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Abstract

We study two combinatorial miracles relating purely poset-theoretic objects with purely

Coxeter-theoretic objects. The first miracle is that there are the same number of linear

extensions of the root poset as reduced words of the longest element (in certain types),

while the second is that there are the same number of order ideals in the root poset as

certain group elements (in more types). We place these miracles on remarkably similar

footing in Theorem 3.1.9 and Conjecture 4.4.9.

Strangely, the first miracle is less general than the second. We motivate it in Chap-

ter 3 by showing that behind each of its instances lurks a trivial result. This philosophy

gives us a unified framework that collects several known theorems while allowing us to

obtain new results.

We set up the language for the second miracle in Chapter 4, in which we review the

many equivalent ways to define W -Catalan objects. Of note, we show how to interpret

both the Kreweras complement and Cambrian rotation as certain walks on N. Reading’s

Cambrian lattice, which may be conjecturally mirrored on the nonnesting partitions.

In Chapter 5, we test the limits of the second miracle by turning inward to parabolic

quotients. In doing so, we introduce a new generalization of W -Catalan combinatorics.
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2

1.1 Philosophy I: “Is there a type B analogue?”

A first course in classical enumerative combinatorics teaches us to breathe life into

inanimate integer sequences by interpreting them as counting combinatorial objects.

One particular favorite is:

Cat(n) =
1

n+ 1

"
2n

n

#
for n " 0.

Among many other objects (as of this writing, there are over two hundred [4]), we

have the following interpretations for Cat(n):

(c) Noncrossing partitions on [n] (Section 4.1.1);

(w0) Triangulations of an (n+2)-gon (Section 4.1.2) and 231-avoiding permutations of

length n (Section 4.1.4); and

(#) Dyck paths of length 2n (Section 4.1.3).

These animating combinatorial objects often reveal additional structure, which can

lead to interesting and beautiful mathematics. For example, the three points above

endow Cat(n) with three di$erent lattice structures.

Modern algebraic combinatorics finds interpretations within naturally occurring al-

gebraic and geometric constructions. One of the most fertile grounds for this philosophy

has been in reflection groups, where classical combinatorial objects are often revealed

to be type An phenomena—that is, as corresponding to the symmetric group Sn+1. 1

Interpreting them in this context can suggest a reasonable uniform generalization to

all finite types.

In this way, our three examples become:

(c) Elements w ! W less than a Coxeter element c in the absolute order (the non-

crossing partitions, NC(W, c), of Section 4.2);

(w0) Certain compatible sets of almost positive roots (the clusters Asoc(W, c) of Sec-

tion 4.3), and certain elements w ! W with restricted inversion sets (the c-sortable

elements, Sort(W, c), of Section 4.5); and

1 Another popular philosophy, best phrased in the form of a question at the end of an incompre-
hensible talk, teaches us to ask “Is there a q-analogue?”
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(#) Order ideals in the positive root poset (the nonnesting partitions, NN(W ), of

Section 4.4).

Since the first two points make sense for all Coxeter groups and since positive root

posets exist for W a Weyl group (and can be “defined” for H3 and I2(m)), we ob-

tain natural W -generalizations of noncrossing partitions, triangulations, 231-avoiding

permutations, and Dyck paths. Remarkably,

The Catalan number Cat(n) is robust enough to survive this generalization.

Theorem 1.1.1. For W crystallographic, H3, or I2(m), there is a well-defined number

Cat(W ) so that

Cat(W ) = |NC(W, c)|$ %& '
c

= Asoc(W, c) = |Sort(W, c)|$ %& '
w0

= |NN(W )|$ %& '
!

.

1.2 Philosophy II: Dualities

To make sense of Theorem 1.1.1, we organize our thoughts using two unformalized

“dualities.”

1.2.1 Coxeter Elements c and the Longest Element w0

The first duality, due to D. Bessis, suggests that any definition or problem for Coxeter

systems (W,S) should be rephrased, interchanging the use of reflections and simple

reflections. Thus, the weak order transmutes into the absolute order and the longest

element is replaced by a Coxeter element.

The noncrossing partitions, the clusters, and the c-sortable elements all fit perfectly

into this framework:

(c) NC(W, c) is defined on the absolute order (Definition 4.2.1);

(w0) Asoc(W, c) can be interpreted as instances of reduced words for w0 in a larger

word (Definition 4.3.3); and

(w0) The natural habitat for the sortable elements Sort(W, c) is the weak order (Defi-

nitions 4.5.1, 4.5.2, and 4.5.4).
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We stress that Asoc(W, c) and Sort(W, c) are quite closely related, and should really

be thought of as two instances of the same object.

1.2.2 The Longest Element w0 and the Root Poset !+(W )

The second duality attempts to explain the appearance of the nonnesting partitions

NN(W ) in Theorem 1.1.1. It is the observation that certain purely poset-theoretic ob-

jects are equinumerous with other Coxeter-theoretic objects. Specifically, reduced words

in simple reflections find their counterparts as linear extensions in a “positive root

poset,” while certain group elements may be found to correspond to order ideals in this

same poset. In trying to understand Theorem 1.1.1, we are therefore naturally lead to

study reduced words.

In certain very special cases—the fully commutative elements, for whom inversion

sets are order ideals and reduced words are linear extensions—this duality becomes

trivial (Sections 3.1.1 and 5.2).

The great surprise is that similar theorems continue to be true in other instances.

w0/# Duality (i): Reduced Words and Linear Extensions

In Section 3.1.2, we consider the reduced word/linear extension aspect of the w0/#

duality by recalling the Edelman-Greene-like correspondences in types A,B,H3, and

I2(m).

Theorem 1.2.1 (Illustrated in Examples 3.1.10 and 3.1.11). For W of type A,B,H3,

and I2(m), there is a bijaction—a bijection induced by cyclic actions—between linear

extensions of the positive root poset L(#+(W )) and reduced words in simple reflections

for the longest element RedS(w0).

It is remarkable that Theorem 1.2.1—in contrast to Theorem 1.1.1—does not hold

for types D,E, and F . This failure places it in good company with at least fifteen other

phenomena that correlate perfectly with the “coincidental types” A,B,H3, and I2(m)

(Remark 3.1.26).

By recalling two stunning results of K. Purbhoo and M. Haiman in types A and B

and by finding similar results in types H3 and I2(m), we give a simple explanation for

why we should expect Theorem 1.2.1 to only hold in the “coincidental types”—these are,
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in some sense, the only types that are jeu-de-taquin equivalent to a fully-commutative

case (for which the result is trivial). This understanding immediately suggests Theo-

rem 3.1.27, extending to all coincidental types a result of R. Proctor in type B.

w0/# Duality (ii): Group Elements and Order Ideals

Returning now to the Catalan story, we believe that the group element/order ideal

part of w0/# duality should be thought of as being satisfied by the c-sortable elements

Sort(W, c) and the nonnesting partitions NN(W ).

The relationship between these two w0/# dualities is justified in Chapter 5, where

generalizations of Sort(W, c) and NN(W ) to fully commutative parabolic quotients are

proven to satisfy the fully commutative (trivial) form of the duality. It also leads to a

natural approach in Section 4.5.2, where we conjecture that the Edelman-Greene-like

bijections between reduced words and linear extensions for the coincidental types may

be coaxed into bijections between noncrossing and nonnesting Catalan objects.

Even though we do not understand why Theorem 1.1.1 should be true outside the

coincidental types, perhaps the most tantalizing conjecture in this thesis is the following

statement, which bears remarkable similarities to Theorem 1.2.1 (see the introductory

graphic to this chapter).

Conjecture 1.2.2 (Illustrated in Examples 4.4.10 and 4.4.11). For W crystallographic,

H3, or I2(m), there is a bijaction between J (#+(W )) and Asoc(W, c).

Since the elements of Asoc(W, c) may be viewed as reduced words for w0, it is not

surprising that the cyclic action on Asoc(W, c) is the perfect analogue of the cyclic action

on RedS(w0).

1.3 Philosophy III: Push until it breaks

The robustness of Theorem 1.1.1—and the comparative weakness of Theorem 1.2.1—

suggests that their scope is not yet understood. To inform the limitations of the theory,

we propose a generalization of W -Catalan combinatorics to parabolic quotients W J . In

passing to parabolic quotients, we preserve natural analogues of the weak order and the

longest element, but we lose the absolute order. We may therefore define:
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(wJ
0 ) The (W J , c)-cluster complex Asoc(W J , c) (Definition 5.1.1);

(wJ
0 ) The (W J , c)-sortable elements Sort(W J , c) (Definition 5.1.6); and

(#J) The W J -nonnesting partitions NN(W J) (Definition 5.1.17).

Guided by the theory of W -Catalan combinatorics, we propose a number of con-

jectures that spell out a program for future research—the first step in this program is

quite simply to show that (Conjecture 5.1.10)

|Asoc(W J , c)| = |Sort(W J , c)|.

Despite not having an absolute order, we are able to define reasonable analogues

of noncrossing partitions using Cambrian posets. In type A, we show that our W J -

noncrossing partitions have a noncrossing combinatorial model.

The data in low rank reveal some remarkable numerology (see Tables 5.2, 5.3, 5.4, 5.5,

and 5.6); however, in general,

|NN(W J)| #= |Sort(W J , c)| #= |Sort(W J , c!)| #= |NN(W J)| and

|NN(W J)| #= |Asoc(W J , c)| #= |Asoc(W J , c!)| #= |NN(W J)|,

when c and c! are two di$erent Coxeter elements.

For fully commutative parabolic quotients and for a special type A case, we are

able to prove a version of Theorem 1.1.1. And when W is of coincidental type—that

is, at the same level of generality as Theorem 1.2.1—we believe that our W J -Catalan

combinatorics more closely resembles W -Catalan combinatorics:

We conjecture that for W of coincidental type, Cat(W J) is well-defined.

Conjecture 1.3.1. For W of type A,B,H3, or I2(m) and for each parabolic quotient

W J , there is a well-defined number Cat(W J) so that

Cat(W J) = Asoc(W J , c) = |Sort(W J , c)|$ %& '
wJ

0

= |NN(W J)|$ %& '
!J

.
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1.4 Summary and Results

• Chapter 2. In which combinatorial and Coxeter-theoretic definitions are given.

• Chapter 3. In which reduced S-words for w0 and reduced T -words for c are dis-

cussed. We present the following original work:

– The observation that an Edelman-Greene-like bijection works in types H3

and I2(m) using D. Armstrong’s root posets (Theorem 3.1.9);

– An interpretation of the Edelman-Greene bijection in the Shi arrangement

(Section 3.1.3) and a conjectured generalization (Conjecture 3.1.17);

– Given d so that d|n or d|(n+ 1) and d odd, the existence in type An of Pro-

orbits of RedS(w0) with length 2N/d (Theorem 3.1.19), a lower bound on

the number of such orbits (Corollary 3.1.21), and a conjectural exact formula

for the Pro-orbit structure of RedS(w0) in type An (Conjecture 3.1.25);

– A simultaneous explanation for the existence of Edelman-Greene-like bijec-

tions for the coincidental types An, Bn, H3, and I2(m), the existence of “pos-

itive root posets” for the noncrystallographic types H3 and I2(m), and the

existence of formulas for multi-triangulations in those types (Remark 3.1.26);

– Correspondences between |J (#+(W ) $ [k])| for W of coincidental type and

the number of plane partitions in certain Gaussian posets (Theorem 3.1.27).

– (with T. McConville) A graph isomorphism Twist of order 2h on Hur(W, c)

(Theorems 3.2.3 and 3.2.3);

– Conjectured exact uniform formulas for the number of orbits of Hur(W, c)

under Twist and under Pro, presented as cyclic sieving phenomena (Conjec-

tures 3.2.5 and 3.2.6); and

– A generalization of R. Stanley’s type A map and P. Biane’s type B map

from maximal chains from e to c in Abs(W ) to certain words of length |S|,
for W = A,B,D, F4, H3, H4, I2(m) (Theorem 3.2.9).

• Chapter 4: In which reduced words for w0 and c are shaped to the Catalan spec-

ification using the subword complex—an elegant, simple frame that allows the
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presentation of two flavors of Catalan objects under the same roof. We present

the following original work:

– (with C. Stump and H. Thomas) A new local interpretation of the Kreweras

complement (Definition 4.2.6 and Theorem 4.2.7).

– (with H. Thomas) A new local interpretation of Cambrian rotation (Defini-

tion 4.3.11 and Theorem 4.3.12).

– A conjectural method to compute the Cambrian rotation on NN(W, c) (Def-

inition 4.4.7);

– Two conjectured bijections between NN(W, c) and NC(W, c) that are conjec-

turally identical (Conjectures 4.4.6, 4.4.9, and 4.4.13);

– Proofs in Tamari type A of 4.4.6, 4.4.9, and 4.4.13 (Theorem 4.4.17).

– A conjectural bijection between "(ĉkw0(ĉ), w0) and J (#+(Bn)$ [k]) (Con-

jecture 4.5.11).

– (with C. Stump and H. Thomas) An interpretation of the generalized (Fuss-

Catalan) cluster complexes using generalized subword complexes 4.6.2;

– (with H. Thomas) A noncrossing dual subword complex NC("m)(W, c) for

the positive (Fuss-Dogolan) clusters (Definition 4.6.1); and

– (with H. Thomas) Proofs that NC("m)(W, c) has properties analogous to

properties of the associahedron (Theorems 4.6.2 and 4.6.4).

• Chapter 5: In which W -Catalan objects are extended to parabolic quotients. We

present the following original work:

– Definitions for the following (W J , c)-Catalan objects:

% The (W J , c)-cluster complex Asoc(W J , c) (Definition 5.1.1);

% The (W J , c)-sortable elements Sort(W J , c) (Definition 5.1.6); and

% The W J -nonnesting partitions NN(W J) (Definition 5.1.17).

– Two conjecturally equivalent definitions for (W J , c)-Cambrian posets, which

are further conjectured to be lattices (Definitions 5.1.2 and 5.1.9, Conjec-

tures 5.1.10 and 5.1.11, Conjecture 5.1.3);
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– Definitions for the local (W J , c)-Kreweras complement on both noncrossing

and nonnesting objects (Definitions 5.1.4 and 5.1.18);

– For fully commutative parabolic quotients, a proof that the distributive lat-

tice J (#+(W J)), the Sort(W J , c)-Cambrian poset, and the Asoc(W J , c)-

Cambrian poset are all isomorphic—so that Krew(WJ ,c) acts identically on

all three;

– A characterization of elements of Sort(AJ
n, ĉ) by a pattern-avoidance condi-

tion (Lemma 5.3.1);

– A combinatorial model for the noncrossing partitions NCSort(W J , ĉ) (Defini-

tion 5.3.4 and Proposition 5.3.5);

– A proof that |Sort(AJ
n, ĉ)| = |NCSort(AJ

n, ĉ)| = |NN(AJ
n, ĉ)| = |Asoc(AJ

n, ĉ)|
(Theorem 5.3.8); and

– A conjecture that

|Sort(W J , c)| = |Asoc(W J , c)| = |NN(W J)|

in the coincidental types, and that this bijection is Krewc-equivariant (Con-

jectures 5.4.6 and 5.4.7).



Chapter 2
Definitions

In this chapter, we review required background, definitions, and theorems.

10
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2.1 Combinatorial Essentials

2.1.1 Posets

A poset P is a set with a binary relation “&” that is reflexive, antisymmetric, and

transitive.

If p, p! ! P , we define p < p! if p & p! and p #= p!. We say that p! covers p—written

p! p!—if p < p! and there does not exist a p!! ! P such that p < p!! < p!. A poset can

be represented by its Hasse diagram, where poset elements are drawn as vertices so that

p is drawn below p! if p < p! and covering relations are drawn as edges. For a ranked

poset P , let ht(p) be the rank of p ! P (where the minimal elements are taken to have

rank 1).

There are two natural combinatorial structures on posets that we will consider: linear

extensions and order ideals. Each of these structures has a natural cyclic action whose

orbit structure is di!cult to understand in general, but turns out to be well-behaved in

certain interesting cases.

Linear extensions and Promotion

In this section, we introduce linear extensions and promotion.

Definition 2.1.1. Let the poset P have n elements and let [n] = {1, 2, . . . , n}. A linear

extension of P is a bijection L : P ' [n] such that if p < p!, then L(p) < L(p!). We write

L(P) for the set of all linear extensions of P.

In 1972, M.-P. Schützenberger defined promotion as an action on linear exten-

sions [5]. An excellent survey is given by R. Stanley in [6].

Definition 2.1.2. Let L be a linear extension of P and let Proi(L) be the linear

extension obtained from L by switching the labels i and i+ 1 if L"1(i) and L"1(i+ 1)

do not have a covering relation. We define L’s promotion by

Pro(L) := Pron"1Pron"2 · · ·Pro1(L).

As each step above can be reversed, promotion has an inverse Pro"1, which shows

that it is a bijection on linear extensions of P. Note that promotion is often defined
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using a sliding procedure called jeu-de-taquin, which may be shown to be equivalent to

Definition 2.1.2.

For certain posets, the number of linear extensions have beautiful formulas.

Definition 2.1.3. Recall that an integer partition $ = ($1,$2, . . . ,$s) is a finite sequence

of weakly decreasing positive integers. We write |$| := $1 + $2 + · · · + $s. Partitions

have an associated Ferrers diagram of boxes, where the number of boxes in the ith row

is equal to the ith integer in the sequence. A shifted Ferrers diagram is a Ferrers diagram

of a partition with distinct parts, where row i is indented i boxes.

For example, the Ferrers diagram for the partition (3, 2, 1) is , while the shifted

Ferrers diagram of (3, 2, 1) is . We think of the boxes in a Ferrers diagram of a

partition as the elements of a poset, where x < y if the box x is weakly to the left

and above the box y. For example, in a b
c

, we have a < b and a < c, but b #< c and

c #< b. In general, we call linear extensions of a Ferrers diagram Standard Young Tableaux

(SYT) and linear extensions of a shifted Ferrers diagram shifted Standard Young Tableaux

(SSYT).

There is an explicit formula to count the number of SYT or SSYT of a given shape.

Define the hook-length h(x) of a box x in a Ferrers diagram to be the number of boxes

to the right and below the box (including the box itself). Labeling the boxes in

with their hook-lengths gives
5 3 1
3 1
1

. Likewise, the shifted hook-length h(x) of a box x in

the ith column of a shifted Ferrers diagram is the number of distinct boxes to the right

and below the box along with the boxes in the (i+1)st row. Labeling the boxes in

gives
5 4 3

3 2
1
.

Theorem 2.1.4. The number of SYT or SSYT of shape $ is

|$|!(
x#! h(x)

.

Example 2.1.5. There are five SYT of shape (3, 3). Under promotion, these tableaux

form one orbit of size three and one orbit of size two.
)

1 2 3
4 5 6

, 1 2 5
3 4 6

, 1 3 4
2 5 6

*
,

)
1 3 5
2 4 6

, 1 2 4
3 5 6

*
.



13

Order ideals and Toggles

In this section we introduce order ideals and toggles.

Definition 2.1.6. An order ideal of a poset P is a set I ( P such that if p ! I and

p! & p, then p! ! I. An order filter of P is a set F ( P such that if p ! F and p & p!,

then p! ! F . An antichain is a set A ( P such that if p ! A and p! & p, then p! #! A.

Order ideals are canonically isomorphic to order filters by I )' P * I; taking only

the maximal elements of an order ideal or the minimal elements of an order filter maps

to antichains. We write J (P) for the set of all order ideals of P. Recall that J (P) forms

a distributive lattice under inclusion.

In 1973, P. Duchet defined an action on hypergraphs [7], which was generalized by

A. Brouwer and A. Schrijver to an arbitrary poset in [8]. We call this action rowmotion,

since we will see that for a ranked poset it may be given by acting on rows.

Definition 2.1.7. Let P be a poset, and let I ! J (P). Then Row(I) is the order ideal

generated by the minimal elements of P not in I.

As explained in [9], one motivation for this definition was to study the orbits of the

data defining a matroid. For example, working within a Boolean algebra, applying Row

to the order ideal generated by the bases of a matroid gives the order ideal generated by

the circuits.

This global action Row turns out to be related to a set of local actions called toggles.

These toggles form a group acting on the elements of J (P).

Definition 2.1.8 (P. Cameron and D. Fon-der-Flaass [10]). For each p ! P, define

Togp : J (P) ' J (P) to act by toggling p if possible. That is, if I ! J (P),

Togp(I) =

+
,,-

,,.

I + {p} if p /! I and if p! < p then p! ! I,

I * {p} if p ! I and if p! > p then p! /! I,

I otherwise.

Note that Tog2p = 1 and (TogpTogp!)
2 = 1 if p and p! do not have a covering relation.

Given a sequence of poset elements p1, p2, . . . , pi, we write

Togp1p2···pi(I) =

/

0
i1

j=1

Togpj

2

3 (I).
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Definition 2.1.9 (P. Cameron and D. Fon-der-Flaass [10]). The toggle group of a poset

P is the subgroup TogGrp(P) of the permutation group SJ(P) generated by {Togp}p#P .

In [10], P. Cameron and D. Fon-der-Flaass factored Row as a composition of toggles.

Theorem 2.1.10 (P. Cameron and D. Fon-der-Flaass [10]). Fix a linear extension L
of P. Then for I ! J (P),

Row(I) = TogL"1(n)···L"1(2)L"1(1)(I).

Example 2.1.11. There are five order ideals of . Under rowmotion, these order

ideals form one orbit of size three and one orbit of size two.
4

, ,

5
,

4
,

5
.

2.1.2 The Cyclic Sieving Phenomenon

The most basic problem in enumerative combinatorics is to count a given set of com-

binatorial objects. This done, it is natural to refine the enumeration and count the

objects according to a statistic. When a cyclic action is defined on our objects, we can

also ask about the number and sizes of orbits under this action. Remarkably, the refined

enumeration and the orbit structure often turn out to encode related information.

This relation is made precise by the cyclic sieving phenomenon (CSP), which was

introduced by V. Reiner, D. Stanton, and D. White as a generalization of J. Stembridge’s

q = *1 phenomenon [11, 12, 13, 14].

Definition 2.1.12 (D. Reiner, D. Stanton, and D. White [11]). Let X be a finite set,

X(q) a generating function for X, and C a cyclic group acting on X. Then the triple

(X,X(q), C) exhibits the CSP if for c ! C,

X(%(c)) = |{x ! X : c(x) = x}| ,

where % : C ' C is an isomorphism of C with the nth roots of unity.
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In other words, a triple (X,X(q), C) exhibits the CSP if the orbit structure of X

under a cyclic action may be computed by evaluating the polynomial X(q) at a root of

unity.

Even though we can always artificially construct a polynomial X(q) to exhibit the

CSP, much of the time the desired polynomial may be taken to be a natural “q-ification”

of an existing formula using the q-numbers [i]q :=
1"qi

1"q .

Example 2.1.13. We compute that the q-analogue of the Catalan number 5 = 1
4

66
3

7
is

given by the polynomial

1

[4]q

"
6

3

#

q

=
1

[4]q

[6]q[5]q[4]q
[3]q[2]q[1]q

= 1 + q2 + q3 + q4 + q6.

Plugging in q = e
2!i
6 gives 0, q = e2·

2!i
6 gives 2, q = e3·

2!i
6 gives 3, and q = e6·

2!i
6 = 1

gives 5. These numbers correspond to the computations in Examples 2.1.5 and 2.1.11:

in both cases, no objects are fixed by the cyclic action, 2 objects are fixed by the cylic

action applied twice, 3 are fixed by three applications, and all objects are fixed when

the cyclic action is applied six times. Thus, the triples
8
SYT(3, 3),Pro,

1

[4]q

"
6

3

#

q

9
and

8
J

8 9
,Row,

1

[4]q

"
6

3

#

q

9

both exhibit the CSP.

2.2 Coxeter Systems

In this section we give an abbreviated introduction to Coxeter groups and associated

concepts. In preparation for Chapter 4, we interpret the weak order on descents and

ascents, inversions, and on reduced words.

Definition 2.2.1. For S a set, define the Coxeter system (W,S) to be the group W

with presentation

,S : (rr!)m(r,r!) = e-,

where m(s, s!) = 1 i$ s = s!, m(s, s!) = m(s!, s) ! N + {.}, and e is the identity. The

relations for which m(s, s!) = 2 are called commutations, while the relations for which

m(s, s!) > 2 are called braid moves.
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It is common to represent a Coxeter system by a Coxeter-Dynkin diagram with vertices

S and edges {s, s!} when m(s, s!) " 3 labeled by m(s, s!) (we omit the labeling when

m(s, s!) = 3). The elements of S are called the simple reflections, while the reflections T

for a finite Coxeter system W are the conjugates of S by elements of W ; that is,

T := {wsw"1 : s ! S,w ! W}.

We will only study finite Coxeter groups in this thesis. Finite irreducible Coxeter groups

have the following classification:

An(n " 1), Bn(n " 2), Dn(n " 3), F4, H3, H4, E6, E7, E8, and I2(m),

with a few redundancies (A2 = I2(3), A3 = D3, B2 = I2(4)). We write G2 := I2(6).

We now quickly review the geometric representation of finite Coxeter systems, which

gives useful geometric interpretations for combinatorial properties (this standard mate-

rial may be found in, for example, [15]).

Let V be a vector space over R with basis "(W ) := {"s : s ! S}; these "s are

called simple roots. Define a symmetric bilinear form B on V by

B("s,"s!) = * cos

"
&

m(s, s!)

#
.

For each s ! S, define a reflection s : V ' V by

s(#) := # * 2B("s,#)"s.

This extends to a unique homomorphism from W to GL(V ) (which turns out to be

injective).

The root system for W is defined by

#(W ) := {w("s) : w ! W, s ! S}.

Any " ! #(W ) may be written uniquely in the form " =
:

s#S cs"s, for some real con-

stants cs such that either each cs " 0 or each cs & 0. The positive roots #+(W ) are those

roots that may be expressed as a nonnegative sum of the "s, while the negative roots

#"(W ) have expansions with each cs & 0. In other words, #(W ) = #+(W ) ·+#"(W ).

For " ! # and p ! Z, define the hyperplane

H",p := {v ! V : B(", v) = p}.



17

We write H" := H",0, so that the reflection s fixes H"s . The braid arrangement is the

set of hyperplanes

Braid(W ) := {H",0 : " ! #+(W )}.

The connected regions or chambers of V *+"#!+(W )H" are in bijection with the elements

of W . The chamber C corresponding to the identity element is called the fundamental

region; the element w then corresponds to the chamber wC. This is illustrated for type

A2 in Figure 2.1, where each region is labeled by a permutation of [3].

213

132321

123

231

312

Ha2 : x2-x3=0

Ha1 : x1-x2=0Ha1+a2 : x1-x3=0

Figure 2.1: The braid arrangement in type A2 restricted to the hyperplane x1 = x2 = x3.

The regions of the arrangement are labeled by the corresponding permutation of [3].

One intuition for these constructions arises from semisimple Lie algebras, in which

the procedure above is essentially run in reverse (see, for example, Chapter III of [16]).

One can associate to each semisimple Lie algebra a root system and the hyperplanes
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perpendicular to the roots divide the space V into chambers; this gives rise to an asso-

ciated group which permutes these chambers. The groups arising from irreducible root

systems associated to semisimple Lie algebras have a similar classification as the finite

irreducible Coxeter groups:

An, Bn, Cn, Dn, E6, E7, E8, F4, and G2.

Groups of the form above are called Weyl groups, or crystallographic Coxeter groups.

Their root systems satisfy an additional “crystallographic” hypothesis that 2(#,")
(",") ! Z

for ",# ! #(W ).

Table 2.1 in Section 2.2.3 lists the simple and positive roots for the classical types

An, Bn, Cn, and Dn.

2.2.1 Weak Order

There are several ways to specify the elements of Coxeter groups. In the following three

sections we recall how to interpret these elements using

• Inversions;

• Ascents and descents;

• Reduced words; and

• Permutation representations in the classical types A,B, and D.

For each of these interpretations, we illustrate how to read o$ the weak order.

Inversions

Definition 2.2.2. The inversions or inversion set Inv(w) of an element w ! W are the

roots in *w(#+) / #+.

Geometrically, the inversions of an element w correspond to all hyperplanes “below”

the region of the braid arrangement associated to w. A set I 0 #+(W ) is an inversion

set of an element of W if I and #+(W ) * I are each closed under nonnegative linear

combinations in #+(W ).



19

Proposition 2.2.3. Let W be a finite Coxeter group. There is a unique longest element

w0 so that Inv(w) = #+(W ).

The weak order Weak(W ) may be elegantly defined by containment of inversion

sets—geometrically, once a hyperplane is passed, one never looks back. When W is

finite, Weak(W ) is a lattice. We label the edges representing covering relations w ! w!

by the unique reflection in Inv(w!)* Inv(w). The weak order for type A2 is illustrated in

Figure 2.2 by recording inversions in the positive root poset #+(A2) (see Definition 2.2.7

and Table 2.1).

12 23

1313

23 12

Figure 2.2: The weak order on A2 labeled by inversion sets, indicated using the positive

root poset #+(A2).
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Ascents and Descents

Definition 2.2.4. For an element w ! W , its ascent set is

Asc(w) := {s ! S : sw = wt with t #! Inv(w)}.

The covering reflections cov$(w) are the corresponding reflections t, so that

cov$(w) := {t ! T : sw = wt with s ! S and t #! Inv(w)}.

Similarly, the descent set for w ! W is

Des(w) := {s ! S : sw = wt with t ! Inv(w)},

while the covered reflections cov%(w) are again the corresponding reflections t.

Geometrically, the descents of an element w correspond to bounding hyperplanes

“below” the region of the braid arrangement labeled by w (that is, closer to the funda-

mental chamber), while the ascents correspond to bounding hyperplanes “above” that

region.

The weak order may also be defined using the covering and covered reflection sets of

elements w. Starting with cov$(e) = {"1,"2, · · ·"n} and cov%(e) = {}, we may form new

ascent and descent sets inductively as follows. Given a w we have previously constructed,

for each " ! cov$(w), let t" be the associated reflection. We may now act by t" on all

of the roots in both the covering and covered reflection sets to obtain new covering

and covered reflection sets for the element wt". Positive roots made negative by t" are

shuttled from cov$(w) to cov%(wt"), while negative roots made positive make their way

from cov%(w) to cov$(wt"). This procedure is illustrated in Figure 2.3 for type A2.

Since the identity has all covering and covered reflections linearly independent, all

elements have linearly independent covering and covered reflections.

Reduced Words

Definition 2.2.5. A reduced S-word for w is an expression w = si1 · · · si" of minimal

length; we then define !S(w) := !.
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12 23

1313

23 12

covÆ cov�

H13L H12L

covÆ cov�

H12LH23L

covÆ cov�

H13L H23L

covÆ cov�

H12L H13L
covÆ cov�

H23L H13L

covÆ cov�

H12LH23L

Figure 2.3: The weak order on A2. Elements are labeled by their covering and covered

reflections.

Define a path in a hyperplane arrangement H to be a sequence of regions

(C1, C2, . . . , C$) ,

where Ci and Ci+1 share a bounding hyperplane. Let Path(C,C !,H) be the set of

minimal-length paths from C to C ! in H. Geometrically, reduced S-words then corre-

spond to paths in Path(C,wC,Braid(W )).

We will write a particular reduced word w = si1 · · · si" for w ! W in bold. We write

N for !S(w0) and RedS(w) for the set of reduced S-words for w. J. Tits proved that the

graph of RedS(w) is connected using the relations of the Coxeter group (Theorem 3.3.1

in [15]). This is illustrated in Figure 2.4 on the 16 reduced words for w0 in type A3.

The weak order may now be defined using the length function on reduced S-words
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123121121321

123212212321

213231

213213 231231

231213

232123

323123 321323

321232

312132

312312132132

132312

Figure 2.4: Reduced words for w0 in type A3. Two reduced words are connected by a

solid edge if they di$er by a braid move iji = jij with |i* j| = 1 and by a dashed edge

if they di$er by a commutation ij = ji with |i* j| > 1.
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with the relations

w &S u 12 !S(u) = !S(w) + !S(w
"1u).

Permutation Representations

To aid in computations, it is also possible to give permutation representations in the

classical types A,B, and D; for a complete reference—including how to interpret the

descents, ascents, and inversion sets from the combinatorial descriptions—we refer the

reader to Chapter 8 of [15] (note that our conventions do di$er slightly).

Let w : Z ' Z have w(i) = wi and w(j) = wj . We let the transposition (i, j) act on

w by ((i, j)w)(i) = wj and ((i, j)w)(j) = wi. We define ((i, j)) := (i, j)(*i,*j).

• The Coxeter group of type An is represented by all bijections w from [n + 1] to

itself (the permutations). The simple reflections ŝi act on [n + 1] by (i, i + 1) for

1 & i & n.

• The Coxeter group of type Bn is represented by all bijections w from [±n] to

itself with w(i) = *w(*i). The simple reflections ŝi act on [±n] by ((i, i+ 1)) for

1 & i & n* 1 and by (n,*n) for i = n.

• The Coxeter group of type Dn is represented by all bijections w from [±n] to itself

with w(i) = *w(*i) and an even number of sign changes. The simple reflections

ŝi act on [n]+*[n] by ((i, i+1)) for 1 & i & n* 1 and by ((n* 1,*n)) for i = n.

Starting with the identity permutation

(1, 2, . . . , (n+ 1)) in type An

and

(*n,*(n* 1), . . . ,*2,*1, 1, 2, . . . , (n* 1), n) in types Bn and Dn,

we may define the weak order inductively by acting by simple reflections. This is illus-

trated geometrically in Figure 2.1 using the braid arrangement of type A2.

Given a type An permutation w = w1w2 . . . wn+1, we may form its code, the sequence

code(w) := c1c2 . . . cn, where ci = |{j : j > i, wj < wi}|.
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2.2.2 Reflection Orders

Given a reduced S-word for w ! W , we may keep track of the order that inversions are

added in a particular reduced S-word for w.

Definition 2.2.6. The inversion sequence of a reduced S-word w = si1 · · · si" is the

sequence of roots

Inv(si1 · · · si") =
6
"i1 , si1("i2), si1si2("i3), . . . , si1si2 · · · si""1("i")

7
.

It is also sometimes useful to think of Inv(w) as the sequence of associated reflec-

tions. Since w0 has inversion set Inv(w0) = #+(W ), the inversion sequence of a reduced

word w0 for the longest element imposes a total ordering <w0 on all positive roots called

a root ordering or reflection ordering. A sequence of roots is a root ordering if and only

if it satisfies the condition

" <w0 "+ # <w0 # or # <w0 "+ # <w0 "

for all ",# ! #+ such that "+ # is a root.

Root orders—especially in conjunction with the c-sorting words of Section 2.3.1—are

an essential ingredient for what follows.

2.2.3 Root Posets

In this section we introduce the positive root posets for W of crystallographic type and

D. Armstrong’s positive root posets for types H3 and I2(m).

Definition 2.2.7. For W crystallographic, the positive root poset or simply root poset

is the partial order on #+(W ) given by if ",# ! #+(W ), then " & # if # * " is a

nonnegative sum of positive roots.

In an abuse of notation, we will denote the positive root poset by #+(W ). The

degrees of W (see Section 2.3.1) turn out to be encoded by #+(W ) in the following way.

Theorem 2.2.8. The number of positive roots of rank i in #+(W ) is given by

|{" ! #+(W ) : ht(") = i}| = |{j : dj > i}|.
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Table 2.1 gives some small examples of positive root posets in types An, Bn, Cn, and

Dn. Because Coxeter groups introduce only two additional exceptional groups (H3 and

H4) and one infinite family (the dihedrals I2(m)), there is hope that these newcomers

should also enjoy some of the properties of Weyl groups. In this spirit, D. Armstrong

proposed the “root posets” of Table 2.2 for types H3 and I2(m), on the basis that

they satisfied certain reasonable properties (like Theorem 2.2.8) [17]. M. Cuntz and C.

Stump have computationally verified that these are the unique posets for H3 and I2(m)

satisfying a larger set of desirable properties [18].

2.2.4 Subword Complexes

In this section we recall A. Knutson and E. Miller’s subword complex [19, 20]. We

also recall the flip poset of a subword complex and show how to label its edges with

reflections. Further references for related material are C. Ceballos, J.-P. Labbé, and C.

Stump [21], and V. Pilaud and C. Stump [22].

Definition 2.2.9 (A. Knutson and E. Miller [20]). Fix a Coxeter system (W,S), a

word Q in the generators S, and an element w ! W . The subword complex "(Q, w) is

the simplicial complex whose faces are given by subwords F of Q whose complement

in Q contains a reduced word for w. More generally, we define the generalized subword

complex "(Q, w, k) to be the simplicial complex whose faces are given by subwords F

of Q whose complement in Q contains a word for w of length k.

In order to prevent confusion, we will often specify faces F using the positions at

which they occur in Q. The gray letters in the labels on the vertices of the poset in

Figure 2.5 specify the facets of "(s1s2s1s2s1, w0) in type A2.

In [23], L. Billera and J. Provan introduced the notion of vertex decomposability and

showed that it implies shellability. Using the exchange axiom for Coxeter systems, A.

Knutson and E. Miller proved that subword complexes are pure vertex-decomposable

simplicial complexes. Moreover, they gave a characterization for when subword com-

plexes are spheres and when they are balls. For more information, see [19, 20].

Definition 2.2.10 (C. Ceballos, J.-P. Labbé, and C. Stump [21]). Fix a (generalized)

subword complex "(Q, w) and let F, F ! be two facets (specified using their positions in

Q) such that F * {i} = F ! * {j}. We say that F and F ! are connected by a flip.
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e1 - e2 e2 - e3 e3 - e4

e1 - e3 e2 - e4

e1 - e4

e1 - e2 e2 - e3 e3

e1 - e3 e2

e1 e2 + e3

e1 + e3

e1 + e2

#+(An) = {ei * ej |1 & i < j & n+ 1} #+(Bn) =

4
ei ± ej |1 & i < j & n

ei|1 & i & n

5

"(An) = {"̂i = ei * ei+1|1 & i < n+ 1} "(Bn) =

4
"̂i = ei * ei+1|1 & i < n

"̂n = en

5

e1 - e2 e2 - e3 2 e3

e1 - e3 e2 + e3

e1 + e3 2 e2

e1 + e2

2 e1

e1 - e2 e2 - e3 e3 - e4

e1 - e3 e2 - e4

e1 - e4

e3 + e4

e2 + e4

e1 + e4 e2 + e3

e1 + e3

e1 + e2

#+(Cn) =

4
ei ± ej |1 & i < j & n

2ei|1 & i & n

5
#+(Dn) = {ei ± ej |1 & i < j & n}

"(Cn) =

4
"̂i = ei * ei+1|1 & i < n

"̂n = 2en

5
"(Dn) =

4
"̂i = ei * ei+1|1 & i < n

"̂n = en"1 + en

5

Table 2.1: Root posets of types A3, B3, C3, and D3, along with the positive roots and

simple roots for the classical types.
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W Degrees

An 2, 3, 4, . . . , n+ 1

Bn and Cn 2, 4, 6, . . . , 2n

Dn 2, 4, 6, . . . , 2(n* 1), n

E6 2, 5, 6, 8, 9, 12

E7 2, 6, 8, 10, 12, 14, 18

E8 2, 8, 12, 14, 18, 20, 24, 30

F4 2, 6, 8, 12

H3 2, 6, 10

H4 2, 12, 20, 30

I2(m) 2,m

1 2 3

212 232

12121 32123

121 3121213

12321 231212132

12312121321

2123121213212

2123212

123121321

1 2

121

12121

1212121

212

#+(H3) #+(I2(m))

Table 2.2: Degrees for types E6, E7, E8, F4, H3, H4, and I2(m), along with D. Arm-

strong’s “root posets” of types H3 and I2(m). The nodes in these “root posets” are

labeled by their corresponding reflections (see Remark 3.1.4).
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If (F )c is the complement of F in Q, then (F )c spells out a reduced word w for w.

We may then write Flipt(F ) = F !, where the label t is given by the reflection in Inv(w)

corresponding to position j. If i < j, then Flipt(F ) = F ! is an increasing flip; otherwise,

it is decreasing.

Theorem 3.5 of [19] shows that there are at most |F | flips possible from F in a

subword complex. Furthermore, Flip2t (F ) = F . For a detailed calculation illustrating

how to label a flip by a reflection, see the first part of Example 4.3.7. We write Up(F )

to denote the increasing flips out of F , and Down(F ) for the decreasing flips.

We may now use flips to define the flip poset.

Definition 2.2.11. The flip poset of a (generalized) subword complex "(Q, w) is the

poset with elements equal to the facets of "(Q, w), minimal element given by the facet

that is lexicographically first in position in Q, and with covering relations F !F ! when

F and F ! are connected by an increasing flip.

The flip poset for the subword complex "(s1s2s1s2s1, w0) in type A2 is shown in

Figure 2.5.

As shown by V. Pilaud and C. Stump in [22], the labels of the edges of the flip poset

allow a deep connection to be drawn to the weak order in such a way as to suggest the

slogan “subword complexes are quotients of weak order.” The key idea—generalizing

work of A. Björner and M. Wachs [24], L. Billera and B. Sturmfels [25, 26], V. Reiner [27],

and N. Reading [28] (see Section 4.5)—is to define a map that associates to each facet

F of "(Q, u) the set

{w ! W : Down(F ) ( Inv(w) ( T *Up(F )} .

In this way, facets in the flip poset correspond to collections of elements of the corre-

sponding Coxeter group, and edges in the flip poset correspond to certain edges in the

Hasse diagram of the weak order.

2.2.5 Parabolic Systems and Quotients

Definition 2.2.12. Fix a subset of the simple generators of W J ( S. The subgroup

of W generated by J is called the parabolic subgroup WJ .
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23

12

13

1223

1 2 3 4 5

1 2 1 2 1

1 2 3 4 5
1 2 1 2 1

1 2 3 4 5
1 2 1 2 1

1 2 3 4 5
1 2 1 2 1

1 2 3 4 5

1 2 1 2 1

Figure 2.5: The flip poset for the subword complex "(s1s2s1s2s1, w0) in type A2. The

complements of facets, spelling out reduced words for w0, are in black.

The unique minimal length representatives of each coset wWJ together form the

parabolic quotient W J , which may also be defined as

W J := {w ! W : ws >S w for all s ! J}.

Since parabolic subgroupsWJ are themselves Coxeter groups, they have a weak order

Weak(WJ) and—when finite—a longest element w0(J). Following standard convention,

we write W&s' and W &s' to mean WS"{s} and WS"{s}.

We can also define a weak order on the parabolic quotients W J .

Definition 2.2.13. The weak order Weak(W J) on the parabolic quotient W J is given

by the covering relations ws! w if ws ! W J and !S(ws) < !S(w) for some s ! S.

For finite W , parabolic quotients W J have unique maximal elements wJ
0 , and the
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weak order Weak(W J) coincides with the interval [e, wJ
0 ]S in Weak(W ) [29, 15]. Fur-

thermore, there is an antiautomorphism W J ' W J that sends w ' w0(J)ww0.

More generally, for w ! W , let

Weak(W,w) := [e, w]S = {v ! W : v &S w}.

Using the inversions of w, we can define a reasonable “root poset” for Weak(W,w) that

coincides with #+(W ) when w = w0.

Definition 2.2.14. Let W be crystallographic, H3, or I2(m). The root poset #+(W,w)

is the restriction of the poset #+(W ) to the positive roots that correspond to inversions

of wJ
0 .

When we are working with a parabolic quotient, we write #+(W J) := #+(W,wJ
0 ).

Since the positive roots in #+(WJ) are an order ideal in #+(W ), the positive roots in

#+(W J) are an order filter in #+(W ).

2.3 Dual Coxeter Systems

D. Bessis has proposed the philosophy that one should study “dual Coxeter systems”

(W,T ) in parallel with the Coxeter systems (W,S), suggesting that any definition or

problem for Coxeter systems (W,S) should be rephrased, interchanging the use of re-

flections and simple reflections [30].

2.3.1 Coxeter Elements

As we saw in the previous section, finite Coxeter groups W come equipped with a special

longest element w0 whose reduced S-words induce a root ordering on all positive reflec-

tions. Coxeter elements are special elements of W whose reduced S-words correspond

to orderings on all simple reflections.

Coxeter Elements

For a more complete introduction, we refer the reader to Chapter 3 of [31].

Definition 2.3.1. A Coxeter element c = s1s2 · · · sn is a product of all simple reflections

of W in some order.
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In general, we will only specify a reduced S-word for a Coxeter element c up to

commutations. That is, any object whose definition a priori involves the choice of a

specific reduced S-word for c will be isomorphic if another reduced S-word is chosen. We

say that s is initial in c if there is some reduced S-word for c of the form c = ss2s3 · · · sn.
If s is initial in a Coxeter element c ! W , we will write sc to denote the Coxeter element

sc ! W&s'.

Proposition 2.3.2. Any two Coxeter elements are conjugate in W .

Moreover, since the Coxeter/Dynkin diagram is a tree, it is possible to choose the

conjugating element si1 · · · sij to proceed only by conjugation of initial letters, so that

sir+1 is initial in each
;(r

q=1 siq

<
c
;(r

q=1 siq

<"1
for 0 & r & j.

The order of a Coxeter element is called the Coxeter number h. Each Coxeter element

c acts as rotation by 2%
h on a certain plane called the Coxeter plane. Let ' be a primitive

hth root of unity, so that the eigenvalues of c are given by 'ei for 1 & i & n. These ei

are called the exponents of the Coxeter group; the degrees are di := ei +1 and are given

in Table 2.2. 1 The Coxeter number and degrees also arise in Theorem 2.2.8 and the

formulas of Figure 2.3.

Definition 2.3.3. When W has a linear Coxeter-Dynkin diagram, we define a linear

or Tamari ordering to be an ordering of the simple reflections (ŝ1, ŝ2, . . . ŝn) so that ŝi

and ŝi+1 do not commute for 1 & i & n. A linear Coxeter element is then defined by

ĉ := ŝ1ŝ2 · · · ŝn.

For types An or Bn we use the conventions of Section 2.2.1 (simple reflections) and

Table 2.1 (simple roots) for the linear ordering and Coxeter element, while for type

Dn we define a “linear” ordering by (ŝ1, ŝ2, . . . , ŝn"1, ŝn). We do not propose similar

definitions for E6, E7, or E8.

c-Sorting Words

Definition 2.3.4. Let c = s1s2 · · · sn. The c-sorting word w(c) of w is the reduced

S-subword of w in

c( =
;
s1s2 · · · sn|s1s2 · · · sn|s1s2 · · · sn| · · ·

<

1 The degrees are so named because they coincide with the degrees of any set of homogeneous,
algebraically independent generators of the ring of W -invariant polynomials.
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that is lexicographically first in position.

In particular, we will make heavy use of w0(c), the c-sorting word for w0.

Example 2.3.5. In type A2 with c = s1s2,

s2s1(c) =

8
1 2 3 4

· s2 s1 ·

9

and

w0(c) =

8
1 2 3 4

s1 s2 s1 ·

9
.

2.3.2 Absolute Order

Absolute Order

After fixing the identity as the bottom element, the weak order is generated by applying

simple reflections to “move up” in the order. D. Bessis’s philosophy would instead have

us start at the identity and apply any reflection. The resulting poset on W is called the

absolute order.

In type A, all maximal elements in Abs(W ) turn out to be Coxeter elements. In gen-

eral, however, Coxeter elements are only a subset of the maximal elements in Abs(W ).

For c a Coxeter element, some properties of the absolute order interval [e, c]T are sum-

marized in Section 4.2.

Reduced Words

Rather than study the reduced words in simple reflections, D. Bessis’s philosophy would

have us study reduced words in all reflections.

Definition 2.3.6. A reduced T -word for w is an expression w = t1 · · · t$ of minimal

length; we then define !T (w) := !.

We will write a particular reduced word w = t1 · · · t$ for w in bold. We write n for

!T (c) and RedT (w) for the set of reduced T -words for w. The absolute order Abs(W )

may also be defined using reduced T -words by

& &T µ 12 !T (µ) = !T (&) + !T (&
"1µ).
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There is a simple geometric condition for determining if a word in reflections is

reduced: w = t"1 · · · t"" is a reduced T -word i$ {"1, . . . ,"$} is linearly independent [32].

In particular, the same reflection cannot appear twice in a reduced T -word. Note the

similarity between this condition and the condition on covered and covering reflections

for an element w ! W .

Recall that RedS(w) formed a connected graph using the relations of the Coxeter

group. In order to define a similar graph structure on RedT (w) we now define the Hurwitz

action on reduced T -words.

Definition 2.3.7. We act on T -words using the dual braid or Hurwitz moves Li,Ri :

RedT (w) ' RedT (w) by

Li

;
t1, . . . , ti"1, ti, ti+1, ti+2, . . . , t$

<
=

;
t1, . . . , ti"1, ti+1, (ti+1titi+1), ti+2, . . . , t$

<

and

Ri

;
t1, . . . , ti"1, ti, ti+1, ti+2, . . . , t$

<
=

;
t1, . . . , ti"1, (titi+1ti), ti, ti+2, . . . , t$

<
.

Given a sequence of roots, we may also act by Li and Ri by applying the corre-

sponding reflection (the advantage of acting on roots is that we can then keep track of

signs). The dual braid moves satisfy the relations R"1
i = Li, LiLj = LjLi for |i* j| > 1,

and LiLi+1Li = Li+1LiLi+1.

We can now define the Hurwitz graph on the reduced T -words for c.

Definition 2.3.8. The Hurwitz graph Hur(W, c) has vertices RedT (c) and an edge be-

tween two reduced words when they di$er by a dual braid move.

D. Bessis proved that if w is less than some Coxeter element c in the absolute

order, then the set of reduced T -words of w is connected under Hurwitz moves [30]. In

particular, Hur(W, c) is connected. Figure 2.6 illustrates Hur(A5, c), revealing a six-fold

symmetry. This symmetry will be studied in Section 3.2.1.

2.3.3 Dual Subword Complexes

It is reasonable to apply D. Bessis’s philosophy to the subword complex. The following

definition immediately suggests itself, and its worth is proved in Definitions 4.2.3, 4.3.2,

and 4.6.1.
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Figure 2.6: The graph Hur(A5, c) drawn with six-fold symmetry.
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Definition 2.3.9. Fix a dual Coxeter system (W,T ), a word Q in the generators T ,

and an element w ! W . The dual subword complex 3(Q, w) is the simplicial complex

whose faces are given by subwords F of Q contained in a subword of Q that is a word for

w. More generally, we define the generalized dual subword complex 3(Q, w, k) to be the

simplicial complex whose faces are given by subwords F of Q contained in a subword of

Q that is a word for w of length k.

The definitions of flip and flip poset extend to the setting of dual subword com-

plexes. Trying to mimic A. Knutson and E. Miller’s proof of vertex decomposability for

subword complexes fails, however, as dual Coxeter systems are missing the exchange

condition that Coxeter systems enjoy.2 Note that dual subword complexes are not

always shellable.

We have the following relationship between generalized subword and dual subword

complexes.

Theorem 2.3.10. Let the length of Q be r. Then

"(Q, w, !) = 3(Inv(Q), wQ"1, r * !).

Proof. This argument is exactly the one found in Proposition 2.8 of [21] and Lemma

3.2 of [33]. Let Q = s1s2 · · · sr and Inv(Q) = t1t2 · · · tr. Given a facet

F of 3(Inv(Q),Qw"1, r * !),

we have 8
1

i#F
ti

9
s1s2 · · · sr =

1

j )#F
sj .

Since
(

i#F ti = wQ"1 by definition, and since s1s2 · · · sr = Q, we conclude that
(

j )#F sj = w, so that F is also a facet of "(Q, w, !).

In fact, most of our interesting examples of dual subword complexes will arise when

the search wordQ in reflections is of the form Inv(Q!) for a wordQ! in simple reflections.

2.4 Formulas

2 I thank C. Ceballos and H. Thomas for helpful conversations on this subject.
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c : Abs(W ) w0 : Weak(W )

Rank-generating function
(n

i=1(1 + (di * 1)q)
(n

i=1[di]q

Simple reflections and total reflections hn = 2N

Coxeter element and longest element ch = w0(c)w0(c)

Elements in W |W | =
(n

i=1 di

W -Catalan number Cat(W ) =
(n

i=1
h+di
di

# : #+(W )

Rank-generating function (1* q)n
(

"#!+
1"(1+ht("))q

1"ht(")q

(
"#!+

1"q1+ht(#)

1"qht(#)

Roots and degrees |{" ! #+ : ht(") = i}| = |{j : dj > i}|
Elements in W |W | =

(
"#!+

1+ht(")
ht(")

W -Catalan number |W |
(h+1)nCat(W ) =

(
"#!+

h+1+ht(")
h+ht(")

Table 2.3: The top table gives some useful formulas for any finite irreducible Coxeter

group while the bottom table gives corresponding formulas for crystallographic type in

terms of the roots.



Chapter 3
Factorizations

s1
s1s2

s1s2s1

We study reduced S-words for w0 and reduced T -words for c.

37
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We first use the theory of fully commutative elements in Section 3.1.1 to set the

stage for a relationship between reduced S-words and linear extensions, and a relation-

ship between elements and order ideals. We continue on with the relationship between

reduced S-words and linear extensions in Section 3.1.2—postponing the study of the

group elements and order ideals to Chapter 4—and consider reduced S-words of the

longest element w0 and linear extensions of the positive root poset.

We define a cyclic action Pro on RedS(w0), and for W of coincidental type An,

Bn, H3, or I2(m), we recall the Edelman-Greene-like equivariant bijections between

RedS(w0) under Pro and L(#+(W )) under Pro. Under the additional crystallographic

hypothesis, we then interpret this result in terms of the Shi arrangement in Section 3.1.3.

In type An, we make very limited progress in understanding the orbit structure

of RedS(w0) under Pro by constructing elements with certain desired orders in Sec-

tion 3.1.4.

By relating RedS(w0) for W of coincidental type to reduced S-words for certain fully

commutative elements, in Section 3.1.5 we understand the existence of Edeman-Greene-

like bijections as contingent on the existence of a corresponding Gaussian poset. This

philosophy leads to a conjecture for an exact formula for the orbit structure in type An.

We are also able to extend a type Bn result of R. Proctor on plane partitions to types

An, H3, and I2(m).

In Section 3.2, we turn to reduced T -words of a Coxeter element c. We recall the Hur-

witz graph defined on these factorizations, and define a cyclic graph isomorphism Twist

on RedT (c). We conjecture a uniform CSP using Twist. In types An, Bn, Dn, F4, H3, H4,

and I2(m), we use root orders to generalize a result of R. Stanley in type An and a result

of P. Biane in type Bn that RedT (c) are in bijection with certain words of length n.

3.1 Factorizations of w0

In this section, we first introduce the possibility that there could be a relationship

between reduced S-words and linear extensions by examining the fully commutative

elements, for which the correspondence is immediate. In types An, Bn, H3 and I2(m)

there are again bijections between reduced words and linear extensions, but these now

exploit a coincidence that promotion on the linear extensions is mirrored by a certain
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cyclic action Pro on the reduced words. We explain the existence of these bijections in

each case by exhibiting certain corresponding Gaussian posets.

We present the following new results and conjectures:

• An interpretation of the Edelman-Greene bijection in the Shi arrangement (Sec-

tion 3.1.3) and a conjectured generalization (Conjecture 3.1.17);

• Given d so that d|n or d|(n+1) and d odd, the existence in type An of Pro-orbits

of RedS(w0) with length 2N/d (Theorem 3.1.19), a lower bound on the number of

such orbits (Corollary 3.1.21), and a conjectural exact formula for the Pro-orbit

structure of RedS(w0) in type An (Conjecture 3.1.25);

• A simultaneous explanation for the existence of Edelman-Greene-like bijections

for the coincidental types An, Bn, H3, and I2(m), the existence of “positive root

posets” for the noncrystallographic types H3 and I2(m), and the existence of

formulas for multi-triangulations in those types (Remark 3.1.26); and

• Correspondences between |J (#+(W ) $ [k])| for W of coincidental type and the

number of plane partitions in certain Gaussian posets (Theorem 3.1.27).

3.1.1 Fully Commutative Elements

We set the stage for a relationship between group elements and order ideals and a

relationship between reduced words and linear extensions by recalling a case considered

by J. Stembridge for which the correspondence is immediate [34, 35, 36].

Fully Commutative Correspondences

Recall that RedS(w) is the set of reduced S-words for w. If w,w! ! RedS(w), we say

that w and w! lie in the same commutation class if one may be transformed into the

other using only commutations.

Definition 3.1.1. An element w ! W is fully commutative if the graph of RedS(w) is

connected under commutations.

Equivalently, every reduced word for w is in the same commutation class. Such

elements have particularly nice properties—in particular, the interval in the weak order
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Weak(W,w) := [e, w]S is a distributive lattice (and coincides with corresponding interval

in the Bruhat order) [34].

Definition 3.1.2. Fix w ! W and let w = s1 · · · sk be a reduced S-word for w. Define

a partial order & on [k] by the transitive closure of the relations i 4 j if i < j and si

and sj don’t commute.

This partial ordering defines a “root poset” #+(W,w) on [k] called a heap [34, 37].

We may label the elements of #+(W,w) by replacing i by ai.

1 3

2

2

1 3

2

2

1 3

2

2

1 3

2

2

1 3

2

2

1 3

2

2

Figure 3.1: The heap for the fully commutative element w = s2s1s3s2 ! A3 is isomorphic

to the poset [2]$ [2], so that Weak(A3, w) is isomorphic to J ([2]$ [2]).

If w,w! are any two reduced words for a fully commutative element w, then it is not

di!cult to see that #+(W,w) and #+(W,w!) are isomorphic. We may therefore refer

to the heap #+(W,w) of a fully commutative w ! W .

The entire structure of Weak(W,w) is now described by #+(W,w).

Theorem 3.1.3 (J. Stembridge, Theorem 3.2 in [34]). When w is a fully commutative

element, there is a bijection between L(#+(W,w)) and RedS(w). This induces a bijection

between J (#+(W,w)) and Weak(W,w).
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Proof. The first statement is clear from the definitions: the linear extension

L : #+(W,w) ' [!S(w)] corresponds to the reduced S-word

$S(w)1

i=1

aL"1(i).

For the second statement, fix an order ideal I of #+(W,w), choose any linear extension

L of #+(W,w) with initial part in I—that is, such that L(j) & |I| for j ! I. The element

in Weak(W,w) corresponding to I is then
(|I|

i=1 aL"1(i). The inverses are similarly simple

to construct.

When w is fully commutative, we will therefore freely confuse the inversion set of u,

the corresponding order ideal in #+(W,w), and the element u for u ! Weak(W,w).

Fully Commutative Parabolic Quotients

The finite fully commutative parabolic quotients—those finite irreducible quotients W J

for which wJ
0 is fully commutative—were classified by J. Stembridge (Theorem 6.1

in [34]). We use his notation in the table below to list the pairs (W,WJ) such that

W J is a finite fully commutative parabolic quotient. If we think of the heap #+(W,w)

as consisting of the roots that are inversions of w, we see that #+(W,wJ
0 ) coincides with

the root poset #+(W J) of Definition 2.2.14.

W WJ Structure of #+(W J) Symbol

An Ai $An+1"i for 1 & k & n [i]$ [n+ 1* i] i,n+1"i

Bn An"1 J ([2]$ [n]) n

Bn Bn"1 [2n* 1]

Dn An"1 J ([2]$ [n]) n

Dn Dn"1 J n"3([2]$ [2]) n"3

E6 D5 J 2([2]$ [3])

E7 E6 J 3([2]$ [3])

H3 I2(5) J 3([2]$ [2]) 3

I2(m) A1 [m]

Table 3.1: The structures of the fully commutative parabolic quotients W J = (W,WJ).
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Remark 3.1.4. Note that each fully commutative parabolic quotient is a maximal

parabolic quotient, and that the structure of #+(W J) for W = H3, I2(m) agrees with

the corresponding restriction to D. Armstrong’s “root posets” (this is how we obtained

the labeling of the root posets by reflections in Table 2.2).

We will often use the symbols in the right-hand column when referencing these

posets; we will additionally use the symbol n := n,n.

The Gaussian posets are ranked posets P for which ht(p) form a set of “invariants”

(see Exercise 172 in [38] and Figure 2.3)—that is, for which the generating function for

J (P $ [k]) is given by

=

x#J (P*[k])

q|x| =
1

p#P

1* qk+ht(p)

1* qht(p)
. (3.1.1)

The positive root posets of finite fully commutativeW J consist of all known Gaussian

posets. For such for W J , Equation 3.1.1 may be specialized when k = 1 to read

=

w#Weak(WJ )

q$S(w) =
1

"#!+(WJ )

1* q1+ht(")

1* qht(")
. (3.1.2)

We will explain how to act on J (#+(W J)) in Section 4.4. For now, given a fully

commutative W J , we may act by promotion on L(#+(W J)). We can model this on

RedS(wJ
0 ) as follows: fix any reduced word wJ

0 = s1s2 · · · sk and let s+i interchange si

and si+1 if they commute (and otherwise do nothing) [6]. For such a reduced word, let

Pro+ := s+k"1 · · · s+2s+1.

Proposition 3.1.5. There is an equivariant bijection between L(#+(W J)) under Pro

and RedS(wJ
0 ) under Pro+.

Proof. This is clear from the correspondence given in Theorem 3.1.3.

Understanding the orbit structure of the reduced words under this action turns out

to be a deep and di!cult problem. In his thesis [39], B. Rhoades solved the problem in

type A, confirming a conjecture of D. White.
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Theorem 3.1.6 (B. Rhoades [39]). Let a,b be a rectangular partition of ab, and let X

be the set of SYT of shape a,b. Then the triple (X,X(q),Pro) exhibits the CSP, where

X(q) =
[ab]!q(

x#
a,b
[h(x)]q

is the q-analogue of the hook-length formula for SYT of shape a,b.

The statistic counted by X(q) in Theorem 3.1.6 may be interpreted as the major

index of the reduced word corresponding to the linear extension of a,b. For finite fully

commutative parabolic quotients (W,WJ)—with the exception of those arising from the

infinite family (W,WJ) = (Bn, An"1)—it is easy to then verify that the triple

/

0RedS(w
J
0 ),

=

w#Reds(wJ
0 )

qmaj(w),Pro+

2

3

exhibits the CSP. Although still conjectured to exhibit the CSP, this last outstanding

case corresponds to understanding promotion on L( n). In Section 3.1.5, we will use

results of P. Edelman and C. Greene, and K. Purbhoo to argue that this is related to

understanding the orbit structure of reduced words for the longest element in type A.

3.1.2 Reduced S-Words and Linear Extensions

When w is not fully commutative, RedS(w) becomes a connected graph only when we

are allowed both commutations and the braid moves of W (Theorem 3.3.1 in [15]). The

theory of the previous section therefore cannot be applied to general RedS(w).

It seems nothing short of a miracle, then, that the root poset #+(W ) often behaves

for the longest element w0 of W in the same way that a heap would. That is, not only

is there an equality

|L(#+(W ))| = |RedS(w0)|,

but we also have equivariance of promotion and an action analogous to Pro+ on the

reduced words. In Section 3.1.5, we attempt to explain this miracle by relating each

known correspondence to a corresponding fully commutative result.
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Although in crystallographic type (and types H3 and I2(m)) we have the stunning

Gaussian-poset-like formula (cf. Equation 3.1.2)

=

w#Weak(W )

q$S(w) =
1

"#!+(W )

1* q1+ht(")

1* qht(")
, (3.1.3)

it is not the case that there is a bijection between order ideals of the root poset and

elements of the weak order. In general, there are instead fewer order ideals than group

elements:

|J(#+(W ))| =
n1

i=1

h+ di
di

;
&

n1

i=1

d2i
di

= |W |
<
.

That story will be addressed in Chapter 4, and extended in Chapter 5.

We first define a cyclic action Pro on reduced words for the longest element w0 for

any W . In Chapter 4 a related action will be used to induce a c-action and recurrence

on Catalan objects.

Definition 3.1.7. Fix any reduced word w0 = s1s2 · · · sN for w0 and form the reflection

order

Inv(w0) = (s1)(s1s2s1)(s1s2s3s2s1) · · · (s1s2 · · · sN · · · s2s1).

Acting on these reflections by the Hurwitz element

Pro = RN"1 · · ·R2R1

induces an action Pro on the reduced word.

Note that—unlike our restriction in the fully commutative case—the intermediary

reflection sequences do not necessarily arise from reduced S-words for w0. For exam-

ple, starting with w0 = s1s2s1 in type A2 gives the reflection order (12)(13)(23), but

R1(12)(13)(23) = (23)(12)(23), which does not correspond to a reduced S-word. It

may be of interest to determine the size of the connected component of T -words for

w0 of length N containing the reduced S-words for w0. We find it suggestive that this

connected component has size 22 · 2! in type A2 and size 25 · 5! in type A3.

Proposition 3.1.8. For any reduced word w0 for w0,

Pro2N (w0) = w0.
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Proof. We compute

Pro(w0) = (RN · · ·R2R1)((s1)(s1s2s1)(s1s2s3s2s1) · · · (s1s2 · · · sN"1sNsN"1 · · · s2s1))

= (s2)(s2s3s2) · · · (s2 · · · sN"1sNsN"1 · · · s2)s1,

which is the inversion sequence corresponding to the reduced word

Pro(w0) = s2s3 · · · sNs1.

Since conjugation by w0 is either the identity or an involution, this last expression

is a reduced word for w0 and Pro is of order 2N .

It turns out that this action can be used in types An, Bn, H3, and I2(m) to construct

a bijection between reduced words for w0 and linear extensions of the root poset. For

arbitrary W , recall from Chapter 2 that reduced words for w0 specify a root ordering

Inv(w0). Such orderings turn out to correspond with the weaker notion of P. Edelman

and C. Greene’s balanced tableaux for type An and W. Kraśhiewicz’s standard w-tableaux

more generally [40, 41, 42]. Meanwhile, linear extensions of the root poset in types An

and Bn may be viewed as SYT( n) and SYT( n), respectively. The bijection is

therefore often stated in the literature using two types of tableaux.

Before stating the bijection, we briefly review some history. Based on computa-

tions carried out by P. Edelman, J. Goodman, and R. Pollack, R. Stanley observed the

astounding numeric coincidence that the sequences |RedS(w0)| and |L(#+(W ))| both
begin by 2, 16, 768, . . . in type An [43]. By defining his Stanley symmetric functions and

expanding them as a sum of Schur functions, R. Stanley proved that |RedS(w0)| =

|L(#+(W ))| in type A; using the hook-length formula for the number of linear exten-

sions gives an explicit formula for the number of reduced S-words for w0.

P. Edelman and C. Greene later gave a gorgeous bijection from L(#+(An)) to

RedS(w0) using equivariance of Pro and Pro [40]. The inverse bijection is given by

a modified RSK insertion procedure (see Section 4.5.2). Independently, A. Lascoux and

M.-P. Schützenberger developed a similar bijection [44].

M. Haiman gave a related bijection from L(#+(Bn)) to RedS(w0) [45], proving R.

Proctor’s conjecture that the Edelman-Greene map could be extended to type B. W.

Kraśkiewicz found the corresponding insertion procedure [46, 47].
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The bijection in typeDn requires more care and is not of the expected form; as we will

argue in Section 3.1.5, we strongly believe that this is because there is no corresponding

Gaussian poset. S. Billey and M. Haiman define the flattened root poset #+
& (Dn) to be

the even shifted double staircase [48]. For example, #+
& (D4) = . Similarly, the

set of flattened reduced words Red&S(w0) consists of the elements of the set RedS(w0)

with all simple reflections sn replaced by sn"1. The bijection is then between these

two “flattened” sets. Types B and D Stanley symmetric functions were defined in [48]

and [49, 47] (see also [50]).

We summarize this discussion with the following theorem.

Theorem 3.1.9 (P. Edelman and C. Greene [40] (Type A), M. Haiman [45], W.

Kraśkiewicz [46] (Type B), S. Billey and M. Haiman [48] (Type D)). When W is of co-

incidental type A,B,H3, or I2(m), there is an equivariant bijection between L(#+(W ))

under Pro and RedS(w0) under Pro.

When W = Dn, there is an equivariant bijection between L(#+
& (W )) under Pro and

Red&S(w0) under Pro.

Furthermore, the initial segments L"1 ({1, 2, . . . , k}) and w0 = si1si2 · · · sik deter-

mine each other (this may be interpreted as the existence of insertion procedures that

take reduced words to linear extensions).

In fact, the bijection is defined using the equivariance of Pro and Pro! We choose to

call such bijections bijactions. 1

Proof. The forward direction of the equivariant bijection from linear extensions of

#+(W ) to reduced words for w0 is the following elegant map. Beginning with a lin-

ear extension L of the root poset, compute the promotion sequence

6
ProN"1(L),ProN"2(L), . . . ,L

7
.

1 This idea of exploiting coincidences of cyclic actions by restricting to one piece of information (in
this case, on the simple roots) read across an entire orbit is also at the core of:

• My bijection with H. Thomas between alcoves in the dilated simplex and certain words in [51]
(see also Section 3.1.3);

• My conjectural bijection between noncrossing and nonnesting partitions in Section 4.4.2, building
on work by D. Armstrong, C. Stump, and H. Thomas in [52].

In general, although the forward direction of a bijaction is easy to state, the backward direction is
considerably more di!cult.
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The reduced word is then given by replacing each linear extension Prok(L) in this

sequence by the simple reflection si such that
6
Prok(L)

7
(si) = N . The flattened version

for type D is entirely analogous.

Example 3.1.10. In type A3, the promotion sequence of
1 2 3
4 6
5

= 2 4

1

63 5

has period

4 and gives the reduced word w0 = s1s2s3s2 s1s2, as illustrated in the table below. The

first line of the table gives the promotion sequence, while the second line records which

simple root was labeled by N .

2 3

1

56 4

2 4

1

63 5

3 2

1

54 6

4 2

1

65 3

2 3

1

56 4

2 4

1

63 5

s1 s2 s3 s2 s1 s2

Example 3.1.11. In type H3, the promotion sequence for

13 15 14

11 12

10 9

8 7

5 6

4

3

2

1

has period 5

and gives the reduced word w0 = s3s1s2s1s2 s3s1s2s1s2 s3s1s2s1s2, as illustrated in the

table below.

14 13 15

12 10

11 8

9 7

6 5

4

3

2

1

15 14 11

13 9

12 8

10 7

5 6

4

3

2

1

14 15 12

13 10

11 9

6 8

5 7

4

3

2

1

15 14 13

12 11

9 10

7 8

6 5

4

3

2

1

13 15 14

11 12

10 9

8 7

5 6

4

3

2

1

14 13 15

12 10

11 8

9 7

6 5

4

3

2

1

s3 s1 s2 s1 s2 s3

This is proven to be a bijection in types A and B in [40] and [45], while the type D

version is proven in [48] (see also Section 4.5.2).

For I2(m), the correspondence between the two reduced words for w0 and the two

linear extensions of the “positive root poset” of Table 2.2 is easy to see.

There are 286 linear extensions of D. Armstrong’s “positive root poset” of type H3

in Table 2.2, divided under Pro into 2 % 3, 2 % 5, 18 % 15, where i % j is short for i orbits
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of size j. One can check that this corresponds to the Pro action on the reduced words

for w0.

The observation that D. Armstrong’s “positive root poset” of type H3 continues

to work in this context is another indication that there is a relationship between this

theory and the W -Catalan combinatorics of Chapter 4. It is important to note that, as

stated, this theorem is false in other types (other than the redundancy incurred by D3).

For example, |L(#+(D4))| = 2400 but |RedS(w0)| = 2316 when neither set is flattened.

In F4, we have |L(#+(F4))| = 2311020 = 22 ·32 ·5 ·37 ·347 and |RedS(w0)| = 2144892 =

22 · 3 · 47 · 3803. 2

However, as R. Stanley remarks in [43], the data suggest that there are always more

linear extensions than reduced words. It is possible that some subclass of these linear

extensions should be considered.

Conjecture 3.1.12. For all W , |RedS(w0)| & |L(#+(W ))|.

In fact, R. Stanley goes further and notes that |RedS(wJ
0 )| & |L(#+(W J))| in all

known cases.

Problem 3.1.13. For any W , give an equivariant bijection from a subset of L(#+(W ))

under some variant of Pro to Red(w0) under Pro, generalizing the Edelman-Greene

correspondence in types A,B,H3, and I2(m).

We are not very hopeful about a positive solution to this problem. To continue with

type D4, the 2400 linear extensions split under ( into 6 % 4, 8 % 6, 66 % 12, 6 % 32, 4 % 42,
6 % 72, 6 % 124, where i % j is again short for i orbits of size j. The orbits of large size

disrupt the bijection, but the orbits of size less than or equal to 12 still do produce 864

legitimate reduced words for w0.

Small computations suggest that one is not constrained to choose Pro to obtain a

map to reduced words but could choose—as just one possibility—the bipartite promotion
(

i even Proi
(

i odd Proi. That the orbit structure is the same is obvious; that the induced

Edelman-Greene-like bijection sends linear extensions to reduced words is not. 3

2 I thank R. Edman for computing |RedS(w0)| in F4.
3 This has now been proven by Z. Hamaker [53].
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3.1.3 Interpretations in the Shi Arrangement

We take a short detour to introduce the Shi hyperplane arrangements, which for our imme-

diate purposes is a compact framework to state the correspondence between RedS(w0)

and L(#+(W )) in the crystallographic types A,B, and G2.

Definition 3.1.14 (J. Shi [54] (for m = 1), R. Stanley [55] (for m > 1)). For crystal-

lographic W and m " 1, the (W,m)-Shi arrangement is the set of hyperplanes

Shi(m)(W ) := {H",i : " ! #+(W ) and i = *m+ 1,*m+ 2, . . . ,m}.

For example, with our standard choice of roots, Shi(1)(An"1) is the collection of

hyperplanes

Shi(1)(An"1) = {xi * xj = 0, 1 : 1 & i < j & n}.

There are a number of lovely theorems about the (W,m)-Shi arrangement—notably,

the inverses of the a!ne permutations labeling the minimal alcoves of Shi(m)(W ) in a

region coalesce into a (mh+1)-fold dilation of the fundamental alcove, so that there are

(mh+ 1)n Shi regions [54]—but in the interest of quickly arriving to the main point of

this section, we will point the interested reader to the following excellent references: [54,

56, 57, 58, 55, 59, 60, 61, 62, 63].

Recall that the regions of the braid arrangement were naturally labeled by elements

of the group—that is, we could have defined the elements of W to be the regions of

the braid arrangement. By analogy, regions of Shi(m)(W ) are called the (W,m)-parking

functions. These regions were first labeled by J. Shi using his sign-type diagrams [54], but

in type A the Pak-Stanley map [58, 55] gives us an elegant and easily-stated path to a

labeling of Shi(m)(An"1) by the classical m-parking functions [64].

Definition 3.1.15. An m-parking function of length n is a word p1p2 . . . pn with pi ! N
such that |{j : pj " mi}| & n* i for 0 & i & n.

Parking functions are so named because of a well-known interpretation when m = 1.

Suppose there are n drivers attempting to park their n cars in a garage with n linearly

ordered parking spaces 1, 2, . . . , n. Each driver i has a preferred space pi, but—if it is

filled—they will try to park in the first unfilled space pi+1, pi+2, . . . , n. The 1-parking
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functions are exactly those sequences of preferred spaces p1, p2, . . . , pn that allow every

driver to park. It is possible to give a similar interpretation for m-parking functions.

The Pak-Stanley labeling $ assigns m-parking functions to regions of Shi(m)(An"1)

regions as follows: let ei be the word with a one in the ith position and zeroes elsewhere.

Label the fundamental alcove by the m-parking function 00 . . . 0$ %& '
n zeros

. When a region R

has been labeled, and R! is an unlabeled region that is separated from R by a unique

hyperplane xi * xj = s with i < j, the new region is labeled by

$(R!) = $(R) + ej if s & 0,

$(R!) = $(R) + ei if s > 0.

An example of this labeling is given in Figure 3.2. Note that regions of Shi(1)(An"1)

in the braid part of the arrangement are assigned the code of their corresponding per-

mutation [58] (see Section 2.2.1).

011

002

020
021

120 012

001010

100 102210

000110

200 101

201

Figure 3.2: The 16 minimal alcoves of the regions of Shi(1)(A2) labeled with their cor-

responding parking functions of length 3 under the Pak-Stanley labeling.
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The dominant regions of Shi(1)(An"1) are labeled by increasing rearrangements of

codes—which may be interpreted as partitions corresponding to order filters in the full

root poset #+(An"1). Since order filters are in canonical bijection with order ideals, we

obtain a bijection between dominant regions of Shi(1)(An"1) and order ideals in the root

poset. This is the case W = An"1, w = e of the following more general theorem. 4

Theorem 3.1.16 (J. Shi [54, 56], C. Athanasiadis (for type A) [59]). The regions of

Shi(1)(W ) in the chamber wC are in bijection with order ideals in the subposet of #+(W )

consisting of the noninversions of w.

In particular, the dominant regions of Shi(1)(W ) are in bijection with J (#+(W )). 5

In Chapter 4, we will encounter J (#+(W )) again as the nonnesting partitions.

Theorem 3.1.16 maps an order ideal I to the region of Shi(1)(W ) that lies on the

positive side of H",1 for " #! I. It is not di!cult to see that this map is surjective,

but injectivity is rather more subtle. To illustrate this subtlety, note that the obvi-

ous extension to Shi(m)(W ) for m > 1 and w = e—that dominant Shi(m)(W ) regions

are in bijection with J(#+(W ) $ [m])—is actually false. Instead, at this Fuss-Catalan

level of generality (see Section 4.6.2), C. Athanasiadis identified a certain subposet of

J(#+(W )$ [m])—the geometric m-multichains—that are in bijection with the dominant

regions of the Shi(m)(W ) [66] (see Section 4.6.2). E. Tzanaki and S. Fishel have pointed

out that it would be very interesting to extend Theorem 3.1.16 to the Fuss-Catalan level

of generality [67].

The inverse map to the Pak-Stanley labeling appears in [55]. C. Athanasiadis and

S. Linnusson gave a di$erent labeling of the regions of Shi(m)(An"1) in [59]. In [51], H.

Thomas and I give a third labeling, building on a construction of R. Suter and a gener-

alization due to C. Berg and M. Zabrocki [68, 69, 70]. Similarly to the correspondence

of Theorem 3.1.9, our map is a bijaction. By applying the cycle lemma, our method

gives a labeling of the alcoves in arbitrary integral dilations of the fundamental alcove

in a!ne type >An by certain rational parking functions.

In preparation for our restatement of the Edelman-Greene-like correspondences, we

now identify three important regions of Shi(m)(W ):

4 I thank B. Rhoades for explaining this to me.
5 This correspondence also works in types H3 and I2(m), using di!erent root posets from Sec-

tion 2.2—the resulting numbers of dominant regions are not W -Catalan numbers [65].
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• The fundamental alcove A0;

• The region Pm := {x : ,", x- " m for " ! "}; and

• The region N"m+1 := {x : ,", x- & *m+ 1 for " ! "}.

Recalling the definitions of Section 2.2.1, by labeling a positive root with the step

when it was first added, the paths in Path(A0, N0, Shi
(1)(W )) are in bijection with

RedS(w0). Similarly, the paths Path(A0, P1, Shi
(1)(W )) are in bijection with L(#+(W )),

so that Theorem 3.1.9 may be rephrased as the equality

|Path(A0, P1, Shi
(1)(W ))| = |Path(A0, N0, Shi

(1)(W ))|.

This statement is illustrated in the introductory graphic of this chapter.

It is tempting—though almost certainly overly bold—to use this language to gener-

alize Theorem 3.1.9 to the m-Shi arrangement.

Conjecture 3.1.17. For W = An, Bn, and G2,

|Path(A0, Pm, Shi(m)(W ))| = |Path(A0, N"m+1, Shi
(m)(W ))|.

3.1.4 Orbit Structures in Type A

We return to the study of the cyclic action Pro on reduced S-words for w0.

Problem 3.1.18. Describe the orbit structure of RedS(w0) under Pro.

We shall first consider Problem 3.1.18 in type A, which by Theorem 3.1.9 is equiva-

lent to understanding the orbit structure of SYT( n) under promotion. We prove the

existence of orbits of certain sizes by constructing representative words for w0. We then

use these words to give slightly more reasonable lower bounds for the number of such

orbits.

Theorem 3.1.19. When d|n or d|(n + 1) and d is odd, there exists a reduced S-word

w0(d) for the longest element w0 of An having an orbit under Pro of size 2N/d.

Proof. Given such a d, we will construct the required reduced word w0(d) for w0. If

d|n, define the integers

g := n/d and f :=
2d+ n+ dn

2d
;
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if d|(n+ 1), define the integers

g := (n+ 1)/d and f :=
(1 + d)(1 + n)

2d
.

Fix the linear ordering of Section 2.2 on the simple reflections and define the reduced

expression

w := (s1s2s3 . . . sf"1)(s1s2s3 . . . sf"2) . . . (s1s2s3 . . . sf"g).

Note that when d = 1 we recover the reduced word (s1s2s3 . . . sn)(s1s2s3 . . . sn"1) . . . s1.

The desired reduced word w0(d) is given by

w0(d) ·w0(d) := (w ·w)d.

By definition of f , this word is always of the correct length and by construction has

the correct orbit size. We now show that it is an expression for w0 by checking that each

letter i is sent to n+ 2* i.

If i & g, then the first copy of w sends i to f +1* i, and thereafter it is raised by g

by each successive copy of w (and is untouched by the w occurring later). Since there

are (d* 1)/2 copies of w! in w0(d), i is sent to f + 1* i+ (d* 1)/2 · g = n+ 2* i.

We can now analyze where each number i < f when d|n and i & f when d|(n + 1)

is sent: the first 5i/g6 copies of w decrease i to i1 = i mod g (where 0 mod g is

replaced by g) in multiples of g, the next copy of w sends it to f + 1 * i1, and then

the last (d * 1)/2 * 5i/g6 copies of w increase it in multiples of g. Thus, i is sent to

f + 1* i1 + g((d* 1)/2* 5i/g6) = f + 1 + g(d* 1)/2* g5i/g6 * i1 = n+ 2* i.

The analysis to show that n+2* i is sent to i for n+2* i > f proceeds identically.

It remains to check that f is sent to n + 1 * f when d|n. We check that the first

copy of w sends f to f * g = n + 2 * f , which is then sent back to f ; this process is

repeated, with f ending up at f * g because there are an odd number of such swaps.

Definition 3.1.20. Let u and w be permutations written in one-line notation. We say

that w contains u if there exists a subsequence of w with the same relative order as u;

otherwise, w avoids u. (Subsequences are not necessarily consecutive.)
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A permutation w in type A is called vexillary if it avoids the pattern 2413 [71, 43]. The

Stanley symmetric function of a vexillary element w coincides with a Schur function—

in particular, the number of reduced words for w is given by the number of standard

tableaux with shape equal to the code of w (see Section 2.2.1). S. Billey and T. K.

Lam have extended the definition of vexillary to type B using length 3 and 4 signed

pattern-avoidance conditions [72].

Corollary 3.1.21. When d|n or d|(n+ 1) and d is odd, let RedS(w0, d) be the number

of reduced words for w0 whose Pro-orbit is of size 2N/d. Let f! be the number of SYT

of shape $ := (f * 1, f * 2, . . . , f * g), where g and f are defined as in Theorem 3.1.19.

Then

(f!)2 & RedS(w0, d).

Proof. The elements w and w from the proof of Theorem 3.1.19 have codes $ and $!,

where $! is the transpose of $. Therefore, w and w are vexillary and they each have

(f!) reduced words [73, 43]. Having fixed reduced words for w and w, the rest of the

reduced word for w0 is determined by the condition on orbit length.

3.1.5 The Coincidental Types

Before stating a precise conjecture for a solution to Problem 3.1.18 in type A, we recall

the corresponding result in type B, and state the results in types H3 and I2(m). This

will then lead us to certain results about plane partitions.

It is something of a rule that problems about reflection groups are first solved in type

A—the symmetric group—and are only afterwards generalized and dispatched in other

types. Problem 3.1.18, however, was first solved in type B (and, by direct computation,

certain exceptional types) [39, 74, 75], while the type A case is still unresolved. As we

shall see, this rule was not entirely broken—in order to solve Problem 3.1.18 in type B,

it was first interpreted as a problem in type A.

From Theorem 3.1.9, we know that in type Bn there is an equivariant bijection

between RedS(w0) under Pro and the linear extensions of the type Bn root poset. One

clue that the root poset is not the the correct structure to consider for Problem 3.1.18 is

that the q-analogue of the shifted hook-length formula for SYT( n) does not behave



55

nicely when roots of unity are substituted for q (and so cannot be used to demonstrate

a CSP). And, indeed, there is one further bijection we need.

Theorem 3.1.22 (M. Haiman [74]). There is a promotion-equivariant bijection between

SYT( n) and SYT( n).

The bijection between SYT( n) and SYT( n) relies on jeu-de-taquin, so that it

is reasonable to suspect equivariance. B. Rhoades’s result in Theorem 3.1.6 now implies

that there is a CSP on reduced words for the longest element in type Bn, using the

hook-length formula for n rather than n.

Corollary 3.1.23 (B. Rhoades [39], T. K. Petersen and L. Serrano [75]). Let w0 be the

longest element of type Bn and Xn(q) be the q-analogue of the hook-length formula for

SYT( n). Then (RedS(w0), Xn(q),Pro) exhibits the CSP.

In summary, the proof of a CSP in type Bn goes through SYT( n)—corresponding

to a fully commutative type A result—to shifted SYT( n) to RedS(w0).

On the other hand, it is possible to play exactly the same game using D. Armstrong’s

“root posets” of type H3 and I2(2m) and the Gaussian posets m"2 and 5. For

completeness, we also place the type B result in this language.

Theorem 3.1.24. There are promotion-equivariant bijections between

• L(#+(Bn)) and L( n);

• L(#+(H3)) and L( 5); and

• L(#+(I2(2m))) and L( m"2).

Proof. The first statement is equivalent to Theorem 3.1.22, the second was checked by

computer, and the third is obvious (since both sets have only two linear extensions).

CSPs therefore also follow for the second and third statements. It would be partic-

ularly nice to have a jeu-de-taquin proof for the second bijection (cf. Section 4.5.2).

In type An, we observe similar behavior—the obvious candidate for a polynomial,

the q-analogue of the hook-length formula for SYT( ), does not give the desired answer

when roots of unity are substituted for q. Thus, it seems plausible that to understand
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the orbit structure in type A, we must find the analogous Gaussian poset. This was

done in an unpublished result of K. Purbhoo [76], who found a beautiful jeu-de-taquin

bijection—the analogue of Theorem 3.1.22—that proves

|L( n)| = 2n(n"1)/2|L( n)|. (3.1.4)

Equality may be proved using the hook-length and shifted hook-length formulas, but

this would not lead us to suspect any sort of equivariance. In analogy to the resolution

of the types Bn, H3, and I2(m) results, this result gives the desired bridge from the

problem in type An to a fully commutative type Bn problem.

What remains is to prove that a solution to the latter entirely determines the former,

and to resolve the—presumably more tractable—fully commutative problem for n.

We are now able to conjecture an exact formula for the orbit structure as a CSP. I

discovered the polynomial by brute force, and V. Reiner put it into the attractive form

found on the left; after hearing of K. Purhboo’s result, it was easy to produce the form

on the right.

Conjecture 3.1.25. Let w0 be the longest element of type An and let

Xn(q) =

/

0
(n(n+1)

2
i=1 [2]qi(n

i=1

(i
j=1[2]qj

2

3
8

[n(n+ 1)]!q(
x#

n
[h(x)]q

9
=

/

0
(n(n+1)

2
i=1 [2]qi(n
i=1[2]qi

2

3
8

[n(n+ 1)]!q(
x#

n
[h(x)]q

9
.

Then (RedS(w0), X(q),Pro) exhibits the CSP.

This conjecture has been verified up to n = 5. These polynomials suggest that the

number of tableau of shape n invariant under Pro2d is equal to a power of 2 times the

number of tableau of shape n invariant under Prod.

Remark 3.1.26. In some sense, Equation 3.1.4 and Theorem 3.1.24 show that

The root posets of types An, Bn, H3, and I2(2m) are jeu-de-taquin equivalent

to a fully commutative root poset.

From this, we obtain three conclusions.

• First, we obtain a reason for the existence of D. Armstrong’s fully-satisfactory

“positive root posets” in the non-crystallographic types H3 and I2(2m), but not
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in H4 (for a computational e$ort to determine what this poset should be, see [18]):

the “root posets” in types H3 and I2(2m) are associated to their corresponding

Gaussian posets, but there is no underlying Gaussian poset that exists for type

H4;

• Second, we obtain an explanation for the lack of an enumerative formula in general

type for the multi-triangulations #+(W ) $ [k] (cf. Section 4.6.1 and [21]): the

existing formulas are really disguised formulas for Gaussian posets;

• Third, we have motivation for the failure of Edelman-Greene-like correspondences

in general type: positive root posets are not in general jeu-de-taquin equivalent to

a fully commutative root poset.

Besides the second two points above, we know of thirteen other properties equivalent

to W being of type An, Bn, H3, or I2(m)—though we do not propose that the underlying

Gaussian posets n, n, 5, and m"2 explain them.

• N. Reading has observed two such “odd phenomena” [77], giving uniformly-stated

formulas that only work in the coincidental types for the face numbers of general-

ized cluster complexes [78], and the number of saturated chains of length k in the

Fuss-Catalan noncrossing partition meet-semilattice [77].

• In Section 3.3 of [79], A. Miller gives a “curious classification” that lists an ad-

ditional ten properties equivalent to W being of type A,B,H3, or I2(m)—for

example, his tenth property is that the degree sequence d1, d2, . . . , dn of W is

arithmetic. 6

• The last coincidence we are aware of arises in our Catalan constructions for

parabolic quotients in Chapter 5 (see Conjectures 5.4.6 and 5.4.7).

Because of these fifteen phenomena, we believe it is justified to call types A,B,H3,

and I2(m) the coincidental types.

6 The observation that A. Miller’s “curious classification” coincides with our “coincidental types”
is due to V. Reiner.
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We now extend one additional type B result to all coincidental types. Not only are

there the same number of linear extensions in n and n, but there are the same

number of order ideals in n and n. More generally, it is a result of R. Proctor

that [80]

|J( n $ [k])| = |J( n $ [k])|.

The right-hand side of this equality has found a modern combinatorial interpretation

as the type Bn multi-triangulations [21], but outside of the case k = 1 [81], we are

not aware of any combinatorial proof of this identity. It is reasonable to expect similar

connections in the other coincidental types—and not to expect connections in other

types.

Theorem 3.1.27. We have the following equalities:

2n|J (#+(An)$ [k])| = |J ( n $ [2k + 1])|,

|J(#+(Bn)$ [k])| = |J( n $ [k])|,

|J (#+(H3)$ [k])| = |J ( 5 $ [k])|, and

|J (#+(I2(2m))$ [k])| = |J ( m"2 $ [k])| for m " 2.

Proof. The first equality follows from the known formula for type An multitriangula-

tions [82, 21, 83]:

|J( n $ [k])| =
1

0,j<k

1

2,i,n+1

i+ 2j + n+ 1

i+ 2j

and the corresponding formula for the Gaussian poset n. The second result is in [80].

For the third and fourth results, one can establish that the two order polynomials are

the same (see, for example, Theorem 4.5.14 in [38]).

Problem 3.1.28. Give a representation-theoretic or bijective proof of Theorem 3.1.27.

R. Proctor also showed that the zeta polynomials of #+(Bn) and n agree. It is easy

to check that the zeta polynomials of #+(H3) and 5 agree, as do the zeta polynomials

of I2(2m) and m"2.
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3.2 Factorizations of c

In this section we study reduced T -words for a Coxeter element c. We study the Hurwitz

graph Hur(W, c) with vertices RedT (c) and a graph isomorphism Twist. 7 We also

examine a bijection between RedT (c) and certain labelings of S.

We present the following new results and conjectures:

• (with T. McConville) A graph isomorphism Twist of order 2h on Hur(W, c) (The-

orems 3.2.3 and 3.2.3);

• Conjectured exact uniform formulas for the number of orbits of Hur(W, c) under

Twist and under Pro, presented as cyclic sieving phenomena (Conjectures 3.2.5

and 3.2.6); and

• A generalization of R. Stanley’s type A map and P. Biane’s type B map from

maximal chains from e to c in Abs(W ) to certain words of length |S|, for W =

A,B,D, F4, H3, H4, I2(m) (Theorem 3.2.9).

3.2.1 Reduced T -Words for c

Recall that RedT (c) := {t1t2 . . . tn : ti ! T, t1t2 · · · tn = c}. For clarity and brevity, we

use the notation Cox(W ) := |RedT (c)|.
P. Deligne, summarizing conversations with J. Tits and D. Zagier, proved the fol-

lowing formula in a letter to E. Looijenga [84]:

Cox(W ) =
n!hn

|W | . (3.2.1)

The proof proceeds by an examination of the Coxeter plane associated to a bipartite

c to establish the following recurrence:

Cox(W ) =
h

2

=

"i#S
Cox

6
W&i'

7
,

Solving these recurrences case-by-case then yields the uniform formula. This is pre-

sented in the Fuss-Catalan level of generality in [77], and a computation for complex

reflection groups is given in [85].

7 The name Twist is due to H. Thomas, who studied it in a di"erent context (see Section 4.3.1).
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For example, the removal of the root "i in type An leaves two type A systems, one

of rank i and the other of rank n* 1* i. P. Deligne computes

Cox(An) =
n+ 1

2

=

i+j=n"1,i,j-0

(n* 1)!

i!j!
Cox(Ai)Cox(Aj).

Passing to generating functions, this recurrence translates to the equation ae"a = t.

This leads to the classical formula in type An

Cox(An) = (n+ 1)n"1.

Guided by D. Bessis’s duality, just as Pro acted on reduced S-words for w0 by “c”

(where c is taken from the appropriate type An system), we expect reduced T -words for c

should have a “w0”-action (where w0 is also taken from the appropriate type An system;

see Definition 3.1.7). Of course, conjugation by c acts with order h on RedT (c)—what

we will define is an action that factors conjugation by c.

We first define a cyclic action on the reduced T -words for c, which we will prove is

a graph isomorphism on the Hurwitz graph Hur(W, c) (Definition 2.3.8).

Definition 3.2.1. Fix W and a reduced word w0 = ŝi1 · · · ŝin(n"1)/2
for w0 in type

An"1. Define the actions

Twist(w0) := Li1 · · ·Lin(n"1)/2

and

Twist"1(w0) := Ri1 · · ·Rin(n"1)/2

on reduced T -words for c.

It is easy to see that Twist(w0) and Twist"1(w0) are inverses of each other, and

that they do not depend on the choice of reduced word w0.

Proposition 3.2.2. Let w0 and w!
0 be two reduced words for w0 (in type An"1) and let

t1t2 · · · tn be a reduced T -word. Then Twist(w0)(t1t2 · · · tn) = Twist(w!
0)(t1t2 · · · tn).

Proof. Since any two reduced words for w0 are connected by braid moves, and since the

Li satisfy the braid relations, we conclude the proposition.

We can therefore simply write Twist for Twist(w0).
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Theorem 3.2.3. Twist is a graph isomorphism on Hur(W, c).

Proof. Since the action is clearly invertible, we just need to show that edges are sent to

edges.

Suppose that there is an edge between t1t2 . . . tn and t!1t
!
2 . . . t

!
n. Then either

t1t2 . . . tn = RiN (t
!
1t

!
2 . . . t

!
n), or

t1t2 . . . tn = LiN (t
!
1t

!
2 . . . t

!
n).

Without loss of generality, let us suppose the latter (otherwise, interchange the two

reduced expressions).

We now apply Twist to both sides to obtain

Twist(t1t2 . . . tn) = Twist(LiN (t
!
1t

!
2 . . . t

!
n)).

Let us choose a reduced word ŝi1 . . . ŝiN"1 ŝiN for w0 that ends in ŝiN . Then

Twist(t1t2 . . . tn) = Li1 . . .LiN"1(t
!
1t

!
2 . . . t

!
n),

and multiplying both sides by Ln+1"iN = (TwistLiNTwist) gives

Ln+1"iNTwist(t1t2 . . . tn) = Ln+1"iNLi1 . . .LiN"1(t
!
1t

!
2 . . . t

!
n).

Using the fact that Ln+1"iNLi1 . . .LiN"1 is again an expression for Twist, we get

LiN"1Twist(t1t2 . . . tn) = Twist(t!1t
!
2 . . . t

!
n),

so that there is an edge between Twist(t1t2 . . . tn) and Twist(t!1t
!
2 . . . t

!
n).

Theorem 3.2.4. Twist has order 2h on RedT (c).

Proof. We denote conjugation by c on a reflection t as (ctc"1) = t. Similarly, we will

write t1 t2 . . . tn as t1t2 . . . tn.

We show that Twist factors conjugation by c by computing

Twist2(t1t2 . . . tn) = t1t2 . . . tn, (3.2.2)

from which the result follows (since c has order h).
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Let Twist act by

(Ln)(Ln"1Ln) · · · (L2 · · ·Ln"1Ln)(L1 · · ·Ln"1Ln)

and Twist"1 by

(RnRn"1 · · ·R1) · · · (RnRn"1 · · ·R2) · · · (RnRn"1)(Rn).

Multiplying Equation 3.2.2 by Twist"1, we get

Twist(t1t2 . . . tn) = Twist"1(t1t2 . . . tn).

Since Ri(t1t2 . . . tn) = Ri(t1 . . . titi+1ti+2 . . . tn) = t1 . . . (titi+1ti)titi+2 . . . tn =

Ri(t1t2 . . . tn), conjugation by c and acting by Twist"1 commute. Therefore, we must

show that

Twist(t1t2 . . . tn) = Twist"1(t1t2 . . . tn). (3.2.3)

We compute directly that

Twist(t1t2 . . . tn) = (t1 · · · tn"1tntn"1 · · · t1)(t1 · · · tn"2tn"1tn"2 · · · t1) · · · (t1t2t1)(t1),

and also compute that

Twist"1(t1t2 . . . tn) = tn(tntn"1tn) · · · (tn · · · t3t2t3 · · · tn)(tn · · · t2t1t2 · · · tn),

from which it is clear that

Twist"1(t1t2 . . . tn) = (tn)(tntn"1tn) · · · (tn · · · t3t2t3 · · · tn)(tn · · · t2t1t2 · · · tn)

= (t1 · · · tn"1tntn"1 · · · t1)(t1 · · · tn"2tn"1tn"2 · · · t1) · · · (t1t2t1)(t1),

proving Equation 3.2.3.

We now conjecture an exact formula for the orbit structure of RedT (c) under Twist.

Conjecture 3.2.5. For W a Coxeter group with degrees d1, d2, . . . , dn and Coxeter

number h, 8
RedT (c),

n1

i=1

[i]q[h]qi

[di]q
,Twist

9

exhibits the CSP.
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This conjecture has been checked for type An up to n = 6, for types Bn and Dn for

small n, and for the exceptional types F4, H3, and H4.

We can also state a conjecture using the cyclic action Pro from Definition 3.1.7.

Since Pron(c) = c and c is of order h, we conclude that Pro has order hn = 2N on

reduced T -words for c.

Conjecture 3.2.6. For W a Coxeter group with degrees d1, d2, . . . , dn and Coxeter

number h, 8
RedT (c),

n1

i=1

[i]q[h]qi

[di]q
,Pro

9

exhibits the CSP.

3.2.2 Reduced T -Words and Marking Functions

Just as there was a bijection between reduced S-words for w0 and certain labelings of

the positive roots T (in the coincidental types), we will now give a bijection between

reduced T -words for c and certain words of length |S| (in types A,B,D, F4, H3, H4 and

I2(m)). When the resulting words have simple characterizations, we obtain a bijective

proof of Equation 3.2.1. These bijective proofs are originally due to R. Stanley’s labeling

in type A [86], and P. Biane in type B [87].

Definition 3.2.7. Fix a Coxeter element c and the c-sorting word w0(c). For each

reflection t, let Posc(t) be the number of the copy of c in which t appears in Inv(w0(c)).

Example 3.2.8. The following tables illustrate how to compute Posc(t) in types A3,

B3, and D3 with linear ĉ = s1s2s3.

Posĉ(t) 1 1 1 2 2 2 3 3 3

ĉ( s1 s2 s3 s1 s2 s3 s1 s2 s3

Type A3

t (12) (13) (14) (23) (24) · (34) · ·

Type B3

t ((12)) ((13)) (1* 1) ((23)) ((1* 2)) (2* 2) ((1* 3)) ((2* 3)) (3,*3)

Type D3

t ((12)) ((13)) ((1* 3)) ((1* 2)) ((2* 3)) ((23)) · · ·
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We can now use Posc on inversion sets to give a map from elements of W to certain

words. Let n(c) := maxt#T Pos(t,w0(c)).

Theorem 3.2.9 (R. Stanley [86], E. Gorsky, M. Gorsky [88] (type A), P. Biane [87]

(types A and B), P. Hersh [89] (type B)). In types An, Bn, F4, H3, H4 and I2(m), fix ĉ

to be a linear Coxeter element (see Definition 2.3.3).

Define a map Posĉ : RedT (ĉ) ' [n(ĉ)]n by

Posĉ(t1t2 · · · tn) := Posĉ(t1)Posĉ(t2) . . .Posĉ(tn)

.

Then Posĉ is a bijection onto its image Mark(W ), the marking functions.

In type Dn, when ĉ is a linear Coxeter element, Posĉ is a 2-to-1 cover of its image.

In general, this is a di!erent object from the W -parking functions (defined as the

regions of Shi(W, 1), or—equivalently—the (h + 1)-fold dilations of the fundamental

alcove). Note also that we require the linear ordering for the bijection to hold—for

example, when c = (23)(12)(34) in A3, Posc
;
(13)(24)(23)

<
= Posc

;
(24)(13)(23)

<
=

111.

Proof. In type An this recovers R. Stanley’s labeling of reflections in [86], and in type

Bn this recovers P. Biane’s labeling in [87]. In both cases, the proof proceeds by recon-

structing the factorization from the marking function. In type An, the image Mark(An)

is identified with the set of parking functions of length n; in type Bn, Mark(Bn) turns

out to be the set of words of length n on [n].

In type Dn, the image is the set of words of length n on [n*1]. If i < j with i, j > 0,

then

Posc
;
((i, n))

<
= Posc

;
((i,*n))

<
= i

Posc
;
((i, j))

<
= i

Posc
;
((i,*j))

<
= j.

The double covering arises from the fact that any factorization of c must have one

reflection ((i, n)) and one reflection ((j,*n)) for i, j > 0; replacing these with the
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reflections ((i,*n)) and ((j, n)) gives another legal factorization of c which is mapped

to the same marking function. Conversely, given a marking function, it is straightforward

to modify P. Biane’s method for type B to produce two factorizations linked as above.

In type I2(m), let a and b be the two simple roots and ĉ = ab. The reflection order

for w0(ab) is a, aba, ababa, . . . , babab, bab, b, and all reduced T -words are given by the

product of two consecutive reflections in this order, along with the word ab. When m is

even, Mark(I2(m)) is therefore the set of m words
?;

1,
m

2

<@
+
?
(i, i) : 1 & i & m

2

@
+
?
((i+ 1), i) : 1 & i <

m

2

@
.

When m is odd, the image is the set of m words
)"

1,
m+ 1

2

#*
+
)
(i, i) : 1 & i <

m+ 1

2

*
+
)
((i+ 1), i) : 1 & i <

m+ 1

2

*
.

Finally, for types F4, H3, and H4, we verified by computer that Posĉ is a bijection

onto its image. For example, the marking functions in type H3 are drawn on Hur(H3, ĉ)

in Figure 3.3.

We did not compute marking functions for E6, E7, or E8, but we expect similar

behavior to type D.

Problem 3.2.10. Give a uniform characterization of marking functions for any W . Use

this to give a uniform bijective proof of Equation (3.2.1).

Two particularly interesting statistics—the inversion number and the major index—

arise when studying permutations and parking functions in type A; remarkably, these

statistics are equidistributed (and, moreover, jointly equidistributed) on each of the two

sets [90, 55]. Generalizing the sum of the code of a permutation to arbitrary words, the

inversion number of a word a = a1a2 . . .an ! Zn is

inv(a1a2 . . .an) := |{(i, j) : i < j and ai > aj}|.

For W = A,B, and D, it is known that
=

a#Mark(W )

qmaj(a) =
=

a#Mark(W )

qinv(a), and

=

a#Mark(W )

qmaj(a)tinv(a) =
=

a#Mark(W )

qinv(a)tmaj(a).
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Figure 3.3: The Hurwitz graph for H3 labeled by marking functions.
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Similarly, in type H3, we have

=

a#Mark(H3)

qmaj(a) =
=

a#Mark(H3)

qinv(a)

= 14 + 16q + 16q2 + 4q3, and
=

a#Mark(H3)

qmaj(a)tinv(a) =
=

a#Mark(H3)

qinv(a)tmaj(a)

= 14 + 8qt+ 8qt2 + 8q2t+ 8q2t2 + 4q3t3.

On the other hand, we do not have even equidistribution of major index and inversion

number in types F4 and H4. Instead,

=

a#Mark(F4)

qmaj(a) = 45 + 67q + 106q2 + 101q3 + 73q4 + 34q5 + 6q6, and

=

a#Mark(F4)

qinv(a) = 45 + 61q + 110q2 + 113q3 + 61q4 + 36q5 + 6q6,

and

=

a#Mark(H4)

qmaj(a) = 2(45 + 91q + 154q2 + 161q3 + 133q4 + 70q5 + 21q6), and

=

a#Mark(H4)

qinv(a) = 2(45 + 79q + 164q2 + 182q3 + 109q4 + 75q5 + 21q6).

One can check that in every case the polynomial
:

a#Mark(W ) q
maj(a) is consistent

with the existence of a cyclic sieving phenomenon, where the cyclic action on Mark(W )

would be of order the rank of W .

The marking functions have some interesting symmetries that warrant further in-

spection. But outside of the classical types A, B, and D, they are not invariant under

the obvious action of Sn [86], and they are not invariant under rotation.

We conclude with a conjecture generalizing Theorem 3.2.9 to the poset of m-divisible

noncrossing partitions (see Section 4.6.2). The number of maximal chains in this poset is

known to be n!(mh)n

|W | [91].

Conjecture 3.2.11. In types An, Bn, F4, H3, H4 and I2(m), maximal chains in the

poset of m-divisible noncrossing partitions for ĉ are in bijection with the set of m-colored
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marking functions

Mark(m)(W ) =
?
a(i1)1 a(i2)2 · · ·a(in)n : a1a2 · · · an ! Mark(W ) and ij ! [m]

@

under the correspondence of Theorem 3.2.9.



Chapter 4
Cataland

The land of W -Catalan combinatorics is, for the moment, divided into noncrossing

and nonnesting realms. We examine both, emphasizing actions and structures.

69
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The noncrossing side of this story is deep, and has been rediscovered, explored, and

generalized in many di$erent ways by many di$erent people in many di$erent guises.

Although no uniform proof is currently known, (W, c)-noncrossing objects are uniformly

counted by the beautiful formula

Cat(W ) :=
n1

i=1

h+ di
di

.

Evoking D. Bessis’ “duality” between the weak order (W,S) and the absolute or-

der (W,T ) [30], it is satisfying to refine noncrossing objects as those associated with

certain T -factorizations of a Coxeter element c and those associated with certain S-

factorizations of the longest element w0. It is especially satisfying when we can interpret

them as both simultaneously.

Noncrossing Catalan objects have four important components:

(c) The noncrossing partition lattice;

(w0) The Cambrian lattice, generalizing the Tamari lattice and the associahedron;

(w0) The Kreweras complement; and

(c) The Cambrian rotation—and its related recurrence.

In Sections 4.2, 4.3, and 4.5, we will show how to recover each of these pieces for

the (W, c)-generalizations of the Tamari type A noncrossing partitions, triangulations,

and 231-avoiding permutations, briefly touching upon the multi- and Fuss-Catalan ex-

tensions of the theory in Section 4.6. In Section 4.6.2, we introduce what we believe to

be a reasonable analogue of the associahedron in the Fuss-Dogolan case.

The nonnesting side is at once better understood and more mysterious than the

noncrossing side. In the fully commutative case of Section 3.1.1, recall that linear exten-

sions of a heap correspond to reduced words, while order ideals of the heap correspond

to elements. As we saw in Section 3.1, the positive root poset behaves like a heap for

w0 in the coincidental types A,B,H3, and I2(m), so that |L(#+(W ))| = |RedS(w0)|.
Remarkably, the order ideals in the positive root poset evoke the fully commutative case

even more strongly—it is uniformly proven that they are counted by

|J (#+(W ))| = Cat(W ).
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Yet while nonnesting partitions are uniformly proven to be uniformly enumerated,

we don’t know how to read o$ either the c- or w0-structures from them—in fact, we can

only conjecturally mirror the noncrossing c- and w0-actions on the nonnesting partitions.

In Section 4.4 we use these two actions to construct two conjectural bijections (which

we further conjecture to be the same bijection); we prove these conjectures for Tamari

type A.

By analogy to fully commutative elements, it is perhaps not surprising that the

relationship given in Theorem 3.1.9 between reduced words and linear extensions induces

a bijection between noncrossing and nonnesting objects in type A; we conjecture the

same can be done in the remaining coincidental types.

We have no understanding for why the enumeration of the nonnesting partitions

should coincide with the enumeration of the noncrossing partitions in general type.

4.1 Tamari Type A Catalan Objects

To give the reader a taste of what is to come, we shall briefly review the Tamari type

A definitions of noncrossing partitions, triangulations, nonnesting partitions, and 231-

avoiding permutations. These definitions will be generalized to arbitrary W in Sec-

tions 4.2, 4.3, 4.4, and 4.5 respectively.

4.1.1 (c) Noncrossing Partitions

Let [n] = {1, 2, . . . , n} and recall that a set partition of [n] is an unordered collection &

of nonempty subsets of [n] with empty pairwise intersection whose union is all of [n];

these subsets are called blocks. Given a set partition &, a bump is a pair (i1, i2) with

i1 < i2 in the same block of & such that there is no j in that block with i1 < j < i2.

Definition 4.1.1. A noncrossing partition of [n] is a set partition with the condition

that if (i1, i2), (j1, j2) are two distinct bumps in , then it is not the case that i1 <

j1 < i2 < j2.

It is pretty to draw the convex hulls of the blocks around a regular n-gon, so that

the the definition above becomes equivalent to non-intersection of the hulls. Ordering
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the noncrossing partitions by refinement yields the noncrossing partition lattice [92]. This

lattice is drawn for n = 4 in Figure 4.1.

Figure 4.1: The 14 noncrossing partitions of [4] ordered by refinement.

The Kreweras complement Krew is an anti-isomorphism (whose square is rotation)

that explains the self-duality of the noncrossing partition lattice. It is probably most

e!cient to refer the reader to the graphical construction of Krew in Figure 4.2 that

“thickens” a noncrossing partition to a noncrossing matching. 1

4.1.2 (w0) Triangulations

We now give the second family of Tamari type A Catalan objects. They are closely

related to the noncrossing partitions.

Definition 4.1.2. A triangulation of [n+2] is a collection of (n*1) pairwise noncrossing

diagonals of a convex (n+ 2)-gon.

Note that we may act globally on triangulations by rotation of the (n + 2)-gon. A

more local action is given by flipping a diagonal (i, j) in a triangulation T to the unique

diagonal di$erent from (i, j) that completes T * (i, j) to a triangulation.

1 I thank D. Armstrong for showing me this construction.
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1

23

4

5 6

Krew !!

""

1

23

4

5 6

Rotation
!!

##

Figure 4.2: Interpreting Kreweras complementation as rotation by “thickening” a non-

crossing partition to a noncrossing matching.

Labeling the vertices of this (n + 2)-gon from 1 to (n + 2), we partially order the

triangulations by taking the triangulation with diagonals {(1, 3), (1, 4), . . . , (1, n + 1)}
to be the minimal element and imposing a cover relation between two triangulations

when they are related by a flip. This is illustrated in Figure 4.3.

It turns out that this poset is not only a shellable lattice (called the Tamari lattice or

Stashe!-Tamari lattice [93, 94, 95, 96]), but it is also a realizable, “mythical” [97] (n*1)-

dimensional convex polytope [95] (see [98] for a detailed account and references).

4.1.3 (!) Nonnesting Partitions

The third family is, in general, quite di$erent from the others.

Definition 4.1.3. A nonnesting partition of [n] is a partition with the condition

that if (i1, i2), (j1, j2) are two distinct bumps in , then it is not the case that i1 <

j1 < j2 < i2.

We can represent a partition & graphically by placing n labeled collinear points and

then drawing an arc from i1 to i2 when (i1, i2) is a bump in &. We emphasize that
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Figure 4.3: The 14 triangulations of [6] ordered in the Tamari lattice.



75

the names noncrossing and nonnesting come from this model: the noncrossing parti-

tions avoid pairs of arcs that cross, and the nonnesting partitions avoid pairs of arcs

that nest. For example, the noncrossing partition 14|23 and the nonnesting partition

13|24 are represented in Figure 4.4. Despite the superficial similarity between the def-

initions for noncrossing and nonnesting partitions, their relationship in general is not

well understood.

1 2 3 4 1 2 3 4 .

Figure 4.4: The noncrossing and nonnesting partitions = 14|23 and = 13|24.

Nonnesting partitions are in bijection with antichains in the positive root poset of

#+(An"1) by mapping a bump (i, j) to the root ei* ej . Completing these antichains to

order ideals using the obvious bijection that sends an antichain A of a poset P to the

order ideal {p ! P : p & p! for some p! ! A}, we see that nonnesting partitions form

a distributive lattice. This is illustrated in Figure 4.5.

4.1.4 (w0) 231-avoiding Permutations

From our perspective, there is really only one more family of Tamari type A Catalan

objects: the 231-avoiding permutations [99] (see Definition 3.1.20).

Definition 4.1.4. A 231-avoiding permutation of length n is a permutation

w = w1w2 . . . wn

with the property that there are no 1 & i < j < k & n such that wk < wi < wj .

These permutations are intimately connected to the triangulations in the following

way. The pattern avoidance condition may be phrased in terms of the inversion set of

the permutation; since w < u in the weak order if and only if we have containment of

inversion sets, it is then possible to use the reformulation to argue that the restriction

of Weak(Sn) to the 231-avoiding permutations recovers the Tamari lattice [24]. This is

illustrated in Figure 4.6.
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Figure 4.5: The 14 nonnesting partitions of [4] ordered in the distributive lattice

J (#+(A3)).
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1432

2134

3241

3142

2143

3124

32144123

4231

4132
4213

4312

4321

Figure 4.6: The 14 231-avoiding permutations of length 4 (in gray) ordered in the Tamari

lattice.
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4.1.5 Cataland

The relationship between the noncrossing partitions, triangulations, nonnesting parti-

tions, and 231-avoiding permutations may be summarized as follows.

Theorem 4.1.5. The number of noncrossing partitions of [n], triangulations of [n+2],

nonnesting partitions of [n], and 231-avoiding permutations of length n are each given

by

Cat(Sn) :=
1

n+ 1

"
2n

n

#
.

Remarkably, Theorem 4.1.5 may be generalized to all crystallographic root systems

and

The Catalan number Cat(W ) is robust enough to survive this

generalization.

For convenience, we include the following table linking the Tamari type A definitions

to their (W, c)-generalizations.

Tamari Type A Catalan Combinatorics

Object Structure Action

NC Partitions 4.1.1 NC Partition Lattice 4.1 Krew 4.2

Triangulations 4.1.2 Tamari Lattice 4.3 Rotation

NN Partitions 4.1.3 J (#+(An)) 4.5

231-Avoiding Perms 4.1.4 Tamari Lattice 4.6

(W, c)-Catalan Combinatorics

Object Structure Action

NC(W, c) 4.2.3 NC Partition Lattice 4.2.1 Krewc 4.2.2 4.2.6

Asoc(W, c) 4.3.2 4.3.3 Cambrian Lattice 4.3.6 Cambc 4.3.9 4.3.11

NN(W ) 4.4.1 J (#+(W )) Togt 4.4.4 4.4.7

Sort(W, c) 4.5.2 4.5.4 Cambrian Lattice 4.5.1

Table 4.1: A map of Cataland.
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4.2 Noncrossing Partitions and Factorizations of c

In this section, we introduce noncrossing partitions for general Coxeter groups. After

interpreting noncrossing partitions as a (dual) subword complex, we interpret the fol-

lowing four notions in that language: the noncrossing partition lattice (c), the Cambrian

lattice (w0), the Kreweras complement (w0), and the Cambrian rotation and its related

recurrence (c). We present the following new result:

• (with C. Stump and H. Thomas) A new local interpretation of the Kreweras

complement (Definition 4.2.6 and Theorem 4.2.7).

In [92], G. Kreweras studied the structure of noncrossing partitions under the re-

finement ordering [92]. By suitably interpreting noncrossing partitions as the type An

case of a general phenomenon [81], noncrossing partitions were successfully studied from

several di$erent perspectives in the late 1990s. For a detailed account, see Section 4.1

of D. Armstrong’s superb memoir [91].

We now turn to the beautiful general construction of noncrossing partitions using

the absolute order.

Definition 4.2.1. For W a Coxeter group and c a Coxeter element, the noncrossing

partition lattice NCL(W, c) is the interval [e, c]T in Abs(W ).

Since any two Coxeter elements c and c! are conjugate 2.3.2, we have isomorphisms

between any NCL(W, c) and NCL(W, c!). There is an immediate isomorphism between

the Tamari type A noncrossing partition lattice on [n] and NCL(An"1, ĉ) (see Fig-

ure 4.1).

In the classical types A, B, and D, there are reasonable combinatorial models in the

spirit of the Tamari type A model found after Definition 4.1.1 [81]. Using these models,

it is possible to prove (using a computer for the exceptional types) that there are

Cat(W ) =
n1

i=1

h+ di
di

noncrossing partitions NCL(W, c) [100]. Although the enumeration remains case-by-case,

T. Brady and C. Watt gave a uniform proof that NCL(W, c) is a lattice [101].
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When considering RedT (c) in Section 3.2, we factored conjugation by c by the Hur-

witz action Twist. Similarly, we may factor conjugation by c on noncrossing partitions

as the Kreweras complement.

Definition 4.2.2. The global c-Kreweras complement of an element ! NCL(W, c) is

Krewc( ) := "1c.

As Krewc sends a partition with k cycles to a partition with n* k cycles, it may be

used to show that NCL(W, c) is self-dual. Since (Krewc)
2 ( ) = c"1 c and ch = e,

we conclude that the Kreweras complement has order 2h. Just as the Hurwitz action

Twist on RedT (c) was itself a composition of smaller Hurwitz moves, in Section 4.2.3

we will break Krewc down even further into a composition of |T | smaller moves.

We first rephrase the construction of the noncrossing partitions in the language of

the dual subword complex (see Definition 2.3.9).

In [102], C. Athanasiadis, T. Brady, and C. Watt used the natural edge labeling of

the noncrossing lattices NCL(W, c) (for bipartite c) by reflections T to prove NCL(W, c)

was EL-shellable. Definition 3.1 of [102] specifies a c-compatible reflection order on T

which may taken to be the root order Inv(w0(c)). Their shelling therefore gives a unique

factorization of each element &T c into reflections; pairing these elements with their

Kreweras complements, we may encode the noncrossing partitions in a dual subword

complex as factorizations of c. This factorization is extended to arbitrary c in [103].

Reversing this chain of reasoning, we now start with such a construction as our def-

inition of noncrossing partitions. This construction, in various forms, is well-known [91,

104, 105].

For presentation, we note that, up to commutation,

Inv
;
w0(c)w0(c)

<
= Inv(w0(c))Inv(w0(c))

and

ch = w0(c)w0(c).

Definition 4.2.3. The noncrossing partitions are the facets of the dual subword complex

NC(W, c) := 3(Inv(ch), c).
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Section 4.6.2 gives some justification for this construction by showing that the Fuss-

Dogolan construction is particularly well-behaved. Although we do not have any theo-

rems about the geometry of this complex, Theorem 2.3.10 does tell us that NC(W, c) is

isomorphic to the generalized subword complex "(ch, c, h* n).

The advantage to the formulation of Definition 4.2.3 for the noncrossing partitions is

that certain operations later will use the ordering—up to commutation—forced on the

reflections by this description. In particular, we will often specify facets F of NC(W, c)

by

(Up(F )|Down(F )) = (t1 . . . tl|tl+1 . . . tn),

where the inactive bar serves only to separate reflections drawn from the left copy of

Inv(w0(c)) and reflections drawn from the right copy. As we will see, the reason for

this nomenclature is that reflections in Down(F ) will specify edges down in the (W, c)-

generalization of the Tamari lattice, while reflections in Up(F ) will specify edges up.

4.2.1 Noncrossing Partitions

Since the structure of the noncrossing partition lattice is readily recovered from the

noncrossing partitions, we will content ourselves with simply giving bijections from

the various noncrossing Catalan objects to the noncrossing partitions. In this case, by

construction, the noncrossing partition &T c corresponding to a facet F may be

taken to be the product of the reflections in Down(F ).

The support of a noncrossing partition ! NCL(W, c) is the set of simple reflections

{s : s &T }.

The support of a facet F of NC(W, c) is the support of the corresponding noncrossing

partition Down(F ). Figure 4.1 illustrates the noncrossing partition lattice in type A3.

4.2.2 Cambrian Lattice

To place the next definition in context, we refer the reader to Section 2.2.1, where

we gave a description of the weak order Weak(W ) using ascent and descent sets. The

Cambrian lattice—a generalization of the Tamari lattice (see the discussion after Def-

inition 4.1.2)—may be interpreted in a similar way using the root ordering imposed
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on Up(F ) and Down(F ). The vertices of the Cambrian lattice are the facets F of

NC(W, c); the edges directed down from a vertex are the reflections in Down(F ), while

the edges directed up are the reflections in Up(F ). In Section 4.5, the reflections in

Down(F ) and Up(F ) will be revealed to be certain descent and ascent sets. Rather

than acting by the simple reflections si as when constructing Weak(W ), we now act on

facets of NC(W, c) using flips, each labeled by a reflection t.

Fix a facet F = (t1 . . . tl|tl+1 . . . tn) of NC(W, c). Since F spells out a reduced

T -word, a reflection t can appear in Up(F ), Down(F ), or neither—but not both.

For a reflection t, if t = ti is in Up(F ) let k be the unique index greater than l with

tk"1 < ti < tk in the reflection order, while if t = ti is in Down(F ), let k be the unique

index less than or equal to l with tk"1 < ti < tk in the reflection order.

Definition 4.2.4. For any reflection t, we define the flip Flipt on F by:

Flipt(F ) =

+
,,,-

,,,.

Rk"1 · · ·Ri+1Ri(F ) if t = ti is in Up(F );

Lk · · ·Li"2Li"1(F ) if t = ti and Down(F );

F otherwise.

Similarly, write Flipt1t2···tk(F ) =
;(k

i=1 Flipti

<
(F ).

When acting by Flipt, reflections other than tmove between Up(F ) and Down(F )

as needed to maintain the increasing reflection structure. An elegant way to keep track

this is to use the root sequence—rather than the reflection sequence—corresponding to

Inv(ch). Then, by construction, the roots that are positive lie in Up(F ) and the roots

that are negative lie in Down(F ).

We can now define N. Reading’s Cambrian lattice structure directly on NC(W, c) [28,

106, 107].

Definition 4.2.5. The (W, c)-Cambrian lattice is the partial order on the facets of

NC(W, c), with covering relations F ! Flipt(F ) when t is a reflection occurring

in Up(F ).

When F !Flipt(F ), we label the edges by the reflection t. Figure 4.7 illustrates

a Cambrian lattice in type A2 labeled by the facets F . This should be compared with

Figure 2.3, which labeled the weak order on A2 by descent and ascent sets.
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Figure 4.7: (A2, s1s2)-Cambrian lattice labeled by facets of NC(W, c). Compare with

Figure 2.3.

Figure 4.8 displays a Cambrian lattice in type A3 labeled by the combinatorial model

for noncrossing partitions.

4.2.3 The Kreweras Complement

If the product of the reflections in Up(F ) is interpreted as a noncrossing partition

! NCL(W, c), the product of the reflections in Down(F ) must be the noncrossing

partition "1c = Krewc( ). It follows that the product of the labels oriented up in

the Cambrian lattice are related by a Kreweras complement to the product of the labels

of the edges oriented down.

We now give a second method to compute the Kreweras complement, which has

the advantage of factoring it as a product of flips. These flips are labeled by the root

order specified by the word w0(c). Although quite natural in hindsight, this idea was

inspired by an unproven observation of H. Thomas about nonnesting partitions (see

Section 4.4.1).
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Figure 4.8: (A3, s1s2s3)-Cambrian lattice labeled by the combinatorial model for ele-

ments of NC(W, c).
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Definition 4.2.6. The local c-Kreweras complement of a facet F of NC(W, c) is

Krewc(F ) := FlipInv(w0(c))(F ).

Theorem 4.2.7. The local and global definitions (Definitions 4.2.6 and 4.2.2) for the

Kreweras complement agree. That is,

Krewc(Up(F )) = Up(Krewc(F ))

and

Krewc(Down(F )) = Down(Krewc(F )).

Proof. We compute that Down(F ) = Up(Krewc(F )), from which the result follows.

If Flipt does not act trivially, then it conjugates all tk in Up(F ) with tk >w0(c) t

in the reflection order and all tk in Down(F ) with tk <w0(c) t. From this we see that

a reflection tk initially in Down(F ) is never conjugated by any Flipt in the action

by Krewc and is simply moved into Up(F ), since the first Flipt with t <w0(c) tk act

without a$ecting the reflection tk; then Fliptk moves the reflection tk into Up(F ); and

finally the last Flipt with t >w0(c) tk act without a$ecting the tk.

On the other hand, a reflection tk initially in Up(F ) ends up in Down(F )—

though it may move back and forth in the meantime—since if t < tk, then (ttkt) "w0(c) t.

4.2.4 Cambrian Rotation and Recurrence

Having defined the Cambrian lattice as a generalization of the structure on triangu-

lations, we next generalize the rotation of triangulations. This action will lead to a

recurrence on the noncrossing partitions.

Let s be initial in c = ss2 · · · sn. We may define a map

Shifts : NC(W, c) ' NC(W, c!),

where c! = scs = s2 · · · sns, by

Shifts(F ) = Shifts (t1t2 . . . tl|tl+1 . . . tn)

=

+
,,,-

,,,.

(t2 . . . tl|tl+1 . . . tns) if t1 = s;

((st1s)(st2s) . . . (stls)|(stl+1s) . . . (stns)) if t1 #= s and tl+1 #= s;

((st1s)(st2s) . . . (stls)s|(stl+2s) . . . (stns)) if t1 #= s and tl+1 = s.
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The resulting reduced T -word for c! is consistent with the reflection ordering that

arises from Inv(w0(c!)), and therefore determines a facet in the dual subword com-

plex NC(W, c!).

Proposition 4.2.8. For any two Coxeter elements c, c!, the underlying (unoriented)

graph of the (W, c)-Cambrian lattice is isomorphic to the underlying graph of the (W, c!)-

Cambrian lattice.

Proof. The edge F ! Flipt(F ) is sent to the edge

+
,,,-

,,,.

Shifts(F )! Flipsts(Shifts(F )) if t #= s;

Shifts(F )! Flips(Shifts(F )) if s ! Down(F );

Flips(Shifts(F ))! Shifts(F ) if s ! Up(F ).

Since any two Coxeter elements are conjugate, the proposition follows.

Definition 4.2.9. Let c = s1s2 · · · sn be a reduced S-word for c and define the global

c-Cambrian rotation Cambc : NC(W, c) ' NC(W, c) by

Cambc(F ) : Shiftsn · · · Shifts2Shifts1(F ).

By Proposition 4.2.8, it is clear that Cambc is a graph isomorphism. When phrased

in terms of the subword complex in Section 4.3, it will become obvious that Cambc is

of order (h+ 2), and so we postpone further discussion until then.

By modifying Shifts, we obtain an essential tool in the study of W -Catalan com-

binatorics: Nathan Reading’s Cambrian recurrence. The Cambrian recurrence supplies

W -Catalan objects with an inductive structure, facilitating the proofs of many of their

properties and bijections.

We now construct the Cambrian recurrence on NC(W, s). Let s be initial in c. If

t1 #= s, the facet F is—as before—associated to the facet Shifts(F ) in NC(W, scs).

This allows induction by the position of the first reflection in the search word Inv((c)

of NC(W, scs). Otherwise, if t1 = s, we may restrict to the parabolic Coxeter system

W&s' and consider NC(W&s', sc) = 3(Inv((sc)h"1), sc), which allows induction by the

rank of W .
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4.3 Clusters, Subwords, and Factorizations of w0

In this section, we recall clusters and their subword and dual subword complex models.

In this language we then interpret the noncrossing partition lattice (c), the Cambrian

lattice (w0), the Kreweras complement (w0), and the Cambrian rotation and its related

recurrence (c). We present the following new result, which shows that a description of

the Cambrian lattice structure is enough to not only read o$ the noncrossing partitions

and the Kreweras complement, but also Cambrian rotation:

• (with H. Thomas) A local interpretation of Cambrian rotation (Definition 4.3.11

and Theorem 4.3.12).

Triangulations of a convex n-gon have been studied since Euler [108]. Their natural

structure—obtained by flipping an interior diagonal shared by two triangulations—was

introduced (using the language of bracketings) in 1951 by D. Tamari [93]. It was later

independently rediscovered by J. Stashe$ [95].

The Coxeter-theoretic generalization of triangulations are based on S. Fomin and A.

Zelevinsky’s theory of cluster algebras of finite type [109, 110, 111, 103]. This (W, c)-

generalization depends on a Coxeter element c, and is called a (W, c)-cluster. We follow

the exposition of N. Reading [103].

The elements of a cluster in type An correspond to the n+ n(n+1)
2 internal diagonals

of a triangulation. In general, these elements are taken from of the almost-positive roots

#-"1 := #(W ) ·+(*"(W )).

Just as a triangulation is a maximal set of compatible (pairwise noncrossing) internal

diagonals, one begins by characterizing when two almost-positive roots may occur in

the same cluster.

Theorem 4.3.1 (N. Reading [103]). The c-compatibility relations ||c on #-"1(W ) =

#+(W ) ·+ *"(W ) are the unique family of symmetric binary relations such that

• For any s ! S, # ! #-"1(W ), *"s 7c # i! # ! #-"1(W&s');

• For any ",# ! #-"1(W ) and s initial in c, " 7c # i! s(") 7scs s(#).

A (W, c)-cluster is then a maximal subset of pairwise c-compatible elements of

#-"1(W ).
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This description of clusters has the advantage that its recurrence is built into its

definition. In preparation for Chapter 5, we prefer to encode clusters using E. Tzanaki’s

explicit decreasing factorizations of c [104, 105]. To simplify the exposition, instead of

finding copies of c in the reverse of the word Inv(w0(c))Inv(c), we will find copies of

c"1 in Inv(w0(c))Inv(c)—which, up to commutation, is Inv(cw0(c)).

Definition 4.3.2 (E. Tzanaki [104] and A. Buan, I. Reiten, and H. Thomas [105]). The

decreasing c-factorizations are the facets of the dual subword complex

AsocT (W, c) := 3(Inv(cw0(c)), c
"1).

Most recently, C. Ceballos, J.-P. Labbé, and C. Stump [21] and V. Pilaud and C.

Stump [112] defined the dual notion to the decreasing c-factorizations using the subword

complex (but see also [113]).

Definition 4.3.3 (C. Ceballos, J.-P. Labbé, and C. Stump [21]). Define the (W, c)-

cluster complex by the subword complex

AsocS(W, c) := "(cw0(c), w0).

As the reader might suspect, Theorem 2.3.10 shows that Definitions 4.3.2 and 4.3.3

are really two sides of the same coin.

Theorem 4.3.4 (Proposition 2.8 of [21]). AsocS(W, c) = AsocT (W, c).

Example 4.3.5. In type A3 with linear Coxeter element ĉ, ĉw0(ĉ) and Inv(ĉw0(ĉ))

are given in the table below.

Position 1 2 3 4 5 6 7 8 9

ĉw0(ĉ) s1 s2 s3 s1 s2 s3 s1 s2 s1

Inv(ĉw0(ĉ)) (12) (13) (14) (23) (24) (12) (34) (13) (14)

For example, the positions 469 spell out the reflections (23)(12)(14) = c"1 so that 469

is a facet of AsocT (W, ĉ), while the complement of 469 spells out the simple reflections

s1s2s3s2s1s2 = w0 so that 469 is also a facet of AsocS(W, ĉ).

In light of Theorem 4.3.4, we will write Asoc(W, c) for AsocS(W, c) and AsocT (W, c).
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4.3.1 Noncrossing Partitions

Starting with a facet F of Asoc(W, c), consider the unique sequence of positive and

negative roots ("1,"2, . . . ,"n) it defines in Inv(cw0) (so that replacing the roots by

their corresponding unsigned reflections gives a reduced T -word t1t2...tn for c"1).

The bijection to construct a facet F of NC(W, c) is the Hurwitz action

Twist"1 : AsocT (W, c) ' NC(W, c)

of Definition 3.2.1, applied to the roots. Specifically, ("1,"2, . . . ,"n) is sent to the word

Twist"1("1,"2, . . . ,"n) =
;
t1t2 · · · tn"1("n), . . . , t1("2),"1

<
.

As reflections, the resulting word is simply
;
(t1t2 · · · tn · · · t2t1), . . . , (t1t2t1), t1

<
, but by

acting on the roots rather than the reflections, we are able to keep track of signs.

Reversing the resulting word gives a sequence of roots encoding a factorization of c,

and turns out to be a facet of NC(W, c). In particular, the roots that are now negative

correspond to the edges down in the Cambrian lattice and the reflections in Down(F ),

while those roots that end up positive correspond to the edges up and the reflections in

Up(F ). This bijection—in greater generality (see Section 4.6.2)—is due to A. Buan,

I. Reiten, and H. Thomas in [105].

In [22], this bijection was given in slightly di$erent language. Using the equivalence

in Theorem 4.3.4, it isn’t di!cult to see that the following definition agrees with the

one above. Let cw0(c) = s1s2 · · · sN+n and for a facet F of Asoc(W, c), define

r(F , j) =

/

A0
1

i#[1,j"1],i )#F

si

2

B3"j .

The corresponding noncrossing partition F is encoded by the root function or root

configuration [21]

R(F ) := {r(F , i)|i ! F },

so that R(F ) / #+ = Up(F ), and *R(F ) / #+ = Down(F ).

We define Up(F ) to be those reflections of F that end up in Up(F ) under the

bijection above, and similarly for Down(F ). As expected, all reflections of Up(F ) may

be commuted to the left of all reflections of Down(F ) in the reduced T -word for c"1
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that corresponds to F . Lastly, the support of a facet F of Asoc(W, c) may be defined

as the set of simple reflections corresponding to the positions in the part c of the word

cw0(c) that are contained in the complement of F .

4.3.2 Cambrian Lattice

Having identified the noncrossing partitions corresponding to the facets of Asoc(W, c),

we can now define the Cambrian structure and label the edges by the desired reflections.

Definition 4.3.6. The (W, c)-Cambrian lattice is the flip poset of Asoc(W, c).

Thinking of complements of facets as reduced S-words for w0, we may label the edges

Flipt(F ) = F ! using Definition 2.2.10; this labeling coincides with the labeling of the

Cambrian lattice using the equivalent bijection in the previous section. Thinking instead

of a facet F = t1 · · · tn as a reduced T -word of c"1, each reflection ti corresponds to a

flip Flipt, where the label t is again calculated using the bijection to NC(W, c) as the

reflection (t1t2 · · · ti · · · t2t1).
A Cambrian lattice in type A3 labeled by the two definitions of Asoc(W, c) is given

in Figures 4.9 and 4.10.

Example 4.3.7. In Figures 4.9 and 4.10, the edge between the facets

F = 249 = 1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1
=

and

F ! = 469 = 1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1
=

is labeled by (13).

From the w0 perspective (Figure 4.9), this is because F c = 135678 spells out the

reduced S-word s1s3s2s3s1s2, which gives the reflection order

Inv(s1s3s2s3s1s2) =
1 3 5 6 7 8

(12) (34) (14) (13) (24) (23)
,

Since F !*F = {6}, we look at the position corresponding to 6 in the reflection order,

which is (13).
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From the c"1 perspective (Figure 4.10), this is because F spells out the reduced

T -word (13)(23)(14) and the (13)—which is all the way to the left of the word—was

flipped.

Since we have defined the Cambrian structure on Asoc(W, c), Definition 4.2.6 im-

mediately applies to allow us to compute the Kreweras complement by local flips.

4.3.3 Cambrian Rotation and Recurrence

Let s be initial in c = ss2 · · · sn and let

Asoc(W, c) = "(ss2 · · · snw0(c), w0).

In Section 4 of [21] (see also Section 4.6.2), it was verified that

Asoc(W, scs) = "(s2 · · · snw0(c)s, w0).

By shifting the letters in a facet to the left by one—where the first letter s is sent

to the last letter s—we obtain the map

Shifts : Asoc(W, c) ' Asoc(W, scs).

Note the relationship between Shift and Pro (Definition 3.1.7).

Since the complement of a facet F is—by definition—a reduced word for w0, this

property is preserved under the shift left for facets not containing the first letter s.

For facets containing the first letter, the statement follows from our discussion of the

Hurwitz action Pro. By Proposition 2.3.2, we conclude the following theorem (cf. Propo-

sition 4.2.8).

Theorem 4.3.8 (Theorem 2.6 of [21]). For any two Coxeter elements c, c!, Asoc(W, c)

is isomorphic to Asoc(W, c!).

We can now restate Definition 4.2.9 for facets of Asoc(W, c).

Definition 4.3.9. Let c = ss2 · · · sn be a reduced S-word for c and define the global

c-Cambrian rotation Cambc : Asoc(W, c) ' Asoc(W, c) by

Cambc := Shiftsn · · · Shifts2Shifts.
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34 23

24

23

34

12

12

34

13

122314

13 34 1423

1224

12

23

34

1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9
1 2 3 1 2 3 1 2 1

1 2 3 4 5 6 7 8 9

1 2 3 1 2 3 1 2 1

Figure 4.9: (A3, s1s2s3)-Cambrian lattice labeled by facets of AsocS(W, c).
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34 23

24

23

34

12

12

34

13

122314

13 34 1423

1224

12

23

34

H12L H13L H14L

H12L H13L H14L

H12L H14L H34L

H12L H34L H13L

H12L H13L H14L

H13L H14L H23L

H13L H23L H14L

H14L H23L H24L

H14L H24L H34LH23L H24L H12L

H23L H12L H14L H24L H12L H34L

H12L H34L H13L

H12L H13L H14L

Figure 4.10: (A3, s1s2s3)-Cambrian lattice labeled by facets of AsocT (W, c).
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Putting together the facts that conjugation by w0 is an involution, h = 2|T |/|S|,
and there are |S|+ |T | letters in cw0(c), it follows that Cambc has order (h+ 2).

Again let c = ss2 · · · sn. We can modify Shifts on Asoc(W, c) to produce a recurrence

depending on whether the initial s in the word cw0(c) is in the facet. If it isn’t, the

facet F is associated to the facet ShiftsF in Asoc(W, c!), which allows induction by the

position of the first simple reflection in the facet. If it is, then think of F as a facet

of "(W, c) to see a T -word st2 · · · tn for c"1 = sn · · · s2s beginning with s. Sending

this word to the corresponding facet (st2s) · · · (stns) = c"1s in "(W&s', sc) allows us to

restrict to the parabolic system W&s'.

To build up to a local definition of Cambc, we first define the notion of a positive

flip—that is, a flip that that does not alter support.

Flip+t (F ) =

+
-

.
Flipt(F ) if supp(F ) = supp(Flipt(F ));

F otherwise.

Similarly, write Flip+t1t2·tk(F ) =
;(k

i=1 Flip
+
ti

<
(F ). Note that this definition also

applies to facets F of NC(W, c), using the corresponding notion of support.

Definition 4.3.10. The local positive c-Kreweras complement of a facet F of Asoc(W, c)

is

Krew+
c (F ) := Flip+Inv(w0(c))

(F ).

We now put Definitions 4.2.6 and 4.3.10 together to construct a local definition for

Cambrian rotation.

Definition 4.3.11. The local c-Cambrian rotation of a facet F of Asoc(W, c) is

Cambc(F ) := KrewcKrew+
c (F ).

Theorem 4.3.12. The local and global definitions (Definitions 4.3.11 and 4.3.9) for

c-Cambrian rotation agree.

The proof of Theorem 4.3.12 will appear in a future paper with H. Thomas.
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4.4 Nonnesting Partitions

In this section we define and study the nonnesting partitions NN(W ). Although we are

unable to construct either the noncrossing lattice or Cambrian lattice structures in the

language of NN(W ), we are able to conjecturally determine the c-Kreweras complement

and the c-Cambrian rotation. In particular, we give the following encouraging new results

and conjectures:

• A conjectural interpretation of the Kreweras complement on NN(W ), due to H.

Thomas (Definition 4.4.4);

• A conjectural interpretation of Cambrian rotation on NN(W ) (Definition 4.4.7);

• Assuming the above, two conjecturally identical bijections between NN(W ) and

NC(W, c) (Conjectures 4.4.6, 4.4.9, and 4.4.13).

• Proofs of Conjectures 4.4.6, 4.4.9, and 4.4.13 in Tamari type A (Theorem 4.4.17).

In the fully commutative case of Section 3.1.1, linear extensions of the heap #+(W,w)

corresponded cleanly to reduced words for w. On the other hand, in types W =

A,B, I2(m), and H3, we saw in Section 3.1 that the positive root poset still behaves

like a heap for w0—in the sense that

|L(#+(W ))| = |RedS(w0)|.

In the fully commutative case of Section 3.1.1, order ideals of the heap #+(W,w)

correspond to elements in the weak order Weak(W,w) and—for W J a fully commutative

parabolic quotient—the rank generating function of Weak(W J) may be expressed using

#+(W J) (Equation 3.1.1):

=

x#J (!+(WJ ))

q|x| =
=

w#Weak(WJ )

q$s(w) =
1

"#!+(WJ )

1* q1+ht(")

1* qht(")
.

On the other hand, for all W the rank-generating function of Weak(W ) may still be

expressed using #+(W ) (Equation (3.1.3)):

=

w#Weak(W )

q$s(w) =
1

"#!+(W )

1* q1+ht(")

1* qht(")
.
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But this last sum is not equal to a sum over J (#+(W )) (in Section 4.5, we will

consider which elements of Weak(W ) correspond to J (#+(W ))). Rather, the number

of order ideals in the positive root poset is

|J (#+(W ))| = Cat(W ) =
n1

i=1

h+ di
di

.

The nonnesting partitions were first enumerated in the context of the number of

dominant regions of the Shi arrangement in a case-by-case analysis by J.-Y. Shi (his 8-

sign types) [54, 56]. Independently, in [81], V. Reiner communicated the observation of

A. Postnikov that antichains in the positive root poset #+(W ) appeared to be counted

by Cat(W ); because of their interpretation in type A (cf. Section 4.1.3), these antichains

were called nonnesting partitions. We will prefer to work with the corresponding order

ideals.

Definition 4.4.1. For W a Weyl group, H3, or I2(m), the nonnesting partitions NN(W )

are the order ideals in the positive root poset #+(W ).

The nonnesting partitions are, for the moment, quite di$erent from the noncrossing

objects; we stress here the requirement that W be a Weyl group (or types H3 or I2(m))

and the lack of dependence on a Coxeter element c.

Furthermore—and unlike the noncrossing objects—the nonnesting partitions have

been uniformly counted by Cat(W ). In [60], P. Cellini and P. Papi gave a uniform

bijection between nonnesting partitions (interpreted as the ad-nilpotent ideals of a Borel

subalgebra) and the set of points of the coroot lattice Q̌ lying in an (h+1)-fold dilation

of the fundamental alcove. This latter object is in bijection with W -orbits of Q̌/(h+1)Q̌,

which were uniformly counted by M. Haiman [57].

One strategy to uniformly enumerate noncrossing objects is therefore to give a uni-

form bijection between noncrossing and nonnesting objects. To our taste, there are three

approaches to bijections between noncrossing and nonnesting:

• The first approach is based on the case-by-case combinatorial models available in

the classical types A,B,D. We will not discuss these, but such approaches have

been undertaken in [114, 115, 116, 117, 118, 119].
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• The second approach was pioneered in [52]. The idea is to use a coincidence of

cyclic actions—one on the noncrossing side, one on the nonnesting side—to in-

duce a bijection (as in Theorem 3.1.9). To this end, we will conjecturally identify

the Kreweras complement and Cambrian rotation on NN(W ) in Sections 4.4.1

and 4.4.2.

• The third approach—which only has a prayer of succeeding in types A,B, I2(m),

and H3—is to use the correspondence between RedS(w0) and L(#+(W )) given in

Theorem 3.1.9 to give a bijection between AsocS(W, c) and J (#+(W )). In type

A, this was accomplished in [113, 120]. We conjecture an extension to type B in

Section 4.5.2.

4.4.1 The Kreweras Complement

In Sections 4.2.2 and 4.3.2, we showed how to act on noncrossing objects by flips, and we

interpreted the Kreweras complement and Cambrian rotation as sequences of flips. We

will similarly act on nonnesting objects by toggles. Although individual toggles do not

correspond perfectly to individual flips, we conjecturally mirror the local flip definitions

of the c-dependent noncrossing cyclic actions using toggles on the nonnesting partitions.

Recall that P. Cameron and D. Fon-der-Flaass showed that rowmotion Row (Def-

inition 2.1.7) may be computed by toggling in the order of a linear extension (The-

orem 2.1.10). We quickly remark that, in the fully commutative case of Section 3.1.1,

linear extensions coincide with root orders specified by reduced S-words. But to preserve

the flow of this chapter, we purposefully skip any further discussion of the fully com-

mutative case and head straight to root posets. This gap will be filled in Section 5.2.1.

In 2007, D. Panyushev considered applying rowmotion to the W -nonnesting parti-

tions [121]. He conjectured several properties of rowmotion, the most relevant to our

story being a conjecture on the order of Row.

Conjecture 4.4.2 (D. Panyushev [121]). Row2h is the identity on NN(W ).

D. Bessis and V. Reiner then made the stronger conjecture that there was a CSP [122].

Conjecture 4.4.3 (D. Bessis and V. Reiner [122]).
;
NN(W ),

(n
i=1

[h+di]q
[di]q

,Row
<

ex-

hibits the CSP.
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These two conjectures were proved by D. Armstrong, C. Stump, and H. Thomas

in [52]. Exploiting the observed coincidence between the Kreweras complement on the

noncrossing partitions and rowmotion on the nonnesting partitions, the three induc-

tively defined a uniformly-stated characterization of a bijection between nonnesting

and noncrossing partitions. In the classical types, they explicitly checked this bijection

using combinatorial models extending the bijection of Figure 4.2 between Tamari type

A noncrossing partitions under Kreweras complementation and noncrossing matchings

under rotation, resolving the conjecture.

In [123], we used a result of D. White and Theorem 2.1.10 to give a simple proof

of this fact in type A. More generally, we interpreted promotion of linear extensions of

certain posets as an element of a toggle group acting on columns; for such posets, the

corresponding action of Definition 2.1.10 is given by acting on rows—for this reason, it

made sense to call it rowmotion Row.

In a personal communication, H. Thomas observed that one order of toggles we gave

in [123] corresponded to the root order associated to the c-sorting word for w0 in type

An [124] (cf. Section 5.2.1). He further proposed the following definition and conjectures.

Definition 4.4.4 (H. Thomas). For W crystallographic, the nonnesting c-Kreweras com-

plement of ! NN(W ) is

Krewc( ) := TogInv(w0(c))( ).

Extending this definition to H3 and I2(m) would require us to know how to label

their root posets by positive roots.

Conjecture 4.4.5 (H. Thomas). Any two Kreweras complements Krewc and Krewc!

are conjugate by an element of TogGrp(#+(W )) (and are conjugate to rowmotion Row).

For a nonnesting partition ! NN(W )) define its support supp( ) to be the set

of simple roots in . We may now conjecture a slightly cleaner version of the main

theorem in D. Amstrong, C. Stump, and H. Thomas [52], which was stated using Row

instead of Krewc.

Conjecture 4.4.6 (H. Thomas). Fix W crystallographic and a Coxeter element c.

There is a unique bijection Kc : NN(W ) ' NC(W, c) satisfying
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• Kc(9) = 1,

• Kc :Krewc = Krewc :Kc, and

• supp( ) = supp(Kc( )).

D. Armstrong, C. Stump, and H. Thomas observe that these conditions may be

used to explicitly compute the bijection. Starting with a nonnesting partition , com-

pute powers (Krewc)
k ( ) until finding a k for which supp((Krewc)

k ( )) is not full.

Descend to the proper parabolic subgroup and repeat this procedure until arriving at

the empty nonnesting partition in some parabolic. Associating this with the identity

noncrossing partition in the same parabolic, reverse all previously computed steps on

the noncrossing side to obtain the corresponding noncrossing partition. This procedure

only works when there is a guarantee that each orbit of Krewc has an element that is

not of full support [52]. D. Armstrong, C. Stump, and H. Thomas furnish this guarantee

using the combinatorial noncrossing models in the classical types and by computer in

the exceptional types.

Figure 4.11 gives this bijection in type A3.

4.4.2 Cambrian Rotation

In analogy with the positive flips of Section 4.3.3, define the positive toggle

Tog+t ( ) :=

+
-

.
Togt( ) if supp( ) = supp(Togt( ));

otherwise.

It is somewhat simpler to rephrase this as Tog+t ( ) = Togt( ) if t #! S, and

Tog+t ( ) = if t ! S, but we lose the symmetry with the definition of the positive

flips. As usual, we write Tog+t1t2···tk( ) :=
;(k

i=1Tog
+
ti

<
( ).

Definition 4.4.7. For W crystallographic, the positive nonnesting c-Kreweras comple-

ment is

Krew+
c (F ) := Tog+Inv(w0(c))

(F ).

The nonnesting c-Cambrian rotation of ! NN(W ) is

Cambc( ) := KrewcKrew+
c ( ).
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Note the similarity between Definitions 4.3.11 and 4.4.7.

Conjecture 4.4.8. Any two Cambrian rotations Cambc and Cambc! are conjugate by

an element of TogGrp(#+(W )).

Computations suggest that the conjugating elements of Conjectures 4.4.5 and 4.4.8

are closely related. Our next conjecture relates the nonnesting Cambrian rotation with

the noncrossing Cambrian rotation.

Conjecture 4.4.9. Fix W crystallographic and a Coxeter element c. There is a unique

bijection Cc : NN(W ) ' Asoc(W, c) satisfying

• Cc(9) = 1,

• Cc : Cambc = Cambc : Cc, and

• supp( ) = supp(Cc( )).

The advantage of Conjecture 4.4.9 over Conjecture 4.4.6 is that we avoid passing to

parabolic subgroups—and we can compute Cc as a bijaction (cf. Theorem 3.1.9). Given

a nonnesting partition , form the orbit
;

,Cambc( ),Camb2c( ), . . . ,Cambh+1
c ( )

<
.

We compute Cc as follows. For each order ideal Cambjc( ) in the orbit, record only

the simple roots that are not in Cambjc( ). These simple roots then spell out the

corresponding facet in Asoc(W, c) (cf. Examples 3.1.10 and 3.1.11). Note that a small

amount of care is required when s #= s.

Example 4.4.10 illustrates this computation for an orbit in type D4 and Figure 4.11

computes this for A3 with linear c.

Example 4.4.10. In type D4 with c = s1s2s3s4, the root order given by w0(c) is

(compare with Table 2.1)

1 5 11

2 8

3

12

7

4 10

9

6

,
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and the map from

= to the facet {1, 3, 11, 16} = F

is illustrated in the table below.

Cambc orbit

Position in Q 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Facet F s1 s2 s3 s4 s1 s2 s3 s4 s1 s2 s3 s4 s1 s2 s3 s4

Example 4.4.11. In typeH3 with c = s1s2s3, the root order given byw0(c) is (compare

with Table 2.2)

1 12 15

4 14

3 13

2 9

3 11

7

8

10

5

,

and the map from

= to the facet {3, 5, 7} = F

is illustrated in the table below.

Orbit

Position 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Facet s1 s2 s3 s1 s2 s3 s1 s2 s3 s1 s2 s3 s1 s2 s3 s1 s2 s3
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Remark 4.4.12. For s initial in c (and assuming Conjecture 4.4.8), let )s,c be the

conjugating element of TogGrp(#+(W )) from Conjecture 4.4.8, so that

)"1
s,c (Cambc))s,c = Cambscs.

Then if we let nonnesting partitions accomodate an additional Coxeter element param-

eter, )s,c would be a bijection from NN(W, c) to NN(W, scs). It would be significant to

compute )s,c, since this is the first step towards determining the Cambrian recurrence

on the nonnesting partitions.

The following conjecture reinforces our belief that these are the “correct” bijections

between noncrossing and nonnesting objects.

Conjecture 4.4.13. For any W and c,

Kc = Twist"1 : Cc : NN(W ) ' NC(W, c).

4.4.3 Tamari Type A

In this section, we prove Conjectures 4.4.6, 4.4.9, and 4.4.13 for Tamari type A. The

advantage of this case is that Krewc and Krew+
c , and Kc : NN(W ) ' NC(W, c) are

particularly easy to describe.

We label the roots of height i in #+(An) from left to right by the simple reflections

ŝ1, ŝ2, . . . , ŝn"i+1—that is, if " = "̂$ + · · ·+ "̂r, then it receives the label s(") = ŝl. For

example, #+(A3) is labeled by

s1
s1

s1

s2
s2 s3

.

Definition 4.4.14. Define Kc : NN(An, c) ' An by

Kc( ) =

/

AA0
1

"#
ht(")=1,3,5,...

s(")

2

BB3

/

AA0
1

"#
ht(")=2,4,6,...

s(")

2

BB3

"1

,

where if ht(") = ht(#), s(") = ŝi, s(#) = ŝj , and i < j, then " comes before # in the

product.
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34 23

24

23

34

12

12

34

13

122314

13 34 1423

1224

12

23

34

Figure 4.11: A3 Cambrian lattice for the Coxeter element s1s2s3 labeled by elements of

NN(W ).
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We shall show that Kc is the desired bijection using an explicit description of Krewc.

Remark 4.4.15. It is easy to see that this same labeling, with the map given instead

by the product 1

"#
ht(")=1,2,3,...

s("),

gives a bijection between NN(An, ĉ) and the ĉ-sortable elements of Section 4.5.

Given a nonnesting partition , let k be minimial so that "k+1 #! . The initial

part Initial( ) is the nonnesting partition in Ak that coincides with restricted

to "̂1, "̂2, . . . , "̂k. The final part Final( ) is the nonnesting partition in An"k that

coincides with restricted to "̂k+1, "̂k+2, . . . , "̂n.

Proposition 4.4.16. Krewc acts on a type An nonnesting partition by replacing

each root ei*ej ! Initial( ) by ei*ej"1 and each root ei*ej ! Final( ) by ei"1*ej.

The simple roots "̂k+1, "̂k+2, . . . , "̂n are added to Final( ).

Proof. This is immediate from the definition, since Krewc acts by toggling the simple

roots in the order

e1 * e2, e1 * e3, . . . , e1 * en+1, e2 * e3, e2 * e4, . . . , e2 * en+1, . . . , en * en+1.

The action Krew+
c is similarly described.

Theorem 4.4.17. Conjectures 4.4.6, 4.4.9, and 4.4.13 hold in type A with linear c.

The bijection is given by Kc.

Proof. If Kc is a bijection, then it is immediate from Proposition 4.4.16 that Kc is

Krewc-equivariant, since Kc(Krewc( )) = Kc( )"1c. This also shows that Kc is

Krew+
c -equivariant.

We now show Kc is a bijection. If supp( ) does not contain every simple root, we

conclude by induction that Kc( ) is a bijection from nonnesting partitions without

full support to noncrossing partitions without full support (since parabolic subgroups of

type A are of type A). Otherwise let = Kc( ). Taking the Kreweras complement
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Krewc( ) shifts the entire order ideal “down and left”, removing "n from the support.

Since Krewc is invertible, Kc(Krewc( )) is also a bijection from nonnesting partitions

with full support to noncrossing partitions with full support.

Lastly, since both the noncrossing and nonnesting Cambrian rotations may be de-

fined by Cambc = KrewcKrew+
c , and since Krewc and Krew+

c are equivariant under Kc,

we conclude Conjectures 4.4.9 and 4.4.13.

This bijection is illustrated in Figure 4.4.18.

Example 4.4.18. In type A3, the orbit of Krewc on s1
s1 s2

has period 4. The

first line of the table gives the orbit, while the second line records the factorizations of

the corresponding noncrossing partitions under Kc.

s1
s1 s2 s1 s3

s2
s2 s3

s1
s1

s1

s2
s2 s3

s1
s1 s2

s1s2|s1 s1s3 s2s3|s2 s1s2s3|s1|s2s1 s1s2|s1

4.5 c-Sortable Elements and the Weak Order

In this section, we give a brief introduction to N. Reading’s c-sortable elements. We

present the following new conjecture:

• A conjectural bijection between "(ĉkw0(ĉ), w0) and J (#+(Bn) $ [k]) (Conjec-

ture 4.5.11).

When w is fully commutative, there is a natural correspondence between the ele-

ments of Weak(W,w) and of J (#+(W,w)) (Section 3.1.1). It is therefore reasonable to

ask if we can identify certain elements of W that ought to correspond to the elements

of J (#+(W )). The answer is given by N. Reading’s notion of c-sortability.

In 1968, D. Knuth introduced stack-sortable permutations in his oeuvre “The Art

of Computer Programming” as those permutations that may be sorted into increasing

order using one stack (see Section 2.2.1 of [99]). It is left as an exercise to determine that
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these are exactly those permutations that avoid the pattern 231, which are enumerated

by the Catalan number

Cat(Sn) =
1

n+ 1

"
2n

n

#
.

By closely examining the inversion sets of 231-avoiding permutations, A. Björner and

M. Wachs showed that Weak(Sn) restricted to the 231-avoiding permutations coincided

with the Tamari lattice [24]. They also defined a map t from 231-avoiding permutations

to triangulations with the property that t"1 was an interval [u,w]S in Weak(Sn), with u

231-avoiding and w 132-avoiding. L. Billera and B. Sturmfels independently developed

t in [25, 26].

Motivated by lattice theory and V. Reiner’s type B generalizations of the map t

in [27], N. Reading introduced the Coxeter-sortable (c-sortable) elements, generalizing

D. Knuth’s stack-sortable elements and A. Björner and M. Wachs’s analysis in two

directions simultaneously: from Sn to arbitrary Coxeter groups W , and from the cycle

ĉ = (123 . . . n) to arbitrary Coxeter elements c [28].

The first definition of c-sortable elements has the Cambrian recurrence built in, and

so is essential for making inductive arguments.

Definition 4.5.1 (N. Reading [103]). Let s be initial in c.

w is c-sortable i$

+
-

.
w is sc-sortable in W&s' if !S(sw) > w; and

sw is scs-sortable in W if !S(sw) < w.

Definition 4.5.1 allows induction by rank of W or by length of w. The second defi-

nition, equivalent to the first, is beautiful in its simplicity.

Definition 4.5.2 (N. Reading [28]). An element w ! W is c-sortable if the c-sorting

word w(c) for w defines a decreasing sequence of subsets of positions in c.

Example 4.5.3. Definition 4.5.2 is best illustrated with a continuation of Exam-

ple 2.3.5. In type A2 with c = s1s2,

s2s1(c) =

8
1 2 1 2

· s2 s1 ·

9
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is not c-sortable because s1 occurs in the second but not the first copy of c. On the

other hand,

w0(c) = s1s2s1(c) =

8
1 2 1 2

s1 s2 s1 ·

9

is c-sortable, since even though s1 occurs in the second copy, it also appears in the first.

In fact, the longest element w0 is c-sortable for any c.

The third definition is a more practical, more “pleasant” [125], non-recursive defini-

tion of c-sortable elements that makes explicit use of the root order Inv(w0(c)). It is

a generalization of A. Björner and M. Wachs’s compressed inversion sets [24], which N.

Reading called the c-aligned elements [28, 103].

Definition 4.5.4 (N. Reading [103]). Let " < "+# < # in the root order Inv(w0(c)).

An element w ! W is c-sortable i$ "+ # ! Inv(w) implies that " ! Inv(w).

This definition was proven equivalent to the other two by a case-by-case check

in [103], and a uniform (inductive) argument was given in [125].

We will denote the c-sortable elements by Sort(W, c). If ww0 is c"1-sortable, then

we say that w is c-antisortable; w is called a c-singleton if it is both c-sortable and

c-antisortable.

4.5.1 Cambrian Lattice

N. Reading’s c-sortable elements turn out to be the key to a host of lattice congruences

on the weak order. Each of these congruences yields an associahedron parametrized by

c, and the 1-skeleton of these c-associahedra generalize the Tamari lattice. N. Reading

termed these 1-skeletons the Cambrian lattices in reference to the geological Cambrian

Period that demarcated the introduction of complex, multicellular life on Earth [28].

In [106], N. Reading defined an order-preserving map &c
% : W ' Sort(W, c) recur-

sively by

&c
%(w) =

+
-

.
s&scs

% (sw) if w " s;

&sc
% (w&s') if w #" s.

This projection &c
% sends an element w to the largest c-sortable element that is less
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than w [106], so that &c
%(w) = w i$ w is c-sortable. Likewise, there is a similar order-

preserving map &$
c from W to the c-antisortable elements that sends an element w to

the smallest c-antisortable element larger than w.

N. Reading showed that the fibers of &c
% and &$

c are equal and that the fiber containing

w is the interval [&c
%(w),&

$
c (w)]S—which turns out to be enough to conclude that the

c-sortable elements form a sublattice of the weak order. Figure 4.6 illustrates the A3

Cambrian lattice for the Coxeter element s1s2s3, labeled by elements of Sort(W, c) (in

gray) and the rest of their corresponding interval (in white).

For w a c-sortable element, the downward-pointing edges Down(w) are the covered

reflections and the upward-pointing edges Up(w) are the covering reflections of &$
c (w).

This gives the Cambrian lattice structure—for t ! T we define the flip Flipt(w) of a

c-sortable element w by

Flipt(w) =

+
,,,-

,,,.

tw if t ! cov%(w);

t&$
c (w) if t ! cov$(&$

c (w));

w otherwise.

The interpretation of the edges of the Cambrian lattice as the covered and covering

reflections of the c-sortable and c-antisortable elements shows that flips correspond to

edges in Weak(W ).

Since we have seen that noncrossing partitions , the Kreweras complement, and

Cambrian rotation may all be read o$ in terms of edges in the Cambrian lattice, we are

now free to omit their discussion.

4.5.2 Edelman-Greene-like Bijections

At the one extreme—for w fully commutative—Theorem 3.1.3 used the natural bijec-

tion between linear extensions of #+(w) and RedS(w) to induce a bijection between

J (#+(w)) and Weak(W,w). At the other extreme—for the longest element w0—we

again (sometimes) have bijections between linear extensions of #+(W ) and RedS(w0),

and we also (always) have the same number of order ideals J (#+(W )) and c-sortable

elements in Weak(W ). It is therefore reasonble to try to use the Edelman-Greene-like

bijections of Theorem 3.1.9 to induce bijections between the noncrossing and nonnesting
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objects in the coincidental types.

Type A

We first review the bijection in type A.

Theorem 4.5.5 (A. Woo (for k = 1) [113], C. Stump and L. Serrano (for k " 1) [120]).

Fix the linear Coxeter element ĉ = ŝ1ŝ2 · · · ŝn. The type An correspondence of Theo-

rem 3.1.9 induces a bijection from the facets of the subword complex "(ĉkw0(ĉ), w0) to

J (#+(An)$ [k]).

Note that when k = 1, this gives a bijection between Asoc(An, ĉ) and NN(An).

C. Stump and L. Serrano give a large number of bijections in [120], but at the core

of their paper is a bijective proof of an observation of S. Fomin and A. Kirillov [83],

generalizing work of A. Woo [113]. C. Lenart has given an even more general bijection

for vexillary permutations [126]. See also [127, 42].

The bijection in Theorem 4.5.5 is given explicitly using the Edelman-Greene insertion

algorithm [40], which we now briefly explain. Edelman-Greene insertion is a modified

version of the RobinsonSchenstedKnuth algorithm (RSK) that takes a reduced word

for w ! An to a pair of tableaux; the only di$erence from normal RSK is that if i is

to be inserted into a row containing both an i and i + 1, then the i (rather than the

i+ 1) is bumped to the next row as an i+ 1. This procedure yields an insertion tableau

and—by keeping track of at what step new boxes were added—a linear extension of

#+(An) called a recording tableau.

For the longest element w0 in type An (and more generally, for the vexillary elements)

it turns out that every insertion tableau is identical. Taking just the recording tableau

gives the bijection of Theorem 3.1.9 from RedS(w0) to SYT( n) = L(#+(An)).

Example 4.5.6. For example, inserting s1s2s3s2s1s2 yields the tableau
1 2 3
4 6
5

(cf. Ex-

ample 3.1.10).

Reduced Word s1 s2 s3 s2 s1 s2

Insertion Tableau 1 1 2 1 2 3
1 2 3
3

1 2 3
2
3

1 2 3
2 3
3

Recording Tableau 1 1 2 1 2 3
1 2 3
4

1 2 3
4
5

1 2 3
4 6
5
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The bijection now proceeds by inserting the word arising from the complement of a

facet F c = {i1 < i2 < · · · < in(n+1)
2

} in "(ĉkw0(ĉ), w0) to produce a linear extension

L as above. We next modify each number in L by marking what copy of ĉ in the word

ĉkw0(ĉ) the corresponding letter of F c was from (cf. Example 3.2.8)—thus, j in L is

replaced by 1 when 1 & ij & n, 2 when n < ij & n+n, 3 when n+n < ij & n+n+(n*1),

4 when n+ n+ (n* 1) < ij & n+ n+ (n* 1) + (n* 2), and so on. Lastly, by Lemma

3.2 in [120] we may subtract r from the rth row to obtain an order ideal.

Example 4.5.7. In type A2, the reduced word s1s2s1 is sent to the linear extension
1 2
3 and s2s1s2 is mapped to

1 3
2 . This induces the following bijection between facets of

"(12121, w0) and J (#+(A2)).

Complement of Facet Modified Linear Extension Order Ideal in #+(A2)

1 1 2 2 3

1 2 1 2 1

1 1
2

1 1 2 2 3
1 2 1 2 1

1 1
3

1 1 2 2 3
1 2 1 2 1

1 2
3

1 1 2 2 3

1 2 1 2 1

1 2
2

1 1 2 2 3
1 2 1 2 1

2 2
3

Remark 4.5.8. In fact, a more general correspondence was shown in [120]. Fix a shape

$ = ($1,$2, . . . ,$s) with $1 = n, and construct the element

w($) =
s1

i=1

n1

j=n+2"i"!i

sj .

Then the correspondence of Theorem 4.5.5 gives a bijection between the subword

complex "(ĉkw0(ĉ), w($)) and the order ideals J ($$ [k]).

I. Macdonald proved the following identity for type A [128] (see also [83]):

=

si1si2 ···siN#RedS(w0)

i1 · i2 · · · iN =

"
n

2

#
!.

It makes sense to consider the corresponding problem for the subword complexes

Asoc(An, ĉ) = "(ĉw0(ĉ), w0) and Asoc(An, ĉ"1) = "(ĉ"1w0(ĉ"1), w0).
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Conjecture 4.5.9.

=

F c=si1si2 ···siN#Asoc(An,ĉ)

i1 · i2 · · · iN =
n+11

i=1

i!

and =

F c=si1si2 ···siN#Asoc(An,ĉ"1)

i1 · i2 · · · iN

is given by the (unsigned) sequence A203421 in the OEIS [129].

Since I. Macdonald’s result may be extended for k > 1, presumably so can the

conjecture above.

Types Bn, I2(m), and H3

For types Bn, I2(m), and H3, we suspect that the Edelman-Greene-like correspondences

between reduced words and linear extensions should also induce bijections between

subword complexes and certain order ideals. It is easy to check in type I2(m) that the

bijection between RedS(w0) and L(#+(I2(m))) induces a bijection between facets of

"(ckw0(c), w0) and J (#+(I2(m)) $ [k]) in the same way as in type A, but—in the

absence of a jeu-de-taquin proof that |L(#+(H3))| = |L( 5)|—we have no intuition for

how to proceed in type H3. We still conjecture that such a map can be made.

We now give a specific conjectural bijection in type B. Fix a linear Coxeter element

ĉ in type Bn so that w0(ĉ) = ĉn, and consider the facets of the subword complex

"(ĉn+k, w0). The complement of each facet F c = {i1 < i2 < · · · < in2} spells out a

reduced word F(w0) for w0.

Under the correspondence of Theorem 3.1.9 and 3.1.22, F(w0) corresponds to a

linear extension L of n. We modify the numbers in L by marking what copy of ĉ the

corresponding letter of F c was from—in this case, since ĉkw0(ĉ) = ĉn+k, it is equivalent

to replacing each number j in L by
C
ij
n

D
. Lastly, subtract r from the rth column of the

tableau to obtain an order ideal in J ( 2).

Example 4.5.10. In type B2, the reduced word s1s2s1s2 is sent to
1 2
3 4 and s2s1s2s1

maps to
1 3
2 4 . This induces the following bijection between facets of "(121212, w0) and

J ( 2).



112

Complement of Facet Modified Linear Extension Order Ideal in J ( 2)

1 1 2 2 3 3

1 2 1 2 1 2

1 2
1 2

1 1 2 2 3 3
1 2 1 2 1 2

1 2
1 3

1 1 2 2 3 3
1 2 1 2 1 2

1 3
1 3

1 1 2 2 3 3
1 2 1 2 1 2

1 3
2 3

1 1 2 2 3 3

1 2 1 2 1 2

1 2
2 3

1 1 2 2 3 3
1 2 1 2 1 2

2 3
2 3

Conjecture 4.5.11. This procedure above gives a bijection from

"(ĉn+k, w0) to J ( n $ [k]).

This conjecture would follow from a proof that the part of the complement of the

facet lying within the first i copies of c determines the first i columns of the linear

extension of n, and is presumably related to Proposition 3.4 in [48].

Note that using the bijection from RedS(w0) to L( n) does not produce a bijection

to order ideals in #+(Bn).

4.6 Multi- and Fuss-Catalan Constructions

In this section, we briefly discuss two generalizations of Catalan objects: the multi-

Catalan and the Fuss-Catalan objects. Starting with the complexes

Asoc(W, c) = "(cw0(c), w0) = 3(Inv(w0(c)) Inv(c), c"1),

it is natural to extend the story to the left (k) and to the right (m) by considering the

multi-Catalan complexes

"(ckw0(c), w0),

and the Fuss-Catalan complexes

3(Inv(w0(c))
m Inv(c), c"1).
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As for the noncrossing partitions, it is possible to modify

NC(W, c) = 3(Inv(w0(c))
2, c)

to capture the Fuss-Catalan combinatorics using

3(Inv(w0(c))
m+1, c),

but it is especially nice to modify NC(W, c) to model the Fuss-Dogolan combinatorics.

We present the following new results:

• (with C. Stump and H. Thomas) An interpretation of the generalized (Fuss-

Catalan) cluster complexes using generalized subword complexes 4.6.2;

• (with H. Thomas) A noncrossing dual subword complex NC("m)(W, c) for the

positive (Fuss-Dogolan) clusters (Definition 4.6.1); and

• (with H. Thomas) Analagously to the subword complex construction of the as-

sociahedron, we show that for any two Coxeter elements c, c!, NC("m)(W, c) is

isomorphic to NC("m)(W, c!) (Theorem 4.6.2). We also show that the flip graph

of NC("m)(W, c) is regular of degree (Theorem 4.6.4) and conjecture a CSP (Con-

jecture 4.6.5).

4.6.1 Multi-Catalan Combinatorics

Noncrossing

The multi-noncrossing Catalan objects are defined to be the facets of

"(ckw0(c), w0).

Multi-triangulations, with suitable combinatorial interpretations, have been studied pre-

viously in types A and B, but the definition at this level of generality is due to C. Ce-

ballos, J. P.-Labbé, and C. Stump [21]. It is reasonable to ask if there are corresponding

multi-noncrossing partition models.

For W = An, Bn, I2(m), or H3, there are product formulas for the number of multi-

Catalan objects arising from the correpsonding Gaussian poset (cf. Theorem 3.1.27).
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These formulas may also be phrased in terms of the invariants of W as [21]

J (#+(W )$ [k]) =
1

0,j<k

1

1,i,n

di + h+ 2j

di + 2j
.

For further information and references, we refer the interested reader to [21].

Nonnesting

On the other hand, we have already encountered the definition of the multi-nonnesting

partitions in Section 3.1.5. By all rights, the nonnesting definition ought to be the set of

order ideals J (#+(W )$ [k]), so that the k-multi-nonnesting partitions may be viewed

as the multichains

{I1 ( I2 ( · · · ( Ik : Ij ! #+(W )}. (4.6.1)

However—as the reader may have guessed—these two sets are equinumerous for general

k only in types An, Bn, I2(m), and H3. For example, in D4 there are 875 facets of

"(c2w0(c), w0), but 881 order ideals in J (#+(D4)$[2]). We therefore have no “correct”

general definition for the nonnesting multi-Catalan objects that would cause the number

of nonnesting and noncrossing objects to be equinumerous.

For linear ĉ, Theorem 4.5.5 is a bijection in type A between the noncrossing and

nonnesting worlds; Conjecture 4.5.11 suggests that we can do the same in type B.

It would be of interest to find the sequence of toggles on the nonnesting partitions

corresponding to the cyclic action on the subword complexes.

4.6.2 Fuss-Catalan Combinatorics

The Fuss-Catalan generalizations of the Tamari type A Catalan objects of Section 4.1

(that is, the noncrossing partitions of [n], the triangulations of an [n+ 2]-gon, and the

nonnesting partitions of [n]) are:

• The noncrossing partitions of [mn] whose block sizes are each divisible by m;

• The (m+ 2)-angulations of an (mn+ 2)-gon; and

• The set of lattice paths from (0, 0) to (mn+ 1, n), using steps (1, 0) and (0, 1).
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(Without a notion of the m-weak order, we have no definition of the Fuss-Catalan

generalization of the 231-avoiding permutations). As before, these three families are

equinumerous and are counted by the Fuss-Catalan number

Cat(m)(Sn) :=
1

mn+ 1

"
mn+ n

n

#
.

The definitions of the W -Catalan objects of Sections 4.2, 4.3, and 4.4 may be uni-

formly generalized, so that the resulting objects are each counted by the W -Fuss-Catalan

number

Cat(m)(W ) :=
n1

i=1

mh+ di
di

.

Most generally, for p coprime to the Coxeter number h, it is not hard to generalize

the nonnesting objects to objects counted by the W -rational-Catalan numbers

Cat(W, p) :=
n1

i=1

p+ di * 1

di
.

D. Armstrong has begun a program to find the correct rational noncrossing defi-

nitions. With D. Armstrong and B. Rhoades, using a natural combinatorial model for

rational type A nonnesting partitions as lattice paths, we proposed reasonable models

for type A rational triangulations and rational noncrossing partitions [17].

Triangulations, Clusters, and Subwords

In [78], S. Fomin and N. Reading defined the Fuss-Catalan generalization of (W, c)-

clusters. It is striking that the face numbers of their generalized cluster complex have a

uniform formula in the coincidental types A,B, I2(m), and H3, but certain “mysterious”

factors must be introduced for general type (Theorem 8.5 of [78]; see Remark 3.1.26).

The number of facets, however, is uniformly given by Cat(m)(W ).

As in the m = 1 case, we rephrase the work of E. Tzanaki in [104] and A. Buan, I.

Reiten, and H. Thomas in [105] in the language of the dual subword complex to obtain

Asoc(m)
T (W, c) := 3(Inv(c) Inv(w0(c))

m, c"1).

The structure of the cluster complex is immediately accessible as the flip poset of

Asoc(m)
T (W, c). Note that for W = An and linear c, this is a di!erent structure than F.
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Bergeron’s m-Tamari lattice [130], even though they have the same number of vertices

(see Section 4.6.2 for additional discussion on this coinicidence).

As usual, it is possible to apply Theorem 2.3.10 to reformulate the dual subword

definition as the generalized subword complex

Asoc(m)
S (W, c) := "(c (w0(c)w0(c))

m/2, wm
0 ,mN),

where

(w0(c)w0(c))
m/2 :=

+
-

.
(w0(c)w0(c))m/2 if m is even; and

(w0(c)w0(c))
m"1

2 w0(c) if m is odd.

It is similarly easy to generalize the labeling of the edges of the flip poset by elements

of T (i) = {t(i) : t ! T}—that is, m copies of the reflections T that are di$erentiated us-

ing the superscripts 1 & i & m—so that we may act by the flips Flip(i)t . The advantage of

this rephrasing is that it is possible to show that these objects are vertex-decomposable

using the standard argument for subword complexes (Theorem 2.5 of [19]). This will

be shown in a future paper with C. Stump and H. Thomas. We will also generalize

Definition 4.2.6 for Krewc and Definition 4.3.11 for Cambc to Asoc(m)(W, c).

Noncrossing Partitions and a Fuss-Dogolan Associahedron

Generalizing work of P. Edelman [131], D. Armstrong defined the Fuss-Catalan general-

ization of noncrossing partitions in his thesis as m-multichains in the absolute order: [91]

NCL(m)(W, c) := {&1 &T &2 &T · · · &T &m : &i ! Abs(W, c) for 1 & i & m}.

It is straightforward to interpret this in the language of Definition 4.2.3. If we let

NC(m)(W, c) := 3(Inv(w0)
m+1, c),

then the facets of NC(m)(W, c) are easily seen to recover D. Armstrong’s m-multichains.

These multichains may be given the structure of a graded semilattice by componentwise

ordering, and they have beautiful combinatorial interpretations in the classical types (see

Figure 4.13 for an interpretation in Tamari type A). For more information, we refer the

interested reader to D. Armstrong’s memoir [91].
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Figure 4.12: The flip poset on the 12 facets of Asoc(2)(A2, s1s2). The reflections labeled

in white correspond to the reflections from the first copy of w0 in the complement of

the facet, while those in gray correspond to the reflections from the second copy.
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Figure 4.13: The 12 noncrossing partitions in NC(2)(A2, s1s2), interpreted as the 2-

divisible noncrossing partitions of [6].

Up to commutations, Inv(w0(c))m+1 = Inv((w0(c)w0(c))
m+1

2 ) = Inv(ch
m+1

2 ),

where

ch
m+1

2 :=

+
-

.
ch

m+1
2 if m+ 1 is even; and

ch
m
2 w0(c) if m+ 1 is odd.

By Theorem 2.3.10, we can therefore recast NC(m)(W, c) as a generalized subword

complex. By slightly modifying the above constructions by changing the support of the

last copy of w0, it is possible to achieve complexes that have a rational Catalan number

of facets, though we do not have a uniform method.

We obtain some justification for this construction with the following very special

case, which is joint work with H. Thomas.

Let w1(c) be the c-sorting word for c"1w0.

Definition 4.6.1. For m " 1, define

NC("m)(W, c) :=

+
-

.
3(Inv(ch

m
2 w1(c)), c) if m is even; and

3(Inv(ch
m"1

2 w0(c)w1(c)), c) if m is odd.
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By relating this to the positive Fuss-Dogolan 2 part of the corresponding m-cluster

complex, it was shown in [105] that NC("m)(W, c) has
(n

i=1
mh+di"2

di
facets. We can act

on NC("m)(W, c) exactly as we did on Asoc(W, c) in Section 4.3, using similar reasoning

to Section 4 of [21].

Since w0(c) = cw1(c) can be expressed as a prefix of c( up to commutations, so

can w1(c). Furthermore, if w1(c) = sw2 . . . wN"n, then w1(scs) = w2 . . . wN"ns up to

commutations. Thus, up to commutations, the search word

Inv(Q) = Inv(sq2q3 . . . q(m+1)N"n) of NC
("m)(W, c)

is related to the search word Inv(Q!) of NC("m)(W, scs) by

Q! =

+
-

.
q2q3 . . . q(m+1)N"ns if m is even; and

q2q3 . . . q(m+2)N"ns if m is odd.

Every facet F spells out a reduced T -word for c. If the first letter s in NC("m)(W, c)

is not in the facet F , it is clear that—using the above relationship between the words

being searched to produce NC("m)(W, c) and NC("m)(W, scs)—shifting the letters to

the left by one will spell out a reduced T -word for scs in NC("m)(W, scs).

Otherwise, if the first letter s is in the facet F , then let F spell out the re-

duced T -word st2t3 · · · tn. If m is even, the reflection corresponding to the last letter in

NC("m)(W, scs) is ((scs)"1w0)s(w0(scs)) = (scs)"1s(scs) = sc"1scs, so that the facet

in NC("m)(W, scs) produced by rotating the letters in F left spells out the word

(st2s)(st3s) · · · (stns)(sc"1scs) = cs(sc"1scs) = scs,

as desired. A similar computation also holds when m is odd.

Therefore, rotation is an isomorphism

Shifts : NC
("m)(W, c) ' NC("m)(W, scs).

Since any two Coxeter elements are conjugate, we may summarize the predeeding dis-

cussion with the following theorem.

Theorem 4.6.2. For any two Coxeter elements c, c!, NC("m)(W, c) is isomorphic to

NC("m)(W, c!).

2 Legend has it that this terminology is due to D. Bessis.
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Note that this theorem is false in the Fuss-Catalan case. We now use the Shifts maps

to define a map from NC("m)(W, c) to itself (cf. 4.3.9).

Definition 4.6.3. Let c = ss2 · · · sn be a reduced S-word for c and define the Kreweras

complement Krewc : NC
("m)(W, c) ' NC("m)(W, c) by

Krewc := Shiftsn · · · Shifts2Shifts.

Since conjugation by w0 is an involution, h = 2|T |/|S|, and there are (m + 1)|T | *
|S| letters being used to construct NC("m)(W, c), it follows that Krewc also has order

(m+ 1)h* 2 on reduced T -words for c.

Theorem 4.6.4. The flip graph of NC("m)(W, c) is regular with degree n(m* 1).

Proof. The following elegant proof is due to H. Thomas. Choose a facet F of the dual

subword complex NC("m)(W, c) and a letter in the facet to flip. If the rank of W is one,

then we are done. Otherwise, choose a di$erent letter in the facet. By the symmetry of

the Krew maps, we may move this letter to be leftmost reflection s in the leftmost copy

of w0(c). But now F without its first letter is naturally a facet of NC("m)(W&s', sc),

so that we may induct on the rank of W .

Some small examples of NC("m)(W, c) are illustrated in Figure 4.14. More generally,

it seems reasonable to treat NC("m)(W, c) as the Fuss-Dogolan analogue of the Fuss-

Catalan associahedron Asoc(m)(W, c).

Conjecture 4.6.5. The triple (NC("m)(W, c),
(n

i=1
[mh+di"2]q

[di]q
,Krewc) exhibits the CSP

Nonnesting Partitions

As we have nothing new to add to the understanding of the Fuss-Catalan nonnesting

partitions, we will simply recall their definition and give a coincidence with certain

rational nonnesting partitions in type A.

As stated in Section 3.1.3, the Fuss-Catalan nonnesting partitions NN(m)(W ) may

be characterized in terms of the (W,m)-Shi arrangement of Definition 3.1.14.

Definition 4.6.6. The Fuss-Catalan nonnesting partitions NN(m)(W ) are the dominant

regions of Shi(m)(W ).
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NC("2)(A3, c) (30 facets) NC("3)(A3, c) (91 facets)

NC("2)(A4, c) (143 facets) NC("3)(A4, c) (612 facets)

Figure 4.14: Some Fuss-Dogolan associahedra and their symmetries.
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C. Athanasiadis has given a technical—but combinatorial—definition for NN(m)(W ),

reminiscent of the multi-Catalan case in Equation 4.6.1 [61, 66]. A chain of order ideals

in #+(W )

J1 ( J2 ( · · · ( Jm

is a geometric multichain if

(Ji + Jj) / #+(W ) ( Ji+j for i+ j & m

and for Ii = #+(W )* Ji, I0 = #+(W ), and Ii = Im for i > m,

(Ii + Ij) / #+(W ) ( Ii+j for 0 & i & m.

Theorem 4.6.7 (C. Athanasiadis [61]). The geometric multichains are in bijection with

NN(m)(W ).

For additional information, we refer the interested reader to Section 5.1.4 of D.

Armstrong’s memoir [91]. In type A, we now state a coincidence based on our work

with D. Armstrong and B. Rhoades in [17].

Definition 4.6.8. Let a < b be coprime positive integers. An (a, b)-Dyck path is a path

from (0, 0) to (b, a) in the integer lattice Z2 using steps of the form (1, 0) and (0, 1) and

staying above the diagonal y = a
bx.

Note that there is an obvious correspondence between (n, n + 1)-Dyck paths and

order ideals in the root poset of type An by taking the order ideal to correspond to the

boxes under the Dyck path. More generally, one can associate (a, b)-Dyck paths to order

ideals in certain “root posets,” and their number is given by

Cat(a, b) =
1

a+ b

"
a+ b

a, b

#
.

In particular, the number of (n,mn + 1)-Dyck paths is counted by Cat(m)(An). It is

further possible to show that the orbit structure of (n,mn+ 1)-Dyck paths under Row

is the same as the orbit structure of certain noncrossing partitions under rotation [17].

In other types, although we still have access to arbitrary integer dilations of the

fundamental alcove, it is not at all clear how to extend this “root poset” model.



Chapter 5
Catalan Objects for Quotients

To test the limits of the connection between noncrossing and nonnesting Catalan

objects, we propose that W -Catalan combinatorics be extended to parabolic quotients.

123
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In Chapter 4 we saw four flavors of W -Catalan objects—three noncrossing and one

nonnesting:

(c) Noncrossing partitions (Section 4.2);

(w0) Clusters (Section 4.3);

(w0) c-Sortable elements (Section 4.5); and

(#) Nonnesting partitions (Section 4.4).

While we were only able to conjecturally understand the Kreweras complement and

the Cambrian rotation on the nonnesting partitions, for each of the three noncrossing

objects, we described how to read o$:

(c) Their noncrossing partition lattice;

(w0) Their Kreweras complement;

(w0) Their Cambrian lattice; and

(c) Their Cambrian rotation—and its related recurrence.

For parabolic quotients—because wJ
0 and wJ

0(c) act as natural analogues of w0

and w0(c)—we are able to suggest reasonable generalizations for noncrossing objects

as both facets of certain subword complexes (Section 5.1.1) and as certain (W J , c)-

sortable elements of Weak(W J) (Section 5.1.2). The correct definition for the nonnesting

partitions is rather easy to guess (Section 5.1.4). We interpret the Cambrian poset on

these noncrossing objects as a subword flip poset and as a restriction of weak order, and

we define the local c-Kreweras complement on both the noncrossing and nonnesting

objects. The introductory graphic for this chapter is a flip poset for A{1}
4 , arranged

suggestively in three dimensions.

Although wJ
0(c) can be made to play the role of w0(c), the di$erences of the theory

come from the lack of a natural analogue of c—put another way, Pro and its related

action Shift (Definition 3.1.7 and Section 4.3.3) do not in general have the desired

properties on reduced S-words for wJ
0 . Because of this, general parabolic quotients have

no Cambrian rotation, no Cambrian recurrence, and no noncrossing partition lattice
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(although it is reasonable to define the noncrossing partitions using the Cambrian poset).

Indeed, di$erent choices of wJ
0(c) result in di$erent Cambrian posets whose graphs not

only fail to be isomorphic, but also contain di$erent numbers of noncrossing objects;

moreover, the number of noncrossing and nonnesting objects do not always agree. To

summarize:

The number Cat(W J) is not well-defined.

Despite these setbacks, it is not hard to show that Cat(W J) is well-defined for certain

choices of J . In Section 5.2, we show that the fully commutative parabolic quotients are a

very special instance ofW J -Catalan combinatorics for which noncrossing and nonnesting

objects coincide. In particular, every element of Weak(W J) is (W J , c)-sortable, and the

subword complex and the weak order are isomorphic. In this language, we recover certain

of the results in [123] and the results of [132].

In Section 5.3, we forgo any semblance of uniformity and crudely specialize to Tamari

type A. We give a characterization of (W J , c)-sortable elements by a pattern-avoidance

condition, a combinatorial model for the corresponding noncrossing partitions, and we

prove that

|Sort(AJ
n, ĉ)| = |NCSort(A

J
n, ĉ)| = |NN(AJ

n, ĉ)| = |Asoc(AJ
n, ĉ)|.

We examine some cautionary tales in Section 5.4 to inform the limitations of the

theory. We conclude more optimistically in Section 5.4.2, relating W J -Catalan combi-

natorics back to the conditions of Theorem 3.1.9.

We conjecture that for W of coincidental type, Cat(W J) is well-defined.

We couple this with data in Section 5.4.3 that showcase some rather extraordinary

coincidences between the numbers of noncrossing and nonnesting objects. The break-

down of the theory in the noncoincidental types only makes the coincidence between

the numbers of noncrossing and nonnesting partitions in the W -Catalan case even more

of a mystery.
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(W, c)-Catalan Combinatorics

Object Structure Action

NC(W, c) 4.2.3 NC Partition Lattice 4.2.1 Krewc 4.2.2 4.2.6

Asoc(W, c) 4.3.2 4.3.3 Cambrian Lattice 4.3.6 Cambc 4.3.9 4.3.11

NN(W ) 4.4.1 J (#+(W )) Togt 4.4.4 4.4.7

Sort(W, c) 4.5.2 4.5.4 Cambrian Lattice 4.5.1

(W J , c)-Catalan Combinatorics

Object Structure Action

NCAsoc(W J , c) 5.1.12

NCSort(W J , c) 5.1.13

Asoc(W J , c) 5.1.1 Cambrian Lattice 5.1.2 Krewc 5.1.4

NN(W J) 5.1.17 J (#+(W J)) Togt 5.1.18

Sort(W J , c) 5.1.6 Cambrian Lattice 5.1.9

Table 5.1: A map of Catalan combinatorics for parabolic quotients.

5.1 Catalan Objects

We define the following (W J , c)-Catalan objects:

(wJ
0 ) The (W J , c)-cluster complex Asoc(W J , c), generalizing Definition 4.3.3 (Defini-

tion 5.1.1);

(wJ
0 ) The (W J , c)-sortable elements Sort(W J , c), generalizing Definition 4.5.4 (Defini-

tion 5.1.6); and

(#J) The W J -nonnesting partitions NN(W J), generalizing Definition 4.4.1 (Defini-

tion 5.1.17).
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By analogy to the case of Chapter 4, we give two definitions of the (W J , c)-Cambrian

posets, one using Asoc(W J , c) (Definition 5.1.2) and one using Sort(W J , c) (Defini-

tion 5.1.9). We not only conjecture that Asoc(W J , c) and Sort(W J , c) are equinumer-

ous, but we also conjecture that the two definitions of Cambrian poset give identi-

cal constructions (Conjectures 5.1.10 and 5.1.11), and that this construction is a lat-

tice (Conjecture 5.1.3). We use the (W J , c)-Cambrian posets to give definitions for

the (W J , c)-noncrossing partitions (Definitions 5.1.12 and 5.1.13). Lastly, we generalize

Definitions 4.2.6 and 4.4.4 to give a local (W J , c)-Kreweras complement on both the

noncrossing and nonnesting objects (Definitions 5.1.4 and 5.1.18).

5.1.1 Subwords

Definition 5.1.1. Define the (W J , c)-cluster complex to be the subword complex

AsocS(W
J , c) := "(cw0(c), w

J
0 ).

We may apply Theorem 2.3.9 to obtain an isomorphism to the dual subword complex

AsocT (W
J , c) := 3(Inv(cw0(c)), w0(J)c

"1, N + n* !S(w
J
0 )).

We denote the two subword complexes collectively as Asoc(W J , c). We note that if

s ! J , then Asoc(W J , c) ;= Asoc(W J , scs).

Definition 5.1.2. The Asoc(W J , c)-Cambrian poset is the flip poset of Asoc(W J , c).

Figure 5.1 depicts the Asoc(W J , c)-Cambrian poset labeled using facets of the sub-

word complex AsocS(W J , c), while the corresponding labels from AsocT (W J , c) are used

in Figure 5.2. The discussion of Section 4.5.1 suggests the following conjecture (see also

Section 5 of [22]).

Conjecture 5.1.3. The Asoc(W J , c)-Cambrian poset is a lattice.

Since it is a flip poset, the edges of the Asoc(W J , c)-Cambrian poset may be labeled

using the method of Definition 2.2.10. We define Down(F ) to be the set of reflections

labeling edges pointing down in Asoc(W J , c) and Up(F ) to be the set of reflections

labeling edges pointing up.

It makes perfect sense to generalize Definition 4.2.6 for the local c-Kreweras com-

plement to this new setting.
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Definition 5.1.4. The local (W J , c)-Kreweras complement of a facet F of Asoc(W J , c)

is

Krew(WJ ,c)(F ) := FlipInv(wJ
0(c))

(F ).

Example 5.1.5. Krew(WJ ,c) breaks Asoc(W J , c) into two orbits of size 3 and one orbit

of size 4, for W J = A{2}
3 and c = s1s2s3.

{1, 2, 3, 7} ' {4, 6, 8, 9} ' {2, 4, 7, 8}(' {1, 2, 3, 7}),

{2, 3, 4, 7} ' {1, 2, 8, 9} ' {4, 6, 7, 8}(' {2, 3, 4, 7}),

{1, 2, 7, 8} ' {4, 5, 6, 7} ' {3, 4, 5, 7} ' {2, 4, 8, 9}(' {1, 2, 7, 8}).

5.1.2 Sortable Elements and the Weak Order

As we saw in Section 4.5, the idea of relating triangulations (and more generally clusters

and subword complexes) to the weak order has proven to be a remarkably successful

philosophy in W -Catalan combinatorics [25, 26, 24, 27, 28]. Most recently, this idea has

been generalized by V. Pilaud and C. Stump to spherical subword complexes [22].

In this section, we propose the necessary definitions and conjectures for the analogue

of this program for parabolic quotients.

The notion of c-sortability for parabolic quotients comes from a slight generalization

of N. Reading’s definition of c-aligned elements (see Definition 4.5.4, which was itself

a generalization of A. Björner and M. Wachs’s definition of compressed inversion sets).

We do not know how to give analogues of Definitions 4.5.1 and 4.5.2 for (W J , c)-sortable

elements.

Definition 5.1.6. An element w ! W J is (W J , c)-sortable i$ when " + # ! cov%(w)

with " <Inv(wJ
0(c))

"+ # <Inv(wJ
0(c))

#, then " ! Inv(w).

Note that this definition requires ", #, and " + # to all be roots in #+(W J) since

they are being compared in the root order Inv(wJ
0(c)). Since w )' w0(J)ww0 is an anti-

automorphism of Weak(W J), we say that w is c-antisortable if w0(J)ww0 is c"1-sortable.

We denote the c-sortable elements by Sort(W J , c); it follows from the definition that

both the identity and wJ
0 are both (W J , c)-sortable. As in the previous section, note

that if s ! J , then Sort(W J , c) = Sort(W J , scs).
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Figure 5.1: The Asoc(W J , c)-Cambrian poset labeled by facets of AsocS(W J , c), for

W J = A{2}
3 and c = s1s2s3.
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Figure 5.2: The Asoc(W J , c)-Cambrian poset labeled by facets of AsocT (W J , c), for

W J = A{2}
3 and c = s1s2s3.
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Example 5.1.7. For W = A3 and c = s1s2s3, the permutation w = 3241 is not

(W, c)-sortable. We compute that w has inversion set Inv(w) = {(12), (14), (24), (34)}
and covered reflections cov%(w) = {(12), (24)} ( Inv(w). Definition 4.5.4 for c-sortable

elements allowed us to use the example " = (13) and # = (34), so that "+ # = (14) !
Inv(w) but " #! Inv(w). On the other hand, Definition 5.1.6 forbids this example because

(14) #! cov%(w); but we may adjust it by considering " = (23) and # = (34), so that

now "+ # = (24) ! cov%(w) but " #! Inv(w).

On the other hand, if we now set J = {2} then w will be (W J , c) sortable. If

we attempt to use " = (13) and # = (34), we run into the same trouble as above,

since " + # = (14) #! cov%(w); now, however, we cannot adjust the example because

(23) #! #+(W J).

Remark 5.1.8. Although Definition 5.1.6 is a priori weaker than Definition 4.5.4, it

has been checked that it is equivalent when J = 9, except in types D,E6, E7, and E8

(although we still believe it to be equivalent in those types). This equivalence generalizes

the easy observation that every permutation w = w1w2 . . . wn+1 ! Sn that contains the

pattern 231 also contains a copy of 231 of the form wiwjwk with i < j < k and

wk + 1 = wi < wj .

In type A, this equivalence is proven (for the inverse permutation) in Lemma 5.5

of [28]. The same proof applies in type B using the pattern-avoidance condition found

in Lemma 4.9 of [103]. Presumably the pattern-avoidance condition from Lemma 4.11

of [103] can be used to argue the same in type D.

Finding the correct version of the definition of c-sortable elements in general type as

a generalization of Definitions 4.5.1, 4.5.2, and 5.1.6 was obscured by this equivalence.

Definition 5.1.9. The Sort(W J , c)-Cambrian poset is the restriction of Weak(W J) to

Sort(W J , c).

Definition 5.1.9 is illustrated in Figure 5.1. Note that the edge labels in this picture

are inherited from the weak order.

By overt appeal to the analogy with the classical W -Catalan case, we now make the

following conjectures which spell out the first steps of an ambitious research program.

Conjecture 5.1.10. There is a bijection between the facets of Asoc(W J , c) and the
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elements Sort(W J , c). Moreover, the Asoc(W J , c)-Cambrian poset is isomorphic to the

Sort(W J , c)-Cambrian poset.

In the next section, we will use noncrossing partitions to conjecture a more precise

connection between Asoc(W J , c) and Sort(W J , c) by defining a map from Asoc(W J , c)

to Weak(W J).

The interpretation of the Cambrian structure in the weak order immediately suggests

to the following conjecture.

Conjecture 5.1.11. There exists a lattice congruence of Weak(W J) such that the “bot-

tom elements” of the congruence classes are the (W J , c)-sortable elements, and the “top

elements” are the (W J , c)-antisortable elements.

The existing proofs of these conjectures in the W -Catalan case use the Cambrian

recurrence and the closely related recursive description of the projections &c
% from Sec-

tion 4.5.1. These fundamental tools are not available for the parabolic quotients.

5.1.3 Noncrossing Partitions

In the absence of an absolute order for parabolic quotients, we fall back on the bijec-

tion of Chapter 4 from Asoc(W, c) to NC(W, c) to obtain two reasonable definitions of

noncrossing partitions using the two Cambrian posets of Sections 5.1.1 and 5.1.2. We

conjecture that these definitions result in the same objects. A proof of this conjecture

would be a step towards a direct bijection between Asoc(W J , c) and Sort(W J , c).

The following definition corresponds to the map from Asoc(W, c) to NC(W, c) in

Section 4.3.1.

Definition 5.1.12. The Asoc(W J , c)-noncrossing partitions are defined by

NCAsoc(W
J , c) := {Down (F ) : for F ! Asoc(W J , c)}.

Associate F ! Asoc(W J , c) with the sequence of roots corresponding to the reflec-

tions it spells out in AsocT (W J , c). One may then alternatively use Twist"1 to give this

definition.

In the same way, we can use the elements of Sort(W J , c) to define the Sort(W J , c)-

noncrossing partitions.
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34

24

12

12

34

1224

13

14

1334

1324

1»24»3

1»23»4

2»34»1
1»34»2

2»13»4

3»14»2
2»14»3

3»24»1

3»12»4

4»12»3

4»13»2

4»23»1

Figure 5.3: The Sort(A{2}
3 , s1s2s3)-Cambrian poset labeled by elements of Sort(W J , c)

(in gray) and the rest of their corresponding interval (in white).
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Definition 5.1.13. The Sort(W J , c)-noncrossing partitions NCSort(W J , c) are the cov-

ered reflections of the (W J , c)-sortable elements.

We conjecture that the Asoc(W J , c)-noncrossing partitions and the Sort(W J , c)-

noncrossing partitions define the same objects.

Conjecture 5.1.14. NCAsoc(W J , c) = NCSort(W J , c).

In Section 4.2.3, we made the remark that the edges oriented down in the Cam-

brian lattice and the edges oriented up were related by the Kreweras complement. We

conjecture the same relation holds in this setting.

Conjecture 5.1.15.

Down(F ) = Up(Krew(WJ ,c)(F )).

Drawing on the work of [28, 22], we further conjecture that the congruence of

Weak(W J) in Conjecture 5.1.11 is controlled by the noncrossing partitions.

Conjecture 5.1.16 (cf. Section 5 of [22] and Section 2.2.4). For F ! Asoc(W J , c),

the set of elements w ! W J such that

Down(F ) ( Inv(w) ( T *Up(F )

is an interval [u, v] of Weak(W J) such that u is (W J , c)-sortable and v is (W J , c)-

antisortable.

5.1.4 Nonnesting Partitions

By analogy with the uniform definition of nonnesting partitions [81], it isn’t too large a

leap to suspect that nonnesting partitions for parabolic quotients should be defined as

order ideals of the poset #+(W J).

Definition 5.1.17. Fix W a Weyl group, H3, or I2(m) and a Coxeter element c. The

W J -nonnesting partitions NN(W J) are the order ideals in #+(W J).

This naturally generalizes Definition 4.4.1. When we don’t need to reference a Cox-

eter element c, we will simply write NN(W J). Definition 4.4.4 may also be extended in

the obvious way.
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Definition 5.1.18. The nonnesting (W J , c)-Kreweras complement of ! NN(W J) is

Krew(WJ ,c)( ) := TogInv(wJ
0(c))

( ).

Example 5.1.19. Krew(WJ ,c) breaks NN(W J) into two orbits of size 3 and one orbit

of size 4, for W J = A{2}
3 and c = s1s2s3 (cf. Example 5.1.5).

' '

/

A0'

2

B3 ,

' '

/

A0'

2

B3 ,

' ' '

/

A0'

2

B3 .

In Section 5.4.2, we will conjecture a relation between noncrossing and nonnesting

objects. For now, we content ourselves with the analogue of Conjecture 4.4.5.

Conjecture 5.1.20. Any two Kreweras complements Krew(WJ ,c) and Krew(WJ ,c!) are

conjugate by an element of TogGrp(#+(W )) (and are conjugate to rowmotion Row).

5.2 Fully Commutative Quotients

Chapter 4 was devoted to the first special case of (W J , c)-Catalan combinatorics—the

theory of W -Catalan combinatorics. We now turn to the most well-behaved (proper)

parabolic quotients of Coxeter groups—the fully commutative parabolic quotients of

Section 3.1.1. Drawing on the work of [34, 132] and [123], we place the fully commutative

parabolic quotients in the framework of (W J , c)-Catalan combinatorics.

For fully commutative parabolic quotients—since inversion sets coincide with or-

der ideals—every element of Weak(W J) is (W J , c)-sortable. The Sort(W J , c)-Cambrian

poset therefore coincides with the weak order Weak(W J), which is naturally in bijec-

tion with J (#+(W J)). These isomorphisms immediately give us equivariance of the
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noncrossing and nonnesting (W J , c)-Kreweras complement. With slightly more e$ort,

we can also establish a bijection with the Asoc(W J , c)-Cambrian poset.

In Section 5.2.1, we consider the history of actions on products of two chains. After

taking a brief detour in Section 5.2.2 to break general subword complexes apart into a

union of distributive lattices, in Section 5.2.3 we prove the following theorem for the

fully commutative parabolic quotients:

Theorem 5.2.1. Let W J be a fully commutative parabolic quotient. Then J(#+(W J)),

the Sort(W J , c)-Cambrian poset, and the Asoc(W J , c)-Cambrian poset are all isomor-

phic. This isomorphism gives a Krew(WJ ,c)-equivariant bijection between the nonnesting

partitions NN(W J), the sortable elements Sort(W J , c) and Asoc(W J , c).

5.2.1 Actions on Products of Two Chains

The first instance of the theory presented in Section 5.1 appeared in the the more

elementary setting of a product of two chains. To place this in context, let

W J = A&si'
n

be a maximal parabolic quotient in type A (necessarily fully commutative by Table 3.1).

The correspondence summarized in Table 3.1, gives an isomorphism between Weak(W J)

and J ([i]$ [n+ 1* i]), which already captures the desirable statement that there is a

bijection between the (W J , c)-sortable elements and the W J -nonnesting partitions.

But without the root order provided by wJ
0(c) to tie the story together, the (W J , c)-

Kreweras complement was studied under a multitude of di$erent names, either as the

global action from Definition 2.1.7 or as an unmotivated sequence of toggles using The-

orem 2.1.10.

To pick up where Section 4.4.1 left o$, it was called, at various times: F (A.

Brouwer and A. Schrijver [8]); f (M. Deza and K. Fukuda [9], D. Fon-Der-Flaass and

P. Cameron [133, 10]); * (R. Stanley [6]); X (D. Panyushev [121]); the Panyushev ac-

tion (D. Bessis and V. Reiner [122]); the Panyushev complement (D. Armstrong, C.

Stump, and H. Thomas [52]); rowmotion (J. Striker and N. Williams [123]); and the

Fon-Der-Flaass action (D. Rush and X. Shi [132]).

The problem of determining the order of this action on the product of two chains

was proposed in a 1974 paper by A. Brouwer and A. Schrijver [8]. After showing that
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its order on a Boolean algebra failed to adhere to a conjectural pattern for n > 4, the

two proved the following theorem.

Theorem 5.2.2 (A. Brouwer and A. Schrijver [8]). J([n] $ [k]) under Row has order

n+ k.

In 1992, D. Fon-der-Flaass used a clever combinatorial model to refine this re-

sult [133].

Theorem 5.2.3 (D. Fon-der-Flaass [133]). The length of any orbit of J([n]$ [k]) under

Row is (n + k)/d for some d dividing both n and k. Any number of this form is the

length of some orbit.

In his 2009 survey paper [6], R. Stanley noted that there was an equivariant bijection

between promotion and rowmotion. This completely resolved the original problem.

Theorem 5.2.4 (R. Stanley [6]). There is an equivariant bijection between L([n]8 [k])

under Pro and J([n]$ [k]) under Row.

In [123], we recovered and generalized this theorem by interpreting promotion on

SYT with two rows as a toggle group action—this method also worked to describe the

W -Catalan case of Section 4.4.1 in type A (cf. Section 4.4.1)

As part of their work at the University of Minnesota Combinatorics REU, D. Rush

and X. Shi later revealed that minuscule posets provided the correct context for gener-

alizing the study of these actions on the product of two chains [132]. It is a minuscule

generalization of their observation to consider the fully commutative parabolic quotients

(see Table 3.1).

5.2.2 The Commutative Part of a Subword Complex

In preparation for studying Asoc(W J , c) for fully commutative W J , we introduce the

w-commutative part of subword complexes. Quite simply, rather than looking for all

subwords of Q that represent w in the subword complex, it is reasonable to restrict our

search to copies of words that are in the same commutation class as some reduced word

w. This definition partitions the subword complex into the disjoint union of distributive

lattices, generalizing the c-singletons of [134] and recovering Weak(W J) in the case of

fully commutative quotients.
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Definition 5.2.5. Fix a Coxeter system (W,S), a word Q in the generators S, w ! W ,

and a reduced wordw = s1 · · · sk for w. Thew-commutative part"(Q,w) of the subword

complex is the simplicial complex whose faces are given by subwords P of Q whose

complement in Q contains a reduced word for w in the commutation class of w.

For each letter si ofw = s1 · · · sk, letQ(i) be the set of letters ofQ that correspond to

si in the complement of some facet of "(Q,w). Define the subword root poset #+(Q,w)

to be the set of triples (i, a, b) such that a < b ! Q(i) with no elements of Q(i) in

between a and b with a partial order & defined by the transitive closure of the relations

• (i, a, b) > (i, b, c); and

• (j, c, d) > (i, a, b) if i < j, si and sj don’t commute, and a < c.

Theorem 5.2.6. The flip poset of "(Q,w) is isomorphic to the distributive lattice

J (#+(Q,w)).

Proof. The isomorphism between the facets of "(Q,w) and J (#+(Q,w)) sends an

order ideal I to the facet whose complement—which spells out w—is given by the

positions

min
6
{a : (i, a, b) ! I} + {max{b : (i, a, b) ! #+(Q,w)}}

7
, for i = 1, 2, . . . , k.

One of the motivations for this definition is that it recovers the c-singletons.

Proposition 5.2.7. The w0(c)-commutative part "(cw0(c),w0(c)) of Asoc(W, c) is

in bijection with the (W, c)-singletons.

This follows from Proposition 1.8 in [22]. We note that J.-P. Labbé has enumerated

the c-singletons in [135].

The second motivation is that Theorem 5.2.6 will give us an isomorphism between the

Asoc(W J , c)-Cambrian poset and the Sort(W J , c)-Cambrian poset when the maximum

element of W J is fully commutative.
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Hi,a,bL H3,3,6L
i in w 2312

Ha,bL in Q 2312312

Hi,a,bL H2,2,5L
i in w 2312

Ha,bL in Q 2312312

Hi,a,bL H4,4,7L
i in w 2312

Ha,bL in Q 2312312

Hi,a,bL H1,1,4L
i in w 2312

Ha,bL in Q 2312312

Figure 5.4: The poset #+(2312312, 2312) in type A3. Note that #+(w) = #+(Q,w) (cf.

Figure 3.1).

5.2.3 Catalan Combinatorics for Fully Commutative Quotients

In this section we prove Theorem 5.2.1.

Let W J be a fully commutative parabolic quotient. Using the property that in-

version sets coincide with order ideals, Definition 5.1.6 implies that every element of

Weak(W J) is (W J , c)-sortable, so that the Sort(W J , c)-Cambrian poset is actually equal

to Weak(W J). Theorem 3.1.3 now gives a bijection between the Sort(W J , c)-Cambrian

poset and J (#+(W J)), with the property that if u ! Weak(W J),

TogtInv(u) =

+
,,-

,,.

Inv(u) + {t} if t /! Inv(u) and if "t! < "t, then t! ! Inv(u),

Inv(u)* {t} if t ! Inv(u) and if "t! > "t, then t! /! Inv(u),

Inv(u) otherwise.

This establishes that there is a Krew(WJ ,c)-equivariant isomorphism between the order

ideals J (#+(W J)) and the Sort(W J , c)-Cambrian poset.

It remains to show that we have an isomorphism with the Asoc(W J , c)-Cambrian

poset. To do this, we will show that #+(cw0(c), wJ
0 ) = #+(W J) and then invoke The-

orem 5.2.6.
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Lemma 5.2.8. Fix wJ
0 to be the longest element of a parabolic quotient W J . Then any

reduced word w0 for the longest element w0 of W contains exactly one subword that is

a reduced word for wJ
0 .

Proof. Note that w0 certainly contains at least one reduced word for wJ
0 because wJ

0 &
w0 in Bruhat order. We can locate the reduced word for wJ

0 in w0 as follows. By

Theorem 2.3.10, the positions in Inv(w0) that correspond to reflections in Inv(wJ
0 )

spell out the desired reduced word. Finally, since Inv(w0(J)) and Inv(wJ
0 ) partition the

reflections in Inv(w0), there can only be one.

Proposition 5.2.9. Fix W J fully commutative, a reduced word wJ
0 of wJ

0 , and the fully

commutative subword complex "(cw0(c),wJ
0).

Then the subword root poset #+(cw0(c),wJ
0) is isomorphic to #+(W J).

Proof. Since wJ
0 is fully commutative, "(cw0(c),wJ

0) = "(cw0(c), wJ
0 ), and it doesn’t

matter what reduced word we pick when constructing the subword root poset.

Using the proof of Proposition 3.1.8, the word cw0(c) is equal, up to commutations,

to w0(c)c. Thus, there is a leftmost and a rightmost copy of w0(c) in cw0(c), each

containing a unique subword that is a reduced word for wJ
0 . If we fix the copy of wJ

0 in

the right copy of w0(c), then our ability to flip a letter coincides with the construction

in Definition 3.1.2.

By Theorem 5.2.6, we conclude that the Asoc(W J , c)-Cambrian lattice, which is the

flip poset of "(cw0(c), wJ
0 ), is isomorphic to J (#+(W J)). Since wJ

0 is fully commuta-

tive, our method of labeling the edges of the flip poset from Section 5.1.1 agrees with the

reflection labels on the edges of Weak(W J) ;= J (#+(W J)). This concludes the proof.

Remark 5.2.10. The non-subword parts of Theorem 5.2.1 hold more generally for

fully commutative elements w, where Weak(W J) is replaced by Weak(W,w), #+(W J)

is replaced by #+(W,w), and the inversion sequence specified by wJ
0(c) is replaced by

the inversion sequence w(c).

Remark 5.2.11. In the fully commutative case, reduced words for wJ
0 correspond to

linear extensions of #+(W J) (Theorem 3.1.3), so that by Theorem 2.1.10

Krew(WJ ,c) = Row .
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For the minuscule cases, D. Rush and X. Shi generalized our toggle model of pro-

motion in [123] to a toggle model for the action of a Coxeter element c on minuscule

parabolic quotients [132]. They were then able to adapt the argument in Theorem 5.2

of [123] to show that the toggle definition (Definition 2.1.10) of Row is conjugate in the

toggle group to their model for c. By Theorem 8.2 in [11],
/

0W J ,
=

w#Weak(WJ )

q$S(w),Row

2

3

then exhibits the CSP.

5.3 Parabolic Catalan Combinatorics in Tamari Type A

For this section, fix W = An, J ( {ŝ1, ŝ2, . . . , ŝn}, and c = ĉ = ŝ1ŝ2 · · · ŝn. Without the

Cambrian rotation or recurrence as a tool, we resign ourselves to a cursory combinatorial

investigation of this Tamari type A case. We present the following new results:

• A characterization of elements of Sort(AJ
n, ĉ) by a pattern-avoidance condition

(Lemma 5.3.1);

• A noncrossing combinatorial model for NCSort(W J , ĉ) (Definition 5.3.4 and Propo-

sition 5.3.5); and

• A proof that |Sort(AJ
n, ĉ)| = |NCSort(AJ

n, ĉ)| = |NN(AJ
n, ĉ)| = |Asoc(AJ

n, ĉ)| (The-
orem 5.3.8).

5.3.1 Sortable Elements

We first establish some notation and then give a pattern-avoidance condition for w ! W J

to be ĉ-sortable.

Fix J = S * {ŝj1 , ŝj2 , . . . , ŝjr} and let B(J) be the set partition of [n+ 1]

{{1, . . . , j1}, {j1 + 1, . . . , j2}, . . . , {jr"1 + 1, . . . , jr}, {jr + 1, . . . , n+ 1}},

where—to avoid confusion later on—we call blocks of B(J) J-regions. It is easy to see

that the one-line notation for w then has the form

w =
;
w1 < . . . < wj1 | wj1+1 < . . . < wj2 | . . . | wjr+1 < . . . < wn+1

<
,
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where w is increasing on each of the J-regions.

This next lemma generalizes the notion of 231-avoiding to parabolic quotients in

type A.

Lemma 5.3.1. A permutation w ! AJ
n is (AJ

n, ĉ)-sortable i! w contains no subsequence

(k + 1)jk with j > k + 1 and

(k + 1), j, and k each in a di!erent J-region of w. (Subsequences are not necessarily

consecutive.)

Proof. One can explicitly write down the root order Inv(wJ
0(ĉ)), as in the proof of

Proposition 4.4.16. Of importance is that, if ",#, and " + # are all roots in #+(W J)

and " <w0(ĉ) #, then " <wJ
0(ĉ)

#. From the well-known type A case of Definition 5.1.6,

we are therefore trying to avoid certain 231 patterns: the property that "+# is a descent

becomes the the condition that the letters of w representing 2 and 1 di$er by one, while

the property that ",#, and "+ # are all in #+(W J) becomes the condition that the 2,

3, and 1 must all be in di$erent J-regions.

Example 5.3.2. If J = {2} then w = 3|24|1 has inversion set

Inv(w) =

3 » 2 4 » 1 ,

and is (W J , ĉ) sortable, even though the subsequences 341 and 241 form instances of

the pattern 231.

Remark 5.3.3. Lemma 5.3.1 suggests that the correct notion of pattern containment

for parabolic quotients is when each letter of the pattern is contained in a di$erent

J-region. It might be interesting to study pattern avoidance for parabolic quotients.

5.3.2 Noncrossing Partitions

In this section we give a definition for the AJ
n-noncrossing partitions that satisfies a

variation of the standard An-noncrossing model. We also show that this definition agrees

with Definition 5.1.13 for Sort(AJ
n, ĉ)-noncrossing partitions.
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Definition 5.3.4. An (AJ
n, ĉ)-noncrossing partition is a partition of [n+1] with the

conditions that:

1. If i, j are in the same J-region, then they are not in the same block of ;

2. If (i1, i2), (j1, j2) are two distinct bumps in with i1 < j1 < i2 < j2, then either

i1, j1 are in the same J-region or j1, i2 are in the same J-region; and

3. If (i1, i2), (j1, j2) are two distinct bumps in with i1 < j1 < j2 < i2, then i1 and

j1 are in di$erent J-regions.

This generalizes the notion of the classical noncrossing partitions, which are recov-

ered when J = 9 (cf. Definition 4.1.1).

Before proving that Definition 5.3.4 agrees with the definition of the Sort(W J , c)-

noncrossing partitions, we give a combinatorial model. Recall from Section 4.1.3 that

if (i1, i2) is a bump in , the usual combinatorial model for partitions would have us

draw an arc beginning at i1 and ending at i2, passing over all elements in between. As

{13, 24} is a A{2}
3 -noncrossing partition, if we want these new noncrossing partitions to

continue to have noncrossing arcs, then we cannot use this combinatorial model. The

solution is to insist that the arc from i1 to i2 passes under all elements in the same block

of B(J) as i1 and over all other elements until i2. The definition of an AJ
n-noncrossing

partition then ensures that all resulting pairs of arcs are noncrossing. This is illustrated

in Figure 5.5.

Proposition 5.3.5. The (AJ
n, ĉ)-noncrossing partitions of Definition 5.3.4 are the same

as the NCSort(AJ
n, ĉ) of Definition 5.1.13. Furthermore, |Sort(AJ

n, ĉ)| = |NCSort(AJ
n, ĉ)|.

Proof. Given an (AJ
n, ĉ)-sortable element w, the corresponding Sort(AJ

n, ĉ)-noncrossing

partition is given by the cover reflections (i, j) of w. We show this is also a (AJ
n, ĉ)-

noncrossing partition.

For condition 1 of Definition 5.3.4, note that the covered reflections can never connect

two elements of the same J-region. For condition 2, suppose that (i1, i2), (j1, j2) are two

distinct bumps in with i1 < j1 < i2 < j2 and neither i1, j1, nor j1, i2 are in the

same block. But then the subword w(i1)w(j1)w(i2) is forbidden by Lemma 5.3.1. For

condition 3, suppose (i1, i2), (j1, j2) are two distinct bumps in with i1 < j1 < j2 < i2



144

34

24

12
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34

1224

13
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1334

1324

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

Figure 5.5: The 10 (A{2}
3 , ĉ)-noncrossing partitions ordered in the Cambrian poset.
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so that i1 and j1 are in the same J-region. Then the subword w(i1) w(j2) w(i2) is

forbidden by Lemma 5.3.1.

On the other hand, suppose we are given a (AJ
n, ĉ)-noncrossing partition . We must

now construct an element of Sort(AJ
n, ĉ) with covered reflections equal to the bumps in

. We argue by induction on n.

Let 1 be in a block (1) = {1 = i1, i2, . . . , ik} with k " 1. The permutation w

that we construct must have w(i1) = w(i2) + 1 = w(i3) + 2 = · · · = w(ik) + (k * 1)

a consecutive segment on [n + 1], so that we just need to identify w(i1). The smallest

possible value for w(i1) can be computed by looking at the arcs of the block (1) and the

arcs of blocks that occur to the left of the same J-region of elements of (1), counting

the number of elements below these arcs (along with their endpoints); this also breaks

the elements into two parts—one part whose labels must be less that w(ik) and one

part whose labels must be greater than w(i1). Choose this value for w(i1). Removing

the block (1), we construct two smaller permutations by induction, each satisfying

Lemma 5.3.1, on the parabolics corresponding to the numbers 1, 2, . . . , w(ik) * 1 and

w(i1) + 1, . . . , n + 1. We now fashion these smaller permutations together with the

consecutive segment corresponding to the block (1) into a permutation w on [n+ 1].

The choice of w(i1) implies that w satisfies Lemma 5.3.1.

Example 5.3.6. For A{1,3,5}
5 , the permutation w = 45|23|16 has descents (14) and (35),

which is the noncrossing partition
1 2 3 4 5 6

.

Conversely, given the noncrossing partition above, we compute that the smallest

possible value for the first letter is 4. Completing the two smaller noncrossing partitions

(one on the numbers 26 and the other on 35) recovers w.

5.3.3 Nonnesting Partitions

In this section we give a bijection between the nonnesting partitions NN(AJ
n, ĉ) and

NCSort(AJ
n, ĉ).

Proposition 5.3.7. |NN(AJ
n, ĉ)| = |NCSort(AJ

n, ĉ)|.

Proof. We first construct a bijection from order ideals of #+(AJ
n) to AJ

n-noncrossing

partitions for maximal parabolic quotients, and then inductively build the bijection for
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all parabolic quotients.

Although the map taking an element w to its set of covered reflections cov% is a

bijection for maximal parabolic quotients—since, as we saw in Section 5.2, the notions

of noncrossing and nonnesting partitions coincide in this case—we use a slightly more

complicated bijection in preparation for the proof of the general statement. If J =

S * {k}, label the root ei * ej of #+(AJ
n) by the arc (k + 1 * i, n + 2 * j + k). The

rectangular root poset #+(AJ
n) is therefore labeled as:

(k, (k + 1)) . . . (k, n) (k, (n+ 1))
...

. . .
...

...

(2, (k + 1)) . . . (2, n) (2, (n+ 1))

(1, (k + 1)) . . . (1, n) (1, (n+ 1))

Then given an order ideal in #+(AJ
n), let the corresponding noncrossing partition be

the one whose bumps are given by the labels of the minimal elements not in the order

ideal.

We now proceed by induction. We are given J = S * {ŝk1 , ŝk2 , . . . , ŝkl} and an order

ideal I of the poset #+(AJ
n). We will construct a noncrossing partition & of 1, 2, . . . , n+1,

starting from the partition with no arcs.

First split I into two parts:

• Part A contains all roots of I that lie within the order filter of "̂k1 and

• Part B contains the remaining roots of I.

Thinking of part B as an order ideal in #+
;
AJ"{k1}

n"k1

<
, we inductively find the

corresponding noncrossing partition. We embed this in & as a noncrossing partition on

{k1 + 1, k1 + 2, . . . , n+ 1}.
We now restrict to the columns in part A that have a root of I in part B directly

below them, or are outside the order filter generated by "̂k2 , . . . , "̂kl . The minimal

elements within the restricted columns in I from part A now allow us to pair elements in

{1, 2, . . . , k1} with elements in the rest of the noncrossing partition & using the bijection

we established for the maximal parabolic case. By construction, the resulting partition

is noncrossing. This is illustrated in Figure 5.6.
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ak1

Part A

Part B

ak1

Part A

Part B

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 9 10

Figure 5.6: Figure illustrating how to combine parts A and B.

The reverse bijection is clear. Ignoring the part of the noncrossing partition cor-

responding to the first J-block, we construct part B. This gives us the labeling of A,

which—combined with the arcs of the first block—allow us to read o$ the part of the

order ideal corresponding to part A.

5.3.4 All Together Now

Theorem 5.3.8.

|Sort(AJ
n, ĉ)| = |NCSort(A

J
n, ĉ)| = |NN(AJ

n, ĉ)| = |Asoc(AJ
n, ĉ)|.

Proof. We showed in Proposition 5.3.5 that |Sort(AJ
n, ĉ)| = |NCSort(AJ

n, ĉ)| in and in

Proposition 5.3.7 that |NCSort(AJ
n, ĉ)| = |NN(AJ

n, ĉ)|. It remains to show that the number

of facets of Asoc(AJ
n, ĉ)| is also equinumerous with these other three quantities. But this

follows from Remark 4.5.8 in Section 4.5.2, which gave a bijection between the facets of

Asoc(AJ
n, ĉ) and NN(AJ

n, ĉ).
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5.4 Examples, Conjectures, and Data

We conclude this chapter with some cautionary examples that illustrate the limitations

of our generalization of W -Catalan combinatorics; this serves only to increase the mys-

tery theW -Catalan case of Chapter 4. We end on a more optimistic note by conjecturing

that the theory works well in the coincidental types A,B,H3, and I2(m) and by provid-

ing an appendix of data revealing some extraordinary coincidences between the number

of (W J , c)-noncrossing and nonnesting objects.

5.4.1 Examples

In increasing order of disappointment, we now give examples that break various pieces

of W -Catalan combinatorics.

Example 5.4.1. If c and c! are two Coxeter elements, it is not always the case that

the underlying graph of Sort(W J , c)-Cambrian lattice is isomorphic to the underlying

graph of Sort(W J , c!)-Cambrian lattice. This is illustrated in Figures 5.3 and 5.7.

Example 5.4.2. If c and c! are two Coxeter elements, it is not always the case that

|Sort(W J , c)| = |Sort(W J , c!)|.

In D4, take J = {s1, s2}, c = s3s2s1s4, and c! = s2s2s4s3. Then |Sort(W J , c)| = 21,

but |Sort(W J , c!)| = 22. See also Figure 5.3.

Example 5.4.3. Any equivariant bijection between noncrossing and nonnesting par-

titions will not respect support; that is, we do not have an immediate analogue of

Conjecture 4.4.6.

In Example 5.1.19, note that the nonnesting partition consisting only of the

simple root "1 is in the orbit of size 4, while in Example 5.1.5 the facet {2, 3, 4, 7} has

Down(F ) = {s1} but is in an orbit of size 3.

Example 5.4.4. We do not always have

|Sort(W J , c)| = |NN(W J)|.

InD4, take J = {s1, s2} and c = s3s2s1s4. Then |Sort(W J , c)| = 21, but |NN(W J)| =
22.
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122434 13

1324

2»13»4

1»23»4

4»12»3
3»12»4

1»24»3

2»34»1
1»34»2

2»14»3

3»14»2

3»24»14»13»2

4»23»1

Figure 5.7: The Sort(W J , c)-Cambrian poset, labeled by elements of Sort(W J , c) (in

gray) and the rest of their corresponding interval (in white), for W J = A{2}
3 and c =

s2s3s1. Compare with Figure 5.3.
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Example 5.4.5. There is not always a choice of Coxeter element c for which

|Sort(W J , c)| = |NN(W J)|.

In F4 with J = {s2, s3}, we get at most 62 noncrossing objects instead of the 63

nonnesting objects (see Figure 5.6). This should not come as a surprise: from the point

of view of the root system, s2 is a long root and s3 is short—which makes the positive

root poset asymmetric. But from the point of view of the Coxeter group, s2 and s3

are identical. Even so, of the 16 parabolic quotients of F4, there are only discrepancies

between the number of noncrossing and nonnesting objects for J = {s2, s3} and J =

{s1, s2, s3}.

5.4.2 Conjectures and Future Work

In generalizing W -Catalan combinatorics to parabolic quotients, we broke not only

the theorem that noncrossing Catalan objects were equinumerous for any two Cox-

eter elements (Example 5.4.2), but also that noncrossing and nonnesting objects were

equinumerous (Examples 5.4.4 and 5.4.5).

Our first conjecture states that W J -Catalan combinatorics more closely resembles

W -Catalan combinatorics when W is of coincidental type—that is, exactly when The-

orem 3.1.9 holds (see also Remark 3.1.26).

Conjecture 5.4.6. For W of type A,B,H3, or I2(m) and for any two Coxeter elements

c, c!,

|Sort(W J , c)| = |Sort(W J , c!)| = |Asoc(W J , c)| = |Asoc(W J , c!)| = |NN(W J)|.

As in the W -Catalan case, we believe that the noncrossing and nonnesting partitions

are not only equinumerous, but also share structural properties. Example 5.4.3 revealed

that the obvious analogue of Conjecture 4.4.6 cannot hold. We therefore make the

following weaker conjecture.

Conjecture 5.4.7. For W of coincidental type, there is an equivariant bijection between

Asoc(W J , c) (or Sort(W J , c)) under Krew(WJ ,c) and NN(W J) under Krew(WJ ,c).
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Remark 5.4.8. Although we are now getting far ahead of ourselves, it is reasonable to

suspect that both multi- and Fuss-Catalan versions of the W J -Catalan theory should

exist.

Obvious guesses for definitions of the Fuss-Catalan and multi-Catalan nonnesting

partitions are

• The number of regions of Shi(m)(W ) contained in the chamber wJ
0C for W of

crystallographic type; and

• J (#+(W J)$ [k]) for W of crystallographic type, H3, or I2(m).

Similarly, we can guess that the multi-Catalan subword complexes should be given

by "(ckw0(c), wJ
0 ), although the “correct” Fuss-Catalan definition is not as immediate.

For W J fully commutative, the noncrossing and nonnesting (W J , c)-multi-Catalan

objects are equinumerous and have nice enumerations (see Equation 3.1.1). For example,

the type A fully commutative multi-Catalan objects are counted by the MacMahon box

formula.

Remark 4.5.8 shows that (AJ , ĉ)-noncrossing and nonnesting multi-Catalan objects

are in bijection.

Remark 5.4.9. A further generalization of the theory is from parabolic quotientsW J—

thought of as intervals [e, wJ
0 ]S in the weak order—to intervals [e, u]S for general elements

u ! W . Thus, Definitions 5.1.6 and 5.1.17 become

• The subword complex "(cw0(c), u);

• The elements w ! [e, u]S such that when " + # ! Des(w) with " < " + # < # in

the root order Inv(u(c)), then " ! Inv(w); and

• The order ideals in the restriction of #+(W ) to the roots corresponding to inver-

sions of u.

By considering a limiting case, such as when u is a simple reflection, we see that the

first definition cannot be fully satisfactory in this setting (perhaps the correct condition

is that w0(c) contains exactly one reduced word for u?), but we do not know the extent

to which the theory can be pursued in this direction.
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5.4.3 Data

J |Sort(AJ
4 )| = |Asoc(AJ

4 )| = |NN(AJ
4 )| |Sort(BJ

4 )| = |Asoc(BJ
4 )| = |NN(BJ

4 )|
{} 42 70

{1} 28 50

{2} 32 58

{3} 32 60

{4} 28 56

{1, 2} 14 30

{1, 3} 22 44

{1, 4} 19 41

{2, 3} 17 40

{2, 4} 22 48

{3, 4} 14 28

{1, 2, 3} 5 16

{1, 2, 4} 10 26

{1, 3, 4} 10 22

{2, 3, 4} 5 8

{1, 2, 3, 4} 1 1

Table 5.2: Using the labelings 1 2 3 4 and 1 2 3 44 , the

numbers Cat(W J) for types A4 and B4. Wwe have suppressed the dependence of

|Sort(W J , c)| and |Asoc(W J , c)| on c, as they agree for all Coxeter elements.
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J |Sort(DJ
4 , c)| = |Asoc(DJ

4 , c)| |NN(DJ
4 )|

2341 1234 3214 4231

{} 50 50

{1} 36 36

{2} 42 42

{3} 36 36

{4} 36 36

{1,2} 22 22 21 21 22

{1, 3} 27 27

{1, 4} 27 27

{2, 3} 22 21 22 21 22

{2, 4} 22 21 21 22 22

{3, 4} 27 27

{1, 2, 3} 8 8

{1, 2, 4} 8 8

{1, 3, 4} 21 21

{2, 3, 4} 8 8

{1, 2, 3, 4} 1 1

Table 5.3: Using the labeling 1 2

3

4

, the various numbers Cat(DJ
4 ). The values of

|Sort(W J , c)| = |Asoc(W J , c)| are equal for c and c"1.
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J |Sort(HJ
3 )| = |Asoc(HJ

3 )| = |NN(HJ
3 )|

{} 32

{1} 27

{2} 28

{3} 25

{1, 2} 12

{1, 3} 22

{2, 3} 18

{1, 2, 3} 1

Table 5.4: Using the labeling 1 2 35 , the numbers Cat(HJ
3 ). As in Table 5.2,

we have suppressed the dependence of |Sort(W J , c)| and |Asoc(W J , c)| on c.
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J |Sort(HJ
4 )| = |Asoc(HJ

4 )| |NN(HJ
4 )|

{} 280 280

{1} 266 266

{2} 270 270

{3} 266 266

{4} 248 248

{1, 2} 209 210

{1, 3} 256 256

{1, 4} 239 239

{2, 3} 245 245

{2, 4} 242 242

{3, 4} 216 216

{1, 2, 3} 95 106

{1, 2, 4} 197 198

{1, 3, 4} 212 212

{2, 3, 4} 191 191

{1, 2, 3, 4} 1 1

Table 5.5: Using the labeling 1 2 3 45 , the various numbers Cat(HJ
4 ). As

in Table 5.2, we have suppressed the dependence of |Sort(W J , c)| and |Asoc(W J , c)| on
c. The values for |NN(W J)| were computed using the four candidate “root posets” in

Figure 5 of [18], all of which gave the same numbers.
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J |Sort(F J
4 , c)| = |Asoc(F J

4 , c)| |NN(F J
4 )|

2341 1234 3214 4231

{} 105 105

{1} 85 85

{2} 95 95

{3} 95 95

{4} 85 85

{1,2} 65 65

{1, 3} 79 79

{1, 4} 71 71

{2, 3} 62 57 62 62 63

{2, 4} 79 79

{3, 4} 65 65

{1, 2, 3} 23 23 23 23 24

{1, 2, 4} 57 57

{1, 3, 4} 57 57

{2, 3, 4} 23 23

{1, 2, 3, 4} 1 1

Table 5.6: Using the labeling 1 2 3 44 , the various numbers Cat(F J
4 ). The

values of |Sort(W J , c)| = |Asoc(W J , c)| are equal for c and c"1.
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Kraśkiewicz, W., 45

linear extension, 11

promotion, 11

standard Young tableau, 12

longest element, 19

marking functions, 64

Miller, E., 25

noncrossing partition, 71, 79

W J -Catalan

combinatorial model in type A, 143

from sortable elements, 134

from subword, 132

Cambrian lattice, 82

Cambrian recurrence, 86

Cambrian rotation, 86

dual subword complex, 80

flip, 82

Fuss-Catalan, 116

Fuss-Dogolan, 119

Kreweras complement, 120

shift, 119

Kreweras complement



171

global, 72, 80

local, 85

lattice, 72, 79

rational, 122

shift, 85

support, 81

nonnesting partition, 73, 96

W J -Catalan, 134

Fuss-Catalan, 151

Kreweras complement, 135

multi-Catalan, 151

Cambrian rotation, 99

Fuss-Catalan, 120

Kreweras complement, 98

positive, 99

multi-Catalan, 114

rational, 122

support, 98

order filter, 13

order ideal, 13

distributive lattice of, 13

rowmotion, 13

toggle, 13

Pak, I., 49

Panyushev, D., 97

Papi, P., 96

parking function, 49

partition

integer, 12

Ferrers diagram, 12

hook-length, 12

standard Young tableaux, see linear

extension

noncrossing, see noncrossing partition

nonnesting, see nonnesting partition

set, 71

blocks, 71

permutation, 23

code, 23

parabolic quotient, 141

231-avoiding, 142

pattern avoidance, 53

231-avoiding, see sortable

vexillary, 54

representations in classical types, 23

Pilaud, V., 28

poset, 11

Gaussian, 42

linear extension, see linear extension

order ideal, see order ideal

rank, 11

promotion, 11

Purbhoo, K., 56

Reading, N., 105, 115

Reading, Nathan, 86

reflection

covered, 20

covering, 20

order, 24

simple reflections, 16

Reiner, V., 14, 97

Rhoades, B., 42, 115

root, 16



172

negative, 16

order, 24

poset, 24

poset for parabolic quotients, 30

positive, 16

system, 16

systems in the classical types, 26

rowmotion, 13

Serrano, L., 109

Shi, J., 51

sortable, 106

231-avoiding, 75

W J -Catalan, 128

Cambrian poset, 131

antisortable, 107

Cambrian lattice, 108

Cambrian recurrence, 106

singleton, 107

Stanley, R., 45, 49, 63, 137

Stanton, D., 14

Stembridge, J., 14, 41

Stump, C., 28, 98, 109

subword complex, 25

W J -Catalan, 127

Cambrian poset, 127

Kreweras complement, local, 128

multi-Catalan, 151

Catalan

associahedron, 88

Cambrian lattice, 90

Cambrian recurrence, 94

Kreweras complement, local, 91

shift, 91

support, 90

triangulation, 72

commutative part, 138

faces, 25

flip, see flip

multi-Catalan, 113

subword complex, dual, 35

clusters, 88

Fuss-Catalan

clusters, 115

noncrossing partitions, 116

Fuss-Dogolan, 119

noncrossing partitions, 80

Tamari lattice, 73

Thomas, H., 51, 98

toggle, 13

positive, 99

toggle group, 14

Tzanaki, E., 88, 115

weak order, 19

White, D., 14, 42

Zabrocki, M., 51


