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Abstract

Hypersonic flows involve strong thermal and chemical nonequilibrium due to steep

gradients in gas properties in the shock layer, wake, and next to vehicle surfaces. Accu-

rate simulation of hypersonic nonequilibrium flows requires consideration of the molecu-

lar nature of the gas including internal energy excitation (translational, rotational, and

vibrational energy modes) as well as chemical reaction processes such as dissociation.

Both continuum and particle simulation methods are available to simulate such com-

plex flow phenomena. Specifically, the direct simulation Monte Carlo (DSMC) method is

widely used to model such complex nonequilibrium phenomena within a particle-based

numerical method. This thesis describes in detail how the different types of DSMC

thermochemical models should be implemented in a rigorous and consistent manner. In

the process, new algorithms are developed including a new framework for phenomeno-

logical models able to incorporate results from computational chemistry. Using this

framework, a new DSMC model for rotational energy exchange is constructed. Gen-

eral algorithms are developed for the various types of methods that inherently satisfy

microscopic reversibility, detailed balance, and equipartition of energy in equilibrium.

Furthermore, a new framework for developing rovibrational state-to-state DSMC colli-

sion models is proposed, and a vibrational state-to-state model is developed along the

course. The overall result of this thesis is a rigorous and consistent approach to bridge

molecular physics and computational chemistry through stochastic molecular simulation

to continuum models for gases in strong thermochemical nonequilibrium.
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Chapter 1

Introduction

1.1 Background and motivation

Hypersonic flows involve strong thermal and chemical nonequilibrium due to steep gra-

dients in gas properties in the shock layer, wake, and next to vehicle surfaces. Accurate

simulation of hypersonic nonequilibrium flows requires consideration of the molecular

nature of the gas including internal energy excitation (translational, rotational, and

vibrational energy modes) as well as chemical reaction processes such as dissociation.

Both continuum and particle simulation methods are available to simulate such complex

flow phenomena. Specifically, the direct simulation Monte Carlo (DSMC) method [15] is

widely used to model such complex nonequilibrium phenomena within a particle-based

numerical method.

The DSMC method is a stochastic particle simulation method that simulates the

Boltzmann equation and is therefore accurate for gas flows ranging from free-molecular

to continuum conditions. In a DSMC simulation, millions of simulation particles are

tracked through a computational grid, where each simulation particle represents a large

number of (identical) real molecules. A computational grid divides space into small

regions (cells that are sized approximately to the local mean-free-path) to group nearby

simulation particles. Each simulation particle has a center-of-mass molecular velocity

vector, a species type, and classical or quantized internal energies (rotation, vibration).

In this manner, particle properties within computational cells can be sampled to ob-

tain velocity and internal energy distribution functions as well as macroscopic average

1



2

quantities such as density, bulk velocity, and translational/rotational/vibrational tem-

peratures. Particles are moved in a straight line along their velocity vectors without

interacting for small time steps limited to a fraction (approximately 0.2) of the lo-

cal mean-collision-time. After such free-flight movement (including diffuse or specular

reflections from surfaces), particles are sorted into cells and collisions are considered be-

tween particles located within the same cell. These assumptions and molecular simula-

tion procedures (separating movement and collision processes) are rigorously supported

by the nature of dilute gases. The main modeling component of the DSMC method is

the manner in which collisions are performed in a stochastic manner within each com-

putational cell. Two models are required; a model to determine the collision rate (the

average number of collisions performed in a given DSMC cell during a given time step),

and a model to determine the outcome of those collisions.

At the core of a DSMC code is a relatively simple collision probability expression

that has the general form,

Pcoll = σT (g)g∆tWp/V , (1.1)

where g is the relative collision velocity of a collision pair, V is the volume of the

DSMC collision cell, ∆t is the time step, Wp is the weight of each particle (each particle

represents Wp number of real molecules), and σT (g) is the “collision cross-section”

of the colliding pair. This cross-section is arguably the main modeling input for the

DSMC method and can take many functional forms, although the most common is

that of a power-law function of the relative velocity (σT (g) ≈ σref/g2ζ , where σref is a

reference hard-sphere cross-section and ζ is a model parameter). For example, collisions

with higher relative velocities tend to have smaller cross-sections since the molecules

interact through their potential field for shorter times. The probability expression above

essentially compares the volume swept out by an interaction pair during a single time

step (accounting for the particle weight, Wp) with the volume of the computational cell.

Within a given collision cell that contains N simulation particles (N is typically 50-

100), there are N(N−1)
2 possible collision pairs. Each possible collision pair is essentially

chosen to undergo a collision with the above probability. The summation of applying

Pcoll to all pairs in the cell determines the total number of collisions that occur within

a given cell during a given time step which is directly related to the theoretical gas
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collision rate (number of collisions per time per volume), ν, and establishes the physical

validity of the DSMC method. For an equilibrium gas, the collision rate is expressed as

ν =
1

2
n2

∫ +∞

0
f(g)σT (g)gdg , (1.2)

where f(g) is the Maxwell-Boltzmann distribution function and n is the number density.

Indeed, the equation for Pcoll (which is applied to the N(N−1)
2 collision pairs within each

cell) is the stochastic equivalent of the equation for ν, except that particles within a

DSMC cell are not restricted to a Maxwell-Boltzmann distribution and can take on any

value in velocity space. As a result, the DSMC method can model the collision rate

in a nonequilibrium gas and reduces to the theoretical collision rate under equilibrium

conditions. Furthermore, the collision cross-section, σT (g), can be rigorously connected

to an interatomic potential that governs collision dynamics. For monatomic gases,

the cross-section (σT (g)) is analytically linked to the gas transport properties (such

as viscosity), through the well-established Chapman-Enskog theory [15, 32, 56, 89].

Thus, for monatomic gases, there is a well-established connection between interatomic

potentials, the cross-section and collision rate, and macroscopic transport properties.

The DSMC method has been shown over many years to accurately predict such flows

under a wide range of nonequilibrium and equilibrium conditions.

However, when mixtures of diatomic species are considered that involve internal en-

ergy (rotation and vibration) relaxation and chemical reaction processes, corresponding

collision probabilities or cross-sections must be introduced. The typical approach in

DSMC is that collision pairs selected to collide (pairs that have already been accepted

with probability Pcoll above) have a further probability of exchanging internal energy

or chemically reacting. Thus, these pairs are further tested with probabilities such as

Prot, Pvib, and Preact, or they may even be tested for a state-specific transition from an

initial quantized rovibrational state to a final rovibrational state with a “state-to-state”

probability. Such internal energy exchange and chemical reaction models and DSMC

algorithms are less established than for monatomic gases. The focus of this thesis is a

rigorous analysis of these physical models and associated numerical algorithms for the

DSMC method.

Although a number of articles found in the literature are devoted to the modeling
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of internal energy relaxation and chemical reaction processes in the DSMC method,

generally, there is a lack of detail regarding how to consistently and correctly implement

such models within a DSMC program, and discrepancies and inconsistencies are evident

within the literature. Specifically, there are three general types of models available for

internal energy relaxation processes.

1. The first type of DSMC model (termed “phenomenological”) is constructed using

an existing continuum level model. This includes many widely used phenomeno-

logical models for internal energy exchange/relaxation, and chemical reactions

[15, 19, 21–26, 33, 34, 47, 91, 95, 100]. In the continuum model, the internal en-

ergy relaxation process (rotational, or vibrational energy relaxation) is described

by a characteristic time for relaxation (for example τrot and τvib). A DSMC

collision model is constructed, using values of Prot and Pvib that result in simu-

lated relaxation processes that are consistent with the continuum model in the

near-equilibrium limit. Analogous reaction models can link Preact to a contin-

uum reaction rate kf , for chemically reacting flows. Thus, such phenomenological

DSMC models are constructed to be consistent with a continuum model in the

equilibrium limit, however, can be used within DSMC on a collisional basis for

highly nonequilibrium flows.

2. The second type of DSMC model is one that is constructed using some detailed

molecular simulation data from theoretical or computational chemistry, however,

this data is incorporated into a DSMC collision model that is phenomenological

in nature (using Pvib, Prot, and Preact for example) [87, 100].

3. The third type of DSMC model is a state-resolved model [27, 28, 37, 38, 58, 72].

In this type of model, theoretical or computational chemistry results determine

all state-to-state transition probabilities (or cross-sections), which are directly

used within DSMC. This type of method directly simulates realistic quantum

state transitions representative of real molecular collisions and therefore models

nonequilibrium flows at the most fundamental level.

When implementing phenomenological models for rotational/vibrational relaxation

and chemical reactions in DSMC, different authors (and different DSMC codes) gen-

erally use different collision selection procedures [15, 35, 44, 48]. For example, three
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widely used inelastic collision selection procedures include pair selection[22, 67], parti-

cle selection permitting double relaxation[15], and particle selection prohibiting double

relaxation[48]. However, it has been shown that to correctly simulate a specified relax-

ation rate, the inelastic collision probability expression used within the DSMC method

(Prot, Pvib, and Preact) must depend on, or be specific to, the selection procedure[44, 48,

67]. Only the consistent use of a selection procedure and its corresponding probability

expression will result in a DSMC simulation reproducing the desired relaxation rate.

This subtlety can complicate the transferability of probability expressions (collision

models) between DSMC implementations and can also lead to inconsistent comparisons

of DSMC simulations with continuum simulations involving internal energy relaxation in

the near-equilibrium limit. Moreover, for gas mixtures, the collision selection procedure

can affect the simulated relaxation process , since some selection procedures inherently

couple the relaxation probabilities and internal energy redistribution processes of the

different gas species.

The second type of DSMC model typically constructs the probability of internal

energy transfer or chemical reaction to be a function of collision properties only, and

the model is informed in some manner by more detailed molecular computations. Such

models have encountered difficulty in achieving detailed balance and equipartition of

energy at equilibrium conditions [1, 21, 22, 33, 88]. A systematic procedure is needed

to address such issues.

Only very recently have realistic state-to-state models for DSMC been presented in

the literature [27, 58, 92], and no rigorous model framework has been presented that

addresses microscopic reversibility, detailed balance, the connection to gas transport

properties, and the overall consistency of the state-to-state cross-section database.

This thesis describes in detail how the different types of DSMC models should be

implemented in a rigorous and consistent manner. In the process, new algorithms are

developed including a new framework for phenomenological models able to incorporate

results from computational chemistry. Using this framework, a new DSMC model for

rotational energy exchange is constructed. General algorithms are developed for the

various types of methods that inherently satisfy microscopic reversibility, detailed bal-

ance, and equipartition of energy in equilibrium. Furthermore, a new framework for
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developing rovibrational state-to-state DSMC collision models is proposed, and a vi-

brational state-to-state model is developed along the course. The overall result of this

thesis is a rigorous and consistent approach to bridge molecular physics and computa-

tional chemistry through stochastic molecular simulation to continuum models for gases

in strong thermochemical nonequilibrium.

1.2 Outline of the thesis

In Chapter 2, the issue of how particles are randomly selected for collisions within a

given DSMC cell during a given time step is investigated. Especially for gas mixtures,

the algorithm used to select collision pairs and update the internal energies of either

both particles or just one particle involved in the collision, has a direct effect on the

simulated internal energy transfer rates. The same internal energy relaxation model

with the same parameter inputs may lead to different simulated energy transfer rates if

different selection procedures are used. This subtle, but important, aspect of DSMC is

crucial for the transferability of DSMC collision models between DSMC implementations

(codes) and also for obtaining consistency with continuum simulations (CFD) in the

near-equilibrium limit.

In Chapter 3, existing phenomenological models for rotational-vibrational-chemical

nonequilibrium flows are analyzed. Such existing models have not been consistently

compared in the literature. Often the selection procedure used is not identified and

different combinations of rotation, vibration, and dissociation models have been used in

the comparisons, which makes conclusions regarding the differences of a single model

(for example, the vibration model only) difficult to interpret.

In Chapter 4, the physical mechanisms of rotational excitation and relaxation are

analyzed and a new rotational model (for nitrogen) is developed for the DSMC method.

Previously, the translational-rotational relaxation rate has been modeled as either a

function of the translational temperature or simply modeled as a constant value. How-

ever, prior studies have also highlighted that the rate of rotational energy relaxation

may be a strong function of the direction towards the equilibrium state (compressing

flows vs. expanding flows) and also the magnitude of the deviation from equilibrium.

Chapter 4 presents a new nonequilibrium-direction-dependent (NDD) rotational energy
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exchange model for DSMC and multi-temperature Navier-Stokes methods. The DSMC

NDD model is based only on collision-quantities and reduces to a rotational collision

number model in the continuum limit, and is applicable for use with the Jeans relax-

ation equation in CFD calculations. The model is formulated based on recent Molecular

Dynamics (MD) simulations of rotational relaxation in nitrogen [87] and accounts for

the dependence of the relaxation rate on the direction to the equilibrium state. This en-

ables a single parameterization of the model to accurately simulate rotational relaxation

in nitrogen for both compressing and expanding flows, unlike the widely used Parker

model.

In Chapter 5, the formulation and implementation of state-to-state models in the

DSMC method is investigated. Only very recently have realistic state-to-state models

for DSMC been presented in the literature [27, 58, 92], and no rigorous model frame-

work has been presented that addresses microscopic reversibility, detailed balance, the

connection to gas transport properties, and the overall consistency of the state-to-state

cross-section database. Chapter 5 presents a general framework for implementing state-

to-state collision models in the DSMC method. We further develop a vibrational state-

to-state DSMC collision model using the transition probability data provided by the

forced harmonic oscillator (FHO) model [3, 68, 77, 78, 82, 96]. State-to-state DSMC

simulation results are compared with corresponding master equation simulation results.

Finally, in Chapter 6, the issue of grid generation and complex geometry associated

with the DSMC method is investigated. A significant obstacle for new DSMC developers

is the fact that the computational grid must be adapted to the local mean-free-path (i.e.

the density field), which is a result of the simulation itself. This requires adaptive mesh

refinement (AMR) in order to avoid significant user-time for iterative grid generation.

The requirement of AMR and also the desirability of decoupling the flow field grid

(adapted to the local mean-free-path) from the body-surface mesh naturally leads to

the use of Cartesian flow grids and “cut-cell” algorithms to imbed complex geometry.

Although the implementation of multi-level Cartesian flow grids is straight-forward,

general algorithms for cutting complex 3D geometry from a background grid are quite

challenging and tedious in terms of implementation. Chapter 6 details a complete

framework of cut-cell algorithms used to handle the decoupled flow field grids and surface

meshes, for general Cartesian grid based DSMC implementations.



Chapter 2

Particle Selection Procedures for

DSMC Calculations of Gas

Mixtures

2.1 Chapter Introduction

In order to obtain accurate numerical solutions for gas flows in thermochemical nonequi-

librium involving finite-rate translational-rotational-vibrational-chemical relaxation, var-

ious DSMC models [13, 15, 19, 21–26, 29, 33, 34, 44–47, 53, 88, 91, 94, 95, 100] have

been proposed to account for the energy exchange/relaxation between translational,

rotational and vibrational energy modes, as well as chemical reactions. Most of these

models are phenomenological [15], in that a fraction of the collisions are considered as

inelastic/reactive, and are subject to transfer of energies between different energy modes

(usually between translational and internal energy modes) and/or species change; all

the remaining collisions are considered as elastic and only involve translational energy

exchange between the colliding particles. In other words, during the DSMC simula-

tion, every collision is considered for internal energy exchange with an inelastic collision

probability Pi (Prot for rotational inelastic collisions, or Pvib for vibrational inelastic col-

lisions). The objective is to match the DSMC simulated relaxation rate in accordance

8
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with that specified by the relaxation time or collision number in the continuum relax-

ation equation (Eq. 2.1). The same idea is used to model finite rate chemical reaction

process in the DSMC method, where a chemical reaction probability Preact is used to

determine whether each molecular collision is reactive or not. For gas mixtures involving

energy relaxation of different energy modes and chemical reactions of multiple species,

the overall relaxation and chemical reaction processes are very complex; on the other

hand, the collision probabilities simulated by DSMC will also depend on the procedure

used to implement these models. As a result, we need a systematic approach to imple-

ment all the different phenomenological models, to ensure that the correct relaxation

rate, and chemical reaction rate are simulated in the DSMC method.

When implementing phenomenological models for rotational/vibrational relaxation

and chemical reactions in the DSMC method, different authors (and different DSMC

codes) generally use different inelastic collision selection procedures [15, 35, 44, 48]. For

example, three widely used inelastic collision selection procedures include pair selec-

tion [22, 67], particle selection permitting double relaxation [15], and particle selection

prohibiting double relaxation [48]. However, it has been shown that to correctly simulate

a specified relaxation rate, the inelastic collision probability expression used within the

DSMC method must depend on, or be specific to, the selection procedure [44, 48, 67].

Only the consistent use of a selection procedure and its corresponding probability ex-

pression will result in a DSMC simulation reproducing the desired relaxation rate. This

subtlety can complicate the transferability of probability expressions (collision mod-

els) between DSMC implementations and can also lead to inconsistent comparisons of

DSMC simulations with continuum simulations involving internal energy relaxation in

the near-equilibrium limit.

In continuum simulations, relaxation processes are usually modeled by the Jeans

equation or Landau-Teller equation which have the same form [48],

dE

dt
=
E∗(t)− E(t)

τ
, (2.1)

where E(t) is the average energy at time t of either the rotational or vibrational mode

associated with ζ degrees of freedom, and τ is the characteristic relaxation time of the

energy mode. E∗(t) is the instantaneous equilibrium energy of the energy mode, which
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is defined according to the instantaneous translational temperature Tt(t), as,

E∗(t) =
ζ

2
kBTt(t) . (2.2)

The characteristic relaxation time τ in Eq. 2.1, is determined as a function of the

equilibrium gas temperature in previous theoretical and experimental studies [69, 74].

τ is usually expressed as a function of the mean collision time τc, and an inelastic

collision number Z in the following manner,

τ = τcZ . (2.3)

Thus, a rotational or vibrational inelastic collision number (Zrot, Zvib) is used to

specify the relaxation rate, which in general, may be a function of temperature. To

simulate these relaxation processes in DSMC, each particle involved in a collision is

considered for internal energy exchange with an inelastic collision probability,

Prot = f(ζrot,A, ζrot,B, ζt, Zrot) or Pvib = f(ζvib,A, ζvib,B, ζt, Zvib) . (2.4)

Here ζt represents the translational degrees of freedom of the collision pair. ζrot and

ζvib are the effective internal degrees of freedom of the rotational and vibrational en-

ergy modes (corresponding to collision partners A and B) participating in the inelastic

collision [13, 15, 44, 48]. As an example, for the variable hard sphere (VHS) molecu-

lar model [15] with a temperature dependent viscosity exponent of ω, the translational

degrees of freedom participating in a collision is ζt = 5 − 2ω. In general, the exact

form of Eq. 2.4 is specific to the inelastic collision selection procedure used to model

the relaxation process [15, 35, 44, 48]. A number of these inelastic collision selection

procedures have been discussed in several papers, including Lumpkin et al. [67], Haas

et al. [48] and Gimelshein et al. [44].

The effect of the collision selection procedure on the simulated relaxation process

is most significant for gas mixtures, since some selection procedures inherently couple

the relaxation probabilities and internal energy redistribution processes of the different

species. To remedy this, Haas et al. [48] constructed a framework for rotational and

vibrational relaxation suitable for mixtures. However, to relate the DSMC inelastic
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collision probabilities (Prot, Pvib) with the corresponding collision numbers (Zrot, Zvib),

a set of quadratic equations must be solved during each collision for the case when the

collision numbers are temperature dependent. In an article on vibrational relaxation,

Gimelshein et al. [44] used a modified version of the framework by Haas et al. [48] that

uses a single random number to determine the probabilities of rotational and vibrational

energy exchange between the colliding partciles and does not require the solution of

quadratic equations. However, the simulated probabilities do not explicitly appear in

the algorithm by Gimelshein et al. [44], rather they result from inequalities evaluated

using the random number. As a result, it is not clear that the techniques of Haas et

al. [48] and Gimelshein et al. [44] produce the same simulated relaxation for gas mixtures

and, furthermore, the modified algorithm by Gimelshein et al. [44] was not tested on a

gas mixture in the article.

In this chapter, we present a modification to the approach taken by Haas et al. [48],

which also removes the requirement of solving a set of quadratic equations during each

collision, but where the simulated probabilities of rotational and vibrational energy re-

laxation appear explicitly in the algorithm. Ultimately, through this new algorithm,

we are able to analytically prove the equivalence of all three algorithms, and demon-

strate the ability to accurately simulate specified internal energy relaxation rates in gas

mixtures. Section 2.2.1 summarizes the most widely used inelastic collision selection

procedures with specific discussion regarding simulated relaxation processes in gas mix-

tures. In section 2.2.2, the sequential probability selection procedure is described and

the simulated relaxation process for gas mixtures is analytically proven to be equivalent

to that produced by the procedures of Haas et al. [48] and Gimelshein et al [44]. A

discussion of the computational efficiency of the three procedures is also presented in

this section. The ability of the proposed selection procedure to simulate specified inter-

nal energy relaxation rates is demonstrated in section 2.2.3 through comparison with

analytical solutions for isothermal relaxation, and conclusions are drawn in section 2.3.
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2.2 A Sequential Probability Collision Selection Proce-

dure Suitable for Gas Mixtures

2.2.1 Existing inelastic collision selection procedures

For clarity, we summarize the three widely used inelastic collision selection procedures as

they apply to rotational relaxation. For inelastic collisions involving vibrational energy

exchange, the procedures are identical, only the internal energy mode is altered.

(A) Pair selection [22, 67]: The collision pair is tested for rotational inelastic col-

lision with a probability, and once the collision pair is selected, the energy of

both particles in the pair is redistributed. Specifically, the total collision energy

ET = Et+Er,A+Er,B is redistributed between translational and rotational modes,

as E′t and E′r, using the Borgnakke-Largsen (BL) model [19], with ET = E′r +E′t.

The post collision rotational energy E′r is then distributed between the two colli-

sion partners as E′r,A, E
′
r,B again using the BL model with E′r = E′r,A +E′r,B [15].

Each of the three inelastic collision selection procedures has a limit on the small-

est collision number that can be simulated in DSMC, which corresponds to a

simulated rotational inelastic collision probability of 1. Suppose the translational

degrees of freedom of the collision pair is ζt = ζtA|B , and the rotational degrees

of freedom is ζrot, with ζrot = ζrot,A + ζrot,B, where ζrot,A and ζrot,B are the ro-

tational degrees of freedom of the two participating molecules A and B. For the

pair selection procedure, as developed in previous studies [48, 67], the probabil-

ity should be set as Prot = ζt+ζrot
ζt

1
Zrot

. For rotational relaxation, this means the

smallest rotational collision number is Z limitrot = ζt+ζrot
ζt

, which is approximately 2

for nitrogen. Similarly, there is a smallest vibrational collision number that can

be simulated.

(B) Particle selection permitting double relaxation [15]: Each particle in the

collision pair is tested with a probability for rotational inelastic collision individ-

ually. If the first particle is selected for an inelastic collision, the BL model is

used to redistribute the total collision energy between the translational energy of

the pair and the rotational energy of only the selected particle. The second par-

ticle in the pair is then tested for a rotational inelastic collision. If selected, the
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total collision energy used in the BL procedure includes the redistributed trans-

lational energy of the pair from the first collision and only the rotational energy

of the second particle. Thus, if both particles are selected for an inelastic col-

lision, there is some degree of coupling between their relaxation processes. For

this selection procedure, suppose the molecule (particle) under consideration has

rotational degrees freedom ζrot (ζrot = ζrot,A or ζrot,B), similarly, the smallest

rotational collision number that can be simulated in DSMC is Z limitrot = ζt+ζrot
ζt

.

For molecule-molecule collisions, this number is slightly smaller compared to the

first selection procedure, since ζrot only includes the degrees of freedom of one

molecule. Similarly, there is a smallest vibrational collision number that can be

simulated in DSMC.

(C) Particle selection prohibiting double relaxation [48]: The two particles in

the collision pair are tested with a probability for rotational inelastic collision

individually. In this case, the total collision energy is always the sum of the

relative translational energy of the collision pair and the rotational energy of only

the particle being considered. However, if one particle is selected to undergo

a rotational inelastic collision, the other particle is not tested for an inelastic

collision, and the relaxation process for the collision pair ends. Otherwise, the

same procedure is then applied to the second particle in the pair. For this selection

procedure, to have all types of inelastic collisions correctly simulated in DSMC, we

need to satisfy Prot,1+Prot,2+Pvib,1+Pvib,2 < 1 as given later in Eq. 2.9. Compared

to the two previous selection procedures this will correspond to a larger Z limitrot and

Z limitvib that can be simulated in DSMC. Moreover, since the inequality needs to be

satisfied, all values in the sum must be determined as a whole.

Selection procedure (A) couples the relaxation probabilities and energy redistribu-

tion processes for collision pairs of different species, and thus couples the simulated

relaxation process. Although not as direct as procedure (A), procedure (B) also cou-

ples the energy redistribution processes of species when both particles are selected for

rotational relaxation (i.e. double relaxation). Furthermore, when both rotational and

vibrational relaxation processes are considered, a sequential test for rotational followed

by vibrational inelastic collision is required for selection procedures (A) and (B). This
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will inherently couple the rotational and vibrational relaxation processes. Although such

coupling may seem physically realistic, it is stressed that the DSMC collision models

discussed here are phenomenological and are constructed to reproduce specified inter-

nal energy relaxation rates (collision numbers, Z) for a given energy mode and species

interaction. For this reason, in order to accurately simulate the relaxation process of

mixtures, Haas et al. [48] and Gimelshein et al. [44] recommend using selection proce-

dure (C) to decouple the rotational and vibrational relaxation of different species.

The logical steps followed by selection procedure (C) are depicted in Fig. 2.1 (this

is constructed by Haas et al. [48], and is later adapted by Gimelshein et al. and used

in a modified form [44]). First, one of the two particles (from the collision pair) is

selected with equal chance and is tested for rotational relaxation with a specified collision

probability Prot,1 (suppose particle 1 is selected first). As discussed above, if the particle

is chosen to undergo an inelastic collision, the BL model is used to redistribute the post

collision energy and the relaxation of the current pair will finish. Only when the first

particle does not undergo a rotational inelastic collision, will the second particle in the

collision pair be tested for a rotational inelastic collision with probability Prot,2. Again,

the relaxation of the current pair will end if the second particle undergoes an inelastic

collision. Only when the second particle is not chosen for a rotational inelastic collision,

will the two particles be tested individually for a vibrational inelastic collision. In the

same manner, the first particle will be tested with a specified probability Pvib,1 and only

if not selected will the second particle be tested with probability Pvib,2.

As initially proposed by Haas et al. [48], the probabilities Prot,1, Prot,2, Pvib,1 and

Pvib,2, are obtained by solving the set of quadratic equations listed in Eq. 2.5. These

equations relate the probabilities used within DSMC (Prot and Pvib) to specified con-

tinuum rotational collision numbers (Zrot and Zvib). If the collision numbers are not

constant (for example they may be temperature dependent), then the quadratic equa-

tion must be solved for every collision. We also note that if the order of testing for

rotational and vibrational inelastic collisions is reversed, then the quadratic equations
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and instances of Prot,1, Prot,2, Pvib,1, and Pvib,2 must be changed accordingly.

1

2
P 2
rot,1 −

(
1

2

ζt + ζrot,1
ζt

1

Zrot,1
− 1

2

ζt + ζrot,2
ζt

1

Zrot,2
+ 1

)
Prot,1

+
ζt + ζrot,1

ζt

1

Zrot,1
= 0

(2.5a)

1

2
P 2
rot,2 −

(
1

2

ζt + ζrot,2
ζt

1

Zrot,2
− 1

2

ζt + ζrot,1
ζt

1

Zrot,1
+ 1

)
Prot,2

+
ζt + ζrot,2

ζt

1

Zrot,2
= 0

(2.5b)

1

2
(1− Prot,1)(1− Prot,2)P 2

vib,1

−
(

1

2

ζt + ζvib,1
ζt

1

Zvib,1
− 1

2

ζt + ζvib,2
ζt

1

Zvib,2
+ (1− Prot,1)(1− Prot,2)

)
Pvib,1

+
ζt + ζvib,1

ζt

1

Zvib,1
= 0

(2.5c)

1

2
(1− Prot,2)(1− Prot,1)P 2

vib,2

−
(

1

2

ζt + ζvib,2
ζt

1

Zvib,2
− 1

2

ζt + ζvib,1
ζt

1

Zvib,1
+ (1− Prot,2)(1− Prot,1)

)
Pvib,2

+
ζt + ζvib,2

ζt

1

Zvib,2
= 0

(2.5d)

The specific notation used in Eq. 2.5 and throughout the remainder of this chapter

requires a careful description. As depicted in Fig. 2.1, before starting the collision

procedure, the two particles in the pair must be assigned a number (either particle 1 or

2). We use a subscript, i, to denote the particle numbering of the pair (i = 1 or i = 2).

We further note that i does not denote a specific particle type, thus particles i = 1 and

i = 2 may be the same, or different, particle type (monatomic, diatomic, or polyatomic).

In this manner, all parameters denoted by a subscript i (such as Prot,i, Zrot,i, ζrot,i, etc.)

are specific to the relaxation process of particle i. For example, ζrot,i and ζvib,i are the

rotational and vibrational degrees of freedom of only particle i, whereas ζt represents

the available translational degrees of freedom of the collision pair (and thus has no

subscript). Furthermore, Zrot,i and Zvib,i are the rotational and vibrational inelastic



17

collision numbers specific to the relaxation of particle i during a collision with the other

particle in the pair. For example, if both particles are of the same type (A) then the

collision numbers for the two particles would be equal (i.e. Zrot,1 = Zrot,2 = Zrot,A|A).

However, if the two particles were of different types (A for i = 1, and B for i = 2, as an

example), then the collision numbers would be Zrot,1 = Zrot,A|B and Zrot,2 = Zrot,B|A

where in general, Zrot,A|B may be specified as not equal to Zrot,B|A.

2.2.2 Formulation of the sequential probability selection procedure

2.2.2.1 Proposed Modification to the Selection Procedure of Haas et al. [48]

In this section, we propose a modification to the particle selection prohibiting double

relaxation procedure. We keep the structure of selection procedure (C) as shown in

Fig. 2.1 unchanged, while using different expressions to calculate Prot,i and Pvib,i ap-

pearing in the figure. With the modified procedure, we no longer need to solve the

quadratic equations in Eq. 2.5 during each collision when the collision numbers are not

constant. In the original procedure [48], the values of Prot,i appearing in both top and

bottom branches of Fig. 2.1 are exactly equal (the same applies for Pvib,i), and this is

what necessitates the solution of a quadratic equation. In our modified selection proce-

dure (called the sequential probability selection procedure) the values of Prot,i and Pvib,i

appearing in the upper and lower branches of Fig. 2.1 are not the same. Rather, we

calculate the appropriate probability for the specific particle currently under consider-

ation for inelastic relaxation, taking into account the previous branching steps already

completed and their associated probabilities.

Specifically, for the sequential probability selection procedure, when particle i = 1

is tested first (the upper branch of Fig. 2.1), the probabilities Prot,1, Prot,2, Pvib,1, Pvib,2

used in the acceptance-rejection technique for DSMC inelastic collision selection, are

calculated from the following expressions:

A = 1, Prot,1 = AFrot,1 ; (2.6a)

B =
A

1− Prot,1
, Prot,2 = BFrot,2 ; (2.6b)
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C =
B

1− Prot,2
, Pvib,1 = CFvib,1 ; (2.6c)

D =
C

1− Pvib,1
, Pvib,2 = DFvib,2 , (2.6d)

where

Frot,i =
ζt + ζrot,i

ζt

1

Zrot,i
, (2.7)

and

Fvib,i =
ζt + Γi
ζt

1

Zvib,i
. (2.8)

For vibration, if a continuous energy distribution is used [15], then Γi = ζvib,i. Whereas

for the simple harmonic oscillator (SHO) discrete energy level model [15], as discussed

by Gimelshein et al. in Ref. 44, Γi = ξv(T )2exp(θv/T )/2, where ξv(T ) = 2θv/T
exp(θv/T )−1 ,

T is the temperature, and is usually set as the cell averaged translational temperature,

i.e., T = Tt, and θ is the characteristic temperature of vibration (where all parameters

are specific to particle i).

Alternatively, when particle i = 2 is tested first (the lower branch of Fig. 2.1), the

probabilities Prot,1, Prot,2, Pvib,1, Pvib,2 in Fig. 2.1 are still calculated using Eq. 2.6, only

now with subscripts 1 and 2 interchanged.

For such particle selection prohibiting double relaxation selection procedure, the

constraint [44]

Frot,1 + Frot,2 + Fvib,1 + Fvib,2 < 1 (2.9)

must be satisfied. While Eq. 2.9 is satisfied for the majority of nonequilibrium flow

problems, as evident from Eqs. 2.5 and 2.6, if Frot,i were to approach 0.5 there would

be a vanishing number of particles available to be tested for vibrational relaxation

and Pvib,i may become larger than unity. Thus for generality, it is recommended to

test for vibrational relaxation first, followed by rotational relaxation, since Pvib,i is

typically much smaller than Prot,i. This ensures that vibrational relaxation remains

accurate even in extreme cases with very fast rotational relaxation. Changing the order

of rotational and vibrational relaxation only requires interchanging the subscripts (rot,

vib) in Eqs. 2.5 and 2.6. Similarly, when chemical reactions are considered, the collision

pair should be tested for a chemical reaction first. In this situation, to avoid the slight

bias introduced to the rotational and vibrational relaxation rate by the chemical reaction
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probability Preact, the value A in Eq. 2.6 can be modified to A = 1/(1− Preact).
It should be noted that, we can further simplify Eq. 2.6 depending on the value of

A. In the case A = 1, we have Prot,1 = Frot,1, Prot,2 =
Frot,2

1−Frot,1 , Pvib,1 =
Fvib,1

1−Frot,1−Frot,2
and Pvib,2 =

Fvib,2
1−Frot,1−Frot,2−Fvib,2 . While in the case A = 1/(1 − Preact), we have

Prot,1 =
Frot,1

1−Preact , Prot,2 =
Frot,2

1−Frot,1−Preact , Pvib,1 =
Fvib,1

1−Frot,1−Frot,2−Preact and Pvib,2 =
Fvib,2

1−Frot,1−Frot,2−Fvib,1−Preact . These expressions can be used in the actual implementation

of sequential probability selection procedure.

Finally, collision quantity dependent models [21–23, 33, 88, 95, 100] do not have a

direct relationship between the collision probability P and a collision number Z. For

such models, Fi is now a function of some collision quantities (collision energies for

example) and can simplify replace the corresponding Fi in Eq. 2.6. In this manner,

the prescribed relaxation behavior (collision quantity based) can be exactly simulated

with no coupling between internal energy modes or species. Ultimately, the sequen-

tial probability particle selection procedure (detailed in Eqs. 2.6 to 2.8) is aimed at

phenomenological DSMC models (either collision-number or collision-quantity based)

which combine collision probabilities with the Borgnakke-Larsen model for energy re-

distribution. For state-to-state DSMC models, such as the recent model presented by

Boyd et al. [27], further consideration or perhaps a different strategy may be required

to correctly simulate the specified state-to-state processes within a DSMC simulation.

2.2.2.2 Equivalence of Sequential Probability and Original Haas et al. [48]

Selection Procedures

The sequential probability particle selection procedure (Eq. 2.6) achieves the same re-

laxation rate as the original Haas et al. selection procedure [48] (Eq. 2.5). To show this,

we start with the Eq. B11 from Ref. 48,

FA|B =
ζtA|B + ζrA

ζtA|B

1

ZA|B
, (2.10)

which represents the fraction of collisions (on average) that are required to be inelastic

for A particles in order to achieve a relaxation rate consistent with Jeans equation using

a collision number ZA|B. This is also elaborated in Appendix A.2. Given the notation

described at the end of section 2.2.1, Eq. 2.10 is identical to Eq. 2.7 (and Eq. 2.8 in the



20

case of vibration). The objective is to ensure that the collision probabilities (P ) used

within the acceptance-rejection portion of the DSMC algorithm actually result in the

correct inelastic collision fraction (F ) being simulated.

In the original Haas et al. selection procedure [48], FA|B should be the sum of the

probability of two types of inelastic collisions: the relaxation of particle A in the upper

branch of Fig. 2.1, and the relaxation of particle A in the lower branch of Fig. 2.1. For

the case of rotation, the expression takes the following form (Eq. B2 of Ref. 48 with

the right hand side written in current notation):

FA|B =
1

2
Prot,1 +

1

2
(1− Prot,2)Prot,1 = Prot,1(1− 1

2
Prot,2) . (2.11)

Equating Eqs. 2.10 and 2.11 (Eqs. B11 and B2 from Ref. 48), along with the corre-

sponding equation for FB|A, the quadratic equations for collision probabilities (Prot,1

and Prot,2) are obtained as shown in Eq. 2.5 (equivalently Eq. B13 of Ref. 48).

For the sequential probability selection procedure, the collision probabilities appear-

ing in the upper and lower branches of Fig. 2.1 are not equal. We denote probabilities in

the upper branch as PUrot,1, PUrot,2, PUvib,1, and PUvib,2, and probabilities in the lower branch

as PLrot,1, PLrot,2, PLvib,1, and PLvib,2. Consider the rotational relaxation of particle i = 1 (of

type A) through a collision with particle i = 2 (of type B). Using Fig. 2.1 as a reference,

Eq. 2.6 gives the following probability expressions: PUrot,1 = Frot,1, PLrot,1 =
Frot,1

1−PLrot,2
,

PLrot,2 = Frot,2, and PUrot,2 =
Frot,2

1−PUrot,1
. Hence, using the sequential probability selection

procedure, the DSMC simulated inelastic collision fraction FDSMC
A|B is (by reference to

Fig. 2.1 and Eq. 2.11):

FDSMC
A|B =

1

2
PUrot,1 +

1

2
(1− PLrot,2)PLrot,1

=
1

2
Frot,1 +

1

2
(1− PLrot,2)

Frot,1

1− PLrot,2
=Frot,1 .

(2.12)

Thus the simulated inelastic collision fraction resulting from the original Haas et al. [48]

selection procedure and the modified version (the proposed sequential probability selec-

tion procedure) are the same, and both are consistent with the Jeans equation using a
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specified collision number ZA|B.

2.2.2.3 Equivalence of Sequential Probability and Gimelshein et al. [44]

Selection Procedures

In the selection procedure by Gimelshein et al. [44], the calculation of the simulated

collision probability for inelastic collisions and the subsequent use of the acceptance-

rejection technique are combined together, and it is not immediately evident that the

simulated relaxation is equivalent to that produced by the other two selection proce-

dures. In this subsection, we present an analytical proof that this selection procedure is

equivalent to the sequential probability selection procedure, and therefore the three se-

lection procedures are equivalent in that they produce the same macroscopic relaxation

rate.

We start with the equations shown in Fig. 1 of Ref. 44,

A1 = Frot,1 (2.13a)

A2 = Frot,1 + Frot,2 (2.13b)

A3 = Frot,1 + Frot,2 + Fvib,1 (2.13c)

A4 = Frot,1 + Frot,2 + Fvib,1 + Fvib,2 (2.13d)

Based on our understanding, the four terms Pr,A, Pr,B, Pv,A, Pv,B in Fig. 1 of Ref. 44,

should correspond to the four terms Frot,1, Frot,2, Fvib,1, Fvib,2 in the current chapter.

Therefore, we have changed the notation of these four terms to the current chapter

notation when rewriting the above equations. In the Gimelshein et al. procedure [44],

a random number Rn between [0, 1] is first selected, and then subsequently used to

test each type of relaxation collision according to the acceptance-rejection technique.

In these tests, the inequalities of the form Rn > A1 and Ai < Rn < Ai+1(i = 1, 2, 3) are

sequentially tested. If one inequality is true, then the corresponding inelastic collision

relaxation is performed, and the procedure ends for the current collision pair. Only if

one inequality does not hold, will the subsequent inequality be tested.

(1) Rn < A1

With the random number Rn ∈ [0, 1] and the acceptance-rejection technique, we
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should have the simulated DSMC collision probability for rotational relaxation of par-

ticle 1 (particle A in Ref. 44) as,

P simrot,1 = A1 = Frot,1 (2.14)

(2) A1 < Rn < A2

If A1 < Rn, then the random number is Rn ∈ [A1, 1]. If further Rn < A2, we should

have,

Rn −A1 < A2 −A1 . (2.15)

Denote R1 = Rn −A1, then R1 ∈ [0, 1−A1], and we have,

A2 −A1 > R1 ∈ [0, 1−A1] . (2.16)

This is equivalent to
A2 −A1

1−A1
>

R1

1−A1
= R∗1 ∈ [0, 1] , (2.17)

where we have defined a new variable R∗1 = R1
1−A1

. As a result, the DSMC simulated

collision probability for rotational relaxation of particle 2 (particle B in Ref. 44) is,

P simrot,2 =
A2 −A1

1−A1
=

Frot,2
1− Frot,1

. (2.18)

(3) A2 < Rn < A3

If A2 < Rn, then we have,

R∗1 > P simrot,2 =
A2 −A1

1−A1
, (2.19)

and R∗1 ∈ [A2−A1
1−A1

, 1].

If Rn < A3, then it corresponds to,

R∗1 <
A3 −A1

1−A1
. (2.20)
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Denote R2 = R∗1 − A2−A1
1−A1

, then R2 ∈ [0, 1− A2−A1
1−A1

]. With Rn < A3, we then have,

R2 <
A3 −A1

1−A1
− A2 −A1

1−A1
=
A3 −A2

1−A1
, (2.21)

i.e.,
A3 −A2

1−A1
> R2 ∈ [0, 1− A2 −A1

1−A1
] . (2.22)

This is equivalent to

A3−A2
1−A1

1− A2−A1
1−A1

>
R2

1− A2−A1
1−A1

= R∗2 ∈ [0, 1] , (2.23)

where we have defined a new variable R∗2 = R2

1−A2−A1
1−A1

= R2

1−
Frot,2

1−Frot,1

. As a result, the

DSMC simulated collision probability for vibrational relaxation of particle 1 (particle

A in Ref. 44) is,

P simvib,1 =
A3−A2
1−A1

1− A2−A1
1−A1

=

Fvib,1
1−Frot,1

1− Frot,2
1−Frot,1

. (2.24)

(4) A3 < Rn < A4

If A3 < Rn, then we have,

R∗2 > P simvib,1 =
A3−A2
1−A1

1− A2−A1
1−A1

, (2.25)

and R∗2 ∈ [P simvib,1, 1].

If Rn < A4, then we should have,

R∗2 <
A4−A2
1−A1

1− A2−A1
1−A1

. (2.26)

Denote R3 = R∗2 − P simvib,1 = R∗2 −
A3−A2
1−A1

1−A2−A1
1−A1

, then R3 ∈ [0, 1 − P simvib,1] = [0, 1 −
A3−A2
1−A1

1−A2−A1
1−A1

].

With Rn < A4, we then have,

R3 <
A4−A2
1−A1

1− A2−A1
1−A1

−
A3−A2
1−A1

1− A2−A1
1−A1

=
A4−A3
1−A1

1− A2−A1
1−A1

, (2.27)
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i.e.,
A4−A3
1−A1

1− A2−A1
1−A1

> R3 ∈ [0, 1− P simvib,1] = [0, 1−
A3−A2
1−A1

1− A2−A1
1−A1

] . (2.28)

This is equivalent to

A4−A3
1−A1

1− A2−A1
1−A1

/
(1− P simvib,1) >

R3

1− P simvib,1

= R∗3 ∈ [0, 1] , (2.29)

where we have defined a new variable R∗3 = R3

1−P simvib,1
. As a result, the DSMC simulated

collision probability for vibrational relaxation of particle 2 (particle B in Ref. 44) is,

P simvib,2 =
A4−A3
1−A1

1− A2−A1
1−A1

/(
1− P simvib,1

)
=

Fvib,2
1−Frot,1

1− Frot,2
1−Frot,1

/1−
Fvib,1

1−Frot,1

1− Frot,2
1−Frot,1

 . (2.30)

By simplification, we have P simrot,1 = Frot,1, P simrot,2 =
Frot,2

1−Frot,1 , P simvib,1 =
Fvib,1

1−Frot,1−Frot,2
and P simvib,2 =

Fvib,2
1−Frot,1−Frot,2−Fvib,2 , which are the same as the collision probabilities given

by the sequential probability selection procedure. Therefore, we have shown that the

three approaches to select potential inelastic collisions according to the particle selection

prohibiting double relaxation procedure are equivalent and will give the same macro-

scopic relaxation rate.

2.2.2.4 Time cost comparison of the three approaches

In this section, we give a rough estimation of the time cost of the three different ap-

proaches for particle selection prohibiting double relaxation. It should be noted, how-

ever, that the time cost of selecting appropriate particles to relax contributes a negligible

portion of the total DSMC simulation time.

All operations required to calculate Prot,1 etc., are floating point. For the purpose

of comparison, we prescribe that the time cost of summation/subtraction is 1, the time

cost of multiplication/division is 2, the time cost of a square root is 3, the time cost

of an IF statement is 4, and the time cost for generating one random number is 5. As

an example, assume that the rotational collision numbers are Zrot,1 = 5, Zrot,2 = 10,

and the vibrational collision numbers are Zvib,1 = 100, Zvib,2 = 200. By counting the
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total number of operations involved in each selection procedure, we arrive at an ap-

proximate total time cost for the three different particle selection prohibiting double

relaxation procedures. The results are shown in Table. 2.1, for both the constant colli-

sion number and temperature dependent collision number cases. It should be noted, the

time costs shown are rough estimations, and only account for the operations associated

with the collision probability calculation, generating random numbers for acceptance-

rejection techniques, and IF statements used to determine potential inelastic collision

types. Again it is stressed that these time costs represent a negligible amount of the

total DSMC simulation time cost.

Table 2.1: Time cost of the three approaches.

Approach Haas et al.[48] Current approach Gimelshein et al.[44]

Constant Zrot, Zvib 1 1 0.47

Variable Zrot, Zvib 1 0.41 0.27

2.2.3 Verification of the sequential probability selection procedure

To test the sequential probability selection procedure, we conduct an isothermal relax-

ation simulation for a mixture of two species, where the translational temperature of

the system is maintained at a constant value of Tt = 10, 000 K. To maintain the trans-

lational temperature of the system at a constant value, each time step, we regenerate

the velocities of all particles contained in the simulation domain, following a Maxwell-

Boltzmann distribution at Tt = 10, 000K. The rotational and vibrational energies of

the particles are not changed during this process. Since the translational temperature

is constant during an isothermal relaxation simulation, the mean collision time is also

a constant, and the resulting Jeans equation has an analytical solution.

As outlined in Ref. 48, for a multi-species gas mixture, the internal energy relaxation

rate of a species j is determined through summing all inelastic contributions due to

collisions with all possible collision partners k in the system,

dErot,j
dt

=
∑
k

E∗rot,j(t)− Erot,j(t)
τrot,j|k

=
∑
k

E∗rot,j(t)− Erot,j(t)
τc,j|kZrot,j|k

(2.31a)
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dEvib,j
dt

=
∑
k

E∗vib,j(t)− Evib,j(t)
τvib,j|k

=
∑
k

E∗vib,j(t)− Evib,j(t)
τc,j|kZvib,j|k

. (2.31b)

For isothermal relaxations, E∗rot,j(t) = Erot,j(∞), and E∗vib,j(t) = Evib,j(∞). If ro-

tational and vibrational relaxation times are assumed to depend only on translational

temperature, then τrot = τcZrot and τvib = τcZvib are constant, and Eqs. 2.31a and 2.31b

have the following analytical solution:

Erot,j(∞)− Erot,j(t)
Erot,j(∞)− Erot,j(0)

= exp

(
−
∑
k

t

τc,j|kZrot,j|k

)
(2.32a)

Evib,j(∞)− Evib,j(t)
Evib,j(∞)− Evib,j(0)

= exp

(
−
∑
k

t

τc,j|kZvib,j|k

)
. (2.32b)

Using Ej =
ζj
2 kBT , the above two equations can be written in terms of temperature,

as,

Trot,j(∞)− Trot,j(t)
Trot,j(∞)− Trot,j(0)

= exp

(
−
∑
k

t

τc,j|kZrot,j|k

)
(2.33a)

ζvib,j(∞)Tvib,j(∞)− ζvib,j(t)Tvib,j(t)
ζvib,j(∞)Tvib,j(∞)− ζvib,j(0)Tvib,j(0)

= exp

(
−
∑
k

t

τc,j|kZvib,j|k

)
, (2.33b)

where ζvib,j(0), ζvib,j(∞) and ζvib,j(t) are the effective vibrational degrees of freedom

at time 0, ∞, and t, respectively.

The specified rotational and vibrational collision numbers for the two species are

listed in Table. 2.2, together with the variable hard sphere (VHS) parameters used in the

DSMC simulations. A characteristic vibrational temperature of θv = 3390K is assumed

for both species. The two species have mole fractions of 0.3 and 0.7, respectively. The

VHS model parameters used for the two species (ω, dref in Table 2.2) correspond to those

of N2 and O2, however, the rotational and vibrational collision number Zrot and Zvib do

not correspond to the values for those gas species, and are set here for demonstration

purpose only . The simulation results are shown in Fig. 2.2 for the relaxation history of

the rotational and vibrational temperatures of each species in the mixture. It is evident

that the sequential probability selection procedure is able to accurately simulate the

specified relaxation rate.
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Table 2.2: Simulation parameters specific to each collision pair.

j|k Zrot Zvib ωj,k dj,kref (×10−10m) Tref (K)

1|1 5 40 0.74 4.17 273

1|2 8 60 0.755 4.12 273

2|1 10 80 0.755 4.12 273

2|2 15 60 0.77 4.07 273

(a) Rotational temperature (b) Vibrational temperature

Figure 2.2: The rotational and vibrational relaxation temperature in an isothermal
reservoir simulation using the sequential selection procedure.

As a further demonstration, a similar isothermal relaxation simulation is conducted

using the pair selection procedure (selection procedure (A)). Specifically the form of

Eq. 2.4 as given by both Lumpkin et al. [67] and Haas et al. [48] is used. This simulation

considers only rotational relaxation and the rotational collision numbers are modified

from Table. 2.2 to be Zrot = 10 for collisions 1|2 and 2|1, and to be Zrot = 20 for

collision 2|2. The results using the sequential probability selection procedure are shown

in Fig. 2.3(a) and the results from the pair selection procedure (selection procedure (A))

are shown in Fig. 2.3(b). Clearly, the results using the pair selection procedure do not

agree with the analytical solution for the mixture, whereas the sequential probability

selection procedure exactly reproduces the analytical solution in the same manner as

the original procedure of Haas et al. [48].
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(a) Sequential selection procedure result (b) Pair selection procedure result

Figure 2.3: Comparison of two different selection procedures for rotational relaxation
in a two species mixture in an isothermal reservoir simulation.

2.3 Chapter Conclusions

A modification to an existing inelastic collision selection procedures is presented in this

chapter, which is referred to as the sequential probability selection procedure. Simple

expressions for the inelastic collision probabilities used in DSMC simulations are detailed

that do not require the solution of a set of quadratic equations for each collision. This

modified procedure is analytically proven to be equivalent to both the original procedure

of Haas et al. [48] and the modified framework of Gimelshein et al. [44]. Thus, all three

procedures (for particle selection prohibiting double relaxation) simulate the same in-

ternal energy relaxation processes in gas mixtures and the ability to accurately simulate

prescribed phenomenological relaxation rates for mixtures is demonstrated. Accuracy of

the modified selection procedure is verified through comparison with analytical solutions

for rotational and vibrational isothermal relaxations.

The modified procedure of Gimelshein et al. [44], that achieves specified relaxation

rates using a single random number for each collision, has the simplest implementation

and is more computationally efficient than the sequential probability selection procedure

presented in this chapter. However, the simulated probabilities do not explicitly appear

in the algorithm by Gimelshein et al. [44], rather they result from inequalities evaluated
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using the random number. Whereas the sequential probability selection procedure uses

the simulated probabilities directly within the algorithm.

It is noted that the computational cost of any of the three selection procedures is

negligible compared to the overall cost of a DSMC simulation. Thus, the purpose of

this chapter is to convey a clear understanding of the accuracy implications of the in-

elastic collision selection process for DSMC simulations of gas mixtures, to prove the

equivalence of various selection procedures, to verify their ability to reproduce phe-

nomenological internal energy relaxation rates in gas mixtures, and finally to detail the

implementation of these procedures so that no inconsistencies are introduced when prob-

ability expressions (collision models) are transferred between DSMC implementations

and when DSMC simulations are compared with continuum simulations.



Chapter 3

Phenomenological Models for

Flows in Thermochemical

Nonequilibrium

3.1 Chapter Introduction

For hypersonic flow occurring at high flight altitude (i.e., at low density), the flow field

usually contains regions of strong gradient due to the high flight speed, and the in-

teraction of flow and object inside the flow field. This includes strong shock waves

and expansion zones. Such regions are usually associated with different characteristic

relaxation time for different energy modes and flow phenomena (translational, rota-

tional, vibrational relaxation, chemical reaction, and radiation phenomena), because

of the dramatic temperature changes involved. As a result, the flows are usually in

thermochemical nonequilibrium condition, involving finite-rate translational-rotational-

vibrational-chemical relaxation. To model such flow phenomena, the DSMC method

[15] has been widely used.

As already discussed in Chapter 2, the DSMC method is usually coupled with the

phenomenological models for internal energy exchange/relaxation, and chemical reac-

tions [15, 19, 21–26, 33, 34, 47, 91, 95, 100]. Specifically, the internal energy relaxation

30
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process (the rotational, or vibrational energy relaxation) is described by a characteris-

tic time for relaxation, or equivalently a collision number for each relaxation process,

as shown in the Jeans or Landau-Teller equation (Eqs. 2.1 and 2.3 of Chapter 2). In

the phenomenological model approach, the characteristic relaxation time or the collision

number for each relaxation process is then linked to a corresponding collision probability

Pi (Prot or Pvib) in the DSMC simulation, according to Eq. 2.4 of Chapter 2 [15, 48, 67].

The objective is to match the DSMC simulated relaxation rate in accordance with that

specified by the relaxation time or collision number in the Jeans or Landau-Teller equa-

tion (Eqs. 2.1 and 2.3 of Chapter 2). Pi is generally a function of the inelastic collision

number Zi, and the specific inelastic collision selection procedure used to model the re-

laxation process [44, 48] as discussed in Eq. 2.4 of Chapter 2. The equation is re-written

here as,

Pi = f(ζi,A, ζi,B, ζt, Zi) , (3.1)

where ζt is the translational degrees of freedom of the collision pair (for the variable

hard sphere (VHS) molecular model with a temperature dependent viscosity exponent

of ω, ζt = 5 − 2ω), and ζi,A, ζi,B are the effective internal degrees of freedom of the

energy mode participating in the inelastic collision for the colliding partners A and B,

respectively. The exact form of f(ζr,A, ζr,B, ζt, Zi) for some typical inelastic collision

selection procedures have been discussed in Chapter 2.

The same idea is used for modelling finite rate chemical reaction processes in the

DSMC method, where a chemical reaction probability Preact is used to determine

whether each molecular collision will be reactive or not. The chemical reaction prob-

ability Preact is usually expressed as a function of the collision energy, and the overall

objective is to link such probability to the Arrhenius type chemical reaction rate [15, 47].

In other words, with the properly specified Preact, the temperature dependent Arrhenius

reaction rate are simulated under equilibrium conditions in the DSMC method.

Since the collision number Zi (Z appearing in Eq. 2.3 of Chapter 2) is usually tem-

perature dependent, Pi obtained from Eq. 3.1 also has a temperature dependence. Such

temperature dependence should be maintained in the DSMC method. There are usu-

ally three types of approaches to achieve the overall temperature dependence of Pi. In

the first two approaches, Pi is directly calculated using Eq. 3.1, where the temperature
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dependence is achieved by Zi. In the first approach, Zi is calculated using a macro-

scopic temperature, which is either the cell-averaged temperature (averaged over all

the particles in one collision cell or sampling cell) or the collision-averaged tempera-

ture (averaged over all the collision pairs in one cell). In the second approach, Zi is

calculated using an effective collision temperature (discussed later in Eq. 3.9), which

is obtained from dividing the available energy participating in the collision with the

corresponding degrees of freedom [15, 16]. In the third approach, a collision quantity

dependent pi is used (it is denoted as pi to distinguish from Pi), where pi usually de-

pends on the relative translational energy and the internal energy of the collision pair.

Upon integration of pi over the corresponding equilibrium distribution function (the rel-

ative translational energy and internal energy distribution function), the temperature

dependent collision probability Pi, described by Eq. 3.1, will be achieved [2, 23, 24, 88]

(this will be discussed in more detail in Chapter 4 and Appendix A). In the first two

approaches, because the inelastic collision probability Pi is related to some macroscopic

temperature through Eq. 3.1, it can be directly related to Eq. 2.1 – 2.3. The imple-

mentation should be such that equipartition of energy between different energy modes

is achieved at equilibrium, and detailed balance is satisfied [16, 33]. Particularly for

the third approach, the equipartition of energy between different energy modes at equi-

librium may not be achieved without proper treatment of the bias introduced by the

collision quantity dependent pi [1, 88]. This has been shown previously for both the

rotational and vibrational relaxation processes [1, 2, 22, 34, 88], and will be discussed

later in this chapter and in more detail in Chapter 4.

The post collision energies of the colliding particles are usually determined by the

Borgnakke-Larsen (BL) model [19]. In this model, the post collision energies of the

colliding particles are sampled from an equilibrium distribution corresponding to the

available energy modes participating in the inelastic collision. The original BL model

assumes a continuous internal energy distribution for both rotation and vibration en-

ergy. The continuous internal energy assumption, works well for rotational mode, as

rotation energy is usually fully excited even at relatively low temperature, and can be

treated continuously. Vibration energy, however, is not fully excited until at very high

temperature [15]. As a result, the vibration energy is usually considered as discrete

energy levels, and a modified BL model is used for post collision vibrational energy
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redistribution [13]. The phenomenological relaxation models are used to set the correct

relaxation rate for rotational or vibrational relaxation, meanwhile, the BL model en-

sures that the desired equilibrium states are reached. The combined use of these models

achieve the correct relaxation rate and energy equipartition at equilibrium.

When the flow temperature increases, chemical reactions will occur, and molecules

will start to dissociate. To simulate such chemically reacting flows, several phenomeno-

logical models have been proposed. Among these models are Bird’s total collision energy

(TCE) model [15], the vibrational favored dissociation (VFD) model by Haas et al. [47],

and the recently proposed quantum-kinetic (QK) chemical reaction model by Bird [17].

The VFD model was developed specifically to model dissociation reactions account-

ing for the coupled vibration-dissociation behavior at high temperatures [47, 83]. The

TCE model and the QK model can be used for general chemical reaction simulations

including exchange reactions and recombination reactions. The idea behind all of these

models are similar to those for rotation and vibration relaxation, and the post reaction

energies of each species are usually determined using the BL model. The overall objec-

tive of these models is to maintain the correct macroscopic reaction rate as a function

of temperature. Such phenomenological models depend on the availability of existing

experimental, theoretical, and computational data on reaction rates, which are usually

expressed as a function of temperature.

In this chapter, we first discuss the existing phenomenological models for rotational,

vibrational relaxation and chemical reaction processes in the DSMC method. The mod-

els selected in this chapter are then implemented in a consistent and modular fashion,

in a three dimensional Cartesian grid based DSMC code [43], using the sequential prob-

ability collision selection procedure outlined in Chapter 2. Model implementations are

validated using problems with analytical solutions, and using simple zero dimensional

adiabatic and isothermal reservoir simulations. As representative cases, we further con-

duct a detailed comparison of existing phenomenological models for vibrational relax-

ation and dissociation reactions, using both the above mentioned simulations and one

dimensional stagnation line simulations of hypersonic flow. The comparisons of existing

rotational relaxation model will be given in Chapter 4, together with the discussion of

a new rotational relaxation model named NDD model. The phenomenological models

discussed in this chapter are generally based on different procedures and ideas, and
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contain different types of model parameters that are determined either through experi-

mental results or through physical arguments. Because of this, the comparisons should

be conducted carefully to avoid any misleading conclusions that may be due to improper

selection of the parameters used in these models.

Specifically, section 3.2 discuss the existing phenomenological rotational relaxation

models commonly used in the DSMC method. Section 3.3 discuss the implementation

and consistent comparison of existing phenomenological vibrational relaxation models

in the DSMC method. Section 3.4 discuss the existing chemical reaction models in the

DSMC method, and their implementation for dissociation reactions (TCE, VFD, and

QK models) [15, 17, 47]. Section 3.5 discuss the consistent comparisons of the various

phenomenological vibrational relaxation and dissociation models for one dimensional

stagnation line simulations [15] of hypersonic flow. The conclusions of this chapter are

then drawn in section 3.6.

3.2 Phenomenological Models for Rotational Relaxation

As described by the Jeans equation (Eqs. 2.1 and 2.3) and discussed in Chapter 2, the

rotational relaxation in the continuum simulation, is usually modeled by the rotational

collision number Zrot, which is defined as

Zrot =
τrot
τc

(3.2)

where τrot, τc are the rotational relaxation time, and the molecular mean collision time,

respectively. Depending on the gas species and the temperature range under considera-

tion, Zrot may be considered as a constant, or assumed to be temperature dependent [15].

For the constant Zrot case, the rotational inelastic collision probability in the DSMC

simulation can be obtained according to Eq. 3.1 directly, with Zi = Zrot = constant,

and the inelastic collision selection procedure used.

Usually, the rotational collision number Zrot is temperature dependent. Zrot can

be correlated with existing experimental results, expressed as a general temperature

dependent function. Alternatively, the Parker temperature dependent rotational colli-

sion number model could be used, which has an analytical expression for Zrot derived

from theoretical analysis, and may be further parametrized with existing experimental
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results. Generally, in the Parker model, Zrot has the form,

Zrot(T ) =
Z∞r

1 + a(T ∗/T ) + b(T ∗/T )
1
2

, (3.3)

where Z∞r , a, b, T
∗ are model constants, and T is the translational temperature [21, 66].

Specifically for N2–N2 collision, Z∞r = 23.5, a = π(1 + π/4), b = π3/2/2, T ∗ = 91.5

K. In this case, as discussed in section 3.1 (the chapter introduction), a cell-averaged

temperature may be defined for each DSMC collision cell or sampling cell. Then for

each DSMC collision/sampling cell, a Zrot may then be calculated using Eq. 3.3 for

example. The calculation of rotational inelastic collision probability is then the same

as the constant Zrot situation.

Alternatively for the temperature dependent Zrot case, a collision energy dependent

probability prot(εt, εr) may be used. Various rotational models of this type have been

developed [21, 22, 25, 26, 33, 95]. The derivation of such models, and the connection

between prot and Zrot are discussed in detail in Chapter 4 and Appendix A. The post

collision energy redistribution using the BL model is also discussed in Chapter 4 and

Appendix A.

3.3 Phenomenological Models for Vibrational Relaxation

3.3.1 Existing vibrational relaxation models

Similar as rotational collision number Zrot, the vibrational collision number Zvib, is

defined as,

Zvib =
τvib
τc

(3.4)

where τvib, τc are the vibrational relaxation time, and the molecular mean collision time,

respectively. τvib is usually a function of temperature, and according to the experimental

correlation by Millikan and White [69, 88], it usually has the following form,

pτvib = exp(
A

T 1/3
+B) (3.5)

where p is pressure, T is the translational temperature, and A, B are constants related to

molecular properties. As a result, Zvib has a temperature dependence. At temperatures
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higher than 8,000 K (beyond the range of Millikan and White correlation for Zvib), Park’s

high temperature correction is usually added [88]. The inelastic collision probability Pvib

is then related to Zvib based on Eq. 3.1, conditional on the inelastic collision selection

procedure and the vibrational energy description used.

To account for the temperature dependence of Pvib in DSMC simulations, three

types of relaxation models are used. One approach uses the cell-averaged temperature

to calculate Pvib, similarly as that described for rotational relaxation. In the approach

proposed by Boyd [13, 23, 24, 88], a relative collision velocity dependent inelastic

collision probability pvib(g) is used, where pvib(g) has the form,

pvib(g) =
1

Z0
gα exp(−g

∗

g
) (3.6)

Upon integration of pvib(g) over the equilibrium relative velocity distribution function

f(g),

Pvib =

∫ ∞
0

pvib(g)f(g)dg , (3.7)

the macroscopic temperature dependent Pvib is obtained, and the constants in Eq. 3.6

are determined according to Eq. 3.7 and the macroscopic Pvib expression.

Another type of model proposed by Bird [15, 16], uses the collision energy to set the

vibrational collision probability for each colliding pair. In this approach, the vibrational

energy is considered as discrete [13], and Zvib is expressed as,

Zvib =

(
θd
T

)ω [
ZREF

(
θd

TREF

)−ω][( θdT )1/3
−1

]
/

[(
θd

TREF

)1/3
−1

]
, (3.8)

where θd is the characteristic temperature for dissociation, ZREF is the vibrational col-

lision number at the reference temperature TREF , and ω is the temperature dependence

of cross-section in the variable hard sphere (VHS) collision model. Such a Zvib approx-

imates the Millikan and White correlation and is also corrected for high temperatures.

For a collision pair with translational energy Et and vibrational energy Ev, the collision

energy is Ec = Et + Ev. An effective collision temperature Tc is calculated as,

Tc =
2Ec
kBζc

(3.9)
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where ζc represents the degrees of freedom of the energy modes participating in the

inelastic collision, which usually includes both the vibrational and the translational en-

ergy modes. Then the vibrational collision probability for the collision pair is calculated

according to Eq. 3.8 and Eq. 3.1.

For all the different vibrational models discussed here, to ensure equipartition of

energy at equilibrium condition, the post collision energies of each collision pair selected

for inelastic collision, are then sampled using the general BL model [15, 19]. Depending

on the description of the vibrational energy mode, the details of the energy redistribution

processes are different. For continuous vibrational energy description, the BL model

process is the same as that for rotational relaxation model. While for vibrational mode

using the discrete quantized vibrational energy description, the BL model procedure is

discussed in Ref. [13].

3.3.2 Comparison of existing vibrational relaxation models

In this section, we test the following four vibrational relaxation models using an adia-

batic reservoir simulation. The four models are,

1. Bird’s expression of Zvib based on the effective collision temperature.

2. A model using Bird’s effective collision temperature, however, with a Zvib based

on the Millikan-White correlation with Park’s high temperature correction.

3. Boyd’s velocity dependent collision probability model, where the probability is

averaged over all collision pairs within a cell (cell-averaged). The high temperature

correction proposed by Boyd is also used in this model.

4. Boyd’s velocity dependent collision probability model, where pvib is directly cal-

culated using the collision relative velocity. The high temperature correction pro-

posed by Boyd is also used in this model.

The different expressions for vibrational collision number are shown in Fig. 3.1.

The high temperature correction 1 and 2 refers to the two different expressions used

to account for vibrational collision number and characteristic relaxation time at high

temperature. 1 refers to the original expression by Park [73], and 2 refers to the ex-

pression proposed to use in DSMC simulation by Haas et al. [47] and Boyd [27]. At
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temperatures below around 8,000K, all expressions for the vibrational collision num-

ber agree with each other except Eq. 3.8. It should be noted, however, with a different

choice of reference temperature TREF and its corresponding collision number ZREF , this

expression by Bird can give good agreement with the Millikan-White correlation and

Park high temperature correction in a wide temperature range. The collision velocity

based vibrational inelastic collision probability in model 4 is also integrated numerically

in DSMC simulation to get the corresponding macroscopic vibrational collision num-

ber. As can be seen from Fig. 3.1(c), overall, it agrees well with the Millikan-White

correlation over the whole temperature range.

When the velocity based probably pvib of Eq. 3.6 is used directly in DSMC sim-

ulation, due to the bias introduced by the selection of collision pairs, equipartition of

energy is not satisfied at equilibrium, as can be seen from Fig. 3.2(a), where an adiabatic

reservoir simulation of vibrational relaxation is conducted. While using the correction

proposed by Abe [1], equipartition is satisfied and the correct equilibrium can be estab-

lished as seen in Fig. 3.2(a) (this phenomena is more generally discussed in Chapter 4).

To further test the velocity based vibrational relaxation model (model 4) with the cor-

rection from Abe, an isothermal relaxation simulation is conducted, and the results are

shown in Fig. 3.2(b). As can be seen in the figure, the correct relaxation rate is reached

when compared to an analytical solution.

In order to further compare model 3 against model 4, the same isothermal relaxation

simulation is conducted. Although not shown, model 3 (which uses a cell-averaged colli-

sion velocity based probability) exactly reproduces the analytical solution in Fig. 3.2(b)

and thus gives a slightly different relaxation result than model 4. To further investigate

this difference the vibrational energy distribution functions are computed. In Fig. 3.3(a)

the vibrational energy distribution functions computed using model 3 are compared to

Boltzmann distributions at various times, showing highly nonequilibrium behavior at

early times. As seen in Fig. 3.3(b), the vibrational distribution functions for both model

3 and model 4 are virtually identical, for this isothermal relaxation process.

We further test the four vibrational relaxation models using an adiabatic reservoir

simulation. The results for the four models are shown in Fig. 3.4. As can be seen from

the figure, when using Eq. 3.8 (model 1) to calculate the vibrational collision number

during the DSMC simulation, the vibrational relaxation rate is faster compared to the
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(a) The vibrational characteristic relaxation time as a function
of temperature

(b) Temperature dependence of the vibrational collision num-
ber Zvib = τvib/τc,V HS

(c) Temperature dependence of the vibrational collision number
Zvib = τvib/τc,V HS , collision based probability

Figure 3.1: The temperature dependence of the characteristic vibrational relaxation
time τvib and vibrational inelastic collision number Zvib.
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(a) Vibrational relaxation in an adiabatic reservoir
using the collision based vibrational collision prob-
ability (model 4), with and without correction of
bias introduced by the vibrational collision selec-
tion rule.

(b) Vibrational relaxation in an isothermal reser-
voir using the collision based vibrational collision
probability (model 4).

Figure 3.2: The adiabatic and isothermal relaxation of the vibrational mode using
Boyd’s collision based vibrational relaxation model.

Millikan-White result. When the Millikan-White expression is used with Bird’s effective

collision temperature (model 2), the vibrational temperature profiles agrees well with

model 3. Although model 3 and model 4 have the same relaxation rate for isothermal

relaxation simulations, as can be seen from Fig. 3.2(b), there is noticeable difference

in the vibrational temperature profile between these two models for the adiabatic re-

laxation. To further investigate this difference, the vibrational energy distributions for

model 3 and model 4 are compared for the adiabatic relaxation. Fig. 3.4(c) shows the

highly nonequilibrium energy distributions by plotting the results of model 3 against

corresponding Boltzmann energy distributions. In Fig. 3.4(b), the vibrational energy

distributions resulting from model 3 and model 4 are overlaid at specific times during

the relaxation, where some discrepancies are evident. However, when the distributions

are compared at the same vibrational temperature (not the same time), the results

produced by model 3 and model 4 are in very close agreement. This suggests that for

adiabatic relaxation, the same structure of the vibrational energy distribution functions

result from both model 3 and model 4, however, the overall relaxation rate itself is
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(a) The vibrational energy distribution at differ-
ent times when using model 3. The solid lines are
Boltzmann distributions at the corresponding vi-
brational temperature.

(b) Comparison of vibrational energy distribution
functions for model 3 (symbols) and model 4 (solid
lines).

Figure 3.3: Comparison of the vibrational energy distribution function using the velocity
dependent vibrational collision probability averaged over the cell, and the direct velocity
dependent probability

slightly different. This could be attributed to the fact that both methods employ the

BL model for post-collision energy redistribution.

3.4 Phenomenological Models for Chemical Reactions

3.4.1 Existing models for dissociation reactions in DSMC

The models we compare for dissociation reactions are the following three models:

1. The TCE model of Bird [15].

2. The vibrational favored dissociation (VFD) model by Haas and Boyd [47].

3. The Q-K quantum chemical reaction model proposed recently by Bird [17].

The dissociation reaction rate constant kf is usually expressed in the Arrhenius form,

as

kf = AT η exp(− Ed
kbT

) (3.10)



42

(a) Temperature history of the adiabatic reservoir
simulation for four different models.

(b) Vibrational energy distribution functions for
model 3 (symbols) and model 4 (lines) at differ-
ent times.

(c) Vibrational energy distribution functions for
model 3 (symbols) compared to Boltzmann distri-
butions (lines) at different times.

(d) Vibrational energy distribution functions for
model 3 (symbols) and model 4 (lines) at times
corresponding to the same vibrational temperature
Tvib.

Figure 3.4: The temperature history and the vibrational energy distribution function
of the adiabatic reservoir simulation for vibrational excitation.

where A, η are some constants, and Ed is the dissociation energy.
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In DSMC, the dissociation reaction probability is generally expressed as a function

of the collision energy. Upon integration of the dissociation probability over the corre-

sponding equilibrium collision energy distribution function, the macroscopic equilibrium

dissociation reaction rate constant kf as specified by Eq. 3.10 is obtained. For disso-

ciation reaction, the dissociation probability is expressed as Eq. 3.11 and Eq. 3.12 for

TCE and VFD model, respectively.

Pdiss,TCE = A1(Ec − Ed)A2(1− Ed/Ec)A3 (3.11)

Pdiss,V FD = C1
(Ec − Ed)C2

(Ec − Evib)C3
Eφvib (3.12)

where A1, A2, A3, C1, C2, C3 are some constants related to the species collision param-

eters and the dissociation reaction rate constant kf . φ is the vibrational favoring pa-

rameters used in VFD model.

(a) Comparison of the dissociation reaction rate

constant kf for N2 + N2

kf−−→ N + N + N2 be-
tween the specified values and results obtained
from DSMC simulation using TCE model.

(b) Comparison of the dissociation reaction rate

constant kf for N2 +N2

kf−−→ N +N +N2 between
the analytical values of QK model and the results
obtained from DSMC simulation using Q-K model.

Figure 3.5: Validation of the DSMC simulated dissociation rate constant kf for TCE
model and QK model

In order to validate the implementations of these dissociation models, the reaction

rate simulated by DSMC is compared with the corresponding analytical expression and
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the specified reaction rate constant. Results are shown for the TCE model in Fig. 3.5(a)

and for the QK model in Fig. 3.5(b). Since the VFD model with a vibrational favoring

parameter of φ = 0 is the same as the TCE model, the results for the VFD model are

not shown. From the figures we can see that the reaction rate constant achieved in

DSMC simulation agrees well with the specified kf for the TCE model, and the DSMC

result agrees well with the analytical expression [17, 40, 41] for the QK model.

Different experimental results exist regarding the N2 dissociation rate constant at

different temperatures. To get an overall feeling of the existing dissociation rate constant

expressions, representative data are plotted in Fig. 3.6 for the following two dissociation

reactions using existing experimental results. [11, 12, 57, 73]

N2 +N2
kf−→ N +N +N2 (3.13a)

N2 +N
kf−→ N +N +N (3.13b)

(a) Dissociation rate coefficient for N2 + N2

kf−−→
N +N +N2

(b) Dissociation rate coefficient for N2 + N
kf−−→

N +N +N

Figure 3.6: Comparison of existing experimental dissociation rate constant for N2.

As can be seen from Fig. 3.6, usually there is an order of magnitude difference

in different expressions at high temperature, where the dissociation rate constant is

extrapolated. In this chapter, we choose the dissociation rate expression by Kewley and
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Hornung [57] for stagnation line simulations using both TCE and VFD models. While

for the QK model, the dissociation rate constant is self specified based on the DSMC

simulation parameters. For the VFD model, we choose a vibrational favoring parameter

of φ = 3, as recommended by Haas and Boyd [47].

3.5 One Dimensional Stagnation Line Simulations

3.5.1 Stagnation line simulation validation

To assess the accuracy of the one dimensional stagnation line simulation technique pro-

posed by Bird [15], results from our implementation of this 1D algorithm are compared

with results for 2D flow over a vertical flat plate under the same simulation conditions.

The result are shown in Fig. 3.7. The flow has a Mach number of Ma∞ = 25, free

stream temperature T∞ = 200K, free stream density ρ∞ = 1.60 × 10−5kg/m3, and a

wall temperature of Tw = 1500K (this flow conditions are used for all the simulations

in this section). The VHS model parameters are given in Table 3.1. We use a constant

rotational collision number of 5 (defined according to VHS model mean collision time

τc) [87]. The results shown for the 2D flow are obtained using cells next to the symmetry

plane, and the results are along a straight line. For the 1D stagnation line simulation,

particles are removed near the wall regions after the shock wave and boundary layer

have been established. Special selection rules are employed for particles selected to be

removed near the wall region, to satisfy the conservation of mass, momentum and en-

ergy. As can be seen from Fig. 3.7, the 1D stagnation line results are in close agreement

with those of the 2D vertical flat plate results. Thus the use of 1D stagnation line sim-

ulations for model-model comparison between the different relaxation and dissociation

models is appropriate.

Table 3.1: The VHS model parameters
Collision pair ω Tref (K) dref (m)

N2 −N2 0.72 273 4.17× 10−10

N −N 0.80 273 3.0× 10−10

N2 −N 0.76 273 3.585× 10−10
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(a) Temperature along the stagnation line. (b) Velocity along the stagnation line.

(c) Density along the stagnation line.

Figure 3.7: Comparison of results between the stagnation stream line for flow over a
vertical flat plate, and the one dimensional stagnation line. The symbols are the vertical
flat plate result, and the lines are the one dimensional stagnation line results.

3.5.2 Comparison of existing dissociation models in DSMC

Simulations are first conducted to compare only the vibrational relaxation models for

a stagnation line flow. Thus, for these simulations, dissociation reactions are not con-

sidered. Since model 1 for vibrational relaxation gives a very fast relaxation rate, it

is not included in the stagnation line comparison. The results for the remaining three
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models are shown in Fig. 3.8, Fig. 3.10(a) and Fig. 3.10(c). Since the Millikan-White

correlations are used for all three models, it is found that they give similar results for

temperature, velocity and density profiles. Model 2 predicts a slightly faster vibrational

relaxation rate. This is because that the effective temperature, Tc, is computed for

collision pairs, and it is biased toward a higher temperature. This results in a lower

vibrational collision number, and hence a faster vibrational relaxation rate. The stag-

nation point pressure and heat flux is also shown in Table 3.2. The three models give

near identical results for both the stagnation point pressure and heat flux.

Simulations are next conducted to compare the three dissociation models. For a

consistent comparison, the simulations are all conducted using vibrational relaxation

model 4. The results are shown in Fig. 3.9, Fig. 3.10(b) and Fig. 3.10(d). Clearly, the

QK model predicts the lowest vibrational temperature. This is consistent with the fact

that the dissociation rate constant produced by the QK model is one order of magnitude

higher than the experimental results used in this paper in the current temperature range

(see Fig. 3.5(b) and Fig. 3.6(a)).

Both TCE and VFD models use the same dissociation rate constant from Kewley

and Hornung [57]. In the shock layer, the vibrational temperature is lower than the

translational temperature. Due to the vibrational favoring effect, the dissociation cross-

section predicted by the VFD model is generally lower than that predicted by the TCE

model (for the same collision pair) where the dissociation cross-section is based on the

total energy of the colliding pair. As a result, the TCE model gives a slightly higher

dissociation rate and a larger N mole fraction as can be seen from Fig. 3.9(c), 3.9(d).

Furthermore, the vibrational energy distribution function (EDF) for the different

models are compared in Fig. 3.10, corresponding to the same location. Generally, dif-

ferent vibrational models, and dissociation models result in different vibrational EDF.

As expected, the stagnation point heat flux is lower for the cases where dissociation

reactions are considered compared to the cases where no dissociation reactions are con-

sidered. This can be seen from Table. 3.2. The stagnation point pressure is virtually

unaffected by the vibration and dissociation models investigated. When dissociation

is considered, the stagnation point heat flux is only mildly affected by the models in-

vestigated, resulting in a maximum difference of roughly 15%. It is noted that various

combinations of rotational, vibrational, and dissociation models may result in larger
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(a) Temperature along the stagnation line. (b) Velocity along the stagnation line.

(c) Density along the stagnation line.

Figure 3.8: Comparison of stagnation line flow using different vibrational relaxation
model

discrepancies. The models we compared are essentially constructed to reproduce the

same experimentally determined rate data and all use the BL model for post-collision

energy redistribution, whereas new state-to-state models have been proposed more re-

cently [3, 27, 31, 37, 38, 55, 68, 77, 78]. Furthermore, comparisons for dissociated air

mixtures may increase model discrepancies. Finally, if surface chemical reactions driven

by atomic species impacting the wall are important, then the total heat flux including
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surface chemistry may be more significantly affected by the models examined in this

chapter.

(a) Temperature of N2 along the stagnation line (b) N2 density along the stagnation line

(c) Mole fraction of N2 along the stagnation line. (d) Mole fraction of N along the stagnation line.

Figure 3.9: Comparison of stagnation line flow using different dissociation models.

3.6 Chapter Conclusions

In this chapter, existing phenomenological models for modelling rotational, vibrational

relaxation, and chemical reaction processes in the DSMC method are first detailed.
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(a) The vibrational energy distribution function at
point x = −0.0225m for different vibrational mod-
els without considering dissociation reaction.

(b) The vibrational energy distribution function at
point x = −0.0225m for different dissociation mod-
els.

(c) The vibrational energy distribution function at
point x = −0.045m for different vibrational models
without considering dissociation reaction.

(d) The vibrational energy distribution function at
point x = −0.045m for different dissociation mod-
els.

Figure 3.10: Comparison of vibrational energy distribution function for different models.
The lines are the Boltzmann distribution function corresponding to the vibrational
temperature at the selected location. The symbols are the results from different models.
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Table 3.2: DSMC results for stagnation point pressure and heat flux, using different
vibrational relaxation models and dissociation models.

Simulation Vibration relax-
ation model

Dissociation model Pressure (Pa) Heat flux
(W/cm2)

1 Model 2 No dissociation 770.54 42.52

2 Model 3 No dissociation 769.73 42.30

3 Model 4 No dissociation 770.07 42.43

4 Model 4 TCE model 767.20 34.51

5 Model 4 VFD model 767.55 36.66

6 Model 4 QK model 765.53 31.73

These models are then implemented in a modular fashion within a three-dimensional

Cartesian grid based DSMC code [43]. During such implementation, the effect of the

inelastic collision selection procedure on the relaxation process is also discussed. Several

conclusions are draw from this chapter:

1) Using the sequential probability selection procedure as a consistent framework,

existing DSMC models for rotational and vibrational relaxation are implemented in a

modular fashion, and compared with each other using both isothermal and adiabatic

relaxation calculations as well as one dimensional stagnation line simulations for hyper-

sonic flow conditions. The rotational relaxation models implemented in this chapter,

have inelastic collision probabilities which correspond to either a constant collision num-

ber or a Parker temperature dependent collision number [74]. Regarding the vibrational

relaxation models implemented in this chapter, an expression for Zvib(T ), parametrized

by molecular properties, proposed by Bird [16] (where an effective collision-based tem-

perature is used to calculate Zvib(T )) is found to predict a significantly faster vibra-

tional relaxation rate compared to other models constructed to reproduce relaxation

data from Millikan and White [69]. For relaxation calculations, when Bird’s effective

collision-based temperature model is used with Zvib(T ) matching Millikan and White

data, agreement with the other models considered was obtained. Furthermore, the cell-

averaged velocity dependent collision probability model of Boyd [23] was compared with

the direct velocity dependent model of Boyd [23, 88] (probability determined for each

collision), with Abe’s correction to achieve equipartition of energy at equilibrium [1]. It
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was found that both models agreed precisely for isothermal vibrational relaxation calcu-

lations, where the mean collision time is a constant, however showed a small difference

in vibrational temperature profiles for adiabatic relaxations. For the one dimensional

stagnation line flow simulation, the two models of Boyd agreed precisely, while the

approach of Bird (also fit to Millikan and White data) predicted a slightly faster vibra-

tional relaxation rate. All three vibrational relaxation models predicted virtually the

same stagnation point pressure and heat flux.

2) Three existing dissociation models for the DSMC method are implemented in

a modular fashion. Using a consistent vibrational relaxation model, the three dissoci-

ation models are compared using one dimensional stagnation line simulations. When

using the same reaction rate constant (kf ), as expected, the TCE model is shown to

give a higher dissociation rate of N2 compared to the VFD model using a vibrational

favoring parameter of φ = 3 [47]. The QK dissociation model predicted the highest N2

dissociation rate of any model. Thus the largest difference in stagnation point heat flux

(roughly 15%) was found between the QK and VFD models, while all models predicted

the same stagnation pressure (refer to Table 3.2).

The purpose of this chapter is not to make conclusions about the physical accuracy

of any of the models investigated. Rather, the purpose is to present a consistent and

rigorous comparison of the most widely used DSMC internal energy transfer and disso-

ciation models. If DSMC predictions are to be compared to continuum CFD predictions

for near-continuum flows, or the development of hybrid DSMC-CFD methods are to be

extended to chemically reacting flows, then such models for internal energy relaxation

and dissociation must be precisely defined and properly implemented. The material

presented in this chapter is aimed towards this general goal.

Finally, to reduce the ambiguity in the comparisons, all the models implemented and

compared in this chapter are based on data and information generally available from

existing literatures and publications. The adjustment of the model parameters may be

possible on a case-by-case basis, in order to bring the models into closer agreement with

each other, or experimental data.



Chapter 4

Nonequilibrium-Direction-

Dependent Rotational Energy

Model

4.1 Chapter Introduction

As discussed in the previous chapter, in continuum simulations, rotational energy re-

laxation is usually modeled by the Jeans equation [48],

dε̂r
dt

=
ε̂∗r(t)− ε̂r(t)

τr
, (4.1)

where ε̂r(t) is the average rotational energy at time t with ζr degrees of freedom, and

τr is the characteristic rotational relaxation time. ε̂∗r(t) is the instantaneous equilib-

rium rotational energy, which is defined according to the instantaneous translational

temperature Tt(t),

ε̂∗r(t) =
ζr
2
kBTt(t) , (4.2)

where kB is the Boltzmann constant. τr is usually expressed in terms of the mean

collision time τc, and the rotational inelastic collision number Zrot,

τr = τcZrot . (4.3)

53
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For DSMC [15] simulations, various models for rotational energy relaxation have been

proposed [15, 21, 22, 25, 26, 33, 49, 60–63, 95]. Almost all of these models are phe-

nomenological and based on the Borgnakke-Larsen (BL) approach [19], where each se-

lected collision pair is tested for an inelastic collision (involving energy exchange between

the translational and rotational energy modes, εt and εr), with a collision probability

prot. This probability, prot, is then either directly or indirectly related to Zrot in some

fashion, as discussed in the previous chapter.

The rotational inelastic collision number, Zrot in Eq. 4.3, has been shown to depend

on the gas temperature in previous theoretical [74], computational [14, 66, 71], and ex-

perimental studies [10, 30, 42, 50, 59]. In general, previous continuum and DSMC mod-

els successfully established the temperature dependence of Zrot. However, most of the

models are constructed based upon some variant of the Parker model [74]. The Parker

model was derived analytically by invoking several physical assumptions [66, 87, 95],

and the resulting values of Zrot are generally higher than predictions reported using

more advanced computational methods [14, 71, 87]. Furthermore, in the Parker model,

Zrot is a function of the translational temperature only. However, it has often been ques-

tioned if the rotational collision number, Zrot, may depend not only on the translational

temperature, but also on the direction toward the equilibrium state [21, 66, 87]. For

example, compressing flows (such as a shock wave) involve regions where the rotational

energy in the gas is much less than the translational energy, and thus rotational energy

is being excited. Whereas, expanding flows involve regions where rotational modes can

become partially frozen, containing more energy than the translation modes, and thus

rotational energy is being de-excited. For the same translational temperature, Zrot may

not be the same for both cases. Finally, although the previous rotational relaxation

models established a temperature dependence of Zrot, some of the models fail to satisfy

the equipartition of energy between the translational and rotational energy modes under

thermal equilibrium [1, 22, 33].

All of these aspects of rotational energy modeling in DSMC are thoroughly assessed

in a review article by Wysong and Wadsworth [95]. Specifically, the article concludes

that difficulties remain in reducing state-to-state rate constants to a rotational collision

number expression (i.e., Zrot) due to complications involving collision selection routines

(how prot is precisely related to Zrot), complications achieving equipartition of energy,
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and approximations required to obtain an analytical form for the model. More funda-

mentally, the article concludes that, “the primary complicating factor, and that which

may be of most use in improving phenomenological models of the process, is the poten-

tially large effect of the size and sign of the initial deviation from equilibrium” [95]. The

present chapter addresses each of these issues in-turn, resulting in a computationally

efficient and physically realistic model for rotational energy relaxation that can be used

in both continuum (Navier-Stokes) and DSMC simulations.

The development of this model was directly enabled through a recent study by

Valentini, Zhang, and Schwartzentruber [87], where the rotational relaxation of nitro-

gen was analyzed using Molecular Dynamics (MD) simulation. The MD calculations

provided the detailed quantitative information required to establish the dependence of

Zrot on both the temperature of the system and the initial nonequilibrium direction

(i.e., compression versus expansion). The interatomic potential used for nitrogen and

the MD simulation results were extensively validated against other computational re-

sults and experimental data [87]. In theory, these MD results could be used to form a

state-resolved model for translational-rotational energy exchange in nitrogen (examples

of such models can be found in Refs. 76, 79, 93), or alternatively to determine com-

plete post-collision state probability density functions to be used with a cross-section

based model such as the Dynamic Molecular Collision (DMC) model [81]. However, the

premise of the current chapter is that such physically complex (and computationally

expensive) models may not be necessary to accurately describe translational-rotational

energy transfer. As an example, as part of the initial MD study [87], a demonstrative

DSMC model was implemented that included dependence of Zrot on both Tt and Tr,

resulting in a significant increase in accuracy compared to the Parker model for both

compressing and expanding flows. This demonstrative model relied on cell-averaged

temperatures. The purpose of the current chapter is to develop a model more applica-

ble to DSMC simulations that is based only on the properties of molecules involved in

a specific collision.

This chapter is organized as follows: section 4.2 describes the formation of the pro-

posed Nonequilibrium-Direction-Dependent (NDD) model. Section 4.2.1 details how

the inelastic collision selection procedure should be generally handled, section 4.2.2 de-

scribes the functional form of the model and consistency with the Jeans equation in



56

the continuum limit, section 4.2.3 presents a general form for the post-collision energy

distribution, outlines its use within the BL model framework, and explains the behav-

ior of prior rotational models in the literature. Section 4.3 describes the NDD model

parameterization using data from MD and lists the final NDD model equations for ni-

trogen. The model is validated with pure MD solutions for normal shock waves and

one dimensional (1D) expansions in section 4.4, and the conclusions of this chapter are

summarized in section 4.5. Relevant supporting mathematical analysis for the model

development is included in Appendix A.

4.2 Nonequilibrium-Direction-Dependent Model Formula-

tion

In this section, we formulate the Nonequilibrium-Direction-Dependent (NDD) rotational

collision model for translational-rotational energy exchange. The DSMC collision model

uses a probability of inelastic collision of the form,

prot = prot(εt, εr; ζt, ζr) = prot(εt, εr) . (4.4)

Here εt and εr are the relative translational energy and rotational energy involved in an

individual collision with translational and rotational degrees of freedom ζt and ζr, re-

spectively. This probability of inelastic collision is then incorporated within the general

Borgnakke-Larsen (BL) model [19] framework. In the continuum limit, the model re-

duces to a rotational collision number of the form Zrot = Zrot(Tt, Tr), incorporated into

the Jeans equation (Eqs. 4.1-4.3), which is appropriate for multi-temperature computa-

tional fluid dynamics (CFD) simulations. The general formulation of such a model is not

trivial and involves a number of considerations not clearly described in the literature.

Specifically, the NDD model formulation includes dependence on the specific DSMC in-

elastic collision selection procedure (how molecules or molecule pairs are stochastically

selected for inelastic collisions). Furthermore, a general expression for the correct BL

post-collision energy distribution is derived that ensures equipartition of energy. Fi-

nally, the formulation includes a connection factor accounting for the energy gain (or

loss) that is required for consistency with the Jeans equation. All of these considerations
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are accounted for while ensuring the physical accuracy and numerical efficiency of the

resulting NDD collision model.

4.2.1 Inelastic collision selection procedure

As discussed in depth in Refs. 48 and 67, the exact probability expression used within a

DSMC simulation (Eq. 4.4), must depend on the collision selection procedure employed.

As discussed in the previous chapter, the most popular collision selection procedures

include pair selection [48, 67], particle selection permitting double relaxation [15], and

particle selection prohibiting double relaxation [44, 48]. Combining the same probability

expression with different selection procedures will generally result in different simulated

relaxation processes. Thus, although absent in the majority of DSMC articles, it is

stressed that both the collision model(s) and the collision selection procedure should be

identified when presenting DSMC simulation results. In regards to new model devel-

opment, the inelastic collision selection procedure effectively determines the available

degrees of freedom within each collision. As will be described in upcoming sections, the

available degrees of freedom must be specified to sample the correct BL post-collision

energy distribution and to account for the energy gain connection factor required for

consistency with the Jeans equation.

If the collision pair consists of a molecule colliding with an atom, then the only

internal degrees of freedom are that of the molecule and all selection procedures produce

the same result. However, if the collision is between two molecules, then different

selection procedures will result in different energy modes participating in the collision.

For example, consider an inelastic collision between two molecules having rotational

energy of εr,1 and εr,2, associated with ζr,1 and ζr,2 degrees of freedom, respectively. For

the pair selection procedure [48, 67], both molecules participate in the inelastic collision,

and the rotational energy in the collision is εr = εr,1+εr,2, associated with ζr = ζr,1+ζr,2

degrees of freedom. The post collision energy exchange is achieved between εt and εr

first, and then between the two rotational energy modes εr,1 and εr,2. Whereas for the

particle selection permitting double relaxation [15] and the particle selection prohibiting

double relaxation procedures [44, 48], only one of the two molecules participates in the

collision with its rotational energy. The other molecule is treated as an atom and its

rotational energy does not change during the collision. The energy exchange is between
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εt and εr, where εr = εr,i and associated with ζr = ζr,i degrees of freedom (i = 1 or 2

depending on which molecule is participating in the collision).

The proposed NDD rotational energy exchange model is derived generally in terms

of the energies (εt, εr) and degrees of freedom (ζt, ζr) that participate in selected colli-

sions within the DSMC simulation. Thus, the model equations derived in this chapter

are valid for all types of inelastic collision selection procedures as long as the partici-

pating energy modes and degrees of freedom are assigned consistently. In terms of the

participating translational degrees of freedom, ζt should be set consistently with the

cross-section model employed, such as the variable hard sphere (VHS) model [15], for

which ζt = 5− 2ω, where ω is the exponent of the desired temperature dependent vis-

cosity, having the form µ = µref (T/Tref )ω, as discussed in the previous chapter. This

general formulation for participating energy modes is used in section 4.2.3.1 to derive

the correct BL equilibrium distribution to sample post-collision states. In section 4.3

(and also detailed in Appendix A.2), the participating energy modes determine the en-

ergy gain connection factor [48, 67] required for consistency with the Jeans equation.

However, this connection factor can only be obtained analytically for simple models

(such as constant prot model), and for the present NDD model it is determined through

simulations. Thus, the derived model equations are general to all collision selection

procedures, except for the value of this connection factor. Specifically, the NDD model

is developed using the VHS model and the modified form [97] of the particle collision

prohibiting double relaxation procedure [48], which is therefore used to determine the

connection factor. As discussed in Ref. 48, this selection procedure has clear advantages

for multi-species simulations. A simple and computationally efficient implementation of

the selection procedure, which has been proposed in Ref. 97 and detailed in the previous

chapter, is used here for the NDD model development.

4.2.2 Functional form for prot and consistency with Zrot

Since rotational energy relaxation is typically much faster than vibrational and chemical

relaxation, strong thermochemical nonequilibrium (where velocity and energy distribu-

tion functions may not be Maxwell-Boltzmann) is required for significant rotational-

translational nonequilibrium. Thus, the primary purpose of this chapter is to develop
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a DSMC model based only on individual collision properties that is therefore physi-

cally accurate for flows in strong nonequilibrium. A secondary objective is to formulate

this model such that, in the continuum limit, it reduces to a Jeans equation model

with a temperature dependent rotational collision number. Whereas prior DSMC rota-

tional models were constructed to reproduce a specific, near-equilibrium, temperature

dependent collision number (such as the Parker model) [21, 22], the proposed model is

constructed using the recent nonequilibrium MD results detailed in Ref. 87.

To this purpose, it is desirable to find a functional form for the DSMC probability

model (prot) that is able to accurately reproduce the nonequilibrium-direction depen-

dence clearly seen in the MD results, has an analytical form in the continuum limit,

and is computationally efficient to employ. We find that a power law dependence,

prot ∼ (εt/εr)
n and Z ∼ (Tr/Tt)

n, has each of these desirable characteristics. Specifi-

cally, for the temperature dependent rotational collision number, we use an expression

of the form [39, 87],

Zrot(Tt, Tr) =
Z∞r

1 + T ∗

Tt

(
Tr
Tt

)n
. (4.5)

Therefore, in the thermal equilibrium limit (Tt = Tr = T ), this reduces to Zrot(T ) =

Z∞r /(1+ T ∗

T ). The constants Z∞r and T ∗ are determined by comparing with the MD data

in the thermal equilibrium limit; specifically T ∗ = 180 and Z∞r = 7.7 are shown to give

the best agreement for N2-N2 collisions. Figure 4.1 plots the new model result alongside

prior numerical results for the temperature dependence of the rotational collision num-

ber. It is noted that compared to the Parker model, the other computational studies

determined a much weaker temperature dependence for Zrot. Indeed, the MD results

[87] showed that the nonequilibrium-direction and initial degree of nonequilibrium has

a more dominant effect on Zrot than the translational temperature.

In order to determine an analytical functional form for the nonequilibrium DSMC

probability model (prot), we start with the following expression that links the collision

probability with a collision number [21, 22, 33, 95]:

1

Zrot(Tt, Tr)
=

∫ ∞
0

∫ ∞
0

p̃rot(εt, εr)f(εt, εr;Tt, Tr)dεtdεr . (4.6)

In this equation, p̃rot is an intermediate probability (which will be explained later in this
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Figure 4.1: Comparison of rotational collision number Zrot as a function of temperature
in the limit of thermal equilibrium (Tt = Tr = T ) for N2-N2 collisions.

section), and f(εt, εr;Tt, Tr) is the joint equilibrium energy distribution function of εt

and εr (that participate in selected collisions as discussed in section 4.2.1) corresponding

to temperature Tt and Tr. This joint distribution can be expressed as

f(εt, εr;Tt, Tr) = f(εt;Tt)f(εr;Tr) , (4.7)

where for a continuous energy mode εi with ζi degrees of freedom, the equilibrium energy

distribution function corresponding to temperature Ti is [15, 52],

f(εi;Ti) =
1

Γ( ζi2 )kBTi

(
εi

kBTi

) ζi
2
−1

e
− εi
kBTi , (4.8)

where Γ(·) is the Gamma function, and the subscript i could represent either translation

(t) or rotation (r).

Equation 4.6 is a generalization of the expressions used in the development of prior

rotational models [21, 22, 33] based on collision quantities (such as εt, or εc = εt + εr).

Upon substitution of Eq. 4.5 into Eq. 4.6, we find the following unique solution for p̃rot
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(this derivation is detailed in Appendix A.1):

p̃rot(εt, εr) =
Γ( ζt2 )Γ( ζr2 )

Γ( ζt2 + n)Γ( ζr2 − n)Z∞r

[
1 +

(
ζt
2

+ n− 1

)
kBT

∗

εt

](
εt
εr

)n
. (4.9)

For this solution, n 6= 1 and its precise value is determined later through comparison

with the MD data in section 4.3. As discussed in section 4.2.1, the energies (εt, εr)

and associated degrees of freedom (ζt, ζr) should be those that participate in selected

collisions within the DSMC simulation. In this manner, the solution in Eq. 4.9 is valid

for any inelastic collision selection procedure.

It is important to note that p̃rot (i.e., in Eq. 4.6 and 4.9) is not the probability that

should be applied within the DSMC simulation. In general, satisfying Eq. 4.6 (and

thus the direct use of p̃rot in DSMC) does not guarantee that the energy relaxation rate

simulated by DSMC will be consistent with the Jeans equation (using the corresponding

Zrot) [95]. This is due to an inconsistency between the average energy gain in the Jeans

equation compared to the average energy gain resulting from inelastic collisions within

a DSMC simulation. Essentially, although p̃rot and Zrot consistently define the average

rate of inelastic collisions, the energy gain resulting from these collisions within DSMC is

not contained in the expression for Zrot, and thus the simulated energy relaxation process

may not be consistent with the Jeans equation. This fact has been extensively studied by

previous researchers for the constant Zrot (and hence constant prot) situation [48, 67, 95].

Specifically, for this constant Zrot situation, p̃rot = 1
Zrot

(see Eq. 4.6), and a connection

factor C was proposed as

prot = Cp̃rot , (4.10)

where prot is the probability to be directly applied in the DSMC simulation. The exact

form of the required connection factor C depends on the DSMC post-collision energy

redistribution (for example the BL method), which depends on the degrees of freedom

associated with εt and εr participating in collisions. Thus, as discussed in section 4.2.1,

C also depends on the inelastic collision selection procedure used. For the specific case

where prot is a constant, it has been shown that C = (ζt + ζr)/ζt, where the degrees

of freedom are those participating in inelastic DSMC collisions [48, 67]. As will be

detailed in section 4.3 (and in Appendix A.2), there is no closed-form expression for
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C for the proposed NDD rotational energy model, and its value must be determined

through simulation [95].

In summary, the final NDD model for the probability of inelastic collision directly

applied to selected DSMC collision pairs (prot) is given by Eqs. 4.9 and 4.10. The

inelastic collision number expression (Zrot in Eq. 4.5) is analytically determined in

closed-form to be consistent with p̃rot for any general collision cross-section model and

inelastic collision selection procedure. In the limit of thermal equilibrium (Tt = Tr = T ),

the model reproduces the MD data (see Fig. 4.1). The only remaining parameters to

be determined include: (1) the power law exponent n, which is required to accurately

model the dependence of rotational relaxation on the initial degree of nonequilibrium

and direction to the equilibrium state, and (2) the final value of C.

4.2.3 Detailed balance and equipartition of energy

Prior to determining the parameters n and C, which involves comparisons between

DSMC and MD simulation results, a description of the post-collision energy redistri-

bution employed by the new NDD model is required. Specifically, the NDD model is

developed within the general Borgnakke-Larsen (BL) framework [19]. In this subsec-

tion, a general procedure for collision-quantity based relaxation models is presented that

ensures detailed balance and the equipartition of energy at equilibrium. This general

procedure not only explains the implementation used in the new NDD model, but also

mathematically resolves a number of prior reported failures, as well as various correc-

tions, regarding detailed balance and the equipartition of energy found in the literature.

4.2.3.1 Post-collision equilibrium distribution ensuring detailed balance

Consider the probability that an arbitrary collision pair with specific participating ener-

gies (εt, εr) will be selected to undergo an inelastic collision within a DSMC simulation

of an equilibrium gas (Tt = Tr = T ). First, the selection of an elastic collision pair is

based on the pair’s relative translational energy (εt) specific to a particular cross-section

model (such as the VHS model with associated ζt). Thus, εt found in selected elastic

collision pairs follows the equilibrium distribution, f(εt;T ), given in Eq. 4.8. Next,

since the rotational energy, εr, of each molecule is independent of εt in an equilibrium

gas, the probability density that a selected elastic collision pair has a rotational energy
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equal to εr is f(εr;T ), again given in Eq. 4.8. Thus, the probability density that a colli-

sion pair with energies (εt, εr) will be selected for an elastic collision is f(εt;T )f(εr;T ).

Finally, inelastic collision pairs are selected from available elastic collision pairs with

a probability prot(εt, εr) (specific to a particular rotational relaxation model) using an

acceptance-rejection method. The overall result is that, within a DSMC simulation of

an equilibrium gas, an arbitrary collision pair with specific participating energies (εt, εr)

and degrees of freedom (ζt, ζr) will be selected to undergo an inelastic collision with the

general probability density: f(εt;T )f(εr;T )prot(εt, εr). In what follows, we show that

in order to maintain the equilibrium state within the general BL model framework,

the post-collision properties of inelastic collisions should be sampled from this same

distribution: f(εt;T )f(εr;T )prot(εt, εr).

Specifically, for elastic collisions, detailed balance is achieved through the collision

cross-section model (i.e., the VHS model). Since during an elastic collision, εt does

not change, and the elastic collision cross-section depends only on εt, the microscopic

reversibility relationship will be satisfied, and the translational energy will stay in the

correct equilibrium state. However for an inelastic collision (with participating εt and

εr), the post collision relative translational energy ε′t and rotational energy ε′r should

satisfy the following equation,

ε′t + ε′r = εt + εr = εc , (4.11)

where εc is the collision energy. Since the collision pair (εt, εr) selected to undergo in-

elastic collision, follows the distribution f(εt;T )f(εr;T )prot(εt, εr), as discussed above,

then within the BL model framework, the post collision energies (ε′t, ε
′
r) should be sam-

pled from the same distribution, i.e., f(εt;T )f(εr;T )prot(εt, εr), in order to maintain the

equilibrium state of the system. We note that this distribution function is general to any

cross-section model, collision selection procedure, and any rotational energy exchange

probability model (prot). The idea here is that, by sampling the same distribution func-

tion for both the collision pair selection and post collision energy redistribution, all the

selected inelastic collision pairs will stay in the correct equilibrium state. As all particles

in the system have a chance to be selected for inelastic collision, this will ensure that

the whole system maintains the equilibrium state.



64

4.2.3.2 Acceptance-rejection sampling

In order to determine (sample) post collision energies (ε′t, ε
′
r) after an inelastic collision,

the acceptance-rejection technique is typically employed. To sample a continuous dis-

tribution f(x), the standard inequality used is: u ≤ f(y)/M . Here, the value y is drawn

from a uniform distribution and f(y) is evaluated and normalized by a constant that is

greater than or equal to the maximum value of the distribution function, M ≥ f(x)|max.

A second value, u, is then drawn from a uniform distribution, and if the inequality holds,

then the value y is accepted, and a sample value is determined as x = y. If the inequality

does not hold, the value y is rejected and the process is repeated. In this manner, the

resulting set of x values follow f(x).

Within a nonequilibrium DSMC simulation employing the general BL framework,

as discussed above, the post inelastic collision energies (ε′t, ε
′
r) should be sampled from

the distribution f(εt;T )f(εr;T )prot(εt, εr) with the constraint that εt + εr = εc is fixed.

We note that, although T is often called the “collision temperature” or “an equilibrium

temperature”, as shown later in Eq. 4.18, T does not explicitly appear in the acceptance-

rejection expression used in DSMC. Due to the constraint, it is equivalent to sample ε′r

from f(εc − εr;T )f(εr;T )prot(εc − εr, εr) with a constant εc, and then let ε′t = εc − ε′r.
For a given εc, we have the following inequality,

[f(εc − εr;T )f(εr;T )prot(εc − εr, εr)] |max

≤ [f(εc − εr;T )f(εr;T )] |max prot(εc − εr, εr)|max ,
(4.12)

with 0 ≤ εr ≤ εc. Following this inequality, we let,

M = [f(εt;T )f(εr;T )] |max prot(εt, εr)|max . (4.13)
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We then have,

I(εr; εc) =
f(εc − εr;T )f(εr;T )prot(εc − εr, εr)

M

=
f(εc − εr;T )f(εr;T )prot(εc − εr, εr)

[f(εc − εr;T )f(εr;T )]|max prot(εc − εr, εr)|max

=
f(εc − εr;T )f(εr;T )

[f(εc − εr;T )f(εr;T )]|max
× prot(εc − εr, εr)
prot(εc − εr, εr)|max

=I1(εr; εc)× I2(εr; εc)

(4.14)

Note, in Eq. 4.14, we have dropped the dependence of I(εr; εc) and I1(εr; εc) on T , since

they do not depend on T explicitly, as shown later in Eq. 4.18. Therefore the procedure

to sample ε′r from f(εc − εr;T )f(εr;T )prot(εc − εr, εr) with a constant εc, using the

acceptance-rejection technique is as follows:

(1) Generate a random number R1 uniformly distributed between (0, 1)

(2) Calculate the value of I(εr; εc) where εr = R1εc

(3) Generate a different random number, R2, uniformly distributed between (0, 1);

(4) If R2 ≤ I(εr; εc), then the sample is accepted and ε′r = R1εc. Else, if R2 >

I(εr; εc), then no sample is accepted and repeat the process (1)-(4) with new R1

and R2 values.

4.2.3.3 Implications for prior rotational models

Next, we simplify I1(εr; εc) and I2(εr; εc) based on specific rotational relaxation model

expressions (specific prot) from the literature. In doing so, many of the issues and

corrections associated with equipartition of energy reported for prior rotational models

are clearly explained. This general analysis not only fully describes the implementation

of the current NDD rotational model, but also provides a framework for the development
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of future inelastic collision models. To start, using Eq. 4.8 we have the following,

f(εc − εr;T )f(εr;T )

=
1

Γ( ζt2 )kBT

(
εc − εr
kBT

) ζt
2
−1

e
− εc−εr

kBT
1

Γ( ζr2 )kBT

(
εr
kBT

) ζr
2
−1

e
− εr
kBT

=
e
− εc
kBT

Γ( ζt2 )Γ( ζr2 )(kBTt)
ζr
2 (kBTt)

ζt
2
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ζt
2
−1εr

ζr
2
−1

=A(εc, T, ζt, ζr)(εc − εr)
ζt
2
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ζr
2
−1 .

(4.15)

The maximum value of f(εc − εr;T )f(εr;T ) for a fixed εc should appear at εr,0 where,

0 =
∂

∂εr
[f(εc − εr;T )f(εr;T )] |εr=εr,0 , (4.16)

which is,
εr,0
εc

=
ζr − 2

ζt + ζr − 4
. (4.17)

Using Eqs. 4.15 and 4.17, we can write I1(εr; εc, T ) (appearing in Eq. 4.14), as

I1(εr; εc) =
f(εc − εr;T )f(εr;T )

[f(εc − εr;T )f(εr;T )]|max

=

(
ζt + ζr − 4

ζr − 2

) ζr
2
−1(ζt + ζr − 4

ζt − 2

) ζt
2
−1(εr

εc

) ζr
2
−1(

1− εr
εc

) ζt
2
−1

.

(4.18)

We can clearly see from the above expression, that I1 does not explicitly depend on

temperature, rather it only depends on εr, εc, ζt and ζr. For N2 with ζr = 2, the above

expression for I1 can be further simplified to

I1(εr; εc) =

(
1− εr

εc

) ζt
2
−1

. (4.19)

Next, the exact form of I2(εr; εc) (appearing in Eq. 4.14) is analyzed for several

rotational relaxation models from the literature that each have different expressions for

prot.

prot = constant: For this model, since prot|max is the same as prot, I2 = 1. Thus,

the inequality appearing in the acceptance-rejection method becomes R2 ≤ I(εr; εc) =
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I1(εr; εc) (see Eq. 4.18 or 4.19), which is the same as that discussed by Borgnakke and

Larsen [19] and has been used for a number of prior rotational relaxation models.

prot = prot(εt): This expression corresponds to the relative translational energy (εt)

dependent rotational model proposed by Boyd [22], where the model is formulated to

reproduce the Parker expression for Zrot(T ) in the continuum limit. In this model,

I2 = prot(εt)/{prot(εt)|max}. Without including I2 in the inequality for acceptance-

rejection sampling, there was difficulty in achieving equipartition of energy between εt

and εr in the original model [1, 22, 33, 95]. Initially, a cell-averaged prot was used to

correct this, which is thus constant for all collisions within a cell, resulting in I2 = 1.

This approach is similar to using a cell-averaged temperature to determine prot and has

the effect of relaxing all parts of the distribution function (within a given cell) at the

same rate. As will be shown later in section 4.4.3 this is generally not accurate for

highly nonequilibrium flows. Later, Abe [1] proposed to multiply I1 in the inequality

(R2 ≤ I1(εr; εc)) by a correction term equal to prot(εt)/{prot(εt)|max}. This modifica-

tion was demonstrated for hard sphere molecules, and the idea came from drawing an

analogy between the probability bias introduced by a relative collision velocity depen-

dent elastic collision rate, and that of the collision energies dependent prot model. This

term is actually the same as I2 (appearing in Eq. 4.14), that should be included in the

acceptance-rejection sampling inequality.

prot = prot(εc): This expression corresponds to the total collision energy (εc) depen-

dent model [21, 33] which is also based on the Parker expression for Zrot. When using

only I1 in the inequality (R2 ≤ I1(εr; εc)), this model does, in fact, satisfy equiparti-

tion of energy. In prior publications, this was explained based on the idea that εc is a

collision invariant [20, 33]. An equivalent explanation is evident from Eq. 4.14, where

since prot(εc)|max = prot(εc) for a fixed εc, the result is that I2 = 1. This is a benefit

of using a probability model based on collision invariants, however, for general physical

accuracy it may not be desirable to be restricted to only these collision quantities.

prot = prot(εt, εr): This expression corresponds to the Nonequilibrium-Direction-

Dependent (NDD) model proposed in this chapter. For this model, and any similar

model, I2(εr; εc) = prot(εc − εr, εr)/{prot(εc − εr, εr)|max}. To sample the post collision

relative translational energy and rotational energy (ε′t, ε
′
r), the correct formulation for

the acceptance-rejection sampling inequality, is R2 ≤ I(εr; εc) = I1(εr; εc)I2(εr; εc) as
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detailed above.

Therefore, within the general BL framework, post-collision energies should be sam-

pled from an equilibrium distribution that is consistent with the distribution of selected

inelastic collision pairs. The general expression for this distribution (Eq. 4.14), and its

use in acceptance-rejection algorithms, ensures detailed balance and equipartition of

energy at equilibrium for any general collision model. This formulation resolves the be-

havior of prior rotational models, details the implementation of the new NDD model, and

also provides a framework for the development of new collision-quantity-based DSMC

models; for example, the formulation could be readily applied for vibrational relaxation

models.

4.3 NDD Model Parameterization using Molecular Dy-

namics Data

4.3.1 Further considerations prior to parameterization

In this section, we determine the parameter n in the expression for p̃rot(εt, εr) (Eq. 4.9),

as well as the connection factor C appearing in Eq. 4.10, in order to arrive at the

final NDD model expression for prot. In general, both parameters are determined by

comparing DSMC and MD isothermal relaxation simulations. However, in order for the

resulting model to remain as general as possible, two further considerations are required.

First, we propose to separate the connection factor (C) into an analytically de-

termined constant (Ca) and another constant that is determined numerically through

simulation (Cn). This choice is supported by the mathematical analysis included in

Appendix A.2. Specifically, as discussed in section 4.2.2 in reference to Eq. 4.10, for

the case of constant prot (using collision selection prohibiting double relaxation), the

required connection factor is analytically determined [48, 67] as C = (ζt + ζr)/ζt, by

considering the inconsistency between the energy change in DSMC versus Jeans equa-

tion. For the general case, prot = prot(εt, εr), the connection factor is not necessarily a

constant and no simple analytical expression can be derived. However, it is expected that

the general connection factor will still contain the dependence due to Ca = (ζt + ζr)/ζt,

and thus this constant should be maintained separately. We then augment this factor by
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an additional constant [95] determined through numerical simulation, thereby adjusting

the NDD model probability (from Eq. 4.10) to the form: pNDDrot = CnCa p̃rot.

Second, in a DSMC simulation, there is a restriction on the maximum probability

that can be simulated. Values of prot greater than 1 clearly can not be simulated, and in

general, depending on the specific collision selection procedure used (see section 4.2.1),

the maximum value of prot that can be simulated may be different [48, 67]. Since most

DSMC models are phenomenological (including the proposed NDD model), such models

may satisfy Eq. 4.6 and produce the desired Zrot behavior (found from experimental or

computational studies), yet encounter values of prot that can not be simulated within

a DSMC simulation. Ideally, a general model should ensure that values of prot en-

countered lie within the range applicable to DSMC simulation. Thus, we use a cut-off

probability of 1
2 , which is consistent with the inelastic collision selection prohibiting

double relaxation procedure of Haas et al. [48, 97], and is also valid for the other selec-

tion procedures discussed in section 4.2.1. Thus, the NDD model probability is further

adjusted as pNDDrot = min{CnCc p̃rot, 1
2}. This modification also has the benefit of defin-

ing the maximum value of prot that is required for the acceptance-rejection algorithm,

particularly for the general case where prot = prot(εt, εr). Ultimately the specific choice

of this cutoff value may alter the numerically determined constant, Cn, but otherwise

enables the NDD model to be generally used within any DSMC implementation.

4.3.2 Parameterization through comparison with Molecular Dynamics

Parameterization of the NDD model for nitrogen is enabled by recent data obtained

through MD simulation [87]. These MD calculations provide detailed quantitative in-

formation for the dependence of Zrot on both the temperature of the system and the

initial nonequilibrium direction (i.e., compression versus expansion). It is noted that

the interatomic potential (for nitrogen) used in the MD simulations was extensively

validated against other computational results and experimental data in Ref. 87.

MD data computed from a large number of translational-rotational relaxation sim-

ulations is taken directly from Ref. 87 and re-plotted in Fig. 4.2. Here, Zrot values in

the figure correspond to different nonequilibrium initial states (Tt(0), Tr(0)) used for

isothermal relaxation simulations. Tinf in the figure represents the temperature of the
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system after reaching the equilibrium state. Specifically, in these MD simulations, nitro-

gen molecules were initialized within a periodic box according to Maxwell-Boltzmann

velocity and Boltzmann rotational energy distributions corresponding to various initial

states (Tt 6= Tr). The system was integrated with the MD method allowing isother-

mal (constant Tt) relaxation to the equilibrium state. It was found that the resulting

relaxation profiles for Tr(t) were well fit with by the isothermal solution to the Jeans

equation (essentially an exponential fit):

Tr(∞)− Tr(t)
Tr(∞)− Tr(0)

= exp

(
− t

Zrotτc

)
. (4.20)

Thus, each MD relaxation simulation was adequately represented by a single exponential

fitting parameter, which we will refer to as Zrot−MD. The values of Zrot−MD resulting

from a number of different initial temperature states (Tt, Tr) taken from Ref. 87, are

plotted in Fig. 4.2 as solid symbols. The NDD model parameters n and Cn are deter-

mined through a two step fitting process to the MD data plotted in Fig. 4.2. First, we

set Cn = 1 and determine the power law dependence n. Then, we fix this value of n

and proceed to determine the required connection factor Cn.

Figure 4.2: Comparison of the rotational collision number Zrot computed by both
DSMC (with the proposed NDD rotation model) and MD.
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In step one, for each initial nonequilibrium state (Tt, Tr) with available MD data (see

Fig. 4.2), a number of DSMC simulations were performed using various values for the

power law dependence, n, but using a fixed value of Cn = 1. In the isothermal relaxation

DSMC simulations, simulated particles are confined within a box with specular reflection

walls. The translational temperature Tt (or the average relative translational energy,

ε̄t) of the system is kept constant, while the rotational energy is allowed to relax. To

maintain a constant Tt, the velocity of each particle is re-sampled from a Maxwell-

Boltzmann distribution (corresponding to Tt) after the collision phase of each time

step.

Similar to the MD relaxation curves discussed above, the DSMC curves are also fit

by an exponential curve (specifically Eq. 4.20). Thus for each relaxation condition, a

value of Z̃rot−DSMC is determined, where the (̃·) denotes that these DSMC results are

not yet final, since we have fixed Cn = 1. It is important to note that Zrot−MD =

τr/τc,KT , where τc,KT = 4µ
πp (the kinetic theory result), µ is the viscosity, and p is the

pressure. Whereas, in DSMC simulation, the collision number is calculated according

to Zrot−DSMC = τr/τc,V HS , where τc,V HS is the mean collision time according to the

VHS collision model. To have a consistent comparison, all DSMC collision numbers

are reformulated to the kinetic theory defined collision number based on the relation

between τc,V HS and τc,KT [48]. By comparing the resulting Z̃rot−DSMC values with

the Zrot−MD values, we find that the NDD model best reproduces the MD trends for

Zrot(Tt, Tr) (refer to Fig. 4.2) when n = 1
2 .

In step two, we first directly evaluate values for Z̃rot−DSMC/Zrot−MD for all relax-

ation simulations with n = 1
2 and Cn = 1. We find that the resulting values have only

a weak dependence on Tt and Tr, which suggests that a constant value for Cn may

indeed be appropriate. In analyzing a previous rotational relaxation model [21] with

prot = prot(εc), Wysong et al. [95] also suggested the use of a constant C to account

for the difference between Zrot and prot. The same set of isothermal relaxation DSMC

simulations are again performed, now for various Cn values and a fixed value of n = 1
2 .

We determine that a value of Cn = 1.92 results in the best quantitative agreement

between DSMC with the NDD model and MD simulation for all Zrot(Tt, Tr) values, and

thus for all isothermal relaxation curves. Isothermal relaxation results simulated by

DSMC using the NDD model are plotted in Figs. 4.3(a) and 4.3(b) for representative
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translational temperatures Tt = 1000 and Tt = 2000 K, at different initial rotational

temperatures Tr(0). The MD simulation results are also plotted at the same initial

temperature pairs for comparisons. As can be seen from Fig. 4.2 and 4.3, overall, the

agreement between DSMC using NDD model and MD results is very satisfactory. We

further note that since the translational temperature is constant, the Parker model can

not be parametrized to reproduce the varying relaxation rates shown in Fig. 4.2 and 4.3.

(a) T = 1000 K. (b) T = 2000 K.

Figure 4.3: Comparison of rotational temperatures Tr relaxation curves, for isothermal
relaxation simulation at two representative translational temperatures, with different
initial Tr. The symbols are the MD results, the lines are the DSMC simulation results
using the NDD model.

4.3.3 Final NDD rotational energy exchange model

Therefore, the final Nonequilibrium-Direction-Dependent (NDD) DSMC model uses the

following probability of inelastic collision:

pNDDrot (εt, εr) = min{CnCa p̃rot(εt, εr),
1

2
} , (4.21)

where p̃rot(εt, εr) is given in Eq. 4.9 with n = 1
2 . Since our DSMC implementation

employs the collision selection prohibiting double relaxation procedure, we set Ca =

(ζt+ζr)/ζt. However, Ca could be set consistently with other inelastic collision selection
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procedures. In all equations the energies (εt, εr) and degrees of freedom (ζt, ζr) are

those that participate within selected collisions in the DSMC simulation. Specific for

nitrogen, we find T ∗ = 180 K and Z∞r = 7.7. In general, the numerically determined

connection factor, Cn = 1.92, is specific to our collision selection procedure, however, it

is possible that the value of Cn is rather insensitive to the selection procedure due to

the separation of Ca. The expression in Eq. 4.21 is directly used as the probability of an

inelastic collision between a selected collision pair, and is also directly used for the BL

post-collision energy redistribution within the acceptance-rejection algorithm detailed in

section 4.2.3.2. In the continuum limit of Maxwell-Boltzmann energy distributions (at

Tt and Tr), the model reduces to the rotational collision number Zrot(Tt, Tr) in Eq. 4.5,

which is appropriate for use in multi-temperature CFD solvers. While the NDD model

parameters are specific to N2-N2 collisions, the model framework and parameter fitting

procedures could be repeated with further MD data relevant to other species.

The DSMC simulation results using this final model are referred to as Zrot−DSMC

and are plotted against the Zrot−MD values in Fig. 4.2. The DSMC simulation results

with the new NDD model have good agreement with MD for all values of Zrot(Tt, Tr)

and thus for all isothermal relaxation curves. Furthermore, the collision-based proba-

bility itself exhibits the expected collision physics. This is evident in Fig. 4.4 where for

a fixed εt, the probability of rotational energy exchange decreases as εr increases. Es-

sentially, non-rotating molecules have a higher probability of gaining rotational energy

than highly-rotating molecules have of losing rotational energy.

4.4 NDD Model Validation for Compressing and Expand-

ing Flows

Enabled by modern high performance computing, pure MD simulations of one dimen-

sional flow features are now possible [84–87], which can be used to validate phenomeno-

logical models. Since the NDD model is the first to account for the dependence of

rotational relaxation on the direction to equilibrium, we validate the model with pure

MD simulations of both one-dimensional compressing flows (shocks) as well as expan-

sions. As a reference, we also include DSMC results using the Parker model in the

comparisons.
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Figure 4.4: The rotational inelastic collision probability pNDDrot (εt, εr) as a function of
both εt and εr. εt and εr are normalized by the Boltzmann constant kB.

4.4.1 Normal shock wave simulations

The MD simulation results were taken from Ref. 87, where the MD simulation technique

was also fully described. The DSMC results were obtained using the Molecular Gas Dy-

namic Simulator (MGDS) code developed at the University of Minnesota [43, 98]. The

VHS collision model was used along with the recently modified form [97] of the collision

selection prohibiting double relaxation procedure [48]. Uniform grids and simulation

time steps were used. The mean free path and mean collision time (denoted as λ1 and

τ1) based on the upstream flow conditions were calculated using the VHS model. Two

shock wave calculations were performed, for which the flow conditions and numerical

parameters are listed in Table 4.1. It is important to note that the VHS model param-

eters for nitrogen, listed in Table 4.1, have been validated with experimental viscosity

data in the appropriate temperature range and are also fully consistent with the inter-

atomic potential used for the MD simulations (details are contained in Ref. 87). In all

the shock wave simulations conducted here, simulation cells with upstream conditions
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contained around 1000 simulated particles, while cells downstream of the shock con-

tained approximately 5500 particles. The shock waves were verified to be stationary

with no numerical stabilization techniques [15] necessary. The simulation domain was

set between (50 − 60)λ1 for the two shock wave conditions simulated. At the begin-

ning of the simulation, particles were generated in the upstream and downstream half

of the domain, with pre- and post-shock flow properties, respectively, and eight rows

of buffer cells were employed at each end of the domain. Particles in the buffer cells

were regenerated each time step to maintain the correct boundary conditions. Particle

information was sampled for 10,000 time steps after steady-state was reached. Such a

large sampling size, together with the large number of particles per cell, provided results

with low statistical scatter.

Table 4.1: Shock wave conditions and DSMC simulation parameters
Mach
number

T1 (K) ρ1 kg/m3 ∆t/τ1 ∆x/λ1 ω dref (m) Tref (K)

7 28.3 0.1 0.03 0.23 0.88 4.50× 10−10 273

7 300 0.1 0.02 0.16 0.72 4.17× 10−10 273

DSMC simulations were performed using both the proposed NDD rotational energy

model as well as the Parker model. Specifically, the Parker model was implemented

using a cell averaged temperature to compute the collision number Zrot in each cell,

using the relation:

Zrot(T ) =
Z∞r

1 + a(T ∗/T ) + b(T ∗/T )
1
2

, (4.22)

where Z∞r = 23.5, a = π(1 +π/4), b = π3/2/2, T ∗ = 91.5 K are model constants [21, 66],

and T is the translational temperature. The continuum collision number Zrot was

then converted to DSMC collision probability using the connection factor Ca for the

constant collision number model [48, 97]; prot(T ) = Ca/Zrot(T ). Since in the shock

wave simulation, each cell contained a large number of particles ( > 1000) , the cell

averaged temperature is accurate within several percent for sampling over a single time

step. Moreover, after reaching steady state, the temperature was computed based on

accumulated samples, resulting in essentially no statistical scatter in the computed value
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of Zrot(T ). Results from all simulations were normalized using,

xnorm =
x− x1

x2 − x1
, (4.23)

where x is some flow variable, xnorm is the normalized variable, x1 and x2 are the

upstream and downstream values of the corresponding variable, respectively.

Simulation results for the low temperature shock wave (T1 = 28.3 K) are shown in

Fig. 4.5. Solutions using both NDD and Parker models are in close agreement with MD

results for this case, with the NDD model in slightly better agreement than the Parker

model for the rotational temperature in the later portion of the shock wave. These

results are very consistent with Fig. 4.1 where the Parker model is seen to predict a

slightly lower Zrot value compared with MD for the low free stream temperature (< 50

K), however predicts a higher Zrot value than MD (slower relaxation) for the post-

shock temperature (∼ 300 K). Since the flow is in strong compression, the NDD model

actually simulates a Zrot(Tt, Tr) that is lower than the near-thermal equilibrium curve

Zrot(Tt = Tr = T ) shown in Fig. 4.1. In fact, additional DSMC simulations employing

a constant Zrot model determined that a value of Zrot ≈ 1.8 led to best agreement with

the MD solution [87].

Simulation results for the high temperature shock wave (T1 = 300 K) are shown

in Fig. 4.6. Here, the NDD model is in excellent agreement with MD results, while

the Parker model shows significant discrepancy, in particular a much slower rotational

relaxation. This is again consistent with Fig. 4.1 in that the Parker model predicts

a significantly higher Zrot (slower relaxation) than MD and the other computational

chemistry calculations for the temperature range of this shock wave (300 K < T < 3000

K). Again, since the flow is in strong compression, the NDD model actually simulates

a Zrot(Tt, Tr) value that is lower than the near-thermal equilibrium curve Zrot(Tt =

Tr = T ) shown in Fig. 4.1. For these shock conditions, additional DSMC simulations

employing a constant Zrot model determined that a value of Zrot ≈ 4 led to best

agreement with the MD solution [87]. Certainly, the Parker model (Eq. 4.22) could

be re-parametrized with such Zrot values in order to match the MD data for these shock

calculations. However, as just discussed, the resulting curve fit for Zrot(T ) would lie

below the MD curve (for near thermal equilibrium) seen in Fig. 4.1. Since the Parker
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(a) NDD model (b) Parker model

Figure 4.5: Comparison of the shock profile at T1 = 28.3 K. The symbols are for the
MD results, the lines are for the DSMC simulation results using the NDD model, or the
Parker model.

(a) NDD model (b) Parker model

Figure 4.6: Comparison of shock wave profiles at T1 = 300 K, between two DSMC
models and MD data.

model can not account for the direction to equilibrium, such a parameterization would

lead to inaccurate results for expanding flows over a similar temperature range.
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4.4.2 1D expansion simulations

In contrast to compressing flows, in expanding flows the rotational temperature is typ-

ically higher than the translational temperature (the direction toward equilibrium is

reversed). We construct a one dimensional steady state flow field where particles are

continually refreshed within an equilibrium reservoir (a buffer region) on the left side

of the domain. Reservoir particle properties are sampled from Maxwell-Boltzmann dis-

tributions for a gas in thermal equilibrium (Tt = Tr = T ) and a bulk velocity of zero.

Thus, the particle flux from the reservoir into the computational domain is equal to the

ratio of unidirectional normal momentum flux to mass flux through a stationary plane

in an equilibrium reservoir [15]. The right side boundary (outlet) is set as a vacuum

boundary condition. Due to the pressure difference, particles inside the flow field ac-

celerate toward the outlet, and the bulk velocity inside the flow field is finite.The flow

through the domain is in thermal nonequilibrium with a higher rotational temperature

and a lower translational temperature, due to the rapid expansion. This simple 1D flow

field is computationally feasible for pure MD simulation. MD results were previously

obtained in Ref. 87 and are used here to compare with DSMC simulations of the same

flow.

Three conditions with inlet temperatures of 1000 K, 2000 K, and 3000 K were

simulated, all with an inlet density of 0.1 kg/m3. A uniform grid was used with ∆x =

(0.35−0.46)λ1 (depending on inlet temperature) and ∆t = 0.2τ1, where the VHS model

was used to calculate the inlet conditions (λ1 and τ1). Each cell contained between 200-

600 simulation particles and, after reaching steady state, each cell was sampled for

20,000 time steps.

The simulation results are shown in Fig. 4.7 where the difference between the trans-

lational and rotational temperature (Tt − Tr) is shown for the NDD model and the

Parker model compared to the MD solution. In Fig. 4.7, all simulations are seen to

predict strong thermal nonequilibrium near the inlet, approach to thermal equilibrium

(Tt − Tr ≈ 0) in the middle portion of the simulation domain, and a departure from

equilibrium near the vacuum exit (which is a boundary effect). While the NDD model

result agrees very closely with the MD solution, the Parker model exhibits a notice-

ably slower rotational relaxation rate. Again, this is because the Parker model predicts

higher values for Zrot compared to the current MD calculations and therefore compared
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Figure 4.7: Results of the one dimensional expansion at different inlet temperatures.
The MD results are compared with DSMC simulation results using the proposed NDD
model and the Parker temperature dependent rotational collision number model.

to the NDD model. It is important to note that separate DSMC simulations employing

a constant Zrot model found closest agreement with MD result for Zrot ≈ 6.9 in the

T1 = 2000 K expansion simulation [87]. Thus, if the Parker model was re-parametrized

to match this MD solution, it would no longer be able to accurately simulate the high

temperature shock wave flow, which as discussed above, requires a Zrot ≈ 4.0 within

the same equilibrium temperature range. Thus the proposed NDD model accurately

reproduces pure MD solutions for all isothermal relaxation simulations, shock wave sim-

ulations, and expansion simulations. The current parameterization of the Parker model
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predicts significantly higher Zrot values compared to MD, and even if re-parameterized,

the Parker model is not able to reproduce all MD results since it does not account for

the direction towards the equilibrium state.

4.4.3 Rotational energy distribution functions

It is very interesting to investigate the agreement for rotational energy distribution

functions (rdfs) within a shock wave between the proposed NDD model and pure MD

simulation. Precise agreement is not expected since, in DSMC, only a fraction of col-

lisions are considered as inelastic and exchange translational-rotational energy, which

is redistributed using the phenomenological Borgnakke-Larsen model. While in MD

simulations, all “collisions” are inherently inelastic, exchanging translational-rotational

energy, and their post collision states are computed deterministically. In addition to

comparing the level of agreement between the NDD model and pure MD simulation, it

is also interesting to investigate the rdfs predicted by a collision-quantity based DSMC

model versus a cell-averaged DSMC model. We thus implemented a collision probabil-

ity model using the cell-averaged translational and rotational temperature (T̄t, T̄r). In

this model, the inelastic collision probability for each collision cell is a constant, and

is directly related to a collision number using Eq. A.24, where the collision number for

each cell is obtained from the cell averaged temperatures (T̄t, T̄r) using Eq. 4.5 with

the same parameters as NDD model. The average temperatures (T̄t, T̄r) are maintained

and updated through sampling in each cell and therefore at steady state are free of

statistical scatter.

The temperature profiles (for the T1 = 28.3 K shock wave, see Table 4.1) predicted

by the NDD model, the cell-averaged model, and MD are compared in Fig. 4.8. All

solutions are in close agreement. The rdfs predicted by each simulation are shown in

Fig. 4.9, where the rdf points in the figure were chosen at locations corresponding to

the same normalized Tr values. The rdfs obtained from DSMC were a function of εr

and were plotted versus rotational quantum states j in the figure. Here, discrepancies

between the simulations are now evident. In particular, the NDD model solution is

in much better agreement with the pure MD solution compared to the cell-averaged

model. Although the cell-averaged model accounts for the varying rate of rotational

relaxation throughout the shock wave, due to the dependence on Tt and Tr local to
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Figure 4.8: Comparison of shock wave profiles at T = 28.3 K between MD data, the
NDD model, and a cell averaged temperature version of the NDD model.

each cell, it relaxes all parts of the local distribution function at the same rate (i.e.,

at the cell-average rate). In contrast, the collision-quantity based NDD model relaxes

different parts of the distribution function at different rates (i.e., on a collision specific

basis). This comparison clearly shows how a collision-quantity based DSMC model can

be more physically accurate than a cell-averaged model. We note that this is not always

clear in the predicted density and temperature profiles, as seen in Fig. 4.8. We also note

that without the capability to perform pure MD simulation of the shock wave, such a

conclusion would not be possible.

4.5 Chapter Conclusions

A new nonequilibrium-direction-dependent (NDD) rotational energy exchange model

for DSMC and multi-temperature Navier-Stokes methods, is presented in this chapter.

Several conclusions are draw from the study:
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1) The DSMC NDD model developed in this chapter, is based only on collision-

quantities (translational and rotational energy of the collision pair εt, εr) and reduces to

a rotational collision number model in the continuum limit (Eq. 4.5), which is applicable

for use with the Jeans relaxation equation. The model is formulated based on recent MD

simulations of rotational relaxation in nitrogen (Valentini et al., Phys. Fluids 24, 106101

(2012) [87]) and accounts for the dependence of the relaxation rate on the direction to

the equilibrium state. This enables a single parameterization of the model to accurately

simulate rotational relaxation in nitrogen for both compressing and expanding flows,

unlike the widely used Parker model.

2) The DSMC NDD model is simple to implement compared to previously devel-

oped phenomenological models, and has good numerical efficiency. More importantly, it

accurately reproduces a range of pure MD solutions including zero dimensional isother-

mal relaxations, one dimensional normal shock wave simulations, and one dimensional

expansion simulations [87].

3) In developing the new DSMC NDD model, a general form for the energy distri-

bution function that should be sampled for post-collision states (using the Borgnakke-

Larsen approach) is presented. This general formulation ensures detailed balance and

equipartition of energy at equilibrium condition for any collision-quantity based DSMC

model and also explains the behavior of prior rotational models in the literature [1, 21,

22, 33, 95].

4) During the development of the NDD model, the energy modes of the collision pairs

(εt, εr) and their corresponding degrees of freedom (εt, εr) are set as general expressions,

and are independent of the collision selection procedures used. Thus the NDD model

formulation is general to the inelastic collision selection procedure used, which is shown

to be a crucial aspect in implementing a DSMC collision model [44, 48, 67].

5) Finally, the increased accuracy of a collision-quantity based model compared

to a cell-averaged model is demonstrated by comparing rotational energy distribution

functions (rdfs) within a shock wave against a pure MD solution. As shown in the

present chapter, the rdfs simulated by the collision-quantity dependent NDD model, is

in better agreement with the MD solution, compared to the cell-averaged version of the

NDD model.

The NDD model and parameter fitting procedure presented in this chapter is very
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general, and provides a framework by which new models can be developed for other

species of interest as additional MD data becomes available.



Chapter 5

Consistent Framework for

State-to-State Collision Models

5.1 Chapter Introduction

Phenomenological type models have been extensively used in DSMC simulations of

highly nonequilibrium flows. However, the collision probability (or cross-section) of the

phenomenological models are generally set to reproduce the results of the continuum

relaxation equations or rate equations [15, 47, 48], rather than the true collision prob-

ability (or cross-section) of each molecular collision process. This is the case even for

models using a collision energy dependent probability (or cross-section), such as the

widely used total collision energy (TCE) chemical reaction model [15]. For problems

where the macroscopic flow quantities are important and have dominant effect on sim-

ulation results, the phenomenological model may provide accurate results. However,

in situations where the detailed internal energy distribution functions are important,

such as for hypersonic dissociating flows, more detailed collision models are desirable.

For example, the vibrational energy distribution function may impact the macroscopic

chemical reaction rate, which will affect the flow field species concentration, and in

turn affect the surface heat transfer rate. Developing advanced DSMC models seems

to be the natural choice to more accurately model highly nonequilibrium chemically

reacting flows. A state-to-state collision model, where the collision probabilities (or

85



86

cross-sections) for collisions between different molecule states are resolved, can natu-

rally be incorporated into the DSMC method, and therefore is the direction to work

on [27, 58, 72, 76, 79, 93].

The development and implementation of a state-to-state (state-resolved) collision

model in the DSMC method, however, is far from trivial. First, in the DSMC implemen-

tation, we need to satisfy the microscopic reversibility relationship at the collision level

between each type of collision event and its reverse process; hence satisfying detailed

balance at the macroscopic level under equilibrium conditions. With these relationships

satisfied, we then could expect that the equipartition of energy between different energy

modes in the DSMC simulations are maintained at equilibrium conditions. Second, for

a state-to-state collision model, the transport properties are determined by the collision

probabilities (or cross-sections), and are not related to any phenomenological viscosity

model, such as the VHS model. Thus, careful consideration is required when deter-

mining the transport properties of a state-resolved model or when combining a desired

transport property model (i.e. viscosity) with state-resolved transition probabilities (or

cross-sections) for internal energy states.

In this chapter, we first examine a simple state-to-state model with analytical tran-

sition probabilities (or cross-sections), where microscopic reversibility and detailed bal-

ance relationships are inherently satisfied [36]. Then, we propose and discuss the detailed

implementation of a general rovibrational state-to-state collision model for the DSMC

method. The connection between the cross-sections of the full state-to-state model,

and the transport properties implied by this model are also discussed. The proposed

model is verified using constructed state-resolved collision probabilities for vibrational

transitions. The DSMC simulation results are compared with corresponding master

equation simulation results to verify the model and its implementation. We then de-

velop a vibrational state-to-state DSMC collision model using the transition probability

data provided by the forced harmonic oscillator (FHO) model [3, 68, 77, 78, 82, 96].

Comparison with master equation results using the macroscopic transition rate data

obtained from the FHO model is also conducted.
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5.2 Examination of a Simple State-to-state DSMC Model

with Analytical Transition Probabilities

We start with a simple state-to-state DSMC collision model proposed by Anderson et

al. [36], where an analytical expression for the transition probability (or cross-section)

exists. We refer to this simple model as the Anderson model hereafter. By examining

this model, it will show us the important steps we need to consider in formulating and

developing a full state-to-state rovibrational collision model, where the state-to-state

transition probability, or collision cross-section could be computed through computa-

tional chemistry trajectory calculations.

5.2.1 Model formulation for hard sphere molecules

The original Anderson model is for hard sphere molecules. Consider the following type

of collision,

Xi +Xj → Xk +Xl , (5.1)

where Xi etc., is a molecule with a specific internal energy state, and i, j, k, l ∈ 0, ..., vmax

are the molecular internal energy states, with corresponding internal energies εi, εj , εk, εl.

Here, depending on the description of the internal energy modes (classical, or quantum

mechanical description), i, j, k, l could correspond to the rotational or vibrational energy

states, or the rovibrational energy states. Thus, the notation is very general.

Denoting the cross-section for a collision specified in Eq. 5.1 as σklij , in the Anderson

model [36], we have,

σklij = σ0P
kl
ij . (5.2)

Here, σ0 = constant, is the hard sphere collision cross-section, while,

P klij =
gkgl(εc − εk − εl)∑

m,n gmgn(εc − εm − εn)+
, (5.3)

and

(εc − εm − εn)+ =

{
0 if εc − εm − εn < 0

εc − εm − εn if εc − εm − εn ≥ 0
(5.4)

In the above equations, gk, gl, gm, gn are the degeneracies associated with the internal
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energy state k, l,m, n. εc is the total collision energy, which is,

εc = εt + εi + εj = ε′t + εk + εl, (5.5)

where εt and ε′t are the relative translational energy of the collision pair before and after

the collision.

Next, we conduct a detailed examination of the Anderson model from both the

microscopic and macroscopic levels. Using the Anderson model as an example, we

introduce several important terminologies, including the microscopic reversibility rela-

tionship describing each collision and its reverse collision process, the definition of the

transition rate, and detailed balance regarding the transition rate at the equilibrium

condition. Finally, the implementation of the Anderson model in the DSMC method

will also be discussed.

5.2.1.1 Microscopic reversibility

The microscopic reversibility relation for collisional transition between initial molecular

energy states (i, j) and final energy states (k, l) is stated as [80],

gigj(µg)2σklij = gkgl(µ
′g′)2σijkl, (5.6)

where µ =
mimj
mi+mj

, and µ′ = mkml
mk+ml

are the reduced mass of the collision pairs (i, j) and

(k, l), respectively, and mi,mj ,mk,ml are the mass of molecules Xi, Xj , Xk, Xl. The

quantity (µg)2 effectively represents the degeneracy of the translational energy state.

For the above specified excitation/de-excitation collision given in Eq. 5.1, µ = µ′,

and εt = µg2, ε′t = µ′g′2. As a result, Eq. 5.6 can be equivalently written as,

gigjεtσ
kl
ij = gkglε

′
tσ
ij
kl (5.7)

With the Anderson model defined collision cross-section for state-to-state transitions

between state (i, j) and (k, l) (Eq. 5.2), microscopic reversibility will be automatically

satisfied. This is verified by substituting the corresponding terms in Eqs. 5.2 – 5.5 into

Eq. 5.7.
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5.2.1.2 Transition rate determined from state-resolved cross-sections

Denote the total number of collisions per volume (number density of such collisions) for

molecules with initial internal energy states (i, j) transiting to final states (k, l) as nklij .

Following the definition of the reaction rate for chemical reactions, the transition rate

is defined according to,
dnklij
dt

= kklijninj , (5.8)

where ni, nj are the number density of molecules in the i, j internal energy states.

Alternatively, according to the kinetic theory definition, the total number of colli-

sions per volume per time for molecules with initial internal energy states (i, j) transiting

to final states (k, l) is termed the collision rate, νklij , which can be expressed as,

νklij = ninj

∫ +∞

−∞

∫ +∞

−∞
f(Ci;T )f(Cj;T )σklij (g)|Ci −Cj|dCidCj = ninjσklij g , (5.9)

where we have used σklij g to denote the integral contained in the above equation. In

Eq. 5.9, Ci = (Ci,1, Ci,2, Ci,3) and Cj = (Cj,1, Cj,2, Cj,3) are the molecule velocities of

Xi and Xj , respectively; dCi = dCi,1dCi,2dCi,3, dCj = dCj,1dCj,2dCj,3; g = |Ci−Cj| is
the relative collision velocity of collision pair (i, j); σklij (g) is the collision cross-section

at relative velocity g for the collision given in Eq. 5.1; f(Ci;T ) and f(Cj;T ) are the

equilibrium velocity distribution functions at temperature T for molecules Xi and Xj ,

respectively. Specifically,

f(Ci;T ) =

(
mi

2πkBT

) 3
2

exp

(
−
mi(C

2
i,1 + C2

i,2 + C2
i,3)

2kBT

)

=

(
mi

2πkBT

) 3
2

exp

(
− mic

2
i

2kBT

)
,

(5.10)

where ci = |Ci| = (C2
i,1 + C2

i,2 + C2
i,3)

1
2 and mi is the mass of molecule Xi. The

integral in Eq. 5.9 has been written in a simplified form, with
∫ +∞
−∞ dCi representing∫ +∞

−∞
∫ +∞
−∞

∫ +∞
−∞ dCi,1dCi,2dCi,3.

By equating Eqs. 5.8 and 5.9, we obtain
dnklij
dt = νklij . The state-to-state collision
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transition rate, kklij , is therefore,

kklij = σklij g

=
(mimj)

3
2

(2πkBT )3

∫ +∞

−∞

∫ +∞

−∞
σklij (g)g exp

(
−
mic

2
i +mjc

2
j

2kBT

)
dCidCj .

(5.11)

To simplify the above equation, we introduce the center of mass framework. In this

framework, the independent variables are Cm and Cr, which are the center of mass

velocity vector and the relative collision velocity vector. The magnitude of these two

vectors are, cm = |Cm| and cr = |Cr| = g. By conservation of energy, we have,

mic
2
i +mjc

2
j = (mi +mj)c

2
m + µg2 , (5.12)

Through change of variables, we also have,

dCidCj = dCmdCr (5.13)

dCm = 4πc2
mdcm (5.14)

dCr = 4πc2
rdcr = 4πg2dg (5.15)

In order to derive Eq. 5.14, dCm = 4πc2
mdcm, a change of variable from a Cartesian

coordinate system (Cm,1, Cm2 , Cm,3) to a spherical coordinate system (cm, θ, φ), and the

following two expressions have been used,

∂(Cm,1, Cm,2, Cm,3)

∂(cm, θ, φ)
= c2

msinφ , (5.16)

∫ ∞
−∞

f(Cm)dCm =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

f(Cm,1, Cm,2, Cm,3)dCm,1dCm,2dCm,3

=

∫ ∞
0

∫ 2π

0

∫ π

0
f(cm, θ, φ)c2

msinφdcmdθdφ

=

∫ ∞
0

4πc2
mf(cm)dcm .

(5.17)

Eq. 5.15 is obtained with a similar derivation.
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Substituting Eqs. 5.13, 5.14 and 5.15 into Eq. 5.11, we then have,

kklij =
(mimj)

3
2

(2πkBT )3

∫ +∞

−∞

∫ +∞

−∞
σklij (g)g exp

(
−
mic

2
i +mjc

2
j

2kBT

)
dCidCj

=
(mimj)

3
2

(2πkBT )3

∫ +∞

−∞

∫ +∞

−∞
σklij (g)g exp

(
−(mi +mj)c

2
m + µg2

2kBT

)
dCmdCr

=
(mimj)

3
2

(2πkBT )3

∫ +∞

0

∫ +∞

0
σklij (g)g4πc2

m4πg2exp

(
−(mi +mj)c

2
m + µg2

2kBT

)
dcmdg

=4π

(
µ

2πkBT

) 3
2
∫ +∞

0
σklij (g)g3exp

(
− µg2

2kBT

)
dg .

(5.18)

In the above equation, kklij can also be simply expressed as kklij =
∫ +∞

0 σklij (g)gζ(g)dg ,

with ζ(g) = 4π
(

µ
2πkBT

) 3
2
g2exp

(
− µg2

2kBT

)
, the Maxwell-Boltzmann velocity distribution

function for the relative velocity g.

In Eq. 5.18, the transition rate is expressed in terms of the relative collision velocity

g. Alternatively, we can express the transition rate using the relative translational

energy, εt = 1
2µg

2, as,

kklij =4π

(
µ

2πkBT

) 3
2
∫ +∞

0
σklij (g)g3exp

(
− µg2

2kBT

)
dg

=
1
√
πµ

(
2

kBT

) 3
2
∫ +∞

0
σklij (εt)εtexp

(
− εt
kBT

)
dεt

=A

∫ +∞

0
σklij (εt)εtexp

(
− εt
kBT

)
dεt ,

(5.19)

with constant A = 1√
πµ

(
2

kBT

) 3
2
.

Thus if the state-resolved cross-sections, σklij , are known (as a function of g or εt),

then the transition rates kklij are determined by Eq. 5.18 or Eq. 5.19. It is again noted

that states i, j, k, l are general energy states that could correspond to rotation states,

or vibrational states, or combined rovibrational states.
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5.2.1.3 Detailed balance

For molecular collision process, detailed balance specifies the constraint that should

be satisfied between each collision and its reverse collision. When the microscopic re-

versibility is satisfied between each collision and its reverse collision process, the transi-

tion rate also satisfies the detailed balance relation under thermal equilibrium condition

macroscopically.

In collisions between (Xi, Xj) and (Xk, Xl), since the total collision energy, εc =

εt + εi + εj = ε′t + εk + εl, does not change during the collision, we can define,

Q(εc) =
∑
m,n

gmgn(εc − εm − εn)+ . (5.20)

Then the state-to-state collision cross-section σklij (εt) in the Anderson model, for tran-

sition (Xi, Xj)→ (Xk, Xl) with initial translational energy εt, can be expressed as,

σklij (εt) = σ0P
kl
ij = σ0

gkgl(εc − εk − εl)
Q(εc)

(5.21)

Similarly, the state-to-state collision cross-section σijkl(ε
′
t) in the Anderson model, for

transition (Xk, Xl)→ (Xi, Xj) with initial translational energy ε′t, can be expressed as,

σijkl(ε
′
t) = σ0P

ij
kl = σ0

gigj(εc − εi − εj)
Q(εc)

(5.22)

With the above definition, the forward transition rate, kklij , for transition (Xi, Xj)→
(Xk, Xl) can be written as,

kklij (T ) =Aσ0gkgl

∫ +∞

0

(εc − εk − εl)εt
Q(εc)

exp

(
− εt
kBT

)
dεt

=Aσ0gkgl

∫ +∞

0

(εc − εk − εl)(εc − εi − εj)
Q(εc)

exp

(
−εc − εi − εj

kBT

)
dεc .

(5.23)

Similarly, we have the backward transition rate, kijkl, for transition (Xk, Xl)→ (Xi, Xj)
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as,

kijkl(T ) =Aσ0gigj

∫ +∞

0

(εc − εi − εj)ε′t
Q(εc)

exp

(
− ε′t
kBT

)
dε′t

=Aσ0gigj

∫ +∞

0

(εc − εi − εj)(εc − εk − εl)
Q(εc)

exp

(
−εc − εk − εl

kBT

)
dεc

=Aσ0gigjexp

(
εk + εl − εi − εj

kBT

)
∫ +∞

0

(εc − εi − εj)(εc − εk − εl)
Q(εc)

exp

(
−εc − εi − εj

kBT

)
dεc

=
gigj
gkgl

kklij exp

(
εk + εl − εi − εj

kBT

)
.

(5.24)

Eq. 5.24 can be rearranged as,

kklij

kijkl
=
gkgl
gigj

exp

(
−εk + εl − εi − εj

kBT

)
. (5.25)

By introducing the equilibrium constant Keq((i, j)→ (k, l)) for the collision in Eq. 5.1,

Keq((i, j)→ (k, l)) =
kklij

kijkl
, (5.26)

we then have,

Keq((i, j)→ (k, l)) =
gkgl
gigj

exp

(
−εk + εl − εi − εj

kBT

)
. (5.27)

The above equation (Eq. 5.27) is consistent with the definition of the equilibrium con-

stant, and detailed balance is inherently satisfied for the Anderson model, with the

specified state-to-state collision cross-sections.

Under equilibrium conditions, the fraction of molecules in internal energy state i is,

fi =
ni
n

=
giexp

(
− εi
kBT

)
∑

m gmexp
(
− εm
kBT

) , (5.28)

where n is the gas number density (number of molecules in the system per volume).
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Combining Eqs. 5.26 – 5.28, we then have,

kijkl
kklij

=
ninj
nknl

, (5.29)

or equivalently,

kklijninj = kijklnknl . (5.30)

This means that the total number of collisions due to the transition from internal energy

states (i, j) to (k, l), is equal to the total number of collisions due to the reverse transition

from internal energy states (k, l) to (i, j). This is an alternative explanation for the

detailed balance relationship.

5.2.1.4 DSMC implementation of the Anderson model

For molecule-molecule collisions where both molecules’ internal energy participate in the

energy exchange, as shown above, the transition probability expression in Eq. 5.3 could

be used. While for molecule-atom collisions, or molecule-molecule collisions where only

one molecule’s internal energy participate in the collision process, i.e., for the following

collision,

Xi +M → Xk +M , (5.31)

with M an atom or molecule (which does not change internal energy states), we can

similarly specify the state-to-state collision cross-section for a hard sphere molecule in

the Anderson model; specifically,

σki = σ0P
k
i , (5.32)

with,

P ki =
gk(εc − εk)∑

m gm(εc − εm)+
, (5.33)

and

(εc − εm)+ =

{
0 if εc − εm < 0

εc − εm if εc − εm ≥ 0
. (5.34)

With the above defined state-to-state collision cross-section and transition probabil-

ity, microscopic reversibility is inherently satisfied for collisions specified by Eq. 5.31.

Detailed balance is also satisfied under equilibrium conditions. This can be similarly
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proved as shown in section 5.2.1.3.

Since the total collision cross-section with respect to different initial energy states

((i, j) or i) is the same constant σ0 in the Anderson model, the no-time-counter (NTC)

method [15] by Bird can be used without any special modification. The implementation

of the Anderson model in DSMC is therefore very straight forward for hard sphere

molecules. For a given initial internal energy states, the desired finial energy states will

be determined using the acceptance-rejection technique, according to the state-to-state

transition probability P ki or P klij (Eq. 5.3 or Eq. 5.33), depending on the type of molecule

collision that performed (Eq. 5.1 or 5.31) in the DSMC simulation.

We take the vibrational state-to-state model as an example. Suppose the bounded

simple harmonic oscillator (SHO) model is used to describe the vibrational energy state,

with the largest bounded vibrational energy level as vmax. For collisions corresponding

to Eq. 5.1, the complete DSMC implementation is:

1. The NTC algorithms is used to select collision pairs within a given DSMC collision

cell. This includes first calculating the expected number of potential collisions in

each collision cell, and then using the acceptance-rejection algorithm to determine

which collision pairs actually collide, to be consistent with the overall collision

rate. For the Anderson model, this will correspond to a hard sphere collision rate

with constant σ0

2. Determine the actual collision for each collision pair. For a collision pair with

initial vibrational energy states (i, j), two random numbers R1, R2 uniformly dis-

tributed between 0 and 1 are first generated. The potential final vibrational energy

states (k, l) are then set as k = R1vmax, l = R2vmax. Next, the probability of tran-

sition P klij for (i, j)→ (k, l) is calculated according to the collision energies of the

potential collision using Eq. 5.3. P klij is then compared with a newly generated

random number, R3, uniformly distributed between 0 and 1.

3. If P klij > R3, then the (i, j) → (k, l) transition is performed; otherwise, return to

step 2, and repeat the acceptance-rejection technique is repeated with two newly

generated random numbers.

4. The post collision relative translational energy, ε′t, is calculated from the conserva-

tion of energy. The velocities of the two collision particles, are then set following
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the hard sphere scattering rule.

The procedures for collisions corresponding to Eq. 5.31 are similar. With the above

implementation of the Anderson model in the DSMC method, the state-to-state collision

cross-sections and transition rates will be correctly simulated.

One drawback of the Anderson model, however, is the unrealistic state-to-state

collision cross-section, σklij , for collisional transitions between different molecular inter-

nal energy states. σklij is set analytically, purely under the consideration of satisfying

the microscopic reversibility relation, rather than from theoretical or computational

calculations of the true molecular collision processes. Since the transition rates are

completely determined by σklij , the state-to-state collisional transition rates obtained

from this model, and therefore the macroscopic internal energy relaxation rates, may

be unrealistic.

To control the macroscopic relaxation rates of the Anderson model and the cor-

responding rates simulated in the DSMC method, a collision probability Prot or Pvib

may be used to specify the percentage of collisions that will undergo state-to-state type

collisions. Similar to the inelastic collision selection procedure and phenomenological

models proposed previously (Chapter 2), each collision pair could first be tested for

the possibility of a state-to-state collision using the acceptance-rejection technique with

Rn < Prot or Rn < Pvib. Rn appearing in the inequalities is a random number uniformly

distributed between 0 and 1. Only the fractions of collisions that pass the test will un-

dergo state-to-state type collisions of the form (i, j)→ (k, l); all the other collisions will

be elastic, and only involve the change of molecular velocities of the collision pair. The

elastic collision could be performed with the widely used VHS or VSS type models.

The collision probability Prot and Pvib could be correlated with realistic relaxation

rate data, such as the MD data for N2–N2 rotational relaxation presented in Ref. 87

(Chapter 4) or the Millikan-White correlation for vibrational relaxation, for example.

To do so, a series of relaxation simulations could be performed, similar to those con-

ducted in Chapter 4. The DSMC simulated relaxation results could then be compared

with the corresponding results using the Jeans or Landau-Teller equation, the master

equation simulations, or the MD results. Through such a detailed comparison, the con-

nection between Prot or Pvib and the relaxation rate could then be established specific

to the state-resolved model, resulting in a more realistic state-to-state DSMC collision
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model. In general, the probability Prot or Pvib can depend on temperature, or some

combination of collision energy modes, as discussed in Chapters 2 and 4. As already

outlined in the Anderson model implementation, the post collision energy in this model

is determined through the collision pair selection process directly, instead of using the

phenomenological Borgnakke-Larsen model [19]. Detailed balance is inherently satisfied

for any temperature or collision energy dependent Prot, Pvib model.

To verify the proposed Anderson model implementation in the DSMC method, a

series of isothermal vibrational relaxation simulations are performed, where the trans-

lational temperature is set as a constant, and the vibrational temperature is relaxing

from a different value toward equilibrium. The relaxation simulation results are shown

in Fig. 5.1 for the vibration-vibration-translation (VVT) collision process of Eqs. 5.1

and 5.31. Results corresponding to different Pvib values to control the relaxation rate,

are compared in the figures. The effect of Pvib in adjusting the overall relaxation rate

is evident from such comparisons. More importantly, the vibrational energy reaches

the equilibrium value. This indicates that the DSMC implementation of the Anderson

model satisfies the detailed balance relation, and the equipartition of energy between

different energy modes is maintained. Furthermore, the vibrational energy distribution

function after reaching the equilibrium state is plotted in Fig. 5.2 for the VVT colli-

sion process. As can be seen from the figure, the EDF agrees well with the Boltzmann

distribution at the corresponding temperature.

5.2.2 Model extension for variable hard sphere molecules

To better simulate the temperature dependence of viscosity, it is desirable to extend the

original Anderson model, and use more realistic molecule interaction model to replace

the hard sphere model. A straight forward extension is to change the hard sphere

collision cross-section σ0 in Eq. 5.2 or 5.32 to the variable hard sphere (VHS) collision

cross-section σT,V HS , and rewrite the state-to-state collision cross-section as,

σklij = σT,V HS(εt)P
kl
ij , (5.35)

and,

σki = σT,V HS(εt)P
k
i . (5.36)
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(a) Relaxation for short time. (b) Relaxation for long time.

Figure 5.1: Isothermal vibrational relaxation of the Anderson model for different Pvib
values.

Figure 5.2: The vibrational energy distribution function (EDF) for the isothermal re-
laxation, after reaching equilibrium temperature of T = 15000K.

σT,V HS is a function of the relative collision velocity g or the relative translational energy

εt. When expressed in terms of εt, σT,V HS has the following form,

σT,V HS(εt) = πd2
ref

kBTref

Γ(5
2 − ω)

ε
1
2
−ω

t (5.37)
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where dref is a reference diameter defined at a reference temperature Tref , Γ(·) is the

Gamma function, and ω is the exponent of the temperature dependent viscosity formu-

lation,

µ(T ) =
15
√
πmkTref

2πd2
ref (5− 2ω)(7− 2ω)

(
T

Tref

)ω
, (5.38)

where m is the molecule mass.

This straight forward extension of the Anderson model, however, will lead to DSMC

simulation results not satisfying detailed balance and equipartition of energy under

equilibrium conditions. To show this, we conduct a series of vibrational relaxation

simulations using the Anderson model with different values of Pvib. The VHS model

parameters used in the simulation are given in Table. 5.1. The results are plotted

in Fig. 5.3. As can be clearly seen from the figure, the vibrational and translational

temperatures do not come into equilibrium with each other.

Table 5.1: DSMC simulation parameters for the VHS model.

ω dref (m) Tref (K)

0.72 4.17× 10−10 273

Figure 5.3: Isothermal relaxation of the Anderson model with VHS collision cross-
section.
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The explanation for the difference in temperature at steady state, is due to the vio-

lation of microscopic reversibility, and hence detailed balance at equilibrium conditions

in the DSMC simulation. Because of this, some vibrational levels will be over-populated

compared to their equilibrium populations, while some vibrational levels will be under-

populated. This can be clearly seen by examining the steady state vibrational energy

distribution (EDF) function resulting from the simulation. The vibrational EDF after

reaching steady state is plotted in Fig. 5.4 for the VVT collision process. Overall, the

result shown in the figure is consistent with the analysis.

Figure 5.4: The steady state vibrational energy distribution function (EDF) for isother-
mal relaxation, using the Anderson model with VHS cross-section.

To arrive at a more rigorous explanation, we perform the following mathematical

analysis taking the molecule-molecule collision as an example. According to the specified

state-to-state collision cross-section and transition probability (Eqs. 5.2 and 5.3), we

have,

σklij (εt) = σT,V HS(εt)P
kl
ij = σT,V HS(εt)

gkgl(εc − εk − εl)
Q(εc)

= σT,V HS(εt)
gkglε

′
t

Q(εc)
, (5.39)
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and,

σijkl(ε
′
t) = σT,V HS(ε′t)P

ij
kl = σT,V HS(ε′t)

gigj(εc − εi − εj)
Q(εc)

= σT,V HS(ε′t)
gigjεt
Q(εc)

, (5.40)

for the (i, j) → (k, l) and (k, l) → (i, j) transitions with relative translational energies

εt and ε′t, respectively. We then define,

I1 = gigjεtσ
kl
ij = gigjgkgl

εtε
′
t

Q(εc)
σT,V HS(εt) , (5.41)

and,

I2 = gkglε
′
tσ
ij
kl = gigjgkgl

εtε
′
t

Q(εc)
σT,V HS(ε′t) . (5.42)

This leads to,
I1

I2
=
σT,V HS(εt)

σT,V HS(ε′t)
(5.43)

By comparing Eqs. 5.41, 5.42 and 5.43 with Eq. 5.7 (the microscopic reversibility re-

lationship), we can clearly see that this cannot be satisfied in general, since the VHS

cross-section term σT,V HS in I1 and I2 corresponds to different translational energies

(εt and ε′t). Consequently, if Eq. 5.35 or 5.36 is used in the DSMC method, the state-to-

state transition rate obtained from such cross-sections will not satisfy detailed balance

relation. The DSMC simulation results will not achieve the equipartition of energy

between different energy modes, and hence a difference in steady state translation and

vibrational temperatures will result.

To fix the problem, the probabilities P klij and P ki specified by Eqs. 5.3 and 5.33

must be modified. We propose the following modification to the original expressions in

Eqs. 5.3 and 5.33. For molecule-molecule collisions, P klij is modified to,

P̂ klij =
gkgl(εc − εk − εl)

3
2
−ω∑

m,n gmgn(εc − εm − εn)∗
, (5.44)

with,

(εc − εm − εn)∗ =

{
0 if εc − εm − εn < 0

(εc − εm − εn)
3
2
−ω if εc − εm − εn ≥ 0

. (5.45)
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For molecule-atom collisions, P ki is modified to,

P̂ ki =
gk(εc − εk)

3
2
−ω∑

m gm(εc − εm)∗
, (5.46)

with,

(εc − εm)∗ =

{
0 if εc − εm < 0

(εc − εm)
3
2
−ω if εc − εm ≥ 0

. (5.47)

With this modification, the microscopic reversibility will be automatically satisfied

when using the VHS collision cross-section, resulting in the the state-to-state transition

rate achieving the detailed balance relation. Using the DSMC implementation proce-

dures outlined in section 5.2.1.4, the simulated transition rate will also satisfy detailed

balance and the simulation results will achieve equipartition of energy between differ-

ent energy modes at steady state. This is confirmed by actual DSMC tests. A series

of vibrational relaxation simulation are performed for both the molecule-molecule and

molecule-atom collisions, and the results are plotted in Fig. 5.5. From the figure, it can

be easily seen that the vibrational and translational temperatures are in equilibrium

with each other. To further verify detailed balance, the vibrational energy distribution

function (EDF) after reaching steady state is plotted in Fig. 5.6 for the VVT collision

process. Again, the EDF agrees well with the Boltzmann distribution at the corre-

sponding temperature.

We can again use the probability (or fraction) of state-to-state collisions (Prot and

Pvib) to control the simulated relaxation rate as discussed in section 5.2.1.4. Prot and

Pvib could be correlated with existing experimental, theoretical, or computational results

regarding the relaxation rate (or collision number) for each type of relaxation process,

through extensive comparison of the DSMC simulation results with those of the Jeans

or Landau-Teller equation, master equation simulation results, or Molecular Dynamics

results, for example. However, our objectives were to use the Anderson model to demon-

strate the correct implementation of a state-resolved model, demonstrate an extension

of the model, and most importantly identify the key aspects crucial for formulating a

full rovibrational state-to-state DSMC collision model. As a result, we will not proceed

further along the direction of the Anderson model. The correlation of the rotational or

vibrational relaxation rate predicted by the Anderson model together with a probability
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(a) Relaxation for short time. (b) Relaxation for long time.

Figure 5.5: Isothermal vibrational relaxation of the Anderson model for different Pvib
values with VHS model.

Figure 5.6: The vibrational energy distribution function (EDF) for the isothermal re-
laxation, after reaching equilibrium temperature T = 15000K.

Prot or Pvib, may indeed result in rotational or vibrational relaxation models superior

to the previously developed phenomenological models. Such a model may also result in

more realistic energy distribution functions, however, this requires further investigation,
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and is not the focus of the current chapter.

5.2.3 Implications for general state-to-state DSMC collision models

Through detailed analysis of the Anderson model and the proposed VHS-modification,

we clearly observe the importance of satisfying the microscopic reversibility relation for

the state-to-state transition probabilities or collision cross-sections. The simulations in

sections 5.2.1 and 5.2.2 focus on the vibrational energy mode, however, the analysis

is general for any internal energy exchange process. Whether the state-to-state data

considers only vibrational state-to-state transition, or full rovibrational state-to-state

transition, the microscopic reversibility should be accordingly satisfied. If this is ac-

complished, then the detailed balance relation will also be satisfied. Combined with the

correct procedures and implementation of the state-to-state collision data within the

DSMC method, we can expect to obtain a fully consistent state-to-sate DSMC collision

model. The development a full state-to-state DSMC collision model, however, requires

careful considerations to maintain all of these requirements. Specifically, we need to

consider the followings:

1. To start with, the state-to-state collision cross-section database should (ideally)

satisfy microscopic reversibility, however, in practice this may not be the case.

When such a relationship is not satisfied, modification to the database may be

required. When the database is such that microscopic reversibility is satisfied be-

tween each collision and its reverse collision process, the transition rate will also

satisfy the detailed balance relation under thermal equilibrium condition macro-

scopically.

2. The state-to-state cross-sections must be implemented within the DSMC method

such that the DSMC simulated transition rates reproduce the desired rates (input

from the data base). This includes consistent implementation of collision rates

(cross-sections), pair selection procedures, and acceptance-rejection algorithms.

3. Finally, the calculation of desired collision rates in the DSMC method, the se-

lection of potential collision pairs, and the procedure to perform actual collision

processes should be computationally efficient and able to capture rare transition

events.
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5.3 Development of a General State-to-state DSMC Col-

lision Model

By carefully considering the microscopic reversibility and detailed balance relationships

for general rovibrational state-to-state transition probability data, and satisfying them

exactly, we propose a consistent framework to develop state-to-state collision models

in the DSMC method. We start from the fundamental collision process, build up the

framework step by step, and then propose the full procedures to develop such final colli-

sion model. For the proposed model implementation, we will first examine it by utilizing

arbitrarily constructed transition probabilities (cross-section) data. In section 5.4, we

will use the proposed framework to implement a vibration state-to-state DSMC collision

model utilizing the FHO model transition probability data [3].

The detailed collision process is modeled by the macroscopic transition rate in the

continuum description, while it is described in terms of transition probability or cross-

section from the molecular point of view. There is a correspondence between the tran-

sition rate and cross-section in continuum and molecular descriptions. Specifically, this

correspondence should be maintained between the continuum simulation, such as the

master equation simulation, and the DSMC simulation using the state-to-state transition

cross-section, to ensure the consistency between the two methods. To verify this, the

DSMC simulation results from the state-to-state model will be compared with master

equation simulation results using the corresponding temperature dependent transition

rate data.

Due to the complexity of the detailed collision process, there is no simple analytical

expression to link the state-to-state model cross-section to the transport coefficients.

This is different compared to phenomenological collision models, such as the VHS or

VSS model [15], where the transport coefficients (such as for viscosity) can be ana-

lytically expressed. Thus, the connection between the state-to-state collision model

cross-section and the corresponding transport properties predicted by such model will

also be discussed.
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5.3.1 State-to-state collision data from computational chemistry

Ideally, the collision process could be fully simulated in a deterministic manner. The

starting point is the molecule interaction potential, or the potential energy surface

(PES), which could be obtained from high level quantum chemistry calculations, such

as the density functional theory. With the PES in hand, we could perform a detailed tra-

jectory calculation or Molecular Dynamics simulation to simulate the molecule collision

event.

For trajectory calculation, there are quasi-classical trajectory (QCT) calculation and

classical trajectory calculation (CTC) depending on the description of the molecule, ei-

ther quantum description or classical description, and the ways molecule internal energy

states are sampled [31, 37, 38, 55]. Regardless of the slight difference in the two trajec-

tory calculation methods, the input parameters in the trajectory simulation is a specific

molecule collision configuration, corresponding to certain translational and internal en-

ergy. The simulated molecules are then allowed to interact with each other according to

the classical dynamics based on the PES. By simulating all the possible molecule colli-

sion events, we could then obtain the detailed informations of the molecule collisions.

5.3.1.1 Molecules without internal structure/energy

We first consider the two body collision problem of molecules without internal struc-

ture/energy. In other words, the molecule can be treated as an atom. Denote the two

collision pairs as M1 and M2, with mass m1 and m2, respectively. The reduced mass

of the collision pair is µ = m1m2
m1+m2

, and the relative collision velocity is g. Consider the

collision process in the center of mass framework, that is, describe the collision as a

molecule with a reduced mass of µ interacting with a central potential. The parameters

that describe the collision process are:

1. impact factor, b, 0 ≤ b ≤ ∞.

2. relative velocity of the collision pair, g, 0 ≤ g ≤ ∞.

3. angle ε, the reference angle of the plane of trajectory with respect to a reference

plane, 0 ≤ ε ≤ 2π.

Equivalently, the collision process can be described by alternate parameters:
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1. relative velocity of the collision pair, g, 0 ≤ g ≤ ∞.

2. deflection angle of the collision trajectory after collision, χ, 0 ≤ χ ≤ π.

3. angle ε, the reference angle of the plane of trajectory with respect to a reference

plane, 0 ≤ ε ≤ 2π.

Thus, we have two sets of parameters to describe the equivalent collision process:

1. (b, g, ε);

2. (g, χ, ε).

The deflection angle χ in the second description, can be expressed as a function of b

and g: χ = χ(b, g). This explicitly accounts for the influence of impact factor and

relative collision velocity on the deflection angle (alternatively, the impact factor can be

expressed as a function of relative collision velocity and deflection angel, i.e., b = b(g, χ)).

These relations link the two sets of collision parameters, and the two approaches are

equivalent. The first description focuses on describing the molecule states before the

collision, while the second description focuses on describing the collision outcomes after

the collision.

We can therefore have two definitions of the differential cross-section according to

the two descriptions: (1) differential cross-section = σ(g, χ)dΩ, or (2) differential cross-

section = bdbdε. The two descriptions are equivalent to each other,

σ(g, χ)dΩ = bdbdε (5.48)

with σ(g, χ), the collision cross-section and dΩ, the differential solid angle dΩ = sinχdχdε.

The collision cross-section can be expressed in terms of b and χ as,

σ(g, χ) =
b

sinχ

∣∣∣∣ ∂b∂χ
∣∣∣∣ (5.49)

Then the total collision cross-section corresponding to the relative collision velocity g

is,

σT (g) =

∫ π

0

∫ 2π

0
σ(g, χ)dΩ =

∫ π

0

∫ 2π

0
σ(g, χ)sinχdχdε (5.50)
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Equivalently, the total collision cross-section at the relative collision velocity g can be

calculated as,

σT (g) =

∫ ∞
0

∫ 2π

0
bdbdε (5.51)

In the above description, the molecule’s state after the collision is not explicitly given,

since according to the classical collision dynamics, the post collision state is determined

by the molecule’s initial states, and is deterministic. A more complete description of

the total collision cross-section should include the post collision relative velocity g′ as a

parameter, such that σT (g) = σT (g → g′). However, due to the deterministic nature of

the collision, it is simply represented as σT (g).

5.3.1.2 Molecules with internal structure/energy

Next, we consider the two body collision problem of molecules with internal struc-

ture/energy. In this case, we first consider the molecule-atom collision of the following

type,

N2(j, v) +M → N2(j′, v′) +M , (5.52)

and take a N2 molecule as an example for the analysis. The analysis here is general,

and can be extended to molecule-molecule collisions of the form,

A2(j1, v1) +B2(j2, v2)→ A2(j′1, v
′
1) +B2(j′2, v

′
2) , (5.53)

where A2, B2 are two molecules with initial internal energy states (j1, v1), (j2, v2) and

final energy states (j′1, v
′
1), (j′2, v

′
2), respectively. Here j1, j2, j

′
1, j
′
2 represent the rotational

quantum numbers, while v1, v2, v
′
1, v
′
2 represent the vibrational quantum numbers.

In Eq. 5.52, M is either an atom or a molecule that does not change internal energy

during the collision, and (j, v), (j′, v′) are the rotational and vibrational quantum states

of the N2 molecule before and after the collision event, respectively. Denote the internal

energy change process as Γ = (j, v → j′, v′). For the collision in Eq. 5.52, suppose the

transition (or reaction) probability from the initial states (j, v) to the final states (j′, v′)

is PR(b, ε; g,Γ). Here the subscript “R” denotes “reaction”, as we could consider all

such transitions as “reactions”. Here, we enforce the following identity for the transition
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probability PR(b, ε; g,Γ),

∑
PR(b, ε; g,Γ) =

∑
j′,v′

PR(b, ε; g, j, v → j′, v′) = 1 , for any g, j, v . (5.54)

Consider a specific collision with initial impact factor value b and relative collision

velocity g. After the collision process, the differential collision cross-section (bdbdε), will

be mapped to a differential cross-section IR(χ, ε; g,Γ)dΩ, with probability PR(b, ε; g,Γ).

Here, IR(χ, ε; g,Γ) is a similarly defined state-specific collision cross-section for the

transition (g,Γ) = (g, j, v → j′, v′) corresponding to the scattering angle χ and reference

angle ε. This means that we have,

IR(χ, ε; g,Γ)dΩ = PR(b, ε; g,Γ)bdbdε (5.55)

The above equation simply denotes the mapping between the differential area before

and after the collision.

The reactive collision cross-section for the transition (g, j, v → j′, v′) is therefore,

σR(g,Γ) =

∫ ∫
IR(χ, ε; g,Γ)dΩ =

∫ 2π

0

∫ 2π

0
IR(χ, ε; g,Γ)sinχdχdε , (5.56)

or alternatively,

σR(g,Γ) =

∫ ∫
PR(b, ε; g,Γ)bdbdε =

∫ ∞
0

∫ 2π

0
PR(b, ε; g,Γ)bdbdε . (5.57)

For the above integration, we must choose an upper limit for the integration (bmax),

otherwise, the integration does not converge. Although PR(b, ε; g,Γ) depends on b and

ε, in practice, we can define a conservative cut-off distance bmax and a corresponding

maximum collision cross-section πb2max. In this case, the velocity and internal energy

states dependent collision cross-section is,

σR(g,Γ) =

∫ ∞
0

∫ 2π

0
PR(b, ε; g,Γ)bdbdε ≈ πb2max

∫ bmax

0

∫ 2π

0

PR(b, ε; g,Γ)

πb2max
bdbdε . (5.58)

This allows us to write the state specific collision cross-section for transition (g,Γ) =
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(g, j, v → j′, v′) as,

σR(g,Γ) = σR(g, j, v → j′, v′) = πb2maxP
0
R(g,Γ) , (5.59)

where P 0
R(g,Γ) is,

P 0
R(g,Γ) =

∫ 2π

0

PR(b, ε; g,Γ)

πb2max
bdbdε , (5.60)

and the dependence on b and ε has been intergrated out of Eq. 5.58, for example by a

large number of trajectory calculations sampling 0 < b < bmax and 0 < ε < 2π. The

integrated result is represented by P 0
R(g,Γ) in Eq. 5.59. Eq. 5.59 is the most fundamental

expression for all state-to-state transition cross-sections from which a full state-resolved

model can be developed.

The collision cross-section for the transition from a specific initial quantum states

(j, v) to all final quantum states is then,

σR(g, j, v) =
∑
j′,v′

σR(g, j, v → j′, v′) =
∑
j′,v′

πb2maxP
0
R(g, j, v → j′, v′) . (5.61)

We can therefore define the state-to-state transition probability as,

PR(g, j, v → j′, v′) =
σR(g, j, v → j′, v′)

σR(g, j, v)
. (5.62)

5.3.2 General determination of state-to-state collision cross-sections

In some situations, the full database for state-to-state collision cross-sections (Eq. 5.59)

may be available (through computational chemisty methods for example). However, in

some situations, the full state-to-state collision cross-section data may not be available,

is incomplete, or is inconsistent in some manner. For example, in the forced harmonic

oscillator (FHO) model, only the transition probabilities are given and information re-

garding the collision cross-section is not specified. It is also possible, that only excitation

collision cross-sections are given, in which case we need to define the de-excitation colli-

sion cross-sections based on microscopic reversibility. It is also possible that statistical

scatter (resulting from a finite number of trajectory calculations) in the cross-section

database and/or the binning of classical energies into quantum states may result in
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subtle inconsistencies in a set of cross-sections with respect to microscopic reversibility.

In this section, we generally determine a consistent set of state-to-state collision cross-

sections for such situations. In general, we propose the following procedure to arrive at

a consistent set of state-to-state collision cross-sections:

1. We start from an energy dependent collision cross-section, σ
(0)
R (g, j, v). This could

result from a computational chemistry database (σR(g, j, v) as discussed in the

previous section), or be imposed by a phenomenological model such as the VHS

model, where σ
(0)
R (g, j, v) = σR(g) is assumed independent of the energy states

(j, v) and is consistent with some viscosity law (Eqs. 5.37 and 5.38). We also

have a set of transition probabilities P
(0)
R (g, j, v → j′, v′). This could result from

computational chemistry as discussed in the previous section (Eq. 5.62), or be

determined by some theoretical analysis (such as in the FHO model).

2. In the k-th step, we define the excitation transition cross-sections as,

σ
(k)
R (g, j, v → j′, v′) = σ

(k−1)
R (g, j, v)P

(k−1)
R (g, j, v → j′, v′), for ε(j, v) ≤ ε(j′, v′)

(5.63)

while calculating the de-excitation transition cross-sections as,

σ
(k)
R (g, j, v → j′, v′) =

σ
(k)
R (g′, j′, v′ → j, v)gn(j′, v′)ε′t

gn(j, v)εt
, for ε(j, v) < ε(j′, v′)

(5.64)

from microscopic reversibility. Here, gn(j, v) and gn(j′, v′) are the degeneracies of

the (j, v) and (j′, v′) quantum states, respectively; εt = 1
2µg

2 and ε′t = 1
2µg

′2 are

the relative translational energies corresponding to (j, v) and (j′, v′) energy states,

respectively, which satisfy the conservation of energy equation,

εt + ε(j, v) = ε′t + ε(j′, v′) (5.65)

3. From Eqs. 5.63 and 5.64, all the state-to-state collision cross-sections σ
(k)
R (g, j, v →

j′, v′) (∀g, j, v, j′, v′) are defined for the k-th step. We can then re-calculate the

state-specific collision cross-section, σ
(k)
R (g, j, v), for all transitions with an initial
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states (j, v) as,

σ
(k)
R (g, j, v) =

∑
j′,v′

σ
(k)
R (g, j, v → j′, v′). (5.66)

This result can be compared to the corresponding value in the (k-1)-th step,

σ
(k−1)
R (g, j, v). If the original state-to-state collision cross-sections and probabili-

ties were initially fully consistent, then the result of Eq. 5.66 will be identical to

the previous value σ
(k−1)
R (g, j, v) (specifically for k=1). However, in most cases the

results will not be exactly equal, and may differer substantially. This indicates

that microscopic reversibility is not satisfied by the initial set of cross-sections.

4. The transition probabilities from the previous iteration can then be updated ac-

cording to σ
(k)
R (g, j, v → j′, v′) and σ

(k)
R (g, j, v) as,

P
(k)
R (g, j, v → j′, v′) =

σ
(k)
R (g, j, v → j′, v′)

σ
(k)
R (g, j, v)

. (5.67)

After 2 steps, we stop at k = 2, and obtained a fully consistent set of state-to-state

cross-sections.

5. At the end of the process, we have σR(g, j, v → j′, v′) = σ
(k0)
R (g, j, v → j′, v′) and

σR(g, j, v) = σ
(k0)
R (g, j, v), with k0 = 2. For the final consistent set of state-to-state

collision cross-sections, microscopic reversibility is automatically satisfied between

initial and final states: (j, v) (j′, v′),

σR(g, j, v → j′, v′)gn(j, v)εt = σR(g′, j′, v′ → j, v)gn(j′, v′)ε′t . (5.68)

This can be easily checked according to Eqs. 5.63 and 5.64.

As a remark, if the state-to-state transition probability database is complete and

fully consistent in itself, then from the state-to-state transition probabilities, PR(ε, g, b,Γ),

or the differential collision cross-sections, IR(χ, ε, g,Γ), we could get the full consistent
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state-to-state collision cross-sections as,

σR(g,Γ) =

∫ π

0

∫ 2π

0
IR(χ, ε, g,Γ)sinχdχdε

or =

∫ ∞
0

∫ 2π

0
PR(ε, g, b,Γ)bdbdε.

(5.69)

These cross-sections naturally satisfy microscopic reversibility. As a result, the above

iteration process may be not necessary in this situation.

Finally, when the full set of state-to-state collision cross-sections are determined

(through the iteration process or directly from computational chemistry) the cross-

sections can be further integrated to arrive at transition rates (according to Eq. 5.18 or

Eq. 5.19), which will satisfy detailed balance under equilibrium condition, i.e.,

kf (Γ, T )

kf (Γ′, T )
=
gn(j′, v′)

gn(j, v)
exp

(
−ε(j

′, v′)− ε(j, v)

kBT

)
. (5.70)

Here, kf (Γ, T ) and kf (Γ′, T ) are the state-to-state transition rates at temperature T ,

with Γ = (j, v → j′, v′) and Γ′ = (j′, v′ → j, v).

5.3.3 Detailed balance at equilibrium

We have in hand the following two equations,

1. The definition of the differential collision cross-section:

IR(χ, ε, g,Γ)dΩ = PR(ε, g, b,Γ)bdbdε (5.71)

2. The microscopic reversibility relationship:

gn(j, v)εtIR(χ, ε, g,Γ) = gn(j′, v′)ε′tIR(χ, ε, g′,Γ′) (5.72)
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From the definition of the state-to-state collision cross-section and the above two

equations, we have,

σR(g,Γ) =

∫ ∞
0

∫ 2π

0
PR(ε, g, b,Γ)bdbdε

=

∫ ∞
0

∫ 2π

0
PR(ε, g′, b,Γ′)

gn(j′, v′)ε′t
gn(j, v)εt

bdbdε

=
gn(j′, v′)ε′t
gn(j, v)εt

∫ ∞
0

∫ 2π

0
PR(ε, g′, b,Γ′)bdbdε

=
gn(j′, v′)ε′t
gn(j, v)εt

σR(g′,Γ′) ,

(5.73)

where we have used the definition of the differential collision cross-section, and the

microscopic reversibility relation,

PR(ε, g, b,Γ) =
IR(χ, ε, g,Γ)dΩ

bdbdε

=
IR(χ, ε, g′,Γ′)gn(j′, v′)ε′tdΩ

gn(j, v)εtbdbdε

= IR(χ, ε, g′,Γ′)dΩ
gn(j′, v′)ε′t

gn(j, v)εtbdbdε

= PR(ε′, g′, b,Γ′)bdbdε
gn(j′, v′)ε′t

gn(j, v)εtbdbdε

= PR(ε′, g′, b,Γ′)
gn(j′, v′)ε′t
gn(j, v)εt

. (5.74)

Hence, we have,

gn(j, v)εtσR(g,Γ) = gn(j′, v′)ε′tσR(g′,Γ′) . (5.75)

Or writing Γ,Γ′ explicitly, we have,

gn(j, v)εtσR(g, j, v → j′, v′) = gn(j′, v′)ε′tσR(g′, j′, v′ → j, v). (5.76)

Therefore, the collision cross-section defined in Eqs. 5.63 and 5.64 satisfies the micro-

scopic reversibility. As a result, the detailed balance relationship is also satisfied, and

the proof is given below.
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Denote kf (j, v → j′, v′;T ) and kf (j′, v′ → j, v;T ) as the state-to-state transition

rate at temperature T of the forward and backward transition between (j, v) and (j′, v′).

From the definition of the transition rate, kf (j, v → j′, v′;T ),

kf (j, v → j′, v′;T ) = A

∫ ∞
0

σR(g, j, v → j′, v′)εtexp (−εt/kBT ) dεt , (5.77)

we then have,

kf (j, v → j′, v′;T )

=A

∫ ∞
0

σR(g, j, v → j′, v′)εtexp (−εt/kBT ) dεt

=A

∫ ∞
0

σR(g, j′, v′ → j, v)ε′t
gn(j′, v′)

gn(j, v)
exp

(
−(ε′t + ε(j′, v′)− ε(j, v))/kBT

)
dε′t

=
gn(j′, v′)

gn(j, v)
exp

(
−(ε(j′, v′)− ε(j, v))/kBT

)
A

∫ ∞
0

σR(g, j′, v′ → j, v)ε′texp
(
−ε′t/kBT

)
dε′t

=
gn(j′, v′)

gn(j, v)
exp

(
−(ε(j′, v′)− ε(j, v))/kBT

)
kf (j′, v′ → j, v;T )

(5.78)

This is equivalent to,

kf (j, v → j′, v′;T )

kf (j′, v′ → j, v;T )
=
gn(j′, v′)

gn(j, v)
exp (−∆ε/kBT ) , (5.79)

where ∆ε = ε(j′, v′)− ε(j, v), which can be rewritten as,

gn(j, v)exp (−ε(j, v)/kBT ) kf (j, v → j′, v′;T )

=gn(j′, v′)exp
(
−ε(j′, v′)/kBT

)
kf (j′, v′ → j, v;T ) .

(5.80)

Thus if the state-to-state collision cross-sections satisfy microscopic reversibility, then

the transition rates will satisfy the detailed balance in equilibrium. Then if the state-

to-state model is implemented correctly within the DSMC method, DSMC simulations

will satisfy these relationships as well, including the equipartition of energy.
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5.3.4 Implementation of the state-to-state model in DSMC

Now, the question is how to correctly implement the state-to-state collision data in

the DSMC method, in order to accurately simulate the desired transition behavior.

The state-to-state DSMC collision model implementation should consider the following

aspects: select the correct number of collision pairs (collision rate); ensure that the

collisions result in the correct collision outcomes; σR(g, j, v → j′, v′) or PR(g, j, v →
j′, v′) is correctly simulated. To achieve all these aspects, we divide the problems into

several parts:

1. Collision pair selections / collision rate specification. Since in general, no ana-

lytical expression for σ(g, j, v → j′, v′) exists, σ(g, j, v → j′, v′) is expressed as a

discrete function in the DSMC simulation.

2. Final transition state selections. For an initial energy level (j, v) and relative

collision velocity g, select the final energy level (j′, v′) according to σR(g, j, v →
j′, v′).

3. Redistribution of the post-collision translational energy between the two collision

partners.

4. For an incomplete state-to-state transition rate model (such as the FHO model),

some internal energy transfer processes may not be specified by the state-to-state

transition rate data, and therefore need to be modeled. This could be achieved by

using the phenomenological collision number model (Zrot, Zvib, etc.). For the FHO

model, we can consider the state-to-state transition of vibrational energy mode

first, and then for each collision pair, apply the usual phenomenological rotational

collision number model. However, it is noted that when combining models in such

a manner, the rotatioin model would likely need to be re-parametrized using the

new combined-model framework.

5.3.4.1 Collision rate determination

We first consider the collision rate and number of collisions for an equilibrium gas with

a number density n, temperature T , and a volume V . We also have the following,
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• σR(g, j, v → j′, v′), cross-section for the transition from (j, v) to (j′, v′) energy

level;

• σR(g, j, v), cross-section for the transition from (j, v) energy level, with σR(g, j, v) =∑
j′,v′ σR(g, j, v → j′, v′);

According to the definition of the collision rate (number of collisions per volume per

time for one molecule), we have the collision rate for the (j, v → j′, v′) collision (for one

molecule at the initial (j, v) state) corresponding to temperature T as, ν(j, v → j′, v′;T ),

ν(j, v → j′, v′;T ) =n

∫ +∞

0
σR(g, j, v → j′, v′)gf(g)dg

=nσR(g, j, v → j′, v′)g .

(5.81)

The total collision rate at temperature T is then,

ν(T ) =
∑
j,v

f(j, v;T )
∑
j′,v′

ν(j, v → j′, v′;T )

=n
∑
j,v

f(j, v;T )
∑
j′,v′

σR(g, j, v → j′, v′)g

=n
∑
j,v

f(j, v;T )σR(g, j, v)g

(5.82)

Here, we have σR(g, j, v → j′, v′)g =
∫ +∞

0 σR(g, j, v → j′, v′)f(g)gdg, and σR(g, j, v)g =∫ +∞
0 σR(g, j, v)f(g)gdg. f(j, v;T ) is the population of (j, v) quantum energy states in

the system corresponding to temperature T (the probability that the molecule will be

in the (j, v) energy states). f(j, v;T ) is included in the total collision rate calculation

to account for the population of (j, v) state at equilibrium. At equilibrium condition,

we have,

f(j, v) = gn(j, v)exp

(
−ε(j, v)

kBT

)
/Q , (5.83)

where gn(j, v) is the degeneracies of the (j, v) quantum state, ε(j, v) is the energy of

the (j, v) quantum energy state, kB is the Boltzmann constant, and Q is the partition

function,

Q =
∑
j,v

gn(j, v)exp

(
−ε(j, v)

kBT

)
. (5.84)
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Total number of collisions, M(j, v → j′, v′), in a cell with volume V , during the time

step ∆t, for the (j, v → j′, v′) transition at temperature T is then,

M(j, v → j′, v′) =
1

2
ν(j, v → j′, v′)∆tV nf(j, v)

=
1

2
n2V∆tf(j, v)σR(g, j, v → j′, v′)g

(5.85)

Note, here we have dropped the dependence of N(j, v → j′, v′) on temperature T for

convenience. Also note, the symmetric factor 1
2 in the above equation applies to single

species gas collision (for example N2-N2 collision with only one N2 molecule change

internal energy). For collision of different gas species, the symmetric factor 1
2 will drop.

This holds for the following derivations. The total number of collisions, N(j, v), in a

cell with volume V , during the time step ∆t, for the (j, v) energy states at temperature

T is then,

M(j, v) =
∑
j′,v′

M(j, v → j′, v′) (5.86)

The total number of collisions, M , in a cell with volume V , during the time step ∆t at

temperature T is then,

M =
∑
j,v

M(j, v) =
∑
j,v

∑
j′,v′

M(j, v → j′, v′) (5.87)

An alternate (but equivalent) definition of M is as follows. In a cell with volume V ,

the number of collisions in time ∆t for particles in the velocity range (g, g+ dg) and at

energy state (j, v) are,

dM =
1

2
nV f(j, v)f(g)dg︸ ︷︷ ︸

I

·σR(g, j, v)g∆t︸ ︷︷ ︸
II

·n

︸ ︷︷ ︸
III

,
(5.88)

where term I is the # of particles in [(g, g+dg), (j, v)] states, term II is the volume

swept by one molecule, and term III is the # of particles in the swept volume. Then,
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the total number of collisions is,

M =
∑
j,v

∫ ∞
0

dM =
∑
j,v

∫ ∞
0

1

2
n2V∆tf(j, v)σR(g, j, v)f(g)gdg , (5.89)

which is equivalent to Eq. 5.87.

Next, consider the situation in a DSMC collision cell of volume V . Supposed the

particle weight of each DSMC simulation particle is Wp, we then have the number of

simulation particles, N , in a collision cell as,

N = nV/Wp . (5.90)

We then incorporate the no time counter (NTC) algorithm in the state-to-state collision

model, to simulate the desired transition rate (collision rate, or collision numbers) in

the DSMC method. Specifically, we propose three NTC type algorithms to simulate

the state-to-state collision rate, and collision numbers within DSMC. For simplicity, we

only consider a vibrational state-to-state collision model here, and for the molecule-atom

collision process. However, the algorithms can be easily extended to a full rovibrational

state-to-state model for either molecule-molecule or molecule-atom collision processes.

We call the three NTC algorithms state-to-state NTC (STS-NTC) algorithms. The

major difference between the NTC algorithm for the phenomenological VHS or VSS type

model, and the STS-NTC algorithms for the state-to-state DSMC collision model, lies in

the calculation of the collision rate and the number of collisions. In the phenomenological

model, only one collision rate (that is the total collision rate) and number of collisions

(in the DSMC simulation) is required. The collision rate and the number of collisions

are linked to the total collision cross-section σT (g), either VHS or VSS cross-section.

However, for the state-to-state DSMC collision model, we need to calculate the state-to-

state collision rate and the number of collisions. Depending on the number of transitions

allowable, there may be thousands or millions of such quantities. Each collision rate

is linked to a state-to-state cross-section σR(g, j, v → j′, v′). More importantly, we

need to correctly simulate the number of collision events for each type of state-to-state

transition, to ensure the correct state-to-state transition or collision rate are simulated.
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Each of the three STS-NTC algorithms proposed here, can simulate all the state-to-

state transition simultaneously. Specifically, during each collision phase of the DSMC

method, algorithm 1 explicitly calculate the number of potential collisions for each state-

to-state transition, and pick the desirable amount of pairs lie in the specific energy level

to perform the actual collision. Each transition process is explicitly accounted for in

algorithm 1. Through this, the correct amount of collisions for each transition process

is simulated. Due to the finite amount of particles in a DSMC simulation cell, it is often

impossible to simulate each state-to-state transition each time step. This may cause

problem in the actual DSMC simulations. Since the number of available particles in the

high energy states is very small, the collision event involving high energy states may not

be simulated in every DSMC time step, resulting in not satisfying the detailed balance

and hence equipartition of energy. Algorithm 2 and 3 improve on this. Specifically for

algorithm 2, since the final collision states are selected randomly (uniformly) from all

the allowable energy states, each transition has an equal chance to be selected in every

DSMC time step; transitions that are not simulated in one time step, have the chance to

be simulated in a later time step. Similar to algorithm 2, algorithm 3 further improves

on this.

In the following part, i, j represent the initial and final vibrational energy states,

respectively; Ñij , Ñi, Ñ represent the maximum expected number of collisions in a

DSMC collision cell with volume V during a single time step ∆t. The three algorithms

calculate these quantities as,

• Algorithm 1:

Ñij =
1

2
NiN̄(σR(i→ j)g)max∆tWp/V (5.91)

• Algorithm 2:

Ñi =
1

2
NiN̄(σ

(0)
R (i)g)max(vmax + 1)∆tWp/V (5.92)

• Algorithm 3:

Ñ =
1

2
NN̄(σ

(0)
R g)max(vmax + 1)∆tWp/V (5.93)
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In the above equation, Ni is the number of simulation particles in the i-th vibrational

energy level. N̄ is the average number of particles in the cell. With

(σR(i→ j)g)max = maxg(σR(g, i→ j)g) (5.94)

(σ
(0)
R (i)g)max = maxj(σR(i→ j)g)max , (5.95)

and,

(σ
(0)
R g)max = maxi(σ

(0)
R (i)g)max (5.96)

The demonstrative model used in section 5.3.5 includes 48 vibrational levels (bounded

anharmonic oscillator model for vibrational energy) and ignores rotational energy. This

means there are (48)2 stored values of σR(i → j)g)max for algorithm 1, 48 stored val-

ues of (σ
(0)
R (i)g)max for algorithm 2, and one stored value of (σ

(0)
R g)max for algorithm

3. Algorithm 1 is similar as proposed by Willauer and Varghese [92] for a rotational

state-to-state DSMC model.

5.3.4.2 Collision pair selection and final transition state selection

We then select desired number of collision pairs for each transition process, in accordance

with the three algorithms (Eqs. 5.91 – 5.91) for Ñij , Ñi, Ñ . For a collision pair selected

for collision, the final state (energy level) is determined by the acceptance-rejection

technique, with R1, R2, ..., ... random numbers, uniformly distributed between 0 and 1.

Corresponding to the three algorithms, we first determine the transition probability.

The probabilities for the three algorithms are,

• Algorithms 1, Pi→j = σR(g,i→j)g
(σR(i→j)g)max

;

• Algorithms 2, Pi→j = σR(g,i→j)g
(σ

(0)
R (i)g)max

, with j = Int((vmax + 1)R1);

• Algorithms 3, Pi→j = σR(g,i→j)g
(σ

(0)
R g)max

, with j = Int((vmax + 1)R1).

For a selected collision pair, the transition (i → j) is then tested with Pi→j > R2. If

the inequality holds, then the transition is allowed, and we perform the actual collision

process; Otherwise, the collision pair does not undergo a collision.
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5.3.4.3 Post collision velocity determination

The post collision velocities of the two collision particles is determined according to the

hard sphere scattering. This is the same as determined by the VHS or VSS type model.

5.3.5 Verification of the DSMC implementations

We use zero dimensional relaxation simulations to verify the three algorithms for the

state-to-state DSMC collision model implementations. We use constructed collision

probability to verify the implementation. Only vibrational state-to-state transition is

considered here. The transition probability are set for excitation collisions, with,

PR(g, i→ j) = aij for i ≤ j , (5.97)

while all the de-excitation transition probabilities are set according to microscopic re-

versibility according to section 5.3.2. aij in the above equation is set as constant,

specifically,

aij =

{
a if i = j

b if i < j
, (5.98)

with a = 0.7, b = 0.01. Such a choice of state-to-state transition probabilities is qualita-

tively accurate, with elastic transition probability greater than the inelastic transition

probability. The collision cross-section are determined as according to section 5.3.2,

with σR(g) = σT,V HS(g), the VHS collision cross-section.

Bounded anharmonic oscillator (AHO) model is used to describe the quantized vibra-

tional energy states, where only vibrational states with energy less than the dissociation

energy of the molecule are considered. Specifically for a vibrational states i, its energy

is calculated as,

εi = ikBθv(1− χe(i+ 1)), (5.99)

where θv is the vibrational temperature constant, and χe is the anharmonicity of the

molecule. The nitrogen molecule properties are used in the simulations, with θv =

3397.3K, χe = 0.006125, and the dissociation energy θD = 113269.0K (expressed in

terms of temperature) [51]. There are 48 bounded vibration levels with energy less than

dissociation energy, θD, and the largest bounded vibrational level is vmax = 47. The
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degeneracies of nitrogen molecule is gn(i) = 1. For the AHO model, the population of

each vibration level, f(i), is,

f(i) = exp

(
− ε(i)
kBT

)
/Q , (5.100)

where Q is the partition function,

Q =

vmax∑
i=0

exp

(
− ε(i)
kBT

)
. (5.101)

The average vibrational energy, < ε(T ) >, corresponding to temperature T for the AHO

model is,

< ε(T ) >=

vmax∑
i=0

f(i)ε(i) . (5.102)

A loop-up table is then generated to store the correspondence between the vibrational

temperature and the average vibrational energy. To obtain the vibrational tempera-

ture for AHO model in the DSMC simulation, the sampled average vibrational energy

is compared with the vibration energy values in the look-up table, to determine the

appropriate vibrational temperature.

Zero dimensional adiabatic simulation of nitrogen are conducted with different ini-

tial translational and vibrational temperature. Specifically, Ttran(0) = 20000K, while

Tvib(0) = 2000K. The density of the flow is set at 0.1kg/m3. For algorithms 1, the results

are shown in Fig. 5.7 and Fig. 5.8 with different initial (σR(i→ j)g)max values. Specifi-

cally, in Fig. 5.7, the initial (σR(i→ j)g)max value is (σR(i→ j)g)max = 1.0×10−18m3/s,

while in Fig. 5.8, the initial (σR(i→ j)g)max value is (σR(i→ j)g)max = 1.0×10−18m3/s.

The (σR(i → j)g)max value is updated during the simulation. There are two observa-

tions from the results. First, with small initial (σR(i → j)g)max, there is a small dis-

crepancy between translational and vibrational temperature at low temperature range

(Fig. 5.7(a)), while reduced at high temperature range (Fig. 5.7(b)). Second, by using

large initial (σR(i → j)g)max value, the discrepancy between translational and vibra-

tional temperature is negligible even at low temperature range. This is due to the fact

that in algorithm 1, during each time step, every transition must be simulated. However,

due to the low population of high vibrational energy levels, some transition may not be
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simulated, even using a very large number of particles per cell. This is evident from the

figure, where a very large amount of particles are used (Np = 250000). With a large

(σR(i→ j)g)max value, collision probabilities for collisions with small cross-sections are

artificially augmented, leading to higher chance of collision. This is useful in simulat-

ing collisions with small probabilities, and to ensure detailed balance and equipartition

of energy in the DSMC simulation. This can be be clearly seen from the comparison

between corresponding results in Fig. 5.7 and 5.8. When temperature increases, high

vibrational energy levels are more populated, and have higher chance of collision. algo-

rithm 1 is then able to achieve detailed balance even at small (σR(i → j)g)max. This

can be seen from the comparison between Fig. 5.7(a) and 5.7(b).

(a) Low equilibrium temperature (b) High equilibrium temperature

Figure 5.7: Adiabatic vibrational relaxation of the state-to-state DSMC collision model
with constructed transition probability. The results are shown for different equilibrium
temperature values using algorithm 1. The number of simulation particles in the collision
cell is Np = 250000, with initial (σR(i→ j)g)max = 1.0× 10−18m3/s.

Algorithms 2 and 3 overcome such difficulties, and can successfully simulate the re-

laxation process even with very small number of particles per cell. Where from Figs. 5.9

and 5.10, we can clearly see this. Algorithm 2 and 3 are accurate even with a particle of

100, although there will be large statistical scattering. Such ability is very important for

simulating more complex flow fields, where in each collision cell, there may be around

20 particles per cell. Overall, algorithm 3 is slightly better than algorithm 2, due to
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(a) Low equilibrium temperature (b) High equilibrium temperature

Figure 5.8: Adiabatic vibrational relaxation of the state-to-state DSMC collision model
with constructed transition probability. The results are shown for different equilibrium
temperature values using algorithm 1. The number of simulation particles in the collision
cell is Np = 250000, with initial (σR(i→ j)g)max = 1.0× 10−16m3/s.

the lesser constraint on the number of particles per simulation cell. The vibrational en-

ergy distribution function (EDF) is also plotted in Fig. 5.11 for an adiabatic relaxation

simulation. The temperature in the figure corresponds to T = 20000K. The agreement

with the Boltzmann distribution is very good.

Finally, as a note, algorithm 1, 2 and 3 generally work well, but it may be possible

to improve them (especially algorithm 2 and 3) further.

To end the general state-to-state model framework, we conclude that by simulating

all the possible molecule collision events, we could obtain the detailed informations of

the molecule collisions. Ideally this could be represented as the state-to-state collision

cross-section. Specifically for the molecule-atom collision, this could be the full database

of state-to-state collision cross-section σR(g, j, v → j′, v′) for all the allowable transitions

between the initial and final energy states (j, v) and (j′, v′) states. The cross-section

could then be integrated under equilibrium conditions to obtain the state-to-state transi-

tion rate data, that is kR(j, v,→ j′, v′;T ) for all the allowable transitions (j, v)→ (j′, v′),

with transition rate for each transition expressed as a function of temperature T .

In essence, such a database should satisfy the microscopic reversibility and detailed
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(a) Np = 100 (b) Np = 1000

(c) Np = 10000 (d) Np = 250000

Figure 5.9: Adiabatic vibrational relaxation of the state-to-state DSMC collision model
with constructed transition probability. The results are shown for different number of
simulation particles in the collision cell, using algorithm 2.

balance relations. The transition rate could then be used in continuum simulation, such

as the computational fluid dynamics (CFD) simulation, while the collision cross-section

data could be used in particle simulation, such as the DSMC method. Then, there is

a correspondence between the continuum and molecule simulations. We could expect

that the simulation results for problems suitable for both the CFD and DSMC methods
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(a) Np = 100 (b) Np = 1000

(c) Np = 10000 (d) Np = 250000

Figure 5.10: Adiabatic vibrational relaxation of the state-to-state DSMC collision model
with constructed transition probability. The results are shown for different number of
simulation particles in the collision cell, using algorithm 3.

be consistent with each other. By keeping the correspondence in mind, we could then

develop reduced order models for both the continuum and molecule simulation methods,

where the number of total internal energy states considered may be reduced. This can

be done through grouping internal energy states based on their energies. Regardless

of whether each energy state corresponding to one rotational and vibrational quantum
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Figure 5.11: The steady state vibrational energy distribution function (EDF) for isother-
mal relaxation, using the state-to-state DSMC collision model with constructed transi-
tion probability. The equilibrium temperature is T = 20000K.

number, or represent the average energy state of the group, the analysis in the following

sections still holds. We could then arrive at consistent models for both the continuum

and molecule simulations.

5.4 Implementation of the Forced Harmonic Oscillator Model

in DSMC

The energy transfer of molecules through collisions are generally controlled by the fol-

lowing two processes [3], the vibration-translation (V-T) processes,

AB(i) +M 
 AB(f) +M (5.103)

and the vibration-vibration-translation (V-V-T) processes

AB(i1) + CD(i2) 
 AB(f1) + CD(f2) (5.104)
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where, AB,CD represents diatomic molecules and M an atom, i, f, i1, i2, f1, f2 are

vibrational quantum numbers.

The FHO model is a state-to-state based model where the transition between dif-

ferent quantum vibrational states are derived based on a harmonic oscillator with an

exponential force acting on it, modeling the interaction between the two colliding parti-

cles. The state-to-state transition probabilities in FHO model are expressed as follows

for the V-T and V-V-T processes [3, 78, 82, 96].

PV T (i→ f, ε) = i!f !εi+f exp(−ε) |
n∑
r=0

(−1)r

r!(i− r)!(f − r)!εr
|2 , (5.105)

and,

PV V T (i1, i2 → f1, f2, ε, ρ)

= |
n∑
r=0

Ci1+i2
r+1,i2+1C

f1+f2
r+1,f2+1 exp [−i(f1 + f2 − r)ρ]P

1/2
V T (i1 + i2 − r → f1 + f2 − r, 2ε) |2

(5.106)

In Eq. 5.105, i and f are the initial and final vibrational state of the molecule, and

n = min(i, f). i1, i2, f1, f2 in Eq. 5.106 are the initial and final vibrational states of

the colliding molecules and n = min(i1 + i2, f1 + f2). ε and ρ in the above equations

are related to the two-state transition probabilities of first order perturbation theory

(FOPT) [3], and are functions of the molecular properties and the symmetrized relative

collision velocity (arithmetic average of the initial and final collision velocity, to enforce

detailed balance and energy conversation).

Example transition probabilities according to the above expression are shown in

Fig. 5.12(a) for the V-T process. The transition probability is a function of the relative

velocities g of the colliding particles. To use the FHO model transition probabilities

in the DSMC implementation, we determined a consistent set of state-to-state collision

cross-sections for the V-T process according to section 5.3.2, with σR(g) = σT,V HS(g),

the VHS collision cross-section. Example state-specific total collision cross-sections,

σi(g), are plotted in Fig. 5.12(b), and compared with the VHS model total cross-section
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(a) Pure V-T transition probability for a 5 → 4 N2 – N2 col-
lision (with only one N2 molecule participating in vibrational
energy exchange).

(b) Example FHO model state-to-state collision cross-sections as a func-
tion of collision velocity g.

Figure 5.12: Example state-to-state transition probabilities and collision cross-sections
in the FHO model for V-T transition process.

σT,V HS(g). The behavior of σi(g) (the oscillation behavior as a function of g) is con-

sistent with the FHO model transition probability. Since in our implementation, the

objective is to have a set of state-specific total cross-sections corresponding to a viscosity
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law, the agreement with the VHS model total cross-section is expected.

By integrating the state-to-state cross-section using Eq. 5.18, the corresponding

temperature dependent transition rate can be obtained, and example results are shown

in Fig. 5.13. The cross-sections data could be used in the DSMC simulation as discussed

above, while the transition rates data could be used in the master equation simulation.

Figure 5.13: Example FHO model transition rates as a function of temperature.

To verify the FHO model implementation, we conducted a series of zero dimensional

equilibrium state simulation corresponding to different temperature, using the state-to-

state DSMC collision model with the FHO model VT transition probability for nitrogen

gas. The AHO model is used to calculate the quantized vibrational energy. In these

simulations, the translational and vibrational temperature of the system are initially

set at the same value, and the molecules in the gas are then allowed to collide with

each other, according to the state-to-state collision cross-sections. The gas density is

set as 0.01kg/m3. The DSMC simulated transition rate for each transition is then

obtained from the simulation. The simulated transition rates are then compared with

those calculated using state-to-state cross-sections according to Eq. 5.18. Results for

representative transitions are shown in Fig. 5.14. Overall, DSMC correctly simulates

the transition rate obtained from integrating collision cross-section.
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Figure 5.14: Comparison of DSMC simulated transition rate constant with that obtained
from integrating collision cross-section. The lines are the transition rate constant calcu-
lated from state-to-state collision cross-section, while the symbols are the corresponding
DSMC simulation results. The results are shown for representative transitions.

We then use the translational relaxation simulation [87] to establish the viscosity

of the currently developed state-to-state model. In the translational relaxation simu-

lation, the initial vibrational energy of each molecule is sampled from an equilibrium

temperature T (according to the Boltzmann energy distribution). One component (x-

component) of each molecule velocity is set at some specified value, while the other two

components of the molecule velocity are sampled from the Maxwell-Boltzmann distri-

bution at the same temperature T . The velocities are specified such that the average

translational energy of the system corresponds to temperature T . The system are then

allowed to relax toward equilibrium state. The x-component temperature Tx relaxes

exponentially toward its equilibrium value Tx(∞) = T . This process can be modeled

by the following equation,

Tx(t) = Tx(∞) + (Tx(0)− Tx(∞))exp

(
− t

τt

)
(5.107)
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The characteristic translational relaxation constant, τt, is linked to the viscosity µ [87].

Specifically, we have,

µ = pτt, (5.108)

where p is the pressure of the system corresponding to equilibrium temperature T .

By fitting DSMC simulation result of translational relaxation process according to

Eq. 5.107, we can obtain the translational relaxation constant τt at each tempera-

ture, and hence the viscosity in the DSMC state-to-state model. Example translational

relaxation simulation result at T = 5000K is shown in Fig. 5.15, together with the

corresponding fit using Eq. 5.107.

Figure 5.15: Translational relaxation simulation using the state-to-state DSMC collision
model with FHO model cross-sections, at temperature T = 5000K. The DSMC result
(symbol) is fitted exponentially (line) to obtain the translation relaxation constant, τt.

A series of translational relaxation simulations are conducted corresponding to dif-

ferent temperature T . We then obtain the viscosity of the DSMC state-to-state model

using the FHO model transition probabilities. The results are shown in Fig. 5.16. Over-

all, the viscosity simulated by the state-to-state DSMC model is close to the VHS model

viscosity (Eq. 5.38). Since the state-specific total cross-sections, σi(g) of the DSMC

model are linked to the VHS model total cross-sections, σT,V HS(g) by construction, we
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expect such agreement between the DSMC simulated viscosity and VHS model viscos-

ity. The slight difference in the viscosity is due to the difference between σT,V HS(g) and

σi(g).

Figure 5.16: Comparison of viscosity simulated by the DSMC state-to-state model using
the FHO model transition probabilities, with the VHS model viscosity.

Zero dimensional isothermal relaxation simulation are then conducted using the

state-to-state DSMC collision model for nitrogen gas. The density is set at 0.1kg/m3.

The results are shown in Fig. 5.17 for different equilibrium temperatures, with an initial

vibrational temperature of Tvib = 2000K. By fitting DSMC vibration relaxation curve

with the Landau-Teller equation solution (Eq. 2.1), we can then obtain the characteristic

vibrational relaxation constant, τv, for the DSMC state-to-state model. The results are

plotted in Fig. 5.18 as a function of temperature. DSMC results are also compared with

the Millikan-White correlation [69] and its two variants [47, 73]. Overall, τv from DSMC

simulation captures the general trend of the Millikan-White correlation.

Results from DSMC simulations are also compared with master equation calculation,

to further validate the implementation of the state-to-state DSMC collision model. In

the master equation calculation, transition rates (as a function of temperature) are

directly used. The transition rates are obtained by integrating the state-to-state collision
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Figure 5.17: Isothermal vibrational relaxation of the state-to-state DSMC collision
model with FHO model transition probability.

Figure 5.18: Characteristic vibrational relaxation constant obtained from state-to-state
DSMC model. The DSMC results (symbol) are compared with Millikan-White correla-
tion.
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cross-sections according to Eq. 5.18. The results are shown in Fig. 5.19 for different

equilibrium temperatures. Overall, the agreement is very good. This further validates

the currently developed DSMC state-to-state collision model.

(a) T = 5000K (b) T = 10000K

(c) T = 20000K (d) T = 30000K

Figure 5.19: Isothermal vibrational relaxation of state-to-state DSMC collision model
with the FHO model transition probability. The results are compared with the corre-
sponding results obtained by master equation calculations.
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5.5 Chapter conclusions

In this chapter, we proposed a general framework for implementing state-to-state colli-

sion models in the DSMC method. Several conclusions are drawn.

1) By examining a simple state-to-state model with analytical transition probabil-

ities (or cross-sections), where the microscopic reversibility and detailed balance rela-

tionships are inherently satisfied [36], we identify the important factors in developing

a general state-to-state collision model. Specifically, the state-to-state collision cross-

section database should satisfy microscopic reversibility. When such a relationship is

not satisfied, modification to the database may be required. For this situation, we pro-

pose an iterative method to arrive at a consistent set of state-to-state cross-sections that

satisfy microscopic reversibility. When the microscopic reversibility is satisfied between

each collision and its reverse collision process, the transition rate will also satisfy the

detailed balance relation under thermal equilibrium condition macroscopically.

2) We developed a state-to-state DSMC collision model and algorithm that ensures

the correct transition rate is simulated in the DSMC method. This then guarantees

detailed balance is satisfied in actual DSMC simulations. Key aspects in developing a

state-to-state collision model, is to propose efficient algorithms to correctly simulate the

specified state-to-state collision cross-section and transition rate in the DSMC method.

These includes the calculation of desired collision rate in the DSMC method, the selec-

tion of potential collision pairs, and the procedure to perform actual collision processes.

To achieve these, we proposed the detailed implementation of a general rovibrational

state-to-state collision model. The proposed model is demonstrated using constructed

state-resolved collision probabilities.

3) With the algorithms verified, we then developed a vibrational state-to-state

DSMC collision model using the transition probability data provided by the Forced

Harmonic Oscillator (FHO) model [3, 68, 77, 78]. The DSMC simulation results are ver-

ified by corresponding master equation simulation results. The viscosity of the DSMC

state-to-state model is also established through translational relaxation simulations.



Chapter 6

Robust Cut-cell Algorithms for

DSMC Implementations

Employing Multi-level Cartesian

Grids

6.1 Chapter Introduction

Grid generation is requiring an ever greater percentage of total simulation turn-around

time for complex three-dimensional fluid dynamic simulations. For low speed flows

without strong gradients, the governing fluid equations (the Navier-Stokes equations)

can be accurately discretized and solved on Cartesian-based grids, which dramatically

simplify and even automate the grid generation process. However, for high-speed flows,

grids typically must be aligned with strong gradients and surface geometry for accu-

rate results. In contrast, the DSMC method [15], as a stochastic particle method that

simulates the Boltzmann equation, does not require the discretization or evaluation of

This chapter is based on a paper published in Computers & Fluids: Chonglin Zhang and Thomas
E. Schwartzentruber, Robust Cut-cell Algorithms for DSMC Implementations Employing Multi-level
Cartesian Grids, Computers & Fluids 69, 122–135, 2012.

138
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gradients. In DSMC, mass, momentum, and energy are transported through free molec-

ular movement and collisions, and computational cells are used only to sort particles

into near-neighbor lists. As a result, accurate DSMC simulations can be obtained on

Cartesian-based grids for both low and high-speed flows. Furthermore, compared to

DSMC implementations employing a body-fitted tetrahedral grid, the use of a Carte-

sian flow field grid greatly simplifies the grid generation process and adaptive mesh

refinement, especially for simulations involving complex surface geometries [54, 64, 99].

Such a Cartesian-grid approach can, however, pose difficulties for the determination

of the intersections between the background Cartesian flow field grid and the complex

surface geometry where boundary conditions must be specified. Typically, complex

surface mesh geometries are triangulated and are simply represented in the code by

a large number of triangles. Any flow field grid cell that intersects with the surface

geometry is called a “cut-cell”. The key information required for each cut-cell includes

a list of the triangulated surface elements that intersect with the cell and the volume of

the cut-cell that remains in the flow field. The list of triangles is required for particle

movement and detecting surface collisions and the volume is required to accurately set

the local collision rate in the DSMC simulation.

The DSMC method typically uses a “ray-trace” method to move particles through

the grid one cell at a time, by determining particle intersections with cell-faces. Thus,

if a surface mesh “cuts” through a flow field cell, only the geometry of the surface mesh

contained within that flow field cell is required by the ray-trace algorithm to detect a

collision with the surface. As long as the surface mesh can be sorted within the flow

field Cartesian cells, standard DSMC algorithms for particle movement and collisions

require no modification for complex geometry. Additionally, in DSMC simulations, the

probability with which two particles in a computational cell should be selected for col-

lision, depends on the volume of the computational cell. However, if a Cartesian grid

is used, the computational cells near the surface region are mostly cut-cells with com-

plex shapes due to the intersection of regular shaped Cartesian cells with the surface

geometry. The volume of these complex shaped cut-cells must be calculated accurately,

in order to achieve the correct collision rates for simulated particles, the correct macro-

scopic properties, and hence accurate simulation results.

Furthermore, for an accurate and efficient DSMC simulation, the flow field grid must
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be locally refined to the mean free path of the gas. As a result, it is desirable to decouple

the flow field grid resolution from the surface geometry resolution. If DSMC grid cells are

too large, non-local particles are selected for collisions resulting in numerical diffusion of

gradients. If DSMC cells are too small, since a statistically relevant number of particles

are required per cell, the number of simulated particles becomes far more than necessary,

resulting in an accurate but highly inefficient simulation. For low density flows, such as

rarefied flow around a low-orbiting satellite, the mean free path of the flow may be of

the same order of magnitude as the satellite itself. Thus the optimal size of the DSMC

flow field cells may be much larger than fine geometry details of the satellite surface.

For such low density flows, it is possible that many surface triangles intersect and cut

a highly complex volume out of a single Cartesian flow field cell. In some cases, one

large Cartesian cell may be divided into several flow volumes which don’t connect with

each other (termed “split-cells”). Such situations should be recognized by the geometry

algorithms, and particles within each of the split cells should be treated separately as

they may lie on the opposite side of a solid wall.

For steady-state DSMC simulations, cut-cell information must be determined at the

beginning of the simulation and, if adaptive mesh refinement (AMR) is utilized, each

time either the flow field grid or triangulated surface mesh is modified (perhaps 5-10

times during a typical simulation). For unsteady DSMC simulations, where a changing

density field requires continual adaptive mesh refinement, the cut-cell information must

be computed as often as every few DSMC time steps. Further details of the DSMC

Cartesian grid structure, surface representation, adaptive mesh refinement, and particle

ray-tracing techniques will be discussed later in this chapter.

The purpose of this chapter is to provide a comprehensive discussion of various

cut-cell algorithms applicable for use in a Cartesian grid based DSMC implementation.

This chapter completely details all aspects of the algorithms and tests each on a variety

of complex geometries. The geometrical algorithms are general to any Cartesian grid

structure and discussion of their implementation in DSMC codes employing single or

multi-level Cartesian grids is also included. In general, the cut-cell algorithms can be

divided into the following components:

• Sorting all surface triangles into the appropriate flow field Cartesian cells.
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• Calculating the volume of the cut-cells accurately and efficiently.

• Identifying all split-cells resulting from single Cartesian cells that are divided into

separate volumes by the surface geometry.

Specifically, in section 6.2, three existing algorithms for the sorting of surface trian-

gles are described and their relative efficiency is compared for various complex geome-

tries. Then, in section 6.3, newly developed algorithms for computing cut-cell volumes

and split-cells are presented and tested for accuracy and efficiency. Integration of these

algorithms into DSMC simulations is described in section 6.4, and chapter conclusions

are presented in section 6.5.

6.2 Surface Mesh Sorting

Sorting triangulated surface elements into the Cartesian flow field cells that they in-

tersect with, ultimately produces a list of cell faces and triangulated surface faces that

particles in a given cell may cross, or reflect-from, during the ray-trace particle move-

ment procedure. This list of cell faces and triangulated surface elements also facilitates

the calculation of the cut-cell volume (discussed later in section 6.3). It is important to

note that for the ray-trace algorithm, the triangulated surface elements sorted within a

Cartesian cell do not need to be clipped. The triangles can extend well beyond the faces

of the Cartesian cell. If a particle crosses a Cartesian cell face before hitting the trian-

gle element, the ray-trace algorithm will naturally move the particle to the neighboring

Cartesian cell and continue using the new cell’s list of surface triangles. In this manner,

surface triangles only need to be sorted into all Cartesian cells that they intersect with,

and therefore the same triangle may be sorted into multiple Cartesian cells.

A surface triangle should be sorted into a Cartesian cell, as long as any part of it lies

within the volume region formed by the Cartesian cell. Thus, the core algorithm involves

determining whether a specific Cartesian cell intersects with a specific surface triangle.

The intersection of a triangle and a Cartesian cell (referred to as an “axis aligned cube”

or “axis aligned bounding box”) fits into the general category of an Object/Object

Intersection test. A variety of methods exist for handling this task. In this chapter, three

different methods are investigated. The first method is the most intuitive and straight-

forward to implement. It is based on determining the intersection of a line segment with
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a square or triangle by using the signed tetrahedral volume [5]. The second method,

called the separating axis theorem (SAT) [6], takes a significantly different and somewhat

non-intuitive approach. The third method, the Voorhies algorithm [90], expands on the

signed tetrahedral volume method to gain efficiency. Both SAT and Voorhies methods

come from the computer graphics research community. For completeness, we give a

detailed description of all three algorithms and later ensure consistency of the results

and compare efficiencies.

6.2.1 Signed Tetrahedral Volume Approach

A triangle represented by T , should be sorted into the corresponding Cartesian cell C,

as long as they intersect in the region formed by C,

T ∩ C 6= ∅ (6.1)

otherwise T should not be sorted into C. Three situations exist for the relative position

between a Cartesian cell C and a triangle T :

(1) T ∩ C = ∅. T and C don’t intersect with each other.

(2) T ⊂ C. T is completely contained in C.

(3) T ∩C 6= ∅, and T 6⊆ C. T intersects with C, but T is not completely contained in

C.

The first step is to quickly accept or reject trivial intersection situations. Specifically,

an intersection is immediately confirmed if any of the 3 triangle vertices lie inside the

cubic region. In contrast, if all 3 triangle vertices lie on the same side of a Cartesian

cell face (any of the 6 faces) and they lie on the side opposite to the cube itself, then

an intersection is trivially rejected (the triangle does not intersect the Cartesian cell).

Each algorithm described in this section first applies these trivial acceptance/rejection

tests to a given Cartesian cell and surface triangle pair. If still unresolved, each method

proceeds to determine intersection in different manners.

For the signed tetrahedral volume method, the algorithm proceeds to check whether

the triangle intersects with any of the 6 individual faces of the Cartesian cell or not. If no
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intersection is found, then this corresponds to situation (1), otherwise this corresponds

to situation (3). To check whether a triangle intersects with a face of the Cartesian cell,

this is equivalent to check whether one edge of the triangle intersects with the face, or

one edge of the face intersects with the triangle. As a face of the Cartesian cell can be

divided into two triangles, the problem can then be transformed to determine whether a

general line segment intersects with a triangle in three-dimensional space. This is done

by the signed tetrahedral volume [5] approach as discussed below.

For a general tetrahedron formed by four vertices m, n, r, s, denote their coordinates

by (mx,my,mz), (nx, ny, nz), (rx, ry, rz) and (sx, sy, sz). The signed volume of the

tetrahedron V (m,n, r, s) [5] is given by:

V (m,n, r, s) =
1

6

∣∣∣∣∣∣∣∣∣∣∣

mx my mz 1

nx ny nz 1

rx ry rz 1

sx sy sz 1

∣∣∣∣∣∣∣∣∣∣∣
, (6.2)

where it is noted that the order of the four vertices affect the value of V (m,n, r, s).

(a) lpq does not intersect with Tabc (b) lpq intersects with Tabc

Figure 6.1: Signed tetrahedral volume method to detect an intersection between lpq and
Tabc
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For a line segment lpq and a triangle Tabc (refer to Fig. 6.1), let the coordinates of the

end points of lpq be (px, py, pz) and (qx, qy, qz), and the coordinates of the three vertices

of Tabc be (ax, ay, az), (bx, by, bz) and (cx, cy, cz). Whether lpq intersects with Tabc can

be achieved via the following procedures:

(1) If V (p, a, b, c) and V (q, a, b, c) have different signs, this means that lpq intersects

with the plane formed by Tabc, then continue to step (2); otherwise, lpq doesn’t

intersect with Tabc, stop.

(2) If V (p, a, b, q), V (p, b, c, q) and V (p, c, a, q) have same sign, then lpq intersects with

Tabc; otherwise, lpq does not intersect with Tabc.

As shown in Fig. 6.1(b), both conditions above are satisfied, and lpq intersects with

Tabc. While in Fig. 6.1(a), although lpq intersects with the plane formed by Tabc, the

second condition is not satisfied and lpq does not intersect with Tabc.

6.2.2 Separating Axis Theorem

The separating axis theorem (SAT) [6] states that: two convex polyhedrons, A and B,

are disjoint (do not intersect) if they can be separated along either an axis parallel to

the normal of a face of either A or B, or along an axis formed by the cross product of

an edge from A and an edge from B. A separating axis separating A and B means that

the projections of A and B onto the axis do not overlap with each other.

To determine the intersection of a triangle and a cube, we first apply the trivial

acceptance/rejection tests described in section 6.2.1. For unresolved cases, based on

SAT, we test for each of the 13 possible axes to determine if they are separating axes or

not. The axes tested include the 3 normals of the cubic faces, the normal of the triangle,

and the 9 axes resulting from cross products between the cubic edges and triangle edges.

For a specific triangle and a specific cube, if all 13 tests are passed, then there is no

separating axis and the triangle intersects with the cube. On the other hand, if at any

point a separating axis is found, then the algorithm terminates and the triangle does

not intersect with the cube.
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6.2.3 Voorhies Algorithm

The Voorhies algorithm [90] is divided into three main tasks, described below. Similar

to the previous two methods described above, the trivial acceptance/rejection tests dis-

cussed in section 6.2.1 are applied first. For unresolved intersection cases, the following

procedure is then followed:

(1) Test the triangle vertices against additional planes formed by the Cartesian cell.

Specifically, compare the 3 triangle vertices against 12 planes, each of which pass

through one of the 12 cubic edges and form a 45◦ angle with the edge’s adjacent

face. These planes are called edge-planes. Next, compare the 3 triangle vertices

against 8 additional planes, each of which pass through one of the 8 cubic corners

(cubic vertices) and are perpendicular to the corresponding cubic diagonal. These

planes are called corner-planes. If all 3 triangle vertices lie outside the same

edge-plane or corner-plane, the triangle does not intersect with the Cartesian cell.

Otherwise, the algorithm proceeds with additional tests.

(2) Check whether any of the 3 triangle edges intersect with any of the 6 faces of

the cube [90]. If any intersection is found then the triangle intersects with the

Cartesian cell. Otherwise the algorithm proceeds with additional tests.

(3) Check whether the 4 diagonals of the cube intersect the triangle [90]. If any

intersection is found then the triangle intersects with the Cartesian cell. Otherwise

no more additional tests are required and the triangle does not intersect with the

Cartesian cell.

It should be mentioned that, in the three steps described above, bit-wise opera-

tions [4, 5, 90] are used when possible, to reduce the time cost. The bit-wise operation

assigns a bit code to each point in space based on its location, and use logical “AND”

and “OR” operations to determine the position of these points relative to the other

planes of interest.

6.2.4 Time costs for an idealized sorting problem

As the three algorithms use different strategies and operations to determine intersection,

and may exit at different parts of the algorithm, their time cost will be different for the
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same Cartesian cell and triangle pair. However, it is possible that the relative costs may

also be case dependent where one algorithm may perform better than another depending

on the exact configuration of the cell and the triangle.

To get an estimation of the relative time costs, we perform intersection tests of a

unit cube with arbitrarily generated triangles [6]. The unit cube is centered at the origin

(0, 0, 0), and has a length of 1. The vertices of each triangle are randomly generated

within a cube of length 4 centered at the origin (0, 0, 0). We sequentially perform 100

tests for each algorithm. For each test, we evaluate 1 million arbitrarily generated

triangles against the unit cube. First, we compare the intersection results of the three

algorithms and it is verified that the results precisely agree with each other. By averaging

the 100 tests, we get the averaged time cost of performing 1 million triangle/cube

intersection tests for each algorithm. The results are displayed in Table 6.1. The time

costs of the three algorithms are of the same order for the current test. In this test,

approximately half of the triangle and Cartesian cell pairs are determined to intersect

with each other.

Table 6.1: The time costs of performing an intersection test of 1 million arbi-
trarily generated triangles against a unit Cartesian cell.

Algorithm number* Average time (s) † Average time per pair of triangle
and Cartesian cell (s)

1 1.02 1.02× 10−6

2 0.21 2.1× 10−7

3 0.42 4.2× 10−7

* Algorithm 1: Signed Tetrahedral Volume Algorithm; 2: Separating Axis
Theorem; 3: Voorhies Algorithm.
† The tests are conducted on a quad-core Intel Xeon W3520 CPU at 2.67GHz.

Other time costs studies in this paper are conducted on the same platform.

6.2.5 Sorting on multi-level Cartesian grids

For DSMC simulations involving large numbers of Cartesian flow field cells, a good data

structure is beneficial for time efficiency when sorting surface elements. In the worst

situation, the time cost scales with the product of the number of the Cartesian cells and

the number of surface triangles.
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In this chapter, we take advantage of the three-level Cartesian grid data structure

used in the MGDS DSMC code [43], which is shown in Fig. 6.2. In this data structure,

the size of the L1 cells are specified according to a user-defined fraction of the free-

stream mean free path, and the L1 cell sizes do not change during the simulation. Each

L1 cell can be refined into any number of L2 cells, each of which can each be refined

into any number of L3 cells. Specifically, dx1 = r2 × r3 × dx3. Here r2 and r3 are the

refinement ratios of L2 and L3 cells,

r2 =
dx1

dx2
, r3 =

dx2

dx3
, (6.3)

and dx1, dx2 and dx3 are the size of the L1, L2, and L3 cells.

Sorting on such multi-level Cartesian grids has similar benefits to using an alternat-

ing digital tree (ADT) data structure technique [5, 18]. The algorithm we use to sort

the triangles is listed below:

• First loop over all L1 cells. For a specific L1 cell Ci, find all the triangles that

intersect with it using one of the three algorithms described above. These triangles

are expressed as Ti = {T 1
i , T

2
i , ..., T

Mi
i }.

• Second, for each Ci, loop over all of its L2 cells. For a specific L2 cell Ci,j contained

in Ci, find all the triangles intersecting with it from Ti = {T 1
i , T

2
i , ..., T

Mi
i }. The

resulting triangles intersecting with Ci,j are a subset of Ti and are expressed as

Ti,j = {T 1
i,j , T

2
i,j , ..., T

Mi,j

i,j }.

• Third, for each Ci,j , loop over every L3 cell contained within it. For a specific

L3 cell Ci,j,k, find all the triangles intersecting with it from Ti,j . The resulting

triangles intersecting with Ci,j are a subset of Ti,j , and are expressed as Ti,j,k =

{T 1
i,j,k, T

2
i,j,k, ..., T

Mi,j,k

i,j,k }.

• After looping over all L3 cells Ci,j,k contained in the L1 cell Ci, and finding the

triangles intersecting with them, continue to the next L1 cell, and repeat the above

three procedures.

Since the L1 cell size remains fixed during a MGDS DSMC simulation, each L1 cell can

maintain a list of the triangles contained within it. As a result, subsequent calls to the
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Figure 6.2: The data structure of the three-level Cartesian grid MGDS DSMC code.

triangle sorting algorithms (for example during adaptive mesh refinement) can proceed

directly to process the L2 cells, potentially reducing the time cost significantly.

6.2.6 Sorting time costs for realistic geometries

To estimate the time cost of the sorting algorithm, we make the following assumptions:
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(i) The average time cost to test the intersection of one pair of Cartesian cell and

triangle is C.

(ii) Each L1 cell of the three-level Cartesian grid has the same refinement ratios: r2

and r3. The total number of L1, L2 and L3 cells are N1, N2 and N .

(ii) The total number of surface triangles is M . They are uniformly distributed over

the entire Cartesian cell region. The L1, and L2 cells contain M1 and M2 triangles,

respectively.

Based on these assumptions, we have,

N1 =
N

r3
2r

3
3

, N2 =
N

r3
3

(6.4)

and approximately,

M1 =
M

N1
, M2 =

M

N1r3
2

(6.5)

The total time cost of the initial sorting call is thus,

t1 = CN1(M + r3
2(M1 + r3

3M2)) = C(N
M

r3
2r

3
3

+M(r3
2 + r3

3)). (6.6)

Since, usually we have N > M , then for large N, t1 can be approximated as t
(N>M)
1 =

CN M
r32r

3
3
, which scales linearly with N and M. Similarly, the time cost of the subsequent

call to the sorting algorithm is,

t2 = CM(r3
2 + r3

3). (6.7)

As can be seen from Eq. 6.7, t2 doesn’t depend on N theoretically. The time ratio or

speed-up for the subsequent call compared to the first call is

tr =
t1
t2

= 1 +
N

r3
2r

3
3(r3

2 + r3
3)
. (6.8)

We then run a series of triangle sorting tests where N (the total number of L3

cells) is varied and M (the total number of surface geometry triangles) is fixed for both

two-level and three-level Cartesian grids. The first geometry chosen for the surface
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mesh is a geometry resembling the MIR Space Station [65] (shown later in Figs. 6.6

and 6.16) which contains 53,290 triangles. The second geometry chosen is a planetary

probe geometry [70] (shown later in Fig. 6.11), which contains 9,568 triangles. The

two refinement ratios considered are r2 = 1, r3 = 4 and r2 = 4, r3 = 4, respectively.

The former corresponds to a two level Cartesian grid, while the latter corresponds to

a three level Cartesian grid. It is important to note that the flow field Cartesian grids

are uniform and that for a specific value of N , the finest level cells in both two-level

and three-level Cartesian grids are identical, only their storage and organization in the

geometry data structure are different.

We plot the total time cost for the initial sorting task on both two and three level

Cartesian grids in Fig. 6.3, for both MIR and planetary probe surface meshes, in function

of N for each of the three sorting methods. As can be seen from Figs. 6.3(a) and 6.3(b),

the sorting time for the MIR Space Station grid scales linearly with N . Also, the

sorting time required for the three level grid (Fig. 6.3(b)) has a much lower time cost

than required by the two level grid (Fig. 6.3(a)). The same trends are seen in Figs. 6.3(c)

and 6.3(d) for the planetary probe surface mesh, where it is also apparent that the time

cost required for the Probe geometry is much less than that for the MIR geometry, as

the time cost scales roughly linearly with the number of triangles M for fixed N . In

contrast to the time costs for the idealized sorting problem (Table 6.1), Figs. 6.3(a)-

6.3(d) reveal that all three sorting methods require virtually the same computational

time for these realistic geometries. The reason is that each method is able to quickly

accept/reject the trivial cases discussed in section 6.2.1. Unlike the idealized sorting

problem, realistic geometries have inherent order and locality of triangles and thus

there are a large number of trivial rejections. There are however situations where a

difference in sorting time between methods is noticeable as seen in Fig. 6.3(d).

We expect that subsequent calls to the sorting algorithm will have a lower time

cost since triangles have already been sorted into the L1 cells. This is confirmed in

Figs. 6.4(a) and 6.4(c) where the new time costs are plotted for each algorithm versus

N for the two level Cartesian grid with mesh refinement ratios r2 = 1, r3 = 4. The

first observation is that by comparing Figs. 6.4(a) and 6.4(c) with Figs. 6.3(a) and

6.3(c), the time costs required for the second sorting call is reduced by roughly two

orders of magnitude when the number of flow field cells surpasses a few million. In
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(c) All algorithms with mesh refinement ratio r2 =
1, r3 = 4 for Probe geometry.
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Figure 6.3: The time costs of the triangle sorting routine as a function of the number
of Cartesian cells N . The results correspond to the initial call to this routine using two
different mesh refinement ratios. Results are shown for each of the three algorithms for
both MIR and Probe geometries. The lines in these figures are linear fits to the data
points.

Figs. 6.4(a) and 6.4(c), for sorting algorithms 2 and 3, the time cost scales only weakly

with N , for large N . This is the beneficial result of subsequent sorting calls when using

a multi-level Cartesian grid. Since subsequent calls test each Cartesian cell with far
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fewer triangles, there are far fewer trivial acceptances and rejections and the various

methods now require different time costs. For subsequent sorting calls, methods 2 and

3 are seen to be significantly faster than method 1. Finally, although not shown, the

same trend is found when a three level Cartesian grid is used. In this case, the first call

to the sorting routine is already very fast (as seen in Figs. 6.3(b) and 6.3(d)) with a

significant speedup for subsequent calls.

An alternate technique to increase the efficiency of the sorting algorithms is to

approximately pre-sort triangles into Cartesian cells. Here, the pre-sorting algorithm

loops over all surface triangles. For each triangle, its axis aligned bounding box is first

determined using the lower and upper coordinates of its three vertices. This bounding

box is then tested with every L1 Cartesian cell for intersection. If the bounding box

intersects with one L1 Cartesian cell, then the triangle is added to that Cartesian cell’s

list of triangles. In this manner, all triangles are approximately pre-sorted into L1

Cartesian cells with the number of operations scaling with M . The sorting efficiency

obtained when such pre-sorting is used, is very similar to the sorting efficiency for a

second sorting call. Time costs for the sorting algorithms including both pre-sorting

and the first call to the sorting routine are shown in Figs. 6.4(b) and 6.4(d) and are

indeed seen to be similar to the results shown in Figs. 6.4(a) and 6.4(c).

6.3 Cut-cell Volume Calculation

When surface triangles intersect with a Cartesian cell and result in cut-cell, the portions

of surface triangles inside the Cartesian cell combined with the Cartesian cell faces

form one or multiple polyhedrons located in the flow field region, as shown in Fig. 6.6.

Depending on the number of isolated polyhedrons formed, we define two types of cut-

cells:

(1) Regular cut-cell, a cut-cell containing only one polyhedron in the flow field region.

(2) Split cut-cell (or simply called split-cell), a cut-cell containing multiple polyhe-

drons in the flow field region.

In this section we present two methods, including all algorithmic steps, that can be

used to calculate the cut-cell volumes. Here, by cut-cell volume, we mean the part of
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(a) Time costs for the MIR geometry during a sec-
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(b) Time costs for the MIR geometry including
both the pre-sort routine followed by the first call
to the sorting routine.

Number of Cartesian cells N

Ti
m

e 
(s

)

0 1E+06 2E+06 3E+06 4E+06 5E+060

0.1

0.2

0.3

0.4

0.5

Algorithm 1
Algorithm 2
Algorithm 3

(c) Time costs for the Probe geometry during a sec-
ond call to the sorting routine.
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(d) Time costs for the Probe geometry including
both the pre-sort routine followed by the first call
to the sorting routine.

Figure 6.4: The time costs of the triangle sorting routine as a function of the number
of Cartesian cells N . All results correspond to a two level Cartesian grid. Results are
shown for each of the three methods for both MIR and Probe geometries.

the volume inside the flow field region. The first method is indirect, and uses a Monte

Carlo sampling technique, which is quite simple to implement and robust, however is
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not capable of identifying split-cells. The second method directly computes the cut-

cell volumes by forming corresponding polyhedron/polyhedrons and is naturally able to

detect and compute split-cell volumes.

6.3.1 Indirect method – Monte Carlo sampling

Suppose a Cartesian cell Ci,j,k with volume V , is cut through by surface triangles Ti,j,k =

{T 1
i,j,k, T

2
i,j,k, ..., T

Mi,j,k

i,j,k }, and the volume of the resulting cut-cell is Vc. By randomly

generating NP number of points inside the Cartesian cell Ci,j,k, and counting the total

number of points inside the flow field region, the volume of the cut-cell can be estimated

as:

Vc = V
Nc

NP
(6.9)

where, Nc is the number of points inside the flow field. The sampled volume, Vc,

converges to its exact value as the number of Monte Carlo points used increases. When

NP number of points are used, the difference between the exact value and calculated

value of volume is inversely proportional to the square root of NP , i.e, error ∝ 1√
NP

.

A test calculation was performed for a Cartesian cell that is cut by a sphere of radius

0.9dx, centered at one vertex of the Cartesian cell. The portion of the sphere inside

the Cartesian cell contains roughly 200 triangulated surface elements. The expected

error convergence of the Monte Carlo method is verified in Fig. 6.5(a), which compares

the error of calculated volume using this method (Vcal) with that of the second, direct

method (Vtrue) described in the next subsection. The volume from second method is

exact to within machine precision.

Determining whether a randomly generated point P is inside the flow field part of

a cut-cell, can be achieved via the following procedures [4, 5]:

(1) Choosing a known point Q, which is inside the flow field.

(2) Counting the number of intersections between the line segment lPQ and the tri-

angles representing the surface that have already been sorted into the Cartesian

cell.

(3) If the number of intersection points is even, then P is inside the flow field; otherwise

P is outside the flow field, and is inside the region formed by the surface.
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Figure 6.5: Monte Carlo sampling technique to determine cut-volumes.

The above procedure can be seen from a two dimensional analogy in Fig. 6.5(b), where

Q is the known point that is inside the flow field, and P1, P2 and P3 are three test

points. As P1Q, P2Q and P3Q intersect with the triangle surface by 1 time, 2 times,

and 1 time, respectively, only P2 is inside the flow field, while P1 and P3 are not. When

a point Q inside the flow field doesn’t exist, we choose a point that is known to lie inside

the surface region, and the logic is similar to that discussed above.

6.3.2 Direct method – forming Polyhedron/Polyhedrons

To determine all the polyhedrons contained in one cut-cell, thus identifying potential

split-cells, and to accurately calculate the volume of each polyhedron, we propose a

direct method in this section. The algorithms introduced here operate on individual

Cartesian cells, one at a time, and use a bottom-up approach to form polyhedron.

Specifically, the edges of a polyhedron are found first; then the polyhedron faces are

formed using these edges; and finally the polyhedron is determined by closing all of

the polyhedron faces. By counting the number of polyhedrons, we naturally determine

whether a cut-cell is a regular cut-cell or a split-cell. If all of the faces of each polyhedron
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are known, its volume can be calculated directly. The input of the algorithms are the

Cartesian cell and the list of triangles which intersect with the Cartesian cell (determined

by the algorithms of section 6.2). The output of the algorithms are the number of

polyhedrons contained in the cut-cell, the faces of each polyhedron, and the volume of

each polyhedron.

The algorithms are composed of 4 major tasks, and are completely detailed below.

The first task of the algorithms, i.e. the surface triangle clipping, is achieved using the

Sutherland-Hodgmann (S-H) mesh clipping algorithm [5] from the computer graphics

field. The remaining three tasks are accomplished using new algorithms proposed in

this paper. An illustrative flowchart portraying each task for an example split-cell from

a simulation involving the MIR Space Station geometry is displayed in Fig. 6.6.

Before describing the detailed algorithms, we first define some terminologies that

will be used later.

(1) Triangle-polygon (TP). Following the definition used by Aftosmis et al. [5], we call

the polygon resulting from clipping a triangle against a Cartesian cell triangle-

polygon. The triangle-polygon is the portion of the triangle inside the Cartesian

cell.

(2) Face-polygon (FP). A face-polygon is either the entire Cartesian cell face (CF)

if no triangle-polygon’s boundary edge is contained in the face (type 1), or it is

part of the Cartesian cell face and is composed of triangle-polygons’ boundary

edges and the Cartesian cell edges (type 2). Examples of these two types of face-

polygons are shown in Fig. 6.6. The type 2 face-polygon is not convex in general,

due to the inclusion of the triangle-polygon’s boundary edge.

6.3.2.1 Surface Triangle Clipping

The starting point is a Cartesian cell Ci,j,k and a list of triangles intersecting with it

(denoted as Ti,j,k = {T 1
i,j,k, T

2
i,j,k, ..., T

Mi,j,k

i,j,k }, where Mi,j,k is the number of triangles

intersecting with Ci,j,k). When a triangle T li,j,k intersects with Ci,j,k, only the part

of T li,j,k inside Ci,j,k (known as a triangle-polygon defined above) is necessary to form

the polyhedron. Due to its efficiency and easy implementation, we use the S-H mesh

clipping algorithm [5] to clip every triangle intersecting with Ci,j,k, and only leave the
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Figure 6.6: A detailed schematic of the entire cut-cell algorithm.
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part inside Ci,j,k, i.e. the triangle-polygon (the details of the S-H algorithm can be

found in Ref. [5]).

The triangle-polygon is usually a convex polygon, as the clipping window Ci,j,k is

convex. To simplify the representation of each triangle-polygon, it is further triangu-

lated. All of the triangle-polygons created from clipping the triangles intersecting with

Ci,j,k, are further grouped together based on their connectivity, to form one or sev-

eral clipped surface regions inside the Cartesian cell Ci,j,k. To avoid confusion, each

of these surface regions is also called a triangle-polygon, although it is actually a three

dimensional surface region represented by triangles. Two triangle-polygons are shown

in Fig. 6.6 for the demo split-cell.

The number of triangle-polygons contained in one cut-cell, can help determine the

cut-cell type. If the number of triangle-polygons is 1, then there is only one surface

region inside the cut-cell, and the cell is a regular cut-cell. On the other hand, if the

number of triangle-polygons is greater than 1, the cut-cell may contain only one flow

field polyhedron, and is a regular cut-cell, or may contain multiple polyhedrons, as the

demo cut-cell shown in Fig. 6.6. The former situation would correspond to Fig. 6.6 if

the flow field were to lie in the thin region between the surfaces.

6.3.2.2 Forming Face-polygon

As one face-polygon is a two dimensional geometry lying in the Cartesian cell face, and

is composed of triangle-polygons’ boundary edges and Cartesian cell edges, we use these

edges to construct the face-polygon in two steps.

6.3.2.2.1 Finding triangle-polygon’s boundary edge As the only difference

between the two types of face-polygon is whether they contain any boundary edges of

the triangle-polygon, we first determine these boundary edges. Because each triangle-

polygon’s boundary edge belongs to only one triangle, and is not shared by multiple

triangles, it can be found by looping over all the triangles’ edges contained in the

triangle-polygon, and selecting those edges not shared by multiple triangles. Since

each boundary edge is contained in only one of the 6 Cartesian cell faces, after all

the boundary edges for each triangle-polygon are found, we further link each boundary

edge to one Cartesian cell face. This is achieved by comparing the coordinates of the
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boundary edge and the coordinates of the Cartesian cell face.

6.3.2.2.2 Using triangle-polygon’s boundary edges and/or Cartesian cell

edges to form face-polygon At this point, we have a list of boundary edges con-

tained in each Cartesian cell face. We use these edges and the Cartesian cell edges to

form the required face-polygon, which will be a face of the polyhedron to be formed.

For a face of Cartesian cell Ci,j,k without a boundary edge, the face itself is a type 1

face-polygon as defined earlier. On the other hand, a face containing triangle-polygons’

boundary edges will include multiple type 2 face-polygons, each of which contains at

least one boundary edge. As our purpose is to form flow-field polyhedron, we only

construct flow-field face-polygons, and ignore all the face-polygons inside the surface

region. The procedures to form the type 2 face-polygon are discussed below. The input

is a list of triangle-polygon’s boundary edges Bi = {BE1
i , BE

2
i , ..., BE

ni
i } contained in

each Cartesian cell face CFi(i = 1, 2, ..., 6), the 4 edges E1
i , E

2
i , E

3
i , E

4
i of each CFi, and

the 8 vertices V1, V2, ..., V8 of the Cartesian cell.

(1) For face CFi with at least one boundary edge, start a new face-polygon FPm

(1 ≤ m ≤ number of face-polygon in CFi). Choose an edge BEli (1 ≤ l ≤ ni) from

Bi, let it be one edge of FPm, and mark it as used. Denote the starting vertex of

the first edge of FPm as V0. Following the direction of BEli, its two vertices are

named P1 and P2, with P1 the starting vertex and P2 the ending vertex. Here, the

phrase “the direction of BEli” means the direction consistent with the outward

normal of the triangle-polygon in which BEli is contained. The meaning of this

phrase is implied for the reminder of this part.

(2) Check if P2 is on an edge Eji (1 ≤ j ≤ 4) of face CFi. The direction of Eji is based

on the outward normal of CFi. Jump to (3) or (4) depending on whether P2 is on

an edge of face CFi.

(3) If P2 is on Eji , then the next edge of FPm will be part of Eji . There are two

situations. Situation 1 is that there is no other unused edge from Bi with a

starting vertex on Eji . Situation 2 is that there is at least one unused edge from

Bi with a starting vertex on Eji .
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(i) For situation 1, the new edge connects P2 and Vs (1 ≤ s ≤ 8). Vs is the

Cartesian vertex on edge Eji that ensures line P2Vs has the same direction as

Eji . The new edge is added to the edge list of FPm. Then, the next edge of

FPm will lie on a different face edge Eki (k 6= j) with one vertex as Vs. E
k
i is

the edge connecting Eji and has the same direction as Eji when starting from

Vs. Return to the beginning of (3) with a different face edge Eki and the new

starting vertex Vs.

(ii) For situation 2, the new edge connects P2 and P3. P3 is on the edge Eji , and is

also the starting vertex of another unused boundary edge BEmi (1 ≤ m ≤ ni)
from Bi. When there are multiple boundary edges having starting vertex on

Eji , P3 is the one nearest to P2 and satisfies the condition that line P2P3

moves in the same direction as Eji . Add the new edge BEmi to the edge list

of CFm, mark it as used, and return to (2) with P3.

(iii) Before jumping back to previous step as stated in (i) and (ii), we also need

to check if the ending vertex of the newly added edge (vertex Vs in (i) and

vertex P3 in (ii)) is the same as V0. If yes, the current face-polygon FPm

should be closed and the algorithm returns to (1), and resumes with a new

face-polygon.

(4) If P2 is not on any edge Eji (1 ≤ j ≤ 4) of face CFi, the next edge should still be

a boundary edge from Bi. Select from Bi the unused edge BEki (1 ≤ k ≤ ni) with

a starting vertex the same as P2, add BEki to the edge list of FPi, and mark BEki

as used. If no new edge can be added, continue to (5).

(5) Check if the ending vertex of the newly added edge is the same as vertex V0.

(i) If yes, then close the current face-polygon FPm, return to (1) and start a

new face-polygon.

(ii) If not, denote the two vertices of the new edge BEki as P1 and P2 in order,

and return to (2).

(6) After all faces CF1, CF2, ..., CF6 with boundary edges have been visited, all type

2 face-polygons are determined. The remaining Cartesian cell faces are type 1

face-polygon.
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Examples of constructed face-polygons are shown in Fig. 6.6 for reference. After con-

structing the face-polygon, its area is calculated using the two dimensional form of

Eq. 6.2.

6.3.2.3 Forming Polyhedron

After finding all the face-polygons (FP1, FP2, ..., FPm) and all the triangle-polygons

(TP = {TP1, TP2, ..., TPn}) contained in one cut-cell, we form new polyhedron as

follows:

(1) Starting from one triangle-polygon (TPi), add all the triangles in TPi to the face

list (Fs) of the new polyhedron (PHs), and mark this TPi as used.

(2) Loop over all the unused face-polygons. If a face-polygon (FPj) shares a common

vertex with the faces in Fs, add FPj to Fs, and mark it as used.

(3) After no new face-polygon can be added, loop over all the unused elements of TP .

For an element TPj of TP , check if any boundary vertex of TPj is the same as

one vertex of a face in Fs. If yes, add all the triangles in TPj to Fs, and mark it

as used.

(4) After no new element of TP can be added to Fs, the polyhedron PHs is formed.

Continue to form new polyhedron from an unused element of TP and repeat (1),

(2), (3), (4).

6.3.2.4 Polyhedron Volume Calculation

The polyhedron contained in a cut-cell has two types of faces, the face-polygon and

the triangles contained in the triangle-polygon. With all faces of a polyhedron known,

its volume can be calculated by dividing the polyhedron into smaller pyramid shaped

polyhedrons, each of which shares a common apex and uses one of the polyhedron face

as its base. The process to calculate the volume of each polyhedron is as follows:

(1) Choose a point from the vertex list of the polyhedron (called P0), and let P0 be

the apex of all the pyramid shaped polyhedrons.
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(2) Loop over all triangles contained in the triangle-polygon faces of the polyhedron.

For a triangle Ti, let its 3 vertices be P1, P2, P3. Form a pyramid shaped polyhe-

dron (tetrahedron) by using the four vertices P0, P1, P2, P3, and let P0 be its apex.

Use Eq. 6.2 to get the signed volume of the tetrahedron. Since the triangle has

an outward normal direction, and P0, P1, P2 are ordered with this convention, the

signed volume we need is V (P0, P1, P3, P2).

(3) Loop over each face-polygon contained in the polyhedron. For a face-polygon FPi,

calculate the volume of the pyramid formed by P0 and FPi. Choose a vertex of

FPi as Pj . Denote the vector formed by Pj and P0 as ~lP0Pj pointing from P0 to Pj ,

and the outward normal of FPi as ~ni (same as the outward normal of the Cartesian

face, which FPi lies in). The volume of the pyramid is VP0,FPi = 1
3Si

~lP0Pj · ~ni,
where Si is the area of FPi.

(4) Sum over all of the above computed volumes to determine the volume of the

polyhedron.

6.3.3 Robust handling of special cases

When calculating the volume of the polyhedron inside a cut-cell using the direct method,

we rely on the spatial resolution and relative position of different geometrical objects

to construct the correct polyhedron. However, when a surface triangle’s vertex is very

close to the Cartesian cell face, or a surface triangle’s edge is very close to the Cartesian

cell edge, the S-H clipping algorithm may result in a very small triangle-polygon when

compared with the size of the Cartesian cell itself (possibly many orders of magnitude

smaller). In section 6.3.2.2.1, “Finding triangle polygon’s boundary edge”, the algorithm

attempts to determine if any of the triangle polygon’s edges lie on a Cartesian cell face.

A finite tolerance must be used to determine this and if an extremely small triangle

polygon is created (by S-H clipping) that lies next to a cell face, it is possible that it is

ignored. As a result, the polyhedron volume may not be closed and the algorithms may

fail. Such round-off errors are robustly handled with the following simple modification.

Before performing S-H mesh clipping, we first examine the vertices and edges of the

surface triangles against the Cartesian cell faces and edges. If the distance between

any triangle vertex and a Cartesian cell face (d1) is smaller than a specified tolerance,
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dε, then the vertex is moved for dε in the face outward normal direction. Similarly,

when the distance between a surface triangle edge and a Cartesian cell edge (d2) is

smaller than dε, one vertex of the triangle edge is moved in either face outward normal

direction for a distance that ensures d2 ≥ dε. All the surface triangles sharing the same

vertex are modified accordingly. This artificially enlarges any triangles that may cause

roundoff issues. We use a small tolerance of dε = 10−4×∆x (where ∆x is the size of the

Cartesian cell). Such modification to the surface geometry rarely happens, and due to

the small tolerance we set, the polyhedron volume change is completely negligible. Also,

this modification is only used to achieve robustness of the volume calculation, and is

not used in other parts of the DSMC method such as the ray-trace method and surface

property sampling.

6.3.4 Time efficiency of the volume calculation algorithms

As the cut-cell volume calculation is performed for each cut-cell separately, the total

time cost of the volume calculation routine scales linearly with the number of cut-cells

involved. The time required to calculate one cut-cell volume depends mainly on the

number of triangles contained in the cut-cell and the number of face-polygons in the

cut-cell. The number of face-polygons in one cut-cell is somewhat related to the number

of triangles. As a result, here we only consider the effect of the number of triangles on

the volume calculation.

We use both the MIR Space Station and planetary probe geometries and place

the surface meshes inside regions of uniform Cartesian grid. Using the cut-cell sorting

routine, the triangles are sorted into corresponding Cartesian cells and are ready for

cut-cell volume calculation. By uniformly changing the sizes of all Cartesian cells, the

number of triangles contained in each cut-cell can be varied, since a smaller Cartesian

cell would contain fewer triangles.

Suppose the average number of triangles in each cut-cell is NT , and the number of

cut-cells is Nc. We record the time cost of the cut-cell volume calculation routine for

different numbers of Cartesian cells N, which corresponds to different Nc and NT pairs.

We plot the average time required to perform the volume calculation per cut-cell as a

function of the average number of triangles contained in each cut-cell in Fig. 6.7 for each

geometry. For the Monte Carlo sampled volume technique, only the Probe geometry was
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Figure 6.7: Average time cost of calculating the volume of one cut-cell as a function of
the average number of triangles contained in the cut-cell.

tested, and the results are plotted in Fig. 6.7(a). The results for both MIR and Probe

geometries using the direct volume calculation method are presented in Fig. 6.7(b). It is

observed that the Monte Carlo technique scales linearly with NT , however, takes more

than an order of magnitude longer for the same NT compared with the direct method.

Even more importantly, the results presented for the Monte Carlo technique employ

only 1000 Monte Carlo points per cell and thus the sampled volumes only approximate

the exact volumes. For the direct method, it can be seen from Fig. 6.7(b) that, overall,

the time required for the cut-cell volume calculation scales as N2
T when NT is greater

than 50. However, if NT is less than 50, the time required for cut-cell volume calculation

scales linearly with NT . In typical DSMC simulations, NT < 50. As an example, if on

average a cut-cell has NT = 10, the time required for one cut-cell volume calculation is

approximately 8×10−5s. This means we can compute 12,500 cut-volumes in one second

(on the platform noted in Table 6.1).

6.3.5 Cut-cell volume distribution

A cut-cell is only part of the original Cartesian cell, and has a volume ratio of less

than 1. The volume ratio is defined as volume ratio = Cut-cell volume / Cartesian
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cell volume. As the number of particles in each simulation cell is directly related to

its volume, a small volume ratio may result in a cut-cell with no enough particles to

maintain a correct collision statistics. This may lead to inaccurate simulation result

and affect the surface heating rate. To see the cut-cell volume distribution in a typical

DSMC simulation, we conduct a simulation of very rarefied flow over the MIR space

station. The conditions of the simulation are shown in Table 6.4.

Volume Ratio = Cut-cell volume / Cartesian cell volume
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Figure 6.8: The cumulative distribution function (CDF) of the cut-cell volume ratio,
where the volume ratio = Cut-cell volume / Cartesian cell volume.

The Cumulative distribution function (CDF) of the cut-cell volume ratio is plotted in

Fig. 6.8. The cut-cell volume only include the volume of the flow field part Cartesian cell.

This figure describes the distribution of the cut-cell volume relative to the full volume

of the original Cartesian cell. A low volume ratio implies a small cut-cell compared to

the original full Cartesian cell. This may cause some problems to the DSMC collision

particle selection process, and therefore affect the accuracy of the simulation results near

the wall/surface region, where all the cut-cells lie. In the figure, “AMR” 0 refers to the

initial call to the cut-cell volume calculation routine, “AMR 1” refers to the call to the

cut-cell volume calculation routine after the first Adaptive Mesh Refinement (AMR),

and “AMR 2 ” refers to the call to the cut-cell volume calculation routine after the

second AMR, and similarly for all the other lines in the figure. After the first call to
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the cut-cell volume calculation routine, the CDF reaches a relative steady distribution,

which agrees with the DSMC simulation results that the flow field Cartesian meshes do

not change significantly after each AMR calls except the first one. The CDF at each

point indicates the percentage of all cut-cells with volume ratio less than a specified

value. As can be seen from Fig. 6.8, in the simulation conducted here, 20% of the

cut-cells have a volume ratio of less than 0.2. This may affect the accuracy of the

simulation result. It should be noted, different simulation may result in a different cut-

cell volume distribution. However, further studies are necessary to quantify the effect

of small volume ratio cut-cells.

6.3.6 Verification of split-cell volume calculation

In order to identify split-cells and calculate the volume of each split-cell, we use the direct

volume calculation method (method 2 in section 6.3.2), since the Monte Carlo sampling

technique (method 1 in section 6.3.1) is incapable of detecting spit-cells. To verify the

implementation and accuracy of the direct method for split-cells volume calculation,

we place a triangulated sphere in the center of a Cartesian cell to create a number of

split-cells. Specifically, 8 separated regions are formed inside the flow field. The volume

calculation algorithm introduced in this paper is able to identify these split-cells and

form 8 separated polyhedrons to represent the 8 flow field regions. Considering that the

sphere is actually triangulated, the computed volumes of these regions are confirmed

to be very close, but not exactly equal, to the analytical result assuming a perfectly

smooth sphere. The radius of the sphere is R = 0.75dx, dx is the length of the cube,

and dx = 1. The computed volumes of the 8 regions are listed in Table 6.2.

6.4 Cut-cell Algorithms Demonstrations

6.4.1 Planetary probe simulation

The cut-cell algorithms discussed in the previous sections are implemented in the MGDS

code, a multi-level Cartesian grid based DSMC implementation [43]. Simulation of

Mach 20.2, diatomic nitrogen (N2) gas flow over a spherical-blunted planetary probe
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Figure 6.9: Split-cell demonstration. A Cartesian cell is cut-through by a sphere, and
the result is a cut-cell with 8 separated flow field regions.

Table 6.2: Calculated split-cell volumes.
Region Volume (×10−3)

1 1.6138

2 1.6155

3 1.6164

4 1.6471

5 1.6138

6 1.6155

7 1.6164

8 1.6471

is conducted to demonstrate the capability of the cut-cell algorithms to handle com-

plex boundaries between the surface mesh and the background Cartesian mesh. The

conditions of the simulation are listed in Table 6.3, which corresponds to one of the ex-

perimental conditions of the CNRS wind tunnel test [7–9]. Here, M∞, T∞, ρ∞, and V∞,

are the free stream Mach number, temperature, density, and velocity, respectively. The

wall temperature boundary condition is fixed at a constant value of Tw. The geometry

of the planetary probe is shown in Fig. 6.10 [75].

During the DSMC simulation, the three level Cartesian grid is automatically adapted

to the local mean free path. Each time the background mesh is adapted, the surface

mesh is re-cut from the three level Cartesian grid. All surface triangles are sorted into
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Table 6.3: Conditions for the planetary probe simulation
Gas M∞ T∞(K) ρ∞(kg/m3) V∞(m/s) Tw(K)

N2 20.2 13.3 1.73× 10−5 1502 300

Figure 6.10: The cross-section of the planetary probe at the symmetry plane; the probe
has a base diameter of Rb = 0.05m.

appropriate cells for use by the ray-trace movement routine and all cut-volumes are

computed and stored for use in the collision rate and macroscopic sampling routines.

Since for the planetary probe flow, the mean free path becomes quite small near the

surface, there are a large number of cut-cells due to the existence of the probe surface.

This can be seen from Fig. 6.11, which shows the adapted flow field Cartesian mesh on

the symmetry plane of the planetary probe at 10 degrees angle of attack at steady-state.

For this case the total number of L3 cells is approximately 622,000. Among these L3

cells, 83,000 of them are cut-cells, and only 15 of these cut-cells are split-cells. The

probe surface cuts cells into a wide variety of volumes spanning from large cut-volumes

to extremely small cut-volumes, where the surface may barely cut through a Cartesian

cell. The collision rates within these cells are dependent on the cut-volumes and the

ray-trace algorithm must successfully detect all surface collisions. Thus this test case

represents a non-trivial test of the cut-cell algorithms and their incorporation with a

DSMC code.

The flow field properties along the stagnation line of the probe at an angle of attack
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Figure 6.11: The translational temperature along the symmetry plane of the probe at
angle of attack α = 10◦, together with heat transfer coefficient CH = 2q/(ρ∞V

3
∞), where

q is the local heat transfer rate to the probe surface. The cross-section of the Cartesian
cells on the symmetry plane of the probe is also shown in the figure by black lines.

α = 0◦ is plotted in Fig. 6.12. The heat flux along the probe surface on the symmetry

plane is also plotted in Fig. 6.13, at the same angle of attack α = 0◦. Experimental

result [9] is also plotted in Fig. 6.13, and good agreement is obtained. Thus the existence

of large numbers of cut-cells next to the surface of the planetary probe, does not affect

the accuracy of the heat flux prediction.

Furthermore, the density contours are plotted in Fig. 6.14 and Fig. 6.15 for two



170

X [m]

T
[K
]

[K
g/
m

3 ]

0 0.01 0.02 0.03

0

200

400

600

800

1000

1200

0

0.0001

0.0002

0.0003
TTRANTROT

Figure 6.12: The translational temperature TTRAN , rotational temperature TROT and
density ρ, along the stagnation streamline for the probe without sting support at an
angle of attack α = 0◦.

s/Rn

q
[W
/c
m

2 ]

0 2 4 6 8 1010-5

10-4

10-3

10-2

10-1

100

101

Simulation
Exp. Data

Figure 6.13: The heat flux along the probe surface on the symmetry plane, at an angle
of attack α = 0◦; the closed squares are the experimental data.



171

different angles of attack conditions. The density contours predicted by DSMC simula-

tion are normalized by the free stream density value, and compared with experimental

measurement. Overall, the agreement between DSMC simulation and experimental

measurement is very good, which further shows that the use of decoupled flow filed

Cartesian mesh and surface triangle mesh, hence the existence of large numbers of cut-

cells next to the surface of the planetary probe, does not affect the accuracy of flow field

simulation.
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Figure 6.14: Contours of density normalized by the free stream density value. Compar-
ison of DSMC simulation with experimental measurement at an angle of attack α = 0◦.

6.4.2 MIR space station simulation

To further verify and demonstrate the capability of handling complex geometries using

the currently proposed cut-cell algorithms, we conduct a simulation of rarefied flow

over the MIR space station geometry. The conditions of the simulation are listed in
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Figure 6.15: Contours of density normalized by the free stream density value. Compar-
ison of DSMC simulation with experimental measurement an angle of attack α = 10◦.

Table 6.4. Similarly to the planetary probe simulation, AMR combined with the cut-

cell algorithms, are used to automatically regenerate the flow field mesh by adaption

to the local mean free path, and re-cut the surface mesh during the DSMC simulation.

In Fig. 6.16, the final adapted flow-field mesh is plotted on two planes approximately

passing through the center of the station. The translational temperature (T ) field is

also plotted on the two planes while the surface heating rate (q) contours are shown on

the MIR Space Station geometry in Fig. 6.16.

Table 6.4: Conditions for the MIR space station simulation
Gas M∞ T∞(K) ρ∞(kg/m3) V∞(m/s) Tw(K) simulation domain

size (m)

N2 20 50 4.5× 10−8 2883.4 200 80× 40× 40
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Figure 6.16: The translational temperature (T ) on two planes passing roughly through
the center of the MIR geometry, along with the heat transfer rate (q, energy transferred
per unit area per unit time) to the surface. The flow is moving in the positive x-direction.

As can be seen from Fig. 6.16, the surface heating is relatively low due to the

rarefied flow conditions. For this case, the total number of L3 cells in the simulation is

approximately 624,000, and the L3 cell size is adapted to 0.56 of the local mean free path

everywhere. Among these L3 cells, 57324 of them are cut-cells, and roughly 5572 of these

cut-cells are split-cells. Because the flow has a very low density of ρ = 4.5×10−8kg/m3,

the mean free path in the flow field is quite large. As a result, the size of the Cartesian
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cell is larger than that of the surface triangles in some flow field regions. Such a situation

causes the large amount of split-cells in this simulation, when the Cartesian cells are

cut-through by the relatively thin triangulated surface components, such as the solar

panels. Although there is no experimental data to match this geometry and conditions,

the coupling between the DSMC solver and cut-cell routines is found to be robust,

and the heat flux contours are smooth with no indication of adverse effects from the

cut-volumes.

6.5 Chapter Conclusions

In this chapter, a complete framework of cut-cell algorithms used to handle the decou-

pled flow field and surface meshes, is detailed for general Cartesian grid based DSMC

implementations. A self consistent computer program is written (in Fortran 90) to

implement the algorithms discussed in this chapter. The program could be easily in-

corporated into general three-dimensional Cartesian grid based DSMC simulation code.

The cut-cell algorithms are decomposed into two major parts. The first part identifies

the cut-cells, and records all the surface triangles intersecting with them. The major

task is to determine the intersection of a triangle and a Cartesian cell. For this task,

three existing algorithms are detailed and implemented; the signed tetrahedral volume

method, the separating axis theorem (SAT) method, and the algorithm of Voorhies.

The second major task performed by the algorithms is to calculate the cut-cell volumes.

When a Cartesian cell is cut-through by the surface triangles, the resulting cut-cell

is usually very complex and poses difficulties in determining its volume in an accu-

rate and robust manner. New algorithms are presented for this task: a Monte Carlo

volume sampling technique, and a direct volume calculation technique that forms poly-

hedron/polyhedrons and then determines the volume directly. All algorithms are tested

on various constructed test cases and also for two realistic geometries: a planetary probe

geometry and a geometry resembling the MIR Space Station. Algorithms are compared

for accuracy and efficiency, and a number of conclusions are drawn.

1) For real geometries and grids, the three sorting algorithms are found to be equally

efficient due to the large number of trivial sorting acceptances/rejections that each

method handles efficiently. However, this may not be general to all problems and an
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example where the methods require significantly different time costs is highlighted. If

properly incorporated, the triangulated surface meshes considered can be sorted into

Cartesian cells roughly two orders of magnitude faster if using a three level Cartesian

grid versus a two level Cartesian grid. Furthermore, if subsequent cut-cell treatment is

required during the simulation, for example after periodic adaptive mesh refinement, the

time required for sorting algorithms can be dramatically reduced. For subsequent calls,

the time required by the sorting algorithm no longer scales with the total number of

Cartesian cells, but rather with the total number of surface triangles. Similar efficiency

is found if a quick pre-sorting technique is applied prior to calling the sorting algorithm.

When pre-sorting and/or subsequent cut-cell operations are employed, the 3 different

methods now require significantly different amounts of time, since there are no longer as

many trivial acceptances/rejections. In all cases where the 3 methods required different

times, the SAT method was most efficient, followed closely by the Voorhies method,

and the signed tetrahedral volume method was significantly slower.

2) The first cut-volume algorithm investigated is based on Monte Carlo sampling. It

is very easy to implement and robust for complex cut-volumes. However, this method is

found to be over an order of magnitude slower than the more direct volume calculation

method and only approximates the correct cut-volume to a level corresponding to the

number of Monte Carlo sample points used. Furthermore, the Monte Carlo volume sam-

pling is incapable of detecting split-cells. The more direct volume calculation method

is verified to be accurate using several test cases and is verified to correctly detect all

split-cells and accurately compute these multiple flow field volumes. The time cost for

the direct volume calculation method is found to scale linearly with the average num-

ber of triangles per cut-cell, NT , for NT < 50 which is typically the case for a DSMC

simulation.

3) The combined sorting routines and cut-volume routines are incorporated into a

3D DSMC code and tested on two complex flow configurations: hypersonic flow over

a planetary probe geometry and hypersonic flow over a geometry resembling the MIR

Space Station. The DSMC code uses a three-level Cartesian grid and is capable of

performing adaptive mesh refinement (AMR) during the simulation in order to adapt

the flow field mesh to the local mean free path. At the beginning of each simulation,

the surface mesh is cut from the background Cartesian mesh, the triangulated surface
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elements are sorted into appropriate Cartesian cells for use by the ray-trace movement

algorithm, and the cut-volumes are stored for use in computing local collision rates

and sampling macroscopic variables. As the simulation proceeds, AMR is performed

periodically, after which the cut-cell algorithms are called to re-cut the surface from the

new background Cartesian grid and provide updated data for un-interrupted DSMC

simulation. Based on the results of these test cases, the cut-cell algorithms are found

to be robust and accurate, as the surface heat flux results are smooth and in agreement

with experimental data. It is noted that although the algorithms discussed in this

chapter assume a cubic Cartesian cell, extension to non-cubic Cartesian cells requires

only minor adjustments to the cut-cell algorithms. The computer program written is

very general, and works for both cubic and non-cubic Cartesian cells.

Since most DSMC implementations would cut a surface mesh out of the flow field

mesh only a few times (perhaps only once) during the entire simulation, the time costs

for both the sorting and cut-volume routines are completely negligible. Even for large

parallel simulations, these algorithms could be performed on a single CPU as long as

memory is not an issue. Furthermore, since these algorithms only rely on individual

Cartesian cells and local triangles, they could be parallelized without much difficulty;

further reducing the time cost. What is most interesting is that even for unsteady

DSMC simulations, where a surface mesh may need to be re-cut from an ever-changing

flow field mesh (frequent adaptive mesh refinement), these algorithms seem fast enough

to be feasible. As an example, for the planetary probe geometry, the time required

to initially sort the mesh and compute cut-volumes is approximately 60% of the time

required for a single DSMC time step. For subsequent cut-cell treatment, the time drops

to 57% of a single time step. For the MIR geometry, subsequent cut-cell treatment

requires roughly 150% of the time for one DSMC time step. Considering that unsteady

DSMC simulations require substantially more computational time per time step than

the steady-state flows studied in this paper, the efficiency of the cut-cell algorithms

appears quite feasible for enabling unsteady DSMC flows on Cartesian-based grids.
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Conclusions

7.1 Summary of the Thesis

This thesis makes a number of contributions regarding the implementation of advanced

physical models in the direct simulation Monte Carlo (DSMC) method. Although

DSMC algorithms and collision models for simple monatomic gases have been well-

established, physical models for diatomic gas mixtures including rotational-vibrational-

chemical nonequilibrium are less established. Specifically, inconsistencies between ther-

mochemical nonequilibrium collision models are evident in the literature. Many models

report issues in satisfying detailed balance and equipartition of energy, implementations

of these models into the DSMC method are inconsistent and often not reported, the con-

nection between continuum models and advanced DSMC models in the near-equilibrium

limit is not rigorously demonstrated, and although state-resolved DSMC models have

been presented, a detailed model formulation and implementation has not been pre-

sented in the literature. The research comprising this thesis systematically addresses

all of these issues and rigorously describes how advanced physical models should be

implemented within the DSMC method in a consistent manner and also presents new

DSMC algorithms and collision models for gases in thermochemical nonequilibrium.

In Chapter 2, the issue of how particles are randomly selected for collisions within a

given DSMC cell during a given time step was investigated. Especially for gas mixtures,

the algorithm used to select collision pairs and update the internal energies of either

both particles or just one particle involved in the collision, has a direct effect on the

177
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simulated internal energy transfer rates. The same internal energy relaxation model

with the same parameter inputs may lead to different simulated energy transfer rates if

different selection procedures are used. This subtle, but important, aspect of DSMC is

crucial for the transferability of DSMC collision models between DSMC implementations

(codes) and also for obtaining consistency with continuum simulations (CFD) in the

near-equilibrium limit. Chapter 2 presented a modification to an existing inelastic

collision selection procedure, which is referred to as the sequential probability selection

procedure. Simple expressions for the inelastic collision probabilities used in DSMC

simulations are detailed, which no longer require the solution of a set of quadratic

equations for each collision (as previous methods did). The modified procedure was

analytically proven to be equivalent to both the original procedure of Haas et al. [48]

and the modified framework of Gimelshein et al. [44]. We then demonstrated the ability

to accurately simulate prescribed phenomenological relaxation rates for gas mixtures

in thermal nonequilibrium. Accuracy of the modified selection procedure was verified

through comparison with analytical solutions for rotational and vibrational isothermal

relaxations.

In Chapter 3, existing phenomenological models for rotational-vibrational-chemical

nonequilibrium flows were analyzed. Such existing models have not been consistently

compared in the literature. Often the selection procedure used is not identified and dif-

ferent combinations of rotation, vibration, and dissociation models have been used in the

comparisons, which makes conclusions regarding the differences of a single model (for

example, the vibration model only) difficult to interpret. Chapter 3 detailed the existing

phenomenological models for modeling rotational, vibrational relaxation, and chemical

reaction processes in the DSMC method. Using the sequential probability selection pro-

cedure as a consistent framework, existing DSMC models for rotational and vibrational

relaxation were implemented in a modular fashion within a three-dimensional Cartesian

grid based DSMC code [43]. The rotational and vibrational models were compared with

each other using both isothermal and adiabatic relaxation calculations as well as one

dimensional stagnation line simulations for hypersonic flow conditions. When used for

the stagnation line simulation, all three vibrational relaxation models predicted virtu-

ally the same stagnation point pressure and heat flux. Next, three existing dissociation

models for the DSMC method were implemented in a modular fashion and compared
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using one dimensional stagnation line simulations. When using the same reaction rate

constant (kf ), we found that the TCE model give a higher dissociation rate of N2 com-

pared to the VFD model using a vibrational favoring parameter of φ = 3 [47]. The QK

dissociation model predicted the highest N2 dissociation rate of any model. All models

predicted the same stagnation pressure (refer to Table 3.2).

In Chapter 4, the physical mechanisms of rotational excitation and relaxation were

analyzed and a new rotational model (for nitrogen) was developed for the DSMC

method. Previously, the translational-rotational relaxation rate has been modeled as

either a function of the translational temperature or simply modeled as a constant value.

However, prior studies have also highlighted that the rate of rotational energy relaxation

may be a strong function of the direction towards the equilibrium state (compressing

flows vs. expanding flows) and also the magnitude of the deviation from equilibrium.

Chapter 4 presented a new nonequilibrium-direction-dependent (NDD) rotational en-

ergy exchange model for DSMC and multi-temperature Navier-Stokes methods. The

DSMC NDD model is based only on collision-quantities (translational and rotational

energy of the collision pair εt, εr) and reduces to a rotational collision number model

in the continuum limit (Eq. 4.5), and is applicable for use with the Jeans relaxation

equation in CFD calculations. The model is formulated based on recent Molecular Dy-

namics (MD) simulations of rotational relaxation in nitrogen (Valentini et al., Phys.

Fluids 24, 106101 (2012) [87]) and accounts for the dependence of the relaxation rate

on the direction to the equilibrium state. This enables a single parameterization of

the model to accurately simulate rotational relaxation in nitrogen for both compressing

and expanding flows, unlike the widely used Parker model. The DSMC NDD model is

simple to implement compared to previously developed phenomenological models, and

has good numerical efficiency. More importantly, it accurately reproduces a range of

pure MD solutions including zero dimensional isothermal relaxations, one dimensional

normal shock wave simulations, and one dimensional expansion simulations [87]. In de-

veloping the new DSMC NDD model, a general form for the energy distribution function

that should be sampled for post-collision states (using the Borgnakke-Larsen approach)

was also presented. This general formulation ensures detailed balance and equipartition

of energy at equilibrium for any collision-quantity based DSMC model and also explains
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the behavior of prior rotational models in the literature [1, 21, 22, 33, 95]. Finally, the in-

creased accuracy of a collision-quantity based model compared to a cell-averaged model

was demonstrated by comparing rotational energy distribution functions (rdfs) within

a shock wave against a pure MD solution. The rdfs simulated by the collision-quantity

dependent NDD model were in better agreement with the MD solution, compared to

the cell-averaged version of the NDD model.

In Chapter 5, the formulation and implementation of state-to-state models in the

DSMC method was investigated. Only very recently have realistic state-to-state models

for DSMC been presented in the literature [27, 58], and no rigorous model framework has

been presented that addresses microscopic reversibility, detailed balance, the connection

to gas transport properties, and the overall consistency of the state-to-state cross sec-

tion database. Chapter 5 presented a general framework for implementing state-to-state

collision models in the DSMC method. First, a simple state-to-state model with an-

alytical transition probabilities (or cross sections) was detailed, where the microscopic

reversibility and detailed balance relationships are inherently satisfied [36]. Through

the presentation of this simple model, we identified the important factors in developing

a general state-to-state collision model. Specifically, the state-to-state collision cross

section database should satisfy microscopic reversibility. Especially when the database

consists of transition probabilities only, with no information regarding the total cross

section (i.e. the viscosity), the individual cross sections may require modification for

consistency. One key aspect in developing a state-to-state DSMC collision model, is to

propose efficient DSMC algorithms to correctly simulate the specified state-to-state col-

lision cross section and transition rate. This includes the calculation of desired collision

rates in the DSMC method, the selection of potential collision pairs, and the proce-

dure to perform actual collision processes. To achieve these tasks in a computationally

efficient manner, we proposed the detailed implementation of a general rovibrational

state-to-state collision model for the DSMC method. The proposed model was first

demonstrated using qualitatively-constructed state-to-state collision probabilities. With

the algorithms verified, we then developed a vibrational state-to-state DSMC collision

model using the transition probability data provided by the forced harmonic oscillator

(FHO) model [3, 68, 77, 78, 82, 96]. The state-to-state DSMC simulation results were

verified by corresponding master equation simulation results.
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In Chapter 6, the issue of grid generation and complex geometry associated with

the DSMC method was investigated. A significant obstacle for new DSMC developers

is the fact that the computational grid must be adapted to the local mean-free-path

(i.e. the density field), which is a result of the simulation itself. This requires adaptive

mesh refinement (AMR) in order to avoid significant user-time for iterative grid gener-

ation. The requirement of AMR and also the desirability of decoupling the flow field

grid (adapted to the local mean-free-path) from the body-surface mesh naturally leads

to the use of Cartesian flow grids and ”cut-cell” algorithms to embed complex geome-

try. Although the implementation of multi-level Cartesian flow grids is straight-forward,

general algorithms for cutting complex 3D geometry from a background grid are quite

challenging and tedious in terms of implementation. Chapter 6 detailed a complete

framework of cut-cell algorithms used to handle the decoupled flow field grids and sur-

face meshes, for general Cartesian grid based DSMC implementations. A self consistent

computer program was written (in Fortran 90) to implement the algorithms discussed in

this chapter. The cut-cell algorithms were decomposed into two major parts. The first

part identifies the cut-cells, and records all the surface triangles intersecting with them.

The major task was to determine the intersection of a triangle and a Cartesian cell. For

this task, three existing algorithms were detailed and implemented; the signed tetrahe-

dral volume method, the separating axis theorem (SAT) method, and the algorithm of

Voorhies. The second major task was to calculate the cut-cell volumes. When a Carte-

sian cell is cut-through by surface triangles, the resulting cut-cell can be very complex

and poses difficulties in determining its volume in an accurate and robust manner. New

algorithms were presented for this task: a Monte Carlo volume sampling technique,

and a direct volume calculation technique that forms polyhedron/polyhedrons and then

determines the volume directly. All algorithms were tested on various constructed test

cases and also for two realistic geometries: a planetary probe geometry and a geometry

resembling the MIR Space Station.

7.2 Contributions of the Thesis

In this thesis, we have made the following contributions:

1. We developed a modification to an existing inelastic collision selection procedure
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suitable for modeling the internal energy exchange processes of gas mixtures in

direct simulation Monte Carlo (DSMC). The model is simple to implement, com-

putationally efficient, and if adopted would enable more consistent transferability

of DSMC collision models between DSMC codes and more consistent comparisons

with CFD solutions in the near-equilibrium limit.

2. Using the above modified selection procedure, we implemented a range of existing

DSMC phenomenological models for rotational/vibrational relaxation and disso-

ciation reactions in a three dimensional DSMC code. The models were compared

in a consistent manner through isothermal and adiabatic relaxation calculations,

as well as 1D stagnation line simulations for hypersonic flow.

3. We developed a new rotational energy exchange model for both the DSMC method

and multi-temperature Navier-Stokes methods. The DSMC model (called the

NDD model) is based only on collision-quantities and reduces to a rotational col-

lision number in the continuum limit, applicable for use with the Jeans relaxation

equation in CFD. The model was formulated based on recent Molecular Dynam-

ics (MD) simulations of rotational relaxation in nitrogen (Valentini et al., Phys.

Fluids 24, 106101 (2012)) and accounts for the dependence of the relaxation rate

on the direction to the equilibrium state. This enables a single parameterization

of the model to accurately simulate rotational relaxation in both compressing and

expanding flows, unlike the widely used Parker model.

4. While developing the DSMC NDD model above, a general form for the energy

distribution function that should be sampled for post-collision states (using the

popular Borgnakke-Larsen approach) was developed. This general formulation en-

sures detailed balance and equipartition of energy at equilibrium for any collision-

quantity based DSMC model and also explains the behavior of prior rotational

models presented in the literature.

5. We developed a general framework for implementing rovibrational state-to-state

collision models in the DSMC method that achieves microscopic reversibility, de-

tailed balance, and equipartition of energy under equilibrium conditions. The

framework links the state-to-state cross sections to the gas transport properties,
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or if the cross section database is incomplete, allows for the incorporation of a

desired phenomenological viscosity model. Three implementations were consid-

ered in order to achieve computational efficiency and the ability to simulate rare

transition events.

6. Using the state-to-state model framework above, we developed a vibrational state-

to-state DSMC collision model using the transition probability data provided by

the forced harmonic oscillator (FHO) model [3, 68, 77, 78]. DSMC simulation

results were verified by corresponding master equation simulation results.

7. To handle the automatic grid generation of complex geometries coupled with

multi-level Cartesian grids, a set of robust cut-cell algorithms were developed

and implemented. The algorithms are robust for very complex 3D geometries and

computationally efficient.



Bibliography

[1] T. Abe. Direct Simulation Monte Carlo Method for Internal-Translational En-

ergy Exchange in Nonequilibrium Flow. In Rarefied Gas Dynamics - Theory and

Simulations; Proceedings of the 18th International Symposium on Rarefied Gas

Dynamics, pages 103–113. University of British Columbia, Vancouver, Canada,

1994.

[2] T. Abe. Inelastic Collision Model for Vibrational-Translational and Vibrational-

Vibrational Energy Transfer in the Direct Simulation Monte Carlo Method.

Physics of Fluids, 6(9):3175–3179, 1994.

[3] I. V. Adamovich, S. O. Macheret, J. W. Rich, and C. E. Treanor. Vibrational

Energy Transfter Rates Using a Forced Harmonic Oscillator Model. Jounal of

Thermophysics and Heat Transfer, 12(1):57–65, 1998.

[4] M. J. Aftosmis. Solution Adaptive Cartesian Grid Methods for Aerodynamic Flows

with Complex Geometries. Lecture notes for 28th Computational Fluid Dynamics

Lecture Series, Von Karman Institute of Fluid Dynamics, Belgium, 1997.

[5] M. J. Aftosmis, M. J. Berger, and J. E. Melton. Robust and Efficient Cartesian

Mesh Generation for Component-Based Geometry. AIAA Journal, 36(6):952–960,

1998.
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Appendix A

Determination of Rotational

Inelastic Collision Probability in

NDD Model

A.1 Determination of p̃rot(εt, εr) from rotational collision

number Zrot(Tt, Tr)

As discussed in Chapter 4, to get the collision energy dependent inelastic collision prob-

ability for DSMC simulation, we need to solve the following equation, and determine a

unique solution for p̃rot(εt, εr). What follows in this section is a derivation to determine

p̃rot(εt, εr).

1

Z∞r

(
1 +

T ∗

Tt

)(
Tt
Tr

)n
=

∫ ∞
0

∫ ∞
0

p̃rot(εt, εr)f(εt, εr;Tt, Tr)dεtdεr (A.1)

Here, the joint distribution function of the collision energies (εt, εr) is f(εt, εr;Tt, Tr),

and is given in Eq. 4.7. The probability that a collision pair has energies which lie in the

range [εt, εt + dεt] and [εr, εr + dεr] is f(εt, εr;Tt, Tr)dεtdεr, and the joint distribution

function satisfies the following equation,∫ ∞
0

∫ ∞
0

f(εt, εr;Tt, Tr)dεtdεr = 1 . (A.2)
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For a quantity Q associated with the collision process that depends on both εt and εr,

the average of Q is,

< Q >=

∫ ∞
0

∫ ∞
0

Q(εt, εr)f(εt, εr;Tt, Tr)dεtdεr . (A.3)

Specifically, assuming that Q can be written in the form,

Q(εt, εr) = Aεltε
m
r , (A.4)

where A, m and n are some real constants, we have, by substituting the appropriate

expressions,

< Q >=

∫ ∞
0

∫ ∞
0

Aεltε
m
r f(εt, εr;Tt, Tr)dεtdεr

=A

∫ ∞
0

εltf(εt;Tt)dεt

∫ ∞
0

εmr f(εr;Tr)dεr

=AIεtIεr ,

(A.5)

where,

Iεt =

∫ ∞
0

εlt

Γ( ζt2 )kBTt

(
εt

kBTt

) ζt
2
−1

e
− εt
kBTt dεt

=
(kBTt)

l

Γ( ζt2 )

∫ ∞
0

(
εt

kBTt

) ζt
2

+l−1

e
− εt
kBTt d

εt
kBTt

=
(kBTt)

l

Γ( ζt2 )

∫ ∞
0

x
ζt
2

+l−1e−xdx

=
Γ( ζt2 + l)

Γ( ζt2 )
(kBTt)

l .

(A.6)

Through the variable substitution x = εt
kBTt

, similarly we have,

Iεr =
Γ( ζr2 +m)

Γ( ζr2 )
(kBTr)

m . (A.7)
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As a result, for Q(εt, εr) = Aεltε
m
r , we have,

< Q >= A
Γ( ζt2 + l)Γ( ζr2 +m)

Γ( ζt2 )Γ( ζr2 )
(kBTt)

l(kBTr)
m (A.8)

By observing and comparing the left hand side of Eq. A.1 and the right hand side

of Eq. A.8, p̃rot should have the following form,

p̃rot(εt, εr) =
a

Z∞r

(
1 + b

kBT
∗

εt

)(
εt
εr

)n
, (A.9)

where a and b are constants to be determined. Substituting Eq. A.9 into Eq. A.1, and

performing the integration similarly as that for < Q >, we then obtain for n 6= 1,

a =
Γ( ζt2 )Γ( ζr2 )

Γ( ζt2 + n)Γ( ζr2 − n)
, b =

ζt
2

+ n− 1 . (A.10)

The final form of p̃rot(εt, εr) is therefore,

p̃rot(εt, εr) =
Γ( ζt2 )Γ( ζr2 )

Γ( ζt2 + n)Γ( ζr2 − n)Z∞r

[
1 + (

ζt
2

+ n− 1)
kBT

∗

εt

](
εt
εr

)n
. (A.11)

A.2 The connection factor between rotational inelastic col-

lision probability prot(εt, εr) and continuum collision

number Zrot(Tt, Tr)

In order to understand why a connection factor is necessary and determine its value,

we conduct an approximate mathematical analysis similar to that used by Haas et

al. [48], which equates the energy gain simulated by DSMC to that modeled by the

Jeans equation.

Suppose a system is in a nonequilibrium state (Tt 6= Tr) associated with ζt and

ζr degrees of freedom, and is relaxing toward equilibrium. At time t, assume the av-

erage relative translational and rotational energies of the system are ε̂t(t) and ε̂r(t),

respectively. During a simulation time step, ∆t, the fraction of particles undergoing

collision is ∆t
τc

, where τc is the mean collision time. For a selected collision pair with
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energy εt and εr, the probability that they will undergo inelastic collision during ∆t is:

pin = ∆t
τc
prot(εt, εr). The probability they will not undergo inelastic collision during ∆t

is: pel = (1− ∆t
τc
prot(εt, εr)).

If the collision pair undergoes inelastic collision, the post inelastic collision rotational

energy ε′r should be sampled from the distribution function we have discussed in Chapter

4, section 4.2.3.1: f(εt;Tc)f(εr;Tc)prot(εt, εr), where Tc is the assumed equilibrium state

temperature. Using Eq. 4.6 and Eq. 4.10, we have,

1

Zrot(Tc, Tc)
=

∫ ∞
0

∫ ∞
0

prot(εt, εr)

C
f(εt;Tc)f(εr;Tc)dεtεr , (A.12)

where we have assumed C to be a function of εt and εr when prot is not a con-

stant. From Eq. A.12, we can then assume that the normalized distribution function of

f(εt;Tc)f(εr;Tc)prot(εt, εr) is,

F (εt, εr;Tc) =
Zrot(Tc, Tc)

C
f(εt;Tc)f(εr;Tc)prot(εt, εr) , (A.13)

which represents the probability distribution of the post inelastic collision translational

and rotational energy when using the general Borgnakke-Larsen (BL) model [19].

In the inelastic collision situation, suppose the post collision rotational energy is ε′r

and the total collision energy is εc = εt + εr. Suppose for a fixed total collision energy

εc, the expectation of ε′r is < εr >, then based on the definition of F (εt, εr;Tc), we

should have the following equation hold,∫ ∞
0

∫ εc

0
ε′rF (εc − ε′r, ε′r;Tc)dε′rdεc =

∫ ∞
0

< εr > f(εc;Tc)dεc . (A.14)

This equation represents the average post inelastic collision rotational energy for all

collision pairs (with same or different εc), and thus < εr > should have the following

form,

< εr > =
1

f(εc;Tc)

∫ εc

0
ε′rF (εc − ε′r, ε′r;Tc)dε′r . (A.15)
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For the situation when prot is a constant, we have

< εr >

=
1

f(εc;Tc)

∫ εc

0
ε′rF (εc − ε′r, ε′r;Tc)dε′r

=
1

f(εc;Tc)

∫ εc

0

ε′re
− −εc
kBTc

Γ( ζt2 )Γ( ζr2 )(kBTc)2

(
εc − ε′r
kBTc

) ζt
2
−1( ε′r

kBTc

) ζr
2
−1(Zrot

C
prot

)
dε′r

=
1

f(εc;Tc)

∫ εc

0

ε′re
− −εc
kBTc

Γ( ζt2 )Γ( ζr2 )(kBTc)2

(
εc − ε′r
kBTc

) ζt
2
−1( ε′r

kBTc

) ζr
2
−1

dε′r

=
1

f(εc;Tc)

e
− −εc
kBTc

Γ( ζt2 )Γ( ζr2 )

(
εc

kBTc

) ζt+ζr
2
∫ εc

0

(
1− ε′r

εc

) ζt
2
−1(ε′r

εc

) ζr
2

d
ε′r
εc

=
Γ( ζt+ζr2 )

Γ( ζt2 )Γ( ζr2 )
εc

∫ 1

0
(1− x)

ζt
2
−1x

ζr
2 dx

=
Γ( ζt+ζr2 )

Γ( ζt2 )Γ( ζr2 )

Γ( ζt2 )Γ( ζr2 + 1)

Γ( ζt+ζr2 + 1)
εc

=
ζr

ζt + ζr
εc .

(A.16)

Note that the above equation involves the Beta function B(p, q) =
∫ 1

0 (1−x)p−1xq−1dx =
Γ(p)Γ(q)
Γ(p+q) . The result < εr >= ζr

ζt+ζr
εc is physically understood, since the role of the BL

model is to establish equilibrium between the translational and rotational energy modes.

For the situation when prot = prot(εt, εr), and is not a constant, we write < εr > in

a similar form,

< εr >=
ζ ′r(εc)

ζ ′t(εc) + ζ ′r(εc)
εc , (A.17)

where ζ ′r(εc) and ζ ′t(εc) are functions of εc. When prot is a constant, ζ ′r(εc) and ζ ′t(εc)

will simplify to ζr and ζt.

If the collision pair does not undergo inelastic collision, then the rotational energy

after collision is still εr. Combining the two types of collisions, for a collision pair with
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energy (εt, εr) at time t, the expected value of rotational energy at time t+ ∆t is then,

εr(t+ ∆t) = pin < εr > + pelεr

=
∆t

τc
prot(εt, εr)

ζ ′r
ζ ′t + ζ ′r

(εt + εr) +

(
1− ∆t

τc
prot(εt, εr)

)
εr

(A.18)

The average rotational energy at time t+ ∆t is then,

ε̂r(t+ ∆t)

=

∫ ∞
0

∫ ∞
0

εr(t+ ∆t)f(εt;Tt)f(εr;Tr)dεtdεr

=

∫ ∞
0

∫ ∞
0

εrf(εt;Tt)f(εr;Tr)dεtdεr

+
∆t

τc

∫ ∞
0

∫ ∞
0

(
ζ ′r

ζ ′t + ζ ′r
(εt + εr)− εr

)
prot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr

=ε̂r(t) +
∆t

τc

∫ ∞
0

∫ ∞
0

ζ ′t
ζ ′t + ζ ′r

(
ζ ′r
ζ ′t
εt − εr

)
prot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr

=ε̂r(t) + I(εt, εr;Tt, Tr, ζ
′
t, ζ
′
r)∆t ,

(A.19)

where,

I(εt, εr;Tt, Tr, ζ
′
t, ζ
′
r)

=
1

τc

∫ ∞
0

∫ ∞
0

ζ ′t
ζ ′t + ζ ′r

(
ζ ′r
ζ ′t
εt − εr

)
prot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr .

(A.20)

Finally, with a first order approximation and using Eq. A.19, we have,

dε̂r(t)

dt
≈ ε̂r(t+ ∆t)− ε̂r(t)

∆t
= I(εt, εr;Tt, Tr, ζ

′
t, ζ
′
r) (A.21)

1. Constant rotational collision probability

If prot is a constant, then ζ ′t = ζt, ζ
′
r = ζr, and both are constant. The right hand
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side of Eq. A.21 can be simplified as,

I(εt, εr;Tt, Tr, ζ
′
t, ζ
′
r) =

1

τc

∫ ∞
0

∫ ∞
0

ζt
ζt + ζr

(
ζr
ζt
εt − εr

)
protf(εt;Tt)f(εr;Tr)dεtdεr

=
1

τc

ζt
ζt + ζr

(
ζr
ζt
ε̂t(t)− ε̂r(t)

)
prot

=
1

τc

ζt
ζt + ζr

(ε̂∗r(t)− ε̂r(t)) prot .

(A.22)

Comparing the above equation with the right hand side of the Jeans equation (Eq. 4.1),

we then have,
ε̂∗r(t)− ε̂r(t)

Zrotτc
=

1

τc

ζt
ζt + ζr

(ε̂∗r(t)− ε̂r(t)) prot , (A.23)

or equivalently,

prot =
ζt + ζr
ζt

1

Zrot
= Cap̃rot . (A.24)

This then gives the analytical connection factor Ca (discussed in Chapter 4) for the

constant rotational collision probability model, and is the same as has been discussed

by Lumpkin et al. [67] and Haas et al. [48].

2. Nonequilibrium-Direction-Dependent collision probability

When prot = prot(εt, εr), by equating the right hand side of Jeans equation (Eq. 4.1)

and that of Eq. A.21, we then have,

ε̂∗r(t)− ε̂r(t)
Zrot

=

∫ ∞
0

∫ ∞
0

ζ ′t
ζ ′t + ζ ′r

(
ζ ′r
ζ ′t
εt − εr

)
prot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr

=

∫ ∞
0

∫ ∞
0

(
ζ ′r

ζ ′t + ζ ′r
εt −

ζ ′t
ζ ′t + ζ ′r

εr

)
CaCnp̃rot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr

=

∫ ∞
0

∫ ∞
0

(
ζ ′r
ζ ′t
εt − εr

)
ζ ′t/ζt

(ζ ′t + ζ ′r)/(ζt + ζr)
Cnp̃rot(εt, εr)f(εt;Tt)f(εr;Tr)dεtdεr

(A.25)

In this case, it is hard to give an analytical expression for C (hence Cn) by equating the

two sides of the above equation. However, since in the constant prot case, the connection

factor is shown to be necessary from the above equation, when prot = prot(εt, εr), we
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anticipate a connection factor is also necessary and should have a different form due to

the different expression in the integrand. Generally speaking, C (and also Cn) should

be a function of both εt and εr. For the (εt, εr) dependent DSMC collision probability

model for nitrogen, we found that a constant value of Cn reproduces the MD data well,

and approximates the Jeans equation in the continuum limit, as discussed in Chapter 4.
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