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Abstract 

The goal of this research is to advance computer modeling capabilities to combine 

with or replace experimental testing of composite materials. To be able to achieve this 

goal, modeling techniques are implemented, with the aim of combining computational 

efficiency and accuracy. To do this the sources of error need to be mitigated when 

performing meso-scale numerical tests on micromechanical composite materials. The 

sources of error are discretization when meshing in finite elements, and material modeling 

error. As the refinement of a finite element mesh increases, the error decreases and the 

computational cost increases. In some cases it has been shown that increasing the size of a 

material being homogenized increases the accuracy of the prediction of the material 

properties, as the size of the material approaches a representative volume. 

Various homogenization methods have different degrees of accuracy and 

computational efficiency. Homogenization often requires definition of a representative 

volume element (RVE).  This definition creates a model of a finite magnitude that 

represents an equivalent homogenous material. The technique is used in the investigation 

of several simple structures in this work.  

A statistical volume element (SVE) at the meso-scale defines an element on a 

smaller scale than the RVE but is still larger than the micro-scale.  The SVE is used to 

statistically analyze the stiffness properties of a model on the meso-scale, where the 

meso-scale is defined as any scale between the micro and macro-scales. Moving window 

(MW) homogenization is an improved alternative to homogenizing the entire structure. 

Moving window homogenization is shown to increase accuracy, when to compared to 

benchmark results.  
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CHAPTER 1. AN OVERVIEW OF COMPOSITE MATERIALS 

 Composite materials are heterogeneous, generating different material properties 

based upon the characteristics of the microstructure. Due to the differences in each 

component’s material properties, modeling of composites can be challenging and the 

computation can be expensive to perform.  Various modeling techniques such as 

homogenization (discussed in Chapter 3) are important modeling tools used to 

approximate the behavior of composite material model in a simplified manner.  

1.1 Introduction to Composite Materials 

A composite is a heterogeneous material which consists of two or more distinct 

phases. In many materials there are two primary phases, the matrix and fiber phases. 

Where there are two primary phases, the fibrous material acts as a reinforcement of a 

second phase, the matrix.  Together they produce a composite with superior properties 

than each material alone. The most common man-made composites are divided into three 

main groups: polymer matrix composites, metal matrix composites, and ceramic matrix 

composites. The polymer matrix composites are the most common type; these have a 

matrix made of polymer-based resin and a variety of fibers such as carbon, glass, and 

aramid as the reinforcement. Metal matrix composites consist of using a metal for the 

matrix and fibers such as silicon carbide where ceramic matrix composites have the same 

fiber type but have a matrix consisting of ceramic. 

Although composite materials have been around for centuries, new applications of 

composites have developed. Such applications involve advances in infrastructure such as 

the aerospace industry. These advances are because of the increase in strength and 

durability and decrease in density when compared to bulk materials. Because of these 
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improvements a high degree of accuracy is necessary when modeling them. They often 

tend to have limited variations on a scale that is computationally expensive and involves 

an excessive amount of time to analyze. Multi-scale modeling is used to make large 

(macro-scale) problems computationally convenient by representing local (micro-scale) 

material behavior in an approximate manner [1].  

1. 2 The Reinforcement 

The reinforcement of a composite increases the stiffness and strength. The 

reinforcement structure is usually a fiber or a particulate. Particulate composites have 

dimensions that are approximately equal in every direction, whereas a fiber has a much 

greater length than diameter. Particulates may be platelets, spherical, or any other regular 

or asymmetrical geometry. The shape of particulates will usually make them much 

weaker and less stiff than a directional fiber. Particulates are typically less expensive (up 

to 40 to 50 volume percent) than fibers; for it is much more difficult to manufacture 

fibers due to their high strength and brittleness. [2] 

Fibers can exist as continuous fibers or discontinuous fibers. Continuous fibers 

have a very large length to diameter ratio and have a preferred orientation whereas 

discontinuous fibers do not. Visual examples of continuous and discontinuous fiber are 

displayed in Figure 1, continuous fibers include unidirectional, woven cloth, and helical 

winding while discontinuous reinforcements include randomly orientated (chopped 

fibers) and random mat.  Continuous fibers composites are usually made into laminates 

with fiber volumes up to 70 percent.   
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1. 3 The Matrix 

The matrix phase is often a polymer, metal or ceramic. Each type of material has 

various strengths, stiffness, and ductility depending on the material properties. Polymers 

have a low strength and stiffness; metals have an intermediate strength and stiffness but 

high ductility, while ceramics have a high strength and stiffness which make them very 

brittle.  The matrix supports the fibers, keeps them oriented, and protects them from the 

environment and abrasion.  

 

Figure 1. Typical reinforcement types in composite materials. 

1.4 Stress-Strain Relationships 

 If a chosen material has the same mechanical and physical properties throughout 

its entire volume it is to be considered a homogeneous material. A heterogeneous 

material is one in which the material has different physical and mechanical properties at 

different points.  An isotropic material is one in which the material has the same 

properties in every direction. An anisotropic material has different and unique properties 

in different directions; an example is wood.  A material is elastic if it returns to its 

original state when the load is removed. It is linear elastic if the slope of the stress-strain 

curve is linear in the elastic region. 

 The stress-strain diagram in Figure 2(a) shows the typical relationship between 

stress and strain of a ductile metal specimen which is under tensile loading. The 
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proportional limit is at the point where the linear relationship between stress and strain 

ends. Soon after the proportional limit the behavior will become non-linear, this is the 

elastic limit. The elastic limit is the limit in which the material will no longer return to its 

original shape once the load is removed and become permanently deformed.  Until the 

elastic limit is reached and the load on the specimen is decreased the material will unload 

along the same curve.  If it is past the elastic limit and reloaded, the curve will be shifted 

along the strain axis and will parallel to the elastic curve.  The proportional and elastic 

limit can be considered equivalent.   

The yield point is the stress at which additional strain occurs with little or no 

increase in stress. There is no clear transition point between elastic and plastic 

deformation; therefore there are two methods to determine the yield stress. The methods 

include the offset and the extension method.  Figure 2(b) displays the offset method; this 

method corresponds to the stress at which a 0.2% offset line parallel to the linear portion 

of the curve intersects the stress strain curve. The extension method displayed in Figure 

2(c) corresponds to the yield strength being at the intersection of 0.5% strain and the 

curve.  The ultimate strength is found where the highest point along the curve exists. If 

the loading continues the material will fracture, this point is the rupture strength.   

 The area under the curve up to the proportionality limit (Figure 2(a)) is known as 

the modulus of resilience, this is the energy absorbed per unit volume of a specimen 

without creating permanent distortion. The amount of energy required to fracture a 

specimen is known as the toughness, this is the entire area under the curve. The area 

underneath any point on the curve is the strain energy per unit volume of material. 
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Figure 2. Stress-strain diagram of a ductile metal specimen under a tensile loading.  

1.5 Fiber and Matrix Selection 

With advantages of composites come challenges. A composite has at least two 

materials with at least two different stress-strain curves; in effect a composite’s stress-

strain curve will be altered, creating a different modulus of resilience, toughness, and 

modulus of elasticity. 

The properties of a single composite specimen are not uniform; it is by definition 

heterogeneous and often anisotropic.  Since the properties are not uniform in a composite, 

a consideration of the strengths of the two phases must be completed, as well as the 

ability of each phase to be able to bond to one another.  Since composites are a 

heterogeneous material, more elastic constants (see Chapter 2) are required to describe 

material behavior, and this makes for more complicated analysis [3].   

The concept of interfacial bonding is critical to the performance of composites 

because most failures occur at the interface first. For composites that have strong bonds 

between the phases, loads are transferred from the matrix to the fiber through shear 

loading at the interface. An example of strong bonding composites can include polymer 
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and metal matrix composites.  Ceramic matrix composites have a low interfacial strength 

bond because an increase in toughness rather than stiffness and strength is preferred. [2] 

Although various materials can act as fibers, the cost and the strength need to be 

taken into account to make an appropriate selection. Fibers will produce high-strength 

composites because of their small diameter; they are also produced individually and 

contain much less defect compared to materials that are produced in bulk [2]. As a 

general rule for a given volume fraction, the smaller the diameter of the fiber the higher 

the strength it will have. It is also usual that the price also increases with a decrease in 

diameter.  Besides having a smaller diameter and a greater strength the fibers will have 

greater flexibility and are easier to use in fabrication processes such as weaving. 

Continuous fiber composites have the highest strength and modulus in uniaxial 

loading conditions (loading in the direction of the fiber orientation), which is shown in 

Figure 3.  The practical limit for fiber volume is about 70 percent, otherwise there is not 

enough of the matrix to support and protect the fiber effectively. Theoretically the 

discontinuous fiber composites could reach the strength of the continuous if their length 

to diameter ratios are high enough and maintain a well arranged alignment. It is however 

very difficult for this to happen because they are usually arranged randomly which 

radically reduces their strength and modulus. [2]  
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Figure 3. Influence of reinforcement type and quantity on composite performance. [2] 
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CHAPTER 2. LITERATURE REVIEW: LINEAR ELASTIC MATERIAL 

PROPERTIES  

Material properties are an important way of characterizing any material. In this 

section, an overview is given of the characterizing properties of composite materials. 

Such properties include stress, strain, modulus of elasticity, Poisson’s ratio, and the shear 

modulus. Each of these properties gives understanding to how a material behaves under 

various conditions and they are helpful to define comparisons between varying materials. 

2.1 Stress and Strain Definitions (in the limit) 

 Strain,   describes the elongation or contraction of a material by referring to the 

changes in the length per unit length, normal strains cause a change in volume. The 

formula is displayed in Eq. 2.1.1, where    is the initial length and    represents the 

change in length.  Most engineering design involves application in which only small 

deformations are allowed, so that the normal strains occurring within the material are 

very small compared to one.  This assumption based upon the magnitude of strain, allows 

for analysis using        and        provided   is very small.  

      
  

  
       (2.1.1) 

 Shear strain,   is the change in angle that occurs between two lines that were 

initially perpendicular to one another (Figure 4), shear strains cause a change in shape. 

The original angle is  
 

 
 , where the angle after deformation is denoted as   . The angle 

after deformation is measured in radians and can be either positive or negative. The shear 

strain will be positive if the angle after deformation is smaller than   ⁄  and negative if it 

is greater than   ⁄ . The formula for shear strain can be found in Eq. 2.1.2. 
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Figure 4. Depiction of the angle used for the shear strain calculation. 

  
 

 
                      (2.1.2) 

Stress is the intensity of the internal force acting normal upon an area. The 

internal force in Eq. 2.1.3 can be taken as a typical finite yet very small force,    and as 

the area,    approaches zero, so does the force,   ; however, the quotient of force and 

area will, in general approach a finite limit [3]. 

          
  

  
              (2.1.3) 

A linear elastic specimen that is subjected to a constant uniform deformation will be a 

result of a constant normal stress. Each of the areas,    on the cross section are subjected 

to a force    =     and the sum of these forces acting upon the entire cross sectional 

area of the member must be equivalent to the internal resultant force,   at the section.  

Therefore if       ,         , and identifying   as a constant then   is equal to Eq. 

2.1.4. 

  
 

 
      (2.1.4) 
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Where,   is the average normal stress at any point on the cross sectional area;   is the 

internal resultant normal force, which is applied through the centroid of the cross 

sectional area, and   is the cross sectional area of the specimen. Shear stress,   is the 

stress acting tangent to the area.  

The stresses and strains will generally have subscript notation which will notate 

the surface and the direction in which the stress is acting upon, these are mathematically 

represented as tensors.  The first subscript denotes the face on which the stress acts upon 

and the second subscript will denote the direction on the face on which the stress will act. 

The stress will be positive if it acts in a positive direction on a positive face as well if it 

acts in a negative direction on a negative face. There are six different stresses and strains, 

respectively:    ,    ,    ,    ,    ,    ,and         ,    ,    ,    ,    . An illustration of 

the stresses is shown in Figure 5.   

 

Figure 5. Stress indicial notation. 
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2.2 Elastic Constants  

 Poisson’s ratio, ν, for an isotropic material is the ratio of the lateral strain to the 

axial strain. This ratio has a theoretical range of 0.0 to 0.5, where 0.0 is for a 

compressible material in which the axial and lateral directions are not affected by one 

another. The 0.5 value corresponds to an incompressible situation in which the material 

will not change in volume when load is applied.  The Poisson’s ratio for isotropic 

materials is as follows: 

ν = 
         

      
     (2.2.1) 

Young’s modulus (modulus of elasticity),   is the proportionality constant 

describing the linear relationship between normal stress and normal strain of an axially 

loaded member.  It is also defined as the slope of the stress strain curve.  For 

homogeneous, isotropic, and linear elastic materials the Young’s modulus will not vary in 

different directions (Eq. 2.2.2).   

   
 

 
             (2.2.2) 

 

The shear modulus, G is the ratio of shear stress to shear strain which describes 

the material’s response to shearing strains.  The shear modulus can be found for materials 

which are homogeneous, isotropic, and linear elastic is given as follows: 

G = 
 

      
      (2.2.3) 

Other material properties include the axially load constant: Lame’ constant, λ (Eq. 2.2.4), 

the bulk modulus of elasticity,   (Eq. 2.2.5); the pressure applied to the material,  , and 

the dilation,  . If two of the constants are known from          and  , any of the others 
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can be determined as long as the material behaves in a homogeneous isotropic manner 

because of the stress-strain relationships between one another. 

        
  

           
               (2.2.4) 

 

        
 

 
  

 

       
                  (2.2.5) 

The principle of superposition can be applied to linear elastic materials with small 

deflection. In this case the equations with the summation of the various other stresses to 

create the total strain that acts upon a body; shear stresses   are only generated from the 

shear strains which are included in Eq. 2.2.6. 

     
 

 
                               (2.2.6) 

      
 

 
                       

      
 

 
                       

               
   

 
,        

   

 
,        

   

 
 

The inverse of Hooke’s law is given in Eq. 2.2.7, and can be shown by matrix 

manipulation. Again, these equations are based upon a linearly elastic material; for such 

material the shear and normal stresses will follow a linear stress-strain curve.   

                                                                    (2.2.7) 

            , 

            , 

                    
    

 
              

        ,         ,          

  



 

 13 

2.3 Elastic Reponses of Anisotropic Materials 

Anisotropic material stress,     will induce all six components of strain: 

                        unlike isotropic materials. Where a uniaxial stress    applied to 

an isotropic material will not prompt any shear strains but will create identical transverse 

normal strains.  As stated in Chapter 2.2, the relationship of the normal stress divided by 

normal strain is known as Young’s modulus, with all other stress components equal to 

zero. The Young’s modulus equation for normal stress and normal strain in the 1 

direction one the 1 surface is as follows: 

           
   

   
              (2.3.1) 

The Poisson’s ratios for an anisotropic material may be independent in the varied 

directions:                . The Poisson’s ratio between the two transverse strains (       ) 

and     are noted in Eq. 2.3.2 respectively. 

     
    

   
 ,       

    

   
    (2.3.2) 

Typical Young’s modulus and Poisson’s ratio values for isotropic and anisotropic 

(composite) materials are shown in Table 1. 

Table 1. Typical values of Young’s modulus and Poisson’s ratio. 

  Young’s Modulus, E11 (psi) Poisson’s Ratio, v12 

Common Matrix and Fiber Materials 

Aluminum 9.86E+06 0.360 

Copper 1.60E+07 0.343 

E-Glass 1.05E+07 0.220 

Epoxy 1.20E+05-1.45E+06 0.358-0.433 

Intermediate Modulus Graphite 6.96E+05 0.310 

Iron 2.90E+07 0.291 

Kevlar 29 1.00E+07 0.360 

Kevlar 49 1.60E+07 0.360 

S-Glass 1.26E+07 0.220 

  Young’s Modulus, E11 (psi) Young’s Modulus, E22 (psi) Poisson’s Ratio, v1212 

Common Unidirectional Composite Materials (Typical Values) 

Glass/Epoxy 7.98E+06 2.32E+06 0.280 

Kevlar/Epoxy 1.45E+07 8.70E+05 0.330 

Graphite/Epoxy 2.47E+07 1.45E+06 0.300 
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It is often useful to find the relationship between the normal stress and the transverse 

strains; an example of an attained relation of     and the transverse strains         is 

displayed in Eq. 2.3.3. 

     
    

   
    ,        

    

   
         (2.3.3) 

For anisotropic materials, stresses,     and strains,     are arranged as six 

component column vectors constructed from tensors using the usual conventions of three 

axes: 

                           
       (2.3.4) 

                           
     (2.3.5) 

For any elastic solid, the strain and stress tensors are related by: 

                     (2.3.6) 

where i, j = 1 to 6.      is fourth order and known as the compliance matrix, the units of 

    are the inverse of stress. Symmetry exists in the strain,    and stress,    tensors 

(i.e.         , etc.) which create the single subscript for each of the tensors.  The 

expanded form of Eq. 2.3.6 for an anisotropic composite is as follows: 
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    (2.3.7) 

Where the expanded version of the compliance matrix for an isotropic case is as follows: 
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    (2.3.8) 

The matrix in Eq. 2.3.8 displays that the strains for each component are caused by each 

stress component independently by a single load, an example for this matrix includes: 

    causes      
 

   
    as well as     causes      

    

   
    and etcetera. It also 

important to note the individual components of the compliance matrix are directly related 

to the material properties measure via uniaxial or pure shear tests. 

By inverting Hooke’s law given by Eq. 2.3.6, another form of Hooke’s law results 

in: 

                   (2.3.9) 

where i,j= 1 to 6 and        
    which is known as the stiffness matrix. The stiffness 

matrix is symmetric and all diagonal entries are assumed to be nonnegative with a 

positive sum.  The strain-stress constitutive equation is: 
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     (2.3.10) 

 

2.4 Plane Stress and Plane Strain 

Plane stress is a condition in which all three of the out of plane stress components 

i.e.               are equal to zero. This type of analysis is used in thin-walled plates and 
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shells for isotropic materials. Since the stresses approach zero, the equations (Eq. 2.2.6) 

can be simplified to the compliance matrix for an isotropic material in Eq. 2.4.1.  The 

corresponding out of plane components of strain are not necessarily zero for a material in 

plane stress.  The magnitudes of strain components depend on the constitutive equation 

(stress multiplied by the inverse of the stiffness) [3].  

{

   

   

   

} = 
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]
 
 
 
 

{

   

   

   

}      (2.4.1) 

Plane strain relates to a condition in which all three of the out of plane strain 

components are approximately zero.  The stresses are a function of two plane strains (for 

example, the structure is very thick in the 3rd direction). In plain strain, the third direction 

stress does not equal zero [3]; therefore the equations in Eq. 2.2.7 are analogous to the 

compliance matrix for isotropic materials in Eq. 2.4.2 for plane strain. 
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}               (2.4.2) 

2.5 Strain Energy and Strain Energy Density 

Strain energy,   is the energy stored in a body due to deformation, while the 

strain energy per unit volume is called the strain energy density,   . The strain energy 

density in a material under load is the area underneath the stress-strain curve up until the 

current load configuration.  Strain energy is an important property to be determined; this 

is because it is an approach to obtain material properties for non-homogenous 

composites. 
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The strain energy equation is found in Eq. 2.5.1, where V represents volume. A 

strain density equation is found in Eq. 2.5.2 and another form using Hooke’s law and 

eliminating stresses is found in Eq. 2.5.3.  The strain variables are sketched in Figure 6. 

This approach will be further discussed in Chapter 4.2.1. 

  
 

 
                                              (2.5.1) 

 

   
 

 
                                                (2.5.2) 

 

   
 

       
    

     
     

                            
 

 
    

     
     

    (2.5.3) 

 

In general the strain energy can be found quite readily using the finite element 

method, whereas the modulus varies in difficulty.  By using Eq. 2.3.8 in the strain energy 

equation of a planar elastic material, the modulus can be found assuming a case of 

arbitrary anisotropy.  Six kinematic uniform boundary condition (see Chapter 3.4) tests 

must be completed to find the six unknown modulus values of the in-plane stiffness 

tensor,  . The tests include applying known displacements on a known volume (Figure 

6). For example, to find the modulus in the 22-direction (C22), strain energy (Eq. 2.5.1) 

and the apparent constitutive law in Eq. 2.3.9 is used, where                 

   =0. The equation is reduced to: 

   
 

 
×    ×    

     (2.5.4) 
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Figure 6. Visual entries of the strain directions in strain energy for KUBC test configurations, where the solid lines 

represent the original structure and the dotted lines represent the applied strain displacements. [4] 
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CHAPTER 3. HOMOGENIZATION AND TECHNIQUES COMMONLY USED 

IN ANALYSIS OF COMPOSITE MATERIALS 

Finite element analysis is a numerical technique that can be used to obtain various 

unknowns such as stress in a specified object.  The finite element method uses integral 

formulations to create a system of algebraic equations between the nodes and elements of 

the body; the complete solution is generated by joining or collecting the individual 

solutions allowing for continuity at the inter-elemental boundaries [5]. Microstructures 

can be analyzed by finite element methods by uploading a microstructure into finite 

element software, such as ABAQUS. Once submitting the microstructure into the 

software, the model’s material properties (i.e. the modulus of elasticity and Poisson’s 

ratio), the contrast ratio, and the boundary conditions can be input. The software package 

can then provide results based on the desired output.  

To improve accuracy and efficiency when performing meso-scale numerical tests 

on micromechanical composite materials, the sources of error need to be mitigated. The 

sources of error include material modeling error and discretization when meshing in finite 

elements.  Material modeling error is the error that exists when assigning one material 

property for two phases of the composite. Discretization error is the error that is associated 

with the size of the mesh that is created. As the resolution of a finite element mesh increases 

the material modeling error decreases, while the discretization error and the computational 

cost increases. A schematic of the expected trends are displayed in Figure 7.  
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Figure 7. Conceptual schematic to display error versus mesh refinement for the two sources of error: material modeling 

and discretization. 

Various methods have been used to model composites using FEA, these include 

homogenization methods.  Equivalent homogeneity is a concept to determine apparent or 

global properties of a heterogeneous material by assigning each portion of the material 

one specific set of parameters. This concept is used because it is very computationally 

efficient and allows for a microstructure to be modeled explicitly. It should however be 

noted that the averaging of properties can create a less accurate analysis.  This section 

discusses various concepts related to homogenization, for example the generalized 

method of cells (GMC), representative volume element, statistical volume element, and 

the rule of mixtures. 

3.1 Equivalent Homogeneity and the Representative Volume Element 

On a small scale of analysis a composite material is heterogeneous. To overcome 

the difficulty of analyzing a composite on an extremely small scale with homogeneity, 

equivalent homogeneity can be introduced.  Averaging can be performed if the scale 

E
rr

o
r 
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Error vs. Mesh Refinement 

Material Modeling Error

Discretization Error
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being analyzed is much smaller than the specific dimension of the problem of interest, 

while the fiber and matrix of a composite are still heterogeneous.  This averaging 

procedure is called homogenization; the averaged material is considered to be 

equivalently homogenous.  [6]  

 A representative volume element (RVE) is a sample of a finite size that is used 

able to represent a heterogeneous material as a whole (i.e. an equivalent homogeneous 

material). Changes in homogenized properties are dependent upon the chosen sample size 

as displayed in Figure 8. In some cases it has been shown that increasing the size of a 

material being homogenized increases the accuracy of the prediction of the material 

properties, as the size of the material approaches a representative volume. A sample of a 

material larger than a RVE shall not have a considerable difference in the homogenized 

properties.  

 

Figure 8. A conceptual variation of material properties allocation due to sample size of a given microstructure (a), at 

various sample sizes of a microstructure (b,c,d) the homogenized material properties will be affected by the individual 

properties of the phases of the microstructure. 
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The size of the RVE represented by   in Figure 9 is typically smaller than the 

length in which loading occurs,        this is known as the principle of separation of 

scales [7]. The RVE must be sufficiently smaller than       , mostly to save 

computational expense but sufficiently larger than the micro-scale,   so that the 

macroscopic stress and strain are uniform over it. It must be larger than   so the elastic 

strain energy induced by traction or displacement boundary conditions (reference Chapter 

3.4) will render the effective elastic properties independent of how the load is applied [8].  

Subsequently the RVE’s volume is small therefore the inertial and body forces can be 

neglected at   which is assumed to have one reasonable size, such as the size of the fiber. 

[9] 

 

Figure 9. Visualization representation of the separation of scales, modeled from. [4] 

 A typical RVE for composites with fine microstructures will contain a sufficient 

number of fibers while occupying a small volume of the entire composite. However, a 

composite containing relatively few large diameter fibers with respect to the thickness of 
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the composite may not have a RVE. This is due to the large gradients in the local material 

properties relative to the microstructure, which invalidates the basic assumptions of 

effective properties.  [10] 

3.2 Rule of Mixtures: Reuss and Voigt Bounds on Effective Properties 

The rule of mixtures is a way to express the effective axial modulus.  The 

fundamental properties taken into consideration include the volume fraction and the 

modulus of each of the components (fiber and matrix).  

       ×        ×         (3.2.1) 

Equation 3.2.1 is the Voigt effective axial modulus (effective modulus of 

elasticity),   and   are the modulus of the fiber and the modulus of the matrix, 

respectively.    and    are the volume fractions of each of the respective phases. The 

total volume fraction   +   will equal 1 assuming no voids in the composite. The Voigt 

effective axial modulus is the iso-strain formulation (Figure 10), so called because it is 

assumed in this direction the composite is isotropic and loaded under uniform axial strain, 

which creates identical uniform axial strains in the matrix and the fiber in the matrix.  

The iso-stress formulation as shown in Figure 11 is based on the consideration of the 

composite being loaded under uniform average transverse stress.  

 

 
Figure 10. A schematic of the Voigt field to visualize intuitive identical axial strain. [11] 
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Figure 11. A schematic of the Reuss field to visualize by what means the transverse modulus depends on the fibers size 

and location. [11] 

 

The iso-stress or Reuss effective modulus (    is given as: 

              (
  

  
  

  

  
)

  

    (3.2.2) 

Together the Voigt and the Ruess moduli create the upper and lower bounds respectively 

as shown in Figure 12, on the axial stiffness of the composite, given uniform loading on a 

two phase composite material [3].   

 

Figure 12. Modulus limits as a function of volume fraction of fiber for the Reuss (lower) & Voigt (upper) bounds. 

To find the effective stiffness of a composite, the rule of mixtures is a simple 

analytical approach to use.  It is however found that the transverse elastic properties are 

sensitive to the shape and placement of the fibers in the matrix; therefore the Ruess 

effective transverse modulus may differ considerably from the actual response of a one 
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directional composite [12]. Whether the volume fraction of the fibrous material is hard or 

soft compared to the matrix will also change the effectiveness the bounds. The iso-stress 

curve (Ruess) is a better representative when found for a composite with a relatively soft 

matrix with a low volume fraction of hard fibers. The iso-strain curve (Voigt) will be 

more the more accurate bound for a composite with a high volume fraction of hard fibers 

[13].  These relationships can be a reliable way to verify if results are correct. 

The Voigt and Reuss bounds lose their practical value for composites with a great 

difference in elastic moduli between the phases; the bounds in this situation are much 

wider. The bounds also do not account for adhesion properties between the fiber and 

matrix phases or the presence of voids or other defects.  Improved bounds can be 

constructed for these materials using other micromechanical approaches such as the 

Hashin-Shtrikman approach, refer to Hashin, Shtrikman [14]. 

3.3 Generalized Method of Cells 

 GMC is a method to determine the effective properties of composites using a 

semi-analytical method [15]. This method discretizes the representative volume element 

(RVE) into a consistent grid of sub-cells, using the mechanical properties of the 

constituent materials.   Sub-cells have periodic conditions as well as traction continuity, 

displacement continuity, and equilibrium.  Each is then satisfied in an averaged sense 

across the sub-cells using integrals over each boundary. GMC generates a matrix of 

algebraic expressions in one step, containing information about each of the sub-cells 

effective elastic properties [16].  
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3.4 Kinematic Uniform Boundary Conditions and Static Uniform Boundary 

Conditions 

During meso-scale or macro-scale analysis, boundary condition such as kinematic 

(displacement) uniform boundary condition, KUBC or static (traction) uniform boundary 

condition, SUBC are used in the investigation to find an effective RVE.  KUBC consist 

of six displacement tests (Figure 6), it is a boundary condition in which the displacement 

on the entire boundary of the unit cell is homogeneous. KUBC creates a way of 

homogenization by applying a displacement condition which can investigate constitutive 

behavior and produces an apparent random stiffness tensor,  . SUBC consists of six 

traction controlled tests and are used to investigate the constitutive behavior of composite 

materials and creates a random compliance tensor,  .  KUBC are generally easier to use 

in finite element software due to fact they are displacement conditions.  SUBC are 

difficult to achieve with FEA, which does not automatically generate a uniform field of 

stress under SUBC.  

Combining the relationships of the rule of mixtures, the SUBC, and the KUBC, a 

scale which depends on the order of bounds on the macroscopic effective moduli are 

created; this scale is displayed in Eq. 3.4.1. 

               〈  
 〉   〈       

 〉   〈       
 〉         〈       

 〉  〈       
 〉  〈  

 〉        (3.4.1) 

Where      is the effective stiffness,    and    are the Reuss and Voigt bounds, 

respectively,    is the apparent compliance determined by a SUBC test of the material, 

   is the apparent stiffness determined by a KUBC test,   is the size of the window of 

the material under consideration, and 〈 〉 represents averaging. The difference between 

       with the same given length scale may be thought of a measure of difference of the 
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material from it effective representation,     .  A schematic of the relationship displayed 

in Eq. 3.4.1 is also displayed in Figure 13 from Galvanetto and Ferri. 

 

Figure 13. (a) Various sizes of several microstructural cells (b) convergence of the apparent properties to the effective 

values with increasing of the microstructural size for KUBC (displacement) and SUBC (traction). [17] 

3.5 Statistical Volume Element (SVE) 

The statistical volume element (SVE) is smaller than the RVE but larger than the 

micro-scale,   (Figure 9).   It has non-unique constitutive properties, and will respond 

differently under SUBC and KUBC. When the SVE is much smaller than the RVE, a 

variation in material behavior will be seen; when the SVE size approaches the RVE the 

material behavior properties will be similar. The SVE may be used for statistical analysis 

to quantify the macroscopic variation in material constitutive properties on the meso-

scale. 

Moving window (MW) homogenization is another homogenization method which 

is an improved alternative to homogenizing an entire structure and lends itself to models 

that do not have a RVE. Improvements include an increase in the accuracy, by a decrease 

in window size; which will more effectively represent material properties. The method 

takes a pixelated microstructure with distinct phases on an intermediate scale and 
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decreases the size of the finite element stiffness matrix by decreasing the number of 

elements. The size by which the stiffness matrix is decreased is dependent on the window 

size chosen; a higher window size will essentially represent a higher level of smoothing 

as displayed in Figure 14 [18].  

 

Figure 14. Effective modulus values using overlapping moving windows in the vertical direction for a composite with 

CR 2:1 with (a) a window size of 2x2 pixels, and (b) a window size of 8x8 pixels. [19] 

Once the stiffness matrix is decreased the non-overlapping MW method maps the 

decreased stiffness matrix to the first place in the first element on a new grid, this element 

has the homogenized properties of the window. The window of the non-homogenized 

mesh is then shifted by the window size, so that the second window will be placed next to 

the first, the second window will then be homogenized and placed in the second element 

on the new grid (Figure 15). Once each window is mapped, the microstructure will 

consist of cells with properties derived from the effective constitutive properties of the 

microstructure [19]. The grid is then used as a finite element mesh in a macro-scale 

analysis. For more information of the moving window homogenization method refer to 

Acton et al [19].  
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Figure 15. A schematic showing the procedure used in non-overlapping moving window homogenization. The square 

shown in red is a “window”, the apparent stiffness is then taken from each window and the property is mapped on to a 

new grid. 

3.6 Summary of Homogenization and Techniques Commonly used in Analysis of 

Composite Materials  

The methodologies summarized in this chapter demonstrate various 

micromechanical approaches to model composite materials. Each has various advantages 

and disadvantages; in most situations it is likely that if the benefit is computational time a 

drawback may be accuracy.  Strengths and weaknesses of a technique need to be taken 

into consideration before performing analysis on a composite material model. 

  



 

 30 

CHAPTER 4.  METHODS OF HOMOGENIZATION AND THE TECHNIQUES 

USED IN MESO-SCALE ANALYSIS 

This chapter describes the methodology used for various investigations of 

composite material microstructures. The completed homogenizations of composites 

consist of the various methods, including the rule of mixtures and moving window 

homogenization. Techniques used in conjunction with homogenization include the 

development of a mesh mapping algorithm, and the determination of an RVE.   

The first portion of testing involves the homogenization methods completed on an 

indeterminate beam structure (Figure 16) with a uniform loading of 100 kPa, selected 

because of previous research completed by Dr. Katherine Acton.  The boundary 

conditions consist of a roller on the right side, the left side is fixed; the structure is four 

meters in length, 0.2 meters in height, and has a unit thickness. 

 The second portion of testing is the investigation of a RVE. This is completed on 

20x20 meter (200x200 elements) meshes with randomly placed inclusions. The meshes 

have various properties, although the Poisson’s ratio is constantly set to zero for 

simplicity.  

 
   Figure 16. The beam problem used in analysis of rule of mixtures, KUBC, and moving window (not to scale). 
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Figure 17. The mesh size comparisons used in the rule of mixtures method. 

4.1.1 Rule of Mixtures Methods 

The rule of mixtures was used in the first portion of testing of the accuracy of 

different mesh sizes (Figure 17). The mesh sizes are selected to have the 4.0 x 0.1 meter 

beam structure divisible by whole numbers. A generated mesh of ones and zeros is used 

to calculate the volume fraction of a “material”. The tested mesh consists of 8000 

elements, which 1806 are fibers at the 20x400 mesh size (Figure 17).  The fiber volume 

fraction is calculated to be 0.2257, the matrix volume fraction equates to 0.7742. Two 

contrast ratios are used: 2:1, and 10:1, the contrast ratio expresses the comparison 

between the modulus of elasticity of the fiber and matrix respectively. The effective 

moduli of elasticity are found for each situation using the Voigt and Reuss bounds (Eq. 

3.2.1, 3.2.2).  The values will remain constant if the contrast ratios are the same. 

Once the Voigt and Reuss effective moduli of elasticity values are found, a model 

can be created in ABAQUS. The model always consists of the same boundary conditions 

and dimensions, although the mesh size and effective moduli change, in effect changing 

the number of nodes, elements, and the element size. The necessary inputs for each 

model are shown in Table 2.  Each model is also tested under three mesh element types: 

CPS4, CPS4R, and CPS8. Where CPS4 (Figure 18 (a)) is an element type indicating a 4-
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node plane stress element, CPS4R (Figure 18(b)) is also a 4-node plane stress element but 

has reduced integration, and CPS8 (Figure 18 (c)) indicates an 8-node quadratic plane 

stress element. Each element type has an expected accuracy level. Switching from a 4-

node to an 8-node element is expected to increase the accuracy due to a greater number of 

nodes being analyzed. The values being analyzed on an element depend on the number of 

nodal values on the same edge; each node has two degrees of freedom (in the 1 and 2 

direction), therefore an 8-node element has more degrees of freedom compared to a 4-

node element and may be more accurate in some cases but also has a longer 

computational time.  

There are two integration types in ABAQUS: full and reduced integration. The 

software integrals are approximated with a sum of the calculated values at the Gaussian 

points, the more Gaussian points the more accurate the calculation will be.  Full 

integration is defined in ABAQUS as the minimum Gaussian points required for 

integration of the strain energy for an undistorted element with linear material properties. 

Full integration using the CPS4 and CPS8 element types uses four Gaussian coordinates 

when solving the integral.  Reduced integration is defined by ABAQUS as an integration 

rule that is one order less than required by full integration; due to a lower order of points, 

it is expected to decrease the accuracy level of the element type [20]. The integration 

points for full and reduced are displayed as the X’s in Figure 18.   
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Table 2. The data found for the use of Voigt and Reuss bounds. 

Contrast Ratio (CR) Mesh Element Size Voigt (GPa)  Reuss (GPa) Elements 

2:1 

20x400 0.01 

122.575 112.720 

8000 

10x200 0.02 2000 

4x80 0.05 320 

10:1 

20x400 0.01 

60.626 25.098 

8000 

10x200 0.02 2000 

4x80 0.05 320 

 

 

 
Figure 18. The location of nodes (represented by the points) , integration points (designated by the X), and the degrees 

of freedom in the 1 and 2 direction of (a) A 4-node plane stress element with full integration (b) A 4-node plane stress 

element with reduced integration (c) An 8-node plane stress element with full integration  . [21] 

4.1.2 Moving Window Homogenization Method 

The MW homogenization method consists of transposing the homogenized 

stiffness onto each element of a finer mesh onto coarser mesh. By using the non-

overlapping MW technique presented in Figure 15, the 20x400 material property mesh 

homogenized properties are mapped to the 4x80 and 10x200 MW FEM meshes, where 

the 4x80 MW FEM mesh is created from homogenized properties of 5x5 windows of the 

20x400 material property mesh (Figure 19 (a)). The 10x200 MW FEM mesh is created 

from homogenizing windows with a size of 2x2 from the 20x400 material property mesh. 

Once the original microstructure is fully mapped two new meshes are created, 
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respectively named: KUBCMicro1W5 and KUBCMicro1W2. These new meshes are then 

modeled using ABAQUS and the deflections are found, the results are presented in 

Chapter 5.1.2.   

4.1.3 Mesh Mapping 

Mesh mapping involves transposing the properties of a coarser mesh onto a finer 

mesh of a 2:1 contrast ratio in one plane; this is completed to study the effect of the 

accuracy of the homogenization techniques independent of the mesh. The first step is to 

homogenize the properties of a finer mesh onto a coarser mesh using MW 

homogenization (Figure 20); the meshes used are KUBCMicro1W2 and 

KUBCMicro1W5. The second step is to map each homogenized element of the MW 

meshes onto a 20x400 mesh mapped FEM mesh; two meshes are created: Refined 2 and 

Refined 5.  Refined 2 is created by mapping each individual homogenized element of 

KUBCMicro1W2 onto 2x2 element blocks in a 20x400 mesh mapped FEM mesh.  

Refined 5 is created by mapping each individual homogenized element of 

KUBCMicro1W5 onto 5x5 element blocks in a 20x400 mesh mapped FEM mesh as 

displayed in Figure 19(b) and Figure 21.  

There are three material property assignments: AnisoEltsKUBC, Melts, Ielts. 

Melts are windows that contain only matrix material (i.e.   
 
=100 GPa). Ielts are 

windows that contain only inclusion material (i.e.   
 
=200 GPa). AnisoEltsKUBC are 

elements that contain a mixture of inclusion and matrix material (i.e.   
 
 is an averaged 

value from the matrix and inclusions). The number of each material property assignment 

found after mesh mapping is presented in Table 3. 
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Figure 19. Conceptual schematic displaying (a) creating a moving window finite element mesh from the material 

property mesh of a fixed binary structure  (b) creating a 5x5 window size mesh mapped finite element mesh (Refined 5)  

from the moving window finite element mesh (KUBCMicroW5). 

 

 

Figure 20. Moving window technique used for mapping the homogenized properties of each 5x5 element blocks of the 

20x400 binary microstructure onto the 4x80 microstructure, creating a new microstructure termed as KUBCMicro1W5. 
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Figure 21. Mesh mapping technique used for mapping the homogenized elements of KUBCMicro1W5 on to 5x5 

element blocks of the 20x400 microstructure, creating a new microstructure termed as Refined 5. 

 

Table 3. Number of element types per mapped mesh. 

 
 

4.2.1 Strain Energy Calculation 

The second portion of testing includes using an analysis based on strain energy. It 

is completed using six composite material discretizations (labeled as Mat0-5) made up of 

strictly matrix and fiber inclusions, with a resolution of 200x200. The effective sample 

size,        of what is considered to be equivalently homogeneous is to be determined 

(Chapter 3.1), in other words what size is considered an RVE. The analysis of finding 

      is completed only using KUBC due to the difficulties of using SUBC, KUBC are 

applied to the aforementioned composite microstructures to try to find the RVE using 

strain energy.  The six aforementioned tested meshes have the same volume fraction of 

0.2492 but are structured differently; visualization of each microstructure is in Figure 22. 

Once each 20x20 microstructure assessments are completed, Mat 0 is considered 

individually; to get a better understanding of where the RVE is located.  

Mapped Mesh AnisoEltsKUBC Melts Ielts

Refined Mesh 5 186 134 0

Refined Mesh 2 318 1386 296
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Mat 0 is partitioned into several sections which are tested using KUBC with three 

contrast ratios: 2:1, 4:3 and 3:1. The sizes which Mat 0 is fragmented into are shown in 

Table 4 for a contrast ratio (CR) of 2:1. For Mat 0 with CR 4:3 and CR 3:1, Mat 0 is 

fragmented down to 100 blocks that have a resolution if 20x20. 

 

Figure 22. Visualization of the various composite microstructures used to verify the size of the RVE. 

Table 4. Number and element size of the KUBC blocks tested to find the strain energy 

Number of blocks Element Size of Blocks 

6 200 x 200 

4 100 x 100 

16 50 x 50 

100 20 x 20 

400 10 x 10 

1600 5 x 5 

10,000 2 x 2 
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To find the modulus in the 22-direction (C22), Eq. 2.5.4 is used, where strain 

energy (   is found using FEM, the volume (   is found assuming unit thickness, strain 

(     is equal to the displacement (0.1) over the length of each fragmented block, and 

    is solved using the strain energy formula.  A visual of the first two KUBC 

microstructures (200x200 resolution KUBC microstructure and the 4-(100x100) 

fragmented KUBC microstructures) in Table 4 are shown in Figure 23. 

 

 

Figure 23. Visualization of the splitting down of the (a) KUBC 200x200 composite microstructure discretization (b) 

into four KUBC 100x100 composite microstructures. 

 

The strain energy and therefore     is found for every KUBC block down to the 

element size of 50x50. Once the element size is decreased to 20x20 and smaller, only 24 

of the KUBC blocks are used to find the strain energy for simplicity.  The location of the 

24 KUBC blocks can be found in Figure 24.   
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Figure 24. The location of KUBC blocks where the strain energy was found is shown as black boxes. The location of 

(a) 100-(20 x 20), (b) 400-(10 x 10), (c) 1600-(5 x 5), (d) 10,000-(2 x 2). 
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4.3 Summary of the Methods used in the Analysis of Various Microstructures 

Each homogenization technique is used for the beam problem (Figure 16) 

previously stated to compare deformation along the length of the beam, the analysis 

begins with the rule of mixtures which tends to be the technique with the least accuracy 

and computational expense. This method is then followed by moving window 

homogenization and mesh mapping; these methods are superior to those without simple 

geometries. These methods are more improved for problems with non-homogeneous and 

functionally graded materials, if boundary and loading conditions is complex or for 

problems where a localized effect needs to be found.  It is also significant to use moving 

window homogenization where the RVE is not possible. 

The strain energy analysis is evaluated on completely different microstructures 

with kinetically uniform boundary conditions. The analysis of finding       is completed 

only using KUBC due to the difficulties of using SUBC; to determine where the RVE 

becomes existent using strain energy. To reiterate, the importance of finding the RVE is 

to be able to model a composite microstructure at a size that can represent a 

heterogeneous material effectively. 
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CHAPTER 5. RESULTS FOR THE INDETERMINATE BEAM AND THE 

INVESTIGATION OF A REPRESENTATIVE VOLUME ELEMENT 

This chapter discusses the results that are an outcome of the methods described in 

Chapter 4. There were two cases examined; they are the indeterminate beam structure 

described in Chapter 4.1 and the investigation of the size of a RVE described in Chapter 

4.2.  The results for the indeterminate beam structure are displayed in Chapter 5.1 and the 

investigation of a RVE is displayed in Chapter 5.2. 

5.1.1 Beam Model Results: Rule of Mixtures 

The rule of mixtures states that the Voigt is the upper bound and the Ruess is the 

lower bound on the constitutive properties of a composite. In Figure 25, vertical 

displacement is plotted as a function of distance along the length of the beam with a fiber 

to matrix contrast ratio (CR) of 2:1 for several cases. These cases include the various 

element types of the Voigt and Reuss bounds of a 4x80 composite mesh size. This figure 

shows that the Reuss CPS4 case has 2.274E-2 millimeter less deflection than the Voigt 

CPS4R case, due to the shifting of the bounds for the various element types. 

Figure 26 displays vertical displacement as a function of distance along the length 

of the beam with a 10:1 CR for the same cases described in Figure 25. Unlike the 2:1 CR 

(Figure 25) the beam with a 10:1 CR (Figure 26) the Voigt CPS4R case has a smaller 

deflection than the Reuss CPS4 case.  

In Figure 27, vertical displacement is plotted as a function of distance along the 

length of the beam with a 2:1 CR for several cases. These cases include the various 

element types of the Voigt and Reuss bounds of a 10x200 composite mesh size.  Figure 

28 displays vertical displacement as a function of distance along the length of the beam 
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with a 10:1 CR for the same cases described in Figure 27. For both situations displayed in 

Figures 27 and 28, the Voigt has less of a deflection than the Reuss. 

Thus the element type of each response must be considered when plotting the 

Voigt and Ruess bounds. To be able to compare the Voigt and Reuss models, the 

deflection must be compared between models with the same element type. The CPS4R 

was found to have more deflection because it had reduced integration as an element type. 

This can be thought to be because reduced integration used a lesser number of Gaussian 

coordinates when solving the integral compared to the CPS4. 

The CPS4 element type is chosen as the preferred element type because of the 

accuracy of integration and linearity of 4-node plane stress with the least expense. Figure 

29 displays vertical displacement as a function of distance along the length of the beam 

with a 2:1 CR for three cases. The three cases include the CPS4 element type of the Voigt 

and Reuss bounds of the 4x80, 10x200, and 20x400 composite mesh sizes. Figure 30 

shows vertical displacement as a function of distance along the beam for the same cases 

described in Figure 29 but with a 10:1 CR. These figures (Figure 29, 30) show that higher 

the CR, the greater disparity between the Voigt and Reuss bounds. 

The error associated with the Voigt and Reuss bounds is considered  by 

comparing the expected analytical deflection against the measured values from the rule of 

mixtures.  The analytical values should have the greatest deflection followed by the 

20x400, 10x200, and 4x80 results.  Figure 31 displays error as a function of element size 

for the 2:1 CR beam structure for two cases. The two cases include the vertical 

displacement at the maximum and midspan location for the Voigt and Reuss bounds. The 
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measured values of the Voigt and Ruess bounds are linear for the FE models, but when 

compared to the analytical value, the linearity does not hold. This is thought to be caused 

by the assumptions of the Elastic Beam Theory.  

The rule of mixtures creates a homogeneous, isotropic material by assigning an 

effective modulus, which would comply with the Elastic Beam Theory. Although there 

may be assumptions of Elastic Beam Theory that may have played a role in the error.  

One assumption that may not have complied is assuming the geometry is long and 

slender, where the length is much greater the than the depth and width. The second is 

assuming the deflection is small and uses small angle approximations. 

Key Results: 

 Reduced integration can affect results comparisons, by causing increased 

compliance or decreased stiffness in results. 

 The higher the contrast ratio, the greater the difference will between the 

Voigt and Ruess bounds. 

 Finer meshes will have less stiffness associated with them. 

 The error associated with the Voigt and Reuss bounds and the analytical 

value has not been proven to be linear in this brief examination. 
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Figure 25. Beam deflection as a function of distance along the length of the beam for the Voigt and Reuss bounds of a 

4x80 composite mesh size with a 2:1 CR, plotted for the comparison of element type (a) entire fit of the results (b) 

zoomed in results. 
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Figure 26. Beam deflection as a function of distance along the length of the beam for the Voigt and Reuss bounds of a 

4x80 composite mesh size with a 10:1 CR, plotted for the comparison of element type (a) entire fit of the results (b) 

zoomed in results. 
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Figure 27. Beam deflection as a function of distance along the length of the beam for the Voigt and Reuss bounds of a 

10x200 composite mesh size with a 2:1 CR, plotted for the comparison of element type (a) entire fit of the results (b) 

zoomed in results. 
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Figure 28. Beam deflection as a function of distance along the length of the beam for the Voigt and Reuss bounds of a 

10x200 composite mesh size with a 10:1 CR, plotted for the comparison of element type (a) entire fit of the results (b) 

zoomed in results. 
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Figure 29. Beam deflection as a function of distance along the length of the beam for the comparison of Voigt and 

Reuss bounds of various composite mesh sizes with a 2:1 CR, plotted for the CPS4 element type (a) entire fit of the 

results (b) zoomed in results. 
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Figure 30. Beam deflection as a function of distance along the length of the beam for the comparison of Voigt and 

Reuss bounds of various composite mesh sizes with a 10:1 CR, plotted for the CPS4 element type (a) entire fit of the 

results (b) zoomed in results. 

-9.00E-03

-8.00E-03

-7.00E-03

-6.00E-03

-5.00E-03

-4.00E-03

-3.00E-03

-2.00E-03

-1.00E-03

0.00E+00

0 0.5 1 1.5 2 2.5 3 3.5 4
D

ef
o

rm
a

ti
o

n
 (

m
) 

X(m) 

(a) CPS4 CR 10:1 Voigt & Ruess (Various Meshes) 

Voigt 4x80

Voigt 10x200

Voigt 20x400

Ruess 4x80

Ruess 10x200

Reuss 20x400

See Part 

-9.00E-03

-8.00E-03

-7.00E-03

-6.00E-03

-5.00E-03

-4.00E-03

-3.00E-03

1.75 1.95 2.15 2.35 2.55 2.75

D
ef

o
rm

a
ti

o
n

 (
m

) 

X(m) 

(b) CPS4 CR 10:1 Voigt & Ruess (Various Meshes) - Zoomed 

Voigt 4x80

Voigt 10x200

Voigt 20x400

Ruess 4x80

Ruess 10x200

Reuss 20x400



 

 50 

 
Figure 31. Beam deflection as a function of the length of element size, plotted for the midspan and maximum Voigt 

and Ruess deflection values for the indeterminate beam with a 2:1 CR. 

5.1.2 Beam Model Results: Mesh Mapping  

Mesh mapping is performed for testing the accuracy of the moving window 

models, to control for the error introduced by discretization. The deflection as a function 

of the length of the beam are shown in Figure 32 for each mesh mapping (see methods 

referenced Chapter 4.1.3) trials. Each trial had roughly the same deflection near the 

supports of the beam, but deviated in the middle.   

The difference between the material properties for the two refined mesh models 

(Refined 5 and Refined 2) did not create a significant difference in accuracy compared 

the benchmark.  Refined 2 and Refined 5 had approximately the same maximum 

deformation of 1.8365 and 1.8403 millimeters in the negative 2 direction respectively at 

2.3 meters from the fixed support, where the benchmark’s maximum deflection was 

1.8385 millimeters.  

Key Results: 

 Allocation of material properties for the more refined mesh (Refined 5) did 

not create greater accuracy compared to the benchmark. 
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Figure 32. Beam deflection as a function of distance along the length of the beam for the comparison of Refined 2, 

Refined 5, and the benchmark with a CR 2:1 (a) entire fit of the results (b) zoomed in results. 
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5.1.3 Beam Model Results: Comparison of Each Method 

Figure 33 displays the vertical displacement as a function of distance along the 

length of the beam for four cases. The cases include the rule of mixtures, mesh mapping, 

and the benchmark for the 2:1 CR indeterminate beam structure. The rule of mixtures 

method was tested on the 20x400 mesh size with the CPS4 element type. Mesh mapping 

creates Refined 5 and Refined 2 with a 2:1 CR. Refined 5 is the name created from 

transposing the KUBCMicro1W5 properties onto a 20x400 mesh mapped FEM mesh.  

Refined 2 is the name that correlates to transposing the KUBCMicro1W2 properties onto 

a 20x400 mesh mapped FEM mesh.   

The rule of mixtures creates the extreme deformation values for the uppermost 

and lowermost bounds from the benchmark. The Voigt bound is within 6.436% error of 

the maximum deflection of the benchmark, where the Ruess bound is within -1.735%. 

The Ruess bound is more accurate due to the orientation of the fibers, once the load is 

applied; it creates stress in the transverse fiber direction. Refined 2 and Refined 5 are the 

closest to the benchmark. They have very little deviation in accuracy; Refined 2 is within 

0.109% error of the maximum deflection of the benchmark and Refined 5 is within -

0.0995% error of the benchmark.  Although there is not a substantial change in error 

between Refined 2 and Refined 5, it is seen that as the window size increases from 

Refined 2 to Refined 5 the material modeling error decreases, and the meshing error 

remains constant due to the process of mesh mapping. The plot of the benchmark 

deformation is within Refined 2 and Refined 5 during the 2.25-2.60 meter distance of the 

beam.  

Key Results: 
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 Voigt and Reuss create the upper and lower bounds, repectively. 

 The mesh mapping method was the most accurate to the benchmark, with 

Refined 2 having a maximum deformation of 1.8365 millimeters and Refined 

5 being slightly stiffer with a maximum deformation of 1.8403 millimeters.  

 The error associated with the Voigt, Reuss, Refined 2, and Refined 5 

compared to the maximum benchmark are 6.436%, -1.735%, 0.109%, and -

0.0995%. 
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Figure 33. Beam deflection as a function of distance along the length of the beam for each method used for the 2:1 CR 

indeterminate beam structure and the benchmark (a) entire fit of the results (b) zoomed in results. 
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5.2.1 RVE & Energy Results 

The strain energy and therefore C22 was found for each of six microstructures 

(Mats0-5) using a contrast ratio of 2:1, 4:3, and 3:1.  The same boundary conditions were 

applied to each microstructure; an illustration is shown in Figure 34. The energy values 

obtained as a result of finite element analysis and variables to calculate C22 for the 

various microstructures are displayed in Table 5, 6, and 7 respectively for each contrast 

ratio. A comparison of the C22 values with ±1% of the average (of the all microstructures) 

change for each contrast ratio is displayed in Figure 35 (2:1 CR), Figure 36 (4:3 CR), and 

Figure 37 (3:1 CR).  Each microstructure has relatively similar C22 values; though the 

placement of the inclusions is different (see Figure 34). 

The statistical information for each of the fragmented microstructures with a 2:1 

CR is displayed in Table 8, where the histograms of are displayed in Figure 38. The 

statistical information for each of the fragmented microstructures with a 4:3 CR is 

displayed in Table 9, where the histograms of are displayed in Figure 39 The statistical 

information for each of the fragmented microstructures with a 3:1 CR is displayed in 

Table 10, where the histograms of are displayed in Figure 40.  

The size of the RVE is more clearly shown by the 98% confidence level and the 

mean value of C22. To create a confidence level for the original 200x200 microstructure, 

the means were taken for each of the six microstructures (Mat0-Mat5). A convergence is 

shown in Figure 41 for a 2:1 CR, Figure 42 for 4:3 CR, and Figure 43 for 3:1 CR; the 

mean value decreases until the element size of the block reaches a resolution of 20x20. 

Figures 44-46 also show a convergence at the same level for the coefficient of variation 

for the CR 2:1, 4:3, and 3:1 respectively. As a definition of the RVE, the element is the 
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largest without changing properties, the RVE could be considered at the resolution of 

20x20 for each contrast ratio of the given composite microstructure. These results show 

that the choice of the RVE may be any size equal to or greater than the size shown. The 

variables of strain energy for each of the partitioned KUBC blocks of Mat0 with the 

various contrast ratios are found in the Appendix Tables A1-9. 

Key Results: 

 Each 200x200 microstructure with various contrast ratios had similar C22 

values. 

 The size of the RVE could be considered at the resolution of 20x20 for each 

contrast ratio for the examined microstructure. 

 

 

Figure 34. Boundary value problem illustration (a) Mat0 (b) Mat1 (c) Mat2 (d) Mat3 (e) Mat 4 (f) Mat5.  
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Table 5. C22 per variables included in strain energy, found for each composite microstructure (0-5) with a 2:1 CR. 

 
 
Table 6. C22 per variables included in strain energy, found for each composite microstructure (0-5) with a 4:3 CR. 

 
 

Table 7. C22 per variables included in strain energy, found for each composite microstructure (0-5) with a 3:1 CR. 

 
 

 

 
Figure 35. Histograms with the ±1% change boundary lines of the C22 for each composite microstructure with a size of 

200x200 with a 2:1 CR. 

 

 

2:1 CR Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

Mat_0 5.8839E+08 20.0 400.0 200.0 0.01 1.1768E+11

Mat_1 5.8839E+08 20.0 400.0 200.0 0.01 1.1768E+11

Mat_2 5.8794E+08 20.0 400.0 200.0 0.01 1.1759E+11

Mat_3 5.8792E+08 20.0 400.0 200.0 0.01 1.1758E+11

Mat_4 5.8865E+08 20.0 400.0 200.0 0.01 1.1773E+11

Mat_5 5.8839E+08 20.0 400.0 200.0 0.01 1.1768E+11

4:3 CR Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

Mat_0 7.3534E+08 20.0 400.0 200.0 0.01 1.4707E+11

Mat_1 7.3534E+08 20.0 400.0 200.0 0.01 1.4707E+11

Mat_2 7.3515E+08 20.0 400.0 200.0 0.01 1.4703E+11

Mat_3 7.3514E+08 20.0 400.0 200.0 0.01 1.4703E+11

Mat_4 7.3545E+08 20.0 400.0 200.0 0.01 1.4709E+11

Mat_5 7.3534E+08 20.0 400.0 200.0 0.01 1.4707E+11

3:1 CR Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

Mat_0 4.2587E+08 20.0 400.0 200.0 0.01 8.5174E+10

Mat_1 4.2586E+08 20.0 400.0 200.0 0.01 8.5172E+10

Mat_2 4.2505E+08 20.0 400.0 200.0 0.01 8.5011E+10

Mat_3 4.2505E+08 20.0 400.0 200.0 0.01 8.5010E+10

Mat_4 4.2632E+08 20.0 400.0 200.0 0.01 8.5265E+10

Mat_5 4.2587E+08 20.0 400.0 200.0 0.01 8.5173E+10
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Figure 36. Histograms with the ±1% change boundary lines of the C22 for each composite microstructure with a size of 

200x200 with a 4:3 CR. 

 

 
Figure 37. Histograms with the ±1% change boundary lines of the C22 for each composite microstructure with a size of 

200x200 with a 3:1 CR. 
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Table 8. Statistical information found by the means of each fragmented KUBC block for Mat 0 with a 2:1 CR. 

 
 

 

 
 

Figure 38. Histograms of C22 per each fragmented KUBC block of Mat0 with a 2:1 CR (a) 4 x (100x100) (b) 16 x 

(50x50) (c) 24 x (20x20) (d) 24 x (10x10) (e) 24x (5x5) (f) 24 x (2x2).   

 

  

Statistical Information 2 x 2 5 x 5 10 x 10 20 x 20 50 x 50 100 x 100 200 x 200

Mean 1.1142E+11 1.1669E+11 1.1629E+11 1.1655E+11 1.1775E+11 1.1772E+11 1.1766E+11

Standard Deviation 1.9399E+10 1.6836E+10 8.3486E+09 3.8813E+09 1.8819E+09 8.3928E+08 5.2776E+07

Skew 2.1283E+00 1.0154E+00 6.0732E-01 -9.6252E-02 -8.0402E-01 -2.9209E-01 -3.9722E-01

Coefficient of Variation 0.1741 0.1443 0.0718 0.0333 0.0160 0.0071 0.0004

L/Lref 0.010 0.025 0.050 0.100 0.250 0.500 1.000
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Table 9. Statistical information found by the means of each fragmented KUBC block for Mat 0 with a 4:3 CR. 

 
 

 
Figure 39. Histograms of C22 per each fragmented KUBC block of Mat0 with a 4:3 CR (a) 4 x (100x100) (b) 16 x 

(50x50) (c) 24 x (20x20).   

 

Statistical Information 20x20 50 x 50 100 x 100 200 x 200

Mean 1.4625E+11 1.4710E+11 1.4709E+11 1.4706E+11

Standard Deviation 2.9055E+09 1.3983E+09 6.1311E+08 2.2703E+07

Skew -1.2266E-01 -8.4553E-01 -1.0194E-01 -3.9999E-01

Coefficient of Variation 0.0199 0.0095 0.0042 0.0002

L/Lref 0.100 0.250 0.500 1.000
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Table 10. Statistical information found by the means of each fragmented KUBC block for Mat 0 with a 3:1 CR. 

 
 

 

Figure 40. Histograms of C22 per each fragmented KUBC block of Mat0 with a 3:1 CR (a) 4 x (100x100) (b) 16 x 

(50x50) (c) 24 x (20x20).   

 

Statistical Information 20x20 50 x 50 100 x 100 200 x 200

Mean 8.3879E+10 8.5314E+10 8.5252E+10 8.5134E+10

Standard Deviation 4.2769E+09 2.1033E+09 9.5752E+08 9.3382E+07

Skew -4.4998E-02 -7.2609E-01 -5.3673E-01 -3.9294E-01

Coefficient of Variation 0.0510 0.0247 0.0112 0.0011

L/Lref 0.100 0.250 0.500 1.000
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Figure 41. Convergence of the mean values of strain energy with the upper and lower 98% confidence level for various 

sample sizes as a function of the log scale of the length of KUBC sample normalized by the reference length (20m) for 

Mat0 with a 2:1 CR (except for at a L/Lref value of 1, where the mean and confidence level originated from Mat0-

Mat5). 

 
Figure 42. Convergence of the mean values of strain energy with the upper and lower 98% confidence level for various 

sample sizes as a function of the log scale of the length of KUBC sample normalized by the reference length (20m) for 

Mat0 with 4:3 CR (except for at a L/Lref value of 1, where the mean and confidence level originated from Mat0-Mat5). 
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Figure 43. Convergence of the mean values of strain energy with the upper and lower 98% confidence level for various 

sample sizes as a function of the log scale of the length of KUBC sample normalized by the reference length (20m) for 

Mat0 with a 3:1 CR (except for at a L/Lref value of 1, where the mean and confidence level originated from Mat0-

Mat5). 

 
 
Figure 44. Convergence of the coefficient of variation for Mat0 with a CR 2:1 with an exception for the L/Lref value 

of 1, where the coefficient of variation originates from Mat0-Mat5. 
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Figure 45. Convergence of the coefficient of variation for Mat0 with a CR 4:3 with an exception for the L/Lref value 

of 1, where the coefficient of variation originates from Mat0-Mat5. 

 

 

 
Figure 46. Convergence of the coefficient of variation for Mat0 with a CR 3:1 with an exception for the L/Lref value 

of 1, where the coefficient of variation originates from Mat0-Mat5. 
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CONCLUSIONS 

Two different studies were completed on composite material microstructures. The 

studies included considering the accuracy of three homogenization methods and an 

investigation of a representative volume element. The three homogenization methods 

include the rule of mixtures, moving window homogenization, and mesh mapping on an 

indeterminate beam structure with various contrast ratios, element types, and mesh sizes.  

The rule of mixtures was applied to the indeterminate structure for various 

combinations. It was found when using reduced integration as an element type, 

discrepancies in the results will be created; this situation was found when comparing each 

element type to the 4x80 mesh with a 2:1 CR and also a 10:1 CR.  The Voigt should be 

the uppermost bound and the Reuss the lowermost on the constitutive property of the 

material. Figure 25 displays this relationship, although the Voigt CPS4R element type is 

actually below the Reuss CPS4; this is due to shifting of the bounds for each element 

type.  It was confirmed that once the same element type (CPS4) was compared, the 

higher the contrast ratio the greater the disparity between the Voigt and Ruess bounds. It 

was also confirmed that a finer mesh will have less stiffness associated with it for the rule 

of mixtures.  

The allocation of material properties for the two refined mesh models (Refined 5 

and Refined 2) did not create a significant difference in accuracy compared the maximum 

deflection of the benchmark.  The maximum deflection of the benchmark was found to be 

1.8385 millimeters at 2.3 meters from the fixed support, where Refined 2 and Refined 5 

had approximately the same maximum deformation of 1.8365 and 1.8403 millimeters in 

the negative 2 direction respectively. Refined 2 is within 0.109% error of the maximum 



 

 66 

deflection of the benchmark and Refined 5 is within -0.0995% error of the benchmark.  

Although there is not a substantial change in error between Refined 2 and Refined 5, it is 

seen that as the window size increases from Refined 2 to Refined 5 the material modeling 

error decreases, and the meshing error remains constant due to the process of mesh 

mapping.  

Mesh mapping is most accurate to the benchmark and had the greatest 

computational expense for both refinement levels. The Voigt and Reuss bounds 

associated with a very coarse mesh will create the least accurate model, but has the least 

computational expense. The Voigt bound for the 2:1 CR is within 6.436% error of the 

maximum deflection of the benchmark, where the Ruess bound is within -1.735%. The 

Ruess bound is the more accurate of the rule of mixtures for this structure due to the 

orientation of the fibers, once the load is applied; it creates stress in the transverse fiber 

direction. 

The investigation of an RVE consisted of determining convergence of the 

modulus in the 22 direction.  The C22 material property was found by applying kinematic 

(displacement) uniform boundary condition (KUBC) for six different 200x200 element 

size microstructures with the same volume fraction at various contrast ratios; this was 

completed by using the strain energy found from finite element analysis. Each of these 

microstructures has relatively comparable C22 values although the fiber inclusions had 

different locations in the matrix. The C22 was then found for various partitioned sizes of 

Mat0 by applying KUBC. A convergence of the C22 was found at around the 

20x200resolution for the examined microstructure at various contrast ratios.   
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FUTURE DIRECTIONS 

To be able to achieve the goal of advancing computer modeling capabilities by 

combining computational efficiency and accuracy, an actual computational expense 

should be determined. Computation expense analysis should be conducted to determine 

the time savings of various techniques on large structures. The large structure analysis 

would also allow for more comparisons of the homogenization techniques which used on 

the indeterminate beam structure. These comparisons would be beneficial to try to 

balance material modeling and discretization error. 

The error associated with the measured values of the homogenization methods 

and the analytical value should also be established. This analysis would be completed by 

creating a new model that coincides with the assumptions of the Elastic Beam Theory. 

The model would need to be long and slender and have a small deflection and may also 

need to include other assumptions. 

The effective stiffness using SUBC should be analyzed. This research only 

considered the rule of mixtures and the KUBC, therefore the much of the left hand 

portion of Eq. 3.4.1 is absent for analysis. To try to observe the effective stiffness or 

where the RVE exists, the full analysis of the rule of mixtures, the SUBC, and the KUBC 

should be completed.  

Experimental testing would be another valuable extension of research. It would be 

performed on a large scale basis of a composite material. This would allow for true 

experimental values to be compared to the found values based from finite element 

methods.  The experimental assessments could be performed on various composites with 

diverse types of matrix material, different inclusions types (i.e. fibrous, particles) and 
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varying volume fractions, therefore creating variable material properties for different 

composites.  It is also important that to be able to test any of the homogenization 

methods, a microscopic image of the composite will need to be available for 

understanding the placement of inclusions. 
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APPENDIX  

Table A 1. C22 per variables included in strain energy for the composite microstructure Mat0 with a 2:1 CR and Mat0 

with a 2:1 CR fragmented into 4 and 16 KUBC blocks. 

 
 
  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

5.884E+08 20.0 400.0 200.0 0.01 1.177E+11

5.902E+08 10.0 100.0 50.0 0.01 1.180E+11

5.826E+08 10.0 100.0 50.0 0.01 1.165E+11

5.875E+08 10.0 100.0 50.0 0.01 1.175E+11

5.941E+08 10.0 100.0 50.0 0.01 1.188E+11

5.945E+08 5.0 25.0 12.5 0.02 1.189E+11

5.881E+08 5.0 25.0 12.5 0.02 1.176E+11

5.660E+08 5.0 25.0 12.5 0.02 1.132E+11

5.876E+08 5.0 25.0 12.5 0.02 1.175E+11

5.796E+08 5.0 25.0 12.5 0.02 1.159E+11

5.988E+08 5.0 25.0 12.5 0.02 1.198E+11

5.926E+08 5.0 25.0 12.5 0.02 1.185E+11

5.849E+08 5.0 25.0 12.5 0.02 1.170E+11

5.821E+08 5.0 25.0 12.5 0.02 1.164E+11

5.749E+08 5.0 25.0 12.5 0.02 1.150E+11

5.917E+08 5.0 25.0 12.5 0.02 1.183E+11

5.969E+08 5.0 25.0 12.5 0.02 1.194E+11

5.937E+08 5.0 25.0 12.5 0.02 1.187E+11

6.003E+08 5.0 25.0 12.5 0.02 1.201E+11

6.020E+08 5.0 25.0 12.5 0.02 1.204E+11

5.862E+08 5.0 25.0 12.5 0.02 1.172E+11

100 x 100

200 x 200

50 x 50
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Table A 2. C22 per variables included in strain energy for the composite microstructure Mat0 with a 2:1 CR fragmented 

into 100 KUBC blocks. 

 
  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

6.204E+08 2.0 4.0 2.0 0.05 1.241E+11

5.596E+08 2.0 4.0 2.0 0.05 1.119E+11

5.504E+08 2.0 4.0 2.0 0.05 1.101E+11

5.673E+08 2.0 4.0 2.0 0.05 1.135E+11

5.974E+08 2.0 4.0 2.0 0.05 1.195E+11

5.780E+08 2.0 4.0 2.0 0.05 1.156E+11

6.037E+08 2.0 4.0 2.0 0.05 1.207E+11

5.965E+08 2.0 4.0 2.0 0.05 1.193E+11

5.730E+08 2.0 4.0 2.0 0.05 1.146E+11

5.854E+08 2.0 4.0 2.0 0.05 1.171E+11

5.623E+08 2.0 4.0 2.0 0.05 1.125E+11

5.860E+08 2.0 4.0 2.0 0.05 1.172E+11

5.620E+08 2.0 4.0 2.0 0.05 1.124E+11

5.729E+08 2.0 4.0 2.0 0.05 1.146E+11

5.662E+08 2.0 4.0 2.0 0.05 1.132E+11

5.964E+08 2.0 4.0 2.0 0.05 1.193E+11

5.953E+08 2.0 4.0 2.0 0.05 1.191E+11

5.445E+08 2.0 4.0 2.0 0.05 1.089E+11

6.131E+08 2.0 4.0 2.0 0.05 1.226E+11

5.913E+08 2.0 4.0 2.0 0.05 1.183E+11

5.732E+08 2.0 4.0 2.0 0.05 1.146E+11

6.050E+08 2.0 4.0 2.0 0.05 1.210E+11

5.922E+08 2.0 4.0 2.0 0.05 1.184E+11

5.936E+08 2.0 4.0 2.0 0.05 1.187E+11

20 x 20
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Table A 3. C22 per variables included in strain energy for the composite microstructure Mat0 with a 2:1 CR fragmented 

into 400 KUBC blocks. 

 

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

6.283E+08 1.0 1.0 0.5 0.10 1.257E+11

5.835E+08 1.0 1.0 0.5 0.10 1.167E+11

5.614E+08 1.0 1.0 0.5 0.10 1.123E+11

5.000E+08 1.0 1.0 0.5 0.10 1.000E+11

5.650E+08 1.0 1.0 0.5 0.10 1.130E+11

5.841E+08 1.0 1.0 0.5 0.10 1.168E+11

5.689E+08 1.0 1.0 0.5 0.10 1.138E+11

5.931E+08 1.0 1.0 0.5 0.10 1.186E+11

5.424E+08 1.0 1.0 0.5 0.10 1.085E+11

5.337E+08 1.0 1.0 0.5 0.10 1.067E+11

5.936E+08 1.0 1.0 0.5 0.10 1.187E+11

5.853E+08 1.0 1.0 0.5 0.10 1.171E+11

5.980E+08 1.0 1.0 0.5 0.10 1.196E+11

5.900E+08 1.0 1.0 0.5 0.10 1.180E+11

5.915E+08 1.0 1.0 0.5 0.10 1.183E+11

6.203E+08 1.0 1.0 0.5 0.10 1.241E+11

5.763E+08 1.0 1.0 0.5 0.10 1.153E+11

5.000E+08 1.0 1.0 0.5 0.10 1.000E+11

7.055E+08 1.0 1.0 0.5 0.10 1.411E+11

5.627E+08 1.0 1.0 0.5 0.10 1.125E+11

5.683E+08 1.0 1.0 0.5 0.10 1.137E+11

6.382E+08 1.0 1.0 0.5 0.10 1.276E+11

5.942E+08 1.0 1.0 0.5 0.10 1.188E+11

5.703E+08 1.0 1.0 0.5 0.10 1.141E+11

10 x 10
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Table A 4. C22 per variables included in strain energy for the composite microstructure Mat0 with a 2:1 CR fragmented 

into 1,600 KUBC blocks. 

 
 

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

5.642E+08 0.5 0.3 0.1 0.20 1.128E+11

7.504E+08 0.5 0.3 0.1 0.20 1.501E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

6.453E+08 0.5 0.3 0.1 0.20 1.291E+11

5.728E+08 0.5 0.3 0.1 0.20 1.146E+11

5.125E+08 0.5 0.3 0.1 0.20 1.025E+11

5.642E+08 0.5 0.3 0.1 0.20 1.128E+11

6.521E+08 0.5 0.3 0.1 0.20 1.304E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

5.391E+08 0.5 0.3 0.1 0.20 1.078E+11

5.258E+08 0.5 0.3 0.1 0.20 1.052E+11

5.125E+08 0.5 0.3 0.1 0.20 1.025E+11

6.128E+08 0.5 0.3 0.1 0.20 1.226E+11

6.521E+08 0.5 0.3 0.1 0.20 1.304E+11

6.428E+08 0.5 0.3 0.1 0.20 1.286E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

8.033E+08 0.5 0.3 0.1 0.20 1.607E+11

5.838E+08 0.5 0.3 0.1 0.20 1.168E+11

6.271E+08 0.5 0.3 0.1 0.20 1.254E+11

7.032E+08 0.5 0.3 0.1 0.20 1.406E+11

5.391E+08 0.5 0.3 0.1 0.20 1.078E+11

5.000E+08 0.5 0.3 0.1 0.20 1.000E+11

5 x 5
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Table A 5. C22 per variables included in strain energy for the composite microstructure Mat0 with a 2:1 CR fragmented 

into 10,000 KUBC blocks. 

 
  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

6.667E+08 0.2 0.0 0.0 0.50 1.333E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

8.393E+08 0.2 0.0 0.0 0.50 1.679E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.876E+08 0.2 0.0 0.0 0.50 1.175E+11

8.393E+08 0.2 0.0 0.0 0.50 1.679E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

5.000E+08 0.2 0.0 0.0 0.50 1.000E+11

2 x 2



 

 77 

 

Table A 6. C22 per variables included in strain energy for the composite microstructure Mat0 with a 4:3 CR and Mat0 

with a 4:3 CR fragmented into 4 and 16 KUBC blocks. 

 
  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

7.353E+08 20.0 400.0 200.0 0.01 1.471E+11

7.365E+08 10.0 100.0 50.0 0.01 1.473E+11

7.311E+08 10.0 100.0 50.0 0.01 1.462E+11

7.345E+08 10.0 100.0 50.0 0.01 1.469E+11

7.396E+08 10.0 100.0 50.0 0.01 1.479E+11

7.397E+08 5.0 25.0 12.5 0.02 1.479E+11

7.352E+08 5.0 25.0 12.5 0.02 1.470E+11

7.186E+08 5.0 25.0 12.5 0.02 1.437E+11

7.350E+08 5.0 25.0 12.5 0.02 1.470E+11

7.285E+08 5.0 25.0 12.5 0.02 1.457E+11

7.426E+08 5.0 25.0 12.5 0.02 1.485E+11

7.388E+08 5.0 25.0 12.5 0.02 1.478E+11

7.325E+08 5.0 25.0 12.5 0.02 1.465E+11

7.303E+08 5.0 25.0 12.5 0.02 1.461E+11

7.250E+08 5.0 25.0 12.5 0.02 1.450E+11

7.374E+08 5.0 25.0 12.5 0.02 1.475E+11

7.420E+08 5.0 25.0 12.5 0.02 1.484E+11

7.389E+08 5.0 25.0 12.5 0.02 1.478E+11

7.442E+08 5.0 25.0 12.5 0.02 1.488E+11

7.449E+08 5.0 25.0 12.5 0.02 1.490E+11

7.341E+08 5.0 25.0 12.5 0.02 1.468E+11

200 x 200

50 x 50

100 x 100
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Table A 7. C22 per variables included in strain energy for the composite microstructure Mat0 with a 4:3 CR fragmented 

into 100 KUBC blocks. 

  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

7.591E+08 2.0 4.0 2.0 0.05 1.518E+11

7.135E+08 2.0 4.0 2.0 0.05 1.427E+11

7.072E+08 2.0 4.0 2.0 0.05 1.414E+11

7.196E+08 2.0 4.0 2.0 0.05 1.439E+11

7.430E+08 2.0 4.0 2.0 0.05 1.486E+11

7.284E+08 2.0 4.0 2.0 0.05 1.457E+11

7.469E+08 2.0 4.0 2.0 0.05 1.494E+11

7.412E+08 2.0 4.0 2.0 0.05 1.482E+11

7.233E+08 2.0 4.0 2.0 0.05 1.447E+11

7.328E+08 2.0 4.0 2.0 0.05 1.466E+11

7.159E+08 2.0 4.0 2.0 0.05 1.432E+11

7.340E+08 2.0 4.0 2.0 0.05 1.468E+11

7.154E+08 2.0 4.0 2.0 0.05 1.431E+11

7.241E+08 2.0 4.0 2.0 0.05 1.448E+11

7.191E+08 2.0 4.0 2.0 0.05 1.438E+11

7.414E+08 2.0 4.0 2.0 0.05 1.483E+11

7.408E+08 2.0 4.0 2.0 0.05 1.482E+11

7.026E+08 2.0 4.0 2.0 0.05 1.405E+11

7.531E+08 2.0 4.0 2.0 0.05 1.506E+11

7.373E+08 2.0 4.0 2.0 0.05 1.475E+11

7.243E+08 2.0 4.0 2.0 0.05 1.449E+11

7.487E+08 2.0 4.0 2.0 0.05 1.497E+11

7.383E+08 2.0 4.0 2.0 0.05 1.477E+11

7.401E+08 2.0 4.0 2.0 0.05 1.480E+11

20 x 20
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Table A 8. C22 per variables included in strain energy for the composite microstructure Mat0 with a 3:1 CR and Mat0 

with a 3:1 CR fragmented into 4 and 16 KUBC blocks. 

 
  

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

4.259E+08 20.0 400.0 200.0 0.01 8.517E+10

4.283E+08 10.0 100.0 50.0 0.01 8.566E+10

4.191E+08 10.0 100.0 50.0 0.01 8.383E+10

4.253E+08 10.0 100.0 50.0 0.01 8.506E+10

4.323E+08 10.0 100.0 50.0 0.01 8.645E+10

4.331E+08 5.0 25.0 12.5 0.02 8.663E+10

4.255E+08 5.0 25.0 12.5 0.02 8.509E+10

4.013E+08 5.0 25.0 12.5 0.02 8.026E+10

4.245E+08 5.0 25.0 12.5 0.02 8.491E+10

4.167E+08 5.0 25.0 12.5 0.02 8.334E+10

4.383E+08 5.0 25.0 12.5 0.02 8.766E+10

4.300E+08 5.0 25.0 12.5 0.02 8.599E+10

4.224E+08 5.0 25.0 12.5 0.02 8.449E+10

4.194E+08 5.0 25.0 12.5 0.02 8.389E+10

4.116E+08 5.0 25.0 12.5 0.02 8.232E+10

4.305E+08 5.0 25.0 12.5 0.02 8.610E+10

4.348E+08 5.0 25.0 12.5 0.02 8.695E+10

4.328E+08 5.0 25.0 12.5 0.02 8.656E+10

4.392E+08 5.0 25.0 12.5 0.02 8.785E+10

4.423E+08 5.0 25.0 12.5 0.02 8.846E+10

4.226E+08 5.0 25.0 12.5 0.02 8.452E+10

200 x 200

50 x 50

100 x 100
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Table A 9. C22 per variables included in strain energy for the composite microstructure Mat0 with a 3:1 CR fragmented 

into 100 KUBC blocks. 

 
 

 

 

Strain Energy (N-m) Length (m) Volume (m
3
) V/2 (m

3
) Strain C22 (N/m²)

4.616E+08 2.0 4.0 2.0 0.05 9.233E+10

3.947E+08 2.0 4.0 2.0 0.05 7.894E+10

3.836E+08 2.0 4.0 2.0 0.05 7.671E+10

4.025E+08 2.0 4.0 2.0 0.05 8.050E+10

4.341E+08 2.0 4.0 2.0 0.05 8.682E+10

4.129E+08 2.0 4.0 2.0 0.05 8.257E+10

4.426E+08 2.0 4.0 2.0 0.05 8.852E+10

4.352E+08 2.0 4.0 2.0 0.05 8.705E+10

4.098E+08 2.0 4.0 2.0 0.05 8.196E+10

4.232E+08 2.0 4.0 2.0 0.05 8.464E+10

3.971E+08 2.0 4.0 2.0 0.05 7.943E+10

4.225E+08 2.0 4.0 2.0 0.05 8.450E+10

3.971E+08 2.0 4.0 2.0 0.05 7.942E+10

4.081E+08 2.0 4.0 2.0 0.05 8.161E+10

4.009E+08 2.0 4.0 2.0 0.05 8.019E+10

4.344E+08 2.0 4.0 2.0 0.05 8.688E+10

4.328E+08 2.0 4.0 2.0 0.05 8.655E+10

3.776E+08 2.0 4.0 2.0 0.05 7.552E+10

4.549E+08 2.0 4.0 2.0 0.05 9.099E+10

4.292E+08 2.0 4.0 2.0 0.05 8.585E+10

4.085E+08 2.0 4.0 2.0 0.05 8.170E+10

4.426E+08 2.0 4.0 2.0 0.05 8.851E+10

4.298E+08 2.0 4.0 2.0 0.05 8.596E+10

4.298E+08 2.0 4.0 2.0 0.05 8.596E+10

20 x 20


