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Abstract 

 

The Generalized Anisotropic Inverse Mechanics (GAIM) method is able to provide 

general tissue characteristics in terms of stiffness, anisotropy strength, and preferred 

orientation. It allows for the computational dissection of samples, capturing regional 

differences within a single sample nondestructively. However, the linear assumption 

implicit in GAIM limited its utility, particularly in the case of cardiovascular soft tissues, 

which exhibit markedly nonlinear behavior when operating at physiologic strain levels.  

Therefore, GAIM was extended to consider large-deformation kinematics, a nonlinear 

closed-form structural model of planar fibrous tissue mechanics was utilized to describe 

the nonlinear behavior of a cardiovascular soft tissue (rat ventricle wall), and the 

partitioning method utilized by GAIM was replaced with a more robust partitioning 

scheme. Then, GAIM was applied in a stepwise fashion (NGAIM) in order to capture the 

full nonlinear kinetics of cardiovascular soft tissues. Finally, experiments characterizing 

the three-dimensional loading and failure of healthy porcine ascending aorta were 

discussed.  

 

The work presented in this thesis marks the development and use of novel theoretical and 

experimental approaches for the analysis of complex cardiovascular soft tissues. An 

analysis method was developed, NGAIM, that can be applied to examine regional 

mechanical differences in planar, nonlinear, anisotropic, heterogeneous, tissue samples 

from all over the body which yields full-field stress. Finally, a partnering was proposed 

which exploits the characterization capacity of NGAIM with the predictive capacity of 

the multiscale model to create full three-dimensional simulations of cardiovascular soft 

tissue behavior.   
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Chapter 1: Introduction 

 

1.1 Cardiovascular System 

 

The primary role of the heart is to pump blood, a fundamentally mechanical process. The 

cardiovascular system is responsible for maintaining blood flow such that nutrients (e.g. 

oxygen, glucose, amino acids, fatty acids, and water) and waste (e.g. carbon dioxide, 

urea, creatinine, heat) can be transported to and from the body's tissues and organs, 

Figure 1.1. The ventricular walls expand and contract over 2.5 billion times during the 

  

Figure 1.1: Schematic showing an anterior sectioned view of the heart with the blood flow indicated and 

the chambers labeled. [1] 
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average human lifespan [2]. The right atrium receives deoxygenated blood from the body 

through the superior and inferior venae cavae. The deoxygenated blood enters the right 

ventricle (RV) through the tricuspid valve, and the RV pumps it through the pulmonary 

valve, pulmonary trunk, and pulmonary arteries and into the lungs. Four pulmonary veins 

return oxygenated blood to the left atrium. The oxygenated bloods flows through the 

mitral valve into the left ventricle (LV), which pumps it through the aortic valve and the 

aorta to the  body. In this work we focus on both the mechanics of ventricular tissue and 

that of the ascending aorta. 

 

1.1.1 The Ventricular Walls   

 

The ventricular walls form the chambers within the heart responsible for collecting and 

expelling blood. Figure 1.2 shows the cardiac cycle for the left ventricle. The entire cycle 

occurs in ~ 0.7 seconds. At the end of diastole, both the atrium and ventricle are relaxed, 

the mitral valve is open (atrial pressure > ventricular pressure), and the aortic valve is 

closed (ventricular pressure < aortic pressure). Contraction of the ventricles, systole, is 

initiated by almost synchronous electrical excitation. As the ventricle contracts, 

ventricular pressure rises very rapidly, quickly exceeding atrial pressure and causing the 

closure of the mitral valve, thus preventing backflow of blood into the atrium. The 

ventricle undergoes isovolumetric contraction until the ventricular pressure surpasses the 

aortic pressure (afterload) and the aortic valve opens. Ejection begins, and aortic pressure 

rises along with ventricular pressure. The majority of the cardiac output occurs within the 

first quarter of the ejection phase, before the peak in pressure. As the force of ventricular 

contraction diminishes, there is a deceleration of the ejecting blood, and when the 

ventricular pressure falls below the aortic pressure the aortic valve closes. Diastole begins 

with the closure of the aortic valve and isovolumetric ventricular relaxation. As the 

ventricle relaxes, pressure decreases, and when ventricular pressure dips below atrial 

pressure, the mitral valve opens. Venous blood, which has been accumulating in the 

atrium since the closure of the mitral valve, flows quickly into the ventricle. The vast 

majority of filling occurs in the first quarter of diastole when the rate of blood flow is 



 

 3 

enhanced by diastolic suction, recoil of the relaxing myocardium from its contracted 

systolic configuration. The pressure and volume curves for the right ventricular cardiac 

cycle are similar. However, the right ventricle operates at lower pressure than the left 

ventricle (maximum systolic pressure is ~ 5.3 times lower). Additionally, the pulmonary 

arterial pressure is much lower than the aortic pressure, causing the pulmonic valve to 

open prior to and close after the aortic valve.  

 
Figure 1.2: Left ventricular pressure and volume during the cardiac cycle. [3] 

 

Aging, injury, and disease can all cause significant changes in the heart's performance. 

For example, myocardial infarction (heart attack) is a common cause of ventricular 

dysfunction. Each year, approximately one million Americans experience a new or 

recurrent myocardial infarction, and about 60% of patients survive [4,5]. The 

myocardium does not extract oxygen from the blood within the atria and ventricles but is 

supplied with oxygen-rich blood through the coronary arteries. The buildup of plaque 

within the coronary arteries restricts blood flow, and severe restriction can cause 

myocardial infarction. The percentage of survivors is increasing due to earlier and more 
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effective intervention aided by both education and technology [6–12], but heart attack 

survivors have life-long damage to their ventricular tissue.  

 

Following infarction, the ischemic myocardium loses its ability to generate systolic force 

and contribute to ejection. The lost myocardium is replaced not with muscle but with scar 

tissue, additional extracellular matrix (ECM). In healthy myocardium, the ECM provides 

the structural network that supports cardiomyocytes, helps translate their individual 

contractions into organized tissue-scale contraction during systole, and prevents 

overstretching or tearing during diastole. Although it is the death of cardiomyocytes that 

characterizes a myocardial infarction, infarction causes the remaining myocardium to 

modify the heart's ECM, and therefore its passive mechanical properties, in an effort to 

retain pumping function. ECM deposition is a local phenomenon, and new ECM often 

forms with different alignment, composition, and mechanical properties from those of the 

original matrix [13]. The more widespread the damage, the higher likelihood of 

progressive negative remodeling leading to ventricular dilation, a lowered ejection 

fraction, and/or reduced diastolic filling, common symptoms of heart failure. Once heart 

failure symptoms present, the 5-year mortality rate is almost 50% [14]. 

 

Consequently, various treatments have been developed to revive, regenerate, and/or 

replace infarcted tissue. While intervention techniques, such as reperfusion therapy [6], 

have proven effective, they must be applied within minutes of symptom onset, which 

severely limits their practicality. Stem cell therapy is associated with reduction in infarct 

scar
 
size and improvements in left ventricular function and can be applied days after 

infarction [15], but issues surrounding stem cell therapy, such as cell type, dosing, and 

timing, remain open [15–17]. In the future, tissue-engineered cardiac patches could be 

used to replace infarct tissue altogether. Current patch technology [18,19] generally 

involves seeding cardiac cells (or stem cells) within a porous three-dimensional scaffold. 

Scaffolds, usually made of a degradable polymer, are meant to provide structural support 

until replaced by the cells own secreted extracellular matrix. While patches have shown 

promise in small-animal models, their efficacy has not been documented in large animals 
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or humans [18] and they typically require invasive surgical techniques. A better 

understanding of the regional mechanical behavior of diseased ventricle would aide in the 

development of a bioartificial myocardium substitute and new infarct treatments. 

 

1.1.2 The Ascending Aorta  

 

The aorta is the main trunk in the series of vessels that transport oxygenated blood to the 

body. The aorta is divided into two sections: the thoracic aorta, which runs from the heart 

to the diaphragm, and the abdominal aorta, which runs from the diaphragm to the aortic 

bifurcation site (where the aortic splits to form the two iliac arteries). The aorta is a long 

vessel, with the thoracic aorta measuring about 35 cm long [20]. The thoracic aorta is 

subdivided further into the ascending aorta, aortic arch, and descending aorta, Figure 1.3. 

In general, branches from the ascending aorta (the two coronary arteries) supply blood to 

the heart, branches from the aortic arch (the innominate,  left common carotid, and left 

subclavian arteries) supply blood to the head, neck, and arms, and branches from the 

descending aorta (the visceral - pericardial, bronchial, esophageal, mediastinal - and the 

parietal - intercostal, subcostal , superior phrenic arteries), supply blood to the chest.  

 

Later in this thesis, there will be considerable study of the ascending aorta. Though it is 

only about 5 cm in length [20,21], (15% of the total length of the thoracic aorta), about 

60% of all thoracic aortic aneurysms involve the ascending aorta [22]. The ascending 

aorta supports tremendous hemodynamic loading; expanding (~ 11% area change [23]) 

under the systolic pressure and elastically recoiling during diastole, augmenting the 

forward flow of blood and coronary perfusion [2]. An ascending thoracic aortic aneurysm 

(aTAA) is a gross expansion of the section of aorta nearest to the heart that tends to 

develop over a period of years. Blunt trauma, connective tissue disorders (i.e. Marfan's 

syndrome), congenital deformities (e.g. bicuspid aortic valve), medial degeneration, and 

advanced age ( > 70 years) are all associated with higher risk of aTAA [22]. Aneurysm 

dissection and rupture (resulting in imminent death) are the primary risks associated with 

TAA. Dissection and rupture occur when the remodeled tissue is no longer able to 
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withstand the stresses generated by the arterial pressure. A tear forms in the intimal layer 

of the aorta and blood streams through this tear into the media, causing the medial layers 

to separate forming a false lumen. The false lumen may compromise blood flow to the 

body by blocking the true lumen and/or diverting and slowing blood flow. In addition, the 

false lumen is vulnerable to both thrombus formation (due to sluggish blood flow, 

irregular geometry, and inflammation) and rupture (due to reduced wall thickness and 

asymmetric loading). Unfortunately, surgical repair of an aTAA, by removing the 

aneurysm and replacing it with a synthetic tube graft, also involves considerable risk. 

Statistically, death from rupture becomes more likely than death during surgery at an 

aTAA diameter over 5.5 cm, setting the current interventional guidelines [22,24]. Aortic 

rupture remains a mysterious phenomenon, however, occurring in a significant number of 

patients with smaller aneurysms [22,25] while many patients with aTAA diameters above 

5.5 cm do not experience aortic dissection or rupture. A better understanding of the 

aneurysmic tissue’s mechanics and structure would improve surgical decision making. 

 

Figure 1.3: Schematic showing the location of the ascending aorta. It is distal to the aortic valve and ends 

at the aortic arch (branch point for the innominate, left common carotid, and left subclavian arteries).  [21] 
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1.2 Cardiovascular Soft Tissues: General Characteristics  

 

The purpose of a constitutive model to describe the mechanical response of a material 

under a variety of physically meaningful loading configurations. Cardiovascular  soft 

tissues (aorta, ventricular wall, heart valve leaflet, etc.) are fundamental to the load-

bearing capacity of the cardiovascular system. The intrinsic complexity of cardiovascular 

soft tissues; however, presents a tremendous challenge in constitutive modeling. The 

ECM transmits force throughout the tissue endowing it with structural stability and load 

carrying capacity. The ECM is often [26] described as a fiber-reinforced composite: with 

a fibrous network of proteins (e.g. collagen, elastin, fibronectin, laminin, etc.) embedded 

in a amorphous mixture of glycosaminoglycans and extracellular water. The mechanical 

behavior of a cardiovascular soft tissue depends strongly on both the composition and 

organization of its ECM, which in turn depends upon the anatomical and physiological 

demands of the body. The complexity of the ECM, combined with the complexity of the 

cells in the tissue, leads to characteristics that present a challenge to the constitutive 

modeler: anisotropy, heterogeneity, nonlinearity, and viscoelasticity. These features are 

described in the subsequent paragraphs. 

 

1.2.1 Anisotropy 

 

The structural constituents of a cardiovascular tissue's ECM typically have specific 

orientations and concentrations particular to the anatomy and physiology of the tissue. 

For example, the collagen fiber bundles within the medial layer of elastic arteries, like the 

aorta, have been well documented to be circumferentially oriented [27,28]. The 

myocardium is structured from sheets of locally parallel muscle fibers embedded in an 

extracellular matrix (composed mainly of collagen types I and III). The angle of the 

fibers changes continuously through the myocardium [29], but the average transmural 

fiber orientation of both ventricles is the circumferential direction.  
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The composition and organization of the ECM of cardiovascular soft tissues has been 

interrogated in various ways. The fibrous constituents themselves can be viewed using a 

scanning electron microscope [27,30]. Histology and light microscopy are standard 

practice in the local determination of the orientation and proportions of the ECM 

constituents [27,31,32]. Both polarized light [33] and small angle light scattering [34] 

have been utilized to quantify collagen fiber orientation and anisotropy strength. 

Diffusion tensor magnetic resonance imaging [35,36] allows for the three-dimensional 

fiber structure of a tissue to be measured nondestructively. The composition of the ECM 

is also often quantified through chemical assays [37].  

 

The structural anisotropy exhibited by many cardiovascular soft tissues is widely 

accepted to be the cause of their strong mechanical anisotropy. For example, when a 

sample is extended along the direction of the fibers, it exhibits a much larger stress than 

when extended the same distance in the cross-fiber direction. It has been well established 

that arterial wall is anisotropic with respect to the unloaded configuration with the 

circumferential direction stiffer than the axial [38]. For example, Doyle and Dobrin [39] 

performed inflation experiments on canine carotid arteries measuring Cauchy stress under 

equibiaxial extension. From the stresses measured they determined that the carotid artery 

is stiffer in the circumferential direction than in the axial direction. A prominent paper by 

Patel and Fry [40] is an excellent example of the quantification of mechanical anisotropy 

in canine arteries. They performed inflation-elongation experiments on segments of 

canine aorta and carotid arteries at various pressures and extension loads and measured 

the rotation of the lower end of the vessel. They concluded from their strain 

measurements that arteries are cylindrically orthotropic (i.e. they are symmetric with 

respect to the radial, circumferential, and axial directions). Equibiaxial extension tests on 

myocardial tissue taken from both the right [41] and left ventricles [42] indicate higher 

stiffness in the fiber direction as compared to the cross fiber direction, particularly for the 

right ventricle. Yin and colleagues studied the mechanical behavior of the endocardium 

and epicardium as well. They found anisotropic behavior for both canine [43] and bovine 

[44] epicardium with the ratio of Cauchy membrane stress strongly favoring the 
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circumferential direction over the apex-to-base direction for both the right and left 

ventricle. A similar anisotropic response was observed in bovine endocardium [44], with 

larger stresses in the circumferential direction during equibiaxial extension. 

 

1.2.2 Heterogeneity 

 

Both the direction and degree of fiber alignment as well as the presence and proportions 

of the ECM constituents vary locally within cardiovascular tissues, causing regional 

differences in both anisotropy and stiffness. For example, when an artery branches (i.e. 

bifurcates), such as at the aortic arch where the brachiocephalic, left common carotid, and 

left subclavian arteries begin, the microstructure no longer has circumferential alignment 

as the vessel no longer has a circular cross section. Rowe et al. [33] found the tissue at the 

branch points of cerebral arteries to be tendon-like with a higher concentration of 

collagen, greater thickness, and a markedly stronger alignment (in the direction of the 

apical ridge) than that seen in straight cylindrical arteries. Delfino [45], who focused on 

the human carotid artery, performed one of the most complete studies on branch points. 

His results agree that the bifurcation point is highly collagenous, thick, and strongly 

aligned and go further into a full 3D analysis of the stress-strain response. He 

characterized the principal stress at various cross section locations along the bifurcation 

showing that both the mechanical anisotropy and stiffness of the tissue change with 

location. The proportions of the ECM components within elastic arteries has also been 

shown to vary with distance from the heart. Collagen-to-elastin ratios in the aorta vary 

from below one near the heart to above one in regions far from the heart [46,47]. A 

extensively studied cardiovascular soft tissue with regionally varying fibrous alignment is 

the aortic valve leaflet. There is great interest in using it to develop replacement valves 

for the treatment of aortic valve disease. Quantitative polarized light imaging reveals 

commissure-to-commissure fiber alignment throughout the aortic valve leaflet [48]. 

Billiar and Sacks [49] performed specialized biaxial testing elucidating the local 

structure-strain relationship of the tissue. One final example of heterogeneity is that of the 

heart itself. During systole and diastole there are considerable regional differences in the 
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sequence, size, and extent of myocardial deformations [50]. Though systolic shortening 

and diastolic lengthening generally increase in magnitude from base to apex the ventricle 

walls also experience large shear strains during both systole and diastole. Demer and Yin 

[51] studied regional differences in the mechanical behavior of the ventricle by excising 

samples from both the anterior and posterior LV free wall and the basal and apical halves. 

They biaxially tested samples, identifying the fiber and cross-fiber directions visually, 

and showed that samples taken closer to the base of the heart had a more anisotropic 

stress-strain response than those taken closer to the apex. When studying the mechanical 

properties of the right ventricle, Sacks and Chuong [41] found the tissue excised from the 

conus region to exhibit more anisotropy than that from the sinus region, although both 

were stiffer along the average fiber direction than the cross-fiber direction. Omens et al. 

[52] showed that the ventricular myocardium has a complex, non-uniform distribution of 

residual stress and strain. Their results suggest that there is regional heterogeneity in LV 

myocardial mechanical properties both transmurally and in the apex-base direction. 

Ghaemi et al. [53] completed displacement controlled biaxial testing on samples from 

four different regions of the bovine heart (the interventricular septum, LV free wall, RV 

free wall, and apex) to characterize regional mechanical differences. Their results showed 

that the mechanical behavior of samples from all four regions was similar (nonlinear with 

higher stiffnesses in the cross-fiber rather than the fiber direction) and that the LV free 

wall and interventricular septum were significantly stiffer overall than the RF free wall 

and apex. Finally, Zhang et al. [36] show beautiful DTMRI images detailing the complex 

wrapping of the fibrous layers of the ventricle challenging even the simplifying nature of 

symmetry assumptions.  

 

The heterogeneous nature of tissues becomes particularly evident in instances of disease 

of damage. For instance, the aortic wall thins and weakens nonuniformly during 

aneurysm, and variation has been reported [54–56] between the lesser and greater 

curvatures of the aortic arch. Catastrophic failure of the aorta occurs when a section of 

the wall is no longer able to withstand the stresses generated by the arterial pressure and 

dissects or ruptures. Once dissection begins both the fluid dynamics within the vessel and 
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mechanical stresses within the vessel wall suffer from drastic local changes. Another 

example is the aortic valve. Aortic valve disorder in both native [57] and bioartificial [58] 

valves can range from mild thickening to severe calcification of leaflets. It is 

characterized by dramatic disruptions in the fiber architecture of the leaflet, irregular 

dystrophic calcification and lipid deposition, and leaflet disfigurement [57,58]. 

Calcification causes pronounced stiffening in the affected region relative to the rest of the 

valve damaging the leaflet nonuniformly and causing deterioration in function, often 

allowing regurgitation and pathologic flow. Finally, myocardial infarction is an example 

of severe damage to the ventricle. Restriction of coronary blood flow causes a portion of 

the ventricle to die which is then replaced with scar tissue and remodels in a dynamic 

temporal process [59]. Scars tend to be stiffer and to vary in anisotropy from the 

surrounding healthy myocardium, creating a gradient in the wall properties. The scar is 

sensitive not just to local changes in the ECM but also to the local stress-strain 

environment as it is coupled with the adjacent healthy myocardium [13]. Fomovsky et al. 

[60] studied the regional mechanics of scars in both small and large animal models 

considering anisotropy in both the structure and mechanical behavior of the scar, 

concluding that conflicting reports of anisotropic preference were due to scar geometry 

and location.  

 

1.2.3 Nonlinearity 

 

In addition to the strong anisotropy often exhibited by cardiovascular soft tissues in their 

stress-strain response there is also often marked nonlinearity. Mechanical testing (biaxial 

extension, inflation, etc.) results for epicardium [43], myocardium [2,61], healing 

myocardial infarction [59], aortic valve leaflet [49], and ascending thoracic aorta [62] all 

reveal nonlinear behavior. The tissue is initially very compliant, but as the strain is 

increased, it becomes much stiffer. Nonlinearity in the mechanical response becomes 

increasing pronounced as the strain level imposed on the tissue is increased. Large strain 

levels (upwards of 30%) are of most interest, as physiologically cardiovascular tissues 

operate at large strains [63], so the nonlinearity of the response is extremely important.   
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1.2.4 Viscoelasticity 

 

Cardiovascular tissues also exhibit hysteresis during cyclic loading, which is indicative of 

viscoelastic behavior. Preconditioning, cyclically stretching the tissue prior to obtaining 

results, is used to minimize hysteresis such that the tissue exhibits negligible changes in 

its loading and unloading curves. Cyclic loading is physiologically reasonable for both 

the ventricle and aorta as they experience cyclic loading in vivo. Once preconditioning 

has been performed, the tissue can be treated as pseudo-elastic. The stress-strain 

relationship is now well defined and repeatable, and one can treat the material as one 

elastic material in loading, and another elastic material in unloading. The usefulness of 

pseudo-elasticity is increased by the circumstance that most cardiovascular soft tissues, 

including ventricular and aortic tissue, exhibit behavior that is essentially independent of 

strain rate [2,50]. Fung reports that an increase as large as 1000 fold in strain rate causes 

between only a 1 and 2 fold increase in stress for most soft tissues [64]. Ghaemi et al. 

[53], biaxially tested bovine myocardial samples from four different regions of the heart 

using a variety of different biaxial protocols and strain rates and observed no change in 

either the fiber or cross-fiber behavior with strain rate. 

 

The complex structure and mechanical behavior of cardiovascular tissues make 

formulating an appropriate constitutive relation difficult. Most often, constitutive 

relations are obtained by determining the general characteristics of the tissue, establishing 

an appropriate theoretical framework, identifying a specific functional form of the 

relation, and fitting the material parameters to experimental data [2,26,65–67]. There are 

many prominent strain energy functions (reviewed in [2,64,68,69]) that are utilized to 

describe the mechanical behavior of cardiovascular tissues. Fung-type relations, which 

are exponential in terms of the Green strain, and neo-Hookean relations, which rely on 

the first invariant of Green's deformation tensor, have been modified to account for 

material symmetry. The Mooney-Rivlin model describes material behavior over a 

broader range of strains and includes both the first and second invariant of Green's 

deformation tensor. The Ogden model expresses the material behavior in terms of a 
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summation of a weighted exponential form of the principal stretch. Humphrey compares 

the use of various models to describe the mechanical behavior of cardiovascular tissues 

extensively [2]. For example, Humphrey compares the results from strain energy 

relations determined by Chuong and Fung [70], von Maltzahn [71], and Takamizawa and 

Hayashi [72] by applying them to same data from the planar biaxial deformation of an 

artery. The various functions not only determine different stiffnesses for the tissue, but 

they also differ in directionality: the Chuong and Fung relation characterizes it as 

anisotropic with circumferential preference, the Takamizawa and Hayashi relation 

characterizes it as isotropic, and the von Maltzahn relation characterizes it as anisotropic 

with axial preference. This result reinforces the idea that even widely used constitutive 

relations, which are successful in describing material behavior, are limited to a range of 

relevant deformations and may not have adequate predictive capabilities to be applied in 

alternate loading configurations. This concern leads to the notion of the direct inverse 

problem: instead of selecting a strain energy function and fitting the material parameters 

to experimental data, use experimental data directly to determine a strain energy function.   

 

1.3 Direct Inverse Problems: Literature Review 

 

Inverse problems involve determination of inputs from observed outputs, in contrast to 

forward problems, in which outputs are determined from knowledge of inputs. In order to 

illustrate this difference a simple example of a spring under load will be used in which 

the force,  , within the spring is related to the spring's change in length,  , by the spring 

constant,  , such that      . Then, the problem is defined as follows: 

 In the forward problem both spring constant and the imposed displacement are 

known; i.e. a spring of known material is being deformed by a known distance,  , 

and the corresponding force,  , is determined. 

 In the inverse problem only the imposed displacement and the resultant force are 

known; i.e. a spring of unknown material (and thus unknown  ) is deformed by a 

distance,  , the corresponding reaction force,  , is measured. 
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o If the inverse problem is approached indirectly, this is typically through an 

iterative application of the forward problem. In the spring case, a guess is 

made for the spring constant,  , and a force,   , for the given 

displacement,  , is calculated and compared to the measured force,  . 

Then,   is altered, and the process is repeated until the difference between 

   and   is minimized. 

o An alternative approach is the direct approach. In the direct approach the 

value of   is calculated right from the given displacement and measured 

force; in the spring example the force is divided by its corresponding 

displacement to obtain a value of  . 

 

It is clear from even this simple example that each approach has advantages and pitfalls. 

The forward problem is well-posed: a solution exists, the solution is unique, the solution 

is smooth (i.e. an alteration in the applied displacement produces a predictable variation 

the reaction force). The forward problem also requires knowledge about the material 

which often, especially in the case of complex soft tissues, does not exist. In general, the 

main advantage of the inverse problem is that it allows for the study of the unknown, 

requiring only general assumptions about the overall behavior of the material (i.e. 

linearity in the spring example). Pitfalls of the indirect inverse problem include 

uniqueness (more than one solution may minimize difference between the theoretical and 

experimental value), sensitivity (the initial guess utilized for the unknown material 

constants may drive the fit to a particular solution), and parameter number (the 

consideration of anisotropy and inhomogeneity within the context of a nonlinear 

constitutive model increase both the number of parameters to be optimized as well as the 

number necessary iterations, making it quite expensive computationally). The direct 

inverse problem is much more efficient and is not dependent on any sort of initial guess, 

however it is very susceptible to noise and there is no implicit error measurement to 

quantify goodness of fit. One effective approach to reduce the effects of noise in both 

forms of the inverse problem, direct and indirect, is to collect multiple data points so as to 

make the problem over-determined. In the case of the simple spring example this might 
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mean measuring the force within the spring for ten different displacements (instead of 

one) and calculating the sum of squared error between the measured and predicted forces 

for all points (indirect inverse problem) or averaging the calculated spring constant over 

the full data set (direct inverse problem). In either case, over-constraining the system 

reduces the susceptibility of the inverse method to noise and increases its predictive 

capacity. 

 

In the context of a cardiovascular soft tissues, the problem is more complex since the 

behavior is anisotropic, heterogeneous, and nonlinear (as discussed in the previous 

section) but the essential problem is the same: the goal is to characterize the mechanical 

behavior of the material such that the description is applicable to various physiologically 

relevant loading situations. The objective of the indirect problem is to match the full-field 

displacement predicted by the pre-determined strain energy equation to that of the 

experiment by altering the values of the constants within the constitutive law while 

satisfying the force balance and strain compatibility equations with the given boundary 

conditions (both traction and displacement). For the direct inverse problem, the objective 

changes in that the full-field displacement and boundary conditions (both traction and 

displacement) are used to solve for the constants of the constitutive law by satisfying the 

force balance and strain compatibility equations. Inverse methods have been applied to 

cardiovascular soft tissues in a variety of loading modalities.  

 

1.3.1 Indentation 

 

The most widespread use of the static inverse approach applied to soft tissues has been 

elastography, in which strain images are formed using external compression under static 

conditions (reviewed by [73–75]). Indentation has been applied to cardiovascular soft 

tissues to determine heterogeneity through its controlled and repeated application. Most 

elastographic methods assume linearity (infinitesimal deformation) and isotropy, but a 

few have been modified to account for the anisotropic, nonlinear behavior strongly 

exhibited by cardiovascular soft tissues. For example, the heterogeneous nature of the 
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developing embryonic chick heart has been studied extensively by Taber and colleagues 

through the coupling of nanoindentation to determine regional stiffness [76,77] and strain 

tracking of the myocardial surface to determine regional anisotropy [78]. Nonlinearity is 

considered implicitly in Taber's definition of transverse stiffness, but the addition of 

anisotropy is through external coupling. Utilizing atomic force microscopy, Costa and 

Yin [79] investigated the effects of indenter geometry, nonlinear material behavior, and 

large deformations on soft tissues in a local manner, gathering in-depth information 

regarding tissue heterogeneity, but failed to include anisotropy in their analysis. While 

also limited by the assumption of isotropy, the nonlinear inverse elasticity method of 

Oberai, Barbone, and colleagues [80–83] is perhaps the most compelling in the 

measurement of heterogeneity. In their study of breast cancer tumors [83], the size, 

shape, and location of regions within a tissue sample with varying shear moduli were 

identified with the exceptional clarity. Cox et al. [84], developed an indentation method 

capable of capturing anisotropy by combining force and deformation gradient data 

(captured through an inverted confocal microscope). They utilized repeated indentation to 

quantify the inhomogeneous nature of heart valve leaflet [85], which they coupled with 

an inverse finite element analysis using a mixed numerical approach to determine local 

material properties. Nonlinearity was incorporated using a constitutive framework 

developed by Holzapfel et al. [86]. Chai et al. [87,88] further utilized the methods of Cox 

to characterize the heterogeneous properties of atherosclerotic plaques, focusing on the 

drastic differences in the material properties of the various plaque components using a 

sophisticated inverse finite element analysis method. Other approaches for extracting 

anisotropic material properties during indentation involve the use of simultaneous 

indentation and stretch [89] and the use of an indenter with asymmetric geometry [90]. 

Nonlinearity is typically incorporated numerically, but has also been incorporated 

analytically as per Humphrey et al. [91]. While indentation is attractive as it can be 

applied to a tissue specimen locally in a controlled repeatable manner it is less relevant to 

in-vivo function than other loading modalities. 

 



 

 17 

1.3.2 Inflation 

 

Inflation is also a common modality for the study of inverse mechanics in soft tissues and 

of blood vessels in particular, as it considers the tissue in a natural loading configuration. 

Seshaiyer & Humphrey [92] address nonlinearity and anisotropy in their inverse finite 

element method through the selection of a hyperelastic constitutive equation and manage 

heterogeneity through the use of homogeneous subdomains, which allow for the 

estimation of the material properties locally from boundary and inner displacements. The 

method was utilized successfully in the quantification of the material properties of the 

lens capsule [93] but was limited to small regions of interest within the tissue and has yet 

to be applied to the full-field vessel inflation data captured using their advanced 

experimental technique [94]. Kroon and Holzapfel [67,95] proposed a method for the 

estimation of the nonlinear elastic properties of anisotropic membranes during inflation 

for application in cerebral and aortic aneurysm with particular emphasis on the 

determination of the anisotropy distribution within the material. Their extended method 

allowed for alternative geometries, the full continuous distribution of material 

parameters, and was optimized for numerical efficiency but lacked the advanced strain 

energy function necessary to capture anisotropy [96]. A pointwise identification method 

for the determination of heterogeneous, nonlinear properties of cerebral aneurysms was, 

proposed [97], validated [98], and applied to patient specific geometries [99] by Lu and 

Zhao. Anisotropy was introduced into the model per the method of Kroon and Holzapfel 

[67,95] allowing for the full characterization of actual aneurysms. Inflation is also often 

coupled with axial extension in the study of blood vessel mechanics. Einstein and 

colleagues modeled the pressurization and axial stretch of blood vessels [100] and the 

inflation of heart valve leaflet [101] using an inverse approach based on successive 

response surface methodology. The nonlinear, anisotropic inverse approach was able to 

capture tissue behavior well in both studies; because it could be solved in parallel 

convergence was achieved rapidly, but it assumed homogeneity along the tissue's surface. 

In the first study [100], the wall itself was represented as a layered structure, accounting 

for some transmural differences in properties, but layer thickness and number were 
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imposed a priori. Kyriacou et al. [102–104] developed an inverse finite element method 

for the characterization of nonlinear hyperelastic membranes and applied it in both 

symmetric and asymmetric inflation. While their unique loading apparatus developed 

both equibiaxial and strip biaxial like strains, shear strain was not achieved. Their 

investigation into anisotropy was limited, considering only biases in the circumferential 

and meridonional directions, and homogeneity was assumed along the length of the 

vessel. A major drawback of inflation is the inability to impose variable strain fields and 

in particular to shear the tissue. One exception is a unique experimental system capable 

of imposing torsion described by Humphrey et al. [105], which has not yet led to a new 

constitutive model or inverse approach [106]. 

 

1.3.3 Extension and Shear 

 

The fundamental goal in constitutive modeling is to predict the mechanical response of 

the material under a variety of physically meaningful loading configurations. In order to 

ensure that predictions are meaningful, the model itself must be built from data from 

multiple loading modalities. Planar extension allows for the investigation of the 

multiaxial behavior of the tissue and the introduction of shear. Cardiovascular soft tissues 

however, like many soft tissues, have an inelastic response, exhibiting hysteresis in the 

loading and unloading stress-strain behavior. If material behavior from multiple loading 

configurations is to be combined properly, some form of preconditioning must be applied 

such that pseudo-elasticity can be reasonably applied. Nielsen and colleagues [107,108] 

built a one-of-a-kind multiaxial tester to capture the mechanical behavior of anisotropic, 

heterogeneous tissues and verified their deformation measurement technique on both an 

inhomogeneous rubber membrane and sheep diaphragm. In other work by Nielsen 

[109,110], multiple loading configurations encompassing both indentation and shear were 

used to investigate the properties of skin. A Tong and Fung relation was fit to the data 

(errors ranging from ~ 13 to 22%), but the heterogeneous nature of the tissue was not 

investigated. Flynn et al. [111] present an elegant inverse method to determine 

anisotropic, nonlinear properties of planar soft tissues subjected to a variety of biaxial 
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loading conditions which encompass both tension and shear. They utilize the tangent 

stiffness along with an incremental force-displacement approach to capture the nonlinear 

behavior of the tissue. The main drawback of Flynn's approach is the need to test multiple 

specimens from different physical locations to investigate heterogeneity. 

 

Table 1.1 summarizes the capabilities of the methods discussed herein as well as their use 

of a direct or indirect method and the type of applied load. Cox et al. [84,85,112] have 

created one of the most comprehensive inverse models for indentation (considering 

heterogeneity, anisotropy, and nonlinearity), but, in the context of heart valve leaflet, 

indentation is an unsuitable loading modality. A sophisticated inverse analysis of 

inflation, a more physiologically relevant loading modality, is provided by Seshaiyer and 

Humphrey [92], who quantified material properties locally through the use of discrete 

homogenous subdomains but imposed a distribution of anisotropic material properties. 

Holzapfel and Kroon [67] developed an alternative inverse approach to inflation 

including the capacity to describe spatially varying anisotropy but did not address 

asymmetric loading or geometry. Finally, the work of Flynn et al. [111] brings together 

the ability to test the material under many physically relevant loading modalities 

(including shear) with the capacity to quantify material properties for anisotropic, 

nonlinear materials. The main drawback of Flynn's technique is its inability to handle 

heterogeneous materials. Regional characterization relies on cutting small homogeneous 

samples from an intact specimen and mechanically testing each individually.  

 

Although the inverse techniques discussed in this section have proven successful in many 

cases, the Generalized Anisotropic Inverse Mechanics (GAIM) method (discussed in the 

next section) addresses gaps in current combined capability. The GAIM method is 

capable of (1) handling anisotropic materials, (2) computationally segmenting a 

heterogeneous material into homogeneous subregions (without a priori knowledge of 

partition location or size), (3) analyzing behavior from many physiologically relevant 

loading modalities, and (4) performing without the high computational cost associated 

with repeated forward solutions. In addition, it is one of the main goals of this thesis to 
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apply GAIM such that it can address the full nonlinear behavior of the material, not just 

providing metrics describing the regional stiffness and anisotropy of the tissue but 

solving for its full-field stress and full-field strain energy. 

 

Table 1.1: Summary of different prominent inverse methods including loading modality, direct or indirect 

nature, and material characteristics.  

Method 
Inverse 

Method 

Loading 

Mode 

Material Characteristics Considered 

Anisotropy Heterogeneity Nonlinearity 

Force-Displacement and Surface Displacement 

Method of Taber and colleagues [76,77] 
Direct Indentation In part √ √ 

Finite Element Model of Costa and Yin [79] Direct Indentation  √ √ 

Nonlinear Inverse Elasticity Method of  

Oberai, Barbone, and colleagues [80–83] 
Indirect Indentation  √ √ 

Mixed Numerical Experimental Method of 

Cox et al. [84,85,112] 
Indirect Indentation √ √ √ 

Subdomain Inverse Finite Element Method of 

Seshaiyer and Humphrey [92] 
Indirect Inflation √ √ √ 

Inverse Finite Element method for Saccular 

Cerebral Aneurysms by Kroon and Holzapfel 

[67,95] 

Indirect Inflation √ √ √ 

Pointwise Identification Method of Lu and 

Zhao [97–99] 
Direct Inflation In part √ √ 

Inverse Approach Based on Successive 

Response Surface Methodology of Einstein 

and colleagues [100,101] 

Indirect Inflation √  √ 

Inverse Finite Element Method of Kyriacou et 

al. [102–104] 
Indirect Inflation In part  √ 

Multiaxial Analysis using Tong and Fung 

model of Nielsen and colleagues [109,110] 
Indirect 

Indentation, 

Extension, 

and Shear 

In part  √ 

Finite Element Based Method Using 

Incremental Force-Displacement of Flynn et 

al. [111] 

Direct 

Biaxial 

Extension 

and Shear 

√  √ 

GAIM Method  of Raghupathy and Barocas 

[113] 
Direct 

Biaxial 

Extension 

and Shear 

√ √  
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1.4 Review of Generalized Anisotropic Inverse Mechanics Method 

 

The Generalized Anisotropic Inverse Mechanics (GAIM) method was created by 

Raghupathy and Barocas [113] to quantify the mechanical behavior of inhomogeneous, 

anisotropic tissues. As in Seshaiyer & Humphrey [92], heterogeneity is managed by 

segmenting the sample domain into many homogeneous subdomains, assumed to have 

uniform properties. However, GAIM is applied not to a series of inflation or indentation 

tests but to an extensive biaxial extension protocol designed to place every point in the 

sample under both tension and shear.  

 

The GAIM method requires a paradigm switch in the way we think about biaxial testing. 

Traditional biaxial experimental testing focuses on homogeneous loading. Connecting the 

tissue to the machine causes strong heterogeneous deformation near attachment points. 

Traditional biaxial testing utilizes Saint-Venant’s principle and focuses on creating a 

homogeneous strain field in the central region of the tissue, from which all measurements 

are then taken [114]. GAIM requires a rich data set of force strain measurements at every 

location within the material in order to accurately determine parameter estimates. It 

parses the tissue into homogenous subdomains and in order to distinguish material 

characteristics, unique information about each subdomain is required. Therefore 

heterogeneous strain fields and slightly asymmetric sample geometry are desirable. One 

drawback to this technique is that in order to generate a sufficiently rich set of 

deformations within each partition that one can solve for the six components of its 

general linear elasticity tensor, many biaxial protocols are necessary. All possible 

permutations of extensions are explored [115], leading to the application of 15 separate 

biaxial protocols to a single specimen. Shear is induced in the sample through 

asymmetric stretches, allowing a more complete set of experimental strains to be 

spanned. In GAIM, the equations are combined and solved in a least-squares sense 

assuming that the material does not change significantly throughout testing. As explained 

in Chapter 2, a final equibiaxial extension was added to the original GAIM protocol to 

ensure that the sample's response did not change as a result of this extensive testing. 
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As for all other inverse methods, GAIM requires certain constraints. The tissue is 

considered a linear elastic material at static equilibrium and is described by  

                      1.1 

where   is the symmetric fourth-order elasticity tensor,   is the Cauchy stress, and   is 

the linearized strain,     
 

 
            [113,115]. Using the Galerkin finite element 

method and assuming that   is constant over each element, the problem is restated in 

terms of a global linear equation 

      1.2 

where   is a column vector specifying the       parameters of all elements,   is a column 

vector of the nodal forces (tractions and reactions), and   is a matrix consisting of the 

terms that remain when the material parameter terms are factored out, i.e. a combination 

of the Galerkin basis functions and linearized strain. Every node within the global nodal 

force balance, equation 1.2, has one equation for each spatial dimension. 

 

A finite element mesh is created to describe the sample domain and then is segmented 

automatically into homogeneous partitions to manage heterogeneity across the sample 

surface. All mesh elements within a single partition are assumed to have the same 

material parameters, i.e. the same elasticity tensor. Least-squares is used to solve the 

resulting overdetermined liner system  

                1.3 

In the original GAIM method as proposed and validated by Raghupathy [113,116] 

partitions are determined by probing various choices of homogenous subdomains starting 

from the gripped boundary. A partition is accepted and its elements are removed from the 

unsolved element set only if the evaluated parameters result in a residual force norm that 

is smaller than the preset tolerance. 

                   1.4 

This process advances inward towards the center of the sample on the reduced domain 

with resultant forces from the solved partitions. It continues until no unassigned elements 
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remain, and the model’s performance is evaluated using 95% confidence intervals on all 

components of   for each partition. A new partitioning scheme that relies solely on the 

sample's deformation field is presented in Chapter 4. The new scheme better captures the 

heterogeneous structure of the tissue analogs studied in [116] as well as the 

heterogeneous nature of both simulated soft tissue samples and aortic plaque and 

supraspinatus tendon. 

 

From the six components of the elasticity tensor, the strain eigentensors and the Kelvin 

moduli associated with each partition are determined. Appendix A details the calculation 

of the Kelvin moduli. The largest Kelvin modulus is used as a measurement of the 

stiffness of the tissue because it is related to a stretch in the direction of average 

anisotropy orientation [36]. The eigenvectors corresponding to the largest Kelvin 

modulus can be normalized and then projected back to form a strain eigentensor from 

which the preferred orientation and anisotropy strength are determined. The mechanical 

characteristics of the entire tissue sample domain are represented by an alignment and 

stiffness map. The alignment map shows the anisotropy index and preferred orientation 

for each partition and the stiffness map shows the maximum Kelvin Modulus for each 

partition. In addition to stiffness and alignment, the degree of tissue heterogeneity can be 

quantified by calculating the spatial standard deviations, denoted   (so as not to be 

confused with stress), of the largest Kelvin modulus, the preferred stiffness direction, and 

the anisotropy index in each sample.  

 

There is one main drawback in the use of GAIM: it assumes linearity. Cardiovascular soft 

tissues exhibit markedly nonlinear stress-stretch behavior. Initially, they are quite 

compliant, but they become much stiffer as stretch increases. In the case of 

cardiovascular tissues, the presumption of linearity is particularly troublesome since the 

tissue operates at large strains (~ 30%) physiologically. This work attempts to correct that 

deficiency without sacrificing the tremendous efficiency advantage of the linear model. 

First, GAIM is extended to consider large-deformation kinematics of ventricle wall, 

Chapter 2. Then, a nonlinear closed-form structural model of planar fibrous tissue 
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mechanics (NSFM) is utilized to describe the nonlinear behavior of rat ventricle wall, 

Chapter 3. The fitted NSFM model will be used to simulate biaxial extensions of 

heterogeneous cardiovascular soft tissues. The original partitioning method utilized by 

GAIM is replaced with a more robust partitioning scheme in Chapter 4. Then, GAIM is 

applied in a piecewise fashion in order to capture the full nonlinear kinetics of 

cardiovascular soft tissues in Chapter 5. Finally, experiments characterizing the three-

dimensional loading and failure of healthy porcine ascending aorta will be described in 

Chapter 6. Proposals for multiscale microstructural models (MSM) will also be 

discussed. We will conclude with a discussion of the incorporation of GAIM's power to 

characterize planar nonlinear, heterogeneous tissues with the unique ability of the MSM 

to simulate failure, a fundamentally local phenomenon, Chapter 7.   
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Chapter 2: Extension of the Generalized Anisotropic 
Inverse Mechanics Model to Include Nonlinear Kinematics 
and Application to Rat Right Ventricle 
 

This work was a part of the paper: 

Mechanical Changes in the Rat Right Ventricle with Decellularization 

Journal of Biomechanics, 2012, 45 (5) 

Witzenburg, C.M., Raghupathy, R., Kren, S.M., Taylor, D.A., and Barocas, V.H. 

 

2.1 Motivation of Research  

 

The GAIM method was applied to soft tissue analogs [116] that were created such that 

they were both isotropic, polydimethylsiloxane (PDMS), and anisotropic, collagen tissue 

equivalents (TE). In addition, both homogeneous and heterogeneous samples were 

created in terms of stiffness, PDMS, and anisotropy, collagen TE. The largest Kelvin 

modulus, preferred stiffness direction, and anisotropy index were determined for each 

region of each sample. Results matched the material properties determined 

experimentally both structurally (quantitative polarized light imaging for collagen TE) 

and mechanically (Young's modulus calculation from uniaxial extension) well. The goal 

of the work in this chapter was to apply GAIM to full-field deformation and force 

measurements made on cardiovascular tissue specimens, in this case right rat heart 

ventricles. Since all cardiovascular soft tissues, including rat heart ventricle, are highly 

deformable, GAIM was modified to account for large-deformation kinematics, i.e. the 

infinitesimal strain was replaced by the Green strain and the stress balance was restated in 

terms of the 2nd Piola-Kirchoff Stress rather than the Cauchy stress. In addition to the 

extension of GAIM, it was the goal of this work to determine the mechanical 

consequences of the removal of the cellular content of the ventricle by perfusion 

decellularization. There was concern that since the decellularizing agent is not applied 

uniformly by perfusion, local changes in tissue anisotropy and/or stiffness could arise. 
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The stiffness, anisotropy, and heterogeneity of freshly dissected (control) and perfusion-

decellularized rat right ventricles were compared using the extended GAIM method. 

Cruciform tissue samples were speckled and then tested under a series of different biaxial 

loading configurations with simultaneous force measurement on all four arms and 

displacement mapping via digital image correlation. Based on the displacement and force 

data, the sample was segmented into piecewise homogeneous partitions. Tissue stiffness 

and anisotropy were characterized for each partition using a large-deformation extension 

of the general linear elastic model. The perfusion-decellularized tissue had significantly 

higher stiffness than the control, suggesting that the cellular contribution to stiffness, at 

least under the conditions used, was relatively small. Neither anisotropy nor 

heterogeneity (measured by the partition standard deviation of the modulus and 

anisotropy) varied significantly between control and decellularized samples. Therefore, 

we concluded that although decellularization produces quantitative differences in 

modulus, decellularized tissue can provide a useful model of the native tissue 

extracellular matrix and further, that the large-deformation extension of the GAIM 

method can be used to quantify regional variation in stiffness and anisotropy of 

cardiovascular soft tissues. 

 

2.2 Introduction  

 

A bioartificial heart is a possible alternative to transplantation or a mechanical left 

ventricular assist device. Whole-organ perfusion-decellularization has been established as 

a potential tool to produce an intact three-dimensional scaffold for bioartificial hearts 

[117–119]. Separating the cells from the extracellular matrix also provides the 

opportunity to study cardiac wall mechanics in a simplified system, and attribute 

myocardial tissue properties to the respective cellular/extracellular constituents. For 

instance, localized matrix injury or scarring that occurs in myocardial infarction [35,59] 

could be studied on the extracellular matrix with decellularized tissue.  
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Previous studies of healthy and/or infarcted myocardium have focused on constitutive 

modeling of small samples cut from different locations to assess heterogeneity while 

assuming homogeneity in each sample (e.g. [41,120]). Assessing heterogeneity by means 

of multiple samples is impossible, however, if the entire tissue is too small. For example, 

the ventricle of the Sprague-Dawley (SD) rat, a popular choice for myocardial 

decellularization experiments [117], is only about 10mm across and not amenable to 

assessment of heterogeneity with samples cut from different locations. Although 

indentation could be applied regionally (as discussed in Chapter 1), it is less relevant to in 

vivo function. An experiment in which heterogeneous properties could be extracted from 

a single sample during biaxial loading would be far more valuable.  

 

The GAIM method [113,116] enables study of heterogeneous, anisotropic tissues, like the 

ventricle, by dissecting small samples computationally rather than physically. GAIM 

directly solves the finite element representation of the stress balance in the tissue for the 

unknown components of the two-dimensional general linear elasticity tensor. 

Heterogeneity within the sample is managed by partitioning the sample into many 

subdomains, each assumed to have uniform properties. In this study, we utilized multiple 

biaxial tests and an extended version of GAIM to determine the mechanical properties of 

freshly dissected (control) and decellularized right ventricles from SD rats. We focused 

on the right ventricle due to the prohibitively large thicknesses of control left ventricle 

samples.  

 

Two hypotheses were tested. First, since the extracellular matrix, particularly collagen, 

plays a large role in tissue mechanical behavior [121], and since decellularization reduces 

tissue volume considerably with negligible collagen loss [117], we hypothesized that 

decellularized samples would have larger stiffness values for the right ventricle as 

measured by our methods. We expected this increase in stiffness to be proportional to the 

thickness reduction, as observed previously [117]. Second, based on minimal changes in 

the collagen structure following decellularization, we hypothesized that decellularized 

samples would not exhibit a change in degree of mechanical anisotropy or heterogeneity. 
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2.3 Methods 

 

2.3.1 Sample Preparation  

 

Whole cadaveric rat hearts were removed from ten adult female SD rats (9–13 weeks) for 

testing. All experiments were performed in accordance with US Animal Welfare Act and

 

Figure 2.1: Sample geometry. (a) Rat heart during decellularization. Labels indicate aorta (Ao), right 

atrium (RA), left atrium (LA), right ventricle (RV), and left ventricle (LV). (b) Sketch of sample geometry 

overlaid on fully decellularized rat heart, showing the circumferential and longitudinal directions. 

 

were approved by the Institutional Animal Care and Use Committee at the University of 

Minnesota. Five hearts underwent perfusion decellularization prior to ventricle dissection 

and five immediately underwent ventricle dissection (control). One sample from each 

group was discarded due to damage during experimentation; therefore, four samples from 

each group were analyzed. Measurements of live rat body weight prior to dissection 
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showed no significant difference (p = 0.28) between groups. Unless otherwise stated, all 

p-values reported in this chapter refer to unpaired two-tailed t-tests.  

 

Figure 2.2: Sample dissection and clamping. (a) Schematic showing the anatomical position of the tissue 

during punching. (b) Epicardial surface of a representative decellularized right rat ventricle after clamping 

and speckling. (c) Clamping configuration during biaxial testing. The sample is submerged in 1% 

phosphate buffered saline at room temperature. 

 

For decellularization, hearts were placed in a modified Langendorff apparatus and 

perfused through the coronary arteries with 1% sodium dodecyl sulfate (SDS) in water 

for 20 h, as described previously [117]. Each heart was then perfused with 60 ml 

deionized water, 60 ml 1% Triton-X100 in water, and 60 ml additional deionized water to 

flush the detergent. The hearts were then perfused with 500 ml phosphate buffered saline 

(PBS) in 5 aliquots, leaving only decellularized matrix behind. Figure 2.1 shows a rat 
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heart during decellularization and depicts where samples were cut from the right 

ventricle. Sample geometry is shown in Figure 2.1b.  

 

The right ventricle was dissected from each heart and laid flat. A punch was used to cut 

each sample into a cruciform shape for biaxial testing. Anatomical orientation was 

marked on the endocardial surface as shown in  Figure 2.2a. Samples were stored in 1% 

PBS at 4⁰C when not undergoing biaxial testing or thickness measurement. Sample 

thickness was measured by laser micrometer 5 min after removal from PBS. 

 

2.3.2 Biaxial Testing  

 

Samples were tested within 48 h of dissection. Verhoeff’s stain was used to texture the 

epicardial surface for optical strain tracking (Figure 2.2b). The textured sample was 

attached to an Instron biaxial tester with four 5 N load cells via a custom rig that allowed 

easy sample mounting and immersion in 1% PBS at room temperature for the duration of 

testing (Figure 2.2c).  

 

A series of biaxial protocols was applied to each sample. First, a slight preload, ~ 0.01 N, 

was applied to each cruciform arm. The grip forces were zeroed with respect to the 

preload. The sample was preconditioned with nine equibiaxial extensions; each of the 

four arms was extended 0.75 mm. Each loading and unloading cycle lasted 10 s. After 

preconditioning, fifteen separate displacement-controlled biaxial experimental extensions 

were performed (Figure 2.3). Unlike traditional mechanical tests, which are designed to 

maximize homogeneity of the strain field, our protocol was designed to produce many 

heterogeneous strain fields and to vary that heterogeneity over different tests. 

Heterogeneous, variable strain fields are necessary to provide detailed deformation data 

for GAIM, and using numerous fields improves the accuracy of parameters. An 

additional equibiaxial extension was performed at the end of testing to confirm that 

minimal damage had occurred during the experiment. During testing, images of the 

epicardial surface of the tissue and the forces at each grip were recorded. 
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Figure 2.3: Protocol used for the biaxial testing of each sample. Dashed lines indicate fixed arms. 

Equibiaxial: each arm moved 0.75 mm. Adjacent two-arm stretch: extended arms moved 1.0 mm. Single–

arm stretch: extended arm moved 1.0 mm. Strip biaxial: extended arms moved 0.75 mm. Three-arm stretch: 

middle extended arm moved 1.0 mm, other extended arms moved 0.75 mm. 

 

2.3.3 Image Analysis and Strain Tracking  

 

Digital video of ventricle deformation was obtained at 24 fps, 1080p HD resolution, and 

spatial resolution of ~ 96 pixels/mm. The video was synchronized and downsampled to 

construct grayscale image sequences corresponding to the loading curves of each test. 

The image at the end of preconditioning was used as the reference configuration. The 

tissue boundary was sketched on top of the reference image in Abaqus
TM

, and meshed 

with quadrilateral elements. Successive pairs of images were correlated to track the 

movement of the mesh nodes throughout the loading sequence. This image correlation 

method was developed by Raghupathy [115] and used successfully in [116]. 

Displacement fields were constructed from movement of locations corresponding to the 

mesh nodes and smoothed to reduce noise. Green strains were computed from cumulative 

displacement fields by standard finite element theory for bilinear quadrilateral elements. 

We estimated the accuracy of our displacement calculations by digitally deforming the 

image of Figure 2.2b and comparing the displacements obtained from image correlation 
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with analytical values. Displacements were accurate to ± 0.06 pixels and the strains to ± 

0.0026 (95% CI). 

 

2.3.4 Generalized Anisotropic Inverse Mechanics (GAIM)  

 

Regional mechanical properties were determined by an extension of our GAIM method 

[113,116]. The method, presented in more detail in our previous work, involves solving 

the direct inverse problem for a general linear elastic solid. That is, given the 

displacement data and forces on the sample grips, the method uses finite elements to 

solve the linear elastic stress balance                for the components of  . The 

domain is partitioned into regions, over each of which   is taken to be a constant. The 

partitions are optimized so as to minimize error in the force balance while maintaining 

tight confidence intervals on the components of   [113]. All experiments within the 

protocol are evaluated concurrently to produce a large, overdetermined system of linear 

equations for  .   

 

For highly deformable tissues such as myocardium, a formulation that accounted for 

large-deformation kinematics but maintained the generality, anisotropy, and linearity of 

the regression problem from our previous work was desired. We modified our original 

form to 

              2.1 

where   is the 2
nd

 Piola-Kirchhoff stress,   the Green strain, and   is an elasticity tensor 

analogous to   in linear elasticity and has the same major and minor symmetries. The 

stress balance is 

                               2.2 

where   is the deformation tensor, and differentiation is with respect to the undeformed 

coordinates. Equation 2.2, although nonlinear in the displacements, is linear with respect 

to the components of  , so the problem can be treated with linear regression theory 

[113]. Thus, the nonlinear kinematics are incorporated into the analysis, but the fitting 
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problem remains linear. Appendix B details the changes to the inverse matrix 

formulation. 

 

In our earlier work, the tensor   was used to identify the major features of the tissue. 

Specifically, the eigentensors of   represent principal states of stress and strain 

[122,123], and the corresponding eigenvalues (Kelvin moduli) provide measures of 

material stiffness. We have found [116] that the largest Kelvin modulus is a useful 

measure and was comparable to Young’s modulus for polydimethylsiloxane. A second 

important measure comes from the eigenvectors of the eigentensor corresponding to the 

largest Kelvin modulus. These eigenvectors describe the anisotropy of the material, with 

the direction corresponding to the larger eigenvalue aligning with the tissue preferred 

stiffness direction in theoretical studies [113], on a simple fiber model [124], and in 

experiments on cell-compacted collagen gels [116].  

 

In this chapter, we computed large-deformation analogs of the Kelvin moduli (henceforth 

simply ‘‘Kelvin moduli’’ for brevity) and corresponding principal directions that give the 

preferred stiffness direction ( ) per a procedure analogous to that presented in Appendix 

A. In addition, the eigenvalues of the principal eigentensor of  , 1 and 2, were 

converted into an anisotropy index ( ), indicating strength of the alignment. It varies 

from 0 for an isotropic sample to 1 for a perfectly aligned sample: 

 
  

         

         
 2.3 

In addition to stiffness and alignment, we quantified tissue heterogeneity by calculating 

the standard deviation of each variable over all partitions within the center of the sample. 

That is, each partition was treated as an independent measurement, and the standard 

deviation was calculated. We refer to this value as the ‘‘partition standard deviation’’ to 

avoid confusion with measures of sample-to-sample variability. 
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2.4 Results 

 

Right ventricle wall thickness was 2138 ± 527 µm (mean ± 95%CI) for controls and 381 

± 157 µm for the decellularization group (p < 10
-4

). The drastic difference is stiffness was 

expected since cellular material comprises much of the tissue volume. When the first and 

final equibiaxial protocol strain maps were compared they showed extremely similar 

patterns and values. Figure 2.4 shows the full-field strain and load data for the first and 

final equibiaxial protocols for an alternative representative sample. There was no 

significant difference between the protocols in peak force for any arm of any sample (p > 

0.1 for all samples, paired two-tailed t-test). 

 

Loading behavior for the representative sample of decellularized tissue (Figure 2.2b) is 

shown in Figure 2.5. Figure 2.5b and c highlight a displacement-controlled equibiaxial 

test and single-arm extension test. For equibiaxial loading, the circumferential arms, right 

and left, had higher loads than the longitudinal arms, top and bottom. Shear forces were 

responsible for the discrepancy in force between opposite arms. The single-arm extension 

involved displacement of the right arm, as indicated by large forces on that arm and the 

reduced response of the left arm. Forces on the top and bottom arms were small in 

comparison.  
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Figure 2.4: Representative (a) strain and (b) load data for an alternative sample. (a) The strain fields for the 

first and final experimental protocols are strikingly similar in both magnitude and pattern for normal strains 

as well as shear. (b) There is also a minimal change in the loading curves for the four arms of the test 

machine. 

First Extension Final Extension

Eyy

Exx

Exy

Strain for Equibiaxial Extensions

Force vs. Time for Equibiaxial Extensionsb 

a 
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Figure 2.5: Representative load data for the decellularized sample shown in Figure 2.2b. (a) Three of nine 

preconditioning cycles are shown followed by the equibiaxial protocol, four adjacent two-arm extension 

protocols, four single-arm extension protocols, two strip biaxial protocols and one three-arm extension 

protocol. Other protocols not shown. (b) During equibiaxial loading, significant forces were generated in all 

four arms, with higher forces in the circumferential (left–right) direction because of tissue anisotropy. (c) 

When only the right arm was displaced, all forces were much smaller, and circumferential forces were 

much larger than longitudinal forces. 
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Figure 2.6: Representative strain results for the decellularized sample shown in Figure 2.2b. Strains are 

overlaid on the deformed sample shape at maximum deformation. During equibiaxial loading (a, b), the 

vertical strain (Eyy) was larger than the horizontal strain (Exx) in the central region of the sample. During 

single-arm loading (d, e), Exx was larger in the central region of the sample. Also, there was a gradient in 

the central region of the sample in the map for Eyy. In both cases, there was relatively little shear strain (c, 

f). 

 

For the same sample, the Green strains - Exx, Eyy and Exy - at peak displacement for both 

equibiaxial and single-arm extension tests are shown in Figure 2.6. For the equibiaxial 

test, strain was larger in the vertical direction than in the horizontal direction in the 

central region of the sample. This effect was reversed for the single-arm extension test. 

Also, Eyy showed a strong horizontal gradient across the central region of the sample for 

the single arm extension (Figure 2.6e). Thus, as desired, strain fields were heterogeneous 

and the strain differed within the same region of the sample from one protocol to another. 

For both tests, however, there was relatively little shear strain.  
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Figure 2.7: Representative alignment and stiffness results from GAIM for the decellularized sample shown 

in Figure 2.2b. Results are overlaid on the undeformed shape. For the alignment maps (a, b), the color 

shows the anisotropy index, and the vectors indicate the preferred stiffness direction, with vector lengths 

corresponding to the anisotropy index. For the stiffness maps (c, d) the contour shows the maximum Kelvin 

modulus. (a) Alignment map shows roughly uniform alignment in the center of the sample. (b) There was 

strong circumferential alignment in the central region of the tissue,         , with low partition 

standard deviation         , and           , with a low partition standard deviation of         . 
Black blocks indicate partition domain. (c) Stiffness map shows roughly uniform    in the center of the 

sample. (d) The average value of the maximum Kelvin modulus within the central region of the sample, 

             , and the partition standard deviation,            . Black blocks indicate partition 

domain. 

 

Alignment and stiffness maps were calculated for each sample using the extended GAIM 

method. Figure 2.7 shows maps for the sample pictured in Figure 2.2b. The arms of the 

sample present as artificially aligned in the pull direction as a result of our inability to 

measure transverse forces on the grips and minimal transverse displacement in the arms. 

Ek (kPa)

Ek (kPa)

r r
ba

c d
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However, the central region of the sample is well-specified, so our analysis focuses only 

on the central region (Figure 2.7b, d). 

 

Figure 2.7a shows strong circumferential (i.e., left–right) alignment in the central region. 

The average value of the anisotropy index within the central region (Figure 2.7b) was 

0.71, indicating strong anisotropy (roughly five times stiffer in the preferred, i.e. 

circumferential, direction). The partition standard deviation for the anisotropy index was 

low, 0.084. The average value for the preferred stiffness direction within the central 

region was 7.66⁰ from the horizontal, and its partition standard deviation was 7.55⁰. 

Figure 2.7c shows the maximum Kelvin modulus within each region. The average value 

of the maximum Kelvin modulus within the central region (Figure 2.7d) was 400 kPa, 

and its partition standard deviation was 107 kPa.  

 

Figure 2.8 summarizes the GAIM results for this study. Figure 2.8a–c show the average 

values of maximum Kelvin modulus,      , anisotropy index,    , and preferred 

stiffness direction,     , over the central region. There was significant difference 

between      for the control and decellularized groups (p = 0.0003), indicating that 

the central region of the decellularized tissue was stiffer than that of the control. 

However, there was no significant difference between     or     for the control 

and decellularized groups (p = 0.06, p =  0.31), indicating no change in strength or 

direction of anisotropy. All samples were stiffer in the circumferential than the 

longitudinal direction. 

 

Figure 2.8d-f show the normalized partition standard deviations of the maximum Kelvin 

modulus,            anisotropy index,          and preferred stiffness direction, 

         over the central region. These values were used to quantify the degree of 

heterogeneity of the parameters. For all three measures of heterogeneity (associated with 

stiffness, degree of anisotropy, and preferred direction) the control and decellularized 

samples gave statistically indistinguishable results (p = 0.22, 0.76, 0.11), indicating no 

significant change in heterogeneity between the decellularized and control groups. 
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Figure 2.8: Stiffness, alignment and direction results for full study. (a) There was a significant difference 

between the control and decellularized groups in     , which indicates overall stiffening of the tissue 

with decellularization. Units of      are kPa. (b, c) No significant difference in      or     

was found between the control and decellularized samples, indicating minimal change in anisotropy. Units 

of     are degrees and     is unitless. (d, e, f) No significant difference was found between the 

normalized partition standard deviation of the maximum Kelvin modulus, anisotropy index or preferred 

stiffness direction. This indicates that the effect of decellularization is roughly uniform. All plots show 

mean ± 95% CI, n = 4. 
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2.5 Discussion 

 

The major technical advance of this work was introduction of a nonlinear kinematic 

framework to the GAIM technique. The new formulation, which relates the second Piola-

Kirchhoff stress to the Green strain linearly, maintains the efficiency of a linear 

regression model (i.e., the model is linear in the coefficients) but is suitable to large 

deformations often experienced by soft tissues. By doing so, we extended the potential 

applicability of the method to a wider range of soft tissue applications. The generalized 

model is not sufficient to capture many soft tissue behaviors, including the large toe 

region followed by a sharp rise in stiffness, but it provides a qualitative estimate of the 

material properties and, most importantly, an assessment of material anisotropy in 

different regions of an intact sample.  

 

The major conclusions of this work as to the tissues tested were as follows: (1) The 

stiffness of right ventricular tissue, as measured by the average of the largest Kelvin 

modulus over the sample’s center, increased by a factor of 6.7 with decellularization. 

This change was consistent with densification of the tissue (average 5.6-fold reduction in 

thickness) and was similar to that reported by others for decellularized cardiac tissue 

[117,125]. Although other factors (e.g., chemical interactions between decellularizing 

agents and the extracellular matrix) could be important, we attribute the slightly larger 

increase in stiffness than decrease in thickness to structural changes, specifically rotation 

of collagen fibers into the plane of testing. (2) The mechanical anisotropy of the tissue, 

which we have shown previously [116] to correlate to structural anisotropy, was largely 

unchanged by the decellularization process. (3) Finally, a key goal of this work was to 

assess tissue heterogeneity. We found that the spatial variation in tissue properties 

(stiffness, degree of anisotropy, and preferred stiffness direction) over the central region 

of the sample was largely unchanged by the decellularization process. Based on these 

three observations, we conclude that decellularized tissue can be used as a model for 

studying mechanical changes to the extracellular matrix in the heart. The decellularized 

model is particularly attractive for studies of rat left ventricle, which is sufficiently thick 



 

 42 

(~ 4 mm) relative to the other tissue dimensions (~ 10 mm) that planar biaxial tests would 

be of questionable validity. In the decellularized sample, the thickness is 5–10% of the in-

plane dimensions, making the assumptions underlying planar biaxial tests much more 

acceptable. Of course, the decellularized model does not allow for the study of the cells, 

but the combination of the decellularized system and GAIM analysis could allow 

assessment of mechanical consequences of ventricular remodeling (e.g., scar formation) 

without isolation of the remodeled tissue. Another potential advantage of the 

decellularized model is that, by virtue of being thinner, it would be less prone to artifacts 

from the flattening prior to planar biaxial tests.  

 

The significant anisotropy of the right ventricular tissue is consistent with previous work 

[117] showing that both control and decellularized left ventricle were stiffer in the 

circumferential than longitudinal direction in equibiaxial tests and with previous studies 

of right ventricular properties (e.g. [53]). Ott et al. [117] performed biaxial tests on 

samples cut from cadaveric vs. decellularized left ventricle. Decellularized samples had 

significantly larger tangent moduli than their intact cadaveric counterparts. When 

adjusted for thickness, the significant difference in tangent moduli vanished, similar to 

our observations. Ott did not attempt to assess differences in anisotropy or heterogeneity. 

Figure 11 of Ghaemi et al. [53] appears to have a ratio of about 10:1 in stress between the 

two directions at 20% equibiaxial strain of bovine right ventricular wall. The Ghaemi 

study used hooks rather than clamps, but a 10:1 stress ratio would correspond to a very 

large value of r in our analysis, roughly 0.8 (the exact value would depend on the results 

of non-equibiaxial tests). Our calculated value of     = 0.52 for the cadaveric right 

ventricle samples is much lower. This difference is most likely due to our use of full- 

thickness samples in comparison with the use of samples extracted from the mid-one-

third section of the heart by Ghaemi. 

 

Although the decellularized tissue model is a simpler than the intact tissue, there remain 

questions to be considered. Variation in fiber orientation through the thickness of the 

myocardium (along with any contribution from the epicardium and endocardium) is 
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particularly important. The fiber angle changes continuously transmurally through the 

myocardium, with the average through-thickness fiber orientation of both ventricles in 

the circumferential direction. In addition, both the endocardium and the epicardium 

exhibit higher stiffness in the circumferential direction [43,44]. Due to the whole-organ 

perfusion-decellularization technique used we could not excise tissue from the midwall, 

as is standard for biaxial testing of ventricular tissue, for the decellularized sample group. 

Therefore, we tested full thickness samples from both groups, and our results must be 

considered as mean through-thickness descriptions. In our planar analysis, we assumed 

that the displacement was uniform through the tissue thickness, a reasonable but not 

necessarily correct assumption; further work is underway to track motion through the 

thickness as well as on the epicardial surface. Again, the properties calculated in this 

study must be seen as a transmural average of the properties of the decellularized tissue 

since there is no way to assess contribution from different layers. 

 

To summarize, the current work has demonstrated that, in the right ventricle, 

decellularized tissue can provide a useful model of the native tissue extracellular matrix. 

Decellularization causes an increase in the metric describing stiffness, but when adjusted 

for the thickness decrease this effect is greatly reduced. There was no significant change 

in anisotropy or heterogeneity. A natural next step would be to apply the methods to the 

left ventricle (which is similar, [2,126]), where scarring and remodeling are of great 

interest. The GAIM technique is able to assess property variation within a tissue analog 

[116] and, with the improved kinematic framework developed herein, it can be applied to 

more complex problems of ventricular tissue mechanical characterization, especially in 

small-animal models, for which it may be difficult if not impossible to isolate a 

homogeneous sample of sufficient size for biaxial testing. 
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Chapter 3: Utilizing the Closed-Form Nonlinear Structural 
Model of Planar Fibrous Tissue Mechanics to Describe Rat 
Ventricle  
 

3.1 Motivation of Research 

 

GAIM was modified to account for large-deformation kinematics, but this modification 

still uses a linear relation to describe the material; essentially ignoring the nonlinear 

kinetics. In order to develop and validate a model including nonlinear kinetics, in situ 

experiments were necessary. In this study, we fit a closed-form nonlinear structural  fiber 

model (NSFM) of planar tissue mechanics to biaxial behavior of decellularized rat 

ventricular tissue.  

 

3.2 Introduction 

 

Fundamental differences exist in the size and performance of male and female hearts. 

Even after adjustments for height and body surface area, the left ventricle of a healthy 

male is larger in both volume and mass [127]. Differences also exist in contractile 

performance between papillary muscle from male and female rats, with male rats 

showing slower responses in both isometric and isotonic tests [128]. It is less clear, 

however, whether the underlying structure or mechanical properties vary between the 

sexes as well. Of particular interest is the extracellular matrix (ECM) of the ventricular 

wall, which provides structural stability to the heart, and can be isolated by perfusion 

decellularization [117]. The objective of this study was to test perfusion decellularized rat 

left ventricular tissue biaxially to determine whether its mechanical characteristics vary 

with sex.  
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3.3 Methods 

 

3.3.1 Sample Preparation   

 

Whole rat hearts were removed from eleven male and eight female adult Sprague-Dawley 

(SD) rats (9-13 weeks). All experiments were performed in accordance with US Animal 

Welfare Act and were approved by the Institutional Animal Care and Use Committee at 

the University of Minnesota. Hearts were placed in a modified Langendorff apparatus 

and perfusion decellularized, as described previously [117]. The left ventricle was 

dissected from each heart and laid flat. A punch was used to cut each sample into a 

cruciform shape for biaxial testing and anatomical orientation was marked on the 

endocardial surface. Figure 3.1a shows a rat heart following decellularization and depicts 

where samples were cut from the left ventricle. Samples were stored in 1% PBS at 4⁰C 

when not undergoing biaxial testing or thickness measurement. Sample thickness was 

measured by laser micrometer 5 min after removal from PBS. 

 

 

Figure 3.1: (a) Sketch of sample geometry on a fully decellularized rat heart. (b) Epicardial surface of a 

male decellularized left rat ventricle after clamping and speckling. 
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3.3.2 Biaxial Testing   

 

Samples were tested within 48 h of dissection. The epicardial surface of each sample was 

textured for optical strain tracking using Verhoeff’s stain, Figure 3.1b. The textured 

sample was attached to an Instron biaxial tester with four 5 N load cells via a custom rig 

that allowed easy sample mounting and immersion in 1% PBS at room temperature for 

the duration of testing. First, a slight preload, ~ 0.01 N, was applied to each cruciform 

arm and the grip forces were zeroed with respect to the preload. The sample was 

preconditioned with nine equibiaxial extensions; each of the four arms was extended 0.75 

mm. Then, a series of displacement-controlled biaxial extensions were performed per our 

previous study [129]. Only three extensions were used in the analysis: equibiaxial, 

vertical strip biaxial and horizontal strip biaxial. At the end of testing, a final equibiaxial 

extension was performed to confirm minimal damage had occurred. During testing, the 

forces at each grip were recorded and deformation was captured with digital video at 24 

fps, 1080p HD resolution, and spatial resolution of ~ 88 pixels/mm. Displacement fields 

showing the movement of the sample surface were generated using digital image 

correlation [115,129]. 

 

3.3.3 Closed-Form Nonlinear Structural Fiber Model of Planar Tissue Mechanics 
(NSFM)   
 

A nonlinear fiber model was selected to fit the data due to its basis in fiber structure and 

physically meaningful parameters [124]. Briefly, it considers contributions from a 

population of fibers in which the constituents are assumed to deform affinely and stresses 

are assumed  to  be  additive.  The  fiber   population  is  represented  by  a bidirectional 

von Mises distribution,  

          
 

      
                            3.1 

where   signifies the degree of anisotropy, and   is the preferred fiber direction. The 

constitutive equation for the fiber is an exponential form based on the Green strain, 
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         3.2 

where    is the fiber stretch for a fiber aligned with angle   and    is the second Piola-

Kirchoff stress in the fiber. The constants   and   capture the overall stiffness and 

nonlinearity of the fiber response, respectively. If   increases, the fiber is stiffer at all 

strain levels, and if   increases, the fiber stress-strain response becomes more nonlinear. 

The overall stress within the tissue is the sum of all the fiber stresses.  

 

The fitting parameters ( ,  ,   and  ) were determined using a nonlinear simplex search, 

fminsearch, in Matlab. The full-field displacement and boundary forces of the three 

protocols were considered. Initial guesses were based on equibiaxial force data. 

Displacement of clamped sample boundaries was prescribed, but all interior nodes and 

free-edge edges were fit.  

 

3.4 Results 

 

There was not a significant difference in rat body 

weight, heart weight, or decellularized heart 

weight between the age-matched male and 

female rats, (p = 0.24, 0.13, 0.90). Prior to 

decellularization the difference in heart-to-body 

weight ratio was significant at the 90% but not at 

the 95% level, with females having a higher ratio 

(p = 0.09). Following decellularization this 

difference disappeared (p = 0.51), as shown in 

Figure 3.2. 

       Figure 3.2: Heart-to-body weight ratio of  

       male and female rats.    

 

When comparing the first and final equibiaxial protocol, each sample’s strain maps 

exhibited similar values and patterns, and no arm showed a percent deviation of more 
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than 8.1% in force. Figure 3.a-c shows loading behavior for a representative sample, 

pictured in Figure 3.1b. For equibiaxial loading, the circumferential (vertical) arms had 

higher loads than the longitudinal (horizontal) arms. Also, when the strip biaxial 

extensions were compared, the tissue had a larger response to the vertical extension. The 

discrepancy in force between opposite arms was due to shear forces. The model slightly 

underestimated tissue response in equibiaxial loading, but fit both horizontal and vertical 

strip biaxial extensions well. The displacement maps for the sample show both 

experimental tracking and model fit at maximum displacement, Figure 3.d-f. For all three 

extensions the model matched the data well.  

 

The fiber parameters were fit using both the force and displacement data from the three 

protocols for each sample, assuming homogeneity. For the sample pictured in Figure 3.1b 

the best-fit model parameters were:           ,       ,        and        . 

For the representative sample (pictured in Figure 3.1b),   was large, indicating a high 

degree of nonlinearity, and   was small,  indicating low overall tissue stiffness. Thus, at 

low strains the tissue was very extensible, and at high strains it rapidly became stiff. It is 

difficult to decouple   and   when comparing across sample groups as high levels of 

stiffness and nonlinearity both contribute to a large stress response. Therefore, when 

comparing across sample groups the fiber stress,    , is determined using the model fit   

and   for a both a low (1.05) and high fiber stretch (1.20). For the representative sample 

    .3 kPa and          kPa for low and high fiber stretch, respectively. A two-way 

ANOVA was performed to study the effects of both gender (male vs. female) and 

ventricle location (right vs. left) on fiber stress for both low and high fiber stretch, and the 

results are shown in Figure 3.4a and b. The two-way ANOVA showed no significant 

effect of gender on fiber stress for either low or high fiber stretch 

                             , and there were no significant interactions between 

gender and ventricle location                              . Right ventricles, 

however, exhibited larger fiber stress at both low                and high fiber stretch 

               than left ventricles.  
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Figure 3.3: Load data and model fit for sample pictured in Figure 3.1b. Equibiaxial (a), circumferential 

(vertical) strip biaxial (b), and longitudinal (horizontal) strip biaxial loading curves with the model fit. 

Displacement fields for the experiment and model for the equibiaxial (d), circumferential strip biaxial (e), 

and longitudinal strip biaxial extensions. 
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The value of  ,       from the horizontal, for the representative sample, indicates that the 

sample had a slight preference for the circumferential direction. In addition, the moderate 

value of  , 1.60, suggests some spread in the distribution around   (88% of the fibers fall 

within ± 45° of   and 44% fall within ± 15° of   when   = 1.60). The impact of   is 

intrinsically linked to the value of   so an addition variable, the network orientation 

tensor [130], was used to compare between sample groups. For the NSFM the network 

orientation tensor is defined as follows 

    
                               

                               
                      3.3 

where   is a symmetric tensor for which           since the fiber population is a 

described by a bidirectional von Mises distribution. Therefore, only     and     are 

needed to describe the anisotropic response of each sample. Orientation was set such that 

    corresponded with the circumferential direction and     corresponded with the 

longitudinal direction for all samples. The off-diagonal term,    , indicates off-axis 

alignment. Results from a two-way ANOVA, performed to study the effects of both 

gender and ventricle location, are shown in Figure 3.4c and d. The effects of gender 

                          and ventricle location                           

on orientation were not significant, and there were no significant interactions       

                                . In our previous study on decellularized right 

ventricular tissue of female rats [129] the preferred stiffness direction, which is analogous 

to the preferred fiber direction, was ~ 13.6° from the circumferential, and the anisotropy 

index was large, indicating a strong preference for the circumferential direction.  

Therefore, additional t-tests were done to determine if right and left ventricular samples 

showed significant circumferential alignment. Right ventricular samples showed 

significant circumferential alignment             , but left ventricular samples did not 

           .  
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Figure 3.4: (a) Fiber Stress at low (1.05) and high (1.20) fiber stretch. Components of the orientation 

tensor (Ω11 and Ω12) indicating circumferential (c) and off-axis (d) alignment, respectively.  

 

3.5 Discussion 

 

The nonlinear closed-form structural model of planar fibrous tissue mechanics, developed 

by Raghupathy and Barocas [124], was successful in describing the mechanical behavior 

of decellularized ventricular wall samples in both equibiaxial and strip biaxial loading. 

Using four parameters the model matched the loading behavior, both the force curves and 

the full-field displacement, of the samples for all three extensions. 
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Surprisingly, right ventricular samples exhibited greater fiber stiffness, as measured by 

the model stress, at both high and low fiber stretches, than left ventricular samples. 

Initially, this result was quite puzzling but further analysis on orientation shows on 

average right ventricular samples were circumferentially aligned whereas on average left 

ventricular samples were not. The high variation in left ventricle sample orientation 

underscores the difficulty in dissecting decellularized left ventricular samples to obtain 

specimens from a consistent location along the ventricle wall. A new or different 

dissection technique or a higher sample size is suggested for further study of the left 

ventricle.  

 

We observed no significant difference in the mechanical behavior of decellularized male 

and female rat ventricular tissue. The heart-to-body weight ratio of female rats was 

slightly higher than that of male rats prior to decellularization, but this difference was not 

sustained following decellularization. There were no significant differences between the 

sexes in fiber stress at either high or low fiber stretch nor were there any significant 

differences in fiber orientation or anisotropy strength.  Thus, though there is evidence to 

suggest fundamental differences between male and female hearts we found no significant 

mechanical differences on the ECM level. 

 

 

 

 

 

 

 

 



 

 53 

Chapter 4: Using Jumps in the Deformation Gradient Field 
to Segmentation Heterogeneous Tissues  
 

This work was a part of the paper: 

Automatic Segmentation of Mechanically Inhomogeneous Tissues  

Based on Deformation Gradient Jump 

Submitted to IEEE Transactions of Medical Imaging 

Witzenburg, C.M., Dhume, R.Y., Lake, S.P. and Barocas, V.H. 

 

4.1 Motivation of Research  

 

A major shortcoming of the GAIM method identified by Raghupathy [115] was its 

method designed to segment a heterogeneous sample into many homogeneous 

subregions. In some cases, particularly the samples of [116], manual partitioning based 

on a prior knowledge of the sample was necessary to match the heterogeneous nature of 

the tissue analog. The partitioning method within GAIM does not optimize a partition's 

shape or size and tends to produce partitions with similar proportions. Therefore, in order 

to capture unique features within the sample, such as the rectangular region in the 

simulated cruciform made from two orthotropic materials [113] or the central depression 

in the heterogeneous PDMS sample [116], many superfluous partitions are necessary. 

The inability of the partitioning method to adjust partition size and shape automatically to 

fit the sample exacerbates this problem as the scoop size, a specification indicating the 

number of elements necessary to form a partition, is often minimized to avoid 

overlooking unique features of the sample. The creation of superfluous partitions reduces 

the accuracy of the GAIM method and makes it a less compelling technique. In addition, 

the partitioning method is built into the GAIM method since partitioning choices are 

dependent on the linear elasticity tensor determined for a subregion. Therefore, if the 

loading protocol designed for GAIM is not performed partitioning is not possible. In this 

chapter, we propose instead an automatic partitioning method dependent solely on the 

sample's deformation field in a small subset of homogeneous loading configurations 

(equibiaxial and strip biaxial extensions). The approach computationally dissects the 



 

 54 

sample domain into many homogeneous subdomains by applying graph theory to the 

deformation gradient field. 

 

The automatic deformation gradient jump partitioning method successfully determined 

the size, shape, and location of regions with locally similar material properties for: (1) a 

series of simulated soft tissue samples prescribed with both abrupt and gradual changes in 

anisotropy strength, prescribed fiber alignment, stiffness, and nonlinearity, (2) tissue 

analogs (PDMS and collagen gels) which were tested biaxially and speckle tracked (3) 

and soft tissues which exhibited a natural variation in properties (cadaveric supraspinatus 

tendon), a pathologic variation in properties (thoracic aorta containing transmural 

plaque), and active behavior (contracting cardiac sheet). The routine enables the 

dissection of samples computationally rather than physically, allowing for the study of 

small tissues specimens with unknown and irregular inhomogeneity.  

 

4.2 Introduction  

 

Tissues are often mechanically inhomogeneous due to variations in properties (e.g., 

supraspinatus tendon [131,132], pulmonary artery [133], left recurrent laryngeal nerve 

[134]), variations in active behavior (e.g., myocardial shortening [135]), injury (e.g., 

whiplash [136]), myocardial [59,60,137] or dermal [13,138,139] scarring, or disease 

(coronary artery disease [88], idiopathic pulmonary fibrosis [140,141], or cancer 

[83,142]).  Elastography, the imaging of soft tissues to identify regional variations in 

mechanical properties, has become a major focus for medical imaging [73,143]. In static 

elastography, the tissue is compressed or elongated slowly, and the distribution of its 

displacement is captured (e.g., with MR, ultrasound, acoustic or optically) and 

interpreted.  

 

Displacement tracking is a promising approach for evaluating mechanical variations in 

vivo. New techniques, like MR and ultrasound, have produced full 3D reconstructions of 

displacement fields within tissues from multiple slices of 2D displacement information, 
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induced by harmonic excitations (e.g. [144]). MR is widely used to detect tumors in the 

breast, prostate, liver, etc. [145–147].  Vascular plaques are assessed with intravascular 

ultrasound by measuring vessel area change in response to applied pressure [148,149]. 

Speckle tracking echocardiography [150–152], sonomicrometry [153], cardiovascular 

magnetic resonance tagging [154], and color-coded tissue Doppler echocardiography 

[155] have all been used to assess regional ventricular function through the measurement 

of local deformation [156]. Skeletal muscle contraction has been characterized with 

sonoelastography, which tracks internal tissue displacements following an externally 

applied perturbation [157].  

 

Full-field strain tracking is also utilized extensively for tissue characterization for 

experimentation in vitro (as reviewed in [158,159]). For some tissue types, the surface of 

the tissue itself may provide enough unique texture to be tracked without the application 

of any agent. However, the sample can also be textured through the application of a paint 

or stain (e.g. [108]) or the dispersion of small particles (e.g. [160]) to achieve a fine, 

random texture. Additional techniques have also been developed to track surface 

movement using the microstructure of the tissue such as polarized light (e.g. [161]) and 

optical coherence tomography [162,163]. 

 

In traditional static elastography, a constitutive relation is employed to relate the 

measured distribution of strain to the predicted stress and determine material parameters.  

Often, a spatially varying constitutive equation is necessary to capture the structural 

complexity of biological tissues and account for boundary effects [67,92,107,113,164–

167]. Determining how the constitutive equation should vary is still an open question, 

however, often requiring a priori information concerning tissue structure or a 

computationally intensive iterative approach. 

 

In this work, the concept of network clustering is adapted to the identification of 

mechanically similar regions within a heterogeneous sample based on a measured 

displacement field. Two observations inform the process: (1) the normal components of 
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the stress tensor must be continuous across any interface by Newton’s third law, but the 

deformation gradient need not be so; (2) a displacement field represented by a finite-

element grid results in a discontinuous deformation gradient even if the field is smooth in 

the continuous limit. Thus, the jump in the deformation gradient across an element 

boundary is a measure of the local change in material properties. Large jumps indicate 

the element boundary is a good target for segmentation. A third critical observation is 

that the set of finite elements and interelement deformation gradient jumps can be 

analyzed using graph theory to identify optimal subpopulations (i.e., partitions).  Thus, 

the objective of this work was to combine graph theory [168,169] with measured 

deformation gradient jumps to segment a tissue into homogeneous subregions of different 

mechanical properties. 

 

4.3 Methods: Analysis and Segmentation Scheme 

 

4.3.1 Full-Field Displacement Tracking  

 

Accurate estimation of full-field displacements from motion capture of soft tissue 

deformation is crucial for tissue segmentation. Accordingly, high-resolution digital video 

was captured of various tissue equivalent and soft tissue samples during deformation and 

digital image correlation was utilized to determine full-field displacement per 

Raghupathy [115,116]. The video was synchronized and downsampled to construct 

grayscale image sequences corresponding to the loading curves of each extension. The 

image of the sample before the start of test was used as the reference configuration. Using 

Abaqus™ (6.11, Simulia, Inc., Providence, RI), the tissue boundary was sketched on top 

of the reference image and meshed with quadrilateral elements. Successive pairs of 

images were correlated to track the movement of the mesh throughout the loading 

sequence. Displacement fields were constructed from movement of the mesh and 

smoothed to reduce noise.  
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4.3.2 Deformation Gradient Jump Calculations  

 

The deformation gradient tensor at the midpoint of each element edge was calculated 

from the bilinear isoparametric representation of the displacement field. For each element 

edge, the deformation gradient tensor was calculated as follows: 

 

   

  

  

  

  
  

  

  

  

  

 
 
 
 
 
  

  

  

  
  

  

  

   
 
 
 
 

 

 
 
 
 
 
  

  

  

  
  

  

  

   
 
 
 
 
  

 4.1 

where       is the initial position,       is the final position, and       is the 

computational coordinate. The deformation gradient tensor for each element edge point, 

 , was 

 

     
  

  
 

 

   

 
   

  

   

  
       

 

  
 

 

   

 
   

  

   

  
  

  

 4.2 

where   is the bilinear function and   is the index variable looping through the four basis 

functions for a given element. All shared edges were identified, and the deformation 

gradient jump was defined as the double contraction of the difference between the 

deformation tensors across the edge with itself, 

 

       
           

         
 

 

   

 4.3 

where elements 1 and 2 are the two elements sharing the edge k and   is the index 

variable looping through the four components of the deformation gradient tensor. 

 

4.3.3 Tissue Segmentation 

 

The flow chart in Figure 4.1 summarizes the tissue segmentation scheme. In order to 

segment the tissue into homogeneous subregions, the finite element geometry for a 

sample was first converted into an equivalent network.  A network node was created for 

each finite element, and if two elements shared an edge, their corresponding network 
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nodes were considered connected to form an unweighted graph. After the network had 

been constructed, it was analyzed to determine the shortest path between each pair of 

network and a betweenness value for each connection nodes using a breadth-first search 

algorithm (per [169]). The betweenness value for a connection, as defined by Newman 

[168,169], is the number of geodesic paths (i.e., shortest paths between any given pair of 

nodes) that run along that connection. If there was more than one geodesic path joining a 

pair of network nodes, then each path was counted as a fractional path. Next, the network 

connection betweenness values were multiplied by the deformation gradient jump for the 

corresponding finite element edge. Thus, the final value of betweenness for each network 

connection was determined both by the sample geometry and by the deformation gradient 

jump. Following [168,169], the network connection with the largest value of betweenness 

was removed. The new, less-connected network was then reanalyzed to determine the 

new set of shortest paths and the process was repeated. When the network split into 

disconnected subnetworks, communities were formed, and the network modularity was 

calculated. Modularity [168] is defined to be the difference between the fraction of 

connections that fall within communities and the expected value of the same quantity if 

connections are assigned at random.  

 

 

Figure 4.1: Flow chart summarizing tissue segmentation scheme 
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4.4 Methods Testing and Application of the Segmentation Scheme 

 

4.4.1 Simulated Experiments  

 

To test the tissue segmentation method in silico, equibiaxial and strip biaxial extensions 

were simulated using a closed-form nonlinear fiber-based structural model (NFSM) for 

soft tissues [124]. Briefly, the fiber contribution is described by a bidirectional a von 

Mises distribution, and the fiber stretch ratio is related to the second Piola-Kirchoff stress 

through an exponential stress-strain law [170]. The model uses four parameters; the 

direction     and degree     of fiber orientation and the small-strain stiffness     and 

nonlinearity     of the fibers. Simulation parameters were selected based on previous fits 

of the NFSM to data from rat myocardium (chapter 3), cadaveric bladder wall [115], and 

cadaveric annulus fibrosus lamellae [171]. For the first set of simulations, a cruciform 

sample was generated with a central triangle shaped inclusion; the inclusion varied from 

the bulk sequentially in prescribed fiber orientation ( 
    

     and  
         

    ), 

strength of alignment (          and                ), stiffness (            and 

                   ), and nonlinearity (         and               ). For the 

second set of simulations, more gradual changes were studied. First, sample orientation 

was set with anisotropy vectors radially aligned about the sample center. Next, sample 

anisotropy strength, stiffness, and nonlinearity were maximized in the center of the 

sample and reduced with radial distance from the center 

                               . Figure 4.2 shows the sample geometry and 

anisotropy as well as full-field deformation gradient for the equibiaxial extension for both 

simulations for the condition in which the prescribed fiber orientation was allowed to 

vary, (strip biaxial extension deformation gradient fields are in Appendix C). 



 

 60 

 

Figure 4.2: Fiber alignment and full-field deformation gradient tensor components for equibiaxial 

extension of (a) simulated sample with inclusion for which the inclusion varies only in prescribed fiber 

orientation (80  vs. 20 ) and (b) simulated radially symmetric sample for which the prescribed fiber 

orientation varied. 

 

4.4.2 Experiments on Artificial and Natural Tissues 

 

Strain tracking was performed on experimental data collected from the following samples 

to provide a wide range of tissue type, heterogeneity, nonlinearity, and anisotropy for the 

tissue segmentation scheme: 

 A heterogeneous polydimethylsiloxane (PDMS) sample [116], 

 Two compacted collagen tissue-equivalents with different geometries [116],  

 A segment of cadaveric human aorta containing a large plaque,  

 A segment of a supraspinatus tendon, and  

 A sheet of beating cardiac cells [172]. 

 

4.4.2.1 Heterogeneous PDMS 

 

Deformation data from equibiaxial and two strip biaxial extensions performed on a 

heterogeneous PDMS cruciform, presented previously in the context of inverse methods 

[115,116], was analyzed. Briefly, a PDMS solution (Sylgard® 184 Silicone Elastomer 
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Kit;  Dow Corning) was created by mixing the curing agent and base (1:10). Since the 

clear polymer is difficult to image, rice flour was added to opacify the sample. The 

solution was poured into a custom aluminum mold with a step in the center and was 

cured at room temperature overnight. The resulting sample was 2.1 mm thick except for 

the central depression, which was 0.2 mm thick. The thickness difference led to a 

compliant central region surrounded by a stiffer outer region. Spray paint was used to 

texture the sample surface for measurement of full-field displacement. The sample was 

tested at room temperature on an Instron planar biaxial machine (Instron, Norwood, MA). 

A pre-load was applied (0.01 N) to each of the four arms, and the sample was 

preconditioned with nine equibiaxial extension cycles (7.5% stretch). Subsequently, a 

series of mechanical tests, including equibiaxial and strip biaxial extensions, was 

performed; the equibiaxial and strip biaxial data were used in the current study. During 

testing, digital video of the textured sample surface was obtained with a spatial resolution 

of ~ 30 pixels/mm. Full-field displacement tracking was done on each extension. The 

Green strain, which is a direct function of the deformation gradient, for the equibiaxial 

extension was reported previously [115] and is markedly higher in the central region of 

the sample. 

 

4.4.2.2 Collagen Tissue-Equivalents 

 

Deformation data from equibiaxial and two strip biaxial extensions performed on 

collagen tissue-equivalent cruciforms, presented previously in the context of inverse 

methods [115,116], were analyzed. The samples were created by seeding neonatal human 

dermal fibroblasts in a collagen gel-forming solution, detailed in Raghupathy et al. 

[115,116]. Briefly, the samples were cast in cruciform-shaped Teflon molds such that one 

sample had vertical arms that were twice as wide as the horizontal, producing moderate 

vertical alignment in the sample center, and the other sample had arms of equal width, 

producing a large isotropic zone in the sample center. The samples were incubated for 11 

days to allow for cell-induced contraction and remodeling of the collagen network. Prior 

to biaxial testing, quantitative polarized light imaging (QPLI) was used to quantify the 
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localized direction and strength of fiber alignment in each collagen tissue equivalent 

sample. Verhoeff's stain was used to texture the sample surface for measurement of full-

field displacement. The sample was immersed in 1% phosphate buffered saline (PBS) 

and tested at room temperature on a planar biaxial testing machine. Again, a pre-load was 

applied (0.01 N) to each of the four arms, and the sample was preconditioned with nine 

equibiaxial extensions (7.5% stretch), followed by a series of extension tests. During 

testing, digital video of the textured sample surface was obtained with a spatial resolution 

of ~ 25 pixels/mm. Full-field displacement tracking was done on each extension and 

Green strain was reported previously [115] for the equibiaxial extension.  

 

4.4.2.3 Arteriosclerotic Plaque 

 

A segment of fresh diseased thoracic human aorta was obtained from the Anatomy 

Bequest Program at the University of Minnesota. A portion of the ascending thoracic 

aorta was cut into a cruciform such that a large transmural arteriosclerotic plaque resided 

in the central region of the sample, and the circumferential and axial orientations of the 

aorta coincided with the cruciform axes. Verhoeff's stain was used to texture the luminal 

surface sample for optical strain tracking. The textured sample was attached to a biaxial 

test machine and immersed in 1% PBS for the duration of the test. After a slight preload, 

the sample was preconditioned with 7 equibiaxial extensions of 15% grip strain at a rate 

of 3 mm/min. Following preconditioning, the sample underwent an equibiaxial extension 

and two strip biaxial extensions of 15% grip strain. During testing, digital video of the 

luminal surface of the tissue sample was obtained at 24 fps, 1080p HD resolution and 

spatial resolution of ~ 45 pixels/mm. Full-field displacement tracking was done on each 

extension, and deformation gradient fields are shown in Appendix C for the equibiaxial 

extension. 
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4.4.2.4 Supraspinatus Tendon 

 

A whole supraspinatus tendon (SST) specimen, one of the four tendons comprising the 

rotator cuff of the shoulder, was obtained from the Anatomy Bequest Program at the 

University of Minnesota and dissected per Lake et al. [131,132]. A portion of the SST 

was cut into a cruciform shape such that the transverse and longitudinal orientations 

coincided with the cruciform axes. The orientation of the sample was noted prior to 

testing, and Verhoeff stain was applied to texture the bursal surface for optical strain 

tracking. The sample was attached to a biaxial test machine and immersed in 1% PBS at 

room temperature for the duration of testing. A pre-load was applied (~ 1 N) to each of 

the four arms, and the sample was preconditioned with nine equibiaxial extensions (5% 

stretch). Subsequently, a series of mechanical tests, including equibiaxial and strip biaxial 

extensions, was performed; the equibiaxial and strip biaxial data were used in the current 

study. During testing, digital video of the textured sample surface was obtained with a 

spatial resolution of ~ 15 pixels/mm. Full-field displacement tracking was done on each 

extension (deformation gradient fields for equibiaxial extension are in Appendix C).  

 

4.4.2.5 Beating Cardiac Sheet 

 

We analyzed the motion of a beating cardiac tissue model using video generously 

provided by the Healy Group at the University of California, Berkley. Their methods are 

described elsewhere [172] and are summarized here. Cardiomyocytes were differentiated 

from healthy human iPS cells per the small molecule WNT-mediated protocol  developed 

by Lian et al. [173]. Single cells were seeded and grown as a monolayer in defined 

mTeSR1 medium on Matrigel-coated plates at     and 5% carbon dioxide. The 

cardiomyocytes formed spontaneously contracting sheets (without pacing) of cells 10 

days after the WNT-mediated differentiation protocol. A video of the cells was obtained 

for multiple beats with a spatial resolution of ~ 0.8 pixels/µm. Full-field displacement 

tracking was done on grayscale images of the deformation from three successive beats. 
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4.5 Results 

 

4.5.1 Simulated Experiments  

 

Full-field displacement was determined for both simulations for all conditions. For 

brevity, results are presented only for the simulation of the sample containing the 

inclusion with fiber alignment different from the bulk ( 
    

     ,  
         

    ) 

and the radially symmetric sample with varied alignment (results from other simulations 

are provided in Appendix C). Figure 4.3a and d show the sum of the normalized 

deformation gradient jumps from all three extensions for each simulation. The partitions 

are overlaid on each sample in Figure 4.3b and e with vectors representing the prescribed 

fiber orientation. All simulations involving the sample containing the inclusion identified 

the inclusion as a separate material (Appendix C). The partitions determined for the 

simulated sample with radial symmetry of prescribed fiber orientation show a distinct 

pinwheel-shaped pattern at the sample center. Similarly, all the simulations involving the 

radially symmetric sample created a circular pattern of partitions at the sample center 

(Appendix C). Figure 4.3c and f shows the modularity for the partitioning scheme as a 

function of the connections removed. The scheme was allowed to continue until 400 

connections were removed and the modularity at which communities formed were 

recorded. While step changes in modularity do correspond with cluster formation, there is 

no consistent range of modularity values at which the manually determined optimal 

number of clusters is formed. 
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Figure 4.3: Sum of normalized deformation gradient jumps for all three extensions for the simulated 

sample containing the inclusion with fiber alignment different from the bulk                           
     (a) and for the radially aligned simulated sample with varied fiber alignment (d). Partitions, overlaid 

on sample geometry with prescribed fiber alignment indicated by vectors, identified inclusion (b) and radial 

symmetry (e), respectively. Modularity as a function of connections removed for both the simulated sample 

containing the inclusion (c) and the radially aligned simulated sample (f). Blue dots indicate values when a 

connection is removed, open red circles indicate when a community is formed, and the green star mark 

when the final community formed. 

 

4.5.2 Experiments on Artificial and Natural Tissues 

 

4.5.2.1 Heterogeneous PDMS 

 

The sum of the normalized deformation gradient jumps for the three extensions and the 

partitions resulting from the network community scheme for the PDMS sample are 

shown in Figure 4.4. It is readily apparent from Figure 4.4a that the 3-D nature of the 

modification and the deformation leads to a thick ring of high deformation gradient 

jumps around the compliant central region. The partitioning scheme immediately and 

compellingly identified the compliant central region of the sample, Figure 4.4b. Figure 
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4.4c shows the modularity for the partitioning scheme as connections are removed. For 

this sample, we stopped the partitioning scheme after two communities had been formed.   

 
Figure 4.4: (a) Sum of normalized deformation gradient jumps for all three extensions for the 

heterogeneous PDMS sample. (b) Partitions, overlaid on sample geometry, strongly mirror sample 

heterogeneity. (c) Modularity as a function of connections removed. Blue dots indicate values when a 

connection is removed and the green star mark when the final community formed. 

 

4.5.2.2 Collagen Tissue-Equivalents 

 

Figure 4.5a and d show the sum of the normalized deformation gradient jumps from all 

three extensions for both the collagen tissue-equivalent sample with arms of equal width 

and the sample with vertical arms twice as wide as horizontal arms. Quantitative 

polarized light imaging results indicating fiber alignment degree (contour and length of 

vector) and direction (vector orientation) are shown in Figure 4.5b and e, with the 

partitioning results overlaid. For the equal arm sample, the large isotropic central area is 

well-identified as are the strongly-aligned arms. In addition, there is preferential 

partitioning along the edges of the central region, which exhibited strong off-axis 

alignment. The partitioning scheme was allowed to generate more communities for the 

sample with unequal arms as a result of its more complex alignment field. In this case, 

the scheme had some difficulty identifying the two isotropic zones present away from the 

center and towards the smaller arms. However, a large partition was placed within the 

moderately aligned sample center, and preferential partitioning was present along the 

edges of the sample that exhibited strong off-axis alignment. Figure 4.5c and f show the 

modularity for the partitioning scheme as connections are removed.  

a b c 
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Figure 4.5: Sum of normalized deformation gradient jumps for all three extensions for both the equal (a) 

and unequal (b) arm collagen cruciform samples. Partitions are overlaid on the QPLI for both the equal (c) 

and unequal (d) arm collagen cruciform samples. The modularity for both the equal (e) and unequal (f) arm 

collagen cruciform samples, respectively. Blue dots indicate values when a connection is removed, open 

red circles indicate when a community is formed, and the green star mark when the final community was 

allowed to form.  

 

4.5.2.3 Arteriosclerotic Plaque 

 

The sum of the normalized gradient deformation gradient jumps from all three extensions 

for the sample containing the large arteriosclerotic transmural plaque is shown in Figure 

4.6a. The partitioning results are overlaid on an image of the intimal surface sample taken 

prior to testing in which visible location of the plaque was noted, arrow in Figure 4.6b. 

The sample was segmented into 10 separate partitions.  Of the resulting partitions, one 

encompasses the plaque with little extraneous tissue. In addition, other partitions seem to 

identify visually similar regions of the tissue. Figure 4.6c shows the modularity for the 

partitioning scheme as connections are removed. 
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Figure 4.6: (a) Sum of normalized deformation gradient jumps for all three extensions for the aortic sample 

containing a large arteriosclerotic transmural plaque. (b) Partitions are overlaid on an image of the sample 

taken prior to testing in which the plaque was identified. (c) The modularity as a function of connections 

removed. Blue dots indicate values when a connection is removed, open red circles indicate when a 

community is formed, and the green star mark when the final community was allowed to form.  

 

4.5.2.4 Supraspinatus Tendon 

 

The sum of the normalized deformation gradient jumps from all three extensions are 

shown for the SST sample in Figure 4.7a. The partitioning results are overlaid on an 

image of the bursal surface of the sample taken immediately prior to testing, Figure 4.7b. 

The sample was segmented into 9 separate partitions. Partitions agree with previous 

results [131,132] suggesting significant mechanical and organizational heterogeneity 

including horizontal banding along the anterior-posterior axis and increased vertical 

banding towards the humeral insertion. Figure 4.7c shows the modularity for the 

partitioning scheme as connections are removed. 

 
Figure 4.7: (a) Sum of normalized deformation gradient jumps for all three extensions for the SST sample. 

(b) Partitions are overlaid on an image of the sample taken immediately prior to testing. c) The modularity 

as a function of connections removed. Blue dots indicate values when a connection is removed, open red 

circles indicate when a community is formed, and the green star mark when the final community was 

allowed to form.  
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4.5.2.5 Beating Cardiac Sheet 

 

The sum of the normalized deformation gradient jumps from three beats of the 

spontaneously beating cardiac sheet are shown overlaid on an image of the cardiac sheet 

taken immediately prior to beat one, Figure 4.8a. The partitioning results, Figure 4.8b, are 

overlaid on the maximum displacement field for beat 1 of the cardiac sheet. The 

partitions each contain regions of cells that were visually identified by our collaborator 

Dr. P. Loskill of the Healy Group as beating in unison- both in terms of the magnitude 

and phase. Figure 4.8c shows the community formation metrics for the partitioning 

scheme.  

 

 
Figure 4.8: (a) Sum of normalized deformation gradient jumps for all three beats of the cardiac sheet. (b) 

Partitions are overlaid on an image of the sample taken immediately prior to beat 1 with the principal strain 

indicated by pink vectors. c) The modularity as a function of connections removed. Blue dots indicate 

values when a connection is removed, open red circles indicate when a community is formed, and the green 

star mark when the final community was allowed to form. 

 

4.6 Discussion 

 

The tissue segmentation routine determined both the location and size of different 

materials within a single sample based solely on displacement tracking results for 

simulated samples, tissue equivalents, and native tissue. It was able to capture regional 

changes in tissue properties due to pathology, as in the case of the sample containing the 

large transmural plaque, and natural variation, as in the case of the SST, and was able to 

describe heterogeneous cell contraction in a cardiac sheet. Although the modularity 

tended to jump when a new partition was formed, we did not find it to be a useful metric 

to determine the optimal stopping point of the clustering scheme as has been found 
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previously [168]. While the stopping metric did not always suspend partitioning at the 

time point in agreement with manual partitions, community formation typically identified 

regions of interest early in the partitioning process (e.g. PDMS sample). Direct 

comparisons between the partitions generated using the method of Raghupathy [116] and 

those generated using the method presented here are included in Appendix C. 

 

Both the segmentation process and displacement tracking itself are limited by the 

speckling technique used to texture the sample surface. The coarseness of the FE mesh is 

dictated by the speckling technique and in turn affects the size and shape of the partitions 

formed. When the sample surface is discretized into finite elements, they must contain 

regions with a unique texture in order for DIC to capture surface deformation accurately. 

The finer a texture is applied to the sample surface, the more refined the mesh can be and 

therefore the more detailed the displacement tracking and partitioning. Tracking 

techniques based on inherent image texture [174], measured fiber alignment 

[161,175,176] , or natural speckle in an ultrasound image [177,178] can all provide the 

potential for better resolution. It must also be recognized that smoothing the displacement 

field, which is almost always necessary in DIC-based methods, intrinsically reduces any 

jumps in the deformation gradient and could reduce the effectiveness of the segmentation 

scheme. 

 

In applying inverse methods and complicated constitutive equations to heterogeneous 

tissues, a major stumbling block is the segmentation of the tissue into discrete 

homogenous zones. Many inverse methods (e.g., [67,92,99,108,109,111,164]), including 

GAIM, which are applied to soft tissues employ full-field displacement measurements 

from more than one homogenous loading condition, providing information that can help 

guide the partitioning process. The jump in the deformation gradient across a finite 

element boundary is a measure of the local change in material properties. Our method 

takes advantage of the displacement data by applying graph theory to the deformation 

gradient to identify mechanically similar regions within a heterogeneous sample, and it 

has the advantage of segmenting the same finite element mesh that will be used for the 
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inverse calculation. We also note that the approach could, in principle, be applied to any 

finite element mesh, such as one might obtain from a thermal map of a tissue [179,180] 

(using the jump in temperature gradient), and that although only two-dimensional fields 

were analyzed in the current work, three-dimensional data could be segmented via the 

same algorithm. 

 

Nondestructive structural characterization (i.e. polarized light, small angle light 

scattering, optical coherence tomography, etc.) of heterogeneous tissues is not feasible for 

many tissue types. Thus studies on the mechanical properties of soft tissues that consider 

regional variability and often involve cutting multiple samples from a single intact tissue 

specimen present a dilemma: without a priori knowledge of regional variability, how 

should the sample be cut? The proposed method suggests instead mechanically testing the 

entire specimen and applying the automated computational dissection routine to the full-

field deformation after testing. Thus, dissection is done computationally rather than 

physically, allowing for the study of tissues with unknown heterogeneity. 
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Chapter 5: Stepwise Utilization of Generalized Anisotropic 
Inverse Mechanics Method for Application to Nonlinear 
Cardiovascular Soft Tissues  
 

This work is a part of the paper: 

A Nonlinear Anisotropic Inverse Method for Computational  

Dissection of Inhomogeneous Planar Tissues  

In Preparation for Computer Methods in Biomechanics and Biomedical Engineering 

Witzenburg, C.M. and Barocas, V.H. 

 

5.1 Motivation of Research 

 

Our novel approach, the Generalized Anisotropic Inverse Mechanics (GAIM) method, 

allows us to dissect specimens computationally rather than physically, so we can 

nondestructively capture regional differences within a single specimen. Importantly, we 

can examine transitions between regions; how the tissue varies from one level of stiffness 

and anisotropy to another and whether these changes are drastic and abrupt or more 

gradual. In earlier work, GAIM was used to determine regional mechanical properties of 

a simulated sample [113] and of soft tissue analogs (e.g. collagen gel) [116]. GAIM 

approximates all specimens as responding linearly, but soft tissues tend to be highly 

deformable and to exhibit non-linear behavior. GAIM was modified in Chapter 2 to 

accommodate the large-deformation kinematics exhibited by many soft tissues. The 

linear approach is sufficient if we simply use the GAIM results to approximate the 

stiffness and anisotropy of the sample from the eigentensor analysis of the elasticity 

tensor (i.e. the Kelvin Modulus and anisotropy index) [116,129]. However, the accuracy 

of the elasticity tensor estimates, particularly for highly nonlinear soft tissues, is suspect. 

This lack of confidence is especially severe as we begin to compare results from sample 

to sample and not just from region to region. A more robust technique for analyzing 

nonlinear samples would be a large improvement. In addition, a more complete 

description of the material behavior would also be quite advantageous. Thus, it is the 
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objective of this chapter to extend GAIM not just to provide better metrics describing the 

stiffness and anisotropy of the nonlinear tissue but to solve for its full stress field. 

 

5.2 Introduction 

 

Soft tissues (e.g. tendons, ligaments, articular cartilage, muscle, blood vessels, heart valve 

leaflets, etc.) connect, bind, support and protect the body. These load-bearing tissues are 

fundamental to the body's function as they provide support and protection as well as 

transmitting force and motion throughout the body. The mechanical behavior of soft 

tissues is highly dependent on their location and function, which is fundamentally linked 

to their composition, in particular the concentration and arrangement of the structural 

extracellular constituents (e.g. collagen, elastin, proteoglycans, etc.). Soft tissues are 

often naturally inhomogeneous, particularly at insertion or connection points and in cases 

of disease or injury. In general, soft tissues exhibit directionally dependent behavior 

which is strongly correlated with the anisotropic arrangement of their fibrous 

extracellular matrix. Finally, their stress-strain behavior is often highly nonlinear, 

particularly at the high strain levels in which soft tissues often operate physiologically. 

The intrinsic complexity of soft tissues presents a tremendous challenge in constitutive 

modeling. 

 

There have been many studies aimed at determining the heterogeneity of soft tissues. For 

example, uniaxial and biaxial testing has been completed on small samples cut from 

different sections of myocardium [41,51,53,137], supraspinatus tendon 

[131,132,181,182], and aorta [32,183] to determine regional variation. While this 

approach has yielded valuable information, it is hindered by dissection damage and 

minimal testable sample size. Indentation can be applied regionally on a single intact 

specimen to determine the heterogeneous properties of soft tissues, as discussed in 

Chapter 1, but most elastographic methods assume linearity (infinitesimal deformation) 

and isotropy, and indentation itself is less relevant to in-vivo function. Inflation is a more 
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realistic loading modality, but it must be applied globally to a tissue specimen, making it 

extremely difficult to interrogate a region of the tissue in multiple strain states. Since 

information acquired about each region only describes it in a single strain state, the 

material constants determined are often only applicable for the strain state studied. 

Through the application of many multiaxial protocols, it is possible to impose multiple 

strain states on each region of a single tissue specimen. In this way, the material is 

interrogated in multiple physiologically relevant loading modalities. 

 

The complex structure and mechanical behavior of soft tissues make selecting and 

applying an appropriate constitutive relation difficult. Most often, material parameters are 

obtained using a forward approach by determining the general characteristics of the 

tissue, establishing an appropriate theoretical framework, identifying a specific functional 

form of the relation, and fitting the material parameters to experimental data. There are 

many prominent strain energy functions which have been developed to consider both the 

anisotropy and nonlinearity of various soft tissues including Fung-type, neo-Hookean, 

Mooney-Rivlin, and Ogden relations. Selecting (or in some cases developing) an 

appropriate constitutive relation is not trivial, as the goal is to describe accurately 

describe the behavior of the material over a broad range of loading configurations. For 

example, Humphrey compared various relations in [69] by applying them to the same 

data set and found that they strongly differed (sometimes reversing) in their descriptions 

of the tissue in terms of both stiffness and anisotropy reinforcing the idea that even highly 

successful constitutive relations are limited in their predictive capabilities. This concern 

leads to the notion of the inverse approach; instead of selecting a strain energy function 

and fitting the material parameters to experimental data, use experimental data directly to 

determine the strain energy.   

 

In our previous work [113,116], we presented the Generalized Anisotropic Inverse 

Mechanics (GAIM) method as a approach to determining the material properties of 

anisotropic, heterogeneous soft tissues. GAIM uses the given displacement field over the 

entire sample domain as well as the traction forces on the sample boundary to directly 
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solve the finite element representation of the Cauchy stress balance for the unknown 

components of the general linear elasticity tensor. Heterogeneity is managed using a 

subdomain technique in which the sample area is segmented into many partitions, which 

are each assumed to have uniform properties. In this way the method is capable of 

determining the distribution of material parameters: how stiffness and anisotropy change 

from region to region and whether these changes are drastic and abrupt or more gradual. 

The linear constitutive equation was modified [129] to accommodate the large-

deformation kinematics exhibited by many soft tissues, but the base assumption of linear 

kinetics remains a serious weakness.  

 

One possible approach to tissue nonlinearity would be to replace the neo-Hookean 

constitutive law employed with a higher order constitutive equation. For example Tönük 

and Silver-Thorn [184] fit their experimental results using a James–Green–Simpson 

nonlinear elastic material model. The use of high-order constitutive equations however, 

typically requires additional assumptions about the material (isotropy and homogeneity in 

the case of Tönük and Silver-Thorn) as they create a prohibitive number of independent 

material coefficients, and our preference is to maintain the maximum amount of 

flexibility in the constitutive form. In addition, the complexity of the relation increases 

computation time,  sacrificing the tremendous efficiency advantage that comes from the 

constitutive law being linear with respect to the model parameters. Therefore, while still 

accounting for the nonlinear kinematics of the deformation as a whole, we approach the 

problem by considering the mechanical behavior of the tissue in a step-wise fashion.  

5.3 Methods  

5.3.1 Overall Strategy  

 

The overall strategy begins with data generated from an extensive biaxial loading 

protocol. The more and varied the loading protocol the wider the span of strain-space 

investigated for each region of the sample. For a biaxial test, each arm can be extended 
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independently, leading to a total of 15 permutations, Figure 5.1; while this combination 

of experiments is by no means exhaustive (e.g. a 2:1 ratio of stretch in the two directions 

could also be performed), it provides a broad range of deformations to be imposed. Thus, 

for the current study, all 15 possible protocols in Figure 5.1 were performed.  

 

Shear in the arms and central region of the sample was achieved through the asymmetric 

stretches. Both the normal and shear forces at the grip were measured by 6-degree-of-

freedom load cells (JR3 Inc.). During each extension, a video of the sample surface was 

taken, allowing measurement of the full-field deformation using digital image correlation 

(DIC) as described elsewhere [115]. In order to capture the behavior of the tissue at 

small-strain (Figure 5.1) homogeneous subregions were identified per our previous study 

(Chapter 4), and the data from all loading protocols were combined per our previous 

linear approach [129], creating a general, anisotropic, inhomogeneous linear model of the 

material behavior at small strain. For larger strains, each element within the sample 

domain was considered a separate material rather than being grouped into a subdomain. 

For each element, data from each individual protocol were used to generate a piecewise 

linear model of the material in the element following the protocol's experimental strain 

path. Figure 5.1 shows a schematic of the process; for clarity, only the normal force on a 

single arm is shown and the step size is exaggerated. The determination of step size is an 

important consideration (detailed in Appendix D) because large steps lose linearity but 

small steps are more vulnerable to noise effects. The models were used to calculate the 

second Piola-Kirchhoff (PK2) stress at each strain value for each experimental protocol 

for every element. The PK2 stress was then integrated along each strain path to generate 

the strain energy density function for each element. A detailed example illustrating the 

method on a simulated sample is given in Appendix D. 
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Figure 5.1: Schematic of Method. A set of different biaxial experiments is performed on the sample, 

providing the displacement fields and grip forces. Combined data from all of the experiments at small-

strain (black segments in grip force vs. grip strain plots) are used to specify a small-strain model using our 

previous linear approach [129]. Data from each individual experiment at larger strain (colored segments in 

grip force vs. grip strain plots) are used to generate a piecewise linear model for the experiments strain 

path. The models are used to calculate the PK2 stress at each strain value for each experiment. The PK2 

stress is integrated along each strain path to generate the strain energy density function at each strain value. 

Calculations for the small strain model are by partition, determined using the deformation field per chapter 

4, and those in the piecewise linear models are by element, so the strain energy density function is obtained 

for each element. 

 

5.3.2 Small-Strain Analysis of All Experimental Protocols Simultaneously 

 

Once the step size had been determined, the displacement of each node of the FE mesh 

and the arm force values at the end of each step were extracted from the raw data. For the 

first step, GAIM was applied exactly as described previously [129] with one exception. 

Partitioning the sample into homogenous subdomains, one of the most difficult obstacles 

in applying GAIM, was done by applying graph theory to the full-field deformation 
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gradient of the sample under symmetric loading conditions to identify mechanically 

similar regions, per Chapter 4. Then, following the methods in [129], the force and 

displacement data for the first step from all 15 extensions were considered 

simultaneously, and an analogous neo-Hookean generalization of the linear elasticity 

tensor,  , was determined for each subdomain such that the PK2 stress,  , was defined 

by 

              5.1 

where   is the Green strain, and   is piecewise constant over each partition.   is 

determined by solving the Cauchy stress balance  

                   5.2 

where   is the deformation gradient tensor and differentiation is with respect to the 

undeformed coordinates. In equation 5.2,   and   were known from the DIC, allowing   

to be determined directly. Using the Galerkin finite element method [113], the weak form 

of equation 5.2 for a sample with an undeformed domain,   , and boundary   , is  

 

          
 

  
 

 

 

                      
 

  
 

 

 

 5.3 

where    are the Galerkin basis functions at node   of the finite element and the 

summation is over all elements,  . During biaxial testing, the forces on the grip arms are 

the combined reaction to the displacement of the sample boundary, essentially 

quantifying the integral of the force over the sample boundary. Therefore, the traction,   , 

represents the grip force measured at the boundary. 

 

5.3.3 Large-Strain Analysis Following Individual Experimental Paths 

 

It would be attractive simply to continue to apply GAIM to all following steps in the 

same manner, but as Flynn et al. [111] noted, there is an issue with reference 

configuration. Consider a point within the material. At the beginning of step 1, the 

sample is undeformed, and this point is in the same state no matter what extension is 

about to be imposed. In other words, because the initial state for the first step of any 
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experiment is the tissue's undeformed state, all experiments can be analyzed 

simultaneously for their first step. At the end of step 1 and thus the beginning of step 2, 

however, the point has moved, and the location of the point is thus dependent on which 

loading protocol is being imposed. The reference configuration for the step is no longer 

the same for all protocols. The rationale for the extensive loading scheme is to ensure that 

the inverse problem is well posed because it is not possible to determine the material 

characteristics of a subdomain within the sample without interrogating it in various 

loading conditions. If GAIM were applied in a stepwise fashion, however, it would no 

longer be sound to apply the displacement fields and reaction forces from the protocols 

concurrently. Flynn et al. [111] addressed this issue with an elegant experimental 

approach - by instituting an extensive incremental loading paradigm that allowed for the 

establishment of multiple reference configurations. Flynn's technique was highly 

effective for their homogeneous samples, but it required a 3-fold increase in the number 

of loading cycles applied to the tissue (increasing their loading scheme from 4 cycles to 

12 cycles). Given the larger number of 45 loading cycles required to probe the 

heterogeneous tissues of interest to us, we have selected to consider all subsequent steps 

in each protocol separately.  

 

The creation of a separate inverse problem for each experimental protocol causes 

difficulties in the solution of the matrix equation since it changes the nature of the 

problem: the initial GAIM step is overdetermined due to the large number of loading 

protocols and the relatively small number of partitions; subsequent steps are 

underdetermined since each element and loading protocol are evaluated separately. An 

additional constraint must therefore be imposed on the matrix problem during the 

subsequent steps. Therefore, the   accepted as a solution is that which satisfies the 

discrete stress balance and varies least from the elasticity tensor determined for the 

previous step. The differential PK2 stress,  , for a step   is equal to 

    
       

    
  5.4 
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where   (differential neo-Hookean elasticity tensor) and   (differential Green strain) are 

relative to the sample configuration at the end of step    . Stress is additive, meaning 

that 

 

   
      

 

 

   

 5.5    

where    
 

 is the PK2 stress in reference to the global undeformed sample configuration 

at the end of step   and the PK2 for the first step is determined from the small-strain 

analysis. Strain is not additive, (i.e. for    ,    
       

  
   ). The finite element 

discretized form of equation 5.3, 
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was revised such that the piecewise discretization was considered. The 1st Piola-

Kirchhoff stress can be restated in terms of the known and unknown       values. 

Therefore, 

     
      

 

  
 

     
        

    
 

   

   

        
 

  
 

 

 

       
      

    
        

 

  
 

 

 

 

5.7 

is the new finite element discretized form. Under the assumption that       is constant 

over each element, the equation leads to a new global linear matrix equation for all steps 

beyond the first of the form 

 
        

   

   
      5.8 

where   is a matrix consisting of the terms that remain when the material parameter 

terms on the right hand side of equation 5.7 are factored out (defined in Appendix B). 

Unlike the small-strain execution of GAIM, the system is underdetermined and cannot be 
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solved in a least-squares sense. Therefore, rather than minimizing a residual force norm 

the change in the differential neo-Hookean elasticity tensor,         , is minimized 

subject to the constraint that the residual force norm be zero. 

 

5.3.4 Generating and Elemental Constitutive Data Set 

 

The solution of the global matrix equation at each step of each protocol yields a unique 

neo-Hookean elasticity tensor for each subregion (small-strain) or element (large-strain) 

within the sample domain. The PK2 stress was obtained from those tensors using 

equations 5.4 and 5.5. By combining all the PK2 stresses calculated over all segments of 

all protocols for an element along with the corresponding Green strain, a set of ordered 

pairs,      , was generated for each element; essentially, each set of pairs       

functions as a mechanical characterization of its element as a unique material. 

 

For a hyperelastic material, the work necessary to deform a body is its intrinsic strain 

energy density,           . In the case of the piecewise linear model the integration 

is approximated by a summation (trapezoid rule), 

  
   

    
       

  

 
    

       
  

 

   

 5.9 

where   
 
 is the strain energy at step   for loading protocol   for an element within the 

sample domain. In this way, a unique data-driven strain energy density function is 

generated for each element within the sample domain.  

 

5.4 Results 

 

The new stepwise GAIM method, NGAIM, was applied to simulations of biaxial 

extensions generated based on the closed-form nonlinear fiber-based structural model 

(NFSM) for soft tissues previously presented in Chapter 4. The two simulations analyzed 

using NGAIM presented in detail were: (1) the simulation in which the preferred fiber 
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orientation was set such that the inclusion was rotated relative to the sample bulk, 

( 
    

     and  
         

    ) and (2) the simulation in which the preferred fiber 

orientation was radially aligned. The displacement for each node of the sample mesh was 

determined by the NSFM as were the grip arm forces. 

 

The full stress-fields for the equibiaxial and right-arm-only extensions for the simulation 

with the inclusion are shown for the final time step in Figure 5.1 and Figure 5.2, 

respectively, alongside the stress-fields determined by GAIM, per [129] (i.e. Chapter 2), 

as well as those determined by NGAIM. Though GAIM, as applied per [129], was 

capable of quantifying the stiffness and anisotropy of heterogeneous samples ([116] and 

Chapter 2) the stepwise nonlinear GAIM, NGAIM, shows dramatic improvement in the 

estimation of full-field stress. This observation is particularly true for the right-arm-only 

extension, for which the scale bar must be adjusted to visualize the results from GAIM. 

 

The full stress-fields for the equibiaxial and right-arm-only extensions for the simulation 

with radial alignment are shown for the final time step in Figures 5.3 and 5.4, 

respectively, alongside the stress-fields determined by GAIM, per Chapter 2 [129], as 

well as those determined by NGAIM. Again, there is striking improvement in the 

estimation of stress, particularly for the right-arm-only extension, for which the scale bar 

must be adjusted to visualize the results.  
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Figure 5.1: Stress field for the simulated sample containing an inclusion at the end of the final time step for 

the equibiaxial extension. 
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Figure 5.2: Stress field for the simulated sample containing an inclusion at the end of the final time step for 

the right-arm-only extension. 
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Figure 5.3: Stress field for the simulated sample with radial alignment at the end of the final time step for 

the equibiaxial extension. 
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Figure 5.4: Stress field for the simulated sample with radial alignment at the end of the final time step for 

the right-arm-only extension. 

 

However, the improvement is even clearer when all time steps are considered. First, 

consider the simulation with the inclusion. For clarity, two elements within the central 

region of cruciform shaped sample will be analyzed, one located in the middle of the 

inclusion and the other location outside of the inclusion, Figure 5.5a. Figure 5.6 shows 

the strain energy vs. Green strain component curves for the two elements for the 

equibiaxial and right-arm-only extensions. The plots are projections of the full   

            space, leading to the sometimes counterintuitive curves. It is clear from 

these plots that in addition to capturing the strain energy better within the sample at the 

end of the loading protocol, NGAIM better captures the strain energy within the sample 

throughout the loading protocol. In Figures 5.7 and 5.8, a direct comparison between the 

strain energy generated from the NFSM and that determined by NGAIM is shown for the 
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two elements. There is excellent agreement between the NGAIM prediction and NFSM 

generated strain energies.  

 

The NGAIM approach also performed well on the simulated data for a sample with radial 

fiber alignment. Two elements were again selected for further analysis, one near the 

middle of the sample and one towards the curved edge, as shown in Figure 5.5b. Again, 

Figure 5.9 shows the strain energy vs. Green strain component curves for the two 

elements for the equibiaxial and right-arm-only extensions. NGAIM better captures the 

strain energy within the sample throughout the loading protocol. In Figures 5.10 and 

5.11, a direct comparison of the strain energy from the NFSM and NGAIM is shown for 

the two elements of interest and there is good agreement between the NGAIM prediction 

and NFSM generated strain energies. 

 

Figure 5.5: The elements selected for further analysis. For the simulation involving the inclusion (a) they 

are within the center of the sample in the middle of the inclusion and just outside of the inclusion. For the 

simulation with radial alignment (b) they are near the center of the sample and near its edge . 
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Figure 5.6: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions for 

the element in the middle of the inclusion and the element just outside of the inclusion. The black dots 

indicate the strain energy generated from NSFM model, the red line indicates the strain energy determined 

by the original linear GAIM method, and the blue line indicates the strain energy determined by the 

stepwise nonlinear GAIM method, NGAIM. 

Right-Arm-Only Extension: Element Outside Inclusion

Equibiaixal Extension: Element Within Inclusion

Right-Arm-Only Extension: Element Within inclusion

Equibiaixal Extension: Element Outside Inclusion



 

 89 

 

 
Figure 5.7: Strain energy determined using the stepwise GAIM method vs. the strain energy generated by 

the NSFM simulation for all biaxial extensions (colored dots) for the element within the inclusion (a) and 

the element just outside of the inclusion (b). The diagonal black line indicates a perfect prediction.  
 

 

Element Within inclusion

Element Outside Inclusion

a 

b 



 

 90 

 

 
 

Figure 5.8: Strain energy generated by the NSFM model and strain energy calculated using the stepwise 

GAIM method for all extensions plotted in strain space for both the element within the inclusion and the 

element just outside the inclusion.  
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Figure 5.9: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions for 

the element near the middle and the element near the edge of the radially aligned sample. The black dots 

indicate the strain energy generated from NSFM model, the red line indicates the strain energy determined 

by the original linear GAIM method, and the blue line indicates the strain energy determined by the 

stepwise nonlinear GAIM method, NGAIM. 
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Figure 5.10: Strain energy determined using the stepwise GAIM method vs. the strain energy generated by 

the NSFM for all biaxial extensions (colored dots) for the element near the center (a) and an element near 

the edge (b) of the radially aligned simulation. The diagonal black line indicates a perfect prediction. 
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Figure 5.11: Strain energy generated by the NSFM model and strain energy calculated using the stepwise 

GAIM method for all extensions plotted in strain space for both the element near the center and the element 

near the edge of the radially aligned sample.  

 

Next, the NFSM parameters,  ,  ,   and  , were fit to the stress-strain curves determined 

for each element by NGAIM using a nonlinear simplex search, fminsearch, in Matlab. 

The maximum Kelvin modulus,   , anisotropy index,  , and preferred stiffness direction, 

 , determined in the small-strain analysis were used to generate the initial guesses for the 

NFSM parameters following the method of [115]. Appendix A details how the elasticity 

tensor components are used to calculated   ,  , and  . The initial guess for the degree of 

anisotropy,  , was determined from  ,  

    
 

    
 5.10 

and the initial guess for the preferred fiber direction,  , was set to the preferred stiffness 

direction,  . The product    can be determined directly from   ,  
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5.11 

where    and    are modified Bessel functions of first kind and zeroth and first orders, 

respectively. Since the product    cannot be separated for small-strain data, the initial 

guess for   was determined from an exponential fit of equation 3.2 to the equibiaxial grip 

force vs. grip stretch data. The exponential fit of the equibiaxial data yielded a        

for the simulation with the inclusion and a        for the simulation with radial 

symmetry in which fiber direction was prescribed. The initial guess for   was determined 

using 5.11. The fitted parameters are compared to those utilized to generate the 

simulations using NFSM in Figures 5.12 and 5.13 for the simulation with the inclusion 

and the simulation with radial alignment, respectively. For both simulations, the stepwise 

application of GAIM was able to recapture the prescribed NFSM parameters well. In 

particular, for the simulation with the inclusion, there is very good agreement been the 

fiber orientation prescribed and the fiber orientation recovered both within the inclusion 

and at the inclusion border. For the simulation with radial alignment fiber direction is 

well-recovered. An additional fit was performed for both simulations with varied 

alignment in which the initial value of   set to 1 in order to gauge the influence of initial 

guess on the final fit, results are given in Appendix D.   

 

An additional unrelated strain energy function was fit to the NGAIM results in order to 

demonstrate the flexibility of NGAIM. The strain energy density function utilized, the 

four-fiber family model, is a popular model [185–192] used to describe the mechanical 

behavior of arteries. The strain energy function   is  

 

  
 

 
        

     

       

 

   

                    
 
     5.12 

where  ,      ,      , are material parameters and the invariants    and       are 

                 
     

                5.13 
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where   is the right Cauchy-Green deformation tensor. The fiber orientations are defined 

in the reference configuration by unit vector    
, which depend on angle    defined 

between the direction of the k
th

 family of collagen fibers and the horizontal direction for 

the cruciform shaped sample. Following [185], although the constitutive model (Eqn. 

5.12) includes four collagen-fiber families characterized by fiber angles   , a fiber angle 

was assumed to be oriented along the vertical axis         , a fiber angle was assumed 

to be oriented along the horizontal axis        , and the remaining fiber angles were 

assumed to be symmetrically oriented diagonal fibers (i.e.      and      ). 

Additionally, fibers were assumed to have similar behaviors (i.e.          and       

  ). Consequently, from Eq. 5.12 and the assumptions, 4 parameters were fit (         

and  ). Initial guesses for both simulations for each parameter were based on best-fit 

values from [185], and a nonlinear simplex search, fminsearch, in Matlab was used to fit 

the four-fiber family model strain energy to the NGAIM strain energy. The fits for both 

the NSFM model and the four-fiber family model are shown in Figures 5.14 and 5.15, 

which includes the direct comparison of the strain energy generated by the NSFM 

simulation and the strain energy determined by NGAIM from Figures 5.7 and 5.10, 

respectively. Though modifications to the four-fiber family model utilized could 

improved the strain energy determined; it matches fairly well with both the true 

simulation and NGAIM strain energy values. The best-fit four-fiber family model 

parameters for the elements of interest for both the simulation with the inclusion as well 

the radially aligned simulation are given in Appendix D.  

 

The new stepwise GAIM method, NGAIM, was applied to the remaining simulations 

(previously presented in Chapter 4) of biaxial extensions generated based on the closed-

form nonlinear fiber-based structural model (NFSM) for soft tissues. Simulations 

included the cruciform sample with a central triangle shaped inclusion for which the 

inclusion varied from the bulk sequentially in strength of alignment (          and 

               ), stiffness (            and                    ), and nonlinearity 

(         and               ) as well as the radially varying  cruciform sample 
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with sample anisotropy strength, stiffness, and nonlinearity maximized in the center of 

the sample and reduced with radial distance from the center               

                 , sequentially. The NSFM parameters determined by fitting the stress-

stain behavior predicted by the stepwise GAIM method compared with the NSFM 

parameters used to generate the simulated sample are shown for each simulation in 

Appendix D. 

  

 

Figure 5.12: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with the 

inclusion with prescribed fiber strength. The preferred fiber direction prescribed for NSFM is in black and 

the one recovered by the stepwise application of GAIM is in green. All other parameters are shown on 

scales which place the original values at the center. 
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Figure 5.13: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with radial 

alignment. The preferred fiber direction prescribed for NSFM is in black and the one recovered by the 

stepwise application of GAIM is in green. All other parameters are shown on scales which place the 

original values at the center. 
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Figure 5.14: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation for all biaxial 

extensions for the element within the inclusion (a) and the element just outside of the inclusion (b). The 

diagonal black line indicates a perfect prediction. 
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Figure 5.15: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation for the element near 

the center (a) and an element near the edge (b) of the radially aligned simulation. The diagonal black line 

indicates a perfect prediction. 
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5.5 Discussion 

 

The GAIM method allows for the computational dissection of samples, enabling the 

capture of regional differences within a single sample nondestructively. Not only does it 

capture gross differences between regions, but also how stiffness and anisotropy change 

from region to region and whether these changes are drastic and abrupt or more gradual. 

A limitation of GAIM was its inability to capture the nonlinear behavior of soft tissues, 

particular cardiovascular soft tissues which operate at large-strain. The key to extending 

GAIM was to discretize each nonlinear curve into many short linear segments which 

allows for the consideration of the nonlinear force-displacement curves without 

sacrificing the tremendous efficiency advantage of the linear model. The NGAIM method 

generates a set a piecewise elasticity tensors describing the material behavior of a 

particular element within the sample for part of one test protocol. Multiplying a tensor by 

the strain measured experimentally in that region during that portion of the testing 

protocol yields a stress. By combining all the stresses calculated over all segments of all 

protocols for a particular region a set of stress-strain curves were determined from which 

a unique data-driven strain energy density function was generated.  

 

The in silico results for NGAIM show good agreement between the strain energy and 

full-field stress recovered by NGAIM and that generated by the NSFM. In particular, as 

shown in Figure 5.6 and Figure 5.9 the behavior of the sample throughout testing, and not 

just at its endpoint, is captured. The NSFM parameters utilized to generate the simulation 

are well-recovered for the simulation involving the inclusion, particularly within the 

inclusion and at its border. For the radially aligned sample, an interesting pattern 

developed in the recovery of the NSFM parameters. The degree of anisotropy recovered 

within the center of the sample is lower than that prescribed, and in some elements close 

to zero, indicating the center of the sample is relatively isotropic. Therefore, the fiber 

angle recovered within the center becomes less relevant as the sample is no longer 

anisotropic. The inability to distinguish degree of anisotropy and fiber direction in the 

recovery of the model parameters reaffirms observations discussed in Chapter 3 
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suggesting that if this model is to be coupled with NGAIM, in the future a network 

orientation tensor may be a more appropriate metric for evaluating anisotropy. It also 

affirms the visual description of this sample, which as a whole has no predominant 

direction of alignment. 

 

Functional limitations to NGAIM remain. In particular, the biaxial testing system is ill-

suited to the generation of shear strain causing limitations in the strain-space spanned for 

each element, observed in part in both Figure 5.8 and Figure 5.11 as the Exy axis is 

relatively shorter than the Exx and Eyy axes. The decision to employ 6-degree-of-freedom 

load cells (JR3 Inc.), which allow for the measurement of both the normal and shear 

forces at the grip, was motivated by this limitation. A tester that utilizes multiple load 

cells (like that of Hoffman, Grigg, and colleagues [111,193]) would also allow for more 

detailed force measurements at the sample boundary and the direct imposition of shear. 

As indicated by Sacks [194], however when asymmetric loading is introduced in this 

manner during planar biaxial testing, there is the potential for out-of-plane deformation. 

Sacks suggests rotating the test specimen such that the fiber and cross-fiber directions do 

not coincide with the test machine axes and the use of rotating carriages to induce shear 

and avoid wrinkling. A multiaxial tester like that of Nielsen and colleagues [107,108], is 

a more involved, sophisticated approach to the introduction of shear. It allows for a 

broader strain space to be imposed on each region of the sample while controlling against 

out-of-plane deformation. In addition, though it is more experimentally demanding, the 

tester allows for more detailed measurement of force at the sample boundary.  

 

Large onus is placed on the accuracy of the values for the analogous elasticity tensors 

calculated in step one using this method. The need for accuracy in step one has motivated 

many of the decisions to change how GAIM is implemented. Most importantly, it was 

strong motivation to change the partitioning scheme. Previously, GAIM utilized a 

partitioning scheme that ascribed elements to subdomains based on the residual force 

norm [115]. The ability of a group of elements to describe the material behavior across 

their partition was assessed by computing the 95% confidence intervals for the 
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components of the analogous elasticity tensor. However, at step one the reaction forces 

measured for the material are often quite low suggesting that the 95% confidence interval 

may no longer be adequate or appropriate. The deformation gradient jump method, 

described in Chapter 4, is capable of partitioning simulated data, tissue analogs, and real 

tissues into homogenous subdomains based on the deformation alone without considering 

the reaction forces. Thus, partitioning decisions are now independent of analogous 

elasticity tensor estimation. Another decision that was influenced by the need to ensure 

accuracy in the first step was the continued use of the extensive loading protocol. The 

GAIM method requires a large number of extensions be applied to tissue samples. The 

series of biaxial experiments poses practical challenges to biaxial testing as the potential 

for damage or irrecoverable deformation increases with the number of protocols 

performed. However, as the step-wise application of GAIM relies so heavily on step 1 of 

the various protocols it becomes even more crucial that the matrix problem for step 1 is 

grossly over-determined. Sensitivity to noise, particularly at the low force levels 

measured, must be minimized. Therefore, we have selected to continue using the 

extensive loading scheme. Finally, the method to determine an appropriate step size was 

strongly influenced by the need for accuracy in step 1. When determining step size the 

need to capture as much of the mechanical behavior of the tissue as possible within a 

single step must be balanced with the need to fit the behavior linearly.  

 

The NGAIM method builds on the work of Raghupathy et al. [113] adding the capacity to 

analyze nonlinear samples to the original method for heterogeneous, anisotropic samples. 

The inverse method of Cox et al. [84], captures anisotropy by combining force and 

deformation gradient data and incorporates nonlinearity through the use of a constitutive 

framework developed by Holzapfel et al. [86]. However, it relies on indentation as a 

loading mode, and heterogeneity is determined through controlled, repeated application 

of a compressive force, a loading modality not representative of physiologic conditions. 

The inverse method proposed by Seshaiyer and Humphrey [92] also incorporates 

nonlinearity, anisotropy and heterogeneity. They utilize the principle of virtual work and 

a computationally demanding Marquardt-Levenberg regression to determine the best-fit 
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values of the material parameters. The NGAIM method does not require a fully integrated 

FEM simulation and in the large-strain analysis can be parallelized to maximize 

efficiency. Thus, it can be run on a standard computer (vs. a supercomputer) in a matter 

of minutes to hours. As in our approach, Seshaiyer and Humphrey divide the sample 

domain into homogeneous subdomains allowing for more robust estimations of local 

material parameters without assuming total homogeneity. Kroon and Holzapfel [67] 

propose an alternative inverse method, which enabled the investigation of the distribution 

of anisotropic material properties. However, both groups are limited as their methods 

apply to inflation are do not consider shear. Hoffman, Grigg, and colleagues [111] 

propose an elegant inverse method for the determination anisotropic, nonlinear properties 

of planar soft tissues subjected to a variety of biaxial loading conditions encompassing 

both tension and shear. They capture the nonlinear behavior of the tissue with through an 

incremental force-displacement approach which allows for the calculation of a tangent 

stiffness. However, their approach is limited by the need to test multiple specimens from 

different physical locations to investigate heterogeneity. 

 

The main advantage of the NGAIM method is its flexibility. NGAIM generates a data-

driven strain energy field for each element within the sample domain. Once this strain 

energy field is determined, any strain energy function can be used to describe the 

element's material behavior. In this chapter the NSFM, the close-form structural model of 

planar fibrous tissue mechanics developed by Raghupathy and Barocas [124], as well as a 

version of the four-fiber family model [185] were fit to the strain energy fields. The 

ability of NGAIM to generate a full strain energy field also allows for the comparison of 

various strain energy relations. It can be determined whether one function is more 

appropriate than another for a particular material or loading configuration. Next steps 

involve applying the method to both tissue analogs (e.g. anisotropic cell-compacted 

collagen cruciforms) and tissue specimens (e.g. infarcted myocardium and/or ascending 

aorta) to validate the method in vitro as well as in silico.  
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Chapter 6: Modeling and Experiments of Multidirectional 
Failure of the Porcine Ascending Aortaa 
 

This work was a part of two papers: 

Prefailure and Failure Mechanics of the Porcine Ascending  

Thoracic Aorta: Experiments and a Multiscale Model 

Journal of Biomechanical Engineering, 2014, 136 (2) 

Shah, S.B., Witzenburg, C.M., Hadi, M.F., Wagner, H.P, Goodrich, J.M., 

Alford, P.W. and Barocas, V.H. 

 

and 

 

Failure of the Porcine Ascending Aorta: Multidirectional  

Experiments and a Unifying Model 

In Preparation for Circulation Research 

Witzenburg, C.M., Dhume, R.Y., Shah, S.B., Wagner, H.P., Quindlen, J.,  

Alford, P.W. and Barocas, V.H. 

 

 

6.1 Motivation of Research 

 

It is the goal of this thesis to provide a description of the mechanical behavior of 

cardiovascular soft tissues. Though the stepwise utilization of GAIM allows for the 

characterization of heterogeneous, anisotropic, nonlinear tissues, it relies on data obtained 

from planar biaxial tests, treating the tissue as two-dimensional. Up to this point, all 

material characteristics have been considered as homogeneous transmurally (averaged by 

the sample thickness). Most cardiovascular soft tissues, however, have a layered structure 

with varying transmural properties. For example, the aorta consists of three distinct 

layers: the intima, media, and adventitia, each with different mechanical properties 

[26,27,195,196]. Biomechanically, the development, dissection, and rupture of an 

ascending thoracic aortic aneurysm (ATAA) is a local phenomenon and is highly 

dependent on this layered structure. An aneurysm is a weakening of the vessel wall which 

causes it to dilate or bulge as blood is pumped through it. Dissection occurs when the 

aorta dilates, forming an aneurysm, and a tear in the intimal wall allows blood to flow 

                                                 
a
The multiscale modeling work was completed in succession by Sachin B. Shah and Rohit Y. Dhume 
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into the media, which subsequently splits apart. Consequently, this chapter will detour 

from GAIM in order to investigate the three-dimensional loading of ascending aorta. 

 

Figure 6.1: The Ascending Thoracic Aorta. (a) Illustration of the heart with the ascending aorta selected 

[21]. (b) Geometry of the ascending aorta. (c) The three-dimensional stress tensor for the aorta with the 

respective tests indicating the loading investigated 

 

Tissue from the ascending aorta has been tested in a variety of configurations (reviewed 

by [197]) with uniaxial and biaxial tensile tests being the most prevalent. In-plane 

uniaxial and equibiaxial tension tests [198,199] provide information on tensile failure 

along the medial lamella           and biaxial tension tests can provide information on 

in-plane shear      . However, while the dominant stresses in these tests may be 

responsible for rupture, they do not drive dissection. Stress near an advancing dissection 

includes a combination of radial tension       and transmural shear          , so a testing 

strategy that probes all possible stresses is imperative. Peel tests on pieces of artery 

[199,200] or aneurysm [183] provide insight into the failure behavior of the tissue in 

radial tension (   ), loading perpendicular to the medial lamella. To examine transmural 

shear          , we propose utilizing a shear lap test to characterize failure under a shear 

force along the medial lamella. In this study, we  provide a more complete picture of 

aneurysm failure mechanics using in-plane uniaxial and biaxial, shear lap, and peel tests 

to cover all three-dimensional loading modalities and leverage these into computational 

a 

b 
c 
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models of multidirectional failure. To our knowledge, we are the first to generate data on 

the shear strength of aortic tissue in this manner. 

 

6.2 Introduction 

 

Ascending thoracic aortic aneurysms (ATAA) are dilatations of the arterial wall that 

result primarily from a weakening in the middle smooth muscle layer, or media, of the 

artery [22,24,201]. Aneurysm dissection and rupture pose serious risk of mortality and 

are the primary concerns for patients with an ATAA [22,24,201,202]. Cystic medial 

degeneration (which can be caused by disease, injury, or hereditary condition [24,201]) 

weakens the aortic wall, allowing for the formation of aneurysms and subsequent 

dissection. Aneurysm growth and dissection is further driven by increased hemodynamic 

loading within the media [203]. Ascending aortic dissection, the most prominent failure 

mode, occurs when the hemodynamic stresses within the media exceed the capacity of its 

collagen and elastin constituents, causing it to peel apart [183]. Ultimately, the tear can 

propagate axially along the length of the aorta, either proximally or distally, and in the 

absence of clinical intervention, may lead to further complications such as ischemia, 

aortic regurgitation, cardiac tamponade, aortic rupture, and death [22].  

 

Ascending aortic aneurysms have an incidence rate of 10.4 per 100,000 person-years 

[204], with significant risk of dissection or rupture [204]. Clinically, ATAA management 

balances the risk of aneurysm rupture with the risk of surgery-related complications and 

death [24,201]. Risk of rupture is correlated with aneurysm diameter [24,204]; aneurysms 

greater than 6 cm in diameter exhibit a significantly higher risk of rupture [24]. Thus, for 

patients without valvular disorders, current guidelines indicate surgical intervention for 

ATAA diameters greater than 5.5cm and monitoring for those less than 5.5 cm [24]. 

 

In spite of clinical guidelines and what is known about the pathogenesis of aneurysms, 

dissection and rupture occur in a significant number of patients whose aneurysms are less 

than 5.5 cm in diameter [25], suggesting that a better understanding of the dissection 
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process is needed. Experimental studies have investigated the mechanical failure of aortic 

media [183,199,205], but only a few theoretical models have attempted to emulate this 

response [206–208]. The most notable work to date, by Gasser and Holzapfel [207], 

employs constitutive finite element (FE) modeling with two independent continuous and 

cohesive zones to model the fiber network and ground matrix, respectively. While the 

Gasser–Holzapfel model is capable of describing the mechanical behavior of the aorta, it 

fails to capture complex fiber-fiber and fiber-matrix interactions or address failure at the 

microscopic scale. A model employing microscale mechanics and structure to determine 

the macroscale response would have potential to incorporate greater anatomical detail 

and could be applied to a broader range of conditions. This work represents an initial 

attempt to apply such multiscale concepts to the mechanics of the ascending thoracic 

aorta (ATA).  

 

The objectives of this study were (1) to characterize the prefailure and failure response of 

healthy porcine ascending aorta tissue under multiple loading configurations spanning the 

entire three-dimensional stress space: uniaxial, biaxial, peel, and shear lap loading and (2) 

to describe that response with a multiscale, FE damage model.  

 

6.3 Methods: Experiment 

 

Ascending aortic tissue was obtained from healthy adolescent male swine (~ 6 months; 

88 ± 10kg, mean ± SD) following an unrelated in vivo study on right atrial 

radiofrequency ablation. Immediately upon harvesting, specimens were stored in 1% 

phosphate-buffered saline solution (PBS) at 4  overnight. All experiments were 

performed within 48h of harvest. 

 

A ring of tissue was dissected from the ascending aorta, distal to the aortic valve and 

proximal to the brachiocephalic trunk (Figure 6.2a), and then cut open along its superior 

edge to obtain a flat, rectangular tissue sample (Figure 6.2b). The rectangular tissue 
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specimen was then divided into small sections, either axially or circumferentially aligned, 

for mechanical testing:  

 ~ 20mm x 20mm square samples for biaxial tests 

 ~ 20mm x 5mm rectangular samples for uniaxial tests 

 ~ 10mm x 5mm rectangular samples for peel tests 

 ~ 10mm x 5mm rectangular samples for lap tests  

 

  

Figure 6.2: (a) Porcine aortic arch with ascending aortic ring removed. The white star represents a marker 

used to keep track of tissue sample orientation. (b) The ring was cut open along its superior edge and laid 

flat with the intimal surface up and the axial, Z, and circumferential,  , directions along the vertical and 

horizontal, respectively. Axial and circumferential directions shown with black arrows. (c) Schematic 

showing a typical sectioning and testing plan for an ascending aortic specimen.  
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Figure 6.3: Schematics of all mechanical tests. (a) Uniaxial test: samples were cut and mounted such that 

the direction of pull corresponded with either the axial or circumferential orientation of the vessel. (b) 

Equibiaxial test: samples were cut and mounted such that the directions of pull corresponded with the axial 

and circumferential orientations of the vessel. (c) Peel test: samples were cut and mounted such that the 

vertical direction corresponded with either the axial or circumferential orientation of the vessel. b) Lap test: 

samples were cut and mounted such that the direction of pull corresponded with either the axial or 

circumferential orientation of the vessel; dotted black line indicates overlap length. 
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Several samples were obtained from each aorta; a typical sectioning and testing plan is 

shown in Figure 6.2. The tissue was characterized in tension along the medial lamella 

using planar biaxial tests               and uniaxial tests          , in tension 

perpendicular to the medial lamella using peel tests      , and in shear along the medial 

lamella using shear lap tests          , schematics of all tests are shown in Figure 6.3. 

Samples were stored in 1% PBS at 4˚C when not undergoing mechanical testing and  

immersed in 1% PBS at room temperature during mechanical testing. 

 

6.3.1 Uniaxial Extension to Failure   

 

Rectangular tissue strips with the long axis in either the circumferential or axial 

orientation were cut. A 5mm circular biopsy punch was used to create a dog-bone shape 

(Figure 6.3a). Images of each sample were taken to determine its initial unloaded 

dimensions. Verhoeff’s stain was used to texture the luminal surface of the media for 

optical displacement mapping. Mechanical testing was conducted on a computer-

controlled, uniaxial testing machine (MTS, Eden Prairie, MN). Samples were placed in a 

custom rig and extended at a rate of 3mm/ min until failure. Force was measured using a 

5N load cell. The deformation of the tissue’s luminal surface was recorded (~ 157 

pixels/mm) at a rate of one image per 5s. The force measured was divided by the 

undeformed cross-sectional area at the failure point in the neck in order to calculate the 

first Piola–Kirchhoff stress. Image analysis and strain tracking was performed per 

previous studies (e.g., Ref. [129]) to determine the local Green strain. Samples that did 

not fail in the neck region of the dog-bone (~ 28% of samples) were not included in the 

analysis. Peak tensile stress was evaluated at the point of failure. 

 

6.3.2 Equibiaxial Extension   

 

Biaxial samples were created by cutting a cruciform shape (Figure 6.3b) from an 

approximately square section of tissue such that the circumferential and axial directions 



 

 111 

remained parallel to the arms. Verhoeff’s stain was used to texture the luminal surface of 

the media for optical displacement mapping. The biaxial testing method was similar to 

that of previous studies (e.g., Ref. [129]) with a slight preload (~ 0.1 N) applied to each 

cruciform arm. Samples were loaded onto a biaxial tester (Instron, Norwood, MA) with 

four 5N load cells using a custom rig. Each sample was preconditioned with nine 

equibiaxial extensions to 40% grip strain. Following preconditioning, an experimental 

equibiaxial extension was performed at a strain rate of 3 mm/min to 40% grip strain, a 

subfailure load in contrast to the failure loading for uniaxial samples. During this 

extension, images of the tissue’s speckled luminal surface and the forces at each grip 

were recorded. Again, local Green strain was determined using image analysis and strain 

tracking per our previous studies [129]. Forces in the axial and circumferential arms were 

divided by the respective undeformed cross-sectional areas in order to calculate the first 

Piola–Kirchhoff stress. 

 

6.3.3 Peel to Failure   

 

The peel test, (Figure 6.3c), measures the adhesive force between two layers as they are 

pulled apart. For each rectangular sample designated for peel testing, a ~ 4.0mm incision 

was made parallel to the plane of the aortic wall to initiate delamination (aortic dissection 

in vivo). The incision was made such that the delamination plane was approximately 

centered within the medial layer, thus separating the sample into two flaps of 

approximately equal thickness. Images of the sample were taken to determine its initial 

unloaded dimensions. There was a moderate variation in the exact location of the incision 

with respect to the center of the media due to sample size and cutting technique. If the 

delamination plane was outside the middle third of the sample thickness, the sample was 

discarded. Lines were drawn on the side of the sample with Verhoeff’s stain in order to 

track the progress of failure. 

 

The two flaps of the delaminated section of the tissue sample were then mounted in a 

custom gripping system with sandpaper on either side to prevent slipping and secured to a 
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uniaxial tester. Samples were cut and mounted on uniaxial testing machine (MTS, Eden 

Prairie, MN), such that the vertical direction, as shown in Figure 6.3c, was either axial or 

circumferential with respect to the vessel. The two flaps were peeled apart causing the 

tissue sample to delaminate, at a constant displacement rate of 3 mm/min, and force was 

measured with a 5N load cell.  Preliminary tests showed no significant dependence on 

grip speed in the range of 1 to 10 mm/min, so a single velocity was used for all 

subsequent experiments. Images of the side of the sample were recorded every five 

seconds throughout testing to capture the progression of failure.   

 

6.3.4 Shear Lap Failure 

 

The shear lap test, (Figure 6.3d), produces large shear stresses in the overlap region. 

Rectangular samples designated for shear lap testing were specially shaped to test their 

shear strength. A ~ 3.5 mm incision was made on each end of the sample approximately 

centered within the medial layer and separating each end of the sample into two flaps of 

approximately equal thickness. The flap containing the intimal surface was removed from 

one end, and the flap containing the adventitial surface was removed from the other, 

resulting in the shear lap sample shape with an overlap length (black dotted line in Figure 

6.3d) of ~ 3.0 mm. Images of the sample were taken to determine its initial unloaded 

dimensions. Again, there was a moderate variation in incision location with respect to the 

center of the media due to sample size and cutting technique, therefore if either incision 

surface was measured to be outside the middle third of the sample thickness the sample 

was discarded. Verhoeff’s stain was used to texture the side of the sample for optical 

strain tracking. 

 

The specially cut sample was then mounted in a custom gripping system with sandpaper 

on either side to prevent slipping and secured to a uniaxial tester (MTS, Eden Prairie, 

MN). The height of the grips was adjusted such that the overlap surface was along the 

horizontal, and an image of the sample was taken to determine its initial unloaded 

dimensions. Each sample was extended to failure at a constant displacement rate of 3 



 

 113 

mm/min, and force was measured with a 5N load cell. During testing, digital video of the 

side the sample was obtained at 24 fps, 1080p HD resolution, and spatial resolution of ~ 

103 pixels/mm. Image analysis and strain tracking were performed per our previous 

studies [116,129].  

 

6.4 Methods: Model 

 

The multiscale model (Figure 6.4, Refs. [209–211]) was made up of elements at three 

scales: the FE domain at the millimeter (mm) scale, representative volume elements 

(RVE) at the micrometer (µm) scale, and the fibers with radii at the nanometer (nm) 

scale. Each FE element contained eight Gauss points, and each Gauss point was 

associated with an RVE. Each RVE was comprised of a discrete fiber network in parallel 

with a nearly incompressible neo-Hookean component to represent the nonfibrous 

material (matrix) [210]. The matrix and fiber network were functionally independent, 

with the sole exception that fiber network failure dictated simultaneous matrix failure. 

Stresses developed by the network and the matrix were additive (Table 6.1). Matrix 

material was considered homogenous throughout the model; however, each element was 

assigned a unique set of fiber networks, and new networks were generated for each model 

simulation replicate. 

 

The macroscale and microscale stress and strain were coupled as described previously 

[212], and the corresponding governing equations are outlined in Table 6.1. In brief, 

displacements applied to the macroscale model were passed down to individual RVEs. 

Pre-oriented Delaunay networks within the RVE stretched and rearranged in response to 

the displacements, generating net forces on the boundary network nodes. From these net 

forces, a volume-averaged stress was determined for each Gauss point within the 

element. The macroscopic displacement field was updated until the overall Cauchy stress 

balance was satisfied. Rigid boundary conditions were placed at the edges of the grip 

while the rest of the surface was free to move. Model simulations were run at the 
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Minnesota Supercomputing Institute on 32-core parallel processors, with clock times 

averaging 4–6 h per simulation. 

 

 

Figure 6.4: Synopsis of multiscale model. Sample geometries (uniaxial, biaxial, peel, or shear lap) were 

developed into millimeter sized finite element meshes. Each element consisted of eight Gauss points that 

dictated its stress-strain response. Each Gauss point consisted of representative volume elements (RVE) 

composed of a nanoscale fiber network in parallel with a nearly incompressible neo-Hookean matrix. 

Deformation of the macroscale structure caused the fiber network to stretch and reorient to reach force 

equilibrium. Fibers that stretched beyond a critical value were considered failed and their modulus of 

elasticity was reset to a near-zero value. 
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Table 6.1: Governing equations applied within the model, as well as the scale at which each equation and 

its parameters are applied  

Equation Description Scale Parameters 

      
 

 
     

              
  

 

Macroscale 

Volume-

Averaged 

Stress 

Balance 

[212] 

Tissue 
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Matrix 
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             -Green deformation tensor 

                  

 

6.4.1 Model Specification and Parameter Estimation   

 

Table 6.2 summarizes the key parameters of the model. The orientation of the fiber 

network, which plays a critical role in the mechanical response, was described by the 

orientation tensor  . The components of   correspond to the degree of alignment in the 

coordinate directions, with the trace of   equal to 1 by construction (further details in 

Ref. [210]). Previous studies have shown that collagen fibers within the arterial media 

have strong preferential orientation in the circumferential direction       while some 

percentage of fibers are mainly oriented in the axial direction       and even smaller 
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percentage in the radial direction       [32,196,215–217]. Based on those studies, the 

average orientation for collagen fiber networks in the media           was extrapolated 

to be             [215]. The initial network orientation tensor components               

were, therefore, specified to be                                    an orientation 

state close to that measured in Ref. [215], but with a small amount of alignment in the r 

direction to maintain the integrity of the network. A single network was used to represent 

the combined contribution of the collagen and elastin components, with a volume fraction 

of 5% [210]. Fiber radius was set to 100 nm to replicate fiber geometry reported for 

elastic lamellae in arterial walls [218,219]. The matrix was modeled as nearly 

incompressible with a Poisson’s ratio,  , of 0.49. 

 

Four model parameters — fiber small-strain Young’s modulus   , critical fiber failure 

stretch      , matrix shear modulus  , and a fiber nonlinear mechanics parameter,   — 

were regressed to the experimental data. The model was fit to the maximum experimental 

stress, rupture and 40% strain, for uniaxial and equibiaxial experiments, respectively, 

while not including post rupture or unloading conditions. The model was not fit to the 

peel or shear lap data since convergence for these two geometries could not be achieved. 

A value of 31.4 kPa was used as an initial guess and an upper bound for the matrix shear 

modulus based on the work of Holzapfel [26]. Fitted parameters were chosen to minimize 

the total sum of squared error between the model and experimental force curves for both 

the uniaxial and biaxial configurations. Both simulations were repeated ten times. Each 

replicate used unique randomly selected networks that were generated using the same 

network criteria, Table 6.1. 
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Table 6.2: Values for parameters used within the model, as well as justification for parameter values. The 

last four parameters in the table (shown in bold) were regressed to the combined uniaxial/biaxial data set. 

Symbol Description Value Justification 

  Network Orientation                             
Extrapolated from structural 

histology [215] 

   Cross-sectional area 31,416 nm2 
Elastin fiber radius 100nm 

[218,219] 

  Fiber volume fraction 0.05 Based on Ref. [211] 

  Poisson's ratio 0.49 Nearly incompressible [210] 

   
Uniaxial undeformed 

dimensions 

Width = 5.00 mm 

Measured in Experiment    Length = 13.0 mm 

   Thickness = 1.5 mm 

   

Biaxial undeformed dimensions 

Width = 6.00 mm 

Measured in Experiment    Grip-to-Grip Length = 15.0 mm 

   Thickness = 1.5 mm 

   Fiber modulus of elasticity 2.51 MPa Fit to data 

      Lambda critical fiber failure 2.17 Fit to data 

  Matrix shear modulus 1.7 kPa Fit to data 

  Nonlinearity fitting parameter  2.35 Fit to data 

 

6.5 Results 

 

6.5.1 Statistical Analysis 

 

Unless otherwise specified, all p-values were calculated for this chapter using unpaired 

two-tailed t-tests with Bonferroni correction and assuming equal variances (GraphPad 

Prism v. 5.03). A p-value less than 0.05 was deemed significant. All values are reported 

as mean ±95% confidence intervals unless noted. 

 

6.5.2 Uniaxial Extension to Failure   

 

Uniaxial samples from both the circumferential        and axial        orientations 

were loaded to failure. Tensile stress, the grip force normalized by the undeformed cross-

sectional area of the neck of the dogbone, was plotted as a function of grip stretch for a 
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representative circumferentially aligned uniaxial sample, Figure 6.5a. The stress-strain 

response was nonlinear, characteristic of many tissues [220]. As expected, anisotropic 

behavior was observed in the tensile stress of the tissue. Peak stress was significantly (p < 

0.001) higher in the circumferential versus axial orientation (Figure 6.5b; 2510 ± 979 kPa 

versus 750 ± 228 kPa). Model simulation results showed similar anisotropy (p < 0.001) 

(Figure 6.5b; 2362 ± 10.3 kPa versus 958 ± 3.6 kPa) when using the parameters (Table 

6.1) that were regressed to the combined uniaxial and biaxial data sets.  

 

The media on the inner curvature of the arch is typically thicker than the outer [221], 

likely because the vessel remodels to balance the higher circumferential wall stresses 

caused by the curvature [222]. To verify that this remodeling does not affect the failure 

mechanics of the tissue, we compared the peak stress and strain of samples taken from 

the inner and outer curvature. Regional analysis found no significant difference in peak 

stress between uniaxial samples taken from the interior versus exterior of the aortic arch 

for either the circumferential or axial orientations (p-values ranged from 0.10 to 0.28). No 

significant difference in peak stretch was observed between interior and exterior axial 

uniaxial samples; however, a significant difference (p = 0.04) was observed for 

circumferential uniaxial samples. Samples near the exterior of the arch exhibited 9.6% 

larger stretch at peak stress than those from the interior. 

 

No significant difference was noted in experimental stretch at peak stress between the 

circumferential and axial directions (Figure 6.5c; 1.99 ± 0.07 versus 1.92 ± 0.16, p = 

0.36). The averaged experimental stress-stretch curves for both the circumferential and 

axial orientations are shown in Figure 6.6 along with the best-fit model curves. The 

specified and regressed model parameters of Table 6.1 allowed the model to match the 

experimental prefailure and failure results to within the 95% confidence intervals for both 

orientations.  
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Figure 6.5: (a) Typical measured tensile stress  vs. grip stretch response in a circumferentially oriented 

uniaxial sample. (b) Peak tensile stress of ascending aortic samples for both uniaxial experiment (solid, n = 

11) and model (diagonal lines, n = 11). (c) Stretch of ascending aortic samples at peak stress for both 

uniaxial experiment (solid, n = 11) and model (diagonal lines, n = 11). 
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Figure 6.6: (a) First Piola–Kirchhoff stress as a function of stretch ratio for the experiment (dots with 95% 

confidence interval) and model (solid blue line). Colored dots represent the mean experimental stress, and 

error bars depict the 95% confidence interval. The red square indicates the mean peak tensile stress and 

stretch, and the surrounding dotted black box indicates the 95% confidence interval for the peak 

experimental stress and corresponding stretch for (a) axial and (b) circumferential orientations. 

 

The neck region of the simulated uniaxial samples (both circumferential and axial) 

experienced the largest strains and stresses (not shown), as expected, and also the largest 

degree of fiber reorientation (Figure 6.7a and b). Fibers within the neck region were 

analyzed for their mean fiber orientation tensor  . As the simulated uniaxial sample was 

stretched, its fiber alignment changed from an initial orientation tensor               ~ 

[0.6 0.3 0.1] and steadily increased along the direction of stretch. 

 

a b 
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Figure 6.7: (a) Model circumferential Green strain     along the axis of pull plotted over the deformed 

model mesh at given sample stretches ( ). A representative neck region RVE network is shown and its 

corresponding fiber orientation tensor. (b) Model axial Green strain     along the axis of pull plotted over 

the deformed model mesh at a given sample stretch ( ). A representative neck region RVE network is 

shown and its corresponding fiber orientation tensor. 
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6.5.3 Equibiaxial Extension   

 

The first Piola-Kirchoff stress was plotted as a function of grip stretch for a representative 

biaxial sample, Figure 6.8a. All biaxial samples (     ), as with uniaxial samples, 

exhibited a nonlinear stress-strain response, and as all samples exhibited similar behavior, 

it is reasonable to consider the mean response (Figure 6.8b dotted lines). The tissue 

showed similar anisotropy under equibiaxial loading as under uniaxial loading. At peak 

extension, the stress ratio (circumferential to axial) was 1.44. The 95% confidence 

intervals for the two orientations overlapped each other (Figure 6.8b shaded area).  

 

The biaxial model (Figure 6.8c solid line) was in good agreement with the experiments. 

Stresses in the circumferential direction were slightly overpredicted but remained well 

within the 95% confidence interval (Figure 6.8c). Similar to the uniaxial simulations, 

regions with higher strains had greater changes in fiber rotation and fiber stretch (Figure 

6.9). However, regions with the largest strain, the arms, are not the region of interest 

(Figure 6.9a and b). Figure 6.9c depicts an element from the central region of the biaxial 

sample, showing the change in its fiber orientation. As expected for equibiaxial 

extension, in-plane fiber orientation of the elements in this region showed little change. 

 

6.5.4 Fitted Model Parameters 

 

The model parameters (fiber small-strain Young’s modulus    = 2.51 MPa, critical fiber 

failure stretch       = 2.17, matrix shear modulus G = 1.7 kPa, and the nonlinear fitting 

parameter   = 2.35) were regressed to the experimental data from both the uniaxial and 

biaxial experiments. 



 

 123 

   

 

Figure 6.8: (a) First Piola-Kirchoff stress as a function of engineering grip stretch for a representative 

biaxial sample. (b) Mean first Piola–Kirchhoff stress as a function of grip strain for the biaxial experiments 

(dashed purple line for axial and dashed green line for circumferential, n = 9) with 95% confidence interval 

(purple and green shaded areas, respectively). The striped shaded area represents overlap of the 95% 

confidence interval of the two orientations (p < 0.05). (c) Mean biaxial model first Piola–Kirchhoff stress 

as a function of grip strain (solid purple line for axial and solid green line for circumferential, n = 10) 

compared to mean experimental results (dashed purple and green lines, respectively, n = 9). 
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6.5.5 Peel to Failure   

 

Peel samples from both the circumferential        and axial        orientations 

were loaded to failure. Peel tension, grip force normalized by the specimen width, was 

used to measure delamination stress. When plotted as a function of grip displacement, 

following an initial peak, peel tension plateaus until total sample failure. Figure 6.10a 

shows force-per-width as function of displacement for a peel sample oriented in the 

circumferential direction with the plateau region marked with red triangles. Initial and 

end points of the plateau region were calculated by splining the data into 20 sections and 

determining where the slope was approximately equal to 0. The value of peel tension in 

the plateau region was averaged in order to determine the peel stress of each sample. The 

standard deviation of peel tension within the plateau region was evaluated to assess the 

degree of fluctuation during the peeling process. The average tension
 
of the plateau 

region for this sample was 63.8 mN/mm with a standard deviation of 4.02 mN/mm.  

 

A summary of the average peel tension and standard deviation of peel tension for all 

samples is shown in Figure 6.10b and c. The mean average peel tension was significantly 

higher (p < 0.01) for samples aligned axially vs. circumferentially, (97.0 ± 12.7 vs. 68.8 ± 

14.2 mN/mm, respectively) with an anisotropy ratio of 1.4. The mean standard deviation 

of peel tension showed similar anisotropy (p < 0.001) for samples aligned axially vs. 

circumferentially, (12.66 ± 2.22 vs. 5.78 ± 1.04 mN/mm, respectively). The anisotropic 

response was present even when the mean standard deviation was normalized by mean 

average peel tension (p < 0.05, 0.145 ± 0.037 vs. 0.088 ± 0.017, respectively). 

 

Regional analysis was performed to determine whether sample location had an effect on 

mean average or mean standard deviation of peel tension. First, samples, taken from both 

the axial and circumferential directions, were grouped according to their distance from 

the inner and outer curvature of the aortic arch. No significant difference (all p-values > 

0.10) was observed. Then, axially oriented samples were grouped by where peel failure 

was initiated (proximal or distal to the heart). No significant difference was seen in mean 
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average peel tension or mean standard deviation of peel tension between the two groups 

(all p-values > 0.60).   

 

 
 

Figure 6.9: (a) Model equibiaxial Green strain     plotted over the deformed model mesh at various 

sample stretches ( ). (b) Model equibiaxial Green strain     plotted over the deformed model mesh at 

various sample stretches ( ). (c) A sample center region RVE network is shown and its corresponding fiber 

orientation tensors for the stretches depicted in (a) and (b). 
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Figure 6.10: (a) Peel tension as a function of elongation for a circumferentially oriented peel sample with 

marks (red triangles) indicating the plateau region. Experimental mean average of peel tension  (b) and 

standard deviation of peel tension (c) for samples oriented both axially (n = 23) and circumferentially (n 

=13). Error bars depict the 95% confidence interval and * indicates p < 0.01 and ** indicates p <0.001. 

 

* **
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6.5.6 Shear Lap Failure 

   

Shear lap samples from both circumferential (n = 28) and axial (n = 26) orientations were 

loaded to failure. Force curves for shear lap samples (Figure 6.11a) exhibited catastrophic 

failure similar to uniaxial tests, in sharp contrast to the steady loads of a peel test. The 

maximum force per overlap area, the peak shear stress, was used to characterize sample 

failure. In Figure 6.11b and c, the red square indicates the mean peak shear stress and 

failure stretch, and the surrounding dotted black box indicates the 95% confidence 

interval, respectively, for circumferentially and axially oriented samples. 

Circumferentially oriented samples exhibited significantly higher (p = 0.013) peak shear 

stresses than axially aligned samples (185.4 ± 28.4 kPa vs. 143.7 ± 16.0 kPa, 

respectively). In both the axial and circumferential directions, shear lap failure stress is 

less than 20% of the failure stress necessary for uniaxial failure. The grip strain at failure, 

defined as the change in grip-to-grip distance divided by the original grip-to-grip 

distance, was used to quantify further the compliance of the tissue. Greater grip strain 

was necessary to fail samples aligned in the axial direction compared with those in the 

circumferential direction (1.63 ± 0.16 vs. 1.43 ± 0.17, respectively). Greater distensibility 

in the axial direction was a consistent trend throughout the samples, though the difference 

was significant (p = 0.07) only at the 90% confidence level. 

 

While in a loaded stress state an axially aligned lap sample was fixed by immersion in 

10% buffered neutral formalin solution overnight, embedded in paraffin, and prepared for 

histological investigation per standard techniques. Sections were stained with 

hematoxylin and eosin (HE) stain, Masson's trichrome stain, or Verhoeff's Von Gieson 

(VVG) consecutively. Figure 6.12 shows a deformed porcine thoracic aortic specimen 

with HE stain and a schematic detailing the global location of the image. The portion of 

the specimen in tension (bottom) shows marked radial compaction in comparison to the 

unloaded specimens. At the overlap surface, it appears that the shear stress is causing the 

elastic lamina to fold over on itself, causing detachment from the loaded neighboring 

lamina. Thus, failure along the lamella is translated to failure across lamella. 
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Figure 6.11: (a) Shear stress as a function of engineering grip strain for a circumferentially oriented lap 

sample. Mean shear stress as a function of stretch ratio for the circumferentially (b) and axially (c) aligned 

shear  lap samples (dots with 95% confidence interval). Colored dots represent the mean experimental 

stress and error bars depict the 95% confidence interval. The red square indicates the mean peak shear 

stress and stretch, and the surrounding dotted black box indicates the 95% confidence interval for the peak 

experimental stress and corresponding stretch. 

 

a 

c b 
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Figure 6.12: HE stain of lap sample fixed immediately prior to failure showing folding of medial lamina 

(black arrow) in the overlap region. 

 

Unlike the peel test, which has been used previously to investigate aortic tissue 

[183,199], to the authors' knowledge the shear lap test has never been used to investigate 

aorta or other cardiovascular soft tissues (Though Gregory et al. used a similar test to 

investigate the shear properties of the annulus fibrosus [223]). Therefore, strain tracking 

was performed, per our previous studies [116,129], in order to verify that the shear lap 

test, as applied to the ascending thoracic aorta, produced large shear strains in the overlap 

region. As expected, the displacements were primarily in the pull direction, and shear 

strain was largest in the overlap region (Figure 6.13a and b). In order to investigate the 

strain behavior of the tissue more fully, a line was drawn at the edge of the overlap 

surface, Figure 6.13c, and strains tangential and normal to the overlap edge were 

calculated (some samples were not analyzed due to poor speckling, n = 15 and n = 19 for 

axial and circumferential samples, respectively). The maximum strain in each direction 

was determined (Figure 6.13d). For both the axially and circumferentially aligned 

samples, the shear strain, Ent, was large in the overlap region, as desired. For the axially 

oriented samples, the shear strain was  higher than both the normal (p < 0.1) and 
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tangential strains (p < 0.01). For the circumferentially oriented samples it was 

significantly higher than the tangential strain (p < 0.05), and comparable to the normal 

strain (p = 0.26).  

 

 

Figure 6.13: (a) Displacement of the representative sample pictured in Figure 6.11a, adjusted to zero 

displacement at the center. (b) Strain of the representative sample in the xy-direction. (c) Dotted line 

showing overlap surface edge and vectors with normal and tangential directions. (d) Average strain on the 

overlap surface edge for both axially (n = 15) and circumferentially (n = 19) oriented samples. Error bars 

indicate 95% confidence intervals. One, two, and three plus signs indicate p < 0.10, p < 0.05, and p < 0.01, 

respectively. 

 

6.6 Discussion 

 

This study investigated tensile properties of the porcine ascending thoracic aorta using a 

range of mechanical tests that interrogated the tissue in all directions. Shear lap tests 

reveal that failure occurs at much lower stresses (~ 5 to 10X), than during uniaxial 
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extension [198,224], which is consistent with the laminate nature of the media. The 

typical anisotropic behavior observed in uniaxial and biaxial tests, i.e. higher strength in 

the circumferential vs. axial direction, was also seen in shear lap tests but was reversed 

for peel failure, consistent with others' observations [183,199,200]. We hypothesize that 

this difference is due to the anisotropy of the tissue combined with the sample shape and 

orientation.  

 

Our experimental data are consistent with previous studies. Garcıa-Herrera et al. [225] 

performed uniaxial tests using young (25 ± 3 years), healthy, human ascending aortic 

tissue and observed similar anisotropic behavior, stretch at peak stress, and peak tensile 

stress. Their reported tensile stress of 2180 ± 240 kPa for circumferential and 1140 ± 100 

kPa for axial samples are similar to our uniaxial results (2510 ± 979 kPa and 750 ± 228 

kPa for circumferential and axial samples, respectively). Vorp et al. [198], however, 

observed no significant difference in peak tensile stress between human specimens 

oriented axially and circumferentially, possibly due to greater subject age (51 ± 6 years). 

Stretch at failure showed no significant difference between the circumferential and axial 

cases and was similar to values reported by Garcıa-Herrera et al. (2.35 ± 10 versus 2.00 ± 

0.1 in circumferential and axial, respectively) and to our values (1.92 ± 0.16 and 1.99 ± 

0.07 for axial and circumferential, respectively). An equibiaxial study by Nicosia et al. 

[226] on healthy, porcine aortic root wall showed similar directional dependence with 

stresses at 30% strain of approximately 50 kPa and 90 kPa in the axial and 

circumferential directions, respectively, comparable to our results of 58.4 kPa and 76.2 

kPa. Unlike the results of Nicosia et al., which remained linear up to 40% strain, our 

results were pronouncedly nonlinear. Sommer et al. [199], performed peel tests on 

nonpathologic human abdominal aortas (36 to 75 years) and observed similar anisotropic 

behavior. Their reported values for average peel tension (22.9 ± 2.9 mN/mm and 34.8 ± 

15.5 mN/mm for circumferential and axial samples, respectively, mean ± SD), while 

significantly lower than our values have a similar anisotropy ratio, (1.5 to our 1.4). Their 

average standard deviations for the directions showed strong anisotropy, which we also 

observed. In addition, Sommer et al. presented histological images of the dissection 
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surface fixed under load which show the surface to be much rougher for samples oriented 

axially than those oriented circumferentially and suggest that the orientation of the 

fibrous components may explain the higher resisting peel tension and variance in peel 

tension observed for axial samples. Pasta et al. [183], performed peel tests on both 

nonaneurysmal ascending aorta and nondissected aTAAs from human subjects (41 to 79 

years). Again, the typical plateau behavior of a peel test was observed as well as strong 

anisotropy favoring the axial direction. Average peel tension for the nonaneurysmal aorta 

was close to the range determined in this study, (126.0 ± 6.6 mN/mm and 149.0 ± 7.6 

mN/mm for circumferential and axial samples, respectively, mean ± SD) and exhibited a 

similar anisotropic ratio, (1.2 to our 1.4). No analysis was done on the fluctuation of peel 

strength throughout the plateau. To the author's knowledge shear lap testing has not been 

performed on tissue from elastic arteries before and though there has been some work to 

characterize vessels in torsion [105], shear failure was not studied. 

 

Having confirmed that our experimental data are consistent with previous studies, we will 

focus on the model for the remainder of the discussion. The multiscale model was able to 

reproduce the ex vivo testing results in both the uniaxial and biaxial testing 

configurations. The advantage of a multiscale model is to link observed macroscale 

properties to changes in microscale structure (Table 6.1 and Figure 6.4). The model was 

able to capture the anisotropic response in both the uniaxial and biaxial simulations, in 

agreement with our experimental results. It is important to note that our study, similar to 

other studies [197], is limited in that physiological strain rates are higher than those used; 

thus, the model should be seen as approaching the quasi-static limit. The model 

demonstrated smaller confidence intervals (for both peak tensile stress and peak stretch) 

relative to experimental results, suggesting the method to model fiber failure could be 

modified to increase variance. Additionally, variance could be increased by using a 

stochastic element for fiber failure or by introducing more variability in the model 

networks. A stochastic failure model would be consistent with the wide range of failure 

lengths seen for fibers such as collagen, where       can range from 1.2 to 1.7 [227]. 
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In-plane fiber rotation (in the area of interest) was more prevalent in uniaxial than biaxial 

simulations (Figure 6.7 and Figure 6.9). Fibers in the uniaxial circumferential simulations 

were predominately aligned in the direction of pull and, therefore, could only stretch and 

not rotate at the onset of macroscale strain. Fibers in uniaxial axial simulations were 

predominately aligned perpendicular to the direction of pull; therefore, when macroscale 

strain was applied, fibers first rotated and then extended. The rotation of fibers resulted in 

lower forces in uniaxial axial simulations for the same amount of macroscale strain in 

uniaxial circumferential results. The model permits for free rotation of fibers, which 

overestimates a fiber’s capacity to rotate, as in vivo obstacles such as neighboring fibers 

and matrix are not taken into account in fiber rotation. 

 

An important simplification of the tissue microstructure in the model was that a single, 

idealized network of uniform-diameter fibers was employed in parallel with a neo-

Hookean component to account for all structural contributions including collagen, elastin, 

extracellular matrix, cells, and interstitial fluid. Even with this simplification, the 

complex mechanical response of both uniaxial and biaxial extension was still captured. 

We expected the neo-Hookean component to dominate at low strain, representing elastin, 

while the fiber network would dominate at high strains, representing collagen. Therefore, 

initial model fiber parameters were chosen to simulate collagen, but those values led to 

vastly overpredicted forces (data not shown). When fiber model parameters were fit to 

the experimental data, the resulting values (Table 6.2) described the behavior of elastin 

more closely than collagen, suggesting that elastin plays a dominant role dictating 

behavior in the tissue in in-plane tension. A previous study also indicated that intrinsic 

elastic properties dictate distensibility of the aorta [228]. In addition, a collagen-based 

fiber network would not be able to achieve a stretch of 2.0 since collagen fibers have a 

      closer to 1.4 [211], while elastin can reach stretches up to 3 [229]. Histological 

evidence supports a large elastin contribution as studies have shown more elastin than 

collagen exists in the ascending aorta (by dry weight 35% elastin, 22% collagen [32]). 

Hence, our fitted       value of 2.17 represents the combined effect of the two proteins. 
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Our fitted value (2.51MPa) of small strain Young’s modulus is within the range of values 

reported for elastin (estimated 0.3 -10 MPa) in vessel walls [26,230,231]. 

 

6.7 Modeling Modification 

 

We have investigated the biomechanical tensile properties of the aortic media in the 

circumferential and axial orientations, which are relevant to rupture of the vessel, but 

dissection of ATAA depends strongly on the strength of the tissue in the shear and radial 

tension [232]. The model failed to capture the biomechanics of the tissue in both the peel 

and shear lap geometries. Currently, the model does not consider the concentric, 

circumferential layers of elastin, collagen, and smooth muscle, which form the medial 

lamellae [233]. We therefore propose the modification of the single, idealized network 

presented herein arguing that by revising the simplified microstructural organization of 

this model we will be able to capture the tissue's biomechanics in modalities more 

relevant to dissection. The tissue-specific network is designed to capture the different 

fibrous materials within the aortic wall. 

 

The aorta is organized into thick concentric medial fibrocellular layers which can be 

represented by discrete structural and functional units [195]. The lamellar unit, detailed 

by Clark and Glagov [27], consists of an elastic lamina sandwiched between two sheets 

of smooth muscle cells. Therefore, the network is designed to simulate the architecture of 

this discrete lamellar unit. Histological analysis was done in order to visualize the 

lamellar unit. Portions of unloaded porcine ascending aorta were cut such that the 

transmural structure was aligned in the circumferential (i.e. horizontal) direction and 

fixed in 10% buffered neutral formalin solution overnight, embedded in paraffin, and 

prepared for histological investigation per standard techniques. Sections were stained 

consecutively with HE stain (Figure 6.14a) to visualize smooth muscle cell nuclei, 

Masson's trichrome stain (Figure 6.14b) to visualize collagen, and VVG stain (Figure 

6.14c) to visualize elastin. 
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Figure 6.14: Lamellar Structure of Thoracic Aorta at 10x and 40x magnification. HE stain allows 

visualization of smooth muscle cell nuclei (dark purple) as well as elastic lamina (pink layers). Masson's 

trichrome stain allows visualization of collagen (blue) within the lamina and smooth muscle (red). VVG 

stain of allows visualization of elastin in both the lamina (black) as well as in the interlamellar space 

(purple). The model network mimics the lamellar unit structure of the thoracic aorta; combining collagen 

and elastin into a 2D sheet to represent the elastic lamina, connecting lamina with fibrous interlamellar 

connections, and filling the remaining volume with a nearly incompressible matrix. 

 

The final network structure is shown in Figure 6.14d. The elastic lamina is represented by 

a 2D sheet of elastin and collagen fibers. Previous studies have shown that collagen fibers 

within the arterial media have a strong preferential orientation in the circumferential 

direction [27,32,195,215,234], so collagen fibers within the elastin-collagen sheet are 

generated such that they exhibit strong circumferential orientation. Fiber stiffness, 

nonlinearity, and failure stretch are quantified using the results of Lai et al. [209]. 

Histological and compositional evidence [27,32,195,215,234] supports a large elastin 

contribution, with more elastin than collagen within the ascending aortic wall. Therefore, 

based on the histological observations of Sokolis [32], the overall ratio of elastin to 
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collagen within the 2D sheet is set to ~ 1.6. Elastin fibers are generated such that 

orientation is approximately isotropic within the plane and fiber stiffness, nonlinearity, 

and failure stretch are set to the values fit in Table 6.2. The radial properties of the aorta 

are less well established [235], but extremely important as it is the interlamellar 

connections that dictate delamination and thus aortic dissection. The structural 

components that radially connect lamina are an unclear combination of smooth muscle 

cells, fine collagen fibers, and fine elastin fibers [199,235]. Figure 6.15a shows a 

specimen for which the layers were peeled apart highlighting the importance of both the 

smooth muscle cells (solid arrow) and fine collagen fibers (dashed arrow) within the 

interlamellar connections. A fine elastin fiber, discussed in Maclean et al. [235], 

connecting two parallel lamina is shown in Figure 6.15b. The interlamellar connections 

within the model network were designed to encompass the combined effect of all 

structural components contributing to radial strength. They favor the circumferential 

direction as smooth muscle cells exhibit strong preferential circumferential alignment. 

Initial fiber parameters (fiber stiffness, nonlinearity, and failure stretch) for the 

interlamellar connections are specified based on a fit of Maclean's experimental stress-

strain behavior of the upper thoracic aorta subjected to radial failure [235]. The volume 

fraction for the tissue-specific network was set to 5% [234].   

 

In addition to the smooth muscle cells and connective tissues present within the lamellar 

unit there is also fluid, primarily extracellular water [195], causing the deformation to be 

nearly isochoric. Therefore, similarly to the simplified network, a nonfibrillar, neo-

Hookean the extracellular matrix) is added to the network with a Poisson’s ratio, 

      , (nearly incompressible) [210]. Again, the fiber network and nonfibrous 

material operate as functionally independent until failure, at which point network failure 

dictated simultaneous matrix failure. Stresses developed by the new tissue-specific 

network and matrix are additive as in other constrained mixture type models [236].  
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Figure 6.15: (a) Masson's trichrome stain of aortic layers at point of failure in peel test with smooth muscle 

cells (solid arrow) and fine collagen fibers (dashed arrow) indentified within the interlamellar connections. 

(b) VVG stain of aortic layers with a fine elastin fiber, connecting two parallel lamina indicated (solid 

arrow). 

Creating a model which can replicate experimental results from all mechanical tests 

performed (equibiaxial, uniaxial, peel and shear lap), to fully represent failure as seen in 

ATAA, is important to determining whether the model can have predictive in addition to 

analytical value. As we move forward to more patient-based geometries and simulations 

involving more realistic combined loading situations validation of the model in multi-

dimensional loading will be crucial. To properly investigate the radial and shear loading 

conditions the simplified microstructural organization of the model presented in this 

chapter will need to be revised/expanded and the proposed change in microstructure is 

promising. The lamellae’s structure is an essential component in modeling dissection of 

ATAA as radial and shear loading involve failure of the interlamellar connections rather 

than the lamina itself. In spite of the simplifications, the good agreement between the 

multiscale model and the experiment, for both prefailure and failure behavior in uniaxial 

and biaxial tests, indicates a high potential for use in the more complex geometry, 

architecture, and loading configuration that arise in ATAA. 

 

a b 
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Chapter 7: Conclusion 

 

The soft tissues of the cardiovascular system have unique load-bearing capabilities. The 

ventricle walls themselves expand and contract over 2.5 billion times during the average 

human life span [195]. The elastic nature of the ascending aorta is crucial to the 

maintenance of continuous blood flow as blood ejected during systole is partly stored by 

expansion of the aortic wall and then moved forward during diastole by elastic recoil. 

This work couples theoretical and experimental methods for the mechanical 

characterization of complex cardiovascular soft tissues evaluating their multiaxial 

mechanical behavior. The methods herein address the intrinsic complexity of 

cardiovascular soft tissues (heterogeneity, anisotropy, and nonlinearity) adding 

significantly to the current understanding of these tissues. The paragraphs that follow 

provide a brief overview of the most relevant and interesting results of this work. 

 

7.1 Modifying GAIM for Nonlinear Kinematics and Applying it to 
Rat Right Ventricle (Chapter 2) 
 

In order to characterize fully a cardiovascular soft tissue, its behavior must be considered 

in a variety of loading modalities. In chapter 1, the various loading modalities 

(indentation, inflation, and extension) typically imposed in the study of soft tissues were 

discussed as well as a number of relevant constitutive models and inverse approaches. 

The Generalized Anisotropic Inverse Mechanics (GAIM) method was introduced in 

chapter 1, and its ability to provide general tissue characteristics in terms of stiffness, 

anisotropy strength, and preferred orientation was highlighted. However, the linear 

assumption implicit in GAIM limited its utility, particularly in the case of cardiovascular 

soft tissues, which exhibit markedly nonlinear behavior when operating at physiologic 

strain levels. Consequently, the first modification to GAIM was to the stress relation 

(Eqn. 2.1) to account for nonlinear kinematics by considering the Green strain rather than 

linear strain and the 2
nd

 Piola-Kirchoff stress rather than the Cauchy stress. The resulting 

elasticity tensor was analogous to the linear elasticity (with the same major and minor 
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symmetries), but quantified the material as neo-Hookean. The large-deformation 

extension of the GAIM method was capable of quantifying regional variation in both the 

stiffness and anisotropy of the decellularized ventricle. 

 

In addition to the extension of GAIM, the mechanical consequences of the removal of the 

cellular content of the ventricle by perfusion decellularization were determined. GAIM 

indicated higher stiffnesses for the perfusion-decellularized ventricular tissue in 

comparison to the control, which was consistent with the change in sample thickness 

suggesting that the cellular contribution to stiffness was small. Mechanical anisotropy did 

not vary between the decellularized and control samples nor did they show significant 

differences in the spatial variation of their mechanical properties. Therefore, we 

concluded that perfusion decellularization does not show regional preference and that 

perfusion decellularized tissue can be used as a model for studying mechanical changes 

to the heart's extracellular matrix.  

 

7.2 Applying the Closed-Form Nonlinear Structural Model to Rat 
Ventricle (Chapter 3) 
 

As discussed in chapter 1, a common technique for the characterization of soft tissues 

involves identifying an appropriate strain energy relation and fitting its associated 

material parameters to experimental data. Determining an appropriate strain energy 

relation which captures the complex behavior of soft tissues is difficult. One common 

technique is to represent the tissue as a fiber-reinforced composite, combining a 

continuous matrix and a population of fibers, and assuming the constituents deform 

affinely with both macroscopic deformation and stress being additive. In chapter 3, one 

such model, a close-form structural model of planar fibrous tissue mechanics (NFSM) 

developed by Raghupathy and Barocas [124], was utilized to describe the biaxial 

behavior of rat ventricle. The model was selected due to its ability to describe a wide 

range of material responses with a relatively small number of parameters and its closed-

form nature which causes it to be very efficient computationally. It showed great success 

in describing the mechanical behavior of rat heart ventricle in a variety of biaxial loading 
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configurations, as demonstrated by comparison between experimental and model force-

displacement graphs and full-field deformations. The efficient nature of the NSFM 

combined with its ability to describe the nonlinear, anisotropic multiaxial behavior of 

cardiovascular soft tissues made it an attractive model for the computational simulations 

considered in chapters 4 and 5.  

 

7.3 An Alternative Approach to Computational Dissection   
(Chapter 4) 
 
The partitioning scheme utilized to separate the sample domain into homogenous 

subdomains was a shortcoming of the GAIM method [113]. It tended to create many 

partitions that were all similar in size and shape and often created many superfluous 

partitions. The deformation gradient field jump segmentation method of chapter 4 is a 

major advancement in the computational dissection of heterogeneous tissues. It uses the 

jump in the deformation gradient across a finite element boundary as a measure of the 

local change in material properties and employs graph theory to determine the boundaries 

of mechanically similar regions. The method identified the location, size, and shape of 

different homogeneous regions for simulated tissue samples (prescribed with both abrupt 

and gradual changes in anisotropy strength, prescribed fiber alignment, stiffness, and 

nonlinearity), for tissue analogs (PDMS and collagen gels), and actual soft tissue samples 

(cadaveric supraspinatus tendon and thoracic aorta containing transmural plaque). Many 

studies considering the heterogeneous properties of soft tissues (including our own in 

chapter 6), are hindered by the cutting process itself: the tissue must be cut into many 

small sections for testing and each section is assumed homogeneous. The proposed 

computational dissection method offers an attractive alternative allowing non-destructive 

segmentation to adjust to the unique physical boundaries of a sample post-testing. 

 

7.4 Capturing Large-Strain Nonlinear Behavior by Applying GAIM 
Discretely (Chapter 5) 
 

The NGAIM method is the culmination of a long journey. In order to apply NGAIM, a 

sufficient set of biaxial experimental protocols must be performed on a tissue specimen 
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and the full-field strain and grip normal and shear forces must be measured. Raghupathy 

[115] created a robust image correlation technique for the accurate estimation of full-field 

displacements from motion capture of soft tissues. Since errors in the displacement field 

are amplified due to the gradient operator utilized in GAIM and the inverse method is 

direct, making it more sensitive to errors than iterative methods, this was a crucial step in 

the development of GAIM. The acquisition of six degree of freedom load cells [171] has 

enabled the measurement of both the normal and shear forces at the grip arm. As the load 

cells measure both force in the direction of pull and force perpendicular to the direction 

of pull, the linear system in the arms is well-conditioned despite their low levels of 

transverse displacement. In addition, asymmetric sample shape and asymmetric sample 

configuration (i.e. aligning material axes such that they do not correspond with machine 

axes) as demonstrated by Sacks [194], are means of generating higher shear strains. 

Unique multiaxial testing devices [108,111] are capable of imposing planar loading 

conditions which better span strain space and more deeply investigate shear. Finally, the 

creation of a new deformation gradient jump based partitioning scheme (chapter 4) 

enabled better sample segmentation. 

 

The work of Raghupathy [113,115] cannot be overstated as it is the foundation on which 

NGAIM relies. The approach directly solves the finite element representation of the 

stress balance to determine the material properties of anisotropic, inhomogeneous 

samples. The modification of chapter 2 allowed for the consideration of nonlinear 

kinematics, but it is the approach of chapter 5 which enables NGAIM to consider fully 

the tissue's nonlinear behavior. The key to extending GAIM was to consider the nonlinear 

force-displacement curves without sacrificing the tremendous efficiency advantage of the 

linear model. My strategy involved discretizing each nonlinear curve into many short 

linear segments, from which a set of piecewise neo-Hookean elasticity tensors were 

calculated. For the first step, the GAIM method, as applied in chapter 2, is utilized to 

determine the neo-Hookean elasticity tensor. For the remaining steps, a piecewise linear 

model is utilized and the neo-Hookean elasticity tensor is constrained such that it both 



 

 142 

satisfies the stress balance and varies minimally from the preceding step's elasticity 

tensor.  

 

The power of NGAIM is two-fold: (1) it allows for the computational dissection of 

complex, heterogeneous soft tissues enabling the discernment of regional variation within 

a single tissue and providing information about how the tissue transitions and (2) it 

generates data-driven strain-energy functions for each region within the tissue. NGAIM, 

as an analytical method can be applied to examine regional mechanical differences in 

planar, nonlinear, anisotropic, highly extensible tissue samples from all over the body. 

Diverse conditions such as dermal wound healing, fibrotic lung disease, myocardial 

infarction, and tendon/ligament injury, all involve spatial variations in tissue mechanics 

and could be studied utilizing the NGAIM approach. 

 

7.5 Multidirectional Failure of Ascending Aorta (Chapter 6) 
 

In chapter 6, we consider a different cardiovascular soft tissue, ascending aorta. A 

traditional approach to heterogeneity was used in which porcine ascending aorta was cut 

into many samples, each sample was mechanically interrogated, and analysis assumes 

homogeneity. The main advance in the study was the use of two novel test methods, the 

peel test and the shear lap test, to measure material failure in radial tension and 

transmural shear, respectively. The peel test results confirmed observations made by 

others [183,199] suggesting that the typical anisotropy expected of arteries (higher 

circumferential vs. axial stiffness) is reversed in the transmural direction. As Sommer 

[199] suggested, this may be a protective mechanism since dissection in the axial 

direction is often associated with failure across elastic laminae whereas dissection in the 

circumferential direction typically propagates between adjacent laminae. Though the 

shear lap test has been used on annulus fibrosus [223], it has not been applied to 

cardiovascular soft tissues. The loading curve for the shear lap failure of ascending aorta 

showed catastrophic failure similar to that of a uniaxial test rather than the sliding 

behavior seen by Gregory et al. [223]. The failure behavior observed for the shear lap test 
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retained the typical anisotropy expected of arteries, but required a much lower stress than 

that of uniaxial failure consistent with the laminate nature of the artery. 

 

The work of chapter 6 highlights an important assumption implicit within NGAIM (and 

GAIM) which may hinder its use. Though often planar, cardiovascular tissues generally 

have a layered structure with varying transmural properties. In addition, characteristics 

that we wish to study - the failure of the ascending aorta in aneurysm and the growth and 

remodeling of the tissue following injury (e.g. myocardial infarction) - have transmural as 

well as planar heterogeneity. If these tissues are to be studied effectively, the implicit 

assumption in our analysis, that the displacement experienced by biaxial samples is 

uniform through the tissue's thickness and that the mechanical properties determined can 

be interpreted as a transmural average, must be addressed. These presumptions are likely 

only true if the tissue is separated into layers and each layer is biaxially tested separately. 

Thus, combining the traditional experimental approach to heterogeneity with the new 

computational NGAIM approach.  

 

However, as shown by the shear lap and peel test results, the interlamellar connections 

attaching the layers are important to tissue function, critical in the case of an ascending 

aortic aneurysm. The multiscale model presented in chapter 6 with the proposed three-

component network has the potential to capture the three-dimensional response of the 

aorta by linking microscale failure to the macroscale response. However, as indicated by 

Hadi et al. [211], even the multiscale model proposed is limited in that the network 

structure (both the organization and proportions of its constituents) is allowed only 

limited random variation. In order to consider heterogeneous tissues, experimentally 

derived material parameters are needed to guide network design. Leveraging the capacity 

of GAIM to determine regional variation with the predictive three-dimensional 

capabilities of the multiscale model holds great promise for the characterization of 

complex cardiovascular tissues.  
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In conclusion, the work presented in this thesis marks the development and use of novel 

theoretical and experimental approaches for the analysis of complex cardiovascular soft 

tissues. An analysis method was developed, NGAIM, that can be applied to examine 

regional mechanical differences in planar, nonlinear, anisotropic, heterogeneous, tissue 

samples from all over the body. Finally, the partnering was proposed which exploits the 

characterization capacity of NGAIM with the predictive capacity of the multiscale model 

to create full three-dimensional simulations of cardiovascular soft tissue behavior.   
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Appendix A: Kelvin Moduli - Determining Stiffness and 
Anisotropy  
 

For a general linear, elastic material the stress-strain relation is  

              A.1 

where   is the symmetric fourth-order elasticity tensor,   is the Cauchy stress, and   is 

the linear strain. When the fourth-rank elasticity tensor,  , is compacted into a two-

dimensional matrix using major and minor symmetries and then converted into a second-

order tensor,   , the relation becomes  

             A.2 

The eigenvalue problem of    is what Lord Kelvin [123] referred to as principal 

elasticities, and these represent symmetry states where    takes a strain    and produces a 

stress    that is parallel to it [122,237]. 

                  A.3 

where the eigenvalues,  , are the so-called Kelvin moduli. For an isotropic material there 

is one eigentensor of dilatational mode, and two eigentensors of isochoric (distortional) 

mode. The largest Kelvin modulus is associated with the dilatational mode and can be 

converted into a Young’s modulus, as done previously by Raghupathy [113]. For most 

soft tissues, materials with a single symmetric fiber distribution, the largest Kelvin 

modulus also corresponds to a dilatation mode [36]. Therefore, for this analysis, we use 

the largest Kelvin modulus,   , as a measurement of the stiffness of the tissue because it 

is related to a stretch in the direction of average fiber orientation.  

 

The corresponding eigenvectors,        , can be normalized and then projected back 

into tensor form as a strain eigentensor  

     
   
   
   
             

  
 

  
  

  
 
  A.4 
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The strain eigentensor    is a strain state and is used to determine the orientation of the 

material. If this strain state is applied to the material the stress produced is parallel to the 

strain. The principal directions         and principal values          of the strain 

eigentensor give a measure of the preferred fiber orientation, denoted  , as well as the 

strength of alignment. Strength of alignment is indicated by an anisotropy index, denoted 

 , which is determined by the principal values of     where      . 

   
         

         
 A.5 

The anisotropy index,  , gives a measure of the degree of alignment similar to the 

normalized retardation determined from quantitative polarized light imaging. The values 

of    vary from 0 for an isotropic sample to 1 for a perfectly aligned sample. For example, 

if the sample were orthotropic with            ,            , and       

              the resulting value of    would be 0.41. 
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Appendix B: Extension of the Inverse Matrix Formulation 
to Account for Nonlinear Kinematics  
 

Consider a body (occupying domain   with boundary  ) undergoing elastic deformation 

in the undeformed configuration. For a neo-Hookean material the 2nd Piola Kirchhoff 

stress is determined by equation 2.1,             , and the stress balance is given by 

equation 2.2,                  , where   is the 2
nd

 Piola-Kirchhoff stress,   is the 

Green strain,   is the deformation gradient tensor,   is the neo-Hookean elasticity tensor 

(an elasticity tensor analogous to   in linear elasticity) and differentiation is with respect 

to the undeformed coordinates. Using the Galerkin finite element method [238], the weak 

form of equation 2.2 is  

 
                     
  

   B.1 

where   is the test function. The forces measured on the grip arms during biaxial testing 

are the combined reaction to the displacement of the sample boundary, essentially 

quantifying the integral of the force over the sample boundary. Therefore, it can be 

assumed that deformation is applied using a traction boundary condition such that  

                  on          B.2 

where   is the normal vector on the boundary and   is the prescribed traction vector at the 

boundary. Applying the traction boundary condition and integrating by parts yields 

 
                   
  

                    
  

 B.3 

Substituting in the traction vector,   ,  

 
        
  

                    
  

 B.4 

Using the Galerkin basis functions,   , for the test functions, the finite element 

discretized form is 
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 B.5 

where index   corresponds to the node in the finite element, and the summation denotes 

the assembly over all finite elements. Following [113,115], the goal of the GAIM method 

is to determine the component of the neo-Hookean elasticity tensor,      , and their 

variation over the domain   . Assuming       is constant over each element the 

equation is restated as a global linear matrix equation  

      B.6 

where,   is the column vector of       components for all partitions,   is the assembled 

column vector of nodal forces (both tractions and reactions), and   is a matrix consisting 

of the terms that remain when the material parameter terms on the right hand side of 

equation B.5 are factored out. For two dimensions, the elemental   vector, denoted    

is analogous to the elemental elasticity vector,   

                                         
  B.7 

The elemental   matrix, denoted   , is given by  

       
    

          
   

 
 B.8 

where     is the number of nodes in each element. Each   
  matrix is the integral of   

  

over the element and represents the contribution to node   with   
  given by  

  
  

 
 
 
 
 
 
 
 

                
                

                                      

                                                        

                                                        

                                       
 
 
 
 
 
 
 

 B.9 

In obtaining equation B.9 we have used the fact that       has the same major and minor 

symmetries as the linear elasticity tensor, collapsed the strain terms into a vector     

                       and collapsed the deformation gradient tensor terms into a 

vector                               . Equation B.6 is the nodal force balance 

and contributes one equation for each spatial dimension for every node. 
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Appendix C: Deformation Gradient Fields, Simulation 
Results, and Comparison with Existing Method for 
Automatic Segmentation Method  
 

C.1 Deformation Gradient Fields 

 

Figure C.1: Fiber alignment and full-field deformation gradient tensor components for strip biaxial 

extensions of (a) simulated sample with inclusion for which the inclusion varies only in prescribed fiber 

orientation (80  vs. 20 ) and (b) simulated radially symmetric sample for which the prescribed fiber 

orientation varied. 
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Figure C.2: Full-field deformation gradient tensor components for equibiaxial extension of aortic sample 

containing a large arteriosclerotic transmural plaque.  

 

 
Figure C.3: Full-field deformation gradient tensor components for equibiaxial extension of supraspinatus 

tendon sample.  
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C.2 Results for Additional Simulations 

 
 

Figure C.4: Sum of normalized deformation gradient jumps for all three extensions for the simulated 

sample containing the inclusion with strength of alignment different from the bulk 
                               (a) and for the radially aligned simulated sample with varied strength 

of alignment (d). Partitions, overlaid on sample geometry with contour map indicating strength of 

alignment, identified inclusion (b) and radial symmetry (e), respectively. Modularity as a function of 

connections removed for both the simulated sample containing the inclusion (c) and the radially aligned 

simulated sample (f). Blue dots indicate values when a connection is removed, open red circles indicate 

when a community is formed, and the green stars mark when the final community formed. 
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Figure C.5: Sum of normalized deformation gradient jumps for all three extensions for the simulated 

sample containing the inclusion with stiffness different from the bulk                             
       (a) and for the radially aligned simulated sample with varied stiffness (d). Partitions, overlaid on 

sample geometry with contour map indicating stiffness, identified inclusion (b) and radial symmetry (e), 

respectively. Modularity as a function of connections removed for both the simulated sample containing the 

inclusion (c) and the radially aligned simulated sample (f). Blue dots indicate values when a connection is 

removed, open red circles indicate when a community is formed, and the green stars mark when the final 

community formed. 
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Figure C.6: Sum of normalized deformation gradient jumps for all three extensions for the simulated 

sample containing the inclusion with stiffness different from the bulk                              
(a) and for the radially aligned simulated sample with varied nonlinearity (d). Partitions, overlaid on 

sample geometry with contour map indicating nonlinearity, identified inclusion (b) and radial symmetry 

(e), respectively. Modularity as a function of connections removed for both the simulated sample 

containing the inclusion (c) and the radially aligned simulated sample (f). Blue dots indicate values when a 

connection is removed, open red circles indicate when a community is formed, and the green stars mark 

when the final community formed. 
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C.3 Comparison of the Automatic Segmentation Scheme Presented 
in Chapter 4 and the Partitioning Method from GAIM  

 
 
Figure C.7: Partitioning results for the heterogeneous PDMS sample and the collagen tissue-equivalent 

sample incubated for 11 days from both the original GAIM partitioning method [116] and the new 

automatic segmentation scheme, Chapter 4. 
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Appendix D: Method Example and Step Size Determination 
for Stepwise Utilization of Generalized Anisotropic Inverse 
Mechanics Method 
 

D.1 Method Example 

 

In order to illustrate the discretization of GAIM into multiple steps, data from the 

simulation involving an inclusion, which was partitioned in Chapter 4, will be used. 

Experimentally, a cruciform sample is speckled (to facilitate image correlation) and 

deformed under various biaxial conditions, as described previously [116,129]. Digital 

image correlation is used to generate full-field strain for the sample for every extension 

[115]. Per the GAIM protocol, prior to each extension, the tissue is returned to the initial 

unloaded configuration. Full-field deformation and grip forces for each loading condition 

were simulated using the closed-form structural  model of planar fibrous tissue mechanics 

(NSFM) of Raghupathy and Barocas [124] used previously for the characterization of a 

variety of soft tissues [115,171,239]. Anisotropy strength (     ), stiffness (  

     ), and nonlinearity (    ) were set to best fit values for rat myocardium 

determined previously [239]. Following the work of Raghupathy and Barocas [113], the 

preferred fiber orientation was set such that the inclusion was rotated relative to the 

sample bulk, ( 
    

     and  
         

    ). The displacement for each node of the 

sample mesh was determined by the NSFM. Figure D.1 shows the sample geometry and 

anisotropy as well as full-field deformation for the equibiaxial and right-arm-only 

extensions at maximum grip strain (30%) for the simulation. There is a large horizontal 

displacement of the center of the sample in the asymmetric loading protocol. The grip 

strain vs. time and grip force vs. time curves for the equibiaxial extension and the right-

arm-only extension are shown in Figure D.2. Forces on the left and bottom arms are 

shown as negative for clarity; as this is a static analysis the overall force balance must be 

maintained. The shear forces at the arms are included in the analysis since they can be 

obtained using 6-degree-of-freedom load cells (JR3 Inc., Woodland California). When 

applying GAIM, a linear approximation is made concerning the material behavior, in 
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essence generating a higher-dimension analog of a secant modulus rather than a full 

description of the nonlinear behavior of the tissue. Clearly, this is not a reasonable 

assumption for cardiovascular soft tissues and should not be extended beyond the small-

strain behavior. 

 
Figure D.1: The full-field deformation for the equibiaxial and right-arm-only extensions at maximum grip 

strain for the simulated sample containing an inclusion in which the fiber orientation is rotated. 
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Figure D.2: The grip strain vs. time and grip force vs. time for the equibiaxial and right-arm-only 

extensions for the simulated sample. The sample exhibits marked nonlinearity in both extensions. 

 

D.2 Step Size Determination 

 

To fit GAIM to the data in a stepwise manner, first an appropriate step size must be 

determined. In order to determine step size, lines were fit to the force vs. time curves for 

each biaxial extension, as shown in Figure D.3 for the representative simulation discussed 

in the previous section. The coefficient of determination, r-squared, was used to evaluate 

the linear fit. If the slope of the data was sufficiently non-zero                       

       , then the r-squared value was calculated. The minimum r-squared value 

calculated for all steps and all protocols and if it was less than 0.9 (the level at which a 

stepwise linear approximation was deemed appropriate), the step size was reduced. For 

the representative simulated sample, a step size of 0.5 seconds was selected and the 
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minimum r-squared value calculated for all steps and all protocols was 0.9044. The 

displacement fields for the sample at the end of each step for the equibiaxial and right-

arm-only extensions are shown in Figure D.4 a and b, respectively. 

 

 
Figure D.3: Final step size fits for the equibiaxial and right-arm-only extensions for the simulated sample 

containing an inclusion in which the fiber orientation is rotated, shown in Figure D.1. Ten steps were 

utilized to describe the force behavior. 

 

The step size is an important specification when implementing nonlinear GAIM. The 

NSFM simulation has nearly infinite time resolution, so any step size can be 

accommodated. Experimentally, there are practical limits that limit how much step size 

can be reduced. The resolution and data acquisition rate of available load cells must be 

considered. In addition, if full-field displacement is determined optically, both frame rate 

and spatial resolution must be considered. The maximum displacement of a node in any 

step of the representative simulation is 0.09 mm, which assuming a spatial resolution 

similar to that achieved previously [116,129], is equivalent to approximately 8 pixels, a 

value that is reasonable given the image analysis and strain tracking methods utilized 

experimentally [115,116]. The measurement of loads at low levels require load cells with 

excellent resolution and accuracy. In addition, precise levels of preload and 

preconditioning must be applied carefully. For experimental data obtained using the 

biaxial tester (Instron
b
), load cells (JR3 Inc. [171]) and digital camera (Cannon, 24 fps, 

1080p HD resolution) available at the University of Minnesota, a step size of 0.5 seconds 

is reasonable. 

                                                 
b
 Available at the University of Minnesota http://bme.umn.edu/research/tissuemech.html 



 

 182 

 

 
Figure D.4: Displacement field for equibiaxial and right-arm-only extensions for the representative 

simulation at the end of each step.  
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D.3 NSFM Fitting of NGAIM Results 

 
 

Figure D.5: Strain energy determined using NGAIM (colored dots), strain energy determined by the 

NSFM fit with an initial value of B = 12.9 (colored squares), and strain energy determined by the NSFM fit 

with an initial value of B =1.0 (colored triangles) vs. the strain energy generated by the NSFM simulation 

with prescribed alignment for all biaxial extensions for the element within the inclusion (a) and the element 

just outside of the inclusion (b). The diagonal black line indicates a perfect prediction.  
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Figure D.6: Strain energy determined using NGAIM (colored dots), strain energy determined by the 

NSFM fit with an initial value of B = 12.7 (colored squares), and strain energy determined by the NSFM fit 

with an initial value of B =1.0 (colored triangles) vs. the strain energy generated by the NSFM simulation 

with prescribed alignment for all biaxial extensions for the element near the center (a) and an element near 

the edge (b) of the radially aligned simulation. The diagonal black line indicates a perfect prediction. 

 

 

 

Element Near Middle

Element Near Edge

a 

b 



 

 185 

 
Figure D.7: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions for 

the element in the middle of the inclusion and the element just outside of the inclusion for the NSFM 

simulation with prescribed strength of alignment. The black dots indicate the strain energy generated from 

NSFM model, the red line indicates the strain energy determined by the original linear GAIM method, and 

the blue line indicates the strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.8: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions for 

the element near the middle and the element near the edge of the NSFM simulation with radially prescribed 

strength of alignment. The black dots indicate the strain energy generated from NSFM model, the red line 

indicates the strain energy determined by the original linear GAIM method, and the blue line indicates the 

strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.9: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions for 

the element in the middle of the inclusion and the element just outside of the inclusion for the NSFM 

simulation with prescribed fiber stiffness. The black dots indicate the strain energy generated from NSFM 

model, the red line indicates the strain energy determined by the original linear GAIM method, and the blue 

line indicates the strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.10: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions 

for the element near the middle and the element near the edge of the NSFM simulation with radially 

prescribed fiber stiffness. The black dots indicate the strain energy generated from NSFM model, the red 

line indicates the strain energy determined by the original linear GAIM method, and the blue line indicates 

the strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.11: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions 

for the element in the middle of the inclusion and the element just outside of the inclusion for the NSFM 

simulation with prescribed fiber nonlinearity. The black dots indicate the strain energy generated from 

NSFM model, the red line indicates the strain energy determined by the original linear GAIM method, and 

the blue line indicates the strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.12: Strain energy vs. Green strain component for the equibiaxial and right-arm-only extensions 

for the element near the middle and the element near the edge of the NSFM simulation with radially 

prescribed fiber nonlinearity. The black dots indicate the strain energy generated from NSFM model, the 

red line indicates the strain energy determined by the original linear GAIM method, and the blue line 

indicates the strain energy determined by the stepwise nonlinear GAIM method, NGAIM. 
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Figure D.13: Strain energy generated by the NSFM simulation with prescribed alignment and strain energy 

calculated using the NGAIM method for all extensions plotted in strain space for both the element within 

the inclusion and the element just outside the inclusion.  
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Figure D.14: Strain energy generated by the NSFM simulation with prescribed alignment and strain energy 

calculated using the NGAIM method for all extensions plotted in strain space for both the element near the 

center and the element near the edge of the radially symmetric sample.  
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Figure D.15: Strain energy generated by the NSFM simulation with prescribed fiber stiffness and strain 

energy calculated using the NGAIM method for all extensions plotted in strain space for both the element 

within the inclusion and the element just outside the inclusion.  
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Figure D.16: Strain energy generated by the NSFM simulation with prescribed fiber stiffness and strain 

energy calculated using the NGAIM method for all extensions plotted in strain space for both the element 

near the center and the element near the edge of the radially symmetric sample. 
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Figure D.17: Strain energy generated by the NSFM simulation with prescribed fiber nonlinearity and strain 

energy calculated using the NGAIM method for all extensions plotted in strain space for both the element 

within the inclusion and the element just outside the inclusion.  
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Figure D.18: Strain energy generated by the NSFM simulation with prescribed fiber nonlinearity and strain 

energy calculated using the NGAIM method for all extensions plotted in strain space for both the element 

near the center and the element near the edge of the radially symmetric sample. 
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Figure D.19: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

strength of alignment for all biaxial extensions for the element within the inclusion (a) and the element just 

outside of the inclusion (b). The diagonal black line indicates a perfect prediction. 
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Figure D.20: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

strength of alignment for the element near the center (a) and an element near the edge (b) of the radially 

symmetric simulation. The diagonal black line indicates a perfect prediction. 
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Figure D.21: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

fiber stiffness for all biaxial extensions for the element within the inclusion (a) and the element just outside 

of the inclusion (b). The diagonal black line indicates a perfect prediction. 
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Figure D.22: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

fiber stiffness for the element near the center (a) and an element near the edge (b) of the radially symmetric 

simulation. The diagonal black line indicates a perfect prediction 
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Figure D.23: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

fiber nonlinearity for all biaxial extensions for the element within the inclusion (a) and the element just 

outside of the inclusion (b). The diagonal black line indicates a perfect prediction. 
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Figure D.24: Strain energy determined using NGAIM (colored dots), the strain energy determined by the 

NSFM fit to the NGAIM results (colored squares), and the strain energy determined using the four-fiber 

family model (colored circles) vs. the strain energy generated by the NSFM simulation with prescribed 

fiber nonlinearity for the element near the center (a) and an element near the edge (b) of the radially 

symmetric simulation. The diagonal black line indicates a perfect prediction 
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Figure D.25: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with the 

inclusion with prescribed anisotropy strength. The preferred fiber direction prescribed for NSFM is in black 

and the one recovered by the stepwise application of GAIM is in green. The prescribed anisotropy strength 

was 6.0 in the inclusion and 1.5 in the sample bulk. All other parameters are shown on scales which place 

the original values at the center. 
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Figure D.26: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with radial 

symmetry with prescribed anisotropy strength. The preferred fiber direction prescribed for NSFM is in 

black and the one recovered by the stepwise application of GAIM is in green. The prescribed anisotropy 

strength was 6.0 at the sample center and 1.5 at the sample edge. All other parameters are shown on scales 

which place the original values at the center. 
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Figure D.27: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with the 

inclusion with prescribed fiber stiffness. The preferred fiber direction prescribed for NSFM is in black and 

the one recovered by the stepwise application of GAIM is in green. The prescribed fiber stiffness was 20.0 

kPa in the inclusion and 5.0 kPa in the sample bulk. All other parameters are shown on scales which place 

the original values at the center. 
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Figure D.28: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with radial 

symmetry with prescribed anisotropy strength. The preferred fiber direction prescribed for NSFM is in 

black and the one recovered by the stepwise application of GAIM is in green. The prescribed fiber stiffness 

was 20.0 kPa at the sample center and 5.0 kPa at the sample edge. All other parameters are shown on scales 

which place the original values at the center. 
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Figure D.29: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with the 

inclusion with prescribed fiber stiffness. The preferred fiber direction prescribed for NSFM is in black and 

the one recovered by the stepwise application of GAIM is in green. The prescribed fiber nonlinearity was 

48.0 in the inclusion and 12.0 in the sample bulk. All other parameters are shown on scales which place the 

original values at the center. 
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Figure D.30: NSFM parameters determined by fitting the stress-stain behavior predicted by the stepwise 

GAIM method compared with the NSFM parameters used to generate the simulated sample with radial 

symmetry with prescribed anisotropy strength. The preferred fiber direction prescribed for NSFM is in 

black and the one recovered by the stepwise application of GAIM is in green. The prescribed fiber 

nonlinearity was 48.0 at the sample center and 12.0 at the sample edge. All other parameters are shown on 

scales which place the original values at the center. 
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D.4 Four-Fiber Family Model Fitting of NGAIM Results 

Table D.1: Best-fit four-fiber family model parameters for the elements of interest for both the simulation 

with the inclusion in which the prescribed alignment varied and the simulation with radial alignment. 

Element of Interest           

Element Within Inclusion,  

Simulation with Inclusion 
2.08e-11 kPa 17.5 kPa 6.70e-3 kPa 28.1⁰ 

Element Outside Inclusion,   

Simulation with Inclusion 
1.24e-7 kPa 16.6 kPa 9.55e-3 kPa 21.8⁰ 

Element Near Middle,  

Radially Aligned Simulation 
2.32e-7 kPa 46.1 kPa 5.13e-3 kPa 61.7 ⁰ 

Element Near Edge,  

Radially Aligned Simulation 
1.50 e-15 kPa 29.2 kPa 7.82e-3 kPa 13.9 ⁰ 

 

 

 


