫ t

0
s(u,y) dτ ≥ −c2

o (3.108)

where c2
o is a positive constant. If the supply rate s(u,y) in the above inequality corre-

sponds to physically meaningful power input, then the system is said to be energetically

passive. A supply rate required for energetically passive operation of the two-chambered

actuator is derived in this section first for the isothermal case and then for the adiabatic

case.
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Isothermal process

Given an air mass of m1 and m2 in chambers 1 and 2 of the actuator, as shown in Eq.

(3.99), the energy function for the two-chambered isothermal actuator is the sum of

the energy available from each chamber of the actuator with respect to the equilibrium

pressures P̄1(m), P̄2(m) and is given by,

W iso
act (m,P ) = m1W

iso
m (P1, P̄1(m)) +m2W

iso
m (P2, P̄2(m)) (3.109)

where P1 and P2 correspond to the air pressure in chamber 1 and 2 respectively.

From the expression for the time derivative of the single chamber actuator energy

function in Eq. (3.66), the time derivative of the energy function for the two-chambered

isothermal actuator is obtained as,

Ẇ iso
act (m,P ) = ṁ1

(
W iso
m (P1, P̄1(m)) +

P1 − P̄1(m)

ρ(P1, To)

)
− (P1 − P̄1(m))V̇1(x)

+ ṁ2

(
W iso
m (P2, P̄2(m)) +

P2 − P̄2(m)

ρ(P2, To)

)
− (P2 − P̄2(m))V̇2(x)

− ˙̄P1(m)(V̄1(x̄(m))− V1(x))− ˙̄P2(m)(V̄2(x̄(m))− V2(x))

(3.110)

On differentiation of the equilibrium pressure relationship in Eq. (3.85), the equi-

librium pressure derivatives ˙̄P1(m) and ˙̄P2(m) are related as,

˙̄P1(m)A1 = ˙̄P2(m)A2 (3.111)

Using the relationship between the chamber volumes V1(x), V2(x) and the piston

position x from Eq. (3.73), and the relationship between the equilibrium pressure

derivatives in Eq. (3.111), the time derivative of the energy function W iso
act (m,P ) in Eq.

(3.110) simplifies to,

Ẇ iso
act (m,P ) = ṁ1

(
W iso
m (P1, P̄1(m)) +

P1 − P̄1(m)

ρ(P1, To)

)
− (P1 − P̄1(m))A1ẋ−

+ ṁ2

(
W iso
m (P2, P̄2(m)) +

P2 − P̄2(m)

ρ(P2, To)

)
− (P2 − P̄2(m))A2ẋ

(3.112)

Theorem 3.5. The two-chambered isothermal actuator is passive with respect to the

following supply rate,

siso2m((ṁ1, ṁ2, ẋ), (Φiso(P1, P̄1(m)),Φiso(P2, P̄2(m)), Fa(P )))

:= ṁ1Φiso(P1, P̄1(m)) + ṁ2Φiso(P2, P̄2(m))− Fa(P )ẋ
(3.113)
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where the mass flow rates ṁ1 and ṁ2 are the flow variables at the fluid ports of cham-

ber 1 and 2 respectively of two-chambered actuator, Φiso(.) is the effort variable at the

corresponding fluid port of the actuator chamber and from Eq. (3.67) is given by,

Φiso(Pi, P̄i) = W iso
m (Pi, P̄i(m)) +

Pi − P̄i(m)

ρ(Pi, To)
= RTo log

(
Pi

P̄i(m)

)
(3.114)

while piston velocity ẋ is the flow variable at the mechanical port of the actuator with

the actuator force Fa(P ) being the corresponding effort variable.

Proof. Let the actuator energy function W iso
act (m,P ) in Eq. (3.109) to be the storage

function for the two-chambered isothermal actuator. The time derivative of the actuator

energy function (Ẇ iso
act (m,P )) is as given in Eq. (3.112). From the definition of the fluid

port effort variable Φiso(.) in Eq. (3.67) and the actuator force Fa(P ) in Eq. (3.86), the

derivative of the energy function in Eq. (3.112) can be expressed in terms of the supply

rate siso2m(.) in Eq. (3.113) as,

Ẇ iso
act (m,P ) = ṁ1Φiso(P1, P̄1(m)) + ṁ2Φiso(P2, P̄2(m))− Fa(P )ẋ

= siso2m((ṁ1, ṁ2, ẋ), (Φiso(P1, P̄1(m)),Φiso(P2, P̄2(m)), Fa(P )))
(3.115)

Integrating the above equation and using the condition from proposition 3.2 that

the two-chambered actuator energy function W iso
act (m,P ) is always positive, the supply

rate siso2m(.) in Eq. (3.113) can be shown to satisfy the following passivity condition,∫ t

0
siso2m((ṁ1, ṁ2, ẋ), (Φiso(P1, P̄1(m)),Φiso(P2, P̄2(m)), Fa(P )))dτ

≥ −W iso
act (m,P )

∣∣∣∣
t=0

(3.116)

where W iso
act (m,P )

∣∣∣∣
t=0

≥ 0 represents initial energy in the two-chambered isothermal

actuator.

Single valve metering two-chambered isothermal actuator:

As given in Eq. (3.84), the mass flow rates ṁ1 and ṁ2 to the two chambers of the

isothermal actuator and the valve command input u are related as,

ṁ1 = Ψ(P1, To, u)u, ṁ2 = −Ψ(P2, To,−u)u (3.117)
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where the nonlinear function ΨPi,Ti,u is as defined in Eq. (3.27). From the definition of

the mass flow rate in the above equation, the energy function derivative in Eq.(3.115)

for the isothermal actuator can be expressed as,

Ẇ iso
act (m,P ) = Zisoγ (m,P , u)u− Fa(P )ẋ (3.118)

where Zisoγ (m,P , u) is given by,

Zisoγ (m,P , u) = Ψ(P1, To, u)RTo log

(
P1

P̄1(m)

)
−Ψ(P2, To,−u)RTo log

(
P2

P̄2(m)

)
(3.119)

Proposition 3.3. For a flow variable corresponding to the valve command input u,

the effort variable at the fluid interaction port of an isothermal actuator, designated by

Zisoγ (m,P , u) in Eq. (3.119), varies monotonically with the actuator force Fa(P ), and

is identically zero at Fa(P ) = 0. Also, the nonlinear gain γiso1 (m,P , u) mapping the

actuator force Fa(P ) to the effort variable Zisoγ (m,P , u) is given by,

γiso1 (m,P , u) =
Zisoγ (m,P , u)

Fa(P )

=
RTo
Fa(P )

(
Ψ(P1, To, u) log

(
P1

P̄1(m)

)
−Ψ(P2, To,−u) log

(
P2

P̄2(m)

))
(3.120)

and is well defined for all feasible values of air mass m1, m2, air pressure P1, P2

in chambers 1 and 2 of the isothermal actuator, and input command u to the single

pneumatic valve.

Proof. Proof as shown in appendix A.1.1.

The power variables at the fluid port as given in Eq. (3.118) are transformed such

that the new effort variable at the fluid port corresponds to actuator force Fa(P ), and

the corresponding new flow variable is given by γiso1 (m,P , u)u. To define a plausible

power interaction, γiso1 (m,P , u)u must represent a velocity variable. Therefore, the

measurement units for γiso1 (m,P , u) defined in Eq. (3.120) are m−1s−1.

Theorem 3.6. The two-chambered isothermal pneumatic actuator, with a single pneu-

matic valve for metering the air flow, is passive with respect to the following supply
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rate,

siso2u((γiso1 (.)u, ẋ), (Fa(P ), Fa(P ))) = γiso1 (m,P , u)Fa(P )u− Fa(P )ẋ (3.121)

where u is the command input to the pneumatic valve, the nonlinear gain γiso1 (m,P , u)

is as defined in Eq. (3.120) and γiso1 (m,P , u)u represents the flow variable at the

fluid port of the actuator. The piston velocity ẋ corresponds to the flow variable at the

mechanical port of the actuator, while the actuator force Fa(P ) is the effort variable at

both the fluid port and the mechanical port of the actuator.

Proof. Let the actuator energy function W iso
act (m,P ) defined in Eq. (3.109) be the

storage function for the two-chambered isothermal actuator. When using a single valve

for metering the air flow to the actuator, the time derivative of actuator energy function

Ẇ iso
act (m,P ) can be expressed as in Eq. (3.118). Using the transformation of the fluid

port effort variable Zisoγ (m,P , u) from Eq. (3.120), the energy function derivative

Ẇ iso
act (m,P ) in Eq. (3.118) can be expressed in terms of the supply rate siso2u(.) from

Eq. (3.121) as,

Ẇ iso
act (m,P ) = γiso1 (m,P , u)Fa(P )u− Fa(P )ẋ = siso2u((γiso1 (.)u, ẋ), (Fa, Fa)) (3.122)

On integrating both side of the above equation, and using the condition that the

energy functionW iso
act (m,P ) is always positive it can be seen that the supply rate siso2u(.)

in Eq. (3.121) satisfies the following passivity condition,∫ t

0
siso2u((γiso1 (.)u, ẋ), (Fa(P ), Fa(P ))) dτ ≥ −W iso

act (m,P )

∣∣∣∣
t=0

(3.123)

where W iso
act (m,P )

∣∣∣∣
t=0

≥ 0 corresponds to the initial energy in the two-chambered

isothermal actuator.

As the isothermal process is reversible (and hence lossless), the isothermal actuator

can therefore be interpreted as a two-port nonlinear spring as shown in Fig. (3.7). The

flow variable γiso1 (m,P , u)u at the fluid port of the actuator represents active velocity

commanded at one port of the spring which can be modulated to achieve the desired

actuator force output.

The port variables and the supply rate for a two-chambered actuator with adiabatic

thermodynamic process are developed in the following subsection.
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Figure 3.7: Representation of a pneumatic actuator with reversible thermal dynamics

as a two-port nonlinear spring

Adiabatic process

The energy function for the two-chambered adiabatic actuatorW adb
act (m,P ) in Eq. (3.93)

is the sum of the energy function for each actuator chamber with respect to the equi-

librium position x̄(m) obtained from Eq. (3.91). Therefore, for a given air mass of m1

and m2 in chambers 1 and 2 of the actuator, the energy function W adb
act (m,P ) for the

two-chambered actuator can be expressed in terms of the gravimetric energy density of

an adiabatic actuator chamber W adb
m (.) from Eq. (3.39) as,

W adb
act (m,P ) = m1W

adb
m (P1, P̄1(m)) +m2W

adb
m (P2, P̄2(m)) (3.124)

Using the expression for derivative of the single chamber energy function in Eq.

(3.57), the time derivative of the energy function W adb
act (m,P ) of a two-chambered adi-

abatic actuator defined in Eq. (3.124) is obtained as,

Ẇ adb
act (m,P ) = ṁ1

(
W adb
m (P1, P̄1(m)) +

P1 − P̄1(m)

ρ(P1, T1)

)
− (P1 − P̄1(m))V̇1(x)

+ ṁ2

(
W iso
m (P2, P̄2(m)) +

P2 − P̄2(m)

ρ(P2, T2)

)
− (P2 − P̄2(m))V̇2(x)

− ˙̄P1(m)(V̄1(x̄(m))− V1(x))− ˙̄P2(m)(V̄2(x̄(m))− V2(x))

(3.125)

From the relationship between the chamber volumes V1(x), V2(x) and the piston

position x in Eq. (3.73), and using the relationship between the derivatives of the

equilibrium pressures ˙̄P1(m) and ˙̄P2(m) from Eq. (3.111), the above equation can be
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simplified as,

Ẇ adb
act (m,P ) = ṁ1

(
W adb
m (P1, P̄1(m)) +

P1 − P̄1(m)

ρ(P1, T1)

)
− (P1 − P̄1(m))A1ẋ

+ ṁ2

(
W iso
m (P2, P̄2(m)) +

P2 − P̄2(m)

ρ(P2, T2)

)
− (P2 − P̄2(m))A2ẋ

(3.126)

Theorem 3.7. The two-chambered adiabatic actuator is passive with respect to the

following supply rate,

sadb2m((ṁ1, ṁ2, ẋ), (Φadb(P1, P̄1(m)),Φadb(P2, P̄2(m)), Fa(P )))

:= ṁ1Φadb(P1, P̄1(m)) + ṁ2Φadb(P2, P̄2(m))− Fa(P )ẋ
(3.127)

where the air flow rates ṁ1 and ṁ2 are designated to be flow variables at the fluid

ports of chamber 1 and 2 respectively of the two-chambered adiabatic actuator, Φadb(.)

represents the effort variable at the corresponding fluid ports of the actuator chamber

and is obtained from Eq. (3.58) as,

Φadb(Pi, P̄i) = W adb
m (Pi, P̄i(m)) +

Pi − P̄i(m)

ρ(Pi, Ti)
= Cp(T1 − T̄i(m)) (3.128)

while the piston velocity ẋ is the flow variable at the mechanical port of the actuator

with the actuator force Fa(P ) being the corresponding effort variable.

Proof. Let the actuator energy function W adb
act (m,P ) from Eq. (3.124) be the storage

function for the two-chambered adiabatic actuator. The time derivative of the storage

function Ẇ adb
act (m,P ) is as given in Eq. (3.126). From the definition of the fluid port

effort variable Φadb(.) in Eq. (3.128) and the actuator force Fa(P ) in Eq. (3.86), the

derivative of the energy function in Eq. (3.126) can be expressed in terms of the supply

rate sadb2m(.) in Eq. (3.127) as,

Ẇ adb
act (m,P ) = ṁ1Φadb(P1, P̄1(m)) + ṁ2Φadb(P2, P̄2(m))− Fa(P )ẋ

= sadb2m((ṁ1, ṁ2, ẋ), (Φadb(P1, P̄1(m)),Φadb(P2, P̄2(m)), Fa(P )))

(3.129)

On integrating the above equation and using the condition from proposition 3.1 that

the two-chambered actuator energy function W adb
act (m,P ) is always positive, the supply
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rate sadb2m(.) in Eq. (3.127) can be shown to satisfy the following passivity condition,∫ t

0
sadb2m((ṁ1, ṁ2, ẋ), (Φadb(P1, P̄1(m)),Φadb(P2, P̄2(m)), Fa(P )))dτ

≥ −W adb
act (m,P )

∣∣∣∣
t=0

(3.130)

where W adb
act (m,P )

∣∣∣∣
t=0

≥ 0 represents initial energy in the two-chambered adiabatic

actuator.

Single valve metering the two-chambered adiabatic actuator:

As given in Eq. (3.84), the mass flow rates ṁ1 and ṁ2 to the two chambers of the

adiabatic actuator are related to the valve command input u as,

ṁ1 = −Ψ(P1, T1, u)u, ṁ2 = −Ψ(P2, T2,−u)u (3.131)

From the definition of the mass flow rate in the above equation, the energy function

derivative Ẇ adb
act (m,P ) in Eq. (3.129) for the adiabatic actuator is written as,

Ẇ adb
act (m,P ) = Zadbγ (m,P , u)u− Fa(P )ẋ (3.132)

where Zadbγ (m,P , u) is the effort variable at the fluid port of the actuator when the

valve command input u is designated to be the flow variable and is given by,

Zadbγ (m,P , u) = Cp
(
Ψ(P1, T1, u)(T1 − T̄1(m))−Ψ(P2, T2,−u)(T2 − T̄2(m))

)
(3.133)

Proposition 3.4. For a flow variable corresponding to the valve command input u, the

effort variable Zadbγ (m,P , u) at the fluid interaction port of an adiabatic actuator in

Eq. (3.133), varies monotonically with the actuator force Fa(P ), and is identically zero

at the equilibrium state defined by Fa(P ) = 0. Also, the nonlinear gain γadb1 (m,P , u)

mapping the actuator force Fa(P ) to the effort variable Zadbγ (m,P , u) is given by,

γadb1 (m,P , u) =
Cp

Fa(P )

(
Ψ(P1, T1, u)

(
T1 − T̄1(m)

)
−Ψ(P2, T2,−u)

(
T2 − T̄2(m)

))
(3.134)

and is well defined for all feasible elements of air mass vector m , (m1,m2), chamber

pressure vector P , (P ), and valve input command u to the pneumatic valve.
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Proof. Proof as shown in appendix A.2.1.

The measurement units for the nonlinear gain γadb1 (m,P , u) are m−1s−1. Similar to

the isothermal actuator, the power variables at the fluid port of an adiabatic actuator,

as given in Eq. (3.132), are transformed such that the new effort variable at the fluid

port corresponds to actuator force Fa(P ). The new flow variable at the fluid port

γadb1 (m,P , u)u must therefore represent a velocity variable.

Theorem 3.8. The two-chambered adiabatic actuator, with a single pneumatic valve

for metering the air flow to the actuator, is passive with respect to the following supply

rate,

sadb2u((γadb1 u, ẋ), (Fa(P ), Fa(P ))) := γadb1 (m,P , u)Fa(P )u− Fa(P )ẋ (3.135)

where u is the command input to the pneumatic valve, the nonlinear gain γadb1 (m,P , u)

is as defined in Eq. (3.134), with γadb1 (m,P , u)u representing the velocity variable at

the fluid port of the actuator. The piston velocity ẋ is the flow variable at the mechanical

port of the actuator. The actuator force Fa(P ) is the effort variable at both the fluid

port and the mechanical port of the actuator.

Proof. Let the actuator energy function W adb
act (m,P ) in Eq. (3.124) be the storage func-

tion for the two-chambered adiabatic actuator. When using a single valve for metering

the air flow to the actuator, the time derivative of actuator energy function Ẇ adb
act (m,P )

is obtained as given in Eq. (3.132). Using the transformation of the fluid port effort

variable Zadbγ (m,P , u) from Eq. (3.134), the energy function derivative in Eq. (3.132)

can be expressed in terms of the supply rate sadb2u(.) in Eq. (3.135) as,

Ẇ adb
act (m,P ) = γadb1 (m,P , u)Fa(P )u− Fa(P )ẋ = sadb2u((γadb1 u, ẋ), (Fa(P ), Fa(P )))

(3.136)

On integrating the above equation, and using the condition that the energy function

W adb
act (m,P ) is always positive it can be seen that the supply rate sadb2u(.) satisfies the

following passivity condition,∫ t

0
sadb2u((γadb1 u, ẋ), (Fa(P ), Fa(P ))) dτ ≥ −W adb

act (m,P )

∣∣∣∣
t=0

(3.137)

where W adb
act (m,P )

∣∣∣∣
t=0

≥ 0 corresponds to the initial energy in the two-chambered

adiabatic actuator.
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From the definition of the supply rate to the adiabatic actuator in Eq. (3.135),

the two-chambered adiabatic actuator can thus be interpreted as a two-port nonlinear

spring, with an active velocity input (due to u) at the port corresponding to interaction

with the fluid source.

By appropriately selecting the valve input command u, the supply rate for the

isothermal actuator in Eq. (3.121) and the adiabatic actuator in Eq. (3.135) can be

changed such that the corresponding energy functions in Eq. (3.100) and Eq. (3.94)

respectively follow a desired profile. As the pneumatic actuator is used to provide

actuation force, the desired energy profile of the actuator is determined by the desired

force from the actuator. In the following section, an energy function corresponding to the

error between the current state of the actuator and the state of the actuator providing

the desired force, is derived. This error state energy function is used in later chapters

as a Lyapunov function for designing the valve command input u to the actuator.

3.3 Energy function for actuator error dynamics

Pneumatic actuators are used to provide the force required for performing mechanical

work. The desired force F da (t) required from the actuator for doing the mechanical is

obtained by designing suitable valve input command u. Let P d1 (t) and P d2 (t) correspond

to the desired pressure in chambers 1 and 2 of the actuator. These pressures are related

to the desired actuator force F da (t) as,

F da (t) := P d1 (t)A1 − P d2 (t)A2 − PoAp (3.138)

where again A1 and A2 are the cross-sectional areas at the cap side and the rod side of

the actuator, while the rod area is given by, Ap = A1 − A2. The error F̃ between the

available force from the actuator and the required force from the actuator is defined as,

F̃ = Fa − F da (t) (3.139)

In this section, energy function for the pneumatic actuator corresponding to the

force error F̃ is defined. This energy function is used to identify the supply rate to the

actuator error dynamics. The command input can then be defined such that this supply

rate is decreasing for non-zero error and is identically zero when the error converges to
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zero. In the following subsection the actuator states corresponding to the desired force

profile F da (t) are presented.

3.3.1 Actuator states corresponding to desired force profile F d
a (t)

For a given mass of air m1 and m2 in chambers 1 and 2 of a two-chambered actuator,

let xd(t) be position of the actuator where the desired force F da (t) is achieved. From

the definition of the pressure-volume curves for isothermal and adiabatic process in Eq.

(3.82) and Eq. (3.78) respectively, the desired pressures P d1 (t) and P d2 (t) in chambers 1

and 2 of the actuator are related to the desired actuator piston position xd(t) as,

Isothermal: P d1 (t) =
kc1(m1)

A1(L1o + xd(t))
, P d2 (t) =

kc2(m2)

A2(L2o − xd(t))

Adiabatic: P d1 (t) =
kp1(m1)

Aγ1(L1o + xd(t))γ
, P d2 (t) =

kp2(m2)

Aγ2(L2o − xd(t))γ

(3.140)

where the mass dependent parameters kc1(m1) = m1RTo and kc2(m2) = m2RTo for

the isothermal process are as defined in Eq. (3.82), while the parameters kp1(m1) and

kp2(m2) for the adiabatic process are as defined in Eq. (3.78). From Eq. (3.140) it can

be seen that for both the isothermal and adiabatic actuators, the pressure in chamber

1 decreases monotonically with the piston position x, while the pressure in chamber 2

increases monotonically with piston position x. Therefore, for a given mass of air in

each actuator chamber, there is a unique position of the actuator xd(t) providing the

desired actuator force F da (t).

Using the relationship between the desired chamber pressures P d1 (t), P d2 (t) and the

corresponding actuator position xd(t) from Eq. (3.140) in the definition of the desired

actuator force F da (t) in Eq. (3.138), the desired actuator position xd(t) is obtained as

the solution of the following equation,

Isothermal :
kc1(m1)

L1o + xd(t)
− kc2(m2)

L2o − xd(t)
− (PoAp − F da (t)) = 0

Adiabatic :
kp1(m1)

Aγ−1
1 (L1o + xd(t))γ

− kp2(m2)

Aγ−1
2 (L2o − xd(t))γ

− (PoAp − F da (t)) = 0

(3.141)

After solving for xd(t) from the above equation, the desired chamber pressures P d1 (t)

and P d2 (t) are obtained from Eq. (3.140). In section 3.2.4 it has been shown that the
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pneumatic actuator with reversible thermodynamics (adiabatic or isothermal) can be

represented as a two-port nonlinear spring. In the following remark it is shown that

the actuator force error F̃ and the position error (xd(t) − x) also have a monotonic

relationship.

Remark 3.5. The relationship between the actuator force error F̃ and the position error

(xd(t)− x) has the following properties,

1. For both the isothermal and the adiabatic actuators, the actuator force error F̃ as

defined in Eq. (3.139), varies monotonically with the error between the desired

position xd(t) as defined in Eq. (3.141) and the current actuator position x. In

addition, the actuator force error F̃ is zero only if the position error (xd(t) − x)

is also identically zero.

2. The position error (xd(t)−x) can be mapped to the actuator force error F̃ through

a nonlinear gain, designated by Kd
iso(m, x, xd) for the isothermal actuator and by

Kd
adb(m, x, xd) for the adiabatic actuator. By defining the actuator force Fa and

the desired force F da in terms of the mass in each chamber (m1, m2), position

of the actuator x and the desired position of the actuator xd(t), these gains are

obtained as,

Isothermal : Kd
iso(m, x, xd) =

m1RTo
(L1o + x)(L1o + xd)

+
m2RTo

(L2o − x)(L2o − xd(t))

Adiabatic : Kd
adb(m, x, xd) =

Fa(m,T , x)− F da (m,T , xd)

(xd(t)− x)

(3.142)

The nonlinear functions Kd
iso(m, x, xd) and Kd

adb(m, x, xd) are also well defined

for all values of m1, m2, x and xd(t).

Proof. Proof is as shown in appendix A.2.2.

The properties of the relationship between the force error F̃ and the position error

(xd(t) − x) stated in the above remark will be used in the passivity analysis of the

actuator error energy function in the subsequent section. Let P , (P1, P2), be the
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vector of pressure, and P d , (P d1 , P
d
2 ) be the vector of desired pressures in chambers 1

and 2 of the actuator respectively. By considering the desired pressure vector P d to be

the new equilibrium pressure, the energy function for the actuator force error is defined

as the available energy from the actuator when traversing from the current pressure

vector P to the desired pressure vector P d. The energy function corresponding to the

actuator force output error F̃ is presented in the following section.

3.3.2 Energy function for actuator force error dynamics

Let m , (m1,m2) be the vector of known air mass in chamber 1 and 2 respectively, and

let j ∈ (iso, adb) be the index to represent the thermodynamic process in the actuator.

The gravimetric energy density of air W j
m(Pi, P

d
i ) in ith ∈ (1, 2) chamber of the actuator,

as the chamber pressure Pi is regulated to the desired chamber pressure P di is as given

in Eq. (3.39) and Eq. (3.47) for adiabatic and isothermal actuators respectively. For

given air massm, the energy available W j
L(m,P ,P d) from the actuator, as the pressure

vector P is regulated to desired pressure vector P d, is the sum of available energy from

both chambers of the actuator and is defined as,

W j
L(m,P ,P d) = m1W

j
m(P1, P

d
1 ) +m2W

j
m(P2, P

d
2 ) (3.143)

where adiabatic chamber gravimetric energy density W adb
m (Pi, P

d
i ) and the isothermal

chamber gravimetric energy density W iso
m (Pi, P

d
i ) are defined as,

Adiabatic: W adb
m (Pi, P

d
i ) = −CpTi

(((
P di
Pi

)γ−1/γ

− 1

)
− γ − 1

γ

(
P di
Pi
− 1

))

(3.144)

Isothermal: W iso
m (Pi, P

d
i ) = RTo

((
P di
Pi
− 1

)
− log

(
P di
Pi

))
(3.145)

Lemma 3.3. For a desired actuator force F da (t), the energy function W j
L(m,P ,P d)

defined in Eq. (3.143) is a non-negative function of the actuator force output error

F̃ = (Fa − F da (t)).

Proof. The actuator force error F̃ := ((P1 − P d1 )A1 − (P2 − P d2 )A2) varies with the

chamber pressure vector P := (P1, P2) and the desired chamber pressure vector P d :=
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(P d1 , P
d
2 ). As shown in Theorem 3.1 and Theorem 3.2, the gravimetric energy densities

W adb
m (Pi, P

d
i ) and W iso

m (Pi, P
d
i ) for the adiabatic and the isothermal actuator chambers

respectively, is a non-negative function of any pair (Pi, P
d
i ) of pressure inputs. Therefore,

for any force error F̃ due to difference between the chamber pressure vector P and the

desired pressure vector P d, the available energy W j
L(m,P ,P d) from the actuator as

defined in Eq. (3.143) is a non-negative function of the force error F̃ .

In the following section, the supply rate to the actuator error dynamics is presented.

3.3.3 Supply rate to the actuator error energy function

The supply rate to the error dynamics is obtained by defining the energy function for

the error dynamics W j
L(m,P ,P d) from Eq. (3.143) as the storage function. Using the

derivative of the energy function for a single chamber isothermal and adiabatic actuators

in Eq. (3.66) and Eq. (3.57) respectively, the derivative of the actuator error energy

function W j
L(m,P ,P d) in Eq. (3.143) is obtained as,

Ẇ j
L(m,P ,P d) =

2∑
i=1

ṁi

(
Wmi(Pi, P

d
i ) +

Pi − P di
ρ(Pi, Ti)

)
−(Pi − P di )V̇i(x)

− Ṗ di (Vi(xd)− Vi(x))

(3.146)

where again j ∈ (iso, adb) is the index to represent the thermodynamic process in the

actuator and Vi(x) is the volume of ith actuator chamber at piston position correspond-

ing to x. The derivative of the actuator Lyapunov function in the above equation is

similar in form to the derivative of the energy function of two-chambered isothermal

actuator as shown in Eq. (3.110) and a two-chambered adiabatic actuator as shown

in Eq. (3.125). From the definition of the air mass flow rate in Eq. (3.26), and using

the definition of gravimetric energy density Wm(Pi, P
d
i ) from Eqs. (3.145 and 3.144),

the actuator Lyapunov function derivative Ẇ j
L(m,P ,P d) in the above equation can be

expressed as,

Ẇ j
L(m,P ,P d) = Zjγ(m,P ,P d, u)u− F̃ ẋ+ Ḟ da (x− xd) (3.147)
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where the nonlinear function Zjγ(m,P ,P d, u) depends on the thermodynamic process

in the actuator and is defined for the isothermal and the adiabatic actuators as,

Zisoγ (m,P ,P d, u) = Ψ(P1, To, u)RTo log

(
P1

P d1

)
−Ψ(P2, To,−u)RTo log

(
P2

P d2

)

(3.148)

Zadbγ (m,P ,P d, u) = Ψ(P1, T1, u)CpT1

(
1−

(
P d1
P1

)γ−1/γ
)

−Ψ(P2, T2,−u)CpT2

(
1−

(
P d2
P2

)γ−1/γ
)

(3.149)

The nonlinear function Zjγ(m,P ,P d, u) in the above equations is transformed using

the monotonic relationship between the actuator force error F̃ and the position error

(xd(t)− x). This transformation is presented in the following remark.

Remark 3.6. The function Zjγ(m,P ,P d, u) in Eq. (3.147), varies monotonically with

the actuator force error F̃ , and is identically zero only if the F̃ is also zero. The nonlin-

ear gain γj3(m,P ,P d, u) to map the force error F̃ to the effort variable Zjγ(m,P ,P d, u)

is positive and well defined, for all elements of the vector (m,P ,P d, u).

Proof. Proof of this remark is presented in appendix C.

As a consequence of above remark, Zjγ(m,P ,P d, u) for isothermal and adiabatic

actuators in Eq. (3.148) and Eq. (3.149) respectively can be expressed as,

Zjγ(m,P ,P d, u) = γj3(m,P ,P d, u)F̃ (3.150)

where again j ∈ (iso, adb) represents the index for isothermal or adiabatic actuator.

Using the transformation of the effort variable Zjγ(m,P ,P d, u) from the above equation,

and the monotonic relationship between position error (xd(t)−x) and the force error F̃

from Eq. (3.142), the derivative of the actuator Lyapunov function in Eq. (3.147) can

be expressed as,

Ẇ j
L(m,P ,P d) = γj3(m,P ,P d, u)F̃ u− F̃ ẋ− Ḟ da (t)

F̃

Kd
j (m, x, xd)

(3.151)
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Let the valve command input u be defined as,

u = ũ+
Ḟ da (t)

Kd
j (m, x, xd)

(3.152)

where ũ is the feedback part of the valve command input. Passivity property of the

control Lyapunov function is presented in the following theorem.

Theorem 3.9. Given a desired actuator force of F da (t), for an input command u as

defined in Eq. (3.152), the pneumatic actuator error dynamics is passive with respect

to the following supply rate,

sctrl((γ
j
3(.)ũ, ẋ), (F̃ , F̃ )) := γj3(m,P ,P d, u)F̃ ũ− F̃ ẋ (3.153)

where γj3(m,P ,P d, u)ũ represents the flow variable at the fluid port of the control Lya-

punov function, the piston velocity ẋ is the flow variable at the mechanical port of the

control Lyapunov function, while the force error F̃ is the effort variable at both the fluid

port and the mechanical port of the actuator.

Proof. Consider the energy function W j
L(m,P ,P d) as defined in Eq. (3.143) as the

storage function for the pneumatic actuator controller. As shown in theorems 3.1, and

3.2 for adiabatic and isothermal actuators respectively, W j
L(m,P ,P d) ∈ <+ for all

physically acceptable values of (m,P ,P d). The time derivative Ẇ j
L(m,P ,P d) of this

storage function is as given in Eq. (3.151). Using the definition of the valve command

input u from Eq. (3.152) in the expression for Ẇ j
L(m,P ,P d) in Eq. (3.151), the storage

function derivative is obtained as,

Ẇ j
L(m,P ,P d) = γj3(m,P ,P d, u)F̃ ũ− F̃ ẋ

= sctrl((γ
j
3(.)ũ, F̃ ), (ẋ, F̃ ))

(3.154)

On integrating both side of the above equation, it can be shown that the controller

supply rate sctrl((γ
j
3(.)ũ, F̃ ), (ẋ, F̃ )) satisfies the following passivity condition for all time

t, ∫ t

0
sctrl((γ

j
3(.)ũ, F̃ ), (ẋ, F̃ )) dτ ≥ −W j

L(m,P ,P d)

∣∣∣∣
t=0

(3.155)

where W j
L(m,P ,P d)

∣∣∣∣
t=0

∈ <+ corresponds to the initial value of the controller Lya-

punov function.
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The supply rate for the actuator error function presented in Eq. (3.153) will be used

in the subsequent chapters to design appropriate controllers for passive operation of the

pneumatic actuator while providing desired force output.

3.4 Summary

In this chapter, dynamics for a lumped-parameter model of a pneumatic actuator with

generic thermodynamic process have been presented. Two specific thermodynamics

process viz isothermal process and adiabatic process were further investigated. Energy

function for both the isothermal and adiabatic actuators has been developed to facili-

tate energetic passivity analysis. For clarity of presentation, the dynamics and energy

of the pneumatic actuator were first reported for a single chamber actuator and were

then extended to the two-chambered actuator. It is shown that for a two-chambered

isothermal actuator the energy function corresponds to sum of work done due to change

in the entropy of each actuator chamber and the work done against the ambient pres-

sure. For the adiabatic actuator, the energy function is obtained as the sum of change

in the internal energy in each chamber and the work done against the ambient pressure.

These energy functions were defined as storage functions to determine the supply rate

for energetically passive operation of the actuator. The supply rate for a single cham-

ber actuator shows that the pneumatic actuator is a two-port system, with one port

corresponding to interaction with the source of compressed air, and the other port cor-

responding to mechanical power delivered by the actuator. The definition of the energy

function as the storage function enables lossless interconnection between the pneumatic

actuator and mechanical systems. For both the isothermal and the adiabatic actuators,

the effort variable at the fluid port is obtained as the sum of gravimetric energy density

and the specific flow work. As reported in [66], this structure for the fluid port effort

variable is analogous to hydraulic systems.

When using a single valve for metering the air flow to the two-chambered actuator,

the effort variable at the fluid port of the isothermal/adiabatic actuator is shown to be

a monotonic function of actuator force Fa(P ). The corresponding flow variable at the

fluid port represents a velocity input that is the function of the valve command input

u. Consequently, the pneumatic actuator with reversible thermodynamics behaves as
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a two-port nonlinear spring with an active velocity variable at one of the ports. This

active velocity variable can be modulated to achieve the desired behavior from the

pneumatic actuator. By defining the actuator energy function as the storage function,

the supply rates for achieving energetically passive operation with isothermal/adiabatic

actuators has also been presented in this chapter. For closed loop operation requiring

a desired force output from the actuator, the energy associated with the actuator error

dynamics has been derived. This energy function will be used as a Lyapunov function

in subsequent chapters for defining suitable control input for regulating the actuator

error dynamics to zero.

In this chapter reversible thermodynamic process (adiabatic and isothermal) have

been studied. The thermodynamic process in most pneumatic applications is however

not reversible. Finite heat interaction is bound to happen between the air in an actuator

chamber and its environment. From second law of thermodynamics it is known that

heat transfer generates entropy and leads to loss of work potential. The energy functions

reported in this chapter do not lend themselves well to analyze the effect of heat transfer

on the passive characteristics of pneumatic actuator. Energy based storage function,

suitable for passivity analysis of pneumatic actuators that have finite heat interaction

with ambient is reported in chapter 4.

In chapter 5, the energy functions developed in this chapter are used to design

passive controllers for human power amplifier. A framework for bilateral tele-operation

with fluid powered actuators is presented in chapter 6. Passive controllers based on

prescribed energy functions are derived to achieve position and velocity co-ordination.



Chapter 4

Passivity Analysis of Pneumatic

Actuator with Heat Transfer

In the previous chapter, work potential of pneumatic actuator was defined by assuming

the thermodynamic process to be either isothermal or adiabatic. However these ideal

processes are physically not easy to realize. The temperature change due to compression

and expansion of gas in pneumatic systems results in finite heat interaction with the

ambient. Due to the higher operating temperature in new actuation technologies such

as chemo-fluidic actuators [12] and HCCI engines [15], heat transfer will have significant

effect on system dynamics. A polytropic model is not accurate for modeling the ther-

modynamic process with finite heat transfer, as it does not capture the energy change

due to hysteresis [67]. In [68], it was shown that heat transfer to the ambient during a

cyclical process of compression and expansion of air results in loss of work potential. As

presented in later chapters the applications of interest for this study are not necessarily

cyclical in nature.

In [69], various empirical models for pressure and temperature dynamics in a pneu-

matic actuator are provided. In [21], the authors use a mixed model for pressure dy-

namics, adiabatic during charging and isothermal during discharging. To evaluate the

feasibility of energetically passive operation, external supply rate to the actuator has

to be identified. An adiabatic or isothermal process model fails to capture energetic

interactions in a real actuator due to heat transfer from the ambient. In this chapter,

74
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an energy based storage function is first developed for a pneumatic actuator with finite

heat transfer, and then the supply rate for the actuator is derived by using the energy

function as a storage function.

In [3], [70], the storage function for a system is defined as the Supremum of the work

that can be extracted from the system over all feasible trajectories. Using this definition,

the storage function for the pneumatic actuator with finite heat transfer is defined as

the maximum work that can be extracted from the mechanical port of the actuator over

all feasible values of heat transfer coefficient and piston velocity, for a given thermo-

dynamic state of air in the actuator chamber. An optimization problem is formulated

for identifying the maximum available work from the actuator, with the piston velocity

and the heat transfer coefficients designated as the inputs available for generation of the

optimal trajectory for maximum work output. The optimality conditions demonstrate

that maximum work output is achieved if the thermodynamic process in the actuator is

a combination of adiabatic and isothermal trajectories. In reality, the thermodynamic

process in the pneumatic actuator is not reversible. Hence the maximum work output

identified through optimization represents an upper bound (supremum) on the available

work from the actuator.

Along the optimal trajectory, the maximum work potential of pneumatic actuator

is derived to be similar to exergy of the actuator for the given thermodynamic state of

air in the actuator chambers. Exergy as the measure of a system’s work potential has

been studied in a few other papers. In [44], the authors propose exergy as a measure

of work potential for compressed air. This measure is used to identify efficiency of

compressed air usage in industrial applications. In [45], exergy is investigated as a

generalized measure of work for mechanical, electrical or thermal systems. Mechanical

energy is shown to be a subset of generalized exergy and is used to investigate stability

of a Vanderpol oscillator. Exergy has however not been used to investigate passivity of

pneumatic actuators.

Similar to the presentation in chapter 3, the storage function is first developed for

a single-chambered pneumatic actuator in section 4.1. Relevant dynamics of a single-

chambered actuator presented in section 3.1 are repeated in section 4.1.1 for complete-

ness. The optimization problem for extracting maximum work from the actuator is

presented in section 4.1.2. The optimization problem is solved and the corresponding
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optimal trajectory is identified in section 4.1.3. Maximum available work along the

optimal trajectory is also identified in this section. Using the maximum available work

as the storage function, the supply rate for energetically passive interconnection with a

single-chambered actuator with finite heat interaction with ambient is derived in section

4.1.4. It is shown that irrespective of the direction of heat transfer, thermal interac-

tion with the ambient results in loss of actuator’s work potential. Results from the

analysis of a single-chambered actuator with finite heat transfer are extended to the

two-chambered actuator in section 4.2. Dynamics of the two-chambered actuator with

finite heat interaction with the ambient is presented in section 4.2.1. In section 4.2.2,

maximum available work from a two-chambered actuator is obtained to be the sum of

the exergy of individual actuator chambers. By using the maximum available work as

a storage function, it is shown in section 4.2.3 that for the two-chambered actuator,

finite heat transfer again reduces the actuator’s ability to do work. The two-chambered

actuator is shown to be passive with respect to a supply rate that has a structure similar

to actuators with isothermal/adiabatic thermodynamics.

4.1 Single-chambered pneumatic actuator

The storage function for a single-chambered actuator is developed for a given mass of

air in the actuator chamber. It is assumed that air in the actuator chamber follows

ideal gas law, and that the air temperature and pressure are uniformly distributed in

the chamber volume. In this section, the relevant dynamics affecting the work output

of a single-chambered pneumatic actuator are first presented. The equilibrium position

for the single-chambered actuator corresponding to the thermodynamic dead state is

then identified. The storage function is then defined as the maximum work that can be

extracted from the actuator by changing the heat transfer coefficient and the actuator

velocity, as the actuator is traversing to the equilibrium state. The path followed by

the actuator, while providing work output, is subject to the constraints imposed by the

actuator dynamics.
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4.1.1 Actuator dynamics

The schematic for a single-chambered actuator is as shown in Fig. (4.1). For convenience

of analysis, it is assumed that the cross sectional areas of the piston exposed to chamber

pressure P and the ambient pressure Po are the same, and are represented by A. Let m

represent the air mass in the chamber, T be the chamber air temperature and V (x) be

the chamber volume at piston position x. The chamber volume V (x) is related to the

piston position x as,

V (x) = A(L1o + x) (4.1)

where AL1o represents a constant dead volume. The air entering the control volume of

the actuator chamber in Fig. (4.1) is assumed at a temperature Tu. A difference between

an adiabatic or an isothermal actuator studied in chapter 3, and the general actuator

with heat transfer being studied in this chapter is the effect of upstream air temperature

Tu on the temperature and pressure dynamics. To achieve adiabatic thermodynamic

process in the actuator, Tu in Eq. (3.9) was assumed to be same as the chamber

temperature T . For the thermodynamic process in the actuator to be isothermal, Tu

was assumed to be the ambient temperature To. For the actuator with finite heat

transfer studied in this chapter, no such assumptions are imposed on Tu. From the first

law of thermodynamics applied to a single-chambered actuator in Eq. (3.8), Tu depends

on whether the chamber is being charged or discharged. As given in Eq. (3.25), if the

actuator chamber is being charged, then Tu corresponds to the air temperature Tin at

the chamber inlet (which usually corresponds to the ambient temperature To). If the

chamber is being discharged, then by definition Tu = T .

In this study, it is assumed that heat transfer Q occurs between the chamber air

and the ambient atmosphere only. Therefore, the heat transfer rate Q̇ is defined as,

Q̇ = h2(t)(To − T ) (4.2)

where To is the ambient temperature, and h2(t) ∈ <+ is possibly a time varying heat

transfer coefficient. Various heat transfer models can be captured for different forms of

the heat transfer coefficient h2(t). In this work, h(t) is assumed to be largely unknown

and the worst case scenario for heat transfer is considered.

Using the first law of thermodynamics, the lumped-parameter model of the single-

chambered pneumatic actuator for a generic heat transfer model has been presented in
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Figure 4.1: Schematic of a single-chambered actuator with a 3-position, 2-way pneu-

matic valve for controlling air flow to the actuator.

section 3.1.1. For a closed volume of gas with fixed air mass of m, piston velocity of

ẋ and using the definition of heat transfer rate Q̇ from Eq. (4.2), the dynamics of the

actuator volume V (x) and temperature T are obtained as,

V̇ = Aẋ(t)

Ṫ = (γ − 1)

(
−TAẋ(t)

V (x)
+
h2(t)(To − T )

mR

) (4.3)

In the above equation, the external independent factors affecting the actuator volume

V (x) and temperature T are the piston velocity ẋ(t), and the heat transfer coefficient

h2(t). Therefore, ẋ(t) and h(t) are designated as the inputs to the state dynamics in

Eq. (4.3). For a given mass of air m, the chamber pressure P is determined from the

volume V (x) and temperature T by using the ideal gas law in Eq. (3.2) as,

P =
mRT

V (x)
(4.4)

The actuator force F (P ) depends on the actuator volume V (x) and temperature T

as,

F (P ) = (P − Po)A =

(
mRT

V (x)
− Po

)
A (4.5)

By judicially selecting the velocity ẋ(t) and the heat transfer coefficient h2(t), max-

imum work can be extracted from the actuator. The heat transfer coefficient h2(t)
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depends on the thermal conductivity of the material used in making the pneumatic

actuator, and the surface area available for heat transfer. Therefore, h2(t) required for

extracting maximum work from the actuator may not be physically realizable. In such a

case, the maximum available work from the actuator represents the Supremum of work

that can be extracted from the actuator. In the following section, the optimization

problem for extracting maximum available work for a given thermodynamic state in the

single-chambered actuator is presented.

4.1.2 Available storage as maximum extractable work

In this study, the storage function for the single-chambered actuator is defined as the

maximum work that can be extracted over all possible trajectories that are constrained

to satisfy the state dynamics in Eq. (4.3). Such a storage function will be passive with

respect to any mechanical supply rate to the actuator for given actuator states.

A single-chambered actuator reaches equilibrium state when the chamber air tem-

perature T is the same as the ambient temperature To, and the chamber pressure P is

the same as ambient pressure Po. Using the ideal gas law from Eq. (3.2), and relation-

ship between chamber volume V (x) and piston position x from Eq. (4.1), the piston

position x̄(m) at equilibrium state is obtained in terms of the chamber air mass m from

the following equation,

V (x̄(m)) = A(L1o + x̄(m)) =
mRTo
Po

(4.6)

Therefore, the mass of airm in the actuator chamber determines the equilibrium position

x̄(m). As shown in Eq. (4.5), for a given air mass m, the actuator force F (P ) depends

on the chamber volume V (x) and the chamber air temperature T . The force output can

be varied by selecting the inputs h(t) and ẋ(t) in Eq. (4.3) such that the actuator states

V (x) and T follow a trajectory that provides maximum work output. Therefore, the

actuator storage function Wact(m,P, T, Po, To) is defined as the solution of the following

optimization problem,

Wact(m,P, T, Po, To) , sup
h(.),ẋ(.)

∫ ∞
0

(
mRT (τ)

V (x(τ))
− Po

)
Aẋ(τ) dτ

subject to Eq. (4.3)

(4.7)
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With the available mechanical work as storage function, the pneumatic actuator

will be passive with respect to mechanical supply rate (F (P )ẋ). Note that in the above

optimization problem, the inputs h(t) and ẋ(t) are not constrained. In reality how-

ever, it might not be possible to change the inputs h(t) and ẋ(t) as identified from the

optimization problem. The piston velocity ẋ(t) is limited by available supply pressure

and the response time of the servo-valve metering the flow to the actuator. The heat

transfer coefficient is h2(t) is usually unknown and is limited by the material properties

of the actuator walls. Therefore, the worst case scenario is considered by maximizing

the available energy from the actuator. The available storage identified from the opti-

mization statement in Eq. (4.7) will represent the upper bound on the work that can

be extracted from the actuator over all feasible trajectories of the actuator states V (x)

and T . Solution to the optimization problem in Eq. (4.7) determining the inputs h(t)

and ẋ(t) for extracting the maximum work from the actuator is presented in the next

section.

4.1.3 Optimal trajectories

To solve the state constrained optimization problem in Eq. (4.7) as an unconstrained

optimization problem, the cost function Wact(m,P, T, Po, To) is augmented with the

state dynamics in Eq. (4.3) by using Lagrange multiplier λT (t) and λV (t) as,

Wact(m,P, T, Po, To) , sup
h(.),ẋ(.)

∫ ∞
0

((
mRT (τ)

V (x)
− Po

)
Aẋ(τ) + λV (τ)

(
Aẋ(τ)− V̇

)
+λT (τ)

(
(γ − 1)

(
−T (τ)A

V (x)
ẋ(τ) +

h2(τ)(To − T (τ))

mR

)
− Ṫ (τ)

))
dτ

(4.8)

For ease of analysis, the following Hamiltonian function H(T, V, h, ẋ) is defined,

H(T, V, h, ẋ) =

(
mRT

V (x)
− Po

)
Aẋ(t) + λT (t)(γ − 1)

(
− TA

V (x)
ẋ+

h2(t)(To − T )

mR

)
+ λV (t)Aẋ(t)

(4.9)

On integrating λT (τ)Ṫ (τ) and λV (τ)V̇ (x) by parts, and using the definition of the

Hamiltonian H(T, V, h(t), ẋ) from the above equation, the cost function in Eq. (4.8)
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can be expressed as,

Wact(m,P, T, Po, To) , max
h(.),ẋ(.)

(
−(λT (t)T (t) + λV (t)V (x(t)))

∣∣∣∣t=∞
t=0

+

∫ ∞
0

(
H(T (τ), V (x), h(τ), ẋ) + λ̇T (τ)T (τ) + λ̇V (τ)V (x)

)
dτ

) (4.10)

The first order and second order variations in Wact(m,P, T, Po, To) due to variation

in control inputs h(t) and ẋ(t) are obtained as,

δWact(m,P, T, Po, To) =

∫ t=∞

t=0

(
∂H(T, V, h, ẋ)

∂h
δh(τ) +

∂H(T, V, h, ẋ)

∂ẋ
δẋ(τ)

+

(
∂H(T, V, h, ẋ)

∂V
+ λ̇V

)
δV (x) +

(
∂H(T, V, h, ẋ)

∂T
+ λ̇T

)
δT (τ)

)
dτ

− (λT (t)δT (t) + λV (t)δV (x))

∣∣∣∣t=∞
t=0

(4.11)

δ2Wact(m,P, T, Po, To) =

∫
t=∞

t=0




δT (τ)

δV (x)

δẋ(τ)

δh(τ)


T

H


δT (τ)

δV (x)

δẋ(τ)

δh(τ)



 dτ

where

H =


∂2H(T,V,h,ẋ)

∂T 2
∂2H(T,V,h,ẋ)

∂T∂V
∂2H(T,V,h,ẋ)

∂T∂h
∂2H(T,V,h,ẋ)

∂T∂ẋ
∂2H(T,V,h,ẋ)

∂V ∂T
∂2H(T,V,h,ẋ)

∂V 2
∂2H(T,V,h,ẋ)

∂V ∂h
∂2H(T,V,h,ẋ)

∂V ∂ẋ
∂2H(T,V,h,ẋ)

∂h∂T
∂2H(T,V,h,ẋ)

∂h∂V
∂2H(T,V,h,ẋ)

∂h2
∂2H(T,V,h,ẋ)

∂h∂ẋ
∂2H(T,V,h,ẋ)

∂ẋ∂T
∂2H(T,V,h,ẋ)

∂ẋ∂V
∂2H(T,V,h,ẋ)

∂ẋ∂h
∂2H(T,V,h,ẋ)

∂2ẋ



(4.12)

At maximum condition, for all possible values of the inputs h(.) and ẋ(.), the first

order variation δWact(.) and the second order variation δ2Wact(.) of the cost function

must satisfy the following conditions [71],

δWact(m,P, T, Po, To) = 0, δ2Wact(m,P, T, Po, To) ≤ 0 (4.13)

For known initial conditions (δT (0) = 0 and δV (x)

∣∣∣∣
t=0

= 0), the necessary conditions
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for determining the optimal inputs are obtained from the above equation as [71],

∂H(T, V, h, ẋ)

∂h
= 0,

∂H(T, V, h, ẋ)

∂ẋ
= 0 (4.14)

λ̇T = −∂H(T, V, h, ẋ)

∂T
= −(γ − 1)

(
mCv − λT (t)

V (x)

)
Aẋ+

λT
mCv

h2(t) (4.15)

λ̇V = −∂H(T, V, h, ẋ)

∂V
= (γ − 1)

(
mCv − λT (t)

V 2(x)

)
TAẋ (4.16)

lim
t→∞

λT (t) = 0, lim
t→∞

λV (t) = 0 (4.17)[
∂2H(T,V,h,ẋ)

∂h2
∂2H(T,V,h,ẋ)

∂h∂ẋ
∂2H(T,V,h,ẋ)

∂ẋ∂h
∂2H(T,V,h,ẋ)

∂ẋ2

]
≤ 0 (4.18)

The optimal values of the heat transfer coefficient h(t) and the piston velocity ẋ(t)

are determined as the solution of the first order optimality conditions in Eq. (4.14).

From the definition of the Hamiltonian H(T, V, h, ẋ) in Eq. (4.9), the partial differential

equations in Eq. (4.14) can be expressed as,

λT (t)h(t)(To − T ) = 0 (4.19)(
mRT

V (x)
− Po

)
A− (γ − 1)λT (t)A

T

V (x)
+ λV (t)A = 0 (4.20)

From Eq. (4.9) it can be seen that ∂2H(.)/∂h∂ẋ, ∂2H(.)/∂ẋ∂h and ∂2H(.)/∂ẋ2 are all

identically equal to zero. Therefore, from the second order optimality condition in Eq.

(4.18), maximum work output is achieved if the following condition is satisfied along

the optimal solutions identified from Eqs. (4.19, 4.20),

∂2H(T, V, h, ẋ)

∂h2
= λT (t)(To − T ) < 0 (4.21)

Solution for λT (t) and λV (t)

The optimality condition in Eq. (4.20) can be expressed as,

(γ − 1)

(
(mCv − λT (t))T

V (x)
− Po

)
A+ λV (t)A = 0 (4.22)

Using the above equation, and the definition of chamber volume V (x) from Eq.

(4.1), the dynamics of λV (t) in Eq. (4.16) are obtained as,

λ̇V (t) = −(λV (t)− Po)
ẋ

L1o + x(t)
(4.23)
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On integrating both sides of the above equation and using the boundary conditions

λV (t)|t→∞ = 0 and x(t)|t→∞ = x̄(m), the expression for λV (t) is obtained as,

λV (t) = Po

(
1− L1o + x̄(m)

L1o + x(t)

)
(4.24)

Substituting the expression for λV (t) from the above equation in Eq. (4.22) and

using the relationship PoA(L1o + x̄(m)) = mRTo from Eq. (4.6), the expression for

λT (t) is obtained as,

λT (t) = mCv

(
1− To

T

)
(4.25)

Remark 4.1. For a single-chambered pneumatic actuator with gas temperature of T ,

the definition of λT (t) in Eq. (4.25) ensures that the second order optimality condition

in Eq. (4.21) is satisfied for all T 6= To.

From Eq. (4.19), at any time t, the optimal solution has to satisfy one of the

following three conditions,

λT (t) = 0, T (t) = To, h(t) = 0 (4.26)

For given initial conditions, as the optimal trajectory is a combination of the seg-

ments listed in Eq. (4.26), relevant properties these segments are now analyzed.

Segment λT (t) = 0

Over a finite time interval [t1, t2], if the optimal solution λT (t) = 0 is imposed, it is also

required that λ̇T (t) = 0. Using this condition in Eq. (4.15), for a given air mass m and

finite actuator position x, the following stationary condition on the piston velocity ẋ(t)

is obtained,

ẋ(t) = 0 (4.27)

From the definition of available work in Eq. (4.7), the stationarity condition Eq.

(4.27) implies that mechanical work cannot be extracted from the actuator. In addition,

from Eq. (4.25), λT (t) = 0 is satisfied only at thermal equilibrium condition T (t) = To.

Therefore, with no energetic mechanical or thermal interaction with its surroundings,

λT = 0 corresponds to a stationary state of the single-chambered actuator with no

change in the available energy of the actuator.
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Isothermal segment (T = To)

When the chamber temperature is To, an isothermal process (T (t) = To) also satisfies

the first order optimality condition in Eq. (4.26). When the chamber temperature T

corresponds to To, and the chamber pressure P is not at Po, a direct optimal path to the

equilibrium state (Po, To) is along the isothermal trajectory. Due to the conservative

nature of the isothermal process, any work put into the system can be completely

recovered. Therefore, different trajectories along the isothermal process, each with

multiple cycles but all ending at the equilibrium state (Po, To) are all optimal paths.

For a fixed mass of air m at temperature T (t) = To, the piston velocity ẋ(t) required

along the isothermal trajectory (Ṫ = 0) is obtained from the temperature dynamics in

Eq. (4.3) to be zero. In practice however, an infinitesimally slow velocity will be able

to provide the required isothermal trajectory.

Adiabatic segment (h2(t) = 0)

For the optimal solution h2(t) = 0 there will be no heat transfer between the chamber

air and the ambient. Thus, the thermodynamic process in the actuator chamber is

adiabatic. The adiabatic segment can reach the equilibrium state (Po, To) directly,

if the intial temperature T and the initial pressure P satisfy the following adiabatic

relationship,

T = To

(
P

Po

) (γ−1)
γ

(4.28)

The adiabatic process is also reversible and thus any work put into the actuator

along the adiabatic segment can be completely recovered. For an initial pressure P and

temperature T , the net work output along any cyclical path following the adiabatic

process will be zero. If the initial temperature and pressure satisfy the relationship in

Eq. (4.28), then there are different trajectories with multiple cycles, each ending at the

equilibrium state (Po, To) with the same work output, and would thus be optimal. The

trajectory for reaching the equilibrium point is therefore non-unique. For a given mass

of air m in the actuator chamber, from the temperature dynamics in Eq. (4.3), the

piston velocity input ẋ(t) along the adiabatic trajectory (h2(t) = 0) can be any of value.

The sign of the velocity will however determine the direction of change in the chamber

air temperature.
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Characteristics of optimal trajectory obtained from the first order optimality condi-

tions in Eq. (4.26) are stated in the following proposition.

Proposition 4.1. The optimal trajectory for extracting maximum work from the actu-

ator consists of a combination of the following segments,

1. Segments along the isothermal trajectory wherein the chamber temperature is the

same as ambient temperature (T = To).

2. Segments along the adiabatic trajectory with the heat transfer coefficient given by

h2(t) = 0.

Proof. Each solution in Eq. (4.26) represents a segment of the trajectory for optimal

work interaction with the actuator. From Eq. (4.25), λT (t) = 0 is satisfied only when

T (t) = To. Therefore, the optimal trajectory for extracting maximum work from the ac-

tuator will be a combination of isothermal segments (T (t) = To) and adiabatic segments

(h2(t) = 0).

In the following theorem, a trajectory for extracting maximum work from the actu-

ator is presented and the total available work along this trajectory is derived.

Theorem 4.1. For a given air mass of m at temperature T and pressure P in a single-

chambered actuator, the heat transfer coefficient h2(t) and the piston velocity ẋ(t) along

one trajectory for extracting maximum work from the actuator are given by,

1. Adiabatic expansion/compression: If the chamber air temperature T is greater

than the ambient temperature To, the optimal heat transfer coefficient is given by

h2(.) = 0, and the piston velocity ẋ(.) is selected to be positive until the chamber

temperature at some time t = t1 is the same as the ambient temperature (T (t1) =

To). If the chamber air temperature T (.) is less than the ambient temperature To,

the optimal heat transfer coefficient is again given by h2(.) = 0, and the piston

velocity ẋ(.) is selected to be negative until the chamber temperature at some time

t = t2 is the same as the ambient temperature (T (t2) = To). At T (t1,2) = To, the

chamber air pressure Pa is obtained from the adiabatic relationship in Eq. (3.18)

as,

Pa = P

(
To
T

) γ
γ−1

(4.29)
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2. Isothermal expansion/compression : When the chamber air temperature T (.) is

the same as the ambient temperature To, and the chamber pressure Pa is different

from ambient pressure Po, then the optimal segment is selected to be isothermal

process. From the temperature dynamics in Eq. (4.3), the piston velocity ẋ(.) is

determined to be an infinitesimally small positive quantity if the piston position

x is less than the equilibrium position x̄(m) defined in Eq. (4.6). The velocity

ẋ(.) is an infinitesimally small negative quantity if the current actuator position

x is greater than the equilibrium position x̄(m). The corresponding heat transfer

coefficient along the isothermal segment is given by h2(.) >>> 1.

The available work along the proposed trajectory to the equilibrium pressure Po and

the equilibrium temperature To is obtained as,

Wact(m,P, T, Po, To) = mCv(T − To)−mTo
(
Cp log

(
T

To

)
−R log

(
P

Po

))
−mPo

(
1

ρ(Po, To)
− 1

ρ(P, T )

) (4.30)

Proof. In this proof, optimality of the proposed trajectory is first established. Work

available along this trajectory is then evaluated. Optimality of the trajectory : The

segments for defining the optimal trajectory corresponding to maximum available work

are as listed in Eq. (4.26). When the chamber temperature T is different from the

ambient temperature To, then λT (t) in Eq. (4.25) is non zero. Therefore, when T (t) 6=
To, the adiabatic trajectory (h(t) = 0) is the optimal solution. Along this adiabatic

trajectory, if the chamber temperature is greater than the ambient temperature (T >

To), then from Eq. (4.3) expansion (ẋ(t) ≥ 0) of the chamber volume will reduce the

chamber air temperature (Ṫ < 0). The change in chamber volume and pressure due to

this expansion process is illustrated by the red trace in Fig. (4.2). In this figure, Va

represents the chamber volume at T (t) = To. If the volume Va does not correspond to

equilibrium volume V̄ (m), then isothermal trajectory is the only available path to the

equilibrium volume. In Fig. (4.2), the isothermal trajectory is illustrated by the blue

line.

When the chamber air temperature T is less than ambient temperature To, adiabatic

trajectory is again the optimal solution from Eq. (4.26). For T (t) < To, compression
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Figure 4.2: Schematic showing work done when chamber temperature is greater than

ambient temperature. Volume of chamber is plotted along the x-axis and pressure is

plotted along the y-axis.

(ẋ(t) < 0) will increase the chamber temperature T . At T (t) = To along the adiabatic

trajectory, if the chamber volume Va does not correspond to equilibrium volume V̄ (m),

then from Eq. (4.26), isothermal trajectory is the only feasible solution to reach the

equilibrium volume. In Fig. (4.3), the proposed combination of adiabatic (red curve)

and isothermal (blue curve) trajectories, is illustrated for T (t) < To. Note that when

T < To, the process for extracting maximum work requires work input (compression)

along an adiabatic trajectory, and then expansion along isothermal trajectory (at T =

To). However, the adiabatic process is reversible and any work put into the system can

be completely recovered.

Therefore the proposed combination of adiabatic (when T (t) 6= To) and isothermal

(when T = To) trajectories satisfies the necessary optimality conditions in Eq. (4.26).

As the equilibrium state corresponds to zero energy state, the maximum available work

is evaluated with respect to the equilibrium position x̄(m) defined in Eq. (4.60).
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Figure 4.3: Schematic showing work done when chamber temperature is less than am-

bient temperature. In this scenario, trajectory for maximum work extraction requires

compression (work input) along adiabatic path and then work extraction along isother-

mal path. Volume of chamber is plotted along the x-axis and pressure is plotted along

the y-axis.

Work extracted along the proposed optimal trajectory : Along the adiabatic seg-

ment (T 6= To), for a known initial chamber pressure of P , let Pa be the air pressure at

T (t) = To. Using the temperature-pressure relationship curve for adiabatic trajectory

from Eq. (3.18), the pressure Pa is expressed in terms of the chamber pressure P , and

temperature T as shown in Eq. (4.29).

For a given air mass m, the available work along the adiabatic trajectory is obtained

by integrating the adiabatic characteristic curve in Eq. (3.34) as,

Wacta(m,P, T, Pa, To) = mCv(T − To)−mPo
(

1

ρ(Pa, To)
− 1

ρ(P, T )

)
(4.31)

where ρ(P, T ) := P/RT is the density of air in the adiabatic chamber. At T (t) = To,

the proposed trajectory is along the isothermal process to the equilibrium state (Po, To).
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From the definition of the gravimetric energy density W iso
m (.) for the isothermal actuator

in Eq. (3.48), and using the definition of Pa from Eq. (4.29), available work along the

isothermal trajectory is obtained as,

Wactb(m,Pa, To, Po, To) = mRTo log

(
Pa
Po

)
−mPo

(
1

ρ(Po, To)
− 1

ρ(Pa, To)

)
= mTo

(
R log

(
P

Po

)
− Cp log

(
T

To

))
−mPo

(
1

ρ(Po, To)
− 1

ρ(Pa, To)

)
(4.32)

where Cp = Rγ/(γ − 1) is the specific heat at constant pressure. The total available

work along the proposed optimal trajectory is the sum of the available work along the

adiabatic segment Wacta(m,P, T, Pa, To) from Eq. (4.31), and the available work along

the isothermal segment Wactb(m,Pa, To, Po, To) from Eq. (4.32) and is given by,

Wact(m,P, T, Po, To) = Wacta(m,P, T, Pa, To) +Wactb(m,Pa, To, Po, To) (4.33)

Using the expression for Wacta(m,P, T, Pa, To) and Wactb(m,Pa, To, Po, To) from Eq.

(4.31) and Eq. (4.32) respectively in the above equation, the available work as defined

in Eq. (4.30) is obtained.

For the optimal trajectory presented in the above theorem, the piston velocity input

ẋ(t) along the adiabatic segment can be of any magnitude as long as the sign of velocity

corresponds with the desired direction of temperature change. Along the isothermal

segment of the proposed trajectory, the piston velocity is required to be infinitesimally

small with the sign of velocity determined the position x of the actuator relative to the

equilibrium position x̄(m).

Remark 4.2. For a given air mass m, pressure P and temperature T , the process for

extracting maximum work Wact(m,P, T, Po, To) from the actuator in Eq. (4.30) is not

unique.

Proof. The temperature-actuator position phase plot of the proposed optimal trajecto-

ries in Theorem 4.1 are shown in Fig. (4.4). Non-uniqueness of the proposed trajectory

is due to the following conditions :
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Figure 4.4: Phase plot of the optimal trajectories for extracting maximum work at

different thermodynamic states of the actuator. The red dots in the figure correspond

to the segment λT = 0.

1. The net work interaction along a cyclic path with a reversible thermodynamic

process (isothermal/adiabatic) is always identically zero. Each segment of the

trajectory for maximum work extraction as defined in Theorem 4.1 is along a re-

versible thermodynamic process. Thus the available work from any process that

requires cyclical operation along any of these reversible segments, for indefinite cy-

cles, before traversing to equilibrium position x̄(m) along the trajectory proposed

in Theorem 4.1, will also be given by Eq. (4.30). For a given initial state (x, T ) on

a level set in the phase plot in Fig. (4.4), the actuator thermodynamic state can

be taken to any other level set before reaching the equilibrium state (x̄(m), To)

without changing the net available energy from the actuator.

2. When the chamber temperature T corresponds to ambient temperature To (along

the x-axis in Fig. (4.4)), the optimal segment λT = 0 can be realized for zero
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piston velocity (ẋ(t) = 0). Along this segment (red dots along the x-axis in Fig.

(4.4)), the actuator is completely isolated with no energetic interactions with its

environment. Thus, this segment can be interspersed with the isothermal segment

multiple times (imagine arbitrary number of red dots along the x-axis on the way

to equilibrium position), and each time for an arbitrary time interval, without any

change to the available energy from the actuator.

For a gas at pressure P and temperature T , the entropy change as it traverses to

equilibrium pressure and temperature of (Po, To) along a reversible path is given by [65],

σ(P, T )− σ(Po, To) = Cp log

(
T

To

)
−R log

(
P

Po

)
(4.34)

Therefore, the maximum available work in Eq. (4.30) can be expressed as,

Wact(m,P, T, Po, To) = mCv(T − To)−mTo(σ(P, T )− σ(Po, To))

−mPo
(

1

ρ(Po, To)
− 1

ρ(P, T )

) (4.35)

Remark 4.3. The maximum available work from a single-chambered actuator in Eq.

(4.35) has the following properties,

1. The maximum available work from a single-chambered pneumatic actuator as given

in Eq. (4.35) corresponds to the sum of change in internal energy, change in

available work due to change in entropy, and work done against ambient pressure

Po, and is thus analogous to exergy [65] of air with respect to Po and ambient

temperature To.

2. When the chamber temperature T corresponds to ambient temperature To, then the

maximum available work corresponds to work available along isothermal trajectory.

3. If the initial temperature T and pressure P are related as T = To(P/Po)
(γ−1)/γ in

Eq. (4.28), then the entropy change in Eq. (4.34) satisfies σ(P, T )−σ(Po, To) = 0.

The equilibrium position (Po, To) can then be reached by traversing along the adia-

batic trajectory only (isothermal segment not required) and the maximum available

work in Eq. (4.35) corresponds to work available along adiabatic trajectory.
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Figure 4.5: Heat transfer coefficient h2(t) and piston velocity ẋ(t) required to realize

the maximum available work from the actuator in Eq. (4.35)

The optimal heat transfer coefficient h2(t) and the optimal velocity ẋ(t) required for

obtaining the maximum work output from a single-chambered actuator in Eq. (4.35) is

as shown in Fig. (4.5). The heat transfer coefficient h2(t) is zero for T 6= To (adiabatic

segment) as represented by the blue line in Fig. (4.5a). At T = To (isothermal segment),

the heat transfer coefficient h2(t) is required to switch instantaneously to a very large

value. Adiabatic process can possibly be achieved in the actuator by using a poor

conducting material for the pneumatic actuator surface. For T 6= To, the actuator

velocity ẋ(t) should lie in the shaded region in Fig. (4.5b). As there is no constraint on

the actual magnitude of the piston speed, the actuator speed ẋ(t) can also be selected to

be very high to provide very little time for heat transfer across the actuator walls, thus

simulating adiabatic process. Isothermal thermodynamics can be achieved by using a

material with very high thermal conductance h2(t) >>> 1 as illustrated in Fig. (4.5a),

or selecting infinitesimally small velocity (ẋ(t) <<< 1) to provide long enough time for

achieving thermal equilibrium.

However, there are no known materials that can provide perfect insulation at T 6= To,
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and then instantaneously switch to very high thermal conductance (h2(t) >>> 1) at

T = To. In addition, in human interactive applications, the velocity of the actuator is

determined by the comfort of the human operator. Therefore, in real life applications,

the maximum energy available from the actuator in Eq. (4.35) can not be typically

realized and represents the upper bound of the energy that can be extracted from the

actuator.

From the definition of maximum available work Wact(m,P, T, Po, To) in Eq. (4.35),

the gravimetric energy density of the single-chambered actuator is obtained as,

Wm(P, T, Po, To) =
Wact(m,P, T, Po, To)

m

= Cv(T − To)− To(σ(P, T )− σ(Po, To))− Po
(

1

ρ(Po, To)
− 1

ρ(P, T )

)
(4.36)

Remark 4.4. The gravimetric energy density Wm(P, T, Po, To) in Eq. (4.36) is zero at

the equilibrium state (Po, To), and is positive at all other feasible values of pressure P

and temperature T .

Proof. Proof is as shown in appendix B.1

A contour plot of the gravimetric energy density Wm(P, T, Po, To) for different values

of pressure ratio P/Po and temperature ratio T/To is as shown in Fig. (4.6). From the

value of the contour lines in the figure it can be seen that the gravimetric energy density

is positive for all pressures (P , Po) and temperatures (T , To). The magnitude of the

contour also decreases as the pressure ratio P/Po and temperature ratio T/To tends to

1, thus confirming that (Po, To) corresponds to a zero energy state. In the Fig. (4.6), the

optimal trajectory for an initial chamber pressure P greater than ambient pressure Po,

and initial chamber temperature T greater than ambient temperature To is illustrated

by the red lines. The change in the slope of the red line represents the switching point

from adiabatic trajectory to isothermal trajectory.

In the next section, the maximum available work in Eq. (4.30) is used as the storage

function to identify the external supply rate to the single-chambered actuator with finite

heat transfer. This supply rate is used to define the condition for passive operation of

the single-chambered actuator.
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Figure 4.6: Contour plot of the gravimetric energy density Wm(P, Po, T, To) for different

pressure ratios P/Po and temperature ratios T/To. The red trace in the plot corresponds

to optimal trajectory for a given set of initial conditions. The arrows indicate the

direction in which the trajectory is traversed.

4.1.4 Passivity property of single-chambered actuator

In this section, supply rate to the pneumatic actuator is derived by defining the max-

imum available energy in Eq. (4.30) as the storage function. For a single-chambered

pneumatic actuator, the storage function Wact(m,P, T, Po, To) from Eq. (4.30) can be

expressed as,

Wact(m,P, T, Po, To) = mWm(P, T, Po, To) (4.37)

where Wm(P, T, Po, To) represents the gravimetric energy density of the actuator and is

as defined in Eq. (4.36). For a constant ambient temperature To, the time derivative of

the energy function Ẇact(m,P, T, Po, To) is obtained as,

Ẇact(m,P, T, Po, To) = ṁWm(P, T, Po, To) +m
∂Wm(P, T, Po, To)

∂T
Ṫ

+m
∂Wm(P, T, Po, To)

∂P
Ṗ +m

∂Wm(P, T, Po, To)

∂Po
Ṗo

(4.38)

The partial derivative of gravimetric energy density Wm(P, T, Po, To) with respect
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to temperature T , pressure P and ambient pressure Po is given by,

∂Wm(P, T, Po, To)

∂T

∣∣∣∣
(P,Po)

= Cv − Cp
To
T
− Po
ρ2(P, T )

∂ρ(P, T )

∂T

∂Wm(P, T, Po, To)

∂P

∣∣∣∣
(T,Po)

=
RTo
P
− Po
ρ2(P, T )

∂ρ(P, T )

∂P

∂Wm(P, T, Po, To)

∂Po

∣∣∣∣
(P,T )

= −
(
RTo
Po

+
Po

ρ2(P, T )

∂ρ(P, T )

∂P

) (4.39)

Using the definition ρ(P, T ) := P/RT of air density from Eq. (3.38), and after some

algebraic manipulations, the partial derivatives in the above equation can be simplified

as,

∂Wm(P, T, Po, To)

∂T

∣∣∣∣
(P,Po)

=
1

T

(
Cp(T − To)−

P − Po
ρ(P, T )

)
∂Wm(P, T, Po, To)

∂P

∣∣∣∣
(P,Po)

=
1

P

(
−R(T − To) +

P − Po
ρ(P, T )

)
∂Wm(P, T, Po, To)

∂Po

∣∣∣∣
(P,Po)

= −
(

1

ρ(Po, To)
− 1

ρ(P, T )

) (4.40)

Using the partial derivatives from the above equation, the derivative of the actuator

energy function Ẇact(m,P, T, Po, To) in Eq. (4.38) can be expressed as,

Ẇact(m,P, T, Po, To) = ṁWm(P, T, Po, To) +m(T − To)

(
Cp
Ṫ

T
−RṖ

P

)

+m

(
P − Po
ρ(P, T )

)(
Ṗ

P
− Ṫ

T

)
− Ṗo

(
m

ρ(Po, To)
− m

ρ(P, T )

) (4.41)

The temperature and pressure dynamics in the single-chambered actuator are as given

in Eq. (3.9) and Eq. (3.10) respectively. Note that when charging the actuator with

finite heat transfer, the upstream air temperature Tu is not assumed to be the same as

the chamber air temperature T . As presented in Eq. (3.25), depending on the valve

position and direction of air flow, the upstream temperature Tu is depends on the inlet

temperature Tu (usually assumed to be To) or the chamber temperature T .

Using the temperature and pressure dynamics from Eq. (3.9) and Eq. (3.10) respec-

tively, and assuming a constant ambient pressure (Ṗo = 0), the derivative of the energy
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function in Eq. (4.41) can then be simplified as,

Ẇact(m,P, T, Po, To) = ṁ

((
Wm(P, T, Po, To) +

P − Po
ρ(P, T )

)
+ Cp(T − To)

(
Tu
T
− 1

))
− (P − Po)V̇ + Q̇

(
1− To

T

)
(4.42)

where Tu = To if ṁ ≥ 0, and Tu = T if ṁ < 0. In Eq. (4.42), the first term on the r.h.s

represents the power interaction at the fluid port. The second term, −(P − Po)V̇ , cor-

responds to the mechanical power interaction of the pneumatic actuator. The negative

sign implies that the power is being extracted from the actuator at the mechanical port.

The third term on the r.h.s of Eq. (4.42) represents power interaction at the thermal

port of the actuator. Therefore, the single-chambered pneumatic actuator with finite

heat transfer model is a three port system.

For ease of presentation, let Φht(P, T, Po, To) be defined as,

Φht(P, T, Po, To) := Wm(P, T, Po, To) +
P − Po
ρ(P, T )

(4.43)

After some algebraic manipulations, the derivative Ẇact(m,P, T, Po, To) of the stor-

age function in Eq. (4.42) can be expressed as,

Ẇact(m,P, T, Po, To) = ṁΦht(P, Tu, Po, To)− ṁCpTo
((

Tu
T
− 1

)
− log

(
Tu
T

))
︸ ︷︷ ︸

≥0

− (P − Po)V̇ + Q̇

(
1− To

T

) (4.44)

For any α > 0, the condition (α−1)−log(α) > 0 is always true. Defining α := Tu/T ,

and given that Tu = T only when the chamber is discharging (ṁ < 0), the second term

on the r.h.s of the above equation has a dissipative effect on the available storage of

the actuator. This loss in power is a consequence of entropy generated due to mixing

of air at two different temperatures (Tu and T ). Therefore, the derivative of the energy

function Ẇact(m,P, T, Po, To) in the above equation satisfies the following inequality,

Ẇact(m,P, T, Po, To) ≤ ṁΦht(P, Tu, Po, To)− (P − Po)V̇ + Q̇

(
1− To

T

)
(4.45)
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Theorem 4.2. For a constant ambient pressure Po, ambient temperature To, upstream

air temperature of Tu at the fluid port of the actuator as defined in Eq. (3.25) and the

heat transfer rate Q̇ for an arbitrary heat transfer coefficient h2(t) given by,

Q̇ = h2(t)(To − T ) (4.46)

a single-chambered pneumatic actuator with air pressure P and air mass m is passive

with respect to the supply rate sht((ṁ,Φht(P, Tu, Po, To)), (F (P ), ẋ)) defined as,

sht((ṁ,Φht(P, Tu, Po, To)), (F (P ), ẋ)) := ṁΦht(P, Tu, Po, To)− F (P )ẋ (4.47)

where the air mass flow rate ṁ is the flow variable at the fluid port, Φht(P, Tu, Po, To)

is the effort variable at the fluid port, the actuator velocity ẋ is the flow variable at the

mechanical port of the actuator, and the actuator force F (P ) is the effort variable at

the mechanical port of the actuator.

Proof. Let Wact(m,P, T, Po, To) as given in Eq. (4.37) be the storage function for the

single-chambered actuator. As shown in the remark 4.4, the gravimetric energy density

Wm(P, T, Po, To) of single-chambered actuator is always positive, and hence the storage

function Wact(m,P, T, Po, To) in Eq. (4.37) is also always positive. The time derivative

of this storage function Ẇact(m,P, T, Po, To) is as given in Eq. (4.45).

From the definition of the heat transfer rate Q̇ in Eq. (4.46), the power interaction

at the thermal port of the actuator satisfies the following dissipative condition,

Q̇

(
1− To

T

)
= h2(t)(To − T )

(
T − To
T

)
≤ 0 (4.48)

Therefore, the interaction at the thermal port reduces the ability of the actuator to

provide work output, irrespective of the direction of heat transfer to the actuator cham-

ber. Using the definition of the actuator force F (P ) from Eq. (3.29), the relationship

between actuator volume V (x) and the piston position x from Eq. (3.73) and due to the

dissipative nature of thermal interaction from Eq. (4.48), the derivative of the energy

function Ẇact(m,P, T, Po, To) in Eq. (4.45) can be expressed in terms of the supply rate

sht(.) in Eq. (4.47) as,

Ẇact(m,P, T, Po, To) ≤ṁΦht(P, Tu, Po, To)− F (P )ẋ

= sht((ṁ,Φht(P, Tu, Po, To)), (F (P ), ẋ))
(4.49)
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Integrating both sides of the above equation, and using the condition that the energy

function Wact(m,P, T, Po, To) is always positive, it can be shown that the the actuator

supply in Eq. (4.47) satisfies the following passivity condition,∫ t

0
sht((ṁ,Φht(P, Tu, Po, To)), (F (P ), ẋ)) dτ ≥ −Wact(m,P, T, Po, To)

∣∣∣∣
t=0

(4.50)

where Wact(m,P, T, Po, To)

∣∣∣∣
t=0

> 0 corresponds to maximum initial available work in

the single-chambered actuator with finite heat transfer.

The supply rate sht((ṁ,Φht(P, Tu, Po, To)), (F (P ), ẋ)) in Eq. (4.47) for the single-

chambered actuator with heat transfer consists of a port for mechanical power interac-

tion and a port for fluid port power interaction whose effort variable Φ(.) is the sum

of the gravimetric energy density Wm(.) and the flow work. This structure is similar

to the supply rates for adiabatic and isothermal actuators given in Eq. (3.59) and Eq.

(3.68) respectively.

In the next section, energy function for the two-chambered actuator is developed by

using the results presented for the single-chambered actuator. The supply rate for the

two-chambered actuator is also presented in the following section.

4.2 Two-chambered pneumatic actuator

Commonly used pneumatic actuators have two air chambers. In this section, two-

chambered pneumatic actuator with finite heat interaction with the ambient is studied.

Dynamics of the two-chambered actuator are obtained by treating it as two interacting

single-chambered actuators. Similar to the single-chambered actuator, the storage func-

tion is defined as the maximum work that can be extracted from the actuator, as the

actuator traverses to the equilibrium position. This storage function is used to define

the supply rate for achieving energetically passive operation with the two-chambered

pneumatic actuator. The actuator dynamics are presented in the following section.

4.2.1 Actuator dynamics

The schematic for a two-chambered actuator is as shown in Fig. 4.7. The two-chambered

pneumatic actuator can be interpreted as two interacting single-chambered pneumatic
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actuators. The two chambers of the actuator are mechanically coupled through the

actuator piston. For a piston position x, the chamber volumes V1(x), V2(x) are obtained

as,

V1(x) = A1(L1o + x), V2(x) = A2(L
′
2o + L− x) = A2(L2o − x) (4.51)

Figure 4.7: Schematic of a two-chambered actuator with a pneumatic servo valve for

controlling air flow to the actuator.

where A1 and A2 refer to the piston cross-sectional area in chamber 1 and chamber 2

respectively, while A1L1o and A2L
′
2o correspond to the dead volume in chambers 1 and

2 respectively, and L corresponds to the actuator stroke length. Both V1(x) and V2(x)

are well defined by the actuator position x. Therefore, the actuator position is defined

to be an actuator state.

It is assumed that the heat transfer rates Q̇1 and Q̇2 in the two actuator chambers

are only due to thermal interaction between the chamber air and the the ambient at

temperature To. It is assumed that there is no heat transfer between the two actuator

chambers themselves. Therefore, Q̇1 and Q̇2 are defined as,

Q̇1 = h2
1(t)(To − T1), Q̇2 = h2

2(t)(To − T2) (4.52)

where the heat transfer coefficients h2
1(t) and h2

2(t) are positive for all t and can be

varied to simulate different heat transfer models in each actuator chamber.
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The dynamics of temperature T1 in chamber 1 and temperature T2 in chamber 2 are

obtained from the first law of thermodynamics and are as given in Eq. (3.9). Let Tu1

and Tu2 be the air temperature upstream of the control volume in chambers 1 and 2

respectively. Again, the difference in the temperature dynamics for adiabatic/isothermal

actuators and the actuator with finite heat transfer is the assumption on the upstream

air temperature Tui in Eq. (3.25). For adiabatic/isothermal actuators, Tui is assumed

to be the same as the chamber temperature Ti. In this chapter, Tui is determined from

the direction of air flow. Assuming that the air temperature immediately outside the

control volume in Fig. (4.7) to be the same as ambient temperature To, the upstream

air temperatures Tu1 and Tu2 for chamber 1 and chamber 2 are defined as,

Tu1 =

To if ṁ1 ≥ 0

T1 if ṁ1 < 0
, Tu2 =

To if ṁ2 ≥ 0

T2 if ṁ2 < 0
(4.53)

For a fixed mass of air m1 and m2 in chambers 1 and 2 respectively, and from the

definition of heat transfer rates Q̇1, Q̇2 in Eq. (4.52), the dynamics of the actuator

states (x, T1, T2) depend on the piston velocity ẋ and the heat transfer coefficients h2
1(t)

and h2
2(t) as,

ẋ = ẋ

Ṫ1

T1
= (γ − 1)

(
− A1ẋ

V1(x)
+
h2

1(t)(To − T1)

m1RT1

)
Ṫ2

T2
= (γ − 1)

(
A2ẋ

V2(x)
+
h2

2(t)(To − T1)

m2RT2

) (4.54)

The pressures P1 and P2 in chamber 1 and 2 of the actuator respectively are obtained

from the actuator states (x, T1, T2) by using the ideal gas law as,

P1 =
m1RT1

A1(L1o + x)
, P2 =

m2RT2

A2(L2o − x)
(4.55)

For convenience of representation, consider the following vector definitions for cham-

ber pressures, temperatures and air mass,

P = (P1, P2), T = (T1, T2), m = (m1,m2) (4.56)

Using the definition of chamber pressures in Eq. (4.55), the actuator force Fa(P )

from Eq. (3.1) can be expressed in terms of (m, T , x) as,

Fa(P ) =
m1RT1

(L1o + x)
− m2RT2

(L2o − x)
− PoAp (4.57)
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where Ap = (A1 − A2) is the piston rod cross sectional area exposed to the ambient

pressure Po. In the two-chambered actuator, the actuator force output Fa(P ) can

be varied by changing the actuator states (x, T1, T2) with appropriate selection of the

inputs (ẋ(t), h1(t), h2(t)). In the following section, optimization problem for identifying

the maximum available energy from the two-chambered actuator is presented. The

inputs required to extract this maximum energy are identified, and the expression for

maximum available energy is derived.

4.2.2 Maximum available energy from a two-chambered actuator

At the equilibrium state, the two-chambered actuator is both in mechanical equilibrium

with the ambient (Fa(P ) = 0), and in thermal equilibrium with the ambient (T1 = To

and T2 = To). The equilibrium position of the actuator with finite heat interaction thus

corresponds to that of an isothermal actuator. Note that in contrast, the equilibrium

temperature of the adiabatic actuator is determined by the chamber pressures along

the adiabatic trajectory that satisfy the equilibrium condition Fa(P ) = 0. The corre-

sponding chamber temperatures in the adiabatic actuator chamber need not correspond

to ambient temperature To. As shown in section 3.2.3, the equilibrium position of the

isothermal actuator is a function of only the mass m1 and m2 in chambers 1 and 2 of the

actuator. Let x̄(m) represent the to be determined equilibrium position of the actuator.

The individual chamber pressures P̄1(m) and P̄2(m) at equilibrium are obtained from

Eq. (4.55) as,

P̄1(m) =
m1RTo

A1(L1o + x̄(m))
, P̄2(m) =

m2RTo
A2(L2o − x̄(m))

(4.58)

Note that unlike a single-chambered actuator, it is not necessary that the individual

chamber equilibrium pressures correspond to the ambient pressure Po. As shown in Eq.

(3.85), the pressures P̄1(m) and P̄2(m) are related as,

Fa(P̄ ) = P̄1(m)A1 − P̄2(m)A2 − PoAp = 0 (4.59)

where P̄ := (P̄1(m), P̄2(m)). Using the definition of P̄1(m) and P̄2(m) from Eq. (4.58)

in the above equation, the equilibrium position x̄(m) is determined as the solution of

the following equation,

m1RTo
L1o + x̄(m)

− m2RTo
L2o − x̄(m)

− PoAp = 0 (4.60)
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Using the property of the equilibrium state from Eq. (4.60), the actuator force

Fa(P ) in Eq. (4.57) can be expressed as,

Fa(P ) =

(
m1RT1

A1(L1o + x)
− P̄1(m)

)
A1 −

(
m2RT2

A2(L2o − x)
− P̄2(m)

)
A2 (4.61)

Due to heat interaction with the ambient, the thermodynamic process in the actuator

is not reversible. Therefore the work extracted from the actuator, as it traverses to

equilibrium state, is path dependent. By using the definition of the actuator force

Fa(P ) from Eq. (4.61) in terms of (m,T , x), the work available Wact(m,P ,T , ẋ) from

the two-chambered actuator is defined as,

Wact(m,P ,T , ẋ) =

∫ ∞
0

Fa(P )ẋ(τ) dτ

=

∫ ∞
0

((
m1RT1(τ)

A1(L1o + x(τ))
− P̄1(m)

)
A1 −

(
m2RT2(τ)

A2(L2o − x(τ))
− P̄2(m)

)
A2

)
ẋ(τ) dτ

(4.62)

To show passive operation for all feasible mechanical power interaction, the storage

function for the two-chambered actuator is defined to be maximum mechanical work

that can be extracted from the actuator for a fixed mass of air in each chamber. This

is similar to definition of the storage function for the single-chambered actuator.

For a given air mass m, the work available from the actuator can be varied by defin-

ing the vector of inputs u(t) , (h1(t), h2(t), ẋ(t)) to vary the actuator states (x, T1, T2)

and consequently the actuator force Fa(P ). The actuator states (x, T1, T2) are how-

ever constrained to follow the dynamics in Eq. (4.54). The optimization problem to

determine the storage function for the two-chambered actuator is thus defined as,

W̄act(m,P ,T ) = sup
u(.)

∫ ∞
0

Fa(P )ẋ(τ) dτ

subject to Eq. (4.54)

(4.63)

In the following subsection, the optimality conditions required to determine the

input vector u(t) for extracting maximum available work are presented.

Necessary optimality conditions

Similar to the single-chambered actuator in section 4.1.3, the cost function in Eq. (4.63)

can be augmented with the dynamic constraints in Eq. (4.54) by using Lagrange mul-

tipliers λT1(t), λT2(t) and λx(t). As a result, the constrained optimization problem in
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Eq. (4.63) can be reposed as an unconstrained optimization problem. In Eq. (4.10)

the unconstrained problem for the single-chambered actuator is expressed in terms of a

Hamiltonian function. As shown in Eq. (4.14) and Eq. (4.18), both the first and second

order conditions for optimal solution are then obtained in terms of the Hamiltonian

function. To identify the solution to the optimization problem for the two-chambered

actuator in Eq. (4.63), a similar Hamiltonian function H̄(x,T ,u) is defined,

H̄(x,T ,u) =

(
m1RT1

L1o + x
− m2RT2

L2o − x
−PoAp

)
ẋ(t)+λx(t)ẋ(t)+λT1(t)(γ − 1)

(
− T1A1

V1(x)
ẋ(t)

+
h2

1(t)(To − T1)

m1Cv

)
+ λT2(t)(γ − 1)

(
− T2A2

V2(x)
ẋ(t) +

h2
2(t)(To − T2)

m2Cv

)
(4.64)

The necessary optimality conditions for the optimization problem in Eq. (4.63) are

then given by,

∂H̄(x,T ,u)

∂h1
= 0,

∂H̄(x,T ,u)

∂h2
= 0,

∂H̄(x,T ,u)

∂ẋ
= 0 (4.65)

λ̇T1(t) = −∂H̄(x,T ,u)

∂T1
= −(γ − 1)

(
m1Cv − λT1
L1o + x

)
ẋ(t) +

λT1(t)

m1Cv
h2

1(t) (4.66)

λ̇T2(t) = −∂H̄(x,T ,u)

∂T2
= (γ − 1)

(
m2Cv − λT2
L2o − x

)
ẋ(t) +

λT2(t)

m2R
h2

2(t) (4.67)

λ̇x(t) = −∂H̄(x,T ,u)

∂x
= (γ − 1)

(
(m1Cv − λT1)T1

(L1o + x)2
− (m2Cv − λT2)T2

(L2o − x)2

)
ẋ(t) (4.68)

lim
t→∞

λT1(t) = 0, lim
t→∞

λT2(t) = 0 lim
t→∞

λx(t) = 0 (4.69)
∂2H̄(x,T ,u)

∂h21

∂2H̄(x,T ,u)
∂h1∂h2

∂2H̄(x,T ,u)
∂h1∂ẋ

∂2H̄(x,T ,u)
∂∂h2∂h1

∂2H̄(x,T ,u)
∂h22

∂2H̄(x,T ,u)
∂h2∂ẋ

∂2H̄(x,T ,u)
∂∂ẋ∂h1

∂2H̄(x,T ,u)
∂ẋ∂h2

∂2H̄(x,T ,u)
∂ẋ2


∣∣∣∣∣∣∣∣
u(.)=u∗

≤ 0 (4.70)

where u∗ is the solution of the first order optimality conditions in Eq. (4.65). The

algebraic equations corresponding to the first order optimality condition in Eq. (4.65)

are obtained as,

λT1(t)h1(t)(To − T1) = 0

λT2(t)h2(t)(To − T2) = 0

(γ − 1)

(
(m1Cv − λT1(t))T1

(L1o + x)
− (m2Cv − λT2(t))T2

(L2o − x)

)
− PoAp + λx(t) = 0

(4.71)
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Similar to the single-chambered actuator in Eq. (4.26), the optimal trajectory for

each chamber is obtained from the above equation as a combination of the following

segments,

Chamber 1 : λT1(t) = 0, h1(t) = 0, T1 = To

Chamber 2 : λT2(t) = 0, h2(t) = 0, T2 = To
(4.72)

Each of the three possible segments for chamber 1 can be combined with any of the

three possible segments for chamber 2, providing a total of nine possible segments for

the optimal trajectory of a two-chambered actuator.

Solution for λT1(t), λT2(t) and λx(t)

The dynamics of Lagrange multipliers λT1(t) and λT2(t) in Eq. (4.66) and Eq. (4.67)

respectively are the same as the dynamics of the single-chambered Lagrange multiplier

λT (t) in Eq. (4.15). Therefore, from the definition of λT (t) from Eq. (4.25), the follow-

ing definition of λT1(t) and λT2(t) will satisfy Eq. (4.66) and Eq. (4.67) respectively,

λT1(t) = m1Cv

(
1− To

T1

)
, λT2(t) = m2Cv

(
1− To

T2

)
(4.73)

Using the definition of λT1 and λT2 from the above equation in the optimality con-

dition in Eq. (4.71), λx(t) is obtained as,

λx(t) = −
(
m1RTo
L1o + x

− m2RTo
L2o − x

− PoAp
)

(4.74)

It is easy to verify that the expressions for λT1(t), λT2(t) and λx(t) from Eq. (4.73)

and Eq. (4.74) respectively, satisfy the dynamic equation for λx(t) in Eq. (4.68).

In the next section it is shown that the maximum available energy W̄act(m,P ,T )

from the two-chambered actuator is bounded from above by the sum of maximum

available energy from each chamber of the two-chambered actuator.
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Upper bound on the available work from two-chambered actuator

Using the expression for actuator force Fa(P ) from Eq. (4.61), the optimization problem

in Eq. (4.63) can be written as,

W̄act(m,P ,T ) = sup
u(.)

(∫ ∞
0

((
m1RT1

L1o + x
− P̄1(m)A1

)
−
(
m2RT2

L2o − x
− P̄2(m)A2

))
ẋ dτ

)
subject to Eq. (4.54)

(4.75)

Using the relationship between the chamber volume Vi(x) and the piston position

x, and from triangle inequality, maximum available energy W̄act(m,P ,T ) in the above

equation can be expressed as,

W̄act(m,P ,T ) ≤ sup
(h1(.),ẋ(.))

(∫ ∞
0

m1RT1

V1(x)
− P̄1(m)

)
A1ẋ dτ

+ sup
(h2(.),ẋ(.))

−
(∫ ∞

0

m2RT2

V2(x)
− P̄2(m)

)
A2ẋ dτ

subject to Eq. (4.54)

(4.76)

Define a change of variable (L2o−x) := (L
′
2o+y), where y represents a new position

variable, and L
′
2o corresponds to the dead volume in chamber 2. The volume of chamber

2 is defined in terms of y as V
′

2 (y) = A2(L
′
2o + y). The optimization problem defined in

Eq. (4.76) can then be reformulated as,

W̄act(m,P ,T ) ≤ sup
(h1(.),ẋ(.))

(∫ ∞
0

m1RT1

V1(x)
− P̄1(m)

)
A1ẋ dτ

+ sup
(h2(.),ẏ(.))

(∫ ∞
0

m2RT2

V
′

2 (y)
− P̄2(m)

)
A2ẏ dτ

subject to Eq. (4.54)

(4.77)

The first term on the r.h.s of the above equation represents the maximum work

that can be extracted from chamber 1, with P̄1(m) being the equilibrium pressure in

chamber 1. The second term on the r.h.s of the above equation represents the maximum

work that can be extracted from chamber 2 with P̄2(m) being the equilibrium pressure

in chamber 2. For a given equilibrium pressure of Po and equilibrium temperature of

To, the maximum extractable work from a single-chambered actuator is as presented in
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Eq. (4.35). By using the appropriate equilibrium pressure (P̄1(m) or P̄2(m)) in Eq.

(4.35), the r.h.s of Eq. (4.77) is then obtained as,

W̄act(m,P ,T ) ≤ m1Cv(T1 − To)−m1To(σ(P1, T1)− σ(P̄1(m), To))

+m2Cv(T2 − To)−m2To(σ(P2, T2)− σ(P̄2(m), To))

− P̄1(m) (V1(x̄(m))− V1(x))− P̄2m
(
V
′

2 (ȳ(m))− V ′2 (y)
) (4.78)

where ȳ(m) := (L2o− x̄(m)−L′2o). Using the volume definitions V1(x) := A1(L1o +x),

V
′

2 (y) := A2(L
′
2o + y) = A2(L2o − x), and from the relationship between equilibrium

pressures P̄1(m), P̄2(m) in Eq. (4.59), the upper bound on the maximum available

energy in Eq. (4.78) can be simplified as,

W̄act(m,P ,T ) ≤ m1Cv(T1 − To)−m1To(σ(P1, T1)− σ(P̄1(m), To))

+m2Cv(T2 − To)−m2To(σ(P2, T2)− σ(P̄2(m), To))

− PoAp(x̄− x)

(4.79)

In the following subsection, available work along a particular combination of the

segments satisfying the optimality conditions in Eq. (4.72) is evaluated. The work

extracted along this trajectory is shown to be the same as the upper bound on the

maximum available energy in Eq. (4.79) as the actuator traverses to the equilibrium

position x̄(m) defined in Eq. (4.60).

Optimal trajectory candidate

For the two-chambered actuator, let the air temperatures T1 and T2 in chambers 1 and

2 of the actuator be different from the ambient temperature To. Consider a trajectory

consisting of the following three sequence of segments for extracting work from the

actuator,

1. Adiabatic expansion (or compression) of chamber 1 (h1(t) = 0 in Eq. (4.72)) to

ambient temperature To and adiabatic compression (or expansion) of chamber 2

(h2(t) = 0 in Eq. (4.72))

2. Isothermal compression (or expansion) of chamber 1 (T1 = To in Eq. (4.72)) and

adiabatic expansion (or compression) of chamber 2 to ambient temperature To

(h2(t) = 0 in Eq. (4.72))
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3. Isothermal process (T1 = To and T2 = To) to the equilibrium position x̄(m) defined

as the solution of Eq. (4.60)

Note that along each segment enumerated above, the first order optimality conditions

in Eq. (4.71) are satisfied in each chamber of the actuator. Work extracted along each

of these three segments is now evaluated.

Adiabatic trajectory in both chambers (h1(t) = 0 and h2(t) = 0): Let P1 and P2

be the initial pressure in chamber 1 and 2 of the actuator. Let xa be the position

of the actuator piston where the temperature of air in chamber 1 corresponds to the

ambient temperature To. Let P1a and V1(xa) be the pressure and volume in chamber

1 at the piston position xa. At this position of the actuator, let P2a and V2(xa) be the

pressure and volume of chamber 2 of the actuator. Also, let T2a be the air temperature

in chamber 2 at the end of first segment. From Eq. (3.78) and Eq. (3.17), the pressure-

volume (P − V ) and the pressure-temperature (P − T ) characteristic curves along the

adiabatic segment are respectively given by,

Chamber 1: P1V
γ1

1 (x) = P1aV
γ

1 (xa),
T1

P
(γ−1)/γ
1

=
To

P
(γ−1)/γ
1a

Chamber 2: P2V
γ2

2 (x) = P2aV
γ2(xa),

T2

P
(γ−1)/γ
2

=
T2a

P
(γ−1)/γ
2a

(4.80)

At position xa of the actuator, let P a := (P1a , P2a) and T a := (To, T2a) be the vector

of pressures and temperatures in chambers 1 and 2 of the actuator respectively. The

work Wacta(m,P ,T , P2a) extracted from two-chambered actuator while following the

adiabatic trajectory in both chambers is obtained from Eq. (3.34) as,

Wacta(m,P ,T ,P a,T a) =
P1V1(x)

γ − 1

1−
(
P1a

P1

) (γ−1)
γ

+ P̄1(m)V1(x)

(
1−
(
P1

P1a

)1/γ
)

+
P2V2(x)

γ − 1

(
1−

(
P2a

P2

)(γ−1)/γ
)

+ P̄2(m)V2(x)

(
1−

(
P2

P2a

)1/γ
)

(4.81)

where P̄1(m) and P̄2(m) correspond to the pressures in chamber 1 and 2 of the actu-

ator at the equilibrium state and are as related in Eq. (4.59). From Eq. (4.80) note

that P1a can be expressed in terms of P1, T1 and To. Therefore, the available energy
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Wacta(m,P ,T , P2a) does not explicitly depend on P1a . Using the ideal gas law from

Eq. (3.2), and the pressure-volume and pressure-temperature relationships for adiabatic

process from Eq. (4.80), the work extracted along the adiabatic trajectory in Eq. (4.81)

can be written as,

Wacta(m,P ,T ,P a,T a) = m1Cv(T1 − To) + P̄1(m) (V1(x)− V1(xa)) +m2Cv(T2 − T2a)

+ P̄2(m) (V2(x)− V2(xa))

(4.82)

Isothermal trajectory in chamber 1 (T1 = To) and adiabatic trajectory in

chamber 2 (h2(t) = 0): Along this segment of the trajectory, chamber 1 traverses along

an isothermal curve, while chamber 2 traverses along an adiabatic curve. Let xb be the

actuator piston position at the end of this segment. Let P1b , and V1(xb) be the pressure

and volume in chamber 1 at the position xb. At this position of the actuator, let the

corresponding pressure and volume in chamber 2 be P2b and V2(xb). The temperature

and pressure characteristics in both chambers of the actuator are given by,

Chamber 1: P1bV1(xb) = P1aV1(xa), T1 = To

Chamber 2: P2bV
γ

2 (xb) = P2aV
γ

2 (xa),
To

P
(γ−1)/γ
2b

=
T2a

P
(γ−1)/γ
2a

(4.83)

At position xb of the actuator, let P b := (P1b , P2b) and T b := (To, To) be the vector of

pressures and temperatures in chambers 1 and 2 of the actuator respectively. Using the

definition of available work from single-chambered isothermal actuator in Eq. (3.44),

and single-chambered adiabatic actuator in Eq. (3.34), along with the definition of

the characteristic curves from Eq. (4.83), the work Wactb(m,P ,T ,P b,T b) extracted

from the two-chambered actuator in the second segment of the proposed trajectory is

obtained as,

Wactb(m,P a,T a,P b,T b) =m1RTo log

(
P1b

P1a

)
+ P̄1(m)(V1(xa)− V1(xb))

+m2Cv(T2a − To) + P̄2(m)(V2(xa)− V2(xb))

(4.84)

Isothermal trajectory in both chambers (T1 = To, T2 = To): If the actuator posi-

tion at the end of the second segment does not correspond to the equilibrium position

x̄(m), then in the third segment of the proposed trajectory, the two-chambered actu-

ator is traversed along an isothermal curve in both chambers of the actuator to the
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equilibrium position x̄(m). Define P̄ := (P̄1(m), P̄2(m)) to be the vector of cham-

ber pressures at equilibrium position. Using the definition of isothermal work from

Eq. (3.101), work Wactc(m,P b,T b, P̄ , To) available along this segment of the proposed

trajectory is obtained as,

Wactc(m,P b,T b, P̄ , To) = m1RTo log

(
P̄1(m)

P1b

)
+ P̄1(m)(V1(xb)− V1(x̄(m)))

+m2RTo log

(
P2(m)

P2b

)
+ P̄2(m)(V2(xb)− V2(x̄(m)))

(4.85)

Theorem 4.3. For a fixed mass of air m1 and m2 in chambers 1 and 2 respectively of the

two-chambered actuator with the corresponding air temperatures T1 6= To and T2 6= To,

a trajectory consisting of the following sequence of segments satisfies the optimality

conditions in Eq. (4.71) as the actuator traverses to the equilibrium position x̄(m),

1. Adiabatic expansion or compression of chamber 1 (h1(t) = 0) to ambient tem-

perature To, while simultaneous adiabatic compression or expansion of chamber 2

(h2(t) = 0)

2. Isothermal compression or expansion of chamber 1 (T1 = To) while simulata-

neous adiabatic expansion or compression of chamber 2 to ambient temperature To

(h2(t) = 0)

3. Isothermal trajectory in both the actuator chambers (T1 = To, T2 = To) until

the actuator position corresponds to the equilibrium position x̄(m) defined as the

solution of Eq. (4.60)

The proposed trajectory is optimal as the available work (W̄act(m,P ,T ) ≥ 0) along this

trajectory corresponds to the maximum available work from the two-chambered actuator

(in Eq. (4.79)) and is given by,

W̄act(m,P ,T ) = m1Cv(T1 − To)−m1To(σ(P1, T1)− σ(P̄1(m), To)) +m2Cv(T2 − To)

−m2To(σ(P2, T2)− σ(P̄2(m), To))− PoAp(x̄(m)− x)

(4.86)

where P̄1(m) and P̄2(m) correspond to equilibrium pressures in each chamber 1 and 2

of the actuator, while (σ(Pi, Ti)− σ(P̄i(m), To)) as defined in Eq. (4.34) represents the
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specific entropy change in the ith chamber of the actuator with respect to equilibrium

state and is given by,

σ(Pi, Ti)− σ(P̄i(m), To) = Cp log

(
Ti
To

)
−R log

(
Pi

P̄i(m)

)
(4.87)

Proof. In the proof, the available work along each segment of the proposed trajectory is

determined and their sum is shown to correspond to the upper bound on the available

work in Eq. (4.79). The proposed trajectory will consequently be an optimal path for

extracting maximum work from the two-chambered actuator.

The work available along each segment of the proposed trajectory is as given in Eq.

(4.82), Eq. (4.84) and Eq. (4.85) respectively. The total work W̄act(m,P ,T ) extracted

from the two-chambered actuator along the proposed trajectory is obtained as,

W̄act(m,P ,T ) = Wacta(m,P ,T ,P a,T a) +Wactb(m,P a,T a,P b,T b)

+Wactc(m,P b,T b, P̄ , To)

= m1Cv(T1 − To) +m1RTo log

(
P̄1(m)

P1a

)
+ P̄1(m) (V1(x)− V1(x̄(m)))

+m2Cv(T2 − To) +m2RTo log

(
P̄2(m)

P2b

)
+ P̄2(m) (V2(x)− V2(x̄(m)))

(4.88)

Using the pressure-temperature relationship from Eq. (4.80) to express P1a in terms

of P1, and similarly using the pressure-temperature relationship from Eq. (4.80) and

Eq. (4.83) to express P2b in terms of P2, the work W̄act(m,P ,T ) extracted along the

proposed trajectory for the two-chambered actuator is obtained as,

W̄act(m,P ,T ) = m1Cv(T1 − To) +m1To

(
R log

(
P̄1(m)

P1

)
+ Cp log

(
To
T1

))
+m2Cv(T2 − To) +m2To

(
R log

(
P̄2(m)

P2

)
+ Cp log

(
To
T2

))
+ P̄1(m) (V1(x)− V1(x̄(m))) + P̄2(m) (V2(x)− V2(x̄(m)))

(4.89)

On using the relationship between the chamber volumes Vi(x) and the piston position

x from Eq. (4.51), the definition of entropy change (σ(Pi, Ti)− σ(P̄i(m), To)) from Eq.

(4.87) and the relationship between the equilibrium pressures P̄1(m) and P̄2(m) from
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Eq. (4.59), the available work W̄act(m,P ,T ) in the above equation can be simplified

to the desired form in Eq. (4.86) as,

W̄act(m,P ,T ) = m1Cv(T1 − To)−m1To(σ(P1, T1)− σ(P̄1(m), To))

+m2Cv(T2 − To)−m2To(σ(P2, T2)− σ(P̄2(m), To))

− PoAp(x̄(m)− x)

(4.90)

Using the definition of density of air ρ(P, T ) := P/RT = m/V (x), and from the

definition of gravimetric energy density Wm(.) for a single-chambered actuator in Eq.

(4.36), the available work from the two-chambered actuator can be expressed as,

W̄act(m,P ,T ) = m1Wm(P1, T1, P̄1(m), To) +m2Wm(P2, T2, P̄2(m), To) (4.91)

As shown in remark 4.4, the gravimetric energy density Wm(P, T, Po, To) for a single-

chambered actuator is a positive definite function for any pair of pressures (P, Po) ∈ <+

and temperatures (T, To) ∈ <+, and is identically equal to zero only at the equilibrium

state (P = Po and T = To). As the air mass is always positive, the storage function as

defined in Eq. (4.91) is the sum of two positive functions, and hence is always positive

for feasible air mass m, pressure P and temperature T in each actuator chamber. The

storage function is also identically zero at the equilibrium state of the two-chambered

actuator which is characterized by, P1 = P̄1(m), T1 = To, P2 = P̄2(m) and T2 = To.

Remark 4.5. The trajectory for extracting maximum available energy from the actuator

in Theorem 4.3 is not unique. Similar to the single-chambered actuator, each chamber

of the two-chambered actuator can cycle indefinitely along an adiabatic or an isothermal

segment of the proposed trajectory before reaching the equilibrium position x̄(m). As

the net work done in a cyclic path is always zero, maximum available energy along all

such class of trajectories will be same and is as given in Eq. (4.86).

Remark 4.6. The maximum available energy from the two-chambered actuator in Eq.

(4.86) is less than the sum total of maximum energy that can be extracted from the

decoupled single chambers of the actuator.

Proof. Let m1, m2 be the air mass, P1, P2 be the air pressure, and T1, T2 be the

air temperature in chamber 1 and 2 respectively of the two-chambered actuator. The

maximum available energy for the two-chambered actuator is as given in Eq. (4.91).
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For ambient pressure Po and ambient temperature To, using the definition of gravi-

metric energy density Wm(P, T, Po, To) for a single-chambered actuator from Eq. (4.36),

the sum of the maximum energy that can be extracted from each decoupled chamber is

given by,

Wt(m,P ,T ) = m1Wm(P1, T1, Po, To) +m2Wm(P2, T2, Po, To) (4.92)

The sum Wt(m,P ,T ) in the above equation can be expressed in terms of the equi-

librium pressures, P̄1(m) and P̄2(m) as,

Wt(m,P ,T ) = m1(Wm(P1, T1, P̄1(m), To) +Wm(P̄1(m), To, Po, To))

+m2(Wm(P2, T2, P̄2(m), To) +Wm(P̄2(m), To, Po, To))

= W̄act(m,P ,T ) +m1W
iso
m (P̄1(m), Po) +m2W

iso
m ((̄P2m), Po)

(4.93)

where W iso
m (P, Po) is the gravimetric energy density along an isothermal trajectory and

as shown in theorem 3.2 is a non-negative function for all (P, Po) ∈ <+. Therefore,

the sum of the maximum available energy from each chamber of the decoupled two-

chambered actuator Wt(m,P ,T ) is related to the maximum available energy from the

two-chambered actuator as,

Wt(m,P ,T ) ≥ W̄act(m,P ,T ) (4.94)

As stated for the single-chambered actuator, the maximum available energy from

the two-chambered actuator in Eq. (4.86) represent the upper bound of the energy

available from the actuator and cannot be realized in typical real life applications. In

the following section, supply rate for achieving energetically passive interaction with the

two-chambered pneumatic actuator is presented.

4.2.3 Passivity property of two-chambered actuator

The air temperature Tui upstream of the direction air flow to each chamber is as

defined in Eq. (4.53). As defined in Eq. (4.43), let Φht(Pi, Tui , P̄i(m), To) be the

sum of the gravimetric energy density Wm(Pi, Tui , P̄i(m), To) and the flow work (Pi −
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P̄i(m))/ρ(Pi, Tui) for the ith chamber as,

Φht(Pi, Tui , P̄i(m), To) :=

(
Wm(Pi, Tui , P̄i(m), To) +

Pi − P̄i(m)

ρ(Pi, Tui)

)
(4.95)

From the definition of the time derivative of the available energy from a single-

chambered actuator in Eq. (4.41), the time derivative ˙̄Wact(m,P ,T ) of available energy

from the two-chambered actuator is obtained as,

˙̄Wact(m,P ,T ) =
2∑
i=1

(
ṁi

(
Φht(Pi, Tui , P̄i(m), To) + Cp(Ti − To)

(
Tui
Ti
− 1

))
−(Pi − P̄i(m))V̇i − ˙̄Pi(m) (Vi(x̄(m))− Vi(x)) + Q̇i

(
1− To

Ti

)) (4.96)

where from Eq. (4.53), Tui = To if ṁi ≥ 0, and Tui = Ti if ṁi < 0. In the following

section, passivity property of a two-chambered actuator with two independent ports for

fluid interaction is presented.

Two-chambered actuator with two independent fluid ports

Theorem 4.4. For a given air mass m1, m2, pressure P1, P2, temperature T1, T2,

and heat transfer coefficients of the cylinder walls h2
1(t), h2

2(t) in chamber 1 and 2 of

the two-chambered actuator respectively, assuming that there is no thermal interaction

between each chamber and that the heat transfer rates Q̇1 and Q̇2 between chamber 1

and the ambient, and chamber 2 and the ambient respectively are given by,

Q̇1 = h2
1(t)(To − T1), Q̇2 = h2

2(t)(To − T2) (4.97)

and for an upstream air temperature of Tu1 and Tu2 for chambers 1 and 2 respectively as

defined in Eq. (4.53), the two-chambered actuator is passive with respect to the following

supply rate,

sht2m((ṁ1,Φht(P1, Tu1 , P̄1(m), To)), (ṁ2,Φht(P2, Tu2 , P̄2(m), To)), (Fa(P ), ẋ))

= ṁ1Φht(P1, Tu1 , P̄1(m), To) + ṁ2Φht(P2, Tu2 , P̄2(m), To)− Fa(P )ẋ
(4.98)

where Φht(Pi, Tui , P̄i(m), To) is as defined in Eq. (4.95) and represents the effort vari-

able at the fluid port of the ith ∈ (1, 2) chamber of the two-chambered actuator, with the

corresponding flow variable being ṁi. The actuator force Fa(P ) is the effort variable at
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the mechanical port of the actuator with the piston velocity ẋ being the corresponding

flow variable.

Proof. Let the maximum available energy W̄act(m,P ,T ) in Eq. (4.91) be the storage

function for the two-chambered actuator. As shown in theorem 4.3, the maximum avail-

able energy is a positive definite function of the states (m,P ,T ). The time derivative

of this storage function ˙̄Wact(m,P ,T ) is obtained as given in Eq. (4.96).

Due to entropy generated from mixing of air at two different temperatures (Tui and

Ti), as shown in Eq. (4.45), the derivative of the energy function ˙̄Wact(m,P ,T ) satisfies

the following inequality,

˙̄Wact(m,P ,T ) ≤
2∑
i=1

(
ṁiΦht(Pi, Tui , P̄i(m), To)− ˙̄Pi(m) (Vi(x̄)− Vi(x))

−(Pi − P̄i(m))V̇i + Q̇i

(
1− To

Ti

)) (4.99)

From the definition of the heat transfer rates Q̇1 and Q̇2 in Eq. (4.97), the power

interaction at the thermal port of the actuator satisfies the following dissipativity con-

dition,

Q̇1

(
1− To

T1

)
≤ 0, Q̇2

(
1− To

T2

)
≤ 0 (4.100)

From the relationship between the equilibrium pressures P̄1(m), P̄2(m) in Eq.

(4.59), the pressure derivatives ˙̄P1(m) and ˙̄P2(m) are related as,

˙̄P1(m)A1 = ˙̄P2(m)A2 (4.101)

Using the dissipativity condition from Eq. (4.100), the relationship between ˙̄P1(m)

and ˙̄P2(m) from the above equation, the relationship between Vi(x) and the actua-

tor position x from Eq. (4.51), and the definition of the actuator force Fa(P ) from

Eq. (4.57), the derivative of the storage function ˙̄Wact(m,P ,T ) in Eq. (4.99) can be

expressed in terms of the supply rate sht2m(.) in Eq. (4.98) as,

˙̄Wact(m,P ,T ) ≤ ṁ1Φht(P1, Tu1 , P̄1(m), To) + ṁ2Φht(P2, Tu2 , P̄2(m), To)− Fa(P )ẋ

= sht2m((ṁ1,Φht(P1, Tu1 , P̄1(m), To)), (ṁ2,Φht(P2, Tu2 , P̄2(m), To)), (Fa(P ), ẋ))

(4.102)
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Integrating both sides of the above equation, and using the condition that the storage

function W̄act(m,P ,T ) is positive for all time t, the supply rate in Eq. (4.98) is shown

to satisfy the following passivity condition,∫ t

0
sht2m((ṁ1,Φht(P1, Tu1 , P̄1(m), To)), (ṁ2,Φht(P2, Tu2 , P̄2(m), To)), (Fa, ẋ)) dτ

≥ −W̄act(m,P ,T )

∣∣∣∣
t=0

(4.103)

where W̄act(m,P ,T )

∣∣∣∣
t=0

> 0 represents the value of the storage function W̄act(m,P ,T )

at time t = 0.

Passivity properties of a two-chambered actuator with a single valve for metering

the air flow to the actuator chambers is presented in the following section.

Two-chambered actuator with the two fluid ports coupled by a single valve

When using a single valve for metering the air flow to the actuator, as given in Eq.

(3.84), the mass flow rates ṁ1 and ṁ2 are related to the valve input command u as,

ṁ1 = Ψ(P1, Tu1 , u)u, ṁ2 = −Ψ(P2, Tu2 ,−u)u (4.104)

The time derivative of the storage function ˙̄Wact(m,P ,T ) in Eq. (4.102) can be

expressed in terms of the valve input command u as,

˙̄Wact(m,P ,T ) ≤
(
Ψ(P1, Tu1 , u)Φht(P1, Tu1 , P̄1(m), To)

−Ψ(P2, Tu2 ,−u)Φht(P2, Tu2 , P̄2(m), To)
)
u− Fa(P )ẋ

(4.105)

The effort variable Zhtγ (m,P ,T , u) corresponding to the valve command input u on

the r.h.s of the above equation is defined as,

Zhtγ (m,P ,T , u) = Ψ(P1, Tu1 , u)Φht(P1, Tu1 , P̄1(m), To)

−Ψ(P2, Tu2 ,−u)Φht(P2, Tu2 , P̄2(m), To)
(4.106)

Theorem 4.5. The two-chambered pneumatic actuator with a single valve for metering

air flow to the actuator is passive with respective to the following supply rate,
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sht2u((u, Zhtγ (m,P ,T , u), (Fa(P ), ẋ)) = Zhtγ (m,P ,T , To, u)u− Fa(P )ẋ (4.107)

where Zhtγ (m,P ,T , To, u) as defined in Eq. (4.106) is the effort variable at the actuator

fluid port, with the valve command input u being the flow variable at the fluid port. The

actuator force Fa(P ) is as defined in Eq. (4.57) and corresponds to the effort variable

at the mechanical port of the actuator, while ẋ is the corresponding flow variable.

Proof. Let the maximum available energy W̄act(m,P ,T ) from the two-chambered ac-

tuator in Eq. (4.91) be defined as the storage function. From the definition of Zhtγ (.)

in Eq. (4.106), the derivative of the storage function ˙̄Wact(m,P ,T ) as given in Eq.

(4.105) is related to the supply rate sht2u(.) in Eq. (4.107) as,

˙̄Wact(m,P ,T ) ≤ Zhtγ (m,P ,T , To, u)u− Fa(P )ẋ

= sht2u((u, Zhtγ (m,P ,T , u), (Fa(P ), ẋ))
(4.108)

Integrating both sides of the above equation and using the condition from theorem

4.3 that the storage function W̄act(m,P ,T ) is always positive, the supply rate sht2u(.)

in Eq. (4.107) satisfies the following passivity condition,∫ t

0
sht2u((u, Zhtγ (m,P ,T , u), (Fa(P ), ẋ)) dτ ≥ −W̄act(m,P ,T )

∣∣∣∣
t=0

(4.109)

where W̄act(m,P ,T )

∣∣∣∣
t=0

∈ <+ corresponds to the value of the storage function at time

t = 0.

Similar to the supply rate for adiabatic and isothermal actuators in Eq. (3.132)

and Eq. (3.118) respectively, the supply rate sht2u((u, Zhtγ (m,P ,T , u), (Fa(P ), ẋ)) to

the two-chambered actuator in Eq. (4.107) has two ports, one port corresponding to

the power interaction at the fluid port (Zhtγ (m,P ,T , To, u)u), while the other port

corresponding to mechanical power interaction (−Fa(P )ẋ).

For the isothermal and the adiabatic actuators, it is shown in propositions 3.3 and

3.4 respectively that the fluid port effort variable Ziso,adbγ (.) is a monotonic function of

the actuator force Fa(P ). In establishing this monotonic mapping, relationship between

the chamber pressure P and the chamber temperature T along the isothermal (T = To)

or adiabatic (Eq. (3.32)) trajectories is used to express the fluid port effort variable as a

function of the chamber pressures P1 and P2 only. However, for the actuator with finite
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heat transfer, the chamber temperature depends on both the chamber pressure and

the heat transfer across the actuator walls. As a result, there will be a combination of

chamber pressures P1, P2 for chamber temperatures T1 6= To and T2 6= To corresponding

to a zero actuator force Fa(P ) but a non-zero value of effort variable Zhtγ (.) in Eq.

(4.106). Thus, the fluid port effort variable Zhtγ (.) cannot be expressed as a monotonic

function of the actuator force Fa(P ). In addition, due to the irreversible nature of

heat transfer, pneumatic actuator with finite heat transfer cannot be interpreted as a

two-port nonlinear spring. Consequently, it is difficult to a supply rate for the error

dynamics of a two-chambered actuator with heat transfer in a fashion similar to the

adiabatic and the isothermal actuators presented in section 3.3.

4.3 Summary

In this chapter, storage function for a pneumatic actuator with finite heat interaction

with the ambient is reported. As a preliminary step, storage function for a single-

chambered actuator is provided. The storage function is defined as the maximum avail-

able work in the actuator and the optimal trajectory for extracting maximum work from

the actuator are identified. The work extracted along this optimal trajectory is deter-

mined to be similar to exergy of air in the single-chambered pneumatic actuator. For

the two-chambered pneumatic actuator, the storage function is defined to be the sum of

maximum work available from each actuator chamber, as the actuator traverses to the

equilibrium position x̄(m). The heat transfer coefficient h2(t) and the piston velocity

ẋ(t) required to extract the maximum available energy from the actuator are however

difficult to realize in real physical applications. Therefore, the maximum available ac-

tuator energy derived in this chapter corresponds to the upper bound of the energy

that can be extracted from the actuator. The storage functions for both the single-

chambered and the two-chambered actuator are used to define the appropriate supply

rate for energetically passive interaction with the respective actuators. The external

supply rate shows that there are three ports for energetic interaction with a pneumatic

actuator with finite heat transfer : the mechanical port, the fluid port and the thermal

port. The port power variable obtained from the storage function demonstrate that

the actuators can have a lossless connection at the mechanical port of the actuator. At
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the fluid port of the actuator it is noticed that if the upstream air temperature at the

chamber inlet Tu is different from the chamber temperature T , then mixing of air at

these two different temperatures has a dissipative effect on the available storage of the

actuator. This loss in work potential is due to entropy generated by mixing of air at

two different temperatures. In addition, unlike the isothermal and the adiabatic actu-

ators, the effort variable at fluid port of the actuator with finite heat transfer cannot

be expressed as a monotonic function of the actuator force. At the thermal port of the

actuator, it is observed that irrespective of the chamber temperature, heat transfer be-

tween the actuator and the ambient will always lead to loss in the ability of the actuator

to do work. Therefore heat transfer has a dissipative effect on the actuator supply rate.

In the following chapters, the energy functions developed for the two-chambered

pneumatic actuators in chapter 3 are used to define energetically passive controller for

human interactive applications.



Chapter 5

Single-DOF Human Power

Amplifier Control

In this chapter, control of a two-chambered pneumatic actuator in a single DOF human

power amplifier is investigated. The human power amplifier is intended to be a directly

operable device for amplifying input power from an interacting human operator. Typical

applications of a human power amplifier include, but not limited to, enabling humans

to move heavy loads in a warehouse, or help people with muscular disabilities perform

simple tasks requiring force input. In these applications, the power amplifier could take

the form of an exo-skeleton directly attached to the operator. Most tasks executed by

the operator through the power amplifier are typically in the immediate vicinity of the

operator.

The power density of pneumatic actuators enables compact design of human power

amplifier, while providing the required power output. The high force often associated

with such applications, and the nature of these applications requiring direct human in-

teraction necessitates design of features that guarantee safe and intuitive interaction. As

shown in previous studies [3], interaction between passive systems is always guaranteed

to be stable. Most environments exhibit passive behavior, and as shown in [4], human

muscle dynamics can be approximated to be passive. If the pneumatic actuator also

behaves as a passive system, then safe interaction between the operator, the actuator

and the environment can be guaranteed.

119
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The earliest work on human power amplifiers with fluid powered actuators was

reported in [46]. The authors in [46] refer to the human power amplifier as human

extenders. These human extenders used hydraulic actuators to provide the actuation

force. Linearized system dynamics were assumed in [46] to design controllers for human

power amplification. Passivity of operation was however not enforced on the power

amplifier.

A novel method for energetically passive operation of human power amplification

with hydraulic actuators was reported in [59]. The hydraulic actuator is modeled as a

combination of an ideal actuator (velocity source) with no compressibility and a spring

for modeling the compressibility effect of the actuating fluid. By formulating the ideal

velocity as the velocity of a virtual inertia, an energetically passive structure is obtained.

In [60], a general framework of this approach using a storage function method was

presented for both hydraulic and pneumatic actuators. The storage function reported

for hydraulic and pneumatic actuators in [60] was however designed by assuming the

actuator to be a linear spring. In [66] a physics based energy function was developed

for hydraulic actuators. Passive controllers for position tracking with the hydraulic

actuator by using the energy function as the Lyapunov function were also presented in

[66].

In the current chapter, the energy functions developed in chapter 3 for adiabatic and

isothermal actuators is used to define passive controllers for achieving human power am-

plification with pneumatic actuators. As shown in chapter 3, both isothermal and adia-

batic actuators can be modeled as a two-port nonlinear spring, with one port available

for lossless interconnection with mechanical systems. The other port of the actuator

corresponds to interaction with the fluid source. The flow variable at the fluid port

represents a pseudo-velocity input to the nonlinear spring and includes the command

input to the actuator flow control valve. This two-port representation of the pneumatic

actuator is analogous to the port representation of hydraulic system in [66].

The mass flow rate to the pneumatic actuator is typically provided from compressed

air sources with very high energy content. In open loop operation, for a finite value

of the input command, a large amount of energy can be transferred from the source

of compressed air to the pneumatic actuator. In such state of operation, the two-

chambered pneumatic actuator will not satisfy the passivity condition in Eq. (3.137).
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Passive behavior can however be imposed on the actuator by appropriately controlling

the pseudo-velocity input at the actuator fluid port and thus regulating the energy

transfer between actuator and the source of compressed air. Following the approach

presented in [59], the flow variable at the fluid port is defined to be the sum of the

inertial velocity of a virtual mass and a feedback control input. In this chapter, the

feedback control input design for the specific application of human power amplification

is reported. To evaluate the effect of thermodynamics on the actuator performance,

independent controllers are developed for both isothermal and adiabatic models of the

actuator.

Inertial dynamics of the human power amplifier, and the problem of human power

amplification are presented in section 5.1. As only isothermal and adiabatic actuators

are considered in this chapter, a brief overview of the actuator dynamics is presented

in 5.2. For detailed description of the actuator dynamics please refer of chapter 3.

Controller design for achieving human power amplification is provided in section 5.3.

Modifications to the proposed controller for preserving passive operation are presented

in section 5.4. Implementation results validating efficacy of the controllers for both

isothermal and adiabatic actuators are provided in section 5.5.

5.1 Problem statement

Figure (5.1) illustrates a potential application of human power amplifier in a warehouse,

wherein the task involves repetitively moving heavy loads. The force Fh(t) exerted by

the human operator must overcome the external force Fe(t) due to gravity, friction and

any other unknown/un-modeled forces. Additional power input from the pneumatic

actuator can aid the human operator in moving the loads more effectively. An interface

with a sensor for measuring the input force is provided for the human operator to

directly interact with the power amplifier. The power input at this interface by the

operator, when amplified by the pneumatic actuator, enables the operator to intuitively

move heavy loads with much ease.

The dynamics of the inertial mass Mp being moved in Fig. (5.1) is given by,

Mpẍ = Fh(t) + Fe(t) + Fa (5.1)

where x corresponds to position of the inertia and Fa is the force exerted by the actuator.
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Figure 5.1: Schematic of an application requiring human power amplification. The user

is trying to lift a heavy load. The force input is being amplified through the pneumatic

actuator and is aiding to comfortably move the load.

A pneumatic actuator with an inbuilt piston position sensor is used in this study. This

sensor is used to determine the position of the inertia relative to the actuator. Velocity of

the inertia is estimated from the position measurement. By defining the inertia velocity

ẋ as the relevant output measurement of the amplifier and for a power scaling factor of

ρ ∈ <+, the desired external supply rate for the human power amplifier is defined by,

s(Fh, Fe, ẋ) := (ρ+ 1)Fh(t)ẋ+ Fe(t)ẋ (5.2)

To achieve energetically passive operation of the power amplifier, the system should

satisfy the following passivity condition for all time t [3] with respect to the supply rate

s(Fh, Fe, ẋ) in Eq. (5.2), ∫ t

0
s(Fh, Fe, ẋ) dτ ≥ −c2 (5.3)

where c2 represents a positive constant. The above inequality implies that the power

amplifier requires energy input from external agents to do any work on the object to

be moved. The constant c2 in the above inequality typically corresponds to the initial

available energy that can be used to do limited work in the absence of external power

input. Once this energy is expended, and with no additional input power, a passive

power amplifier will remain at a dead state, and would thus be stable.
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As both the power amplifier and the operator’s hand move with the same velocity

ẋ, power amplification can be achieved through force amplification as,

Fa = ρFh(t) (5.4)

If the actuator is able to provide the force Fa as desired in the above equation, the

dynamics of the inertia in Eq. (5.1) would become,

Mpẍ = (ρ+ 1)Fh(t) + Fe(t) (5.5)

The forces on the r.h.s of the above equation correspond to the desired external forces

on the inertia. Note that the passivity condition in Eq. (5.3) is naturally satisfied for the

desired inertia dynamics in Eq. (5.5), with the constant c2 corresponding to amplified

initial kinetic energy of the inertia.

The actuator force Fa depends on the pressures P1 and P2 in chambers 1 and 2 of

the two-chambered actuator and as presented in Eq. (3.1) is given by,

Fa = P1A1 − P2A2 − PoAp (5.6)

where A1 is the piston cross-sectional area in chamber 1, A2 is the piston cross-sectional

area in chamber 2, while Ap = (A1 − A2) is the rod area exposed to ambient pressure

Po. The pressures P1 and P2 are measured by using pressure sensors attached at the

inlet of each actuator chamber. The actuator force output can be varied as desired by

varying the pressure in the actuator chambers. Pressure dynamics for isothermal and

adiabatic actuators and the control inputs available in these actuators for varying the

chamber pressures are briefly revisited in the next section.

5.2 Isothermal and adiabatic actuator dynamics

In this section, pressure dynamics of both isothermal and adiabatic actuators derived

in section 3.2.1 are briefly presented for completeness.

For a piston position of x, the volume V1(x) of chamber 1 and V2(x) of chamber 2

of the actuator are obtained from Eq. (3.73) as,

V1 = A1(L1o + x), V2 = A2(L2o − x) (5.7)
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Let m1 and m2 be the mass of air in chambers 1 and 2 of the actuator respectively.

Assuming that air in both chambers of the two-chambered actuator behaves as an ideal

gas, and that the inlet air temperature Tini for the ith ∈ (1, 2) chamber is the same as

the chamber air temperature Ti, the dynamics of pressure Pi in the ith chamber of an

isothermal and adiabatic actuator chamber are obtained from Eq. (3.81) and Eq. (3.77)

respectively as,

Isothermal actuator:
Ṗi
Pi

=

(
ṁi

mi
− V̇i
Vi

)

Adiabatic actuator:
Ṗi
Pi

= γ

(
ṁi

mi
− V̇i
Vi

) (5.8)

where γ is the ratio of specific heat and has a value of 1.4 for air. The pressure dynamics

in the ith chamber can thus be varied by changing the corresponding mass flow rate ṁi.

When using a single valve for metering the air flow, as is the case in this study, the

mass flow rates ṁ1 and ṁ2 to each actuator chamber are related to the valve input

command u as,

ṁ1 = Ψ(P1, T1, u)u, ṁ2 = Ψ(P2, T2,−u)u (5.9)

where the nonlinear function Ψ(.) is as defined in Eq. (3.27).

The control objective in the human power amplification problem is to design the

input command u to the actuator valve such that the actuator force corresponds to

desired amplified human force, with the power amplifier dynamics satisfying the de-

sired passivity condition in Eq. (5.3). Controller design for achieving human power

amplification is presented in the next section.

5.3 Controller design

In this section, control input to the pneumatic actuated human power amplifier for

achieving the desired supply rate in Eq. (5.2) is derived. As stated earlier, a possible

way to achieve the desired supply rate is by formulating a force tracking problem that

regulates the force error (Fa − ρFh) to zero. However, as shown in a previous study

[72] with hydraulic actuator, this approach requires positive feedback of the actuator

velocity, causing unstable operation in the presence of uncertainty in the velocity mea-

surement, especially during unconstrained motion. This drawback of the controller is
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summarized in the next section. In section 5.3.2, a control design framework for human

power amplification with hydraulic actuators as presented in [59] is extended to pneu-

matic actuators. The controller for the pneumatic actuator is then derived in subsequent

sections.

5.3.1 Drawback of force tracking controller

From the equation for the pressure dynamics in both isothermal and adiabatic actu-

ators given in Eq. (5.8) it can be noticed that to achieve the desired pressure (and

correspondingly the desired actuator force Fa from Eq. (5.6)), feed-forward compen-

sation of change in chamber volume due to the piston velocity ẋ is required. During

controller implementation however, accurate compensation of the velocity is not feasible

as the velocity of actuator would have changed before the calculated velocity compensa-

tion can be applied through the controller. As shown in [72], the positive feedback due

to inaccurate compensation of the actuator velocity leads to instabilities in operation of

hydraulic actuators in the free space. When interacting with a hard surface, the velocity

of the actuator is nearly zero, and therefore the power amplification controller proposed

in [72] is effective in providing the desired human power amplification when interacting

with a hard surface.

In [59], desired force from the hydraulic actuators is achieved by reformulating the

force tracking problem as a velocity co-ordination problem between the inertia being

moved and a virtual mechanical inertia. As the nature of operation of pneumatic actua-

tors is similar to hydraulic actuators, the approach proposed in [59] can be adopted for

pneumatic systems as well. In the next section, this new frame work for achieving power

amplification through velocity co-ordination is presented for actuators with isothermal

and adiabatic thermodynamic processes.

5.3.2 Velocity co-ordination controller framework

As shown in chapter 3, isothermal and adiabatic pneumatic actuators can be represented

as a two-port system. The power flow variables at different interacting ports of the

human power amplifier are as shown in Fig. (5.2). In a typical pneumatic system,

the air compressor along with the flow control valves, acts as the flow source in the
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schematic. Following the procedure in [59] for hydraulic human power amplification,

the flow source in Fig. (5.2) is replaced by a virtual inertia of mass Mv and acted upon

by the amplified human force ρFh and the current actuator force Fa. The schematic for

this modified system interconnection is as shown in Fig. (5.3). The inertia mass Mv is

referred to as virtual inertia because it is a construct devised for controller design only,

and does not represent a real physical inertia.

Figure 5.2: Schematic showing the power signal flow and interconnection for a typical

isothermal or adiabatic actuator

From Fig. (5.3), inertial dynamics of the virtual mass is obtained as,

Mvẍv = (ρFh(t)− ud)− Fa (5.10)

where ud is an additional force input on the virtual mass for shaping the target dynamics

of the human power amplifier. The input ud can for example be used to guide the power

amplifier along a certain trajectory.

If the velocities of the inertial elements Mp and Mv are co-ordinated (i.e ẋ = ẋv),

then the dynamics of the co-ordinated system in Fig. (5.3) is given by,

(Mp +Mv)ẍ = (ρ+ 1)Fh(t) + Fe(t)− ud (5.11)

From the above equation it can be noticed that the inertial dynamics of the combined

system are affected by the desired amplified human force and other external forces

(Fe(t), ud) acting on the inertias Mp and Mv. The perceived inertia (Mp +Mv) of the

dynamics in Eq. (5.11) is higher than the inertia Mp of the desired dynamics in Eq.
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Figure 5.3: Schematic illustrating modification to the actuator input for achieving pas-

sive human power amplification. The input ud is included to preserve passive behavior

in closed loop operation.

(5.5). This increase in perceived inertia can be tuned by changing Mv for improving

the feel factor, while lending additional stability to the response of the power amplifier.

Another difference between the inertial dynamics in Eq. (5.5) and the desired dynamics

in Eq. (5.11) is the presence of additional force input ud. In this study, ud is used to

enforce passive operation of human power amplifier. As will be shown in section 5.4 and

section 5.5, ud is not required during the entire time of operation and the magnitude

of the input ud is fairly small when used for enforcing passivity only. By appropriately

selecting the virtual inertia Mv, and due to the small magnitude of ud, the desired

supply rate in Eq. (5.2) is achieved through velocity co-ordination.

The new control objective is therefore to achieve the following velocity co-ordination,

VE , ẋ− ẋv → 0 (5.12)

while satisfying the passivity condition in Eq. (5.3).

Controller design for velocity co-ordination is typically formulated in the velocity

error space. In [30], a passive decomposition is presented to transform the dynamics

of individual systems in a tele-operator into two decoupled systems. Decomposition

scheme for an n-dof mechanical system with co-ordination requirements is presented

in [73]. One of the two decoupled systems, referred to as Shape system, represents the

dynamics of co-ordination error. The other decoupled system, referred to as Locked



128

system, represents center of mass dynamics of a system consisting of the actual inertia

and the virtual inertia. In this study, the passive decomposition proposed in [30] is used

to transform the velocity vector space (ẋ, ẋv) of the power amplifier to a space consisting

of velocity (VL) of the system center of mass and the co-ordination velocity error VE .

The decomposition scheme, and the the Locked and the Shape system dynamics in the

decomposed space are presented in the next section. Controller design for regulating

the velocity error VE to 0 is presented in subsequent sections.

5.3.3 Passive decomposition

The inertia dynamics of interest for velocity co-ordination control are,(
Mp 0

0 Mv

)(
ẍ

ẍv

)
=

(
Fh(t) + Fe(t)

ρFh(t)− ud

)
+

(
1

−1

)
Fa (5.13)

To obtain the matrix for decomposing the velocity space [ẋ, ẋv], define the quantity

φ as,

φ :=
Mv

Mp +Mv
(5.14)

From [30], decomposition of the velocity space is then defined as,(
VL

VE

)
=

(
1− φ φ

1 −1

)
︸ ︷︷ ︸

S

(
ẋ

ẋv

)
(5.15)

where S is the transformation matrix, VL corresponds to the velocity of the Locked

system and VE represents velocity of the Shape system. The inertial matrixMT ∈ R2×2

of the Locked and the Shape systems is obtained as,

MT = S−T

(
Mp 0

0 Mv

)
S =

(
ML 0

0 ME

)
(5.16)

where ML and ME correspond to the inertia of the Locked and the Shape systems

respectively and are obtained as,

ML := Mp +Mv, ME :=
MvMp

(Mp +Mv)
(5.17)
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Decoupling of the Locked and the Shape system inertia in Eq. (5.16) is facilitated by

selection of the factor φ in Eq. (5.15). The definition of the inertial matrix MT in Eq.

(5.16) satisfies conservation of kinetic energy,

1

2

(
VL VE

)
MT

(
VL

VE

)
=

1

2
Mpẋ

2 +
1

2
Mvẋ

2
v (5.18)

Imposing the transformation of inertial matrices presented in Eq. (5.16) on the

system dynamics in Eq. (5.13), the decoupled inertia dynamics in the transformed

state space are obtained as,

MLV̇L = (ρ+ 1)Fh(t) + Fe(t)− ud (5.19)

MEV̇E = Fa − ρFh(t) + φ((ρ+ 1)Fh(t) + Fe(t)) + (1− φ)ud (5.20)

Due to the decoupled dynamics of the Locked and the Shape systems, they can

be analyzed as two independent mechanical systems. Comparing the Locked system

dynamics in Eq. (5.19) with the desired dynamics in Eq. (5.11), it can be seen that

after co-ordination (ẋ = ẋv = VL), the Locked system dynamics represents the desired

dynamics of the human power amplifier. By defining the storage function to be the

kinetic energy of the Locked system, the desired energetic passivity condition in Eq.

(5.2) can be demonstrated after velocity co-ordination is achieved. To this end, the input

ud must be appropriately selected to enforce energetically passive operation. Dynamics

of the velocity co-ordination error are given by the Shape system dynamics in Eq.

(5.20). Velocity co-ordination is achieved by regulating the Shape system dynamics to

zero. Controller design for regulation of Shape system dynamics is presented in the next

section.

5.3.4 Velocity co-ordination controller

For ease of analysis, the Shape system dynamics in Eq. (5.20) are expressed as,

MEV̇E = Fa − Fex(t) (5.21)

where Fex(t) is given by,

Fex(t) = ρFh(t)− φ((ρ+ 1)Fh(t) + Fe(t))− (1− φ)ud (5.22)
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As shown in Eq. (5.6), the actuator force Fa depends on the pressures P1 and P2 in

chambers 1 and 2 of the actuator, and is independent of the Shape system velocity. Due

to this cascaded structure between the inertia dynamics and the actuator dynamics, the

controller design for Shape system regulation is achieved in two stages. In the first stage,

the required actuator force for regulation of the Shape system dynamics in Eq. (5.21)

is identified. In the second stage, command input to the pneumatic actuator valve is

designed for providing the desired actuator force identified in the first stage of controller

design. This multi-stage approach to controller design is commonly referred to as back-

stepping controller design [2]. Design of the required actuator force for regulation of

Shape system dynamics is presented in the following section.

First stage controller design

In this section, the desired actuator force for regulation of Shape system velocity is first

presented for the situation when perfect information about the force Fex(t) in Eq. (5.22)

is available. A controller is then presented if Fex(t) is not perfectly known and has to

be estimated by designing an observer.

Perfect information of Fex(t) : The system dynamics of interest in the first stage of

controller design correspond to the inertial dynamics of the Shape system. Therefore,

kinetic energy of the Shape system is the appropriate energy based Lyapunov func-

tion candidate for determining the required actuator force for velocity regulation. The

Lyapunov function for the first stage of controller design is thus defined as,

V1 =
1

2
MEV

2
E (5.23)

As the Lyapunov function in the above equation is a positive definite function of

VE , the Shape system velocity can be regulated by driving the Lyapunov function to

zero. Using the Shape system dynamics from Eq. (5.21), the derivative of the above

Lyapunov function is obtained as,

V̇1 = VE(Fa − Fex(t)) (5.24)

where Fex(t) is as defined in Eq. (5.22). Suppose that the actuator force Fa can be

directly controlled, and let F da represent the actuator force required for regulating of
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the Shape system velocity. If the actuator is able to provide the following force,

F da = Fex(t)−KvVE (5.25)

where Kv is a positive constant, then using Eq. (5.23), the derivative of the Lyapunov

function can be expressed as,

V̇1 = −KvV
2
E = −2Kv

ME
V1 (5.26)

Integrating both side of the above equation, it can be seen that the Lyapunov func-

tion exponentially converges to zero. As the Lyapunov function is a positive definite

function of VE , the Shape system velocity also converges exponentially to zero.

Unknown/un-modeled Fex(t) : It may be infeasible or expensive to integrate force

sensors for measuring all the external forces acting on the system. Forces such as friction

are also difficult to model accurately for exact compensation. Therefore, an observer

is used to provide an estimate of the force Fex(t) for controller implementation. Let

F̂ex(t) represent an estimate of Fex(t). The desired actuator force in Eq. (5.25) is then

expressed in terms of the force estimate F̂ex(t) as,

F da = F̂ex(t)−KvVE (5.27)

Using the desired actuator force from the above equation in Eq. (5.21), the Shape

system dynamics are obtained as,

MEV̇E = F̂ex(t)− Fex −KvVE = −F̃ex(t)−KvVE (5.28)

where F̃ex , (Fex − F̂ex) is the error in estimating the force Fex(t). From the above

equation it can be noticed that the information about the magnitude of error in esti-

mating the force Fex(t) will be embedded in Shape system velocity VE . Assuming that

the Shape system velocity measurement is available, a full-order Luenberger observer

dynamics is used to estimate the force Fex(t). For the sake of convenience Fex(t) is

assumed to be a constant or slowly varying function, and the observer dynamics are

defined as,

ME
˙̂
VE = Fa − F̂ex + L1(VE − V̂E)

˙̂
Fex = −L2(VE − V̂E)

(5.29)
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where V̂E corresponds to the estimate of the Shape system velocity, while L1 and L2

are positive constants representing the observer gains. Let ṼE , (VE − V̂E) represent

the error in estimating the Shape system velocity. The estimation error dynamics in

Eq. (5.29) can then be expressed as,( ˙̃VE
˙̃Fex

)
=

(
−L1/ME −1/ME

L2 0

)
︸ ︷︷ ︸

Ao

(
ṼE

F̃ex

)
(5.30)

In the above equationAo is a Hurwitz matrix. Therefore, the estimation error dynamics

in the above equation has exponential convergence. Also, as Ao ∈ R2×2 is Hurwitz, for

any given positive definite matrix Qo ∈ R2×2, there exists a positive definite matrix

P o ∈ R2×2 that satisfies the following Lyapunov equation,

P oAo +ATo P o = −Qo (5.31)

For Shape system with unknown external force Fex(t), consider the following Lya-

punov function for designing the desired actuator force F da ,

V1(VE , ṼE , F̃ex) =
1

2


VE

ṼE

F̃ex


T (

ME 01×2

02×1 P o

)
︸ ︷︷ ︸

Q1


VE

ṼE

F̃ex

 (5.32)

The Lyapunov function V1(VE , ṼE , F̃ex) in the above equation can be bounded as,

σmin(Q1)

∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex


∥∥∥∥∥∥∥∥

2

2

≤ V1(VE , ṼE , F̃ex) ≤ σmax(Q1)

∥∥∥∥∥∥∥∥


VE

ṼE

F̃E


∥∥∥∥∥∥∥∥

2

2

(5.33)

where σmin(.) and σmax(.) represent the operators for obtaining the minimum and the

maximum singular values. The Lyapunov function V1(VE , ṼE , F̃ex) in Eq. (5.32) is a

positive definite function of Shape system velocity VE , velocity estimation error ṼE and

the external force estimation error F̃ex. Therefore, if the Lyapunov function has a value

of zero, then VE , ṼE and F̃ex are all identically zero. The desired actuator force is thus

designed such that the Lyapunov function converges to zero.
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Using the Shape system dynamics from Eq. (5.21), and the Shape system velocity

estimation error dynamics from Eq. (5.30), the time-derivative V̇1 of the Lyapunov

function in Eq. (5.32) is obtained as,

V̇1(VE , ṼE , F̃ex) = (Fa − (F̂ex + F̃ex))VE +
1

2

(
ṼE

F̃ex

)T (
P oAo +ATo P o

)( ṼE

F̃ex

)
(5.34)

If the actuator force Fa corresponds to the desired actuator force F da in Eq. (5.27),

and from the Lyapunov equation in Eq. (5.31), the derivative V̇1(VE , ṼE , F̃ex) in the

above equation can be expressed as,

V̇1(VE , ṼE , F̃ex) = −KvV
2
E − F̃exVE −

1

2

(
ṼE

F̃ex

)T
Qo

(
ṼE

F̃ex

)
(5.35)

where Qo is a positive definite matrix. The required actuator force F da for regulating

V1(VE , ṼE , F̃ex) and consequently VE to zero is presented in the following theorem.

Theorem 5.1. If perfect information about the environmental forces Fex(t) in Eq.

(5.22) is available, then the Shape system inertial dynamics in Eq. (5.21) will have

exponential convergence to zero if the actuator force Fa corresponds to the desired actu-

ator force F da in Eq. (5.25), i.e. Fa = Fex(t)−KvVE.

For a constant but unknown external force Fex in Eq. (5.22), exponential convergence

of the Shape system velocity VE to 0 is achieved if the actuator force Fa corresponds to

the desired force F da in Eq. (5.27), i.e Fa = F̂ex(t)−KvVE), where the estimate F̂ex(t)

of the force Fex is obtained from the following observer dynamics,

ME
˙̂
VE = Fa − F̂ex(t) + L1(VE − V̂E(t)) (5.36)

˙̂
Fex = −L2(VE − V̂E) (5.37)

where L1 ∈ <+ and L2 ∈ <+ are the observer gains.

Proof. If the external force Fex(t) is perfectly known, then as given in Eq. (5.23), the

Lyapunov function V1(VE) can be defined to be a positive definite function of VE only.

From the definition of the desired actuator force F da (t) in Eq. (5.25), the derivative

of this Lyapunov function V̇1(VE) is obtained as given in Eq. (5.26). On integrating



134

Eq. (5.26) exponential convergence of the Lyapunov function V1(VE) to zero follows.

Consequently the Shape system velocity VE also converges to zero exponentially.

On the other hand, if the external force Fex is constant (or slowly varying), consider

the Lyapunov function V1(VE , ṼE , F̃ex) as defined in Eq. (5.32). If the actuator force

Fa corresponds to the desired force F da (t) in Eq. (5.27), then for Qo ,

(
q11
o q12

o

q21
o q22

o

)
derivative of the Lyapunov function V̇1(VE , ṼE , F̃ex) as given in Eq. (5.35) can be

expressed as,

V̇1(VE , ṼE , F̃ex) = −KvV
2
E − F̃exVE −

1

2

(
ṼE

F̃E

)T
Qo

(
ṼE

F̃ex

)
(5.38)

= −


VE

ṼE

F̃ex


T 

Kv 0 0.5

0 q11
o q12

o

0.5 q21
o q22

o


︸ ︷︷ ︸

Q2


VE

ṼE

F̃ex

 (5.39)

For suitably high values of the controller gain Kv and the elements of matrix Qo

the Lyapunov function derivative V̇1(VE , ṼE , F̃ex) is negative definite. Using the bounds

on the Lyapunov function V1(VE , ṼE , F̃ex) from Eq. (5.33), the Lyapunov function

derivative V̇1(VE , ṼE , F̃ex) in the above equation can be expressed as,

V̇1(VE , ṼE , F̃ex) ≤ −σmin(Q2)

∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex


∥∥∥∥∥∥∥∥

2

2

≤ −2σmin(Q2)

σmax(Q1)
V1(VE , ṼE , F̃ex) (5.40)

On integrating both sides of the above equation, exponentially convergence of the

Lyapunov function V1(VE , ṼE , F̃ex) to zero follows. From Eq. (5.33) the 2−norm of

(VE , ṼE , F̃ex) can be expressed as,∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex


∥∥∥∥∥∥∥∥

2

≤

(
V1(VE , ṼE , F̃ex)

σmin(Q1)

)1/2

(5.41)

Thus exponential convergence of VE , ṼE and F̃ex follows.
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Remark 5.1. If the external force Fex(t) is time varying signal with a bounded first

order time derivative (‖Ḟex(t)‖∞ < Dmax for some Dmax ≥ 0), then the error in es-

timating Fex(t) by using the observer dynamics in Eq. (5.37) exponentially reduces to

a region around origin. The size of this region is determined by magnitude of Dmax.

Another consequence of time-varying nature of Fex(t) is that the Shape system velocity

VE also converges exponentially only to a region around origin.

Effect of the actuator force error : Due to the dynamics of the pneumatic actua-

tor, the actuator force Fa is not directly controllable. Let F̃ represent the error between

the current actuator force Fa and the desired actuator force F da defined in Eq. (5.25)

or Eq. (5.27). This error is defined as,

F̃ = Fa − F da (5.42)

For a non-zero force error (F̃ 6= 0), the derivative of the Lyapunov function in Eq.

(5.32) is obtained as,

V̇1(VE , ṼE , F̃ex) = −


VE

ṼE

F̃ex


T

Q2


VE

ṼE

F̃ex

+ F̃ VE (5.43)

In the above equation, as F̃ VE is sign indefinite, regulation of Shape system velocity VE

to zero can only be achieved by regulating the actuator force error F̃ to zero. Control

input for regulating the actuator force error F̃ to zero is presented in the following

section.

Second stage Lyapunov analysis

In this section, the input command u to the actuator valve in Eq. (5.9) required to

achieve regulation of the actuator force error F̃ is derived. Let P d1 (t) and P d2 (t) be the

desired pressure in each chamber of the actuator corresponding to the desired actuator

force F da (t). From Eq. (5.6), P d1 (t) and P d2 (t) are related to F da (t) as,

F da (t) = P d1 (t)A1 − P d2 (t)A2 − PoAp (5.44)

where A1 and A2 represent the piston cross-sectional area in chamber 1 and 2 re-

spectively, while Ap , (A1 − A2) represents the rod cross-sectional area exposed to
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atmospheric pressure. Let P , (P1, P2) be the vector of current chamber pressures,

P d , (P d1 , P
d
2 ) be the vector of desired chamber pressures and let xd be the position

of the actuator when providing the desired actuator force F da (t). Let j ∈ (adb, iso) be

the index to represent the thermodynamic process in the actuator chambers. As shown

in remark 3.5, the actuator force error F̃ := (Fa − F da ) varies monotonically with the

actuator position error (xd − x). The actuator force error F̃ and the position error

(xd − x) are related as,

F̃ = Kd
j (m, x, xd)(xd − x) (5.45)

where the nonlinear function Kd
j (m, x, xd) mapping the position error (xd − x) to the

force error F̃ is as given in Eq. (3.142). In the following lemma, an energy based

Lyapunov function for designing the valve command input u to regulate the force error

F̃ is presented.

Lemma 5.1. Given the desired actuator force F da (t), and for the gravimetric energy

density W j
m(.) for adiabatic (j = adb) and isothermal (j = iso) actuators as given in

Eq. (3.144) and Eq. (3.145) respectively, the Lyapunov function candidate for designing

the valve command input u required for regulating the actuator force error F̃ to zero is

defined to be the error energy function W j
L(m,P ,P d) presented in Eq. (3.143),

W j
L(m,P ,P d) = m1W

j
m(P1, P

d
1 ) +m2W

j
m(P2, P

d
2 ) (5.46)

as it satisfies the following three properties,

1. W j
L(m,P ,P d) ≥ 0 ∀ m, P , P d

2. W j
L(m,P ,P d) = 0 if and only if, P1 = P d1 , P2 = P d2 i.e. Fa = F da (t)

3. W j
L(m,P ,P d) is a radially unbounded function of the pressure error (P − P d)

Proof. Proof of this lemma is provided in the appendix C.1.

To demonstrate exponential convergence of the actuator Lyapunov function candi-

date W j
L(m,P ,P d) in Eq. (5.46), the following remark is presented.
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Remark 5.2. For both isothermal and adiabatic actuators, there exists positive con-

stants Qmin(m) and Qmax(m) such that the radially unbounded actuator Lyapunov

function candidate W j
L(m,P ,P d) in Eq. (5.46) satisfies the following inequality,

1

2
Qmin(m)F̃ (m,P ,P d)2 ≤W j

L(m,P ,P d) ≤ 1

2
Qmax(m)F̃ (m,P ,P d)2 (5.47)

Proof. Proof as shown in appendix C.2

For a Shape system with unknown force Fex(t), consider the following Lyapunov

function for the composite dynamics of the Shape system inertia and the pneumatic

actuator,

V2(VE , ṼE , F̃ex,m,P ,P d) = V1(VE , ṼE , F̃ex) +W j
L(m,P ,P d)

=
1

2


VE

ṼE

F̃E


T

Q1


VE

ṼE

F̃ex

+W j
L(m,P ,P d)

(5.48)

where V1(VE , ṼE , F̃ex) is the Lyapunov function for the first stage of the controller

design and is defined in Eq. (5.32). From the definition of the bounds on the actuator

Lyapunov function W j
L(m,P ,P d) in Eq. (5.47), the Lyapunov function V2(.) in the

above equation can be bounded as,

V2(VE , ṼE , F̃ex,m,P ,P d) <
1

2


VE

ṼE

F̃ex

F̃


T (

P2 01×3

03×1 Qmax(m)

)
︸ ︷︷ ︸

P3


VE

ṼE

F̃ex

F̃



<
1

2
σmax(P3)

∥∥∥∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex

F̃



∥∥∥∥∥∥∥∥∥∥∥

2

2

(5.49)

In Eq. (5.48), V1(.) is a non-negative function of Shape system velocity VE , velocity

estimation error ṼE and the force estimation error F̃ex, while the actuator Lyapunov

function W j
L(m,P ,P d) is a non-negative function of air mass m, chamber pressure P

and desired chamber pressure P d. By regulating the Lyapunov function V2(.) to zero,
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the desired velocity regulation (VE → 0) and force regulation (F̃ → 0) can be achieved.

Using the time derivative V̇1(.) from Eq. (5.43), and the derivative of the actuator

Lyapunov function Ẇ j
L(.) from Eq. (3.151), the time derivative V̇2(.) of the Lyapunov

function in Eq. (5.48) is obtained as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) = −


VE

ṼE

F̃ex


T

Q2


VE

ṼE

F̃ex

− F̃ ẋv + γj3(m,P ,P d, u)F̃ u

− Ḟ da
F̃

Kd
j (m, x, xd)

(5.50)

where the nonlinear gain γj3(m,P ,P d, u) is as defined in Eq. (3.150) and represents

the mapping from the actuator force error F̃ to the effort variable Zjγ(m,P ,P d, u) at

the fluid port of the actuator Lyapunov function derivative.

The valve command input u for regulating the actuator force error F̃ (and conse-

quently the Shape system velocity VE) to zero, is presented in the following theorem.

Theorem 5.2. For the pneumatic actuator pressure dynamics and mass flow rate as

given in Eq. (5.8) and Eq. (5.9) respectively, if perfect information about all the external

forces in Fex(t) in Eq. (5.22) is available, exponentially regulation of the Shape system

velocity VE and the actuator force error F̃ := (Fa − F da ) to zero can be achieved for the

desired actuator force F da := Fex −KvVE as given in Eq. (5.25) and for the following

definition of valve command input u,

u =
1

γj3((m,P ,P d, u))

(
ẋv +

Ḟ da
Kd
j (m, x, xd)

−KF (Fa − F da )

)
(5.51)

where KF is a positive constant, j ∈ (iso, adb) is the index for representing the thermo-

dynamic process in the actuator, the nonlinear function Kd
j (m, x, xd) is as defined in

Eq. (3.142) and the nonlinear gain γj3((m,P ,P d, u)) is as defined in Eq. (3.150).

For a constant but un-known force Fex(t) in Eq. (5.22) acting on the Shape system

dynamics, exponential regulation of F̃ and VE to zero is achieved with the control input

u from Eq. (5.51) and for the desired actuator force F da := F̂ex − KvVE as given Eq.

(5.27), where F̂ex represents an estimate of the force Fex(t), and is obtained from Eq.

(5.37).
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Proof. When Fex(t) in Eq. (5.22) is completely known, consider the following definition

of the system Lyapunov function,

V̄2(VE ,m,P ,P d) =
1

2
MEV

2
E +W j

L(m,P ,P d) (5.52)

Using bounds on the actuator Lyapunov function W j
L(m,P ,P d) from Eq. (5.47),

the Lyapunov function V̄2(VE ,m,P ,P d) can be bounded as,

V̄2(VE ,m,P ,P d) <
1

2

(
VE F̃

)( ME 0

0 Qmax(m)

)(
VE

F̃

)

<
1

2
σmax(P)

∥∥∥∥∥
(
VE

F̃

)∥∥∥∥∥
2

2

(5.53)

where P , diag(ME , Qmax(m)), and σmax(P) represents the maximum singular value

of P. Using the Shape system dynamics from Eq. (5.21), and the time-derivative

Ẇ j
L(m,P ,P d) of error energy function from Eq. (3.151), the derivative ˙̄V2 of the

Lyapunov function in Eq. (5.52) is obtained as,

˙̄V2(VE ,m,P ,P d) = (Fa − Fex(t))VE + γj3(m,P ,P d, u)F̃ u− F̃ ẋv

− Ḟ da
F̃

Kd
j (m, x, xd)

(5.54)

For known Fex(t), using the expression for desired actuator force F da from Eq. (5.25)

and the valve command input u from Eq. (5.51) in the above equation, the derivative
˙̄V2(VE ,m,P ,P d) of the Lyapunov function can be expressed as,

˙̄V2(VE ,m,P ,P d) = −
(
VE F̃

)( Kv 0

0 KF

)
︸ ︷︷ ︸

Q

(
VE

F̃

)
≤ −σmin(Q)

∥∥∥∥∥
(
VE

F̃

)∥∥∥∥∥
2

2

(5.55)

where σmin(Q) gives the minimum singular value of Q. Using the upper bound on

V̄2(VE ,m,P ,P d) from Eq. (5.53), the derivative ˙̄V2(VE ,m,P ,P d) in the above equa-

tion can be expressed as,

˙̄V2(VE ,m,P ,P d) ≤ −
(

2σmin(Q)

σmax(P)

)
V̄2(VE ,m,P ,P d) (5.56)
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On integrating both sides of the above equation exponential convergence of the

Lyapunov function V̄2(VE ,m,P ,P d) follows. As V̄2(VE ,m,P ,P d) is a positive definite

function of VE and F̃ , exponential convergence of Shape system velocity VE and the

actuator force error F̃ is also achieved.

If the external forces contributing to Fex(t) are constant but unknown, consider V2(.)

defined in Eq. (5.48) as the system Lyapunov function candidate. The time derivative

V̇2(.) of the Lyapunov function is as given in Eq. (5.50). Using the definition of the

valve command input u from Eq. (5.51), the Lyapunov function derivative V̇2(.) in Eq.

(5.50) can be expressed as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) = −


VE

ṼE

F̃ex

F̃


T (

Q2 0

03×1 KF

)
︸ ︷︷ ︸

Q3


VE

ṼE

F̃ex

F̃

 (5.57)

Using the definition of the bounds on the Lyapunov function V2(.) from Eq. (5.49),

the Lyapunov function derivative V̇2(.) in Eq. (5.57) can be expressed as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) ≤−σmin(Q3)

∥∥∥∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex

F̃



∥∥∥∥∥∥∥∥∥∥∥

2

2

≤−2σmin(Q3)

σmax(P3)
V2(VE , ṼE , F̃ex, F̃ )

(5.58)

where P3 is as defined in Eq. (5.49). On integrating both sides of the above equa-

tion exponential convergence of V2(.) follows. As V2(.) is a positive definite function

of the Shape system velocity VE and the actuator force error F̃ , thay also converge

exponentially to zero.

While the above theorem assumes that Fex(t) is a constant, the dynamics in Eq.

(5.37) can be used to estimate slowly varying signals with reasonable accuracy by in-

creasing the observer gains. For fast varying unknown force signal, the error in es-

timating Fex(t) from Eq. (5.37) is bounded by the magnitude of the time derivative

Ḟex(t). Due to the resulting error in estimating Fex(t), the Shape system velocity VE
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can only converge exponentially to a bounded region around origin. The actuator force

Fa however converges exponentially to the desired force F da (t) in Eq. (5.27).

In the next section, passivity analysis of the closed loop system for the proposed

valve command input u in Eq. (5.51) is investigated.

5.4 Closed loop passivity analysis

In this section, the controller is appropriately modified to satisfy the desired passivity

condition in Eq.(5.3), while providing the desired regulation of Shape system velocity

(VE = 0). The valve command input from Eq. (5.51) is defined as,

u =
1

γj3(m,P ,P d, u)

(
ẋv +

Ḟ da
Kd
j (m, x, xd)

+ ufb

)
(5.59)

where ufb is the feedback component of the controller and is given by,

ufb = −KF F̃ (5.60)

The valve command input in Eq. (5.59) guarantees exponential regulation of the

Shape system dynamics in Eq. (5.21). After velocity co-ordination, the combined

dynamics of the actual inertia and the virtual inertia are obtained from Eq. (5.19) as,

MLẍ = (ρ+ 1)Fh + Fe(t)− ud (5.61)

The locked system dynamics in the above equation has the desired external supply rate

in Eq. (5.2) if the input ud to the virtual inertia is defined to have dissipative charac-

teristics. In the following section, supply rate to the closed loop system is identified by

defining an appropriate storage function. The input force ud on the virtual inertia is

then defined such that ud has a dissipative effect on the closed loop system dynamics.

As shown in the next section, feed-forward components of the control input consisting

of ẋv and Ḟ da , and the velocity and the force tracking errors VE , F̃ respectively also

have energetic interaction with the closed loop system. This interaction is monitored to

ensure that the effective external supply rate to the human power amplifier corresponds

to the desired supply rate in Eq. (5.2) and satisfies the desired passivity condition in

Eq. (5.3).
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5.4.1 Storage function and supply rate for pneumatic power amplifier

As the supply rate in Eq. (5.2) corresponds to physically meaningful power interaction,

a storage function corresponding to the cumulative energy in different elements of the

human power amplifier is appropriate. Consider the following definition of the storage

function consisting of the kinetic energy of the virtual inertia Mv, kinetic energy of the

inertia Mp, and the actuator potential energy W j
act(m,P ),

Ws(ẋ, ẋv,m,P ) =
1

2
Mvẋ

2
v +W j

act(m,P ) +
1

2
Mpẋ

2 (5.62)

where j ∈ (iso, adb) is the index to represent the appropriate thermodynamic process

assumed in the actuator. The available energy in the adiabatic actuator (W adb
act (m,P ))

and the isothermal actuator (W iso
act (m,P )) is as given in Eq. (3.94) and Eq. (3.100)

respectively. From the dynamics of inertia Mp in Eq. (5.1), the virtual mass dynamics in

Eq. (5.10) and by using the actuator supply rate for isothermal and adiabatic actuators

from Eq. (3.122) and Eq. (3.136) respectively, derivative of the storage function in Eq.

(5.62) is obtained as,

Ẇs(ẋ, ẋv,m,P ) = ((ρ+ 1)Fh + Fe)ẋ− ρFhVE − (Fa + ud)ẋv + Faγ
j
1(m,P , u)u (5.63)

Using the definition of the command input from Eq. (5.59), the time derivative of

the storage function Ẇs(.) in the above equation can be expressed as,

Ẇs(ẋ, ẋv,m,P ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFhVE

+

((
γj1(m,P , u)

γj3(m,P ,P d, u)
− 1

)
Fa − ud

)
ẋv + Fa

γj1(m,P , u)

γj3(m,P ,P d, u)

(
ufb +

Ḟ da
Kd
j (m, x, xd)

)
(5.64)

The first term on the r.h.s of the above equation represents the desired external

supply rate to the human power amplifier from Eq. (5.2). The other terms on the r.h.s

of the above equation represent the effects due to co-ordination error (VE and F̃ ), and

other exogenous signals (Ḟ da ). The energetic interaction (time integral of supply rate)

due to the co-ordination error and the exogenous signal must have a finite upper bound

to achieve the desired passivity condition in Eq. (5.3). To this end, the force input ud
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on the virtual inertia as,

ud =


(

γj1(m,P ,u)

γj3(m,P ,P d,u)
− 1

)
Fa, if

(
γj1(m,P ,u)

γj3(m,P ,P d,u)
− 1

)
Faẋv > 0

0 if

(
γj1(m,P ,u)

γj3(m,P ,P d,u)
− 1

)
Faẋv ≤ 0

(5.65)

Consequently, the third term on the r.h.s of Eq. (5.64) satisfies the following dissipative

condition, ((
γj1(m,P , u)

γj3(m,P ,P d, u)
− 1

)
Fa − ud

)
ẋv ≤ 0 (5.66)

Due to the above dissipative property the storage function derivative Ẇs(ẋ, ẋv,m,P )

in Eq. (5.64) satisfies the following condition,

Ẇs(ẋ, ẋv,m,P ) ≤ ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFhVE

+ Fa
γj1(m,P , u)

γj3(m,P ,P d, u)

(
ufb +

Ḟ da
Kd
j (m, x, xd)

)
(5.67)

In the above equation, the exogenous input corresponding to Ḟ da is typically a non-

zero external signal. As the control input u in Eq. (5.51) is required to actively com-

pensate for the actions of Ḟ da , this exogenous input represents an energy source/sink.

For a time-varying Fex(t), the control input u in Eq. (5.51) also guarantees exponential

convergence of VE and F̃ only to a neighborhood around origin. Therefore, the actuator

on the human power amplifier can also require active energy input to compensate for

the Shape system velocity VE and provide feedback input ufb. In [30], passive operation

of mechanical systems was preserved by defining a fictitious flywheel element to monitor

the total energy supplied by the controller to the actuator. In the following section this

method is applied to operation of pneumatic human power amplifier.

5.4.2 Augmented system with fictitious flywheel dynamics

Operation principle

The flywheel is a fictitious element defined to monitor the energy demanded by the

pneumatic actuator due to the controller requirements. The dynamics of the flywheel
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is defined as,

Mf ẍf = Tf (5.68)

where Mf is the flywheel inertia, xf is the flywheel position and Tf corresponds to the

torque acting on the flywheel.

By defining the flywheel torque such that the energy transfer to or from the pneu-

matic actuator due to controller requirements correspond to change in the kinetic energy

of the flywheel, energy supplied to the actuator can be determined by monitoring the ki-

netic energy of the flywheel. This proposed approach for actively monitoring the power

interaction between the controller and the actuator is similar to the passivity observer

scheme reported in [35].

When the kinetic energy of the flywheel is above a threshold value (ẋf > fo), the

power amplifier is referred to be in normal mode of operation. If the kinetic energy

of the flywheel falls below a threshold value (ẋf < fo) due to significant transfer of

energy to the pneumatic actuator, the operation of the power amplifier is switched

to emergency mode. In this mode, the input ud on the virtual mass dynamics in Eq.

(5.10) is augmented with an additional damping force −bẋv. The dynamics of the virtual

inertia in Eq. (5.10) are thus modified as,

Mvẍv = ρFh(t)− Fa − ud − bẋv (5.69)

where b ≥ 0 is the damping coefficient, and the input force ud is as defined in Eq. (5.65).

By suitably defining the flywheel torque Tf in Eq. (5.68), the energy dissipated by the

amplifier due to the damping −bẋv is transferred to the flywheel. The resulting increase

in the kinetic energy of the flywheel will transition the power amplifier operation to

normal mode. As the total energy available to the pneumatic actuator is bounded

by the finite initial energy of the flywheel, passive operation of the power amplifier is

guaranteed.

Note that the additional damping force is only applied in emergency mode to avoid

unrequited effort from the operator in normal mode of operation. By augmenting the

system storage function with the kinetic energy of the flywheel, the flywheel torque Tf

required for maintaining passive operation is determined in the following section.
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Passivity property of the flywheel augmented system

By considering the energy available from the flywheel, the storage function for the

human power amplifier is now defined as,

Wtot(ẋ, ẋv,m,P , ẋf ) =
1

2
Mvẋ

2
v +W j

act(m,P ) +
1

2
Mpẋ

2 +
1

2
Mf ẋ

2
f (5.70)

Differentiating the above storage function and using the virtual inertia dynamics

from Eq. (5.69), the time derivative Ẇtot(.) is obtained as,

Ẇtot(ẋ, ẋv,m,P , ẋf ) = ((ρ+ 1)Fh + Fe)ẋ− FdVE + γj1(m,P , u)Fau

− udẋv − bẋ2
v + Tf ẋf

(5.71)

Design of the valve command input u, the input torque Tf on the flywheel and the

damping coefficient b required for achieving the desired passive operation is presented

in the following theorem.

Theorem 5.3. For the inertial dynamics given in Eq. (5.1), when actuated by an

adiabatic or an isothermal pneumatic actuator with pressure dynamics as given in Eq.

(5.8) and air mass flow rate as defined in Eq. (5.9), with the command input u to the

servo-proportional valve metering flow to the actuator given by,

u =
1

γj3(m,P ,P d, u)

(
ẋv +

Ḟ da
Kd
j (m, x, xd)

+ ûfb

)
(5.72)

where the velocity ẋv of the virtual inertia interacting at the fluid port of the actua-

tor is obtained from Eq. (5.69), the nonlinear functions γj3(m,P ,P d, u) ∈ <+ and

Kd
j (m, x, xd) ∈ <+ are as defined in Eq. (3.150), and Eq. (3.142) for adiabatic and

isothermal actuators respectively, while the control input ûfb in Eq. (5.72) and the

flywheel torque Tf in Eq. (5.68) are defined to have the following skew-symmetric rela-

tionship,(
ûfb

Tf

)
=

(
0 g(ẋf )ufb

−g(ẋf )ufb 0

) γj1(m,P ,u)

γj3(m,P ,P d,u)
Fa

ẋf

+


0

1
ẋf

(
ρFhVE −

((
γj1(m,P ,u)

γj3(m,P ,P d,u)
− 1

)
Fa − ud

)
ẋv + bẋ2

v

+
γj1(m,P ,u)

γj3(m,P ,P d,u)

Ḟ da
Kd
j (m,x,xd)

)


(5.73)
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where ufb is as defined in Eq. (5.60), while g(ẋf ) and the damping coefficient b depend

on the flywheel velocity ẋf and are defined as,

Regular mode :

 g(ẋf ) = 1
|ẋf |

b = 0

 if |ẋf | ≥ fo (5.74)

Emergency mode :

(
g(ẋf ) = 1

fo

b ∈ <+

)
if |ẋf | < fo (5.75)

where fo is a pre-defined threshold velocity of the flywheel for operating in safe mode,

the desired condition from Eq. (5.3) for passive human power amplification is satisfied,∫ t

0
((ρ+ 1)Fh + Fe)ẋ dτ ≥ −c2

o (5.76)

Proof. The augmented storage function Wtot(ẋ, ẋv,m,P , ẋf ) for the human power am-

plifier is as defined in Eq. (5.70). From the definition of valve command input u in Eq.

(5.72), the time derivative Ẇtot(ẋ, ẋv,m,P , ẋf ) of this storage function in Eq. (5.71)

can be expressed as,

Ẇtot(ẋ, ẋv,m,P , ẋf ) = ((ρ+ 1)Fh + Fe)ẋ− ρFhVE − bẋ2
v + Tf ẋf

+

((
γj1(m,P , u)

γj3(m,P ,P d, u)
− 1

)
Fa − ud

)
ẋv + Fa

γj1(m,P , u)

γj3(m,P ,P d, u)

(
ûfb +

Ḟ da
Kd
j (m, x, xd)

)
(5.77)

Using the definition of the flywheel torque from Eq. (5.73) and integrating both

sides of Eq. (5.77) the following passivity condition is achieved,∫ t

0
((ρ+ 1)Fh(t) + Fe(t))ẋ dτ ≥ −Wtot(ẋ, ẋv,m,P , ẋf )

∣∣∣∣
t=0

= −c2
o (5.78)

where Wtot(ẋ, ẋv,m,P , ẋf )

∣∣∣∣
t=0

∈ <+ is the total initial energy of the composite system.

The above equation satisfies the required energetic passivity condition in Eq. (5.76).

Note that from Eq. (5.73), in regular mode of operation, the damping force (−bẋv) on

the virtual inertia is identically zero. In emergency mode of operation, the damping

coefficient b is selected to be sufficiently large to result in net energy input to the

flywheel.
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The energy dissipated by the pneumatic actuator due to the damping force −bẋv
increases the velocity ẋf of the flywheel. As the flywheel velocity is increasing, it

is usually advisable to remain in emergency mode until ẋf is greater than f1, where

f1 > fo represents velocity of the flywheel required to switch back to regular mode of

operation. This is required to prevent any high frequency switching at the boundary

between emergency mode and regular mode of operation.

The control algorithm for human power amplification with a pneumatic actuator is

tested on an experimental setup with a single-DOF actuator.

5.5 Experimental results

The experimental setup, as shown in Fig. (5.5), consists of a vertically mounted, two-

chambered, single-DOF pneumatic actuator with position feedback. The maximum

supply air pressure Ps available in the supply line is 6.89e5Pa (100psi), and all the

experiments are conducted at this supply pressure. The atmosphere pressure Po is

assumed to be 1.01e5Pa (14.7psi). The cap side has an internal diameter of 0.0508m (2

inches), while the stroke length of the actuator is 0.3048m (12 inches). The diameter of

the piston rod is 0.0254m (1 inch). A MLP-50 force sensor from Transducer Techniques,

used to measure the input human force, is attached on the actuator as shown in Fig.

(5.5). A pair of SDET-22T-D16 pressure sensors from FESTO are used to measure

the pressure in the two actuator chambers. A MPYE-5-LF010 proportional servo valve

from FESTO is used to meter the air flow to the actuator. The input voltage range for

the valve is 0 volts to 10 volts, with the spool positioned at the center of the valve body

for an input of 5 volts. Open loop experiments were performed to determine the rate

of change of air mass in the actuator for different voltage command inputs to the flow

control valve solenoid. Using the measured pressure data and an estimate of the mass

flow rate ṁ from this experiment in Eq. (3.27), the relationship between the desired

valve open area u and the required voltage command to the valve Vo is determined as,

Vo =

4.59− 6.847e5u+ 1.732e11u2 − 5.971e16u3 if u ≥ 0

5.37− 1.089e6u− 4.383e11u2 − 1.048e17u3 if u < 0
(5.79)

The polynomial correlation in the above equation is defined such that for a positive

value of u (connecting chamber 1 to supply pressure Ps) the voltage command to the
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valve is less than 5 volts, and a negative value of u (connecting chamber 2 to supply

pressure) corresponds to a voltage command of greater than 5 volts to the valve. This

relationship is as illustrated in Fig. (5.4), with the maximum valve effective area of

4.2e− 6m2 corresponding to an input of either 0 or 10.

Figure 5.4: Figure illustrating the relationship between the effective valve area u and

the voltage command Vo to the valve required to achieve this area.

In this study, controllers developed for both the isothermal and the adiabatic actua-

tors are experimentally evaluated to understand the appropriate thermodynamic model

for the actuator. The controller gains Kv and KF , the observer gain L1 and λ1, the

control λ2 used in the definition of the Lyapunov function V2 in Eq. (5.48), the mass

Mv of the virtual inertia and the amplification factor ρ are all listed in table 5.1. These

parameters are relevant for both the isothermal and the adiabatic thermodynamic mod-

els of the actuator. The inertial load Mp on the actuator in Fig. (5.5) is 3.4kgs. High

gains are used on the observer dynamics in Eq. (5.37) to achieve fast estimation of the

external forces. The velocity gain Kv used to define the desired actuator force in Eq.

(5.27) is selected to be high enough for quick regulation of Shape system velocity VE
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Figure 5.5: Experimental setup for testing controller schemes for human power ampli-

fication. The inertial load on the actuator is 3.4 kgs.

to zero. The gain on the force error KF used in Eq. (5.51) for defining the actuator

valve command input u is not required to be very high, as the feed-forward input of

virtual velocity ẋv is typically sufficient to achieve the desired velocity tracking. The

amplification factor ρ on the input human force is selected to be 7.

Quick estimation of the actuator velocity is essential for appropriate feedback input.

Design of observers for velocity estimation is still an active area of research [74]. In this

study the piston velocity estimate ˙̂x is obtained from the position signal x by assuming

constant velocity and using a high gain observer. The full-order observer dynamics are

given by, (
˙̂x

¨̂x

)
=

(
0 1

0 0

)(
x̂

˙̂x

)
+

(
k1

k2

)
(x− x̂) (5.80)

where the observer gains k1 and k2 are as listed in table 5.1. The velocity observer in

the above equation is has the form of a low-pass filter. The accuracy of the velocity

estimate provided by this observer is verified by comparing it with the slope of the

variation of position data with time.

Performance of the human power amplifier for the control input u in Eq. (5.72) is
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Table 5.1: Parameters used in the implementation of power amplification controller for

the isothermal and the adiabatic models of the actuator

Parameter Magnitude (Isothermal) Magnitude (Adiabatic)

Kv 750 1250

KF 0.002 0.004

L1 2.03e3 2.03e3

L2 5.22e7 13.05e7

Qo 1.74e5

(
2e3 150

150 2e3

)
1.74e5

(
2e3 375

375 2e3

)
Mv 8.5 kgs 8.5 kgs

ρ 7 7

k1 44 44

k2 1000 1000

evaluated when operating in free space and during interaction with a hard surface. A

metal rod clamped at both ends is placed in the path of the actuator as an obstacle

with a hard surface.

Velocity tracking achieved when assuming that the thermodynamic process in the

actuator is isothermal is as shown in Fig. (5.6). The figure illustrates good tracking

characteristics in free space for an arbitrary velocity profile. When suddenly interacting

with a hard surface (at about t = 59.5s and t = 65.5s), there is a small overshoot in

the velocity in the virtual inertia due to sudden change in momentum. However, the

velocity of both actual inertia ẋ and the virtual inertia ẋv drop to zero very quickly

and remain at zero for the duration (59.5s < t < 61.7s and 65.5s < t < 67.5s) of

the interaction with hard surface. During this time the velocity plots indicate that

no contact instability is induced due to sudden interaction with a hard surface. For

the isothermal actuator, comparison of the actuator force output Fa with the amplified

human force ρFh is as shown in Fig. (5.7). The figure shows that the actuator force

corresponds well with the amplified human force when traversing an arbitrary trajectory

in free space. When interacting with the hard surface, at the moment of contact there is
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a force spike due to sudden change in momentum, but the actuator force quickly settles

down and provides the desired force response. The lack of oscillation in the velocity in

Fig. (5.6) for the contact force shown in Fig. (5.7) confirms stability of interaction. As

the actuator force corresponds to the amplified human force (Fa = ρFh), and velocity

of the actual inertia ẋ corresponds to the velocity of the virtual inertia ẋv, the supply

rate to the power amplifier corresponds to the desired external supply rate in Eq. (5.2).

Figure 5.6: Comparison of the virtual inertia velocity ẋv with the actual inertia ve-

locity ẋ during motion in free space and when interacting with a hard surface. The

thermodynamic process in the actuator is assumed to be isothermal.

Velocity and force tracking results when the thermodynamic process in the actuator

is assumed to be adiabatic are provided in Figs. (5.8 and 5.9) respectively. These

plots again illustrate good tracking characteristics when moving the actuator along an
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Figure 5.7: Comparison of the actuator force Fa with the amplified human force ρFh.

The thermodynamic process in the actuator is assumed to be isothermal.

arbitrary trajectory in free space. During interaction with hard surface (21s < t < 23s

and 26s < t < 28s) the velocity plot in Fig. (5.8) and the force plot in Fig. (5.9)

indicate an initial spike due to sudden change in momentum. However, the velocity of

the inertia ẋ and the velocity of virtual inertia ẋv quickly settle down to zero. Again,

even with high contact force exerted by the actuator, no contact instabilities are noticed.

The velocity and the force co-ordination shown in Fig. (5.8) and Fig. (5.9) demonstrate

that the desired external supply rate in Eq. (5.2) is achieved.

For demonstrating the desired passivity condition in Eq. (5.3), the input ud to

the virtual inertia dynamics in Eq. (5.10) is defined as given in Eq. (5.65). As seen

from the Locked system dynamics in Eq. (5.19), this input on the virtual inertia input
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Figure 5.8: Comparison of the virtual inertia velocity ẋv with the actual inertia ve-

locity ẋ during motion in free space and when interacting with a hard surface. The

thermodynamic process in the actuator is assumed to be adiabatic.

will influence the response of the human power amplifier. To understand the effect

of ud on the ”‘feel”’ factor experienced by the human operator, the magnitude of the

ratio of nonlinear functions γiso,adb1 (m,P , u) to γiso,adb3 (m,P ,P d, u) is investigated. For

the isothermal and the adiabatic actuators, the magnitude of this ratio is as shown in

Fig. (5.10) and Fig. (5.11) respectively. From these plots, it can be seen that during

free motion, magnitude of the ratio of γiso,adb1 (m,P , u) to γiso,adb3 (m,P ,P d, u) varies

between 0.97 and 1.03. In these plots, the actuator position varies across its entire

operation range, while tracking an arbitrary force profile. Therefore, these plots are

a good representation of the expected magnitude of the ratio along most trajectories
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Figure 5.9: Comparison of the actuator force Fa with the amplified human force ρFh.

The thermodynamic process in the actuator is assumed to be adiabatic.

anticipated during operations of the power amplifier. On using the magnitude of this

ratio in Eq. (5.65), the magnitude of input ud is very small compared to other forces

(such as Fa) acting on the Locked system. During interaction with a hard contact, the

power amplifier is at rest (ẋ = ẋv = 0). For zero velocity of the amplifier, the input ud

is identically zero due to its definition. As observed in the reported experiments, the

additional input ud on the virtual mass Mv will therefore have negligible effect on the

”‘feel”’ factor for the human operator while interacting with the power amplifier.
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Figure 5.10: Magnitude of the ratio γiso1 (m,P , u)/γiso3 (m,P ,P d, u) used in the defini-

tion of ud in Eq. (5.65) when the thermodynamic process is assumed to be isothermal.

5.6 Summary

In this chapter, passive controller for a two-chambered pneumatic actuator for provid-

ing the actuation force in human power amplifier has been presented. By modeling the

fluid port flow variable of the reversible pneumatic system as a combination of a velocity

source ẋv (virtual inertia) under the influence of the amplified human force ρFh and a

feedback input ufb, the problem of human power amplification is reformulated as a ve-

locity co-ordination problem. Regulation of velocity co-ordination error q̇E := (ẋ− ẋv)
is achieved by using a standard back-stepping controller to determine the feedback in-

put ufb at the fluid port of the pneumatic actuator. Controllers for both adiabatic and

isothermal actuator models were developed. These controllers were tested on a verti-

cally mounted single DOF pneumatic actuator. The experimental results demonstrated

efficacy of the controllers in achieving the desired velocity co-ordination and the associ-

ated human power amplification. Stable interaction with a hard metal surface was also
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Figure 5.11: Magnitude of the ratio γadb1 (m,P , u)/γadb3 (m,P ,P d, u) used in the defini-

tion of ud in Eq. (5.65), when the thermodynamic process is assumed to be adiabatic.

demonstrated in the experiments. Controllers designed under the assumption of both

isothermal and adiabatic actuators have good velocity co-ordination and interaction

stability, with no significant difference in their performance characteristics.

In the following chapter the proposed framework for human power amplification

is extended to formulate a framework for tele-operation between multiple single-DOF

pneumatic actuators. In chapter 7, the control methodology developed in this chapter

and in chapter 6 are extended to a multi-DOF system and implemented on two legs of

a pneumatically actuated rescue robot.



Chapter 6

Multilateral Tele-operation and

Human Power Amplification with

Single DOF Pneumatic Actuators

Tele-operation is typically used to extend the range of human influence to places that

are remote to access. A tele-operation set-up typically consists of independent and phys-

ically separated systems that are expected to move in a co-ordinated fashion. Examples

of operations with such characteristics include underwater exploration, tele-surgery,

space exploration, or a nuclear reactor clean-up. In a tele-operation setting, one of the

systems is accessible for direct human interaction and manipulation. This system is

referred to as the Master. Other systems are typically expected to operate in regions

that are normally inaccessible to humans and are expected to follow the position and

velocity commands at the master. These systems are referred to as the Slave systems.

By establishing a virtual interconnection between the master and each of the slave

systems, the slaves are remotely operated by manipulating the master system. Thus,

unlike a human power amplifier, the task accomplished by a tele-operator are not in the

immediate vicinity of the human operator.

For intuitive tele-operation, it is preferable to provide haptic feedback about the

interaction between the slave systems and the environment around them, to the human

operator interacting with the master. This is achieved by formulating tele-operation in

157



158

a multilateral operation framework wherein the interaction force between a slave system

and its surrounding environment is transmitted to the master system and the other slave

systems. This force feedback at the master will inform the operator about the nature

of environment interacting with the slave system, thus aiding the human operator to

effectively navigate the slave systems remotely. Note that in some applications, external

input at a slave system could be provided by another human operator, with the master

and other slave systems expected to follow these command inputs. In this context, the

master and the slave systems have equal status in our proposed framework for multi-

lateral operation with multiple actuators. In applications such as remote under water

exploration, or tele-surgery, the master and the slave systems are typically at different

operating power range. In these applications, the master or the slave dynamics have

to be appropriately scaled to provide reasonable force feedback and facilitate intuitive

operation.

The downside of defining haptic feedback to be interaction forces is that any unstable

interaction force is directly transmitted to the operator. Therefore stable interaction

between the slave system and the environment is not only essential from operation

stand point, but also for the safety of the human operator at the master system. As

shown in earlier works [3], interaction between passive systems is guaranteed to be

stable. The environment interacting with the slave systems is generally passive, while

the muscle dynamics of the human operator can be approximated to be passive [4]. If

passive interconnection is established between the master and the slave systems, then the

interaction between them will be stable resulting in safe tele-operation. A framework for

tele-operation between multiple single-DOF actuators is reported in this chapter. In the

presented framework, the tele-operator behaves as a common passive mechanical tool

that interacts simultaneously with mechanical power input from the human operators

and the physical environments at the master and the slave systems. In the absence of

the mechanical power input at the human interaction ports and physical environment

ports, the system will remain at rest.

In chapter 3, it was shown that pneumatic actuators with reversible thermodynam-

ics (isothermal/adiabatic) can be modeled as a two-port nonlinear spring. However,

due to the active input at the fluid interaction port, the pneumatic actuator will not

behave as a passive device. For achieving safe operation, passive behavior has to be
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imposed on the master and the slave pneumatic actuators by appropriately controlling

the flow input at the fluid port of both these actuators. In chapter 5, a framework for

passive operation of single DOF human power amplifier with a pneumatic actuator was

presented. In the current chapter, the control framework for human power amplifica-

tion is extended to a system with multiple pneumatic actuated systems for achieving

multilateral tele-operation along with amplification of input human power. The multi-

lateral tele-operation framework proposed in this chapter can also be used to achieve

tele-operation between systems with different actuating devices [75].

In the following section, the inertial dynamics of the master and the slave systems

are presented. Dynamics of the pneumatic actuator for both the isothermal and adia-

batic process have been presented in section 5.1 of the previous chapter and are hence

not repeated here for brevity. The problem statement for multilateral tele-operation

between single-DOF pneumatic actuators is presented in section 6.2. The framework

for achieving passive multilateral tele-operation with human power amplification is pre-

sented in section 6.3.1. In this section it is shown that the framework proposed for

human power amplifier in the previous chapter can be conveniently extended to achieve

multilateral tele-operation. Controller design for position and velocity co-ordination

between the two pneumatic actuators is presented in section 6.3.4. For investigating the

effect of the assumed thermodynamic process on the system performance, controllers for

both isothermal and adiabatic actuators are independently developed and evaluated. In

section 6.5, experimental results from bilateral tele-operation between a single master

and a single slave system are provided for demonstrating the effectiveness of the pro-

posed controllers. In the experimental test bench used for evaluating the controllers,

the master and the slave systems are co-located. As there is no communication delay

between the two systems and the computer for evaluating the controller, the passivity

framework proposed in this study assumes that there is no communication delay be-

tween the master and the slave systems. If the physical separation between the master

and the slave systems increases, communication delay will introduce another source of

non-passive behavior. Additional measures have to be taken to mitigate its adverse

effects [76].
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6.1 Dynamics of system with multiple actuators

Co-ordinated movement of multiple actuators can be used to move heavy loads for

limited supply pressure. Schematic of such an application is as shown in Fig. (6.1).

The actuator with the interface for direct human interaction is the master system. All

the other actuators are the slave systems. For ease of presentation, it is assumed that

the master and the multiple slave systems, are all single-DOF systems. The position

xm of the master actuator is measured using position sensors, while the velocity ẋm is

estimated from the position signal. It is assumed that position sensors are also available

on all the slave systems. The position vector xs and the velocity vector ẋs of the

multiple slave actuators is defined as,

xs =



xs1

xs2

xs3
...

xsN


, ẋs =



ẋs1

ẋs2

ẋs3
...

ẋsN


(6.1)

where xsi represents the position of the ith slave actuator (i = 4 in Fig. (6.1)). The

dynamics of the inertial mass Mm of the master are influenced by the interacting human

force Fh(t), the actuator force Fam , external environmental forces Fem and is given by,

Mmẍm = Fh(t) + Fam + Fem (6.2)

In this chapter it is assumed that a force sensor is available at the human interaction

interface to measure the applied force Fh(t). For the operation shown in Fig. (6.1), the

slave systems share the inertia being moved. In a generalized setting, the slave systems

can form multiple groups that each share an inertial load, with other slave actuators

moving each moving an independent inertial load. For simplicity of presentation, it is

assumed in this chapter that the dynamics of the individual slave systems are decoupled

from each other and from the master system. Multilateral co-ordination framework

presented for these decoupled systems is also applicable to a system with groups of

slave actuators sharing an inertial load.

Let Msi represent the inertia of the ith slave system. The consolidated inertial matrix
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Figure 6.1: An illustration of an application where co-ordination between a master

actuator and multiple (N = 4) slave actuators is used to move a heavy inertial load

such as a sheet rock.

M s of the slave systems is a diagonal matrix and is given by,

M s =



Ms1 0 0 . . . 0

0 Ms2 0 . . . 0

0 0 Ms3 . . . 0
...

...
...

. . .
...

0 0 0 . . . MsN


(6.3)

The dynamics of the inertial matrix M s are influenced by the slave actuator force

vector F as ∈ RN×1, the external (environmental) force vector F es ∈ RN×1 and is given

by,

M sẍs = F es + F as (6.4)

The external force Fesi on the ith slave system includes gravitational force, un-

modeled forces such as frictional force and other unknown external forces. The force

exerted by the pneumatic actuator (Fam ,F as) depends on the individual chamber pres-

sure as shown in Eq. (5.6). The individual chamber pressure depends on the chamber

air temperature, mass, and volume of chamber. In the following section, the actuator

dynamics are briefly presented.
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6.1.1 Actuator dynamics

The results presented in this chapter assume that the thermodynamic process in the ac-

tuator is reversible (isothermal/adiabatic). Pressure dynamics corresponding to isother-

mal and adiabatic actuators are as given in Eq. (5.8). By changing mass flow rate to

each actuator chamber, the chamber pressure and thus the corresponding actuator force

output can be varied. As shown in Eq. (5.9), mass flow rate to the actuator chamber

is determined by the commanded effective flow area. As presented in section 3.1.1,

the effective flow area is a function of the spool position, and is designated to be the

command input to the pneumatic actuator.

Let um represent the commanded effective flow area in the valve connected to the

master system, while us ∈ RN×1 be the vector of commanded flow areas to the N

single-DOF slave systems. In the following section, the problem statement describing

the desired characteristics from co-ordination of multiple actuators is presented. In

the subsequent section, appropriate command inputs to the master (um) and the slave

systems (us) for achieving the desired co-ordination characteristics is derived.

6.2 Problem statement

For ease of presentation, let IN×1 be defined as the following vector,

IN×1 =



1

1

1
...

1


N×1

(6.5)

The desired characteristics of operation of multiple actuators in the applications

such as shown in Fig. (6.1) are:

1. Position and velocity co-ordination: To execute the defined task with multiple

pneumatic (or hydraulic) actuators, position and velocity co-ordination between

the actuators is required. For a system with N slave actuators, the co-ordination

problem can be stated as,

Position co-ordination : q̄E = xmIN×1 − xs → 0N×1 (6.6)
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Velocity co-ordination : ˙̄qE = ẋmIN×1 − ẋs → 0N×1 (6.7)

where IN×1 is as defined in Eq. (6.5).

2. Multilateral-operation: A desired characteristic of interaction between the mas-

ter system and the multiple slave systems is multilateral operation, wherein the

forces acting on the master or any of the slave systems will influence the dynamic

response of all the systems. The resulting force feedback at the master system of

the environmental force acting on any of the slave systems will allow the operator

to navigate the co-ordinated system intuitively.

3. Human power amplification and Master power scaling: Pneumatic actuators typi-

cally have very high stiffness over the entire stroke length. While interacting with

a pneumatic actuated master system, it is very strenuous for the human operator

to work against the actuator stiffness and provide the required position and veloc-

ity commands. To aid the operator, the input human power at the master system

is amplified by the master actuator. In some applications there is significant dif-

ference in the operating power range of the master and the slave systems. In such

scenarios, it is desirable to impose power scaling on the interaction between the

master and the slave systems. In this chapter it is assumed that all the slave

actuators are in the same power range and that this power range is different from

the master system. Let η > 1 be the amplification factor on the input human force

Fh(t) and ρ ∈ <+ represent power scaling from the master to the slave systems

that ensures that the master and the slave systems are in the same power range.

The preferred supply rate to the co-ordinated system with power scaling from the

master to the slave and with human power amplification is then given by,

sm(Fh, Fem ,F es , ẋm, ẋs) := ρ((η + 1)Fh(t) + Fem)ẋm + F T
esẋs (6.8)

If the operating power range of the master is larger than a slave system (example

application: Tele-surgery), then the scaling factor ρ is selected to be smaller than

1. The assigned value to ρ would be greater than 1 if the operating power range

of the master is less than the corresponding slave system (example application :

under water exploration).



164

4. Passive operation: Stable multilateral operation can be achieved by imposing

passive dynamics on the operation of pneumatic actuated systems. Passive co-

ordinated multilateral operation is achieved if the desired supply rate in Eq. (6.8)

satisfies the following condition for all time t,∫ t

0
sm(Fh, Fem ,F es , ẋm, ẋs) dτ > −d2

o (6.9)

where d2
o ∈ <+, and represents the maximum work that can be extracted from

the co-ordinated system for no external input energy. If position and velocity

co-ordination is achieved (ẋm = ẋs1= ẋs2 = · · · = ẋsN = ẋc), then the desired

passivity condition for the co-ordinated system is obtained from Eq. (6.9) as,∫ T

0
sm(Fh, Fem ,F es , ẋc, ẋcIN×1) dτ > −d2

o (6.10)

where ẋc represents the velocity of a co-ordinated system and IN×1 is as defined

in Eq. (6.5).

A framework for designing the controller to achieve the objectives enumerated in

this section is presented in the following section.

6.3 Controller design

As presented in section 3.2.4, a pneumatic actuator with reversible thermodynamics can

be modeled as a two-port nonlinear spring, with one port connected to the mechanical

inertia and the other port corresponding to interaction with fluid source. This rep-

resentation of the pneumatic actuator was used to formulate a framework for passive

operation of human power amplifier in section 5.3.2. In this section, the framework for

human power amplification is extended to multilateral tele-operation with human power

amplification. Within this framework, the objectives of the control input for achieving

the desired characteristics of the tele-operator presented in the previous section are

then formulated. Similar to the controller design presented in section 5.3.2, a two-stage

back-stepping controller is then used to achieve the desired control objectives.
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6.3.1 Framework for multilateral operation with human power ampli-

fication

To achieve passive operation of human power amplifier,in section 5.3.2 a virtual inertia

under the influence of desired external forces was used as a passive realization of the

flow input at the fluid port of the actuator. For multilateral tele-operation with human

power amplification, the fluid port flow variable for the master and N slave systems is

similarly realized as velocity of a virtual inertia. This is illustrated in Fig. (6.2). In

this figure, Fvm represents the desired external force on the virtual inertia connected to

master, while Fvsi represents the desired external force on the virtual inertia connected

to the ith slave actuator.

Power-scaling from master to slave system:

To achieve power scaling from the master to the slave, the dynamics of the master are

scaled while designing the controller. As illustrated in Fig. (6.2), the master inertia

and the effort variables on the master system are scaled by the factor ρ to achieve this

power scaling.

Multi-lateral operation:

On using a common virtual inertial as illustrated in Fig. (6.3), the master and the slave

systems are interconnected such that external interaction forces at either the master or

the slave systems will propagate through the internal connections to effect the response

of all the other systems. Therefore, a common virtual inertia ensures multilateral oper-

ation. State feedback is however required to achieve position and velocity co-ordination.

Feedback inputs (ufm and ufsi in Fig. (6.3)) at the fluid port of the master and the slave

actuators will have to be designed to achieve the desired multilateral tele-operation.

Human power amplification:

As presented in section 5.3.2, the framework for amplification of the input human power

at the master requires application of amplified human force on the virtual mass. Let

η represents the desired amplification of the human power at the master system. The

amplified human force ρηFh is then imposed on the virtual inertia as illustrated in Fig.
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Figure 6.2: Port representation of the master and the slave pneumatic actuated systems

with the flow source represented by a virtual mass. The master dynamics are scaled by

ρ to achieve power scaling from the master to the slave systems.

(6.3). An additional input ud is applied on the virtual mass to ensure passive operation

of the co-ordinated system. From Fig. (6.3), dynamics of the virtual inertia are obtained

as,

Mvẍv = ρηFh − ud − ρFam − F T
asIN×1 (6.11)

where IN×1 is as defined in Eq. (6.5).

Co-ordination of multiple fluid-powered slave actuators with an electrically

driven master:

The framework for human power amplification and co-ordination of multiple pneumatic

actuators shown in Fig. (6.3) can also be extended to systems wherein the master is

actuated by an electric motor where the motor torque cab be directly commanded. In

this scenario, the virtual inertia is not required and the master inertial system connected

to the motor is used in its place. The flow variable at the fluid port at all the slave

pneumatic actuators is determined by the velocity of the master. Power amplification
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Figure 6.3: Schematic of the solution framework for achieving multilateral operation

and human power amplification in systems where both the master and the slave are

pneumatic actuated.

is achieved by suitably amplifying the master dynamics. For an electric motor torque of

Fm and a desired power amplification of ρ from the slave to the master, the framework

for multilateral operation with human power amplification is as shown in Fig. (6.4).

The focus of this chapter is on design of controllers for pneumatically actuated master

and slave systems. Formulation of the control problem is presented in the following

subsection. Controller design for tele-operation with electrically actuated master is

presented in the next chapter.

6.3.2 Control problem formulation

Based on the interconnection presented in Fig. (6.3), the objectives of the feedback

controller for achieving multilateral tele-operation with human power amplification can

now be stated as, 1. Position co-ordination between master and slave systems as given



168

Figure 6.4: Schematic of the solution framework for achieving multilateral operation and

human power amplification in systems where the master is driven by electric actuator

while the slave is pneumatically actuated.

in Eq. (6.6)

q̄E(xm,xs) :=



xm

xm

xm
...

xm


N×1

−



xs1

xs2

xs3
...

xsN


→ 0N×1 (6.12)

2. Velocity co-ordination between master, slave and virtual inertial systems

VE(ẋm, ẋv, ẋs) :=



ẋm − ẋv
ẋm − ẋs1
ẋm − ẋs2

...

ẋm − ẋsN


→ 0(N+1)×1 (6.13)
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while satisfying the desired passivity condition in Eq. (6.10). The velocity co-ordination

error V E(ẋm, ẋv, ẋs) in the above equation includes all the elements of the original

co-ordination error ˙̄qE in Eq. (6.7). From Fig. (6.3) dynamics of the co-ordinated

tele-operator can be expressed as,

(ρMm +Mv +

N∑
i=1

Msi)ẍc = ρ((η + 1)Fh + Fem) + F T
esIN×1 − ud (6.14)

where ẋc represents the velocity of the co-ordinated system and ud is the damping input

on the virtual inertia imposed to guarantee passive operation. This input is designed

in section 6.4. With an inertia of (ρMm + Mv +
∑N

i=1Msi), the co-ordinated system

moves only under the influence of external forces and thus behaves as a common passive

mechanical tool with multiple mechanical ports corresponding to human force and other

environmental forces available for power interaction. The co-ordinated tele-operator

dynamics in Eq. (6.14) are similar to the desired dynamics of a human power amplifier

in Eq. (5.11), with the cumulative actuator forces after co-ordination related to the

amplified human force as,

(ρFam + F T
asIN×1) = ρηFh (6.15)

where IN×1 is as defined in Eq. (6.5). In the following section, transformation of

the velocity state space to obtain the dynamics of the velocity co-ordination error are

presented.

6.3.3 Passive velocity decomposition

As explained in section 6.3.1 (and illustrated in Fig. (6.2)), the co-ordination controller

is formulated by scaling the master dynamics by a factor ρ. This is done to achieve

power amplification from the master to the slave subsystem. Therefore from the inertial

dynamics of the master system, the slave system and the virtual inertia in Eqs. (6.2,

6.4, and 6.11) respectively, the inertial dynamics of interest for controller design are
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given by,
ρMm 0 01×N

0 Mv 01×N

0N×1 0N×1 M s




ẍm

ẍv

ẍs

 =


ρ 01×N

−ρ −I1×N

0N×1 IN×N


︸ ︷︷ ︸

B

(
Fam

F as

)
︸ ︷︷ ︸

Fa

+


ρ(Fh + Fem)

ρηFh − ud
F es


︸ ︷︷ ︸

Fex

(6.16)

where Im×n is an m × n matrix with all entries corresponding to one, IN×N repre-

sents the (N ×N) identity matrix, Fa represents the actuator force vector, while Fex

represents the vector of all the other forces acting on the inertial system.

Transformation Matrix

By using the passive decomposition presented in section 5.3.3 for human power amplifier,

the velocity space (ẋm, ẋv, ẋs) of the tele-operator is transformed to obtain dynamics

of the center of mass of the tele-operator and the co-ordination error dynamics. In

accordance with the terminology presented in [30], the system representing the dynamics

of the center of mass system is referred to as the Locked system, while the system

representing the co-ordination error dynamics is referred to as the Shape system. The

velocity vector transformation for the tele-operator is defined as,

VL

VE1

VE2

VE3

...

VEN+1


=



ρMm

ML

Mv
ML

Ms1
ML

Ms2
ML

. . .
MsN
ML

1 −1 0 0 . . . 0

1 0 −1 0 . . . 0

1 0 0 −1
. . . 0

...
...

. . .
. . .

. . . 0

1 0 0 0 . . . −1


︸ ︷︷ ︸

S


ẋm

ẋv

ẋs

 (6.17)

where ML , (ρMm +Mv +
∑N

i=1Msi) corresponds to the inertia of the Locked system,

S ∈ R(N+1)×(N+1) represents the transformation matrix, VL corresponds to velocity



171

of the Locked system, while VEi := (ẋm − ẋsi), i ∈ (1, . . . , N + 1) corresponds to the

velocity co-ordination error described in Eq. (6.13). The velocity co-ordination error

vector V E = (VE1 , VE2 , . . . , VEN+1
) represents the state vector of the Shape system

dynamics.

Inertial dynamics in transformed space

The total energy associated with the inertial dynamics has to remain the same, irre-

spective of the state space used to represent the velocity vector. The combined inertia

matrix MT consisting of the Locked system inertia ML and the Shape system inertia

matrix ME ∈ R(N+1)×(N+1) is obtained as,

MT = S−T


ρMm 0 01×N

0 Mv 01×N

0N×1 0N×1 M s

S−1 =

(
ML 01×(N+1)

0(N+1)×1 ME

)
(6.18)

where 0mxn represents a zero matrix of m rows and n columns. The inertial matrix

MT in the above equation satisfies the conservation of kinetic energy before and after

velocity transformation,

1

2

(
VL V T

E

)
MT

(
VL

V E

)
=
ρ

2
Mmẋ

2
m +

1

2
Mvẋ

2
v +

1

2
ẋTsMsẋs (6.19)

Using the definition of the velocity transformation matrix S in Eq. (6.17), the

inertial elements of the Locked and the Shape system are obtained in terms of the

master inertia Mm, virtual inertia Mv and the inertias Msi i ∈ (1, N) of the N slave

systems as,

ML := (ρMm +Mv +Ms1 +Ms2 + · · ·+MsN )

ME :=



Mv(ρMm+
∑N
i=1Msi )

ML
−MvMs1

ML
−MvMs2

ML
. . . −MvMsN

ML

−Ms1Mv

ML

Ms1M11

ML
−Ms1Ms2

ML
. . . −Ms1MsN

ML

−Ms2Mv

ML

Ms2Ms1
ML

Ms2M22

ML
. . . −Ms2MsN

ML
...

...
...

. . .
...

−MsN
Mv

ML

MsN
Ms1

ML
−MsN

Ms2
ML

. . .
MsN

MNN

ML


(6.20)

where for j ∈ (1, N), Mjj := (ρMm + Mv +
∑N

i=1Msi − Msj ). From the inertial

transformation in Eq. (6.18) the coefficient matrix B and the force vector Fex in Eq.
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(6.16) are obtained in the transformed space as,

Bt = S−TB =

(
BL

BE

)
, FT = S−TFex =

(
FL

FE

)
(6.21)

where BL ∈ R1×(N+1) is the coefficient matrix for the Locked system dynamics, BE ∈
R(N+1)×(N+1) is the invertible coefficient matrix for the Shape system dynamics and

are obtained as,

BL =



0

0

0
...

0



T

, BE =



ρ 1 1 1 . . . 1

0 −1 0 0 . . . 0

0 0 −1 0 . . . 0

0 0 0 −1 . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . −1


(6.22)

while the force FL on the Locked system and the force vector FE ∈ R(N+1)×1 on the

Shape system are obtained as,

FL = ρ((η + 1)Fh + Fem)− ud + I1×NFes

FE =



Mv
ML

FL − (ρηFh − ud)
Ms1
ML

FL − Fes1
Ms2
ML

FL − Fes2
...

MsN
ML

FL − FesN


(6.23)

Applying the inertial transformation from Eq. (6.18) and the velocity transformation

from Eq. (6.17) to the dynamics in Eq. (6.16), the Locked and the Shape system inertial

dynamics are obtained as,

Locked system dynamics: MLV̇L = FL (6.24)

Shape system dynamics: MEV̇ E = BEFa − FE (6.25)

where the coefficient matrix BE on the actuator force vector Fa ∈ R(N+1)×1 given in

Eq. (6.22) is an invertible matrix, and FE ∈ R(N+1)×1 given in Eq. (6.23) represents

the vector of external forces acting on the Shape system. In a co-ordination problem



173

with a single slave system (N = 1), the coefficient matrix BE and the force vector FE

are obtained as,

BE =

(
ρ 1

0 −1

)
, FE =

(
ρMv

ML
(ρ((η + 1)Fh + Fem) + Fes1 − ud)− (ρηFh − ud)
Ms1
ML

(ρ((η + 1)Fh + Fem) + Fes1 − ud)− Fes1

)
(6.26)

After the desired velocity co-ordination is achieved (ẋm = ẋv = ẋsi = VL, V E = 0),

the Locked system dynamics in Eq. (6.24) represent the desired dynamics of the co-

ordinated system in Eq. (6.14).

6.3.4 Shape system regulation

Controller design for regulation of the Shape system dynamics in Eq. (6.25) is presented

in this subsection. The position co-ordination error vector qE ∈ R(N+1)×1 correspond-

ing to the velocity co-ordination error vector VE in Eq. (6.17) is given by,

qE =



∫
(ẋm − ẋv) dt
(xm − xs1)

(xm − xs2)
...

(xm − xsN )


(6.27)

The dynamics of the position co-ordination error qE and the velocity co-ordination

error VE are given by,

q̇E = VE

MEV̇E = BEFa − FE
(6.28)

Regulation of position error vector qE will ensure that the desired position co-

ordination in Eq. (6.12) is also achieved. The actuator force vector Fa is the control-

lable input to the Shape system inertial dynamics. For pneumatic actuators, the force

output depends on the chamber pressure, which can be modulated by changing the

input commands to the flow control valve. The valve command input does not directly

influence the inertial dynamics of the Shape system. Due to this cascaded structure, a

two-stage back-stepping controller is again used to determine the valve command input.

The actuator force vector required for regulating the states of the inertial subsystem is
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determined in the first stage of the controller design. In the second stage of the con-

troller design, the required command inputs (um, us) to the pneumatic actuators for

providing the desired actuator forces is determined. First stage of the controller design

is presented in the next section.

First stage controller design

Let F da represent the actuator force vector required for regulation of Shape system

dynamics. Consider the following Lyapunov function for design of this force vector in

the first stage of controller design,

V̄1(qE ,VE) =
1

2

(
V T
E qTE

)( ME εME

εME Kp + εKv

)
︸ ︷︷ ︸

Q

(
VE

qE

)
(6.29)

where Kp ∈ R(N+1)×(N+1), Kv ∈ R(N+1)×(N+1) are constant positive definite diagonal

matrices, and ε ∈ <+ is a sufficiently small positive constant selected such that Q in

Eq. (6.29) is a positive definite matrix. Therefore the Lyapunov function V̄1(qE ,VE)

in Eq. (6.29) can be bounded as,

1

2
σmin(Q)

∥∥∥∥∥
(
VE

qE

)∥∥∥∥∥
2

≤ V̄1(qE ,VE) ≤ 1

2
σmax(Q)

∥∥∥∥∥
(
VE

qE

)∥∥∥∥∥
2

(6.30)

where σmin(.) and σmax(.) correspond to the operators for determining the minimum

and the maximum singular values. Using the Shape system dynamics from Eq. (6.28),

the derivative ˙̄V1(qE ,VE) of the Lyapunov function in Eq. (6.29) is obtained as,

˙̄V1(qE ,VE) = (V T
E + εqE)(BEFa − FE +KpqE +KvVE)− V T

E (Kv − εME)VE

−qTEKpqE

(6.31)

Perfect information on FE: When information about all the external forces in-

fluencing FE in Eq. (6.26) (for N = 1) and Eq. (6.28) are known, if the actuator force

Fa corresponds to the following desired force vector F da ,

F da = B−1
E (FE −KpqE −KvVE) (6.32)
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then the derivative ˙̄V1(qE ,VE) of the Lyapunov function in Eq. (6.31) can be simplified

as,

˙̄V1(qE ,VE) = −
(
V T
E qTE

)( Kv − εME 0N+1

0N+1 Kp

)
︸ ︷︷ ︸

P

(
VE

qE

)

< −2σmin(P)

σmax(Q)
V̄1(qE ,VE)

(6.33)

where 0N+1 ∈ R(N+1)×(N+1) represents a zero matrix with (N + 1) rows and (N + 1)

columns. The matrix P On integrating both sides of Eq. (6.33) it can be shown that

for an appropriately small ε, the Lyapunov function V̄1(qE ,VE) converges exponentially

to zero. As the Lyapunov function is defined to be a positive definite function in the

Shape system states (qE , VE), exponential regulation of the position and velocity error

is also achieved.

FE not completely known: The actuator force vector required for exponential

convergence, as defined in Eq. (6.32), requires perfect information of all the external

forces (FE in Eq. (6.28) and Eq. (6.26) for N = 1) acting on the system. This can

be achieved by integrating appropriate force sensors on the tele-operator. But the force

sensors tend to be fairly expensive. In addition, forces such as friction are not easy

to model for exact compensation. Therefore, it was deemed preferable to estimate the

un-modeled and unknown external forces acting on the system.

Let F̂E represent the estimate of the force FE acting on the Shape system. The

desired actuator force in Eq. (6.32) is defined in terms of this force estimate as,

F da = B−1
E (F̂E −KpqE −KvVE) (6.34)

Using the above definition of the actuator force in Eq. (6.28), the Shape system

velocity dynamics are obtained as,

MEV̇E = (F̂E − FE)−KvVE −KpqE (6.35)

From the above equation it is can noticed that the information about the force

estimation error can be extracted from steady state value of the Shape system velocity

vector VE . A full state Luenberger observer with states corresponding to an estimate
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of the Shape system velocity vector V̂E and an estimate of the force F̂E is proposed.

Assuming that the external force vector FE is constant, the following observer dynamics

are defined,

ME
˙̂VE = Fa − F̂E + L1(VE − V̂E)

˙̂FE = −L2(VE − V̂E)
(6.36)

where L1 ∈ R(N+1)×(N+1) and L2 ∈ R(N+1)×(N+1) are constant positive definite

matrices corresponding to the observer gains. Let ṼE , (VE − V̂E) be the error in

estimating the Shape system velocity VE , while F̃E , (FE − F̂E) be the error in

estimating the force FE . From the Shape system dynamics in Eq. (6.28) and the

observer dynamics in Eq. (6.36) the estimation error dynamics are obtained as, ˙̃VE
˙̃FE

 =

(
−M−1

E L1 −M−1
E

L2 0(N+1)

)
︸ ︷︷ ︸

Ao

(
ṼE

F̃E

)
(6.37)

where Ao is a Hurwitz matrix and 0(N+1) ∈ R(N+1)×(N+1) is a matrix with all

elements zero. Therefore the following Lyapunov equation can be solved for a positive

definite P o ∈ R(2N+2)×(2N+2) for a given positive definite Qo ∈ R(2N+2)×(2N+2),

P oAo +AT
o P o = −Qo (6.38)

The desired force for regulation of Shape system dynamics is summarized in the

following theorem.

Theorem 6.1. If the force vector FE is completely known, then exponential regulation

of Shape system dynamics in Eq. (6.28) can be achieved by defining the desired actuator

force vector F da as,

F da = B−1
E (FE −KvVE −KpqE) (6.39)

For a constant but unknown external force vector FE, exponential regulation of Shape

system dynamics is achieved for the following actuator force vector,

F da = B−1
E (F̂E −KvVE −KpqE) (6.40)
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where Kp ∈ R(N+1)×(N+1) and Kv ∈ R(N+1)×(N+1) are constant positive definite ma-

trices, while F̂E represents an estimate of external forces, and is obtained from the

following observer dynamics,

ME
˙̂VE = Fa − F̂E + L1(VE − V̂E)

˙̂FE = −L2(VE − V̂E)
(6.41)

where V̂E corresponds to the estimate of the Shape system velocity VE, while L1 ∈
R(N+1)×(N+1), L2 ∈ R(N+1)×(N+1) are constant positive definite diagonal matrices.

Proof. If complete information about the force vector FE is available, then the Lyapunov

function V̄1(qE ,VE) can be defined as given in Eq. (6.29). Using the definition of the

required actuator force vector F da from Eq. (6.39), derivative of the Lyapunov function
˙̄V1(qE ,VE) is obtained as given in Eq. (6.33). From this definition of Lyapunov function

derivative, exponential convergence follows.

If FE is a constant but unknown force vector, consider the following Lyapunov

function candidate,

V1(qE ,VE , ṼE , F̃ex) =
1

2


VE

qE

ṼE

F̃E


T

Q1


VE

qE

ṼE

F̃E

 (6.42)

where Q1 is a positive definite matrix and is given by,

Q1 =


ME εME 0(N+1)×(N+1) 0(N+1)×(N+1)

εME Kp + εKv 0(N+1)×(N+1) 0(N+1)×(N+1)

0(N+1)×(N+1) 0(N+1)×(N+1) P 1
o P 2

o

0(N+1)×(N+1) 0(N+1)×(N+1) P 3
o P 4

o


(6.43)

where P o :=

(
P 1
o P 2

o

P 3
o P 4

o

)
∈ R(2N+2)×(2N+2) satisfies the Lyapunov equation in Eq.

(6.38). The Lyapunov function V1(qE ,VE , ṼE , F̃ex) is a radially unbounded positive

definite function of the arguments (qE ,VE , ṼE , F̃ex) for an appropriately small value
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of ε and satisfies the following bounds,

1

2
σmin(Q1)

∥∥∥∥∥∥∥∥∥∥∥


VE

qE

ṼE

F̃E



∥∥∥∥∥∥∥∥∥∥∥

2

2

≤ V1(qE ,VE , ṼE , F̃ex) ≤ 1

2
σmax(Q1)

∥∥∥∥∥∥∥∥∥∥∥


VE

qE

ṼE

F̃E



∥∥∥∥∥∥∥∥∥∥∥

2

2

(6.44)

From the inertia dynamics in Eq. (6.28) and the velocity estimation error dynamics

in Eq. (6.37), derivative of the Lyapunov function V1(qE ,VE , ṼE , F̃ex) in Eq. (6.42) is

obtained as,

V̇1(qE ,VE , ṼE , F̃ex) = −


VE

qE

ṼE

F̃E


T

P1


VE

qE

ṼE

F̃E

 (6.45)

where P1 is a positive definite matrix and is obtained as,

P1 =


Kv − εME 0(N+1)×(N+1) 0(N+1)×(N+1) 0.5IN+1

0(N+1)×(N+1) εKp 0(N+1)×(N+1)
ε
2IN+1

0(N+1)×(N+1) 0(N+1)×(N+1) Q1 Q2

ε
2IN+1

ε
2IN+1 Q3 Q4

 (6.46)

where IN+1 ∈ R(N+1)×(N+1) is a identity matrix, while Q1 ∈ R(N+1)×(N+1), Q2 ∈
R(N+1)×(N+1), Q3 ∈ R(N+1)×(N+1) and Q4 ∈ R(N+1)×(N+1) are elements of the pos-

itive definite matrix Qo :=

(
Q1 Q2

Q3 Q4

)
in Eq. (6.38). Therefore the matrix P1 ∈

R(4N+4)×(4N+4) is also a positive definite matrix. From the bounds on the Lyapunov

function V1(qE ,VE , ṼE , F̃ex) in Eq. (6.44), the derivative V̇1(.) of the Lyapunov func-

tion in Eq. (6.45) satisfies the following inequalities,

V̇1(qE ,VE , ṼE , F̃ex) ≤ −σmax(P1)

∥∥∥∥∥∥∥∥∥∥∥


VE

qE

ṼE

F̃E



∥∥∥∥∥∥∥∥∥∥∥

2

2

≤ −2σmin(P1)

σmax(Q1)
V1(qE ,VE , ṼE , F̃ex)

(6.47)



179

On integrating both sides of the above inequality, exponential convergence of the

Lyapunov function V1(qE ,VE , ṼE , F̃ex) follows. As V1(qE ,VE , ṼE , F̃ex) is a positive

definite function, the arguments (qE ,VE , ṼE , F̃ex) also converge exponentially to zero.

Remark 6.1. For an unknown time-varying force FE(t), the actuator force in Eq.

(6.40) can only guarantee exponential convergence of Shape system velocity VE to a

region in the neighborhood of origin. The size of this neighborhood is determined by the

magnitude of ‖ḞE(t)‖∞.

If the force provided by the actuator Fa is different from the required force F da in Eq.

(6.40), let the error between Fa and F da be represented by F̃ , (Fa − F da ). The effect

of this force error vector F̃ on the Lyapunov function derivative V̇1(qE ,VE , ṼE , F̃ex) in

Eq. (6.45) is obtained as,

V̇1(qE ,VE , ṼE , F̃ex) = −


VE

qE

ṼE

F̃E


T

P1


VE

qE

ṼE

F̃E

+ (V T
E + εqTE)BEF̃ (6.48)

In the above equation, as the term involving F̃ is sign indefinite, exponential conver-

gence of Lyapunov function is achieved only by regulating the actuator force error. The

command input required for regulating the actuator force error F̃ to zero is presented

in the following section. For convenience of presentation, controller design for a system

with a single slave actuator (N = 1) is derived in the next section. The controller for

co-ordination between multiple actuators will have a similar structure and this is also

highlighted in the following section.

Second stage of controller design for a system with single slave (N = 1)

The controller design for achieving the desired actuator force in Eq. (6.40) is presented

in this section for a system with single slave actuator (N = 1). An illustration of an

application with a single slave is shown in Fig. (6.5).

Let F dam and F das represent the force required from the master and the slave actuators

respectively. These forces are the elements of the desired actuator force vector F da in
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Figure 6.5: One example application of tele-operation, illustrating the human operator

moving an inertial load at a remote location of the slave, while interacting with the

master system

Eq.(6.40),

F da =

(
F dam

F das

)
(6.49)

The elements of the actuator force error F̃ corresponding to the actuator force error

for the master and the slave systems are defined as,

F̃m = Fam − F dam , F̃s = Fas − F das (6.50)

Let m := (m1,m2), P := (P1, P2), and T := (T1, T2) represent the vector of air

mass, pressure, and temperature in each chamber of a pneumatic actuator. The energy

based Lyapunov function for the force error dynamics of a pneumatic actuator is as

presented in lemma 3.3 of chapter 3 and is given by,

W j
L(m,P ,P d) = m1W

j
m(P1, P

d
1 ) +m2W

j
m(P2, P

d
2 ) (6.51)

where j ∈ (adb, iso) is the index for representing the thermodynamic process in the

actuator and W j
m(.) represents the gravimetric energy density of the actuator and is as
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defined in Eq. (3.144) and Eq. (3.145) for adiabatic and isothermal actuators respec-

tively.

From the analysis provided in section (3.3.3) the supply rate to the energy function

for the actuator force error in Eq. (6.51) is given by,

Ẇ j
L(m,P ,P d) = γj3(m,P ,P d, u)F̃ u− F̃ ẋ− Ḟ da (t)

F̃

Kd
j (m, x, xd)

(6.52)

where u is the command input to the valve metering the air flow to the pneumatic

actuator, while the nonlinear gain function γj3(.) is as defined in Eq. (A.26), and the

nonlinear function Kd
j (.) is as defined in Eq. (3.142). Let um and us represent the valve

command input to the master and the slave actuators. In the following theorem, the

valve command input for regulating the actuator force error F̃ to zero, is presented.

Theorem 6.2. If the force FE is completely known, then exponential convergence of

Shape system dynamics in Eq. (6.25) is achieved for the following definition of desired

actuator force vector F da ,

F da :=

(
F dam

F das

)
= B−1

E (FE −KpqE −KvVE) (6.53)

where F dam and F das represent the desired forces from the master and the slave actuators

respectively. To output these desired forces, the valve command inputs um to the flow

control valve on the master and us to the flow control valve on the slave actuators are

defined as,

um =
1

γj3(mm,Pm,P
d
m, um)

(
ẋv +

Ḟ dam
Kd
j (mm, xm, xdm)

− εqE1 −KF1(Fam − F dam)

)

us =
1

γj3(ms,P s,P
d
s, us)

(
ẋv +

Ḟ das
Kd
j (ms, xs, xds)

− ε(qE1 − qE2)−KF2(Fas − F das)

)
(6.54)

where KF1 and KF2 are positive constants, Fam is the force provided master actuator,

Fas is the force provided by the slave actuator, while qE1 and qE2 are elements of the

position co-ordination error vector qE in Eq. (6.28).

If accurate information about FE is not known, then exponential convergence of

Shape system dynamics in Eq. (6.25) is achieved for the following definition of the
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desired actuator force,

F da :=

(
F dam

F das

)
= B−1

E (F̂E −KpqE −KvVE) (6.55)

where F̂E is an estimate of force vector FE and is obtained from the observer dynamics

in Eq. (6.36). The valve command inputs um, us to the master and the slave system

respectively for obtaining the desired actuator force in Eq. (6.55) are again as given in

Eq. (6.54).

Proof. For ease of presentation χdm and χds represent the states of the error dynamics

of the master and the slave pneumatic actuators respectively and are defined as,

χdm := (mm,Pm,P
d
m), χds := (ms,P s,P

d
s) (6.56)

where the subscript m is used to represent states corresponding to master system, and

the subscript s is used to represent states corresponding to slave system. If the force

FE is completely known, then consider the following Lyapunov function,

V2(qE ,VE ,χ
d
m,χ

d
s) =

1

2

(
V T
E qTE

)( ME εME

εME Kp + εKv

)(
VE

qE

)
︸ ︷︷ ︸

V̄1(qE ,VE)

+ ρW j
L(mm,Pm,P

d
m) +W j

L(ms,P s,P
d
s)

(6.57)

where ρ ∈ <+ is the scaling factor from master to slave actuator, V̄1(qE ,VE) is the

Lyapunov function for the inertial dynamics of the Shape system, W j
L(.) is the available

energy in the pneumatic actuator and is as defined in Eq. (6.51) for actuator error

dynamics. From the definition of the bounds on actuator Lyapunov function W j
L(.) in
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Eq. (5.47), the Lyapunov function V2(qE ,VE ,χ
d
m,χ

d
s) can be expressed as,

V2(qE ,VE ,χ
d
m,χ

d
s) ≤

1

2


VE

qE

F̃m

F̃s


T 

ME εME 0 0

εME Kp + εKv 0 0

01×2 01×2 ρQmax(mm) 0

01×2 01×2 0 Qmax(ms)


︸ ︷︷ ︸

Qt


VE

qE

F̃m

F̃s



≤ 1

2
σmax(Qt)

∥∥∥∥∥∥∥∥∥∥∥


VE

qE

F̃m

F̃s



∥∥∥∥∥∥∥∥∥∥∥

2

2

(6.58)

where Qmax(mm) ∈ <+ and Qmax(ms) ∈ <+ represent the weight on the upper bound

of the master and the slave actuator Lyapunov functions respectively. For a pneumatic

actuator behaving as a spring, these upper bounds can be interpreted as the inverse of

the minimum spring stiffness. Using the expression for the time derivative V̇1(.) from

Eq. (6.31), the actuator Lyapunov function derivative Ẇ j
L(.) from Eq. (6.52) and the

definition of the valve command inputs from Eq. (6.54), the derivative V̇2(.) of the

Lyapunov function in Eq. (6.57) is obtained as,

V̇2(qE ,VE ,χ
d
m,χ

d
s) = −


VE

qE

F̃m

F̃s


T 

Kv − εME 02×1 0 0

02 εKp 0 0

01×2 01×2 KF1 0

01×2 01×2 0 KF2


︸ ︷︷ ︸

Pt


VE

qE

F̃m

F̃s


(6.59)

From the definition of the bounds on V2(qE ,VE ,χ
d
m,χ

d
s) in Eq. (6.58) the derivative

V̇2(.) in Eq. (6.59) can be expressed as,

V̇2(qE ,VE ,χ
d
m,χ

d
s) ≤ −

2σmin(P t)
σmax(Qt)

V2(qE ,VE ,χ
d
m,χ

d
s) (6.60)

where σmin(.) and σmax(.) represent the operators for obtaining the maximum and

the minimum singular values. On integrating both sides of Eq. (6.60) exponential
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convergence of the Lyapunov function V2(qE ,VE ,χ
d
m,χ

d
s) follows. As the Lyapunov

function in Eq. (6.57) is a positive definite function of states ((qE ,VE ,χ
d
m,χ

d
s)), the

Shape system velocity vector VE and the actuator force error vector (Fa − F da ) also

exponentially converges to zero.

If the force FE is not well-known, given the inertial system Lyapunov function

V1(qE ,VE , ṼE , F̃ex) in Eq. (6.42), consider the following Lyapunov function V2(.) for

the second stage of controller design,

V2(qE ,VE , ṼE , F̃ex,χ
d
m,χ

d
s) = V1(qE ,VE , ṼE , F̃ex) + ρW j

L(χdm) +W j
L(χds) (6.61)

where the actuator Lyapunov function W j
L(.) for the master and the slave systems is as

defined in Eq. (5.46) and ρ ∈ <+ is the amplification factor from the master to the slave

system. From the definition of the bounds on the actuator Lyapunov function W j
L(.) in

Eq. (5.47), the Lyapunov function V2(qE ,VE , ṼE , F̃ex,χ
d
m,χ

d
s) in the above equation

can be bounded for N = 1 as,

V2(qE ,VE , ṼE , F̃ex,χ
d
m,χ

d
s) ≤

1

2



VE

qE

ṼE

F̃E

F̃m

F̃s



T

Qu



VE

qE

ṼE

F̃E

F̃m

F̃s


≤ 1

2
σmax(Qu)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



VE

qE

ṼE

F̃E

F̃m

F̃s



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

2

2

where Qu =



ME εME 02×2 02×2 0 0

εME Kp + εKv 02×2 02×2 0 0

02×2 02×2 P 1
o P 2

o 0 0

02×2 02×2 P 3
o P 4

o 0 0

01×2 01×2 01×2 01×2 ρQmax(mm) 0

01×2 01×2 01×2 01×2 0 Qmax(ms)


(6.62)

where P 1
o ∈ R2×2, P 2

o ∈ R2×2, P 3
o ∈ R2×2, P 4

o ∈ R2×2 are the elements of the

solution Po :=

(
P 1
o P 2

o

P 3
o P 4

o

)
to the Lyapunov equation in Eq. (6.38). Using the

expression for V̇1(.) from Eq. (6.48) and the actuator Lyapunov function derivative
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Ẇ j
L(χdjl) from Eq. (6.52), the derivative V̇2(.) of the Lyapunov function in Eq. (6.61) is

obtained for a single slave system (N = 1) as,

V̇2(qE ,VE , ṼE , F̃ex,χ
d
m,χ

d
s) =

−


VE

qE

ṼE

F̃E


T 

Kv − εME 02×2 02×2 0.5I2×2

02×2 εKp 02×2
ε
2I2×2

02×2 02×2 Q1 Q2

ε
2I2×2

ε
2I2×2 Q3 Q4




VE

qE

ṼE

F̃E


+ (V T

E + εqTE)BEF̃ + γj3m(χdm)umF̃m − F̃mVE1 − F̃mẋv − Ḟ dm
F̃m

Kd
jm

(χdm)

+ γj3(χds)usF̃s − F̃s(VE1 − VE2)− F̃sẋv − Ḟ das
F̃s

Kd
js

(χds)

(6.63)

where I2×2 ∈ R2×2 is the identity matrix, Q1 ∈ R2×2, Q2 ∈ R2×2, Q3 ∈ R2×2 and

Q4 ∈ R2×2 are elements of the positive definite matrix Qo :=

(
Q1 Q2

Q3 Q4

)
in Eq.

(6.38), while VE1 , VE2 are the elements of the Shape system velocity vector and are as

defined in Eq. (6.13). Using the definition of BE from Eq. (6.26) for a system with

single slave actuator, and after some algebraic manipulation, the Lyapunov function

derivative V̇2(.) in Eq. (6.63) is obtained as,

V̇2(qE ,VE , ṼE , F̃ex,χ
d
m,χ

d
s) =

−


VE

qE

ṼE

F̃E


T 

Kv − εME 02×2 02×2 0.5I2×2

02×2 εKp 02×2
ε
2I2×2

02×2 02×2 Q1 Q2

ε
2I2×2

ε
2I2×2 Q3 Q4




VE

qE

ṼE

F̃E


+ F̃m

(
γj3m(χdm)um − ẋv + εqE1 −

Ḟ dm
Kd
jm

(χdm)

)

+ F̃s

(
γj3(χds)us − ẋv + ε(qE1 − qE2)− Ḟ ds

Kd
js

(χds)

)
(6.64)

Using the definition of the valve command inputs um to the master actuator and

us to the slave actuator from Eq. (6.54), the Lyapunov function derivative V̇2(.) in the
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above equation can be expressed as,

V̇2(qE ,VE , ṼE , F̃E ,χ
d
m,χ

d
s) =

−



VE

qE

ṼE

F̃E

F̃m

F̃s



T 

Kv − εME 02×2 02×2 0.5I2×2 0 0

02 εKp 02×2
ε
2I2×2 0 0

02×2 02×2 Q1 Q2 0 0
ε
2I2×2

ε
2I2×2 Q3 Q4 0 0

01×2 01×2 01×2 01×2 KF1 0

01×2 01×2 01×2 01×2 0 KF2


︸ ︷︷ ︸

Pu



VE

qE

ṼE

F̃E

F̃m

F̃s



≤ −σmin(Pu)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



VE

qE

ṼE

F̃E

F̃m

F̃s



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

2

2

(6.65)

Using the definition of the bounds on the Lyapunov function V2(.) from Eq. (6.62),

the Lyapunov function derivative in the above equation can be simplified as,

V̇2(qE ,VE , ṼE , F̃E ,χ
d
m,χ

d
s) ≤ −

2σmin(Pu)

σmax(Qu)
V2(qE ,VE , ṼE , F̃E ,χ

d
m,χ

d
s) (6.66)

On integrating both side of the above equation, exponential convergence of V2(.) follows.

As the Lyapunov function is a positive definite function of the states qE , VE , ṼE , F̃E ,

χdm and χds , exponential convergence of the Shape system states, observer states and

the actuator error states to zero also follows.

Command input vector for a system with multiple (N) slave actuators

In this subsection the valve command input for a system with single slave actuator in

Eq. (6.54) is extended to a system with multiple (N) slave actuators. Based on the

structure for the valve command input us in Eq. (6.54) for a system with a single slave

actuator, the command input to the ith slave pneumatic actuator in a multiple actuator
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co-ordination problem can be expressed as,

usi =
1

γj3(msi ,P si ,P
d
si , usi)

(
ẋv +

Ḟ dasi
Kd
j (χdjsi

)
− ε(qE1 − qEi)−KFiF̃si

)
(6.67)

where qEi = (xm−xsi) is the position co-ordination error between the master and the ith

slave system, F dasi
is the desired force from the ith slave actuator, and KFi is a positive

constant.

Consider the following matrix definitions for system with N slave actuators,

Γj3 = diag(γj3(ms,P s1 ,P
d1
s1 , us1), γj3(ms2 ,P s2 ,P

d
s2 , us2), ...,

γj3(msN ,P sN ,P
d
sN , usN ))

Kd
j = diag(χdjs1

,χdjs2
, ...,χdjsN

)

KF = diag(KF1 ,KF2 , ...KFN )

(6.68)

The command input vector us = [us1 , us2 , ..., usN ] to the N slave actuators can now

be expressed as,

us =
(
Γj3

)−1
(
ẋvIN×1 +

(
Kd

j

)−1
Ḟ das
− ε(qE1IN×1 − qE)−KF F̃s

)
(6.69)

In the following section, passivity analysis of the closed loop system is presented.

6.4 Closed loop passivity analysis

In this section, closed loop passivity property of a tele-operator with a single slave

actuator (N = 1) is presented. Passivity properties of a system with multiple slave

systems will be along similar lines. For ease of presentation, the control input to the

master and the slave actuators given in Eq. (6.54) is re-written as,

um =
1

γj3(mm,Pm,P
d
m, um)

(
ẋv +

Ḟ dam
Kd
j (χds)

+ ufm

)

us =
1

γj3(ms,P s,P
d
s, us)

(
ẋv +

Ḟ das
Kd
j (χdm)

+ ufs

) (6.70)

where ufm and ufs correspond to the feedback elements of the command input and are

defined as,

ufm = −εqE1 −KF1F̃m, ufs = −ε(qE1 − qE2)−KF2F̃s (6.71)
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where ε ∈ <+ is a small positive constant. When the combination of all the external

forces on the Shape system, represented by the FE in Eq. (6.25) is either known or is

an un-known constant, then as shown in theorem 6.2 the valve command input in Eq.

(6.70) provides exponential regulation of Shape system dynamics. For a co-ordinated

tele-operator velocity of VL, the dynamics of the co-ordinated system is obtained from

Eq. (6.24) as,

MLV̇L = ρ((η + 1)Fh + Fem) + Fes − ud (6.72)

Other than the virtual inertia input ud, the external forces acting on the co-ordinated

system in the above equation correspond to the desired supply rate in Eq. (6.8) (for

N = 1). In the following section, the supply rate to the closed-loop tele-operator is

studied and the input ud is defined to ensure that the supply rate to the tele-operator

satisfied the passivity condition stated in Eq. (6.10).

6.4.1 Supply rate to the closed loop tele-operator

The storage function for the closed loop tele-operator is defined to be the cumulative

energy function of the different sub-systems in the tele-operator. Therefore the storage

function of the closed loop system includes kinetic energy of the master inertia, the slave

inertia and the virtual mass, and the available energy from the master (W j
act(mm,Pm))

and the slave (W j
act(ms,P s)) pneumatic actuators. Let χm := (mm,Pm) be the vector

of chamber air mass and pressure for the master actuator and χs := (ms,P s) is the

vector of chamber air mass and pressure of the slave actuator. By considering the fact

that the master dynamics are scaled by ρ ∈ <+ for obtaining the closed loop dynamics,

the storage function for the tele-operator is defined as,

Ws(ẋm, ẋs, ẋv,χm,χs) =
ρ

2
Mmẋ

2
m+ρW j

act(mm,Pm)+
1

2
Mvẋ

2
v+

1

2
Msẋ

2
s+W j

act(ms,P s)

(6.73)

where j ∈ (iso, adb) is the index to represent the thermodynamic process in the ac-

tuator and the energy available from the pneumatic actuator (W j
act(.)) for adiabatic

and isothermal actuators is as defined in Eq. (3.94) and Eq. (3.100) respectively. The

kinetic energy of the virtual mass represents the energy associated with the velocity feed-

forward input ẋv at the fluid interaction port of the actuator. Using the master and the

slave inertial dynamics from Eq. (6.28), virtual inertia dynamics from Eq. (6.11) and
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the time derivative Ẇ j
act(.) of the isothermal and the adiabatic actuator energy function

from Eq. (3.121) and Eq. (3.135) respectively, the derivative of the storage function in

Eq. (6.73) is obtained as,

Ẇs(ẋm, ẋs, ẋv,χm,χs) =ρ((Fh(t) + Fem)ẋm + γj1(χjm)Famum) + Fes ẋs

+ (ρηFh(t)− ρFam − Fas − ud)ẋv + γj1(χjs)Fasus
(6.74)

To demonstrate the desired passivity condition reported in Eq. (6.9), the above

equation is re-written as,

Ẇs(ẋm, ẋs, ẋv,χm,χs) = (ρ(η + 1)Fh(t) + ρFem)ẋm + Fes ẋs − ρηFhVE1

+ ρ(γj1(χjm)Famum − Fam ẋv)− udẋv + (γj1(χjs)Fasus − Fas ẋv)
(6.75)

where VE1 , (ẋm − ẋv) represents the co-ordination error between the master system

and the virtual inertia. From the definition of the valve command input to the master

and the slave actuators in Eq. (6.70), the derivative of the storage function in the above

equation can be expressed as,

Ẇs(ẋm, ẋs, ẋv,χm,χs) = (ρ(η + 1)Fh(t) + ρFem)ẋm + Fes ẋs − udẋv − ρηFhVE1

+ ρ

((
γj1(χm, um)

γj3(χdm, um)
− 1

)
Fam ẋv +

γj1(χm, um)

γj3(χdm, um)
Fam

(
ufm +

Ḟ dam
Kd
j (χdm)

))

+

(
γj1(χs, us)

γj3(χds , us)
− 1

)
Fas ẋv +

γj1(χs, us)

γj3(χds , us)
Fas

(
ufs +

Ḟ das
Kd
j (χds)

)
(6.76)

where ufm and ufs are as defined in Eq. (6.71), χdm,s := (mm,s,Pm,s,P
d
m,s) as defined

in Eq. (6.56), while χm,s := (mm,s,Pm,s). For ease of presentation define a function

β(.) as,

β(χdm) =

(
γj1(χm, um)

γj3(χdm, um)
− 1

)
Fam , β(χds) =

(
γj1(χs, us)

γj3(χds , us)
− 1

)
Fas (6.77)

As shown in section 5.4, both β(χdm)ẋv and β(χds)ẋv are sign indefinite and act as

a power source/sink. To compensate for this active power signal, the input ud on the
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virtual inertia is therefore designed as,

ud =

(ρβ(χdm) + β(χds)), if (ρβ(χdm) + β(χds))ẋv > 0

0 if (ρβ(χdm) + β(χds))ẋv ≤ 0
(6.78)

As shown in the section 5.5, the nonlinear functions γj1(χ(m,s)) and γj3(χd(m,s)) have

the same sign and are fairly close in magnitude. Therefore the magnitude of ud is

typically very small and does not effect the feel factor of the tele-operator. Using the

definition of ud from Eq. (6.78), the time-derivative of the storage function Ẇs(.) in Eq.

(6.76) can be expressed as,

Ẇs(ẋm, ẋs, ẋv,χm,χs) ≤ (ρ(η + 1)Fh(t) + ρFem)ẋm + Fes ẋs − ρηFhVE1

+ ρ
γj1(χm, um)

γj3(χdm, um)
Fam

(
ufm +

Ḟ dam
Kd
j (χdm)

)
+
γj1(χs, us)

γj3(χds , us)
Fas

(
ufs +

Ḟ das
Kd
j (χds)

)
(6.79)

For a time-varying unknown force FE(t) on the Shape system, exponential conver-

gence of qE and VE is achieved to only a neighborhood around the origin. The feedback

inputs ufm and ufs are non-zero and sign indefinite in this neghborhood. Also, the de-

sired force F dam from the master actuator and F das from the slave actuator depend on

FE(t) and are also time-varying. Therefore, ufm , ufs and Ḟ da act as energy source/sink

for the tele-operator. To achieve the desired passivity condition in the presence of these

active power interactions, the procedure outlined in section 5.4 is followed. A virtual

flywheel is used to monitor the power demands of the controller to the tele-operator.

When excess power is transferred to the tele-operator due to the controller requirements,

the control input is modified to drain some energy away from the tele-operator. In the

following section, dynamics of the flywheel required to achieve passive operation of the

co-ordinated tele-operator is presented.

6.4.2 Augmented system with flywheel dynamics

Similar to the analysis in section 5.4 for human power amplifier, the dynamics of the

flywheel are defined as

Mf ẍf = Tf (6.80)

where Mf , xf and Tf again correspond to the flywheel inertia, position of the flywheel

and the torque acting on flywheel respectively. The torque acting on the flywheel is
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defined such that the power demanded by the controller for tele-operation is extracted

from the flywheel. Therefore power interaction to/from the tele-operator change the

kinetic energy of the flywheel. When the flywheel energy is above a threshold value,

the tele-operator is said to be in normal mode of operation. If the power requirements

are excessive and the kinetic energy of the flywheel falls below a pre-defined threshold

value, the operation of tele-operator is switched to emergency mode. In the emergency

mode of operation, energy is extracted from the tele-operator and is transferred to the

flywheel. To realize this energy transfer, the input ud on the virtual mass is augmented

with a damping force and the virtual inertia dynamics in Eq. (6.11) are modified as,

Mvẍv = ρηFh − ρFam − Fas − (ud + bẋv) (6.81)

where b ∈ <+ is the damping coefficient. Energy dissipated by this damping force is

transferred to the flywheel. In the following section a storage function for the augmented

system of tele-operator and flywheel is defined. The supply rate to this augmented

system is identified and the flywheel torque Tf is defined to ensure that the co-ordinated

tele-operator satisfies the desired passivity condition in Eq. (6.10).

6.4.3 Passivity properties of the fictitious flywheel augmented system

The storage function in Eq. (6.73) is now augmented with the kinetic energy of the

flywheel as,

Wt(ẋm, ẋs, ẋv,χm,χs, ẋf ) =
ρ

2
Mmẋ

2
m + ρWact(χjm) +

1

2
Mvẋ

2
v +

1

2
Msẋ

2
s

+Wact(χjs) +
1

2
Mf ẋ

2
f

(6.82)

Note that a single flywheel is defined to monitor the active energy interaction be-

tween the controller and the actuators on both the master and the slave systems. Using

the inertial dynamics for the master and the slave system from Eq. (6.28), the virtual

inertia dynamics from Eq. (6.81), the supply rate for the isothermal and adiabatic ac-

tuators from Eq. (3.121) and Eq. (3.135) respectively, and the dynamics of the flywheel

from Eq. (6.80), the supply rate to the new storage function in the above equation is



192

obtained as,

Ẇt(ẋm, ẋs, ẋv,χm,χs, ẋf ) = (Fd + ρFh + ρFem)ẋm + Fes ẋs − FdVE1 − (ud − (ρβ(χdm)+

β(χds)))ẋv + ρ
γj1(χjm)

γj3(χdm)
Fam

(
ufm +

Ḟ dam
Kd
j (χdm)

)
+
γj1(χjs)

γj3(χds)
Fas

(
ufs +

Ḟ das
Kd
j (χds)

)
+ Tf ẋf

(6.83)

The updated valve input commands um and us to the master and the slave actuators

respectively, the damping coefficient b, and the torque on the flywheel inertia Tf required

for passive operation are presented in the following theorem.

Theorem 6.3. For a tele-operation system with inertial dynamics of a pneumatic ac-

tuated master system as given in Eq. (6.2), inertial dynamics of a pneumatic actuated

slave system (for N = 1) as given in Eq. (6.4), with the pressure dynamics of the pneu-

matic actuator as given in Eq. (5.8) and the mass flow to each chamber of the actuator

as given by Eq. (5.9), for the following definition of the valve input command,

um =
1

γj3(χdm, um)

(
ẋv +

Ḟ dam
Kd
j (χdm)

+ ûfm

)
(6.84)

us =
1

γj3(χds , us)

(
ẋv +

Ḟ das
Kd
j (χds)

+ ûfs

)
(6.85)

where the vector χdm,s = (mm,s,Pm,s,P
d
m,s) is as defined in Eq. (6.56), F dam and F das

represent the desired force from the master and the slave actuator respectively and are

as defined in Eq. (6.55), while the feedback elements ûfm, ûfs of the command input

and the flywheel torque Tf are related through the following skew-symmetric matrix,


ûfm

ûfs

Tf

 =


0 0 g(ẋf )ufm

0 0 g(ẋf )ufs

−g(ẋf )ufm −g(ẋf )ufs 0




γj1(χm,um)

γj3(χdm,um)
Fam

γj1(χs,us)

γj3(χds ,us)
Fas

ẋf



+


0

0
1
ẋf

(
ρηFhVE −

(
ρβ(χdm, um) + β(χds , us)− ud

)
ẋv + bẋ2

v

+
γj1(χm,um)

γj3(χdm,um)

Ḟ dam
Kd
j (χdm)

+
γj1(χs,us)

γj3(χds ,us)

Ḟ das
Kd
j (χds)

)


(6.86)
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where ud is as defined in Eq. (6.78), while the function g(ẋf ) and the damping coefficient

b depend on the flywheel velocity and are defined as,

Regular mode :

(
g(ẋf ) = 1

ẋf

b = 0

)
if ẋf ≥ fo (6.87)

Emergency mode :

(
g(ẋf ) = 1

fo

b ∈ <+

)
if ẋf < fo (6.88)

where fo corresponds to the threshold velocity of the flywheel for switching to the emer-

gency mode of operation, operation of the tele-operator satisfies the following passivity

condition, ∫ t

0
ρ((η + 1)Fh(τ) + Fem(τ))ẋm(τ) + Fes(τ)ẋs(τ) dτ ≥ −d2

o (6.89)

Proof. The storage function for the augmented tele-operator with flywheel dynamics is

as given in Eq. (6.82). From the definition of the valve command inputs for the master

and the slave actuators in Eq. (6.84) and Eq. (6.85) respectively, the supply rate to the

augmented system is as given in Eq. (6.83).

Defining the flywheel torque as given in Eq. (6.86), and using the definition of g(ẋf )

and the damping coefficient b from Eq. (6.87), the supply rate to the actuator in both

the regular mode and emergency mode of operation is obtained from Eq. (6.83) as,

Ẇt(ẋm, ẋs, ẋv,χm,χs, ẋf ) = ρ((η + 1)Fh + Fem)ẋm + Fes ẋs (6.90)

On integrating on both sides of the above equation, the passivity condition for operation

of the tele-operator in Eq. (6.9) is satisfied as,

∫ t

0
ρ((η + 1)Fh(t) + Fem)ẋm + Fes ẋs dτ ≥ −Wt(ẋm, ẋs, ẋv,χm,χs, ẋf )

∣∣∣∣
t=0

(6.91)

where Wt(ẋm, ẋs, ẋv,χm,χs, ẋf )

∣∣∣∣
t=0

represents the initial available energy in the aug-

mented system. Once co-ordination is achieved, the passivity condition for the tele-

operator in Eq. (6.10) is satisfied. Note that the co-ordinated tele-operator behaves like

a human power amplifier.
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In the emergency mode of operation when the flywheel velocity drops below the

threshold value of fo, the damping coefficient b is selected to be large enough to put

energy back into the flywheel.

When the velocity of the flywheel increases in emergency mode, it is recommended

to maintain the control input corresponding to emergency mode until velocity ẋf of the

flywheel is such that ẋf > f1 > fo. Here f1 represents velocity of the flywheel required to

switch back to regular mode of operation. This will prevent any high frequency switching

at the boundary between the emergency mode and the normal mode of operation.

The control algorithm developed in this section is implemented on a system consist-

ing of a single master and a single slave (N = 1) actuator.

6.5 Experimental results

Experimental results validating the efficacy of the proposed controller are presented

in this section. The setup to investigate this bilateral tele-operation is as shown in

Fig. (6.6). It consists of two vertically mounted, single DOF pneumatic actuators

with integrated position feedback. Both the actuators have similar specifications of

0.0508m (2 inches) bore diameter, rod diameter of 0.0254m (1 inch) and stroke length

of 0.3048m (12 inches). An inertial load of 3.4kgs is applied on the slave system. A

MLP-50 force sensor from Transducer Techniques is used to measure the input human

force on the master actuator and is attached as shown in Fig. (6.6). The pressure in

each chamber of the actuator required for evaluating the actuator force per Eq. (5.6) is

obtained by using SDET-22T-D16 pressure sensors from FESTO. A FESTO MPYE-5-

LF010 proportional servo valve is used to meter the air flow to each actuator. The valve

input-output characteristics are as shown in Fig. (5.4). To study interaction stability of

the tele-operator, a metal obstacle used as a hard contact surface is placed in the path

of the slave actuator as shown in Fig. (6.6). All the experiments are conducted at the

maximum available supply pressure of 6.89e5Pa (100psi).

Virtual velocity is determined from the virtual inertia dynamics in Eq. (6.81). The

velocity of each actuator is again determined by assuming constant acceleration and
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Figure 6.6: Experimental setup for passive bilateral tele-operation of two single d.o.f.

pneumatic actuators

using a high gain observer. The velocity observer dynamics are as presented in Eq.

(5.80) of section 5.5.

The parameters used in the controller implementation are listed in table 6.1. Again,

high enough gains are used in the first stage of the controller design to achieve faster

regulation of Shape system inertia dynamics (qE ,VE) to zero. The feedback gain on the

force error is not required to be very high, as the feed-forward input of virtual velocity

ẋv is fairly effective in moving the actuator in the desired direction with nearly the

desired velocity.

As both the actuators used in this experimental study have the same dimensions and

operate in the same power range, the power scaling factor ρ from the master to the slave

actuator is selected to be 1. To understand the effect of assumptions on the underlying

thermodynamic process in the actuator, controllers developed for both isothermal and

adiabatic models has been tested in experiments.
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Table 6.1: Parameters used in the implementation of tele-operation controller for the

isothermal and the adiabatic models of the actuator

Parameter Magnitude (Isothermal) Magnitude (Adiabatic)

Kp diag(4.8e3,1.74e4) diag(4.8e3, 1.74e4)

Kv diag(70,90) diag(70,90)

KF diag(0.0025,0.025) diag(0.002,0.002)

Q1 1.8e3*diag(25.04,12.57) 1.8e3*diag(25.04,12.57)

Q2 diag(12.27,6.785) diag(12.27,6.785)

Q3 diag(12.27,6.785) diag(12.27,6.785)

Q4 1.8e3*diag(25.04,12.57) 1.8e3*diag(25.04,12.57)

L1 diag(1800,1800) diag(1800,1800)

L2 diag(2.6042e4,2.6146e4) diag(2.6042e4,2.6146e4)

ε 0.1 0.1

ρ 1 1

η 15 15

Mv 15 kgs 15 kgs

Isothermal model for controller design

Performance of the controller, designed by assuming the thermodynamic process to be

isothermal is shown in Fig. (6.7). This figure illustrates tracking performance in both

free space and when the tele-operator interacts with the hard surface in the path of

the slave actuator. As shown in the figure, the position of the master and slave track

very well while traversing an arbitrary profile in free space. When the motion of the

slave actuator is impeded by a hard surface, the master actuator overshoots the slave

position for a very short time due to compliance in the pneumatic tele-operator. The

controller quickly compensates for this overshoot and the desired position co-ordination

is restored. For the data reported in Fig. (6.7), the root mean square error in position

tracking for the isothermal process is obtained as 2.1mm in free motion and 1.2mm

during hard contact.

Velocity co-ordination between the master, the slave and the virtual inertia is as
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Figure 6.7: Position co-ordination achieved between the master and the slave inertia

during tele-operation of the slave along an arbitrary path in free space and during

interaction with a hard surface. The controller implemented to obtain the data in

this figure is designed by assuming the thermodynamic process in the actuator to be

isothermal.

shown in Fig. (6.8). This figure illustrates good co-ordination characteristics in free

space. When the slave actuator interacts with the hard surface, the velocity of the

slave immediately drops to zero. There is a small overshoot in the velocity of the

master and the virtual inertias, again due to compliance in the pneumatic actuator, but

their velocities also quickly drop to zero due to controller action. During the course of

interaction with the hard surface, the velocities of the master, the slave and the virtual

inertia are all uniformly zero, indicating that contact instabilities are not induced when

the tele-operator suddenly interacts with a hard surface.

As presented in Eq. (6.14), the dynamics of the co-ordinated tele-operator are similar

to that of a human power amplifier in Eq. (5.11). From Eq. (6.15), the cumulative force

applied by the master and the slave actuator is related to amplified human force ρηFh as
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Figure 6.8: Velocity co-ordination achieved between the master and the slave inertia

(top figure), and between the master and the virtual inertia (bottom figure) during

tele-operation of the slave along an arbitrary path in free space and during interaction

with a hard surface. The controller implemented to obtain the data in this figure is

designed by assuming the thermodynamic process in the actuator to be isothermal.

(ρFam +Fas) = ρηFh. As illustrated in Fig. (6.9), the cumulative force from the master

and the slave actuators as given in Eq. (6.15) corresponds well with the amplified human

force. Note that when interacting with the hard surface, despite the high magnitude of

the input human force, the tele-operator position does not change. The reaction force

increases with the input human force to maintain position and velocity co-ordination.

Adiabatic model for controller design

Position tracking with an adiabatic model of the actuator for controller design is as

shown in Fig. (6.10). Good position tracking is achieved during operation in free

space for an arbitrary position profile. Similar to the isothermal actuator, when the
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Figure 6.9: Comparison of the amplified cumulative actuator forces ρFam + Fas , with

the amplified human force ρηFh measured during tele-operation of the slave along an

arbitrary path in free space and when interacting with a hard surface. The controller im-

plemented to obtain the data in this figure is designed by assuming the thermodynamic

process in the actuator to be isothermal.

slave suddenly interacts with a hard contact, the master position overshoots the desired

position due to compliance in the pneumatic actuator. But the desired position co-

ordination is quickly restored. For the adiabatic process, the root mean square value of

the position tracking error is 1.8mm in free motion and 0.9mm during hard contact.

Velocity tracking achieved with an adiabatic model of the actuator is shown in Fig.

6.11. Desired tracking between the master, the slave and the virtual mass are achieved

in free space for an arbitrary profile. When interacting with hard surface, velocities of

all the inertias are uniformly zero, illustrating no contact instabilities. As shown in Fig.

(6.12), the cumulative forces (ρFam +Fas) from the actuators when assuming adiabatic

thermodynamic model correspond well with the amplified human force ρηFh as stated

in Eq. (6.15).
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Figure 6.10: Position co-ordination achieved between the master and the slave inertia

during tele-operation of the slave along an arbitrary path in free space and during

interaction with a hard surface. The controller implemented to obtain the data in

this figure is designed by assuming the thermodynamic process in the actuator to be

adiabatic.

From the co-ordination results presented in this section, controllers designed by

assuming either the isothermal or the adiabatic thermodynamic process in the actuator

provide good co-ordination performance.

Input force ud on slave actuator

As shown in Figs. (6.13 and 6.14), the magnitude of the ratio γj1(m,s)(.)/γ
j
3(m,s)

(.) is

very close to one during operation of the tele-operator in free space. Therefore, the

effect of input ud on the tele-operator dynamics, as determined from Eq. (6.78), is

very small compared to other external forces. Thus ud while have negligible effect on

the tele-operator response, while helping in satisfying the technical requirements for

passive operation. During hard contact the co-ordinated tele-operator is at rest, and
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Figure 6.11: Velocity co-ordination achieved between the master and the slave inertia

during tele-operation of the slave along an arbitrary path in free space and during

interaction with a hard surface. The controller implemented to obtain the data in

this figure is designed by assuming the thermodynamic process in the actuator to be

adiabatic.

per definition in Eq. (6.78), ud will have a value of 0 during hard contact.

6.6 Summary

In this chapter a framework for multilateral operation between multiple fluid powered ac-

tuators has been presented. It is shown that the controller framework for human power

amplification can be conveniently extended to formulate multilateral tele-operation.

Controllers for a system consisting of a pneumatic actuated master and a single pneu-

matic actuated slave have been also presented in this chapter. By assuming that the

thermodynamics in the pneumatic actuator to be reversible (isothermal/adiabatic), the

standard back-stepping controller is used to design the command input to the actuators
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Figure 6.12: Comparison of the amplified cumulative actuator forces ρFam + Fas , with

the amplified human force ρηFh measured during tele-operation of the slave along an

arbitrary path in free space and when interacting with a hard surface. The controller im-

plemented to obtain the data in this figure is designed by assuming the thermodynamic

process in the actuator to be adiabatic.

for achieving bilateral position and velocity co-ordination. Controllers for both isother-

mal and adiabatic actuators have been reported in this chapter. These controllers were

implemented on an experimental setup consisting of two single DOF double ended pneu-

matic actuators. Experimental results demonstrate good performance both in free space

and when interacting with a hard metal surface. In the following chapter the proposed

framework for multilateral tele-operation and human power amplification is extended to

a multiple degrees of freedom robotic system with electrically actuated master system.
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Figure 6.13: Magnitude of the ratio γiso1m,s(.)/γ
iso
3m,s(.) used in the definition of ud in Eq.

(6.78), when the thermodynamic process is assumed to be isothermal.

Figure 6.14: Magnitude of the ratio γiso1m,s(.)/γ
iso
3m,s(.) used in the definition of ud in Eq.

(6.78), when the thermodynamic process is assumed to be adiabatic.



Chapter 7

Passive Bilateral Tele-operation

of a Pneumatic Rescue Robot

with Multiple-DOF

In chapter 5, a framework for human power amplification was presented. This frame-

work was extended to multilateral tele-operation and human power amplification with

multiple actuators in chapter 6. The controller design reported in chapters 5 and 6

were for single-DOF systems. In the current chapter, the framework for human power

amplification and passive tele-operation presented in earlier chapters is used to design

controllers for passive bilateral tele-operation and human power amplification of a pneu-

matic actuated multi-DOF crawling robot.

The crawler is intended to be a four legged robot for use in rescue environments

whose terrain is typically unknown. An illustration of the crawling robot, designed

and built at the Intelligent Machine Dynamics Laboratory (IMDL) at Georgia Institute

of Technology, is as shown in Fig. (7.1). Each leg of the crawler has three joints

and each joint is actuated by a pneumatic actuator. The crawler is remotely operated

by commanding a PHANToM(TM1 ) haptic device, also shown in Fig. (7.1). As

the crawler and the PHANToM(TM1) operate at different power range, human power

input at the PHANToM(TM1) is amplified by following the framework for bilateral

1 PHANToM is a trademarked product of Sensable Technologies,MA
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tele-operation presented in chapter 6. In addition, it is shown that this framework can

easily be extended to amplify human power input on an interface on the crawler leg.

This feature, which enables the crawler leg to be operated as a multi-DOF human power

amplifier, can aid in on-site rescue.

In chapters 5 and 6, controllers designed for both isothermal and adiabatic thermody-

namic models of the actuator were evaluated. The results demonstrated that controllers

designed with either thermodynamic models are equally good in achieving the desired

performance. Therefore, for ease of presentation, co-ordination controller for bilateral

tele-operation and human power amplification is derived in this chapter by assuming

the thermodynamic process in the actuator to be adiabatic. The controller development

for an isothermal actuator will be similar to the adiabatic actuator considered in this

chapter.

Figure 7.1: A solid model rendition of the proposed 4-legged crawler design

Current configuration and the desired operational characteristics of the crawler and

the PHANToM(TM1) systems are described in the next section. System dynamics are

presented in section 7.2. Crawler inertial dynamics are presented in section 7.2.1. The

dynamics of the adiabatic actuator are as presented in chapter 3 and are briefly refer-

enced in section 7.2.2. Dynamics of the PHANToM(TM1) haptic device are presented in

section 7.2.3. The problem of bilateral tele-operation with human power amplification

is formally stated in section 7.3. The framework for passive bilateral tele-operation and

human power amplification of the multi-DOF systems is presented in section 7.4. The
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control problem is formally stated within this framework and a two-stage back-stepping

controller design is presented in section 7.5. Passivity analysis of the co-ordinated

tele-operator is presented in section 7.6. Experimental results verifying efficacy of the

proposed controller are presented in section 7.7.

7.1 System configuration and operational characteristics

In this section, the configuration and the operational characteristics of the crawler and

the PHANToM(TM1) haptic device are presented. A schematic of the crawler is shown

in Fig. (7.1). A particular strategy for the movement of hind legs is for them to follow

the trajectory generated by the front legs [77]. The desired movement of the front two

legs is remotely commanded by a human operator through a pair of PHANToM(TM1)

haptic devices. Figure (7.2) illustrates the mode of human interaction with the haptic

device. However, as seen in Fig. (7.2), the hind legs are yet to be fabricated for the

current manifestation of the robot. Therefore, this chapter will only focus on bilateral

tele-operation of the front legs of the crawler. The hind carriage of the robot (consisting

of micro-processor, data acquisition and the power supply) is mounted on a pair of caster

wheels and a pair of regular wheels and can easily roll along the ground.

Forward motion of the crawler is achieved by placing both the front legs forward

and then pushing off the ground. Force from the actuators on the crawler’s front legs

is used to provide forward motion to the entire mass of the crawler, including mass of

the chassis and the hind cart. This movement of the front legs of the crawler to achieve

forward motion is similar to butterfly stroke in swimming. When moving the front legs

forward in free space, the crawler base is at rest and the motion of the crawler legs is

decoupled. Each leg will behave as a three-link manipulator with revolute joints and

a fixed base. When pushing off the ground, the legs of the crawler, and the base form

a closed chain. In this mode, the dynamics of the legs are coupled. In this study it is

assumed that the individual leg dynamics are still decoupled, with the coupling torques

assumed to be external environmental torques.

During tele-operation, haptic feedback provides the operator with a feel for the in-

teraction between the crawler and its environment. This information could be very

important for mapping a safe path for the crawler, especially in the absence of visual
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Figure 7.2: Current experimental configuration of the PHANToM(TM) and the crawler

or audio feedback to the operator. As shown in previous studies [[78] and the ref-

erences therein], haptic feedback also helps in improving operational effectiveness of

tele-operation.

In [77], a virtual linear spring was used to connect the PHANToM(TM1) with the

crawler in the task space of the crawler leg. The spring force due to error between the

position commanded at the PHANToM(TM1) and the actual crawler position was used

to provide the haptic feedback force. Such a formulation for haptic feedback informs

the operator on positional accuracy of the foot and presence of impediments in the path

of the crawler. However, the spring stiffness has to be appropriately selected to provide

discernible feedback for interaction with both hard and soft surfaces. As the crawler

navigates its way around its working environment, the actuator forces are a good mea-

sure of the interaction forces between the crawler and its environment. Actuator force at

the crawler joints are thus used to provide haptic feedback to the operator. The frame-

work for multilateral tele-operation with an electrically actuated master, presented in
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section 6.3.1, is used to achieve bilateral tele-operation in this chapter. In this frame-

work, the tele-operator will behave as a common passive mechanical tool, with ports for

mechanical power interaction with the human operator and the physical environment

at both the master and the slave systems. In the absence of power interaction at these

mechanical ports, the tele-operator will remain at rest.

As shown in Fig. (7.3), a 3-axis force sensor with a handle is attached to one of

the front legs of the crawler as an additional interface for human power amplification.

Any force applied on this interface is amplified through the actuators attached to that

leg of the crawler. This feature will enable people on-site a rescue location to move

heavier loads and help in the rescue operation. The crawler leg is thus operated as

a multi-DOF human power amplifier. Since the interaction between the crawler and

the PHANToM(TM1) is required to be bilateral, any interaction at the force amplifier

interface will be transmitted to the operator at the PHANToM(TM1) device. Due to

this configuration, shared control between the two operators is required to accomplish

certain tasks. The current location of the force sensor on the crawler leg is sufficient to

demonstrate human power amplification. Future redesign of the rescue robot can con-

sider a more detailed study on more appropriate location of this interface. The PHAN-

ToM(TM1) and the crawler communicate on a local area network connected through

Ethernet cables. In this study no communication delay between the PHANToM(TM1)

and the crawler was noticed and is hence not considered in the controller design.

Inertial dynamics of the crawler and the PHANToM(TM1), and the dynamics of the

adiabatic actuator are presented in the following section.

7.2 System dynamics

In this section, inertial dynamics of an individual crawler leg are presented. Dynamics

of the other leg will be exactly the same. The three revolute joints on a leg of the crawler

are actuated by the three linear pneumatic actuator. Dynamics of an adiabatic actuator

providing the actuation torque are briefly presented in section 7.2.2. Energy associated

with the three adiabatic actuators on a crawler leg and the associated supply rate is

also presented in section 7.2.2. Similar to the crawler, each PHANToM(TM1) device

also has three revolute joints. Each joint has a position sensor to determine the joint
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Figure 7.3: Location of the force sensor on the second joint of the right leg

angle. The actuation torque at these joints is provided by a DC servo motor. Inertial

dynamics of the PHANToM(TM1) haptic device are presented in section 7.2.3.

7.2.1 Crawler leg dynamics

Orientation of the co-ordinate axis for the crawler foot tip workspace is as shown in Fig.

(7.4). The figure also illustrates the length a1 of link 1 (Coxa), the offset d between the

joint 1 and 2, the length a2 of link 2 (Femur) and the length a3 of link 3 (Tibia). The

position of the foot tip is determined by the angles at each joint of the crawler.

The Cartesian co-ordinate axis for measuring the joint angle is defined at each joint

by using the Denavit-Hartenberg [1] convention. The co-ordinate axes and the measured

orientation of the joint angles on the right leg of the crawler is as shown in Fig. (7.5).

The shoulder joint angle between the base (Thorax) of the leg and link 1 (Coxa) is

denoted by θ1, the angle between link 1 (Coxa) and link 2 (Femur) is denoted by θ2

and the joint angle between link 2 (Femur) and link 3 (Tibia) is denoted by θ3. The

allowed range of motion of the joint angles is determined by geometry of the design.

With respect to the joint co-ordinate axes shown in Fig. (7.5), the allowed range of joint

angles is obtained in degrees as θ1 ∈ [−47o, 90o], θ2 ∈ [−67o,−1o], and θ3 ∈ [17o, 95o].

Note that on the left leg, the allowable range for shoulder joint angle is [270o, 407o].
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Figure 7.4: Orientation of the Cartesian co-ordinate axes of the foot tip workspace of

each leg of the crawler. The geometric parameters d a1, a2 and a3 corresponding to the

three links is also shown in the figure.

In the joint co-ordinate axes shown in Fig. (7.5), let y1 be the stroke position of the

pneumatic actuator at shoulder joint, x2 be the stroke of the actuator at the shank joint,

and x3 be the stroke position of the actuator at the foot joint. Let X := (y1, x2, x3)

be the vector of cylinder position along the three joints. There is a one-to-one mapping

between the actuator stroke position at each joint and the corresponding joint angle.

Using the known information on the range of the joint angles, a linear mapping is

established between the position sensor output and the joint angles. This mapping is

used to identify the joint angles for any measured output of the actuator position sensor.

In this study, the joint angles are designated to be the generalized co-ordinates and

the dynamics of each leg of the crawler is obtained in its joint space. Let q := [θ1, θ2, θ3]

be the vector of joint angles on a crawler leg. Let Fhe be the input human force vector

along the Cartesian co-ordinates of the interface shown in Fig. 7.3. This force is mapped

into the torque τhe in the crawler joint space using the Jacobian JTh (q) as,

τhe = JTh (q̇)Fhe (7.1)
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Figure 7.5: Orientation the joint angles (generalized co-ordinates) on the right leg of

the crawler obtained by using Denavit-Hartenberg convention [1]

Using the Lagrangian formulation [1], the inertia dynamics of an individual crawler

leg is then obtained as,

Mq(q)q̈ + Cq(q, q̇)q̇ + gq(q) = τa + τec + τhe (7.2)

whereMq(q) ∈ R3×3 is the inertial matrix of the leg in the joint space, Cq(q, q̇) ∈ R3×3

is the matrix for Coriolis acceleration, gq(q) ∈ R3×1 is the gravitational torque vector,

τa ∈ R3×1 is the vector of torque applied by the three pneumatic actuators on the three

joints, τec ∈ R3×1 is the vector of un-modeled and unknown torques (such as friction,

ground reaction forces when interacting with the ground) applied on the three joints.

Elements of the matrices Mq(q), Cq(q, q̇), and gq(q) are provided in appendix D.1.

Remark 7.1. The dynamics in Eq. (7.2) are obtained from Lagrangian formulation,

and hence satisfy the skew-symmetry property AT (Ṁq(q)− 2Cq(q, q̇))A = 0 for any

given vector A ∈ R3×1.
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7.2.2 Actuator dynamics

The force Fa from a linear pneumatic actuator depends on the cap-side chamber pressure

P1, rod-side chamber pressure P2, and the piston cross-sectional areas on the cap-side

(A1) and the rod side (A2) as,

Fa = P1A1 − P2A2 − Patm(A1 −A2) (7.3)

where Patm is the atmospheric pressure acting on the exposed rod. In this chapter,

the thermodynamic process in the actuator is assumed to be adiabatic. For a chamber

volume of Vi and chamber air mass of mi, the dynamics of the chamber pressure Pi in

an adiabatic actuator is obtained from Eq. (3.13) as,

Ṗi
Pi

= γ

(
ṁi

mi
− V̇i
Vi

)
(7.4)

where γ corresponds to the ratio of specific heats, and has a magnitude of 1.4 for air.

The direction of the air mass flow rate ṁ depends on the spool position in the valve

regulating the flow to/from the pneumatic actuator, while the magnitude of the air flow

depends on the pressure upstream and downstream of the valve and the effective area

u available for the flow rate. As given in Eq. (3.26), the air mass flow rate ṁi to the

ith ∈ (1, 2) chamber of a two-chambered pneumatic actuator is determined from the

following equation,

ṁi = Ψ(Pi, Ti, u)u (7.5)

where the nonlinear function Ψ(Pi, Ti, u) is as defined in Eq. (3.27). The effective valve

area u is used to vary the mass flow rate and consequently vary the chamber pressure.

Further details on the actuator model are provided in chapter 3.

From the geometry of the leg, the moment arms r1(θ1), r2(θ2) and r3(θ3) corre-

sponding to joints 1, 2 and 3 on the right leg are obtained as,

r1(θ1) = 0.0508Cos(θ1), r2(θ2) = 0.0601Cos(π/2 + θ2), r3(θ3) = −0.0381Sin(θ3)

(7.6)

Let F a , (Fa1 , Fa2 , Fa3) represent the vector of forces from the three actuators

on a leg. The torque vector τa corresponding to the actuator force vector Fa is then

determined as,

τa = RT (q)F a (7.7)
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where R(q) := diag(r1(θ1), r2(θ2), r3(θ3)) is a diagonal matrix of moment arms.

Energy function and supply rate corresponding to the actuators on each

crawler leg

For the multi-DOF system (crawler leg) studied in this chapter, let m1 ∈ R2 represent

the vector of air mass in chambers 1 and 2 of the pneumatic actuator connected at joint

1, while m2 ∈ R2, and m3 ∈ R2 be the vector of air mass in the two chambers of the

pneumatic actuators on joints 2 and 3 respectively. Let P 1 ∈ R2, P 2 ∈ R2 and P 3 ∈ R2

be the vector of pressures in chambers 1 and 2 of the actuators connected at joints 1,

2 and 3 respectively. As shown in chapter 3, the energy W adb
act (mi,P i) associated with

the actuator on the ith ∈ (1, 2, 3) joint is defined to be the work available along the

adiabatic trajectory and is as given in Eq. (3.94). The available energy Wact(m,P )

associated with all the actuators on a crawler leg would be the cumulative energy of the

three actuators and is obtained as,

Wact(m,P ) = W adb
act (m1,P 1) +W adb

act (m2,P 2) +W adb
act (m3,P 3) (7.8)

where m := (m1,m2,m3) and P := (P 1,P 2,P 3). Let u1, u2 and u3 be the input

command to the actuators connected at joints 1, 2 and 3 respectively and let u ,

(u1, u2, u3) be the input command vector. The time derivative Ẇ adb
act (.) of the energy

available from an adiabatic actuator, given in Eq. (3.132), shows that the actuator

can be considered as a two-port system with the valve command input ui as the flow

variable at the fluid port of the actuator. From the definition of Ẇ adb
act (.) in Eq. (3.132),

the time derivative Ẇact(m,P ) of the cumulative energy function of the three actuators

on the crawler leg is obtained as,

Ẇact(m,P ) = (Γ1(m,P , u)u)TFa − ẊTFa (7.9)

where Ẋ , (ẏ1, ẋ2, ẋ3) is the vector of linear speeds of the cylinder pistons and the

matrix Γ1(m,P ,u) is defined as,

Γ1(m,P ,u) =


γadb1 (m1,P 1, u1) 0 0

0 γadb1 (m2,P 2, u2) 0

0 0 γadb1 (m3,P 3, u3)

 (7.10)
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where γadb1 (m1,P 1, u1) is as defined in Eq. (3.134). The power transmitted at the

mechanical port of the pneumatic actuators (ẊTFa) is independent of the co-ordinate

frame and satisfies the following equation from power continuity,

ẊTFa = q̇T τa (7.11)

Using the expression for the actuator torque vector τa from Eq. (7.7) in the above

equation, the linear speed vector Ẋ of the actuator pistons is related to the joint angle

velocity vector q̇ as,

q̇ = R−1(q)Ẋ (7.12)

Using Eq. (7.11) to express the power transferred at the mechanical port in terms

of the actuator torque τa, and using the expression for τa from Eq. (7.7), the time

derivative Ẇact(.) of the actuator energy function in Eq. (7.9) can be expressed in

terms of the actuator torque τa as,

Ẇact(m,P ) = (R−1(q)Γ1(m,P , u)u)T τa − q̇T τa (7.13)

The rate of change of actuator energy presented in the above equation will be used

in studying the passivity properties of the co-ordinated tele-operator in section 7.6. In

the following subsection dynamics of the PHANToM(TM1) haptic device are presented.

7.2.3 PHANToM(TM) dynamics

The PHANToM(TM1) is a haptic device with three degrees of freedom. In this study,

a pair of PHANToM(TM1) devices are used to remotely operate the front two legs of

the crawler. The orientation of the co-ordinate axes in the workspace of the PHAN-

ToM(TM1) device are as shown in the Fig. (7.6). Each joint of the PHANToM(TM1)

device is actuated with an electric motor. When acting autonomously (no human in-

teraction), the torque τaph ∈ R3×1 applied by the electric motors are used to move

the joint angles of the PHANToM(TM1) along a desired trajectory. When used as a

master system in tele-operation, the actuator force from the motors is used to provide

haptic feedback force to the interacting human operator. The operating power range of

these motors is not very high and their torque τaph can be easily overcome by torque

τh ∈ R3×1 imposed by a human operator.
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Figure 7.6: Orientation of the co-ordinate axes on the two PHANToM(TM) devices

when viewed from the front

A detailed model of the PHANToM(TM1) inertia dynamics in its joint space has

been presented in [79]. Further modifications and simplifications have been reported in

[80] and [81] respectively. The dynamics presented in [79] are used for controller design

in this study. Let qph ∈ R3×1 represent the vector of joint angles in the joint space of a

PHANToM(TM1) haptic device. For an external torque τpex ∈ R3×1 representing any

un-modeled external forces on the device, actuator torque of τaph and a torque τh from

human operator, the inertia dynamics are obtained in the PHANToM(TM1) joint space

by using Lagrangian formulation [79] as,

Mqh(qph)q̈ph + Cqh(qph, q̇ph)q̇ph + g(qph) = τh + τpex + τaph (7.14)

where Mqh(qph) ∈ R3×3 is the inertia matrix, Cqh(qph, q̇ph) ∈ R3×3 is the Coriolis

matrix, g(qph) ∈ R3×1 is the vector of gravitational torque. Elements of Mqh(qph),

Cqh(qph, q̇ph) and g(qph) matrices are as reported in appendix D.2.

Remark 7.2. The PHANToM(TM1) dynamics in Eq. (7.14) are obtained from La-

grangian formulation [79] and hence satisfy the following skew-symmetry property

AT (Ṁqh(qph)− 2Cqh(qph, q̇ph))A = 0 (7.15)
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for any given vector A ∈ R3×1.

For co-ordination controller design, the PHANToM(TM1) dynamics in Eq. (7.14)

have to be transformed from the PHANToM(TM1) joint space to the crawler joint space.

This transformation is presented in the following subsections.

PHANToM(TM) dynamics in crawler joint space

As shown in Fig. (7.4) and Fig. (7.6), co-ordinate axes for the crawler and the PHAN-

ToM(TM1) do not have the same orientation. To define an appropriate co-ordination

problem, the dynamics of the crawler and the PHANToM(TM1) have to defined in the

same co-ordination axes. In this section, PHANToM(TM1) dynamics are transformed

and expressed in the crawler joint space. Let Xo be the position vector of the origin

of the Cartesian co-ordinates of the PHANToM(TM1) tip task space expressed in the

crawler foot tip task space. As shown in Fig. (7.6), the origin of PHANToM(TM1)

tip task space is fixed. The origin of the crawler foot tip task space is attached to the

body of the crawler and moves with the crawler. The mapping of the PHANToM(TM1)

origin in the crawler task space, moves with the crawler body to maintain a constant

offset of Xo from the origin of the crawler task space co-ordinate axis.

The PHANToM(TM1) device is equipped with position sensors to measure the po-

sition of the tip of the device in its task space. Let Xph represent the measured Carte-

sian position vector of the tip of the PHANToM(TM1) haptic device in its task space.

The joint angular velocity vector q̇ph in the PHANToM(TM1) joint space is related to

the foot tip velocity vector of the foot tip velocity vector Ẋph through the Jacobian

Jph(qph) as,

Ẋph = Jph(qph)q̇ph (7.16)

PHANToM(TM1) task space to crawler task space: Let Xph2c be the position

of the PHANToM(TM1) tip in the crawler task space. For a kinematic scaling of α,

transformation from the PHANToM(TM1) task space to the crawler task space is then
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given by,

Xph2c = α


0 0 −1

1 0 0

0 −1 0


︸ ︷︷ ︸

Jph2cr

Xph +Xo (7.17)

where Jph2cr is the transformation matrix representing rotation of the co-ordinate axes

from the PHANToM(TM1) space to the crawler space.

Crawler task space to joint space: The position of the PHANToM(TM1) tipXph2c

in the crawler task space, evaluated from Xph as shown in Eq. (7.17), is used to

determine the desired crawler joint angles as commanded at the PHANToM(TM1). As

shown in Fig. (7.5), Denavit-Hartenberg [1] convention is used to define the co-ordinate

axes at each joint on the crawler leg. Let qp be the vector of joint angles corresponding

to the commanded PHANToM(TM1) position vector Xph2c in the crawler task space.

The kinematic mapping from the crawler task space to the crawler joint space is as shown

in [82] and is repeated in appendix D.3. The velocity vector Ẋph2c in the crawler task

space is related to the angular velocity vector q̇p in the crawler joint space through the

Jacobian Jcr(qp) as,

Ẋph2c = Jcr(qp)q̇p (7.18)

Let JT (qp) := (Jph(qph)Jph2cr)
−1Jcr(qp) be the Jacobian between the PHAN-

ToM(TM1) joint space and the crawler joint space. The angular velocity vector q̇ph

commanded in the PHANToM(TM1) joint space and its corresponding velocity vector

q̇p in the crawler joint space are related through the Jacobian JT (qp) as,

q̇p = J−1
T (qp)q̇ph (7.19)

From power continuity, the input human torque vector τh, the external torque vec-

tor τpex and the actuator torque vector τaph in the PHANToM(TM1) joint space are

obtained in the crawler joint space as,

τhp = JTT (qp)τh, τep = JTT (qp)τpex , τap = JTT (qp)τaph (7.20)

where τhp represents the input human torque in the crawler joint space, τep represents

the vector of un-modeled external torques acting on the PHANToM(TM1) in the crawler
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joint space, and τap corresponds to the actuator joint torque vector expressed in the

crawler joint space.

Using the velocity transformation from Eq. (7.19) and the torque transformations

from Eq. (7.20), the PHANToM(TM1) dynamics in Eq. (7.14) are obtained in the

crawler joint space as,

Mp(qp)q̈p + Cp(qp, q̇p)q̇p + gp(qp) = τhp + τep + τap (7.21)

where the inertial matrix Mp(qp), the Coriolis acceleration matrix Cp(qp, q̇p) and the

gravitational torque vector gp(qp) in the crawler joint space are obtained as,

Mp(qp) = JTT (qp)Mph(qph)JT (qp), gp(qp) = JTT (qp)g(qph)

Cp(qp, q̇p) = JTT (qp)(Cph(qph, q̇ph)JT (qp) +Mph(qph)J̇T (qp))JT (qp)
(7.22)

Remark 7.3. The PHANToM(TM1) dynamics in Eq. (7.21) satisfies the skew-symmetry

property, AT (Ṁp − 2Cp)A = 0, for any vector A ∈ R3×1.

Desired characteristics of the tele-operator in the crawler joint space are now pre-

sented in the following section.

7.3 Problem statement

It is desired that tele-operation of the crawler with the PHANToM(TM1) haptic device

have the following characteristics to behave as a passive mechanical tool,

1. Co-ordinated tele-operation : An essential objective of tele-operation is position

and velocity co-ordination between the crawler and the PHANToM(TM1) haptic

device. This is required to remotely move the crawler along a desired path. For

a crawler joint angle vector of q and PHANToM(TM1) joint angle vector of qp in

the crawler joint space, the co-ordination requirements can be stated as,

qE := q − qp → 0, q̇E := q̇ − q̇p → 0 (7.23)

where qE and q̇E represent errors in the position and the velocity co-ordination

respectively.
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2. PHANToM(TM1) Power scaling and on-site human power amplification : The

operating power range of the actuators on the crawler is significantly higher than

the PHANToM(TM1) actuators. To achieve tele-operation of the crawler by using

allowable human power input at the PHANToM(TM1), the power interaction at

the PHANToM(TM1) has to be scaled.

A desired feature on the crawler is a haptic interface for amplifying the input

human power. This feature allows the crawler legs to be used as a multi-DOF

human power amplifier which can be used by humans in a rescue environment to

move heavier loads and aid with on-site rescue operation. Figure 7.3 illustrates

such a haptic interface on the leg of a crawler.

Therefore, the desired supply rate to a co-ordinated tele-operator with master

power amplification and on-site human power amplification is given by,

sh(τec , τep , τhe , τhp , q̇, q̇p) := q̇Tp (ρ(τhp + τep)) + q̇T (τec + (η + 1)τhe) (7.24)

where ρ ∈ <+ is the desired scaling of the external power input at the PHAN-

ToM(TM1), τhe represents the torque in the crawler joint space due to input

human force at the interface and is as defined in Eq. (7.1), and η ∈ <+ is the

desired amplification of the input human power at the crawler interface.

3. Passive operation : The crawler deployed in rescue operations will have to interact

with unfamiliar and/or un-modeled environments. As the forces due this interac-

tion are used to provide haptic feedback to the operator, safe interaction between

the crawler and the environment is essential. Safe interaction is guaranteed if

the external supply rate to the tele-operator as given in Eq. (7.24) satisfies the

following condition for energetic passivity,∫ t

0
sh(τec , τep , τhp , τhe , q̇, q̇p) dt ≥ −c2

o (7.25)

where c2
o corresponds to the energy that can be extracted from the co-ordinated

tele-operator in the absence of any external energy input. After velocity co-

ordination (q̇ = q̇p = q̇c), the desired passivity condition is obtained from the

above equation as, ∫ t

0
sh(τec , τep , τhp , τhe , q̇c, q̇c) dt ≥ −c2

o (7.26)
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In the following section, framework for achieving the above listed operational char-

acteristics of the tele-operator as a common passive mechanical tool is presented.

7.4 Formulation of the control problem

The desired characteristics of the multi-DOF tele-operator with an electric motor driven

master, as enumerated in the previous section, are similar to those listed in section 6.2

for a single-DOF tele-operator. The framework for the design of co-ordination controller

for single-DOF systems presented in section 6.3.1 is generic in nature. In the following

subsection, the framework from section 6.3.1 is used to formulate the framework for

bilateral tele-operation between multi-DOF nonlinear systems. The control problem is

then formally stated within this framework.

7.4.1 Frame work for energetic bilateral tele-operation and on-site hu-

man power amplification

Figure (7.7) illustrates the power flow variables corresponding to various elements of the

tele-operator. The framework for appropriate interconnection between these subsystems

for achieving the desired operational characteristics is presented in this sub-section.

Figure 7.7: Port power variables of the crawler and the PHANToM(TM) expressed in

the crawler joint space.
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Scaling of the power input at PHANToM(TM)

To achieve power amplification from the PHANToM(TM1) haptic device to the crawler,

the dynamics of the PHANToM(TM1) are scaled by the desired amplification factor

ρ > 1. The PHANToM(TM1) dynamics used in the controller design are therefore

obtained from Eq. (7.21) as,

ρ
(
Mp(qp)q̈p + Cp(qp, q̇p)q̇p + gp(qp) = τhp + τep + τap

)
(7.27)

The scaling is done such that the inertia and the external torques corresponding to the

amplified dynamics of the PHANToM(TM1) in the above equation are of the same order

of magnitude as those of the crawler.

Bilateral tele-operation and on-site human power amplification

To achieve bilateral operation between a pneumatically actuated slave (crawler) and an

electrically actuated master (PHANToM(TM1)), velocity of the master is used as the

flow input at the fluid port of the pneumatic actuator. To achieve human power amplifi-

cation the approach proposed in section 5.3.2 is adapted by using the PHANToM(TM1)

inertia in a fashion analogous to the virtual inertia. The electro-mechanical actuators

on the PHANToM(TM1) joints are used to apply the desired amplified human torque

(ητhe) on the PHANToM(TM1) dynamics.

To achieve bilateral tele-operation and with human power amplification through

position and velocity co-ordination, additional feedback input is required. The feedback

input ufb is injected at the fluid port of the pneumatic actuator as shown in Fig. (7.8)

to achieve co-ordinated operation. The interconnection for achieving human power

amplification with bilateral tele-operation is as shown in Fig. (7.8).

7.4.2 Passive state transformation

It is convenient to design co-ordination controllers in the co-ordination error space. In

this subsection, state transformation to obtain the relative error dynamics is presented.

The PHANToM(TM1) and the crawler inertial dynamics used in the controller design
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Figure 7.8: Interconnection of the crawler and the PHANToM(TM) power variables to

achieve bilateral tele-operation and human power amplification. The feedback input

ufb is injected at the fluid port flow input to achieve co-ordinated motion.

can be expressed as,(
ρMp(qp) 0

0 Mq(q)

)(
q̈p

q̈

)
+

(
ρCp(qp, q̇p) 0

0 Cq(q, q̇)

)(
q̇p

q̇

)

+

(
ρgp(qp)

gq(q)

)
=

(
ρ(τhp + τep + τap)

τa + τec + τhe

)
(7.28)

Passive decomposition

As tele-operation entails regulation of co-ordination error, the crawler and the PHAN-

ToM(TM1) dynamics in the above equation are transformed to obtain co-ordination

error dynamics. The velocity transformation reported in [30] and presented in section

5.3.3 is again employed. Let VL be the velocity vector of the Locked system correspond-

ing to the center of mass of the crawler and the PHANToM(TM1) systems. The system

whose velocity corresponds to the co-ordination velocity error q̇E := (q−qp) is referred

to as Shape system. The transformation from the original velocity space (q̇, q̇p) to the

Locked and Shape system velocity space (VL, q̇E) is defined as,(
VL

q̇E

)
=

(
I − φ(q, qp) φ(q, qp)

I −I

)
︸ ︷︷ ︸

S(q,qp)

(
q̇

q̇p

)
(7.29)
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where S(q, qp) ∈ R6×6 is the transformation matrix, I ∈ R3×3 is the identity matrix

and the matrix φ(q, qp) ∈ R3×3 is defined as,

φ(q, qp) , (Mq(q) + ρMp(qp))−1ρMp (7.30)

Let MT (q, qp) correspond to the inertia matrix in the transformed velocity space.

As kinetic energy in the original velocity space and the transformed velocity space should

be the same, the inertia matrices before and after the velocity transformation in Eq.

(7.29) are related as,(
V T
L q̇TE

)
MT (q, qp)

(
VL

q̇E

)
=
ρ

2
q̇TpMp(qp)q̇p +

1

2
q̇TMq(q)q̇ (7.31)

Using the velocity transformation defined in Eq. (7.29), the inertia matrixMT (q, qp)

in the transformed state space is obtained as,

MT (q, qp) =S−T (q, qp)

(
ρMp(qp) 02×2

02×2 Mq(q)

)
S−1(q, qp)

=

(
ML(q, qp) 02×2

02×2 ME(q, qp)

) (7.32)

where ML(q, qp) and ME(q, qp) correspond to the inertia of the Locked system and

the Shape system respectively and are obtained as,

ML(q, qp) = (Mq(q) + ρMp(qp))

ME(q, qp) = φT (q, qp)Mq(q)φ+ (I − φ(q, qp))
T ρMp(qp)(I − φ(q, qp))

(7.33)

Again, there is no inertial coupling between the Locked and the Shape system dy-

namics due to the definition of the φ(q, qp) matrix in Eq. (7.30). Let τL and τE be

the actuator torques acting on the Locked and the Shape system respectively. Using

the inertia transformation from Eq. (7.32) and the velocity transformation from Eq.

(7.29) on the PHANToM(TM1) and the crawler dynamics in Eq. (7.28), the Locked

and Shape system dynamics are obtained as,

ML(q, qp)V̇L + CL(q, qp, q̇, q̇p)VL +CLE(q, qp, q̇, q̇p)q̇E + gL(q, qp) =

ρ(τhp + τep) +τec + τhe +τL (7.34)

ME(q, qp)q̈E +CE(q, qp, q̇, q̇p)q̇E + CEL(q, qp, q̇, q̇p)VL + gE(q, qp) =

φT (q, qp)(τec + τhe)−(I − φT (q, qp)) ρ(τhp + τep) + τE (7.35)
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The Coriolis matrices CL(q, qp, q̇, q̇p), CLE(q, qp, q̇, q̇p), CEL(q, qp, q̇, q̇p) and

CE(q, qp, q̇, q̇p) in the transformed space are obtained as,

CL(q, qp, q̇, q̇p) = Cq(q, q̇) + ρCp(qp, q̇p) (7.36)

CLE(q, qp, q̇, q̇p) = Cq(q, q̇)φ(q, qp)− ρCp(qp, q̇p)(I − φ(q, qp)) + (Mq(q)

+ ρMp(qp))φ̇(q, qp) (7.37)

CE(q, qp, q̇, q̇p) = φT (q, qp)Cq(q, q̇)φ(q, qp)

+ (I − φ(q, qp))
T ρCp(qp, q̇p)(I − φ(q, qp)) (7.38)

CEL(q, qp, q̇, q̇p) = φT (q, qp)Cq(q, q̇)− (I − φ(q, qp))
T ρCp(qp, q̇p) (7.39)

The gravitational vectors gL(q, qp), gE(q, qp), and the actuator torques τL, τE

acting on the Locked and the Shape system dynamics respectively are obtained as,

gL(q, qp) = (gq(q) + ρgp(qp))

gE(q, qp) = (φT (q, qp)gq(q)− (I − φT (q, qp))ρgp(qp))

τL = ρτap + τa, τE = φT (q, qp)τa − (I − φT (q, qp))ρτap

(7.40)

Passive controllers take advantage of the properties of the system that facilitate

design of controllers with simpler structure. In the following remark it is shown that

the Shape system dynamics in Eq. (7.49) satisfy a skew-symmetric property. This

property will be used in later part of the section to design co-ordination controllers.

Remark 7.4. Inertial dynamics of the Shape system in Eq. (7.49) satisfy the following

skew-symmetry condition,

AT (ṀE(q, qp)− 2CE(q, qp, q̇, q̇p))A = 0 (7.41)

for any vector A ∈ R3×1.

Proof. Proof as shown in appendix D.4.1

Decoupling torque for the Locked and the Shape system dynamics

The Locked and the Shape system dynamics in Eq. (7.34) and Eq. (7.35) respectively,

are coupled through the Coriolis terms CLE(q, qp, q̇, q̇p)q̇E and CEL(q, qp, q̇, q̇p)VL

respectively. In proposition 2 of [30] it is shown that the coupling Coriolis matrices are
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related as CLE(q, qp, q̇, q̇p) = −CTEL(q, qp, q̇, q̇p). As shown in corollary 1 of [30], the

supply rate corresponding to the decoupling torques τdL := CLE(q, qp, q̇, q̇p)q̇E and

τdE := CEL(q, qp, q̇, q̇p)VL on the Locked and Shape systems respectively is zero as,

V T
L τ

d
L + q̇TEτ

d
E = 0 (7.42)

To achieve tele-operation with human power amplification, the actuator torques τL

and τE are therefore defined as,(
τL

τE

)
=

(
CLE(q, qp, q̇, q̇p)q̇E

CEL(q, qp, q̇, q̇p)VL

)
+

(
ητhe

τ cE

)
(7.43)

where τ cE is part of the co-ordination controller that will be designed in section 7.5 for

regulating the Shape system dynamics. With the torque τL as defined in Eq. (7.43),

the Locked system dynamics are obtained as,

ML(q, qp)V̇L + CL(q, qp, q̇, q̇p)VL + gL(q, qp) = ρ(τhp + τep) + τec + (η + 1)τhe

(7.44)

where the net external torque on the r.h.s of the above equation corresponds to the de-

sired supply rate sh(.) in Eq. (7.24) for tele-operation with human power amplification.

The Locked system dynamics in Eq. (7.44) corresponds to inertia dynamics that is influ-

enced by external input torques at multiple ports such as the input human torques τhp

and τhe , external torques τep and τec , and the gravitational torque vector gL(q, qp).

The Locked system thus behaves as a common passive mechanical tool that feels like an

extension of the human limb, providing work output only under the influence of input

human torque and other external environmental torques (such as gravity). The desired

supply rate in Eq. (7.25) is satisfied by using the kinetic energy of the Locked system

for a co-ordinated tele-operator (q̇E = 0) as the storage function.

Using the definition of the Locked system torque τL := ρτap + τa from Eq. (7.40)

in Eq. (7.43), the PHANToM(TM1) actuator torque is obtained as,

τap = −1

ρ
(τa − CLE(q, qp, q̇, q̇p)q̇E) +

η

ρ
τhe (7.45)

The actuator torque on the PHANToM(TM1) device is used to achieve multiple

objectives including providing haptic feedback to the human operator, decoupling of
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the Locked and the Shape system dynamics, and to facilitate amplification of human

power input on the interface on the crawler leg. When operating the crawler legs as

a human power amplifier, the PHANToM(TM1) thus behaves in a fashion analogous

to the virtual inertia defined in the controller design for a human power amplifier as

described in section 5.3.2.

The actuator torque τa on the crawler is designed to regulate the Shape system

dynamics in Eq. (7.35). Using the definition of τE from Eq. (7.40), and from the

definition of τap in Eq. (7.45), the Shape system dynamics in Eq. (7.35) are expressed

in terms of τa. For ease of presentation let τk(q, qp) represent the net torque acting

on the Shape system due to coupling in the Coriolis terms of the Locked and Shape

system dynamics, and τex(q, qp) consist of the external torque vectors acting on the

PHANToM(TM1) and the crawler. These vectors are defined as,

τk(q, qp) = (I − φT (q, qp))CLE(q, qp, q̇, q̇p)q̇E + CEL(q, qp, q̇, q̇p)VL (7.46)

τex(q, qp) = (I − φT (q, qp))ρ(τhp + τep) + ητhe − φT (q, qp)(τec + (η + 1)τhe)

(7.47)

Using the inverse of the torque transformation in Eq. (7.40), and from the definition

of τk(q, qp) in the above equation, the energy conservative relationship between the

decoupling torque on the Locked and the Shape system dynamics in Eq. (7.42) can be

expressed as,

q̇Tp (φT (q, qp)CLE(q, qp, q̇, q̇p)q̇E − CEL(q, qp, q̇, q̇p)VL) + q̇T τk(q, qp) =

q̇TpCLE(q, qp, q̇, q̇p)q̇E + q̇TEτk(q, qp) = 0
(7.48)

Controller design for regulation of Shape system dynamics in the above equation is

presented in the following section.

7.5 Co-ordination controller design

The Shape system dynamics in Eq. (7.35) are influenced by the valve input command

vector u only through the actuator torque vector τa. Due to this structure, the controller

can be designed in a two step back-stepping process [2]. The desired actuator torque τda

required for regulation of the inertia dynamics in Eq. (7.35) is designed in the first step.
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The valve command input vector u to provide the desired torque τda is then designed

in the second step of the control design process. The required torque input in the first

stage of controller design is derived in the following subsection.

7.5.1 First stage controller design to determine desired actuator torque

output

From the definition of the haptic feedback torque τap in Eq. (7.45), the Shape system

dynamics in Eq. (7.35) can be expressed as,

q̇E = VE

ME(q, qp)V̇E + CE(q, qp, q̇, q̇p)VE + gE(q, qp) = τa − τk(q, qp)− τex(q, qp)

(7.49)

The desired torque input τda for regulation of inertial dynamics in Eq. (7.49) is

determined in this section by using Exact Compensation Control Law (ECCL) [83].

The actuator torque is first designed for the case when the external torque τex is well-

known. The design is then extended to the scenario when τex is not well known and

must be estimated.

As is required for ECCL, the following reference velocity error vector ev is defined,

ev = VE + Λ1qE (7.50)

where Λ1 ∈ R3×3 is a positive definite diagonal matrix. The definition of ev is similar

to a sliding surface employed in sliding mode control [2]. Regulation of ev to zero will

lead to exponential convergence of position error qE . By extension, the velocity error

VE also converges exponentially to zero. Dynamics of ev is obtained from the Shape

system dynamics in Eq. (7.49) as,

ME(q, qp)ėv + CE(q, qp, q̇, q̇p)ev + gE(q, qp) = τa − τk(q, qp)− τex(q, qp)+

ME(q, qp)Λ1VE +CE(q, qp, q̇, q̇p)Λ1qE

(7.51)

Desired actuator torque when τex is completely known

For designing the actuator torque τa to regulate reference velocity ev to zero, consider

the following positive definite function of the reference velocity error ev and the position
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co-ordination error qE as a Lyapunov function,

V̄1(ev, qE) =
1

2

(
eTv qTE

)( ME 03

03 Kp

)
︸ ︷︷ ︸

Pc

(
ev

qE

)
(7.52)

where Kp ∈ R3×3 is a constant positive definite diagonal matrix. As the above Lya-

punov function is quadratic, it can bounded from above and below as,

1

2
σmin(Pc)

∥∥∥∥∥ evqE
∥∥∥∥∥

2

2

≤ V̄1(ev, qE) ≤ 1

2
σmax(Pc)

∥∥∥∥∥ evqE
∥∥∥∥∥

2

2

(7.53)

where σmin(.) and σmax(.) correspond to the operator for finding the minimum and

the maximum singular values of input matrix. By regulating the Lyapunov function

V̄1(ev, qE) in Eq. (7.52) to zero, the Shape system states (qE ,VE) are also regulated to

zero. Using the dynamics of ev from Eq. (7.51), and assuming the actuator is providing

the desired torque τda (τa = τda ), the time derivative of Lyapunov function V̄1(ev, qE)

in Eq. (7.52) is obtained as,

˙̄V1(ev, qE) = eTv (τda − τk(q, qp)− τex(q, qp)− CE(q, qp, q̇, q̇p)ev − gE(q, qp)+

ME(q, qp)Λ1VE + CE(q, qp, q̇, q̇p)Λ1qE) + eTv
ṀE(q, qp)

2
ev + V T

E KpqE

(7.54)

Using the skew-symmetry property of the Shape system inertia from Eq. (7.41), and

if the desired actuator torque τda is defined as,

τda = τk(q, qp) + τex(q, qp)− gE(q, qp)−Kdev −KpqE −ME(q, qp)Λ1VE

−CE(q, qp, q̇, q̇p)Λ1qE

(7.55)

whereKd ∈ R3×3 is a constant positive definite diagonal matrix, the Lyapunov function

derivative ˙̄V1(ev, qE) in Eq. (7.63) can be simplified as,

˙̄V1(ev, qE) = −
(
eTv qTE

)( Kd 03

03 Λ1Kp

)
︸ ︷︷ ︸

Qc

(
ev

qE

)
≤ −σmin(Qc)

∥∥∥∥∥ evqE
∥∥∥∥∥

2

2

(7.56)
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Using the bounds on the Lyapunov function V̄1(ev, qE) from Eq. (7.53), the Lya-

punov function derivative ˙̄V1(ev, qE) in Eq. (7.56) can be expressed as,

˙̄V1(ev, qE) ≤ −2σmin(Qc)

σmax(Pc)
V̄1(ev, qE) (7.57)

On integrating both sides of the above equation, exponential convergence of Lya-

punov function V̄1(ev, qE) to zero follows. As V̄1(ev, qE) is a positive definite function

of qE and VE , they also exponentially converge to zero.

The desired actuator torque vector in Eq. (7.55) requires perfect information of

the external torque τex(q, qp) for feed forward compensation. The PHANToM(TM1)

haptic device used in this study is not equipped with a force sensor for measuring the

input human torque τhp . In addition, it is difficult to model all the external forces

such as friction in the actuating cylinders, interaction forces between the crawler and

its operating environment. Therefore τex(q, qp) has to be estimated for determining

the desired actuator torque τda required for regulation of Shape system dynamics. The

estimator dynamics, and the corresponding design of τda is presented in the following

subsection.

Desired actuator torque when τex is not well-known

In this section, τex estimated by assuming it to be a constant (or slowly varying) but

unknown parameter. Due to nonlinear dynamics of the reference velocity error ev in

Eq. (7.51), it is not possible to use a linear Luenberger observer to estimate τex. In

this section, the estimate of τex is obtained by using direct adaptive control. Let τ̂ex

represent an estimate of the external torque vector on the Shape system. The desired

actuator torque in Eq. (7.55) is redefined in terms of τ̂ex as,

τda = τk(q, qp) + τ̂ex − gE(q, qp)−Kdev −KpqE

−ME(q, qp)Λ1VE − CE(q, qp, q̇, q̇d)Λ1qE

(7.58)

Let τ̃ex := τex(q, qp)− τ̂ex be the error in estimating the torque vector τex(q, qp).

From the expression for desired torque in Eq. (7.58), the Shape system dynamics in Eq.
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(7.49) are obtained as,

ME(q, qp)V̇E + CE(q, qp, q̇, q̇p)VE =− τ̃ex −Kdev −KpqE

−ME(q, qp)Λ1VE − CE(q, qp, q̇, q̇p)Λ1qE

(7.59)

From the above equation it can be noticed that the information on error in estimating

τex(q, qp) is available in the Shape system dynamics. Let V̂E be an estimate of the

Shape system velocity. From the Shape system dynamics in Eq. (7.49) the dynamics of

V̂E are obtained as,

ME(q, qp)
˙̂VE + CE(q, qp, q̇, q̇p)V̂E + gE(q, qp) =τa − τk(q, qp)

− τ̂ex + L1(VE − V̂E)
(7.60)

where L1 ∈ R3×3 is a positive definite diagonal matrix corresponding to observer gain.

Let ṼE := VE − V̂E be the error in estimating the Shape system velocity. From

the velocity estimation dynamics in Eq. (7.60), and the Shape system dynamics in Eq.

(7.49), the dynamics of estimation error ṼE are obtained as,

ME(q, qp)
˙̃VE + CE(q, qp, q̇, q̇p)ṼE = −τ̃ex − L1ṼE (7.61)

Consider the following Lyapunov function V1(ev, qE , V̂E , τ̂ex),

V1(ev, qE , V̂E , τ̂ex) =
1

2
eTvME(q, qp)ev +

1

2
qTEKpqE+

1

2
Ṽ T
E Λ0.5

3 ME(q, qp)Λ
0.5
3 ṼE

+
1

2
τ̃TexΛ−1

2 τ̃ex

(7.62)

where Λ2 ∈ R3×3 and Λ3 ∈ R3×3 are positive definite constant diagonal matrices. Using

the dynamics of the reference velocity ev from Eq. (7.51), the observer error dynamics

for Shape system velocity V̂E from Eq. (7.61) and the skew-symmetry property of

the Shape system inertia from Eq. (7.41), the derivative V̇1(ev, qE , V̂E , τ̂ex) of the

Lyapunov function in Eq. (7.62) is obtained as,

V̇1(ev, qE , V̂E , τ̂ex) =eTv (τa − τk(q, qp)− τex(q, qp)− gE(q, qp) +ME(q, qp)Λ1VE

+CE(q, qp, q̇, q̇p)Λ1qE) + V T
E KpqE − Ṽ T

E Λ3L1ṼE

− (Ṽ T
E Λ3 − ˙̃τTexΛ−1

2 )τ̃ex

(7.63)
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The dynamics of torque estimate τ̂ex and desired actuator torque τda required for

regulation of the Lyapunov function V1(ev, qE , V̂E , τ̂ex) and the reference velocity error

ev is presented in the following theorem.

Theorem 7.1. If the external torque τex is well known, the desired torque τda from the

actuator for achieving exponential convergence of the reference velocity ev dynamics in

Eq. (7.51) and the position error vector qE is given by,

τda = τk(q, qp) + τex(q, qp)− gE(q, qp)−Kdev −KpqE −ME(q, qp)Λ1VE

−CE(q, qp, q̇, q̇p)Λ1qE

(7.64)

where Kd ∈ R3×3, Kp ∈ R3×3, Λ1 ∈ R3×3 are constant positive definite diagonal

matrices.

For a constant but unknown external torque τex, asymptotic regulation of the ref-

erence velocity ev dynamics in Eq. (7.51), position error vector qE, and the velocity

estimation error ṼE is achieved if the actuator is able to provide the following desired

torque τda ,

τda = τk(q, qp) + τ̂ex − gE(q, qp)−Kdev −KpqE

−ME(q, qp)Λ1VE − CE(q, qp, q̇, q̇p)Λ1qE

(7.65)

where τ̂ex is the estimate of the external torques on the Shape system and is obtained

from the following observer dynamics,

ME(q, qp)
˙̂VE + CE(q, qp, q̇, q̇p)V̂E + gE(q, qp) = τa − τk(q, qp)− τ̂ex

+L1(VE − V̂E) (7.66)

˙̂τex = −Λ2(ev + Λ3(VE − V̂E)) (7.67)

where V̂E corresponds to the estimate of the Shape system velocity, while L1 ∈ R3×3,

Λ2 ∈ R3×3 and Λ3 ∈ R3×3 are constant positive definite diagonal matrices.

Proof. If the actuator torque τex is well known, let V1(ev, qE) in Eq. (7.52) be the

Lyapunov function . The time derivative of this Lyapunov function is as given in Eq.

(7.63). Assuming that the actuator torque τ a corresponds to the desired torque τ da in
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Eq. (7.64), the time derivative V̇1(ev, qE) of the Lyapunov function can be expressed

as given in Eq. (7.56). Using the bounds on V1(ev, qE) from Eq. (7.53), the time

derivative V̇1(ev, qE) is obtained as given in Eq. (7.57). On integrating both sides of

Eq. (7.57) exponential convergence follows.

If the external torque τex is an unknown constant, consider the following Lyapunov

function V1(ev, qE , V̂E , τ̂ex) as defined in Eq. (7.62). For a constant external torque

vector τex, dynamics of the estimate τ̂ex and the estimation error τ̃ex are related as,

˙̃τex = − ˙̂τex (7.68)

From the above relationship, and assuming that the actuator is able to provide

the desired torque in Eq. (7.65) (τa = τda ), the derivative V̇1(ev, qE , V̂E , τ̂ex) of the

Lyapunov function in Eq. (7.63) can be expressed as,

V̇1(ev, qE , V̂E , τ̂ex) = −eTvKdev − eTv τ̃ex − e
T
vKpqE + V T

E KpqE

− Ṽ T
E Λ3L1ṼE − (Ṽ T

E Λ3 − ˙̃τTexΛ−1
2 )τ̃ex

(7.69)

Using the definition ev := VE + Λ1qE from Eq. (7.50) in the above equation, and

also using the definition of ˙̃τex from Eq. (7.68) and Eq. (7.67), the Lyapunov function

derivative V̇1(.) in the above equation can be written as,

V̇1(ev, qE , V̂E , τ̂ex) = −


ev

qE

ṼE


T 

Kd 03 03

03 Λ1Kp 03

03 03 Λ3L1



ev

qE

ṼE

 (7.70)

The Lyapunov function derivative in the above equation is negative semi-definite.

As all the external signals are smooth and bounded, V̈1(ev, qE , V̂E , τ̂ex) can be shown

to be bounded. From Barbalat’s lemma [2], asymptotic convergence of the Lyapunov

function V̇1(ev, qE , V̂E , τ̂ex) to zero follows. As V̇1(ev, qE , V̂E , τ̂ex) is a negative semi-

definite function of ev, qE , V̂E , and τ̂ex, these vectors also converge asymptotically to

zero.

7.5.2 Actuator torque error

As actuator torque τa cannot be directly controlled and must be controlled via the air

pressure dynamics, when τa is the not the same as the desired actuator torque vector
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τda given in Eq. (7.65), let the torque error τ̃ be defined as,

τ̃ = τa − τda (7.71)

Due to the error τ̃ in providing the desired actuator torque, the derivative V̇1(.) of the

Lyapunov function in Eq. (7.70) is obtained as,

V̇1(ev, qE , V̂E , τ̂ex) = −


ev

qE

ṼE


T 

Kd 03 03

03 Λ1Kp 03

03 03 Λ3L1



ev

qE

ṼE

+ eTv τ̃ (7.72)

As eTv τ̃ is sign indefinite, regulation of the Lyapunov function V1(ev, qE , V̂E , τ̂ex)

to zero is only achieved if the actuator torque error τ̃ is also identically zero. Input

command vector u to the actuator valves required for regulating the torque error vector

τ̃ to zero is derived in the second stage of control design.

As the command input vector u effects the force output from the actuator, the torque

error τ̃ is expressed in terms of an equivalent actuator force error vector F̃ . Using the

torque-force relationship in Eq. (7.7), the actuator force error F̃ corresponding to the

torque error vector τ̃ in Eq. (7.71) is obtained as,

F̃ = R−1(q)(τa − τda ) = Fa − F da (7.73)

where F da , (F da1 , F
d
a2 , F

d
a3) corresponds to the vector of desired forces from the three

actuators on the crawler leg and is obtained from the desired actuator torque τda as,

F da = R−1(q)τda (7.74)

From the relationship q̇ = R−1(q)Ẋ between the piston linear velocity vector Ẋ

and the joint angular velocity q̇ in Eq. (7.12), the product eTv τ̃ of F̃ as,

eTv τ̃ = (VE + Λ1qE)T τ̃ = (ẊT − q̇TpR(q))F̃ + qTEΛT1R(q)F̃ (7.75)

where Fa is the actuator force vector and Ẋ is the piston velocity vector.

7.5.3 Second stage controller design

In this subsection, the energy function for the actuator error dynamics and its corre-

sponding supply rate derived in section 3.3 are expressed in a form suitable for design of
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controllers to a multi-DOF system. The valve command input vector u is then designed

to regulate the actuator torque error τ̃ to zero. In the following subsection, a Lyapunov

function for the multi-DOF crawler leg is presented and some of its properties required

for the control design are highlighted.

Actuator error energy function : definition and properties

In this chapter, the command inputs to the pneumatic actuator valve are designed by

assuming that the thermodynamic process in the actuator is adiabatic. For an air mass

vector of mi, air pressure vector of P i and a desired pressure vector of P di := (P d1i
,P d2i

)

in the ith actuator, the Lyapunov function Vact(m,P ,P d) for the actuator subsystem

on a leg of the crawler is defined in terms the error energy function W adb
L (mi,P i,P

d
i )

of a single actuator as,

Vact(m,P ,P d) =
3∑
i=1

W adb
L (mi,P i,P

d
i ) (7.76)

where the error energy function W adb
L (mi,P i,P

d
i ) is as defined in Eq. (3.143).

As shown in Eq. (5.47), the Lyapunov function W adb
L (mi,P i,P

d
i ) for a single actua-

tor can be bounded from above and below by a quadratic function of the actuator force

error F̃ . Let Qmini(mi) ∈ <+ be the weight on the lower bound, while Qmaxi(mi) ∈ <+

be the weight on the upper bound of the error function W adb
L (mi,P i,P

d
i ) corresponding

to the ith actuator. These weights are as defined in Eq. (C.4). Using these bounds, the

Lyapunov function candidate Vact(m,P ,P d) for the actuator subsystem on a single leg

can be bounded as,

1

2
Qmin(m)‖F̃ ‖22 ≤ Vact(m,P ,P d) ≤ 1

2
Qmax(m)‖F̃ ‖22 (7.77)

where Qmin(m) := min(Qmin(m1), Qmin(m2), Qmin(m3)) is the weight on the lower

bound, while Qmax(m) := max(Qmax(m1), Qmax(m2), Qmax(m3)) is the weight on the

upper bound. In the following subsection, the time derivative of the actuator Lyapunov

function in Eq. (7.76) is presented in a compact form convenient for controller design.

Time derivative of the actuator Lyapunov function

The time derivative Ẇ adb
L (.) of the error energy function of an individual actuator on the

crawler leg is as given in Eq. (3.151). This expression is used to define the time derivative
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of the actuator error energy function Vact(m,P ,P d). As shown in Eq. (3.150), the effort

variable at the fluid port of the supply rate to the error energy function of ith actuator

is transformed by using a nonlinear function γadb3i
(mi,P i,P

d
i, ui). For a multi-DOF

system, such as the crawler leg, the nonlinear function at the fluid port of each actuator

can be consolidated and conveniently expressed in the form of a matrix Γ3(m,P ,P d,u)

as,

Γ3(m,P ,P d,u) =
γadb31

(m1,P 1,P
d

1, u1) 0 0

0 γadb32
(m2,P 2,P

d
2, u2) 0

0 0 γadb33
(m3,P 3,P

d
3, u3)


(7.78)

For a desired force F dai from the ith actuator, let the position of the actuator provid-

ing that force for a fixed mass of air mi be xdi . For known temperature in the actuator

chambers, given by the elements of the temperature vector T i, the effective spring stiff-

ness Kd
adb(mi,T i, xi, xdi) ∈ <+ of the adiabatic actuator between the current position

of the actuator xi and the desired position xdi is as defined in Eq. (3.142). Define a

vector ∆̇p as,

∆̇p =

(
Ḟ da1

Kd
adb(m1,T 1,x1,xd1 )

,
Ḟ da2

Kd
adb(m2,T 2,x2,xd2 )

,
Ḟ da3

Kd
adb(m3,T 3,x3,xd3 )

)T
(7.79)

The time derivative of the error energy function Vact(m,P ,P d) is then obtained

from the time derivative of individual actuator Lyapunov function in Eq. (3.151) as,

V̇act(m,P ,P d) = (Γ3(m,P ,P d,u)u)T F̃ − ẊT F̃ − ∆̇T
p F̃ (7.80)

Design of the valve input command u for regulation of actuator force error F̃ to

zero is now presented in the following subsection.
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Design of the valve command input u

Consider the following Lyapunov function for the combined system of the Shape system

inertia and the pneumatic actuator,

V2(ev, qE , ṼE , τ̃ex,m,P ,P d) = Vact(m,P ,P d)+

1

2


ev

qE

ṼE

τ̃ex


T 

ME(q, qp) 03 03 03

03 Kp 03 03

03 03 Λ3ME(q, qp) 03

03 03 03 Λ−1
2




ev

qE

ṼE

τ̃ex


︸ ︷︷ ︸

V1(ev ,qE ,V̂E ,τ̂ex)

(7.81)

where the actuator Lyapunov function Vact(.) is defined in Eq. (7.76), while the Lya-

punov function V1(.) for the first stage is given in Eq. (7.62). From the derivative

V̇act(.) of the actuator Lyapunov function in Eq. (7.80), and using the Lyapunov func-

tion derivative V̇1(.) from the first stage of controller design in Eq. (7.72), the derivative

V̇2(.) of the second stage Lyapunov function in Eq. (7.81) is obtained as,

V̇2(ev, qE , ṼE , τ̃ex,m,P ,P d) = −


ev

qE

ṼE


T 

Kd 03 03

03 Λ1Kp 03

03 03 Λ3L1



ev

qE

ṼE


+ eTv τ̃ + (Γ3u)T F̃ − ẊT F̃ − ∆̇T

p F̃

(7.82)

Using expression for eTv τ̃ from Eq. (7.75) in the above equation, V̇2(.) can be

simplified as,

V̇2(ev, qE , ṼE , τ̃ex,m,P ,P d) = −


ev

qE

ṼE


T 

Kd 03 03

03 Λ1Kp 03

03 03 Λ3L1



ev

qE

ṼE


+ ((Γ3u)T − q̇TpR(q) + qTEΛT1R(q)− ∆̇T

p )F̃

(7.83)

The controller for regulation of the actuator force error F̃ (and consequently the

Shape system dynamics qE , VE) and is presented in the following theorem.
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Theorem 7.2. If the external torque τex on the Shape system dynamics in Eq. (7.49)

is accurately known, then actuator force error F̃ := (Fa − F da ), for the desired actuator

force F da = R−1(q)τda in Eq. (7.74) determined from the desired actuator torque τda

in Eq. (7.64), exponentially converges to zero for the following definition of the valve

input command vector u,

u = Γ−1
3 (m,P ,P d,u)(RT (q)q̇p + ∆̇p − Λ1R

T (q)qE −Kf F̃ ) (7.84)

where Kf ∈ R3×3 is positive definite diagonal matrix, the matrix of nonlinear functions

Γ3(m,P ,P d,u) ∈ R3×3 is as defined in Eq. (7.78), while ∆̇p ∈ R3×1 is as defined in

Eq. (7.79).

If the torque vector τex on tele-operator is an unknown constant, then, for the desired

actuator force F da = R−1(q)τda in Eq. (7.74) determined from the desired actuator

torque τda in Eq. (7.65), asymptotic convergence of the actuator force error F̃ , and the

Shape system states qE, VE is achieved with the input command vector u defined in Eq.

(7.84).

Proof. If the external torque τex is well known, then the Lyapunov function for regula-

tion of Shape system dynamics is defined in terms of the first stage Lyapunov function

V̄1(ev, qE) in Eq. (7.52) and the actuator energy function Vact(m,P ,P d) in Eq. (7.76)

as,

V̄2(ev, qE ,m,P ,P d) =
1

2
eTvME(q, qp)ev +

1

2
qTEKpqE︸ ︷︷ ︸

V̄1(ev ,qE)

+Vact(m,P ,P d) (7.85)

From the definition of the bounds on the actuator Lyapunov function Vact(m,P ,P d)

in Eq. (7.77), the Lyapunov function V̄2(.) in Eq. (7.85) can be expressed as,

V̄2(ev, qE ,m,P ,P d) ≤ 1

2


ev

qE

F̃


T 

ME(q, qp) 03 03

03 Kp 03

03 03 Qmax(m)I3


︸ ︷︷ ︸

Pd


ev

qE

F̃


(7.86)

where I3 ∈ R3×3 is the identity matrix. For known external torque τex, the desired

actuator torque τda is as given in Eq. (7.55). From the definition of the desired actuator
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force vector F da := R−1(q)τda in Eq. (7.74), using time derivative ˙̄V1(ev, qE) of the

first stage Lyapunov function from Eq. (7.56) for desired actuator torque τda , and using

the relationship in Eq. (7.75) to express evτ̃ in terms of the actuator force error F̃ , the

time derivative ˙̄V2(.) of the Lyapunov function in Eq. (7.85) is obtained as,

˙̄V2(ev, qE ,m,P ,P d) = −

(
ev

qE

)T (
Kd 03

03 Λ1Kp

)(
ev

qE

)
+ (ẊT − q̇TpR(q))F̃ + qTEΛT1R(q)F̃ + V̇act(m,P ,P d)

(7.87)

Using the definition of the time derivative of the actuator Lyapunov function V̇act(.)

from Eq. (7.80) and the definition of the valve command input vector u from Eq. (7.84),

the derivative ˙̄V2(.) of the actuator Lyapunov function in Eq. (7.87) is obtained as,

˙̄V2(ev, qE ,m,P ,P d) = −


ev

qE

F̃


T 

Kp 03 03

03 Λ1Kp 03

03 03 Kf


︸ ︷︷ ︸

Qd


ev

qE

F̃



≤ −σmin(Qd)

∥∥∥∥∥∥∥∥
ev

qE

F̃

∥∥∥∥∥∥∥∥
2

2

(7.88)

where σmin(.) represents the operator to obtain the minimum singular value of the input

matrix. Using the bounds on the Lyapunov function V̄2(ev, qE ,m,P ,P d) from Eq.

(7.86), the Lyapunov function derivative ˙̄V2(.) in the above equation can be expressed

as,

˙̄V2(ev, qE ,m,P ,P d) ≤ −
(

2σmin(Qd)

σmax(Pd)

)
V̄2(ev, qE ,m,P ,P d) (7.89)

where σmax(.) represents the operator to obtain the maximum singular value of the

input matrix. On integrating both sides of Eq. (7.89) exponential convergence follows.

As the Lyapunov function in Eq. (7.85) is a positive definite function of ev, qE and F̃ ,

they also converge exponentially to zero.

If the torque τex is an unknown constant, consider the Lyapunov function V2(.) as

given in Eq. (7.81). For a desired actuator force vector F da in Eq. (7.74), the time
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derivative V̇2(.) of this Lyapunov function is as given in Eq. (7.83). Using the definition

of the input command u from Eq. (7.84), the Lyapunov function derivative V̇2(.) in Eq.

(7.83) can be simplified as,

V̇2(ev, qE , ṼE ,m,P ,P d) =−


ev

qE

ṼE

F̃


T 

Kd 03 03 03

03 Λ1Kp 03 03

03 03 Λ3L1 03

03 03 03 Kf


︸ ︷︷ ︸

Qp


ev

qE

ṼE

F̃


(7.90)

The Lyapunov function derivative V̇2(.) in the above equation is only negative semi-

definite. However, as all the external signals are bounded, V̈2(.) can be shown to be

bounded. From Barbalat’s lemma [2], V̇2(.) converges asymptotically to zero, thus the

reference velocity error vector ev, the position error vector qE and the velocity error

vector VE converge asymptotically to zero.

In the following section, passivity properties of the tele-operator are investigated.

7.6 Closed loop passivity analysis

In this section, passivity properties of the tele-operator for the control input designed

in the previous section are investigated. The control input u is modified to provide the

required co-ordination properties in Eq.(7.23) while satisfying the passivity properties

in Eq. (7.25). For brevity of presentation, the control input in Eq. (7.84) is expressed

as,

u = Γ−1
3 (RT (q)q̇p + ∆̇p + ufb) (7.91)

where ufb consists of the feedback components of the control input and is given by,

ufb = −Λ1R
T (q)qE −Kf F̃ (7.92)

The dynamics of the tele-operator after co-ordination (q = qp and VL = q̇ = q̇p)

are obtained from the Locked system dynamics in Eq. (7.44) as,

ML(q, q)q̈ + CL(q, q, q̇, q̇)q̇ + gL(q, q) = ρ(τhp + τep) + τec + (η + 1)τhe (7.93)
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The external torques acting on the co-ordinated system dynamics in the above equation

correspond to the desired supply rate sh(.) in Eq. (7.24). In the following subsection,

storage function for the tele-operator is defined and the effect of the input vector u on

the the supply rate to the tele-operator is investigated.

7.6.1 Storage function for the tele-operator

The storage function for the tele-operator is defined as the sum of the amplified available

energy in the PHANToM(TM1), available energy from the crawler leg, and the available

energy in the pneumatic actuator. The available energy in the mechanical systems

is the sum of their kinetic energy and their potential energy. Let Wp(qp) represents

the potential energy of PHANToM(TM1) in the crawler joint space, while Wq(q) be

the potential energy of the crawler in its joint space. The inertial dynamics of the

crawler and the PHANToM(TM1) are obtained from Lagrangian formulation. For the

gravitational torque gTq (q) on the crawler leg, and the gravitational torque gTp (qp) on

the PHANToM(TM1) leg in the crawler joint space, the potential energies Wq(q) and

Wp(qp) respectively satisfy the following conditions,

Ẇq(q) = gTq (q)q̇, Ẇp(qp) = gTp (qp)q̇p (7.94)

Using the definition of the available energy Wact(m,P ) in the system of adiabatic

actuators on the the crawler leg from Eq. (7.8), the storage function Ws(q, qp,m,P ) is

defined as,

Ws(q, q̇, qp, q̇p,m,P ) =
ρ

2
q̇TpMp(qp)q̇p + ρWp(qp)+

1

2
q̇TMq(q)q̇ +Wq(q)

+Wact(m,P )

(7.95)

where ρ is the amplification factor on the PHANToM(TM1) dynamics. Using the defini-

tion of the rate of change of gravitational potential energy in Eq. (7.94), the derivative

Ẇs(.) of the storage function in the above equation is obtained as,

Ẇs(q, q̇, qp, q̇p,m,P ) = ρ(q̇TpMp(qp)q̈p + q̇Tp
Ṁp(qp)

2
q̇p + gTp (qp)q̇p)

+ q̇TMq(q)q̈ + q̇T
Ṁq(q)

2
q̇ + gTq (q)q̇ + Ẇact(m,P )

(7.96)
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Using the dynamics of the crawler and the PHANToM(TM1) device from Eq. (7.28),

and from the skew-symmetric property of their inertia matrices Mq(q), Mp(qp) shown

in remarks 7.1 and 7.3 respectively, the derivative of the storage function Ẇs(.) in Eq.

(7.96) can be simplified as,

Ẇs(q, q̇, qp, q̇p,m,P ) = ρq̇Tp (τhp + τap + τep) + q̇T (τa + τec + τhe) + Ẇact(m,P )

(7.97)

From the definition of the input torque τap on the PHANToM(TM1) device from

Eq. (7.45), the rate of change of actuator energy function Ẇact(m,P ) from Eq. (7.13),

and using the definition of the input vector u from Eq. (7.91), the supply rate Ẇs(.) in

Eq. (7.97) can be expressed as,

Ẇs(q, q̇, qp, q̇p,m,P ) =q̇T (τec + (η + 1)τhe) + ρq̇Tp (τhp + τep)− ηq̇TEτhe

+ q̇TpCLE q̇E + (Γ−T3 ΓT1 − I3)q̇Tp τa

+ (R−1(q)Γ−1
3 Γ1ufb)

T τa + ∆̇T
pΓ−T3 ΓT1R

−T (q)τa

(7.98)

where I3 ∈ R3×3 is an identity matrix. The first two terms on the r.h.s of the above

equation correspond to the desired supply rate sh(.) of the uncoordinated tele-operator

as presented in Eq. (7.24). As shown in section 5.5 for human power amplification,

and section 6.5 for tele-operation with single-DOF systems, the magnitude of Γ−1
3 Γ1 for

adiabatic actuators is very close to the identity matrix I3. The other terms in the r.h.s of

Eq. (7.98) are however nonzero and influence the supply rate to the tele-operator. The

desired actuator force vector F da typically varies with time in such a way that the vector

∆̇p is sign indefinite. The power input q̇TpCLE q̇ required due to the decoupling torque

CLE q̇ is also sign indefinite. Therefore the command input u can act as an energy

source or a sink. To guarantee passive operation, the proposed method in section 6.4

for monitoring the power interaction between the tele-operator and the controller by

using a flywheel is adopted. In the following section, dynamics of the flywheel required

for passive operation of the tele-operator are presented.
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7.6.2 Augmented system with flywheel dynamics

The flywheel is assumed to be an inertial system with a mass Mf . The dynamics of the

flywheel are determined by torque Tf and are given by,

Mf ẍf = Tf (7.99)

where xf is the position of the inertia Mf . A virtual skew-symmetric interconnection

between the flywheel and the tele-operator is established such that any power input to

the tele-operator, as required by the controller, results in loss of same amount of power

from the flywheel. By keeping track of the change in the kinetic energy of the flywheel,

the energy change in the tele-operator due to controller requirements can be monitored.

When the kinetic energy of the flywheel is above a threshold value (ẋf ≥ fo), then the

available energy with the tele-operator is within acceptable value and the tele-operator

is said to be operating in normal mode. If the kinetic energy of the flywheel falls

below a threshold value (ẋf < fo) due to excessive energy transfer to the tele-operator,

then the operation of tele-operator is said to be in emergency mode. In emergency

mode additional damping is applied on the tele-operator. The energy dissipated by

the tele-operator in emergency mode is transmitted to the flywheel through the virtual

interconnection. When the kinetic energy of the flywheel increases above a reasonable

value (ẋf > f1 > fo), then the operation of tele-operator is switched back to normal

mode by resetting the additional damping to zero. By regulating the power available

from the tele-operator to be within a reasonable value, passive operation is guaranteed.

Additional damping on the tele-operator dynamics is realized by designing the ac-

tuator torque on the PHANToM(TM1) device in Eq. (7.45) (in the crawler joint space)

to include damping torque Bq̇p as,

τap = −1

ρ
(τa − CLE q̇E+ητhe +Bq̇p) (7.100)

where B ∈ R3×3 is a positive definite diagonal matrix. With the above torque on the

PHANToM(TM1), the supply rate to the tele-operator in Eq. (7.98) is modified as,

Ẇs(q, q̇, qp, q̇p,m,P ) =q̇T (τec + (η + 1)τhe) + ρq̇Tp (τhp + τep)− ηq̇TEτhe

+ q̇TpCLE q̇E − q̇
T
pBq̇p + (Γ−T3 ΓT1 − I3)q̇Tp τa

+ ∆̇T
pΓ−T3 ΓT1R

−T (q)τa + (R−1(q)Γ−1
3 Γ1ufb)

T τa

(7.101)



243

In the following section, the supply rate to the augmented system consisting of the

tele-operator and the flywheel is studied, and the flywheel torque required to establish

the desired virtual connection between them is defined.

7.6.3 Passivity properties of the flywheel augmented system

The storage function Wt(q, q̇, qp, q̇p,m,P , ẋf ) for the augmented system with flywheel

is obtained by including the kinetic energy of the flywheel in the definition of the storage

function Ws(.) in Eq. (7.95) as,

Wt(q, q̇, qp, q̇p,m,P , ẋf ) = Ws(q, q̇, qp, q̇p,m,P ) +
1

2
Mf ẋ

2
f (7.102)

The time derivative Ẇt(.) of the storage function in the above equation is obtained

from Ẇs(.) in Eq. (7.101) and the flywheel dynamics in Eq. (7.99) as,

Ẇt(q, q̇, qp, q̇p,m,P , ẋf ) = q̇T (τec + (η + 1)τhe) + ρq̇Tp (τhp + τep)− ηq̇TEτhe

+ q̇TpCLE q̇E − q̇
T
pBq̇p + (R−1(q)Γ−1

3 Γ1ufb)
T τa

+ (Γ−T3 ΓT1 − I3)q̇Tp τa + ∆̇T
pΓ−T3 ΓT1R

−T (q)τa + Tf ẋf

(7.103)

The flywheel torque Tf and the updated valve command input u for establishing

the virtual skew-symmetric interconnection between the flywheel and the tele-operator

is presented in the following theorem.

Theorem 7.3. For the dynamics of the crawler leg as given in Eq. (7.2), the PHAN-

ToM(TM1) dynamics in the crawler joint space as given in Eq. (7.21) and the adiabatic

actuator dynamics as described in section 7.2.2, with the following command input,

u = Γ−1
3 RT (q)q̇p + ∆̇p + ûfb (7.104)

where ∆̇p as defined in Eq. (7.79) depends on the desired actuator force vector F da :=

R−1(q)τda , with the desired actuator torque τda as defined in Eq. (7.65), and the feedback

input vector ûfb is related to the flywheel torque Tf through the following skew-symmetric
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matrix,(
ûfb

Tf

)
=

(
03 g(ẋf )ufb

−g(ẋf )uTfb 0

)(
(ΓT1 Γ−T3 R−T (q))τa

ẋf

)

+


03×1

1
ẋf

(
−q̇TpCLE q̇E + ηq̇TEτhe + (Γ−T3 ΓT1 − I3)q̇Tp τa

+q̇TpBq̇p + (R−1(q)Γ−1
3 ∆̇p)

T τa

)


(7.105)

where ufb is as defined in Eq. (7.92), while the function g(ẋf ) and the damping coeffi-

cient B depend on flywheel velocity ẋf as,

Normal mode :

(
g(ẋf ) = 1

ẋf

B = 03×3

)
if ẋf ≥ fo (7.106)

Emergency mode :

(
g(ẋf ) = 1

fo

B ∈ (R+)3×3

)
if ẋf < fo (7.107)

where fo corresponds to the threshold velocity of the flywheel for switching to the emer-

gency mode of operation, the external supply rate to the tele-operator sh(.) with human

power amplification given in Eq. (7.24), robustly satisfies the following passivity condi-

tion, ∫ t

0
sh(τec , τep , τhe , τhp , q̇, q̇p) ≥ −c2

o (7.108)

Proof. Define the storage function Wt(q, q̇, qp, q̇p,m,P , ẋf ) for the augmented system

of the tele-operator and the virtual flywheel system as presented in Eq. (7.102). The

time-derivative Ẇt(.) of the storage function is as presented in Eq. (7.103).

Using the definition of the valve command input vector u from Eq. (7.104) and the

feedback component ûfb of u from Eq. (7.105) in Eq. (7.103), the time derivative Ẇt(.)

is related to the desired supply rate sh(τec , τep , τhp , q, q̇p) as,

Ẇt(q, q̇, qp, q̇p,m,P , ẋf ) = q̇T (τec + (η + 1)τhe) + ρq̇Tp (τhp + τep)

= sh(τec , τep , τhp , τhe , q̇, q̇p)
(7.109)

On integrating the above equation, the desired external supply rate sh(.) satisfies

the following passivity condition,∫ t

0
sh(τec , τep , τhp , τhe , q̇, q̇p) dτ ≥ −Wt(q, q̇, qp,m,P , ẋf )|t=0 (7.110)
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where Wt(q, q̇, qp, q̇p,m,P , ẋf )|t=0≥ 0 corresponds to the initial energy (at t = 0) in

the augmented system.

Note that during the emergency mode of operation, the damping coefficient B must

be selected large enough to put energy back into the flywheel.

As mentioned in section 6.4, the tele-operator is maintained in the emergency mode

of operation until the velocity of the flywheel increase to f1 > fo. This is to prevent

chattering of the control input at the boundary of regular mode and emergency mode

of operation.

7.7 Experimental results

Results from implementation of the controller designed in the previous section on the

multi-DOF test bed in Fig. (7.2) are presented in this section. Before walking the

crawler remotely with the PHANToM(TM1) device, some preliminary experiments were

conducted to test the controller performance in achieving bilateral tele-operation and

stable interaction with a hard surface. With no external human torque on the crawler

(τhe = 0), the controller derived in the previous section is evaluated in different modes

of operation such as, tele-operation of the individual crawler leg in free space, interaction

with a hard surface, and bilateral operation before walking the crawler remotely with

commands at the PHANToM(TM1) interface. The controller performance was then

evaluated by walking the crawler along a level ground. As only the front two legs of the

crawler are functional, the front two legs of the crawler are moved in a fashion similar

to butterfly stroke in swimming. Amplification of the input human power (τhe q̇) by the

actuators on a crawler leg is evaluated with the crawler stationary. The right leg of the

crawler was operated as a multi-DOF human power amplifier and was used to move a

2.27kgs (5lbs) load.

The bore and the stroke length of the linear pneumatic actuators on different joints

of the crawler are presented in table 7.1.

The MPYE-3-LF010 proportional valves from FESTO are being currently used to

meter the air flow to/from the actuators. The input command to these valves is a

voltage signal in the range of 0 to 10 volts, with 5V corresponding to the closed center
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Table 7.1: Specifications of the actuator on each joint on a crawler leg

Joint number Stroke length(m) Bore diameter(m) Rod diameter (m)

1 0.0889 0.027 0.0097

2 0.0444 0.027 0.0097

3 0.0444 0.027 0.0097

position. A polynomial relationship between the voltage command input Vo to the valve

and the effective valve open area u is determined from open loop experiments described

in section 5.5 as,

Vo =

a0 + a1u+ a2u
2 + a3u

3 if u ≥ 0

b0 + b1u+ b2u
2 + b3u

3 if u < 0
(7.111)

where the polynomial coefficients ai and bi with i ∈ (0, 1, 2, 3) for all the six valves are

as given in tables 7.2 and 7.3 for the right and the left leg respectively.

Table 7.2: Coefficients in the regression model of the servo valves used on the right leg

Parameter Joint 1 Joint 2 Joint 3

a0 4.9 4.82 5.46

a1 5.265e6 3.9291e6 3.531e6

a2 6.686e12 5.5811e12 2.668e12

a3 4.6176e18 7.8581e18 1.8195e18

b0 5.1 5.05 5.85

b1 5.054e6 5.473e6 3.4548e6

b2 -5.928e12 -1.489e13 -1.8264e12

b3 6.744e18 2.1829e19 1.6756e18

Velocities of both the crawler and the PHANToM(TM1) are estimated by assuming

constant acceleration and by using a high gain observer on the position measurement

of the actuator on each joint. The observer dynamics and the observer gains are as

described in section 5.5.

The controller gains are selected by using an approach similar to the one presented

in section 5.5 for single-DOF system. The gains Λ2 and Λ3 on the torque observer
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Table 7.3: Coefficients in the regression model of the servo valves used on the left leg

Parameter Joint 1 Joint 2 Joint 3

a0 4.863 5.25 4.9

a1 3.823e6 6.889e6 4.26381e6

a2 3.1738e12 2.0289e13 3.9525e12

a3 1.8464e18 3.075e19 2.6115e18

b0 5.1 5.05 5.28

b1 5.4503e6 8.3498e6 8.11174e6

b2 -1.008e13 -3.1645e13 -3.351e13

b3 1.289e19 5.622e19 6.3876e19

in Eq. (7.67) are selected to be high enough to achieve quick estimation of the torque

τex. The gain Kp on position error qE and the gain Kd on reference velocity ev in

Eq. (7.65) are respectively selected to be high enough to achieve quick regulation of

position error qE and the reference velocity error ev to zero. The feed-forward command

input corresponding to the velocity of the haptic device (Γ−1
3 RT (q)q̇p) ensures that

the actuator force vector Fa has the correct direction. As a result, the crawler and the

PHANToM(TM1) move in the same direction. The feedback gain Kf on the actuator

force error F̃ is thus not required to be high for regulating F̃ to zero. The magnitude

of the observer and the controller gains is listed in table 7.4.

Experimental results from tele-operation operation of the crawler legs are presented

in the following subsections.

Tele-operation and interaction with a hard surface

For the experiment reported in this subsection, the crawler legs are remotely commanded

to move in its task space, and then hit a metal wall at arbitrary intervals. A hard metal

surface as shown in Fig. (7.9) is placed in the path of the crawler leg to evaluate

interaction with a hard surface. In the interest of brevity, experimental results from

operation of the left front leg of the crawler are only reported in this section. Similar

results were obtained from operation of the front right leg. The experimental results

reported in this section were conducted at an air pressure of 6.894e5N/m2 (100psi).
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Table 7.4: Parameters used in the implementation of the controller

Parameter Magnitude

Kp 2.5425*diag(1,1,1)

Kp 0.14*diag(2,0.5,0.5)

Kf 0.0003*diag(3.5,2.5,3.3)

L1 40*diag(2,20,0.5)

Λ1 diag(4.1425,3.7425,2.9425)

Λ2 0.8*diag(33,140,30)

Λ3 diag(1,1,1)

ε 0.1

ρ 150

η 3.5

For the position commands provided by the human operator at the PHANToM(TM1)

device, Fig. (7.10) illustrates the co-ordination achieved between the PHANToM(TM1)

and the crawler joint angles expressed in the crawler joint space. The figure shows good

co-ordination between the commanded joint angles at the PHANToM(TM1) and the

crawler joint angles, both during motion in free space and when interacting with a hard

surface. The position data shows that no oscillations are induced in the crawler position

due to the sudden interaction with a hard surface and the interaction is stable. For the

experimental data shown in Fig. (7.10), the root mean square value of the error in the

position of the tip of the crawler leg is about 5mm, which is well within the foot tip

diameter of 25.4mm.

From the velocity data in Fig. (7.11) it can be noticed that the shoulder joint of both

the PHANToM(TM1) and the crawler comes to rest (θ̇1 = 0) immediately after hitting

the hard surface (184.2s ≤ t ≤ 186.1s, 187.2s ≤ t ≤ 189s and 195.3s ≤ t ≤ 197.3s).

This corroborates the earlier conclusion that sudden interaction with hard surface is

stable.

The torque vector τa applied at the joints of the crawler and the desired actuator

torque vector τda are as shown in Fig. (7.12). The magnitude of τda is fairly low during
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Figure 7.9: The experimental set-up used to verify stability when the crawler interacts

with hard surfaces

operation in free space. As the obstacle is along the shoulder joint, the torque τ1 on

this joint increases substantially when interacting with hard surface. During motion in

free space, and when interacting with hard surface, the actuator torque vector τa tracks

the desired actuator torque vector τda fairly well. The lack of oscillation in the actuator

torque when interacting with hard surface again confirms stability of interaction. Since

the tele-operator is at rest when interacting with the metal surface, the high actuator

torque corresponds to the reaction torque due to increase in the input human torque

τh (τhp in the crawler joint space) on the PHANToM(TM1) dynamics in Eq. (7.14).

The magnitude of increase in the reaction torque provide haptic information to human

operator about the nature of interaction with the obstacle thus facilitating suitable

response.

Bilateral operation

To investigate bilateral operation, position commands to the tele-operator were provided

by moving the crawler leg, with no human interaction at the PHANToM(TM1) device

(τh = 0 in Eq. (7.14)). In this experiment, the input human torque on the crawler

legs with be part of the external un-modeled torque τec on the crawler leg dynamics in

Eq. (7.2) and there is no interaction with the interface for human power amplification
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Figure 7.10: Co-ordination between the joint angles of the left leg of the crawler with

the commanded angles at the PHANToM(TM), when moving in free space and then

suddenly interacting with a hard surface

i.e τhe = 0. Under bilateral operation, the PHANToM(TM1) is expected to follow the

position commands at the crawler leg. Note that in this case the role of the master

and the slave systems are reversed. Good tracking in this mode of operation confirms

that suitable haptic feedback force is provided at the PHANToM(TM1) for the human

operator. Again, for brevity of presentation, results from experiments on the left leg

of the crawler are only provided. Similar results were obtained for experiments with

the right leg. All the experiments to test bilateral operation were conducted at an air

pressure of 6.894e5N/m2 (100psi).
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Figure 7.11: Co-ordination between the angular velocity of the left leg joints of the

crawler with the commanded angular velocity at the PHANToM(TM), when moving in

free space and then suddenly interacting with a hard surface

During the experiment, the crawler leg is arbitrarily moved in its task space by a hu-

man operator. The resulting crawler leg joint angle vector q, and the PHANToM(TM1)

joint angle vector qp expressed in the crawler joint space, are shown in Fig. (7.13). The

r.m.s valve of the error in the foot tip position corresponding to these joint angles is

calculated to be about 7mm. This error is again significantly lower than 25.4mm, which

corresponds to the diameter of the foot tip. The velocity tracking results from this ex-

periment are as shown in Fig. (7.14). These results demonstrate good co-ordination

confirming the ability to achieve bilateral tele-operation.
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Figure 7.12: Comparison of the applied actuator torque τa tracking with the desired

actuator torque τda , when moving in free space and then suddenly interacting with hard

surface

During this experiment, the generated actuator torque vector τa tries to oppose the

input torque from the human operator used to provide the input position commands.

This can be noticed from the actuator torque information provided in Fig. (7.15).

Consider the motion of the shoulder joint angle represented by θ1 in Fig. (7.13). It

can be noticed from this figure that between the time of 88s and 90s, the joint angle

θ1 begins to increase due to input from the human operator. From the actuator torque

information in Fig. (7.15) it can be seen that during this time (88s < t < 90s), as the

joint angle θ1 continues to increase, the applied actuator torque τ1 attains a negative
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Figure 7.13: Co-ordination between the joint angles on the left leg of the crawler and

the PHANToM(TM) in the crawler joint space, when the position commands to the

tele-operator are provided by moving the crawler leg

value, opposing the torque applied by the human operator. As shown in Eq. (7.45), the

feedback torque τap on the PHANToM(TM1) is designed to be negative of the scaled

actuator torque (−τaρ ), it experiences a positive torque and thus moves in the direction

of position commands provided by the human operator on the crawler leg.

Walking the crawler on level ground

In the current configuration, only the front two legs of the crawler are functional. A

cart carrying the processors and power supply for the valves and the sensors is attached
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Figure 7.14: Co-ordination between joint angular velocities of joints on the left leg of

the crawler and the PHANToM(TM), expressed in the crawler joint space, when input

position commands are provided by moving the crawler leg

at the rear end of the crawler chassis. The cart is mounted on a pair of wheels, with

the front pair being caster wheels. Due to this construction, it was very difficult to

move the crawler forward along a straight line by using one leg at a time. Therefore the

gait pattern used to tested the controller involved moving both the legs of the crawler

forward at the same time, much like the butterfly stroke in swimming.

A key issue in the implementation of the controller is lack of sensors to measure

contact forces when the crawler leg pushes against the ground. During this phase of

walking, the inertia of crawler as seen by the actuators increases considerably, as the
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Figure 7.15: Comparison of the desired actuator torque vector τda and the actuator

torque τa applied at the crawler joints while responding to the input position commands

provided on the crawler leg

actuators have to move the mass corresponding to the entire cart. In the section 7.5

on controller design, it was stated that the unknown vector τex consisting of external

interaction torques is estimated using direct adaptive control. However, due to the

difference in inertia between the crawler legs and the entire cart, the magnitude of

observer gains Λ2 and Λ3 presented in table 7.4, selected for control of the leg dynamics

only, are not sufficiently high for properly estimating ground reaction forces during push-

off required for forward motion. Poor estimation of contact forces resulted in significant

co-ordination error. To improve the tracking performance of the observer, the estimation
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gains Λ2 and Λ3 are scheduled to be significantly higher when the crawler is pushing off

the ground. These gains are used only when the position of the foot tip is at or below

the ground level. In this experiment, the supply pressure to the pneumatic actuators

was also increased to 20.68e5N/m2 (300psi) for generating sufficient force required to

move the weight of the entire cart.

The implementation results from walking the crawler are shown in Fig. (7.16) to

Fig. (7.21). Co-ordination of the crawler and the PHANToM(TM1) joint angles on the

left and the right leg are shown in Fig. (7.16) and Fig. (7.19) respectively. These results

show good co-ordination between the commanded angles at the PHANToM(TM1), and

the resulting crawler joint angles. The r.m.s value of the foot tip position error for each

leg is about 7mm, which again is quite small compared to the foot diameter of 25.4mm.

The corresponding angular velocity co-ordination achieved on the left leg and the right

leg of the crawler are shown in Fig. (7.17) and Fig. (7.20) respectively. The velocity

plots show some oscillations when pushing off the ground. This could be due to high

estimation gains used for estimating the interaction forces with the ground. A force

sensor at the foot of the crawler to provide an accurate measure of interaction forces

will improve the interaction stability. Comparison between the actuator torque τa and

the desired actuator torque τda is as shown in Fig. (7.18) and Fig. (7.21) for the left leg

and the right leg respectively. These results show fairly good tracking between τa and

τda .

On-site human power amplification

In this set of experiments, the crawler leg is operated as a multi-DOF human power

amplifier and is used to move an inertial load. Human force vector Fhe , corresponding

to torque vector τhe in the crawler joint space in Eq. (7.2), is applied on an interface

with a force sensor. As shown in Fig. (7.3), this interface is placed on the second

joint of the right leg of the crawler. For the experiments reported in this section, the

human torque τh on the PHANToM(TM1) dynamics in Eq. (7.14) is zero. A 2.27kg

(5lbs) lead block attached to an aluminum metal rod is used as the inertial load. A

metal wire wrapped around the rod is used to engage the inertial load with an L-bracket

attached on the crawler right leg for this experiments. By exerting suitable forces on

the interface, the load is picked-up at a location, moved some distance in the crawler
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Figure 7.16: Co-ordination between the crawler joint angles and the PHANToM(TM)

joint angles in the crawler joint space on the left leg of the crawler when walking the

crawler by providing command inputs at the PHANToM(TM)

task space and then dropped off. For the experimental results reported in this section,

the amplification factor η on the input human torque is set to be 3.5.

Comparison of the desired actuator torque vector τda required for amplifying the

input human power and the applied actuator torque vector τa is as shown in Fig. (7.22).

From this figure it can be seen that the torque τa provided by the actuator is very close

in magnitude to the desired torque τda required for human power amplification. Due

to bilateral nature of operation, the movement of crawler leg will induce corresponding

motion in the PHANToM(TM1) device. Co-ordination between the crawler joint angles
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Figure 7.17: Co-ordination between the crawler joint angular velocity and the PHAN-

ToM(TM) joint angular velocity in the crawler joint space on the left leg of the crawler

when walking the crawler by providing command inputs at the PHANToM(TM)

and the PHANToM(TM1) joint angles, expressed in the crawler joint space, is shown

in Fig. (7.23). The r.m.s value of position error in the foot tip is 15mm, again well

within the foot tip diameter of 25.4mm. Joint angular velocity co-ordination between

the PHANToM(TM1) device and the crawler leg is as shown in Fig. (7.24). As seen in

this figure, the achieved velocity co-ordination is not as good as the data reported in

earlier experiments, especially along the third joint angle, wherein the PHANToM(TM1)

velocity has some high frequency oscillations. Structural oscillations in the crawler leg

(and consequently the interface located on the second link of the crawler) result in an
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Figure 7.18: Comparison of the desired actuator torque τda and the actuator torque τa

applied at the joints of the left leg of the crawler when walking the crawler by providing

command inputs at the PHANToM(TM)

oscillatory input torque (τhe) from the interacting human operator. As this input is

amplified and applied on the PHANToM(TM1), oscillations with higher amplitude are

caused in the PHANToM(TM1) velocity q̇p. These oscillations in the PHANToM(TM1)

velocity form a positive feedback loop with the crawler leg dynamics, resulting in less

satisfactory tracking performance. This issue will have to be addressed in future research

efforts through effective design of interface, or through active compensation of these

oscillations (either at the PAHNToM(TM1) or the crawler).
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Figure 7.19: Co-ordination between the crawler joint angles and the PHANToM(TM)

joint angles in the crawler joint space on the right leg of the crawler when walking the

crawler by providing command inputs at the PHANToM(TM)

7.8 Summary

In this chapter, a framework for tele-operation between single-DOF systems presented

in chapter 6 is applied to achieve bilateral tele-operation between two multi-DOF sys-

tems. The master system is a 3-DOF PHANToM(TM1) haptic device with electro-

mechanical actuators. The slave system is a pneumatic actuated crawling robot, with

3-DOF on each leg. As only the front two legs of the crawler were functional, bilateral
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Figure 7.20: Co-ordination between the crawler joint angular velocity and the PHAN-

ToM(TM) joint angular velocity in the crawler joint space on the right leg of the crawler

when walking the crawler by providing command inputs at the PHANToM(TM)

tele-operation of these legs with a pair of PHANToM(TM1) haptic devices has been re-

ported in this chapter. The tele-operation problem was formulated to provide amplified

energetic passivity. Direct adaptive control is used to estimate the external un-modeled

torques acting on the tele-operator. Controller for tele-operation of the front legs was

developed by assuming that the thermodynamics in the pneumatic actuator are adia-

batic in nature.

The controllers were evaluated in different modes of operation including, bilateral

tele-operation, interaction with hard surface and on-site human power amplification.
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Figure 7.21: Comparison of the desired actuator torque τda and the actuator torque

τa applied at the joints of the right leg of the crawler when walking the crawler by

providing command inputs at the PHANToM(TM)

The experimental results can be summarized as follows,

1. The proposed controller was very effective in achieving desired bilateral tele-

operation of the crawler legs in free space. The r.m.s value of the position error

was less than 7mm, which is very reasonable considering the diameter of the foot

tip of the crawler leg is about 25.4mm.

2. The tele-operator demonstrated stable interaction when suddenly interacting with

a hard metal wall.
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Figure 7.22: A comparison of the desired actuator torque with the applied actuator

torque when a human operator applies torque on the power amplification interface on

the crawler leg for moving a load of 5kgs

3. When operated in the walking mode, the r.m.s value of the position error was

around 7mm, again a reasonable number compared to the crawler leg foot tip

diameter of 25.4mm. However, the joint angular velocities were oscillatory when

the crawler legs pushed off the ground. This could be due to inadequate estimation

of the ground reaction forces induced by the entire weight of the cart.

4. When operated as a multi-DOF human power amplifier, the torque vector τa

provided by the actuator corresponds well with the desired actuator torque τda .
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Figure 7.23: Co-ordination achieved between the crawler joint angles and the PHAN-

ToM(TM) joint angles in the crawler joint space while using the crawler leg to amplify

input human power to move a load of 5kgs

Therefore the experimental results demonstrate efficacy of the proposed controller in

the various modes of operation. The results presented in this chapter also demonstrate

that the framework presented in chapter 5 for single-DOF systems can be conveniently

extended to achieve bilateral tele-operation of systems with multiple degrees of freedom,

dissimilar kinematics and different actuating mechanisms. In the next chapter, indepen-

dent metering of air flow to the two chambers of a pneumatic actuator is investigated

for improving efficiency of operation of pneumatic actuators.
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ToM(TM) joint angular velocity in the crawler joint space while using the crawler leg

to amplify input human power to move a load of 5kgs



Chapter 8

Efficiency improvement through

independent metering of

pneumatic actuator chambers

The high power density of fluid powered actuators can enable the design of compact

human interactive systems amenable for mobile operation. In such applications with

limited supply of pressurized air, the time of operation can be increased by improving

the efficiency of operation. In typical pneumatic applications, a single valve is used to

meter the air flow to the actuator. A source of energy loss in such a configuration is

the discharge of high pressure air to the atmosphere. Efficiency of operation can be

improved by mitigating this loss. As presented in chapter 2, previous work on efficiency

improvement by mitigating loss of high pressure air includes reuse of high pressure air

through an accumulator [62] and using two-way valves to achieve cross-flow from the

high pressure side to the low pressure side [63].

In a proportional servo-valve, the flow areas metering the flow in and out of the

actuator are mechanically coupled. As a result, it is impossible to control the pressure

in both chambers of the actuator independently. By using two separate valves, air pres-

sure in individual actuator chambers can be controlled independently. This approach

is referred to as independent metering. An illustration of a two-chambered actuator

with independently metered chambers is as shown in Fig. (8.1). The force Fa from

266
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the actuator shown in Eq. (3.1) depends on the differential pressure between the two

chambers. With independent metering, the required actuator force Fa can be achieved,

by reducing the pressures P1 and P2, while maintaining the same area weighted pressure

differential. The pressures P1 and P2 required to output a certain force Fa can therefore

be kept low by regulating the pressure in the chamber connected to the ambient to a low

target pressure. As the air pressure discharged to the ambient is kept low, energy lost

in this process is mitigated, thus improving efficiency of operation. The valve metering

the air flow to the chamber connected to the supply pressure is controlled to perform

the desired actuator task.

Figure 8.1: Operation of pneumatic actuator with two independent, 3-port 2-way pro-

portional valves

In [11], independently metered pneumatic actuator is controlled to move along a

desired trajectory, while maintaining the average pressure in both chambers to be around

atmospheric pressure Patm. In the current chapter, efficient operation of pneumatic

actuator as a human power amplifier (presented in chapter 5) thorough independent

metering is investigated. Human power amplification coupled with minimum operating

pressure provides the two objectives that determine the command inputs to the two

valves in Fig. (8.1). A function in terms of the error between the current pressure

and a desired pressure is defined for the actuator chamber connected to the ambient

pressure. The command input to the valve connecting the actuator chamber to the
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ambient is designed so as to regulate this pressure error function to zero. When the

direction of desired actuator force changes, the valves connecting the actuator chambers

to supply pressure Ps and ambient pressure Patm are swapped. Similar work involving

force control with independently metered hydraulic actuator had been presented in [64].

The novelty of the approach proposed in this chapter is that the desired pressure in

both chambers of the actuator, when connected to the ambient pressure, are defined

such that the irrespective of the chamber connected to ambient pressure, the pressure

error function exponentially converges to zero, whereas in the previous works [64], the

desired pressure is arbitrarily defined, resulting in an error function dynamics that is

not non-increasing. The valve connecting the actuator chamber to supply pressure can

be controlled to meet the performance objective of the pneumatic actuator such as

position tracking or force tracking. In this chapter, the input to the valve connecting

the actuator chamber to air supply is designed to provide human power amplification.

The results presented in chapter 5 show that controllers designed by assuming ei-

ther the adiabatic or the isothermal thermodynamic process have similar performance.

Therefore, for the sake of simplicity, the controllers for both the pneumatic valves are

designed in this chapter by assuming that the thermodynamic process in the actuator

is isothermal.

In the following section, the experimental setup and the system dynamics are briefly

presented. The control objectives for the two pneumatic valves used to independently

meter the air flow rate are formally presented in section 8.2. The control input design

for the two valves is presented in section 8.3. Experimental results comparing the

performance of a single valve with that of independent metering are presented in section

8.4. The experimental results reveal that operation time can be substantially improved

by independently metering the air flow rate to the actuator. Some concluding remarks

are provided in section 8.5.

8.1 System model

The experimental setup used in this study is as shown in Fig. (8.2). It consists of a two-

chambered pneumatic actuator with a force sensor mounted on top for measuring the

input human force Fh(t). A pair of pressure sensors are used to calculate the chamber
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pressures P1 and P2. The actuator force Fa is determined from the chamber 1 air

pressure P1, the chamber 2 air pressure P2 and the corresponding piston cross-sectional

areas A1 and A2 as,

Fa = P1A1 − P2A2 − PatmAp = (P1 − Patm)A1 − (P2 − Patm)A2 (8.1)

where Patm is the atmospheric pressure and Ap is the rod cross sectional area exposed to

atmospheric pressure. A portable air compressor is used as the reservoir of pressurized

air for the experiment. Once fully charged, the compressor is turned off to avoid recharg-

ing during an experiment. Two, 3-position 2-way pneumatic servo valves are used to

meter the air flow independently to the actuator chambers. The human force Fh(t) in

combination with the actuator force Fa moves the actuator piston in the vertical plane.

During the experiment, the actuator is moved in the vertical plane until the reservoir is

discharged to a pressure insufficient for providing the desired actuation force. For the

purpose of comparing single valve metering with independent valve metering, the piston

velocity ẋ was kept very similar in both the experimental runs. The dynamics of the

inertia being moved by the actuator is given by,

Mpẍ = Fh(t) + Fe(t) + Fa (8.2)

where, x is the piston position, Mp is the piston inertia and Fe(t) includes environment

force such as gravity and un-modeled forces such as friction.

For air mass of m1 and m2 in chamber 1 and 2 respectively, and an air temperature

of To, the pressure dynamics for the isothermal actuator are obtained from Eq. (3.81)

in chapter 3 as,

Ṗ1 =
ṁ1RToA1

V1(x)
− P1V̇1(x)

V1(x)
(8.3)

Ṗ2 =
ṁ2RToA2

V2(x)
− P2V̇2(x)

V2(x)
(8.4)

For a pneumatic actuator with independently metered chambers, the air flow rate

to the ith ∈ (1, 2) chamber of the isothermal actuator (chamber temperature = To)

depends on the chamber pressure Pi and the effective valve area ui open for air flow as

defined in Eq. (3.26) and is given by,

ṁi = Ψi(Pi, ui)ui (8.5)
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Figure 8.2: The experimental setup with an air compressor as a source of compressed

air supply

where the nonlinear function Ψi(Pi, ui) is as defined in Eq. (3.27). The control objective

for designing the appropriate valve input command ui is presented in the following

section.

8.2 Controller formulation

As each pneumatic actuator chamber is independently metered, there are two degrees

of freedom in the controller design :

1. Command input to the valve connecting the actuator chamber to the ambient

pressure Patm

2. Command input to the valve connecting the actuator chamber to the supply pres-

sure Ps

8.2.1 Framework for controller design

Ambient port valve command input: The force Fa exerted by the two-chambered

actuator in Fig. (8.1) is as given in Eq. (8.1). To obtain positive actuator force,
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chamber 1 is connected to the supply pressure Ps, while chamber 2 is connected to the

ambient pressure Patm. From Eq. (8.1) it can be seen that a desired positive force can

be obtained for a smaller value of P1 by maintaining P2 at a low target pressure. When

the direction of force changes, chamber 1 is now connected to the ambient pressure

Patm, while chamber 2 is connected to the supply pressure Ps. As the pressure P1

in chamber 1 was not very high before the change in the direction of force Fa, the

pressure P2 in chamber 2 does not have to be very high to provide the desired negative

force. By extending this analysis to further cycles of operation, it can be inferred

that the maximum required pressure in both the actuator chambers can be lowered by

maintaining a lower pressure in the chamber connected to the ambient pressure Patm.

Therefore the control objective for the valve connecting the pneumatic actuator chamber

to ambient pressure is to maintain the chamber pressure at a target low pressure.

The initial pressure in the chamber connected to ambient pressure Patm depends on

the magnitude and direction of the desired force output from the pneumatic actuator.

To prevent discrete change in the value of the error function at the point of switching

the target pressure in the low pressure chamber has to be appropriately defined.

Supply port valve command input: The valve connected to the compressed air sup-

ply Ps is commanded to provide the air flow rate ṁi required for achieving the desired

human power amplification. As presented in section 5.1, the desired inertial dynamics

of the power amplifier with an amplification factor of ρ is given by,

Mpẍ = (ρ+ 1)Fh(t) + Fe(t) (8.6)

with the desired external supply rate s(Fh(t), Fe(t), ẋ) defined as,

s(Fh(t), Fe(t), ẋ) := ((ρ+ 1)Fh(t) + Fe(t))ẋ (8.7)

satisfying the following passivity condition,∫ t

0
s(Fh(τ), Fe(τ), ẋ) dτ ≥ −c2

o (8.8)

In the above passivity condition c2
o represents the maximum energy that can be

extracted from the system in the absence of any external inputs.

As presented in section 5.3.2, the controller design for achieving the supply rate

corresponding to human power amplification is formulated as a velocity co-ordination
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problem. The flow source at the fluid port of the chamber connected to the supply

pressure is defined to be the sum of the velocity ẋv of a virtual inertia and an active

feedback signal ufb. For an inertial mass of Mv, by defining the dynamics of the virtual

inertia as,

Mvẍv = ρFh(t)− ud − Fa (8.9)

where ud is included to guarantee passive operation, and on designing the feedback input

ufb to achieve velocity co-ordination between the dynamics of inertia Mp Eq. (8.2) and

the virtual inertia Mv in Eq. (8.9) (ẋ = ẋv), the co-ordinated system dynamics are

obtained as,

(Mp +Mv)ẍ = (ρ+ 1)Fh(t) + Fe(t)− ud (8.10)

For a very small magnitude of input signal ud, the coordinated system dynamics in

the above equation are similar to the desired power amplifier dynamics in Eq. (8.6). By

designing the input ud to be dissipative, the system with dynamics shown in Eq. (8.10)

can be shown to satisfy the passivity condition in Eq. (8.8). Design of ud is presented

in section 8.3.3. The control objective for the valve connected to the supply pressure is

therefore to achieve velocity co-ordination between the virtual mass Mv and the inertia

Mp being moved.

8.2.2 Control objectives

The control objectives for the two valves can therefore be summarized as,

1. Ambient side control objective : Maintain a low pressure in the chamber ported

to the ambient pressure

2. Supply side control objective : Co-ordination between the velocity ẋ of the actual

mass Mp, and the velocity ẋv of the virtual inertia Mv

VE , (ẋ− ẋv → 0) (8.11)

while satisfying the passivity condition in Eq. (8.8).

Controller design to achieve the listed objectives are presented in the following sec-

tion.
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8.3 Controller design

8.3.1 Ambient port valve input design

To achieve positive actuator force (Fa > 0), chamber 2 is typically connected to ambient

pressure. Chamber 1 is connected to the ambient pressure when the actuator force

is negative (Fa < 0). In this chapter, a continuous error function Jp(P1, P2, Fa) is

defined for each actuator chamber when the corresponding valve is ported to the ambient

pressure Patm as,

Jp(P1, P2, Fa) =

{
(P2 − (1 + ε2)Patm)A2 if Fa ≥ 0

(P1 − (1 + ε1)Patm)A1 if Fa < 0
(8.12)

where εi > 0 is a positive constant, and (1 + εi)Patm is the target operating pressure for

the ith chamber. Continuity of the error function Jp(P1, P2, Fa) is achieved at Fa := 0

in Eq. (8.1) for the following relationship between ε1 and ε2,

ε2
ε1

=
A1

A2
(8.13)

The valve command input ui to valve connecting the actuator chamber with the am-

bient pressure is determined by regulating Jp(P1, P2, Fa) to zero. Consider the dynamics

of the pressure error function Jp(P1, P2, Fa) in Eq. (8.12),

J̇p(P1, P2, Fa) =

{
Ṗ2A2 if Fa ≥ 0

Ṗ1A1 Fa < 0
(8.14)

Using the expression for Ṗ1 from Eq. (8.3) and the expression for Ṗ2 from Eq.

(8.4), along with the expression for mass flow rate ṁi from Eq. (8.5), the derivative of

Jp(P1, P2, Fa) in the above equation can be expressed as,

J̇p(P1, P2, Fa) =


Ψ(P2,To,u2)RToA2

V2(x) u2 − P2V̇2(x)
V2(x) if Fa ≥ 0

Ψ(P1,To,u1)RToA1

V1(x) u1 − P1V̇1(x)
V1(x) if Fa < 0

(8.15)

Design of these input commands u1 and u2 to achieve a continuous exponential

convergence of the pressure error function Jp(P1, P2, Fa) in Eq. (8.12) is presented in

the following theorem.
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Theorem 8.1. The pressure error function Jp(P1, P2, Fa) in Eq. (8.12) continuously

and exponentially converges to zero if the command input uL to the valve connecting the

Lth ∈ (1, 2) actuator chamber to the ambient pressure Patm is defined as,

uL =

u2 if Fa ≥ 0

u1 if Fa < 0
(8.16)

where ui for i ∈ (1, 2) is defined as,

ui =
Vi(x)

Ψ(Pi, To, ui)RTo
(
P1V̇2(x)

V2(x)
+ η((1 + εi)Patm − Pi)) (8.17)

where η is a positive constant that determines the rate of convergence, while ε1 and ε2

are small positive constants that are related to the area A1 on the cap side and the area

A2 on the piston side of the actuator respectively as given in Eq. (8.13)

Proof. When the actuator force Fa is positive, chamber 2 in Fig. (8.1) is the connected

to the ambient pressure Patm. The dynamics of pressure P2 in chamber 2 are as given

in Eq. (8.4). Using definition of the mass flow rate ṁ2 from Eq. (8.5) and using the

input command u2 to the valve from Eq. (8.16), the dynamics of P2 in Eq. (8.4) can

be expressed as,

Ṗ2 = −η(P2 − (1 + ε2)Patm) (8.18)

Using the above equation for Ṗ2 in Eq, (8.14), the pressure error dynamics is obtained

as,

J̇p(P1, P2, Fa) = −ηJp(P1, P2, Fa) (8.19)

Integrating both sides of the above equation, exponential convergence of the error

function Jp(P1, P2, Fa) follows.

When the actuator force Fa is negative, chamber 1 is connected to the ambient

pressure. Using the definition for the valve command input u1 from Eq. (8.16) and the

air mass flow rate ṁ1 from Eq. (8.5), the dynamics of pressure P1 in Eq. (8.3) can be

expressed as,

Ṗ1 = −η(P1 − (1 + ε1)Patm) (8.20)

From the above expression for Ṗ1 when chamber 1 is connected to ambient pressure,

the corresponding dynamics of the error function Jp(P1, P2, Fa) is again obtained as,

J̇p(P1, P2, Fa) = −ηJp(P1, P2, Fa) (8.21)
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Again, integrating both sides of the above equation, exponential convergence follows.

For both the positive actuator force (Fa > 0) and the negative actuator force (Fa <

0), the error function Jp(P1, P2, Fa) in Eq. (8.19) and Eq. (8.21) respectively, has the

same exponential convergence characteristics. When the direction of force changes at

Fa = 0, the following condition is satisfied,

P1A1 − PatmA1 = P2A2 − PatmA2 (8.22)

Adding ε1PatmA1 to both sides of the above equation and using the relationship

between ε1 and ε2 from Eq. (8.13) in the above equation, the following condition is

obtained,

(P1 − (1 + ε1)Patm)A1 = (P2 − (1 + ε2)Patm)A2 (8.23)

The above equation implies that the following condition is satisfied,

Jp(P1, P2, Fa)‖Fa=0+ = Jp(P1, P2, Fa)‖Fa=0− (8.24)

Thus, the dynamics of the error function as defined by Eq. (8.19) and Eq. (8.21) are

continuous. Therefore, the control input uL as defined in Eq. (8.16) for the Lth chamber

connected to the ambient pressure, coupled with the condition on ε1 and ε2 as defined

in Eq. (8.13) results in exponentially convergence of the error function Jp(P1, P2, Fa) to

zero, irrespective of the valve switching.

Note that the controller design for the valve connecting the actuator chamber to

the ambient is independent of the control objective on the high pressure side. The

minimum possible target pressure for a pneumatic system is the atmospheric pressure

Patm. However, from Eq. (3.27) it can be noticed that this value for operating pressure

will lead to a singularity (Ψ(Pi, ui) = 0, if, Pi = Patm). In our experiments, a value of

0.5 was arbitrarily assigned to ε1. From the specifications of A1 and A2 for the actuator

used in our experiments, and using Eq. (8.13), ε2 is evaluated to be 0.45. The controller

design for the valve connected to the compressed air supply is presented in the following

section.
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8.3.2 Supply port valve input design

In this chapter, the input command to the valve connecting the actuator chamber with

the source of compressed air is designed to achieve the desired human power amplifi-

cation. The prescribed approach for controller design is as outlined in section 5.3. As

mentioned in section 8.2, the desired supply rate sh(Fh, Fe, ẋ) corresponding to ampli-

fied human power is supplied to the inertial mass Mp when its velocity ẋ and the velocity

ẋv of the virtual inertia Mv are co-ordinated. As presented in section 5.3, the velocity

state space [ẋ, ẋv] is transformed to a space consisting of the velocity VL of the center

is mass of Mp and Mv (a.k.a Locked system velocity), and the co-ordination velocity

error VE := (ẋ− ẋv) (a.k.a Shape system velocity).

A two-stage back-stepping controller as presented in section 5.3 is used to regulate

the Shape system velocity VE to zero. In the first stage of controller design, the desired

actuator force F da is the pseudo-control input for the inertial dynamics and is designed

as presented in Theorem 5.1. If the actuator is unable to provide the desired force F da

in Eq. (5.27), the force error F̃ between the applied actuator force Fa and the desired

actuator force F da is defined as,

F̃ = Fa − F da (8.25)

When independently metering the air flow to the two chambers of the pneumatic

actuator, the desired actuator force F da in Eq. (5.27) can be obtained by providing

appropriate input commands ui to the valve connecting the actuator chamber to the

supply pressure Ps. The actuator Lyapunov function for the second stage of the con-

troller design, and its relevant properties when using independent valves to meter air

flow to the actuator are presented in the following section.

Actuator Lyapunov function: definition and properties

Let P d1 and P d2 be the pressures in chambers 1 and 2 respectively corresponding to the

desired actuator force F da . These pressures are related to F da from Eq. (5.27) as,

F da (t) = P d1A1 − P d2A2 − PatmAp (8.26)

For a given mass of air m1 and m2 in chambers 1 and 2 of the actuator respectively,

letm := (m1,m2) be the vector of air mass in both actuator chambers, P := (P1, P2) be
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the vector of air pressure in the actuator chambers, while P d := (P d1 , P
d
2 ) be the vector

of desired pressure from each actuator chamber. As mentioned in the earlier sections,

the valve input command is designed by assuming the thermodynamic process in the

actuator to be isothermal. By using the definition of the specific energy of an actuator

chamber from Eq. (3.145), the Lyapunov function V iso(m,P ,P d) for the isothermal

actuator is obtained from Eq. (3.143) as,

V iso(m,P ,P d) = m1RTo

((
P d1
P1
− 1

)
− log

(
P d1
P1

))
+m2RTo

((
P d2
P2
− 1

)
− log

(
P d2
P2

)) (8.27)

From the definition of mass flow rate ṁi in Eq. (8.5), the time derivative V̇ iso(.) of

the actuator Lyapunov function in Eq. (8.27) is obtained from Eq. (3.146) as,

V̇ iso(m,P ,P d) = Ψ(P1, To, u1)RTo log

(
P1

P d1

)
u1 + Ψ(P2, To, u2)RTo log

(
P2

P d2

)
u2

− F̃ ẋ− Ḟ da (xd − x)

(8.28)

where xd is the position of the actuator when providing the desired force F da . When

using a single valve for metering air flow, the fluid port power variable for the both the

actuator chambers in Eq. (8.28) are combined and analyzed as a single port connection

to the source of compressed air. With independent metering, the valve being controlled

to provide the desired actuator force F da varies with the direction of the force Fa. As

a result, the port variables for connecting the fluid port of the actuator to the virtual

inertia vary with direction of the force. The flow variable at the actuator port connected

to the supply pressure Ps is given by the valve command input (u1 or u2). The effort

variable Zsγ(Pi, P
d
i , ui) at the fluid port of ith ∈ (1, 2) chamber of the actuator connected

to the supply pressure is obtained from Eq. (8.28) as,

Zsγ(Pi, P
d
i , ui) =

 Ψ(P1, To, u1)RTo log
(
P1

P d1

)
if Fa ≥ 0

Ψ(P2, To, u2)RTo log
(
P2

P d2

)
Fa < 0

(8.29)

In the following subsection, the transformation of the effort variable Zsγ(Pi, P
d
i , ui)

in the above equation and the corresponding power variables the actuator fluid port are

presented.
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Transformation of the supply port power variables when independent me-

tering

From the remark 3.5, the force error F̃ is monotonically related to the position error

(xd − x) through a nonlinear function Kd
iso(m, x, xd) as,

F̃ = Kd
iso(m, x, xd)(xd − x) (8.30)

where Kd
iso(m, x, xd) ∈ <+ is defined in Eq. (3.142) and can be interpreted as the

stiffness of a nonlinear spring between the current position x and the desired position

xd. The actuator force error F̃ as defined in Eq. (8.30) varies monotonically with

(xd − x). Along the lines of remark 3.6 for system with single valve metering, the

following remark can be stated for pneumatic system with independent metering.

Remark 8.1. The effort variable Zsγ(Pi, P
d
i , ui) at the fluid port of the ith ∈ (1, 2)

chamber connected to the supply pressure Ps, as shown in Eq. (8.29), varies monoton-

ically with actuator force error F̃ as defined in Eq. (8.30), and is identically zero only

if the force error F̃ is also zero. In addition, the nonlinear gain γs3(Pi, P
d
i , ui) from the

force error F̃ to the effort variable Zsγ(Pi, P
d
i , ui) defined as,

γs3(Pi, P
d
i , ui) =

Zsγ(Pi, P
d
i , ui)

F̃
(8.31)

is well defined.

Proof. Proof is as shown in appendix E.1

The command input ui (i ∈ (1, 2)) to the valve connected to the supply pressure for

regulating the actuator force error F̃ to zero is presented in the following section.

Design of valve command input

If the external force Fex(t) is unknown, the Lyapunov function V2(.) for the second stage

of the controller design is defined to be function of the velocity estimation error ṼE and
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the force estimation error F̃E as shown in Eq. (5.48) and is given by,

V2(VE , ṼE , F̃ex,m,P ,P d) =
1

2


VE

ṼE

F̃E


T (

ME 01×2

02×1 P o

)
︸ ︷︷ ︸

Q1


VE

ṼE

F̃ex

+ V iso(m,P ,P d)

(8.32)

where P o ∈ R2×2 satisfies the Lyapunov equation presented in Eq. (5.31). As the

above Lyapunov function is positive definite, by regulating it to zero, the Shape system

velocity VE , and the estimation errors ṼE and F̃E are also regulated to zero.

From the Shape system dynamics in Eq. (5.20), the defintion of the desired actuator

force F da from Eq. (5.27), the actuator force error F̃ definition from Eq. (8.25), the

observer error dynamics from Eq. (5.36) and Eq. (5.37), and from the derivative

V̇ iso(m,P ,P d) of the isothermal Lyapunov function in Eq. (8.28), the derivative V̇2(.)

of the Lyapunov function in Eq. (8.32) is obtained as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) = −


VE

ṼE

F̃ex


T (

Kv 01×2

02×1 Qo

)
VE

ṼE

F̃ex


+ Ψ(P1, To, u1)RTo log

(
P1

P d1

)
u1 + Ψ(P2, To, u2)RTo log

(
P2

P d2

)
u2

− F̃ ẋv + Ḟ da
F̃

Kd
iso(m, x, xd)

(8.33)

where Qo ∈ R2×2 is a positive definite matrix defined to obtain the solution of the

Lyapunov equation in Eq. (5.31).

Design of the valve command inputs (u1, u2), for regulation of the Shape system

velocity VE and actuator force error F̃ to zero is presented in the following theorem.

Theorem 8.2. For a given external force Fex(t), exponential regulation of the Shape

system dynamics in Eq. (5.20) is achieved if the actuator is able to provide the desired

force F da as defined in Eq. (5.25), which can be provided for the following command input

uH ∈ (u1, u2) to the valve connecting the H ∈ (1, 2) chamber to the supply pressure,

uH =
1

γs3(PH , P dH , uH)

(
ẋv −Kf F̃ +

Ḟ da
Kd
iso(m, x, xd)

)
− ζH(P ,P d, uL) (8.34)
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where the nonlinear function γs3(P ,P d,u) is as defined in Eq. (8.31), the nonlinear

function Kd
iso(m, x, xd) ∈ <+ is as defined in Eq. (3.142), Kf is a positive constant,

while ζH(P ,P d, uL) is a function of the control input (uL) to the valve connecting the

pneumatic actuator to ambient pressure and is defined as,

Chamber 1 connected to supply:

ζ1(P ,P d, u2) = Ψ(P2, To, u2) log

(
P2

P d2

)
u2/

(
Ψ(P1, To, u1) log

(
P1

P d1

))
Chamber 2 connected to supply:

ζ2(P ,P d, u1) = −Ψ(P1, To, u1) log

(
P1

P d1

)
u1/

(
Ψ(P2, To, u2) log

(
P2

P d2

))
(8.35)

If the force Fex is an unknown constant, exponential convergence can still be achieved

for the desired actuator force F da as defined in Eq. (5.27) and the valve command input

uH as defined in Eq. (8.34).

Proof. If the force Fex is well known, consider the Lyapunov function V̄2(VE ,m,P ,P d)

as defined in Eq. (5.52) which is given by,

V̄2(VE ,m,P ,P d) =
1

2
MEV

2
E + V iso(m,P ,P d) (8.36)

As shown in Eq. (5.53), the Lyapunov function V̄2(VE ,m,P ,P d) is bounded from

above. Using the Shape system dynamics from Eq. (5.20), the definition of the desired

actuator force F da from Eq. (5.25) and the derivative V̇ iso(m,P ,P d) of the actuator

Lyapunov function from Eq. (8.28), the time derivative ˙̄V2(.) of the Lyapunov function

in Eq. (8.36) is obtained as,

˙̄V2(VE ,m,P ,P d) = −KvV
2
E − F̃ ẋv + Ψ(P1, To, u1)RTo log

(
P1

P d1

)
u1

+ Ψ(P2, To, u2)RTo log

(
P2

P d2

)
u2 − Ḟ da

F̃

Kd
iso(m, x, xd)

(8.37)

If chamber 1 is connected to the compressed air supply, then using Eq. (8.31) to

obtain the effort variable Zsγ(P1, P
d
1 , u1), the Lyapunov function derivative in Eq. (8.37)
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can be expressed as,

˙̄V2(VE ,m,P ,P d) = −KvV
2
E + γs3(P1, P

d
1 , u1)u1F̃ + ṁ2RTo log

(
P2

P d2

)
− F̃ ẋv − Ḟ da

F̃

Kd
iso(m, x, xd)

(8.38)

where γs3(P1, P
d
1 , u1) is as defined in Eq. (8.31). If chamber 2 is connected to the

compressed air supply, the Lyapunov function derivative ˙̄V2(.) in Eq. (8.37) is obtained

as,

˙̄V2(VE ,m,P ,P d) = −KvV
2
E + ṁ1RTo log

(
P1

P d1

)
+ γs3(P2, P

d
2 , u2)u2F̃

− F̃ ẋv − Ḟ da
F̃

Kd
iso(m, x, xd)

(8.39)

From the definition of the valve input uH ∈ (u1, u2) given in Eq. (8.34), the deriva-

tive ˙̄V2(.) of the Lyapunov function in Eq. (8.38) and Eq. (8.39) can be simplified

as,

˙̄V2(VE ,m,P ,P d) = −
(
VE F̃

)( Kv 0

0 Kf

)
︸ ︷︷ ︸

Q

(
VE

F̃

)
≤ −σmin(Q)

∥∥∥∥∥
(
VE

F̃

)∥∥∥∥∥
2

2

(8.40)

From the definition of the upper bound on the Lyapunov function V̄2(VE ,m,P ,P d)

in Eq. (5.53), the Lyapunov function derivative ˙̄V2(.) in the above equation can be

expressed as,

˙̄V2(VE ,m,P ,P d) ≤ −2σmin(Q)

σmax(P)
V̄2(VE ,m,P ,P d) (8.41)

On integrating both sides of the above equation, exponential convergence follows.

If the force Fex is an unknown constant, consider the Lyapunov function V2(.) as

defined in Eq. (8.32). The Lyapunov function V2(.) is bounded as shown in Eq. (5.49).

The time derivative V̇2(.) of the Lyapunov function is obtained as given in Eq. (8.33).

Using the definition of the valve command input uH ∈ (u1, u2) as provided in Eq. (8.34)

for the appropriate chamber connected to the supply pressure, the time derivative V̇2(.)
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of the Lyapunov function in Eq. (8.33) can be simplified as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) = −


VE

ṼE

F̃ex

F̃


T 

Kv 01×2 0

02×1 Qo 02×1

0 01×2 Kf


︸ ︷︷ ︸

Q3


VE

ṼE

F̃ex

F̃



≤ −σmin(Q3)

∥∥∥∥∥∥∥∥∥∥∥


VE

ṼE

F̃ex

F̃



∥∥∥∥∥∥∥∥∥∥∥

2

2

(8.42)

From the definition of the upper bound on the Lyapunov function V2(.) in Eq. (5.49),

the Lyapunov function derivative in Eq. (8.42) can be expressed as,

V̇2(VE , ṼE , F̃ex,m,P ,P d) ≤ −2σmin(Q3)

σmax(P3)
V2(VE , ṼE , F̃ex,m,P ,P d) (8.43)

Exponential convergence follows on integrating both sides of the above equation.

As stated in remark 5.1, for a time varying external force Fex(t), exponential con-

vergence is guaranteed only to a region in the neighborhood of the origin. The size of

this region is determined by the maximum magnitude of the rate of the rate of change

of Fex(t), i.e. ‖Ḟex(t)‖∞.

Note that the control input to the high pressure side depends on the input to the low

pressure through the term ζi(P ,P
d, uL). Passivity analysis of the proposed controller

is presented in the following section.

8.3.3 Closed loop passivity

In this section, a storage function for the independently metered pneumatic human

power amplifier is defined, and the proposed controller in the previous section is modified

to provide the required human power amplification at low operating pressure, while

satisfying the desired passivity condition in Eq. (8.8). For convenience of passivity
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analysis, the command input uH to the valve connecting the supply pressure Ps to an

actuator chamber, presented in Eq. (8.34) is expressed as,

uH =
1

γs3(PH , P dH , uH)

(
ẋv +

Ḟ da
Kd
iso(m, xd, x)

+ uHf

)
− ζH(P ,P d, uL) (8.44)

where uHf consists of the feedback elements of the input and is given by,

uHf = −Kf F̃ (8.45)

To study passivity properties of the human power amplifier, the sum of the kinetic

energy in the inertia, kinetic energy of the virtual mass and the energy available in

the pneumatic actuator is defined to be the storage function. For a given vector m :=

(m1,m2) of air mass in chamber 1 and 2 of the actuator, and for a given vector of

pressures P := (P1, P2), the available energyW iso
act (m,P ) in a two-chambered isothermal

actuator is as presented in Eq. (3.102). The storage function Ws(ẋ, ẋv,m,P ) for the

human power amplifier is therefore given by,

Ws(ẋ, ẋv,m,P ) =
1

2
Mpẋ

2 +
1

2
Mvẋ

2
v +W iso

act (m,P ) (8.46)

From the dynamics of inertia Mp in Eq. (8.2), the dynamics of inertia Mv in Eq.

(8.9) and using the supply rate to the isothermal actuator from Eq. (3.115), the time

derivative Ẇs(.) of the storage function in Eq. (8.46) is obtained as,

Ẇs(ẋ, ẋv,m,P ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − (Fa + ud)ẋv

+ Ψ(P1, To, u1)RTo log

(
P1

P̄1(m)

)
u1 + Ψ(P2, To, u2)RTo log

(
P2

P̄2(m)

)
u2

(8.47)

where P̄1(m) and P̄2(m) correspond to the pressure in chambers 1 and 2 respectively of

the actuator at the equilibrium position x̄(m). With independent metering, each cham-

ber of the actuator can be treated as a single-chambered actuator. The effort variables

Zsγ(m, P1, u1) and Zsγ(P2, P̄2, u2) for chambers 1 and 2 of the actuator respectively are

defined as,

Zsγ(P1, P̄1, u1) = Ψ(P1, To, u1)RTo log

(
P1

P̄1(m)

)
= Ψ(P1, To, u1)RTo log

(
L1o + x̄(m)

L1o + x

)
Zsγ(P2, P̄2, u2) = Ψ(P2, To, u2)RTo log

(
P2

P̄2(m)

)
= Ψ(P2, To, u2)RTo log

(
L2o − x̄(m)

L2o − x

)
(8.48)
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Remark 8.2. The fluid port effort variable Zsγ(Pi, P̄i, ui) at the ith ∈ (1, 2) chamber,

as defined in Eq. (8.48), varies monotonically with the actuator force Fa. The non-

linear mapping γs1(Pi, P̄i, ui) from the actuator force Fa to the fluid port effort variable

Zsγ(m, Pi, ui) is given by,

γs1(Pi, P̄i, ui) =
Zsγ(Pi, P̄i, ui)

Fa
(8.49)

is well defined for all Fa

Proof. In the proof for remark 8.1 presented in appendix E, replace the the desired

actuator chamber pressures P d1 , P d2 in chambers 1 and 2 respectively with the equilibrium

pressures P̄1 and P̄2. The proof for this remark then follows.

The supply rate to the actuator depends on which chamber is connected to the

supply pressure Ps and which chamber is connected to the ambient pressure Patm. When

chamber 1 is connected to the supply port, using the definition of the valve command

inputs, u1 from Eq. (8.34) and u2 from Eq. (8.16) respectively, the supply rate Ẇs(.)

in Eq. (8.47) can be expressed as,

Ẇs(ẋ, ẋv,m,P ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − (Fa + ud)ẋv

+
γs1(P1, P̄1, u1)

γs3(P1, P̄1, u1)
Faẋv +

γs1(P1, P̄1, u1)

γs3(P1, P̄1, u1)Ks(m, x, xd)
FaḞ

d
a −

γs1(P1, P̄1, u1)

γs3(P1, P̄1, u1)
FaKf F̃

−

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ2RTo log

(
P2

P̄2(m)

)
(8.50)

The desired supply rate to the human power amplifier corresponds to the first term

on the r.h.s of the above equation. All the other terms on the r.h.s of the above

equation are sign indefinite. In passivity analysis of human power amplifier with single

valve for metering the air flow presented in section 5.4, it is shown that the input ud

on the virtual inertia is defined to compensate for some of the sign indefinite terms to

guarantee passive operation. Along the lines of Eq. (5.65), when chamber 1 is connected

to supply pressure, the input ud on the virtual inertia is defined as,

ud =


(

γs1(P1,P̄1,u1)

γs3(m,P1,P d1 ,u1)
− 1
)
Fa, if

(
γs1(P1,P̄1,u1)

γs3(m,P1,P d1 ,u1)
− 1
)
Faẋv > 0

0 if
(

γs1(P1,P̄1,u1)

γs3(m,P1,P d1 ,u1)
− 1
)
Faẋv ≤ 0

(8.51)
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The time derivative of the supply rate in Eq. (8.50) can then be expressed as,

Ẇs(ẋ, ẋv,m,P ) ≤ ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE−

Faẋv +
γs1(P1, P̄1, u1)

γs3(P1, P̄1, u1)Ks(m, x, xd)
FaḞ

d
a −

γs1(P1, P̄1, u1)

γs3(P1, P̄1, u1)
FaKf F̃

−

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ2RTo log

(
P2

P̄2(m)

)
(8.52)

If chamber 2 is connected to the supply pressure Ps and chamber 1 is connected to

the ambient pressure Patm, then the supply rate in Eq. (8.47) can be expressed as,

Ẇs(ẋ, ẋv,m,P ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − (Fa + ud)ẋv

+
γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
Faẋv +

γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)Ks(m, x, xd)
FaḞ

d
a −

γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
FaKf F̃

−

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ1RTo log

(
P1

P̄1(m)

)
(8.53)

The input ud on the virtual inertia, when chamber 2 is connected to supply pressure,

is then defined as,

ud =


(

γs1(P2,P̄2,u2)

γs3(m,P1,P d2 ,u2)
− 1
)
Fa, if

(
γs1(P2,P̄2,u2)

γs3(m,P1,P d2 ,u2)
− 1
)
Faẋv > 0

0 if
(

γs1(P2,P̄2,u2)

γs3(m,P1,P d2 ,u2)
− 1
)
Faẋv ≤ 0

(8.54)

The time derivative of the supply rate in Eq. (8.53) can then be expressed as,

Ẇs(ẋ, ẋv,m,P ) ≤ ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − Faẋv

+
γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)Ks(m, x, xd)
FaḞ

d
a −

γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
FaKf F̃

−

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ1RTo log

(
P1

P̄1(m)

) (8.55)

For ease of subsequent analysis, the power interaction at the valve connected to the
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low pressure port is defined as,

β1(m,P ,P d) =

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ2RTo log

(
P2

P̄2(m)

)
(8.56)

β2(m,P ,P d) =

 log
(
P1

P̄1

)
log
(
P1

P d1

) − log
(
P2

P̄2

)
log
(
P2

P d2

)
 ṁ1RTo log

(
P1

P̄1(m)

)
(8.57)

To monitor the supply rate due to other sign indefinite terms on the r.h.s of Eq.

(8.52) and Eq. (8.55) a fictitious flywheel as presented in the section 5.4 is utilized. The

augmented system with the flywheel dynamics is analyzed in the following section.

Augmented system with a virtual flywheel

For an inertia of Mf and an external torque Tf , the dynamics of the flywheel position xf

are as given in Eq. (5.68). The objective again is establish a skew-symmetric relationship

between the flywheel and the human power amplifier by appropriately defining the

flywheel torque Tf . The change in the kinetic energy of the flywheel then reflects the

energy transferred to/from the human power amplifier. If the flywheel energy falls

below a threshold value fo, additional damping is introduced in the controller design

to extract energy from the human power amplifier and transfer it to the flywheel. This

additional damping is applied on the virtual inertia dynamics by modifying the virtual

inertia dynamics as,

Mvẍv = ρFh(t)− Fa − ud − bẋv (8.58)

where b ∈ <+ is the damping coefficient.

The flywheel torque Tf and the damping coefficient b required for passive operation

of the human power amplifier are provided in the next section.

Passivity property of the virtual flywheel augmented system

The storage functionWtot(ẋ, ẋv,m,P , ẋf ) for the augmented system is obtained as given

in Eq. (5.70) by augmenting the storage function Ws(ẋ, ẋv,m,P ) with the kinetic

energy 1
2Mf ẋ

2
f of the flywheel. Unlike the human power amplifier with single valve

metering presented in section 5.4, with independent metering, the supply rate to the
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pneumatic actuator varies with the connections at the two fluid ports of the actuator.

In this section, the supply rate for each of the two scenarios is considered in defining

the torque to the flywheel.

Consider the case when chamber 1 is connected to the supply pressure Ps and cham-

ber 2 is connected to ambient pressure Patm. Using the expression for Ẇs(.) from Eq.

(8.50), along with the modified dynamics of the virtual inertia from Eq. (8.58) and the

definition of β1(m,P ,P d) from Eq. (8.56), the time derivative Ẇtot(.) of the storage

function in the above equation is obtained as,

Ẇtot(ẋ, ẋv,m,P , ẋf ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − (Fa + ud)ẋv − bẋ2
v

+
γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
Faẋv +

γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)Ks(m, x, xd)
FaḞ

d
a

− γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
FaKf F̃ − β1(m,P ,P d) + Tf ẋf

(8.59)

If chamber 2 is connected to the supply pressure Ps, and chamber 1 is connected

to the ambient pressure, then, using the expression for Ẇs(.) from Eq. (8.53) along

with the modified dynamics of the virtual inertia in Eq. (8.58) and the definition of

β2(m,P ,P d) from Eq. (8.56), the time derivative Ẇtot(.) is then obtained as,

Ẇtot(ẋ, ẋv,m,P , ẋf ) = ((ρ+ 1)Fh(t) + Fe(t))ẋ− ρFh(t)VE − (Fa + ud)ẋv − bẋ2
v

+
γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
Faẋv +

γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)Ks(m, x, xd)
FaḞ

d
a

− γs1(P2, P̄2, u2)

γs3(P2, P̄2, u2)
FaKf F̃ − β2(m,P ,P d) + Tf ẋf

(8.60)

Design of the flywheel torque Tf required for passive operation is presented in the

following theorem.

Theorem 8.3. The inertia dynamics of a pneumatically actuated human power ampli-

fier in Eq. (8.2), with the pressure dynamics in the pneumatic actuator given in Eqs.

(8.3, 8.4) varied with air mass flow rate ṁi in Eq. (8.5) for providing the actuator force

F da as defined in Eq. (5.27) (and in Eq. (5.25) for known Fex), the command input uL

to the valve connecting the actuator chamber to ambient pressure Patm as presented in
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Eq. (8.16) and the command input uH to the valve connecting the actuator chamber to

supply pressure given by,

uH =
1

γs3(PH , P dH , uH)

(
ẋv +

(
Ḟ da

Kd
iso(m, xd, x)

))
− ζH(P ,P d, uL) +

ûHf
γs3(PH , P dH , uH)

(8.61)

where the feedback component ûHf is used to establish a skew-symmetric relationship

with the flywheel torque Tf and is defined as,(
ûHf

Tf

)
=

(
0 g(ẋf )uHf

−g(ẋf )ufb 0

) γsi (m,Pi,ui)

γs3(m,Pi,P di ,ui)
Fa

ẋf



+


0

ρFhVE −
((

γsi (m,Pi,ui)

γs3(m,Pi,P di ,ui)
− 1
)
Fa − ud

)
ẋv + bẋ2

v

+
γsi (m,Pi,ui)

γs3(m,Pi,P di ,ui)

Ḟ da
Kd
i (m,x,xd)

+ βi(m,P ,P d)


(8.62)

where i ∈ (1, 2) is the index to represent the chamber connected to the supply pressure,

β1,2(.) is as defined in Eqs. (8.56 and 8.57), while the function g(ẋf ) and the damping

coefficient b depend on the flywheel velocity ẋf and are defined as,

Normal mode :

(
g(ẋf ) = 1

ẋf

b = 0

)
if ẋf ≥ fo (8.63)

Emergency mode :

(
g(ẋf ) = 1

fo

b ∈ <+

)
if ẋf < fo (8.64)

where fo represents the velocity threshold to switch to emergency mode of operation, will

satisfy the following passivity condition,∫ t

0
((ρ+ 1)Fh(t) + Fe(t))ẋ dτ ≥ −c2

o (8.65)

Proof. Proof is along the lines of the proof presented for Theorem 5.3 in section 5.4

Experimental results to validate the controller performance are provided in the fol-

lowing section.
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8.4 Experimental results

In this section, experimental results for evaluating efficacy of independent metering

for improving efficiency of operation by implementing the controller designed in the

previous section on a single-DOF pneumatic actuator are presented. The experimental

setup is as described in section 8.1. The cap side area A1 and the rod side area A2 of

the pneumatic actuator used in this study are, 0.002m2 and 0.0018m2 respectively. The

area ratio A2
A1

is given by 0.9.

The amplification factor ρ for the input human force is set to be 7. The compressor

shown in Fig. (8.2) is charged to an initial pressure of 105psi. For the purpose of

comparison, both the single valve metering and independent metering control schemes

are taken through similar velocity profile. The velocity of the inertia is estimated from

the position measurement using the observer dynamics presented in Eq. (5.80). The

controller gain Kf on the actuator force error F̃ , and the observer gains L1 and L2

in the Shape system velocity estimate V̂E and the external force estimate F̂ex are as

presented in table 5.1. The constant η that determines the rate of convergence of the

pressure error in the chamber connected to the ambient pressure is selected to be 22.

8.4.1 Single valve metering

A MPYE-5-LF010, 5 port-3 way proportional valve from FESTO is used to meter the

limited air flow from the compressor to the two-chambered actuator. The range of the

input command voltage command to the valve is between 0 to 10 volts. At 5 volts

input, the valve spool is at center position with no air flow sent to either chamber. The

relationship between input voltage and the available orifice area in the valve is as shown

in Fig. (5.4).

Co-ordination between the inertial velocity ẋ and the velocity of virtual inertia ẋv

is as shown in Fig.(8.3). The voltage command input to the valve, shown in Fig. (8.4),

begins to saturate at the limit (10 volts and 0 volts) after t = 37s, indicating that the

valve is fully open. However, the supply pressure available in the reservoir after 37s

is too low for the actuator to provide the required force. The velocity co-ordination

degrades after 37s due to the lack of sufficient pressure to provide the actuator force

required to maintain velocity co-ordination.
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Figure 8.3: Velocity co-ordination between the actual inertia and the virtual inertia

obtained with single valve metering

Comparison of the actuator force Fa with the desired actuator force F da is as pre-

sented in Fig. (8.5). The actuator force tracks the desired actuator force well. Note

that as the operating pressure decreases due to depletion of pressurized air from the

reservoir, the force magnitude in Fig. (8.5) required to achieve the desired velocity,

shown in Fig. (8.3), also decreases. This was experimentally determined to be due to

reduction in resistance to motion at lower operating pressure.

8.4.2 Independent metering

To implement independent metering, two MPYE-5-LF010, 5 port-3 way proportional

valves from FESTO are modified by plugging an outlet port to behave as 4 port-3 way
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Figure 8.4: Command input to the single valve metering the air flow rate to the actuator

proportional valves. With independent metering, velocity and force tracking perfor-

mance are shown in Fig. (8.6) and Fig. (8.7) respectively. Both velocity co-ordination

and force tracking are good and are comparable to that achieved with single valve me-

tering. The actuator velocity profile with independent metering, shown in Fig. (8.6),

is kept similar to the velocity profile with single valve metering shown in Fig. (8.3)

for equitable comparison. The magnitude of force required to move the actuator with

independent metering, shown in Fig. (8.7), is smaller than the force required with single

valve metering shown in Fig. (8.5). This is again due to the reduced friction force in

the actuator at the lower operating pressures achieved with independent metering.

The variation in pressure error function Jp(P1, P2, Fa) defined for the chamber con-

nected to the ambient pressure Patm defined in Eq. (8.12) is as shown in Fig. (8.8). This

error quickly decreases to a neighborhood around origin. The high frequency oscillations
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Figure 8.5: Comparison of the applied actuator force with the desired actuator force

with single valve metering

around origin are due to noise in the pressure signal.

A comparison of variation in the supply pressure Ps when using a single valve for

metering the flow and when using independent valve to meter the flow is as shown in Fig.

(8.9). After the same duration, the pressure loss in the compressor, when independent

metering, is lower than the pressure loss when using a single valve to meter air flow to

the actuator. The performance of the actuator degrades considerably when the supply

pressure falls below 2.1e5(N/m2). As observed in Fig. (8.3), this happens at around

37s when using a single valve to meter air flow. When independently metering the

air flow to the actuator chambers, the compressor pressure falls below the threshold of

2.1e5(N/m2) at around 62s. This corresponds to nearly 70% increase in operational

duration, thus confirming the efficacy of independent metering.
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Figure 8.6: Velocity co-ordination between the actual inertia and virtual inertia obtained

with independent valve metering

8.5 Summary

In this chapter, independent metering of each chamber of a two-chambered pneumatic

actuator, for improving efficiency of operation of the actuator is presented. Two servo-

valves are used to independently control the pressure in each actuator chamber. The

additional degree of freedom offered by the second valve is used to maintain low oper-

ating pressure. The novelty of the approach presented in this chapter is the definition

of a pressure error function for the chamber connected to the ambient pressure that

remains continuous even as the chamber connected to ambient pressure varies depend-

ing on the actuator force. The command input to the valve connecting the chamber

pressure to ambient pressure is designed such that the pressure error function continu-

ously and exponentially decreases to zero. The valve connecting the chamber pressure
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Figure 8.7: Comparison of the applied actuator force with the desired actuator force

with independent valve metering

to supply pressure can be controlled to perform a desired task. In this chapter, the

valve connected to supply pressure is used to provide human power amplification. Effi-

cacy of the proposed approach is investigated on a pneumatic human power amplifier.

An external compressor, with the recharge disabled, is used as a source of compressed

air. Experimental results show that significant improvement in operation time can be

achieved with independent metering. The reported improvement is however specific to

the experiment. It will vary depending on the initial supply pressure and the expected

work from the actuator. Since the study was performed with servo-valves, the throttling

losses in the valve are not mitigated. Previous studies on hydraulic systems has shown

that throttling losses are a significant contributor to inefficiency of operation. This can

be be mitigated by using on-off solenoid valves (digital valves). Digital valves are also
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Figure 8.8: Trajectory of the error function Jp(P1, P2, Fa) defined for the low pressure

chamber in Eq. (8.12)

cheaper to procure than servo-valves. Passivity based control with digital valves is not

investigated in this study. However, given their benefits and their general acceptance

in industry, passive operation with digital valves should be investigated in the future.
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Figure 8.9: Comparison of reservoir pressure variation between single valve metering

and independent valve metering



Chapter 9

Conclusion and Future Work

9.1 Conclusions

In this thesis, a framework for energetic passivity analysis of pneumatic actuated systems

has been presented. Specifically, pneumatic actuators with three different heat transfer

models viz adiabatic, isothermal and finite heat transfer were studied. In accordance

with the requirements of energetic passivity analysis, an energy function is derived for

each of the three thermodynamic models. For pneumatic actuators with reversible

thermodynamic process (adiabatic/isothermal), the energy function is defined as the

available work from the actuator. For the pneumatic actuator with finite heat transfer,

the energy function is defined as the maximum available work from the actuator for a

given thermodynamic state. It is shown that while the process for obtaining maximum

work output from a pneumatic actuator with finite heat transfer is non-unique, the

maximum available work along all these process trajectories is the same, and has a form

similar to sum of exergy of air in each chamber of the pneumatic actuator.

Using the energy function as a storage function, the external energetic supply rate

to the pneumatic actuator for the three heat transfer models is identified. For both the

adiabatic and isothermal models the supply rate to the pneumatic actuator is similar to

that of a two-port nonlinear spring, with one port corresponding to mechanical power

interaction and the other port corresponding to interaction at the fluid port. Each

chamber of the two-chambered actuator with finite heat transfer model has an additional

port for external power interaction due to heat transfer between the chamber air and the

297
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ambient. From the power interaction at this thermal port it is observed that irrespective

of the chamber air temperature, heat transfer reduces the actuator’s potential to do

work. Thus heat transfer aids in passive behavior. The flow variable at the fluid port

of the pneumatic actuator (for all thermodynamics models) is however an active input

as it is connected to the source of compressed air.

To achieve passive operation of pneumatic actuated devices in human interactive

applications, a framework for appropriately designing the control input at the fluid port

of the actuator has been presented in this dissertation. For both the adiabatic and the

isothermal actuators, the fluid port power variables are transformed such that the effort

variable corresponds to the actuator force Fa(P ) and flow variable corresponds to an

input dependent pseudo-velocity variable. By defining the pseudo-velocity variable as a

combination of the velocity of a suitably defined virtual inertia dynamics, and an appro-

priate feedback signal, passive operation of the pneumatic actuator is achieved. In the

current document, this proposed framework for control of pneumatic actuators has been

used to develop the controller for a pneumatic human power amplifier. Experimental

results that demonstrate the efficacy of the proposed controller have also been reported

in this thesis. Controllers designed for both the adiabatic and the isothermal models of

heat transfer demonstrated similar performance in experiments.

In this thesis, it is shown that the control design framework presented for human

power amplification with a single actuator can be extended to achieve human power

amplification and co-ordinated tele-operation of multiple pneumatic and/or hydraulic

actuators with reversible (adiabatic/isothermal) thermodynamics. Modifications in the

proposed framework for multilateral operation between multiple fluid-powered actuators

to facilitate co-ordinated tele-operation of multiple fluid-powered (hydraulic/pneumatic)

actuators with a single electro-mechanically actuated device has also been presented.

The control objective of multilateral tele-operation within the proposed framework is

achieved by using a two-stage controller designed through back-stepping. The controller

was implemented on an experimental setup consisting of two single-DOF systems. Re-

sults demonstrating efficacy of the proposed controllers have also been presented in

this dissertation. In the reported experimental results, no difference in performance

was noticed between controllers designed by using adiabatic or isothermal model in the

pneumatic actuator.
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The controller developed for tele-operation between two single-DOF pneumatic ac-

tuators was then adapted for bilateral tele-operation between a multi-DOF PHAN-

ToM(TM1 ) haptic device actuated by a DC servomotor, and a multi-DOF pneumatic

actuated crawling robotic system. The framework for bilateral tele-operation was modi-

fied to also amplify input human power on an interface on the crawler leg. By assuming

the heat transfer model in the actuator to be adiabatic, a two-stage back-stepping

controller was designed to achieve the desired control objective. Experimental results

demonstrating good tracking performance in operations such as, bilateral motion in

free-space, interaction with a hard surface, amplification of the input human power at

the interface on the crawler leg, and walking the crawler by commanding the PHAN-

ToM(TM1), have been presented. Force sensors for measuring the ground reaction force

when walking the crawler by commanding the PHANToM(TM1) haptic device are cur-

rently not available in the experimental setup. The ground reaction forces on the crawler

were therefore estimated by using direct adaptive control. Controller performance when

walking the crawler can be further improved by using a force sensor at the tip of the

foot.

Independent metering as a means for improving operational efficiency of pneumatic

actuators has also been investigated in this thesis. By assuming the heat transfer model

in the actuator to be isothermal, controllers were developed for achieving human power

amplification, while maintaining a low operating pressure. The novelty of the approach

for independent metering proposed in this thesis is the definition of a pressure error

function for the low pressure side of the actuator which remains continuous even as the

chamber connected to the ambient pressure varies with the actuator force. The control

input to the valve connecting the actuator chamber to ambient pressure is designed to

achieve continuous exponential convergence of the pressure error function. The control

input to the valve connecting the actuator chamber to supply pressure is designed to

achieve human power amplification. When using a source of limited compressed air,

experimental results show that with independent metering, the human power amplifier

can be operated for 70% longer than when using a single valve for metering the air flow.

1 PHANToM is a trademarked product of Sensable Technologies,MA
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9.2 Future work

The pneumatic actuator controller design presented in this thesis is for adiabatic and

isothermal actuators only. Unlike these actuators, the fluid port power variables of the

actuator with finite heat transfer cannot be transformed to have the actuator force as an

effort variable. As a result, the control techniques presented in this thesis for achieving

human power amplification and co-ordination of multiple actuators cannot be directly

adopted for a pneumatic actuator with finite heat transfer. Further work is required to

identify a suitable framework for designing passive controllers for pneumatic actuator

with finite heat transfer.

The controllers for bilateral tele-operation between the PHANToM(TM1) haptic

device and the crawling rescue robot were developed by assuming that the front two

legs of the crawler are decoupled. This is because the gait pattern used in this study

was similar to butterfly stroke in swimming. In a crawler with four legs however, their

motion would be coupled through the motion of the crawler chassis. An accurate model

of the robot should include the motion of the chassis in the overall dynamics. Such a

dynamic model can be developed by assuming the chassis to be a floating platform [84].

In this thesis, independent metering was implemented with two independent servo-

valves. As a result, the throttling losses associated with servo-valves has not been

mitigated. This can be addressed by using digital on/off valves. Since these valves are

either completely open or closed, throttling losses can be avoided. Independent metering

with on/off valves has been investigated for hydraulic systems. However, passivity based

controllers are yet to be developed for fluid-powered systems with digital inputs. A

potential extension of the work presented in this thesis is the development of passivity

based controllers for fluid-powered systems with digital inputs.

The energy density of pneumatic actuators is fairly poor in comparison to batter-

ies. Research in chemo-fluidic actuators [85], miniature HCCI engines [15], free-piston

engines [14] and carbon-dioxide powered actuators [13], highlight some of the efforts

towards improving energy density of pneumatic actuators. The actuating medium in

these new actuators is a gas produced through some chemical processes. Therefore,

the reaction dynamics have to be considered in the passivity analysis for investigating

interaction stability. This would entail formulation of an appropriate energy function
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to characterize the energy of the reaction process. While there is some body of work on

passivity analysis of chemical reactions [86], these ideas have not yet been successfully

pursued for a system with combination of chemical and mechanical processes. As the

technologies for these new breed of actuators mature, the ideas presented in this thesis

can be extended to define a framework for energetically passive operation of devices

that use chemical reaction to produce gas.
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Appendix A

Proofs from Chapter 3

In this appendix proof for some of statements in chapter 3, regarding the properties of

adiabatic and isothermal actuators are provided. Some preliminary relationships be-

tween chamber pressure, temperature and volume along the adiabatic and the isother-

mal trajectories is first presented. These relationships are then used to establish the

properties of the adiabatic and isothermal actuators.

A.1 Isothermal actuator

For given mass of air m1 and m2 be the mass of air in chamber 1 and 2 respectively,

using the definition of the chamber volumes V1(x) = A1(L1o + x), V2(x) = A2(L2o − x)

from Eq. (3.73) in Eq. (3.82), the pressures P1 and P2 in chambers 1 and 2 of the

isothermal chamber can be written in terms of the actuator position x as,

P1(A1(L1o + x)) = kc1(m1) = m1RTo, P2(A2(L2o − x)) = kc2(m2) = m2RTo (A.1)

Using the above relationship between chamber pressures P1, P2 and the actuator

position x in the expression for actuator force Fa(P ) in Eq. (3.1), the force from a

two-chambered isothermal actuator can be expressed as,

Fa(P ) = P1A1 − P2A2 − PoAp

=
m1RTo
L1o + x

− m2RTo
L2o − x

− PoAp
(A.2)
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The equilibrium position x̄(m) of the isothermal actuator corresponding to zero

actuator force (Fa(P̄ ) = 0) is obtained as the solution of Eq. (3.98). Using Eq. (3.98),

the actuator force Fa(P ) in Eq. (A.2) can be expressed as the product of the nonlinear

spring stiffness Kiso(m, x) and the position deviation from equilibrium state (x̄(m)−x)

as,

Fa(P ) =

(
m1RTo
L1o + x

− m2RTo
L2o − x

)
−
(

m1RTo
L1o + x̄(m)

− m2RTo
L2o − x̄(m)

)
= Kiso(m, x)(x̄(m)− x) (A.3)

where the nonlinear spring stiffness Kiso(m, x) ∈ <+ is given by,

Kiso(m, x) =

(
m1RTo

(L1o + x)(L1o + x̄(m))
+

m2RTo
(L2o − x)(L2o − x̄(m))

)
(A.4)

Lemma A.1. For a given mass of air m1 and m2 in chambers 1 and 2 of the actuator,

the force Fa(P ) from an isothermal actuator in Eq. (A.3) is a strict monotonic function

of the position deviation (x̄(m)− x).

Proof. For ease of analysis, the actuator force Fa(P ) in Eq. (A.3) is written as,

Fa(P ) =
m1RTo

L1o + x̄(m)

(
L1o + x̄(m)

L1o + x
− 1

)
+

m2RTo
L2o − x̄(m)

(
1− L2o − x̄(m)

L2o − x

)
(A.5)

In the above equation, for an increasing (x̄(m) − x), (L1o + x̄(m))/(L1o + x) − 1

increases monotonically, while 1 − (L2o − x̄(m))/(L2o − x) decreases monotonically.

On the other hand, if (x̄(m) − x) is decreasing, (L1o + x̄(m))/(L1o + x) − 1 decreases

monotonically, while 1−(L2o− x̄(m))/(L2o−x) increases monotonically. In addition, as

(x̄(m)−x), ((L1o+ x̄(m))/(L1o+x)−1) and (1−(L2o− x̄(m))/(L2o−x)) have the same

sign, the actuator force Fa(P ) in Eq. (A.5) is zero only when x = x̄(m) and is non-zero

everywhere else. Therefore, the actuator force Fa(P ) varies strictly monotonically with

position deviation (x̄(m)− x).

A.1.1 Proof of proposition 3.3

Proof. In this proof the monotonic relationship between the fluid port effort variable

Zisoγ (m,P , u) and the actuator force Fa(P ) is first established. The nonlinear function
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γiso1 (m,P , u) mapping the actuator force Fa(P ) to the effort variable Zisoγ (m,P , u) is

then shown to be well-defined.

From the pressure-volume (P − V ) relationship for an isothermal actuator in Eq.

(3.82), the effort variable Zisoγ (m,P , u) at the fluid port in Eq. (3.118) can be expressed

in terms of the actuator position x as,

Zisoγ (m,P , u) = Ψ(P1, T1, u)RTo log

(
P1

P̄1(m)

)
−Ψ(P2, T2,−u)RTo log

(
P2

P̄2(m)

)
= Ψ(P1, T1, u)RTo log

(
L1o + x̄(m)

L1o + x

)
−Ψ(P2, T2,−u)RTo log

(
L2o − x̄(m)

L2o − x

)
(A.6)

where the nonlinear function Ψ(.) ∈ <+ is as defined in Eq. (3.27). In the above equa-

tion, for a known x̄(m), the term log ((L1o + x̄(m))/(L1o + x)) is a strictly monotoni-

cally increasing function of (x̄(m)− x), while log ((L2o − x̄(m))/(L2o − x)) is a strictly

monotonically decreasing functions of (x̄(m) − x). As log ((L1o + x̄(m))/(L1o + x))

and log ((L2o − x̄(m))/(L2o − x)) have opposite sign, the effort variable Zisoγ (m,P , u)

at the fluid port is identically zero only when the actuator position x corresponds to

the equilibrium position x̄(m). Thus, Zisoγ (m,P , u) as defined in Eq. (A.6) is also a

strict monotonic function of position deviation (x̄(m)−x). As shown in lemma A.1, the

actuator force Fa(P ) is also has a strict monotonic variation with (x̄(m)− x). There-

fore, from transitive property, Zisoγ (m,P , u) increases strictly monotonically with the

actuator force Fa(P ).

The nonlinear function γiso1 (m,P , u) be to map from the actuator force Fa(P ) to

the effort variable Zisoγ (m,P , u) is defined as,

γiso1 (m,P , u) =
Zisoγ (m,P , u)

Fa(P )
(A.7)

As Zisoγ (m,P , u) varies monotonically with actuator force Fa(P ), by definition,

γiso1 (m,P , u) is positive function for all (m,P , u) when x 6= x̄(m) i.e Fa(P ) 6= 0. Using

the definition of Fa(P ) from Eq. (A.5), the nonlinear map γiso1 (m,P , u) is obtained at
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the equilibrium state (x = x̄(m)) as,

γiso1 (m,P , u)|x=x̄(m) = lim
(x̄(m)−x)→0

Ψ(P1, T1, u)RTo
Kiso(m, x)(x̄(m)− x)

log

(
1 +

x̄(m)− x
L1o + x

)
+ lim

(x̄(m)−x)→0

Ψ(P2, T2,−u)RTo
Kiso(m, x)(x̄(m)− x)

log

(
1− x̄(m)− x

L2o − x

)
=

RTo
Kiso(m, x)

(
Ψ(P1, T1, u)

L1o + x
+

Ψ(P2, T2,−u)

L2o − x

)
(A.8)

where the nonlinear function Kiso(m, x) ∈ <+ is as defined in Eq. (A.4). As the

nonlinear function γiso1 (m,P , u) has a finite positive value at equilibrium state (x =

x̄(m)) also, it is therefore positive and bounded for all bounded (m,P , u).

A.2 Adiabatic actuator

Let m1 and m2 be the mass of air in chamber 1 and 2 respectively. Using the expression

for the chamber volumes V1(x) = A1(L1o +x) and V2(x) = A2(L2o−x) from Eq. (3.73)

in Eq. (3.78), the pressures P1 and P2 in chambers 1 and 2 of the adiabatic chamber

can be written in terms of the actuator position x as,

P1(A1(L1o + x))γ = kp1(m1), P2(A2(L2o − x))γ = kp2(m2) (A.9)

where kp1(m) ∈ <+ and kp2(m) ∈ <+ are parameters that determine the trajectory

of the adiabatic actuator, and are as determined from initial conditions as shown in

Eq. (3.78). Using the expression for chamber pressures P1 and P2 from Eq. (A.9), the

actuator force Fa(P ) in Eq. (3.1) can be written as,

Fa(P ) = P1A1 − P2A2 − PoAp

=
kp1(m1)

Aγ−1
1 (L1o + x)γ

− kp2(m2)

Aγ−1
2 (L2o − x)γ

− PoAp
(A.10)

where Ap = (A1 − A2) is the piston rod area exposed to atmospheric pressure. For

a fixed mass of air m := (m1,m2), the equilibrium position x̄(m) of the adiabatic

actuator corresponding to Fa(P̄ ) = 0 is obtained from solution of Eq. (3.91). From

the definition of the actuator equilibrium force in Eq. (3.91), the actuator force in Eq.
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(A.10) can be expressed as,

Fa(P ) =
kp1(m1)

Aγ−1
1 (L1o + x)γ

(
1−

(
L1o + x

L1o + x̄(m)

)γ)
− kp2(m2)

Aγ−1
2 (L2o − x)γ

(
1−

(
L2o − x

L2o − x̄(m)

)γ) (A.11)

Lemma A.2. For a given mass of air m1 and m2 in the chambers 1 and 2 of the

adiabatic actuator, the actuator force Fa(P ) in Eq. (A.11) is a strict monotonic function

of (x̄(m)− x).

Proof. When (x̄(m) − x) is increasing, (1− (L1o + x/L1o + x̄(m))γ) increases strictly

monotonically, while (1− (L2o − x/L2o − x̄(m))γ) decreases strictly monotonically. On

the other hand, when (x̄(m)− x) is decreasing, (1− (L1o + x/L1o + x̄(m))γ) decreases

strictly monotonically, while (1− (L2o − x/L2o − x̄(m))γ) increases strictly monoton-

ically. As (1− (L1o + x/L1o + x̄(m))γ) and (1− (L2o − x/L2o − x̄(m))γ) always have

the opposite sign, the actuator force Fa(P ) in Eq. (A.11) is identically zero only if

x̄(m) = x. Therefore, the actuator force is a strict monotonic function of (x̄(m) − x).

The nonlinear function Kadb(m, x) mapping the position deviation (x̄(m) − x) to the

actuator force Fa(P ) is analogous to nonlinear spring stiffness and is defined as,

Kadb(m, x) =
Fa(P )

(x̄(m)− x)
(A.12)

When the actuator position approaches the equilibrium position ((x̄(m)− x)→ 0),

the nonlinear function Kadb(m, x) in the above equation is obtained as,

Kadb(m, x) = lim
(x̄(m)−x)→0

Fa(P )

(x̄(m)− x)

= γ

(
m1RT1

(L1o + x)(L1o + x̄(m))
+

m2RT2

(L2o − x)(L2o − x̄(m))

) (A.13)

Thus, the nonlinear function Kadb(m, x) is positive for all values of m and x. The

actuator force Fa(P ) in Eq. (A.11) can then be expressed like a spring-force,

Fa(P ) = −Kadb(m, x)(x− x̄(m)) (A.14)
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A.2.1 Proof of proposition 3.4

Proof. In this proof the monotonic relationship between the fluid port effort variable

Zadbγ (m,P , u) and the actuator force Fa(P ) is first established. The nonlinear function

γadb1 (m,P , u) mapping the actuator force Fa(P ) to the effort variable Zadbγ (m,P , u) is

then shown to be well-defined.

Using the temperature-volume (T − V ) relationship for an adiabatic actuator from

Eq. (3.78), the fluid port effort variable Zadbγ (m,P , u) in Eq. (3.133) can be expressed

as,

Zadbγ (m,P , u) = Ψ(P1, T1, u)CpT1

(
1−

(
L1o + x

L1o + x̄(m)

)γ−1
)

−Ψ(P2, T2,−u)CpT2

(
1−

(
L2o − x

L2o − x̄(m)

)γ−1
)

(A.15)

where the function Ψ(.) is positive definite and is as defined in Eq. (3.27). In the

above equation, (1−((L1o+x)/(L1o+ x̄(m)))γ−1) decreases strictly monotonically with

(x̄(m) − x), while (1 − ((L2o − x)/(L2o − x̄(m)))γ−1) increases strictly monotonically

with (x̄(m) − x). As (1 − ((L1o + x)/(L1o + x̄(m)))γ−1) and (1 − ((L2o − x)/(L2o −
x̄(m)))γ−1) always have opposite sign, the fluid port effort variable Zadbγ (m,P , u) in

Eq. (A.15) is identically zero only when the actuator position x corresponds to the

equilibrium position x̄(m). Therefore Zadbγ (m,P , u) varies strictly monotonically with

(x̄(m) − x). As shown in lemma A.2, there is a similar strict monotonic relationship

between actuator force Fa(P ) and (x̄(m)−x). Therefore, from transitive property, the

adiabatic actuator force Fa(P ), and the effort variable Zadbγ (m,P , u) also have a strict

monotonically increasing relationship. Therefore, the nonlinear mapping γadb1 (m,P , u)

from the actuator force Fa(P ) to the effort variable Zadbγ (m,P , u) is positive for all

x 6= x̄(m) and is defined as,

γadb1 (m,P , u) =
Zadbγ (m,P , u)

Fa(P )
(A.16)

Using the expression for actuator force Fa(P ) from Eq. (A.14), the nonlinear gain

γadb1 (m,P , u) is obtained at the equilibrium position x = x̄(m) as,

lim
(x̄(m)−x)→0

γadb1 (m,P , u) =
γR

Kadb(m,P )

(
Ψ(P1, T1, u)T1

L1o + x
+

Ψ(P2, T2,−u)T2

L2o − x

)
(A.17)
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where the nonlinear gainKadb(m, x) is as defined in Eq. (A.12). Therefore γadb1 (m,P , u)

has a finite positive value at equilibrium state (x = x̄(m)). Therefore γadb1 (m,P , u) is

positive and well defined for all feasible values of air mass vector m, chamber pressure

vector P and valve input command u.

A.2.2 Proof of remark 3.5

Proof. 1. Using the definition of desired chamber pressures in isothermal actuator

from Eq. (3.140) in the expression for desired actuator force F da in Eq. (3.138),

and using the definition of isothermal actuator force Fa(P ) from Eq. (A.2), the

force tracking error (tildeF := (Fa−F da )) can be expressed in terms of the position

error (xd − x) as,

F̃ = Fa − F da =
m1RTo
L1o + xd

(
L1o + xd
L1o + x

− 1

)
+

m2RTo
L2o − xd

(
1− L2o − xd

L2o − x

)
(A.18)

The expression for F̃ in the above equation is similar to the expression for actuator

force Fa(P ) in Eq. (A.5). By replacing the equilibrium position x̄(m) with the

desired position xd of the actuator, strict monotonic relationship between force

error F̃ and the position error (xd − x) follows from the proof of lemma A.1.

Using the definition of desired chamber pressures for adiabatic actuator from Eq.

(3.140) in the expression for desired actuator force F da in Eq. (3.138), and using the

definition of adiabatic actuator force Fa(P ) from Eq. (A.10), the force tracking

error (tildeF := (Fa − F da )) for the adiabatic actuator can be expressed as,

F̃ =
kp1(m1)

Aγ−1
1 (L1o + x)γ

(
1−

(
L1o + x

L1o + xd

)γ)
+

kp2(m2)

Aγ−1
2 (L2o − x)γ

((
L2o − x
L2o − xd

)γ
− 1

)
(A.19)

The above expression for force error F̃ is similar to the expression for force Fa(P )

from adiabatic actuator in Eq. (A.11). By replacing the equilibrium position

x̄(m) in Eq. (A.11) with the desired position xd, proof follows from lemma A.2.

2. Isothermal actuator: The force error F̃ for the isothermal actuator from Eq.
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(A.18) can be expressed as,

F̃ =

(
m1RTo

(L1o + x)(L1o + xd)
+

m2RTo
(L2o − x)(L2o − xd)

)
︸ ︷︷ ︸

Kd
iso(m,x,xd)

(xd − x) (A.20)

where Kd
iso(m, x, xd) is analogous to the effective stiffness of the pneumatic actu-

ator between the current position x and the desired position xd. Using the ideal

gas PV = mRTo for the isothermal chamber, Kd
iso(m, x, xd) can be expressed in

a form similar to Kiso(m, x) in Eq. (A.4) as,

Kd
iso(m, x, xd) =

P1A1

(L1o + xd)
+

P2A2

(L2o − xd)
(A.21)

Therefore, Kd
iso(m, x, xd) is positive for all feasible values of (m, x, xd).

Adiabatic actuator: The nonlinear function Kd
adb(m, x, xd) mapping the position

error (xd−x) to the actuator force error F̃ of an adiabatic actuator be defined as,

Kd
adb(m, x, xd) =

Fa − F da
xd − x

(A.22)

Due to the strictly monotonic relationship between F̃ and (xd− x), the nonlinear

gain Kd
adb(m, x, xd) is positive for all xd 6= x. When the actuator position x,

corresponds to the desired position xd, then Kd
adb(m, x, xd) is obtained as,

Kd
adb(m, x, xd)|x=xd = lim

x→xd

Fa − F da
xd − x

= γ

(
m1RT1

(L1o + xd)2
+

m2RT2

(L2o − xd)2

) (A.23)

Therefore, the nonlinear gain Kd
adb(m, x, xd) is well defined and positive for all

feasible values of mass vector (m, position x, and the desired actuator position

xd).

A.2.3 Proof of remark 3.6

Proof. Using the relationship between the chamber pressure and the chamber volume

from Eq. (A.1) for the isothermal actuator and Eq. (A.9) for the adiabatic actuator
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respectively, the effort variable for the isothermal actuator in Eq. (3.148) and the

adiabatic actuator in Eq.(3.149) can be expressed as,

Zisoγ (m,P ,P d, u) = Ψ(P1, To, u)RTo log

(
L1o + xd
L1o + x

)
−Ψ(P2, To,−u)RTo log

(
L2o − xd
L2o − x

) (A.24)

Zadbγ (m,P ,P d, u) = Ψ(P1, T1, u)CpT1

(
1−

(
L1o + x

L1o + xd

)γ−1
)

−Ψ(P2, T2,−u)CpT2

(
1−

(
L2o − x
L2o − xd

)γ−1
) (A.25)

As expression for Zisoγ (m,P ,P d, u) in Eq. (A.24) is similar to the expression for

Zisoγ (m,P , u) in Eq. (A.6). The expression for Zadbγ (m,P ,P d, u) in Eq. (A.25) is

also similar to the effort variable Zadbγ (m,P , u) at the adiabatic actuator fluid port

presented in Eq. (A.15). Let j = (iso, adb) be the index to represent the thermody-

namic process. By replacing the equilibrium position x̄(m) with the desired position

xd in Eq. (A.6) and Eq. (A.15) respectively, strictly monotonic relationship between

Zjγ(m,P ,P d, u) and the position error (xd − x) is obtained from the proof for propo-

sition 3.3. As shown in the remark 3.5, the actuator force error F̃ also has a strictly

monotonic relationship with position error (xd − x). By using transitive property, the

effort variables Zjγ(m,P ,P d, u) varies strictly monotonically with the actuator force

error F̃ . Therefore, the nonlinear function γj3(m,P ,P d, u) mapping the actuator force

error F̃ to the effort variable Zjγ(m,P ,P d, u) is positive for all m, P , P d, u and F̃ 6= 0.

To determine the expression for γj3(m,P ,P d, u) when F̃ = 0, consider the following

definition for γj3(m,P ,P d, u),

γj3(m,P ,P d, u) =
Zjγ(m,P ,P d, u)

Kd
j (m, x, xd)(xd − x)

(A.26)

where the expression F̃ = Kd
j (m, x, xd)(xd − x) from Eq. (5.42) is used to represent

the actuator force error. In the above equation, Kd
j (m, x, xd) represents the equivalent

spring stiffness for the isothermal or the adiabatic actuators and is as defined in Eq.

(A.21) and Eq. (A.22) respectively. As the actuator force error is zero only when xd = x,
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at this condition γj3(m,P ,P d, u) is obtained as,

γj3(m,P ,P d, u)

∣∣∣∣
x=xd

= lim
x→xd

Zjγ(m,P ,P d, u)

Kd
j (m, x, xd)(xd − x)

(A.27)

In the limiting case when x = xd, the nonlinear gain for isothermal and adiabatic

actuators is obtained as,

γiso3 (m,P ,P d, u)

∣∣∣∣
x=xd

=
RTo

Kd
iso(m, x, xd)

(
Ψ(P1, To, u)

L1o + xd
+

Ψ(P2, To,−u)

L2o − xd

)
γadb3 (m,P ,P d, u)

∣∣∣∣
x=xd

=
1

Kd
adb(m, x, xd)

(
Ψ(P1, T1, u)RT1

L1o + xd
+

Ψ(P2, T2,−u)RT2

L2o − xd

)
(A.28)

As γj3(m,P ,P d, u) is positive and bounded at also F̃ = 0 (i.e at x = xd), it is well

defined for all feasible values of m,P ,P d, u.
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Proofs from Chapter 4

B.1 Proof of remark 4.4

Proof. From Eq. (4.30), the gravimetric energy density of the actuator is defined as,

Wm(P, T, Po) =
Wact(m,P, T, Po)

m

= Cv(T − To)− To
(
Cp log

(
T

To

)
−R log

(
P

Po

))
− Po

(
V̄

m
− V

m

)
(B.1)

Using the definition of air density from Eq. (3.38), the gravimetric energy density

in the above equation can be expressed as,

Wm(P, T, Po) = Cv(T − To)− To
(
Cp log

(
T

To

)
−R log

(
P

Po

))
− Po

(
1

ρ(Po, To)
− 1

ρ(P, T )

) (B.2)

Using the relationship between the specific heat capacities, (Cp − Cv) = R, the

gravimetric energy density in the above equation can be expressed as,

Wm(P, T, Po) = CvTo

((
T

To
− 1

)
− log

(
T

To

))
+RTo

((
PoT

PTo
− 1

)
− log

(
PoT

PTo

)) (B.3)
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As the following relationship holds for all α ∈ R,

(α− 1)− log(α) =

> 0 if α > 0

= 0 if α = 0
(B.4)

proof follows from using the above condition in Eq.(B.3).



Appendix C

Proofs from Chapter 5

C.1 Proof of lemma 5.1

Proof. As the Lyapunov function candidate in Eq. (5.46) is defined as the sum of

energetic functions for the two actuator chambers, suitability of the Lyapunov function

is determined by analyzing the individual chamber Lyapunov functions.

Let j ∈ iso, adb represent the index for the thermodynamic process. From theorems

3.1 and 3.2, the gravimetric energy density W j
m(Pi, P

d
i ) for adiabatic and isothermal

actuator chambers respectively, is known to be positive for all P , P di and is identically

zero only if Pi = P di . With an increasing (|P di − Pi|), the gravimetric energy densities,

W adb
m (Pi, P

d
i ) for the adiabatic actuator in Eq. (3.37) andW iso

m (Pi, P
d
i ) for the isothermal

actuator in Eq. (3.48), increase monotonically and are thus radially unbounded in the

pressure error (|P di − Pi|). As the actuator Lyapunov function is a linear combination

of the individual chamber Lyapunov functions, it satisfies all the properties enumerated

in the lemma statement to be a suitable Lyapunov function candidate.

C.2 Proof of remark 5.2

Proof. As the actuator Lyapunov function candidate W j
L(m,P ,P d) (j ∈ (adb, iso)) in

Eq. (5.46) is radially unbounded, it can be bounded from above and below by quadratic

323
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functions as,

(
P̃1 P̃2

)Kmin

2

(
P̃1

P̃2

)
≤W j

L(m,P ,P d) ≤
(
P̃1 P̃2

)Kmax

2

(
P̃1

P̃2

)
(C.1)

where P̃i , (Pi−P di ) is the error between the current pressure and the desired pressure

for each chamber, while Kmin ∈ R2×2 and Kmax ∈ R2×2 are positive definite matrices.

For controller design through Lyapunov analysis it is more convenient to express the

error in pressure tracking in terms of error in force tracking. The force error F̃ is defined

in terms of the pressure errors P̃1 := (P1 − P d1 ) and P̃2 := (P2 − P d2 ) as,

F̃ = P̃1A1 − P̃2A2 =
(
A1 −A2

)( P̃1

P̃2

)
(C.2)

Using the above equation in Eq. (C.1), the following condition on the actuator Lyapunov

function W j
L(m,P ,P d) is achieved,

1

2
QminF̃

2 ≤W j
L(m,P ,P d) ≤ 1

2
QmaxF̃

2 (C.3)

where Qmin and Qmax are the following positive constants,

Qmin =

(
A1

−A2

)T
Kmin

(
A1

−A2

)
, Qmax =

(
A1

−A2

)T
Kmax

(
A1

−A2

)
(C.4)



Appendix D

Kinematics and Dynamics of the

Crawler and the

PHANToM(TM) systems

D.1 Crawler dynamics

Each leg on the crawler is made up of three links. Let m1, m2 and m3 represent the

mass of each link, while a1, a2 and a3 be the length of each link. The inertia and length

of individual links is listed in table D.1.

Table D.1: Magnitude of individual link inertia and link lengths

Parameter Magnitude

m1 4kgs

m2 2kgs

m3 0.5kgs

a1 0.1460m

a2 0.2286m

a3 0.3048m
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The inertia matrix Mq(q) of a crawler leg in Eq. (7.2) is given by,

Mq(q) :=


m11 m12 m13

m12 m22 m23

m13 m23 m33

 (D.1)

where the elements of Mq(q) are obtained in terms the individual link inertias m1, m2,

m3, and the link lengths a1, a2, a3 as,

m11 = m1
a2

1

4
+m2l

2
2 +m3l

2
3 + I1 + I2 + I3, m12 = m13 = 0

m22 = m2
a2

2

4
+m3(a2

2 +
a2

3

4
+ a2a3cos(θ3)) + I2 + I3

m23 = m3l4
a3

2
+ I3, m33 = m3

a2
3

4
+ I3

I1 =
m1a

2
1

4
, I2 =

m2a
2
2

4
, I3 =

m3a
2
3

4
(D.2)

Let the quantities b2, b3, D2 and D3 be defined as,

b2 = a1 + a2cos(θ2) + 0.5a3cos(θ2 + θ3)

b3 = (a2sin(θ2) + 0.5a3sin(θ2 + θ3))

D2 = −(m2a2(a1 + 0.5a2cos(θ2))sin(θ2)− 2m3b2b3)

D3 = m3a3b2sin(θ2 + θ3)

(D.3)

The vector q := (θ1, θ2, θ3) represents the joint angle vector of a crawler leg. The

Coriolis matrix Cq(q, q̇) in Eq. (7.2) is given by,

Cq(q, q̇) =


C11 C12 C13

C12 C22 C23

C13 C23 C33

 (D.4)

where the elements of the Coriolis matrix Cq(q, q̇) are obtained as,

C11 = 0.5(D2θ̇2 +D3θ̇3), C21 = −0.5(D2θ̇1), C31 = −0.5Dq3θ̇1

C12 = 0.5Dq2θ̇1, C22 = −0.5m3a2a3sin(θ3)θ̇3, C32 = 0.5m3a3a2sin(θ3)θ̇2

C13 = −0.5m3a3b2sin(θ2 + θ3), C23 = m3
a3

2
a2sin(θ3)(θ̇2 − θ̇3), C33 = 0 (D.5)
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where the parameters b2, b3, D2 and D3 are as defined in Eq. (D.3). Let g represent

acceleration due to gravity. The elements of the gravitational torque vector g(q) :=

(g1(q), g2(q), g3(q))T on a crawler dynamics in Eq. (7.2) are given by,

g1(q) = ((m1
a1

2
+m2(a1 +

a2

2
cos(θ2)) +m3(a1 + a2cos(θ2))

+
a3

2
cos(θ2 + θ3)))gsin(θ1)sin(α)

g2(q) = −(
m2

2
+m3)ga2(cos(θ2)cos(α)− sin(θ2)sin(α)cos(θ1)) (D.6)

−m3g
a3

2
(cos(α)cos(θ2 + θ3)− sin(α)sin(θ2 + θ3)cos(θ1))

g3(q) = −m3
a3

2
(cos(α)cos(θ2 + θ3)− sin(α)sin(θ2 + θ3cos(θ1))g (D.7)

D.2 PHANToM(TM) dynamics

Dynamics of the PHANToM(TM1 ) haptic manipulator as given in [79] are used in this

study and are presented below for ease of reference. Let qph , [ϕ1, ϕ2, ϕ3] represent

the vector of haptic manipulator joint angles. Dynamics of the manipulator in its joint

space is given by,

Mqh(qph)q̈ph + Cqh(qph, q̇ph)q̇ph + g(qph) = τh + τpex + τaph (D.8)

where the inertial matrix Mqh(qph), the Coriolis matrix Cqh(qph, q̇ph) and the gravi-

tational vector g(qph) are obtained from Lagrangian formulation to have the following

structure,

Mqh(qph) =


M11 0 0

0 M22 M23

0 M23 M33

 (D.9)

Cqh(qph, q̇ph) =


C11 C12 C13

C21 0 C23

C31 C32 0

 (D.10)

gqh(qph) =


0

g2

g3

 (D.11)

1 PHANToM is a trademarked product of Sensable Technologies,MA
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The elements of the inertial matrix Mqh(qph) in Eq. (D.9) are obtained from [79]

as,

M11 =
1

8

(
4mal

2
1 +mal

2
2 +mc(l

2
1 + 4l23) + I1 + I2cos(2ϕ2)

+I3cos(2ϕ3)) + Iscos(ϕ2)sin(ϕ3)

M22 =
mcl

2
1

4
+ Ibexx + Icxx +mal

2
1

M23 =− 1

2
Issin(ϕ2 − ϕ3)

M33 =mcl
2
3 +ma

l22
4

+ Iaxx + Idfxx

(D.12)

where I1, I2, I3 and Is are defined as,

I1 = 4Iayy + 4Iazz + 8Ibaseyy + 4Ibeyy + 4Ibezz + 4Icyy + 4Iczz + 4Idfyy + 4Idfzz

I2 = 4Ibeyy − 4Ibezz + 4Icyy − 4Iczz + l21(4ma +mc)

I3 = 4Iayy − 4Iazz + 4Idfyy − 4Idfzz −mal
2
2 − 4mcl

2
3

Is = (mal2 +mcl3)l1

(D.13)

The values of the individual link inertias and link lengths used in defining the ele-

ments of M(qph) in the above equation are obtained from [79] as,

Elements of the Coriolis matrix Cqh(qph, q̇ph) in Eq. (D.10) are obtained as,

C11 =− 1

4
sin(ϕ2) (I2cos(ϕ2) + Issin(ϕ3)) ϕ̇2 +

1

4
cos(ϕ3) (2Iscos(ϕ2)− I3sin(ϕ3)) ϕ̇3

C12 =− 1

8
(I2sin(2ϕ2) + 4Issin(ϕ2)sin(ϕ3)) ϕ̇1

C13 =
1

8
(4Iscos(ϕ2)cos(ϕ3))− I3sin(2ϕ3)ϕ̇1

C21 =− C12, C23 =
1

2
Iscos(ϕ2 − ϕ3)ϕ̇3

C31 =− C13, C32 =
1

2
Iscos(ϕ2 − ϕ3)ϕ̇2 (D.14)

Let g is the acceleration due to gravity. Elements of the gravitational force vector

gqh(qph) in Eq. (D.11) are then obtained as,

g2(qph) =
g

2
(2mal1 + 2mbel5 +mcl1)cos(ϕ2)

g3(qph) =
g

2
(mal2 + 2mcl3 − 2mdf l6)sin(ϕ3) (D.15)
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Table D.2: Magnitude of individual link inertia and link lengths of the PHANToM(TM)

haptic device

Parameter Magnitude

ma 0.0202kgs

mc 0.0249kgs

mbe 0.2359kgs

mdf 0.1906kgs

Iaxx 0.4864e-4 kg −m2

Iayy 0.00184e-4 kg −m2

Iazz 0.4864e-4 kg −m2

Icxx 0.959e-4 kg −m2

Icyy 0.959e-4 kg −m2

Iczz 0.0051e-4 kg −m2

Ibexx 11.09e-4 kg −m2

Ibeyy 10.06e-4 kg −m2

Ibezz 0.591e-4 kg −m2

Idfxx 7.11e-4 kg −m2

Idfyy 0.629e-4 kg −m2

Idfzz 6.246e-4 kg −m2

Ibaseyy 11.87e-4 kg −m2

a2 0.2286m

l1 0.215m

l2 0.17m

l3 0.0325m

l5 0.0368m

l6 0.0527m
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D.3 Kinematic mapping from crawler task space to crawler

joint space

The tip of PHANToM(TM1) haptic device is mapped into the crawler task space. The

desired joint angles in the crawler joint space are determined from the commanded foot

tip position as shown in [82]. In this section, the mapping presented in [82] is repeated

for convenience of the readers.

function jt_angles = inv_kin_right(roboXYZ, jt_limits)

% CONSTANTS

d1 = 1.608;

a1 = 5.750;

a2 = 9.00; % 6.828

a3 = 12.00;

thetas = 30;

feet_pos = roboXYZ;

% Find Joint Angle 1

% (1) project the vector pointing from the shoulder to the end effector

% on the plane normal to the z coordinate of the shoulder.

% (2) project this projection on the plane to the z and x coordinate of

% the shoulder.

% (3) when the vector in the z coordinate is positive, joint angle 1 is

% positive and when it is negative, the joint angle 1 is negative

B0 = [cosd(thetas), 0, sind(thetas), 0;

0, 1, 0, 0;

-sind(thetas), 0, cosd(thetas), 0;

0, 0, 0, 1];

pt_s2ee = feet_pos - B0(1:3,4);
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proj_s2ee=cross(B0(1:3,3),cross(pt_s2ee,B0(1:3,3)))...

/(norm(B0(1:3, 3)))^2;

proj_s2ee_y=dot(proj_s2ee, B0(1:3, 2))*B0(1:3,2)...

/(norm(B0(1:3,2)))^2;

temp_shift_jt1=(dot(proj_s2ee,B0(1:3, 1))...

/(norm(proj_s2ee)*norm(B0(1:3,1))));

if temp_shift_jt1 > 1

temp_shift_jt1 = 1;

end

if proj_s2ee_y(2) >=0;

jt1 = acosd(temp_shift_jt1);

else

jt1 = -acosd(temp_shift_jt1);

end

% Joint 1 Limits

if jt1 > jt_limits(2);

jt1 = jt_limits(2);

elseif jt1 < jt_limits(1);

jt1 = jt_limits(1);

end

% from shoulder to joint 1

Bg4 = B0*[cosd(jt1), -sind(jt1), 0, 0;

sind(jt1), cosd(jt1), 0, 0;

0, 0, 1, d1;

0, 0, 0, 1];

B45 = [1, 0, 0, a1; 0, 1, 0, 0; 0, 0, 1, 0; 0, 0, 0, 1];

Bg5 = Bg4*B45;
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% using shoulder position and feet position find the angle of joint 3

% c^2 = a^2 + b^2 - 2*a*b*cos(theta)

a = norm(feet_pos - Bg5(1:3, 4));

if abs(-(a2^2 + a3^2 - a^2)/(2*a2*a3)) > 1

jt3 = acosd(1);

else

jt3 = (acosd(-(a2^2 + a3^2 - a^2)/(2*a2*a3)));

end

% Joint 3 Limits

if jt3 > jt_limits(6);

jt3 = jt_limits(6);

a = sqrt(a2^2+a3^2-2*a2*a3*cosd(180-jt3));

elseif jt3 < jt_limits(5);

jt3 = jt_limits(5);

a = sqrt(a2^2+a3^2-2*a2*a3*cosd(180-jt3));

end

% using the shoulder orientation figure out the angle of joint 2

if abs((a2^2 + a^2 - a3^2)/(2*a2*a)) > 1

theta2temp = acosd(1);

else

theta2temp = acosd((a2^2 + a^2 - a3^2)/(2*a2*a));

end

del_theta2=acosd(dot(Bg4(1:3,1),feet_pos-Bg5(1:3,4))...

/(norm(Bg4(1:3,1))*norm(feet_pos-Bg5(1:3,4))));

% Defining Joint 2 Angle

% (1) project the vector pointing from the shoulder to the end effector
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% normal to the z coordinate of the shoulder.

% (2) when the vector in the z coordinate is positive, joint angle 3 is

% positive is the sum of the two and when it is negative, the joint

% angle 3 is negative is the difference of the two

norm_s2ee = [cosd(-thetas), 0, sind(-thetas);

0, 1, 0;

-sind(-thetas), 0, cosd(-thetas)]*(feet_pos-Bg5(1:3,4));

if norm_s2ee(3) >= 0

jt2 = -(theta2temp + del_theta2);

else

jt2 = -theta2temp + del_theta2;

end

% joint 2 limits

if jt2 > jt_limits(4);

jt2 = jt_limits(4);

elseif jt2 < jt_limits(3);

jt2 = jt_limits(3);

end

jt_angles = [jt1; jt2; jt3];
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D.4 Proof on skew-symmetry property of Shape system

D.4.1 Proof of remark 7.4

Proof. The time derivative of the Shape system inertia matrix ME(q, qp) in Eq. (7.35)

is obtained as,

ṀE(q, qp) =φT (q, qp)Ṁq(q)φ(q, qp) + (I − φT (q, qp))ρṀp(qp)(I − φ(q, qp))

+ φ̇T (q, qp)(Mq(q)φ(q, qp)− ρMp(qp)(I − φ(q, qp)))

+ (φT (q, qp)Mq(q)− (I − φT (q, qp))ρMp(qp))φ̇T (q, qp)

(D.16)

From the definition of φ(q, qp) in Eq. (7.30) the time derivative φ̇T (q, qp) is ob-

tained as,

φ̇T (q, qp) = −M−1
L (q, qp)Ṁ

−1
L (q, qp)M

−1
L (q, qp)ρMp(qp) +M−1

L (q, qp)ρṀp(qp)

(D.17)

where ML(q, qp) := (Mq(q) +Mp(qp)) is the Locked system inertia. Using the fact

that the inertia matrices Mq(q) and Mp(qp) are symmetric, and from the expression

for φ̇T (q, qp) from Eq. (D.17), the derivative of the Shape system inertia ṀE(q, qp)

can be expressed as,

ṀE(q, qp) = φT (q, qp)Ṁq(q)φ(q, qp) + (I − φT (q, qp))ρṀp(qp)(I − φ(q, qp))

(D.18)

Using the above definition for ṀE(q, qp) and the definition for the Coriolis matrix

CE(q, qp, q̇, q̇p) from Eq. (7.38), the skew-symmetry condition in Eq. (7.41) can be

restated as,

AT (ṀE(q, qp)− 2CE(q, qp, q̇, q̇p))A = AT
(
φT (q, qp)(Ṁq(q)− 2Cq(q, q̇))φ(q, qp)

+(I − φT (q, qp))ρ(Ṁp(qp)− 2Cp(qp, q̇p))(I − φ(q, qp))
)
A

(D.19)

Define the vector A2 := φ(q, qp)A. Then the above equation can be simplified as,

AT (ṀE − 2CE)A = AT2 (Ṁq − 2Cq)A2 + (A−A2)T ρ(Ṁp − 2Cp)(A−A2)

(D.20)
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Using the skew-symmetry properties of the crawler inertia dynamics stated in remark

7.1 and the PHANToM(TM1) inertia dynamics in remark 7.3 the proof follows.



Appendix E

Proofs from Chapter 8

E.1 Proof of proposition 8.1

Proof. Using the characteristic equation for isothermal process (P1V1(x) = P d1 V1(xd)),

the effort variable Zsγ(P ,P d,u) at the fluid port of the actuator in Eq. (8.29) can be

expressed as,

Zsγ(P ,P d,u) =

 Ψ(P1, To, u1)RTo log
(
L1o+xd
L1o+x

)
if Fa ≥ 0

Ψ(P2, To, u2)RTo log
(
L2o−xd
L2o−x

)
Fa < 0

(E.1)

where Ψ(.) ∈ <+ is as defined in Eq. (3.27). When the actuator force Fa is positive, the

effort variable Zsγ(P ,P d,u) monotonically increases with the position error (xd−x), and

if the actuator force Fa is negative, the effort variable Zsγ(P ,P d,u) will monotonically

decrease with the position error (xd − x). Also, Zsγ(P ,P d,u) is identically zero only if

the actuator position x corresponds to the desired actuator position xd.

From the remark 3.5, the force error F̃ for an isothermal actuator is a strictly mono-

tonically increasing function of the position error (xd − x). Using transitivity property,

the effort variable Zsγ(P ,P d,u), and the force error F̃ increase strictly monotonically

with each other if the actuator force Fa is positive. If the actuator force Fa is negative,

the effort variable Zsγ(P ,P d,u) decreases strictly monotonically with increasing F̃ .

Due to the monotonic relationship between Zsγ(P ,P d,u) and the actuator force

error F̃ , a nonlinear gain γ3(P ,P d,u) can be defined as,

Zsγ(P ,P d,u) = γs3(P ,P d,u)F̃ (E.2)
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Using the expression for the effort variable Zsγ(P ,P d,u) from Eq. (8.29), and the

definition of F̃ from Eq. (8.30), the nonlinear gain γs3(P ,P d,u) can be expressed as,

γs3(P ,P d,u) =


Ψ1(P1,To,u1)RTo

Kd
iso(m,x,xd)(xd−x)

log
(

1 + xd−x
L1o+x

)
if Fa ≥ 0

Ψ2(P2,To,u2)RTo
Kd
iso(m,x,xd)(xd−x)

log
(

1− xd−x
L2o−x

)
Fa < 0

(E.3)

In the limiting case when the actuator position x corresponds to the desired position

xd, the nonlinear gain γs3(P ,P d,u) is obtained as,

lim
x→xd

γs3(P ,P d,u) =


Ψ1(P1,u1)RTo

Kd
iso(m,x,xd)(L1o+x)

if Fa ≥ 0

− Ψ2(P2,u2)RTo
Kd
iso(m,x,xd)(L2o−x)

Fa < 0
(E.4)

Therefore, the nonlinear gain γs3(P ,P d,u) as presented in Eq. (8.31) is well defined

for all possible values of actuator force error F̃ , including at F̃ = 0 (x = xd).
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