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Abstract 

In-situ rock is often fully saturated or at least has a high fluid content. The presence of 
pore fluid can affect both the elastic response and the inelastic deformation process.  
However, testing of fluid-saturated rock is not typically performed, even though rock-
fluid interaction is critical in many applications, such as oil and natural gas exploration 
and recovery procedures. 

Experimental techniques aimed at the measurements of the parameters that govern the 
deformation of fluid-filled porous rock were developed. Berea sandstone was tested 
under the limiting conditions of drained, undrained, and unjacketed response. Saturation 
methods were applied to the rock at pore pressures of 3 – 4 MPa. Hydrostatic loading and 
compression experiments, both conventional triaxial and plane strain loading, were 
performed on the sandstone to investigate isotropic and transversely isotropic poroelastic 
behavior. Measured parameters were used to calibrate a constitutive model that predicts 
undrained inelastic deformation from the drained response. The experimental data shows 
good agreement with the model: the effect of dilatant hardening in undrained triaxial and 
plane strain compression tests under constant mean stress was predicted and observed. 

Suggested experimental methods can be, and have been already, implemented for testing 
rock from the field. Moreover, the developed techniques are applicable for the prediction 
of deformation and induced seismicity in fluid-filled rock utilized for CO2 sequestration. 
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Chapter 1 

Introduction 

1.1 Motivation 

The presence of pore fluid plays an important role in a wide variety of geoengineering 

and geophysics problems. These include earthquake precursory processes (Rice and 

Rudnicki 1979; Roeloffs 1996), hydraulic fracturing (Haimson and Fairhurst 1969; Rice 

and Cleary 1976; Detournay and Cheng 1993), water level changes in wells and tide 

effects on compressible aquifers (van der Kamp and Gale 1983; Wang 2000), to name a 

few. Oil and gas exploration relies on knowledge of the compresibilities and related 

seismic velocities of rock to differentiate between pore fluids (Han and Batzle 2004). 

Also, understanding the chemo-thermomechanical interactions between the gas, the 

groundwater, and the bedrock is critical to evaluate the safety of potential CO2 storage 

sites.  

Two limiting time scales are usually considered for the deformation of fluid-filled 

materials. If the time scale of deformation is rapid in comparison to that for diffusion so 

that the fluid mass in a material element remains constant, then the response is termed 

“undrained.”  The long-time or “drained” response is the one for which the local pore 

fluid pressure is constant. An elastic fluid-saturated solid responds more stiffly to 

deformations that are rapid compared to the time scale of diffusion, than for deformations 

that are slow compared to the diffusion time (Brace and Martin 1968; Rice 1975).  

The inelastic deformation of geological materials is typically inhibited by an increase of 

mean stress (compression positive).  Thus, an increase in pore fluid pressure decreases 

the “effective” mean stress and promotes inelastic deformation; conversely, a decrease in 

pore fluid pressure tends to inhibit inelastic deformation (Rice 1975).  Coupling of 

deformation with pore fluid diffusion also introduces time dependence into the response 

of an otherwise rate-independent solid. 
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Depending on the stress state, the constitutive response of rock typically involves dilation 

(volume increase) as deformation becomes inelastic.  When the rock is fluid-saturated 

and the time scale does not allow drainage, suction is induced in the pore fluid, and by 

the effective stress principle, the rock is dilatantly hardened over the resistance that it 

would exhibit to a corresponding increment of drained deformation (Rice 1975).  The 

phenomenon was first noticed for granular materials by Reynolds (1886), and it has been 

studied by Frank (1965) in relation to seismic sources in the fluid-saturated Earth’s crust.  

However, some experimental work (Aldrich 1969) does not support this observation. 

The characterization of inelastically deforming rock under well-controlled drainage 

conditions is required in order to understand the coupling between rock deformation and 

pore fluid diffusion just before failure, and for the interpretation of premonitory events in 

the Earth’s crust prior to faulting (Nur 1972; Scholz et al. 1973; Rice and Cleary 1976).  

For example, the problem of stress concentration near a passing rupture front along the 

fault in a fluid-saturated rock is assumed to be effectively undrained on a short timescale. 

Then, if the material is plastically dilating, the undrained deformation was found to be 

notably more resistant to shear localization than predicted by neglect of pore pressure 

changes (Viesca et al. 2008). These considerations are particularly important when 

analyzing the stability of long-term underground storage facilities, such as the permanent 

disposal of CO2 or nuclear waste. 

Laboratory measurements that provide estimates of poroelastic parameters and consider 

the rate dependent effects of coupling of deformation with pore fluid diffusion are needed 

to describe the aforementioned effects. 

1.2 Aim and Scope 

The aim of this study is to experimentally investigate poroelastic and inelastic 

deformation of a porous, fluid-saturated rock under different limiting regimes. The 

emphasis is placed on accurate stress and displacement measurements to provide the 

precise calculation of the parameters that govern material’s response. The following are 

the specific objectives: 
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-  Modify the University of Minnesota plane-strain apparatus in order to conduct 

plane strain and conventional triaxial compression tests with water-saturated rock 

specimens and to measure the pore pressure within the rock. 

-  Calibrate all transducers within the apparatus at the various loading states and 

determine the compliances of the system. 

-   Develop a technique for specimen saturation. 

-  Conduct hydrostatic, plane strain, and triaxial compression tests under air-dry, 

drained, undrained, and unjacketed conditions. 

-   Evaluate the poroelastic behavior of the rock. 

-   Measure parameters associated with the constitutive model to describe the inelastic 

deformation of fluid-saturated rock; compare the model and experimentally 

observed responses. 

1.3 Organization 

This thesis is divided into five chapters. Theoretical background is given in Chapter 2. 

Experimental techniques are described in Chapter 3. The results of testing dry and fluid-

saturated rock under different limiting regimes are reported and discussed in Chapter 4. 

Final remarks and future works are presented in Chapter 5. Calibration of the plane strain 

apparatus and acoustic emission data are included in the Appendices. 
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Chapter 2 

Theoretical background 

2.1 Theory of porous media 

The modern theory of porous media is based on the important principles of mechanics 

that were developed in XVIII and XIX centuries. During the XVIII century, the theory of 

ideal fluids was founded and the concept of volume fractions was first stated. In the XIX 

century, linear elasticity was derived, fundamental laws of continuum mechanics and 

thermodynamics were discovered, Darcy’s law for the flow through porous bodies was 

published, plasticity concepts were first discussed, and mixture theory was developed. 

The first half of the XX century saw the beginning of the modern era, when attempts to 

clarify the mechanical interaction of liquids, gases, and rigid porous solids were achieved 

and deformable saturated porous solids were first considered (de Boer 2000). 

Terzaghi in 1923 proposed a model of one-dimensional consolidation that accounted for 

the influence of pore fluid pressure on the soil deformation and was based on a variety of 

experimental data. Later, Terzaghi (1936) introduced the concept of the “effective” 

stress: the effect of the pore fluid on some aspect of the mechanical behavior can be 

incorporated by replacing the normal stress by the effective normal stress, the difference 

between the normal stress and pore fluid pressure. Discussions of the concept were 

already made by Reynolds (1883) and Boussinesq (1885), and it was experimentally 

investigated by Fillunger (1915). However, Terzaghi is recognized for introducing the 

concept to the engineering world (Skempton 1960). His empirical expression turns out to 

be a very good description for soil, and nearly correct for highly porous and cracked rock, 

but it is not true as a general rule for all porous media. 

Biot (1935, 1941) followed the scientific work of Terzaghi and developed the first 

rational theory for the mechanical behavior of porous materials. Biot considered soil, 

which was assumed to be isotropic, linearly elastic, and having incompressible water 

flowing through its porous skeleton. He developed the general equations for the 
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prediction of settlements and stresses for three-dimensional problems by extending the 

theory of elasticity for a two-phase system through the introduction of an additional 

quantity: a new strain variable called the variation in water content, which was coupled 

with the increment of water pressure. Under the assumption of small strains, linear 

relationships between the strains and increment of fluid content to stresses and pore 

pressure were written and four poroelastic moduli (rather than two standard elasticity 

moduli) were introduced.  

Gassmann (1951, 2007), assuming macroscopic homogeneity and isotropy, derived a 

relation between the elastic properties of a porous medium with fluid-filled 

interconnected pores and the elastic properties of the same medium with empty pores. His 

equation became the important tool in the petroleum industry in the interpretation of 

seismic data on sedimentary materials, and differentiation between the pore fluids they 

contain. 

Biot and Willis (1957), being aware of the results of Gassmann, reviewed Biot’s (1941) 

work, described methods of measurements for the elastic coefficients, and discussed their 

physical interpretation in various alternate forms. Additionally, they extended the work of 

Biot (1955) on the interpretation of anisotropic poroelastic parameters and the ways to 

measure them. 

Biot (1956) also utilized his theory to describe elastic wave propagation in saturated 

porous bodies and, finally (Biot 1973), developed a theory of finite deformations of 

porous media, stating that the mechanics of porous media was then brought to the same 

level as the classical theory of finite deformations in elasticity. 

Further developments in the basic equations of porous media theory have referred to the 

works of Biot. Geertsma (1957) summarized Biot’s and Gassmann’s theories and 

reformulated them in terms of compressibilities, which, as he claimed, were much easier 

to be measured experimentally. This approach was then used by Zimmermann (1986, 

1991) to suggest the parameters convenient for description of deformable reservoirs. 

Geertsma (1966) was also the one who introduced the term poroelasticity with the 

reference to “Biot’s work on the theory of the elasticity and viscoelasticity of fluid-
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saturated porous solids.” He emphasized the similarity between mathematical 

descriptions of the macroscopic poroelasticity and thermoelasticity theories. 

Moreover, the 1950s were the time of the first known experimental works on deformable 

fluid-filled rock. Hall (1953) showed the importance of measuring the effective rock 

compressibility in calculating the hydrocarbon volume of an undersaturated reservoir. 

Hughes and Cook (1953) performed laboratory measurements of pore compressibility of 

sandstones for the purpose of making corrections for available pore space at reservoir 

depths. Fatt (1958, 1959) presented data needed to calculate the full set of Biot-Willis 

coefficients for a porous fluid-saturated sandstone. 

Later in the XX century, poroelasticity theory was introduced in hydrogeology and 

geophysical applications. Verruijt (1969) derived the most general (linear) description of 

aquifer behavior obtained from Biot’s theory. Haimson and Fairhurst (1969) considered 

poroelastic effects in describing the techniques for in-situ stress determination. 

Development of experimental techniques, which allowed for separate control of the 

confining and pore pressures, provided further detailed description of the poroelastic 

parameters. Nur and Byerlee (1971), based on their tests on a sandstone, concluded that 

the expression for the effective stress should be modified by multiplying the pore 

pressure by the so-called Biot coefficient. Bishop (1976) extended Skempton’s (1954) 

work on undrained pore pressure coefficient for rock and suggested improvements to 

experimental measurements. 

Brown and Korringa (1975) generalized Gassmann’s equation for the case of non-

homogeneous material. Their work was used by Rice and Cleary (1976), who greatly 

facilitated the analyses of problems involving interaction between fluid and rock. With no 

special assumptions regarding the fluid and solid compressibilities, the coupled stress and 

fluid-flow fields were formulated as an extension of the Biot (1941) theory. The Biot 

moduli were written in terms of parameters related to the two limiting time scales, long 

and short term, of fluid-saturated material behavior. This formulation considerably 

simplified the interpretation of asymptotic poroelastic phenomena.  
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Palciauskas and Domenico (1982) described nonisothermal response of potential 

repository rock to heating. They used Rice and Cleary’s (1976) notation to characterize 

the four isothermal elastic parameters and introduced some nonisothermal parameters 

related to fluid, solid, and pore volume expansivity. 

Detournay and Cheng (1993) presented a seminal review of poroelasticity theory, as well 

as the analytical and numerical methods for solving some of its fundamental problems. 

The various approaches proposed in the literature were unified and related. Finally, Wang 

(2000) published a book on “Theory of linear poroelasticity with applications to 

geomechanics and hydrogeology,” where the emphasis was given to physical 

interpretation of poroelastic variables, governing equations, and problem solutions.  

The formulation of the basic concepts of poroelasticity and the development in laboratory 

equipment in the last third of the XX century enabled experimental measurements of the 

parameters needed for the solutions of geomechanics, hydrogeology, and reservoir 

engineering problems. A few of them are Mesri et al. (1976), Yew and Jogi (1978), 

Green and Wang (1986), Boutéca et al. (1991), Hart and Wang (1995, 2010), Fabre and 

Gustkiewicz (1997), Lockner and Stanchits (2002), and Sulem and Ouffroukh (2006). 

It is worth mentioning that alternative approaches for describing fluid-filled porous media 

have also been developed using the formalism of mixture theories, but in practice they do 

not offer any advantage over the Biot theory (Katsube and Carroll 1987) and will not be 

considered in this work. 

2.2 Isotropic poroelasticity 

The notation and mechanical description of an isotropic poroelastic material from 

Detournay and Cheng (1973) are used in this section. The following agreement is 

preserved in the expressions presented: is a partial derivatived represents an 

infinitesimal increment and is used in parameter definitions, and increments of quantities 

that are measured experimentally are designated by . Also, summation by repeating 

indexes is assumed.  

The Biot model of fluid-filled porous material is constructed on the conceptual model of 



a coherent solid skeleton and a freely moving pore fluid. A material element that 

occupies volume V in a chosen reference state may be considered (Figure 2.1). On the 

macroscopic scale of the porous body under consideration, this volume element is viewed 

as an infinitesimal element subjected to a locally homogeneous infinitesimal elastic 

deformation. If the part of V taken by the interconnected pore space is denoted by V, the 

pore volumethen o 

VVo                                                                                                                          (2.1) 

represents the porosity of the material element. Vs then is the part of V that is taken by the 

solid skeleton and non-connected pores (if present): 

VVVs                                                                                                                        (2.2) 

The material element will be called a representative volume element (RVE) if it consists 

of a sufficient volume of grains and void space such that a volume average of porosity 

approaches a stable limit. Each stress and strain variable is defined by its average value 

over the RVE. The stress state can be represented by the three-dimensional stress tensor 

ij and written in terms of principal stresses 1, 2, 3 (Figure 2.1). The mean stress P is 

33
321 iiP





                                                                                                    (2.3) 

 

Figure 2.1: Representative volume element of porous rock with principal stresses and 

pore pressure. 
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 9

ervoir that is in equilibrium with this element, such that no fluid exchange 

takes place between the reservoir and the material element. 

d volume per unit volume of 

The pore pressure p in the element is a scalar and is defined as the pressure in a 

hypothetical res

Two strain quantities can be introduced: the small strain tensor ij and the variation of 

fluid content The latter isdefined as the variation of flui

porous material due to diffusive fluid mass transport: 

i

i

x

q

t 




ζ

                                                                                                                         (2.4)  

where t represents time and qi is the specific discharge vector, which describes the motion 

of the flu

fluid content can also be defined through the fluid mass content approach of Rice and 

id relative to the solid in the xi direction (see section 4.1.3).  The variation in the 

Cleary (1976): 

ffdm ζ                                                                                                                  (2.5) 

where f  is the density of the fluid in the element and dmf is the change of its mass over 

the volume of 

rst invariant of ij, its trace , is called volume strain: 

the element. 

The fi

kk                                                                                                                              (2.6) 

The sign convention is that positive normal stress implies compression, meaning that kk 

s of fluid by a porous solid. 

The st

is positive in compaction and positive corresponds to a los

ress and the pore pressure are the conjugate quantities of the strain and the 

variation of the fluid content, respectively. The work increment dW associated with the 

strain increment dij and d, in the presence of the stress ij and pore pressure p, is 

dpdpdddW ijijijij ζζ                                                                                    (2.7) 

The latter equality is written by assuming reversibility (no energy dissipated during a 

closed loading cycle) of the deformation process. This assumption was used by Biot 

(1941), along with linearity between the stress (ij, p) and the strain (ij, ), to write the 



constitutive relations by extending the known elastic expressions. Biot’s constitutive 

constants, which characterize the coupling between the solid and fluid stress and strain, 

cannot be directly measured in lab experiments, so they are not presented here. Instead, 

the response of fluid-saturated porous material is described in terms of two limiting 

behaviors, drained and undrained, the definitions of which follow. 

Drained behavior 

The drained condition corresponds to the case of constant pore pressure:  p = 0. This 

condition can be achieved by connecting a specimen to a reservoir where fluid pressure p 

nt (Figure 2.2). For simplification, the constitutive equations related to is preserved consta

the drained material behavior will be written only for the case of zero pore pressure p = 0. 

 

Figure 2.2: Schematic representation of a drained compression test. 

Drained bulk modulus K can be written in terms of changes of the exter ean stress P nal m

with specimen volume strain : 

0


dpd

K


                                                                                                                    (2.8) 
dP

If the case of zero pore pressure is assumed, then from the linearity of the stress-strain 

relationships, the volume strain can be written as 

 10



K

P
                                                                                                                              (2.9) 

and  is proportional to : 

ζ                                                                                                                           (2.10) 

ficient, which is the ratio of the fluid volume gained or lost in 

a mate

where constant  is the coef

rial element due to loading, to the volume change of that element, when the pore 

pressure is preserved constant. Since the change of fluid volume in the element cannot be 

greater than the total volume change, and both of them should have the same sign:  

10                                                                                                                         (2.11) 

Note that  is exactly one if all of the volume strain is due to pore volume change equal 

to the change of fluid volume. It means that the solid phase can be considered 

incompressible, which is the case for soft soil, but not for rock, where the amount of pore 

volume change is comparable to the increment in the amount of solid phase. 

Undrained behavior 

The undrained response characterizes the condition where the fluid is trapped in the 

at  = 0. The undrained test can be represented by the specimen, porous solid such th

subjected to the mean stress P, with a casing or jacket around it, which does not allow 

fluid escaping or entering the specimen but does allow the measurement of pore pressure 

(Figure 2.3). 

Undrained bulk modulus can then be defined as 

0ζdu K                                                                                                                   (2.12) 

Because  is

for the undrained case ( = 0): 

) pore pressure coefficient.  

dP

 assumed to be a linear function of P and p, the following relationship holds 

BPp                                                                                                                           (2.13) 

where B is the Skempton (1954

 11



 

Figure 2.3: Schematic representation of an undrained compression test. 

The volumetric response under undrained condition can be written as 

 12

uK
                                                                                                                          (2.14) 

The bulk modulus of the pore fluid Kf can also be defined under undrained conditions: 

P

0ζfdV
 ff

dp
VK                                                                                                             (2.15) 

where Vf is the volume of the fluid. 

Generally, the drained and undrained conditions are the limiting cases of slow and fast 

, respectively. Little fluid exits or enters the RVE if the loading is rapid, hence  = 

en the fluid flow has enough time to equilibrate with 

the external boundary, the fluid pressure is constant in RVE, dp = 0, which is the 

the loading and also compresses. Hence,  

                                                                                                                   (2.16) 

loading

0 under the undrained condition. Wh

characteristic of the drained response. 

For the drained condition, the increase in load is taken by the rock skeleton only. So the 

specimen deforms more than if the test would be performed under the undrained 

condition, where the pore fluid takes part of 

uKK 0



Constitutive equations 

The constitutive equations of an isotropic poroelastic material can be separated into 

deviatoric response: 

ijij s
G

e
2

1
                                                                                                                     (2.17) 

where G is the material’s shear modulus and  sij and eij denote deviatoric stress and strain: 

ijijij Ps                                                                                                                  (2.18) 

 13

ijijije 
3



the linearity o

                                                                                                               (2.19) 

where ij is the Kronecker delta, and volumetric response, which can be written based on 

f stress-strain relationships and equations (2.9), (2.10), and (2.14): 

 pP
K

 
1

                                                                                                            (2.20) 








B

P
K

ζ                                                                                                              (2.21)  p

Considering drained (p = 0) and undrained conditions for equations (2.20) and (2.21), the 

following expression can be obtained for the Skempton coefficient B: 

u

u

K

KK
B




                                                                                                                  (2.22) 

The volumetric relations can inversely be written as 

ζ MKP u                                                                                                              (2.23) 

  ζMp                                                                                                               (2.24) 

where M is sometimes called the Biot modulus: 

2
KK

M u                                                                                                                  (2.25) 
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M is also the ang 

widely used in reservoir geomechanics and defined as the increase of fluid content 

me strain constant: 

inverse of a storage coefficient (Biot and Willis 1957; Green and W

1986), 

due to an increase in pore pressure while preserving the volu

0

ζ1





d

pM
                                                                                                                 (2.26) 

The presented constitutive model describes the response of the material as a whole, 

without taking into account the individual contributions of its solid and fluid constituents. 

These contributions are considered if a micromechanical approach is used. For the needs 

of this research, the easiest way to introduce this approach is through the so-called 

unjacketed condition.  

Unjacketed behavior 

The unjacketed test was proposed by Biot and Willis (1957) and is characterized by equal 

increments in mean stress and pore pressure: dP = dp. It can be seen as a test where the 

specimen with no jacket or membrane is loaded by a fluid. This fluid is allowed to 

penetrate inside the specimen and thus equilibrate the mean stress with the pore pressure 

(Figure 2.4). The test can also be carried out on a jacketed specimen by imposing equal 

ean stress, without the requirement of the equality of increments of pore pressure and m

the absolute values of those. 

 

Figure 2.4: Schematic representation of unjacketed compression test. 
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Rice and Cleary (1976) introduced two new material constants: unjacketed bulk modulus 

Ks' and unjacketed pore volume bulk modulus Ks" as 

dpdP
s d

dP
K






'                                                                                                                 (2.27) 

dpdP

s dV

dP
VK






"                                                                                                          (2.28) 

Generally, the coefficients Ks' and Ks" are different: Ks' is related to the total volume 

change in unjacketed loading, while Ks" is associated with the change only in the pore 

tified with the bulk 

modulus Ks of the solid constituent: 

volume V. However, under certain conditions, they can be both iden

dpdPs
ss

dP
VK                                                             

dV


                                                (2.29) 

Assuming tha

be taken as elastically isotropic with the same local bulk modulus Ks, and both fluid and 

solid are chemica

Cleary 1976): 

c properties (Green and Wang 1986; Hart and 

Wang 2010). The significant difference between Ks' and Ks" can also be a consequence of 

the existence of n

Now, if the constitutive response (2.20) is considered under the unjacketed condition (P = 

n be shown that , sometimes referred to as the Biot coefficient (Nur and Byerlee 

t the rock has fully connected pore space, all points of the solid phase may 

lly inert for the time scale of the tests, it can be shown that (Rice and 

"' sss KKK                                                                                                                (2.30)  

However, this assumption may not be valid for sedimentary rocks where intergranular 

cement and pore lining have different elasti

on-connected pore space (Detournay and Cheng 1993). 

p), it ca

1971; Wang 2000), is 

'
1

sK

K
                                                                                                                    (2.31) 

and from (2.11) 
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                                                                                                                  (2.32) 

more precise bound for K was established by Hashin and Shtrikman (1961) for a 

'0 sKK 

Also, a 

material that was considered to be both microscopically and macroscopically isotropic: 

o

o

sK

K






2

3
1                                                                                                              (2.33) 

Relationships between the parameters 

The relationship between drained and undrained bulk moduli is called generalized 

Gassmann’s equation (Brown and Korringa 1975) and can be written as 





 11

K
                                                                         (2.34) 









"
)1(

2

sf
o

u

KK
K

KK



It can be independently derived from Biot’s

Skempton coefficient B (see section 3.5). 

Shear modulus G, which governs linear deviatoric response, is usually calculated from 

u s s

Kf, which gove

five of these parameters (e.g. K, Ku, B, , and Kf) are required to calculate the full set. 

is known or can be measured in a simple test (see 

section 4.1.3), so only the measurements of four out of the seven parameters left are 

If both drained and undrained bulk moduli and Skempton coefficient are available from 

test data, then equations (2.22), (2.3

assumed that Ks = Ks' = Ks", then , Ks, and Kf can be calculated. Also, if the assumption 

is made on the value of Kf, based on the knowledge of the fluid properties and saturation 

s the values of , Ks', and Ks" (Makhnenko and 

 equations or from the general expression for 

the dry (or drained) uniaxial compression test. Equations (2.22), (2.31), and (2.34) 

provide the relationships between the introduced parameters K, K , B, , K ', K ", , and 

rn volumetric poroelastic response. Hence, the measurements of at least 

However, usually the porosity of rock 

needed.  

1), and (2.34) have four unknowns.  If it can be 

(see section 3.5), and no restrictions are imposed on Ks' and Ks", then the solution of the 

system of poroelastic relationships provide
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e constitutive equations

Labuz 2012). For rock, where drained testing for some reason may not be possible (e.g. 

low-permeable shale) and only Ku  and B are available from the undrained test, certain 

assumptions on Kf  and Ks = Ks' = Ks"  must be made to calculate the rest of poroelastic 

parameters (Makhnenko et al. 2011).  

In this work, the measurements of all parameters, except for the unjacketed pore bulk 

modulus Ks", are performed using different testing methods described in Chapter 3.  

Alternativ  

The emphasis on the volumetric response in the previous sections reflected the choice of 

bulk moduli K and Ku as a part of fundamental set of material constants. Alternatively, 

drained and undrained Poisson’s ratios,  and u, can be chosen for the presentation of 

the linear theory. They are related to K, Ku, and G according to  

 GK

GK





32

23                                                                                                               (2.35) 

 GK

GK

u

u
u 




32

23                                                                                                           (2.36) 

From inequality (2.16), it follows 

5.0u                                                                                                                    (2.37) 

where u = 0.5 and  = 1 hold for the case of incompressible constituents, which is 

characterized by the strongest poroelastic effect (this is the case for soft soil). In case of 

u

in terms of  and  : 

  , the effect of undrained loading disappears.  

The Skempton pore pressure coefficient B and the Biot modulus M can also be expressed 

u

 
  u

uB



 121

                              (2.38) 






3
                                                                      


 

 
 2121

2
2 


u

uG
M                                                                                               (2.39) 
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Storage coefficient S is related to M according to 

  
  



uM 
uS


211 
211 

                                                                                                   (2.40) 

S represents

case of   , S = 1/M. 

T  (2.24) are now rewritten in terms of 

  

 the storage coefficient defined under the particular conditions of uniaxial 

strain and constant normal stress in the direction of the strain (Green and Wang 1986). In 

u

he constitutive equations (2.20), (2.21), (2.23), and

G, ,  , and u. The strain-stress relation (2.20) takes the form 

 
ijijkkijijG 


 

p






 1

21

1
                                                                      (2.41) 

and it can be written

2

 as 

ij
ijijij

G
Gp


1

2
2




tic solid with (ij - pij) being an 

effective stress, so  is sometimes called the effective stress coefficient (Nur and Byerlee 

1971). For the case o

constitutive equations.  

2
                                                                                    (2.42) 

These relations are similar to those for a drained elas

f p = 0, equations (2.41) and (2.42) reduce to the drained (or dry) 

If  is taken as the coupling term, then the constitutive expressions become 

ijkk
u

u
ijijij

B
G  



  ζ2 



 13

                                                                             (2.43) 

ijij
u

ijij M
G

G 
 u

 ζ
2

2
2 


                                                  

1
                               (2.44) 

Equations (2.41) – (2.44) clearly show 

p = 0) and undrained ( = 0). 

Also, a modification of equation (2.21) 

the elastic character of the poroelastic material in 

its two limiting behaviors, drained (

 






 




 p
B

G kk

3

1

21
ζ2 




                                                                                        (2.45) 



and equation (2.24) present two different forms of the response equation for the pore 

fluid. 

Skempton A coefficient 

Another coefficient describing deviatoric poroelastic response of fluid-filled material can 

uce pressure 

changes. However, Skempton (195

also induce pore pressure changes for undrained conditions and some experiments prove 

that (Wang 1997). Skempton expressed the relationship for the induced pore pressure for 

conventional triaxial compression c 2 3 1 3

be introduced. In Biot’s theory, changes in deviatoric stress do not ind

4) allowed for the possibility that deviatoric stresses 

onditions (  =   and | | > | |) as 

      

 


 131313 3

13
2

3

1  A
BABp                   (2.46) 


3

t measured experimentally.  

Henkel (1960) generalized (2.46) to a three-dimensional state of stress: 

where A is another Skempton coefficien

  


oct
23 321

where 



 


A

Bp  131
                                                                  (2.47) 

the octahedral shear stress  oct is defined by (Jaeger and Cook 1976) 

   21  

 19

    2/12
32

2
21313

 oct                                                             (2.48) 

er 3. 

 

 

A value of A < 1/3 means that the undrained pore pressure decreases if only shear stress 

is applied, and if A > 1/3, the induced pore pressure increases comparing to the case of 

only mean stress applied. 

The methods to experimentally measure the alternative parameters  u, and A governing 

isotropic poroelastic deformation of fluid-saturated rock are described in Chapt

 



2.3 Anisotropic poroelasticity 
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For fundamental reasons required to prod sarily 

assumed that the medium has constant porosity and is homogeneous, linear, and 

c. These fundamental requirements are often violated for earth materials. 

 of intrinsic 

anisotropy in rock. Analytical solutions (Abousleiman et al. 1996) showed that modeling 

anisotropic material as an equivalent isotropi

results, so these properties should be considered in discussions of anisotropic poroelastic 

theory to an anisotropic one for elastic fluid-saturated 

porous media was achieved by Biot in 1955 based on the formality of generalized 

ation 

re extremely difficult to achieve. Thompson and Willis (1991) followed the 

interpretation of Rice and Cleary (1976) and reformatted the anisotropic poroelastic 

onstitutive relations in terms of drained and undrained parameters. The practical model 

r their measurement was suggested by Cheng (1997) and is reviewed. 

 and strains are expressed as column vectors: 

uce a phemenological theory, Biot neces

isotropi

Bedding, mineral fabric, and aligned microcracks are common causes

c one can lead to unexpected and erroneous 

response.  

The extension of the isotropic 

Hooke’s law. Various anisotropic poromechanical properties were described by Biot and 

Willis (1957). However, the experimental procedures suggested for their determin

a

c

fo

Using “engineering notation,” stresses

  yzxzxyzzyyxx                                                                            (2.49) 

  yzxzxyzzyyxx                                                                              (2.50) 

The constitutive equations of linear poroelasticity relate small changes in strain and fluid 

pressure to incremental stress variation about some ambient stress state and can be 

expressed as 

pM                                                                                                                  (2.51) 

 ζ Mp                                                                                                             (2.52) 



where M  is the drained stiffness matrix (equivalent to Hooke’s law elastic moduli) and 

 represents the generalized Biot effective stress coefficients (Biot and Willis 1957). The 

inverse form of (2.51) and (2.52) gives the constitutive equations in terms of the 

compliance matrix C : 

pB
C

C                                                                                              
3

                 (2.53) 







   pBC 

3

1
ζ                                                                                                         (2.54) 

where B  represents the generaliz

dimensional storage coefficient.  

he identification of all of these parameters requires a number of involved 

tests, where all applied stresses and corresponding strains should be precisely measured 

under differen

geomaterials ar tional 

try about the axis perpendicular to the bedding plane. In this case, the number of 

constitutive coefficients needed to fully characterize the response in equations (2.51) – 

s

T  drained Poisson’s ratio  represents the expansion in the plane of 

isotropy due to a compression stress applied in the same plane. Similarly, ′ corresponds 

to the transverse expan

it. 

ed Skempton coefficients and C is a special three-

The number of material coefficients defining the most general form of anisotropy is 28 

(Biot 1955). T

t loading conditions. However, a more simple case can be considered since 

e often transversely isotropic, meaning that there exists a rota

symme

(2.52) is reduced to eight. Cheng (1997) provides formulas for expressing drained 

tiffness tensor coefficients in terms of drained Young’s moduli in the transverse plane of 

symmetry E = Ex = Ey and parallel to the sample axis E′ = Ez, and two Poisson’s ratios  

and ′ (Figure 2.5). he

sion in the plane of isotropy due to a compression stress normal to 
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Figure 2.5: Transversely isotropic parameters. 

For a transversely isotropic system, M  is composed of 
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                                                                        (2.55) 

where individual terms are expressed as 
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11

'' EvEE
M                                                                                                        (2.56) 
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'' EvvEE
M                                                                                                    (2.57) 
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M                                             13                                                           (2.58) 
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22

33

1' vEE
M                                                                                                        (2.59) 

  21211 MMG                                

with

                                                                         (2.60) 

  2'2''1 EvvEEvE  . 

The compliance matrix can be written explicitly as  
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                                                     (2.61) 

Other coefficients become 










Ev

C

000''

  000'                                                                                         (2.62) 

 00                                                                                         (

with 

 0'BBBB 2.63) 

'3
1 13M

                                                                                              (1211

sK

MM 
 2.64) 

'3

2
1' 1333

sK

MM 
                                                                                                       (2.65) 

 
C

KCCC
B s '13 131211 
                                                                                        (2.66) 

 
C

KCC
B s '123

' 1333 
                                                                                               (2.67) 

The storage coefficient C is given by 

   "11'1* sfos KKKCC                                                                                 (2.68) 

where 



3131211 422* CCCCC  3                                                                                        (2.69) 
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Biot modulus M under transversely isotropic conditions takes the following form: 

)"1()'*1(

'

fsos

s

KKKK

K
M 

 
                                                                             (2.70) 

where K* can be calculated as 

9)422(* 33131211 MMMMK                                                                             (2.71) 

The variation of fluid content ζ (equation 2.52) can also be written as 

zzyyxxM

p  ζ                                                                                        (2.72) 

As can be seen from equ

define a poroelastic transversely isotropic material, such as those mentioned: E, E′, , ′, 

 not necessarily be measured directly. They can be 

determined from other paramete

laboratory, for example, under undrained conditions. A set of relations between the 

 and undrained material properties is (Cheng 1997): 

                                                                                                        (2.73) 

                        

                                                                                    (2.76) 

ations (2.51) and (2.72), eight material properties are required to 

G′,, ′, and M. However, they need

rs, which are more convenient to measure in the 

drained

MMM u 2
1111 

MMM u 2                                                                                                         (2.74) 1212 

MMM u   1313                                                                                (2.75) 

MMM u 2
3333                     

  uuu MBMMB
M 1312113

1                                                                                     (2.77) 

 uu MBBM
M 33132

3

1                                                                                              (2.78) 

erscript u indicates the undrained state and Mij
u are the elements of the undrained 

elastic matrix that can be expressed in terms of undrained Young’s moduli and Poisson’s 

The sup



ratios by equations (2.56) – (2.59). The relation between the variations of pore pressure 

and stresses in the undrained state is defined through the Skempton coefficients: 

 u
zz

u
yy

u
xx

u BBBp  
3

1
                                                                                       (2.79) 

Moreover, based on the positive definiteness of the strain energy function, the following 

inequalities between transversely isotropic poroelastic parameters must hold (Loret et al. 

2001): 
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                                                                                         (2.80) 




1

2E
EE u                                                                                                               (2.81) 

2.4 Inelastic res

lastic response under drained and undrained condition can be described by the 

Vardoulakis (1996) model, which has been shown to closely predict the behavior of 

water-saturated sand. Sulem a

inelastic response of a rock based on the increase of Poisson’s ratio under undrained 

conditions; its calibration

range of confining pressure.  

reductions.  The model was reformulated by Rudnicki (1985) in terms of poroelastic 

parameters (Rice and Cleary

and mean (hydrostatic) stress P, and is reviewed here. 

d and volume strain d  are  

ponse 

The ine

nd Ouffroukh (2006) suggested a model describing 

 requires knowledge of the drained rock behavior under a wide 

The constitutive model chosen for describing the inelastic response of fluid-infiltrated 

rock was formulated by Rice (1975) for the one-dimensional deformation state of 

confined shearing.  It illustrates the hardening effect of dilatancy-induced pore pressure 

 1976) for rock subjected to pore pressure p, shear stress , 

For a stress increment dd(Pp) that involves continued inelastic deformation, the 

increments of shear strain 

pdGdd                                                                                                             (2.82) 
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pdKdPd                                                                                                         (2.83) 

where dpand dpare the increments of inelastic shear and volume strain, respectively. 

An increase in rock.  

Thus, the inelastic increment of shear strain takes the form 

 hydrostatic compression inhibits inelastic deformation in brittle 

  HdPdd p                                                                                                       (2.84)                         

dening modulus (Figure 2.6a) and  is a friction parameter, where H is an inelastic har

which  can be measured as the local slope of the yield surface, separating elastic and 

inelastic states, in the plane of and P-p (Figure 2.6b).  

 

Figure 2.6:  Stress-strain data for saturated rock (modified from Rice 1975). (a) Shear 

stress-strain relation under drained conditions, Pandp being constant. (b) Effect of 

ydrostatic stress (dP = 0), d  can 

be written as  

effective compressive stress on shear stress required for inelastic deformation. 

For the case of drained response (dp = 0) and constant h

 d
GH

H
d

/1
    

e strain arises from

                                                                                                         (2.86) 

                                                                                                       (2.85) 

The inelastic volum  processes that accompany inelastic shear and its 

increment is assumed to be given by , the dilatancy factor (for compaction): 

pp dd  
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The sign convention 

ress is written in Biot’s form: P- 

p (see equation 2.42). For inelastic deformation arising from opening and sliding of 

microcracks with small contact areas, Rice (1977) has shown that the appropriate form of 

the effective stress is P- p. This deduction is consistent with experimental observations 

on inelastic properties of brittle rock (Brace and Martin 1968). Thus, the increments of 

shear and volume strain are 

here is again compression positive, meaning that when the specimen 

dilates its plastic volume strain is negative. 

To include the effects of pore fluid pressure, the hydrostatic stress is replaced by the 

effective stress.  For elastic deformation, the effective st

   HdpdPdGdd                                                                                   (2.87) 

     HdpdPdKdpdPd                                                                 (2.88) 

Fluid mass content per unit volume m for elastic deformation can be expressed as ·, 

where  is the fluid density and  is the apparent fluid volume fraction (Biot 1973).  The 

expression obtained for   by Detournay and Cheng (1993) is 

    pKKKpP ssooo "1'/1                                                              (2.89) 

where  o is its reference value in the unstressed state, i.e.  o is the initial porosity of the 

rock 

The increment d is separated into an elastic portion, which is calculated as in 

 mass 

content per unit v

the Biot theory, and inelastic increase in porosity dp, which was shown to be the plastic 

dilatancy: dp = - dp (Rice 1977; Viesca et al. 2008).  Then, the increment of fluid

olume can be written as 

    p
sff dKdpdPKKdpdm   "11                                                      (2.90) 

For undrained response, the change in fluid mass content per unit volume is zero.  Setting 

dmf = 0 in (2.90) and solving for dp yields (dP is taken as zero for convenience) 
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                                                                                                      (2.91) 



where Keff  can be written as follows: 

  KKKK sfeff   "111                                                                                     (2.92) 

Therefore, for dilatant inelastic deformation ( > 0), the pore fluid pressure tends to 

decrease.  When (2.91) is substitu dPted into (2.87) with the result is 
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observed in axisymmetric 

compression tests on brittle rock.  

                                                               (2.93) 

Because the hardening modulus has been augmented by the term Keff, the response is 

stiffer and the rock is said to be “dilatantly hardened” (Figure 2.7).  This term was 

introduced by Brace and Martin (1968) for the effect they 

 

Figure 2.7: Dilatant hardening due to undrained conditions (modified from Rudnicki 

1985). 
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Parameters Keffand G

hardening effect correctly, their development with the effective mean stress under which 

ading rates greater than a critical value (> 10-4 s-1 for 

Pottsville sandstone and > 10-7 s-1 for Westerly granite), the rock was as much as 50% 

stronger than at constant pore pressure.  It was explained by the fact that pore pressure 

did not have enough time to equilibrate in the dilating rock specimens; hence the 

effective confinement increased, which augmented the peak shear stress.  Lei et al. 

(2011) observed that conducting conventional triaxial tests on Berea sandstone with the 

same initial confinement and pore pressure under drained and undrained conditions, the 

peak axial stress in the latter was 30% greater.  However, the constitutive response of the 

rock under different drainage conditions was not described.  

 could be stress dependent.  For the sake of representing the 

the testing is performed needs to be evaluated. 

There are only a few experiments documenting dilatant hardening behavior.  Brace and 

Martin (1968) investigated drained behavior of saturated rock under conventional triaxial 

compression.  In experiments at lo
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Chapter 3 

Experimental techniques 

3.1 Preliminaries 

Drained, undrained, and unjacketed material parameters can be obtained by using a 

compression test with pore pressure involved. A jacket or membrane allows flow of the 

pore fluid out of or into the specimen during loading and, hence, constant pore pressure 

(drained test); the membrane prevents flow and allows pore pressure build-up (undrained 

test), or the equilibration of increments of pore and confining pressures (unjacketed test). 

Also, a dry test, when air in the pores is the only pore fluid, can be considered as the 

drained test (Green and Wang 1986; Rudnicki 1985), where the influence of the pore 

fluid on the rock constituents is neglected. 

Apparatus for hydrostatic, plane strain, and conventional triaxial compression were 

utilized for the determination of the parameters governing the constitutive response of 

fluid-saturated porous rock. The description of these experimental techniques is given in 

sections 3.2 – 3.4. 

In order that laboratory tests properly duplicate field conditions, it is desirable that lab 

specimens be fully saturated. When not fully saturated specimens are tested, the degree of 

saturation can be changing during the test and it brings another parameter into the 

problem. Conversely, if the condition of full saturation is achieved, bulk modulus of the 

pore fluid can be taken as that of the liquid used in the test. However, even a highly-

permeable rock is a difficult material to completely saturate, as air bubbles get trapped 

and do not allow a liquid at low pressure to take their place. A method of gradual back 

pressure increase, suggested to achieve full saturation of laboratory specimens, is 

described in section 3.5. 

Failure of rock involves the growth of microcracks from stress concentrators such as 

voids, inclusions, and dissimilar grain contacts. The irreversible damage results in 

inelastic strain and generates elastic waves known as acoustic emission (AE). The 



transient waves propagate through the medium with very small amplitudes and high 

frequencies (100 – 2000 kHz), and the AE signals carry information about the source 

location and medium of propagation. For a wide variety of brittle rocks and over a wide 

range of confining pressures, dilatant deformation was found to be accompanied by 

small-scale fracturing (Scholz 1968). By monitoring AE in dry and fluid-saturated rock 

specimens, the growth of damage, the onset of failure, and fracture propagation can be 

identified. The AE technique is described in section 3.6. 

The summary of the testing methods for determination of isotropic and transversely 

isotropic poroelastic parameters, as well as for the characterization of inelastic response 

of fluid-saturated rock, is given in section 3.7. 

3.2 Hydrostatic compression 

One of the simplest tests for measurements of the bulk material properties is hydrostatic 

compression. Specimens instrumented with sets of strain rosettes can be put inside a 

pressure chamber and subjected to hydrostatic (or mean) stress P (Figure 3.1).  

 

Figure 3.1: Sketch of the specimen for hydrostatic compression. 

The three-dimensional strain tensor ij can be expressed in terms of its components in the 

x, y, z coordinate system: 
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                                                                                                       (3.1) 

Volume strain  can be calculated as the trace of the strain tensor (the first invariant), and 

hence the measurement of the strains in any three perpendicular directions x, y, z are 

enough for the determination of :

zzyyxx                                                                                                               (3.2) 

Experiments 

Jacketed and unjacketed hydrostatic compression tests were performed on prismatic rock 

specimens instrumented with three sets of strain rosettes (Figure 3.2). Dry sandstone 

specimens covered with polyurethane were placed inside a pressure chamber and loaded 

to 60 MPa hydrostatic pressure. Measured jacketed bulk modulus K is 

jacketed

P
K




                                                                                                                           (3.3) 

It can be considered as the drained bulk modulus of the material, because in the dry test 

pore pressure in the material does not change (p = 0).  

 

Figure 3.2: Specimen tested under jacketed (on the left) and unjacketed (on the right) 

compression. 
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After that, the jacket was removed and the confining fluid was allowed to penetrate into 

the rock. Hydraulic oil was used as the confining fluid, because it has no electrical effect 

on strain gage connections and no chemical effect on the tested rock in the short term. 

The unjacketed bulk modulus is calculated from 

unjacketed
s

P
K




'                                                                                                                        (3.4) 

Additionally, principal values and directions of the strain tensor can be calculated from 

hydrostatic compression test using three strain rosettes designated in Figure 3.3. 

 

Figure 3.3: Orientation of strain gages for determination of principal strain directions and 

values in hydrostatic compression. 

In terms of the elements of the strain tensor ij, the strain measured with a diagonal gage 

di can be written as 

xzddyzddxyddzzdyydxxdd iiiiiiiiii
nnmmnm   222222                                  (3.5)                         

where the directional cosines are defined as 

),cos(       ),,cos(      , ),cos( zdnydmxd ididid iii
                                                 (3.6) 
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For the configuration used in the testing,  45yzxzxy  and equations (3.6) for the 

strain gage d1 in x-y plane become  

0)90cos(       ,22)90cos(     ,22)cos(
111

 dxydxyd nm                (3.7) 

Hence 

xyyyxxd   22
1

                                                                                                 (3.8) 

and xy can be calculated as 

2)(
1 yyxxdxy                                                                                                     (3.9) 

Similarly, 

2)(
2 zzxxdxz                                                                                                   (3.10) 

2)(
3 zzyydyz                                                                                                   (3.11)                         

So, all elements of the strain tensor (3.1) can be determined in the hydrostatic 

compression test. By calculating the eigenvalues and eigenvectors of ij, the principal 

strains and their directions can be found. If the tested material is isotropic, then xx = yy = 

zz; xy = yz = xz = 0 and all principal strains are equal. However, for an anisotropic 

material, this condition is not preserved.  

For the configuration shown in Figure 3.3, volume strain can be calculated as 

321 dddzzyyxx                                                                                  (3.12) 

From the equations (3.9) – (3.11), the following condition must be preserved: 

0 xzyzxy                                                                                                           (3.13) 
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3.3 Plane strain compression 

3.3.1 Plane-strain apparatus 

An apparatus for determining the constitutive response of soft rock, named the University 

of Minnesota Plane-Strain Apparatus, was designed and built based on a passive stiff-

frame concept (Labuz et al. 1996).  The biaxial device (U.S. Patent 5,063,785) is unique 

because it allows the failure plane to develop and propagate in an unrestricted manner.  

By placing the upper platen on a low friction linear bearing, the prismatic specimen, 

subjected to confining pressure and compressed axially, has the freedom to translate in 

the lateral direction if the deformation has localized.  In addition, the apparatus was 

modified to allow pore pressure to be applied and monitored during an experiment. 

The design of the plane-strain apparatus is illustrated in Figure 3.4; a brief explanation of 

the various parts of the device follows.  A prismatic specimen (1) of height h = 86 mm, 

thickness t = 44 mm, and width w = 100 mm, is placed on a lower loading platen and 

confined laterally by a biaxial frame (3) in the form of a thick-walled cylinder.  A pair of 

equally angled wedges allowing a tolerance of 0.5 mm in specimen width is used for 

fitting the specimen within the biaxial frame (Figure 3.5).  The lower loading platen is 

connected through a load cell (4) to the base unit of the apparatus.  The biaxial frame sits 

on the base unit guided by three pins, which ensures precise alignment. Another loading 

plate rests on top of the specimen; it is fixed with bolts to a linear bearing (2) sliding over 

a trackway. The apparatus is placed inside a large pressure cell to induce confining 

(lateral) stress. The cell is filled with hydraulic oil and the confining pressure is applied 

with a microprocessor-based hydraulic pump that maintains cell pressure at a constant 

value, within a tolerance of 0.1 MPa. Low friction teflon O-rings are used for sealing the 

loading piston and the upper cap, as well as the other connecting members of the pressure 

cell. Up to eight AE sensors (6) can be used to monitor the microseismic activity in the 

specimen. In addition, the apparatus was modified to allow pore pressure to be applied 

and monitored both upstream and downstream (7) by two pressure transducers. 



 

Figure 3.4: Sketch of the plane-strain apparatus: (1) specimen; (2) linear bearing; (3) 

biaxial frame; (4) load cell; (5) LVDTs; (6) AE sensors; (7) pore pressure tubes. (a) 

Elevation view. (b) Plan view. 
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Figure 3.5: Specimen and wedge-spacer assembly.  a. Plan view.  b. Elevation view. 

The axial force is measured below and above the specimen.  A 1 MN load cell, with a 

sensitivity of 50 kN/mV, is mounted permanently to the cross head of the load frame and 

measures the axial force above the specimen.  A confining pressure-compensated load 

cell (4), with a sensitivity of 5 kN/mV, is placed below the specimen, between the lower 

loading platen and the base unit. 

Five RDP-Electrosense type D5/100/90, pressure resistant LVDTs (5) with a linear range 

of 2.5 mm and a sensitivity of 0.25 mm/mV measure the displacements of the specimen 

and the linear bearing. Two LVDTs are attached to the lower load cell and rest against 

the upper loading platen for measuring axial displacement. A pair of LVDTs are placed 

horizontally on opposite sides of the specimen exposed to confining pressure at 5 mm 

above and below the specimen’s mid-height for measuring lateral displacement. The four 

LVDTs are mounted in place through LVDT holders attached with two aluminum posts 

to the lower load cell (Figure 3.6). One LVDT is attached to the linear bearing to record 

its horizontal (lateral) displacement. 

For each specimen, all of the faces were ground so that opposite sides were parallel and 

adjacent sides were perpendicular within 0.01 mm in 100 mm.  The specimen (Figure 

3.6) is assembled with porous stones between the upper and lower steel platens to provide 

uniform flow of the pore liquid; the porous stones are in contact with the 100 x 44 mm 

faces of the specimen. Two steel plates, 3 mm thick, contact the 44 x 86 mm faces, which 

are covered with stearic acid to reduce the friction between the platens and the specimen 

(Labuz and Bridell 1993). Two large (10-mm diameter) and eight small (4-mm diameter) 
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circular brass buttons, 1-mm thick, are glued to the specimen to provide a firm contact for 

the probes of the lateral LVDTs and AE sensors. The specimen, porous stones, and 

platens are held together with a custom jig and a thin layer of polyurethane is applied to 

the 100 x 86 mm faces to prevent confining fluid from penetrating the rock. 

 

Figure 3.6: Specimen for plane strain testing with AE sensors and LVDTs. 

3.3.2 Constitutive relationships in plane strain compression 

Isotropic parameters 

The prismatic specimen is wedged in the frame in a way that the stress in the plane strain 

direction (z-axis) is higher than the desired cell pressure.  The principal directions are 

aligned with the Cartesian coordinates: 1 = yy, 2 = zz, 3 = xx (1 = yy, 2 = zz, 3 = 

xx). Generally, the frame restricts 2 and thus applies the intermediate principal stress 2.  

Deformation of the frame is measured by strain gages and can be related to the 

deformation of the specimen in that direction (Figure 3.7). Major principal stress 1 is 

applied in the vertical (axial) direction and is called axial stress, minor principal stress 3 

is applied laterally by the confining fluid and is called cell pressure. 
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The intermediate principal stress cannot be controlled, but it can be calculated from 

generalized Hooke’s law for an isotropic linearly elastic solid (see Appendix A for the 

details of calculating  for true triaxial testing):  

2 = E2 + (1 + 3)                                                                                                    (3.14)                       

 

Figure 3.7: Principal stresses acting on the plane strain specimen and corresponding 

strains. 

Increments of principal strains and stresses can be written as (ε2 = 0): 

  311 1
1  



E

 

  133 1
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E

                                                                                     (3.15) 
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Performing a test at constant confining pressure (Δσ3 = 0) and taking the sign convention 

of compression positive, Young’s modulus E and Poisson’s ratio ν are  

 40
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                                                                                                                (3.17) 

For plane problems, it is convenient to introduce the invariants named (i) average stress s, 

(ii) shear stress t, (iii) volume strain , and (iv) shear strain γ: 

  2/31  s                                                                                                              (3.18) 

  2/31  t                                                                                                              (3.19) 

31                                                                                                                        (3.20) 

31                                                                                                                        (3.21) 

This set of invariants satisfies the requirement of preserving the work increment dW 

constant while changing the coordinate system: 

 dsdddddW  332211                                                                     (3.22) 

Generalized Hooke’s law for plane strain becomes 

s
K
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)1(2                                                                                                             (3.23) 

t
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1                                                                                                                     (3.24) 

Drained bulk modulus K and shear modulus G are expressed as 

)21(3 


E
K                                                                                                                (3.25) 

)1(2 


E
G                                                                                                                  (3.26) 



For undrained elastic behavior, undrained Young’s modulus Eu and undrained Poisson’s 

ratio νu are used. Then, generalized Hooke’s law for undrained plane strain loading can 

be written in terms of equations (3.23) and (3.24), but for undrained elastic parameters: 
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where undrained bulk and shear moduli are 
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                                                                                                               (3.30) 

In case of undrained testing, the pore pressure p must be considered and Terzaghi’s 

effective stresses take the following form: 

p 11'                                                                                                                     (3.31) 

p 33 '                                                                                                                    (3.32) 

and in-plane effective mean and shear stresses become 

  2/''' 31  s                                                                                                              (3.33) 

    tt  2/2/''' 3131                                                                                    (3.34) 

Furthermore, because ,  tt  '

GGu                                                                                                                           (3.35) 

A drained test can be performed by maintaining the pore pressure in the specimen 

constant; this condition is applied and preserved by connecting the pore water lines to a 

microprocessor-based hydraulic pump that maintains water pressure at a constant value, 

within a tolerance of 0.02 MPa. By closing the inlet and drainage valves (Figure 3.7) and 
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thus keeping the mass of the fluid in the specimen constant, the undrained testing 

condition can be achieved.  

Once ν, E, νu, and Eu are obtained from drained and undrained plane-strain tests, other 

parameters such as K, Ku, and G can be determined. Another parameter that can be 

measured under the undrained condition is the Skempton coefficient B. The detailed 

description of the saturation process and measurement of B is given in section 3.5. 

Moreover, performing plane strain tests under drained conditions with p = 0 and 

assuming full saturation of the rock, such that the volume of the fluid in the pores is equal 

to the pore volume of the specimen, the volume of the fluid drained away from it during 

elastic deformation can be precisely measured. Thus, it is possible to calculate  as a 

ratio between the drained fluid volume Vf and the change in specimen volume V 

(Detournay and Cheng, 1993): 

V

Vf




                                                                                                                                  (3.36) 

Measurements of K then allow the calculation of the unjacketed bulk modulus Ks′. 

Transversely isotropic parameters 

Some of the transversely isotropic poroelastic material parameters can be measured using 

the plane strain configuration. Prismatic rock specimens are prepared in such a way that 

the axis of rotational symmetry is parallel to the direction of axial stress 1 (Figure 3.8). 

If the cell pressure 3 is preserved constant, then application of only axial stress 1 

induces intermediate principal stress 2 and corresponding strains take the form: 
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Figure 3.8: Transversely isotropic parameters in the plane strain configuration. 

Then 2 is calculated to be 
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and the following relationships are written for the increments of 1, 3, and 1: 
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Similarly, if the axial stress 1 is preserved constant, then application of only cell 

pressure 3 induces intermediate principal stress 2 and corresponding strains take the 

form: 
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and the following equalities hold for the increments of 1, 3, and 1: 
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3                                                                                                       (3.47) 

Hence, by measuring increments of axial and lateral strains while applying separately 

axial and lateral load to the prismatic specimens, the right hand sides of equations (3.41), 

(3.42), (3.46), and (3.47) can be measured. 

3.4 Conventional triaxial compression 

3.4.1 Triaxial testing apparatus 

Another geometry, which allows direct measurements of applied principal stresses and 

corresponding strains, is a cylindrical specimen tested in conventional triaxial 

(axisymmetric) compression. To conduct axisymmetric compression experiments on 

fluid-saturated rock specimens, the plane-strain apparatus was modified (Figure 3.9), 

which allowed testing of a cylindrical specimen (1) (h =104 mm, d = 51 mm), in the 

chamber filled with hydraulic oil. The axial load is controlled by the movement of the 

piston (2) and measured by the confining pressure-compensated load cell (4). Axial and 

tangential strains are measured by the two pairs of strain gages (3); axial displacement is 

also measured by a pair of LVDTs (5). AE sensors (6) are used to monitor the 

microseismic activity in the specimen, and the pore pressure is applied and monitored 

both upstream and downstream (7) by two pressure transducers. 
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Figure 3.9: Apparatus for conventional triaxial testing of fluid-saturated rock. 

The ends of cylindrical specimens were ground so that they were parallel to each other 

and perpendicular to the main axis within 0.01 mm in 104 mm.  The specimen (Figure 

3.10) is assembled with porous stones between the upper and lower steel platens; two 

small (4 mm diameter) circular brass buttons 1 mm thick were glued to the specimen to 

provide firm contact for the probes of the AE sensors. The specimen, porous stones, and 

platens were held together and “rotated,” such that a thin and uniform layer of 

polyurethane was achieved to seal the specimen and prevent confining fluid from 

penetrating the rock. 
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Figure 3.10: Cylindrical specimen with glued strain gages, AE sensors and LVDTs. 

Additionally, a relatively simple apparatus can be used for conventional triaxial tests on 

dry specimens. Franklin and Hoek (1970) suggested the design of the cell (Figure 3.11), 

where a cylindrical specimen (1) is put inside the rubber membrane (2) and subjected to 

the axial load through steel platens (4), and hydraulic pressure is applied by confining 

liquid filling the chamber (3). 

 

Figure 3.11: Hoek-Franklin cell for conventional triaxial testing (Meyer 2012). 
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3.4.2 Constitutive relationships in conventional triaxial compression 

Isotropic parameters 

In conventional triaxial compression, the major principal stress 1 = z is applied axially 

while the intermediate and minimum principal stresses are applied in the radial direction 

by the confining fluid; thus 2 = 3 = r and 3 is called the cell pressure. Axial strain 1 

can be measured by strain gages 1 = axial and LVDTs, tangential and radial strains  and 

r are equal to each other and are measured by lateral strain gages:  = r = 2 = 3 = 

lateral  (Figure 3.12). 

 

Figure 3.12: Principal stresses and measured strains in the conventional triaxial 

compression test. 

For this geometry, the following invariants can be considered: mean stress P, shear stress 

t, volume strain v, and shear strain s: 

 3/2 31  P                                                                                                           (3.48) 

  2/31  t                                                                                                              (3.49) 

31 2 v                                                                                                                  (3.50) 

3/)(4 31  s                                                                                                            (3.51) 
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Note that here the shear strain s is chosen such that this set of invariants satisfies the 

requirement of preserving the work increment constant (equation 3.22). 

Because application and measurement of the three principal stresses and corresponding 

strains is straightforward in conventional triaxial compression, unjacketed test can be 

conducted by applying increments of pore pressure equal to the increments in the mean 

stress: p = P. Drained and undrained compression are performed by preserving the 

same boundary conditions as in plane strain compression. The bulk moduli related to 

these three limiting states, i.e. unjacketed Ks′, drained K, and undrained Ku, can be 

measured by applying hydrostatic loading to the cylindrical specimens and recording the 

corresponding volume strain. If axial and cell pressures are applied separately, drained 

and undrained Young’s moduli and Poisson’s ratios can also be measured. 

Measurements of Ks′ and K allow the calculation of Biot coefficient  from equation 

(2.31). The detailed description of the measurement of the Skempton coefficient B under 

axisymmetric loading is given in section 3.5. It will be shown in section 4.5 that 

measurement of the aforementioned isotropic poroelastic parameters is sufficient for the 

calculation of effective bulk modulus Keff, which plays a role in the characterization of 

the inelastic response of fluid-saturated rock. 

Transversely isotropic poroelastic parameters 

By applying axial (parallel to the axis of symmetry) and lateral stress to cylindrical 

specimens independently and measuring the corresponding strains, some of the 

transversely isotropic poroelastic parameters can be calculated (Figure 3.13). 

Application of the stress increment only in the radial direction r leads to the following 

relationships for measured strains ( = 0): 

Er



 




                                                                                                                   (3.52) 
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Figure 3.13: Transversely isotropic parameters in conventional triaxial testing. 

If the increment in the stress is applied only in the axial direction z, then the measured 

strains take the form: 

Ez

z
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                                                                                                                     (3.54) 
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                                                                                                                   (3.55) 

Hence, the independent application of axial stress and confining pressure in the 

axisymmetric configuration allows the determination of the following quantities: E′, ′, 

and /E. 

Combining the results of conventional triaxial and plane strain compression, the four 

parameters E, E', , and ' can be determined from equations (3.46), (3.47), (3.54) and 

(3.55). Hence, using equations (2.64) – (2.67), all transversely isotropic parameters can 

be computed from drained and undrained response, but not G', the shear modulus normal 

to the plane of isotropy. Determination of G' would require, for example, application of a 

shear stress zr and it cannot be achieved by either the plane strain or axisymmetric 

configuration. Consequently, seven of the eight independent parameters governing 
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transversely isotropic poroelastic response of fluid-saturated material can be measured or 

calculated. 

3.5 Saturation and B-check 

3.5.1 Skempton coefficient 

For undrained triaxial tests on soil, Skempton (1954) introduced the pore-pressure 

coefficient B to express the pore pressure change p that occurs due to a change in the 

hydrostatic pressure P. For soil with porosity 

fK

KP

p
B 








1

1
                                                                                                         (3.56) 

and since the bulk modulus of a soil structure K (order of  MPa) is negligible with respect 

to that of the fluid Kf  (order of GPa), B ≈ 1.0 for soft soil. While saturating soft or 

medium stiff soil, B is increasing until it becomes equal to 1.0, meaning that all load is 

taken by the pore fluid and the specimen is fully saturated. However, for rock, K is on the 

order of GPa and it is comparable to the bulk modulus of the saturating fluid, such as 

water (Kw = 2.24 GPa) or hydraulic oil (Koil = 1.3 GPa). It means that rock’s stiff 

framework feels the applied mean stress at least as much as the pore fluid; hence the 

Skempton coefficient for rock can be significantly smaller than one. A number of 

experimental studies (Mesri et al. 1976; Green and Wang 1986; Blöcher et al. 2007; Hart 

and Wang 2010) suggests that B is decreasing with the effective mean stress and could be 

as low as 0.3 for sandstones, even at full saturation. 

Bishop (1973) extended Skempton’s relation (3.56) to include the influence of the bulk 

modulus of the solid material of the skeleton (or unjacketed bulk modulus) Ks′ for any 

porous mass with interconnected pores. The skeleton and solid material were considered 

to be elastic and isotropic, and the pore fluid was linearly compressible. B is measured 

under undrained condition ( = 0) and in terms of bulk moduli can be written as  
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                                                                               (3.57) 

Because of the relationships (2.16) and (2.22), B should be always non-negative: 

10  B                                                                                                                        (3.58) 

Measuring K, Ku, and  experimentally and independently of B, the latter can be 

calculated from equation (2.22) and compared to the measured B. 

3.5.2 Saturation 

The degree of saturation S, 0 ≤ S ≤ 1, is determined as 

VVS f                                                                                                                      (3.59)

where Vf is the volume of the pore fluid (liquid) in the pores. If the specimen is saturated 

with water, then the pore fluid in the nearly saturated (S > 0.95) soil or rock is a mixture 

of water and gas that has a fluid bulk modulus Kf.  Several studies (Verruijt 1969; Allen 

et al. 1980; Vardoulakis and Beskos 1986) describe the relationship between the fluid 

bulk modulus Kf and the degree of saturation.  However, if S > 0.98, then the approximate 

relationship suggested by Verruijt (1969) is applicable: 
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                                                                                                         (3.60) 

Equation (3.60) shows that even a small variation in the degree of saturation strongly 

influences the bulk modulus of the fluid and hence B, as indicated by equation (3.57). 

For soil, simple injection of water into the specimen at low back pressure (order of 0.1 

MPa) provides S  0.98 (Black and Lee 1973). However, further increase of S to 1.00 is 

an involved process. Schuurman (1966) suggested that for S > 0.85, the pore air is 

presented as individual bubbles rather than as a continuous phase. Pressures at which air 

bubbles in the water approach a critical value and collapse are relatively small (order of 

0.1 MPa).  However, time to fully dissolve all the air trapped in the pores and drainage 

lines can be on the order of weeks (Schuurman 1966; Black and Lee 1973). It happens 
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because surface areas of the bubbles and volumes of liquid where they can dissolve are 

much smaller than in a large water reservoir; hence the diffusion of the pore air in the 

pore water becomes a very time consuming procedure (Lee and Black 1972). To facilitate 

this process, Black and Lee (1973) suggested initial flushing of the specimen with deaired 

water and further gradual application of the back pressure in the pore lines that is 

significantly greater than the theoretical critical pressure for air bubble collapse. 

The purpose of back pressure technique is to achieve 100% saturation by forcing any gas 

into solution of the pore water.  Increase of the pore pressure in a partially saturated 

specimen affects the volume of the gas in the pores in two ways:  (1) by direct 

compression, the gas is reduced in volume according to Boyle’s law; (2) by application of 

a higher pressure, additional amounts of gas are dissolved in the pore water in accordance 

with Henry’s law of solubility (Lowe and Johnson 1960).  

Wissa (1969) suggested a method to check if a very stiff soil specimen is fully saturated 

by determining Skempton coefficient B at gradually increasing back pressures while 

keeping the effective mean stress approximately constant. If the rock is not fully 

saturated, then the B-value will be increasing with increasing pressure, as more air is 

forced into solution. A measured B-value that is constant and independent of the 

magnitude of the back pressure indicates full saturation.  

Once the air is driven into solution, the air-water mixture behaves as a fluid with a bulk 

modulus equal to that of pure water (Schuurman 1966; Fredlund 1976), so dissolved air 

in the water has no influence on Kf. Hence, pore fluid bulk modulus becomes a fixed 

parameter and can be used in calculation of some other poroelastic moduli presented in 

equations (3.57) and (2.34). 

Application of high back pressures (> 10 MPa) can be limited by the pore pressure 

system. Also, sometimes it could be necessary to duplicate the field conditions, where the 

pore fluid pressure in-situ is on the order of a few MPa. In the next section, the 

experimental method of achieving and assuring full saturation with minimum back 

pressure is presented. 

 



 53

3.5.3 Experimental technique 

Saturation of plane strain specimens 

After the rock specimen was prepared, connected to the pore pressure system, and placed 

inside the plane-strain apparatus, a small axial seating load was applied. Then, the 

specimen was stressed axially and laterally (by cell pressure) to 5 – 7 MPa, depending on 

the pore pressured to be applied later in the test. Once the desired mean stress was 

achieved, the process of water saturation of the specimen started.  Deaired water was 

pumped from downstream into the specimen with the upstream valve open to the 

atmosphere, releasing excess air as the pore water permeated through the specimen 

(Figure 3.7).  For each step of water injection (5 – 10 ml/step), the upstream pressure 

increased to approximately 0.3 MPa and decreased in a minute or so to about 0.1 MPa 

before the next step of injection.  The water started flowing from the upstream valve after 

injecting about 80 ml, the estimated volume of pore space in the specimen.  Further 

pumping of 100 ml of water through the specimen showed that a mass balance was 

approximately achieved.  

The technique of back-pressure saturation was used next. Pore pressure p was increased 

in the specimen by pumping water in and having the drainage valve closed; a maximum 

back pressure of p = 5 – 6 MPa was applied.  During this procedure, the axial and lateral 

stresses were always kept approximately 5 MPa higher than the pore pressure.  After each 

new increase in back pressure, the pore pressure was allowed to equilibrate, meaning that 

upstream pressure would be equal to the downstream pressure and the change in pressure 

would not exceed 1 kPa/min. During this process, the remaining gas was dissolved into 

the pore fluid. When equilibrium of pressure was achieved, Skempton coefficient was 

measured through a procedure called a B-check.   

The B-check is not straightforward under a plane strain condition, because the 

intermediate principal stress is not measured directly, but calculated with the knowledge 

of elastic parameters (equation 3.14). The specimen size was chosen so that when equal 

increments in axial stress 1 and cell pressure 3 were applied, the frame deformation 

due to the stress increment applied by the specimen was compensated by the negative 



strain on the inner side of the frame due to the increase in cell pressure; according to 

Lame’s solution, the inner part compresses due to equal pressures applied on the inside 

and outside of the cylinder. So, 2 = 0 in equation (3.14) and the expression for the 

measured B takes the form

 31)~1(
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where ~ is the current Poisson’s ratio of the rock and it changes from in dry (or 

drained) condition to u  upon saturation, while u >   When the undrained elastic 

loading performed on the saturated specimen, u  independent of B-values can be 

calculated from the plane strain compression data. 

While performing an undrained test in the laboratory, the specimen is connected to the 

drainage system of the cell and also to the pore pressure transducers. As the drainage 

system has a non-zero volume filled with water, it experiences volume changes due to its 

compressibility. Wissa (1969) and Bishop (1976) modified the expression for B to 

include terms representing the compressibility of the pore-pressure measuring system. 

The following equation was obtained for the “corrected” value of the Skempton 

coefficient Bcor: 
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where V is the volume of the specimen, VL is the volume of the fluid in the pore-water 

lines, CL is the compressibility of the pore-water lines, and CM is the compressibility of 

the pore-pressure measuring element. However, several researchers (Mesri et al. 1976; 

Bishop 1976; Ghabezloo and Sulem 2009) noticed that for modern high-pressure tubes 

and pressure transducers, the main contribution (more than 95%) to the correction term 

comes from the extra fluid volume in the system VL.  So, only the first two terms in the 

denominator of the right hand side of (3.62) are considered.  The final equation for 

calculating Bcor in plane strain experiments is 
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During the back-pressure saturation procedure, several immediate increments of 1 = 

3  = 0.34 MPa were applied and the corresponding increase in pore-water pressure p 

was measured in a few minutes when p equilibrated. If the system is completely 

saturated, the pore pressure response should be constant and independent of back 

pressure. On the other hand, if the system is not saturated, the pore pressure response will 

increase with growing back pressure, because the degree of saturation is augmented and 

consequently, the bulk modulus of the pore fluid increases according to equation (3.59) 

as the back pressure is growing (Wissa 1969). If this is the case, the new increment in 

back pressure is applied and equilibrium is established before performing a new B-check. 

When p becomes the same for each increment  =  = const, the rock is 

considered to be saturated. 

Saturation of cylindrical specimens 

The technique, similar to the plane strain test procedure, is applied for saturation of 

cylindrical specimens tested in conventional triaxial compression. The Skempton 

coefficient B is calculated from measurements of pore pressure increase p due to 

application of hydrostatic mean stress P = 1 = 3 and correcting for the extra fluid 

volume in the drainage system:  
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Additionally, two transversely isotropic Skempton coefficients were measured: B' due to 

application of 1 only (3 = 0) and B as the result of independent application of 3:  
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Moreover, Skempton coefficient A (equation 2.46) was measured by applying a specific 

deviatoric loading on the cylindrical specimen: 13. In this case, the mean stress 

P is preserved constant and Acor, Skempton A coefficient corrected for the presence of 

extra fluid volume in the measuring system, can be calculated as 
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Saturation of  specimens tested in hydrostatic compression  

For unjacketed hydrostatic compression, the specimens were subjected to a high cell 

pressure (10 – 12 MPa), which was kept for a few hours to provide full saturation. The 

unjacketed response (section 4.3.1) shows that this technique guaranteed satisfactory 

results. 

3.6 Acoustic emission technique 

3.6.1 AE rate and locations 

Two categories of laboratory AE studies are considered. The first category is a simple 

counting of the number of AE events prior to and after specimen failure. AE rate can then 

be correlated with inelastic strain rate. The second area involves the location of the AE 

source. By recording the time histories and identifying the arrival time of the P-wave, it is 

possible to locate the event with an error of a few millimeters. Two assumptions are often 

used to simplify the problem: (i) the event is simulated as a point source of displacement 

discontinuity referred to as a microcrack and (ii) the elastic wave propagation is through a 

homogeneous, isotropic medium.  

A common type of source location algorithm involves the arrival time of the P-wave. 

Microseismic activity due to a change in stress or environment is recorded by each sensor 
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with a known position at a given time. From the relative arrival times of the P-wave and 

the measured P-wave velocity of the material, the event hypocenter can be estimated with 

a minimum of five sensors. The problem contains four unknowns: the spatial coordinates 

x, y, z of the event and the time t at which the event occurred, but a fifth sensor (or other 

information) is needed to remove ambiguities arising from the quadratic nature of the 

distance equation. Because some error is associated with arrival-time detection and with 

the P-wave velocity (as damage accumulates, material properties may change or become 

anisotropic), the number of sensors should be increased so that the location problem 

becomes over-determined. Then a solution scheme can be developed whereby the error is 

minimized to obtain a best-fit type of solution, and statistical methods can be used to 

evaluate the goodness of the fit. 

The distance ri between the source and the ith sensor is related to the P-wave velocity cp 

by 

  iipi ettcr                                                                                                             (3.68) 

where ti = arrival time at the ith sensor, and ei = residual of computed distances. A time 

shift does not affect the source location, so an arbitrary time base can be selected.  The 

travel distance ri can be expressed by the unknown source coordinates (x, y, z) and the 

known sensor coordinates (xi, yi, zi) by 
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The sum of the squares of the residuals ei can be written (N = the number of sensors) 
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The unknowns x, y, z and t can be determined using a least-squares method by 

minimizing I. However, the equations are nonlinear in the source coordinates x, y, z, so 

the minimization is carried out numerically using the Levenberg-Marquardt algorithm. 

The first estimate of x, y, z is obtained by a linearization of (3.70). 
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3.6.2 AE system 

The AE system used in experiments is composed of (i) an array of AE sensors; (ii) signal 

conditioners and preamplifiers; (iii) signal digitizer; and (iv) computer based data 

acquisition system. Eight AE sensors (Physical Acoustics model S9225, frequency 

response from 0.3 – 1.8 MHz) are attached with cyanoacrylate adhesive to the small brass 

tabs on the specimen surface. AE signals are preamplified (Physical Acoustics S1220C), 

with 40 dB gain and a built-in 0.1 – 1.2 MHz band-pass filter. Typical noise level at the 

output of the preamplifiers is around ± 2 mV. The high-speed AE data acquisition system 

records waveforms and it is composed of four modular transient recorders (LeCroy model 

6840), with two channels each, 8-bit analog-to-digital (ADC) resolution and a 20 MHz 

sampling rate (50 nanoseconds between points) over a 100 s window, with a 50 s 

pretrigger. The LeCroy 6010 controller, with a built-in 10 MHz microprocessor 

(Motorola 68020), communicates to a 486-processor microcomputer through National 

Instrument AT-GPIB card and cable. AE data are transferred to the host computer after 

every 128 kbytes of digitizer memory is filled (equivalent to 64 events). A downloading 

time of approximately 4 seconds is required before the system memory is ready for the 

next incoming AE events.  All recording is triggered when the signal amplitude exceeds a 

certain threshold (±7 mV) on the first sensor.  The threshold of amplitude must be set so 

that environmental noise does not trigger the system, but the threshold should not be set 

too high as to exclude signals of low amplitude. 

3.7 Summary of experimental methods 

The description of the performed tests in terms of boundary conditions and measured and 

calculated isotropic poroelastic parameters is presented in Table 3.1. The measurements 

related to the calculation of drained and undrained transversely isotropic poroelastic 

parameters are summarized in Table 3.2. Methods for determining the parameters related 

to the description of inelastic behavior of fluid-saturated rock under drained and 

undrained conditions are described in section 4.5. 

 

 



Table 3.1: Summary of isotropic poroelastic measurements. 

Boundary conditions Test type Measurements  Parameters 

Hydrostatic P,  K Dry: 

p = 0 Plane strain Δ1,3,1,3 E, , K, G 

Plane strain Δ1,3,1,3, Vf E, , K, G, Drained: 

p = 0 Conv traixial Δz,r,z,r E, , K, G

Plane strain Δ1,3,1,3, p Eu, u, Ku, BUndrained: 

 = 0 Conv triaxial Δz,r,z,p Eu, u, Ku, B, A

Hydrostatic P,  Ks′ Unjacketed:

p = P Conv triaxial P,  Ks′ 

 

Table 3.2: Summary of transversely isotropic poroelastic measurements 

Boundary conditions Test type Measurements  Parameters 

Plane strain Δ1,3,1,3  
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Chapter 4 

Results and Discussion 

4.1 Berea sandstone  

4.1.1 Dry properties 

Berea sandstone was selected for the rock-fluid interaction experiments, as data for this 

material is available from different experiments previously performed on the dry rock in 

the UMN Rock Mechanics Laboratory (e.g. Riedel and Labuz 2007; Dehler and Labuz 

2007) and from poroelastic studies (Rice and Cleary 1976; Green and Wang 1995; 

Zimmerman 1991; Lockner and Stanchits 2002; Hart and Wang 2010).  The sandstone 

found in Berea, Ohio was formerly quarried for construction and now is frequently used 

for core analysis (Dullien 1992). Manufacturer reports that the sandstone is composed of 

93% silica, 4% alumina, plus other trace elements. According to the petrographic analysis 

performed by American Engineering Testing (St. Paul, MN), the tested rock is a fine-

grained (0.12 – 0.25 mm), well-compacted, well sorted, cross-bedded sandstone 

comprised chiefly ( 90% of solid volume) of sub-rounded to rounded quartz grains 

(Figure 4.1). The other minerals that are present include potassium feldspar ( 7%), 

calcite ( 1%), ferric oxides ( 0.5%), and traces of plagioclase, hornblende, pyroxene, 

muscovite, weathered clays, and zircon. Cementation of the sandstone occurs mainly as 

interstitial microquartz and syntaxial quartz overgrowths. The rock is light gray with 

closely spaced ( 5 mm) planar bedding surfaces clearly demarked by laminations of 

rust-red iron oxides. 



 

Figure 4.1: Microphotograph of Berea sandstone sample. 

A single block, 305 x 305 x 245 mm (x, y, z-axes) with density ρ = 2100 kg/m3 was used 

to fabricate all specimens. Ultrasonic velocity measurements show that rock has a low 

level of anisotropy: P-wave and S-wave velocities (cp [km/s], cs [km/s]) in x, y, and z-

directions were measured to be (2.12, 1.41), (2.11, 1.36), and (1.98, 1.34), so there is 6-7 

% difference in the velocities measured in different directions. Also, uniaxial 

compressive strength (UCS) tests were performed on six right cylindrical specimens (h = 

105 mm, d = 50 mm), prepared in accordance with ISRM standards (Brown 1981) and 

loaded at an axial displacement rate of 5 x 10-4 mm/s.  Axial and tangential strains were 

monitored by foil strain gages attached to one side of a specimen to determine Young’s 

modulus E and Poisson’s ratio ν.  Additionally, an opposite side was ground and painted, 

so that the digital image correlation (DIC) technique could be used for calculation of the 

displacement field (Lin et al. 2010). The UCS measured in the direction perpendicular to 

the bedding planes was found to be 41-43 MPa, which is 7 – 8% larger than the one along 

the beds. Young’s modulus and Poisson’s ratio measured by strain strain gages and 

calculated by DIC method were found to be consistent and equal to E = 14 – 15 GPa and 

= 0.31 (Figure 4.2). 
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Figure 4.2: Strain gage and DIC data from uniaxial compression test on Berea sandstone. 

4.1.2 Failure criteria 

For the characterization of the failure response, ten conventional triaxial tests and five 

plane strain compression tests were conducted on dry Berea sandstone specimens such 

that the axial load was applied in the direction perpendicular to the bedding planes. Paul-

Mohr-Coulomb (PMC) failure criterion is linear with three principal stresses (Paul 1968) 

A1 + B2 + C3 = 1, where  A = (1 – sinc)/(2Vosinc),  B = (sinc – sine)/(2Vosinc),   

C = – (1 + sine)/(2Vosine), which takes into account an intermediate stress effect. Three 

material parameters: friction angles in compression, c, and extension, e, and the 

uniform triaxial tensile strength, Vo, can be identified from conventional triaxial 

compression and extension experiments and are sufficient to define a six-sided failure 

surface (Meyer and Labuz 2013). 

All specimens were prepared in accordance with ISRM standards (Brown 1981) and 

loaded at an axial displacement rate of 5 x 10-4 mm/s. Of the ten triaxial tests, five were 

performed in compression with 1 = axial and 2 = 3 = radial, and five in extension with 

1 = 2 = radial and 3 = axial. The compression tests are conducted as loading tests, 

where axial is increased (Δaxial > 0) from axial = radial until failure and radial = 
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constant. The remaining five triaxial specimens are tested in extension unloading, with 

axial decreasing (Δaxial < 0) from axial = radial until failure and radial = constant. The 

results from the triaxial compression and extension experiments, as well as the results of 

plane strain compression tests, are presented in Table 4.1. 

Table 4.1: Principal stresses at failure for plane strain compression and conventional 

triaxial compression and extension experiments. 

Test name 1  [MPa] 2   [MPa] 3  [MPa] 

BXBS-1 96.9 42.3 8.0 

BXBS-5 58.7 24.2 0.0 

BXBS-7 95.6 40.9 6.0 

BXBS-9 45.3 15.3 0.0 

BXBS-10 82.1 33.1 5.0 

Triax-comp-1 93.3 5.0 5.0 

Triax-comp-2 114.0 10.0 10.0 

Triax-comp-3 138.6 20.0 20.0 

Triax-comp-4 197.2 30.0 30.0 

Triax-comp-5 229.3 40.0 40.0 

Triax-ext-6 62.0 62.0 2.24 

Triax-ext-7 60.0 60.0 1.79 

Triax-ext-8 57.0 57.0 1.56 

Triax-ext-9 51.0 51.0 2.1 

Triax-ext-10 48.0 48.0 1.48 

 

 

 



 

For the axisymmetric stress state in conventional triaxial testing, stress invariants P and q 

can be introduced: 
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radialaxialJq   23                                                                                                 (4.2) 

where J2 is the second invariant of the stress deviator sij = ij Pij. The value of q is 

positive for triaxial compression, axial > radial, and negative in triaxial extension, axial < 

radial. 

The linear failure criterion in compression in terms of P and q for conventional triaxial 

testing can be written as 
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The extension line can be given in a similar manner: 
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                                                                                         (4.4) 

where cc and ce are the cohesion measured in compression and extension respectively. 

The compression and extension data must be fitted by adding a constraint so that the lines 

intersect the P-axis at the same point Vo, which is required for any failure surface.  The 

corresponding lines of best fit with a common vertex to a data set from compression and 

extension testing are determined by finding the maximum value of the sum of the 

correlation coefficients (Rc
2 + Re

2), under the condition that absolute value of the 

difference │ Rc
2 - Re

2│ is a minimum (Meyer and Labuz 2013).  This approach forces the 

vertex away from the original P-intercepts obtained from the lines of least-squares fit.  

The data and the best fit lines with the constraint of the same Vo = 7.5 MPa are shown in 

Figure 4.3 (Rc
2 ≈ 0.964 and  Re

2 ≈ 0.951). 
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Figure 4.3: Failure envelope for dry Berea sandstone in q-P plane. 

A difference in friction angles in compression and extension is observed:   c = 43.6° and 

e = 47.9°. The friction angle measured in conventional triaxial extension tests was larger 

than the one measured from compression tests, a sufficient but not necessary condition of 

the intermediate stress effect. 

For the Mohr-Coulomb failure criterion, it is interesting to note that the friction angle  

can be obtained from the angle of shear band inclination  measured from the direction of 

minor principal stress (Jaeger and Cook 1976): 

2/45   o                                                                                                                 (4.5) 

The friction angle from the specimen shown in Figure 4.4 was measured to be  = 42°. 
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Figure 4.4: Berea sandstone specimen failed in triaxial compression. 

For isotropic rock, knowledge of the two internal friction angles c and e, and one 

strength parameter such as the vertex Vo, is sufficient to define a six-sided failure surface 

in the principal stress space 1, 2, 3, now with no order implied (Figure 4.5).   

 

Figure 4.5: Six-sided failure surface for Berea sandstone in principal stress space. 

To compare the results of the conventional triaxial tests with the plane strain experiments, 

a plane perpendicular to the hydrostatic axis (1 = 2 = 3) called the -plane and 

described by P = constant can be considered.  The intersection of the failure surface and 

the -plane is a hexagon that displays a three-fold symmetry.  The result of a plane strain 

compression tests can be presented on the plane (Figure 4.6). 

 66



 

Figure 4.6: The result of plane strain compression test (black dot) in -plane, red and blue 

dots represent the lines fitting the conventional triaxial extension and compression data. 

It was observed that the six-sided failure surface did not predict well the principal stresses 

at failure measured for five specimens tested in plane strain compression. However, a 

best-fit line (R2 = 0.97) was constructed in the principal stress space to fit the plane strain 

test data with the constraint that Vo = 7.5 MPa, the same one as measured in conventional 

triaxial testing. Using again the assumption of isotropy, and hence three-fold symmetry, 

the new failure surface is presented as a twelve-sided pyramid (Figure 4.7). 

 

Figure 4.7: Results of conventional triaxial extension (red dots) and compression (blue 

dots) tests and plane strain compression tests (black dots) in -plane. 
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The intermediate stress effect can also be illustrated by projecting the results of plane 

strain compression and axisymmetric compression and extension experiments on 1 – 3 

plane and presenting them in terms of parameters t = (1 – 3)/2 and s = (1 + 3)/2. In 

Figure 4.8, it can be seen that the largest “plane” friction angle is observed for 

conventional triaxial extension, where 2 = 1. The case 2 = 3 is illustrated by the 

conventional triaxial compression, where the plane friction angle is the smallest. Finally, 

the intermediate value of the plane friction angle is calculated for the case of plane strain 

compression where 1 > 2 > 3. 
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Figure 4.8: Results of conventional triaxial extension and compression tests and plane 

strain compression data in s-tplane. 

4.1.3 Index properties 

Porosity 

Six specimens of different size (at least 50 mm long) and shape (cylindrical and 

prismatic) were oven dried and then submerged in deaired water. The water tank was 
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placed in a sealed container and the air was evacuated for 15 minutes. Then, wet 

specimens were weighed.  The procedure was repeated twice a day for three days until 

the weight of the wet specimens became constant, so it could be assumed that all the air 

trapped in the pores was replaced by water, and hence water volume was equal to the 

(connected) pore volume. Knowing wet and dry masses of the specimens, mwet and mdry, 

and water = 1000 kg/m3, interconnected porosity o was calculated from 

water

drywet
o V

mm





                                                                                                               (4.6) 

and found to be o = 0.23 for all the specimens. 

Permeability  

In the case of zero body forces acting on the specimen, Darcy’s law states that the flow qi 

in the xi direction is proportional to the pore pressure change in this direction: 

i
i x

p
q




                                                                                                                       (4.7) 

where  = k/ is the mobility coefficient expressed in terms of intrinsic permeability k 

and fluid dynamic viscosity . Interpreting the parameters from equation (4.7) in terms of 

quantities that can be experimentally measured, k can be written as: 
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                                                                                                                (4.8) 

where Vf  is the volume of water coming out of the saturated specimen in the 

downstream channel for the time t due to an increment of pore pressure p applied 

upstream. L and A are the specimen length and cross-sectional area in the direction of 

flow and  = 0.001 Pa·s for water at room temperature. Intrinsic permeability k was 

measured to be 40 mD (1 mD = 10-15 m2) at P = 5.2 MPa and p = 0.2 MPa, and k = 29 

mD at P = 20 MPa and p = 0.2 MPa. 

Diffusivity 

The diffusion equation describes the pore pressure change in the specimen: 
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where c is the diffusivity, which governs the rate of diffusion and can be expressed by the 

intrinsic permeability k and poroelastic parameters (Rice and Cleary 1976): 
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For P' = 5 MPa, using G, , u and   reported in section 4.3, c was calculated to be equal 

to 0.2 m2/s. Berchenko et al. (2004) suggested that the time t for the dissipation of the 

stress-induced pore pressure is of order L2/4c for the mean stress increment of 1 MPa. For 

the given c and the characteristic specimen length L = 0.1 m, the time to equilibrate pore 

pressure in the specimen is on order of 0.01 s, meaning that the changes in strain can be 

recorded simultaneously with the applied load for the rates considered (< 0.1 MPa/s). 

4.2 Saturation  

The results of the back pressure saturation process for one of the undrained plane strain 

compression experiments are presented in Figure 4.9. The increments of pore pressure p 

for constant increments of = 0.34 MPa are plotted versus back pressure. 
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Figure 4.9: Changes in the pore pressure due to the constant increments in the mean stress 

as a function of back pressure. 
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It can be observed that at low back pressures, increments of pore pressure due to 

increments in mean stress are very small, which can be explained by the load taken by the 

rock matrix. The pore fluid at p < 4 MPa consists of water and air, and hence is more 

compressible than just pure water. However, with increasing back pressure, air bubbles 

dissolve in water; p is increasing and becomes constant when p > 4 MPa. At back 

pressures above this value, the specimen is fully saturated and Kf can be taken as that of 

pure water: Kf = Kwater = 2.24 GPa. 

Using independently measured drained bulk modulus K and Biot coefficient see 

section, Bcor can be calculated from equation (3.63), assuming ~  is changing from 

in a drained condition to u = 0.35 in an undrained case (section 4.3), and that 

pore water lines were filled with deaired water, Kf = 2.24 GPa, from the beginning of the 

back pressure saturation process. The calculated B-values are presented in Figure 4.10. 
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Figure 4.10: Change in Bcor with back pressure at P′ = 5 MPa. 
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The maximum value of the Skempton coefficient achieved in plane strain compression 

experiments at P' = 5 MPa (P' = P - p) and corrected for the compliance of the measuring 

system was Bcor = 0.58. However, the maximum B-value measured in conventional 

triaxial compression was Bcor = 0.61. This difference in the results cannot be explained by 

the accuracy of measurements, which is estimated to be 0.01. As it was mentioned in 

section 3.3, pure hydrostatic loading cannot be applied in plane strain testing because the 



intermediate principal stress is not controlled. Thus, when =  is applied, some 

deviatoric load is still present and the Skempton A coefficient plays a role. Its 

development with increasing back pressure was measured and corrected (equation 3.67) 

for the compliance of the measuring system (Figure 4.11). 
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Figure 4.11: Change in Skempton parameter Acor with back pressure at P′ = 5 MPa. 

The value of A achieved at full saturation was measured to be Acor = 0.21. Now, from 

equation (2.47), it can be obtained that the value of B measured in plane strain 

compression is underestimated by 4 – 5% if the influence of A ≠ 1/3 is disregarded. So, 

Bcor = 0.61 could be taken as the final value of the Skempton coefficient at P' = 5 MPa 

and compared with B calculated from the results of drained and undrained compression 

experiments (see section 4.3) using equation (2.22): B = 0.47 – 0.63. The latter one has a 

wide range because of the variation in measured drained and undrained bulk moduli and 

Biot coefficient. Nevertheless, reaching B = 0.61 means that full saturation was achieved. 

These results are also in agreement with the experimental observations of Hart and Wang 

(2010), who measured B-values for their Berea sandstone to be in the range 0.61 – 0.68 

from conventional triaxial tests conducted at 4.0 – 5.7 MPa effective mean stress, and 

Lockner and Stanchits (2002) with the measured B = 0.55 – 0.65 for effective mean 

stresses of 5 – 10 MPa. 
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The alternative way to check saturation of a lab specimen is based on the observation that 

compressional waves (P-waves) propagate in saturated geomaterials with a velocity that 

is strongly affected by water filling the voids (Bardet and Sayed 1993). Strachan (1985) 

suggested the following criterion for ensuring full saturation: P-wave velocity in the 

saturated material becomes constant with increasing back pressure keeping effective 

mean stress constant. Two sensors were attached to the opposite sides of a prismatic 

specimen and P-wave velocity was measured during the saturation process at a constant 

effective mean stress P′ = 5 MPa (Figure 4.12). 
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Figure 4.12: Change in P-wave velocity with back pressure. 

The change in P-wave velocity with back pressure in Berea sandstone is not strongly 

pronounced as in soil (Strachan 1985; Bardet and Sayed 1993). However, it can be seen 

that the velocity is increasing with the back pressure and becomes constant when p 

exceeds 4 MPa, which supports the proposed B-check method in achieving full 

saturation. 

Skempton B coefficient was also measured in axisymmetric compression test at P′ = 17 

MPa (Figure 4.13). Its value stabilized at back pressures > 3 MPa with the maximum Bcor 

= 0.38. This value is significantly smaller than the one measured at P′ = 5 MPa, and 
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shows that B is decreasing with increasing effective mean stress at low (< 30 MPa) 

pressures (Blöcher et al. 2007; Hart and Wang 2010).  
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Figure 4.13: Change in Bcor with back pressure at P′ = 17 MPa. 

4.3 Isotropic poroelastic parameters 

4.3.1 Hydrostatic compression results 

Three prismatic 53 x 35 x 35 mm specimens were tested under jacketed and then 

unjacketed conditions.  Linear strains measured in the direction perpendicular to bedding 

planes (z – direction) are 5 – 8% smaller than those along the beds, which confirms a 

slight material anisotropy. Strains measured in three perpendicular directions (x, y, z) in 

jacketed and unjacketed compression are shown in Figures 4.14 and 4.15, respectively. It 

can be seen from Figure 4.14 that strains measured in three perpendicular directions are 

different within 10%, showing that the rock is elastically anisotropic in dry conditions. 

However, the presense of liquid in the material (unjacketed condition) makes two strains 

measured along the bedding planes approximately the same, and hence the rock can be 

treated as poroelastically transversely isotropic. 
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Figure 4.14: Strains measured in x, y, z directions in hydrostatic jacketed compression 

(dry specimen). 
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Figure 4.15: Strains measured in x, y, z directions in hydrostatic unjacketed compression 

(saturated specimen). 

Bulk moduli calculated from jacketed hydrostatic compression tests are found to be 

increasing with pressure: K = 5 GPa for P = 2 MPa, K = 7 GPa at P = 5 MPa, and K = 13 
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GPa (and constant) when hydrostatic pressure exceeded 30 MPa.  The unjacketed bulk 

modulus is measured to be constant for pressures from 1 – 60 MPa: Ks′ = 29.4 – 30.9 

GPa. Additionally, a fused quartz specimen was tested; its volumetric strain response is 

linear up to P = 60 MPa and its bulk modulus is Kquartz = 37.0 GPa. The results of the 

hydrostatic compression experiments are summarized in Table 4.2 and presented in 

Figure 4.16. 

Table 4.2: Jacketed and unjacketed bulk moduli measured in three hydrostatic 

compression tests. 

Test name 5 MPa  [GPa] >30 MPa  [GPa] Ks′  [GPa] 

HCBS-1 7.1 13.3 30.9 

HCBS-2 6.9 12.9 29.4 

HCBS-3 6.8 12.7 29.8 
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Figure 4.16: Results of jacketed and unjacketed hydrostatic compression tests on Berea 

sandstone and quartz. 
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By measuring strains in the diagonal directions, all components of the strain tensor ij can 

be calculated. As an example, the stress tensor at P = 60 MPa for unjacketed HCBS-3 

specimen was: 
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Calculated eigenvectors and eigenvalues for the strain tensor are 
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Eigenvectors are represented in Figure 4.17; e3 is almost aligned with the z-direction and 

e1 and e2 are approximately parallel to the beddings plane. Also, 3 is smaller than 1 and 

2, and the latter two are different but very sensitive to small variations in xx, yy, and xy, 

which allowed the approximation of the sandstone as transversely isotropic. 
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Figure 4.17: Directions of principal strains calculated for the prismatic specimen tested in 

hydrostatic unjacketed compression. 
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4.3.2 Plane strain and axisymmetric compression results 

Berea sandstone prismatic specimens were cut and then precisely ground from the same 

block in the same direction, such that the axial load in plane strain testing was applied 

approximately perpendicular to the bedding planes. Eight tests were performed and 

identified as BxBS-ij (i is the test number, j = d for drained test or u for undrained). 

Drained and undrained Young’s moduli and Poisson’s ratios E, Eu, , and u were 

measured in deviatoric unloading (1 < 0, 3 = 0) at P' = 5.0 – 5.5 MPa. These 

parameters are presented in Table 4.3, along with the calculated drained and undrained 

bulk moduli K and Ku and shear modulus G. 

Table 4.3: Poroelastic results of drained and undrained plane strain experiments. 

Test # P MPa p [MPa] E, Eu [GPa]  u K, Ku [GPa] G [GPa] 

BxBS-6d 6.0 0.5 10.9 0.31 9.6 4.2 

BxBS-11d 5.0 0.0 10.8 0.32 10.0 4.1 

BxBS-13d 8.0 3.0 11.3 0.30 9.4 4.3 

BxBS-14d 10.0 5.0 11.3 0.31 9.9 4.3 

BxBS-2u 8.0 2.6 13.2 0.34 13.8 4.9 

BxBS-3u 10.0 4.4 13.5 0.35 15.0 5.0 

BxBS-12u 10.0 4.8 15.1 0.34 15.9 5.9 

BxBS-15u 10.0 5.0 14.5 0.34 15.1 5.4 

 
An estimate of the Biot coefficient  was attempted by measuring the change in pore 

volume from the fluid expelled from the specimen (equation 3.36). In one of the drained 

plane strain compression test performed at P = 5 – 7 MPa and p = 0 MPa, water coming 

out of the specimen during deviatoric loading was collected and weighed. The measured 

volume of drained water was around 0.20 ml (typical specimen volume V = 380 ml) in 

each of the three loading cycles of this type. The Biot coefficient  is calculated 

(equation 3.36) to be  =0.7. This type of measurements is not precise because the water 

drained from the specimen came in the form of small drops 0.02 – 0.03 ml each. 

Additionally, two cylindrical specimens were prepared such that the axial load was 

applied approximately perpendicular to the bedding planes. Bulk moduli were measured 



under drained, undrained, and unjacketed conditions in conventional triaxial hydrostatic 

unloading at P' = 5 MPa (P = 10 MPa, p = 5 MPa) and are reported in Table 4.4. 

Table 4.4: Results of drained, undrained, and unjacketed conventional triaxial tests. 

Test # P MPa p [MPa] K  [GPa] Ku [GPa] Ks′ [GPa] 

TriBS-1 10 5 9.8 15.9 29.4 

TriBS-2 10 5 10.1 15.6 29.1 

 

4.3.3 Discussion 

The unjacketed bulk modulus of the rock and the bulk modulus of quartz, the main 

mineral that forms it, were measured in hydrostatic compression experiments and are 

found to be stress independent at the range of stresses applied (up to 60 MPa). Ks′ was 

also measured in conventional triaxial tests performed at the effective mean stresses equal 

to 5 MPa (P = 10 MPa and p = 5 MPa) and 17 MPa (P = 20 MPa and p = 3 MPa). The 

obtained results are consistent and give the following range for unjacketed bulk modulus 

Ks' = 29.1 – 30.9 GPa. The reported values are smaller than the measured bulk modulus 

of quartz Kquartz = 37.0 GPa, where it is often assumed Ks = Ks' = Ks" for sandstones (Rice 

and Cleary 1976; Mesri et al. 1976; Sulem and Ouffroukh 2006).  

To investigate the observed difference, the rock’s microstructure was viewed. American 

Engineering Testing (St. Paul, MN) performed the microphotograph analysis of a sample 

of Berea sandstone measuring 95 x 100 x 25 mm, which was vacuum-impregnated, 

multiple times, with epoxy stained with both black and fluorescent dye in order to lend 

clarity to the structure of pore space. Thin sections were cut from the original sample and 

photographed with 100x magnification (Figure 4.18). 

Microphotograph analysis showed that some pores, like the one marked in Figure 4.18, 

were not filled by the epoxy and, hence, contribute to the non-connected porosity. Some 

other studies (Dullien 1992) estimated that very small and isolated pores can take up to 

16% of the total pore volume in Berea sandstone. The presence of non-connected pore 

space causes Ks' < Kquartz and the assumption of Kquartz = Ks' = Ks" is not applicable for the 

tested rock. 
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Figure 4.18: Microphotograph of Berea sandstone sample (100x magnification) with the 

pores filled with fluorescent dye. 

Hydrostatic compression tests also show that the dry (drained) bulk modulus of Berea 

sandstone is a stress dependent parameter at low mean (hydrostatic) stress (< 30 MPa) 

and reaches its constant value K = 13 GPa only when P > 30 MPa. Because some other 

parameters, such as Ku and , are dependent on K, the material response can be treated as 

poroelastic and stress independent only at mean stress greater than 30 MPa. However, the 

devices that were utilized for drained and undrained testing do not allow application of 

high (> 20 MPa) hydrostatic stress and the achievement of full saturation requires p > 3 – 

4 MPa, so the maximum P′ is limited to 16 – 17 MPa. Because the purpose of each test 

was not only to investigate poroelastic response but characterize the inelastic behavior 

and failure, even lower mean stresses were utilized, so drained and undrained parameters 

are reported at 5 MPa effective mean stress.  

Results of the drained compression tests indicate approximately the same value for 

Poisson’s ratio  = 0.31 – 0.32 but a lower value of Young’s modulus E = 11 GPa than 

those obtained in dry uniaxial compression tests. Also, dry bulk modulus measured at P = 

5 MPa in the hydrostatic jacketed compression is smaller than the one calculated from 

drained plane strain and triaxial compression data: K = 9.4 – 10.1 GPa. These 
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discrepancies between dry and drained parameters might be related to the different type 

of loading applied in those tests. To be consistent with the measurements of undrained 

parameters, only the drained bulk modulus K will be used for further analysis. 

Undrained Poisson’s ratio was measured to be u = 0.34 – 0.35 and the undrained bulk 

modulus was calculated to be u = 15.1 – 15.9 GPa (the result of BxBS-2u was 

disregarded because full saturation was not achieved in this test). u and u are larger 

than their drained counterparts, as predicted by poroelasticity theory. For the obtained Ks' 

and K,  is calculated to be in the range of 0.65 – 0.70 and theBiot moduluscalculated 

from equationisM = 10.2 – 15.4 GPa. 

The only poroelastic parameter from equations (2.22), (2.31), and (2.34) that was not 

measured in the reported experiments is the unjacketed pore volume bulk modulus Ks". 

Calculation of Ks" from the relationship between drained and undrained bulk moduli 

(equation 2.34) gives Ks" = 3.7 – 8.6 GPa. The uncertainty in determination of Ks" is 

caused by the variation in u, K, and Ks'. Our measurements of Skempton B coefficient 

are more precise, so for the reported Bcor = 0.61, unjacketed pore volume bulk modulus 

can also be calculated from equation (3.57): Ks" = 3.7 – 4.3 GPa. However, it must be 

emphasized that the measured parameters are stress dependent, and this strongly affects 

Ks". 

The reported poroelastic parameters are in some agreement with the experimental 

observation of Hart and Wang (1995, 2010), who performed drained and undrained 

conventional triaxial tests on Berea sandstone. They measured K = 3.4 – 5.9 GPa, Ku = 

11.1 – 14.3 GPa, u = 0.32 – 0.37, and B = 0.61 – 0.75 for the effective mean stress of 3 –

10 MPa; using these data, they found Ks' = 27 – 34 GPa and Ks"= 3.2 – 7.0 GPa. 

To analyze why the obtained unjacketed moduli Ks' and Ks" are so different, the 

relationships between micromechanical elements need to be reviewed. The following 

equations hold for increments (increment of a quantity is current minus initial quantities) 

of porosity , total volume V, pore volume V, and solid volume Vs (Detournay and 

Cheng 1993): 
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If external mean stress (P)  and pore pressure (p) are now applied to the element, 
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and the following expression for the increment in porosity  is obtained: 
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So,  for the case of unjacketed compression P' = 0 becomes: 
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11                                                                                   (4.14) 

If we now make an assumption that Ks' = Ks'', then , so porosity does not change 

during unjacketed compression. If Ks' > Ks'', then> in compression; or, conversely, 

if porosity is increasing during unjacketed compression, then Ks' > Ks'' should be 

satisfied. 

The difference between unjacketed bulk modulus Ks' and unjacketed pore bulk modulus 

Ks'' could be explained by the presence of highly compressible clay cement between 

quartz grains in Berea sandstone. Christensen and Wang (1985) showed that the quartz 

grains were coated with clay, which also partially filled the pores in the sandstone they 

tested. In case of unjacketed compression, compliant clay grains strain at a greater rate 

than the stiffer quartz grains, with the result that the porosity increases because the more 

compliant grains now contribute less to the volume of the solid portion of the rock. So, an 

increase in pore pressure has a stronger impact on the change of pore volume than the 
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equal increase in confining pressure. Hence, unjacketed bulk modulus could be 

significantly larger than unjacketed pore volume bulk modulus. However, according to 

the petrographic analysis provided in section 4.1.1, this is not the case for the Berea 

sandstone tested in this work, because only traces of clay were found in the material. The 

cementation of quartz grains is claimed to occur mainly as interstitial microquartz 

overgrowths, which should not make the rock pores significantly more compliant than the 

bulk. 

The lower limit for Ks'' predicted by poroelasticity theory can be obtained from the 

equation derived by Brown and Korringa (1975) from the definitions of Ks', Ks'' and Ks 

(equations 2.27 – 2.29): 
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If we assume now that the maximum value of Ks is Kquartz = 37.0 GPa, then the minimum 

value of Ks'' is 17 GPa. Equation (4.15) also shows that Ks'' = 4 GPa is not physically 

possible if the tested sandstone is assumed to behave as linear poroelastic material, since 

in this case Ks < 0. The unjacketed pore volume bulk modulus was not measured, but 

calculated from stress dependent parameters, and is thus a stress dependent parameter 

itself. Bulk modulus K, Biot coefficient , and Skempton coefficient Bcor were also 

measured for fully saturated specimen at P′ = 17 MPa (P = 20 MPa, p = 3 MPa): K = 11.3 

GPa,  = 0.61, and Bcor = 0.38 (see section 4.5). For this case, Ks'' calculated from 

equation (3.57) is 18.1 GPa. Hence, when poroelastic moduli approach constant values, a 

value of Ks'' may become more reliable in terms of micromechanical considerations of 

poroelasticity theory. However, the direct experimental measurement of Ks'' is needed to 

investigate if it is stress independent parameter and behaves similar to Ks' or is an 

increasing function of applied stress like K. 

Finally, the shear modulus calculated from the drained deviatoric loading G = 4.1 – 4.3 

GPa was found to be smaller than the undrained one: G = 4.9 – 5.9 GPa. This violates the 

requirement of isotropic poroelasticity, as these two parameters should be the same. 

Berryman (2005) showed that such a discrepancy in shear moduli can be explained by 
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anisotropy of the tested material. Poroelastic parameters measured for the special case of 

anisotropy, transverse isotropy, are considered in the next section. 

4.4 Transversely isotropic poroelastic parameters 

The results of hydrostatic compression experiments show that Berea sandstone can be 

treated as a transversely isotropic material. Performing conventional triaxial tests, 

independent loading (1 MPa) was applied in axial (perpendicular to the bedding planes) 

and radial (parallel to the beds) directions and correspondent changes in pore pressure in 

the specimen were recorded and corrected for the extra volume of the fluid in the 

measuring system. The transversely isotropic Skempton B coefficients, B′ and B related 

to the application of axial and radial loads, respectively, were calculated at P′ = 5 MPa 

and plotted vs back pressure in Figure 4.19. 
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Figure 4.19: Generalized Skempton coefficients B′ and B as functions of back pressure. 

Axial stress was found to produce significantly smaller increments in pore pressure than 

the stress applied to the cylindrical specimens in the radial direction. The maximum 

values of B and B′ were calculated to be 0.75 and 0.34. The tested specimen was 

considered to be fully saturated at p > 4 MPa. 

Using the methods described in sections 3.2 and 3.3, drained and undrained parameters E, 

E′, , and ′ were calculated from the plane strain and axisymmetric compression data. 
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The tests were performed at P = 10 MPa, p = 5 MPa as 1 MPa unloading steps in either 

axial or radial direction. The results are presented in Table 4.5. 

Table 4.5: Measured drained and undrained transversely isotropic poroelastic parameters. 

 E (GPa) E' (GPa)  ' 

Drained 10.0 10.9 0.33 0.28 

Undrained 15.0 16.1 0.40 0.34 

 
 
The results satisfy the inequalities (2.80) and (2.81), which have to be preserved for 

transversely isotropic poroelastic parameters. Components of the stiffness matrix M and 

compliance matrix C under drained and undrained conditions, as well as the shear 

modulus G, were computed from equations (2.56) – (2.61) and are reported in Table 4.6. 

Table 4.6: Elements of drained and undrained stiffness matrix (reported in GPa) and 

compliance matrix (reported in 1/GPa).  

 G M11 M12 M13 M33 C11 C12 C13 C33 

Drained 3.8 13.3 5.7 5.3 13.9 0.100 -0.033 -0.026 0.092 

Undrained 5.4 24.9 14.1 13.3 25.1 0.067 -0.027 -0.021 0.062 

 
 
The calculation of G from the components of transversely isotropic stiffness matrix 

explains the result reported earlier: the shear modulus obtained from the undrained 

response is significantly larger than the drained one. The consistency of other presented 

data and the assumption of transversely isotropic poroelastic material behavior can be 

tested by comparing the parameters measured under undrained conditions with those 

predicted from the drained response. B, B′, , and ′ calculated using the governing 

equations (2.64) – (2.67) can be compared with the measured B and B′, as well as with  

and ′, provided by relations (2.77) – (2.78). Also, the components of the undrained 

stiffness matrix, M11
u, M12

u, M13
u, and M33

u can be compared with their predictions from 

equations (2.73) – (2.76).  
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Taking o = 0.23, Kf = 2.24 GPa, Ks′ = 30 GPa, and assuming that Ks″ takes its estimated 

pressure independent value of 18.1 GPa, Biot modulus was calculated to be M = 12.7 

GPa, which in the range of M reported for isotropic poroelastic response. The other 

parameters predicted by the model are presented in Table 4.7. 

Table 4.7: Measured and predicted transversely isotropic poroelastic parameters 

assuming Ks″ = 18.1 GPa (Mij
u reported in GPa). 

  ' B B' M11
u  M11

u M11
u  M11

u  

Measured 0.73 0.73 0.75 0.34 24.9 14.1 13.3 25.1 

Predicted 0.88 0.74 0.50 0.49 23.2 15.7 13.7 20.9 

 

Large discrepancy between measured B and B′ is not predicted by the transversely 

isotropic poroelastic model.  However, the components of the undrained stiffness matrix 

and ′ are predicted closely. Moreover, Lockner and Beeler (2003) performed drained 

and undrained triaxial tests on Berea sandstone at different mean stresses and reported the 

following values at P = 20 MPa, p = 10 MPa: B = 0.64, B′ = 0.38,  = 0.75, and ′ = 

0.69. So, similarly to the present study, nearly isotropic Biot coefficients and strongly 

anisotropic Skempton coefficients were observed. 

Finally, undrained poroelastic response of Berea sandstone can be well predicted by the 

transversely isotropic model in terms of Biot coefficient ′ and the components of the 

stiffness matrix. However, the big discrepancy between Skempton coefficients measured 

due to the loading applied along the bedding planes, B = 0.75, and perpendicular to them, 

B′ = 0.34, is not captured by the model. It might have a more involved nature than just the 

difference in compliances along and perpendicular to the bedding planes. Moreover, the 

assumption of microhomogeneity, i.e. homogeneity of the skeleton at the microscopic 

pore scale (Nur and Byerlee 1971; Cheng 1997) might not be true for the tested 

sandstone. 

 

 



4.5 Inelastic deformation 

Failure of rock involves microcracking, which generates elastic waves known as acoustic 

emission (AE). For a wide variety of brittle rocks and over a wide range of confining 

pressures, dilatant deformation was found to be accompanied by small-scale fracturing 

(Scholz et al. 1968; Riedel and Labuz 2007). Thus, monitoring of AE activity in the rock 

can be a tool for the determination of the onset of inelastic response. Figure 4.20 

represents the results of dry plane strain compression experiment on the sandstone in 

terms of volume strain and recorded AE events. It can be seen that AE rate increases at 

the onset of inelastic deformation, where the volume strain response deviates from 

linearity, and is approximately constant almost up to the peak load. The same technique 

can be implemented for fluid-saturated rock testing. 
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Figure 4.20: Volume strain and AE in plane strain compression of dry sandstone. 

4.5.1 Plane strain compression 

After the full saturation of the sandstone specimens was achieved and the poroelastic 

parameters were measured, plane strain compression loading was performed to failure. 

Axial load was applied (axial strain rate was kept at  10-6 s-1) and the cell pressure 3 

was preserved constant. Five drained and five undrained plane strain compression 
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experiments were conducted. The results of four of them, two drained and two undrained, 

are presented in Figure 4.21. 

Effective mean stresses at failure, designated as P′ in Figure 4.21, were significantly 

different for the tests reported in Figure 4.21, although the initial effective mean stress for 

each of them was approximately the same, 5 – 7 MPa (Figure 4.22). 
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Figure 4.21: Constitutive response in drained and undrained plane strain compression. 
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Figure 4.22: Stress paths in the plane strain compression experiments. 
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The drained-undrained test pair (red and orange curves, respectively, in Figure 4.20) can 

be considered. The drained test was performed with 3 = 6.0 MPa and initial pore 

pressure p = 0.5 MPa, and the undrained test was conducted at 3 = 10.0 MPa and initial 

pore pressure p = 2.8 MPa. It can be seen from Figure 4.20 that the undrained response is 

stronger than its drained counterpart starting from a value of  = 2.2×10-3. The effective 

mean stress at the beginning of the undrained shearing is slightly larger than that in the 

drained test (for the same level of shear stress).  However for t = 12 MPa, drained and 

undrained effective stresses become equal and then further in loading the latter one 

becomes slightly smaller than the corresponding effective mean stress for the drained test 

(Figure 4.22).  

The increasing mean stress leads to the specimens’ compaction (the sign convention is 

compression positive) before they dilate, and their dilatancy is accompanied by 

approximately constant AE rate in both drained (Figure 4.23) and undrained (Figure 4.24) 

experiments. It should be noted that undrained deformation of water-saturated soil is 

usually considered to preserve the volume of the specimen constant (Terzaghi 1943), 

because the bulk modulus of a soil (order of MPa) is much smaller than the bulk modulus 

of water (Kwater = 2.24 GPa), which means that it takes most of the load.  However, in the 

undrained testing of porous rock, its bulk modulus is on the same order or higher than 

water (Ku  Kf), and hence rock’s stiff framework feels the applied load at least as much 

as the pore fluid and deforms. Because the applied effective mean stress was significantly 

larger in undrained compression, this specimen compacted twice as much as the drained 

one. 

It is also observed that in the undrained test, pore pressure is increasing from 2.8 to 7.2 

MPa when the sandstone is compacting (Figure 4.25), and it starts decreasing only when 

the deformation of the specimen becomes inelastic (volume strain response deviates from 

linearity). However, the pore pressure is still larger at the peak load than its initial value, 

because the undrained specimen compacts more than it dilates prior to failure. 
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Figure 4.23: Volume strain and AE for the plane strain drained test. 
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Figure 4.24: Volume strain and AE for the plane strain undrained test. 
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Figure 4.25: Volume strain and pore pressure for the plane strain undrained test. 

4.5.2 Hardening parameters 

To compare the undrained behavior with the constitutive model prediction, the hardening 

parameters such as friction coefficient , dilatancy factor , and effective bulk modulus 

Keff need to be calculated from the corresponding drained test. 

Dilatancy factor 

The measured principal strains contain both elastic and plastic components.  The onset of 

the nonlinear response was used as a benchmark signifying when plastic deformation 

initiated (Figure 4.23).  The plastic strains were determined by removing the calculated 

elastic response from the measured deformation assuming no change in elastic 

parameters (Riedel and Labuz 2007): 

emeasp                                                                                                         (4.16) 

emeasp                                                                                                         (4.17) 

For the drained test conducted at 5.5 MPa effective cell pressure, plastic deformation was 

only associated with a dilatant response (Figure 4.26).  The increase of plastic volume 

strain was fairly linear from the onset of inelasticity up to the peak.  The dilatancy factor 

can be calculated from 
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p

p







 sin                                                                                                        (4.18)                         

where  is the dilatancy angle (Hansen 1958) and it is presented in Figure 4.26.  It can be 

seen that even though the data are scattered, for p > 0.5×10-3, the dilatancy angle of the 

sandstone becomes approximately constant and equal to 24°.  Hence, the dilatancy factor 

 can be taken as a constant value  = sin °≈ 0.41. 
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Figure 4.26: Plastic volume strain and dilatancy angle after the onset of inelastic 

deformation. 

Friction coefficient 

The Mohr-Coulomb linear yield function can be written as (Riedel and Labuz 2007) 

oV2
sin

31

31







                                                                                                     (4.19) 

where  is the friction angle and the parameter Vo the uniform triaxial tensile strength Vo 

was determined from the linear failure criterion (Figure 4.3). 

The friction coefficient  which is used in the dilatant hardening model, can be written 

as 
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 tan                                                                                                                       (4.20) 

We are interested in behavior of  only for inelastic deformation, so it can be presented 

as a function of plastic shear strain p (Figure 4.27).  It appears that the friction 

coefficient  is approximately constant throughout the inelastic deformation process, and 

it is taken as = 1.2 in the calculation of the dilatantly hardened response. 
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Figure 4.27: Development of the friction parameter  in plane strain drained experiment. 

Effective bulk modulus Keff 

Keff is the parameter that links the poroelastic response of the material with the dilatant 

hardening model. To calculate Keff, the change in the porosity o during 

deformation needs to be determined. From equation (2.89), it can be seen that  has 

“stress” in the numerator with order of MPa, and poroelastic bulk moduli in the 

denominator with order of GPa. Hence ||< 0.01 and is on the order of the accuracy of 

the porosity measurements, so it can be neglected. Then, the equation (2.92) can be 

simplified and Keff  is expressed in terms of the Skempton B coefficient: 


BK

Keff                                                                                                                      (4.21) 
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Substituting the reported values for poroelastic parameters into (4.21), we obtain Keff  = 

7.9 – 9.5 GPa, with the average value of 8.7 GPa. 

 The inelastic hardening modulus H can be calculated from inelastic incremental shear 

stress – shear strain behavior and shear modulus G = 4.2 GPa: 

Gt

H
1

1





 
                                                                                                                (4.22) 

The data were recorded every second, which means that H can be calculated for each  

= 0.007×10-3 increment of shear strain (the shear strain rate was approximately constant 

during the test).  To describe the corresponding undrained response, increments of shear 

stress are calculated from equation (2.93) by substituting the previously obtained values 

of G, , , Keff = 8.7 GPa (constants), and H.  The results of the drained and undrained 

tests, along with the constitutive model prediction, are presented in Figure 4.28.  
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Figure 4.28: Results of the plane strain tests and the model prediction for undrained 

behavior. 

The response predicted by the model is slightly stiffer than the experimental undrained 

response at the beginning of loading ( < 3.8×10-3).  At higher shear stresses, the model 

predicts undrained behavior fairly well up to the 90% of maximum shear stress.  In the 
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final region of undrained inelastic deformation, increase of axial stress “tries” to facilitate 

failure but the increase of the effective confinement due to dilatancy delays it. The 

presence of these two competing factors explains why it takes about the half of the total 

shear strain ( ~ 8×10-3) to bring the specimen from 90% of the peak stress to failure. 

However, most of the results of plane strain experiments with constant cell pressure are 

not consistent in terms of undrained response being hardened with respect to the drained 

one. Based on volume strain data, it can be concluded that it is related to the changing 

mean stress, which makes rock specimens compacting during elastic deformation by the 

larger amount than they dilate later, when the response becomes inelastic.  

4.5.3 Compression with constant mean stress 

Cylindrical specimens were tested in conventional triaxial compression under drained and 

undrained conditions, where P = (a +2r)/3 = const can be preserved by applying 

increments of a > 0 (axial strain rate  10-6 s-1) and decreasing the radial stress (cell 

pressure) by r = –a/2 < 0. The stress path for this type of loading can be plotted in 

the principal stress space along with the six-sided failure surface (Figure 4.29) 

determined in section 4.1.2. 

 

Figure 4.29: Six-sided failure surface and the stress path preserving constant P = 20 MPa 

in the principal stress space. 
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A drained conventional triaxial experiment was performed under the conditions of P = 

const = 20 MPa and p = const = 3 MPa. The initial mean stress was significantly larger 

than the one used in the plane strain compression test reported in the previous section, 

because the failure of the specimen for the case of constant mean stress loading can be 

assured only if P′ = P – p > UCS/3 ≈ 15 MPa is used. The development of principal 

stresses in the triaxial drained experiment is shown in Figure 4.30. The specimen failed at 

1 = 51 MPa and 2 = 3 = 4.5 MPa. The results of the drained test in terms of volume 

strain, AE activity, and pore pressure are presented in Figure 4.31. 
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Figure 4.30: Principal stresses in triaxial drained test conducted at P = const = 20 MPa. 

Monotonically decreasing volume strain indicates that the drained specimen started 

dilating from the beginning of the deviatoric loading. It is also confirmed by the AE 

activity and the observations from initial loading – unloading procedure, which indicated 

the presence of permanent strain. For the case of constant P, there should be no elastic 

volume change: e = 0 and p = meas because only a change in P produces elastic 

volume strain. An increment of shear strain consists of elastic and plastic parts; hence 

p =meas –  e.  Then, friction coefficient  and dilatancy factor  can be calculated 

for this loading condition using the method described in section 4.5.2 (Figure 4.32). 
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Figure 4.31: Volume strain, pore pressure, and AE in conventional triaxial drained test. 
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Figure 4.32: Development of friction coefficient  and dilatancy factor  in the triaxial 

drained test. 

Friction coefficient was found to be monotonically increasing, being equal to 0 at the 

beginning of deviatoric loading and 0.85 at the peak stress, which is smaller than  ≈ 1.2 

measured in the plane strain test. Dilatancy factor was sensitive to the initial fluctuations 

in p and then (p > 10-3) monotonically increased to 0.78. 
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The effective bulk modulus Keff also is recalculated for the state of stress, P = 20 MPa and 

p = 3 MPa. The specimen was found to be fully saturated at P′ = 17 MPa when the back 

pressure exceeded 3 MPa and the maximum Skempton coefficient was B = 0.38 (Figure 

4.13). Drained bulk modulus was measured to be K = 11.3 GPa and shear modulus was 

taken as the initial slope of shear stress – shear strain curve: G = 9.0 GPa. Taking 

unjacketed bulk modulus (independent of the mean stress) as Ks′ = 30 GPa and  = 0.62, 

Keff = 6.9 GPa is calculated. 

All the parameters that characterize the hardening undrained response are now available. 

To evaluate the goodness of the model prediction, the undrained conventional triaxial test 

was performed with the same initial conditions as the drained test: P = const = 20 MPa 

and po = 3 MPa. In this test, mass of the fluid inside the specimen was kept constant, so 

the pore pressure was allowed to change. During the test, p decreased from 3 MPa to 0.5 

MPa, which produced the increase in effective mean stress and delayed the specimen 

failure to the point where 1 = 55.2 MPa and 2 = 3 = 2.4 MPa. The development of the 

volume strain, AE activity, and pore pressure with shear strain in undrained conventional 

triaxial compression is presented in Figure 4.33. 
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Figure 4.33: Volume, pore pressure, and AE in triaxial undrained experiment with 

constant P = 20 MPa. 
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Similar to the drained condition, in the undrained test conducted at constant mean stress, 

no initial compaction was observed and the specimen dilated by approximately the same 

amount. AE activity was observed from the beginning of deviatoric loading, which 

confirmed the inelastic nature of the undrained deformation. It also should be mentioned 

that both drained and undrained conventional triaxial tests were stopped soon after peak 

load was reached. A localized failure plane was not visible in the specimens, and nothing 

can be stated on the possible differences between types of failure under two limiting 

rock-fluid interaction conditions. 

Moreover, an undrained plane strain experiment was conducted preserving P = const = 

20 MPa and the same initial pore pressure po = 3 MPa. Using equation (3.14) and 

neglecting the deformation of the prismatic specimen in the intermediate principal stress 

direction (2 = 0), the following relationship can be written for the mean stress: 

3)()1(3)( 31321   uP                                                                     (4.23) 

Therefore, when applying axial stress (1 > 0) to the specimen, 3 has to be preserved 

as 

13 )1(3   uP                                                                                                     (4.24) 

and u was measured to be 0.35. The undrained plane strain compression test was stopped 

at 1 = 43.6 MPa, 2 = 15.6 MPa, 3 = 0.8 MPa, and p = 0.7 MPa. The specimen did not 

fail at this point, but the condition of 3′ = 3 – p ≤ 0 was avoided. The results of this test 

in terms of volume strain, AE activity, and pore pressure are presented in Figure 4.34. 

Volume strain and pore pressure response in the plane strain test is observed to be similar 

to the conventional triaxial test, even though the change in their values is smaller. It 

happens because the plane strain test was stopped at significantly smaller shear strain 

compared to conventional triaxial test. 

Results of the drained and two undrained experiments conducted at P = const = 20 MPa 

and the constitutive model prediction are presented in Figure 4.35. 
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Figure 4.34: Volume, pore pressure, and AE in plane strain undrained experiment with 

constant P = 20 MPa. 

The constitutive model predicts the undrained behavior of fluid-saturated sandstone up to 

95% of the peak axial stress. From this point, each increment of shear strain requires 

much larger increment in shear stress compared to the beginning of loading. This 

behavior is not captured by the model, which still can be treated as a good first order 

approximation to the inelastic behavior of fluid-saturated porous rock. 
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Figure 4.35: Results of the experiments and the model prediction for the undrained 

behavior. 
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Chapter 5 

Conclusions and Future Work 

Experimental techniques were developed to characterize the deformation of fluid-
saturated porous rock. The methods to achieve full saturation of laboratory specimens 
and accurately determine applied loads and produced deformations were suggested and 
successfully implemented. 

A series of hydrostatic, plane strain, and conventional triaxial compression tests were 
performed on water-saturated Berea sandstone. The poroelastic behavior of the rock was 
investigated at 5 MPa effective mean stress. Skempton and Biot coefficients and drained 
and undrained bulk moduli were measured. The response of the material under undrained 
conditions was found to be stiffer than the drained one. Also, two bulk moduli associated 
with the unjacketed material behavior were evaluated. Unjacketed bulk modulus Ks' was 
directly measured and found to be 30 GPa, which is 20% lower than that usually assumed 
equal to its dominant mineral (quartz) bulk modulus. Microphotograph analysis showed 
that it can be explained by the presence of non-connected pore space in the rock. 
Unjacketed pore volume bulk modulus Ks" was not measured directly, but calculated 
from the poroelastic relations. It was found to be strongly influenced by the stress-
dependent deformation of the rock at low effective mean stresses (P′ ~ 5 MPa), but 
achieved a more reliable value of 18 GPa when calculated from data obtained at P′ = 17 
MPa. 

Additionally, the rock was treated as a transversely isotropic material and related drained 
and undrained parameters were measured. Undrained poroelastic response of Berea 
sandstone was well predicted by the transversely isotropic model in terms of Biot 

coefficient ′ and the components of the stiffness matrix. However, the large difference 

between Skempton B coefficients measured due to the loading applied along the bedding 
planes and perpendicular to them was not captured by the model. 

The results of drained and undrained plane strain and conventional triaxial compression 
experiments were discussed in the framework of an elasto-plastic, dilatant hardening 
constitutive model.  The parameters that govern the inelastic deformation of fluid-

saturated rock, i.e. dilatancy angle  friction coefficient poroelastic coefficient Keff, 

shear modulus G, and inelastic hardening modulus H, were calculated from the drained 
response.  In the case of plane strain testing with constant minimum principal stress, the 
constitutive model predicts the undrained inelastic behavior of the rock fairly well, 
almost up to the peak axial stress if compared with the undrained test that had the same 



effective mean stress at the onset of inelasticity. If the mean stress is preserved constant 
during the test, then the model prediction based on the drained conventional triaxial 
experiment is found to be consistent with the results of two undrained tests, one 
conventional triaxial and one plane strain compression.  

To summarize, the main contributions of this thesis are: 

1. development of a linear failure criterion with three different principal stresses; 

2. independent measurement of a number of poroelastic parameters by various 
experimental methods; 

3. measurement of the overdetermined set of transversly isotropic poroelastic  
parameters; 

4. characterization of  the inelastic response of porous rock under different drainage 
conditions. 

Future work should involve the direct measurement of the unjacketed pore volume bulk 
modulus Ks''. A variation of the pore volume should be measured accurately. An 
apparatus should have a precisely known external storage tank so that variation of 
volume and fluid pressure in the apparatus could be accurately related to variation of the 
pore space in the rock. Because this measurement is technically very difficult, no direct 
measurements have been made (up to date) to obtain Ks''. Accurate measurements of  Ks'' 
along with the more detailed analyses of the nature of non-connected pore space can be 
used to characterize the microporomechanical behavior. 

Furthermore, the proposed experimental techniques can be utilized for testing some rock 
from the field, for example shales (Makhnenko et al. 2011). Also, characterization of the 
interaction between sedimentary rock and pore fluid can be critical for safe CO2 storage. 
Some studies (e.g. Oye et al. 2012) show that the injection of gas into the sandstone 
aquifer can cause its inelastic deformation accompanied by seismicity. So the proposed 
experimental methods can be used to obtain the parameters governing this behavior. 
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Appendices 

A. Plane strain testing with passive restraint 

A plane strain condition for testing rock is developed through passive restraint in the 

form of a thick-walled cylinder.  The so-called biaxial frame allows the application and 

measurement of the intermediate principal stress that imposes a triaxial state of stress on 

a prismatic specimen.  Major and minor principal stresses and corresponding strains can 

be measured, providing data to calculate the elastic (Young’s modulus and Poisson’s 

ratio), inelastic (dilatancy angle), and strength (friction angle and cohesion) parameters of 

the rock.  Results of experiments conducted on Indiana limestone in plane strain 

compression are compared with the results of axisymmetric compression and extension.  

With proper system calibration, Young’s modulus and Poisson’s ratio are consistent 

among the tests.  The plane strain apparatus, which enforces in-plane deformation with 

the three principal stresses at failure being different, allows determination of dilatancy 

characteristics and fitting of the Paul-Mohr-Coulomb failure surface, which includes an 

intermediate stress effect.  

Introduction 

Axisymmetric or “conventional” triaxial testing if often used to determine the elastic and 

inelastic response of rock, as well as to measure strength characteristics, e.g. friction 

angle and cohesion (Jaeger and Cook 1976).  However, questionable predictions may 

arise when data obtained from axisymmetric tests are applied to two-dimensional models, 

specifically for those simulating behavior of structures in plane strain.  In addition, a 

number of in-situ stress measurements show that principal stresses underground are often 

not equal (c.f. Haimson 1978).  Thus, in the investigation of rock failure, the intermediate 

principal stress effect should be considered (Mogi 1967).  A number of true triaxial 

testing apparatus for rock have been developed in recent years (Wawersik et al. 1997; 

Haimson and Chang 2000; Bésuele and Hall 2011), and these devices rely on some type 

of piston actively applying an intermediate principal stress. It should be noted that plane 
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strain apparatus using an active component (a force applied to eliminate displacement) 

were used in research laboratories of soil mechanics for some time (Kjellman 1936; 

Leussink and Wittke 1963; Cornforth 1964; Henkel and Wade 1966; Al-Hussaini 1968). 

Another approach to plane strain testing is passive restraint, where a stiff structure is used 

to restrict displacement in one direction (Marsal et al. 1967; Campanella and Vaid 1973). 

A passive device for soil designed by Smith (1963) and modified by Duncan and Seed 

(1966) relied on bar-type, axial restraint to restrict deformation; for a material such as soil 

with Young’s modulus on the order of MPa, the stiffness requirements of the bars were 

modest. A clever passive restraint device, also for testing soil, was built by Vardoulakis 

and Goldscheider (1981). A unique feature of the device was the inclusion of a linear 

bearing; once deformation localized, the loading platen translated and valuable 

information was still obtained into the post-peak region with no system interaction 

(Drescher et al. 1990). 

A passive restraint system for rock is the University of Minnesota Plane-Strain Apparatus 

(Labuz et al. 1996), which uses a thick-walled cylinder called a biaxial frame for passive 

restraint and it allows the intermediate stress to be measured. The biaxial frame is sized to 

ensure that the deformation in the direction of plane strain is below a tolerable amount, 

e.g. one percent of the axial strain.  An advantage of a plane strain apparatus is the 

measurement of in-plane displacements, providing accurate data for determining 

deformation (shear strain and volume strain) response, and the calculation of elastic and 

inelastic material parameters.  

Biaxial frame 

Passive restraint for the University of Minnesota plane-strain apparatus is developed by a 

thick-walled cylinder (Figure A1) of mild steel called a biaxial frame, which has no 

seams or interfaces to provide maximum stiffness (Labuz et al. 1996).  The outside 

diameter is 300 mm, and the inside diameter is 110 mm; based on a three-dimensional 

finite element analysis, the out-of-plane strain is about one percent of the axial strain for a 

rock with Young’s modulus E = 15 GPa and cross-sectional area As = 2250 mm2.  A 

circular opening with “flats” (chords of the circular opening) provide precise alignment 

of the prismatic specimen (Figure A1).  A pair of wedges and a corresponding spacer, 



such that symmetry is maintained, are used to secure the specimen in the frame and apply 

a prestress, which is recorded by 120 Ω foil strain gages epoxied to the inside of the 

biaxial frame. 

 

Figure A1: Biaxial frame and specimen installation. 

The structural system providing passive restraint can be modeled as a linear spring with 

stiffness in series with the test specimen (Figure A2): fk

f
z

f
zf

u

F
k                                                                                                                          (A1) 

where  is the displacement of the frame and  is the force applied to the specimen-

frame interface. For a linearly elastic specimen with Young’s modulus E and Poisson’s 

ratio , generalized Hooke’s law applies: 
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Figure A2: Mechanical model of biaxial frame and specimen interaction. 

Force equilibrium, , between the frame and the specimen gives s
zz

f
z AF 

))(( xxyyzz
sf

z
f EAuk                                                                                        (A3) 

where As is the cross-sectional area of the specimen (Figure A2) perpendicular to the z-

axis, the plane strain direction. With perfect contact between the specimen and the frame, 

specimen deformation  is equal to the frame deformation: s
zu

z
s
z

f
z uuu                                                                                                                     (A4) 

From the definition of wuzzz /  (compressive strain positive) and equation (A3), the 

displacement uz can be written as  

EAwk

wA
u sf
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                                                                                                     (A5) 

where 2w is the width of the specimen. 

The principal directions are aligned with the Cartesian coordinates: 1 = yy, 2 = zz, 3 = 

xx (1 = yy, 2 = zz, 3 = xx). The frame restricts 2 and thus applies the intermediate 

principal stress 2.  Deformation of the frame f is monitored by the set of tangentially 

aligned strain gages glued to the inner wall of the biaxial frame (Figure A1).  All strain 

gages are covered with polyurethane to protect them from the hydraulic oil used for cell 

pressure.   
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Calibration tests were performed on three specimen sizes referred to as small, medium, 

and large (height x thickness = 75 x 28 mm, 87 x 44 mm, and 101 x 40 mm with standard 

width of 100 mm), and three materials: aluminum (E = 68.9 GPa, ν = 0.33) for a small 

size specimen, PMMA (E = 3.2 GPa, ν = 0.37) for large and medium sizes, and lead (E = 

15.7 GPa, ν = 0.40) for medium size.  Calibration specimens were instrumented with 120 

Ω foil strain gages oriented to measure 1 and 2.  The calibration tests were performed at 

0, 5, 10, and 15 MPa cell pressure, and a typical result is shown in Figure A3; the 

specimen intermediate strain 2 and the deformation of the frame are linearly related. f
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Figure A3: Relationship between frame strain (εf
θ) and specimen strain (ε2) for the small 

aluminum specimen at 5 MPa cell pressure. 

 

The response shown in Figure A3 can be used to describe the specific strain coefficient of 

the specimen : 

2
3),(


 

f
sA                                                                                                                (A6) 
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where  depends on the cross-sectional area of the specimen and cell pressure. Thus, if  

is known, a measure of the plane strain deformation for tests where strain gages on the 

specimen are not used can be obtained. 

The unique relationship, equation (A6), between the specimen strain 2 and the frame 

strain for a fixed specimen cross-sectional area As and cell pressure 3 is used to 

calculate the strain in the rock specimen. Therefore, with known elastic parameters, 

Young’s modulus E and Poisson’s ratio ν, the intermediate principal stress 2 can be 

determined from equation (A2). Even though inelastic response occurs prior to failure, 

the elastic parameters in the plane strain direction are not affected appreciably, as 

microcracks form in the x-y plane of the specimen (Carvalho and Labuz 2002), and this 

type of damage has no influence on stiffness in the z-direction. During the plane strain 

compression test performed under constant 3 (cell pressure), 2 is increasing because of 

increasing axial stress 1 and the frame strain is proportional to 2.  Passive restraint (the 

biaxial frame) does not allow the control of the intermediate principal stress, but its value 

is known and the state of stress is triaxial: 1 ≠ 2 ≠ 3.  

f


Plane strain approximation 

Similar to Labuz et al. (1996), the degree of plane strain is defined by the ratio 

1

2




R                                                                                                                          (A7) 

Substituting expressions for uz (equation A5) and 1 (generalized Hooke’s law) into 

equation (A7) gives 
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If the frame is soft, then → 0 and 2 = 0: fk
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The degree of restraint is expressed by the percent plane strain (PPS): 

%1001 





 

softR

R
PPS                                                                                             (A10) 

A summary of the PMMA calibration tests in terms of PPS and  is shown in Fig. 4, 

where As = 3830 mm for the medium size specimen and As = 4040 mm for the large size 

specimen.  While PPS = 100% is the case of an ideal plane strain condition ( = 0), it 

was shown that PPS > 90% is an acceptable approximation (Labuz et al. 1996), and the 

medium size specimen with E = 3.2 GPa satisfies this condition. Figure A4 provides the 

following observations: PPS increases with (i) increasing cell pressure, (ii) decreasing 

Young’s modulus E ( = const), and (iii) decreasing specimen area As.   
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Figure A4: PPS and specific frame stiffness  as functions of confining pressure for 

medium and large PMMA specimens. 

Principal strains  

The direction of the major principal stress 1 is associated with axial loading, which is 

measured by upper and lower load cells. Minor principal stress3 is applied by cell 

pressure (hydraulic oil) and is measured by a pressure transducer.  Displacements of the 

specimen in major (axial) and minor (lateral) principal directions are measured by axial 

 118



and lateral LVDTs (Figure A5).  However, part of the measured displacement is related 

to “system” displacement: top and bottom platens attached to the specimen, the internal 

load cell, and LVDT holders.  The system displacement in axial and lateral directions was 

determined from calibration tests with materials of known elastic properties, such that 

specimen strains 1 and 3 can be accurately calculated.  

 

Figure A5: Photograph of the specimen and LVDTs before it is wedged in the frame. 

 

The magnitude of axial system displacement  is sysu1

huu gageLVDTsys
111                                                                                                      (A11) 

where  and  are the displacement measured with the axial LVDT and the 

specimen displacement determined from the axial strain gage respectively.  It was 

observed that at low axial loads (< 30 kN), a fourth order polynomial is the best fit 

function to characterize the axial system compliance (Figure A6).  However, at higher 

loads (> 30 kN), the dependence of axial system displacement from the load F1 is linear 

and can be written as  

LVDTu1 hgage
1
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  131 , FACu s
A

sys                                                                                                    (A12) 

where CA(3, A
s) is the axial system compliance. 

Lateral strain cannot be determined from strain gages, as the surfaces of a specimen 

parallel with the lateral LVDTs are in contact with the biaxial frame (Figure A5), so the 

lateral specimen strain is calculated with generalized Hooke’s law. 

Lateral displacement of the system is the difference between the elastic lateral 

displacement of half of the specimen and the average displacement of two lateral LVDTs: 

2/333 tuu LVDTsys                                                                                                       (A13) 

The lateral system displacement is found to be linearly related to the load F1 (Figure A6).  

The average lateral compliance CL(3, A
s) is described with  

133 ),( FACu s
L

sys                                                                                                   (A14) 
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Figure A6: Calibration of axial and lateral displacement response. 

CA and CL are calculated to be in the range of 0.23-0.73 micron/kN and 0.14-0.38  

micron/kN respectively; they are found to be decreasing with increasing confining 

pressure. Also, they are not dependent on the tested material, but increase with increasing 

specimen size (Figure A7).  
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Figure A7: Axial and lateral compliances as functions of confinement for medium and 
large PMMA specimens. 

Indiana limestone properties 

To demonstrate the utility of the apparatus, Indiana limestone, a sedimentary rock with 

grain size less than 1 mm, was selected for plane strain and conventional triaxial 

compression/extension testing.  A single block, 225 x 215 x 200 mm (x, y, z-axes), with 

density ρ = 2300 kg/m3 and porosity  = 13%, was used to fabricate all specimens. 

Ultrasonic velocity measurements show that the rock has a low level of anisotropy (less 

than 3%). P-wave and S-wave velocities (cp [km/s], cs [km/s]) in x, y, and z-directions 

were measured to be (4.23, 2.53), (4.39, 2.54), and (4.29, 2.51). Thus, the rock is 

assumed to be elastically isotropic. 

Uniaxial compression tests were performed on four right circular cylinders (cores), and 

conventional triaxial compression/extension tests were performed on ten cores; all 

specimens were prepared in accordance with ISRM standards (Brown 1981) and loaded 

at an axial displacement rate of 5 x 10-4 mm/s.  For the uniaxial tests, axial and tangential 

strains were monitored by foil strain gages to determine Young’s modulus E and 

Poisson’s ratio ν within the linear response of the rock, typically from 10-50% of the 

uniaxial compression strength (UCS).  The cylindrical specimens were 31.5 mm in 

diameter, which is smaller than the suggested diameter size of 54 mm, but the diameter to 
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grain size ratio is still larger than the recommended value of 10:1.  The height of the 

cylindrical specimens ranged from 82 – 90 mm, within the desired height to diameter 

ratio of 2 – 3.  The ends of the specimens were lubricated with stearic acid (Labuz and 

Bridell 1993). The results of the uniaxial tests yielded the following range of the 

parameters: UCS = 42 – 44 MPa, E = 26 – 29 GPa, and  = 0.19 – 0.21. 

Three plane strain compression experiments, BXIL-1, BXIL-2, and BXIL-3 were 

conducted at 0, 5, and 10 MPa cell pressures respectively.  Three small prismatic 

specimens (100 x 75 x 28 mm) were cut from the block in the same way as the core 

specimens, i.e. bedding aligned normal to the axial stress.  For each specimen, all of the 

faces were ground so that opposite sides were parallel and adjacent sides were 

perpendicular within 0.01 mm in 100 mm.  The specimen was assembled with the upper 

and lower steel platens contacting the 100 x 28 mm faces and two steel plates, 3 mm 

thick, contacting the 28 x 75 mm faces.  The four surfaces in contact with polished-steel 

platens were covered with stearic acid to reduce friction at the platen-specimen interfaces 

and promote homogeneous deformation (Labuz and Bridell 1993).  The specimen and 

platens were held together in a custom jig and two specimen sides exposed to the cell 

pressure were sealed by a polyurethane coating (Figure A5).  

The specimen with attached platens was wedged in the frame so that the stress in the 

plane strain direction (z-axis) was at least 10% greater than the cell pressure3.  The 

entire biaxial frame was placed inside the pressure cell and exposed to fluid pressure 

during an experiment. The cell was filled with hydraulic oil and the pressure was applied 

with a microprocessor-based hydraulic pump that maintained cell pressure at a constant 

value, within a tolerance of 0.1 MPa.  Closed-loop, servo-controlled tests were performed 

within a 1000 kN load frame (MTS Systems, Eden Prairie, MN) with an average lateral 

displacement rate of 5 x 10-5 mm/s as a feedback signal.  A cell pressure-compensated 

load cell, with a sensitivity of 5 kN/mV/vdc, was placed below the specimen, between the 

lower loading platen and the base unit, and provides an accurate measurement of axial 

load. PPS was calculated to be 84.7% (3 = 0 MPa), 87.5% (3 = 5 MPa), and 90.2% (3 

= 10 MPa); recall that PPS increases with increasing cell pressure for the specimens of 

the same size and elastic parameters.  Only the test conducted at 10 MPa (BXIL-3) 



satisfied PPS > 90%, and its results are analyzed in terms of elastic and inelastic material 

response. 

Elastic response 

Generalized Hooke’s law for the incremental behavior of an isotropic linearly elastic 

solid in plane strain takes the following form for principal strains and stresses (2 = 0): 

  311 1
1  



E
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                                                                                   (A15) 
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Noting that cell pressure is constant throughout the test (Δ3 = 0) and taking the sign 

convention of compression positive, Young’s modulus E and Poisson’s ratio ν are  

 231
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                                                                                                              (A17) 

Using the system corrections for axial and lateral displacements, the increments of 

principal strains Δ1 and Δ3, as well as the increment of axial stress Δ1, were 

calculated in the range of linear response (10-50% peak axial load), providing the values 

of Young’s modulus E = 28.0 GPa and Poisson’s ratio  = 0.21, which are close to those 

measured in the uniaxial compression tests. 

Inelastic response 

Permanent volume change, both compaction and dilation, has been noted for a wide 

variety of rock when stressed beyond an elastic limit (Brace et al. 1966).  To observe 

inelastic response, elastic compaction and distortion must be removed from the total 

deformation.  

For plane (biaxial) deformation, volume strain  and shear strain  are written as 

31                                                                                                                        (A18) 
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31                                                                                                                        (A19) 

Total volume strain and the axial stress difference for BXIL-3 test are plotted as a 

function of axial strain (Figure A8), and show typical behavior of a dilatant rock.  Using 

compression positive sign convention, the volume strain increased due to compaction of 

the specimen, and then decreased as the rock dilates. The onset of the nonlinear volume 

strain response was used as a benchmark signifying when inelastic (plastic) deformation 

initiated. 
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Figure A8: Axial and volume strain response for plane strain compression test. 

The plastic strains were determined by removing the calculated elastic response from the 

measured deformation assuming no change in elastic parameters: 

emeasp ddd                                                                                                          (A20) 

emeasp ddd                                                                                                          (A21) 

For the test conducted at 10 MPa cell pressure, plastic deformation was associated with a 

small amount of plastic compaction followed by a dilatant response (Figure A9). The 

increase of plastic volume strain was fairly linear near peak axial load, with the plastic 

shear strain at peak p = 4.5 x 10-3.  The dilatancy angle  (Hansen 1958) is defined by 
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 sin                                                                                                                (A22)                        

As displayed in Figure A9, the compactive behavior of Indiana limestone at the onset of 

plastic deformation is observed as a negative dilatancy angle, and plastic compaction is 

followed by a dilatant response shown as a positive dilatancy angle, which increases with 

plastic shear strain to 11° at peak axial load. 
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Figure A9: Dilatancy behavior for BXIL-3 test: -p and   vs p. 

Strength 

The results of three plane strain compression experiments can be compared with the 

results of the conventional triaxial tests in terms of principal stresses at failure. A linear 

strength relation that includes the intermediate stress is the Paul-Mohr-Coulomb (PMC) 

failure criterion (Paul 1967): 

Aσ1 + Bσ2 + Cσ3 = 1                      (A23) 

where 

A = (1 - sinc)/(2Vosinc),              

B = (sinc -sine)/(2Vosinc),                      (A24) 

C = - (1 + sine)/(2Vosine).               
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Three material parameters, friction angles in compression c and extension e, and the 

uniform triaxial tensile strength Vo, can be identified from conventional triaxial 

compression and extension experiments and are sufficient to define a six-sided failure 

surface (Meyer and Labuz 2013). 

Of the ten triaxial tests, six were performed in compression with 1 = axial and 2 = 3 = 

radial, and four in extension with 1 = 2 = radial and 3 = axial. The compression tests 

were conducted as loading tests, where axial is increased (Δaxial > 0) from axial = radial 

until failure and radial = constant. The remaining four triaxial specimens were tested in 

extension unloading, with axial decreasing (Δaxial < 0) from axial = radial until failure 

and radial = constant.  The results from the compression and extension experiments, as 

well as the results of plane strain compression tests, are presented in Table A1. 

For the axisymmetric stress state in conventional triaxial testing, the stress invariants P 

and q are: 

3

2

3
321 radialaxialP

 



                                                                                (A25) 

radialaxialJq   23                                                                                               (A26) 

where J2 is the second invariant of the stress deviator Sij = ij Pij and ij = Kronecker 

delta. The PMC failure criterion in compression can be written as 
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The extension line can be given in a similar manner: 
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where cc and ce are the cohesion in compression and extension respectively (Meyer and 

Labuz 2013). 
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Table A1: Principal stresses at failure for plane strain compression and triaxial 

compression and extension experiments. 

Test name 1  [MPa] 2   [MPa] 3  [MPa] 

BXIL-1 45.4 8.4 0.0 

BXIL-2 61.2 16.8 5.0 

BXIL-3 101.0 26.4 10.0 

Triax-comp-1 69.7 5.0 5.0 

Triax-comp-2 82.2 10.0 10.0 

Triax-comp-3 103.1 15.0 15.0 

Triax-comp-4 100.8 20.0 20.0 

Triax-comp-5 114.8 25.0 25.0 

Triax-comp-6 133.2 30.0 30.0 

Triax-ext-1 50.0 50.0 0.7 

Triax-ext-2 58.0 58.0 2.6 

Triax-ext-3 60.0 60.0 1.7 

Triax-ext-4 62.0 62.0 2.1 

 

The compression and extension data were fitted with lines that intersect the p-axis at the 

same point Vo, which is required for any failure surface.  The corresponding lines of best 

fit with a common vertex were determined by finding the maximum value of the sum of 

the correlation coefficients (Rc
2 + Re

2), under the condition that the absolute value of the 

difference │ Rc
2 - Re

2│ is a minimum (Meyer and Labuz 2013).  The data and the best fit 

lines with the constraint of the same Vo are shown in Figure A10a (Rc
2 = Re

2 = 0.926).   



(a) 

q = 1.29P + 23.9
R2 = 0.926

q = ‐0.97P ‐ 18.0
R2 = 0.9263

‐80

‐40

0

40

80

120

‐40 ‐20 0 20 40 60

q
 [
M
P
a]

P [MPa]

80

Vo = ‐18.5

 

(b)  

Figure A10: Results of triaxial compression (blue dots) and extension (red dots) tests (a) 

in the P - q plane and (b) in the principal stress space. 

 128



 129

Using equations (A27) and (A28), a difference in friction angles in compression and 

extension is observed: c = 32.1° and e = 35.4°, which is a sufficient but not necessary 

condition for a material exhibiting an intermediate stress effect.  For isotropic rock, 

knowledge of the two internal friction angles c and e, and one strength parameter such 

as the vertex Vo, is sufficient to define a six-sided failure surface in the principal stress 

space a, b, c, with no order implied (Figure A9b); the data from the conventional 

triaxial tests are shown. The hexagonal pyramid results for the six combinations of the 

ordering of the principal stresses.  

The data from the plane strain experiments can be presented in principal stress space 

(Figure A10a) and on a plane perpendicular to the P-axis (a = b = c) called the -

plane and described by P = constant; the intersection of the failure surface and the -

plane is a hexagon that displays a three-fold symmetry (Figure A10b).  Note that for 

conventional triaxial tests a = q, where a, b, and c are the projections of a, b, 

and c on the -plane. The results of the three plane strain compression tests (BXIL-1, 

BXIL-2, and BXIL-3) and the -planes at failure are presented in Figures A10a and 

A10b. The specimen tested at 3 = 10 MPa failed at a higher major principal stress 1 

than predicted by the PMC criterion, but the data points for the specimens at 0 and 5 MPa 

cell pressure (BXIL-1 and BXIL-2) are consistent with the six-sided failure surface 

obtained from the conventional triaxial tests.   



(a)  

(b)  

Figure A11: Plane strain test (BXIL-1, BXIL-2, and BXIL-3) results with (a) the failure 

surface and (b) corresponding -planes. 
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Conclusions 

Passive restraint provides a simple method to achieve plane strain and to generate an 

intermediate principal stress different from the major and minor principal stresses.  In 

addition, the in-plane strains can be accurately measured, allowing for the evaluation of 

elastic and inelastic parameters of a rock. 

To demonstrate the utility of passive restraint, Indiana limestone was tested using 

standard axisymmetric loading and plane strain compression. The material parameters, 

both deformation- and stress-based, compared well.  Young’s modulus E and Poisson’s 

ratio  measured in plane strain were in the range of those obtained from uniaxial 

compression.  From the plane strain test, plastic volume and shear strains showed that, for 

the specimen tested at σ3 = 10 MPa, the compactive behavior of rock at the onset of 

plastic deformation was followed by a dilatant response, with the dilatancy angle 

increasing with plastic shear strain and being equal to 11° at failure, much less than the 

compression friction angle of 32°.  Comparison of the principal stresses at failure with 

the Paul-Mohr-Coulomb failure surface confirmed the effect of the intermediate principal 

stress on strength. The friction angle measured in conventional triaxial extension tests 

was larger than the one measured from compression tests, a sufficient but not necessary 

condition of the intermediate stress effect, and the strength data from the plane strain tests 

were consistent. 

 



B. AE and failure planes 

Acoustic emission locations were determined for specimens tested in plane strain 

compression under dry, quasi-unjacketed, drained, and undrained conditions. For 

accurate determination of AE locations, P-wave velocity was measured at different 

effective stresses. For the tests described, cp=2.4 km/s for a dry specimen at atmospheric 

pressure and cp at 5 MPa confining pressure is 3.0 km/s (Figure B1), while cp=3.3 km/s at 

10 MPa mean stress and 5 MPa pore pressure for water-saturated specimen (Figure 4.12). 

Time of first arrival information is extracted from the P-waves using an algorithm 

described in Ince et al. (2009). 
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Figure B1: Change of the P-wave velocity with mean stress in dry sandstone specimen. 

Dry test 

Processing of the AE data recorded for the dry test provided 1834 locations with error 

less than 3 mm, out of 9254 total events. Before the peak load was reached, AE events 

were scattered in the specimen (Figure B2a). However, in the post-peak region, located 

events closely follow the failure mechanism (Figures B2b and B2c), which in this test 

was an inclined fracture (Figure B2d). 
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Figure B2: Dry test. Projection of AE events location (a) pre-peak, (b) peak - 90% post-

peak, (c) 90% post-peak - residual; (d) photo of failed specimen. 

“Unjacketed” test 

The quasi-unjacketed test is characterized by the equal increments of confining and pore 

pressure.  This condition is achieved by not totally covering the side faces of the 

specimen with polyurethane, such that confining fluid (hydraulic oil) can penetrate the 

specimen. Constant cell (confining) pressure during the test assures complete rock 

saturation. 

Locations of AE for the quasi-unjacketed test (Figure B3a) also follow the failure 

mechanism (Figure B3b). The effective confinement for an unjacketed test is zero, so it is 

natural that the observed failure type is close to axial splitting. 
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Figure B3: “Unjacketed” test. (a) Projection of AE events location, (b) photo of failed 

specimen. 

Drained test 

Lateral deformation of the specimen tested under the drained condition was controlled 

throughout the post-peak region. Two failure planes eventually developed (Figure B4). 
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Figure B4: Drained test. Projection of AE events location (a) pre-peak, (b) formation of 

the first failure plane, (c) formation of the second failure plane; (d) photo of failed 

specimen. 



 

Linear bearing (SLED) movement was monitored during the test. It can be seen in Figure 

B5, that when the peak load was reached the linear bearing started displacing in one 

direction, but at some point started moving in the opposite direction. Corresponding AE 

data (Figure B4) shows this change of the direction in SLED movement can be related to 

the formation of the second failure plane in the specimen. 

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 0.03 0.06 0.09 0.12 0.15 0.18

Lateral displacement [mm]

S
L

E
D

 [
m

m
]

0

100

200

300

400

500

600

700

A
E

 e
ve

n
ts

peak load formation of

second band

 

Figure B5: SLED displacement and AE events in drained plane strain compression test.  

Undrained test 

Similar to the drained test, two failure planes developed in the specimen tested under 

undrained conditions. Figures B6 and B7 show how the failure was localized in the rock 

with increasing load. Because of dilatant hardening (see section 4.5), it took much longer 

to reach the peak load for the undrained specimen compared to the drained one of the 

same size and tested with the same strain rate. 
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Figure B6: Load-displacement diagram and AE events in undrained plane strain 

compression experiment. 

 

Figure B7: Undrained test. Projection of AE events location at different stages of loading 

designated in Figure B6. 

Moreover, it can be clearly seen on a 3D-plot (Figure B8a) that two failure planes 

eventually developed in the rock, which was also confirmed by the visual inspection of 

the specimen after the test (Figure B8b). 
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Figure B8: Undrained test: (a) 3D location of AE events; (b)  photo of failed specimen. 

Summarizing the experimental results, it can be stated that locations of acoustic emission 

(AE) events can be precisely determined before and after failure in dry and fluid-

saturated rock specimens, which allows the monitoring of the localization of failure in 

rock specimens. 
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