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Abstract

The past decades have witnessed a remarkable emergence of new spaceborne and ground-
based sources of multiscale remotely sensed geophysical data. Apart from applications re-
lated to the study of short-term climatic shifts, availability of these sources of information
has improved dramatically our real-time hydro-meteorological forecast skills. Obtaining
improved estimates of hydro-meteorological states from a single or multiple low-resolution
observations and assimilating them into the background knowledge of a prognostic model
have been a subject of growing research in the past decades. In this thesis, with particular
emphasis on precipitation data, statistical structure of rainfall images have been thoroughly
studied in transform domains (i.e., Fourier and Wavelet). It is mainly found that despite
different underlying physical structure of storm events, there are general statistical signa-
tures that can be robustly characterized and exploited as a prior knowledge for solving
hydro-meteorological inverse problems such rainfall downscaling, data fusion, retrieval and
data assimilation. In particular, it is observed that in the wavelet domain or derivative
space, rainfall images are sparse. In other words, a large number of the rainfall expan-
sion coefficients are very close to zero and only a small number of them are significantly
non-zero, a manifestation of the non-Gaussian probabilistic structure of rainfall data. To
explain this signature, relevant family of probability models including Generalized Gaussian
Density (GGD) and a specific class of conditionally linear Gaussian Scale Mixtures (GSM)
are studied. Capitalizing on this important but overlooked property of precipitation, new
methodologies are proposed to optimally integrate and improve resolution of spaceborne and
ground-based precipitation data. In particular, a unified framework is proposed that ties
together the problems of downscaling, data fusion and data assimilation via a regularized
variational approach, while taking into account the underlying sparsity in an appropriately
chosen transform domain. This framework seeks solutions beyond the paradigm of the
classic least squares by imposing a proper regularization. The results suggest that sparsity-
promoting regularization can reduce uncertainty of estimation in hydro-meteorological in-
verse problems of downscaling, data fusion, and data assimilation. In continuation of the
proposed methodologies, we also introduce a new data driven framework for multisensor
spaceborne rainfall retrieval problem and present some preliminary and promising results.
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Chapter 1

An Overview

1.1 Introduction and problem statement

In parallel to the growing technologies for earth remote sensing observatory systems, for
enhancing our environmental forecast skills, we have witnessed an increasing interest to
improve the accuracy of observations and integrate them with predictive models. Remote
sensing observations are typically noisy and coarse-scale representations of a true state vari-
able of interest without sufficient details for fine-scale environmental modeling. In addition,
environmental predictions are not perfect as prognostic models often suffer either from in-
adequate characterization of the underlying physics or inaccurate initialization. Given these
limitations, several classes of estimation problems present themselves as continuous chal-
lenges for the atmospheric, hydrologic, and oceanic science communities. These include:
(1) Downscaling which refers to the class of problems for enhancing the resolution of a
measured or modeled state variable of interest by producing a fine-scale representation
with reduced uncertainty; (2) Data fusion, to produce an improved estimate from a suite
of noisy observations at different scales; (4) Data assimilation which deals with estimating
initial conditions of a predictive model consistent with the available incomplete observa-
tions and the underlying dynamics; and (5) Data retrieval for recovery of state variable of
interest from indirect and non-linearly related noisy observations. In this thesis, we revisit
the problems of downscaling (DS), data fusion (DF), and data assimilation (DA) focusing
on a common thread between them as variational inverse problems. New approaches are
presented via applying proper regularization in transform domains and efficient solution
methods are explored. In this thesis, we direct our concentration on hydro-meteorological
problems with particular emphasis on land-surface hydrologic applications and in particular
rainfall related inverse problems. In addition, a new framework for spaceborne rainfall data
retrieval (DR) is briefly explained and some promising results are presented.

In land-surface hydrologic studies, downscaling (DS) of precipitation and soil moisture
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observations has received considerable attention, using a relatively wide range of method-
ologies. DS methods in hydro-meteorology and climate studies generally fall into three main
categories namely, dynamic downscaling, statistical downscaling, and variational downscal-
ing. Dynamic downscaling often uses a regional physical model to reproduce fine-scale
details of the state of interest consistent with the large-scale observations or outputs of a
global circulation model (e.g., Reichle et al., 2001a; Castro et al., 2005; Zupanski et al.,
2010). Statistical downscaling methods encompass a large group of methods that typi-
cally use empirical multiscale statistical relationships, parameterized by observations or
other environmental predictors, to reproduce realizations of fine-scale fields. Precipita-
tion and soil moisture statistical downscaling has been mainly approached via spectral or
(multi)fractal interpolation methods, capitalizing on the presence of a power law spectrum
or statistical self-similarities in precipitation or soil moisture fields (Lovejoy and Mandel-
brot , 1985; Lovejoy and Schertzer , 1990; Gupta and Waymire, 1993; Kumar and Foufoula-
Georgiou, 1993a,b; Perica and Foufoula-Georgiou, 1996a,b; Veneziano et al., 1996; Wilby
et al., 1998b,a; Deidda, 2000; Kim and Barros, 2002; Rebora et al., 2005; Badas et al., 2006;
Merlin et al., 2006, , among others). In variational approaches, a direct cost function is
defined whose optimal point is the desired fine-scale field which can be obtained via using
an optimization method. Recently along this direction, Ebtehaj et al. (2012) cast the rain-
fall DS problem as an inverse problem using sparse regularization to address the intrinsic
rainfall singularities and non-Gaussian statistics.

The data fusion (DF) problem has also been a subject of continuous interest in the pre-
cipitation science community mainly due to the availability of rainfall measurements from
multiple spaceborne (e.g., TRMM and GOES satellites) and ground-based sensors (e.g., the
NEXRAD network and rain-gauges). The accuracy and space-time coverage of remotely
sensed rainfall are typically conjugate variables. In other words, more accurate observations
are often available with lower space-time coverage and vice verse. For instance, low-orbit
microwave sensors provide more accurate with less space-time coverage compared to the
high-orbit geo-stationary infrared (GOES-IR) sensors. Moreover, there are often multiple
instruments on a single satellite (e.g., precipitation radar and microwave imager on TRMM),
each of which measures rainfall with different footprints and resolutions. A wide range of
methodologies including weighted averaging, regression, filtering, and neural networks has
been applied to combine microwave and Geo-IR rainfall signals (e.g., Adler et al., 2003;
Huffman et al., 1995; Sorooshian et al., 2000; Huffman et al., 2001; Hong et al., 2004; Huff-
man et al., 2007). Furthermore, a few studies have addressed methodologies to optimally
combine the products of the TRMM precipitation radar (PR) with the TRMM microwave
imager (TMI) using Bayesian inversion and weighted least squares approaches (e.g., Ma-
sunaga and Kummerow , 2005; Kummerow et al., 2010). From another direction, Gaussian
filtering methods on Markovian tree-like structures, the so-called scale-recursive-estimation
(SRE), have been proposed to merge spaceborne and ground-based rainfall observations at
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multiple scales (e.g., Gorenburg et al., 2001; Tustison et al., 2003; Bocchiola, 2007; Van de
Vyver and Roulin, 2009; Wang et al., 2011), see also (Kumar , 1999) for soil moisture ap-
plications. Recently, using the Gaussian scale mixture probability model and an adaptive
filtering approach Ebtehaj and Foufoula-Georgiou (2011b) proposed a fusion methodology
in the wavelet domain to merge TRMM-PR and ground-based NEXRAD measurements,
aiming to preserve the non-Gaussian structure and local extremes of precipitation fields.

Data assimilation (DA) has played an important role in improving the skills of environmen-
tal forecasts and has become by now a necessary step in operational predictive models (see
Daley , 1993). DA amounts to integrating the underlying knowledge from the observations
into the first guess or the background state, typically provided by a physical model from
the previous forecast step. The goal is then to obtain an improved estimate of the current
state of the system with reduced uncertainty, the so called analysis. The analysis is then
used to forecast the state at the next time step and so on (see Daley , 1993; Kalnay , 2003,
for a comprehensive review). One of the most common approaches to the data assimilation
problem relies on variational techniques (e.g., Sasaki , 1958; Lorenc, 1986; Talagrand and
Courtier , 1987; Courtier and Talagrand , 1990; Parrish and Derber , 1992; Zupanski , 1993;
Courtier et al., 1994; Reichle et al., 2001b; Margulis and Entekhabi , 2003, among many
others). In these methods, one explicitly defines a cost function, typically quadratic, whose
unique minimizer is the analysis state. Very recently Freitag et al. (2012) and Ebtehaj and
Foufoula-Georgiou (2013) proposed a regularized variational data assimilation scheme to
improve assimilation results in the presence of sparsity in a pre-selected basis.

Data retrieval (DR) is also an essential component in hydro-meteorological estimation prob-
lems, especially for remote sensing observations. DR is typically referred to the class of
nonlinear hydro-meteorological inverse problems. In this class of problems, we typically
seek estimates of a particular state of interest from noisy and non-linearly related observa-
tions. Data retrieval is a necessary step for many operational data assimilation problems
such as the spaceborne rainfall data assimilation. Spaceborne rainfall detection and esti-
mation heavily rely on remotely sensed passive microwave signals which encode the rainfall
radiant and scattering fluxes. These energy fluxes are not linearly dependent to the sur-
face rainfall intensity and rainfall estimation from these observations requires to solve a
highly nonlinear inverse problem. The existing non-linearly is typically governed by com-
plex physically based cloud resolving models that can not be easily framed into the context
of classic formulation of inverse problems. Therefore, typically we solve a rainfall retrieval
problem to map radiant energy fluxes onto the rainfall space prior to any data assimilation
experiment.

Inspired by statistical structure of rainfall data and ubiquity of non-Gaussian sparsity in
many natural processes, the central goal of this thesis is to propose a unified sparsity
promoting framework for the class of DS, DF, DA, and DR problems. The proposed
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framework relies on the recent developments in mathematical formalisms of inverse problems
(e.g., Elad , 2010). These recent developments have received a great deal of attention in the
statistical regression and imaging sciences in the past decades (e.g., Tibshirani , 1996; Chen
et al., 1998; Wainwright and Simoncelli , 2000; Chen et al., 2001), but are relatively new to
the geophysical community. Presented methodologies are examined through downscaling
and data fusion of rainfall remotely sensed observations, which has fundamental applications
in flash flood predictions, especially in small watersheds (Rebora et al., 2005; Siccardi et al.,
2005; Rebora et al., 2006). We show that the presented methodologies allow us to improve
the quality of rainfall estimation and reduce the uncertainty of estimation by recovering the
small-scale high-intense rainfall extreme features, which have been lost due to the possible
low-resolution constraints of the sensor. For the family of data assimilation problems,
the promise of the presented framework, is demonstrated via simple example using the
linear advection-diffusion equation, which has a key role in study of land-surface heat and
mass fluxes (e.g., Milly , 1982; Entekhabi et al., 1994; Liang et al., 1999; Caparrini et al.,
2003; Bateni and Entekhabi , 2012). The results demonstrate that the accuracy of the
analysis and forecast cycles in a data assimilation problem can be markedly improved,
compared to the classic variational methods, especially when the initial state is sufficiently
sparse in a properly chosen basis. For the data retrieval (DR) problem, we also introduce
a novel supervised statistical learning algorithm that allows us to estimate surface rain
rates from indirect spaceborne measurements of atmospheric brightness temperature. In
this study we use Tropical Rainfall Measuring Mission (TRMM) satellite observations.
In this satellite there are multiple sensors including an active precipitation radar (PR)
and a passive radiometer (TMI) that provide a valuable library of coincidentally observed
reflectivity and radiance of precipitable water in the vertical structure of atmosphere. The
PR sensor is more accurate than the TMI but has a more confined areal coverage. Therefore,
the motivation is to learn from these libraries of coincidental observations to enhance the
accuracy of the low-resolution sensor (TMI) over the areas where the high-resolution sensor
(PR) is blind. The results of the presented algorithm is extremely promising and comparable
with the in-place physically based algorithms, developed in the past two decades. The
results show a promising path towards further developments of the algorithm for operational
purposes. This thesis is structured as follows:

Chapter 2 provides an extensive case study of high-resolution stage II Doppler radar data
of the Rapidan storm, June 1995, over the Appalachian Mountains. This chapter provides
preliminary insights into rainfall statistics in the Fourier and wavelet domain and their
possible connections with the underlying orographic features. Chapter 3 is devoted to an
extensive statistical analysis of high-resolution precipitation images obtained from the stage
III ground-based radar observations over two ground validation sites (in Texas and Florida)
of the Tropical Rainfall Measuring Mission (TRMM) satellite. In this chapter we study the
rainfall statistics and their scaling behavior in the wavelet domain and introduce relevant

4



probability models with particular emphasize on the heavy tailed non-Gaussian and sparse
structure of the rainfall fields. Chapter 4 explains a filtering methodology for fusion of
multiscale multisensor precipitation data using the Gaussian Scale Mixtures (GSM) prob-
ability model. Examples are provided to merge coincidental TRMM observations with the
ground-based NEXRAD radar data. Building upon the observed rainfall sparsity, Chap-
ter 5 introduces a new rainfall downscaling methodology via `1-norm regularization and
dictionary learning. Inspired by the previous findings, new methodologies are presented
in Chapter 6, that ties together the problems of variational downscaling (DS), data fu-
sion (DF), and data assimilation (DA) via sparsity-promoting regularization. Chapter 7
is devoted to present the new data retrieval (DR) algorithm. Some promising results are
provided in this chapter on retrieval of surface rain rates, given passive multispectral ob-
servations of the TMI sensor on board of the TRMM satellite.
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Chapter 2

Orographic signature on multiscale
statistics of extreme rainfall: A
storm-scale study

Rainfall intensity and spatio-temporal patterns often show a strong dependence on the
underlying terrain. The main objective of this work is to study the statistical signature
imprinted by orography on the spatial structure of rainfall and its temporal evolution at
multiple scales. The results of an extensive analysis of the high-resolution stage II Doppler
radar data of the Rapidan storm, June 1995, over the Appalachian Mountains is reported
in this study. The orographic signature on the elementary statistical structure of the
precipitation fields is studied via a variable intensity thresholding scheme. This signature
is further explored at multiple scales via analysis of the dependence of precipitation fields on
the underlying terrain both in spatial and Fourier domains. This chapter provides insights
on non-Gaussian structure of precipitation and serves as the main motivation to study the
rainfall statistical structure in the wavelet domain which is the subject of the next chapter.

2.1 Introduction

There is evidence to suggest that the small]scale space]time structure of intense mountain-
ous storms (subkilometer and subhour scales) has important hydrologic and geomorphic
implications both in the short]term (e.g., triggering landslides and flash floods) and in the
long]term evolution of landscapes (Montgomery et al., 2001; Roe, 2005). Also the con-
sequences of extreme mountainous storms are often disastrous for the local and regional
economy. For instance, the storm of 27 June 1995 over Madison County in Virginia caused
a peak rainfall accumulation exceeding 600 mm in 6 h (Smith et al., 1996) which produced
flash flooding and triggered massive shallow landsliding and destructive debris flows across
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the region. Three fatalities and a total loss of property exceeding 200 million dollars were
reported. During the event of 28 July 1997, the city of Fort Collins in Colorado experienced
a catastrophic flash flood that caused five fatalities and more than 200 million dollars in
damage. Maximum accumulated rainfall for that storm exceeded 254 mm within 6 h (Lin
et al., 2001).

In the long-term average, it is well known that the windward side of a mountainous range
perpendicular to the moist wind flow receives more precipitation than the leeward side and
leaves the dried air parcels to descend, resulting in a moisture-depleted region downslope
called the rain shadow. This precipitation regime causes distinct climatic differences across
the divide. This phenomenon is the first order and the most straightforward effect of the
orographic signature on the spatial precipitation pattern. However, the full interaction of
orography and rainfall spatiotemporal distribution is actually more complex and involves
a variety of physical mechanisms. Forced lifting, differential advection of moist air aloft,
convective currents initiated by mountain valley thermal gradients and cooling of warm
moist air over snow covered mountains, individually or in combination, may enhance the
intensity of rainfall production (Barros and Kuligowski , 1998). Roe (2005) categorized the
mechanisms of orographic precipitation as: (1) stable upslope ascent, (2) partial blocking
of the impinging air mass, (3) down valley flow induced by evaporative cooling, (4) leeside
convergence, (5) convection owing to mechanical lifting above the level of free convection,
and (6) seeder and feeder mechanism.

Orographic terrains fuel the storm by intensifying the destabilizing forces and accelerat-
ing the updraft movement of moist laden air masses. A significant number of the most
heavy and disastrous precipitation events has been observed during the warm seasons over
mesoscale mountainous ranges with several hundred kilometers in width such as the Rockies
and the Appalachians in the United States and the Alps in Europe. Based on the anal-
ysis of several extreme storms in the United States (i.e., Black Hill flood, SD.,1972; Big
Thompson Canyon, CO., 1976; Fort Collins, CO., 1997; Madison County, VA., 1995), it
can be concluded that the occurrence of such extreme events emerges from the coincidence
of some common synoptic and mesoscale hydro-meteorological mechanisms. Coexistence of
a low level and efficient moist airflow, steep gradient and strong quasi-stationary convective
systems are common features in summer time orographically accelerated extreme storms
(Lin et al., 2001; Bousquet and Smull , 2003). In such cases, most commonly, an area of
intense pressure gradients is formed across the region under a quasi-stationary synoptic sys-
tem which develops a low-level strongly moist upslope airflow. Orographic lifting provides
the required energy to release the conditional instability and trigger a heavy rainfall. The
quasi-stationary nature of the synoptic system develops a slow motion storm and magnifies
more the hydromorphologic responses such as flash flooding and landsliding. Interestingly,
studies of such storms in the United States show that a high value of the convective po-
tential energy (CAPE) is not consistently observed in the storm environment (Lin et al.,
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2001).

In parallel to studying the driving physical mechanisms of precipitating systems, in re-
cent decades considerable efforts have been expanded in understanding and quantifying
the statistical structure of precipitation over different spatiotemporal scales (Lovejoy and
Mandelbrot , 1985; Lovejoy and Schertzer , 1985, 1990; Gupta and Waymire, 1990, 1993; Ku-
mar and Foufoula-Georgiou, 1993a,b; Veneziano et al., 1996; Deidda, 2000; Deidda et al.,
2004, 2006; Badas et al., 2006). Optimal parameterization and modeling of the multiscale
behavior of rainfall fields often requires understanding of the conditional dependence of
the statistical scaling parameters on some measures of the underlying physical processes.
Along these lines, Over and Gupta (1994) investigated how the structure of rainfall at
the mesoscale varies with time according to the large-scale dynamical forcing. Perica and
Foufoula-Georgiou (1996a,b) established predictive relationships between statistical charac-
teristics of mesoscale rainfall and thermodynamics of the storm environment. Harris et al.
(1996); Nykanen and Harris (2003); Badas et al. (2006) investigated the spatial structure of
orographic rainfall in the context of multifractal analysis. To advance the previous findings
and to gain insight toward a practical conditional parameterization of statistical downscal-
ing schemes over complex terrains, the main goal of this work is to present the results of an
extensive study on quantifying the scaling structure of an orographic precipitation system
and relating it to the underlying topography in Fourier and wavelet domains. The rainfall
data of an extreme storm over Madison County, Virginia (latitude 37.9859N to 38.8763N,
longitude 77.8341W to 78.9714W) on 27 June 1995 are used in this study. The precipita-
tion fields at 1 km×km resolution (100×100 bins) are derived from the Sterling WSR-88D
volume scan reflectivity data at every 6 min, using the Z-R conversion relationship R = aZb

with a = 0.0425 and b = 0.71 (Smith et al., 1996). The underlying topographic elevations
of the studied area at the same scale range between 66 and 1130 m above the mean sea
level (see Figure 2.1a).

In section 2.2, a concise description of the storm physical environment and the orographic
precipitation mechanism mechanism is presented. In section 2.3, we establish a pyramidal
variable thresholding method for tracking the signature of orographic features especially
on precipitation tail statistics. In section 2.4, the statistics and spatial scaling properties
of the studied rainfall event are presented and discussed in real space, and in Fourier and
wavelet domains.

2.2 Storm Environment

In this section, we briefly describe the mesoscale atmospheric conditions and the associated
hydrologic and geomorphic responses of the Madison County storm of 27 June 1995. The
reader is referred to Pontrelli et al. (1999) and Smith et al. (1996) for a comprehensive
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Figure 2.1: (a) Digital Elevation Model (DEM) of the studied area and (b) the spatial
mean of the elevations underneath the rain cells 〈Ztu〉 defined at four different quantile levels
u = 0.50, 0.75, 0.90, 0.95 (see text for definition).

study of the storm environment and the measured hydrologic response, respectively. The
activity of this storm can be divided into three main phases: “prestorm phase” from 00:00
UTC to 05:00 UTC, “storm phase” from 05:00 to 20:00 UTC and the “post-storm phase”
which extends from 20:00 to 24:00 UTC. It needs to be mentioned that the “storm phase”
consists of two major convective activities across the region: the first and larger one in
spatial extent took place over the Piedmont plains and moved toward Madison County
from 0500 to 10:00 UTC; the second and larger one in intensity initiated near 12:00 UTC,
moved very slowly over the Madison county and produced flash flooding and massive debris
flows.

During the prestorm phase, a high-pressure system was positioned over New England push-
ing cold air southeastward into a warm low-pressure system centered off the coast of the
Carolinas. Establishment of the synoptic high and low-pressure systems over the region
initiated a pronounced easterly cool and moist maritime airflow, impinging the eastern
flank of the Appalachians. The lifted index value for the surface layer was slightly negative
and the CAPE was relatively small (~150 Jkg-1) across the region. Atmospheric sounding
at Sterling Radar Station (VA), indicated that the entire troposphere was near satura-
tion. A high-pressure system built more southward, pressing the cold front into northern
Virginia. Eventually, the easterly wind component and geographic features of the region
in the Piedmont plains and Madison County triggered the first convective system around
0700 UTC. This front advanced southward and left the Madison County nearly rain-free
and dissipated at 1100 UTC. This stage of the storm did not produce a major flash flooding
but just increased the soil moisture content and left the region more vulnerable to excess
precipitation. Around 1200 UTC, sounding information from the Sterling radar station sig-
nified that another strong convection was imminent. The level of free convection estimated
at around 337m above the ground level, CAPE increased nearly to 600 [J kg−1], the lifted
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index lowered slightly to -2, and the precipitable water was about 50 mm (Pontrelli et al.,
1999). Triggered by orography, the second strong convective system formed across the re-
gion during the late morning and early afternoon and prolonged to near 2000 UTC. This
part of the storm was characterized by intense and slow moving rainy cells (~1.2 [ms−1])
that produced a peak discharge of 3000 [m3s−1] at 1845 UTC in the Rapidan watershed
near Ruckersville station (Smith et al., 1996) and mobilized hundreds of shallow landslides
into massive debris flows (Wieczorek et al., 2004). By 1800 UTC, the storm overtook the
southern border of the Madison County and finally around 20:00 UTC, the areal extent
of the precipitation decreased and the system dissipated significantly. Some scattered con-
vective activities were observed, but by 2400 UTC these activities disappeared completely.
The most striking feature of this storm was its interaction with the underlying orography
which along with other meteorological factors made the storm intense and very stationary
(Smith et al., 1996).

2.3 Statistical Signature of Orography on Rainfall Cells

Several observations of spatial rainfall (e.g., Le Cam, 1961; Gupta and Waymire, 1990)
support the fact that the spatial organization of rainfall possesses a hierarchical structure
during the storm, small clusters of intense rainy cells are embedded inside the less intense
and larger extent clusters of rain cells. In this section, we propose a simple methodology
for extracting areas of intense rainfall activity and quantifying their underlying elevation
for the purpose of characterizing dynamically the signature of topography on the statistics
of rainfall intensity. At every snapshot of radar images, we define as rain cells all pixels
of the rainfall fields over which the intensity exceeds a preassigned quantile of the overall
storm rainfall intensity distribution. Delineating the geometry of the rain cells in time by
this thresholding process, we dynamically analyzed the spatial statistics of the within-cells
rainfall intensity with respect to the elevation of the topographic features underneath those
cells.

Let F (·) denote the joint cumulative probability distribution of the nonzero rainfall intensi-
ties during the whole storm duration and ru = F−1 (u) be the quantile level associated with
the probability of non non-exceedance u (e.g., u = 0.5 to 0.95). At every radar image at
time t, we denote by Rt [k, l] the positive precipitation intensity in [mm/h] at location k, l
and define as rain cells the set of values Rt

u over which the intensity exceeds the quantile
value ru,

Rt
u =

{
Rt [k, l] |Rt [k, l] ≥ ru

}
. (2.1)

Likewise, let us denote the elevations underlying those rain cells as,
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Figure 2.2: Time evolution of the (a) mean and (b) variance of rain cell intensities for
different quantile levels. It is observed that while the storm moves toward higher topographic
elevations (see Figure 2.1), both the mean and variance of the rain cells increase. It is also
noted that the standard deviation cannot be linearly normalized by the mean as reflected in
(c) the coefficient of variation, which does not remain invariant during the storm evolution.

Ztu =
{
Zt [k, l] |Rt [k, l] ≥ ru

}
. (2.2)

To track the dynamics of the rainfall field’s elementary statistics with respect to the under-
lying topography, the spatial average of the underlying elevations of the rain cells,

〈
Ztu
〉
, is

studied for different quantile levels. It can be observed (see Figure 2.1b) that during the
first phase of the storm from 06:00 to 12:00 UTC, as the

〈
Ztu
〉
elevation curves decrease in

time and collapse into each other for different quantile levels u, the rain cells tend to be
distributed over a relatively flat area. However, during the second phase of the storm from
12:00 to 20:00 UTC, the magnitude of

〈
Ztu
〉
and its variability increases which means that

the rain cells move upslope and get distributed over a region of steeper gradients.

To quantify the signature of the underlying elevation on the statistics of rainfall intensity
in time, we also tracked the evolution of the spatial average

〈
Rt
u

〉
and the spatial variance

Var(Rt
u) of the rain cell intensity for different quantile levels, over the whole storm duration.
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The results, reported in Figure 2.2, taken together with the results of Figure 2.2 show that
there is a dependency among the tail statistics and underlying elevations of the rain cells.
In other words, while the intense rain cells propagate over higher elevations during the
storm evolution, the mean and the variance of the intensities of those cells grow in time
(see Figures 2.2a and 2.2b), in a way that over high-elevation topography the variance grows
even faster than the mean, especially for high quantiles (see Figure 2.2c, which depicts the
coefficient of variation). Furthermore, analysis of the spatiotemporal average of rain cell
intensities as a function of the underlying mean elevation for a range of quantiles defining
the rain cells reveals an unexpected exponential relationship (see Figure 2.3) as,

R̄u = z0 exp
(
kZ̄u

)
, (2.3)

where k and z0 are constants, and R̄u = E
[〈

Rt
u

〉]
and Z̄u = E

[〈
Ztu
〉]

represent the
ensemble (over all radar images during the storm evolution) spatial average of the rain
cell intensities and the underlying elevations for the quantile level u, respectively. This
exponential increase depicts the fact that the space time dependence of extreme rain cluster
intensity on topography, accelerates exponentially as one considers higher and higher order
quantiles. This relationship, which has to be investigated further for other storm systems,
can provide a useful predictive relationship for parameterization of the orographic signature
on rainfall elementary statistics.

2.4 Multiscale Analysis of Spatial Rainfall

In previous section, rain cells were defined as rainy areas over which rain intensity exceeded
a specified quantile threshold and it was found that the underlying topography gives rise to
significant impacts on the first and second order statistics of the rainfall fields. By changing
the quantile levels, cells of different size (scales) were investigated and it was shown that for
the smaller scales (higher quantiles), the within cell rainfall intensities and their variability
became larger as rain cells moved toward higher elevations. In this section, using a formal
multi-resolution representation in real space, Fourier and wavelet domains, we pursue a
different but complementary multiscaling analysis of the precipitation fields with respect
to the underlying elevations.

2.4.1 Scaling Manifestations in the Frequency and Real Space Domain

The histogram of the spatial rainfall intensities is often very skewed with a broad dynamic
range. To map the narrow range of many low-intensity values into a wider range of output
levels, the logarithmic transformation is often an effective approach. To circumvent the
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Figure 2.3: A semilog linear relationship indicates that the space time average of the rain
cell intensity increases exponentially with respect to their underlying elevations. Every circle
represents a quantile level ru, where u varies from 0.2 to 0.95 in increments of 0.10.

problem of the zero intensity values in rainfall fields, a constant is typically added before
the logs are taken, i.e., the transformation log (Rt [k, l] + c) is applied. However, since the
location of zero intensity values is known anyway, the following invertible transformation
is a preferred alternative,

ψt [k, l] =

0 if Rt [k, l] = 0

log
(
Rt [k, l]

)
otherwise

, (2.4)

where the log (·) denotes natural logarithm. In particular, this transformation allows the
entire real axis to be available for statistical computation, it makes the histogram of the
field more Gaussian like (e.g., see Figure 2.4f) and as such it facilitates the detection and
estimation of scale invariance (Ruderman, 1994; Huang and Mumford , 1999). It is worth
noting that, as the log function is a monotonic transformation, the overall scaling law of
the process would not be distorted in Fourier and real space under this transformation. In
the sequel, unless otherwise noted, analyses are performed on the log-transformed rainfall
fields according to (2.4).

Knowing that the inner product and norms in L2(R) are conserved by the Fourier transform
(i.e., Parseval theorem), the Fourier expansion has been widely used for detecting the second
order scaling laws of geophysical processes. Using the 2D Discrete Fourier Transformation,
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Figure 2.4: (a) Image of the Rapidan storm radar snapshot R [k, l] at 0800 UTC. (b) Image
of the log (R [k, l] + 1). (c) Image of the transformed rainfall fields according to equation
(2.3). (d, e, and f) The corresponding histograms of the nonzero intensity values, respectively.

the power spectra (i.e., square of the absolute values of the Fourier coefficients) of the
ψt [k, l] have been computed for each of the radar images over the whole storm duration of
18h (180 radar snapshots at every 6 min). The output of the transformation is rearranged
by moving the zero frequency components to the center of the spectrum for visualization
purposes. To reduce the measurement noise effect and have a robust estimation in the
spectral domain, an ensemble representation is obtained by averaging the spectra of rainfall
images over the entire period of the storm. A contour plot of the ensemble power spectral
density in the frequency domain is shown in Figure 2.5. It is observed that the storm
spectral signature exhibits an anisotropic pattern and interestingly, this shape shows an
elliptic regularity with its major axis perpendicular to the Appalachian ridge line (see the
dashed line in Figure 2.5) for low frequencies and aligned to the mountain ridge line at
higher frequency components. This directional behavior speaks for the organization and
elongation of intense rain cells (small scale features) perpendicular to the mountain ridge,
an isotropic energy distribution at intermediate scales and a coherency along the prevailing
topography at much larger scales.

The 2D spectral density is mapped onto a one dimensional representation via averaging over
all angles about the center of the spectrum. As shown in Figure 2.6, for the radial frequency
interval [0.03, 0.50] cycles/pixel corresponding to scales of 2 to 32 km in real space, a clear
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Figure 2.5: Two dimensional ensemble average spectral signature of the Rapidan storm.
The power spectrum is centered at frequencies fk = fl = 0 and divided by 12 equally spaced
contour lines. The dashed line displays the approximate direction of the underlying main
divide.

log-log linearity of the ensemble spectrum of the rainfall rainfall field is observed. This
confirms that the spatial distribution of the energy (i.e., variance) over radial frequencies
fr =

√
f2
k + f2

l admits a power law scaling relationship in the following form:

SR (fr) ∝
1

fβer
, (2.5)

where the slope of the ensemble spectrum is βe ∼ 2.5.

It is interesting to ask how the spectral slope varies as the storm evolves over the mountain
range. For the same frequency interval, the estimated exponents of the directionally aver-
aged spectrum for each of the radar images are plotted versus time and

〈
Zt0.95

〉
in Figures

2.7a and 2.7b, respectively. It is seen that the spectral slope ranges from 2.1 to 2.7 with a
dependency on the underlying topography during the storm period from 0600 to 2000 UTC.
In short, while the storm was developing over the low elevation terrain (

〈
Zt0.95

〉
< 300m),

the spectral slope is larger indicating a stronger spatial self coherence (i.e., the energy con-
tent drops off faster from larger scale features down to cells of very small size). When the
storm evolves over the mountain barrier (

〈
Zt0.95

〉
> 400m) the energy is distributed more

uniformly across different ranges of scales, which implies that the spatial auto-correlation
structure of the fields weakens when the orographic effect is more significant. In between
(elevations of 300 to 400 m) the storm is in a transitional state with a widely varying
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Figure 2.6: Open circles show the one dimensional representation of the rainfall field en-
semble average Fourier power spectrum, and the dotted line represents a fitted least square
linear model (R2 = 0.96). The angular averaged power spectra of the rainfall fields at two
different instants of time are also depicted (dashed lines). The log-log linearity of the power
spectrum confirms the presence of second order scaling in the range of 2–32 km.

spectral slope (see Figure 2.1b).

This scaling behavior in the Fourier domain can be translated into real space which is
more conducive to understanding the correlation structure associated with the observed
power law spectral signature. Defining the 2D auto-correlation function of an image as the
expected value of the component-wise product of the image with itself at different spatial
translations [dk, dl],

C [dk, dl] = 〈ψ [k, l] , ψ [k + dk, l + dl]〉 , (2.6)

(Ruderman, 1994) analytically proved that for a field with power law spectrum of slope
β > 2, the directional average of its autocorrelation function has the following form:

C (dr) = c1 − c2d
β−2
r , (2.7)

where c1 and c2 are positive constants and dr =
√
d2
k + d2

l . By expanding equation (2.6),
it can be shown that for a field with this correlation structure, the variogram
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Figure 7 

Figure 2.7: (a) Spectral slope of each of the radar images versus time during the storm
period and (b) spectral slope versus the rain cell elevation 〈Zt0.95〉. Spectral slope decreases as
the average underlying elevation of the rain cells increases. This dependence implies that the
surface of the rainfall images becomes rougher in a geometrical sense with weaker correlation
structure while it is intensified by orographic interaction.

γ (dr) =
〈
|ψ [k, l]− ψ [k + dk, l + dl]|2

〉
, (2.8)

also exhibits a similar power law relationship.

The variograms of the rainfall fields are shown in Figure 2.8 in a log-log plot and the
estimated slope in the scaling range of 2 ≤ dr ≤ 32 km confirms the spectral analysis in an
average sense and shows that the variogram follows a power law scaling with an estimated
slope of ∼0.4–0.5. By inspection, the sum of the auto-correlation function in equation (2.7)
with β > 2 includes a divergent p series which in other words signifies a non-summable
auto-correlation function (see, Beran, 1994) over radial translations and speaks for the
evidence of long range dependence in spatial rainfall intensities.

Up to this point, the second order scale invariance properties of the rainfall field in the
Fourier domain and real space have been studied and some connections of this scaling
behavior with respect to the underlying elevations have been explored. In the domain
of Gaussian self similar random fields this characterization can fully explain the scaling
properties of the process. However, if the process is not Gaussian, higher order statistical
moments over different scales (resolutions) need to be computed to test the presence of
scaling. This can be accomplished by “coarse graining” the field at the original (highest)
resolution to obtain fields at successively lower resolutions. Defining the original spatial
rainfall as an image of size N × N , a coarse grained field at scale λ can be obtained by
passing a non-overlapping averaging filter of size λ× λ over the field,
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Figure 2.8: Variogram of all storm radar snapshots in a log-log plot. The observed slopes
confirm the power law behavior of the spectra (see Figure 2.6) and long range dependence.

ψλ
[
k′, l′

]
=

1

λ2

λ∑
k, l

ψ [k, l] , (2.9)

where the ψλ [k′, l′] is a field of the same areal coverage as ψ [k, l] but decimated by a
factor λ in each dimension. As formation of local intense convective cells imposes a sharp
spatial variation on precipitation intensity values, the magnitude of the gradient of a pre-
cipitation field implicitly represents the intensity of the rainfall convective activities. It is
known that for a strictly self-similar Gaussian field the distributions of the local gradient
∇ψλ [k′, l′] standardized by their corresponding means are independent of λ and collapse
into an identical shape of the Rayleigh density function (Ruderman, 1994).

For this purpose, we focused on the distributions of the magnitude of the local gradients of
the coarse grained fields at different scales λ,

∣∣∇ψλ [k′, l′]∣∣ =

√(
∂ψλ [k′, l′]

∂k′

)2

+

(
∂ψλ [k′, l′]

∂l′

)2

. (2.10)

Distributions of the local gradients of the rainfall images are presented in log probability
for λ ∈ {1, 2}km in Figure 2.9. It is seen that the histograms do not collapse on each other,
particularly over the tail, which implies that simple scaling may not hold true. The tail is
also thicker than the Rayleigh distribution and in general the peaks of the histograms locate
before the maximum of the Rayleigh density. The same trend is revealed for larger scales;
however, naturally the histograms tend gradually to the shape of the Rayleigh distribution

18



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

10
-1

10
0

|
=1| 

lo
g

 (
p)

(a)

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

10
-1

10
0

|
=2| 

 lo
g 

 (
p)

(b)

 

 

Figure 9 

 

 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

10
-1

10
0

|
=1| 

lo
g

 (
p)

(a)

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

10
-1

10
0

|
=2| 

 lo
g 

 (
p)

(b)

 

 

Figure 9 

 

 

 

Figure 2.9: Dashed lines represent the distribution of the gradient of the normalized log
intensity rainfall fields ψ [k, l] for λ ∈ {1, 2} km over the entire period of the storm. Solid
line is a Rayleigh distribution fitted to the average histogram. The tail behavior indicates a
deviation from Gaussianity.

as the scale increases. Interestingly, it is also observed that even by averaging the field over
larger scales (16 × 16 km) the gradient fields cannot be fully explained in the Gaussian
domain. This mainly arises because of the strong spatial correlation of the field, knowing
that the central limit theorem holds true only for independent or weakly dependent random
variables.
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Chapter 3

Statistics of Precipitation Reflectivity
Image

To estimate precipitation intensity in a Bayesian framework, given multiple sources of
noisy measurements, a priori information about the multiscale statistics of precipitation is
essential. In this chapter, statistics of remotely sensed precipitation reflectivity imageries
are studied using two different data sets of randomly selected storms for which coincident
ground based and spaceborne precipitation radar data were available. Two hundred re-
flectivity images of independent storm events were collected over two ground validation
sites of the Tropical Rainfall Measurement Mission (TRMM) in the United States. Com-
paring ground-based and spaceborne images, second order statistics of the measurement
error is characterized. The average spectral signature and second order scaling properties
of those images are documented at different orientations in the Fourier domain. Decompo-
sition of images using bandpass multiscale oriented filters reveals remarkable non-Gaussian
marginal statistics and scale-to-scale dependence. Our results show that despite differ-
ent physical storm structures, there are some inherent statistical properties which can be
robustly parametrized and exploited as a priori information for parsimonious multiscale es-
timation of precipitation fields. A particular mixture of Gaussian random variables in the
wavelet domain was found to be a suitable probability model that can reproduce the non-
Gaussian marginal distribution as well as the scale-to-scale joint statistics of precipitation
reflectivity data, important for properly capturing extremes and the coherent multiscale
features of rainfall fields.

3.1 Introduction

In the past decades, a considerable research effort has been devoted to developing parsimo-
nious stochastic models of space-time rainfall. The related theories of multiscale process
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representation, e.g., in Fourier or wavelet domains, have proven to be useful for quantifying
the rainfall variability at multiple scales. A large body of these developments has exploited
the way that the second order statistics of the rainfall process vary across different scales
(i.e. 1/f spectra). Beyond this, observing non-Gaussian characteristics of precipitation
fields and scaling in higher order statistical moments, the theory of Multi-fractals and Mul-
tiplicative Random Cascades has extensively been used to capture these distinct properties
of the rainfall fields(Lovejoy and Schertzer , 1990; Gupta and Waymire, 1990, 1993). Simul-
taneously, it has been shown that oriented subband encoding of precipitation fields using
wavelets can lead to an efficient and rich multiscale representation of spatial rainfall (Ku-
mar and Foufoula-Georgiou, 1993a,b). Subsequently, an appreciable amount of work has
been devoted to extracting the dependency of the parameters of those stochastic models to
the underlying physics of the storm (Over and Gupta, 1994; Perica and Foufoula-Georgiou,
1996a,b; Harris et al., 1996; Badas et al., 2006; Nykanen and Harris, 2003).

The purpose of this chapter is to: (1) demonstrate that precipitation reflectivity images
exhibit some remarkably regular multiscale statistical characteristics, mainly related to
non-Gaussian (heavy tail) marginals and scale-to-scale dependency, and (2) introduce a
new modeling framework based on Gaussian Scale Mixtures (GSM) on wavelet trees which
can be explored towards non-Gaussian, multiscale multi-sensor data fusion of precipitation
fields. In section 3.2, we present basic statistics from a diverse array of precipitation re-
flectivity images collected coincidentally from ground-based NEXRAD and the spaceborne
Precipitation Radar (PR) abroad the TRMM satellite for two TRMM Ground Validation
(GV) sites in Texas and Florida. In section 3.3, an extensive analysis and comparison of
these images in the Fourier domain is undertaken. In section 3.4, the statistics of these pre-
cipitation reflectivity images in the wavelet domain (using an advantageous Undecimated
Orthogonal Discrete Wavelet transform) are presented and their marginal and joint statis-
tics are quantified. A novel model based on the GSM on wavelet trees is introduced in
section 3.5 and its potential for reproducing the observed heavy tails and covariance of the
rainfall wavelet coefficients at multiple scales is demonstrated. The potential application
of this model is also briefly discussed.

3.2 Precipitation Data and Elementary Statistics

A major portion of the available remotely sensed precipitation data is acquired via imaging
in the microwave band of the electromagnetic spectrum. For active microwave sensors,
such as ground or spaceborne radars, the precipitation fields are retrieved via physical or
statistical relationship from the reflectivity images obtained as a result of the detected
back-scattered energy of microwave signals emitted from the precipitation radar. On the
other hand, for passive microwave sensors such as the TRMM Microwave Imager (TMI),
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the precipitation fields are retrieved indirectly via conditional inversion of the observed
brightness temperature (e.g., Kummerow et al., 1996). In this study, we use coincidental
reflectivity data of the spaceborne TRMM precipitation radar (PR) and the land-based
NEXRAD radar to demonstrate that despite different physical structures of the studied
storms, the near-surface images of precipitation reflectivity exhibit remarkably regular and
stable statistical properties, which can be explicitly characterized within a novel formalism
based on GSM in the wavelet domain.

Specifically, the data set used in this study is populated by near-surface reflectivity images
from two hundred independent storms coincidentally observed by TRMM and NEXRAD
precipitation radars. The TRMM-2A25 and NEXRAD (level III) long range reflectivity
products over two TRMM-GV sites: Houston, Texas (HSTN) and, Melbourne, Florida
(MELB), were collected on the basis of the TRMM overpass information provided by the
GV Office at the Goddard Space Flight Center, Maryland. Using orthodromic distance, the
NEXRAD product provides reflectivity at an horizontal resolution of about 1 km and up
to the range of 460 kms with minimum reflectivity detection of 5 dBZ. The TRMM, 2A25
product provides an orbital track that spans a swath of 250 km at nadir with a resolution of
about 4-4.5 km and minimum detection sensitivity of 17 dBZ. Note that as the quantitative
comparison of the two sensors is of interest in this research, the NEXRAD near-surface long-
range reflectivity product was selected to maximize the coincidental coverage between the
two sensors. Obviously, rainfall rate estimation from this single level reflectivity product
via a Z-R relationship needs to be limited to lower ranges (e.g.< 230 km) to minimize the
range effect estimation errors.

The data set used in our study comprises reflectivity images of 95 and 105 storm events from
both sensors over the HSTN and MELB sites from 1998 to 2010, respectively (see Figure
3.1). Concerning the sufficiency of the data for robust statistical inference, the images
were carefully selected from storm events with adequate aerial coverage during the TRMM
overpasses. The data set spans a wide range of storms with different physical structures
and geometrical shapes ranging from highly localized convective storms, to frontal and
synoptically induced hurricane systems (see Figure 3.2). It is emphasized that no attempt
was made to convert these reflectivity images to precipitation intensity values, a task that
would be a research topic by itself, given the diversity of storms and the ground-based radar
range dependent estimation issues. In the rest of the chapter we refer to these reflectivity
fields as precipitation reflectivity images or precipitation images.

Focusing on characterization of the error variance, these sensors were compared over the in-
tensity range detectable by both. Accordingly, the mean reflectivity (in dBZ) of the TRMM
images was compared with the mean of the corresponding NEXRAD images, conditional on
reflectivity values exceeding 17 dBZ; see Figure 3.3 and 3.4. For this case, the standard bias
was found to be -2% and -1.8% for the HSTN and MELB sites, respectively. This indicates
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Figure 3.1: For statistical analysis, a total of 200 independent storms were selected from
the TRMM-PR and the NEXRAD reflectivity dataset at the TRMM ground validation (GV)
sites of Houston, TX (HSTN) and Melbourne, FL (MELB). The distribution of these events
by year is shown above.

that the TRMM-PR overestimates the reflectivity intensity in the range that both of the
sensors can detect reflected echoes. This bias is not unexpected and is mainly due to the
inherent differences in the way that the two sensors interrogate the vertical profile of the
atmosphere. The variance of error is estimated and reported in Table 3.1 based on two
different definitions of signal-to-noise ratio metric. This characterization has an important
implication in the context of linear multisensor fusion of precipitation products (e.g., Chou
et al., 1994; Gorenburg et al., 2001; Tustison et al., 2003). To this end, the bias was ad-
justed to zero via enforcing the regression line to pass through the origin and also the data
pairs with normalized residual values (by the standard deviation) beyond the interval [-2,
2] were excluded from the estimation process (see Figure 3.4). The latter treatment makes
the estimation more robust to probable outliers.

The Kullback-Leibler (KL) divergence, also known as the relative entropy, was also stud-
ied to characterize the degree of proximity of the marginal densities of the observations,
provided by the two sensors. The KL divergence is defined as:

KL(p1|p0) =
∑
x

log

(
p1

p0

)
p1 (3.1)

where pj = p (x|Hj) is the conditional marginal density of the precipitation reflectivity
values under different measurement hypotheses with j = 0, 1 corresponding to TRMM and
NEXRAD observations, respectively. The KL divergence is a positive quantity which is
equal to zero if and only if the compared densities are equal almost everywhere in their
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Figure 3.2: The collected datasets summarized in Figure 3.1 span a wide range of storms
with different spatial structures and geometrical shapes. The NEXRAD reflectivity images
for four selected storms are shown above; they are labeled according to the GV site, date
and time in UTC.

domain. The KL is not a conventional distance since it is not symmetric and does not
satisfy the triangle inequality for three arbitrary densities. Yet, it has been shown to be a
useful measure of density mismatch in statistical modeling (Levy , 2008). As can be seen
from Table 3.1, this metric demonstrates a statistically significant deviation from zero for
both GV sites implying a deviation of the marginal densities of reflectivity values provided
by the two sensors. This particular observation along with the least squares analysis of
the data set indicates that on the average the overall quality of the selected TRMM-PR
overpass observations in the MELB site is superior to that of the HSTN site.
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HSTN 

MELB 

Figure 3.3: (a) The geographic locations of the study sites (MELB and HSTN) and the
orbital track No.61698 of the TRMM satellite which captured a hurricane storm over Texas
On 09/13/2008; (b,c) Reflectivity images of the storm captured by ground-based NEXRAD
at 11:16:00 UTC and the coincidental TRMM-2A25 overpass, respectively.

HSTN MELB
NEXRAD TRMM NEXRAD TRMM

SNR1 11.9(10.4-12.9) 13.0(11.6-13.6) 12.4(11.2-13.6) 13.6(13.0-14.4)
SNR2 8.4(5.8-9.75) 13.0(11.6-13.6) 9.0(7.45-10.0) 7.9(6.5-9.6)
KL 1.0488 (0.7959 - 1.5681) 0.6749 ( 0.6108 - 0.7494)

Table 3.1: Standardized error variance in terms of two signal-to-noise ratio (SNR) metrics
and Kullback-Leibler divergence of the marginal histograms of the TRMM and NEXRAD
coincidental reflectivity observations. Values in parentheses indicate the 95% quantile range
of estimation. The two different metrics of SNR are: SNR1 = 10 log10 (µs/σn) and SNR2 =
10 log10 (σs/σn), where µs and σs are the mean and standard deviation of the signal and σn
is the noise standard deviation.

25



4 
 

 

20 25 30 35
20

25

30

35

NEX_REF [dBZ]

T
R

M
_R

E
F

 [
dB

Z
]

 

 

20 25 30 35
-4

-3

-2

-1

0

1

2

3

4

NEX_REF [dBZ]

r n

20 25 30 35
20

25

30

35

NEX_REF [dBZ]

T
R

M
_R

E
F

 [
dB

Z
]

 

 

20 25 30 35
-4

-3

-2

-1

0

1

2

3

4

NEX_REF [dBZ]

r n

HSTN Obs.

fit

1:1

MELB Obs.

fit

1:1

d)

slope=1.02
corr=0.75

slope=1.01
corr=0.76

a) b)

c)

 

Figure	4	

 

 

 

Figure 3.4: (a,c) TRMM versus NEXRAD reflectivity values in HSTN and MELB sites,
respectively. The data pairs are the spatially averaged reflectivity values of coincidental pairs
of images computed over the range of intensity values which is detectable by both sensors
(≥ 17 dBZ). The solid line is the best least squares fitting and the broken line is the 1:1
line. The corresponding normalized regression residuals are shown in (b,d), with the [-2, 2]
lines marked to indicate the values that fall outside the +/- 2 times standard deviation of
residuals.

3.3 Spectral Signature

Several studies (e.g., Lovejoy and Schertzer , 1990; Harris et al., 1996, 2001, among others)
have reported the presence of scale-invariance in the form of f−β average Fourier spectrum
(i.e. E

[
|F(f )|2

]
) in precipitation fields. The Fourier transformation, as an approximation

to the Karhunen-Loéve expansion, allows us to decouple the correlation structure of the
rainfall fields into a set of almost uncorrelated Fourier coefficients with a nearly diagonal
covariance matrix. Therefore, knowing that the inner product in L2(R) is conserved under
the Fourier transformation (i.e. Parseval’s Theorem), the one dimensional representation of
the average power spectrum E

[
|F(f )|2

]
= Af −β is indeed diagonalization of the covariance

in the frequency domain. Besides the information content of the spectral decay rate as
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Figure 3.5: (a, b) Radially averaged spectra for the ensemble of NEXRAD reflectivity
images at the Houston and Melbourne GV sites, respectively. (c,d) 2D ensemble spectra for
the same datasets depicting directional anisotropy at small scales (large frequencies).

depicting the second order scaling law and degree of differentiability (smoothness) of a
field, this diagonal representation of the covariance yields a computationally more efficient
least square optimal filtering in the Fourier domain which also might be useful for filtering
of high dimensional strongly correlated rainfall fields.

By construction, the Fourier spectrum of an image is insensitive to spatial translation,
but it is not rotation invariant and can explain the anisotropy of a field. Accordingly, in
addition to the energy distribution of the intensity values in the frequency domain, the 2D
spectrum depicts the orientation of the edges and regions of sharp gradients in a 2D field.
For instance, it has been reported that as horizontal and vertical edges are dominant in
man-made scenes (e.g. cities), the spatial distribution of the spectrum of these images is
more elongated along the vertical and horizontal orientations . In light of this, studying
the spatial distribution, orientation and total energy of the precipitation reflectivity images
in the spectral domain might be useful not only for exploring scale invariance and optimal
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estimation but also for studying the regional organization of storm systems for retrieval
applications.

To this end, we compute here a more general representation of the mean spectral signature
of the precipitation images at different orientations θ,

E
[
|F(f, θ)|2

]
= A(θ)f−β(θ) (3.2)

where F (·) denotes the Fourier transformation in polar coordinates, A(θ) is a prefactor
and β(θ) is the drop-off rate of the spectrum at angle θ. Using discrete Fourier transform,
the square of the absolute values of the Fourier coefficients were calculated to obtain the
2D power spectrum for each individual image. This provides a set of Fourier power spectra
which can be averaged over the entire dataset for each site (i.e. 95 images over HSTN
and 105 images over MELB) to obtain the so called ensemble power spectrum, see Figure
3.5c,d. Using the least squares regression in a log-log scale, the power spectral model
in the form of equation (3.2) can be fitted at different orientations to each individual or
ensemble 2D spectra. The regressions were performed in the radial frequency interval
of [0.03, 0.50] cycle/pixel [c/p] corresponding to the pseudo spatial scale (i.e. Euclidean
distance) of 2-32 km. Table 3.2 reports the results of directional estimation of power
spectral slopes for the NEXRAD datasets. It is observed that the estimated spectral slopes
vary between 2.35 to 2.75 for the HSTN site and between 2.45 to 2.85 for the MELB site.
By averaging a 2D power spectrum over all angles, a one dimensional representation of the
spectrum can also be obtained in which the parameters in equation (3.2) are independent of
orientation. Figure 3.5a,b shows the radially averaged ensemble spectra for the NEXRAD
datasets. The estimated drop-off rate of the radially averaged ensemble spectra in two
sites is about 2.70-2.75, which implies that the precipitation images are globally much
smoother than many other natural images (e.g., β = 2) (Ruderman, 1994). Interestingly,
despite the different geographic locations of the two sites and different physical structures
of the storms, the statistics of the spectral parameters vary within a very narrow range
(Table 3.2). This observation implies that the spectral signature (i.e. spatial correlation
structure) of the near-surface reflectivity images may not be a discriminatory measure of
the physical structure of the storms. On the other hand, this universal behavior gives us
a priori knowledge about the correlation structure of these type of rainfall images which
can be useful for noise removal and optimal estimation of precipitation data in the Fourier
domain.
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Figure 3.6: (a, b) Radially averaged spectra for the ensemble of TRMM-PR reflectivity
images in the Houston and Melbourne GV sites, respectively. The smaller values of the
spectral slopes compared to those of the corresponding NEXRAD reflectivity images of Figure
3.5 imply that the reflectivity images produced by the spaceborne TRMM-PR exhibit a
weaker spatial correlation than those produced by the ground-based NEXRAD. (c, d) 2D
ensemble spectra of the TRMM-PR data at HSTN and MELB sites, respectively, indicate
similarity to the corresponding NEXRAD spectra but also show significant spectral leakage
due to the artificial edge effects introduced by the swath boundaries (see text for more
explanation).

As mentioned before, the shape of the spectrum can also speak for the regional organization
of the rain-cells. Pronounced abrupt changes in the spatial domain intensity values (i.e.
horizontal edges) cause spectral skewness (elongation) in the perpendicular direction (i.e.
vertical direction) at the frequency domain (Gonzalez and Woods, 2008). In the collected
storm images, for the low frequency components of less than 0.1 [c/p], the spectral signa-
ture shows a more dense and isotropic behavior, meaning that on average the large scale
features of the storms do not have any particular spatial orientation. However, for high
frequency components (i.e. small scale features) the ensemble power spectra are tilted and
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more elongated towards the North-East (NE) or South-West (SW) directions (see Figure
3.5c,d). This similar asymmetric signature in both sites may mainly arise due to a region-
ally governing synoptic meteorological condition that gives rise to a directionally dominant
formation of the rain patches with a length scale smaller than 10 km.

HSTN MELB
log [A(θ)] β(θ) log [A(θ)] β(θ)

θ 5.18(0.18) 2.68 (0.12) 5.11(0.19) 2.75(0.10)
θ = 0.0◦ 4.86(0.22) 2.66 (0.22) 4.80(0.27) 2.72(0.26)
θ = 90◦ 5.02(0.25) 2.71 (0.27) 4.92(0.25) 2.80(0.21)
θ = 135◦ 4.50(0.19) 2.75 (0.22) 4.46(0.22) 2.85(0.21)
θ = 45◦ 4.85(0.20) 2.35 (0.20) 4.75(0.19) 2.45(0.19)

Table 3.2: Estimated parameters of the spectral model in (3.2) for NEXRAD data at
multiple directions ; the values in parentheses are the standard deviations.The parameters
reported for θ denote those obtained from the radially averaged ensemble spectra.

Due to the limited swath width and flight orientation, the TRMM-PR orbital observations
often cannot capture the entire spatial extent of the storm events. TRMM-PR products
often provide a cropped version of the whole storm with abrupt changes of intensity values
on the swath boundaries. These artificial edges contaminate the spectral signature and
give rise to some spectral leakages (see Figure 3.6), which do not allow us to properly
study the directional organization of the rain-cells (i.e. edges) from this product. Although
this boundary effect may be handled, for instance by padding the TRMM-PR images with
mirror reflection of themselves across the boundaries, this obviously does not add any
new information that can be exploited to study the spatial organization of the rain-cells.
However, the decay rate of the radially averaged ensemble spectrum at similar frequency
bands confirms that the reflectivity images of the TRMM sensor exhibit slightly weaker
correlation structure (more irregular) compared to the NEXRAD products.

3.4 Statistics of Subband Components in theWavelet Domain

Natural processes exhibit variability over a broad range of scales, often manifesting itself
in isolated singularities in the form of edges or nested areas of intense activity. The decay
of the Fourier spectrum captures the global distribution of variance over scales without
providing information about the local distribution of the process variability at different
scales. Using a set of multiscale bandpass filters at different orientations has been found
to be extremely useful for extracting the information content of the local jump disconti-
nuities and abrupt fluctuations of these fields (e.g., Kumar and Foufoula-Georgiou, 1993a;
Perica and Foufoula-Georgiou, 1996b; Huang and Mumford , 1999). Spatial precipitation
fields are highly clustered and exhibit strong correlation along with sparseness (zeroes) in
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the real domain, mainly recognizable as the presence of oriented edges between rain and
no-rain areas. Consequently, precipitation images often exhibit a stronger sparseness con-
dition in the wavelet domain as the coherent cells and broad homogeneous areas of the
precipitation images would map into near-zero wavelet high-pass coefficients. This often
manifests itself in the marginal histogram of the wavelet subbands having a sharp peak at
the center (i.e., around zero) and extended heavy tails which cannot be modeled in a Gaus-
sian framework. As a simple treatment to overcome this leptokurtic behavior, Perica and
Foufoula-Georgiou (1996b) proposed a Gaussian density model for the so-called “standard-
ized rainfall fluctuations”, defined as the high-pass orthogonal wavelet coefficients divided
by their corresponding low-pass coefficients. Although, that treatment can partially model
the observed thick tail behavior, it cannot flexibly account for the cusp singularity or large
mass of the wavelet coefficients around the center of the distribution.

In this study, we demonstrate that the Generalized Gaussian (GG) density which has
been widely used for statistical modeling of the high-pass wavelet subbands of natural im-
ages (e.g., Huang and Mumford , 1999) can be employed to fully characterize the marginal
statistics and heavy tail properties of the precipitation reflectivity images. As the rain-
fall imageries generally suffer from a considerable number of zero intensity values at the
background (non-rainy areas within the field of view), a method is also presented to allow
characterization of only the “relevant zeroes”, i.e., the zeroes that correspond to small iso-
lated dry areas within the storm domain and to those corresponding to the storm edges but
not the background zeroes (see, Kumar and Foufoula-Georgiou, 1993b). In addition, it is
shown that despite the decorrelation capacity of the wavelet transformation (Wornell and
Oppenheim, 1992), the wavelet coefficients of the rainfall images exhibit a weak correlation
structure and a considerably regular higher order scale-to-scale dependence, which needs
to be addressed for proper multi-resolution modeling of precipitation imageries.

3.5 Wavelet Decomposition and Marginal Statistics

The Orthonormal Discrete Wavelet Transformation (OWT) (Mallat , 1989) decomposes a
2D-signal f(x, y) of size K × L into a pair of almost uncorrelated expansion coefficients
dim,k,l (called wavelet coefficients) and orthonormal basis functions ψim,k,l(x, y) in the form of

ψim,k,l(x, y) = 2m/2ψi(2mx− k, 2my − l) (3.3)

f(x, y) =
1√
KL

∑
i=H,V,D

m=+∞∑
m=−∞

K−1∑
k=0

L−1∑
l=0

dim,k,lψ
i
m,k,l(x, y) (3.4)

where ψim,k,l(x, y) is the wavelet basis function at subband i = {H,V,D} (i.e. Horizon-
tal, Vertical and Diagonal directions in this study), scale m and translation indices (k, l).

31



This representation uses the orthogonal wavelet bases functions ψim,k,l(x, y) in a “critically-
sampling rate” (meaning that the size of the input signal N is equal to the total size of the
output subbands). Owing to the orthogonality of the bases and critical sampling rate, the
inverse transformation allows a perfect reconstruction with a computational complexity of
the order of O(N). However, this critical sampling rate makes the wavelet representation
shift-variant and imposes significant aliasing in each individual subband. Although, the
aliasing artifacts will cancel out in the reconstruction phase, this would be troublesome for
processing and parametrization of each individual subband (Nason and Silverman, 1995;
Simoncelli and Freeman, 1995).

In this study, a shift-invariant Undecimated Orthogonal Discrete Wavelet Transform (UOWT)
(Nason and Silverman, 1995) is used for decomposition of the precipitation reflectivity
images and statistical characterization of their wavelet coefficients. This decomposition
produces nearly alias-free and overcomplete subband information. The latter property is
another great advantage over the conventional OWT in which the size of the signal is
downsampled by a factor of two at each level of decomposition, giving rise to inferential
problems in subband parametrization of rainfall images with small wetted area. Obviously,
the advantages of this overcomplete frame expansion, come at the expense of a higher
computational complexity of the order of O(N logN).

It is noted that in the wavelet domain, background zeroes will remain zeroes at consecutive
scales in both high and low-pass subbands, while a range of zero intensity values within the
storm domain (i.e. those zero intensity pixels which define the boundaries of the wetted
areas of the storm from the background zeros) will become non-zeroes from fine-to-coarse
scales. This observation provides an efficient means of eliminating the background zeroes
while keeping the zeroes of interest (and their locations). In this study, to resolve this
issue, the conditional marginal densities of high-pass subbands are estimated given that
the low-pass coefficients at the same location and scale are positive (see Figure 3.7).

Figure 3.8b shows the marginal distribution of the wavelet coefficients (in log-probability
scale) computed, as discussed above, from the NEXRAD reflectivity data of a June, 2007
storm over the Melbourne site (see Figure 3.8a). A highly leptokurtic behavior is observed
which is in contrast, for example, with the Gaussian marginal distributions of the wavelet
coefficients of a fractional Brownian surface, as shown in Figure 3.8c,d (note that a Gaussian
density is an inverted parabola in a log-probability scale). It is important to note that both
the 2D fractional Brownian surface (the slope of its power spectrum is 2H + 2, where
0 < H < 1 is the self-similarity index) and the precipitation image exhibit similar power
law spectrum (i.e. 1/f law) but their marginal statistics are drastically different.

The Generalized Gaussian (GG) family, also known as the Generalized Laplace, has often
been used to model the marginals of the wavelet coefficients in the context of natural
images (Huang and Mumford , 1999). The early form of this class of density functions was
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Figure 3.7: (a) NEXRAD reflectivity image of a storm over the HSTN site at 01/15/2007
at original resolution of 1 km; (b) first level low-pass subband image of the storm using an
Undecimated Orthogonal Wavelet Transform (UOWT); (c) pixel-wise difference of images
(b) and (a). At each level of the wavelet decomposition, as a result of the convolution of the
field with the wavelet scaling function, a set of zero values next to the edges of the wetted
areas becomes non-zero and subsequently the areas of non-zero pixels progressively grow
from fine-to-coarse scales.

first presented by Subbotin (1923). The zero-mean parameterization of this family can be
described by a shape α ∈ (0,∞) and a width parameter s ∈ (0,∞) as

fx(x, θ) =
α

2sΓ(1/α)
exp

(
−
∣∣∣x
s

∣∣∣α) , (3.5)

where, θ ∈ {s, α} and Γ(·) denotes the standard gamma function Γ(a) =
´∞

0 e−tta−1dt

, a > 0 (Nadarajah, 2005). This parameterization allows a concise characterization of
a symmetric probability continuum spanning a wide range of distributions, including the
Dirac delta function (α → 0) to the uniform density (α → ∞) in the limiting case. The
tail probability of this family is summable and admits the classical central limit theorem.
Therefore, it is only a suitable probability model for signals with finite energy in L2(R) inner
product space. It is worth noting that as this family is a subclass of the generalized gamma
density function. Martín and Pérez (2009) proposed a gamma mixture representation which
allows a pseudo random number generation scheme for this family. Letting G be a gamma
random variate G ∼ Γ (shape = 1 + 1/α, scale = 1), the GG random variables in equation
(3.5) can be generated by X ∼ sG1/αU , where U is a uniform density function on [−1, 1].

Given a set of sample wavelet coefficients dj ∈
(
dim,1, d

i
m,2, ..., d

i
m,n

)T of precipitation re-
flectivity images at subband i and scale m, where j = 1, 2, ..., n correspond to the spatial
locations of these coefficients, the parameters of the fitted GG probability density can be
estimated using the Method of Moments (MOM) or the Maximum Likelihood (ML) esti-
mation method. The density of the GG distribution in the form of equation (3.5) can be
fully characterized given the second and fourth order central moments of the sampled data:

E
[
d2
j

]
=
s2Γ(3/α)

Γ(1/α)
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Figure 3.8: (a) NEXRAD reflectivity image of a storm over the MELB site on 07/05/2007
at 20:00:00 UTC, and (b) the associated histogram of the wavelet coefficients normalized by
the standard deviation. Sharper peak and heavier tail than the Gaussian case is a typical
statistical feature of the rainfall images in the wavelet domain. (c) Positive part of a 2D
fractional Brownian surface with self-similarity index of 0.5 and (d) the associate Gaussian
marginal histogram of the normalized horizontal wavelet high-pass coefficients.

E
[
d4
j

]
=
s4Γ(5/α)

Γ(1/α)
(3.6)

Accordingly, the shape parameter α can be estimated from the sample kurtosis of the
wavelet coefficients as defined above, by numerically solving the following nonlinear equa-
tion,

κ [dj ] =
Γ(1/α)Γ(5/α)

Γ2(3/α)
(3.7)

and knowing the shape parameter, the width parameter can be estimated using equation
(3.5). A closed form set of equations is also derivable to estimate the parameters in a ML
sense. Specifically, maximizing the log-likelihood function

θML = argmax
θ

log

 n∏
j=1

f (dj , θ)

 (3.8)
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yields the following set of nonlinear equations that can be solved numerically,

−n
s

+
α

sα+1

n∑
j=1

|dj |a = 0

n

α

{
1

α
Ψ(

1

α
) + 1

}
−

n∑
j=1

∣∣∣∣djs
∣∣∣∣ log

∣∣∣∣djs
∣∣∣∣ = 0 (3.9)

where, Ψ(·) the is the digamma function Ψ(a) = d
da log Γ(a) .

Employing the ML estimation method, Figure 3.9 depicts the fitted Generalized Gaussian
distribution to the average histogram of the first horizontal subband coefficients for all
precipitation images in the Texas and Melbourne sites. It can be observed that the GG
density can explain impressively well the heavy tail non-Gaussian features of the rainfall
fields in the wavelet domain. As the GG density can be fully characterized knowing the
second and fourth order statistical moments in equation (3.6), the evolution of the density
at multiple scales can also be studied via characterization of the scaling properties of the
second and fourth order moments.
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Figure	9	Figure 3.9: The empirical log-histogram of the horizontal subband coefficients normalized
by the standard deviation, at one level of decomposition in HSTN (a) and MELB (b). The
dots show the empirical histogram averaged over all storms in each site (see Figure 3.1) and
the solid line is the Maximum Likelihood fitted GG distributions. The shape parameter
for the average histogram is calculated consistently around 0.7 for both sites. The dashed
lines present the 95% quantiles associated with the estimated parameters for each individual
dataset.

As an orthogonal overcomplete wavelet representation is used in this study, the Parseval’s
theorem guarantees that the 2-norm is conserved in the transformed domain. Hence, as
expected from spectral analysis, the scaling of the second order statistics in the wavelet
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domain shall remain a power law. Observations (see Figure 3.10) also demonstrate that the
fourth order moment of the wavelet coefficients obeys a power law scaling, which allows us to
derive parametric expressions to describe the evolution of the GG density at multiple scales
of interest. This can be further formalized in the framework of a stochastic multifractal
representation (e.g., Abry et al., 2004) in which, the qth order moment of the wavelet
coefficients in a particular subband can be explained as

E [|dm,j |q] = cq2
mτq (3.10)

where, cq is a prefactor and τq characterizes the scaling law of the process in a finite range
of scales. In the case that the scaling exponent τq can be uniquely expressed as τq = qH,
with the self-similarity index H independent of q, the process is called mono-fractal. In this
case, the tail thickness of the marginal distribution of the process remains scale-invariant.

Decomposing all of the precipitation reflectivity images at four levels of decomposition
(m = 1 to 4, spatial scales of 2 to 16 km), τq is estimated in a least squares sense for
q ∈ {2, 4} (Figure 3.10). The estimated values of τ2 and τ4 are summarized in Table 3.3 for
all of the subband coefficients. It can be observed that the value of τ4− 2τ2 is not equal to
zero as one would obtain for a mono-fractal process. Instead, it is found that τ4 − 2τ2 < 0,
implying that the kurtosis of the coefficients shrinks from fine-to-coarse scales. This can be
seen from the kurtosis evolution at different scales given as:

κ (dm,j) =
c4

(c2)2
2m(τ4−2τ2). (3.11)
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Figure	10	

Figure 3.10: The average moment scaling law of the high-pass horizontal subband coeffi-
cients (wavelet coefficients) in the HSTN (a) and MELB (b) sites, respectively.m = 1, . . . , 4
denotes the spatial scales of 2 to 16 kms. This information can be exploited to characterize
the evolution of the Generalized Gaussian (GG) density across a range of scales of interest.
It appears that the scaling laws can be estimated consistently for both sites. The shaded
areas denote the 95% quantile range of estimation. See Table 3.3 for estimated values of the
scaling exponents.
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This multiscale behavior of the kurtosis implies a multifractal scaling law of the wavelet
coefficients. However, this nonlinear scaling (i.e. shrinkage of the tail) can be consistently
studied via a linear (in log-log scale) characterization of the second and fourth order mo-
ments, individually. Accordingly, given any prior information about the scaling exponents
and the wavelet coefficients at any particular scale (from which the GG parameters can be
directly estimated), the evolution of the marginal density in terms of the parameters of the
GG distribution can be fully explained at any scale of interest.

HSTN MELB

H V D H V D
τ2 1.01(0.9-1.1) 1.00(0.9-1.1) 0.91 (0.8-1.0) 1.03(0.9-1.1) 1.02(0.90-1.1) 0.93(0.8-1.0)
τ4 1.89(1.7-2.10) 1.86(1.6-2.0) 1.69(1.5-1.9) 1.91(1.7-2.1) 1.88(1.7-2.0) 1.75(1.6-1.9)

Table 3.3: Estimated scaling exponents of the second and fourth order statistical moments
for the NEXRAD data set at different orientations (horizontal H, vertical V, and diagonal
D) in the range of scales of interest (2 to 16 km).

3.6 Joint Statistics of the Wavelet Coefficients

3.6.1 Scale-to-scale dependence

Similar to the Fourier expansion, it is theoretically proven by Wornell and Oppenheim
(1992) that the discrete orthogonal wavelet transform for 1/f processes is an approximate
Karhunen-Loéve-like expansion that can decompose a correlated process into a set of un-
correlated expansion coefficients and orthogonal bases functions. For a 1D Gaussian scaling
process, such as fractional Brownian motion with self-similarity index H, it has been the-
oretically shown (Tewfik and Kim, 1992) that the covariance of wavelet coefficients decays
in the order of,

E
[
dm,kd

T
r,l

]
∼ O

(
|2mk − 2rl|2(H−R)

)
(3.12)

where, m and r denote different scales, (k, l) are translation indices and R is the number
of vanishing moments of the chosen wavelet (i.e.

´
xpψm,k(x) = 0, p = 0, 1, ..., R− 1). Ob-

viously, according to equation (3.12), the decorrelation is not perfect for nearby coefficients
and the decay rate also depends on the order of the vanishing moments of the selected
wavelet; the larger the number of vanishing moments, the larger the decorrelation rate.
On the contrary, due to the presence of multi-oriented edges and strong local dependencies
of the intensity values in precipitation images, this whitening effect is more complicated
especially in an overcomplete representation.

Although, the Haar wavelet has the least number of vanishing moments i.e. R = 1 , it has
some appealing features especially for analyzing the 1/f scaling and interpreting the rainfall
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Figure 3.11: The average joint histogram of the diagonal (a) and vertical (b) high-pass
wavelet coefficients at the MELB site are shown along with the corresponding conditional
histograms in (c) and (d). The bow-tie shape of the conditional histograms manifests the
scale-to-scale dependence and the tilted shape indicates the presence of a non-diagonal co-
variance structure.

wavelet coefficients as simple first-order increment of the field. For practical implementation
on finite domain images, this wavelet has the shortest support among all of the wavelets
and thus it does not need a periodic extension of the analyzed signal. Due to the presence of
the pronounced edges in the rainfall images separating the rainy areas from the background
zeros, this naturally implies that the distribution of the high-pass coefficients of the Haar
wavelet with finite support has the least amount of cusp singularities at the center, which
makes it more tractable for statistical parametrization. In addition, selection of the Haar
wavelet is consistent with the assumption that the retrieved precipitation product is the
arithmetic average representation of the highly irregular precipitation process at a particular
scale (the low-pass filter corresponding to the Haar wavelet is like a box averaging filter.
Obviously, using the Haar wavelet, there exist more pronounced intra-scale and scale-to-
scale dependency, which needs to be characterized for proper stochastic modeling of the
rainfall images.
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The 2D-joint and conditional histograms of the Haar wavelet coefficients of the precipitation
reflectivity images have been estimated to study the scale-to-scale dependence of the rainfall
wavelet subbands at two adjacent scales. The relationships of the coarse and next finer scale
coefficients are studied under the name of parent and child dependency. Figure 3.11 shows
the average 2D-joint and conditional histograms of the wavelet coefficients for the MELB
dataset. The conditional histogram is just a remapped version of the 2D-joint histogram
in which, given the parent value, every nth vertical bin is independently normalized into a
probability scale such that

∑
n p(child|parent) = 1.

The shape of the joint histograms (Figure 3.11 top panels) clearly denotes that the con-
ditional probability of the children given the parent is not uniform all over the domain
and there exists higher order dependency that cannot be completely eliminated under the
wavelet transformation. Indeed, the shape of the computed conditional histograms (Figure
3.11 bottom panels) denotes that the variance of the children depends on the parent mag-
nitudes and larger parents give rise to children with larger variance. The tilted Bow-tie
shape of the vertical subband, see Figure (3.11b) and (3.11d), also signifies the presence
of off-diagonal non-zero elements on the covariance matrix of the parent and child coeffi-
cients. All of these confirm that the wavelet transformation cannot completely eliminate
the scale-to-scale correlation and higher order dependence in the rainfall fluctuations. We
remind the reader that the analysis in the reflectivity domain is related to analysis in the
log-rainfall domain, and thus “rainfall fluctuations” here and in the sequel literally refer
to fluctuations of the log-transformed rainfall fields. This kind of statistical dependencies
are also observed for the HSTN-NEXRAD dataset (not shown here) for all nearby wavelet
coefficients at all orientations.

3.6.2 Intra scale dependence

In addition to the fact that the wavelet transform does not completely decorrelate (globally)
the precipitation images across scales, in this part we show that the wavelet coefficients of
the precipitation images also exhibit a local intra-scale dependence structure. Panel (b) of
Figure 3.12 shows the absolute value of the vertical high-pass subband of the storm image
in panel (a). Although, it seems that the coefficients are not strongly correlated in a global
sense, they are locally structured, especially near the major edges. The estimated local
covariance matrices of a 5 × 5 neighborhood of the wavelet coefficients for all orientations
is shown in panels (c), (d) and (e) of Figure 3.12. These covariance matrices are estimated
using a bootstrap resampling scheme. Blocks of the neighborhood coefficients dim,k,l are
sampled with replacement, then for each jth sampled block, the djd

T
j is computed, where

here dj is the column-wise vectorized version of dim,k,l in a fixed order. For n-bootstrap
samples, the covariance matrix Σd is estimated as follows:
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Figure 3.12: NEXRAD image of a storm over MELB on 09/26/2004 at 04:50:00 (UTC) (a)
and the associated vertical subband image (b) are shown. Images of the covariance matrices
of a 5× 5 neighborhood for the horizontal (c), vertical (d) and diagonal (e) subband images
signify the presence of an intra-scale dependence structure in the wavelet coefficients.

Σd =
1

n

n∑
j=1

djd
T
j (3.13)

For sufficiently large n, this estimate guarantees convergence in probability to the true
population value.

The off-diagonal non-zero elements of the estimated covariance matrices signify the imper-
fect local intra-scale whitening effect of the wavelet transformation (see Figure 3.12 panels
(c) to (e)), which is more significant for the vertical and horizontal subbands.

All of these findings corresponding to the existence of a dependent structure among the
wavelet coefficients challenge most of the available stochastic spatial rainfall models in
which an uncorrelated reconstruction scheme is proposed to explain the high frequency fea-
tures of the field. Note that the uncorrelated reconstruction schemes do not offer a means
for controlling the tail evolution of the high frequency features and naturally, cannot ac-
curately reproduce the small-scale extreme fluctuations in the precipitation images. For
applications such as stochastic downscaling or multi-resolution fusion in the wavelet do-
main, the results reported herein imply that one has to consider a probability model for the
wavelet coefficients, or say small scale features of precipitation images, which can reproduce
a heavy tailed spatially correlated process with higher order scale-to-scale statistical depen-
dence. In the next section, we propose a formalism within which the intra-scale correlation,
scale-to-scale higher order dependence and heavy tail marginals can be simultaneously and
parsimoniously reproduced in the wavelet domain.

3.7 GSM for the Wavelet Coefficients of Rainfall Images

In this section a stochastic model is introduced which allows us to capture the laid out
features of the rainfall images in the wavelet domain. Basically, this model is capable of
reproducing a class of heavy tail multiscale processes with a desired covariance structure to-
gether with a specific signature of higher order scale-to-scale dependence on the conditional
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histogram. To this end, the basic idea is to exploit the construction proposed by Wain-
wright et al. (2001) in which the high-pass wavelet coefficients are modeled via a mixture of
Gaussian random variables on a tree-like structure. Specifically, it will be shown that the
wavelet coefficients can be decoupled into a mixture of two different Gaussian processes in
which one controls the covariance and second order scaling, while the other one takes into
account the tail and higher order scale-to-scale dependence.

3.7.1 Cascade of Gaussian Scale Mixtures on Wavelets Trees

Andrews and Mallows (1974) and Wainwright et al. (2001) showed that a set of heavy
tailed symmetric density functions including the Laplace, t-distribution, logistic, standard
power exponential and even stable distribution, can be generated as a mixture of Gaussian
random variables, called Gaussian Scale Mixtures (GSM):

d
d
=
√
zu (3.14)

where d
= stands for equality in distributions, z is a positive independent scalar random

variable, the so called mixing random variable or the multiplier, u is a zero-mean Gaussian
vector with a given covariance matrix Σu and d is the family of Gaussian Scale Mixtures
(GSM). In particular, knowing that the z and u are independent, the n-dimensional GSM
has the following density function which can be specified with different choices of the
random variable z:

fD(d) =

∞̂

0

fd|z(d|z)fz(z)dz =

∞̂

0

1

(2π)
n
2 |zΣu|1/2

exp

(
−dT (zΣu)−1 d

2

)
fz(z)dz (3.15)

The discrete version of equation (3.15) resembles the statistical concept of estimating a
symmetric distribution by summing zero mean Gaussian kernel densities whose covariances
have been randomized by a positive random variable z. For instance, choosing z from
the family of exponential density functions yields a representation of the family of Laplace
distributions. Several classes of heavy tailed distributions can be produced in the context
of the GSM; however, for the GG family with 0 < α < 1 , a closed form expression for the
density of the mixing random variable z does not exist.

By construction, one of the key properties of the GSM is that,

Σd = E [z] Σu (3.16)

which implies that the covariance structure of the GSM can be fully explained by the
covariance matrix Σu and the mean of the multiplier process. Therefore, without loss of
generality setting E [z] = 1, the whole covariance structure of the GSM can be explained
by the covariance of the u. Accordingly, to generate a GSM with a desirable covariance,
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similar to that of the rainfall wavelet coefficients, we need to adopt a mechanism which
allows us to efficiently generate a (weakly) correlated Gaussian random field in a multiscale
framework. For this purpose, the general class of multi-resolution linear Gauss-Markov
processes defined on a regular tree-like structure (Figure 3.13) is of particular interest as
follows:

x(s) = A(s)x (sγ) + B(s)w(s) (3.17)

where x(s) is the state of the process at node s and sγ is the parent node to which x(s)

is connected at the next coarser scale, A(s) is the transition matrix, specified at each
node of the tree and determining the coarse-to-fine scale dynamics of the process, w(s) ∼
N (0, I) and B(s)w(s) is a Gaussian white noise with covariance Q(s) = E

[
B(s)B(s)T

]
(Chou et al., 1994). The random vector x(s) at each node of the tree has a Gaussian
distribution N

(
0, Σx(s)

)
with the following coarse-to-fine scale dynamics for the evolution

of the covariance:

Σx(s) = A(s)Σx(sγ)A(s)T + Q(s) (3.18)

known as the discrete Lyapunov equation.According to this recursion, the strength of the
scale-to-scale dependence is determined by the value of the transition matrix A(s) . When
this prefactor tends to zero, the Markovian structure of the tree weakens and the process
would be roughly uncorrelated from scale-to-scale with a nearly diagonal covariance Σx(s)

∼=
Q(s) . This construction provides a very flexible multiscale covariance structure, within
which the special case of scale-to-scale stationarity can also be achieved by setting A(s) = A

, B(s) = B , Σx(s) = Σx(sγ) in equation (3.18) and adjusting A and B accordingly. However,
due to the observed second-order scaling of the wavelet coefficients of the rainfall images,
the non-stationary scale-to-scale construction of u(s) is of interest in this study. To this
end, a stationary process x(s) ∼ N

(
0,Σx(0)

)
can be generated according to the dynamics in

equation (3.17), where Σx(0) is the covariance at the root node, and then the scale-to-scale
non-stationarity can be imposed by setting,

u(s) = 2−j(s)τ2x(s) (3.19)

where j(s) represents the scale level on the wavelet tree from coarse-to-fine scales and τ2

represents the geometric decay rate of the variance of the wavelet coefficients across dyadic
scales (see equation (3.10) and Figure 3.10).

Recalling that Σd(s) = Σu(s) , this geometric decay rate indeed guarantees the scaling law
of the variance of the wavelet coefficients,

diag
(
Σd(s)

) ∼= 2−j(s)τ2diag
(
Σd(0)

)
(3.20)

which leads to the presence of dyadic self-similarity and 1/f spectrum in the reconstructed
field.
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Figure 3.13: Schematic of a multi-resolution regular quad-tree, where each node on the
cascade x(s) is connected to a unique parent x(sγ) node. On a quad-tree, x(s) indeed
represents a 3-tuple including the scale level and the pair of spatial positions.

In addition to the scale-to-scale dependence, due to the tree-like Markovian construction,
the nearby nodes at the same scale also exhibit a dependent structure as long as they share
the same parent. Consequently, according to the proposed construction, this framework also
allows us to capture not only the observed global scale-to-scale statistical structure, but also
the local intra-scale correlation among the wavelet coefficients. However, in the simplest
case, one may still decide to just assume completely uncorrelated wavelet coefficients (i.e.
A(s) = 0 ) and pursue a white reconstruction phase accordingly.

Furthermore, simulating a GSM random variable with a desirable marginal density natu-
rally requires a priori information and optimal estimation of the multiplier density function
from the available data. Focusing on the marginal density of the GSM model, equation
(3.14) can be written as

log |d(s)| = 1/2 log [z(s)] + log |u(s)| , (3.21)

Knowing that the convolution of two functions in the real space is equivalent to the prod-
uct of their Fourier transforms in the frequency domain, the density of log |z(s)| can be
computed non-parametrically, given a set of observations of the d(s) (see, Portilla et al.,
2001). The density of log |d(s)| is indeed the convolution of the densities in the right hand
side of equation (3.21) and hence, a rescaled version of the log [z(s)] distribution can be
estimated by deconvolving the density of log |u(s)| from the empirical histogram of the
log |d(s)|. Note that in our case, d(s) will be the wavelet coefficients obtained from the
wavelet transformation of the precipitation reflectivity images as discussed earlier. Figure
3.14(a), displays the results of the deconvolution problem for the MELB data set horizontal
subbands at one level of decomposition. The log-histogram of the log [z(s)] is an inverted
parabola and remarkably Gaussian which implies that the multiplier can be well explained
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Figure 3.14: (a) Estimated densities (dashed lines) of the logarithm of the multiplier for
the horizontal subband coefficients of the MELB data are well approximated by a Gaussian
distribution (inverted parabola in log-probability). Note that the variance of the coefficients
is normalized to one before performing the deconvolution. The solid circles show the N (0, 1)
and the solid line is the average histogram of the data. (b) Simulated marginal of the
GSM random variables using a log-normal multiplier is shown versus the fitted Generalized
Gaussian (GG) density with α = 0.7 as found from precipitation reflectivity data (see Figure
3.9). The Gaussian density is also shown for comparison.

by a scalar log-normal random variate z(s) ∼ LN (µz(s), σz(s)) , where µz(s) and σz(s) are
the mean and variance of the log [z(s)] . As anticipated, numerical simulation of the GSM
random variables in equation (3.14) using a log-normal multiplier shows that this mixture
can reproduce reasonably well the GG density, see Figure 3.14(b), in close resemblance to
the histogram of the rainfall wavelet coefficients (e.g., compare to Figure 3.9).

At a particular scale, knowing that E
[
d(s)4

]
= E

[
z(s)2

]
E
[
u(s)4

]
and E

[
u(s)4

]
= 3

{
E
[
u(s)2

]}2,
a closed form expression for the kurtosis of the wavelet coefficients is derivable, κ [d(s)] =

3E
[
z(s)2

]
. Assuming E [z(s)] = 1 leads to µz(s) + σz(s)2

2 = 0 , which yields:

κ [d(s)] = 3 exp
[
σz(s)

2
]

(3.22)

Equating (3.22) and (3.7), Figure 3.15 provides the relationship between the tail of the
GG distribution and the variance of the log-multiplier. Assuming the GG density as a
parametric model for the marginal histogram of the wavelet coefficients, this tells us that
the tail of the GSM can be fully controlled by the variance of the log [z(s)] . Accordingly,
obtaining the sample kurtosis of the wavelet coefficients, the distribution of the multiplier
can be fully characterized. It is worth noting that, according to equation (3.22) and the
positivity of σz(s) , the proposed GSM construction does not allow a thinner tail than
the Gaussian case and therefore this model is only suitable for generating GG marginals
with 0 < α ≤ 2 . On the other hand, the scale-to-scale evolution of σz(s) can be further
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Figure 3.15: The relationship between the shape parameter α of the Generalized Gaussian
(GG) density and the log-multiplier standard deviation σz .

expressed in terms of the multifractal properties of the rainfall fields manifested on the
kurtosis statistic in equation (3.11).

σ2
z(s) = log

(
c4

3 (c2)2

)
+m(τ4 − 2τ2) log(2) (3.23)

This shows that the GSM log-multiplier allows us to collapse the scaling information content
of the second and fourth order moments of the process into a single parameter of the log-
multiplier, which eventually controls the thick tail properties of the marginal and higher
order scale-to-scale dependence. In other words, in this construction u(s) captures second
order statistics and the associated scaling of the wavelet coefficients, independent of z(s)
which addresses the heavy tail statistics and higher order dependency.

Figure 3.16 shows the results of a numerical experiment that demonstrates how the pro-
posed construction can generate similar statistical signatures to those found for the wavelet
coefficients of precipitation images. To this end, assuming the identity matrix as the nor-
malized covariance of the wavelet coefficients at the root node, a cascade of stationary
multiscale processes x(s) is generated by setting A(s) = ηI and B(s) =

√
1− η2I. Subse-

quently, the second order scaling law of the process is imposed on the cascade according to
equation (3.19). The strength of the scale-to-scale correlation can be adjusted by η . For
example, a nearly uncorrelated scale-to-scale construction can be achieved by sending η to
zero and on the contrary, while η tends to unity the Markovian property is much stronger
and the cascade produces a highly correlated field. Indeed, a larger value of the η increases
the off-diagonal entries of the parent and child covariance matrix and gives rise to a tilted
joint histogram.
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Note that the heavy tail property of the marginal density and the higher order scale-
to-scale dependence in terms of the observed bow-tie shape of the joint histogram, only
depend on the variance of the log-multiplier process which characterizes the shape of the
tail. Empirically, it seems that the type of dependence in the conditional histogram (shape
of the bow-tie) is tightly related to the thickness of the tail, meaning that, for heavier tail
(i.e. larger σz(s) ) the high order parent-to-child dependency is more pronounced ( Figure
3.16 ).

3.7.2 GSM on Wavelet Trees vs. Multiplicative Random Cascades

Multiplicative random cascades, in their canonical form, have been of central importance
to stochastic simulation of geophysical processes and especially precipitation data (Gupta
and Waymire, 1993). This class of stochastic models, with the coarse-to-fine scale recur-
sion described below, allows us to generate multi-fractal measures with similar statistical
properties as those typically observed in rainfall across a finite range of scales:

x(s) = x (sγ) ζ(s) (3.24)

where, ζ(s) represents an independent identically distributed (i.i.d) random multiplier at
each node s of the tree with E [ζ(s)] = 1, also known as the cascade generator. The
multiplicative structure of this model is a key factor which imposes the desired multifractal
properties (e.g., Mandelbrot et al., 1997) and the parent-to-child scale dynamics in the sense
that the larger parents are more potent to generate larger children, a property that has been
amply documented in the precipitation fields. However, this construction is nonlinear by its
nature and hence the state estimation of equation (3.24) given a set of noisy observations,
even under a affine observation equation:

y(s) = x(s) + w(s) (3.25)

where w(s) ∼ N (0, R(s)), is not a trivial task. At first glance, it seems that by working
in the log-space to linearize the model equation,

log [x(s)] = log [x(γs)] + log [ζ(s)] (3.26)

where, E {log [ζ(s)]} = 0, the linear estimation theory of additive Markovian multiscale
models (e.g., Gorenburg et al., 2001; Tustison et al., 2003) can be invoked, while preserving
the multiscale properties of the multiplicative random cascade. We need to note however
that, although the mean is conserved in this log-transformation, the higher order parent-to-
child dependency is not preserved, given that ζ(s) is a sequence of i.i.d. random variates.
For instance, it is easy to check that the conditional variance of x(s) given x(γs) in equation
(3.24) depends linearly on the magnitude of x(γs) while in equation (3.26) this variance is
only characterized by the noise term ζ(s). In other words, a proper additive construction

46



16 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

	

	

	

	

	

	

	

	

Figure	16	

Parent

C
hi

ld

=0.01, z
=2.0

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-10 -5 0 5 10

-10

-8

-6

-4

-2

0

 d

lo
g(

p)

a)

b)
=0.3

Parent

C
hi

ld

=0.01, z
=1.2

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-5 0 5

-10

-8

-6

-4

-2

0

 d

lo
g(

p)

c)

d)
=0.7

Parent

C
hi

ld

=0.01, z
=0.5

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-4 -2 0 2 4
-10

-8

-6

-4

-2

0

 d

lo
g(

p)

e)

=1.5f )

Parent

C
hi

ld

=0.5, z
=1.2

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-5 0 5

-10

-8

-6

-4

-2

0

 d

lo
g(

p)

h)

g)

=0.7

Figure 3.16: Marginal and joint statistics of simulated GSM cascades for various choices
of parameters (η, σz). A larger variance of the multiplier σz increases the thickness of the
tail (smaller α) and the significance of the scale-to-scale dependence and η controls the
directionality of the bow-tie shape of the joint histogram. (a,b) η = 0.01, σz = 2.0(α = 0.3)
; (c,d) η = 0.01, σz = 1.2(α = 0.7) ; (e,f) η = 0.01, σz = 0.5(α = 1.5); and (g,h)η = 0.5,
σz = 1.2(α = 0.7) .
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requires the derivation of an appropriate noise term that can take into account this high
order dependency (e.g. a correlated noise), which cannot be definitely explained by an i.i.d.
ζ(s) . A very important implication of this deduction is that, using multiplicative random
cascades, implementation of the linear state estimation theory for precipitation data in
log-transformed space cannot fully capture the distinct statistical signature of the rainfall
process.

On the contrary, the GSM cascade on the wavelet tree has an additive construction, which
allows a subtle and explicit characterization of the wavelet detail coefficients to properly
account for the statistical structure of these fields. Indeed, given an estimate of z(s), the
density of d(s) is Gaussian and hence the conditional estimation of the wavelet coefficients
becomes a linear problem. This is a great advantage of the GSM construction in the
wavelet domain which eventually permits exploiting the well established linear estimation
techniques.
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Chapter 4

Adaptive Fusion of Multisensor
Precipitation using Gaussian Scale
Mixtures in the Wavelet Domain

In the previous chapter it is demonstrated that a particular mixture of Gaussian random
variables can well capture the observed heavy tail properties of the precipitation data in
the wavelet domain. In this chapter, we will explain how this probability model in the
wavelet domain can be exploited for optimal multiscale fusion of multisensor precipitation
data. Using the developed methodology, we present a case study in which first rain-gauge
corrected products are derived via filtering the measurement error from the coincidental
observations of the TRMM-PR satellite and ground-based NEXRAD reflectivity data and
then the rain-gauge corrected products are merged in a multiscale framework. The advan-
tages of the introduced method over the conventional linear Gaussian estimation technique
are also discussed. Accordingly, this chapter is structured as follows:

In the context of precipitation multisensor fusion, the standard linear Gaussian estimation
method is explained and implemented in Section 4.1. Practical aspects of implementation
and shortcomings of this method are also discussed in this section. Section 4.2 explains
the new proposed probability model, namely the Gaussian Scale Mixture (GSM), for pre-
cipitation reflectivity images in the wavelet domain which can be used for consistent and
robust multiscale multisensor data fusion. In Section 4.3, basic theoretical and practical
concepts of optimal estimation in the wavelet domain using the GSM probability model are
explained. A synthetic 1D example is also presented to elaborate the main advantages of
the proposed algorithm compared with the SRE method. Section 4.4 describes the imple-
mentation of the new model for precipitation estimation and data fusion by applying the
algorithm to a real storm event coincidentally measured by ground-based NEXRAD and
TRMM-PR sensors.
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4.1 Linear Fusion of Multisensor Precipitation Data in the
Spatial Domain

Since minimization of linear quadratic error linear functionals can be cast as a convex
optimization problem with a unique solution, least squares estimation has played a central
role in a large family of statistical inference and estimation problems. As in this study
optimal estimation or fusion of multi-sensor precipitation observations builds upon the
basic theory of least squares estimation, a brief explanation of the relevant theoretical
aspects is presented in this section.

4.1.1 Principle of Linear Least Squares Estimation

Consider a set of noisy measurements y ∈ Rn of a parameter vector x ∈ Rm with joint
covariance matrix of the form Σ = [Σx,Σxy; Σyx,Σy]. Without having any a priori assump-
tion about the density of observations and parameter vectors, the Bayesian least squares
estimator of x and the associated covariance (Σ) of estimation can be derived as,

x̂ = mx + ΣxyΣ−1
y (y −my) (4.1)

Σx̂ = Σx − ΣxyΣ−1
y Σyx (4.2)

where mx = E [x] and my = E [y] (see, Levy , 2008).

Casting this problem in the context of a linear measurement equation of the form y = Hx+

v in the Gaussian noise environment v ∼ N (0,Σv), where C ∈ Rn×m is the measurement
matrix, and knowing ΣAx,By = AΣxyB

T for any matrices A and B of relevant size, the
above expression can be further expanded as follows.

x̂ = mx + ΣxHT
(
HΣxHT + Σv

)−1
(y −Hmx) (4.3)

Σx̂ = Σx − ΣxHT
(
HΣxHT + Σv

)−1
HΣx (4.4)

The least squares estimation x̂ of x given y, is indeed the projection of x onto the linear
subspace spanned by y or say span{y}, which is optimal in the sense that E

[
|x− x̂|2

]
≤

E
[
|x− span{y}|2

]
. In the case that x and y are in the Gaussian domain (linear filter-

ing), the least squares estimator is fully optimal in the sense that it coincides with the
conditional expectation x̂ = E [x|y]. However, in the case of non-Gaussian distributions,
(nonlinear filtering), the conditional expectation is a nonlinear function of the measure-
ments and the least-squares estimator is just a suboptimal linear estimation of the con-
ditional expectation. Note that in general, the conditional expectation is optimal in the
sense that E

[
|x− E [x|y]|2

]
≤ E

[
|x− f (y)|2

]
, where f(y) denotes any nonlinear function
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of the observations (see, Fristedt et al., 2007; Levy , 2008). In practice, for high dimensional
problems obtaining this estimator requires inversion of the measurement covariance matrix,
which might be computationally cumbersome especially in temporal systems while online
measurements become available sequentially and cumulative in time.

A least squares estimation paradigm was introduced by Kalman (1960) for the estimation
of discrete time linear Gauss-Markov stochastic processes; i.e., xt = Atxt−1 + wt where At

is the temporal transition matrix and wt ∼ N (0, Σwt) is a white Gaussian noise vector,
known as the model error. Minimizing the trace of the covariance matrix of the estimates,
this formalism allows us to sequentially obtain the conditional expectation of the system
state variables x̂t = E [xt|y0,y1, ...,yt] in time, given the noisy observations in the frame-
work of an affine measurement equation yt = Htxt + vt, where Ht relates the system state
to the measurements and vt ∼ N (0, Σv). Obviously, for such a Gaussian dynamic system,
Kalman Filter (KF) is an optimal estimator as the conditional expectation and the associ-
ated covariance can fully explain the entire probabilistic structure of the system. Replacing
the notion of time with scale, the original idea of the linear estimation of temporal Gauss-
Markov systems was further expanded by Chou et al. (1994) to the optimal estimation
of Multiresolution Auto-Regressive (MAR) Gaussian processes. In MAR representation, a
multiresolution process is naturally defined on a tree-like graph structure T ( Figure 3.13
), where each node s ∈ T on the tree is a 3-tuple which indicates the signal quantity x(s)

in a specific translational offset and scale level:

x(s) = A(s) x(sγ) + w(s) (4.5)

In this coarse-to-fine multiresolution dynamics, sγ̄ denotes the parent node of s, A(s) is the
transition matrix and w(s) ∼ N

(
0,Σw(s)

)
is a Gaussian white noise. The system states x(s)

at each node s are distributed as N
(
0,Σx(s)

)
, where the covariance Σx(s) = E

[
x(s)x(s)T

]
evolves according to the discrete Lyapunov equation across scales:

Σx(s) = A(s)Σx(sγ)A
T(s) + Σw(s) (4.6)

In this setting, the measurement equation at different scales is given by,

y(s) = H(s)x(s) + v(s) (4.7)

where H(s) specifies the linear relationship between x(s) and what is measured at each
node and v(s) is a Gaussian white noise independent of w(s) with covariance Σv(s) =

E
[
v(s)v(s)T

]
. Analogous to the two-pass smoother algorithm for temporal system dy-

namics by Rauch et al. (1965), known as the RTS-Smoother due to the author names,
the presented two-pass Scale Recursive Estimation (SRE) algorithm by Chou et al. (1994)
permits fusing (assimilating) such measurements into the estimation process of the MAR
dynamics in (4.5).
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Figure 4.1: Regular quad-tree structure typically used to model 2D multiresolution Markov
fields in which each parent node gives birth to four children nodes. In this representation,
each node on the tree represents the process magnitude in a spatial region and specific
location, while each level of the tree corresponds to a particular resolution (scale) of the
process.

4.1.2 Scale Recursive Estimation of Multi-sensor Precipitation data

In the past decade, several research groups exploited the SRE framework for fusing coinci-
dental multiscale soil moisture and precipitation data (e.g., Kumar , 1999; Gorenburg et al.,
2001; Tustison et al., 2003; Bocchiola, 2007; Van de Vyver and Roulin, 2009). Typically,
a regular quad-tree Tq structure is being used to model coarse-to-fine scale dynamics of
precipitation fields in the SRE framework, where each node s on the tree at scale j(s) gives
rise to four children nodes, namely {sαi}4i=1, at scale j(s)+1 ( Figure 4.1 ). Scale recursive
estimation of multi-sensor precipitation data has some subtle technical issues. For example,
it needs to be assumed that precipitation data can be modeled from coarse-to-fine scales by
a Gaussian MAR dynamics. Furthermore, rainfall is a positive process and the background
of precipitation fields is often filled with too many zero intensity values. How should these
zeros be handled in the context of a stochastic MAR model while preserving the positivity
condition and proper correlation structure of the precipitation data?

Typically, in this setting the coarse resolution precipitation data (i.e., satellite observations
or General Circulation Model predictions) are considered as model information x(s) at the
root node of the quad-tree, where a MAR model is being used to produce the rainfall infor-
mation at higher resolutions of interest. Consequently, the available observations at finer
resolution, such as the data from the NEXRAD weather surveillance radars, are generally
considered as measurements y(s).

In the context of rainfall data, it has long been argued (Lovejoy and Schertzer , 1990; Gupta
and Waymire, 1993) that these fields can be explained using a nonlinear multiplicative scale-
to-scale stochastic structure; e.g., r(s) = r(sγ̄)ζ(s), where ζ(s) represents a driving random
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component known as the cascade generator with E [ζ(s)] = 1, in a microcanonical form.
Working on high resolution rainfall data, Menabde et al. (1997) proposed a log-normal
density for the ζ(s). To treat this nonlinear recursion and make it consistent with the
settings in (4.5) and (4.7), typically the SRE method is performed in the log-transformed
rainfall; i.e., log [r(s)] := x(s) , or say a shifted version of the reflectivity fields

log [r(s)] = log [r (sγ)] + log [ζ(s)] , (4.8)

where, log [ζ(s)] is a Gaussian white noise, equivalent to the term w(s) in (4.5). In terms
of the first order and marginal statistics, this transformation seems fine; however, the
log-transformation can not completely transform a rainfall field into a Gaussian process
and change the multiplicative scale-to-scale correlation into an additive structure. For
instance, it is easy to check that the conditional variance in a multiplicative recursion
depends on the magnitude of the process at the next coarser scale; i.e., var [r(s)|r(sγ)] =

(r(sγ))2 var [ζ(s)], which is not the case in (4.8), as long as the term log [ζ(s)] remains a
“white” type of Gaussian noise at different scales. In effect, some important higher order
scale-to-scale statistical structures are ignored in linear estimation of rainfall data in the
log-transformed domain. Moreover, we have also shown that the marginal histogram of the
rainfall reflectivity data (logarithm of rainfall through Z-R relationship) is far from being
in the Gaussian domain of attraction ( Figure4.2b ).

Considering all of these major MAR model incompatibilities with the observed statistical
structure of rainfall, the standard Gaussian multiscale filtering technique still provides a
very efficient global least-square estimator of the multiscale multi-sensor precipitation data.
Here, an example is provided which uses the SRE framework to merge precipitation given
from TRMM-PR satellite and ground-based NEXRAD coincidental precipitation reflectiv-
ity imageries. We assumed that the reflectivity images can be partially explained by the
linear MAR model in (4.5). The tree is assumed stationary in the sense that A(s) = I and
as explained the “model” information x(s) is obtained from the coarse resolution TRMM
near-surface reflectivity images at ≈ 4 × 4 km and the “observations” y(s) are set to the
NEXRAD high resolution reflectivity imageries at 1×1 km. We assumed that both sensors
provide unbiased precipitation estimates in a global sense and hence we set H(s) = I. To
address the self-similarity and commonly observed 1/f spectrum in the rainfall reflectivity
images ( Figure 4.2a ), it is assumed that the variance of the driving noise term w(s),
decays geometrically from coarse-to-fine scales by assigning Σw(s) ∝ 2−H j(s)I, where the
scalar parameter H > 0 refers to the self-similarity index, and j(s) represents coarse-to-fine
scale levels at node s. This parameter controls the drop-off rate of the power spectrum of
the synthesized fields and can be estimated from the available high resolution NEXRAD
data. To this end, we simply employed the concept of image pyramid encoding (Burt
and Adelson, 1983). The original NEXRAD image can be coarsened by smoothing and
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Figure 4.2: (a) Radially averaged ensemble spectrum of 105 NEXRAD precipitation single
level near-surface reflectivity images at resolution 1×1 km over the Ground validation site of
the TRMM satellite in Melbourne, Florida. Frequencies are in cycle per pixel [c/p] which are
equivalent to the inverse of pseudo spatial scale [km−1]. (b) the associated average histogram
of the horizontal subband coefficients d. The solid circles show the mean empirical histogram
and the solid line is the fitted Generalized Gaussian distribution p(x) ∝ exp (− |x/s|α). The
dashed lines are the 95% estimation quantiles.

down-sampling by a factor of two, using an average filter of size 2× 2, to produce an “ap-
proximate” representation of the field at the next coarser scale. The approximate coarse
scale image is then up-sampled by a factor of 2 and convolved with a nearest neighborhood
filter to produce the so called “prediction field”, which will have the same dimensions as the
original NEXRAD image. The difference between the prediction field and the original one
indeed gives us the “detail information” which is needed to reconstruct perfectly the high
resolution original image given the low resolution (approximate) version at the next coarser
scale (Gonzalez and Woods, 2008). Recursive implementation of this encoding procedure
yields characterization of the scale-to-scale detail information and estimation of the noise
term w(s) in (4.5). Indeed, we used the high resolution NEXRAD precipitation data to
estimate the required self-similarity exponent of the MAR model to provide TRMM-rainfall
information x(s) at higher resolution of interest on the tree.

The background effect in rainfall fields is significant, meaning that a major portion of
the image is typically filled with zero intensity values. Therefore, crudely putting a coarse
resolution rainfall image (e.g., TRMM observations) in the framework of the MAR dynamics
will result in adding noise to the background of the image which is in contradiction with
the positivity assumption of the rainfall fields and will lead to an invalid representation.
To resolve this problem, we just prune the tree from coarse-to-fine scales, meaning that
the zero intensity parent nodes in the TRMM data are assumed impotent in giving rise to
nonzero children. By this assumption, background pixels (zeros) of the coarse resolution
TRMM image remain zero in the finer scale images produced by the MAR model in (4.5).
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Using SRE, Figure 4.3 shows the fusion of high resolution (i.e., 1 × 1 km) NEXRAD ob-
servations of a storm event over the HSTN site on 1998/06/28 at 18:13:00 UTC with a
coincidental TRMM-PR observation at resolution ≈ 4× 4 km. The covariance of the mea-
surement noise has a significant implication on the outcome of the fusion process. Choosing
a large Σv(s) compared to the process covariance at each node will yield a fusion product
which is more inclined towards the model information (i.e., TRMM data) and vice-versa.
Obviously, estimation of the properties of this covariance requires some statistical inference
from a large set of coincidental observations. Ebtehaj and Foufoula-Georgiou (2011a) char-
acterized the diagonal elements of this covariance for the dataset used in this study in terms

of a signal-to-noise ratio measure in decibel (dB) scale; i.e., SNR = 10 log10

(
σ2(s)
σ2
v(s)

)
, where

σ(s) is the standard deviation of the NEXRAD image and σv(s) represents the standard
deviation of the error between the mean of the coincidental images of the TRMM-PR and
NEXRAD observations. This error covariance can be characterized as a function of scale;
however, in this study this measure is just estimated in an average sense at the TRMM
resolution and generalized to all scales. Our studies suggest that the SNR in the defined
context ranges from 10.0 to 20.0 dB, meaning that the noise power is less then 10% of the
rainfall energy.

As a true representation of the precipitation fields is not generally available and all of
the rainfall products are just estimates of the process, a quantitative evaluation of the
performance of the fusion process in terms of error norms is not very straightforward.
Nevertheless, it is generally expected that the information content of a field is augmented
as a result of a fusion process. To address this fact, the Entropy or the expected value of
the information content of the rainfall images can be estimated and compared,

Entropy = −
∑
k

p (Zk) log2 [p (Zk)] (4.9)

where, p(·) is the probability measure of the rainfall reflectivity image intensity values Zk
falling within the kth bin of the image histogram. Using the log2(·) function, the entropy
measures the average information content in terms of bits per pixel (see, Gonzalez and
Woods, 2008). In the studied storm images of Figure 4.3, using SNR = 11.0 dB, as the
consequence of fusion, the average information content of the final high resolution fused
product was increased approximately by 33% compared to the original NEXRAD image.
Apart from different probable sources of false detection ( e.g., ground clutter) which need
to be treated separately, due to the inherent differences in the way that the two sensors
interrogate the vertical profile of the atmosphere, in fusion of precipitation snapshots there
might be some spots that a sensor detects as rainy areas where the other sensor is blind.
Therefore, naturally the wetted area (positive part) of the fused products is greater or
equal compared to the individual original measurements. Consequently, a major part of
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Figure 4.3: (a) TRMM-PR near surface single level reflectivity image over the HSTN site on
1998/06/28 at 18:13:00 UTC ; (b) the coincidental NEXRAD base-reflectivity image of the
storm; (c) the downscaled TRMM observations according to the linear MAR model (H = 0.6
) at resolution 1×1 km and (d) the fused product according to the SRE framework, assuming
SNR = 11.0 dB, see text for discussion.

this entropy increase can be due to the growth of the wetted area as a natural result of the
fusion process.

We can also compare matrix norms of the processed (fused) and unprocessed images (orig-
inal) to quantify how this fusion process may affect the overall second order marginal
statistics of the fields. As a result of the fusion process, we do expect that the final pro-
cessed image possesses a 2-norm measure which falls within the range of the 2-norm of the
original input images; i.e., TRMM-PR and NEXRAD data. To this end, the Frobenius
norm (F -norm) of the processed and unprocessed reflectivity images Z ∈ Rn×m at two
scales of interest are computed and compared.
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‖Z‖F =

√√√√ n∑
i=1

m∑
j=1

|zi,j |2 =
√
tr(ZTZ) (4.10)

Table 4.1 shows the normalized calculated F -norms for the originally observed TRMM-PR,
NEXRAD images and their posterior estimates as a result of the fusion process. It turns out
that the TRMM observation in this case has larger F -norm (energy) than the NEXRAD
image at the same scale and the energy of the posteriori estimate lies within the range of
the computed F -norms of the original observations.

Normalized Frobenius Norm
Scale TRMM-PR NEXRAD SRE-Fusion

4× 4 km 1 0.76 0.80
1× 1 km 1 0.78 0.84

Table 4.1: Frobenius norm of the TRMM-PR, NEXRAD observations and SRE-fused prod-
uct, row-wised normalized by the maximum of each row. TRMM-PR shows a larger F -norm
in this case and the fused product falls within the lower and upper bounds. In the SRE-fusion
method, the fine resolution image of the TRMM radar is obtained using a synthetic real-
ization of the MAR model and the low resolution NEXRAD field is obtained by successive
dyadic coarsening as explained in the text.

As we explained before, isolated singularities and jump discontinuities are typical features
in the rainfall images which manifest themselves as a tail in the probability distributions of
the wavelet coefficients, considerably thicker than the Gaussian case. These local extreme
values often contain a large portion of the signal energy and may play a very important
role in the hydro-geomorphic consequences and risk assessment of extreme storm events.
In standard linear Gaussian filtering schemes such as SRE, this important property is not
explicitly addressed and often the results of these methods will lead to an overly smooth
representation of the process (Wainwright et al., 2001). In the next sections, a new nonlinear
adaptive estimation method is presented which exploits the regular statistical signature of
the rainfall images in the wavelet domain to properly capture the non-Gaussian and singular
structure of precipitation data. We further explain quantitatively the major advantages of
the newly proposed method as compared to the standard linear Gaussian estimation in an
illustrative synthetic 1D example.

4.2 Precipitation Probability Model in the Wavelet Domain

As described before, rainfall reflectivity images exhibit a highly non-Gaussian structure.
This structure has a remarkably distinct and regular signature in the wavelet domain. We
explain in this section how this regularity permits an adaptive exploitation of the common
linear filtering methods for proper multiscale rainfall estimation. Note that, in this study
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we have used a redundant orthogonal wavelet representation, the so called “stationary
wavelet transform” (Nason and Silverman, 1995; Coifman and Donoho, 1995) for multiscale
subband encoding of the reflectivity images. This class of wavelet representation is shift
invariant and produces an overcomplete set of nearly alias-free subband information which
leads to a superior filtering performance and more accurate subband parameterization.

It has been theoretically shown that a variety of well-known classes of elliptically symmetric
thick tail probability distributions such as the t-distribution, symmetric Gamma, double
exponential and α-stable can be reproduced using a scale mixture of Gaussian random
variables (Andrews and Mallows, 1974; Wainwright et al., 2001). Formally, a Gaussian
Scale Mixture (GSM) random vector d is defined as the product of a zero mean Gaussian
random vector u ∼ N (0,Σu), and a positive scalar multiplier random variable z,

d
d
=
√
zu (4.11)

where d
= stands for equality in distributions. For instance, choosing z as an exponential

random variable, the GSM will produce a random vector from the family of Laplace den-
sities. However, in the case of the Generalized Gaussian density with 0 < α < 1, the range
typically observed for rainfall reflectivity images (Ebtehaj and Foufoula-Georgiou, 2011a),
there is no closed form expression for the distribution of the multiplier. By construction,
Σd = E [z] Σu, hence without loss of generality assuming E [z] = 1, the entire covariance
structure of the GSM can be controlled by the covariance of the u. Obviously, higher order
moments of the multiplier z will determine the shape or heavy tail properties of the GSM
random vector.

A key feature of the GSM is that the conditional density p(d|z) is a zero mean Gaussian
process with covariance zΣu. Integrating the joint density with respect to z and using
Bayes’ theorem, the GSM multivariate density can be characterized as:

pD(d) =

ˆ ∞
0

p(d|z)pZ(z)dz =

ˆ ∞
0

exp
(
−dT (zΣu)−1d

2

)
(2π)N/2 (det |zΣu|)1/2

p(z)dz (4.12)

A finite dimensional version of this representation is reminiscent of the Gaussian kernel
density estimation paradigm in the statistical literature. Indeed in discrete space, the
probability mass function of the GSM is a convex weighted sum of different rescaled versions
of some zero mean Gaussian kernels, where given a set of observations, the weights and
bandwidths (i.e., pZ(z) and z) of the kernels need to be estimated in an optimal sense.
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4.3 GSM Optimal Estimation in the Wavelet Domain

4.3.1 Basics of the Framework

Given a set of independent observations y ∈ Rn of a GSM random vector d ∈ Rn (d =
√
zu)

in a Gaussian noise:

y = d + v (4.13)

where v ∼ N (0, Σv) and assuming E [z] = 1, without loss of generality, equation (4.11)
and (4.13) result in:

Σy|z = zΣu + Σv

Σy = Σu + Σv (4.14)

In this case, the likelihood function of the multivariate GSM density can be expressed as
follows:

p(y|z) =
1

(2π)n/2 (det |zΣu + Σv|)1/2
exp

(
−yT (zΣu + Σv)−1 y

2

)
(4.15)

With no a priori assumption on pZ(z) and perfect whitening effect of the wavelet transform,
(Strela et al., 2000) derived the Maximum Likelihood (ML) estimator for the multiplier z.
However, as explained previously, it has been found that the wavelet decomposition cannot
completely decorrelate the rainfall reflectivity images and the wavelet coefficients are highly
structured with a short range of spatial dependence ( Figure 4.4a,b 4.5 ). This implies that
the assumption about the diagonality of the covariance matrix of the wavelet coefficients
might not be a good assumption for modeling of spatial rainfall.

Studying the heavy tail properties of these images in the wavelet domain, the log-normal
density was found empirically as a suitable prior assumption about the distribution of
the multiplier pZ(z) ( Figure 4.6 ). Accordingly, given a set of independent observations
y ∈ Rnand the a-priori information about the density of z, the Maximum a Posteriori
Estimate (MAP) of the multiplier can be computed in a Bayesian setting:

ẑMAP = arg max
z
{log p (z|y)} = arg max

z
{log p(y|z) + log p(z)} (4.16)

Assuming the multiplier has a log-normal density z ∼ LN (µz, σz) with E [z] = 1, where µz
and σz are the mean and variance of the log(z), in a more general case where Σu and Σv

are not diagonal, solving the above optimization problem leads to the following nonlinear
expression which needs to be solved numerically for ẑMAP ,
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Figure 4.4: (a) A NEXRAD precipitation long-range reflectivity image at resolution 1× 1
km over the MELB site on 09/26/2004 at 04:50:00 UTC ; (b) the central horizontal transect of
the 2D correlation function in real (solid line) and wavelet domain (broken line). This shows
that the correlation quickly decays in a short range of spatial lags in the wavelet domain
as opposed to the spatial domain; and (c) standard deviation of the wavelet coefficients of
the reflectivity fields (children) conditioned on the magnitude of the coefficients at the next
coarser scale (parents), obtained from 100 independent storm snapshots over the HSTN-GV
site, demonstrating the scale-to-scale dependence of the reflectivity fluctuations. Note that,
here wavelet coefficients refer to the horizontal subbands at one level of decomposition.

Figure 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Size: [452, 600] Size: [25, 25] Size: [25, 25] Size: [25, 25]

e)d)c)b)

Size: [452, 600] km
 

 

0

5

10

15

20

25

30

35

40

45

a)

dBZ

Figure 4.5: (a) a NEXRAD long-range reflectivity image (1×1 km) of a sample storm over
MELB and (b) its wavelet horizontal subband image. The off-diagonal elements of the image
representation of the covariance matrices of neighborhoods of size 5 × 5 for horizontal (c),
vertical (d) and diagonal (e) subbands of the reflectivity image in (a), show that the wavelet
coefficients are weakly correlated in space at different subbands and the correlation almost
vanishes on the boundaries. This shows that the covariance structure of the rainfall data in
the wavelet domain can be reasonably well captured “locally” in a finite spatial range (in this
resolution < 5 km).
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Figure 4.6: The broken line is the standardized marginal histogram (unit standard devi-
ation) of a generated Gaussian Scale Mixture (GSM) random variable using a log-normal
multiplier with σz u 1.2 in (3.12) and the solid line shows the fitted Generalized Gaus-
sian (GG) density with α u 0.7. The inverted parabola shows the Gaussian distribution in
log-probability for comparison purposes.

f (ẑMAP ) =
log ẑMAP + 3σ2

z/2

ẑMAPσ2
z

+
1

2
ΣN
n=1

ẑMAP − λ−1
n

(
v2
n − 1

)(
ẑMAP + λ−1

n

)2 = 0 (4.17)

where vn are the components of the vector V = QTS−1y, S is the square root of the
error covariance matrix (i.e., SST = Σv) and (Λ,Q) contains the eigenvalues λn ∈ Λ and
eigenvectors of the positive semi-definite matrix S−1ΣuS−T (Portilla et al., 2001, 2003).
Different numerical methods such as bisection, secant, false position or Brent’s method can
be used to find the root of equation (4.17), (see Appendix A). We used a multi-dimensional
bisection method, one of the simplest and most primitive ones which always guarantees the
convergence to a root as long as the search begins in an interval where the function f (·)
takes opposite sign on the boundaries.

Note that, solving equation (4.17) requires full characterization of the a priori log-normal
density pZ(z) and its parameters (µz, σz). The assumption corresponding to the unity of
the expected value of the multiplier reduces the number of unknown parameters to one,
as µz + σ2

z
2 = 0, and therefore it suffices only to estimate the variance σ2

z as it is the
only parameter appearing in (4.17). Given the variance of the noise σ2

v and knowing that
σ2

u = σ2
y − σ2

v , it can be shown after some algebra that this parameter can be estimated as
(see Appendix A):

σ2
z = log

(
E
[
z2
])

= log

(
E[y4]/3− 2σ2

yσ
2
v + σ4

v(
σ2

y − σ2
v

)2
)

(4.18)
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Assuming that the wavelet coefficients of rainfall images d ∈ Rn can be explained using
a GSM model with a log-prior density for the multiplier, filtering and optimal fusion of
different sources of noisy measurements can be performed efficiently in the wavelet domain
while characteristic heavy tail distributions and local singularities can be well captured.

In the form of a general linear measurement equation y = Hd + v, referring to the condi-
tional Gaussian density of the GSMmodel and expressions in (4.3) and (4.4), the conditional
expectation of the zero mean noisy wavelet coefficients and its covariance can be written
as :

d̂ = E [d|y, z] = zΣuHT
[
H(zΣu)HT + Σv

]−1
y (4.19)

Σd̂ = zΣu − z2ΣuHT
[
H(zΣu)HT + Σv

]−1
HΣu (4.20)

Assuming an unbiased system of measurement equations with identity measurement matrix
H = I, given the MAP estimator of the multiplier, this conditional expectation can be
simplified into :

E [d|y, ẑMAP ] = ẑMAPΣu (ẑMAPΣu + Σv)−1 y (4.21)

When applied to a local neighborhood of coefficients, this expression is indeed an adaptive
local Wiener Filter which in an individual subband (i.e., a particular scale of interest)
can be exploited to recover the “contaminated” wavelet coefficients in a Gaussian noise
environment. Note that, in this setting as the entire structure of the covariance matrix is
incorporated, a correlated noise also can be used and there is no restriction on choosing
only a white type of Gaussian noise (diagonal Σv). Obviously, obtaining the filtered wavelet
coefficients for each subband, a denoised version of the process of interest (e.g., rainfall
reflectivity) can be recovered using the inverse wavelet transform, which is optimal both in
the least squares and maximum likelihood sense in the wavelet domain.

4.3.2 Global Versus Local Filtering

Implementation of the filter discussed above in the wavelet domain requires estimation of Σu

for each subband, which can be obtained in (4.14) given the measurement error covariance
Σv. As the wavelet decomposition approximately whitens the precipitation fields, assuming
a finite correlation length for the wavelet coefficients, this covariance can be estimated via
characterization of the dependence of a local “neighborhood ” of the wavelet coefficients.
In high dimensional problems, this local characterization not only makes the estimation
process computationally more tractable but also leads to a superior estimation, in the sense
that the local singular structures of interest (precipitation local extremes) can be better
recovered from noisy observations. In effect, modulating the measurement covariance by
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the estimated multiplier, the significance of filtering is adaptively adjusted according to the
local singular features of the field. For large multiplier values over the singular points of the
process, the filtering is less significant and the filter accepts the observations close to the
true values; however, when the multiplier modulates the Σu in the same order of magnitude
as that of the noise covariance, the filter smooths out the observations by suppressing the
noise.

In general, a local neighborhood may include clusters of nearby wavelet coefficients from
different subbands at multiple scales around a reference point. In this study, we use a
pyramidal neighborhood of the wavelet coefficients which includes two clusters of the co-
efficients, each in an individual subband at two successive scales ( Figure 4.7 ). In this
construction, the elements of a neighborhood of size

√
n ×
√
n of the wavelet coefficients

have to be stacked according to a fixed order into a vector form y ∈ Rn. Sliding the
neighborhood over the entire subband of size RM×L in an overlapping manner, the sam-
ple covariance matrix Σu ∈ Rn×n can be estimated for each individual subband of large
dimension as:

Σu ≈

M×L∑
i=1

(
yyT

)
i

M × L
− Σv (4.22)

To resolve the block filtering boundary issues, each subband has been padded symmetrically
with “mirror reflection” of itself around the boundaries. For implementation of the GSM-
Wiener Filter in (4.21), this covariance only needs to be estimated once for each subband.
On the other hand, the multiplier has to be estimated locally according to (4.17) for every
neighborhood location, while it slides over the entire subband domain. The conditional
expectation in (4.21) gives an estimate of the entire neighborhood elements, where only
the central value needs to be kept as the posterior estimate for each point. This posteriori
estimate of the central value is indeed a weighted average of all surrounding elements in
the neighborhood while the weights are adaptively modulated by the estimated multiplier
ẑMAP .

Note that, by construction the estimated Σu is always symmetric; however, it may not be
positive semi-definite for high levels of noise. To ensure the positive semi-definiteness of
Σu, we first factorized the matrix using eigenvalue decomposition Σu = VDVT and then
only non-negative eigenvalues {di}ni=1 were picked to reconstruct a positive semi-definite
version of the estimated covariance matrix. Of course, if the leading eigenvalue becomes
negative the subband information can not be recovered at the assumed power of noise.

4.3.3 Synthetic 1-D Implementation

As previously demonstrated, one of the main advantages of the local GSM-Wiener filter is
its adaptability to the local structure of the signal compared to its global standard Gaussian
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Figure 4.7: A general pyramidal neighborhood of size K = 10 for each individual wavelet
subband where a cluster of 3×3 pixels (children) is connected to one pixel at the next coarser
scale (parent). In this multiscale representation of a generalized neighborhood, scale-to-scale
and short range intra-scale dependence of the wavelet coefficients can be explicitly captured
in the local covariance matrix. The parent node information is only taken into account where
coarser scale subband data are available in the wavelet domain. In other words, for coarsest
scale subband information, structure of the generalized neighborhood reduces to a simple
neighborhood of 3× 3 pixels.

counterpart (i.e., SRE), leading thus to a superior estimation of non-Gaussian heavy tail
precipitation fields with frequent isolated intense rainfall clusters. This potential achieve-
ment and verification may not be very clear while filtering out the measurement noise and
fusing precipitation images especially when the true intensity values of the processes are
not available. In this section, a synthetic study is conducted to show how this filter pro-
vides a superior framework to recover the true process from noisy observations of a one
dimensional multiscale process with non-Gaussian heavy tail marginals. For this purpose,
analogous to the observed heavy tail multiscale structure of the rainfall fluctuations (Ebte-
haj and Foufoula-Georgiou, 2011a), a one dimensional GSM process using a log-normal
multiplier is simulated over a dyadic Markov tree. First, a multiscale non-stationary Gaus-
sian process u(s) is produced on a dyadic tree according to the coarse-to-fine scale dynamics
in (4.5). The variance of the driving noise is tuned with a relevant geometrical decay rate
from coarse-to-fine scales to reproduce an asymptotically dyadic self-similar process with
1/f spectrum. This process is multiplied element-wise by a sequence of random variables
drawn from a log-normal density at different levels of the tree to produce a multiscale GSM
process on a tree-like structure,

u(s) = A(s)u(sγ) + B(s)w(s)

d(s) =
√
z(s)u(s) (4.23)
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where w(s) ∼ N (0, I) and B(s) = 2−Hj(s)/2. Setting σ2
v = 0 in (4.18), observe that the

kurtosis κ(·) of a simulated log-normal GSM can be solely determined by the variance of
the multiplier z,

κ [d(s)] = 3 exp
[
σ2
z(s)

]
(4.24)

As the marginal distribution of the log-normal GSM resembles the family of Generalized
Gaussian densities, this also implies that the shape of the equivalent GG density is only
characterized by the variance of the multiplier, knowing that the tail parameter (α) of a
GG density can be uniquely estimated from the sample kurtosis κ(·) = Γ(1/α)Γ(5/α)/Γ2(3/α).

In this study, the sample path of the generated GSM signal is considered as the true values
which have to be recovered, given a set of noisy observations y(s) = d(s) + v(s), where
v(s) ∼ N

(
0, Σv(s)

)
. For this particular case of 1D simulation, the signal-to-noise ratio,

was set on the order of 8 dB to generate the noisy measurements. To exploit the multiscale
structure of the process, the generalized neighborhood includes a single reference point of
the process and only a single parent node in the next coarser scale; i.e., Σu is a 2×2 matrix.
This allows us to incorporate a local scale-to-scale correlation ( Figure4.4 ) and capture the
parent and child dynamics, for improving the signal recovery. A realization of this synthetic
simulation and the recovered signal, using the standard linear multiscale estimation (SRE)
and the local GSM-Wiener Filter is presented in Figure 4.8 for the seventh scale level on
a dyadic tree with 27 leaf nodes. Qualitatively, the GSM-Wiener is outperforming the
SRE method especially over the recovery of the peaks and singularities. Note that for both
cases, the estimation process suppresses the noise over the regions where the signal is of low
amplitude; however, the GSM-Wiener filter shows a better performance over the singular
points. This can also be quantitatively evaluated in terms of some vector norms of error; i.e.,
‖e‖p. A normalized measure (‖eS‖p−‖eG‖p)/‖eS‖p is defined, where ‖eS‖p and ‖eG‖p are the p-
norms of the error for the recovered signal using SRE and GSM-Wiener filters, respectively.
For instance, in this particular case, assuming p = 2, the 2-norm (energy) of error is
improved about 20 percent while this gain rose to about 45 percent for the infinity norm or
the maximum absolute value of the error vector. This significant improvement implies that
GSM-Wiener filtering can outperform standard Gaussian methods on the recovery of the
commonly observed types of singularities in the precipitation fields, while also keeping the
other common norms of the error even lower than the standard linear estimation algorithms.

Analogous to the explained 1D case, it is expected that estimating multi-sensor precipitation
data using standard linear Gaussian filtering methods such as the SRE, may result in not
properly capturing important singular features of the fields which can potentially be of
great hydro-meteorological importance.
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Figure 4.8: (a) A synthetic simulation of a 1D multiscale GSM using a log-normal multiplier
and its noisy measurement. The sample path is generated with A(s) = 0.9 and H = 0.7. The
variance of the log-multiplier is set such that to reproduce a sample path with a marginal
histogram similar to a generalized Gaussian distribution with α = 0.7 (σz u 1.20) found in
the rainfall NEXRAD reflectivity images. The signal recovery using the SRE (b) and GSM-
Wiener (c) shows the superior performance of the GSM-filter especially over the singular
points and extreme fluctuations.
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4.4 GSM Multi-sensor Fusion of Precipitation Data

4.4.1 Concepts

In this section we describe how the explained GSM-Wiener Filter can be employed for opti-
mal estimation and fusion of the precipitation reflectivity images, given different sources of
noisy observations. It has long been recognized that all of the active and passive precipita-
tion sensors have their own specific measurement error structure (Wang and Wolff , 2009).
As explained previously, in recent decades significant effort has been devoted to error char-
acterization of the remotely sensed precipitation products. Typically, using an appropriate
Z-R relationship, this involves statistical comparison of the remotely sensed data with a
reliable set of rain-gauge observations either in the reflectivity or rainfall intensity domain.
This comparison is not very straightforward as these sources of information often give pre-
cipitation estimates at different spatio-temporal scales. For instance, it has been concluded
that direct comparison of the real time rain-gauge data as a point-wise representation of the
highly irregular rainfall process with a remotely sensed areally averaged rainfall products
may not lead to a conclusive statistical characterization of the measurement error (see,
Ciach and Krajewski , 1999; Wang and Wolff , 2009). Indeed, for a proper characterization
of the measurement error norms, the spatio-temporal scaling gaps between these sources of
information need to be properly addressed. Although this characterization is not explicitly
addressed in this study, it is emphasized that the proposed fusion methodology requires
this information as an input and the overall quality of the fusion process highly depends on
this error characterization. Note that, the proposed fusion methodology is just a filtering
method to estimate the conditional expectation of the unbiased noisy precipitation data.
Therefore, it is also assumed that there is no systematic bias in the observation instruments
and any sort of bias adjustment has to be performed prior to applying the presented fusion
algorithm.

To address the scaling issues involved in precipitation multi-sensor estimation, the new
proposed fusion methodology possesses a multiscale filtering structure. Practical imple-
mentation of this methodology does not necessarily require a stochastic or physically-based
precipitation model to fill the scaling gaps between the available high (NEXRAD) and low
(TRMM-PR) resolution precipitation products. Indeed, as the estimation process is per-
formed in a pyramidal data structure in the wavelet domain, in the presented case study,
the high resolution; i.e., < 4 km, information of the final fused product would be solely
based on the rain-gauge corrected NEXRAD wavelet coefficients. However, in the scales
where the TRMM data are also available; i.e., ≥ 4 km, the fusion process exploits all
sources of information ( Figure 4.9 ).

Basically, by comparing different sources of rainfall measurements, three different error
covariance matrices need to be characterized for proper implementation of the proposed
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Figure 4.9: Schematic of the proposed GSM-fusion technique in the wavelet domain. In
the “Vertical Filtering” stage, filtering for rain-gauge adjustment error is performed on each
available unbiased source of remotely sensed precipitation reflectivity image; i.e., TRMM-
PR and NEXRAD , independently. Then, the rain-gauge corrected data can be fused in
the wavelet domain in the “Lateral Projection” phase as explained in the text. Small scale
(< 4 km) subband information of the final fused product is extracted from the rain-gauge
corrected NEXRAD data while the larger scale subbands contain information from all sources
of the available rainfall data.
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fusion technique: 1) Σv1: NEXRAD versus rain-gauges, 2) Σv2: TRMM-PR versus rain-
gauges, and 3) Σv3: NEXRAD versus TRMM-PR. Hereafter, the error covariances Σv1

and Σv2 are called “rain-gauge adjustment error”. Note that although the results of the
fusion process will be more complete using all of the error covariance information, lack of
knowledge about any of these error matrices is not prohibitive for practical implementation
of the introduced methodology. This becomes more clear as we proceed to elaborate the
method in detail.

The proposed GSMmulti-sensor multiscale methodology consists of two major steps namely
Vertical Filtering and Lateral Projection ( Figure 4.9 ). In the vertical filtering phase,
incorporation of the measurement errors is considered as a filtering problem of the sort
y = x+v, where y denotes the remotely sensed precipitation observation and x is the true
precipitation process which is corrupted by a Gaussian noise v. Substituting Σv1 and Σv2

as error covariance matrices in (4.21), the rain-gauge adjustment errors are first filtered out
of the wavelet high-pass subbands of the TRMM and NEXRAD data from fine-to-coarse
scales, independently. Afterwards, in the scales where both the TRMM and NEXRAD
data become available (i.e., ≥ 4 km), given the characterized error covariance Σv3, the
rain-gauge corrected subband information of the TRMM images can be laterally projected
at the same scales onto the subspace spanned by the rain-gauge corrected subbands of the
NEXRAD measurements. For the scales, where the TRMM-PR data are not available (i.e.,
< 4 km) the high-pass subband information of the fused product will be solely obtained
from the rain-gauge corrected NEXRAD wavelet coefficients. At the last step, the error
corrected wavelet coefficients at all scales are used to reconstruct the final fused product
using the inverse wavelet transform ( Figure 4.9 ).

Theoretically speaking, using equation (4.21) in lateral projection phase, we can keep de-
composing the coarse and low resolution observations ( i.e., TRMM and NEXRAD) into
multiple levels until we end up with a single valued low-pass subband and performing
the GSM-fusion on the high-pass coefficients over all the scales where the data from both
sensors are available. This procedure might be computationally expensive and it seems
reasonable to perform finite levels of the wavelet decomposition for fusion and denoising
purposes, knowing that high frequency noisy features of a signal are typically captured at
the first levels of wavelet high-pass coefficients. Consequently, at a certain scale level, we
eventually need to project the non-zero mean low-pass coefficients of the low resolution
products (TRMM) onto the similar subspace (same scale) spanned by the high resolution
data (NEXRAD). As the non-Gaussian features of the signals are typically captured in
high-pass subbands in the wavelet domain, the fused low-pass coefficients can be fused
using a conventional least squares formalism as expressed in (4.3) and (4.4)

E [xl|yl] u mxl + Σxl (Σxl + Σv3)−1 (yl −myl), (4.25)
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where, yl and myldenote the NEXRAD low-pass coefficients and their mean in a local
spatial neighborhood; mxl and Σxl are thus the average and covariance of the TRMM low-
pass coefficients in that neighborhood, respectively. Obviously, as there is not any lower
scale subband information available while fusing low-pass coefficients, the neighborhoods in
this case just include a cluster of coefficients in a single subband and there is no information
of parent nodes encoded in the covariance matrices in (4.25).

Besides the input error covariances, a set of two parameters need to be determined in
the presented fusion methodology, including: (1) the structure and size of the generalized
neighborhood and (2) the levels of the wavelet decomposition. In this work, we did not
perform a quantitative assessment of different choices of the parameters on the fusion results
and simply chose values we found empirically to perform well.

As explained previously, the correlation of the rainfall wavelet coefficients almost vanishes
over a neighborhood of size 3 to 5 pixels (km) for the first level of subband coefficients. In
general, it is found that increasing the size of the neighborhood (i.e., enlarging the estimated
correlation domain) gives rise to a smoother and more blurred fusion product. On the other
hand, smaller spatial neighborhoods generally generate a product which contains sharper
and more detailed structure of the high intense rain-cells.

It is also observed that over the decomposition levels 2 to 4 (i.e., 4 to 16 km) the noise
(observational error) can be well captured in the wavelet domain and the results of the
fusion are satisfactory. Of course, for higher levels of decomposition the low-pass fusion
takes place at larger scales which means that more detailed features of the fused product will
be obtained from the higher-resolution data (e.g., NEXRAD) and incorporation of small
scale information of the low-resolution sensor (e.g., TRMM-PR) would be less significant.

4.4.2 A Case Study on Precipitation Data

The TRMM-PR and NEXRAD coincidental reflectivity image of a storm on 1998/06/28
over the HSTN site, used for the SRE implementation (in section 4.3.2), is also selected
in this part for comparison purposes. In this study we have not explicitly characterized
the error structure and only implicitly used a fraction of the rainfall power to produce
observational error covariance. Assuming SNR = 13.0 dB for construction of the diagonal
rain-gauge adjustment error covariance Σv1, Figure 4.10 shows how incorporation of this
error may be reflected in a rainfall reflectivity image. A cluster of wavelet coefficients
including a neighborhood of size 3 × 3 pixels and a single parent node right above the
central point at the next coarser scale is considered for this filtering. Obviously, as we
defined the rain-gauge data fusion in the context of a denoising problem, the result would
be a field smoother than the original NEXRAD image. However, using the presented
adaptive method this filtering would be done at minimum expense corresponding to the
removal of the frequent local extremes of interest.
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Figure 4.10: (a) Original NEXRAD reflectivity image over the HSTN site on 1998/06/28
at 18:13:00 UTC and (b) the rain-gauge filtered image assuming SNR = 13.0 dB. (c) A
vertical transect of the image, bounded by two horizontal dashed lines in (b), shows a 1D
representation of the rain-gauge filtering effects on the reflectivity image.

Figure 4.11 compares qualitatively the performance of the GSM-Wiener Fusion (using a
neighborhood of size 3×3 plus a single parent) and the standard SRE method with the same
order of total error covariance. First, assuming SNR = 24.0 dB, filtering of the rain-gauge
adjustment error is performed independently on the TRMM and NEXRAD reflectivity
images. Then, at scale 4 × 4 km with SNR = 16.0 dB, the rain-gauge-corrected TRMM
data are projected onto the subspace of the low-pass coefficients of the rain-gauge corrected
NEXRAD data, using (4.25). Qualitative comparison of Figure 4.11a and b, shows that
the GSM-fusion algorithm recovers more small scale features and produces a fused rainfall
reflectivity image with a more detailed structure. A one dimensional transect in Figure 4.11c
better demonstrates the performance of the proposed GSM-fusion compared to the standard
SRE method. It seems that due to the local structure of the GSM-fusion, this method also
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takes into account more information from the TRMM observations while preserving the
storm structure and the local high intensity values of the rain-cells. For instance, in the
left hand side of the fused images it is clear that the SRE method significantly filtered out
the TRMM observations when the NEXRAD data were absent; however, the GSM-fusion
method did incorporate the TRMM information in that part of the image.
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Figure 4.11: (a) SRE-Fusion of the NEXRAD and TRMM-PR reflectivity snapshots over
the HSTN site on 1998/06/28 at 18:13:00 UTC, assuming SNR = 11.0 dB; (b) GSM-fusion of
the same reflectivity snapshots, assuming SNR = 24 dB for rain-gauge errors (Σvi , i = 1, 2)
and SNR = 16 dB for Σv3 . Using the same order of error variance, the GSM-fusion extracts
more detailed structure of the storm and incorporates more information from the TRMM
data. (c) one dimensional representation of the observed and estimated rainfall reflectivity
averaged over the displayed band, delineated by the dashed lines in (b), compares qualita-
tively the fusion performance of different fusion methods. For quantitative comparison please
refer to Table 4.2.

In the SRE fusion example we did not consider the rain-gauge adjustment error. Therefore,
to quantitatively compare the GSM and SRE fusion methodologies, it is more realistic to
neglect the incorporation of rain-gauge adjustment error in the GSM-fusion and compare
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the fused products by considering only the same measurement error between NEXRAD
and TRMM-PR; i.e., SNR = 11.0 dB. Table 4.2, shows the entropy, F -norm and statistical
measures of the associated rain rates of the two fused images. To compute the rain rate,
the commonly used Z-R relationship of Z = 300R1.4 has been used for all reflectivity
images. In this case, the maximum entropy is obtained for the SRE product while it shows
a smaller F -norm value compared to the GSM-fused product. This is good news in the
sense that while the GSM product has larger energy and spatial variability, it exhibits a
smaller uncertainty and more regularity in terms of the entropy measure. Recall that the
entropy may be interpreted as the spontaneous behavior of the system state and hence
a larger entropy indicates a less predictable behavior of the system. The rain intensities
also denote that, apparently due to the local and adaptive structure of the GSM-fusion,
the TRMM-PR observations have been incorporated more significantly in the final fused
product, as the GSM product shows a larger mean and larger maximum values compared
to the SRE method (see Figure 4.11c). Knowing that the wetted area in the studied storm
snapshot is about 120 × 103 km2, the difference between the estimated rain budget from
the original and fused products seems significant which denotes the importance of the
precipitation fusion. The precipitation products that we have used in this study might
not be the best from an operational standpoint and to substantiate more the practical
benefits of the proposed precipitation fusion methodology, these findings need to be further
investigated and solidified by more detailed analyses of other storm cases and by using as
“ground truth” highly accurate rain-gauge data.

TRMM-PR NEXRAD GSM-fusion SRE-fusion
Normalized Entropy 0.74 0.75 0.88 1
Normalized F -norm 1 0.78 0.89 0.84
Mean rain rate [mm/h] 1.85 0.78 1.16 1.02
Max rain rate [mm/h] 60.06 27.86 55.59 48.45

Table 4.2: Statistical measures of the fusion products (1 × 1 km) by the GSM-Wiener
and SRE methodologies are compared at the same order of measurement error between
NEXRAD and TRMM-PR images. Entropy and Frobenius norms are row-wise normalized
by the maximum values.
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Chapter 5

Sparse precipitation downscaling

Downscaling of remotely sensed precipitation images and outputs of general circulation
models has been a subject of intense interest in hydrometeorology. The problem of down-
scaling is basically one of resolution enhancement, that is, appropriately adding details or
high frequency features onto a low-resolution observation or simulated rainfall field. Invok-
ing the property of rainfall self similarity, this mathematically ill-posed problem has been
approached in the past within a stochastic framework resulting in ensemble of possible high-
resolution realizations. In this work, we recast the rainfall downscaling into an ill-posed
inverse problem and introduce a class of nonlinear estimators to properly regularize it and
obtain the best high-resolution estimate in an optimal sense. This regularization capital-
izes on two main observations: (1) precipitation fields are sparse when transformed into
an appropriately chosen domain (e.g., wavelet), and (2) small-scale organized precipitation
features tend to recur within and across different storm environments. We demonstrate the
promise of the proposed methodology through downscaling and error analysis of level III
precipitation reflectivity snapshots provided by the ground-based next generation Doppler
weather radars in a ground validation site of the Tropical Rainfall Measuring Mission.

5.1 Introduction

The coarseness of the native spatio-temporal scales of some remotely sensed atmospheric
state variables and also General Circulation Models (GCM) of the climate system is of-
ten restrictive for many terrestrial applications (Wilby et al., 1998a,b). Hostetler (1994)
reported that the largest prediction and parameter estimation error of both GCMs and
hydrologic models occurs at the interfacial scales at which terrestrial and climate models
need to be linked.
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Detailed hydrologic modeling and parameter estimation often involve sub-watershed hill-
slope scale transport processes. Several studies have highlighted the effect of small-scale
rainfall variability on watershed hydrologic response (Woods and Sivapalan, 1999; Smith
et al., 2004; Rebora et al., 2006; Schuurmans and Bierkens, 2007; Vivoni et al., 2007;
Younger et al., 2009). These studies typically report marked changes on the shape and
peak of the hydrograph in small-scale hydrologic units ( basins < 1000 km2), particularly
during fast evolving extreme events. For instance, using a distributed hydrologic model in a
135 km2 basin, it was shown by Younger et al. (2009) that under different perturbation sce-
narios of the rainfall patterns, not only the hydrograph but also the estimated parameters
of the hydrologic model may drastically change. As a primary treatment, computationally
efficient mathematical downscaling models have received considerable attention in hydro-
logic applications. For instance, Rebora et al. (2006) coupled a downscaling model with
a semi-distributed hydrologic model and quantitatively verified the significance of rainfall
downscaling for flood ensemble forecasting of small watersheds and urban areas in the
order of hundreds of square kilometers. A similar analysis was performed by Nykanen
et al. (2001) in which a precipitation downscaling model was dynamically coupled with a
coarse-scale numerical weather prediction model to show improvement on the computation
of land-atmosphere fluxes at a watershed scale.

During the past decades, special attention has been devoted to developing different classes
of stochastic models,M (Y, θ, ζ), to reproduce consistently the missing high-frequency part
of the rainfall fields, from a low-resolution input (Y) using a set of parameters (θ) and a
random generator (ζ) (Lovejoy and Mandelbrot , 1985; Gupta and Waymire, 1993; Perica
and Foufoula-Georgiou, 1996a; Menabde et al., 1997; Deidda et al., 2006; Deidda, 2000). To
parameterize the random generator, a large number of these models often relies on the ob-
served statistical regularities of the precipitation fields such as power law Fourier spectrum
and scaling of the higher-order statistical moments of rainfall fluctuations, often referred to
as multifractality. Although, these stochastic generators can be designed to be statistically
consistent with the observed small-scale rainfall variability, the spatial coherency of the
generated high-resolution fields is often not satisfying. Blockiness and non-uniqueness of
the downscaled fields are typical drawbacks of this sort of stochastic generators, enforcing
their interpretation in an ensemble mode; see Ferraris et al. (2003) for a review of available
statistical/mathematical downscaling models.

Apart from hydrometeorological applications, enhancing the resolution and quality of low-
resolution imaging, often referred to as super-resolution in the image processing community,
has been a subject of interest for many years. The state-of-the-art approaches in this area
are currently relying on sparse approximation (Mallat and Zhang , 1993; Chen et al., 1998)
and statistical learning (Donoho and Stark , 1989; Tibshirani , 1996), which interestingly
have some roots in subsurface geophysics (Claerbout and Muir , 1973). The central results
suggest that a high-resolution signal can be recovered from a low-resolution one via solving a
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constrained optimization, provided that the signal of interest exhibits a sufficiently sparse
representation (a large fraction of close to zero coefficients) in an appropriately chosen
domain (e.g., wavelet) (e.g., Yang et al., 2010; Mallat and Yu, 2010; Elad , 2010; Zeyde
et al., 2010).

In this chapter we suggest a new framework for downscaling of rainfall images motivated by
the sparsity of precipitation images in the wavelet domain as well as the recurrence of small-
scale organized precipitation features within and across different storm environments. The
proposed framework follows recent progress in sparse approximation by recasting the rainfall
downscaling problem into solving an inverse ill-posed problem to obtain the best high-
resolution estimate via an appropriately selected optimality criterion. The main advantages
of the proposed method compared to the traditional stochastic downscaling models can be
summarized as follows: (a) given the low-resolution rainfall image, the downscaled field
is unique with reduced estimation error; (b) the method is robust to measurement noise;
and (c) the solution is smooth enough and free of the blockiness commonly observed in
stochastic models.

Section 5.2 is devoted to explain notation and terminology. In Section 5.3, a sparse inverse
estimator and its connection with other estimation paradigms is explained. Sparsity of
the spatial rainfall images is elaborated in the wavelet domain in Section 5.4. We provide
quantitative evidence in Section 5.5, that the organized small-scale features of a storm
snapshot may recur within the larger storm domain or also across different storm envi-
ronments. This indicates that the small-scale rainfall features which might have been lost
in the low-resolution sensing and/or modeling, might be able to be reconstructed using a
database of appropriately collected high and low-resolution precipitation images. In Section
5.6, the implementation details of the sparse inverse estimator for rainfall downscaling are
explained. Section 5.7, points out some concluding remarks and future research directions.

We adopt the following notation and nomenclature throughout this chapter. For any vector
x ∈ Rm, xi refers to the ith element and the standard `p-norm of x is denoted by ‖x‖p =

(
∑m

i |xi|
p)1/p, where p ≥ 1. The zero norm of a vector ‖x‖0, denotes the number of non-

zero elements of x, while the infinity norm is ‖x‖∞ = maxi |xi|. A redundant dictionary
Φ = [φ1, φ2, . . . , φM ] in Rm×M refers to a typically “fat matrix” with more columns than
rows (M ≥ m), where a linear combination of the column vectors (called “atoms”), φi ∈ Rm,
can well approximate a class of signals of interest x ∼=

∑M
i φici = Φc, where c contains the

“representation” coefficients. When the atoms are obtained through samples of a particular
process, we refer to Φ as an empirical dictionary. We say that x ∈ Rm has a “sparse
representation” on Φ, if ‖c‖0 � m. By convention, we also may refer to an image X as a
vector x by staking all the pixel values in a predefined fixed order.
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5.2 Sparse Inverse Estimator

Estimation of a high-resolution signal or image x = [x1, . . . , xm]T ∈ Rm, from its low-
resolution counterpart y ∈ Rn, where n ≤ m, can be recast as an inverse problem. It
amounts to estimating x from y, while y may relate to x through a linear structured
degradation operator H ∈ Rn×m ( e.g., blurring and downsampling) and an intrinsic addi-
tive noise e:

y = Hx + e. (5.1)

The degradation operator H is obviously a rectangular matrix with more columns than
rows giving rise to a linear under-determined system of equations with many solutions,
making this an ill-posed inverse problem. To narrow down the solutions to a well-defined
one, this problem needs to be regularized by taking into account additional constraints and
a priori assumptions about the desired signal of interest x.

As explained earlier, sparsity of x implies that it can be well approximated by its orthogonal
projection xS onto a subspace generated by a few atoms {φi}Mi=1 of a suitable redundant
dictionary Φ ∈ Rm×M

xS = Φc,

where m ≤ M and the vector of representation coefficients c is fairly sparse with number
of non-zero elements much smaller the the signal length; i.e., ‖c‖0 � m .

Substitution of xS into (5.1) results in

y = HΦc + e′, (5.2)

where e′ = H(x− xS) + e. This implies that the low-resolution observation y has similar
representation in a transformed dictionary Ψ = HΦ ∈ Rn×M which is naturally more
redundant than Φ (n ≤ m). Thus, by finding an appropriate sparse representation ĉ of y in
the so called low-resolution dictionary Ψ, the same coefficients ĉ can be used to reconstruct
the desired high-resolution signal x using the corresponding atoms of the high-resolution
dictionary Φ that is, x̂ = Φĉ. Given only equation (5.2), due to the redundancy of Ψ

and possible observation noise, the representation is not obviously unique. The a priori
assumption on sparsity of the signal, naturally implies that among many solutions, those
with the minimum number of non-zero elements are the optimal ones. Following that the
estimated representation coefficients shall obey the fidelity constraint imposed by (5.2), the
optimal coefficients can be obtained by solving

c = arg min
c
‖c‖0 subject to ‖y−Ψc‖2 ≤ ε

′, (5.3)

where ε′ = ‖e′‖2. However, this gives rise to a Non-deterministic Polynomial-time hard
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(NP-hard) problem for which a direct solution is still hopeless.

Greedy methods such as Orthogonal Matching Pursuit (OMP) by Mallat and Zhang (1993)
have been extensively used to heuristically tackle problems of this sort. In this numerical
method, the solution is obtained via iterative selection of the relevant dictionary atoms.
Initializing the estimation residual by the observed signal, at each iteration, first the support
of the representation coefficients c is updated by selecting an atom which has the maximum
inner product with the estimation residual and then, given the support set, the values of
the representation coefficients are being updated through an ordinary least squares. The
iterations continue until a certain number of atoms is selected or the magnitude of the
estimation residual falls below ε′, when the observation error is accurately known.

Chen et al. (1998) proposed a new strategy known as the Basis Pursuit (BP) which suggests
that under some sparsity constraints on the solution, in lieu of ‖c‖0 the closest convex penal-
ization function ‖c‖1 leads to the same sparsest solution. Using a Lagrangian penalization,
the `1-regularized dual version in (5.3) follows

ĉ = arg min
c
λ ‖c‖1 +

1

2
‖y −Ψc‖22 , (5.4)

which can be recast into a linear programming problem and solved at large dimensions
with modest computational cost. Note that in this Lagrangian form, we need to choose
the non-negative regularization parameter λ > 0. The magnitude of λ reflects somehow
the power of the noise in the observation and according to a rule of thumb, we can choose
λ as approximately the ratio of the noise standard deviation to the standard deviation of
the expected non-zero elements of the solution (Elad , 2010). A small λ reduces the role of
the `1 penalty term and hence leads to a more dense solution, while a larger one further
sparsifies the solution up to a theoretical upper bound

∥∥ΨTy
∥∥
∞, beyond which all elements

of the solution tend to zero.

It is worth noting that, in the statistical machine learning community, the problem of
solving (5.4) is the Lagrangian form of the known Least Absolute Shrinkage and Selection
Operator (LASSO) by (Tibshirani , 1996). From the Bayesian statistical standpoint, the
minimization in (5.4) is also equivalent to the Maximum A Posteriori (MAP) estimation of
the coefficients, ĉMAP = arg maxc {p(y|c)p(c)}, given that the additive noise e is Gaussian
and the a priori distribution of the coefficients can be well explained by the family of
Laplace densities, i.e. p(ci) ∝ exp (− |ci|) (Lewicki and Sejnowski , 2000). In the context of
the MAP estimator, the terms ‖c‖1 and ‖y −Ψc‖22 in (5.4) represent the contribution of the
logarithm of the prior density p(c) and the log-likelihood function log p(y|c), respectively.
Note that, the logarithm of the Laplace and Gaussian density is a monotonic and concave
function, and by a sign change, the minimization in (5.4) and the MAP estimator are
equivalent.
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Effective implementation of the described sparse recovery method requires that the dictio-
nary pairs for the high (Φ) and low-resolution (Ψ) atoms have been appropriately deter-
mined which will be briefly explained in the context of our study in the following sections.

5.3 On Sparsity of Rainfall Images

Study of precipitation signals and images in transform domains (e.g., Fourier or wavelet) has
received considerable attention and revealed interesting multiscale features of precipitation
structures. Numerous studies on the Fourier spectrum of rainfall images have provided
evidence of power law scaling and spreading of the energy over a relatively wide range
of frequencies. Conversely, it is found that the probability distribution of the wavelet
coefficients of precipitation reflectivity images exhibits a large mass at zero and extended
tails significantly thicker than those of the Gaussian distribution, implying that a large
number of these coefficients are very close to zero and only a small portion of them contains
significant amount of the rainfall energy (Ebtehaj and Foufoula-Georgiou, 2011a,b).

In this study we use the undecimated Haar wavelet transform by Nason and Silverman
(1995), with a single layer of decomposition, to demonstrate sparsity of the wavelet coeffi-
cients of precipitation images. The transform coefficients at different subbands (directions)
are obtained by filtering the image with the one dimensional low-pass [+1,+1] /2 and
high-pass [+1,−1]/2 Haar kernels and their transpose successively. It is demonstrated in
Figure 5.1a that the majority of the wavelet coefficients in the Horizontal (H), Vertical (V)
and Diagonal (D) subbands are close to zero. As is evident, the histogram of the wavelet
coefficients (see, Figure 5.1b for the horizontal subband) also shows concentration of the
coefficients around the origin. Keeping only the top largest 20% of the wavelet coefficients
in absolute value and setting the rest to zero via a hard thresholding (see, Donoho, 1995);
Figure 5.1c shows the reconstructed rainfall image. Using only about 20% of the entire
wavelet coefficients, the reconstructed rainfall image contains 99.8% of the total energy of
the original image (sum of pixel-wise squares) and is visually indistinguishable from the
original one. This evidence confirms that the rainfall reflectivity images exhibit considerable
sparseness in the wavelet domain which is a direct consequence of the piecewise smoothness
and spatial coherency of the precipitation images.
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Figure 5.1: Evidence on sparsity of precipitation images in the wavelet domain: (a) A
storm reflectivity snapshot at the TRMM GV-site in Houston, TX (HSTN) on 1998/11/13
(00:02:00 UTC) and the absolute values of the wavelet coefficients in the horizontal (H),
vertical (V) and diagonal (D) subbands, (b) probability histogram of the horizontal wavelet
coefficients (dH) and (c) the reconstructed field using the top largest 20% of the wavelet
coefficients in absolute values. The bounded area by the dashed lines in (b) contains 80%
of the wavelet coefficients that was set to zero for reconstruction of the reflectivity image,
shown in (c).

5.4 Recurrence of Rainfall Patches and Group Sparsity

The observed precipitation patterns are the result of a wide spectrum of highly non-linear
and complex atmospheric processes operating over different range of scales, from micro-
physical to regional and global. As a result, it is hard to imagine that we might be able to
find very similar (in mathematical norms) precipitation patterns over relatively large storm-
scales. However, finding similar features over sufficiently small sub-storm scales seems more
feasible. The goal of this section is to provide evidence for the recurrence of small-scale
“patches” of precipitation features (patches being small neighborhoods of the sampled rain-
fall fields) within different regions of the same storm or across different storm environments.
The motivation is that, if for each patch of an arbitrary storm snapshot, we can find at least
a few similar patches in a representative precipitation database, this will promise that the
small-scale precipitation variability in that storm may be well approximated by an optimal
and possibly linear combination of those similar patches.

To this end, a sample storm reflectivity image is selected (see Figure 5.2a) and N “sample
patches” of size 5 × 5,

{
yi ∈ R25

}N
i=1

, are extracted over regions of significant magnitudes
of rainfall gradients (see Figure 5.2b). The precipitation gradient was selected here only as
a metric to guide the sampling of important patches as, naturally, localized regions of high
rainfall gradients contain significant high-frequency information and define the within-storm
spatial geometry and variability. Then, the high-pass fluctuations of all rainfall patches,
the so called “rainfall features” {y′i}

N
i=1, are obtained by subtracting the local mean of each

patch, that is y′i = yi − yi. The same sampling procedure is performed to extract same

size test patches
{

z′j

}M
j=1

of rainfall features, where naturally M � N , from a database
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containing an independent set of about 100 storm NEXRAD (level III) reflectivity snapshots
over the TRMM satellite Ground Validation (GV) site in Huston, TX (see Chapter 3 and
for (Ebtehaj and Foufoula-Georgiou, 2011a) for a detailed description of the data set). For
each ith sample patch, we computed the Euclidean distance dij =

∥∥∥y′i − z′j

∥∥∥
2
with all of

the test patches and appropriately normalized it to the range of [0, 1]. Here, the similarity
measure among the patches is defined as the normalized Euclidean distance below a certain
threshold value η. Choosing the threshold values η, linearly spaced from 0.01 to 0.05 in five
intervals, we determined the number of sample patches nΛ in the sample rainfall image,
that we could found at least an mΛ number of similar test patches in our database. We
then reported mΛversus the ratio nΛ/N , for different choices of η in Figure 5.2c. As the
ratio nΛ/N is always positive and ranges between [0, 1], it can be interpreted as a lower
bound for the probability of finding at least an mΛ number of similar patches within any
larger database that contains our test database as a subset. Figure 5.2c suggests that the
probability of finding a small number (smallmΛ) of very similar (small η) patches is high and
drops rapidly as the number of similar patches is increased. This finding indicates that the
rainfall fluctuations are not only pixel-wise sparse, but also may exhibit structured sparsity
in a small neighborhood of rainfall intensities, which we refer to as group sparsity. As is
evident, specializing the database for particular environmental conditions (e.g., orographic
precipitation), may increase the chance of finding a very small number of similar features
and thus the efficiency of group sparsity.

81



 

Figure 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Dim: [320, 400]; Range:[0, 45]
 

 

0

5

10

15

20

25

30

35

40

45
dBZ

a)

Dim: [320, 400]; Range:[0, 45]

b)

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

 m


 n

/  N

 

 

=0.01
=0.02
=0.03
=0.04
=0.05

c)

Figure 5.2: Recurrence of small-scale precipitation patches and group sparsity: (a) a sample
precipitation reflectivity image over the TRMM (HSTN) GV-site on 1998/06/28 (18:13:00
UTC), (b) regions of high gradient (top 25%) used for sampling of important patches, and
(c) a probability measure (nΛ/N) of finding at least mΛ number of similar patches (i.e., close
in Euclidean distance determined by η) in the selected test database.

5.5 Precipitation Sparse Downscaling

5.5.1 Conceptual Framework

The proposed sparse restoration of a high-resolution rainfall image X from a coarse-scale
observation Y, requires the availability of a representative set ofNT coincidental pairs of low
and high-resolution rainfall images {(Zl,Zh)}NTl,h=1, as a training set. Note that throughout
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this study, we have adopted a simplified notation by which the resolution indices (l) and (h),
are also served as counting indices for the number of used images. Ideally, the low-resolution
part of the training set can be extracted from a spaceborne sensor or a GCM-output; while
the high-resolution counterparts can be the result of a coincidental ground based high-
resolution sensing device or a fine-scale predictive model (e.g., NEXRAD or a fine grid
cloud resolving numerical model). Elaborating on the merits of the methodology, in this
study we synthetically generated the low-resolution rainfall reflectivity images by smoothing
and downsampling the available NEXRAD dataset. For instance, a low-resolution dataset
{Zl}NTl=1 at scale 8 × 8 km is obtained by first smoothing each high-resolution NEXRAD
image (1 × 1 km) using an average spatial filter of size 8 × 8 and then downsampling by
an integer factor of

√
s = 8, called the scaling ratio. Note that, given the pair of high and

low-resolution training images, a set of “residual images” can be produced as

R = Zh −QZl, (5.5)

with each image containing the high-frequency features lost by the low-resolution sensing.
Here, Q denotes an interpolation operator (e.g., nearest neighborhood, bilinear, bicubic,
Kriging) which is used to compute a low-pass estimate of the high-resolution precipitation
image of interest.

The core part of the proposed downscaling methodology is the inverse estimator explained
in Section 3 and relies on the group sparsity of precipitation patches. As explained earlier,
the group sparsity is revealed for the high-pass components (features) of rainfall patches.
To this end, the high-pass components of the low-resolution observation and of the training
database need to be extracted, i.e.,

{
Y ′, {Z ′l}

NT
l=1

}
. Typically redundant transformations

are preferred due to their robustness to noise, more sparsifying effect and greater flexibil-
ity to match the data structure. Here, similar to the previously explained undecimated
Haar wavelet transform, vertical and horizontal features of precipitation images have been
extracted using the following kernels,

f1 = fT2 = [+1,−1]

f3 = fT4 = [+1,−2,+1] .
(5.6)

Concerning the precipitation images, the first two kernels (first order derivative) mainly
characterize directional edges of the storm from zero intensity background and bound-
aries of high-intensity rain-cells whilst the others (second order derivative) encode high
curvature regions within the body of the rain-cells, which are prone to be lost in a low-
resolution sensing or large-scale modeling. These filters naturally give rise to four output
high-pass images of the same size as the input image, leading to a 4:1 redundancy factor;

i.e.,
{
Y ′i,
{
Z ′l,i
}NT
l=1

}4

i=1

, where hereafter the counting index i is dropped in our notation
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for brevity.

In the proposed precipitation downscaling methodology, due to the evidence of group spar-
sity, the sparse inverse estimator is applied locally on rainfall patches rather than globally
on the whole image. This approach not only makes the problem computationally more
efficient but also permits an overlapping estimation scheme to avoid undesirable blocking
artifacts in the final downscaled product.

Deciding to choose the low-resolution rainfall patches of size
√
n ×
√
n making thus y ∈

Rn, the sample and training feature patches can be extracted from the feature images{
Y ′, {Z ′l}

NT
l=1

}
and stacked in y′ and z′l ∈ Rm, where owing to the suggested filters in

(5.6), here m = 4n. The column-wise concatenation of z′l in Ψ ∈ Rm×M forms the desired
empirical low-resolution rainfall dictionary. Now, in the feature space, the idea is to find
a few columns of the low-resolution dictionary Ψ that their linear combinations can well
approximate the low-resolution feature patch y′ of interest. This idea can be recast into
the following sparse encoding problem, similar to equation (5.3), which indeed assumes
y′ = Ψc + e with ε = ‖e‖2,

ĉ = arg min
c
‖c‖0 subject to

∥∥y′ −Ψc
∥∥

2
≤ ε. (5.7)

As explained in Section 2, the estimated coefficients for each patch can now be used to
combine the corresponding columns of a high-resolution dictionary to recover the relevant
high-frequency features of interest for that patch. To this end, due to the size enlarge-
ment of the high-resolution field by a factor of s, the patches of size

√
sn ×

√
sn need to

be extracted from the residual images {Rl}NTl=1, obtained from the training dataset, and
be concatenated column-wise, in a vector form r ∈ Rsn, to shape the desired empirical
high-resolution dictionary, i.e., Φ ∈ Rsn×M . Recall that the columns of these empirical
dictionaries (Ψ, Φ) contain the patches of low-resolution rainfall features z′l ∈ Rm and
the corresponding high-resolution rainfall residuals r ∈ Rsn, respectively. As a result, the
obtained sparse representation in (5.7) is then being used to combine the columns of Φ and
restore the high-resolution rainfall patches as x̂ = Qy + r̂, where r̂ = Φĉ. Applying this
inverse estimator for all overlapping patches of the given low-resolution rainfall image, the
entire high-resolution rainfall image can then be recovered. To reduce blocking artifacts and
impose more coherency on the downscaled field, the estimated patches are averaged over
their overlapping areas. The entire methodology, referred to as SPaD (Sparse Precipitation
Downscaling), is also sketched algorithmically as follows:
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Algorithm 5.1 : Sparse Precipitation Downscaling (SPaD)
Inputs: Low-resolution rainfall Y; patch size n; the scaling ratio s; a training set

{(Zl,Zh)}NTl,h=1.

Steps:

1. Apply the filters in (5.6) to Y and {Zl}NTl=1 to obtain the feature images
{
Y ′, {Z ′l}

NT
l=1

}
(i.e., 4 output images per 1 input image).

2. Extract all
√
n ×
√
n overlapping patches from {Z ′l}

NT
l=1 (per the 4 filters) to shape

the low-resolution dictionary Ψ ∈ Rm×M .

3. Compute {Rl}NTl=1 in (5.5) and extract all
√
sn ×

√
sn patches to form the high-

resolution rainfall dictionary Φ ∈ Rsn×M .

4. For each feature patch y′ ∈ Rm

• Solve ĉ = arg minc ‖c‖0 s.t. ‖y′ −Ψc‖2 ≤ ε
• Compute the residuals r̂ = Φĉ

• Compute the high-resolution rainfall patch x̂ = Qy + r̂.

End

Output: Recover the high-resolution rainfall image X̂ by putting together all patches x̂,
while averaging on the overlapping areas.

5.5.2 SPaD via Dictionary Learning

Collecting a large set of training patches of low-resolution precipitation features {z′l}
M
l=1

as the atoms of Ψ, often leads to a very large-scale sparse coding problem, which cannot
be easily handled by the Basis Pursuit type of methods in a reasonable time and with
sufficient accuracy. Often, when the number of dictionary atoms is much larger than the
patch size, the maximum absolute value of the cross correlation between the atoms of Ψ,
called the Mutual coherence, tends to unity and a stable sparse solution is hardly achievable
via l1-norm convex relaxation of equation (5.7) in (5.4), (e.g., Kim et al., 2007; Elad , 2010).
As an alternative to a crude selection of the sample precipitation features as atoms of the
empirical high and low-resolution dictionary, one can use a tunable and compact selection,
in which the atoms are well adapted to the patches of rainfall images based on a learning
procedure. The core idea is to optimally estimate a pair of reduced dimension low and
high-resolution dictionary (Ψr,Φr) ∈ Rm×K , where K � M , given a large number of
low and high-resolution training patches. Typically, the learned reduced size low-resolution
dictionary Ψr is obtained such that it can reproduce each training patch z′l by a sparse
combination of its atoms in a linear setting z′l = Ψrcl + e with added noise e, where
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cl ∈ RK , ‖cl‖0� m. Note that in this setting the goal is to have an optimal estimate of
the Φr and the representation coefficients cl, simultaneously. It naturally follows to solve

min
Ψr,cl

M∑
l=1

∥∥z′l −Ψrcl
∥∥2

2
subject to ‖cl‖0 ≤ const. ∀l, (5.8)

which is not well-posed and convex on both Ψr and cl (Engan and Husoy , 2007; Aharon
et al., 2006). Using the Method of Optimal Direction (MOD), this problem can be tackled
by following a nested iterative optimization strategy (Engan et al., 1999). This method,
starts with a first guess of the dictionary Ψ

(0)
r and proceeds to estimate the representation

c
(0)
l for ∀l, using a sparse encoding strategy (e.g., OMP). Then, at the ith iteration, given the

obtained representation coefficients, the dictionary is being updated through an ordinary
least squares

Ψ(i+1)
r = Ψ

(
C(i)

)+
,

where C(i) ∈ RK×M contains a column-wise concatenation of all estimated coefficients{
c

(i)
l

}M
l=1

at step ith ;
(
C(i)

)+
=
(
C(i)

)T [
C(i)

(
C(i)

)T ]−1
is the right Moore-Penrose pseu-

doinverse of C(i) and Ψ is the original empirical low-resolution dictionary. This iterative
procedure continues until a stopping criterion is met (e.g., number of iterations or an error
criterion).

Here, the dictionary Ψr is a reduced version of Ψ which can sparsely approximate the
low-resolution features of all M training patches. By construction, using the same repre-
sentation for high-resolution recovery, estimation of the reduced high-resolution dictionary
Φr only requires the second step of a typical dictionary learning process (Zeyde et al., 2010)
and follows:

Φr = ΦC+.

In fact, given the final matrix of representation coefficients C, obtained through the learning
of the reduced low-resolution Ψr dictionary in the previous step, it only requires to use an
ordinary least squares to obtain a learned high-resolution dictionary Φr.

5.5.3 Results

5.5.3.1 Inputs and Parameters

For construction of the training database, two hundred independent rainfall reflectivity
images at resolution 1×1 km were selected over the two GV-sites of the TRMM satellite in
Houston, Texas (HSTN) and Melbourne, Florida (MELB) from 1997 to 2010; see chapter
3. These high-resolution images are first smoothed and downsampled by scaling ratios
√
s ∈ {4, 8, 16} to form the low-resolution components of the training set. Then, these

low-resolution images are transformed into the feature space by applying the explained set
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of filters in (5.6). Note that, as the NEXRAD data are in a resolution of ∼ 1 × 1 km,
these scaling ratios also refer to the spatial grid spacing of the low-resolution rainfall data
in kilometers.

Selection of the patch size is obviously an input parameter in the presented SPaD frame-
work. Although the optimal patch size cannot be theoretically determined, for larger patch
size the downscaling result is generally smoother. We empirically found that SPaD per-
forms well for patch sizes in the range of 3 × 3 to 7 × 7. Here we report the results using
overlapping patches of size 3 × 3. At least M = 150, 100 and 50 thousands of training
high and low-resolution precipitation patch pairs were extracted to form the initial low and
high-resolution empirical dictionaries (Ψ,Φ) for the selected scaling ratios (i.e., resolutions
of 4,8 and 16 km), respectively. To obtain the residual images in (5.5), we adopted a bicu-
bic interpolation operator. While extracting patches from each rainfall image, to screen
the possible degenerate patches due to the zero rainfall background effect and piecewise
constant property of rainfall images, those patch pairs (z′l, r) were selected for which the
variance of the residual patch r exceeded a certain threshold (i.e., 50th percentile of the
variance of all residual patches).

To implement the sparse estimator and solve problem (5.7), we examined the performance of
both a greedy and also an `1-regularization strategy, by employing the Orthogonal Matching
Pursuit (OMP) and the `1-regularized Least Squares (known as the `1-`s) by Kim et al.
(2007). The later method, is an interior point method which solves a quadratic programing
reformulation of equation (5.7), using a preconditioned conjugate gradient method.

Employing the OMP in a greedy implementation, we set a fixed number of non-zero rep-
resentation coefficients (i.e., ‖c‖0 = 3) as the stopping criterion in (5.7) to find relevant
atoms of the empirical dictionaries (Ψ,Φ). However, for the convex `1-regularized strat-
egy, we used a pair of learned low and high-resolution dictionaries (Ψr,Φr) of different
sizes K ∈ {256, 512, 1024} for the studied scaling ratios, respectively. These dictionaries
were learned by solving problem (5.8) with a fixed number of non-zero elements in cl (i.e.,
‖cl‖0 = 3 ) and employing the OMP as a sparse coding method. The chosen size of the
dictionary is a design issue which requires to consider a trade-off between the accuracy of
the recovery and the computational cost. It is empirically found that the selected size of the
dictionaries leads to decent results with modest computational cost. Note that, at any scale
of interest, the first guess of the reduced low-resolution dictionary for the explained iterative
learning, is randomly selected from rainfall patches in the feature space (i.e., columns of Ψ).
Figure 5.3 shows the initial and trained atoms of the learned high-resolution precipitation
dictionary, designed for downscaling from scale 4-to-1 km in grid spacing. For selection
of the regularization parameter λ, we simply chose λ = 0.1

∥∥ΨT
r y
∥∥
∞, as recommended by

Kim et al. (2007), which we also found empirically to perform well.
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Figure 5.3: (a) Initial rainfall residual patches r ∈ Rsn (i.e., patch size 3×3 and downscaling
ratio

√
s = 4) at scale 1× 1 km, randomly sampled from 150000 training rainfall patches to

learn a high-resolution dictionary Φr of rainfall features with K = 256 atoms for downscaling
from resolution 4-to-1 km in grid spacing, and (b) the learned precipitation dictionary after
50 iterations.

5.5.3.2 Downscaling Performance and Error Analysis

The base-reflectivity snapshots over the HSTN site for the storm of 1998/11/13 (00:02:00
UTC) and 1998/06/28 (18:13:00 UTC), shown in Figure 5.1 and 5.2, were selected to
study the quantitative performance of the proposed downscaling scheme. In contrast to the
stochastic type of downscaling models in which the high-frequency details are generated
randomly to reproduce high-resolution realizations with consistent marginal statistics, the
proposed method recovers the optimal high-resolution estimate via a supervised learning
from our a priori knowledge, obtained by a set of historical observations. As a result,
the final product is not blocky, compared to the stochastic models, and exhibits reduced
estimation error. Here, by no means we intend to exhaustively compare the SPaD with
stochastic downscaling models; this can be the topic of future studies. We note however
that, due to the intrinsic randomness in the stochastic downscaling models, a comparative
error analysis is not straightforward. Indeed in these type of models at each realization, the
error of estimation (e.g., in a mean square error sense) increases with high probability as the
added details are quite random and the downscaled field only preserves marginal statistics
and not exact geometric and coherent structures of the storm image. At the same time,
error estimation in an ensemble sense does not add much insight as the ensemble average
tends to the original input image when the number of ensembles goes to infinity (e.g.,
consider the case of multiplicative random cascades in canonical form). Therefore, when
using these type of stochastic models, the estimation error can not be readily improved even
in an ensemble sense, while the comparison also remains ambiguous in the single realization
sense.
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Figure 5.4: The SpaD performance in a case when the exact high and low-resolution patches
are included in the training database. (a) The original high-resolution NEXRAD reflectivity
image at resolution 1 × 1 km, (b) the coarse scale version of the image at scale 16 × 16 km
generated by smoothing and downsampling, and (c) the SPaD results. The pixel-wise Mean
Squares Error (MSE), by comparing the original high-resolution with the SPaD output, is
2.10 in [dBZ]2 which is around 1% of the mean of the squares of rainfall reflectivity values.

First to show the effectiveness of the SPaD, we tried to downscale a 16 × 16 km coarse-
scale version of the snapshot on 1998/11/13 while including the corresponding high and
low-resolution patches of the rainfall image in the training dataset. The results in Figure
5.4 show how well this method can perform by finding the relevant patches, recover the
high-frequency features and estimate the small-scale geometrical structures of the rainfall
image of interest for a relatively coarse scale observation. This result is promising that it
demonstrates the algorithmic success of our methodology, provided that a suitable prior
knowledge is provided in the training database.

Figure 5.5 shows the performance of the SPaD in a case where the image of interest is not
itself part of the dataset, but rather an independent training database is used. As is evident,
the effectiveness of the algorithm degrades as the coarseness of the original image increases
(e.g., 16 × 16 km) and the recovered geometrical structure of the small-scale features is
prone to be distorted significantly. Although, the reference high-resolution rainfall field
is of course not available in practical cases, it is instructive here to have a quantitative
assessment of the downscaling success by comparing the SPaD results X̂ with the original
high-resolution rainfall image X . Defining the error matrix E = X−X̂ , we have chosen some
conventional fidelity metrics including; (a) Normalized Bias Ratio: NBR =

(
E/X

)
× 100 ,

where (·) denotes the entry-wise expected value (mean); (b) Mean Square Error: MSE = E2;
(c) Mean Absolute Error: MAE = |E|, where | · | denotes the entry-wise absolute value, and
(d) Peak Signal-to-Noise Ratio: PSNR = 20 log

(
L√
MSE

)
in decibel (dB), where L refers

here to the dynamic range of the reference high-resolution image.

To evaluate the SPaD performance in recovering the isolated singularities of the rainfall
(i.e., local intense rain-cells), we defined a new quality metric which computes the Mean
of the Maximum of the Absolute Error (MMAE) for all N overlapping neighborhoods of
rainfall intensities (e.g., area of 10 × 10 km), where enij are the entries of the error matrix
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E within the nth neighborhood

MMAE =
1

N

N∑
n=1

(
max
i,j

∣∣enij∣∣) .
Comparing to a reference image, many different realizations of precipitation fields may
exhibit similar marginal statistics (e.g., MSE); however, their geometrical and coherent
structures may be quite different. To address the SpaD performance for recovering the
distinct structure and geometrical patterns of rain-cells in the studied precipitation images,
a complementary metric, called the Structural SIMilarity (SSIM) by Wang et al. (2004),
is also employed. On the contrary to the explained fidelity measures which only take into
account the first and second order marginal statistics of the error, this metric considers
the covariance structure as well, to overcome some common deficiencies of the MSE type
of quality measures. Comparing images U and V, the SSIM is a local metric which is
calculated for neighborhoods u and v (typically 8× 8 pixels) of those images

SSIM(x,y) =
(2u v + c1)

(
2(u− u)(v − v) + c2

)
(
u2 + v2 + c1

) (
(u− u)2 + (v − v)2 + c2

) ,
where c1 and c2 are two constants to stabilize the computation. This index is typically
computed for all or a subgroup of patch pairs and the mean value of the index is taken as
the overall quality measure (Wang et al., 2004). As is evident, this measure is symmetric
and ranges between [−1,+1], while the upper bound is only reachable in the case of two
identical images. Here, we do not intend to get into the detailed implications of using
the SSIM index; however, this measure seems very promising for studying the forecast
mismatch and verification in hydrometeorological studies.

Our numerical experiments show that the bias of the SPaD is within an acceptable range;
i.e., the absolute value of the normalized bias ratio is less than 2% in the worst case and less
than 0.4% in an average sense; see Table 5.1. By comparing the results of the SPaD with
the observed low-resolution observation, the MSE metric shows significant improvement
ranging from 40 to 50%. Computing the MMAE with a neighborhood of size 10× 10 km,
the recovery of the local maxima (intense rain cells) has been enhanced up to 15%. In
terms of the PSNR the sparse downscaling shows an order of 2 to 3 dB of improvement
and the SSIM index is also increased up to 10-15%.
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Figure 5.5: The qualitative performance of SPaD, given 200 regionally selected indepen-
dent storm snapshots as the training database. (a) to (c) The low-resolution observations
synthetically generated by smoothing and downsampling of the original 1 × 1 km fields to
scales of 4,8 and 16 km in grid spacing. (d)-to-(f) Results of the downscaled rainfall images
at resolution 1 × 1 km using the OMP method for selection of training rainfall patches as
the “atoms” of the low and high-resolution dictionaries. (g)-to-(i) Results of the downscaled
rainfall images at resolution 1× 1 km employing the `1-regularization strategy together with
the learned dictionaries. As is evident, the SPaD results are smoother, when using the pair
of the learned dictionaries of rainfall patches.

These preliminary results suggest that the accuracy of the downscaling may depend on
the resolution of the original observation, complexity of the storm image and albeit the
scaling ratio. However, on the basis of the chosen fidelity measures, the overall quality of
the recovery is not significantly deteriorated for larger scaling ratios in our experiments.
As expected, in general, smoother results were obtained using the learned dictionaries as
the atoms are indeed weighted average of original rainfall patches. The SPaD results via
dictionary learning led to better quality measures, typically for spatial scales less than
< 4 km in grid spacing. For larger scales, the results of the SPaD with crude selection of
rainfall patches as dictionary atoms and employing the OMP sparse coding, show better
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Metric values
Scales (km) 4× 4 8× 8 16× 16

Metrics† (a) (b) (c) (a) (b) (c) (a) (b) (c)

NBR(%) -0.00 0.43 0.41 -0.00 0.21 0.17 +0.00 -0.11 0.05
-0.22 0.06 0.21 -0.67 -0.7 -0.59 -1.37 -1.99 -1.58

MSE 1.00 0.6 0.56 1.00 0.52 0.55 1.00 0.54 0.58
1.00 0.58 0.55 1.00 0.58 0.62 1.00 0.59 0.66

MAE 1.00 0.82 0.80 1.00 0.72 0.74 1.00 0.70 0.75
1.00 0.80 0.76 1.00 0.76 0.78 1.00 0.73 0.79

MMAE 1.00 0.81 0.77 1.00 0.83 0.81 1.00 0.84 0.84
1.00 0.83 0.79 1.00 0.84 0.79 1.00 0.83 0.83

PSNR 24.00 26.25 26.50 20.50 23.35 23.15 18.30 21.10 20.70
21.50 23.90 24.15 18.20 20.50 20.25 15.90 18.15 17.80

SSIM 0.73 0.80 0.82 0.58 0.68 0.69 0.52 0.60 0.60
0.70 0.80 0.80 0.55 0.65 0.65 0.45 0.54 0.52

Table 5.1: Error statistics obtained by comparing the low-resolution images with: (a)
the high-resolution (true) ones, (b) Downscaling via SPaD with greedy selection of atoms
by OMP algorithm, and (c) Downscaling via SPaD with `1-regularization together with
dictionary learning. For each metric (see text for definitions), the first and second rows show
the obtained quantities for two reflectivity snapshots on 1998/11/13 (00:02:00 UTC) and
1998/06/28 (18:13:00 UTC), respectively. Note that, for each storm snapshot at a particular
scale, the values of MSE, MAE and MMAE are row-wise normalized by their maximum
values. The results are shown for downscaling from scales (4, 8, 16 km) down to 1 km in
grid spacing.
†Note: NBR: Normalized Bias Ratio, MSE: Mean Squared Error, MAE: Maximum Absolute
Error, MMAE: Mean Maximum Absolute Error, PSNR: Peak Signal to Noise Ratio, SSIM:
Structural Similarity Index

error statistics. For instance, it is clear in Figure 5.5f and 5.5i that although the overall
quality measures are not significantly different, due to the smoothness of the trained atoms,
the dynamic range of the rainfall image cannot be well recovered in larger scaling ratios by
the learned dictionaries.

In this study no attempt has been made for computational parallelization and/or coding
optimization. All of the computations have been run on a Windows operating system
using an Intel(R)-i7 Central Processing Unit with 2.80 GHz clock rate. On the basis of the
explained parameters, the code generally ran for less than 5 minutes to produce downscaled
precipitation images of size ∼ 500×500 pixels, with scaling ratio

√
s = 16 (i.e. to downscale

from 16 to 1 km). Typically, the lowest computational speed was for the scenarios of using
the `1-regularization scheme together with the learned dictionaries.
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Chapter 6

A Unified Variational Framework for
Downscaling, Data Fusion and
Assimilation

In previous chapters we have discussed some methodologies for rainfall downscaling and
data fusion. Here, we introduce a unified variational framework that ties together the prob-
lems of downscaling, data fusion and data assimilation as ill-posed inverse problems. This
framework seeks solutions beyond the classic least squares estimation paradigms by impos-
ing a proper regularization, which is a constraint consistent with the degree of smoothness
and probabilistic structure of the underlying state. We review relevant smoothing norm
regularization methods in derivative space and extend classic formulations of the afore-
mentioned problems with particular emphasis on land surface hydro-meteorological appli-
cations. The results of this chapter suggest that proper regularization can lead to more
accurate results in hydro-meteorological downscaling, data fusion and data assimilation
problems. In particular, using the Tikhonov and Huber regularization in the derivative
space, the promise of the proposed framework is demonstrated in static downscaling and
fusion of synthetic multi-sensor precipitation data, while a variational data assimilation
experiment is presented using the linear advection-diffusion equation relevant to its funda-
mental applications in hydrologic study of land-surface heat and mass fluxes.

6.1 Introduction

The central goal of this chapter is to propose a unified framework for the class of down-
scaling (DS), data fusion (DF), and data assimilation (DA) problems by recasting them
as discrete linear inverse problems using a relevant regularization in the derivative space,
aiming to solve them more accurately compared to the classic weighted least-squares (WLS)
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formulations. The proposed framework relies on the recent developments in mathematical
formalisms of inverse problems which have received a great deal of attentions in the sta-
tistical regression and imaging sciences in the past decades (e.g., Tibshirani , 1996; Chen
et al., 2001), but are relatively new to the geophysical community. To the best of our
knowledge, the only applications similar to the presented methodologies in this chapter,
can be found in (Ebtehaj et al., 2012) and (Freitag et al., 2012) for rainfall downscaling
and data assimilation of sharp fronts, respectively. To this end, some of the basic ques-
tions we are addressing in this chapter are: (1) How can we recast hydro-meteorological
downscaling and data fusion problem as a variational inverse problem? (2) What are the
proper regularization methods and how can we properly choose them? (3) How effective
are those methods and what are the main advantages? and (4) Can we extend the concept
of regularization to improve the results of the variational data assimilation in land surface
hydro-meteorological problems?

The common thread in the DS, DF, and DA problems is that, in all of them, we seek an
improved estimate of the true state given a suite of noisy and down-sampled observations
and/or uncertain model-predicted states. Specifically, let us suppose that the unknown true
state in continuous space is denoted by x(t) and its indirect observation (or model-output),
by y(r). Let us also assume that x(t) and y(r) are related via a linear integral equation,
called the Fredholm integral equation of the the first kind, as follows:

ˆ 1

0
H(r, t)x(t) dt = y(r), 0 ≤ r ≤ 1, (6.1)

where H(r, t) is the known kernel relating x(t) and y(r). Recovery of x(t) knowing y(r)

and H(r, t) is a classic linear inverse problem. Clearly, the deconvolution problem is a
very special case with the kernel of the form H(r − t), which in its discrete form, plays
a central role in this chapter. Linear inverse problems are by nature ill-posed, in the
sense that they do not satisfy at least one of the following three conditions: (1) existence;
(2) uniqueness; and (3) stability of the solution. For instance, when due to the kernel
architecture, the dimension of the observation is smaller than that of the true signal, infinite
choices of x(t) lead to the same y(r) and there is no unique solution for the problem. For
the case when y(r) is noisy and has a larger dimension than the true state, the solution
is typically very unstable, because, the high frequency components in y(r) are typically
amplified and spoil the solution in the inversion process. A common approach to make an
inverse problem well-posed is via the so-called regularization methods(e.g., Hansen, 2010).
The goal of regularization is to reformulate the inverse problem aiming to obtain a unique
and sufficiently stable solution. The proper choice of regularization typically depends on
the continuity and degree of smoothness of the state variable of interest, often called the
regularity condition. For instance, some state variables or environmental fluxes are very
regular with high degree of smoothness and differentiability (e.g., pressure) while others
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might be more irregular and suffer from frequent and different sorts of discontinuities (e.g.,
rainfall). In fact, it can be shown that the proper choices of regularization not only yield
unique and stable solutions but also reinforce the underlying regularity of the true state in
the solution. It is important to note that, different regularity conditions are theoretically
consistent with different statistical signatures in the true state, a fact that may guide proper
design of the regularization, as explored in this study.

Presented methodologies for DS and DF problems are examined through synthetic down-
scaling and data fusion of rainfall remotely sensed observations, which has fundamental
applications in flash flood predictions, especially in small watersheds (Rebora et al., 2005;
Siccardi et al., 2005; Rebora et al., 2006). We show that the presented methodologies allow
us to improve the quality of rainfall estimation and reduce the uncertainty by recovering the
small-scale high-intense rainfall extreme features, which have been lost due to the possible
low-resolution constraints of the sensor. For the DA family of problems, the promise of the
presented framework, is demonstrated via an elementary example using the heat equation,
which has a key role in study of land-surface heat and mass fluxes (e.g., Milly , 1982; En-
tekhabi et al., 1994; Liang et al., 1999; Caparrini et al., 2003; Bateni and Entekhabi , 2012).
The results promise that the accuracy of the analysis and forecast cycles in a DA problem
can be markedly improved, compared to the classic variational methods, especially when
the initial state is discontinuous.

Section 6.2 provides conceptual insight into the discrete inverse problems. Section 6.3
describes the DS problem in detail, as a primitive building block for the other studied
problems. Important classes of regularization methods are explained and their statistical
interpretation is briefly discussed from the Bayesian point of view. Examples on rainfall
downscaling are presented in this section by taking into account the specific regularity and
statistical distribution of the rainfall fields in the derivative space. Section 6.4 is devoted to
the regularized DF class of problems with examples and results on remotely sensed rainfall
data. The regularized DA problem is discussed in Section 6.5.

6.2 Discrete Inverse problems: Conceptual Framework

In this section, we briefly explain the conceptual key elements of discrete linear inverse
estimation relevant to the problems at hand and leave further details for the next sections.
Analogous to equation (6.1), linear discrete inverse problems typically amount to estimating
the true high-resolution m-element state vector x ∈ Rm from the following observation
model:

y = Hx + v, (6.2)

where y ∈ Rn denotes the observations (e.g., output of a sensor), H ∈ Rn×m is an n-by-m
observation operator the maps the state space onto the observation space, and v ∼ N (0, R)
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is the Gaussian error in Rn. Note that, the observation operator, which is a discrete
representation of the kernel in (6.1), and the noise covariance are supposed to be known
or properly calibrated. Depending on the relative dimension of y and x, this linear system
can be under-determined (m� n) or over-determined (m� n). In the under-determined
case, there are infinite different x’s that satisfy (6.2) while for the over-determined case a
unique solution may not exist. As is evident, the DS problem belongs to the class of under-
determined systems because the sensor output is a coarse-scale and noisy representation of
the true state. However, the class of DF and DA problems fall into the category of over-
determined systems, as the total size of the observations and background state exceeds the
dimension of the true state.

In each of the above cases, we may naturally try to obtain a solution with minimum
error variance by solving a linear (weighted) least squares (WLS) problem. However, for
the under-determined case the solution still does not exist, while for the over-determined
case it is commonly ill-conditioned and sensitive to the observation noise (see, Section
4). Therefore, the minimum variance WLS treatment can not properly make the above
inverse problems well-posed. To obtain a unique and stable solution, the basic idea of
regularization is to further constrain the solution. For instance, among many solutions
that fit the observation model in (6.2), we can obtain the one with minimum energy, mean-
squared curvature or total variation. The choice of this constrain or regularization, highly
depends on a priori knowledge about the underlying regularity of x. For sufficiently smooth
x we naturally may promote a solution with minimum mean-squared curvature to impose
the desired smoothness on the solution. However, if the state is non-smooth and contains
frequent jumps and discontinuities, a solution with minimum total variation might be a
better choice. In subsequent sections, we explain these concepts in more details for the DS,
DF, and DA problems with relevant examples.

6.3 Regularized Downscaling

6.3.1 Problem Formulation

To put the DS problem in a linear inverse estimation framework, we recognize that in the
observation model of equation (6.2), the true high-resolution (HR) state x ∈ Rm has a
larger dimension than the low-resolution (LR) observation vector y ∈ Rn, that is m �
n. Throughout this work, a notation is adopted in which the vector x ∈ Rm may also
represent, for example a 2D field X ∈ R

√
m×
√
m which is vectorized in a fixed order (e.g.,

lexicographical).

As explained in the previous section, the DS problem naturally amounts to obtaining an
HR or fine-scale estimate x̂ of the true state, with minimum weighted least squares (WLS)
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error, as follows:

x̂ = argmin
x

{
1

2
‖y −Hx‖2R−1

}
, (6.3)

where, ‖x‖2A = xTAx denotes the quadratic-norm, while A is a positive definite matrix.
Due to the ill-posed nature of the problem, this optimization does not have a unique
solution, as setting the derivative of the cost function to zero, the Hessian (HTR−1H) is
definitely singular. To narrow down all possible solutions to a stable and unique one, a
common choice is to regularize the problem by constraining the squared Euclidean norm
of the solution to be less than a certain constant, that is ‖Lx‖22 ≤ const., where L is an
appropriately chosen transformation and ‖x‖22 =

∑
i |xi|

2 denotes the Euclidean `2-norm.
Note that, by putting a constraint on the Euclidean norm of the state, we not only narrow
down the solutions but also implicitly suppress the large components of the inverted noise
and reduce their spoiling effect on the solution.

Using the theory of Lagrange multipliers the dual form of the constrained version of the
optimization in (6.3) is

x̂ = argmin
x

{
1

2
‖y −Hx‖2R−1 + λ ‖Lx‖22

}
, (6.4)

where λ > 0 is the Lagrange multiplier or the so-called regularizer. This problem is a smooth
convex quadratic programming problem and is known as the Tikhonov regularization with
the following unique analytical solution

x̂ =
(
HTR−1H + 2λLTL

)−1
HTR−1y, (6.5)

provided that LTL is positive definite (Tikhonov et al., 1977; Hansen, 1998; Golub et al.,
1999; Hansen, 2010). As is evident, the L transformation also plays a key role in the
solution of the regularized DS problem. For instance, choosing an identity matrix in (6.4)
implies that we are looking for a solution with the smallest Euclidean norm (energy), while
if L represents a derivative operator, the above regularization term minimizes the energy
in the derivative space, which naturally imposes extra smoothness on the solution.

Depending on the intrinsic regularity of the underlying state and selected L, other choices of
the regularization term are also common. For example, in case the L projects a major body
of the state vector onto (near) zero values, the preferred choice is the `1-norm regularization
(e.g., Tibshirani , 1996; Chen et al., 1998, 2001). Such a property is often called sparse
representation in the L space and gives rise to the following formulation of the regularized
DS problem:

x̂ = argmin
x

{
1

2
‖y −Hx‖2R−1 + λ ‖Lx‖1

}
, (6.6)

where, the `1-norm is ‖x‖1 =
∑

i |xi|. Choosing L as a derivative operator in (6.6), in effect,
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we minimize a measure of total variation of the state of interest. It is well understood that in
this case, we typically better recover discontinuities and local jump singularities compared
to the `2-norm regularization in the derivative domain.

Note that, contrary to the Tikhonov regularization in (6.4), the `1-norm regularization is
a non-smooth convex optimization as the regularization term is non-differentiable and the
conventional iterative gradient descent methods are no longer applicable in their standard
forms.

One of the common approaches to treat the non-differentiability in (6.6) is to replace the
`1-norm with a smooth approximation, the so-called Huber norm, ‖x‖Hub =

∑
i ρT (xi),

where

ρT (x) =

x2 |x| ≤ τ

τ (2 |x| − τ) |x| > τ
, (6.7)

and τ denotes a non-negative threshold (Figure 6.1). The Huber norm is a hybrid norm
that behaves similar to the `1-norm for values greater than the threshold τ while for smaller
values it is identical to the `2-norm. From the statistical regression point of view, the
sensitivity of a norm as a penalty function to the outliers depends on the (relative) values
of the norm for large residuals. If we restrict ourselves to convex norms, the least sensitive
ones to the large residuals or say the outliers are those with linear behavior for large input
arguments (i.e., `1 and Huber). Because of this property, these norms are often called robust
norms, (Huber , 1964, 1981; Boyd and Vandenberghe, 2004). Throughout this chapter, for
solving (6.6), we use the Huber relaxation due to its simplicity, efficiency and adaptivity to
all of the concerning classes of DS, DF, and DA problems.

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

x

||
x|
|

 

 

l
2

l
1

Huber (T=0.5)

Figure 6.1: The Huber penalty is a smooth relaxation of the `1-norm which acts quadrati-
cally for input values smaller than the threshold, while it behaves linearly for larger inputs.
For heavy tailed inputs, linear penalization in the regularization term is advantageous com-
pared to the quadratic penalization in which the overall cost function becomes dominated
by a few large values in the tail of the distribution.

In general, the first term in (6.4 and 6.6) measures how well the solution approximates the
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given (noisy) data, while the second term imposes a specific regularity on the solution. In
effect, the regularizer plays a trade off role between making the fidelity to the observations
sufficiently large, while not imposing too much regularity (the desired degree of smooth-
ness) on the solution. The smaller the value of λ, the more weight is given to fitting the
(noisy) observations which typically results in solutions that are less regular and prone to
overfitting. On the other hand, the larger the value of λ, the more weight is given to the
regularization term which may result a biased and overly regulated solution. Clearly, the
goal is to find a balance between the two terms such that the solution is sufficiently close
to the observations while obeying the underlying degree of regularity.

Important to note that, from the probabilistic point of view, the WLS problem (6.3) can
be viewed as the maximum likelihood (ML) estimator of the HR field. On the other
hand, the regularized problems (6.4) and (6.6) can be viewed as the Bayesian maximum
a posteriori (MAP) estimator of the HR field. Indeed, the regularization terms refers to
the prior knowledge about the probabilistic distribution of the state of interest . In other
words, in (6.4) and (6.6), we implicitly assume that under the the chosen transformation
L, the state of interest can be well explained by the family of multivariate Gaussian p(x) ∝
exp

(
−λ ‖Lx‖22

)
and Laplace p(x) ∝ exp (−λ ‖Lx‖1) densities, respectively. Similarly,

selecting the Huber norm can also be interpreted by assuming that log p(x) ∝
∑

i ρT (xi),
which is equivalent to consider the Gibbs density function as the prior probability model
(Geman and Geman, 1984; Schultz and Stevenson, 1994) (see Appendix B). The equivalence
between the regularization, which imposes constraints on the regularity of the solution,
and its Bayesian interpretation, which takes into account the prior probabilistic knowledge
about the state of interest, is very insightful. This relationship establishes an important
duality which can guide the selection of regularization method depending on the statistical
properties of the state of interest in the real or derivative space.

6.3.2 Examples on Rainfall DS

6.3.2.1 Problem Formulation and Settings

As is evident, to downscale a remotely sensed hydro-meteorological state, using the ex-
plained discrete regularization methods, we need to have proper mathematical models for
the downgrading operator and also a priori knowledge about the form of the regularization
term. Clearly, in the presented framework, the downgrading operator needs to be a linear
approximation of the sampling property of the sensor. If a sensor directly measures the state
of interest while its maximum frequency channel is smaller than the maximum frequency
content of the state (e.g., precipitation), the result of the sensing would be a smoothed and
possibly down-sampled version of the true state. Thus, each element of the observed state
in a grid-scale might be considered as an LR-representation of the true state, lacking the HR
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subgrid scale variability. To have a simple and tractable mathematical model, the down-
grading matrix might be considered translation invariant and decomposed into H = DC,
where C encodes the smoothing effect and D contains information about the sampling rate
of the sensor. To this end, let us suppose that each grid point in the LR observation is a
(weighted) average of a finite size neighborhood of the true HR state around the center of
the grid. In this case, the sensor smoothing property in C can be encoded by the filtering
and convolution operations, while D acts as a linear operator to simulate down-sampling
properties of the sensor (Figure 6.2). Note that, these matrices can be formed explicitly,
while direct matrix-vector multiplication (e.g., Cx and CTx, x ∈ Rm), requires a compu-
tational cost in the order of O(m2). However, for large scale problems, we do not need to
explicitly perform these matrix-vector multiplications as there are efficient algorithms such
as the fast Fourier transformation (Cooley and Tukey , 1965) that can perform convolution
operation with computational cost of O(m logm).
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Figure 6.2: Two dimensional mathematical models for the smoothing and down-sampling
properties of an LR sensor via the convolution operation. (a) A simple representation of
the used observation model for a neighborhood of size 3-by-3 using a simple smoothing
(averaging) observation operator. (b-c) A sample effect of the filtering operation (C) and its
transpose (CT) on a discrete 2D unit pulse, given the 3× 3 kernel on the left. (d) A sample
effect of the 2D down-sampling operator (D) and its transpose (DT) with scaling ratio 2.

As is evident, the smoothing kernel needs to be estimated for each sensor, possibly by learn-
ing from a library of coincidental HR and LR observations or through a direct minimization
of an associated cost (e.g., Ebtehaj et al., 2012). In the absence of prior knowledge, one
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possible choice is to assume that the sensor observes a coarse grained (i.e., non-overlapping
box averaging) and noisy version of the true state. In other words, to produce a field at
the grid-scale of sc × sc from a 1× 1, this assumption is equivalent to selecting a uniform
smoothing kernel of size sc×sc followed by a down-sampling operation with ratio sc (Figure
6.3a).
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Figure 6.3: (a) A uniform smoothing (low-pass) kernel of size sc × sc. (b) The discrete
(high-pass) generalized Laplacian filter of size 3×3, where κ is a parameter ranging between
0 to 1. The Laplacian coefficients, obtained by filtering the 2D state with the Laplacian
kernel, are approximate measures of the second order derivative. Throughout this chapter,
we choose κ = 0.5 which corresponds to the standard second order differencing operation.

The error covariance matrix R in observation model (6.2) plays a very important role
on the results of the DS problem from both the mathematical and practical perspectives.
Mathematically speaking, when the error is spatially white, the error covariance matrix
is diagonal without any smoothing effect on the result (e.g., Gaspari and Cohn, 1999);
however, the spatially correlated observation errors give rise to smoother results. Moreover,
correlated errors with finite correlation length give rise to band error covariance matrices,
which are prone to ill-conditioning. This ill-conditioning is typically more sever in case of
ensemble error covariance estimation when the number of samples are typically much less
than the observational dimension of the problem (e.g., Ledoit and Wolf , 2004). Practically
speaking this error term speaks for the instrument error across the observation space, very
relevant to rainfall remote sensing such as the ground-based NEXRAD sensing. Although,
practical characterization of this error term is not in the scope of this study, for operation
purposes, this term need to be properly estimated and calibrated based on factual evidence
(e.g., Hossain and Anagnostou, 2005, 2006; Maggioni et al., 2012; AghaKouchak et al.,
2012).

The choice of the regularization term also plays a very important role on the accuracy
of the DS solution. Figure 6.4a demonstrates a NEXRAD reflectivity snapshot (1 × 1

km) over the Texas TRMM satellite ground validation site, while Figure 6.4b displays
the standardized histogram of the discrete Laplacian coefficients (second order differences)
and the fitted exponential of the form p(x) ∝ exp (−λ |x|). It is seen that the analyzed
rainfall image exhibits (nearly) sparse representation in the derivative space with a large
mass around zero and heavier tail than the Gaussian. Throughout this chapter, we use
the Laplacian for L not only for its sparsifying effect on rainfall fields but also because of
our experimental observations about its stabilizing role and computational adaptability for
rainfall downscaling and data fusion. Although not shown here, the universality of this
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structure can be observed in other rainfall reflectivity fields, denoting that the choice of
the Laplace prior and `1-norm regularization is preferred in the rainfall DS problems rather
than the choice of the Tikhonov regularization; see, Ebtehaj and Foufoula-Georgiou (2011a)
for a thorough survey of rainfall statistics in derivative space.
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Figure 6.4: A rainfall reflectivity field and the distribution of its standardized Laplacian
coefficients, Lxn = Lx/std(Lx), where std(·) is the standard deviation. (a) NEXRAD re-
flectivity snapshot at the TRMM GV-site in Houston, TX (HSTN) on 11/13/1998 (00:02:00
UTC) at scale 1× 1 km. (b) The histogram of the standardized Laplacian coefficients , with
κ = 0.5 (Figure 6.3b), and (c) their corresponding log-histogram. Note that, the zero coeffi-
cients over the non-rainy background have been excluded from the histogram analysis. The
solid line in (b) is the least squares fitted exponential of the form p(x) ∝ exp (−λ |x|) and
the dash-dot line shows a standard normal distribution for comparison. The log-histogram
in (c) contrasts the heavy tailed structure of the Laplacian coefficients versus the Gaussian
distribution, clearer than the original histogram in (b).

This well behaved non-Gaussian structure in the derivative space mainly arises due to the
presence of spatial coherent and correlated patterns in the rainfall fields which contain
sharp transitions (large gradients) and isolated singularities (high-intensity rain-cells). In
effect, over the large areas of uniform rainfall intensity, a measure of derivative translates
rainfall intensities into a large number of (near) zero values; however, over the less frequent
jumps and isolated high-intensity rain-cells, values of the derivative measure are markedly
larger than zero and form the tails. Note that, this non-Gaussianity is due to the intrinsic
spatial structure of rainfall reflectivity fields and can not be resolved by a logarithmic or
power-law transformation (e.g., Z-R relationship). It is easy to see that after applying
the Z-R relationship on the reflectivity fields, the shape of the rainfall histogram remains
non-Gaussian and still can be explained by the Laplace density (not shown here). In
practice, the histogram of the derivatives may exhibit a thicker tail than the Laplace density,
requiring a heavier tail model such as the Generalized Gaussian Density (GGD) of the
form p(x) ∝ exp (−λ |x|p), where p < 1 (see, Ebtehaj and Foufoula-Georgiou, 2011a).
However, using such a prior model gives rise to a non-convex optimization problem in
which convergence to the global minimum can not be easily guaranteed. Hence, the choice
of the `1-norm (the Laplace prior) for rainfall downscaling is indeed the closest convex
relaxation that can partially fulfill the strict statistical interpretation of the rainfall field in
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derivative domains.

Following our observations related to the distribution of the rainfall derivatives, using the
Huber-norm regularization, we cast the rainfall DS as the following constrained variational
problem:

x̂ = argmin
x

{
1

2
‖y −Hx‖2R−1 + λ ‖Lx‖Hub

}
s.t. x � 0.

(6.8)

Obviously, the constraint is due to the non-negativity of the rainfall fields. In this study,
we adopted the gradient projection (GP) method (Bertsekas, 1999, pp. 228), to solve the
above variational problem (see Appendix B).

6.3.2.2 Results of the rainfall downscaling (DS)

The same rainfall snapshot shown in Figure 6.4 has been used to examine the performance of
the proposed regularized DS methodologies. Throughout the chapter, to make the reported
parameters independent of the intensity range, the rainfall reflectivity fields are first scaled
into the range between 0 and 1; however, the downscaling results are presented in the true
range.

To demonstrate the performance of the proposed regularized DS methodology, the NEXRAD
HR observation x was assumed as the true state while the LR observations y were obtained
by smoothing x with an average filter of size sc× sc followed by a down-sampling operator
with ratio sc. Given the true state and constructed LR observations, we can quantitatively
examine the effectiveness of the presented DS methodology by comparing the downscaled
HR fields with the true HR field, using some common quality metrics.

Both the Huber and Tikhonov regularization methods were examined to downscale the
observations from scales 4× 4 and 8× 8 km down to 1× 1 km (Figure 6.5). A very small
amount of white noise (i.e., standard deviation of 1e-3) was added to the LR observations
(equation 6.2), giving rise to a diagonal error covariance matrix. In both of the regulariza-
tion methods, for downscaling from 4-to-1 and 8-to-1 km in grid spacing, the regularization
parameter λ was set to 5e-3 and 1e-2, respectively. These values are selected through trial
and error; however, there are some formal methods for automatic estimation of this pa-
rameter, which are left for future work (e.g., Hansen, 2010, chap. 5). In our experiments,
it turned out that small values of the Huber threshold τ , typically less than 10% of the
field maximum range of variability, lead to a successful recovery of isolated singularities
and local extreme rainfall cells (Figure 6.6 and 6.7).
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Figure 6.5: Sample results of the rainfall regularized Downscaling (DS). (a) True HR
rainfall reflectivity: NEXRAD snapshot at the TRMM GV-site in Houston, TX (HSTN) on
11/13/1998 (00:02:00 UTC) at resolution 1× 1 km. (b-c) The synthetically generated, 4× 4
and 8 × 8 km, coarse-scale and noisy observations of the true rainfall reflectivity field. Left
column: Tikhonov (d) and Huber (f) regularization results for downscaling from 4-to-1 km
(τ = 0.02). Right column: Tikhonov (e) and Huber (g) regularized DS for downscaling from
8-to-1 km (τ = 0.04). Zooming views of the delineated box in (g) are shown in Figure 6.6.
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Figure 6.6: A zooming view for comparing qualitatively the Tikhonov (a, c) versus Huber
(b, d) regularization, for the Downscaling (DS) example in Figure 6.5. The results indicate a
marginally improved performance by the Huber regularization, especially for smaller scaling
ratios. The Huber regularization yields sharper results and is more capable to recover high-
intensity rainfall cells and the correct range of variability; see Table 6.1 for quantitative
comparison using a suit of metrics and Figure (6.7).

In the studied snapshot, coarse graining of the rainfall reflectivity fields to the scales of
4 × 4 and 8 × 8 kilometers was equivalent to loosing almost 20 and 30 percent of the
rainfall energy in reflectivity domain in terms of the relative Root Mean Squared Er-
ror (RMSE), RMSE = ‖x− x̂‖2 / ‖x‖2 (see, Table 6.1). Note that, to compute the
RMSE of the LR observations, the size of those fields was extended to the size of the
true field using the nearest neighborhood interpolation, that is, each LR pixel was re-
placed with sc × sc pixels with the same intensity value. In addition to the relative
RMSE measure, we also used three other metrics: (1) relative mean absolute error (MAE),
MAE = ‖x− x̂‖1 / ‖x‖1; (2) A logarithmic measure often called the peak signal-to-noise
ratio (PSNR), PSNR = 20 log10 (max (x̂) /std (x− x̂)) where std (·) denotes the standard
deviation and; (3) The structural similarity index (SSIM) byWang et al. (2004). The PSNR
in decibel (dB), represents a measure that not only contains RMSE information but also en-
codes the recovered range. The latter metric varies between -1 and 1 and the upper bound
refers to the case where the estimated and reference (true) fields are perfectly matched. The
SSIM metric is popular in the image processing community as it takes into account not
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 Obs. (low−res.)

True (high−res.)
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Figure 6.7: The quantiles of the standard Normal density versus the standardized distri-
bution of the recovered rain rates [mm/hr], using Z = 300R1.4 relationship, for the true HR
field (red×), the observed LR field (black +), the downscaled HR fields via the Tikhonov
regularization (green ◦), and the Huber-norm regularization (blue �), respectively. (a, b)
The quantile-quantile plots for the HR fields obtained by downscaling from 4 × 4 to 1 × 1
km and 8× 8 to1× 1 km, respectively. The rainfall quantile values are only for the positive
rainy part of the fields and are standardized by subtracting the mean and dividing by the
standard deviation. The qq-plots signify that the Huber regularization performs better than
the Tikhonov, especially over the tails which represent the recovery of high-intensity and
extreme rainfall values from LR observations.

only the marginal statistics such as the RMSE but also the correlation structure between
the estimated and reference image. This metric seems very promising for analyzing the
forecast mismatch with observations in hydro-meteorological studies, especially when the
large-scale systematic errors (e.g., displacement error) might be more dominant than the
random errors; see Ebtehaj et al. (2012) for applications of SSIM in rainfall downscaling.

On average, it is seen that almost 25% of the lost relative energy of the rainfall reflectivity
fields can be restored via the regularized DS (Table 6.1). The `2-norm regularization led to
smoother results and as the scaling ratio grows, this regularization was almost incapable to
recover the peaks and the correct variability range of the rainfall reflectivity field (Figure
6.6). Typically, as expected, the Huber-norm regularization results are slightly better than
the Tikhonov ones, but not significantly. For large scaling ratios (i.e., > 4 × 4 km) the
results of those methods tended to coincide in terms of the selected lump quality metrics
such the RMSE. However, using the Huber prior, the recovered range was markedly better
than that by the Tikhonov regularization as reflected in the PSNR metric and recovered
range. For example in downscaling from 8-to-1 km×km via the Tikhonov regularization,
the maximum recovered reflectivity values are around 41 [dBZ], while using the Huber
norm regularization the maximum values are 45 [dBZ] (Figure 6.5). Employing the classic
Z − R relationship for the NEXRAD products (i.e. Z = 300R1.4), one can easily check
that the rain-rates associated with the above reflectivity values are approximately 15 and
28 [mm/hr], respectively. Therefore, although the lump quality metrics are comparable for
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the two methods in the reflectivity domain, the main advantage of the Huber-norm over the
`2-norm is the recovery of local extreme rain rates (Figure 6.7). It is clear from quantile-
quantile plots in Figure 6.7a,b that for smaller scaling ratio sc = 4, the Huber regularization
can very well follow the tail and body of the true rainfall distribution. However, the body of
the recovered rainfall distribution falls below the true rainfall distribution for larger scaling
ratio sc = 8, indicating that in some high-intensity areas the method still underestimates
the true field.

Metric† Observations vs. True Tikhonov-DS vs. True Huber-DS vs. True
4× 4 km 8× 8 km 4× 4 km 8× 8 km 4× 4 km 8× 8 km

RMSEr 0.19 0.29 0.15 0.20 0.14 0.19
MAEr 0.15 0.25 0.13 0.18 0.11 0.17
SSIM 0.71 0.56 0.78 0.66 0.80 0.66
PSNR 23.8 19.6 26.5 23.1 27.0 24.0

Table 6.1: Results showing the effectiveness of the proposed regularized DS by reducing the
estimation error and increasing the accuracy of the rainfall fields. The first two columns refer
to the values of the quality metrics obtained by comparing the constructed LR observations
with true 1 × 1 km reflectivity field. The other columns show the obtained metrics by
comparing the downscaled fields with the true rainfall field. The performance of the Huber
prior is slightly better than the Tikhonov regularization, especially for the small scaling
ratios (i.e., ≤ 4×4 km).† RMSE: relative root mean squared error; MAE : relative maximum
absolute error; SSIM: structural similarity; and PSNR: peak signal to noise ratio (See section
3.2.2 for definitions).

6.4 Regularized Data Fusion

6.4.1 Problem Formulation

Analogous to the DS problem in the previous section, here we focus on the formulation of
the DF problem. In the DF class of problems, typically, an improved estimate of the true
state is sought from a series of LR and noisy observations. Let x ∈ Rm be the true state of
interest while a set of N downgraded measurements yi ∈ Rni , i = 1, . . . , N , are available
through the following linear observation model:

yi = Hix + v, (6.9)

where ni � m, Hi ∈ Rni×m and vi ∼ N
(
0, Ri

)
denotes uncorrelated Gaussian error

in Rni , E
i 6=j

[
vi
(
vj
)T]

= 0. Compared to the DS family of problems, a DF problem is

more constrained in the sense that usually there are more equations than the number of
unknowns, ΣN

i ni � m, giving rise to an over-determined linear system. As previously
explained, naturally the linear weighted least squares (WLS) estimate of the true state,
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given the series of N observations, amounts to solving the following optimization problem:

x̂ = argmin
x

{
1

2

N∑
i=1

(∥∥yi −Hix
∥∥2

(Ri)−1

)}
. (6.10)

Notice that the solution of the above problem not only contains information about all of the
available observations (Fusion) but also, with proper design of the observation operators,
allows us to obtain an HR estimate of the state of interest (Downscaling). Clearly, the
inverse of each covariance matrix in (6.10) plays the role of the relative contribution or
weight of each observation yi in the cost function. In other words, if the elements of
covariance matrix of a particular observation vector are large compared to those of the
other observation vectors, naturally, the contribution of that observation to the obtained
solution would be less significant.

For notational convenience, the above system of equations can be augmented as follows:


y1

...
yN

 =


H1

...
HN

x +


v1

...
vN


⇒ y = Hx + v

(6.11)

where, the concatenated error vector v has the following block diagonal covariance matrix,

R = E
[
vvT

]
=


R1 0

. . .

0 RN

 . (6.12)

Therefore, the DF problem can be recast as the classic problem of estimating the true state
from the augmented observation model of y = Hx + v. Hence, setting the gradient of the
cost function in equation (6.10) to zero, yields the following linear system:

(
HTR−1H

)
x̂ = HTR−1y. (6.13)

This problem is over-determined with unique solution; however, the Hessian (HTR−1H)
is likely to be very ill-conditioned. This ill-conditioning typically gives rise to an unstable
solution with large estimation error (e.g., Elad and Feuer , 1997; Hansen, 2010). Similar to
the DS problem, one possible remedy for stabilizing the solution is regularization. Recalling
the formulation discussed in the previous section, a general regularized form of the rainfall
DF problem can be written as
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x̂ =argmin
x

{
1

2

∥∥y −Hx
∥∥2

R−1 + λψL (x)

}
,

s.t. x � 0

(6.14)

where the convex regularization function ψL (x) can take different penalty norms such as:
the Tikhonov ‖Lx‖22; the `1-norm ‖Lx‖1; or the Huber-norm ‖Lx‖Hub. As is evident,
similar to the DS problem, solution of (6.10) is equivalent to the frequentist ML estimator
of the HR field while (6.14) is the Bayesian MAP estimator. For further explanations and
statistical interpretations please see Appendix B.

6.4.2 Example on Rainfall DF

To quantitatively analyze the effectiveness of the proposed regularized DF methodology for
rainfall data, we reconstructed two synthetic LR and noisy observations from the original
HR NEXRAD reflectivity snapshot. To resemble different sensor constraints we chose
different smoothing and down-sampling operations for each of the reconstructed field. The
first observation field y1 was produced, at resolution 6×6 km, using a simple averaging filter
of size 6× 6 followed by a down-sampling ratio of sc = 6. Analogously, the second field y2

was generated at scale 12×12 km using a Gaussian smoothing kernel of size the 12×12 with
a standard deviation of 4. A white Gaussian noise, with standard deviation of 1e-2 and 2e-2
was also added, respectively, to resemble the measurement random error. Roughly speaking,
this selection of the error magnitudes implies that the degree of confidence (relative weight)
on the observation at 6×6 km is twice that of the one at 12×12 km. Here, we only restrict
our consideration to the Huber norm regularization because of its consistency with the
underlying rainfall statistics and its better performance in recovery of the rainfall heavy
tailed structure (Figure 6.7). To solve the DF problem, we have used the same settings for
the Gradient Projection (GP) method as explained in Appendix B.

The solution of the ill-conditioned WLS formulation or the ML estimator in (6.10) is blocky,
out of range, and severely affected by the amplified inverted noise (Figure 6.8c). On the
other hand, the regularized DF can properly restore a fine-scale and coherent estimate of
the rainfall field. The results show that more than 30% of the uncaptured subgrid energy
of the examined rainfall reflectivity field can be restored through solving the proposed
methodology (Table 6.2).
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Figure 6.8: Data Fusion and Downscaling of multi-sensor remotely sensed rainfall reflectiv-
ity fields using the Huber regularization. (a-b) Reconstructed LR and noisy rainfall observa-
tions at scale 6 and 12 km in grid spacing. (c) The results of the WLS solution in (6.10), and
(d) the solution of the regularized DF using the Huber norm with λ = 1e-3 and τ = 1e-2.

As is evident, improvements of the selected fidelity measures in the DF problem are more
pronounced than the results of the DS experiment. This naturally arises, because more
observations are available in the DF problem than the DS one and thus the solution is
better constrained. In terms of the selected lump metrics, analogous to the DS problem,
we observed that the Huber-norm regularization is marginally better than the Tikhonov
regularization, which is not reported here. However, as expected, in terms of recovery of the
heavy tailed structure of the rainfall, it is verified that the Huber-norm regularization can
capture the lost extreme values much better than the Tikhonov regularization (see Figure
6.9). It is clear from Figure (6.9) that the Huber-norm regularization very well captures
the local extreme rainfall intensity values while the Tikhonov regularization falls short and
can only partially recover those extreme intensity values.
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Figure 6.9: Quantiles of the standardized distribution of the recovered rain rates [mm/hr],
using Z = 300R1.4 relationship, versus standard normal quantiles. It is clear that the Huber-
norm regularization results in better recovery of the rainfall extremes than the Tikhonov
regularization. Evidently, because of extra information coming form multiple sensory data,
the results of the extreme rain recovery in the DF experiment are improved compared to the
DS results, see Figure (6.7).

Metric Observations vs. True Huber-DF vs. True
6× 6 km 12× 12 km 1× 1 km

RMSEr 0.25 0.35 0.17
MAEr 0.21 0.32 0.15
SSIM 0.60 0.50 0.72
PSNR 21.3 18.1 25.0

Table 6.2: Values of the selected fidelity metrics in the rainfall DF experiment using the
Huber regularization, see section 3.2.2 for the definitions. Here, the first two columns refer
to comparison of the LR (6× 6 and 12× 12 km) observations with the true rainfall field and
the last column presents the metrics obtained by comparing the DF results with the true
field.

6.5 Regularized Variational Data Assimilation

Environmental prediction models are initial value problems and their forecast skills highly
depend on the quality of their initialization. Data assimilation (DA) seeks the best estimate
of the initial condition of a (numerical) model, given observations and physical constraints
coming from the underlying dynamics (see, Daley , 1993; Kalnay , 2003). This important
problem is typically addressed by two major classes of methodologies, namely sequential
and variational methods (Ide et al., 1997; Law and Stuart , 2012). The sequential methods
are typically built on the theory of mathematical filtering and recursive weighted least-
squares (Ghil et al., 1981; Ghil , 1989; Ghil and Malanotte-Rizzoli , 1991; Evensen, 1994a;
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Anderson, 2001; Moradkhani et al., 2005; Zhou et al., 2006; van Leeuwen, 2010, among
others), while the variational methods are mainly rooted in the theories of constrained
mathematical optimization and batch mode weighted least-squares (WLS) (e.g., Sasaki ,
1970; Lorenc, 1986, 1988; Courtier and Talagrand , 1990; Zupanski , 1993, among others).

Although, recently the sequential methods have received a great deal of attention, the vari-
ational methods are still central to the operational weather forecasting systems. Classic
formulation of the variational data assimilation (VDA) typically amounts to defining a
(constrained) weighted least-squares penalty function whose optimal solution is the best
estimate of the initial condition, the so-called analysis state. This penalty function typically
encodes the weighted sum of the costs associated with the distance of the unknown true
state to the available observations and previous model forecast, the so-called background
state. Indeed, the penalty function enforces the solution to be close enough to both obser-
vations and background state in the weighted mean squared sense, while the weights are
characterized by the observations and the background error covariance matrices. On the
other hand, the constraints typically enforce the analysis to follow the underlying prognos-
tic equations in a weak or strong sense (see, Sasaki , 1970; Daley , 1993, p.369). Typically,
when we constrain the analysis only to the available observations and the background state
at every instant of time, the variational data assimilation problem is called 3D-Var (e.g.,
Lorenc, 1986; Parrish and Derber , 1992; Lorenc et al., 2000; Kleist et al., 2009). On the
other hand, when the analysis is also constrained to the underlying dynamics and available
observations in a window of time, the problem is called 4D-Var (e.g., Zupanski , 1993; Rabier
et al., 2000; Rawlins et al., 2007).

Inspired by the theories of smoothing spline and kriging interpolation in geostatistics, the
first signs of using regularization in variational data assimilation trace back to the work by
Wahba and Wendelberger (1980) and Lorenc (1986), where the motivation was to impose
smoothness over the class of twice differentiable analysis states. More recently, Johnson
et al. (2005b) argued that, in the classic VDA problem, the sum of the squared or `2-norm
of the weighted background error resembles the Tikhonov regularization (Tikhonov et al.,
1977). Specifically, by the well-known connections between the Tikhonov regularization
and spectral filtering via singular value decomposition (SVD) (e.g., see Hansen, 1998; Golub
et al., 1999; Hansen et al., 2006), a new insight was provided into the interpretation and
the stabilizing role of the background state on the solution of the classic VDA problem
(see, Johnson et al., 2005a). Instead of using the `2-norm of the background error, Freitag
et al. (2010) and Budd et al. (2011) suggested to modify the classic VDA cost function
using the sum of the absolute values or `1-norm of the weighted background error. This
assumption requires to statistically assume that the background error is heavy tailed and
can be well approximated by the family of Laplace densities (e.g., Tibshirani , 1996; Lewicki
and Sejnowski , 2000). For data assimilation of sharp atmospheric fronts, Freitag et al.
(2012) kept the classic VDA cost function while further proposed to regularize the analysis
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state by constraining the `1-norm of its derivative coefficients.

In this section, motivated by our previous work in using `1-norm regularization for down-
scaling of remotely sensed rainfall observations (Ebtehaj et al., 2012), we extend the previ-
ous studies (e.g., Freitag et al., 2012) in regularized variational data assimilation (RVDA)
by: (a) proposing a generalized regularization framework for assimilating low-resolution
and noisy observations while the initial state of interest exhibits sparse representation in
an appropriately chosen basis (i.e., wavelet, discrete cosine transform); (b) demonstrating
the promise of the methodology in assimilation test problems using advection-diffusion dy-
namics with different error structure; and (c) proposing an efficient solution method for
large-scale data assimilation problems. Here, we show that if sparsity in a pre-selected
basis holds, this prior information can serve to improve the accuracy and stability of data
assimilation problems. To this end, using prototype studies, different initial conditions are
selected, which are sparse under the wavelet and spectral discrete cosine transformation
(DCT). The promise of the `1-norm RVDA is demonstrated via assimilating down-sampled
and noisy observations in a 4D-Var setting by strongly constraining the solution to the
governing advection-diffusion equation. In a broader context, we delineate the roadmap
and explain how we may exploit sparsity, while the underlying dynamics and observation
operator might be nonlinear. Particular attention is given to explain Monte Carlo driven
approaches that can incorporate a sparse prior in the context of ensemble data assimilation.

6.5.1 Classic Variational Data Assimilation

At the time of model initialization t0, the goal of data assimilation can be stated as that
of obtaining the analysis state as the best estimate of the true initial state, given noisy
and low-resolution observations and the erroneous background state, while the analysis
needs to consistent with the underlying model dynamics. The background state in VDA
is often considered to be the previous-time forecast provided by the prognostic model. By
solving the VDA problem, the analysis is then being used as the initial condition of the
underlying model to forecast the next time step and so on. In the following, we assume
that the unknown true state of interest at the initial time t0 is an m-element column vector
in discrete space denoted by x0 = [x0,1, . . . , x0,m]T ∈ Rm, the noisy and low-resolution
observations in the time interval [t0, . . . , tk] are yi ∈ Rn, i = 1, . . . , k , where n � m.
Suppose that the observations are related to the true states by the following observation
model

yi = H (xi) + vi, (6.15)

where H : Rm → Rn denotes the nonlinear observation operator that maps the state space
into the observation space, and vi ∼ N (0, Ri) is the Gaussian observation error with zero
mean and covariance Ri.
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Taking into account the sequence of available observations, yi ∈ Rn , i = 0, . . . k, and
denoting the background state and its error covariance by xb0 ∈ Rm and B ∈ Rm×m, the
4D-Var problem amounts to obtaining the analysis at initial time as the minimizer of the
following WLS cost function:

J4D(x0, x1, . . . , xk) =
k∑
i=0

(
1

2
‖yi −H (xi)‖2R−1

i

)
+

1

2

∥∥∥xb0 − x0

∥∥∥2

B−1
, (6.16)

while the solution is constrained to the underlying model equation,

xi =M0, i(x0), i = 0, . . . , k. (6.17)

Here, ‖x‖2A = xTAx denotes the quadratic-norm, while A is a positive definite matrix and
the functionM0, i : Rm → Rm is a nonlinear model operator that evolves the initial state
in time from t0 to ti.

Let us define M0, i to be the Jacobian ofM0, i and restrict our consideration only to a linear
observation operator, that is H (xi) = Hxi, and thus the 4D-Var cost function reduces to

J4D(x0) =

k∑
i=0

(
1

2
‖yi −HM0, i x0‖2R−1

i

)
+

1

2

∥∥∥xb0 − x0

∥∥∥2

B−1
. (6.18)

By defining y =
[
yT

0 , . . . , yT
k

]T ∈ RN , whereN = n(k+1), H =
[
(HM0, 0)T , . . . , (HM0, k)

T
]T

,
and

R =


R0 0 · · · 0

0 R1
. . .

...
...

. . . . . . 0

0 · · · 0 Rk

 ,
the 4D-Var problem (6.18) further reduces to minimization of the following cost function:

J4D(x0) =
1

2

∥∥y −Hx0

∥∥2

R−1 +
1

2

∥∥∥xb0 − x0

∥∥∥2

B−1
. (6.19)

Clearly, (6.19) is a smooth quadratic function of the initial state of interest x0. Therefore,
by setting the derivative to zero, it has the following analytic minimizer as the analysis
state,

xa0 =
(
HTR−1H + B−1

)−1
(
HTR−1y + B−1xb0

)
. (6.20)

Throughout this study, we used Matlab built-in function pcg.m, described by Bai et al.
(1987), for obtaining classic solutions of the 4D-Var in equation (6.20).
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Accordingly, it is easy to see ( e.g., Daley , 1993, p.39) that the analysis error covariance is
the inverse of the Hessian of (6.19), as follows:

E
[
(xa0 − x0) (xa0 − x0)T

]
=
(
HTR−1H + B−1

)−1
. (6.21)

It can be shown that the analysis in the above classic 4D-Var is the conditional expectation
of the true state given observations and the background state. In other words, the analysis in
the classic 4D-Var problem is the unbiased minimum mean squared error (MMSE) estimator
of the true state (Levy , 2008, chap.4).

6.5.2 Regularized Variational Data Assimilation

6.5.2.1 Background

As is evident, when the Hessian (i.e., HTR−1H + B−1) in the classic VDA cost function
in (6.19) is ill-conditioned, the VDA solution is likely to be unstable with large estimation
uncertainty. To study the stabilizing role of the background error, motivated by the well-
known relationship between the Tikhonov regularization and spectral filtering (e.g., Golub
et al., 1999), Johnson et al. (2005b,a) proposed to reformulate the classic VDA problem
analogous to the standard form of the Tikhonov regularization (Tikhonov et al., 1977).
Accordingly, using a change of variable z0 = C

−1/2
B

(
x0 − xb0

)
, letting B = σ2

bCB and
R = σ2

rCR , where CB and CR are the correlation matrices, the classic variational cost
function was proposed to be reformulated as follows:

J4D(z0) = ‖f −Gz0‖22 + µ ‖z0‖22 . (6.22)

where the `2-norm is ‖x‖2 =
(
Σm
i=1x

2
i

)1/2, µ = σ2
r/σ

2
b , G = C

−1/2
R HC

1/2
B , and f =

C
−1/2
R

(
y −Hxb0

)
. Hence, by solving

za0 = argmin
z0

{J4D(z0)} ,

the analysis can be obtained as, xa0 = xb0 + C
1/2
B za0. Having the above reformulated prob-

lem, (Johnson et al., 2005a) provided new insights into the role of the background error
covariance matrix on improving condition number and thus stability of the classic VDA
problem.

To tackle data assimilation of sharp fronts, following the above reformulation, Freitag et al.
(2012) suggested to add the smoothing `1-norm regularization as follows:

za0 = argmin
z0

{
JR4D(z0) + λ

∥∥∥Φ(C
1/2
B z0 + xb0

)∥∥∥
1

}
, (6.23)
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where the `1-norm is ‖x‖1 = Σm
i=1 |xi|; the non-negative λ is called the regularization

parameter; and Φ is proposed to be an approximate first-order derivative operator as
follows:

Φ =


−1 1 0

. . . . . .

0 −1 1

 ∈ R(m−1)×m.

Notice that problem (6.23) is a non-smooth optimization as the derivative of the cost func-
tion does not exist at the origin. Freitag et al. (2012) recast this problem into a quadratic
programing (QP) with both equality and inequality constraints where the dimension of the
proposed QP is three times larger than that of the original problem. It is also worth noting
that, the reformulations in (6.22) and (6.23) assume that the error covariance matrices are
stationary (i.e., B = σ2

bCB, R = σ2
rCR) and the error variance is distributed uniformly

across all of the problem dimensions. However, without loss of generality, a covariance
matrix B ∈ Rm×m can be decomposed as B = diag (s) CB diag (s), where s ∈ Rm is the
vector of standard deviations (Barnard et al., 2000). Therefore, while one can have an
advantage in stability of computation in (6.22) and (6.23), the stationarity assumptions
and computations of the square roots of the error correlation matrices might be restrictive
in practice.

In the subsequent sections, beyond `1 regularization of the first order derivative coefficients,
we present a generalized framework to regularize the VDA problem in a properly chosen
transform domain or basis (e.g., wavelet, Fourier, DCT). The presented formulation includes
smoothing `1 and `2-norm regularization as two especial cases and does not require any
explicit assumption about the stationarity of the error covariance matrices. We recast the
`1-norm regularized variational data assimilation (RVDA) into a QP with lower dimension
and simpler constraints compared to the presented formulation by Freitag et al. (2012).
Furthermore, we introduce an efficient gradient-based optimization method, suitable for
large scale data assimilation problems. Some results are presented via assimilating low-
resolution and noisy observations into the linear advection-diffusion equation in a 4D-Var
setting.

6.5.2.2 A Generalized Framework to Regularize Variational Data Assimilation
in Transform Domains

In a more general setting, to regularize the solution of the classic VDA problem, one may
constrain the magnitude of the analysis in the norm sense as follows:

xa0 = argmin
x0

{JR4D(x0)}

s.t. ‖Φx0‖pp ≤ const. (6.24)
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where Φ ∈ Rm×m is any appropriately chosen linear transformation, and the `p-norm is
‖x‖p = (Σ |xi|p)1/p with p > 0. By constraining the `p-norm of the analysis, we implicitly
make the solution more stable. In other words, we bound the magnitude of the analysis
state and reduce the instability of the solution due to the potential ill-conditioning of the
classic cost function. Using the theory of Lagrange multipliers, the above constrained
problem can be turned into the following unconstrained one:

xa0 = argmin
x0

{
1

2

∥∥y −Hx0

∥∥2

R−1 +
1

2

∥∥∥xb0 − x0

∥∥∥2

B−1
+ λ ‖Φx0‖pp

}
. (6.25)

where the non-negative λ is the Lagrange multiplier or regularization parameter. As is
evident, when λ tends to zero the regularized analysis tends to the classic analysis in (6.20),
while larger values are expected to produce more stable solutions but with less fidelity to
the observations and background state. Therefore, in problem (6.25), the regularization
parameter λ plays an important trade-off role and ensures that the magnitude of the analysis
is constrained in the norm sense while keeping it sufficiently close to observations and
background state. Notice that although in special cases there are some heuristic approaches
to find an optimal regularization parameter (e.g., Hansen and O’Leary , 1993; Johnson et al.,
2005b), typically this parameter is selected empirically based on the problem at hand.

It is important to note that, from the probabilistic point of view, the regularized problem
(6.25) can be viewed as the maximum a posteriori (MAP) Bayesian estimator. Indeed, the
constraint of regularization refers to the prior knowledge about the probabilistic distribu-
tion of the state as p (x) ∝ exp

(
−λ ‖Φx‖pp

)
. In other words, we implicitly assume that

under the chosen transformation Φ the state of interest can be well explained by the family
of multivariate Generalized Gaussian Density (e.g., Nadarajah, 2005) which includes the
multivariate Gaussian (p = 2) and Laplace (p = 1) densities as special cases. As is evident,
because the prior term is not Gaussian, the posterior density of the above estimator does
not remain in the Gaussian domain and thus characterization of the a posteriori covariance
is not straightforward in this case.

From an optimization view point, the above RVDA problem is convex with a unique global
solution (analysis) when p ≥ 1; otherwise, it may suffer from multiple local minima. For
the special case of the Gaussian prior (p = 2) the problem is smooth and resembles the
well-known smoothing norm Tikhonov regularization (Tikhonov et al., 1977; Hansen, 2010).
However, for the case of the Laplace prior (p = 1) the problem is non-smooth, and it has
received a great deal of attention in recent years for solving sparse ill-posed inverse problems
(see, Elad , 2010, and references there in). It turns out that the `1-norm regularization
promotes sparsity in the solution. In other words, using this regularization, it is expected
that the number of non-zero elements of Φxa0 be significantly less than the observational
dimension. Therefore, if we know a priori that a specific Φ projects a large number of
elements of the state variable of interest onto (near) zero values, the `1-norm is a proper
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choice of the regularization term that can yield improved estimates of the analysis state
(e.g., Chen et al., 2001; Candes and Tao, 2006; Elad , 2010).

In the subsequent sections, we focus on the 4D-Var problem under the `1-norm regulariza-
tion as follows:

xa0 = argmin
x0

{
1

2

∥∥y −Hx0

∥∥2

R̄−1 +
1

2

∥∥∥xb0 − x0

∥∥∥2

B−1
+ λ ‖Φx0‖1

}
. (6.26)

It is important to note that the presented formulation in (6.26) shares the same solution
with the problem in (6.23) while in a more general setting, it can handle non-stationary
error covariance matrices and does not require additional computational cost to obtain their
square roots.

6.5.2.3 Solution Method via Quadratic Programing

Due to the separability of the `1-norm, one of the most well-known methods, often called
basis pursuit (see, Chen et al., 1998; Figueiredo et al., 2007), can be used to recast the `1-
norm RVDA problem in (6.26) to a constrained quadratic programming. Here, let us assume
that c0 = Φx0, where x0 and c0 are in Rm and split c0 into its positive u0 = max (c0, 0)

and negative v0 = max (−c0, 0) components such that c0 = u0−v0. Having this notation,
we can express the `1-norm via a linear inner product operation as ‖c0‖1 = 1T

2mw0, where
12m = [1, . . . , 1]T ∈ R2m and w0 = [uT

0 , vT
0 ]T. Thus, problem (6.26) can be recast as a

smooth constrained quadratic programing problem on non-negative orthant as follows:

minimize
w0

1

2
wT

0

[
Q −Q

−Q Q

]
w0 +

(
λ12m +

[
b

−b

])T

w0


s.t. w0 < 0, (6.27)

where, Q = Φ−T
(
HTR−1H + B−1

)
Φ−1, b = −Φ−T

(
HTR−1y + B−1xb0

)
, and w0 < 0

denotes element-wise inequality.

Clearly, given the solution ŵ0 of (6.27), one can easily retrieve ĉ0 and thus the analysis
state is xa0 = Φĉ0.

The constraint of the QP problem (6.27) is simpler than the formulation suggested by
(Freitag et al., 2012) and allows us to use efficient and convergent gradient projection
methods (e.g., Bertsekas, 1976; Serafini et al., 2005; Figueiredo et al., 2007), suitable for
large-scale VDA problems. The dimension of the above problem seems twice that of the
original problem; however, because of the existing symmetry in this formulation, the com-
putational burden remains at the same order as the original classic problem (see, appendix
B). Another important observation is that, choosing an orthogonal transformation (e.g.,
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orthogonal wavelet, DCT, Fourier) for Φ is very advantageous computationally, as in this
case Φ−1 = ΦT.

Conceptually, adding relevant regularization terms, we enforce the analysis to follow a
certain regularity and become more stable (Hansen, 2010). Here, by regularity, we refer
to a certain degree of smoothness in the analysis state. For instance if we think of Φ as
a first order derivative operator, using the smoothing `2-norm regularization (λ ‖Φx0‖22),
we enforce the energy of the solution’s increments to be minimal, which naturally imposes
more smoothness. Therefore, using the smoothing `2-norm regularization in a derivative
space, is naturally suitable for continuous and smooth physical states. On the other hand,
for piece-wise smooth physical states with isolated singularities and jumps, it turns out
that the use of the smoothing `1-norm regularization (λ ‖Φx0‖1) in a derivative domain
is very advantageous. Using this norm in derivative space, we implicitly constrain the
total variation of the solution which prevents imposing extra smoothness on the solution.
Proper selection of the smoothing norm and Φ may fall into the category of statistical
model selection which is briefly explained in the following subsections.

As briefly explained previously, more stability of the solution comes from the fact that we
constrain the magnitude of the solution by adding the regularization term and preventing
the solution to blow up due to the ill-conditioning of the VDA problem (see, e.g., Hansen,
1998; Johnson et al., 2005a). In ill-conditioned classic VDA problems, it is easy to see
that the inverse of the Hessian in (6.21) may contain very large elements which spoil the
analysis. However, by regularization and making the problem well-posed, we shrink the
size of the elements of the covariance matrix and reduce the estimation error. We need to
emphasize that this improvement in the analysis error covariance, naturally comes at the
cost of introducing a small bias in the regularized solution whose magnitude can be kept
small by proper selection of the regularization parameter λ (see, e.g., Neumaier , 1998).

It is important to note that, for the smoothing `1-norm regularization in (6.27), it is easy
to show that the regularization parameter is bounded as 0 < λ < ‖b‖∞ , where the infinity-
norm is ‖x‖∞ = max (|x1| , . . . , |xm|). For those values of λ greater than the upper bound,
clearly the analysis state in (6.27) is the zero vector with maximum sparsity (see, appendix
B).

6.5.3 Examples on Linear Advection-Diffusion Equation

6.5.3.1 Problem Statement

The advection-diffusion equation is a parabolic partial differential equation with a drift
and has fundamental applications in various areas of applied sciences and engineering.
This equation is indeed a simplified version of the general Navier-Stocks equation for a
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divergence free and incompressible Newtonian fluid where the pressure gradient is negligible.
In a general form, this equation for a quantity of x(s, t) is

∂x(s, t)

∂t
+ a(s, t)∇x(s, t) = ε∇2x(s, t),

x(s, 0) = x0(s), (6.28)

where a(s, t) represents the velocity and ε ≥ 0 denotes the viscosity constant.

The linear (a = const.) and inviscid form (ε = 0) of (6.28) has been the subject of modeling,
numerical simulation, and data assimilation studies of advective atmospheric and oceanic
flows and fluxes. For example, Lin et al. (1998) argued that the mechanism of rain-cell
regeneration can be well explained by a pure advection mechanism, Jochum and Murtugudde
(2006) found that Tropical Instability Waves (TIWs) need to be modeled by horizontal
advection without involving any temperature mixing length. The nonlinear inviscid form
(e.g., Burgers’ equation) has been used in the shallow water equation and has been subject
of oceanic and tidal data assimilation studies (e.g., Bennett and McIntosh, 1982; Evensen,
1994b). The linear and viscid form (ε > 0) has fundamental applications in modeling of
atmospheric and oceanic mixing (e.g., Smith and Marshall , 2009; Lanser and Verwer , 1999;
Jochum and Murtugudde, 2006, chap. 6), land-surface moisture and heat transport (e.g.,
Afshar and Marino, 1978; Hu and Islam, 1995; Peters-Lidard et al., 1997; Liang et al.,
1999), surface water quality modeling (e.g., Chapra, 2008, chap. 8), and subsurface mass
and heat transfer studies (e.g., Fetter , 1994).

Here, we restrict our consideration only to the linear form and present a series of test
problems to demonstrate the effectiveness of the `1-norm RVDA in a 4D-Var setting. It is
well understood that the general solution of the linear viscid form of (6.28) relies on the
principle of superposition of linear advection and diffusion. In other words, the solution at
time t is obtained via shifting the initial condition by at, followed by a convolution with
the fundamental Gaussian kernel as follows:

D(s, t) = (4πεt)−1/2 exp

(
− |s|2

4εt

)
, (6.29)

where the standard deviation is
√

2εt. As is evident, the linear shift of size at also amounts
to obtaining the convolution of the initial condition with a Kronecker delta function as
follows:

A (s− at) =

1 s = at

0 otherwise
. (6.30)
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6.5.3.2 Assimilation Set Up

Prognostic Equation and Observation Model It is well understood that (circular)
convolution in discrete space can be constructed as a (circulant) Toeplitz matrix-vector
product (e.g., Chan and Jin, 2007). Therefore, in the context of a discrete advection-
diffusion model, the temporal diffusivity and spatial linear shift of the initial condition can
be expressed in a matrix form by D0,i and A0,i, respectively. In effect, D0,i represents a
Toeplitz matrix, for which its rows are filled with discrete samples of the Gaussian Kernel
in (6.29), while the rows of A0,i contain a properly positioned Kronecker delta function.

Thus, for our case, the underlying prognostic equation; i.e., xi = M0,i x0, may be expressed
as follows:

xi = A0,iD0,i x0. (6.31)

In this study, the low-resolution constraints of the sensing system are modeled using a
linear smoothing filter followed by a down-sampling operation. Specifically, we consider
the following time-invariant linear measurement operator

H =
1

4


1 1 1 1 0 0 0 0 · · · 0 0 0 0

0 0 0 0 1 1 1 1 · · · 0 0 0 0
...

...
...

...
0 0 0 0 0 0 0 0 · · · 1 1 1 1

 ∈ Rn×m, (6.32)

which maps the higher-dimensional state to a lower-dimensional observation space. In ef-
fect, each observation point is then an average and noisy representation of the four adjacent
points of the true state.

Initial States To demonstrate the effectiveness of the proposed `1-norm regularization
in (6.26), we consider four different initial conditions which exhibit sparse representation in
the wavelet and DCT domains (Figure 6.10). In particular, we consider: (a) a flat top-hat,
which is a composition of zero-order polynomials and can be sparsified theoretically using
the first order Daubechies wavelet (DB01) or the Haar basis; (b) a quadratic top-hat which is
a composition of zero and second order polynomials and theoretically can be well sparsified
by wavelets with vanishing moments of order greater than three (Mallat , 2009, pp.284);
(c) a window sinusoid; and (d) a squared exponential function which exhibits nearly sparse
behavior in the DCT basis. In other words, in the high-frequencies due to the discontinuity
in derivative decay sufficiently fast in the DCT domain. All of the initial states are assumed
to be in R1024 and are evolved in time with a viscosity coefficient ε = 4 [L2/T] and velocity
a = 1 [L/T]. The assimilation interval is assumed to be between 0 and T = 500[T], where
the observations are sparsely available over this interval at every 125[T] time steps (Figure
6.10 and 6.11).
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Figure 6.10: Initial conditions and their evolutions with the linear advection-diffusion equa-
tion: (a) flat top-hat (FTH), (b) quadratic top-hat (QTH), (c) window sinusoid (WS), and
(d) squared-exponential (SE). The first two initial conditions (a, b) exhibit sparse represen-
tation in the wavelet domain while the next two (c, d) show nearly sparse representation in
the discrete cosine domain (DCT). Initial conditions are evolved under the linear advection-
diffusion equation (6.28) with ε = 4 [L2/T] and a = 1 [L/T]. The broken lines show the time
instants where the low-resolution and noisy observations are available in the assimilation
interval.

Observation and Background Error The observations and background errors are im-
portant components of a data assimilation system that determine the quality and informa-
tion content of the analysis. Clearly, the nature and behavior of the errors are problem-
dependent and need to be carefully investigated in a case by case study. It needs to be
stressed that from a probabilistic point of view, the presented formulation for the `1-norm
RVDA assumes that both of the error components are unimodal and can be well explained
by the class of Gaussian covariance models. Here, for observation error, we only consider
a stationary white Gaussian measurement error, v ∼ N (0, R), where R = σ2

rI (Figure
6.11).

However, as discussed in (Gaspari and Cohn, 1999), the background error can often exhibit
a correlation structure. In this study the first and second order auto-regressive (AR) Gaus-
sian Markov processes, are considered for mathematical simulation of a possible spatial
correlation in the background error; see Gaspari and Cohn (1999) for a detailed discussion
about the error covariance models for data assimilation studies.
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Figure 6.11: A sample representation of the available low-resolution (solid lines) and noisy
observations (broken lines with circles) in every 125 [T] time steps in the assimilation window
for the flat top-hat initial condition. Here, the observation error covariance is set to R = σ2

rI
with σr = 0.08 equivalent to SNR = 20 log (σx0/σr) ≈ 12 dB.

The AR(1), also known as the Ornestein-Ulenbeck process in infinite dimension, has an ex-
ponential covariance function ρ(τ) ∝ e−α|τ |. In this covariance function, τ denotes the lag
either in space or time, and the parameter α determines the decay rate of the correlation.
The inverse of the correlation decay rate lc = 1/α is often called the characteristic correla-
tion length of the process. The covariance function of the AR(1) model has been studied
very well in the context of stochastic process (e.g., Durrett , 1999) and estimation theory
(e.g., Levy , 2008). For example, it is shown by Levy (2008, p. 298) that the eigenvalues are
monotonically decreasing which may give rise to a very ill-conditioned covariance matrix in
the discrete space, especially for small α or large correlation length. The covariance func-
tion of the AR(2) is more complicated than the AR(1); however, it has been shown that in
special cases, its covariance function can be explained by ρ(τ) ∝ e−α|τ | (1 + α |τ |) (Gaspari
and Cohn, 1999; Stein, 1999, p. 31). Note that, both of these covariance models are sta-
tionary and also isotropic as they are only a function of the magnitude of the correlation
lag (Rasmussen and Williams, 2006, pp. 82). Consequently, the discrete background error
covariance is a Hermitian Toeplitz matrix and can be decomposed into a scalar standard
deviation and a correlation matrix as B = σ2

bCb, where

Cb =


ρ(0) ρ(1) · · · ρ(m)

ρ(1) ρ(0)
. . .

...
...

. . . . . . ρ(1)

ρ(m) · · · ρ(1) ρ(0)

 ∈ Rm×m.

For the same values of α, it is clear that the AR(2) correlation function decays slower than
that of the AR(1). Figure 6.12 shows empirical estimation of the condition number of the
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Figure 6.12: Empirical condition numbers of the background error covariance matrices as
a function of parameter α and problem dimension (m) for the AR(1) in (a) and AR(2) in
(b). The parameter α varies along the x-axis and m varies along the different curves of the
condition numbers with values between 4 and 1024. We recall that κ (B) is the ratio between
the largest and smallest singular values of B. In (a) the covariance matrix is Bij = e−α|i−j|

and in (b) Bij = e−α|i−j| (1 + α |i− j|), 1 ≤ i, j ≤ m. It is seen that the condition numbers
of the AR(2) model are significantly larger than those of the AR(1) model for the same values
of the parameter α.

reconstructed correlation matrices at different dimensions ranging from m =4 to 1024. As
is evident, the error covariance of the AR(2) has a larger condition number than that of
AR(1) for the same value of the parameter α. Clearly, as the background error plays a
very important role on the overall condition number of the Hessian in the cost function
in (6.19), an ill-conditioned background error covariance makes the solution more unstable
with larger uncertainty around the obtained analysis.

Figure 6.13 shows a sample path of the chosen error models for the background error.
Generally speaking, a correlated error contains large-scale (low-frequency) components that
can corrupt the main spectral components of the true state at the same frequency range.
Therefore, this type of error can superimpose with the large-scale characteristic features of
the initial state and its removal is naturally more difficult than that of the white error via
a data assimilation methodology.

6.5.3.3 Results of Assimilation Experiments

In this subsection, we present the results of the proposed regularized data assimilation
as expressed in equation (6.26). We first present the results for the white background
error and then discuss the correlated error scenarios. As previously explained, the first
two initial conditions exhibit sharp transitions and are naturally sparse in the wavelet
domain. For those initial states (Figure 6.10a, b) we have used classic orthogonal wavelet
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Figure 6.13: Sample paths of the used correlated background error: (a) the sample path
for the AR(1) covariance matrix with α−1 = 150, and (b) the sample path for the AR(2)
covariance matrix with α−1 = 25. The paths are generated by multiplying a standard white
Gaussian noise e ∼ N (0, I) form the left by the lower triangular matrix L, obtained by
Cholesky factorization of the background error covariance matrix, that is B = LLT. It is
seen that for small α, the sample paths exhibit large scale oscillatory behavior that can
potentially corrupt low-frequency components of the underlying state.

transformation by Mallat (1989). Indeed, the columns of Φ ∈ R1024×1024 in this case
contain the chosen wavelet basis that allow us to decompose the initial state of interest
into its wavelet representation coefficients, as c = Φx (forward wavelet transform). On
the other hand, due to the orthogonality of the chosen wavelet ΦΦT = I, rows of ΦT

contain the wavelet basis that allows us to reconstruct the initial state from its wavelet
representation coefficients, that is x = ΦTc (inverse wavelet transform). We used a full
level of decomposition without any truncation of wavelet decomposition levels to produce
a fully sparse representation of the initial state. For example, in our case where x ∈ R1024,
we have used ten levels of decomposition.

For the last two initial states (Figure 6.10c, d) we used DCT transformation (e.g., Rao and
Yip, 1990) which expresses the state of interest by a linear combination of the oscillatory
cosine functions at different frequencies. It is well understood that this basis has a very
strong compaction capacity to capture the energy content of sufficiently smooth states and
sparsely represent them via a few elementary cosine waveforms. Note that, this trans-
formation is also orthogonal (ΦΦT = I) and contrary to the Fourier transformation, the
expansion coefficients are real.

White Background Error For the white background and observation error covariance
matrices (B = σ2

b I, R = σ2
rI ), we considered σb = 0.10 (SNR ∼= 10.5 dB) and σr = 0.08

(SNR ∼= 12 dB), respectively. Some results are shown in Figure 6.14 for the selected initial
conditions. It is clear that the `1-norm regularized solution markedly outperforms the classic
4D-Var solutions in terms of the selected metrics. Indeed, in the regularized analysis the
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Figure 6.14: The results of the classic 4D-Var (left panel) versus the results of `1-norm
R4D-Var (right panel) for the tested initial conditions in a white Gaussian error environment.
The solid lines are the true initial conditions and the crosses represent the recovered initial
states or the analysis. In general, the results of the classic 4D-Var suffer from overfitting
while the background and observation errors are suppressed and the sharp transitions and
peaks are effectively recovered in the regularized analysis.

error is sufficiently suppressed and filtered, while characteristic features of the initial state
are well-preserved. On the other hand, classic solutions typically over-fitted and followed
the background state rather than extracting the true state. As a result, we can argue that
for the white error covariance the classic 4D-Var has a very weak filtering effect which is an
essential component of an ideal data assimilation scheme. This over-fitting may be due to
the redundant (over-determined) formulation of the classic 4D-Var; see (Hawkins, 2004) for
a general explanation on overfitting problems in statistical estimators and also see Daley
(1993, p.41).

The average of the results for 30 independent runs is reported in Table 6.3. Three different
lump quality metrics are examined as follows:

MSEr =
∥∥xt0 − xa0

∥∥
2
/
∥∥xt0∥∥2

MAEr =
∥∥xt0 − xa0

∥∥
1
/
∥∥xt0∥∥1

BIASr =
∣∣∣(xt0 − xa0)

∣∣∣ / ∣∣xt0∣∣ (6.33)
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Table 6.3: Expected values of the MSEr, MAEr, and BIASr, defined in (6.33), for 30
independent runs. The background and observation errors are white (B = σ2

b I, R = σ2
rI ),

where σb = 0.10 (SNR ∼= 10.5 dB) and σr = 0.08 (SNR ∼= 12 dB). The initial conditions
are: flat top-hat (FTH), quadratic top-hat (QTH), window sinusoid (WS), and squared-
exponential (SE). The results are reported for both the classic 4D-Var and the regularized
4D-Var (R4D-Var).

White Background Error
MSEr MAEr BIASr

R4D-Var 4D-Var R4D-Var 4D-Var R4D-Var 4D-Var
FTH 0.0188 0.0690 0.0099 0.0589 0.0016 0.0004
QTH 0.0152 0.0515 0.0083 0.0414 0.0030 0.0016
WS 0.0296 0.0959 0.0229 0.0771 0.0038 0.0022
SE 0.0316 0.0899 0.0235 0.0728 0.0018 4.26e− 5

namely, relative mean squared error (MSEr), relative mean absolute error (MAEr), and
relative Bias (BIASr). In (6.33) xt0 denotes the true initial condition, xa0 is the analysis,
and overbar denotes the expected value. It is seen that based on the selected lump quality
metrics, the `1-norm R4D-Var significantly outperforms the classic 4D-Var. In general,
the MAEr metric is improved more than the MSEr metric in the presented experiments.
The best improvement is obtained for the flat top-hat initial condition (FTH), where the
sparsity is very strong compared to the other initial conditions. In other words, the `1-
norm R4D-Var is more effective for stronger sparsity of the initial state. The MSEr metric
is improved almost three orders of magnitude, while the MAEr improvement reaches up to
six orders of magnitude in the FTH initial condition. We need to note that although the
trigonometric functions can be sparsely represented in the DCT domain, here we used a
window sinusoid, which suffers from discontinuities over the edges and can not be perfectly
sparsified in the DCT domain. However, we see that even in a weaker sparsity, the results
of the `1-norm R4D-Var are still much better than the classic solution.

Correlated background error In this part, the background error B = σ2
bCb is consid-

ered to be correlated. As previously discussed, typically longer correlation length creates
ill-conditioning in the background error covariance matrix and makes the problem more
unstable. On the other hand, the correlated background error covariance imposes smooth-
ness on the analysis (see, Gaspari and Cohn, 1999), improves filtering effects, and makes
the classic solution to be less prone to overfitting. In this subsection, we examine the effect
of correlation length on the solution of data assimilation and compare the results of the
sparsity promoting R4D-Var with the classic 4D-Var. Here, we do not apply any precon-
ditioning as the goal is to emphasize on the stabilizing role of the `1-norm regularization
in the presented formulation. In addition, for brevity, the results are only reported for the
top-hat and window sinusoid initial condition, which are solved in the wavelet and DCT
domains, respectively.
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a) Results for the AR(1) background error As is evident, in this case, the back-
ground state is defined by adding AR(1) correlated error to the true state (6.15a,d) which
is known to us for these experimental studies. Figure 6.15 demonstrates that in the case
of correlated error the classic 4D-Var is less prone to overfitting compared to the case of
the uncorrelated error in Figure 6.14. Typically in the flat top-hat initial condition (FTH)
with sharp transitions, the classic solution fails to capture those sharp jumps and becomes
spoiled around those discontinuities (Figure 6.15b). For the trigonometric initial condition
(WS), the classic solution is typically overly smooth and can not capture the peaks (Figure
6.15e). These deficiencies in classic solutions typically become more pronounced for larger
correlation lengths and thus more ill-conditioned problems. On the other hand, the `1-norm
R4D-Var markedly outperforms the classic method by improving the recovery of the sharp
transitions in FTH and peaks in WS (Figure 6.15).
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Figure 6.15: Comparison of the results of the classic 4D-Var (b, e) and `1-norm R4D-Var
(c, f) for the top-hat (left panel) and window sinusoid (right panel) initial conditions. The
background states in (a) and (d) are defined by adding correlated errors using an AR(1)
covariance model of ρ(τ) ∝ e−α|τ |, where α = 1/250. The results show that the `1-norm
R4D-Var improves recovery of sharp jumps and peaks and results in a more stable solution
compared to the classic 4D-Var; see Figure 6.16 for quantitative results.

We examined a wide range of applicable correlation lengths, α−1 ∈ {1, 10, 25, 50, 250, 1000},
which correspond to decades of variations ranging from 101 to 106 in the condition number
κ (B) of the background error covariance matrices (see Figure 6.12a). The assimilation re-
sults using different correlation lengths are demonstrated in Figure 6.16. To have a robust
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conclusion about comparison of the proposed R4D-Var with the classic 4D-Var, the plots
in this figure demonstrate the expected values of the quality metrics for 30 independent
runs.

It can be seen that for small error correlation lengths (α−1 . 25), the improvement of
the R4D-Var is very significant while in the medium range (25 . α−1 . 50) the classic
solution becomes more competitive and closer to the regularized analysis. As previously
mentioned, this improvement in the classic solutions is mainly due to the smoothing effect
of the background covariance matrix. However, for larger correlation lengths (α−1 & 50),
the differences of the two methods are more drastic as the classic solutions become more
unstable and fail to capture the underlying structure of the initial state of interest. In gen-
eral, we see that the MSEr and MAEr metrics are improved for all examined background
error correlation lengths. As expected, the regularized solutions are slightly biased com-
pared to classic solutions; however, the magnitude of the bias is not significant compared
to the mean value of the initial state (see Figure 6.16). Figure 6.16 also shows a very
important outcome of regularization which implies that the R4D-Var is almost insensitive
to the studied range of correlation length and thus condition number of the problem. This
confirms the stabilizing role of regularization and needs to be further studied for large scale
and operational data assimilation problems. Another important observation is that, for ex-
tremely correlated background error, the classic R4D-Var may produce analysis with larger
bias than the proposed R4D-Var (Figure 6.16c).
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Figure 6.16: Comparison of the results of the proposed `1-norm R4D-Var (solid lines) and
the classic 4D-Var (broken lines) under the AR(1) background error for different correlation
characteristic length scales (α−1). Top panel: (a-c) the chosen quality metrics for the top-
hat initial condition (FTH); Bottom panel: (d-f) the metrics for the window sinusoid initial
condition (WS). These results, averaged over 30 independent runs, demonstrate significant
improvements in recovering the analysis state by the proposed `1-norm R4D-Var compared
to the classic 4D-Var.
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This unexpected result might be due to the presence of spurious bias in the background
state coming from a strongly correlated error. In other words, a strongly correlated error
may shift the mean value of the background state significantly and create a large bias in
the solution of the classic 4D-Var. In this case, the improved performance of the R4D-Var
may be due to its stronger stability and filtering properties.

b) Results for the AR(2) background error The AR(2) model is suitable for errors
with higher order Markovian structure compared to the AR(1) model. As is seen in Figure
(6.13), the condition number of the AR(2) covariance matrix is much larger than the AR(1)
for the same values of the parameter α in the studied covariance models. Here, we limited
our experiments to fewer characteristic correlation lengths of α−1 = {1, 5, 25, 50}. We
constrained our considerations to α−1 . 50 , because for larger values (slower correlation
decay rates) the condition number of B exceeds 108 and almost both methods failed to
obtain the analysis without any preconditioning effort.

Table 6.4: Expected values of the MSEr, MAEr, and BIASr defined in (6.33), for 30
independent runs. The background and observation errors are modeled by the first order
auto-regressive (B = σ2

bCB) and white (R = σ2
rI ) Gaussian processes, where σb = 0.10

(SNR ∼= 10.5 dB) and σr = 0.08 (SNR ∼= 12 dB). The parameter α denotes the correlation
decay rate in the AR(2) covariance function ρ(τ) ∝ e−α|τ | (1 + α |τ |). The studied initial
conditions are: flat top-hat (FTH), and window sinusoid (WS) and the results are reported
for both the classic 4D-Var and the regularized 4D-Var (R4D-Var). The dash lines in the
table denote that the classic method failed to return a solution without any pre-conditioning.

AR(2) – Background Error

α−1 MSEr MAEr BIASr
R4D-Var 4D-Var R4D-Var 4D-Var R4D-Var 4D-Var

FTH

1 0.0254 0.0754 0.0162 0.0629 0.0023 0.0016
5 0.0328 0.0643 0.0212 0.0534 0.0043 0.0018
25 0.0722 - 0.0608 - 0.0187 -
50 0.0742 - 0.0582 - 0.0268 -

WS

1 0.0363 0.0887 0.0272 0.0715 0.0029 0.0012
5 0.0708 0.0906 0.0571 0.0529 0.0106 0.0017
25 0.0877 - 0.0710 - 0.0243 -
50 0.0898 - 0.0747 - 0.0361 -

In our case study, for α−1 . 25, where κ(B) . 106, the proposed R4D-Var outperforms the
4D-Var similar to what has been explained for the AR(1) error in the previous subsection.
However, we found that for 25 . α−1 . 50, where 106 . κ(B) . 108, without proper
preconditioning, the used conjugate gradient algorithm fails to obtain the analysis state in
the 4D-Var (Table 6.4). On the other hand, due to the role of the proposed regularization,
the R4D-Var remains sufficiently stable; however, its effectiveness deteriorated compared
to the cases where the condition numbers were lower. This observation verifies the known
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Figure 6.17: The relative mean squared error versus the regularization parameter obtained
for the AR(1) background error for different characteristic correlation length (a) α−1 = 1, and
(b) α−1 = 50. FTH and WS denote the flat top-hat and window sinusoid initial conditions,
respectively.

role of the proposed regularization for improving the condition number of the variational
data assimilation problem.

6.5.3.4 Selection of the regularization parameters

As previously explained, the regularization parameter λ plays a very important role in
making the analysis sufficiently faithful to the observations and background state, while
preserving the underlying regularity of the analysis. To the best of our knowledge, no
general methodology exists which will produce an exact and closed form solution for the
selection of this parameter, especially for the proposed `1-norm regularization (see, Hansen,
2010, chap.5). Here, we chose the regularization parameter λ by trial and error based on
a minimum mean squared error criterion (Figure 6.17). As a rule of thumb, we found that
in general λ . 0.05 ‖b‖∞ yields reasonable results. We also realized that under similar
error signal-to-noise ratio, the selection of λ depends on some important factors such as,
the pre-selected basis, the degree of ill-conditioning of the problem, and more importantly
the ratio between the dominant frequency components of the state and the error.
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Chapter 7

Combined Radar Radiometer rainfall
retrieval via Sparse Representation

7.1 Introduction

In the past decades, a large number of precipitation events have been coincidentally de-
tected and estimated by multiple sensors with different accuracies and error structures.
For instance, the TRMM satellite has provided a valuable library of multisensor precipi-
tation data. Aboard of the TRMM satellite, there are two main sensory devices, namely
TRMM microwave imager (TMI) and precipitation radar (PR), that are designed to de-
tect and measure atmospheric precipitable water content and in particular near surface
precipitation rates.

The TMI instrument is a nine-channel passive microwave radiometer, which measures at-
mospheric electromagnetic radiant fluxes at five central frequencies of 10.65, 19.35, 21.30,
37.0, 85.5 GHz. Radiance information is provided in horizontal and vertical polarizations
for all channels except 21.3 GHz, for which radiant flux is only available for vertical polar-
ization. After post-boost period (August 24, 2001), the TMI sensor spans a swath width of
around 878 km at each orbital revolution of the TRMM satellite around the Earth. Spa-
tial resolution of the TMI sensor approximately ranges from 5 to 65 km for the frequency
channels of 85.5 to 10.65 GHz, respectively.

TRMM-PR is the first spaceborne single polarization radar which works at frequency 13.796
GHz and provides three-dimensional maps of the storm structure. The PR has a vertical
resolution of 250 meters (at nadir) for the first four kilometer of troposphere and provides
vertical profiles of the rain and snow from the surface up to the height of about 20 kilometers.
This sensor spans a swath width of around 250 km with spatial resolution of 4 to 5 kilometer
(Figure 7.1).
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Figure 7.1: Schematic view of the scan geometries of the TRMM primary rainfall sensors
(post-boost period): TMI, PR, and Visible and Infrared Radiometer System (VIRS).

TRMM rotates the earth once for approximately 90 minutes and 16 orbits a day to cover
the tropical regions between -38 S to 38 N. For a lucid explanation of the TRMM sensor
packages, the reader is referred to Kummerow et al. (1998).

By design, the PR is an active sensor and provides more accurate estimate of the spatial
and vertical structure of storms than the passive TMI. The PR is able to detect high-
resolution reflectivity values of fairly light rain rates down to about 0.7 millimeters per
hour, while TMI detects different forms of multispectral atmospheric radiant fluxes at
coarser resolution. As it is evident from the schematic in Figure 7.1, over the inner swath,
we have access to overlapping set of observations by both of the sensors, while over the outer
swath only the TMI data are available. The basic idea is to develop a supervised statistical
learning approach that allows us to learn from libraries or dictionaries of coincidental PR
and TMI observations to retrieve the rain rates over the outer swath. This idea can be
used independently or in combination with the recently proposed Gprof2010 algorithm by
Kummerow et al. (2010) to improve the quality of spaceborne rainfall estimation. Section
7.2 explains a sketch of the proposed algorithm. In Section 7.3, we describe the employed
dataset. Section 7.4 presents some insight to the problem of rainfall detection-estimation
and some preliminary but very promising results are presented in Section 7.5.
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Figure 7.2: Schematic of a patch base rainfall retrieval algorithm. A patch is a local
neighborhood of nearby pixels shown schematically in left panel. Right panel shows a three-
dimensional patch of the PR rainfall rain rates and TMI brightness temperature (BT) values.
As is evident, Euclidean dimension of the BT patches are nine times larger than that of the
PR patches.

7.2 A Sketch of the Proposed algorithm

Similar to the Sparse Precipitation Downscaling (SPaD) framework by Ebtehaj et al. (2012),
explained in Chapter 5, we suggest posing the rainfall retrieval problem as a non-linear
inverse problem as follows:

YT = H (XR) + v, (7.1)

where the goal is to estimate the rainfall field (XR) from noisy and multispectral images
of atmospheric brightness temperature (YT). Here, v denotes an additive Gaussian noise,
H (·) : XR → YT is the observation operator that maps multispectral measurements
of brightness temperature (BT) onto the space of rainfall intensity values. Notice that
in expression (7.1), we aim to recover a high-resolution rainfall field from multiple low-
resolution BT fields. Therefore, provided that the effective dimension of YT is greater than
the the dimension of XR, we are dealing with an overdetermined inverse problem.

This inverse problem is naturally ill-posed due to the existing non-linearity of the measure-
ment operator and observation noise. To implicitly characterize the nonlinear observation
operator H (·), the proposed retrieval method relies on statistical learning from two empir-
ical dictionaries containing coincidental patches (e.g., a local neighborhood of 3× 3 pixels,
Figure 7.2) of TMI multispectral channels and the PR rain rate estimates. In particular,
the TMI (DT) and PR (DR) dictionaries are very fat matrices (with more columns than
rows), which contain a large set of multispectral BT patches and their corresponding rain
rates as their columns, respectively. As is evident, these dictionaries share the same column
dimension while the row dimension of the DR is nine times larger than that of the DT.

Now assume that, given knowledge of the coincidental dictionaries, a patch of multispectral
BT values (yT ∈ Rn) is given over the outer swath, where the PR has no coverage and we
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are interested to estimate the corresponding PR rain rates (xR ∈ Rm). For each BT patch,
the idea is to develop a mechanism for finding a few similar columns of the BT-dictionary
(columns of DT ∈ Rn×M) that their weighted linear combination can well approximate the
BT patch of interest (yT ∈ Rn). In a norm notation, this idea amounts to solving the
following constrained optimization,

minimize
c

‖yT −DTc‖22 subject to ‖c‖1 ≤ const. (7.2)

The elements of optimization vector c ∈ RM (representation coefficients) indeed contain
the weights that linearly combine few columns of the BT-dictionary DT. Notice that
the cost function in equation (7.2) penalizes the mean squared error while the constraint
promotes sparsity in the representation coefficients. In other words, ĉ as the minimizer of
problem (7.2) can well approximate yT while it has very few non-zero elements compared
to the dimension of yT. Obtaining ĉ, we may use the same coefficients to combine the
corresponding columns of the coincidental PR-dictionary (DR ∈ Rm×M) to reproduce an
estimate of the related rain rates, that is x̂R = DRĉ. We can repeat this process for
all of patches (overlapping or non-overlapping) of the BT-field fields and estimate the
corresponding values of rainfall intensity. Hereafter, this algorithm is called the Sparse
Precipitation Retrieval (SPaR).

7.3 Data

For preliminary examination of the proposed algorithm, so far we have collected 1B11 and
2A25 TRMM orbital products over the entire year of 2002. The 1B11 product contains
multispectral images of BT values (Kummerow et al., 1996; Hong et al., 1999) registered
onto two different grid points for high-frequency (85 GHz) and low-frequency channels (<
85 GHz). The 2A25 products provides a large set of information about vertical structure of
atmospheric moisture and precipitable water content including the final surface rain rates
obtained from the latest available radar profiling algorithm (e.g., Iguchi et al., 2000). In-
formation about land, ocean, and coastal surface positions is obtained from orbital product
1C21, which uses Digital Terrain Elevation Dataset (DTED) provided by NASA-JPL. For
verification of the proposed algorithm, we compare the preliminary results with the TRMM
2A12 product, which uses the most updated Goddard profiling algorithm by Kummerow
et al. (2010).

As previously explained, the TMI and PR final orbital products are provided at different
spatial resolutions and over two independent and irregularly spaced grid points in geo-
graphical coordinate system (i.e., latitude, longitude). In this study, to obtain the required
dictionaries, we mapped both of the products onto the PR grid points, which are more
regular than those of the TMI grids. Figure 7.3 shows brightness temperature images of
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Figure 7.3: 1B11 Brightness Temperature (BT) and 2A25 surface rain rates for a particular
rainfall event over ocean at orbital track No. 7 on June, 28, 1998. Top panel and middle
panel (from left to right): vertical polarization of the BT images at central frequencies 10,
19, 37, and 85 GHz. Bottom panel: surface rain rates obtained from 2A25 algorithm. Notice
that the presented BT images are mapped onto the PR grids over the inner swath.

the 1B11 product, mapped onto the PR grid points, and 2A25 surface rain rates at orbital
track No. 7 on June, 28, 1998.

7.4 Rain/No-rain Classification

In this section, we show grouped scatter plots to gain insight about the nature of rain/no-
rain classification problems given multispectral BT channels. Figure 7.4 shows the matrix-
scatter plot of the TMI channels over ocean for fifty thousand randomly selected rainy
(purple) and non-rainy (green) pairs of BT values. The data are collected from one hundred
randomly selected orbital observations in the year of 20021.

1Throughout this report, I only use the data collected in the year of 2002 for simplicity in coding
and testing of the proposed algorithm. Eventually, the the final results will be documents for a more
comprehensive and larger data set.
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Figure 7.4: Matrix-scatter plot of rainy (purple) and non-rainy (green) pixels for fifty
thousand pairs of the TMI multispectral BT values over ocean. The corresponding radar
observations are used to discriminate between rainy and non-rainy pixels. The rainy and
non-rainy profiles are relatively well separated, especially in some particular channels. Sepa-
rability of rainy and non-rainy BT-profiles over ocean is more pronounced than those collected
over land (see, 7.5).

For rainfall detection-estimation purposes, Figure 7.4 mainly reveals the following impor-
tant points:

1. Data exhibit some redundancy. In other words, most of the horizontal and vertical po-
larizations are linearly related (except 85 GHz). Therefore, dimensionality reduction
may improve computational efficiency and reduce observational noise.

2. Classification of rainy and non-rainy areas based on the multispectral BT values seems
beyond a linear discriminant analysis and decision surfaces are typically nonlinear. It
is interesting to note that for some channel pairs (e.g., C10 and C37 GHz) the rainy
and non-rainy values almost leave on linear subspaces. However, there are also other
channel pairs for which the rainy and non-rainy values leave on nonlinear manifolds
(e.g., C85 and C19 GHz).
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3. Non-rainy pixels leave on more coherent and lower dimensional manifolds than the
rainy pixels. This observation tells us that potentially the singular values of the non-
rainy BT values decay faster than those of the rainy ones. In other words, the non-
rainy profiles can be better explained by fewer principle components than principle
components needed for the rainy ones. This observation motivates us to further study
the behavior of the BT values after applying the Karhunen-Loéve transformation
(KLT) or proper orthogonal decomposition (POD).

Figure 7.5 demonstrates similar matrix-scatter plot for the rainy (purple) and non-rainy
(green) pairs of the BT values over land. Compared to the previous plots (Figure 7.4),
it can be seen that in most cases, the non-rainy areas are more scattered and effectively
leave in higher dimensions. This signature is consistent with the fact that the background
temperature over land shows more variability than the background temperature over ocean.
As is evident, the rainy and non-rainy pairs are more blended than those of the ocean data.
Surprisingly, channel 21.3 GHz (C27v) shows collinearity with its nearby vertically polarized
channels (i.e., C19v, C37v). In channel 85 GHz, separability of rainy and non-rainy pairs
is not as clear as it is over the ocean. Unlike to the ocean data, the horizontal and vertical
polarizations in this channel show collinearity and seem to leave in a linear subspace with
less pronounced separability.

The most important observations are: (a) The rainy pairs over land are more clustered
rather than leaving on a coherent subspace or manifold, (b) The rainy and non-rainy pairs
show more overlapping regions over land than over ocean.

Therefore, it seems clear that the rainfall discriminate analysis is more difficult over land
than over ocean and the family of linear Bayesian classifiers may not be the best choice
for rain/no-rain classification problem. Instead, we need to focus on local and adaptive
detection-estimation frameworks (e.g., SPaR), which are capable to effectively approximate
nonlinear and discontinuous decision boundaries.

7.5 Some Preliminary Results

I have randomly collected about three million 1-by-1 patches 2 of the BT arrays and their
coincidental PR measurements from the previously explained data set and stored them as
columns of the BT (DT) and PR (DR) dictionaries. The SPaR algorithm can be easily used
for classification/detection purposes as well. At this stage of the algorithmic implementa-
tion, which is very naive, the probability of detecting rainy pixels from multispectral BT

2At this stage the algorithm is coded only for pixel-wise estimation (for simplicity) and patch-wise
estimation scheme will be developed in near future. Improved results are expected for the patch-wise
estimation scheme, as the inverse problem in (7.2) is further constrained by additional spatial information.
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Figure 7.5: Matrix-scatter plot of rainy (purple) and non-rainy (green) pairs of the TMI
channels over land. This plot encodes fifty thousand profiles of the BT values, obtained from
one hundred randomly selected orbital information in the year of 2002. The corresponding
radar observations are used to discriminate between rainy and non-rainy pairs. This plot
shows that the structure of the BT data over land is more complex and irregular than the
structure of the BT data over ocean. The rainy pairs are separately clustered and exhibit
large overlapping regions with the non-rainy pairs.

measurements exceeds 93%. In other words, the probability of misclassification or false de-
tection is less than 7%. This probability is obtained from more than a million independently
selected validation cases. In other words, we randomly sampled more than one million of
multispectral BT values from the data set (independent of the collected dictionaries) and
correctly classified more than 93% of them as rainy and non-rainy profiles.

Figure 7.6 shows a preliminary result of a retrieval (estimation) test example for that
particular storm shown in Figure 7.3. This sample result (bottom panel in Figure 7.6) is
very comparable with 2A12 product, which is based on the currently operational Goddard
profiling algorithm (Gprof-2010). Gprof algorithm uses a Bayesian approach to match
the observed brightness temperatures to hydrometeor profiles derived from cloud resolving
models (CRMs).

Comparing the SPaR (bottom panel in Figure 7.6) and 2A12 product (middle panel in

139



Figure 7.6: Comparing the retrieved rain rates for a sample event over ocean at orbital
track No. 7 on June, 28, 1998. (Top panel) PR-2A25 surface rain rates, (middle panel)
TMI-2A12, and (bottom panel) SPaR rainfall retrieved rain rates in [mm/hr].

Figure 7.6) with the PR-2A25 (top panel in Figure 7.6), we see that the SPaR rainfall
recovery is relatively sharper and captures more small scale structures of the storm than
that of the 2A12 product. The maximum rain rate in PR-2A25 is 96 [mm/hr], while
the maximum retrieved values in 2A12 and SPaR is about 36 [mm/hr] and 78 [mm/hr],
respectively. Although, the SPaR still underestimates the retrieved extreme rain rates;
however, the results are markedly improved compared to the 2A12 products.

Figure 7.7 shows another rainfall retrieval experiment for Hurricane Danielle 08/29/2010
(UTC 09:48:00). Hurricane Danielle, the first major hurricane of the 2010 Atlantic sea-
son, intensified into a Category 4 storm back on the 27th of August with sustained winds
estimated at 115 knots (∼132 mph) by the National Hurricane Center as it was moving
northwest towards Bermuda. We see that both of the 2A12 and SPaR algorithm under-
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estimate the extreme precipitation rates; however, the SPaR performs slightly better and
improves the recover range by almost 50%. The mean squared error is also improved by
more than 15%, considering the PR as the ground truth observation. The SPaR retrieval
is again sharper and contains more structural details of the hurricane. Typically, 2A12
algorithm retrieves larger areas of low rain rates surrounding the high-intense rain cells
(Figure 7.7). These low rain rates are typically way below the accuracy of the PR sensor,
which is greater that 0.7 [mm/hr]. The SPaR is naturally closer to the PR-2A25, however,
it is feasible to use CRM’s BT profiles in the SPaR dictionaries and improve its capacity
to recover low-rain rates, if it is needed.

Figure 7.7: Comparing the retrieved rain rates for Hurricane Danielle 08/29/2010 (UTC
09:48:00). (Top panel) PR-2A25 surface rain rates in [mm/hr], (middle panel) TMI-2A12
and (bottom panel) SPaR rainfall retrieved rain rates.
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Figure 7.8: Kernel density estimates of the retrieved rain rates for the Hurricane Danielle
over the demonstrated snapshot in Figure 7.7. The estimated probability density functions
of the 2A12 (dotted blue) and SPaR (dashed red) are demonstrated versus the 2A25 (solid
black), which is considered to be the best and ground truth estimate of the rain rates. The
SPaR and 2A25 show a good agreement, while the tail of the 2A25 is naturally thicker than
the SPaR. On the other hand, 2A12 is bimodal and is not very well consistent with the
density of the 2A25 product.

Figure 7.8 shows a kernel density estimation (Bowman and Azzalini., 1997) of the prob-
ability density function of the retrieved rain rates over the demonstrated snapshot of the
Hurricane Danielle in Figure 7.7. Its is clear that in the sense of probability distribution
the SPaR method very well matches the PR-2A25 while the 2A12 is relatively bimodal and
is not very close to the PR observations. This bimodality mainly arises due to the retrieval
of low rain rates in the 2A12, which does not exist in 2A25.
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Chapter 8

Conclusion

In this thesis, we extensively studied statistical structure of precipitation (reflectivity) im-
ages in spatial and transform domains. We confirmed previous findings on power law
behavior of the rainfall fields in the Fourier domain and provided new insights about the de-
pendence of the rainfall spectral signature with the underlying topographic features (Ebte-
haj and Foufoula-Georgiou, 2010). Statistical structure of rainfall fields was thoroughly
investigated in wavelet domain for a relatively large set of the NEXRAD high-resolution
rainfall images, collected in two ground validation sites of the TRMM satellite (Ebtehaj and
Foufoula-Georgiou, 2011a). We observed that the distribution of rainfall wavelet coefficients
exhibit non-Gaussian heavy tailed behavior and can be well explained by the family of Gen-
eralized Gaussian Density (GDD). The GGD is a flexible three parameters density which
contains the Gaussian and Laplace distributions as its special cases. This non-Gaussian
and well parameterizable structure of rainfall fields prompted us to exploit non-linear filter-
ing methodologies for multiscale fusion of multisensor precipitation observations. To this
end, inspired by the developments in the theories of Gaussian scale mixtures (GSM), we
exploited a conditionally linear probability model to develop non-Gaussian rainfall fusion
methodologies that allows us to preserve heavy tailed structure of rainfall fields (Ebte-
haj and Foufoula-Georgiou, 2011b). Explaining the rainfall wavelet coefficients (smoothed
derivatives) by the GGD density, directed us to explore the sparsity of rainfall fields in the
wavelet domain. We found that a large number of the rainfall wavelet coefficients are very
close to zero (forming a large mass at the center of the density), while a few of them are
significantly non-zero (forming the heavy tails of the density). Taking advantage of the rain-
fall sparsity, we proposed a new variational data driven approach to the problem of rainfall
downscaling (Ebtehaj et al., 2012), using `1-norm regularization and dictionary learning.
We extended this idea and suggested a unified sparsity-promoting variational framework
that ties together the hydro-meteorological inverse problems of downscaling (DS), data fu-
sion (DF), and data assimilation (DA) (Ebtehaj and Foufoula-Georgiou, 2013). This idea
was extended and examined via simple but important variational data assimilation prob-
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lems of land surface heat and mass fluxes using linear advection-diffusion equation (Ebtehaj
et al., 2013). Inspired by the rainfall sparsity, a new supervised statistical learning ap-
proach was also proposed for spaceborne rainfall retrieval problem. The preliminary results
of the implemented algorithm were compared with the currently operation algorithm called
Gprof-2010 by Kummerow et al. (2010). The comparison showed that the results are much
sharper than those of the Gprof-2010 algorithm and capitalized on improved recovery of
extreme rainfall intensity values form spaceborne passive microwave observations.

In general, in this thesis we emphasized on the importance of proper sparse regularization in
hydro-meteorological inverse problems and its connection with the statistical properties of
the underlying state of interest. We showed that a sparse regularization in an appropriately
chosen domain not only makes hydro-meteorological inverse problems sufficiently well-posed
but leads to a more accurate solution with improved uncertainty of estimate, compared to
the classic least squares solutions.

Although the focus of this thesis was on rainfall data, the presented frameworks can be
potentially applied to other hydro-meteorological inverse problems, such as soil moisture
downscaling, fusion, and data assimilation. Future research can be devoted to explore
the `1-norm regularization for solving non-linear data assimilation problems. In addition,
exploring dictionary learning approaches (see, Ebtehaj et al., 2012) for rainfall retrieval
problem is a promising research direction.
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Appendix A

Appendix A. Details of Some
Derivations in Chapter 4

A.1 Maximum a Posteriori Estimate of the Log-normal Mul-
tiplier

Recall that the Bayesian Maximum a Posteriori (MAP) estimator of z is defined as:

ẑMAP = arg max
z

{
log
[
pZ|Y(z|y)

]}
= arg max

z

{
log
[
pY|Z(y|z)

]
+ log [pZ(z)]

}
(A.1)

where this estimator is equivalent to the Maximum Likelihood (ML) estimator when there
is no informative assumption (i.e., uniform density) with respect to the a priori term
log [pZ(z)]. Knowing that pY|Z(y|z) is Gaussian with covariance Σy|z = zΣu + Σv, first
let us focus on the term log

[
pY|Z(y|z)

]
which leads to the derivation of the ML estimator;

and then by incorporating the a priori term, the MAP estimator in (4.17) will be derived.

For a noisy GSM observation vector y ∈ RN , we have:

pY|Z(y|z) =
1

(2π)N/2
(
det
∣∣Σy|z

∣∣)1/2 exp

(
−yT

(
Σy|z

)−1
y

2

)
(A.2)

Therefore, the log-likelihood function can be written as:

log
[
pY|Z(y|z)

]
= −1

2
yT
(
Σy|z

)−1
y − 1

2
log
[
det
∣∣Σy|z

∣∣]+ C (A.3)

where C is a constant independent of z. The covariance is a positive semi-definite matrix,
hence Σy|z can be diagonalized as follows:
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Σy|z =zΣu + Σv

=zΣu + SST

=S
[
S−1 (zΣu)S−T + I

]
ST (A.4)

where S is the square root of Σv = SST which can be computed using Cholesky or eigenvalue
decomposition. Noting that S−1ΣuS

−T is also a positive semi-definite matrix, which can be
diagonalized by an eigenvalue decomposition (i.e., spectral factorization) as S−1ΣuS

−T =

QΛQT , where {Q,Λ} are matrices containing orthogonal eigenvectorsQQT = I and positive
eigenvalues λn ∈ Λ, respectively. Therefore, diagonalization in Eq.(A.4) can be written as:

Σy|z = SQ (zΛ + I)QTST (A.5)

Using this diagonalized version of the covariance matrix, equation (A.3) can be further
expanded as follows:

log
[
pY|Z(y|z)

]
=− 1

2
yT
(
SQ (zΛ + I)QTST

)−1
y − 1

2
log
[
det
∣∣SQ (zΛ + I)QTST

∣∣]+ C

=− 1

2

(
QTS−1y

)T
(zΛ + I)−1 (QTS−1y

)
− 1

2
log
[
det
∣∣SQ (zΛ + I)QTST

∣∣]+ C

=− 1

2
VT (zΛ + I)−1V − 1

2
log [det |zΛ + I|] + C ′ (A.6)

where the vector V = QTS−1y. Note that zΛ + I is a diagonal matrix whose determinant
is equal to the multiplication of its diagonal elements {zλn + 1}Nn=1. Therefore, taking
derivative of (A.6) with respect to z, we have:

∂ log
[
pY|Z(y|z)

]
∂z

=
1

2
VT
(

Λ (zΛ + I)−2
)
V − 1

2

N∑
n=1

λn
zλn + 1

=
1

2

N∑
n=1

λnv
2
n

(zλn + 1)2 −
1

2

N∑
n=1

λn
zλn + 1

=
1

2

N∑
n=1

λ−1
n (v2

n − 1)− z
(z + λ−1

n )2
(A.7)

Note that assuming a non-informative density for the multiplier, setting expression in (A.7)
equal to zero, the root gives the maximum likelihood estimator of z.

Assuming a log-normal density pZ(z;µz, σz) = 1
z
√

2πσz
exp

(
−(log z−µz)2

2σ2
z

)
, the derivative of

the log-likelihood is then given by:
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log [pZ(z)] = −(log z − µz)2

2σ2
z

− log(z) + C (A.8)

∂ log [pZ(z)]

∂z
=
− log z + µz − σ2

z

zσ2
z

(A.9)

Then combining (A.7) and (A.9), leads to the derivation in (4.17) :

log ẑMAP + 3
2σ

2
z

ẑMAPσ2
z

+
1

2

N∑
n=1

ẑMAP − λ−1
n (v2

n − 1)

(ẑMAP + λ−1
n )2

= 0 (A.10)

From practical point of view, the log ẑMAP term in (A.10) can dominate the magnitude of
the other terms and ensures the convergence of the bisection method as there exists a range
of initial values for ẑMAP , that the left hand side in (A.10) can take opposite signs on the
boundaries.

A.2 Parameters of the MAP estimator

Knowing that y =
√
zu + v and assuming E [z] = 1, we have:

E
[
y4
]

= E
[
z2
]
E
[
u4
]

+ 6E
[
u2
]
E
[
v2
]

+ E
[
v4
]

(A.11)

Given that for the zero mean Gaussian distribution E
[
u4
]

= 3σ4
u and E

[
v4
]

= 3σ4
v leads

to :

E
[
z2
]

=
E[y4]/3− 2σ2

uσ
2
v − σ4

v

σ4
u

(A.12)

As σ2
u = σ2

y − σ2
v , expression (A.12) can be updated to:

E
[
z2
]

=
E[y4]/3− 2σ2

yσ
2
v + σ4

v(
σ2

y − σ2
v

)2 (A.13)

As we assumed z is LN (µz, σz) with E [z] = 1, we have µz + 1
2σ

2
z = 1 , hence :

E
[
z2
]

= exp
(
σ2
z

)
(A.14)

which assuming σ2
v = 0 leads to equation (4.18).
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Appendix B

Appendix B. Statistical
Interpretations and Solution Methods

B.1 Statistical Interpretations

B.1.1 Regularized Variational Downscaling and Data Fusion Problem

From the frequentist statistical point of view, it is easy to show that the WLS solution of
(6.3) is equivalent to the maximum likelihood estimator (ML)

x̂ML = argmax
x

p (y|x) ,

given that the likelihood density is Gaussian, p (y|x) ∝ exp
(
−1/2(y −Hx)TR−1(y −Hx)

)
.

Specifically, taking − log(·), one can find the minimizer of the negative log-likelihood func-
tion − log {p(y|x)} as follows:

x̂ML = argmin
x

{
1

2
(y −Hx)TR−1(y −Hx)

}
= argmin

x

{
1

2
‖y −Hx‖2R−1

}
,

which is identical to the WLS solution of problem (6.3).

It is important to note that in the ML estimator, x is considered to be a deterministic
variable (fixed) while y has a random nature.

On the other hand, in the Bayesian perspective, the regularized solution of equation (6.4)
is equivalent to the maximum a posteriori (MAP) estimator

x̂MAP = argmax
x

p (x|y) ,
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where both x and y are considered of random nature. Specifically, using the Bayes theorem,
ignoring the constant terms in x and applying − log(·) on the posterior density p(x|y), we
get

x̂MAP = argmin
x

{
− log

(
p(y|x) p(x)

p(y)

)}
= argmin

x
{− log p (y|x)− log p(x)} .

The first term, − log p (y|x), is just the negative log-likelihood as appeared in the ML es-
timator and the second term is called the prior which accounts for the a priori knowledge
about the density of the state vector x. Accordingly, the proposed Tikhonov regulariza-
tion in (6.4) is equivalent to the MAP estimator assuming that the state, or the linearly
transformed state Lx, can be explained by a multivariate Gaussian of the following form:

log p(x) ∝ xTQx,

where the covariance is Q = LTL (Tikhonov et al., 1977; Elad and Feuer , 1997; Levy ,
2008).

Clearly, the choice of the `1-norm in equation (6.6), implies that log p(x) ∝ ‖Lx‖1 or
say the transformed state can be well explained by a multivariate Laplace density with
heavier tail than the Gaussian case (e.g., Tibshirani , 1996; Lewicki and Sejnowski , 2000).
As previously explained, the Huber-norm regularization can also be interpreted as the Gibbs
prior probability model log p(x) ∝

∑
i ρT (xi) for the state of interest (Geman and Geman,

1984; Schultz and Stevenson, 1994).

Obviously, based on the selected type of regularization, statistical interpretation of the DF
regularized class of problems is also similar to what was explained for the DS problem. In
other words, given the augmented observation model in (6.25), it is easy to see that the
solution of (6.10) is the ML estimator while (6.14) can be interpreted as the MAP estimator
with a prior density depending on the form of the regularization term.

B.1.2 Regularized Variational Data Assimilation

Statistical interpretation of the classic variational DA problems is a bit tricky compared
to the DS and DF class of problems, mainly because of the involvement of the background
information in the cost function. Lorenc (1986) derived the 3D-VAR cost function us-
ing Bayes theorem and called it the ML estimator (see, e.g., Lorenc, 1988; Bouttier and
Courtier , 2002). More recently, it has been argued that the 4D-VAR, and thus as a special
case the 3D-VAR cost function, can be interpreted via the Bayesian MAP estimator (John-
son et al., 2005b; Freitag et al., 2010; Nichols, 2010). For notational convenience, here we
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only explain the statistical interpretation of the 3D-VAR and its regularized version which
can be easily generalized for the case of the 4D-VAR problem.

As discussed earlier, the ML estimator is basically a frequentist view to estimate the most
likely value of an unknown deterministic variable from (indirect) observations with random
nature. The ML estimator intuitively requires to find the state that maximizes the likeli-
hood function as x̂ML = argmax

x
p (y|x). Let us assume that, at the initial time step t0,

the background xb0 is just a (random) realization of the true deterministic initial state x0.
In other words, we consider xb0 = x0 +w, where the error w can be well explained by a zero
mean Gaussian density N (0, B), uncorrelated with the observation error, E

[
wvT

]
= 0.

Here, the background state is treated similar to an observation with random nature. Thus,
let us recast the problem of obtaining the analysis as a classic linear inverse problem by

augmenting the available information in the from of y = Hx0+v, where y =
[(

xb0
)T
, yT

0

]T

, H =
[
I, HT

]T, and v ∼ N (0, R) with the following block diagonal covariance matrix

R =

[
B 0

0 R

]
.

Notice that R is block diagonal because the background and observation errors are uncorre-
lated. Following the augmented representation and applying− log (·), we have− log p(y|x0) ∝
1/2(y − Hx0)TR−1(y − Hx0) and thus it is easy to see that the ML estimator in terms
of the augmented observations, xa0 = argmax

x0

p
(
y|x0

)
, is equivalent to minimizing the 3D-

VAR cost function in (6.29). Therefore, following this statistical interpretation, the classic
3D-VAR, can be derived via the frequentist ML estimator.

On the other hand, from the Bayesian perspective, the state of interest and the available
observations are considered to be random and the MAP estimator is the optimal point which
maximizes the posterior density as x̂MAP = argmax

x
p (x|y). Let us assume a priori that

the (random) state of interest has a Gaussian density with the mean xb and covariance B,
that is p(x0) ∼ N (xb0, B). More formally, this assumption implies that the deterministic
background is the central (mean) forecast and is related to the random true state via
x0 = xb0 + w, where w ∼ N (0, B). Therefore, using Bayes theorem it immediately follows
that the 3D-VAR is the MAP estimator, xa0 = argmax

x0

p (x0|y), assumed Gaussian prior for

the true state of interest.

In conclusion, the regularized 3D-VAR in (6.31) might be interpreted as the MAP estimator,
xa0 = argmax

x0

p
(
x0|y

)
, with the prior density, p(x0) ∝ λψL (x0), when we follow the

frequentist approach to interpret the classic 3D-VAR as the ML estimator. On the other
hand, taking the MAP interpretation for the classic 3D-VAR, the regularized version might
be understood as the MAP estimator which also accounts for an extra and independent
prior on the distribution of the state under L transformation.
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B.2 Gradient Projection for Huber regularization

Here, we present the gradient project (GP) method, using the Huber regularization, only
for the downscaling (DS) problem, which can be easily generalized to the data fusion (DF)
and data assimilation (DA) cases. In case of the DS problem, the cost function and gradient
of the Huber regularization with respect to the elements of the downscaled field are

J (x) =
1

2
‖y −Hx‖2R−1 + λ ‖Lx‖Hub (B.1)

∇J (x) = HTR−1 (y −Hx) + λLTρ′T (Lx) , (B.2)

where

ρ′T (x) =

2x |x| ≤ τ

2τsign(x), |x| > τ.
(B.3)

As is evident, the cost function in (B.1), is a smooth and convex function. Thus its min-
imum can be easily obtained using efficient first order gradient descent methods in large
dimensional problems. However, rainfall is a positive process and in order to obtain a feasi-
ble downscaled field x̂, the regularized DS problem needs to be solved on the non-negative
orthant {x| xi ≥ 0 ∀ i = 1, . . . ,m},

x̂ = argmin {J (x)}

s.t. x � 0.
(B.4)

We have used one of the primitive gradient projection (GP) methods to solve the above con-
strained DS problem (see, Bertsekas, 1999, pp. 228), for which more detailed explanations
can be found in Section 9.4 of this appendix.

B.3 Quadratic Programming form of the `1-norm RVDA

To obtain the quadratic programming (QP) form presented in (6.27), we follow the general
strategy proposed in the seminal work by Chen et al. (2001). To this end, let us expand the
`1-norm regularized variational data assimilation (`1-RVDA) problem in (6.26) as follows:

minimize
x0

{
1

2
xT

0

(
B−1 + HTR−1H

)
x0 −

(
B−1xb0 + HTR−1y

)T
x0 + λ ‖Φx0‖1

}
. (B.5)

Assuming c0 = Φx0 ∈ Rm, then the above problem can be rewritten as,

minimize
z0

{
1

2
cT

0 Qc0 + bTc0 + λ ‖c0‖1
}
, (B.6)
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where, Q = Φ−T
(
B−1 + HTR−1H

)
Φ−1 and b = −Φ−T

(
B−1xb0 + HTR−1y

)
. Having

c0 = u0 − v0, where u0 = max (c0, 0) ∈ Rm and v0 = max (−c0, 0) ∈ Rm encode the
positive and negative components of c0, problem (B.6) can be represented as follows:

minimize
x0

{
1

2
(u0 − v0)T Q (u0 − v0) + bT (u0 − v0) + λ1T

m (u0 + v0)

}
s.t. u0 < 0, v0 < 0 (B.7)

Stacking u0 and v0 in w0 = [uT
0 , vT

0 ]T, the more standard QP formulation of the problem
is immediately followed as:

minimize
w0

1

2
wT

0

[
Q −Q

−Q Q

]
w0 +

(
λ12m +

[
b

−b

])T

w0


s.t. w0 < 0. (B.8)

Obtaining ŵ0 = [ûT
0 , v̂T

0 ]T ∈ R2m as the solution of (B.8), one can easily recover ĉ0 =

û0 − v̂0 and thus the initial state of interest x̂0 = Φ−1ĉ0.

The dimension of the QP representation (B.8) is twice that of the original `1-RVDA problem
(B.5). However, using iterative first order gradient based methods, which are often the only
practical option for large-scale data assimilation problems, it is easy to show that the effect
of this dimensionality enlargement is minor on the overall cost of the problem. Because,
one can easily see that obtaining the gradient of the cost function in (B.8) only requires to
compute [

Q −Q

−Q Q

]
w0 =

[
Q (u0 − v0)

−Q (u0 − v0)

]
,

which mainly requires matrix-vector multiplication in Rm (see; e.g., Figueiredo et al., 2007).

B.4 Upper Bound of the Regularization Parameter

Here to derive the upper bound for the regularization parameter in the `1-RVDA problem,
we follow a similar approach as suggested for example by Kim et al. (2007). Let us refer
back to the problem (B.6) which is convex but not differentiable at the origin. Obviously,
ca0 is a minimizer if and only if the cost function JR4D(c0) in (B.6) is sub-differentiable at
ca0 and thus

0 ∈ ∂JR4D(ca0),
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where, ∂JR4D(ca0) denotes the sub-differential set at the solution point or analysis coeffi-
cients in the selected basis. Given that

∂JR4D(ca0) = Qca0 + b + λ∂ (‖ca0‖1) ,

we have
−Qca0 − b ∈ λ∂ (‖ca0‖1) .

and thus for ca0 = 0m, 0m = [0, . . . , 0]T ∈ Rm, one can obtain the following vector
inequality

−λ1m � −b � λ1m,

which implies that ‖b‖∞ ≤ λ. Therefore λ must be less than ‖b‖∞ to obtain nonzero
analysis coefficients in problem (B.6) and thus (B.5).

B.5 Gradient Projection Method for Sparsity-promoting Data
Assimilation

Gradient projection (GP) method is an efficient and convergent optimization method to
solve convex optimization problems over convex sets (see, Bertsekas, 1999, pp. 228). This
method is of particular interest, especially, when the constraints form a convex set C with
simple projection operator. The cost function JR4D(w0) in (6.27) is a quadratic function
that need to be minimized on non-negative orthant C = {w0| w0,i ≥ 0 ∀ i = 1, . . . , 2m} as
follows:

ŵ0 = argmin {JR4D(w0)}

s.t. w0 � 0. (B.9)

For this particular problem, the GP method amounts obtaining the following fixed point:

w∗0 = [w∗0 − β∇JR4D(w∗0)]+ , (B.10)

where β is a stepsize along the descent direction and for every element of w0

[w0]+ =

0 if w0 ≤ 0

w0 otherwise,
(B.11)

denotes the Euclidean projection operator onto the non-negative orthant. As is evident,
the fixed point can be obtained iteratively as

wk+1
0 =

[
wk

0 − βk∇JR4D(wk
0)
]+
. (B.12)
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Thus, if the descent at step k is feasible, that is wk
0 − βk∇JR4D(wk

0) � 0, the GP iteration
becomes an ordinary unconstrained steepest descent method, otherwise the result is mapped
back onto the feasible set by the projection operator in (B.11). In effect, the GP method
finds iteratively the closest feasible point in the constraint set to the solution of the original
unconstrained minimization.

In our study, the stepsize βk was selected using the Armijo rule, or the so-called backtracking
line search, that is a convergent and very effective stepsize rule. This stepsize rule depends
on two constants 0 < ξ < 0.5 , 0 < ς < 1 and assumed to be βk = ςmk , where mk is the
smallest non-negative integer for which

JR4D

(
wk

0 − βk∇JR4D(wk
0)
)
≤ JR4D(wk

0)− ξβk∇JR4D(wk
0)T∇JR4D(wk

0). (B.13)

In our experiments the backtracking parameters are set to ξ = 0.2 and ς = 0.5 (see,
Boyd and Vandenberghe, 2004, pp.464 for more explanation). In our coding, the iterations

terminate if ‖w
k
0−wk−1

0 ‖2
‖wk−1

0 ‖2
≤ 10−5 or the number of iterations exceeds 100.
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