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Abstract
Sparse graphical models can capture uncertainty of interconnected systems while promoting par-

simony and simplicity - two attributes that can be utilized to identify the topology and control

processes defined on networks. This thesis advocates such models in the context of learning the

structure ofgene-regulatory networks,for which it is argued that single nucleotide polymorphisms

can be seen as perturbation data that are critical to identify edge directionality. Applied to the

immune-related gene network, these models facilitate the discovery of new regulation pathways.

Learning gene-regulating interactions is critical not only to understand how cells differentiate

and behave, but also to decipher mechanisms triggering diseases with a genetic component. The

impact here is on the development of a new generation of drugsdesigned to target specific genes.

In particular, the genetic interactions of an uncharacterized chemical compound are identified by

comparing its effect on the fitness ofSaccharomyces cerevisiae(yeast) to that of double-deletion

knockouts. Asdrug targetingis limited by expensive and time-involving laboratory tests, a judicious

design of experiments is instrumental in order to reduce therequired number of diagnostic mutant

strains. During in-vitro experiments with 82 test-drugs, an orderly data reduction of30% was shown

possible without altering the identification of the primarychemical-genetic interactions.

Sparsity inwireless cognitive networksemerges due to the geographical distribution of sources,

and also due to the scarcity of the radio frequency spectrum used for transmission. In this context,

sparsity is leveraged for mapping the interference temperature across space while identifying unoc-

cupied frequency bands. This is achieved by a novel so-termsnonparametric basis pursuit (NBP)

method, which entails a basis expansion model with coefficients belonging to a function space. The

spatial awareness markedly impacts spectral efficiency, especially when cognitive radios collaborate

to reach consensus in a decentralized manner. Tested in a simulated communication setting, NBP

captures successfully both shadowing as well as path-loss effects. In additional tests with real-field

RF measurements, the spectrum maps reveal the frequency bands utilized for transmission and also

reveal the position of the sources.

Finally, ablind NBP alternative is introduced to yield a Bayesian nuclear-norm regularization

approach for matrix completion. In this context, it becomespossible to incorporate prior covariance

information which enables smoothing and prediction. BlindNBP can be further applied to impute

missing entries of third- or higher-order data arrays (tensors). These attracted features of blind

NBP are illustrated for network flow prediction and imputation of missing entries in three-way

ribonucleic-acid (RNA) sequencing arrays and magnetic-resonance-imaging (MRI) tensors.



iii

Contents

Acknowledgments i

Abstract ii

List of Figures vii

List of Tables xi

1 Introduction 1

1.1 Motivation and context . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 3

1.1.1 Sparsity-aware inference of gene regulatory networks . . . . . . . . . . . . 3

1.1.2 Design of experiments for revealing chemical-genetic interactions . . . . . 5

1.1.3 Spectrum cartography in decentralized cognitive-radio networks . . . . . . 7

1.1.4 Bayesian rank regularization for tensor completion and extrapolation . . . 12

1.2 Thesis outline and contributions . . . . . . . . . . . . . . . . . . .. . . . . . . . 13

1.3 Published results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 14

1.4 Notational conventions . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 15

2 Inference of gene regulatory networks with sparse structural equation models exploit-

ing genetic perturbations 16

2.1 Identifiability of SEMs with full rank perturbation data. . . . . . . . . . . . . . . 20

2.2 Simulation studies and performance of inference algorithms . . . . . . . . . . . . 21

2.3 Inference of a network of immune-related human genes . . .. . . . . . . . . . . . 24

2.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4.1 Ridge regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .26

2.4.2 `1-regularized ML method . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4.3 SML algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30



CONTENTS iv

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Design of Experiments for Sparse

Chemical-Genetic Interactions 38

3.1 Chemical-genetic design . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 40

3.2 SDR-based algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 42

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .43

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 45

4 Nonparametric Basis Pursuit via Sparse Kernel-based Learning† 47

4.1 KBL Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 49

4.1.1 RKHS and the Representer Theorem . . . . . . . . . . . . . . . . . .. . . 49

4.1.2 LMMSE, Kriging, and GPs . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1.3 The kernel trick . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .51
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Chapter 1

Introduction

Networks abound in nature as biological systems at different levels, from genes regulating each

other via their expressed proteins, to proteins binding oneanother to form signalling pathways, cells

communicating via the release of hormones, or even humans interacting in their social environment.

There are also multiple examples of engineered networks, asthose of cognitive radios collaborating

to increase spectral efficiency, aerial and terrestrial multi-robot systems coordinating a surveillance

mission, clusters of microprocessors distributing the shared complexity of a computational task, or

renewable sources delivering energy to the end consumers through the smart grid. The list goes on

well beyond these examples since networked interactions are inherent to virtually any system with

multiple components, and these are ubiquitous [103].

Sparsity is an attribute naturally present in most network applications since owing to proximity

or shared functionality, each node interacts with a subset of neighbors only, which gives rise to

sparse graph comprising a relatively small number of edges when compared with the maximal

power graph formed by all possible node pairs. These premises set sparse networks as the common

denominator and motivate the statistical models and learning techniques dealt with in this thesis,

which is centered around gene-regulatory and wireless cognitive networks.

In the context of gene regulatory networks (GRN), a sparse structural equation model (SEM) is

proposed with the goal of identifying the topology of signed, directed and cyclic networks. Such

networks reveal activating or inhibitory genetic interactions and identify protein stabilizing loops.

The main contribution in this aspect is three-fold: i) the incorporation of genotype data as pertur-
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bations that provably resolve direction ambiguities; ii) an algorithm to solve the sparsity-promoting

regularized maximum likelihood SEM estimator, and iii) real data testing on a network of immune-

related human genes, depicted in Fig. 1.1, to reveal previously uncharacterized regulation paths.

Figure 1.1: Gene regulatory network of immune-related human genes

with cycles, edge directionality, and signed interactions.

Also in the context of gene

interactions, but now with a

focus on drug discovery, a

sparse model is proposed to

capture chemical-genetic inter-

actions of a new test drug. Ac-

counting for these interactions

accommodates multiple gene-

targets, and contributes to a

tailored design of experiments

that markedly reduces the number of diagnostic mutant strains required for identifying the deletion

mutants which are sensitive to the drug.

Switching attention to wireless cognitive radio (CR) networks, an RF cartography approach is

proposed for spectrum sensing with the goal of revealing unoccupied frequency bands, but lifting

the prevalent and restrictive assumption that occupancy isspace invariant. A novel nonparametric

basis pursuit (NBP) method is proposed to leverage sparsityfor revealing the unoccupied bands,

and map the distribution of power across space, time, and frequency. A distributed NBP algorithm

is devised to obtain the spectrum maps through the collaboration of CRs communicating with their

neighbors in a decentralized fashion.

When a blind approach is considered to fit the NBP model, and the space of feasible functions

is constrained to a linear span of Kronecker deltas, NBP reduces to low-rank matrix imputation

via nuclear norm regularization. In a more general setup, the proposed blind NBP develops into

a Bayesian inference method for matrix completion that incorporates covariance information and

thus enables smoothing and prediction. In addition, blind NBP can be applied to impute missing

entries of third- or higher-order data arrays (tensors). This property can be further appreciated

by noticing that extending the methods for matrix nuclear-norm regularization to low rank tensors
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is not straightforward, because higher-order PARAFAC and Tucker decompositions, which define

the rank and singular values of a tensor, are basically unrelated. These extra capabilities of blind

NBP are illustrated with applications to network flow prediction and imputation of missing data

corresponding to magnetic resonance imaging (MRI) and the three-way ribonucleic acid (RNA)

sequencing.

1.1 Motivation and context

From a high-level viewpoint, the research themes of this thesis can be divided in four thrusts: [T1]

inference of gene regulatory networks; [T2] Design of experiments for drug targeting; [T3] Spec-

trum cartography in cognitive radio networks; and, [T4] tensor rank regularization. Further moti-

vation and context for each of these thrusts is given in this section, with their detailed description,

tests, and specific results deferred to the corresponding chapters of this thesis that are delineated

next.

1.1.1 Sparsity-aware inference of gene regulatory networks

Genes in living organisms do not function in isolation, but may interact with each other and act

together forming intricate networks [111]. Deciphering the structure of gene regulatory networks is

crucial for understanding gene functions and cellular dynamics, as well as for system-level modeling

of individual genes and cellular functions. Although physical interactions among individual genes

can be experimentally deduced (e.g., by identifying transcription factors and their regulatory target

genes or discovering protein-protein interactions), suchan experimental approach is time consuming

and labor intensive. Given the explosive number of combinations of genes involved in any possi-

ble gene interaction, such an approach may not be practically feasible to reconstruct or “reverse

engineer” gene networks. On the other hand, technological advances allow for high-throughput

measurement of gene expression levels to be carried out efficiently and in a cost-effective manner.

These genome-wide expression data reflect the state of the underlying network in a specific condi-

tion and provide valuable information that can be fruitfully exploited to infer the network structure.

Indeed, a number of computational methods have been developed to infer gene networks from
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gene expression data. One class leverages a similarity measure, such as the correlation or mu-

tual information present in pairs of genes, to construct a so-termed co-expression or relevance net-

work [16, 32]. Another approach relies on Gaussian graphical models with edges being present

(absent) if the corresponding gene pairs are conditionallydependent (respectively independent),

given expression levels of all other genes [62, 155]. While the approach based on Gaussian graph-

ical models entails undirected graphs, directed acyclic graphs (DAGs) or Bayesian networks have

also been employed to infer the dependency structure among genes [72, 159]. The fourth approach

employs linear regression models and associated inferencemethods to find the dependency among

genes and to infer gene networks [28, 60, 75, 156], [103]. Finally, while these approaches use gene

expression data in the steady state, several methods exploiting time series expression data have also

been reported; see e.g., [141,166] and references therein.

Recently, gene expression data from gene-knockout experiments have been combined with time

series comprising gene expression data with perturbationsto considerably improve the accuracy of

network inference [189]. When a gene is knocked out or silenced, expression levels of other genes

are perturbed. Different from using gene expression levelsof the original network alone, comparing

gene expression levels in the perturbed network with those in the original network reveals extra in-

formation about the underlying network structure. Gene perturbations can be performed with other

experimental approaches such as controlled gene over-expression and treatment of cells with certain

chemical compounds [60, 75]. However, these gene perturbation experiments may not be feasible

for all genes or organisms. To overcome this hurdle, one can exploit naturally occurring genetic

variations that can be viewed as perturbations to gene networks [152]. More importantly, such ge-

netic variations enable inference of the causal relationship between different genes or between genes

and certain phenotypes.

Structural equation models combining phenotype and genetic perturbation data

Several approaches are available to capitalize on both genetic variations and gene expression data

for inference of gene networks. The first approach models a gene network as a Bayesian network,

and then infers the network by incorporating prior information about the network obtained from

expression quantitative trait loci (eQTLs) [198–200]. In the second approach, a likelihood test is
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employed to search for a casual model that “best” explains the observed gene expression and eQTL

data [13,45,108,128,134]. The third approach relies on theSEM to infer gene [115,117,126,187]

or phenotype networks [41, 58, 79, 96, 153, 183, 196]. While these approaches focus on inference

of gene networks incorporating information from eQTL, another approach employs both phenotype

and QTL genotype data to jointly decipher the phenotype network and identify eQTLs that are

causal for each phenotype [135]. Logsdon and Mezey [117] proposed an adaptive Lasso (AL) [201]

based algorithm to infer gene networks modeled with an SEM. They compared the performance of a

number of methods using simulated directed acyclic or cyclic networks. Their simulations showed

that the AL-based algorithm outperformed all other methodstested. Despite its superiority over

other methods, the AL-based algorithm does not fully exploit the structure of the SEM. Therefore,

it is expected that a more systematic inference algorithm may significantly improve performance of

the SEM-based approach.

Motivated by the fact that gene networks or more general biochemical networks are sparse

[75,97,175,177], a sparse SEM is advocated in this chapter to infer gene networks from both gene

expression and eQTL data. Incorporating network sparsity constraints, a sparsity-aware maximum

likelihood (SML) algorithm is developed for network topology inference. The core technique used

is to maximize the likelihood function regularized by the`1-norm of the parameter vector determin-

ing the network structure. Thè1-norm controls complexity of the SEM, and thus yields a sparse

network. The key innovative element of the SML algorithm is ablock coordinate ascent method

derived to maximize thè1-regularized likelihood function, which makes the SML algorithm com-

putationally efficient. The simulations provided demonstrate that the novel SML algorithm offers

significantly better performance than the two state-of-the-art algorithms: the AL [117], and the

QDG algorithm [134]. The SML algorithm is further applied toinfer a human network of 39 human

genes related to the immune function.

1.1.2 Design of experiments for revealing chemical-genetic interactions

Recent advances on pharmacology include the development ofa new generation of drugs for cancer

therapy that target specific tumor cells, thus avoiding the extensive tissue damage induced by con-

ventional chemotherapy [26]. Drug specificity is effected by acting over cells with cancer-related
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mutations only, while silencing genes that repress apoptosis to trigger the programmed cell death.

Figure 1.2: A binding chemical compound renders

protein MDM2 nonfunctional [61].

A critical step in the development of

such targeted therapy is to identify the tar-

get genes of a drug. To this end, a num-

ber of alternatives have been developed, in-

cluding the association method [95], hap-

loinsufficiency profiling [77], chemical ge-

nomics [137], and the gene network-based

method [60]. The chemical genomics ap-

proach in particular, has been shown ef-

fective in identifying target genes for a number of chemicalcompounds [90, 137, 138].

In this latter approach, the chemical-genetic interactionprofile of a chemical compound obtained

by treating a set of single mutants with the compound is compared against a library of genetic inter-

action profiles of a set of double-deletion mutants (shown inFig. 1.3). Specifically, perturbations

introduced by a certain chemical compound emulate the effect of a gene knockout, by binding to

the protein expressed from the gene and thus rendering it nonfunctional [15] (Fig. 1.2). Hence, the

Figure 1.3: Fitness phenotype profiles of double-deletion

mutants of Saccharomyces cerevisiae (yeast) [52].

loss of functionality of a gene correspond-

ing to the target of an inhibitory compound

models the primary effect of the compound.

The fitness of the double deletion mutants,

obtained by crossing the mutated target gene

with a set of viable mutants, yields a ge-

netic interaction profile for the target gene

that resembles the chemical-genetic interac-

tion profile of its inhibitory compound. On

this ground, correlating chemical-genetic interaction profile of a chemical compound with a set of

genetic interaction profiles offers the potential to revealthe target genes of a drug.

The main challenge facing advances of such a drug-targetingapproach resides in the lack of

time [12] and cost efficiency [139]. Indeed, this approach istime-consuming and expensive since
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for each drug thousands of deletion mutant strains need to bescreened for sensitivity. Hence, a

high-impact objective is to reduce the number of experiments for each drug without compromising

the accuracy of target prediction.

Toward this objective, a sparse linear model is put forth to describe chemical-genetic interac-

tions, while at the same time accommodating multiple possible targets per chemical compound. As

a result, the main result of this contribution consists in designing the most informative subset of

experiments to carry out under a prescribed budget. Specifically, if one can only afford acquiring

a limited number of entries per chemical-genetic profile of anew test-drug, the proposed design of

experiments aims to unveil the optimal subset of entries to acquire.

1.1.3 Spectrum cartography in decentralized cognitive-radio networks

The cognitive radio paradigm endeavors to mitigate the scarcity of spectral resources for

wireless communications through intelligent sensing and agile resource allocation techniques

[130], [89]. The motivating reason is that although most of the available spectrum has

been licensed to primary users (PUs) for exclusive usage, itis often significantly underuti-

lized depending on the time and location that communicationtakes place [2]. CRs aim to

learn the RF landscape, and identify the unused spectral resources (often called white space

or spectrum holes) in the time, frequency, and space domainsthrough spectrum sensing.

Figure 1.4: Heterogeneous network of CRs collaborat-

ing on spectrum cartography.

Sensing the ambient interference spectrum

is of paramount importance to the operation of

CR networks (Fig. 1.4), since it enables spatial

frequency reuse and allows for dynamic spec-

trum allocation; see, e.g., [74], [129] and ref-

erences therein. Collaboration among CRs can

markedly improve sensing performance [145],

and is key to revealing opportunities for spatial

frequency reuse [136]. Pertinent existing approaches havemostly relied on detecting spectrum oc-

cupancy per radio, and do not account for spatial changes in the radio frequency (RF) ambiance,
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especially at the intended receiver(s) which may reside several hops away from the sensed area.

The impact of this chapter’s novel field estimator to CR networks is a collaborative sensing

scheme whereby receiving CRs cooperate to estimate the distribution of power at spatial locationx

and frequencyf , namely the power spectrum density (PSD) mapΦ(x, f), as depicted in Fig. 1.5,

from local periodogram measurements.

Toward this goal, the following basis expansion model (BEM)is adopted for the target map

Φ(x, f) =

Nb
∑

ν=1

gν(x)bν(f) (1.1)

with x ∈ R
2, f ∈ R, and theL2−norms{||bν(f)||L2

= 1}Nb

ν=1 normalized to unity.

Bases{bν(f)}Nb

ν=1 are preselected, while functionsgν(x) are to be estimated based on noisy

samples ofΦ. This way, the model-versus-data balance is calibrated by introducing a priori knowl-

edge on the dependence of the mapΦ w.r.t. variablef , or more generally a group of variables, while

trusting the data to dictate the functionsgν(x) of the remaining variablesx.

Figure 1.5: Spectrum maps obtained via nonparamet-

ric basis pursuit.

Consider selectingNb basis functions us-

ing thebasis pursuitapproach [44], which en-

tails an extensive set of bases thus renderingNb

overly large and the model overcomplete. This

motivates augmenting the variational LS prob-

lem with a suitable sparsity-promoting penalty,

which endows the map estimator with ability to

discard factorsgν(x)bν(f) in (1.1), only keep-

ing a few bases that “better” explain the data.

This attribute is inherited because the novel

kernel-based method of this chapter induces

group sparsity in the coefficients of the optimal

finitely-parameterizedgν .

The spectrum cartography method should

be precise enough to identify spectrum holes, which justifies adopting the known bases to cap-

ture the PSD frequency dependence in (1.1). As far as the spatial dependence is concerned, the
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model must account for path loss, fading, mobility, and shadowing effects, all of which vary with

the propagation medium. For this reason, it is prudent to letthe data dictate the spatial component of

(1.1). Knowing the spectrum at any location allows remote CRs to reuse dynamically idle bands. It

also enables CRs to adapt their transmit-power so as to minimally interfere with licensed transmit-

ters. The kernel-based PSD maps here provide an alternativeto [17], where known bases are used

both in space and frequency. Different from [8] and [17], thefield estimator here does not presume

a spatial covariance model or pathloss channel model. Moreover, it captures general propagation

characteristics including both shadowing and fading.

Nonparametric basis pursuit

The fitting criterion for (1.1) relies on reproducing kernelHilbert spaces (RKHSs), which provide an

orderly analytical framework for nonparametric regression, with the optimal kernel-based function

estimate emerging as the solution of a regularized variational problem [191]. The pivotal role of

RKHS is further appreciated through its connections to “workhorse” signal processing tasks, such

as the Nyquist-Shannon sampling and reconstruction resultthat involves sinc kernels [132]. Alter-

natively, spline kernels replace sinc kernels, when smoothness rather than bandlimitedness is to be

present in the underlying function space [182].

Kernel-based function estimation can be also seen from a Bayesian viewpoint. RKHS and

linear minimum mean-square error (LMMSE) function estimators coincide when the pertinent co-

variance matrix equals the kernel Gram matrix. This equivalence has been leveraged in the context

of field estimation, where spatial LMMSE estimation referred to as Kriging, is tantamount to two-

dimensional RKHS interpolation [53]. Finally, RKHS based function estimators can be linked with

Gaussian processes (GPs) obtained upon defining their covariances via kernels [146].

Recent advances in sparse signal recovery and regression motivate a sparse kernel-based learn-

ing (KBL) redux introduced in this thesis chapter. Buildingblocks of sparse signal processing

include the (group) least-absolute shrinkage and selection operator (Lasso) and its weighted ver-

sions [88], compressive sampling [36], and nuclear norm regularization [68]. The common de-

nominator behind these operators is the sparsity on a signal’s support that thè1-norm regularizer

induces. Exploiting sparsity for KBL leads to several innovations regarding the selection of multiple
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kernels [105,127], additive modeling [114,147], collaborative filtering [6], matrix and tensor com-

pletion via dictionary learning [24], as well as nonparametric basis selection [21]. In this context,

the spectrum cartography approach is immersed into NBP, which is understood in a wider sense as

a framework unifying and advancing a number ofsparseKBL approaches.

Yet another seemingly unrelated, but increasingly populartheme in contemporary statistical

learning and signal processing, is that of matrix completion [68], where data organized in a matrix

can have missing entries due to e.g., limitations in the acquisition process. This chapter builds on

the assertion that imputing missing entries amounts to interpolation, as in classical sampling theory,

but with the low-rank constraint replacing that of bandlimitedness. From this point of view, RKHS

interpolation via a blind NBP emerges as the prudent framework for matrix completion that allows

effective incorporation of a priori information via kernels [6], including sparsity attributes.

Sparse KBL and its various forms contribute to computer vision [162,185], cognitive radio sens-

ing [21], management of user preferences [6], bioinformatics [167], econometrics [114, 147], and

forecasting of electric prices, load, and renewables (e.g., wind speed) [102], to name a few.

Decentralized cognitive-radio networks

Spectrum cartography is further developed into a distributed algorithm that capitalizes on the equiv-

alence of NBP and group-Lasso. Consider the classical problem of linear regression, where a vec-

tor y ∈ R
n of observations is given along with a matrixX ∈ R

n×p of inputs. Suppose thep

features are split intoNb disjoint factors (groups of features) such that the coefficient vector is

ζ = [ζ ′1, . . . , ζ
′
Nb

]′ ∈ R
p, where ′ denotes transposition andζν corresponds to the coefficients

of factor ν. The group least-absolute shrinkage and selection operator (Lasso) [190] is a model

selection and estimation technique used to select relevantfactors in linear regression, and yields

ζ̂glasso:= argmin
ζ

1

2
‖y −Xζ‖22 + µ

Nb
∑

ν=1

‖ζν‖2 (1.2)

whereµ ≥ 0 is a tuning parameter typically chosen via model selection techniques such as cross-

validation (CV); see e.g., [88, 190]. Ifµ = 0, no sparsity is enforced since (1.2) reduces to LS.

As µ increases, more sub-vector estimatesζf become zero due to the effect of the group sparsity-

encouraging penalty, and the corresponding factors drop out of the model. WhenNb = p, (1.2)
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becomes the Lasso [178] that performs variable – rather thanfactor – selection.

Finding ζ̂glassorequires solving (iteratively) for any given value ofµ a second-order cone pro-

gram (SOCP). While standard SOCP solvers can be invoked to this end, an increasing amount of

effort has been put recently into developing fast algorithms that capitalize on the unique properties

of the group-Lasso; see e.g. [190], [144], [82], [70], [194].

Typically, the training set is assumed to be centrally available, so that it can be jointly processed

to obtainζ̂glasso. However, collecting all data in a central location may be prohibitive in contempo-

rary applications of interest. A decentralized alternative is desired, in which the CRs communicate

with neighbors within their coverage area, eliminating theneed of a dedicated infrastructure, and

facilitating scalability specially for big data network applications [103].

Figure 1.6: Schematic diagram for the distributed NBP algorithm run-

ning at a local CR.

Having this context in mind,

a consensus-based distributed

algorithm is developed for group-

Lasso, which can be special-

ized for the Lasso as well. The

resulting optimization is recast

as a convexconstrainedmini-

mization and it is iteratively solved using the alternating-direction method of multipliers (AD-

MoM) [25, p. 253]. This way, provably convergent parallel recursions are derived to update each

CR’s local estimate, that entail simple vector soft-thresholding operations. This becomes possible

by leveraging the closed-form solution that is available inthe orthonormal case [194], [144], and

evidences the factor-level sparsity encouraging propertyof group-Lasso. A schematic of the result-

ing distributed algorithm is shown in Fig. 1.6, where it is indicated that on a per iteration basis,

CRs only exchange their current local estimate with their neighbors. By specializing to a dummy

single node network, a novel centralized group-Lasso solver is obtained as a byproduct. Different

from [190] and [144], the algorithm here can handle a nonorthonormal matrixX, and does not

require an inner Newton-Raphson recursion per iteration. By comparing the centralized algorithm

with its distributed counterparts of it is shown that the latter effectively split the computational

burden across nodes.
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1.1.4 Bayesian rank regularization for tensor completion and extrapolation

Returning to the analysis of blind NBP, the fourth and last chapter of this thesis focuses on im-

putation of data arrays. Imputation of missing data is a basic task arising in various Big Data

applications as diverse as medical imaging [73], bioinformatics [10], as well as social and computer

networking [48, 119]. The key idea rendering recovery feasible is the “regularity” present among

missing and available data. Low rank is an attribute capturing this regularity, and can be readily

exploited when data are organized in a matrix. A natural approach tolow-rank matrix completion

problem is minimizing the rank of a target matrix, subject toa constraint on the error in fitting the

observed entries [34]. Since rank minimization is generally NP-hard [184], the nuclear norm has

been advocated recently as a convex surrogate to the rank [68]. Beyond tractability, nuclear-norm

minimization enjoys good performance both in theory as wellas in practice [34].

Figure 1.7: Three-way RNA sequencing data modeled as a Poisson

counting process with missing entries.

The goal of this chapter is

to impute missing entries of

tensors (also known as multi-

way arrays), which are high-

order generalizations of matri-

ces frequently encountered in

chemometrics, medical imag-

ing, and networking [50, 104]. Leveraging the low-rank structure for tensor completion is chal-

lenging, since even computing the tensor rank is NP-hard [87]. Defining a nuclear norm surrogate

is not obvious either, since singular values as defined by theTucker decomposition are not gen-

erally related with the rank. Traditional approaches to finding low-dimensional representations of

tensors include unfolding the multi-way data and applying matrix factorizations such as the singular-

value decomposition (SVD) [10,46,180] or, employing the parallel factor (PARAFAC) decomposi-

tion [107,176]. In the context of tensor completion, an approach falling under the first category can

be found in [73], while imputation using PARAFAC was dealt with in [5].

The imputation approach presented in this chapter builds ona novel regularizer accounting for

the tensor rank, that relies on redefining the matrix nuclearnorm in terms of its low-rank factors.

The contribution is two-fold. First, it is established thatthe low-rank inducing property of the
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regularizer carries over to tensors by promoting sparsity in the factors of the tensor’s PARAFAC

decomposition. In passing, this analysis allows for drawing a neat connection with the atomic-

norm in [40]. The second contribution is the incorporation of prior information by using a Bayesian

approach that endows tensor completion with extra smoothing and prediction capabilities. A parallel

analysis in the context of RKHS further explains these acquired capabilities, provides an alternative

means of obtaining the prior information, and establishes auseful connection with collaborative

filtering approaches [6] when reduced to the matrix case. It is also in this context that low-rank

tensor imputation meets NBP.

While LS is typically utilized as the fitting criterion for matrix and tensor completion, implicitly

assuming Gaussian data, the adopted probabilistic framework supports the incorporation of alterna-

tive data models. Targeting count processes available in the form of network flows, social media

interactions, or the genome sequencing tensor-data in Fig.1.7, all of them modeled as Poisson dis-

tributed, the maximum a posteriori (MAP) estimator is expressed in terms of the Kullback-Leibler

(K-L) divergence [48].

1.2 Thesis outline and contributions

The four thrusts described in the previous section are presented in Chapters 2-4. The sparse SEM

for gene regulatory networks is introduced in Chapter 2, together with the main identifiability result,

which justifies the use of eQTL perturbations, and with a detailed development of thè-1 regularized

algorithm for maximum likelihood estimation of SEMs. The methods in this chapter are compared

to the state of the art through extensive simulations, and are used to infer a network of39 immune-

related genes from real data acquired from human blood cells. Edges in the so inferred network are

compared with documented gene interactions in the literature, finding support for all discoveries but

for three edges that, according to the theoretically imposed false-alarm constraints, are speculated

to reveal newly discovered regulation paths.

Chapter 3 deals with drug discovery, based on the sparse model for chemical-genetic interac-

tions, which also accommodates multiple drug targets. Thenthe correlation rule for detection is

presented, the criterion for design of experiments is postulated, and a semi-definite program is for-

mulated. The methods in this chapter are tested with real data to deduce that30% reduction in the
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number of experiments is possible if a single mismatch is admitted over the set of10% identified

target-genes, thus corroborating the performance gains over a randomized design, which can only

afford4% data reduction at10% mismatch. In addition, a comprehensive list of10 target-genes for

82 test- drugs is included, further establishing that the primary target-gene identification is unaltered

by the30% data reduction induced by the proposed design.

Spectrum cartography is the subject of Chapter 4. It begins with a review of RKHS and sparse

kernel-based learning, to introduce the overcomplete basis model and the variational NBP estimator.

The collaborative algorithm for distributed sparse estimation is also developed here along with the

blind NBP method for matrix completion. The methods in Chapter 4 are tested in a simulated com-

munication setting, which reveals that the use of a double-kernel learning approach is successful in

capturing both shadowing and path-loss effects. A test on real RF measurements is also included in

this chapter, showing that the sparsity pattern obtained with NBP reveals the frequency bands uti-

lized for transmission, and that the field estimates can alsolocalize the PU sources. An application

of blind NBP is further explored for network traffic flow prediction based on historical data obtained

from the Internet 2 repository.

Chapter 5 is dedicated to low-rank tensor based inference. Anovel regularizer on the factors

of the PARAFAC decomposition is proposed, and shown equivalent to the matrix nuclear norm in

the case of two-way arrays. The sparsifying effect of such a regularizer on the PARAFAC outer-

products is demonstrated by showing equivalence with an`2/3 minimization problem, and with the

atomic norm. The resulting estimator is endowed with extra smoothing and extrapolation capabili-

ties by reconstructing it in a Bayesian setup, which is proved equivalent to blind NBP in the matrix

case. Two algorithms are developed to process Gaussian and Poisson data, respectively. These al-

gorithms are tested with real data to impute missing entriesof two third-order tensors containing

MRI scans and RNA sequencing arrays.

1.3 Published results

The results on gene regulatory networks have been accepted for publication in PLOS Computational

Biology [39]. Spectrum cartography and the distributed algorithms have been published in the IEEE

Transactions on Signal Processing [17], [21], [122], in theIEEE Signal Processing Magazine [18],
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in the Elsevier Journal on Physical Communication [55], andin the EURASIP Journal on Signal

Processing [56]. The work on low-rank tensor imputation hasbeen submitted and is currently

under review for the IEEE Transactions on Signal Processing[24]. All these results have also

been disseminated at flagship international conferences, where eight articles have been accepted for

presentation [20], [19] [23], [22], [38], [57], [123], and [124].

1.4 Notational conventions

The notation adopted throughout uses bold lowercase and capital letters for vectorsa and matrices

A, respectively, with superscriptT denoting transposition. Tensors are underlined as e.g.,X, and

their slices carry a subscript as inXp; see also Fig. 5.1. Both the matrix and tensor Frobenius norms

are represented by‖ · ‖F . Symbols⊗, �, ~, and◦, denote the Kroneker, Kathri-Rao, Hadamard

(entry-wise), and outer product, respectively. Vector diag(M) collects the diagonal entries ofM,

whereas the diagonal matrix diag(v) holds the entries ofv on its diagonal. Thèq norm of vector

x ∈ R
p is ‖x‖q := (

∑p
i=1 |xi|q)

1/q for q ≥ 1; and‖M‖F :=
√

tr (MM′) is the matrix Frobenious

norm. Positive-definite matrices will be denoted byM � 0. The p × p identity matrix will be

represented byIp, while 0p will denote thep × 1 vector of all zeros, and0p×q := 0p0
′
q. Similar

notation will be adopted for vectors (matrices) of all ones.Thei-th vector of the canonical basis in

R
n will be denoted byei, i = 1, . . . , n.
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Chapter 2

Inference of gene regulatory networks

with sparse structural equation models

exploiting genetic perturbations

Consider expression levels ofNg genes fromN individuals measured using e.g., microarray or

RNA-seq. Letyi := [yi1, . . . , yiNg ]
T denote theNg × 1 vector collecting the expression levels

of theseNg genes of individuali. Suppose that a set of perturbations to these genes has been also

observed. These perturbations can be due to naturally occurring genetic variations near or within the

genes, gene copy number changes, gene knockdown by RNAi or controlled gene over-expression. In

this chapter, focus is placed on genetic variations observed at eQTLs, although the network model

and the inference method described in the next section are also applicable to cases where other

perturbations are available. As in [117], it is assumed thateach gene has at least onecis-eQTL so

that the structure of the underlying gene network is uniquely identifiable. Letxi := [xi1, . . . , xiNq ]
T

denote the genotype ofNq ≥ Ng eQTLs of individuali. The goal is to infer the network structure

of theNg genes from the available gene expression measurementsyi, i = 1, . . . , N, and eQTL

observationsxi, i = 1, . . . , N .

As in [115,117], the gene network is postulated to obey the SEM

yi = Byi + Fxi + µ+ εi, i = 1, . . . , N (2.1)
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whereNg × Ng matrixB contains unknown parameters defining the network structure; Ng × Nq

matrixF captures the effect of each eQTL;Ng × 1 vectorµ accounts for possible model bias; and

Ng × 1 vector εi captures the residual error, which is modeled as a zero-meanGaussian vector

with covarianceσ2I, whereI denotes theNg × Ng identity matrix. It is assumed that no self-

loops are present per gene, which implies that the diagonal entries ofB are zero. As mentioned

in [117], lack of self-loops and a diagonal covariance matrix of εi are commonly assumed in almost

all graph-based network inference methods. It is further assumed that the loci ofNq eQTLs have

been determined using an existing eQTL method, but the effective size of each eQTL is unknown.

Therefore,F hasNq unknown entries whose locations are known andNgNq − Nq remaining zero

entries (for instanceF is a diagonal matrix whenNq = Ng).

The network inference task is to estimateNg(Ng−1) unknown entries ofB, and as a byproduct,

theNq unknown entries ofF. Without any knowledge about the network, no restriction isimposed

on the structure specified byB. Therefore, the network is considered as a general directedgraph

that can possibly be a directed cyclic graph (DCG) or a DAG. Network inference is challenging

since the number of unknowns to be estimated is very large fora moderately largeNg. Note that

under the assumption that each gene has at least onecis-eQTL, the “Recovery” Theorem in [117]

guarantees that the network is identifiable for both DCGs andDAGs.

As discussed in [75, 97, 175, 177], gene regulatory networksor more general biochemical net-

works are sparse meaning that a gene directly regulates or isregulated by a small number of genes

relative to the total number of genes in the network. Taking into account sparsity, only a relatively

small number of the entries ofB are nonzero. These nonzero entries determine the network structure

and the regulatory effect of one gene on other genes. The SEM in (2.1) under the aforementioned

sparsity assumption will be henceforth referred to as the sparse SEM. Exploiting the sparsity inher-

ent to the network, an efficient and powerful algorithm for network inference will be developed in

the ensuing section.

Sparsity-aware inference method

Upon definingY := [y1, . . . ,yN ], X := [x1, . . . ,xN ], andE := [ε1, . . . , εN ], the SEM in (2.1)

can be compactly written asY = BY +FX+ µ1T +E, where1 is theN × 1 vector of all-ones.
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GivenX andY, the log-likelihood function can be written as

log p(Y|X;B,F,µ) =
N

2
log |det(I−B)|2 − NNg

2
log(2πσ2)

− 1

2σ2
‖Y −BY − FX− µε1

T ‖2F (2.2)

wheredet(·) denotes matrix determinant, and‖ · ‖F denotes the Frobenius norm.

As mentioned earlier,B is a sparse matrix having most entries equal to zero. In orderto obtain

a sparse estimate ofB, the natural approach is to maximize the log likelihood regularized by the

weighed̀ 1-norm term‖B‖1,W :=
∑Ng

i=1

∑Ng

j=1wij |Bij |, whereBij denotes the(i, j)th entry ofB.

In a linear regression model, it is well known that the`1-regularized least-squares estimation also

known as Lasso [178] can yield a sparse estimate of the regression coefficient vector. Similarly,

the`1-regularized maximum likelihood (ML) approach used here isexpected to shrink most of the

entries ofB toward zero, thereby yielding a sparse matrix. It is easy to show that maximizing

log p(Y|X;B,F,µ) with respect to (w.r.t.)µ yieldsµ̂ = (I−B)ȳ−Fx̄, whereȳ =
∑N

n=1 yn/N

and x̄ =
∑N

n=1 xn/N . Upon definingỹn := yn − ȳ, x̃n := yn − x̄, Ỹ := [ỹ1, . . . , ỹN ],

X̃ := [x̃1, . . . , x̃N ], and substitutinĝµ for µ in (2.2), the proposed̀1-penalized ML estimation

approach yields

(B̂, F̂) = argmax
B,F

Nσ2 log |det(I −B)| − 1

2
‖Ỹ −BỸ − FX̃‖2F − λ‖B‖1,W (2.3)

subject to Bii = 0,∀i = 1, . . . , Ng, Fjk = 0, ∀(j, k) ∈ Sq

whereSq denotes the set of row and column indices of the entries ofF known to be zero. As

assumed earlier, each phenotype has at least onecis-eQTL that has been identified, which implies

that the locations of nonzero entries ofF or equivalently the setSq is known. However, our sparse

SEM and inference method are also applicable to more generalcases where some or all phenotypes

havecis-eQTLs that have not been identified. In these cases, the locations of nonzero entries ofF

corresponding to the unidentifiedcis-eQTLs are unknown. We can form a weighted`1-norm of the

entries ofF excluding those corresponding to the identifiedcis-eQTL and then add a penalty term

involving this `1-norm to the objective function in (2.3). This new optimization problem can be

solved efficiently using a method modified from the one solving (2.3), as described in Appendix A.

Weightswij in the penalty term are introduced to improve estimation accuracy in line with

the AL [201]. They are selected as1/B̃ij , whereB̃ij is found using a preliminary estimate ofB
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obtained via ridge regression as

(B̃, F̃) = argmin
B,F

1

2
‖Ỹ −BỸ − FX̃‖2F + ρ‖B‖2F

subject to Bii = 0,∀i = 1, . . . , Ng, Fjk = 0, ∀(j, k) ∈ Sq. (2.4)

The sparsity-controlling parametersλ in (2.3) andρ in (2.4) are selected via cross validation (CV),

while σ2 is estimated as the sample variance of the error usingB̃ andF̃. In adaptive Lasso based

linear regression [201], Zou suggested using the ordinary least squares (OLS) estimate to determine

the weights; if the OLS estimate does not exist due to, e.g., collinearity, Zou suggested the esti-

mate obtained from ridge regression, although it remains toshow if the ridge regression estimate

is consistent in this case and if the resulting adaptive Lasso yields the desired oracle properties.

If OLS is used for estimatingB andF in the SEM, the solution usually does not exist since the

number of unknowns is typically larger than the number of samples. However, even in this case

the solution can always be obtained from ridge regression asin (2.4). Moreover, every entry of

the solution is typically nonzero, which yields a finite weight for every variable, and thus every

variable will be included in the following̀1-penalized ML procedure. An alternative approach is

to replace the weighed̀1-norm in (2.3) with an unweighted̀1-norm to obtain a preliminary es-

timate ofB and then calculate the weights from this preliminary estimate, as in [117]. However,

the unweighted̀ 1-penalized ML procedure may shrink many variables to zero and exclude them

from the weighted̀ 1-penalized ML estimator, possibly yielding a biased estimate. For this reason,

the inference method in this chapter uses ridge regression to determine{wij}, with the additional

advantage of (2.4) admitting a closed-form solution.

A block diagram of the novel inference algorithm, abbreviated as the sparsity-aware maximum

likelihood (SML) algorithm, is depicted in Figure 2.2. The first and third blocks in Figure 2.2 per-

form cross-validation to select optimal parametersρ andλ to be used in (2.3) and (2.4), respectively

(see the description of the cross-validation procedure in Appendix A.) The third block produces

weights{wij} and error-variance estimatêσ2e after solving (2.4). Finally, the fourth block takes

dataX andY together withλ, {wij} and σ̂2e and solves (2.3) to yield̂B, representing the SML

estimator forB in (2.1) and revealing the genetic-interaction network. Asit will be described in the

Methods section, (2.4) is separable across rows ofB andF, and each row of̃B andF̃ becomes avail-



2.1. IDENTIFIABILITY OF SEMS WITH FULL RANK PERTURBATION DA TA 20

able in closed form [cf. (2.11)-(2.12)]. Thè1-regularized ML problem (2.3) is solved efficiently

using a novel block coordinate ascent iterative scheme given by (2.14)-(2.19) in the Methods sec-

tion. Precise description of the overall SML algorithm is also presented in the Methods section as

Algorithm 1, which was used to yield an executable computer program.

2.1 Identifiability of SEMs with full rank perturbation data

The following proposition assesses identifiability of the network topology, and highlights the key

role of the eQTL perturbation dataX as the enabler to resolve direction ambiguities.

Proposition 2.1 Assume that dataX andY abide to an SEM modelY = BY + FX, for some

matrixB with diagonal entriesbii = 0 and diagonal matrixF with diagonal entriesfii 6= 0.

Assume also thatX has full column rank.

Then, B and F are unique. Moreover, they are expressible in terms ofX and Y as F =
(

Diag
[

(

YX†
)−1
])−1

andB = I− F(YX†)−1.

Proposition 2.1 establishes that if the perturbation data is rich enough; i. e., presenting sufficient

variation across samples, then the matrixB and thus the topology and edge direction can be uniquely

identified. The importance of the perturbation data is emphasized by the counterexample in Fig. 2.1.

Figure 2.1: Example of two equivalent networks representing the same dataY in the absence of perturbations.

The two graphs in figure 2.1 are undistinguishable from expression data only. Indeed, for any

matrix Y such thatY = BY is verified for matrixB at the left in figure 2.1,Y = BY is also

satisfied for the matrixB at the right. This corresponds to settingX to zero, in which case the

hypothesis of Proposition 2.1 does not hold.
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Proof: Rewriting the SEM as(I−B)Y = FX, and withX andF having full row rank, it follows

that (I − B)Y has full row rank. Hence(I − B) is invertible, and thus the system of equations

Y = AX is solved byA? := (I −B)−1F.

On the other hand, the systemY = AX admits the solutionA = YX†, whereX† stands for

the Moore-Penrose pseudo-inverse ofX. SinceX is full row rank, the solution is unique, hence

A? = YX† (2.5)

The diagonal of elements ofB are null andF−1 is a diagonal matrix, therefore the diagonal

entries of(A?)−1 = F−1(I −B) coincide with those ofF−1, implying

F =
(

Diag
[

(A?)−1
])−1

(2.6)

In additionF−1(A?)−1 = (I−B), so that

B = I− F−1(A?)−1. (2.7)

Substituting (2.5) into (2.6) and (2.7), it follows thatB andF are functions ofYX†, which

proves uniqueness and completes the proof.

2.2 Simulation studies and performance of inference algorithms

In their simulation studies, Logsdon and Mezey [117] compared the performance of their AL-based

algorithm with that of several other algorithms including the PC-algorithm [98, 169], the QDG

algorithm [134], the QTLnet algorithm [135], and the NEO algorithm [13]. In two out of four

simulation setups, the AL outperformed all other algorithms; and in the other two simulation setups,

the AL and QDG algorithms exhibited comparable performance, but consistently outperformed

the other two algorithms. Logsdon and Mezey [117] also considered other existing algorithms

[113, 115], but these were deemed either computationally too demanding [113] or prohibitively

complex [115]. For these reasons, the AL and QDG algorithms are regarded as state-of-the-art in

the field. Their performance was compared against this chapter’s SML algorithm.

Following the setup of Logsdon and Mezey [117], two types of acyclic gene networks were

simulated first: one with 10 genes and another with 30 genes. Specifically, a random DAG of 10
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or 30 nodes with an expectedNe = 3 edges per node was generated by creating directed edges

between two randomly picked nodes. Care was taken to avoid any cycle in the simulated graph. If

an edge from nodej to nodei was emerging,Bij was generated from a random variable uniformly

distributed over the interval(0.5, 1) or (−1,−0.5); otherwise,Bij = 0. The genotype per eQTL

was simulated from an F2 cross. Values 1 and 3 were assigned totwo homozygous genotypes,

respectively, and 2 to the heterozygous genotype. Hence,Xij was generated as a ternary random

variable taking values{1, 3, 2} with corresponding probabilities{0.25, 0.25, 0.5}. Matrix F was

theNg × Ng identity matrix,Eij was sampled from a Gaussian distribution with zero mean and

variance10−2, andµ was set to zero. Finally,Y was calculated fromY = (I−B)−1(FX+E).

For each type of gene network, 100 realizations or replicates of the network were generated,

and then the SML, the AL and the QDG algorithms were run to infer the network topology. When

running the SML algorithm, 10-fold CV was employed to determine the optimal values of parame-

tersλ andρ and then use these values to infer the network. An edge from genej to i was deemed

present ifB̂ij 6= 0. The AL algorithm also automatically ran using CV to determine the values of

its parameters. For 100 replicates of the network,Nt counted the total number of edges,N̂t denoted

the total number of edges detected by the inference algorithm. AmongN̂t detected edges,Ntrue

stands for the number of true edges presented in the simulated networks, andNfalse for the number

of false edges. The power of detection (PD) was then found asNtrue/Nt, and the false discovery

rate (FDR) asNfalse/N̂t. The PD and the FDR of the SML, AL, and QDG algorithms for different

sample sizes are depicted in Figure 2.3. It is seen from Figures 2.3(a) and (c) that the PD of the

SML algorithm exceeds 0.9 for both networks across all sample sizes, whereas the PD of the AL

algorithm is about 0.65 forNg = 10 and 0.35 forNg = 30. The PD of the QDG algorithm is

even lower ranging from 0.22 to 0.33. As shown in Figures 2.3(b) and (d) , the FDR of the SML

algorithm is on the order of10−3 for most sample sizes, and is much lower than that of the AL and

QDG algorithms, which is about 0.3 forNg = 10 and over the range from 0.31 to 0.6 forNg = 30.

Two types ofcyclicnetworks were subsequently simulated: one with 10 genes andthe other with

30 genes. The average number of edges per gene is again equal to 3. The same procedures used in

simulating acyclic networks described earlier were employed, except that DCGs instead of DAGs

were simulated. Again, 100 replicates for each type of the networks were randomly generated. The
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PD and the FDR of three algorithms are depicted in Figure 2.4.As shown in Figure 2.4(a) and (c)

, the PD of the SML algorithm is between 0.83 and 0.9, whereas the PD of the AL algorithm is

about 0.52 forNg = 10 and 0.29 forNg = 30, and the PD of the QDG algorithm is between 0.16

and 0.28. As shown in Figures 2.4(b) and (d) , the FDR of the SMLalgorithm is< 0.01, which is

much smaller than that of the AL and QDG algorithms over the range from 0.33 to 0.68. For the

convenience of comparison, the results in Figures 2.3 and 2.4 at sample size 500 are summarized in

Table 2.1.

As confirmed by Figures 2.3 and 2.4, the SML algorithm offers much better performance in

terms of PD and FDR than the AL and QDG algorithms. However, these results were obtained for

gene networks of small size. To test performance of the SML algorithm for networks of relatively

large size, an acyclic network of 300 genes was simulated with an expectedNe = 1 edge per node,

and randomly generated 10 replicates of the network. PD and FDR of the SML and AL algorithms

obtained from these replicates are depicted in Figure 2.5. The PD of SML exceeds0.99 across all

sample sizes from 100 to 1,000, whereas that of the AL algorithm is about 0.04 for sample sizes

from 100 to 500, and gradually increases to 0.42 at the samplesize of 1,000. The FDR of SML

stays below10−4 for sample sizes from 400 to 1,000, whereas the FDR of the AL algorithm is on

the order of10−2 for the same sample size. When the sample size is relatively small (in the range

from 100 to 300), the FDR of SML is higher than that of the AL algorithm, but it is still relatively

small (< 0.2). Note that the AL algorithm essentially does not work for sample sizesN ≤ 500,

since its power is too small. All simulation results show that the novel SML algorithm significantly

outperforms the AL and QDG algorithms in terms of PD and FDR.

An extra set of simulations assessing the stability of SML isdescribed in the section of “Stabil-

ity of model selection under CV perturbations” in Appendix A. As an alternative to CV, stability

selection (STS) [125] provides a means of selecting an appropriate sparsity level to guarantee that

the FDR is less than a theoretical upper bound. The STS procedure was applied to the SML al-

gorithm as described in Appendix A, and was used with the selection probability cutoffδ = 0.8

and an upper bound or target FDR=0.1 in simulations for the networks in Figures 2.3[(c) and (d)]

and 2.4 [(c) and (d)]. As shown in Figure A.3, the FDR of the STSis indeed much smaller than

the target FDR and almost uniform across different sample sizes, but the PD of the STS is smaller
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than that of CV. In fact, the FDR of the STS is on the same order as that of the CV except at the

sample size of 100 for the DAG. As seen from these simulation results, although the STS guarantees

a FDR upper bound, this upper bound is loose for the simulation setups tested, which may sacrifice

detection power. Nevertheless, the STS procedure can select a set of stable variables as described

in [125] and verified by our simulations.

So far, all the simulated data were generated with noise varianceσ2 = 0.01. Next, the perfor-

mance of SML was analyzed for simulated networks of 30 genes,whenσ2 was increased to 0.05

andNe was changed from 3 to 1 or 5. ReducingNe from 3 to 1 improved the performance of SML

for most of the sample sizes, as it is depicted in Figure 2.6, withstanding the increase in the noise

variance. IncreasingNe at constantσ2, or increasingσ2 at constantNe degraded the performance,

most notably in the later case. Comparing Figure 2.6 with Figures 2.3 and 2.4 [(c) and (d)] demon-

strates that in both cases the SML estimates still achieve higher detection power and lower FDR

than those estimates obtained with the AL algorithm forNe = 3 andσ2 = 0.01.

2.3 Inference of a network of immune-related human genes

Pickrell et al. [143] used RNA-Seq technology to sequence RNA from 69 lymphoblastoid cell lines

derived from unrelated Nigerian individuals extensively genotyped by the International HapMap

Project [69]. For each gene, they evaluated possible associations between its gene expression level

calculated from RNA-Seq reads and all 3.8 million single nucleotide polymorphisms (SNPs) using

the genotypes from phases II and III of the HapMap Project. AtFDR=0.1, they identified 929 genes

or putative new exons that have eQTLs within 200kb of the geneor the exon. From these 929 genes,

39 genes that are related to immune functions were selected manually by an expert as mentioned in

the Acknowledgements section; expression levels and the genotypes of the eQTLs of these 39 genes

in 69 individuals were used to infer the underlying regulatory network.

Pickrell et al. normalized expression values using quantile normalization before performing

eQTL mapping. They also provided a data set that contains thenumber of reads mapped to each of

929 genes. This data set was obtained and the number of reads for each of 39 genes was normalized

with the length of the gene to yield expression value. Such kind of values may better reflect the real

expression values than the values normalized with quantilenormalization, and thus they were used
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to infer the network. To ensure the quality of the data, the SAS ROBUSTREG procedure was ap-

plied to 69 expression values of each of 39 genes to detect outliers. The default M estimation method

of the ROBUSTREG procedure was employed and the outliers were detected at a significance level

of 0.05. Several outliers with values much larger than the remaining values were identified and were

replaced with the largest non-outlier since it is closest tothe outliers. More sophisticated means of

revealing and imputing outliers are possible using robust statistical schemes; see e.g., [78]. The

genotypes of the eQTLs of the 39 genes were downloaded from HapMap database using the SNP

IDs for the eQTL provided by Pickrellet al.. About 12% genotypes are missing. These missing

genotypes were imputed using the program IMPUTE2 [93]. The name and a brief description of

each gene were obtained from DAVID [94] using the Ensembl gene IDs provided by Pickrellet al.

Information of these 39 genes including their Ensembl gene IDs and names, a brief description of

each gene, and HapMap SNP IDs of the associated eQTLs can be found in Table S1 in Appendix A.

The SML algorithm was run with the expression levels and genotypes of eQTLs of these 39

genes. An edge from genej to i was detected if̂Bij 6= 0. To improve the reliability of the detected

edges, the SML algorithm was run with stability selection atan FDR≤ 0.1 using 100 random

subsamples, yielding 13 directional edges as shown in Figure 2.7. The frequency of each edge

detected in 100 runs is given in Table A.2. It is interesting to see from Figure 2.7 that only 9 genes

are involved in the network, and the remaining 30 genes are not connected with any other genes and

thus not shown in the figure. AL and QDG algorithms were also run with stability selection at an

FDR≤ 0.1 using 100 random subsamples. The edges detected by AL and QDGalgorithms and

their frequencies are included in Table A.2. The AL algorithm detected only one edge that was not

detected by the SML algorithm. The QDG yielded 3 edges, one ofwhich was also detected by the

SML algorithm. Comparing the results of three algorithms shows that our SML algorithm detected

more edges than the other two algorithms at the same FDR due toits higher detection power as

confirmed also by the simulations. When the FDR was increasedto ≤ 0.3, the SML algorithm

with stability selection yielded a network of 16 genes that have 42 edges as shown in Figure A.4 in

Appendix A. Since only 39 genes were used to construct the network, an edge between two genes

may not necessarily imply a direct regulatory effect, but may reflect the fact that two genes are either

directly linked or very close to each other in the real network that consists of all genes. Particularly,
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if two genes are co-regulated by another gene which is not included in the 39 genes, these two genes

may have a unidirectional or bidirectional edge.

Most edges in Figure 2.7 are between major histocompatibility complex (MHC) genes (HLA-

A, HLA-DPA1, HLA-DQA2, HLA-DQB1, HLA-DRB4 and HLA-DRB5), which is expected since

these genes may interact with each other and/or be co-regulated. FCRLA is a member of Fc

receptor-like family of genes. It is expressed in B cells andinteracts with IgG and IgM [154, 193].

IGH, encoding the heavy chain of immunoglobulin, characterizes the B-cell origin of the samples.

Hence, it is not surprising to see an edge between FCRLA and IGH. Interleukin-4-induced gene 1

(IL4I1) was first described in the mouse [49] and subsequently characterized in human B cells [43].

Human IL4I1 is expressed by antigen-presenting cells [29],which may allude to the edge between

HLA-A and IL4I1, but this may be speculative since there is noedges between IL4I1 and MHC

class II genes in the network. The edges between IGH and HLA-Aand between IGH and HLA-

DRB4 may reflect the coordinated effect of antibody and MHC asa response to antigens. In fact,

IGH is connected to most of MCH genes in Figure A.4, which may imply the wide coordination

between the two classes of molecules.

2.4 Methods

2.4.1 Ridge regression

Closed-form solution: Problem (2.4) can be solved row by row independently in closed form. Let

bT
i , b̃T

i , fTi , f̃Ti andy̌T
i denote theith row ofB, B̃, F, F̃, andỸ, respectively. Then, problem (2.4)

is equivalent to the following problem

(b̃i, f̃i) = argmin
bi,fi

1

2
‖y̌T

i − bT
i Ỹ − fTi X̃‖22 + ρ‖bi‖22

subject to bi(i) = 0, fi(k) = 0, ∀k s.t. (i, k) ∈ Sq (2.8)

wherebi(j) stands for thejth element ofbi andfi(k) denotes thekth element offi.

The constraints in (2.8) can be imposed directly by discarding elements ofbi andfi known to be

zero. To this end, define an(Ng − 1)× 1 vectorb̌i := [bi(1), . . . , bi(i− 1), bi(i+ 1) . . . , bi(Ng)]
T

and a vectořfi collecting the entries offi whose indexes are not inSq(i) := {k ∈ N : (i, k) ∈ Sq}.
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Let b̄i and f̄i denote the solution fořbi andf̌i, respectively. Similarly, leťYi be a sub-matrix of̃Y

formed by removing theith row of Ỹ, andX̌i collecting those rows of̃X whose indexes are not in

Sq(i). Under these definitions, (2.8) is equivalent to

(b̄i, f̄i)=argmin
b̌i,f̌i

1

2
‖y̌i − Y̌T

i b̌i − X̌T
i f̌i‖22 + ρ‖b̌i‖22. (2.9)

Minimizing for f̌i first, one arrives at

f̌i =
(

X̌iX̌
T
i

)−1
X̌i

(

y̌i − Y̌ib̌i

)

. (2.10)

Substituting (2.10) into (2.9) after definingPi := I− X̌T
i

(

X̌iX̌
T
i

)−1
X̌i, yields

b̄i=argmin
b̌i

1

2
‖Piy̌i −PiY̌

T
i b̌i‖22 + ρ‖b̌i‖22,

which is a standard ridge regression problem with solution given by

b̄i =
(

Y̌iPiY̌
T
i + ρI

)−1
Y̌T

i Piy̌i. (2.11)

Finally, substituting (2.11) into (2.10) yields

f̄i =
(

X̌iX̌
T
i

)−1
X̌i

(

I− Y̌i

(

Y̌iPiY̌
T
i + ρI

)−1
Y̌T

i Pi

)

y̌i. (2.12)

Vectorsb̃i andf̃i are obtained by inserting zeros intob̄i andf̄i at appropriate positions specified by

the constraints in (2.8). Collecting̃bi andf̃i, i = 1, . . . , Ng, yields the solution of (2.4), namelỹB

andF̃.

Parameterρ is required to solve (2.4). AK-fold CV scheme is adopted for this purpose with

typical choices ofK = 5 or 10, as suggested in [88]. A detailed description of the CV procedure

[88] is given in Appendix A.

2.4.2 `1-regularized ML method

Coordinate-ascent algorithm: Solving (2.3) is performed by a cyclic block-coordinate ascent it-

eration. Consider a specific cycle where estimates ofB andF obtained in the previous cycle are

denoted bŷB andF̂, respectively. The first step of the cycle entails maximizing the objective func-

tion in (2.3) w.r.t.F with B fixed to B̂, which yields a new estimate ofF denoted aŝFnew. This
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step coincides with the minimization of the objective function in (2.4) w.r.t. F, which admits a

closed-form solution per row given by (2.10). In each of the nextN(N − 1) steps of the cycle, the

objective function in (2.3) is maximized w.r.t. a single entry of B, namelyBij, i 6= j, with the

remaining entries ofB equal to the corresponding entries ofB̂ andF = F̂new. An expression for

the new estimate ofBij, B̂new
ij is derived next.

Define matrixB̂(Bij) := B̂ + eie
T
j (Bij − B̂ij) having all entries equal to those ofB̂ except

for its (i, j)th entry, which is replaced by the variableBij , whereei andej denote theith andjth

canonical vectors inRNg, respectively. Then, the objective in (2.3) can be written as

fij(Bij) = Nσ̂2 log |det(I − B̂(Bij))| −
1

2
‖Ỹ − B̂(Bij)Ỹ − F̂newX̃‖2F − λwij |Bij |. (2.13)

Upon re-arranging and discarding constant terms, (2.13) simplifies to

gij(Bij) := Nσ̂2 log |α0 − cijBij|+ α1Bij −
1

2
α2B

2
ij − λwij |Bij | (2.14)

wherecij denotes the(i, j)th co-factor of matrixI− B̂, and{αl}2l=0 are defined as

α0 := det(I− B̂) + cijB̂ij,

α1 :=
[(

I− B̂+ eie
T
j B̂ij

)

ỸỸT − F̂newX̃ỸT
]

ij

α2 := ‖ỸTej‖22

with [·]ij representing the(i, j)th entry of the matrix between brackets. For numerical stability and

computational savings, all co-factorscij , j = 1, . . . Ng, per row can be computed simultaneously

by solving(I − B̂)ci = ei, with ci := [ci1, . . . , ciNg ]
T . After an iteration step is completed and

B̂new
ij is computed,ci can be updated using the matrix inversion lemma asci = ci/(1+B̂

new
ij −B̂ij)

before updatinĝBij = B̂new
ij .

A new estimate ofBij is formed by maximizinggij(Bij) in (2.14). To this end, consider two

cases withcij = 0 andcij 6= 0. If cij = 0, the logarithmic term can be dropped from (2.14) yielding

a standard Lasso problem with solution

B̂new
ij =

sign(α1)

α2
max{|α1| − λwij , 0}. (2.15)

Whencij 6= 0, three hypotheses are tested, namely: i)Bij > 0; ii) Bij = 0; and, iii)Bij < 0. For

hypotheses i) and iii), the solution can be found in closed form after equating to zero the derivative
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of (2.14) w.r.t. Bij . The roots found in both cases have to be tested against the corresponding

hypothesis. Then, the surviving roots are grouped withBij = 0 as candidate solutions, and the

candidate yielding the maximumgij(Bij) is the new estimatêBij.

Specifically, under hypothesis i) whereBij > 0, the derivative ofgij(Bij) in (2.14) takes the

form −Nσ2cij/(α0 − cijBij) + (α1 − λwij) − α2Bij , which upon multiplication with(α0 −
cijBij)/cij turns into

−Nσ2 + α1
α0

cij
− λwij

α0

cij
−
(

α2
α0

cij
+ α1 − λwij

)

Bij + α2B
2
ij

= p0 − λwij
α0

cij
− (p1 − λwij)Bij + α2B

2
ij (2.16)

under the definitions

p0 := −Nσ2 + α1
α0

cij

p1 := −α1 + α2
α0

cij
.

Consider the equation obtained by setting (2.16) equal to zero. If it has root(s), then they are given

by

r+ij =
1

2α2

[

p1 − λwij ±
√

(p1 − λwij)
2 − 4α2

(

p0 − λwij
α0

cij

)

]

. (2.17)

Let B+
ij stand for the set containing the positive root(s) in (2.17).If the equation does not have a

solution,B+
ij equals the empty set.

Similarly for hypothesis iii) whereBij < 0, setting the derivative of (2.14) equal to zero, one

obtains an equation. If this equation has root(s), they are given by

r−ij =
1

2α2

[

p1 + λwij ±
√

(p1 + λwij)
2 − 4α2

(

p0 + λwij
α0

cij

)

]

. (2.18)

Let B−
ij denote the set containing the negative root(s) in (2.18). Ifthe equation does not have a

solution,B−
ij becomes the empty set. Considering all three hypotheses, one arrives at

B̂new
ij = arg max

Bij∈B
+

ij∪B
−
ij∪{0}
gij(Bij). (2.19)

After a cycle is completed, the algorithm is checked for convergence by verifying whether the

inequality‖B̂− B̂new‖2F /‖B‖2F + ‖F̂ − F̂new‖2F /‖F‖2F < ε is satisfied, whereε is a prespecified
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small constant. If yes, the algorithm is stopped andB̂ = B̂new andF̂ = F̂new are output as the final

estimates ofB andF; otherwise,B̂ = B̂new andF̂ = F̂new and one proceeds to execute the next

cycle.

In order to increase the speed of the SML algorithm, the discarding rules proposed for sparse

linear regression [65, 179] were adapted to the sparse SEM setup. Givenλ, the discarding rules

provide a means of computing a matrixQ(λ), whose entries determining entries ofB that can be

set to zeroa priori without be updated during the coordinate-ascent iterations. A detailed description

of the discarding rules, together with the CV procedure to select the optimalλ, and the expression

for the requiredλmax, that is, the minimum value ofλ for which the solution to (2.3) is null, are

provided in Appendix A.

2.4.3 SML algorithm

The overall SML approach described in the Methods section, including the ridge regression weights,

the discarding rules, and the coordinate descent cycle is depicted step-by-step in Algorithm 1. The

for-loop starting from line 8 and ending at the last line is the `1-regularized ML method for comput-

ing B̂ andF̂ in (2.3), which comprises the block coordinate ascent algorithm and discarding rules.

In our computer program, these lines were written as a subroutine. Since the CV on line 7 needs to

solve (2.3), the subroutine is also called on line 3 withλ varying fromλmax to λmin = 10−4λmax.

An additional subroutine implementing ridge regression was written to solve (2.4), and subsequently

called on lines 1 and 2.

In Appendix A, three relevant extensions to the SML algorithm are described. First, stability

selection [125] is applied to the SML, as an alternative to CV, to select the sparsity level so that

the FDR is controlled. Second, the SML is extended to handle heteroscedasticity in the SEM error.

Third, the SML is modified to enable inference of unknown eQTLs. In addition, Appendix A

gives a description of the state-of-the-art AL-based and QDG algorithms that were considered for

comparison with SML.
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Figure 2.2: Block diagram of the sparsity-aware maximum likelihood (SML) algorithm.

The first and third blocks perform cross-validation to select optimal parametersρ andλ to be used in (2.3)

and (2.4), respectively. The third block produces weights{wij} and error-variance estimatêσ2
e after solving

(2.4). Finally, the fourth block takes dataX andY together withλ, {wij} andσ̂2
e and solves (2.3) to yield̂B,

which represents the SML estimator forB in (2.1) revealing the genetic-interaction network. A moredetailed

description of the SML algorithm is given in Algorithm 1 in the Methods section.

Table 2.1: Performance of SML, AL and QDG algorithms. Expected number of nodes per node isNe = 3.

PD and FDR were obtained from 100 replicates of the network with a sample size of 500.

Network Ng PD FDR

SML AL QDG SML AL QDG

DAG 10 0.9887 0.6564 0.3014 0.0007 0.2586 0.2991

30 0.9891 0.3544 0.3232 0.0010 0.4548 0.3403

DCG 10 0.8872 0.5330 0.2677 0.0067 0.3268 0.3783

30 0.8931 0.2941 0.2254 0.0020 0.6086 0.5047

2.5 Summary

Integrating genetic perturbations with gene expression data for inference of gene networks not only

improves inference accuracy, but also enables learning of causal regulatory relations among genes.

Although much progress has been made recently on the development of inference methods that

integrate both types of data, a truly efficient algorithm is missing. The SEM provides a systematic

framework to integrate both types of data, and offers flexibility to model both directed cyclic as

well as acyclic graphs. However, there is no systematicallydesigned inference method for SEMs of
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Figure 2.3: Performance of SML, AL and QDG algorithms for directedacyclicnetworks ofNg = 10 [(a) and

(b)] or 30 [(c) and (d)] genes. Expected number of nodes per node isNe = 3. PD and FDR were obtained

from 100 replicates of the network with different sample sizes (N= 100 to 1,000).

relatively high dimension, which is particularly true for gene networks typically including hundreds

or thousands of genes. Traditionally, inference for SEMs has relied on the ML or generalized

least-squares methods implemented with a numerical optimization algorithm [27, 99]; but recently,

Bayesian alternatives [109] have emerged too, based on Markov chain Monte Carlo simulations

[37, 151]. These methods not only are computationally intensive, but also may be inaccurate for

sparse SEMs of relatively high dimension, since they do not account for sparsity present in the

model.

In the context of QTL mapping, Newton’s method is employed in[126] to implement the ML

method, while the genetic algorithm [81,91] is used in [115,187] to maximize the likelihood func-

tion, and in conjunction with a model selection method usingaχ2 test or Occam’s window to search



2.5. SUMMARY 33

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

P
ow

er
 o

f d
et

ec
tio

n

 

 

(a) N
g
=10, PD

QDG
AL
SML

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

F
al

se
 d

is
co

ve
ry

 r
at

e

 

 

(b) N
g
=10, FDR

QDG
AL
SML

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

Sample size

P
ow

er
 o

f d
et

ec
tio

n

 

 

(c) N
g
=30, PD

QDG
AL
SML

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

Sample size

F
al

se
 d

is
co

ve
ry

 r
at

e

 

 

(d) N
g
=30, FDR

QDG
AL
SML

Figure 2.4: Performance of SML, AL and QDG algorithms for directedcyclicnetworks ofNg = 10 [(a) and

(b)] or 30 [(c) and (d)] genes. Expected number of nodes per node isNe = 3. PD and FDR were obtained

from 100 replicates of the network with different sample sizes (N= 100 to 1,000).

for the best network topology. These methods are not scalable to SEMs of relatively high dimension.

The AL-based algorithm proposed in [117] is more efficient because it automatically incorporates

model selection into the inference process, and also takes into account the sparsity present in gene

networks. However, the AL-based scheme borrows the adaptive Lasso [201] optimally designed

for the linear regression model instead of the SEM. In contrast, the SML algorithm proposed in

this chapter directly maximizes thè1-regularized likelihood function of the SEM, which fully ex-

ploits the information present in the data and therefore improves inference accuracy. Moreover,

the novel block coordinate ascent method combined with discarding rules can efficiently maximize

the `1-regularized likelihood function, rendering the SML algorithm applicable to SEMs of high

dimension. However, unlike the AL-based algorithm, the SMLalgorithm maximizes a non-convex
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Figure 2.5: Performance of the SML and AL algorithms for directedacyclicnetworks ofNg = 300 genes.

Expected number of nodes per node isNe = 1. PD and FDR were obtained from 10 replicates of the network

with different sample sizes (N= 100 to 1,000).

objective function as given in (2.3). Although the “Recovery” Theorem in [117] guarantees the

identifiability of the network, the algorithm can converge to a local maximum that may not neces-

sarily be coincident with the global maximum correspondingto the optimal network. A common

technique for alleviating this problem is to use multiple random initial values. We tested multiple

initial values in our simulations and observed that the algorithm converged to the same solution.

In Algorithm 1, we used the pathwise coordinate optimization strategy as used in [71], where the

solution of (2.3) obtained withλi was used as the initial point for the run withλi+1 < λi. The perti-

nence of this strategy is corroborated by simulated numerical tests, showing significant performance

gains of the SML algorithm in terms of detection power and FDRwhen compared to the AL-based

algorithm.

Comparisons in the Simulation Studies section, as summarized in Figures 2.3-2.6, demonstrated

that the SML algorithm markedly outperforms two state-of-the-art algorithms: the AL [117] and

QDG [134] algorithms. For three directed acyclic networks with number of genesNg = 10, 30 and

300, respectively, the PD of the SML algorithm exceeds 0.9 for all sample sizes from 100 to 1,000,

and is greater than 0.99 for most sample sizes. This is much greater than the PD of the AL and QDG

algorithm that ranges from 0.004 to 0.67. In fact, The QDG algorithm was too time-consuming to

obtain results forNg = 300. The FDR of SML is on the order of10−3 for most sample sizes,

which is much smaller than those of the AL and QDG algorithms,that are between 0.25 and 0.6
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Figure 2.6: Performance of the SML algorithms for DAGs [(a) and (b)] or DCGs [(c) and (d)] ofNg=30

genes with an expected number of nodes per nodeNe ∈ {1,3,5} and error varianceσ2 ∈ {0.01,0.05} . PD

and FDR were obtained from 100 replicates of the network withdifferent sample sizes (N= 100 to 1,000).

for Ng = 10 and30. The FDR of the AL algorithm forNg = 300 is between 0.02 and 0.1. The

only case where the FDR of SML exceeds that of the AL algorithmis whenNg = 300, and the

sample sizeN < 400. However, the AL algorithm essentially does not work in thiscase, since

its PD is about 0.04. In the case of directed cyclic networks,all algorithms offer slightly degraded

performance when compared to that of directed acyclic networks. However, the SML algorithm still

considerably outperforms the AL and QDG algorithms.

Using a limited amount of available data [143], 39 genes related to the immune system and

having one eQTL per gene were selected to infer a possible network among these genes. At an FDR

≤10% for the detected edges, a network of 9 out of 39 genes containing 13 edges were obtained.

An edge between two genes in the inferred network may be an indication of the direct regulator
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Figure 2.7: The network of 39 human genes inferred from gene expression and eQTL data with the SML algo-

rithm. The 39 genes related to the immune function were chosen from [143] to have a reliable eQTL per gene.

The SML algorithm was run with stability selection and edgeswere detected at an FDR< 0.1. See Table

A.1 for the IDs and description of 39 genes. IGH in this figure corresponds to gene ID ENSG00000211897.

Pointera at the edge end stands for inhibitory effect and a→ edge stands for activating effect.

effect, or indirect interaction or co-regulation mediatedby some other genes that are not among the

39 genes. The majority of the edges were reasonably expectedfrom the experimental results in the

literature, while the remaining edges may represent new interactions to be elucidated.

Structural equation modeling has a long history of about a century, with well-documented

contributions to various fields including biology, psychology, econometrics and other social sci-

ences [27, 99, 140, 161]. The model considered in this chapter belongs to a class of SEMs with

observed variables [27]. The SML algorithm is the first one that is systematically developed for

inferring sparse SEMs with observed variables. It is expected to accelerate the application of high-

dimensional SEMs not only in biology, but also in other fields.
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Algorithm 1 : SML

1: Select the optimal value ofρ in (2.4),ρopt, via cross validation

2: Solve (2.4) withρopt for F̃ andB̃

3: Estimatêσ2 as the sample variance of E=Ỹ − B̃Ỹ − F̃X̃

4: Compute weightswij = 1/[B̃]ij , i, j = 1, . . . , Ng

5: ComputeQ(λmax) via (A.2)∀i, j = 1, . . . , Ng

6: Computeλmax via (A.9)

7: Select the optimal value ofλ, λopt, via cross validation

8: for λl = λmax, . . . , λopt do

9: ComputeSB(λl) via (A.4)

10: Initialize B̂ = B̃, F̂ = F̃, ε = 10−4 anderr = 10

11: while err> ε do

12: for i = 1,. . . , Ng do

13: ObtainF̂new by computing its row via (2.10) withbi = b̂i

14: end for

15: for i = 1,. . . , Ng do

16: for j = 1,. . . , Ng do

17: if B̂ij /∈ SB(λl) then

18: Compute cofactor ofI− B̂, cij

19: if cij = 0 then

20: ComputeB̂new
ij via (2.15)

21: else

22: ComputeB̂new
ij via (2.19)

23: end if

24: end if

25: end for

26: end for

27: Computeerr = ‖B̂− B̂new‖2F /‖B‖2F + ‖F̂− F̂new‖2F /‖F‖2F
28: SetB̂ = B̂new andF̂ = F̂new

29: end while

30: ComputeQij(λl) via (A.1)∀i, j = 1, . . . , Ng

31: end for

32: OutputB̂ andF̂.



38

Chapter 3

Design of Experiments for Sparse

Chemical-Genetic Interactions

Let vectory ∈ R
Nc denote the chemical-genetic interaction profile, whose entries represent the

fitness phenotypes ofNc single-deletion yeast strains treated with drugd. As described in Fig. 1

(left), y is compared to the phenotype vectorxg ∈ R
Nc of double-deletion mutants, which comes

from knocking out geneg together with genesj, wherej = 1, . . . , Nc; that is, thegth column of the

fitness matrixX ∈ R
Nc×Ng measured over the whole collection of double deletion mutants [52]. If

only one geneg? is assumed to be the target ofd, theng? is identified as the gene with profilexg?

exhibiting maximum correlation withy among all candidatesg ∈ {1, . . . , Ng}.
A more general setup is desired however, in which drugd can have multiple target genes. Such

a model enables the detection of secondary targets, which inturn improves drug-design [54] and

facilitates the study of its side effects [31]. Under this general setup, the primary goal is to learn

the subsetG ⊂ {1, . . . , Ng} of gene targets for drugd. This subset selection task is undertaken by

assuming that the chemical-genetic profiley abides to the sparse linear model

y = Xβ + e (3.1)

where the sparse vectorβ captures the information about target genes, with its entries being nonzero

only for those indexes contained inG; and with vectore accounting for model errors. The subset

selection task is thus reduced to fitting (3.1) for a sparseβ̂ that will yield a setĜ of nonzero entries,
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revealing the gene targets for drugd.

In the single-target setup, only one entry ofβ is nonzero, and the optimal method to identify

such an entryβg? , g? ∈ {1, . . . , Ng}, in the sense of minimizing the least-squares cost‖y−Xβ‖2,

is to pick the columnxg? of matrixX having the maximum correlation coefficient with profiley.

In the multi-target setup, the correlation rule is generalized to pick the columns ofX for which the

correlation withy exceeds a prescribed thresholdτ . Thus, lettingr := XTy denote the correlation

vector betweenX andy, the nonzero entries of̂β are obtained as

β̂g =







1, if rg ≥ τ
0, otherwise.

(3.2)

Remark 1. Whenβ has multiple nonzero entries, the correlation rule (3.2) issuboptimal in identi-

fying the nonzero entries ofβ. This reason motivates well advanced subset selection methods using

e.g., the Least-absolute shrinkage and selection operator(Lasso), which offers finite-sample as well

as asymptotic performance guarantees [35]. However, the so-termed restricted isometry assump-

tions required for the aforementioned guarantees are not satisfied by the matrixX of double mutant

profiles. This happens because genes present a certain degree of redundancy in their functionality

to protect the cell [110], which causes the columns ofX to have correlation coefficients as large as

0.8 [52]. The Elastic-Net augments the Lasso cost with a quadratic regularizer, which is particularly

useful for sparse estimation when the regression matrix entails highly correlated columns [202]. In

particular, it has been proved that Elastic-Net assigns equal values to those entries of̂β correspond-

ing to identical columns ofX, thus implicitly performing subset selection jointly withclustering.

This attribute promotes the Elastic-net as a viable alternative to (3.2) for discovering target genes.

However, such an option will not be pursued because the ultimate goal here is to advocate an optimal

design of experiments based on a finite-sample estimation performance metric.1 Instead, the simple

closed-form expression of (3.2) will be utilized, since it allows for identifying the a-priori most

informative experiments to perform under a constrained budget, as it is described in the ensuing

section.

1For the Elastic-Net this is an open issue that goes beyond thescope of this work.
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Figure 3.1: Design of experiments with the goal of retainingtheNw most informative equations; (left) full

system; (right) reduced system obtained after pre-multiplying by matrixW.

3.1 Chemical-genetic design

The goal of this section is to systematically reduce the number of laboratory tests required for

estimatingβ. As depicted in Fig. 3.1, the specific objective is to select asubset of equations

yw = Xwβ + ew (3.3)

whereyw denotes a sub-vector formed withNw < Nc entries ofy, andXw the matrix constructed

using the corresponding rows ofX.

A key observation is that discarding equations in (3.1) can be effected by pre-multiplying both

y andX with a diagonal matrixW having binary entries. Indeed, for an indexj ∈ {1, . . . , Nc}
with wjj = 0, entryyj and rowxT

j become irrelevant and are tacitly discarded, as the corresponding

equationwjjyj = wjjx
T
j β+wjjej becomes uninformative. Otherwise, those indexes withwjj = 1

specify which equations in (3.1) are retained.

Consequently, the design of experiments (3.3) is reformulated as the problem of finding a di-

agonal binary matrixW under the criterion introduced next. For a particularW, let β̂w ∈ R
Ng

denote the vector that results after replacingrw := XT
wyw = XTWy by r in (3.2). As before,

r = XTy and correspondinĝβ stand for the vectors that would be obtained if the full datay andX

were available. With the objective of rendering the supportof β̂w as close as possible to that ofβ̂,

the adopted criterion for selectingW is to minimize the expected distance betweenrw andr, that
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is

min
W∈{0,1}Nc×Nc

E‖r− rw‖22

s. torw = XTWy

Tr(W) = Nw

wjj′ = 0, ∀ j, j′, j 6= j′ (3.4)

whereNw is the prescribed number of equations to be retained, and theexpectation is taken with

respect to (w.r.t.) the unknown vectorsβ ande in the linear model (3.1) fory. Specifically, substi-

tuting (3.1) in (3.4) yields

r− rw = XT (I −W)Xβ +XT (I−W)e,

and hence

Eβ,e‖r− rw‖2 = Eβ‖XT (I−W)Xβ‖2

+ Ee‖XT (I−W)e‖2

= σ2β‖XT (I−W)X‖2F
+ σ2eTr

(

XT (I−W)X
)

(3.5)

where‖ · ‖F represents the Frobenius norm of a matrix.

Supposing a high-SNR regime whereσβ � σe, the last term in (3.5) containing the trace can

be discarded, and (3.4) becomes

min
W∈{0,1}Nc×Nc

‖XT (I−W)X‖2F

s. to Tr(W) = Nw

wjj′ = 0, ∀ j, j′, j 6= j′ (3.6)

Remark 2. The high-SNR regime was adopted to avoid parameter tuning. If instead the ratioσ2e/σ
2
β

is not negligible but can be estimated, the last term in (3.5)can be reincorporated into (3.6) without

major modifications henceforth.
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Remark 3. After averaging over the a-priori unavailable profiley, implicitly present in (3.4),

then (3.6) becomes dependent only on the dataX at hand, which is necessary for the design of

experiments to be of practical interest.

Remark 4. If the Elastic-Net is considered instead of (3.2), then (3.6) remains relevant, since it

can be shown that the corresponding Karush-Kuhn-Tucker conditions yield equations expressible in

terms ofXTWX (after averaging overβ ande).

Remark 5. Solving (3.6) forW determines the sought optimal design. However, the binary con-

straint in (3.6) renders this quadratic program NP-hard. Thus, a proper relaxation becomes neces-

sary, which is the theme of the ensuing section.

3.2 SDR-based algorithm

Changing variablesZ = I −W transforms the cost in (3.6) to‖XTZX‖2F . The latter can be

put in the vector form‖vec
(

XTZX
)

‖22, where the operator vec(·) concatenates the columns of its

argument matrix. This expression can be further simplified by using the following properties of the

Khatri-Rao product� [116]

vec
(

XTZX
)

= (XT �XT )z (3.7)

(XT �XT )T (XT �XT ) = (XXT ) ? (XXT ) (3.8)

wherez ∈ R
N denotes the diagonal of matrixZ, and? the Hadamard (entry-wise) product. Using

these two properties and definingQ := (XXT ) ? (XXT ), problem (3.6) can be equivalently recast

as

min
z∈{0,1}Nc

zTQz

s. to
N
∑

j=1

zj = Nc −Nw . (3.9)

Yet another equivalent problem results after dropping the explicit binary constraint and implic-

itly replacing it by the addition of a symmetric, positive, semi-definite matrix variableZ ∈ S+,
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yielding

min
Z∈S+,z∈RNc

Tr(QZ)

s. toZ− zzT � 0

Rank(Z) = 1

Diag(Z) = z

Tr(Z) = Nc −Nw

z ∈ [0, 1]Nc . (3.10)

The equivalence of (3.10) with (3.9) implies that (3.10) is still NP-hard, and thus justifies the fol-

lowing relaxation consisting in simply dropping the rank constraint

min
Z∈S+,z∈RNc

Tr(QZ)

s. toZ− zzT � 0

Diag(Z) = z

Tr(Z) = Nc −Nw

z ∈ [0, 1]Nc . (3.11)

Problem (3.11) is a semi-definite program that can be solved using standard optimization tools.

Semi-definite relaxation provides theoretical guarantees, including a provably smaller gap between

the relaxed and the original minimum costs, when compared tothe alternative of relaxing (3.6)

directly by dropping the binary constraint [118].

Once the solution of (3.11) is obtained, the result is compared against a threshold to obtain the

vectorz ∈ {0, 1}Nc , whosenull entries indicate the rows to be retained according to (3.4).

3.3 Results

The novel methods are applied to theD = 82 chemical-genetic profilesyd, d = 1, . . . ,D in [138],

which are compared to the double mutant fitness profilesX in [52]. The dimensions ofyd andX

areNc× 1 andNc ×Ng, respectively, withNc = 2, 725 andNg = 1, 709. These data are collected
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after a preprocessing step, where the number of rows inyd andX is preliminarily reduced toNc, to

keep only those genes both in [138] and [52] data-sets.

Benchmark results are obtained using the full data set, before implementing the design of ex-

periments (3.4). For each test drugd ∈ {1, . . . ,D} in [138], the correlation rule (3.2) was applied

to identifyNτ = 10 target genes as those whose double mutant profiles present the 10-largest cor-

relation coefficients withyd. The resulting target genes per test-drug are tabulated in Appendix B,

in those rows of Tables 3.1-3.5 labeled as (100% data.) Names of the target drugs revealed are listed

in Tables 3.1-3.5 together with the correlation coefficients rdg between drugd and target geneg.

In order to test the design of experiments achieved through (3.4), its convex approximation

(3.11) was applied repeatedly toX by varying the number of retained rowsNw. For each value

of Nw ∈ {200, 500, 1200, 1700, 2200, 2700}, the procedure of discarding the noninformative rows

specified by the solution of (3.11) resulted in a matrixXw of reduced dimensionsNw × Ng. For

each of these matricesXw, and per chemical-genetic drug profileyd, d = 1, . . . ,D, the rule (3.2)

was applied to identify theNτ = 10 target-gene profiles that exhibit the10-largest correlation

coefficients withyd. The performance of (3.4) is quantified by the relative mismatch between the

set of target genes identified from theNw-long profiles and the benchmark results obtained from

the full dataset. Fig. 3.2 depicts this relative mismatch asa function of the retained number of rows

Nw, shown with a full red line.

It can be observed from Fig. 3.2, that if a10% mismatch is affordable (corresponding to the

average misclassification of one target gene), then the number of experiments can be reduced by

30% requiring onlyNw = 1, 932 < N laboratory tests to obtain the shortened chemical-genetic

profileyw. This systematic reduction is further appreciated in Fig. 1, by comparing the red line with

the black dashed line, which represents the relative mismatch corresponding to a random design.

Discarding30% of the entries ofyd uniformly at random yields a mismatch of45% (cf. 10% for

the proposed design (3.11).) Accordingly, only a4% reduction in the number of laboratory tests can

be afforded if these are selected at random, and a10% mismatch is to be guaranteed (cf.30% for

(3.11).)

Although the design of experiments is applied with the dataX at hand only, the performance

comparison in Fig. 3.2 makes use of the benchmark results forwhich the full profileyd is assumed
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Figure 3.2: Target identification via correlation rule (3.2), support mismatch incurred by the optimal and

randomized designs.

available. Alternatively, the expected distance between the benchmark correlation vectorr and the

reducedrw in (3.5) can be computed in terms ofX andW only, and serve as an indirect comparison

between (3.4) and the randomized design. This expected distance is represented in Fig. 3.3 as a

function ofNw, which replicates the pattern in Fig. 3.2.

3.4 Discussion

A sparse linear model was introduced for expressing chemical-genetic interaction profiles in terms

of the phenotype expression of yeast double-deletion mutants. This relationship between genetic

and chemical-genetic profiles enables identification of multiple target genes in the process of an-

alyzing the mode of action of a new test drug. The main contribution of this work is a novel

and systematic design for optimally reducing the number of experiments during acquisition of the



3.4. DISCUSSION 46

0 500 1000 1500 2000 2500 3000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
||
X

T
(I

−
W

)X
||

 

 

number of rows retained

random selection
design of experiments

Figure 3.3: Expected distance between correlation vectorsresulting from via the optimal randomized designs.

chemical-genetic profile. The proposed design of experiments was tested on real data, and the set

of targets identified from the reduced profile were compared with the benchmark results obtained

from the full data. It was observed that a30% reduction in the number of experiments is possible

if a single mismatch is admitted over the set of10 identified target-genes, thus corroborating the

performance gains over a randomized design, which can only afford a 4% data reduction at a10%

mismatch. A comprehensive list of10 target-genes for82 test-drugs is included, further establish-

ing that the primary target-gene identification is unaltered by the30% data reduction induced by the

proposed design.
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Chapter 4

Nonparametric Basis Pursuit via Sparse

Kernel-based Learning†

Reproducing kernel Hilbert spaces (RKHSs) provide an orderly analytical framework for nonpara-

metric regression, with the optimal kernel-based functionestimate emerging as the solution of a

regularized variational problem [191]. The pivotal role ofRKHS is further appreciated through its

connections to “workhorse” signal processing tasks, such as the Nyquist-Shannon sampling and

reconstruction result that involves sinc kernels [132]. Alternatively, spline kernels replace sinc

kernels, when smoothness rather than bandlimitedness is tobe present in the underlying function

space [182].

Kernel-based function estimation can be also seen from a Bayesian viewpoint. RKHS and

linear minimum mean-square error (LMMSE) function estimators coincide when the pertinent co-

variance matrix equals the kernel Gram matrix. This equivalence has been leveraged in the context

of field estimation, where spatial LMMSE estimation referred to as Kriging, is tantamount to two-

dimensional RKHS interpolation [53]. Finally, RKHS based function estimators can linked with

Gaussian processes (GPs) obtained upon defining their covariances via kernels [146].

Yet another seemingly unrelated, but increasingly populartheme in contemporary statistical

learning and signal processing, is that of matrix completion [68], where data organized in a matrix

can have missing entries due to e.g., limitations in the acquisition process. This article builds on

the assertion that imputing missing entries amounts to interpolation, as in classical sampling the-
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ory, but with the low-rank constraint replacing that of bandlimitedness. From this point of view,

RKHS interpolation emerges as the prudent framework for matrix completion that allows effective

incorporation of a priori information via kernels [6], including sparsity attributes.

Recent advances in sparse signal recovery and regression motivate a sparse kernel-based learn-

ing (KBL) redux, which is the purpose and core of the present chapter. Building blocks of sparse

signal processing include the (group) least-absolute shrinkage and selection operator (Lasso) and

its weighted versions [88], compressive sampling [36], andnuclear norm regularization [68]. The

common denominator behind these operators is the sparsity on a signal’s support that thè1-norm

regularizer induces. Exploiting sparsity for KBL leads to several innovations regarding the selection

of multiple kernels [105, 127], additive modeling [114, 147], collaborative filtering [6], matrix and

tensor completion via dictionary learning [24], as well as nonparametric basis selection [21]. In this

context, the main contribution of this chapter is anonparametricbasis pursuit (NBP) tool, unifying

and advancing a number ofsparseKBL approaches.

Constrained by space limitations, a sample of applicationsstemming from such an encompass-

ing analytical tool will be also delineated. Sparse KBL and its various forms contribute to computer

vision [162, 185], cognitive radio sensing [21], management of user preferences [6], bioinformat-

ics [167], econometrics [114, 147], and forecasting of electric prices, load, and renewables (e.g.,

wind speed) [102], to name a few.

The remainder of the chapter is organized as follows. Section II reviews the theory of RKHS

in connection with GPs, describing the Representer Theoremand the kernel trick, and presenting

the Nyquist-Shannon Theorem (NST) as an example of KBL. Section III deals with sparse KBL

including sparse additive models (SpAMs) and multiple kernel learning (MKL) as examples of

additive nonparametric models. NBP is introduced in Section IV, with a basis expansion model

capturing the general framework for sparse KBL. Blind versions of NBP for matrix completion

and dictionary learning are developed in Sections V and VI. Finally, Section VII presents numerical

tests using real and simulated data, including RF spectrum measurements, expression levels in yeast,

and network traffic loads. Conclusions are drawn in Section VIII, while most technical details are

deferred to Appendix C.
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4.1 KBL Preliminaries

In this section, basic tools and approaches are reviewed to place known schemes for nonparametric

(function) estimation under a common denominator.

4.1.1 RKHS and the Representer Theorem

In the context of reproducing kernel Hilbert spaces (RKHS) [191], nonparametric estimation of a

functionf : X → R defined over a measurable spaceX is performed via interpolation ofN training

points{(x1, z1), . . . , (xN , zN )}, wherexn ∈ X , andzn = f(xn) + en ∈ R. For this purpose, a

kernel functionk : X × X → R selected to besymmetricandpositive definite,specifies a linear

space of interpolating functionsf(x) given by

HX :=

{

f(x) =

∞
∑

n=1

αnk(xn, x) : αn ∈ R, xn ∈X , n ∈ N

}

.

For many choices ofk(·, ·), HX is exhaustive with respect to (w.r.t) families of functionsobey-

ing certain regularity conditions. The spline kernel for example, generates the Sobolev space

of all low-curvature functions [64]. Likewise, the sinc kernel gives rise to the space of ban-

dlimited functions. SpaceHX becomes a Hilbert space when equipped with the inner product

< f, f ′ >HX
:=
∑∞

n,n′=1 αnα
′
n′k(xn, x

′
n′), and the associated norm is‖f‖HX

:=
√

< f, f >HX
.

A key result in this context is the so-termed Representer Theorem [191], which asserts that based

on{(xn, zn)}Nn=1, the optimal interpolator inHX , in the sense of

f̂ = arg min
f∈HX

N
∑

n=1

(zn − f(xn))2 + µ‖f‖2HX
(4.1)

admits the finite-dimensional representation

f̂(x) =

N
∑

n=1

αnk(xn, x). (4.2)

This result is nice in its simplicity, since functions in spaceHX are compound by a numerable

but arbitrarily large number of kernels, whilêf is a combination of just afinite number of kernels

around the training points. In addition, the regularizing term µ‖f‖2HX
controls smoothness, and

thus reduces overfitting. After substituting (4.2) into (4.1), the coefficientsαT := [α1, . . . , αN ]
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minimizing the regularized least-squares (LS) cost in (4.1) are given byα = (K + µI)−1z, upon

recognizing that‖f‖2HX
:= αTKα, and definingzT := [z1, . . . , zN ] as well as the kernel depen-

dent Gram matrixK ∈ R
N×N with entriesKn,n′ := k(xn, xn′) (·T stands for transposition).

Remark 1. The finite-dimensional expansion (4.2) solves (4.1) for more general fitting costs and

regularizing terms. In its general form, the Representer Theorem asserts that (4.2) is the solution

f̂ = arg min
f∈HX

N
∑

n=1

`(zn, f(xn)) + µΩ(‖f‖HX
) (4.3)

where the loss functioǹ(zn, f(xn)) replacing the LS cost in (4.1) can be selected to serve eitherro-

bustness (e.g., using the absolute-value instead of the square error); or, application dependent objec-

tives (e.g., the Hinge loss to serve classification applications); or, for accommodating non-Gaussian

noise models when viewing (4.3) from a Bayesian angle. On theother hand, the regularization term

can be chosen as any increasing functionΩ of the norm‖f‖HX
, which will turn out to be crucial

for introducing the notion of sparsity, as described in the ensuing sections.

4.1.2 LMMSE, Kriging, and GPs

Instead of the deterministic treatment of the previous subsection, the unknownf(x) can be consid-

ered as a random process. The KBL estimate (4.2) offered by the Representer Theorem has been

linked with the LMMSE-based estimator of random fieldsf(x), under the term Kriging [53]. To

predict the valueζ = f(x) at an exploration pointx via Kriging, the predictor̂f(x) is modeled as a

linear combination of noisy sampleszn := f(xn) + η(xn) at measurement points{xn}Nn=1; that is,

f̂(x) =

N
∑

n=1

β̂nzn = zT β̂ (4.4)

where β̂T := [β̂1, . . . , β̂N ] are the expansion coefficients, andzT := [z1, . . . , zN ] collects the

data. The MSE criterion is adopted to find the optimalβ̂ := argminβ E[f(x) − zTβ]2. Solving

the latter yieldsβ̂ = R−1
zz rzζ , whereRzz := E[zzT ] and rzζ := E[zf(x)]. If η(x) is zero-

mean white noise with powerσ2η , thenRzz andrzζ can be expressed in terms of the unobserved

ζT := [f(x1), . . . , f(xN )] asRzz = Rζζ + σ2ηI, whereRζζ := E[ζζT ], andrzζ = rζζ , with

rζζ := E[ζf(x)]. Hence, the LMMSE estimate in (4.4) takes the form

f̂(x) = zT (Rζζ + σ2ηI)
−1rζζ =

N
∑

n=1

αnr(x, xn) (4.5)
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whereαT := zT (Rζζ + σ2ηI)
−1, and then-th entry ofrζζ , denoted byr(xn, x) := E[f(x)f(xn)],

is indeed a function of the exploration pointx, and the measurement pointxn.

With the Kriging estimate given by (4.5), the RKHS and LMMSE estimates coincide when the

kernel in (4.2) is chosen equal to the covariance functionr(x, x′) in (4.5).

The linearity assumption in (4.4) is unnecessary whenf(x) and e(x) are modeled as zero-

mean GPs [146]. GPs are those in which instances of the field atarbitrary points are jointly

Gaussian. Zero-mean GPs are specified by cov(x, x′) := E[f(x)f(x′)], which determines the

covariance matrix of any vector comprising instances of thefield, and thus its specific zero-

mean Gaussian distribution. In particular, the vectorζ̄T := [f(x), f(x1), . . . , f(xN )] collect-

ing the field at the exploration and measurement points is Gaussian, and so is the vectorz̄T :=

[f(x), f(x1) + η(x1), . . . , f(xN ) + η(xN )] = [ζ, zT ]. Hence, the MMSE estimator, given by the

expectation off(x) conditioned onz, reduces to [100]

f̂(x) = E(f(x)|z) = zTR−1
zz r

T
zζ =

N
∑

n=1

αncov(xn, x). (4.6)

By comparing (4.6) with (4.5), one deduces that the MMSE estimator of a GP coincides with

the LMMSE estimator, hence with the RKHS estimator, when cov(x, x′) = k(x, x′).

4.1.3 The kernel trick

Analogous to the spectral decomposition of matrices, Mercer’s Theorem establishes that if the sym-

metric positive definite kernel is square-integrable, it admits a possibly infinite eigenfunction de-

compositionk(x, x′) =
∑∞

i=1 λiei(x)ei(x
′) [191], with < ei(x), ei′(x) >HX

= δi−i′ whereδi

stands for Kronecker’s delta. Using the weighted eigenfunctions φi(x) :=
√
λiei(x), i ∈ N, a

point x ∈ X can be mapped to a vector (sequence)φ ∈ R
∞ such thatφi = φi(x), i ∈ N.

This mapping interprets a kernel as an inner product inR
∞, since for two pointsx, x′ ∈ X ,

k(x, x′) =
∑∞

i=1 φi(x)φi(x
′) := φT (x)φ(x′). Such an inner product interpretation forms the

basis for the“kernel trick.”

The kernel trick allows for approaches that depend on inner products of functions (given by

infinite kernel expansions) to be recast and implemented using finite dimensional covariance (ker-

nel) matrices. A simple demonstration of this valuable property can be provided through kernel-
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based ridge regression. Starting from the standard ridge estimator β̂ := argminβ∈RD

∑N
n=1(zn −

φT
nβ)

2 + µ‖β‖2 for φn ∈ R
D, andΦ := [φ1, . . . ,φN ], it is possible to rewrite and solvêβ =

argminβ∈RD ‖z−ΦTβ‖2+µ‖β‖2 = (ΦΦT +µI)−1Φz. After β̂ is obtained in the training phase,

it can be used for prediction of an ensuingẑN+1 = φT
N+1β̂ givenφN+1. By using the matrix inver-

sion lemma,̂zN+1 can be written aŝzN+1 = (1/µ)φT
N+1Φz−(1/µ)φT

N+1Φ(µI+ΦTΦ)−1ΦTΦz.

Now, if φn = φ(xn) with D = ∞ is constructed fromxn ∈ X using eigenfunctions

{φi(xn)}∞i=1, thenφT
N+1Φ = kT (xN+1) := [k(xN+1, x1), . . . , k(xN+1, xN )], andΦTΦ = K,

which yields

ẑN+1 = (1/µ)kT (xN+1)[I − (µI +K)−1K]z

= kT (xN+1)(µI +K)−1z (4.7)

coinciding with (4.6), (4.5), and with the solution of (4.1).

Expressing a linear predictor in terms of inner products only is instrumental for mapping it

into its kernel-based version. Although the mapping entails the eigenfunctions{φi(x)}, these are

not explicitly present in (4.7), which is given solely in terms of k(x, x′). This is crucial sinceφ

can be infinite dimensional which would render the method computationally intractable, and more

importantly the explicit form ofφi(x) may not be available. Use of kernel trick was demonstrated

in the context of ridge regression. However, the trick can beused in any vectorial regression or

classification method whose result can be expressed in termsof inner products only. One such

example is offered by support vector machines, which find a kernel-based version of the optimal

linear classifier in the sense of minimizing Vapnik’sε-insensitive Hinge loss function, and can be

shown equivalent to the Lasso [80].

In a nutshell, the kernel trick provides a means of designingKBL algorithms, both for nonpara-

metric function estimation [cf. (4.1)], as well as for classification.

4.1.4 KBL vis à vis Nyquist-Shannon Theorem

Kernels can be clearly viewed as interpolating bases [cf. (4.2)]. This viewpoint can be fur-

ther appreciated if one considers the family of bandlimitedfunctionsBπ := {f ∈ L2(X ) :
∫

f(x)e−iωxdx = 0, ∀|ω| > π}, whereL2 denotes the class of square-integrable functions de-
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fined overX = R (e.g., continuous-time, finite-power signals). The familyBπ constitutes a linear

space. Moreover, anyf ∈ Bπ can be generated as the linear combination (span) of sinc func-

tions; that is,f(x) =
∑

n∈Z f(n)sinc(x− n). This is the cornerstone of signal processing, namely

the NST for sampling and reconstruction, but can be viewed also under the lens of RKHS with

k(x, x′) = sinc(x− x′) as a reproducing kernel [132]. The following properties (which are proved

in Appendix C) elaborate further on this connection.

P1. The sinc-kernel Gram matrixK ∈ R
N×N satisfiesK � 0.

P2. The sinc kernel decomposes over orthonormal eigenfunctions {φn(x) = sinc(x− n), n ∈ Z}.
P3. The RKHS norm is‖f‖2HX

=
∫

f2(x)dx.

P1 states that sinc(x− x′) qualifies as a kernel, while P2 characterizes the eigenfunctions used

in the kernel trick, and P3 shows that the RKHS norm is the restriction of theL2 norm toBπ.

P1-P3 establish that the space of bandlimited functionsBπ is indeed an RKHS. Anyf ∈ Bπ
can thus be decomposed as a numerable combination of eigenfunctions, where the coefficients and

eigenfunctions obey the NST. Consequently, existence of eigenfunctions{φn(x)} spanningBπ is

a direct consequence ofBπ being a RKHS, and does not require the NST unless an explicit form

for φn(x) is desired. Finally, strict adherence to NST requires an infinite number of samples to

reconstructf ∈ Bπ. Alternatively, the Representer Theorem fitsf ∈ Bπ to a finite set of (possibly

noisy) samples by regularizing the power off .

4.2 Sparse additive nonparametric modeling

The account of sparse KBL methods begins with SpAMs and MKL approaches. Both model the

function to be learned as a sparse sum of nonparametric components, and both rely on group Lasso

to find it. The additive models considered in this section will naturally lend themselves to the general

model for NBP introduced in Section IV, and used henceforth.

4.2.1 SpAMs for High-Dimensional Models

Additive function models offer a generalization of linear regression to the nonparametric setup, on

the premise of dealing withthe curse of dimensionality,which is inherent to learning from high
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dimensional data [88].

Consider learning a multivariate functionf : X → R defined over the Cartesian productX :=

X1 ⊗ . . .⊗XP of measurable spacesXi. LetxT := [x1, . . . , xP ] denote a point inX , ki the kernel

defined overXi × Xi, andHi its associated RKHS. Althoughf(x) can be interpolated from data

via (4.1) after substitutingx for x, the fidelity of (4.2) is severely degraded in high dimensions.

Indeed, the accuracy of (4.2) depends on the availability ofnearby pointsxn, where the function

is fit to the (possibly noisy) datazn. But proximity of pointsxn in high dimensions is challenged

by the curse of dimensionality, demanding an excessively large dataset. For instance, consider

positioningN datapoints randomly in the hypercube[0, 1]P , repeatedly forP growing unbounded

andN constant. ThenlimP→∞minn 6=n′ E‖xn − xn′‖ = 1; that is, the expected distance between

any two points is equal to the side of the hypercube [88].

To overcome this problem, an additional modeling assumption is well motivated, namely con-

strainingf(x) to the family of separable functions of the form

f(x) =
P
∑

i=1

ci(xi) (4.8)

with ci ∈ Hi depending only on thei-th entry ofx, as in e.g., linear regression modelsflinear(x) :=
∑P

i=1 βixi. With f(x) separable as in(4.8), the interpolation task is split intoP one-dimensional

problems that are not affected by the curse of dimensionality.

The additive form in (4.8) is also amenable to subsect selection, which yields a SpAM. As in

sparse linear regression, SpAMs involve functionsf in (4.8) that can be expressed using only a few

entries ofx. Those can be learned using a variational version of the Lasso given by [147]

f̂ = arg min
f∈FP

1

2

N
∑

n=1

(zn − f(xn))
2 + µ

P
∑

i=1

‖ci‖Hi
(4.9)

whereFP := {f : X → R : f(x) =
∑P

i=1 ci(xi)}.
With xni denoting theith entry ofxn, the Representer Theorem (4.3) can be applied per com-

ponentci(xi) in (4.9), yielding kernel expansionŝci(xi) =
∑N

n=1 γniki(xni, xi) with scalar coeffi-

cients{γni, i = 1, . . . , P, n = 1, . . . , N}. The fact that (4.9) yields a SpAM is demonstrated by

substituting these expansions back into (4.9) and solving for γT
i := [γi1, . . . , γiN ], to obtain

{γ̂i}Pi=1 = arg min
{γi}Pi=1

1

2

∥

∥

∥z−
∑P

i=1Kiγi

∥

∥

∥

2

2
+ µ

P
∑

i=1

‖γi‖Ki
(4.10)
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whereKi is the Gram matrix associated with kernelki, and‖ · ‖Ki
denotes the weighted̀2-norm

‖γi‖Ki
:= (γT

i Kiγi)
1/2.

4.2.2 Nonparametric Lasso

Problem (4.10) constitutes a weighted version of the group Lasso formulation for sparse linear re-

gression. Its solution can be found either via block coordinate descent (BCD) [147], or by substitut-

ing γ ′
i = K

1/2
i γi and applying the alternating-direction method of multipliers (ADMM) [21], with

convergence guaranteed by its convexity and the separable structure of the its non-differentiable

term [181]. In any case, group Lasso regularizes sub-vectorsγi separately, effecting group-sparsity

in the estimates; that is, some of the vectorsγ̂i in (4.10) end up being identically zero. To gain intu-

ition on this, (4.10) can be rewritten using the change of variablesK1/2
i γi = tiui, with ti ≥ 0 and

‖ui‖ = 1. It will be argued that ifµ exceeds a threshold, then the optimalti and thusγ̂i will be null.

Focusing on the minimization of (4.10) w.r.t. a particular sub-vectorγi, as in a BCD algorithm, the

substitute variablesti andui should minimize

1

2

∥

∥

∥zi −K
1/2
i tiui

∥

∥

∥

2

2
+ µti (4.11)

wherezi := z −∑j 6=iKjγj. Minimizing (4.11) overti is a convex univariate problem whose

solution lies either at the border of the constraint, or, at astationary point; that is,

ti = max

{

0,
zTi K

1/2
i ui − µ

uT
i Kiui

}

. (4.12)

The Cauchy-Schwarz inequality implies thatzTi K
1/2
i ui ≤ ‖K1/2

i zi‖ holds for anyui with ‖ui‖ =
1. Hence, it follows from (4.12) that ifµ ≥ ‖K1/2

i zi‖, thenti = 0, and thusγi = 0.

The sparsifying effect of (4.9) on the additive model (4.8) is now revealed. Ifµ is selected

large enough, some of the optimal sub-vectorsγ̂i will be null, and the corresponding functions

ĉi(xi) =
∑N

n=1 γ̂nik(xni, xi) will be identically zero in (4.8). Thus, estimation via (4.9) pro-

vides a nonparametric counterpart of Lasso, offering the flexibility of selecting the most informative

component-function regressors in the additive model.

The separable structure postulated in (4.8) facilitates subset selection in the nonparametric setup,

and mitigates the problem of interpolating scattered data in high dimensions. However, such a model



4.2. SPARSE ADDITIVE NONPARAMETRIC MODELING 56

reduction may render (4.8) inaccurate, in which case extra components depending on two or more

variables can be added, turning (4.8) into the ANOVA model [114].

4.2.3 Multi-Kernel Learning

Specifying the kernel that “shapes”HX , and thus judiciously determineŝf in (4.1) is a pre-

requisite for KBL. Different candidate kernelsk1, . . . , kP would produce different function esti-

mates. Convex combinations can be also employed in (4.1), since elements of the convex hull

K := {k =
∑P

i=1 aiki, ai ≥ 0,
∑P

i=1 ai = 1} conserve the defining properties of kernels.

A data-driven strategy to select “the best”k ∈ K is to incorporate the kernel as a variable in

(4.3), that is [105]

f̂ = arg min
k∈K,f∈Hk

X

N
∑

n=1

(zn − f(xn))2 + µ‖f‖Hk
X

(4.13)

where the notationHk
X emphasizes dependence onk.

Then, the following Lemma brings MKL to the ambit of sparse additive nonparametric models.

Lemma 4.1 ( [127]) Let{k1, . . . , kP } be a set of kernels andk an element of their convex hullK.

Denote byHi andHk
X the RKHSs corresponding toki and k, respectively, and byHX the direct

sumHX := H1 ⊕ . . .⊕HP . It then holds that:

a) Hk
X = HX , ∀k ∈ K; and

b) ∀ f, inf{‖f‖Hk
X
: k ∈ K} = min{∑P

i=1 ‖ci‖Hi
: f =

∑P
i=1 ci, ci ∈ Hi}.

According to Lemma 4.1,HX can replaceHk
X in (4.13), rendering it equivalent to

f̂ =arg min
f∈HX

N
∑

n=1

(zn − f(xn))2 + µ

P
∑

i=1

‖ci‖Hi
(4.14)

s. to{f =
P
∑

i=1

ci, ci ∈ Hi, HX := H1 ⊕ . . .⊕HP }.

MKL as in (4.14) resembles (4.9), differing in that components ci(x) in (4.14) depend on the

same variablex. Taking into account this difference, (4.14) is reducible to (4.10) and thus solv-

able via BCD or ADMoM, after substitutingki(xn, x) for ki(xni, xi). On the other hand, a more
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general case of MKL is presented in [127], whereK is the convex hull of an infinite and possibly

uncountable family of kernels.

An example of MKL applied to wireless communications is offered in Section 4.6, where two

different kernels are employed for estimating path-loss and shadowing propagation effects in a cog-

nitive radio sensing paradigm.

In the ensuing section, basis functions depending on a second variabley will be incorporated to

broaden the scope of the additive models just described.

4.3 Nonparametric basis pursuit

Consider functionf : X × Y → R over the Cartesian product of spacesX andY with associated

RKHSsHX andHY , respectively. Letf abide to the bilinear expansion form

f(x, y) =
P
∑

i=1

ci(x)bi(y) (4.15)

wherebi : Y → R can be viewed as bases, andci : X → R as expansion coefficient functions.

Given a finite number of training data, learning{ci, bi} under sparsity constraints constitutes the

goal of the NBP approaches developed in the following sections.

The first method for sparse KBL off in (4.15) is related to anonparametriccounterpart of basis

pursuit, with the goal of fitting the functionf(x, y) to data, where{bi} are prescribed and{ci}s are

to be learned. The designer’s degree of confidence on the modeling assumptions is key to deciding

whether{bi}s should be prescribed or learned from data. If the prescribed {bi}s are unreliable,

model (4.15) will be inaccurate and the performance of KBL will suffer. But neglecting the prior

knowledge conveyed by{bi}s may be also damaging. Parametric basis pursuit [44] hints toward

addressing this tradeoff by offering a compromising alternative.

A functional dependencez = f(y)+ e between inputy and outputz is modeled in [44] with an

overcomplete set of bases{bi(y)} (a.k.a. regressors) as

z =

P
∑

i=1

cibi(y) + e, e ∼ N (0, σ2). (4.16)

Certainly, leveraging an overcomplete set of bases{bi(y)} can accommodate uncertainty. Practical
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merits of basis pursuit however, hinge on its capability to learn the few{bi}s that “best” explain the

given data.

The crux of NBP on the other hand, is to fitf(x, y) with a basis expansion over they domain,

but learn its dependence onx through nonparametric means. Model (4.15) comes handy for this

purpose, when{bi(y)}Pi=1 is a generally overcomplete collection of prescribed bases.

With {bi(y)}Pi=1 known, {ci(x)}Pi=1 need to be estimated, and a kernel-based strategy can be

adopted to this end. Accordingly, the optimal functionf̂(x, y) is searched over the familyFb :=

{f(x, y) =∑P
i=1 ci(x)bi(y)}, which constitutes the feasible set for the NBP-tailored nonparametric

Lasso [cf. (4.9)]

f̂ = arg min
f∈Fb

N
∑

n=1

(zn − f(xn, yn))2 + µ
P
∑

i=1

‖ci‖HX
. (4.17)

The Representer Theorem in its general form (4.3) can be applied recursively to minimize (4.17)

w.r.t. eachci(x) at a time, renderinĝf expressible in terms of the kernel expansion asf̂(x, y) =
∑P

i=1

∑N
n=1 γink(xn, x)bi(y), where coefficientsγT

i := [γi1, . . . , γiN ] are learned from datazT :=

[z1, . . . , zN ] via group Lasso [cf. (4.10)]

min
{γi∈RN}Pi=1

∥

∥

∥z−
∑P

i=1Kiγi

∥

∥

∥

2
+ µ

P
∑

i=1

‖γi‖K (4.18)

with Ki := Diag[bi(y1), . . . , bi(yN )]K.

As it was argued in Section III, group Lasso in (4.18) effectsgroup-sparsity in the subvectors

{γi}Pi=1. This property inherited by (4.17) is the capability of selecting bases in the nonparametric

setup. Indeed, by zeroingγi the corresponding coefficient functionci(x) =
∑N

n=1 γink(xn, x) is

driven to zero, and correspondinglybi(y) drops from the expansion (4.15).

Remark 2. A single kernelkX and associated RKHSHX can be used for all componentsci(x) in

(4.17), since the summands in (4.15) are differentiated through the bases. Specifically, for a common

K, a differentbi(y) per coefficientci(x), yields a distinct diagonal matrix Diag[bi(y1), . . . , bi(yN )],

defining an individualKi in (4.18) that renders vectorγi identifiable. This is a particular character-

istic of (4.17), in contrast with (4.9) and Lemma 4.1 which are designed for, and require, multiple

kernels.

Remark 3. The different sparse kernel-based approaches presented sofar, namely SpAMs, MKL,

and NBP, should not be viewed as competing but rather as complementary choices. Multiple kernels
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can be used in basis pursuit, and a separable model forci(x) may be due in high dimensions. An

NBP-MKL hybrid applied to spectrum cartography illustrates this point in Section 4.6, where bases

are utilized for the frequency domainY.

4.4 Blind NBP for matrix and tensor completion

A kernel-based matrix completion scheme will be developed in this section using ablind version of

NBP, in which bases{bi} will not be prescribed, but they will be learned together with coefficient

functions{ci}. The matrix completion task entails imputation of missing entries of a data matrix

Z ∈ R
M×N . Entries of an index matrixW ∈ {0, 1}M×N specify whether datumzmn is available

(wmn = 1), or missing (wmn = 0). Low rank ofZ is a popular attribute that relates missing

with available data, thus granting feasibility to the imputation task. Low-rank matrix imputation is

achieved by solving

Ẑ = arg min
A∈RM×N

1

2
‖(Z−A)�W‖2F s. to rank(A) ≤ P (4.19)

where� stands for the Hadamard (element-wise) product. The low-rank constraint corresponds

to an upperbound on the number of nonzero singular values of matrix A, as given by its̀ 0-norm.

Specifically, ifsT := [s1, . . . , smin{M,N}] denotes vector of singular values ofA, and the cardinality

|{si 6= 0, i = 1, . . . ,min{M,N}}| := ‖s‖0 defines its̀ 0-norm, then the ball of radiusP , namely

‖s‖0 ≤ P , can replace rank(A) ≤ P in (4.19). The feasible set‖s‖0 ≤ P is not convex because

‖s‖0 is not a proper norm (it lacks linearity), and solving (4.19)requires a combinatorial search for

the nonzero entries ofs. A convex relaxation is thus well motivated. If the`0-norm is surrogated by

the`1-norm, the corresponding ball‖s‖1 ≤ P becomes the convex hull of the original feasible set.

As the singular values ofA are non-negative by definition, it follows that‖s‖1 =
∑min{M,N}

i=1 si.

Since the sum of singular values equals the dual norm of the`2-norm ofA [30, p.637],‖s‖1 defines

a norm over the matrixA itself, namely the nuclear norm ofA, denoted by‖A‖∗.

Upon substituting‖A‖∗ for the rank, (4.19) is further transformed to its Lagrangian form by

placing the constraint in the objective as a regularizationterm, i.e.,

Ẑ = arg min
A∈RM×N

1

2
‖(Z−A)�W‖2F + µ‖A‖∗. (4.20)
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The next step towards kernel-based matrix completion relies on an alternative definition of

‖A‖∗. Consider bilinear factorizations of matrixA = CBT with B ∈ R
N×P andC ∈ R

M×P ,

in which the constraint rank(A) ≤ P is implicit. The nuclear norm ofA can be redefined as (see

e.g., [119])

‖A‖∗ = inf
A=CBT

1

2
(‖B‖2F + ‖C‖2F ). (4.21)

Result (4.21) states that the infimum is attained by the singular value decomposition ofA. Specif-

ically, if A = UΣVT with U andV unitary andΣ := diag(s), and if B andC are selected as

B = VΣ1/2, andC = UΣ1/2, then 1
2(‖B‖2F + ‖C‖2F ) =

∑P
i=1 si = ‖A‖∗. Given (4.21), it is

possible to rewrite (4.20) as

Ẑ = arg min
A=CBT

1

2
‖(Z−A)�W‖2F +

µ

2
(‖B‖2F + ‖C‖2F ). (4.22)

A formal proof of the equivalence between (4.20) and (4.22) can be found in [119].

Matrix completion in its factorized form (4.22) can be reformulated in terms of (4.15) and

RKHSs. Following [6], define spacesX := {1, . . . ,M} andY := {1, . . . , N} with associated

kernelskX (m,m′) andkY(n, n′), respectively. Letf(m,n) represent the(m,n)-th entry of the

approximant matrixA in (4.22), andP a prescribed overestimate of its rank. Consider estimating

f : X×Y → R in (4.15) over the familyF := {f(m,n) =∑P
i=1 ci(n)bi(m), ci ∈ HX , bi ∈ HY}

via

f̂ = argmin
f∈F

1

2

M
∑

m=1

N
∑

n=1

wmn(zmn − f(m,n))2 +
µ

2

P
∑

i=1

(

‖ci‖2HX
+ ‖bi‖2HY

)

. (4.23)

If both kernels are selected as Kronecker delta functions, then (4.23) coincides with (4.22). This

equivalence is stated in the following lemma.

Lemma 4.2 Consider spacesX := {1, . . . ,M}, Y := {1, . . . , N} and kernelskX (m,m′) :=

δ(m −m′) andkY(n, n′) := δ(n − n′) over the product spacesX × X andY × Y, respectively.

Define functionsf : X × Y → R, ci : X → R, and bi : Y → R, i = 1, . . . , P , and matrices

A ∈ R
M×N , B ∈ R

N×P , andC ∈ R
M×P . It holds that:

a) RKHSHX (HY ) of functions overX (correspondinglyY), associated withkX (kY ) reduce to

HX = R
M (HY = R

N ).
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b) Problems (4.23), (4.22), and (4.20) are equivalent upon identifyingf(m,n) = Amn, bi(n) =

Bni, andci(m) = Cmi.

According to Lemma 4.2, the intricacy of rewriting (4.20) asin (4.23) does not introduce any

benefit when the kernel is selected as the Kronecker delta. But as it will be argued next, the equiv-

alence between these two estimators generalizes nicely thematrix completion problem to sparse

KBL of missing data with arbitrary kernels.

The separable structure of the regularization term in (4.23) enables a finite dimensional repre-

sentation of functions

ĉi(m) =

M
∑

m′=1

γim′kX (m
′,m), m = 1, . . . ,M,

b̂i(n) =

N
∑

n′=1

βin′kY(n
′, n), n = 1, . . . , N. (4.24)

Optimal scalars{γim} and{βin} are obtained by substituting (4.24) into (4.23), and solving

min
C̃∈RM×P

B̃∈RN×P

1

2
‖(Z−KX C̃B̃TKT

Y)�W‖2F +
µ

2

[

trace(C̃TKX C̃) + trace(B̃TKYB̃)
]

(4.25)

where matrixC̃ (B̃) is formed with entriesγmi (βni).

A Bayesian approach to kernel-based matrix completion is given next, followed by an algorithm

to solve forB̃ andC̃.

4.4.1 Bayesian Low-Rank Imputation and Prediction

To recast (4.23) in a Bayesian framework, suppose that the available entries ofZ obey the additive

white Gaussian noise (AWGN) modelZ = A + E, with E having entries independent identically

distributed (i.i.d.) according to the zero-mean Gaussian distributionN (0, σ2).

Matrix A is factorized asA = CBT without loss of generality (w.l.o.g.). Then, a Gaussian

prior is assumed for each of the columnsbi andci of B andC, respectively,

bi ∼ N (0,RB), ci ∼ N (0,RC ) (4.26)

independent acrossi, and with trace(RB) = trace(RC). Invariance acrossi is justifiable, since

columns are a priori interchangeable, while trace(RB) = trace(RC) is introduced w.l.o.g. to re-

move the scalar ambiguity inA = CBT .
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Under the AWGN model, and with priors (4.26), the maximum a posteriori (MAP) estimator of

A givenZ at the entries indexed byW takes the form [cf. (4.25)]

min
C∈RM×P

B∈RN×P

1

2
‖(Z−CBT )�W‖2F +

σ2

2

[

trace(CTR−1
C C) + trace(BTR−1

B B)
]

. (4.27)

With RC = KX andRB = KY , and substitutingB := KYB̃ andC := KX C̃, the MAP

estimator that solves (4.27) coincides with the estimator solving (4.25) for the coefficients of kernel-

based matrix completion, provided that covariance and Grammatrices coincide. From this Bayesian

perspective, the KBL matrix completion method (4.23) provides a generalization of (4.20), which

can accommodate a priori knowledge in the form of correlation across rows and columns of the

incompleteZ.

With prescribed correlation matricesRB andRC , (4.23) can even perform smoothing and pre-

diction. Indeed, if a column (or row) ofZ is completely missing, (4.23) can still find an estimate

Ẑ relying on the covariance between the missing and availablecolumns. This feature is not avail-

able with (4.20), since the latter relies only on rank-induced colinearities, so it cannot reconstruct a

missing column. The prediction capability is useful for instance in collaborative filtering [6], where

a group of users rates a collection of items, to enable inference of new-user preferences or items

entering the system. Additionally, the Bayesian reformulation (4.27) provides an explicit interpre-

tation for the regularization parameterµ = σ2 as the variance of the model error, which can thus be

obtained from training data. The kernel-based matrix completion method (4.27) is summarized in

Algorithm 2, which solves (4.27) upon identifyingRC = KX , RB = KY , andσ2 = µ, and solves

(4.25) after changing variablesB := KYB̃ andC := KX C̃ (compare (4.25) with lines 13-14 in

Algorithm 2).

Detailed derivations of the updates in Algorithm 2 are provided in Appendix C. For a high-level

description, the columns ofB andC are updated cyclically, solving (4.27) via BCD iterations.This

procedure converges to a stationary point of (4.27), which in principle does not guarantee global

optimality. Opportunely, it can be established that local minima of (4.27) are global minima, by

transforming (4.27) into a convex problem through the same change of variables proposed in [119]

for the analysis of (4.22). This observation implies that Algorithm 2 yields the global optimum of

(4.25), and thus (4.23).
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Algorithm 2 : Kernel Matrix Completion (KMC)

1: InitializeB andC randomly.

2: Set the identity matrixIP , with dimensionsP × P , and columnsei, i = 1, . . . , P

3: while |cost− costold| < ε do

4: for i = 1, . . . , P do

5: SetZi := Z−C(IP − eie
T
i )B

T

6: ComputeHi := Diag[W(Bei �Bei)] + µK−1
Y

7: Update columnci = H−1
i (W � Zi)Bei

8: end for

9: for i = 1,. . . , P do

10: SetZi := Z−C(IP − eie
T
i )B

T

11: ComputeH̄i := Diag[WT (Cei �Cei)] + µK−1
X

12: Update columnbi = H̄−1
i (WT � ZT

i )Cei

13: end for

14: Recalculate cost= 1
2
‖(Z−CBT )�W‖2F

15: +µ
2

[

trace(CTK−1
X C) + trace(BTK−1

Y B)
]

16: end while

17: return B̃ = K−1
Y B, C̃ = K−1

X C, andẐ = CBT

The kernel-based matrix completion method here offers an alternative to [6], where the low-

rank constraint is introduced indirectly through the kernel trick. Furthermore, bypassing the nuclear

norm and using (4.21) instead, renders (4.23) generalizable to tensor imputation [24].

4.5 Kernel-based dictionary learning

Basis pursuit approaches advocate an overcomplete set of bases to cope with model uncertainty,

thus learning from data the most concise subset of bases thatrepresents the signal of interest. But

the extensive set of candidate bases (a.k.a. dictionary) still needs to be prescribed. The next step

towards model-agnostic KBL is to learn the dictionary from data, along with the sparse regression

coefficients. Under the sparse linear model

zm = Bγm + em, m = 1, . . . ,M (4.28)
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Figure 4.1: Comparison between KDL and NBP; (top) dictionary B and sparse coefficientsγm for KDL,

whereMNS equations are sufficient to recoverC; (bottom) low-rank structureA = CBT presumed in

KMC.

with dictionary of basesB ∈ R
N×P , and vector of coefficientsγm ∈ R

P , the goal of dictionary

learning is to obtainB andC := [γ1, . . . ,γM ]T from dataZ := [z1, . . . , zM ]T . A swift count of

equations and unknowns yieldsNP +MP scalar variables to be learned fromMN data (see Fig.

4.1). This goal is not plausible for an overcomplete design (P > N ) unless sparsity of{γm}Mm=1

is exploited. Under proper conditions, it is possible to recover a sparseγm containing at mostS

nonzero entries from a reduced numberNs := θS log P ≤ N of equations [36], whereθ is a

proportionality constant. Hence, the number of equations needed to specifyC reduces toMNs, as

represented by the darkened region ofZT in Fig. 4.1. WithNs < N , it is then possible and crucial

to collect a sufficiently large numberM of data vectors in order to ensure thatMN ≥ NP +MNS,

thus accommodating the additionalNP equations needed to determineB, and enable learning of

the dictionary.

Having collected sufficient training data, one possible approach to findB andC is to fit the

data via the LS cost‖Z−CBT ‖2F regularized by thè1-norm ofC in order to effect sparsity in the

coefficients [106]. This dictionary leaning approach can berecast into the form of blind NBP (4.23)

by introducing the additional regularizing termλ
∑P

i=1 ‖ci‖1, with ‖ci‖1 :=
∑M

m=1 |ci(m)|. The

new regularizer on functionsci : X → R depends on their values at the measurement pointsm only,
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and can be absorbed in the loss part of (4.3). Thus, the optimal {ci} and{bi} conserve their finite

expansion representations dictated by the Representer Theorem. Coefficients{γmp, βnp} must be

adapted according to the new cost, and (4.27) becomes

min
C∈RM×P

B∈RN×P

1

2
‖(Z−CBT )�W‖2F + λ‖C‖1 +

σ2

2

[

trace(BTR−1
B B) + trace(CTR−1

C C)
]

.

(4.29)

Remark 4. Kernel-based dictionary learning (KDL) via (4.29) inherits two attractive properties

of kernel matrix completion (KMC), that is blind NBP, namelyits flexibility to introduce a priori

information throughRB andRC , as well as the capability to cope with missing data. While both

KDL and KMC estimate bases{bi} and coefficients{ci} jointly, their difference lies in the size

of the dictionary. As in principal component analysis, KMC presumes a low-rank model for the

approximantA = CBT , compressing signals{zm} with P ′ < M components (Fig. 4.1 (bottom)).

Low rank ofA is not required by the dictionary learning approach, where signals{zm} are spanned

by P ≥ M dictionary atoms{bi} (Fig. 4.1 (top)), provided that eachzm is composed by a few

atoms only.

Algorithm 2 can be modified to solve (4.29) by replacing the update for columnci in line 7 with

the Lasso estimate

ci := arg min
c∈RM

1

2
cTHic+ cT (W � Zi)Bei + λ‖c‖1. (4.30)

The Bayesian interpretation of (4.29) brings KDL close to [186], where a Bernoulli-Gaussian

model forC accounts for its sparsity, and a Beta distribution is introduced for learning the distribu-

tion ofC through hyperparameters. Although [186] assumes independent Gaussian variables across

“time” samples in the underlying model forC, generalization to correlated variables is straightfor-

ward. Bernoulli parameters controlling the sparsity ofcmp are assumed invariant acrossm in [186],

which amounts to stationarity overcmp.

Sparse learning of temporally correlated data is studied also in [197], although the time-invariant

model for the support ofcm does not lend itself to dictionary learning.

Although dictionary learning can indeed be viewed as a blindcounterpart of compressive sam-

pling, its capability of recoveringB andC from data is typically illustrated by examples rather than
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theoretical guarantees. Recent efforts on establishing identifiability and local optimality of dictio-

nary learning can be found in [76] and [85]. A related KDL strategy has been proposed in [162],

where data and dictionary atoms are organized in classes, and the regularized learning criterion is

designed to promote cohesion of atoms within a class.

4.6 Applications

4.6.1 Spectrum cartography via NBP and MKL

Consider the setup in [21] withNc = 100 radios distributed over an areaX of 100 × 100m2 to

measure the ambient RF power spectral density (PSD) atNf = 24 frequencies equally spaced

in the band from2, 400MHz to 2, 496MHz, as specified by IEEE 802.11 wireless LAN standard

[3]. The radios collaborate by sharing theirN = NcNf measurements with the goal of obtaining

a map of the PSD across space and frequency, while specifyingat the same time which of the

P = 14 frequency sub-bands are occupied. The wireless propagation is simulated according to

the pathloss model affected by shadowing described in [7], with parametersnp = 3, ∆0 = 60m,

δ = 25m , σ2X = 25dB, and with AWGN varianceσ2n = −10dB. Fig. 4.2 depicts the distribution

of power across space generated by two sources transmittingover bandsi = 5 and i = 8 with

center frequencies2, 432MHz and2, 447MHz, respectively. Fig. 4.3 shows the PSD as seen by a

representative radio located at the center ofX .
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Figure 4.2: Aggregate power distribution across
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Figure 4.3: PSD measurements at a representa-

tive locationxn.

Model (4.15) is adopted for collaborative PSD sensing, withx andy representing the spatial
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and frequency variables, respectively. Bases{bi} are prescribed as Hann-windowed pulses in ac-

cordance with [3], and the distribution of power across space per sub-band is given by{ci(x)}
after interpolating the measurements obtained by the radios via (4.17). Two exponential kernels

kr(x, x
′) = exp(−‖x − x′‖2/θ2r), r = 1, 2 with θ1 = 10m andθ2 = 20m are selected, and con-

vex combinations of the two are considered as candidate interpolatorsk(x, x′). This MKL strategy

is intended for capturing two different levels of resolution as produced by pathloss and shadow-

ing. Correspondingly, eachci(x) is decomposed into two functionsci1(x) and ci2(x) which are

regularized separately in(4.17).

Solving (4.17) generates the PSD maps of Fig. 4.4. Onlyγ5 andγ8 in the solution to (4.18)

take nonzero values (more preciselyγ5r andγ8r, r = 1, 2 in the MKL adaptation of (4.18)), which

correctly reveals which frequency bands are occupied as shown in Fig. 4.4(a). The estimated PSD

across space is depicted in Fig. 4.4 (b,first row) for each band respectively, and compared to the

ground truth depicted in Fig. 4.4 (b,second row). The multi-resolution componentsc5r(x) and

c8r(x) are depicted in Fig. 4.4 (b,last two rows), demonstrating how kernelk1 captures the coarse

pathloss distribution, whilek2 refines the map by revealing locations affected by shadowing.

These results demonstrate the usefulness of model(4.15) for collaborative spectrum sensing,

with bases abiding to [3] and multi-resolution kernels. Thesparse nonparametric estimator (4.17)

serves the purpose of revealing the occupied frequency bands, and capturing the PSD map across

space per source. Compared to the spline-based approach in [21], the MKL adaptation of (4.17)

here provides the appropriate multi-resolution capability to capture pathloss and shadowing effects

when interpolating the data across space.

4.6.2 Completion of Gene Expression Data via Blind NBP

The imputation method (4.23) is tested here on microarray data described in [160]. Expression

levels of yeast acrossNg = 4, 772 genes sampled atN = 13 time points during the cell cycle are

considered. A subset ofM = 100 genes is extracted and their expression levels are organized in the

matrixZ ∈ R
M×N depicted in Fig. 4.5 (left). Severe data losses are simulated by discarding90%

of the entries ofZ, including the nearly5% actually missing data.
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According to the Bayesian model (4.26), it follows that

E[ZZT ] = θRC + σ2eI, E[ZTZ] = θRB + σ2eI . (4.31)

To study the effect of hydrogen peroxide on the cell cycle arrest, two extra microarray datasets

Z(1), Z(2) ∈ R
M×N , synchronized withZ, are collected in [160]. These two matrices are employed

to form an estimate ofE[ZZT ], which is used instead ofRC in (4.27) after neglecting the noise

term in (4.31). Since the presence of hydrogen peroxide in samplesZ(1) andZ(2) induces cell

cycle arrest, the correlation between samples across time in Z(1) andZ(2) is altered, and thus these

samples are not appropriate for estimatingE[ZTZ]. Alternatively, the sample estimate ofE[ZTZ]

is formed with the microarray data of the(Ng −M)×N genes set aside, and then used in place of

RB in (4.27).

Solving (4.27) with the available data (10% of the total) as shown in Fig. 4.5 (second left) results

in the matrixẐ depicted in Fig. 4.5 (second right), where the imputed missing data introduce an

average recovery error of−8dB [cf. Fig. 4.6]. In producinĝZ, the smoothing capability of (4.23) to

recover completely missing rows ofZ (amounting to 25 in this example) is corroborated. Missing

rows cannot be recovered by nuclear norm regularization alone [cf. (4.20)], even ifZ is padded with

expression levels of the discardedNg −M genes. Fig. 4.5 (right) presents this case confirming that

its performance dagrades w.r.t. NBP; while Fig. 4.6 illustrates the sensitivity of the estimation error

to the cross-validated regularization parameterµ for both estimators. Similar degraded results are

observed when imputing missing entries ofZ using the impute.knn() and svdImpute() methods, as

implemented in the R packages pcaMethods and BioConductor-impute. These two methods were

applied to the paddedZ, after the requisite discarding of the 25 missing rows, resulting in recovery

errors on the remaining missing entries at−3.84dB and−0.12dB (with parameter nPcs= 12),

respectively.

4.6.3 Network Flow Prediction via Blind NBP

The Abilene network in Fig. 4.7, a.k.a. Internet 2, comprising 11 nodes andM = 30 links [1], is

utilized as a testbed for traffic load prediction. Aggregatelink loadszmn are recorded every5minute

intervals in the morning of December 22, 2008, between 12:00am and 11:55pm, and are collected
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in the firstN/2 = 144 columns of matrixZ ∈ R
M×N . These samples are then used to predict link

loads hours ahead, by capitalizing on their mutual cross-correlation, the periodic correlation across

days, and their interdependence across links as dictated bythe network topology.

The correlation matrixE(ZZT ) represented in Fig. 4.8 is estimated with training samples

collected during the two previous weeks, from December 8 to December 21, 2008, and substituted

for RC in (4.27) according to (4.31). A singular point at 11:00am inthe traffic curve, as depicted

in black in Fig. 4.9, is reflected in the sharp transition noticed in Fig. 4.8. On the other hand,

RB is not estimated but derived from the network structure. Supposing i.i.d. flows across the

network, it holds thatE(ZTZ) = σ2fR
TR, whereR represents the network routing matrix andσ2f

the flow variance. Thus,σ2fR
TR, was used instead ofRB in (4.27), withσ2f adjusted to satisfy

tr(E[ZTZ]) = tr(E[ZZT ]).

Fig. 4.9 shows link loads predicted by (4.27) on December 22,2008, for a representative link,

along with the actually recorded samples for that day. Prediction accuracy is compared in Fig. 4.9

to a base strategy comprising independent LMMSE estimatorsper link, which yield a relative pre-

diction errorep = 0.22 aggregated across links, againstep = 0.15 that results from (4.27). Strong

correlation among samples from 12:00am to 2:00pm [cf. Fig. 4.8] renders LMMSE prediction ac-

curate in this interval, relying on single-link data only. The benefit of considering the links jointly is

appreciated in the subsequent interval from 2:00pm to 11:55pm, where the traffic correlation with

morning samples fades away and the network structure comes to add valuable information, in the

form of RB , to stabilize prediction.

4.7 Summary

A new methodology was outlined in this chapter by cross fertilizing sparsity-aware signal pro-

cessing tools with kernel-based learning. It goes well beyond translating sparse vector regression

techniques into their nonparametric counterparts, to generate a series of unique possibilities such

as kernel selection or kernel-based matrix completion. Thepresent article contributes to these ef-

forts by advancing NBP as the cornerstone of sparse KBL, including blind versions that emerge as

nonparametric nuclear norm regularization and dictionarylearning.

KBL was connected with GP analysis, promoting a Bayesian viewpoint where kernels convey
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prior information. Alternatively, KBL can be regarded as aninterpolation toolset though its con-

nection with the NST, suggesting that the impact of the priormodel choice is attenuated when the

size of the dataset is large, especially when kernel selection is also incorporated. Further insights

on parallel sparse KBL can also be found in Appendix C.

All in all, sparse KBL was envisioned as a fruitful research direction. Its impact on signal

processing practice was illustrated through a diverse set of application paradigms.
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(a)

(b)

Figure 4.4: NBP for spectrum cartography using multiple kernels.
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Figure 4.5: Microarray data completion; from left to right:original sample;10% available data; recovery via

NBP; and recovery via nuclear-norm regularized LS.

10
−2

10
−1

10
0

10
1

10
2

−8

−7

−6

−5

−4

−3

−2

−1

0

1

µ

||(
Z
−

C
B

T
)
¯

(1
−

W
)|
| F

/|
|Z

¯
(1

−
W

)|
| F

 

 

Nuclear norm
Blind NBP

Figure 4.6: Relative recovery error in dB with90% missing data; comparison between blind NBP (KMC)

and nuclear norm regularization.



4.7. SUMMARY 73

Figure 4.7: Internet 2 network topology graph [1].

Figure 4.8: Sample estimates ofE(ZZT ) for link loads across time, are used to replaceRC andKY .
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Figure 4.9: Network prediction via KMC (blind NBP). Measured and predicted traffic on linkm = 21.
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Chapter 5

Rank regularization and Bayesian

inference for tensor completion and

extrapolation†

5.1 Preliminaries

5.1.1 Nuclear-norm minimization for matrix completion

Low-rank approximation is a popular method for estimating missing values of a matrixZ ∈ R
N×M ,

which capitalizes on “regularities” across the data [68]. For the imputation to be feasible, a binding

assumption that relates the available entries with the missing ones is required. An alternative is

to postulate thatZ has low rankR � min(N,M). The problem of finding matrix̂Z with rank

not exceedingR, which approximatesZ in the given entries specified by a binary matrix∆ ∈
{0, 1}N×M , can be formulated as

Ẑ = argmin
X

‖(Z−X)~∆‖2F s. to rank(X) ≤ R . (5.1)

The low-rank property of matrixX implies that the vectors(X) of its singular values is sparse.

Hence, the rank constraint is equivalent to‖s(X)‖0 ≤ R, where thè 0-(pseudo)norm‖ · ‖0 equals

the number of nonzero entries of its vector argument.
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Aiming at a convex relaxation of the NP-hard problem (5.1), one can leverage recent advances

in compressive sampling [68] and surrogate the`0-norm with the`1-norm, which here equals the

nuclear norm ofX defined as‖X‖∗ := ‖s(X)‖1. With this relaxation, the Lagrangian counterpart

of (5.1) is

Ẑ = argmin
X

1

2
‖(Z−X)~∆‖2F + µ‖X‖∗ (5.2)

whereµ ≥ 0 is a rank-controlling parameter. Problem (2) can be furthertransformed by considering

the following characterization of the nuclear norm [171]

‖X‖∗ = min
{B,C}

1

2
(‖B‖2F + ‖C‖2F ) s. to X = BCT . (5.3)

For an arbitrary matrixX with SVDX = UΣVT , the minimum in (5.3) is attained forB = UΣ1/2

andC = VΣ1/2. The optimization in (5.3) is over all possible bilinear factorizations ofX, so that

the number of columns ofB andC is also a variable.

For givenR, note that the factorizationX = BCT with B ∈ R
N×R andC ∈ R

M×R implies

rank(X) ≤ R. Introducing the aforementioned bilinear factorization of X, and replacing‖X‖∗ in

(5.2) with the Frobenius-norm regularization dictated by (5.3), one arrives at the following refor-

mulation of (5.2) [119]

Ẑ′ =arg min
{X,B,C}

1

2
‖(Z−X)~∆‖2F +

µ

2
(‖B‖2F + ‖C‖2F )

s. to X = BCT . (5.4)

Problems (5.2) and (5.4) can be readily proved equivalent [cf. Proposition 1-a)], in the sense that

by finding the global minimum of (5.4), one can recover the optimal solution of (5.2). However,

since (5.4) isnonconvex, it may have multiple stationary points that need not be globally optimal.

Interestingly, the next result provides global optimalityconditions for these stationary points [parts

a) and b) are proved in Appendix D, while the proof for c) can befound in [119].]

Proposition 5.1 If R ≥ rank(Ẑ), then problems (5.2) and (5.4) are equivalent, in the sense that:

a) global minima coincide:̂Z = Ẑ′;

b) all local minima of (5.4) are globally optimal; and,
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c) stationary pointsX of (5.4) satisfying‖(X− Z)~∆‖2 ≤ µ are globally optimal.

This result plays a critical role in this paper, as the Frobenius-norm regularization for controlling

the rank in (5.4) will be useful to obtain its tensor counterparts in Section 5.2.

Remark 5.1 Without missing data, all entries of∆ are equal to one, and (5.1) boils down to prin-

cipal component analysis. In this case, (5.1) can be solved by truncating the SVD ofZ, so that

only itsR largest singular values are retained. The presence of missing entries changes the prob-

lem profoundly, as (5.1) becomes NP-hard [184]. This highlights the importance of the nuclear

norm regularizer (5.2) as a clever alternative to rank minimization in the presence of missing data.

Reduced complexity alternatives to SVD are also available;e.g., the truncated multi-stage Wiener

filter (MSWF) [83]. MSWF offers an attractive alternative to(5.1) for matrix (and even tensor)

dimensionality reduction. This approach is not pursued here however, since redesigning the MSWF

to cope withmissing datamay prove challenging [cf. (5.1) with and without missing data.] Con-

versely, exploring variants of (5.2) for reduced-rank Wiener filtering in the presence of missing data,

constitutes an interesting direction for future research.

5.1.2 PARAFAC decomposition

The PARAFAC decomposition of a tensorX ∈ R
M×N×P is at the heart of the proposed imputation

method, since it offers a means to define its rank [107, 176]. Given R ∈ N, consider matrices

A ∈ R
N×R, B ∈ R

M×R, andC ∈ R
P×R, such that

X(m,n, p) =
R
∑

r=1

A(m, r)B(n, r)C(p, r). (5.5)

The rank ofX is the minimum value ofR for which this decomposition is possible. ForR∗ :=

rank(X), the PARAFAC decomposition is given by the corresponding factor matrices{A,B,C}
(all with R∗ columns), so that (5.5) holds withR = R∗.

To appreciate why the aforementioned rank definition is natural, rewrite (5.5) asX =
∑R

r=1 ar◦
br ◦cr , wherear, br, andcr represent ther-th columns ofA, B, andC, respectively; and the outer

productsOr := ar ◦ br ◦ cr ∈ R
M×N×P have entriesOr(m,n, p) := A(m, r)B(n, r)C(p, r).

The rank of a tensor is thus the minimum number of outer products (rank one factors) required to
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Figure 5.1: Tensor slices along the row, column, and tube dimensions.

represent the tensor. It is not uncommon to adopt an equivalent normalized representation

X =
R
∑

r=1

ar ◦ br ◦ cr =
R
∑

r=1

γr(ur ◦ vr ◦wr) (5.6)

by defining unit-norm vectorsur := ar/‖ar‖, vr := br/‖br‖, wr := cr/‖cr‖, and weights

γr := ‖ar‖‖br‖‖cr‖, r = 1, . . . , R.

Let Xp, p = 1, . . . , P denote thep-th slice ofX along its third (tube) dimension, such that

Xp(m,n) := X(m,n, p); see Fig. 5.1. The following compact form of the PARAFAC decomposi-

tion in terms of slice factorizations will be used in the sequel

Xp = Adiag
[

eTpC
]

BT , p = 1, . . . , P (5.7)

where the diagonal matrix diag[u] has the vectoru on its diagonal, andeTp is thep-th row of the

P × P identity matrix. The PARAFAC decomposition is symmetric [cf. (5.5)], and one can also

writeXm = Bdiag
[

eTmA
]

CT , or,Xn = Cdiag
[

eTnB
]

AT in terms of slices along the first (row),

or, second (column) dimensions. GivenX, under some technical conditions then(A,B,C) are

unique up to a common column permutation and scaling (meaning PARAFAC is identifiable); see

e.g. [107,163,172,176].

5.2 Rank regularization for tensors

Generalizing the nuclear-norm regularization technique (5.2) from low-rank matrix to tensor com-

pletion is not straightforward, since singular values of a tensor (given by the Tucker decomposition)

are not related to the rank [104]. Fortunately, the Frobenius-norm regularization outlined in Section
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5.1.1 offers a viable option for low-rank tensor completionunder the PARAFAC model, by solving

Ẑ :=argmin
{X,A,B,C}

1

2
‖(Z−X)~∆‖2F +

µ

2

(

‖A‖2F +‖B‖2F +‖C‖2F
)

s. to Xp = Adiag
[

eTpC
]

BT , p = 1, . . . , P (5.8)

where the Frobenius norm of a tensor is defined as‖X‖2F :=
∑

m

∑

n

∑

pX
2(m,n, p), and the

Hadamard product as(X~∆)(m,n, p) := X(m,n, p)∆(m,n, p).

Different from the matrix case, it is unclear whether the regularization in (5.8) bears any relation

with the tensor rank. Interestingly, the following analysis corroborates the capability of (5.8) to

produce a low-rank tensor̂Z, for sufficiently largeµ. In this direction, consider an alternative

completion problem stated in terms of the normalized tensorrepresentation (5.6)

Ẑ
′
:= arg min
{X,γ,{ur},{vr},{wr}}

1

2
‖ (Z−X)~∆‖2F +

µ

2
‖γ‖2/32/3

s. to X =

R
∑

r=1

γr(ur ◦ vr ◦wr) (5.9)

where γ := [γ1, . . . , γR]
T ; the nonconvex`2/3 (pseudo)-norm is given by‖γ‖2/3 :=

(
∑R

r=1 |γr|2/3)3/2; and the unit-norm constraint on the factors’ columns is left implicit. Problems

(5.8) and (5.9) are equivalent as established by the following proposition (see Appendix D for a

proof.)

Proposition 5.2 The solutions of (5.8) and (5.9) coincide, i.e.,Ẑ
′
= Ẑ, with optimal factors related

by âr = 3
√
γ̂rûr, b̂r =

3
√
γ̂rv̂r, andĉr = 3

√
γ̂rŵr, r = 1, . . . , R.

To further stress the capability of (5.8) to produce a low-rank approximant tensorX, consider

transforming (5.9) once more by rewriting it in the constrained-error form

Ẑ
′′
:= arg min

{X,γ,{ur},{vr},{wr}}
‖γ‖2/3 (5.10)

s. to || (Z−X)~∆||2F ≤ σ2, X =
R
∑

r=1

γr(ur ◦ vr ◦wr).

For any value ofσ2 there exists a corresponding Lagrange multiplierλ such that (5.9) and (5.10)

yield the same solution, under the identityµ = 2/λ. [Sincef(x) = x2/3 is an increasing function,
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Figure 5.2: The unit̀2/3-norm ball compared to its̀0- and`1-norm counterparts.

the exponent of‖γ‖2/3 can be safely eliminated without affecting the minimizer of(5.10).] The

key observation is that minimizing‖γ‖2/3 in (5.10) yields a sparse vectorγ [42]. As with the well-

known sparsity-promoting̀1-norm, the unit̀ 2/3-norm ball exhibits a “pointy geometry” at the axes

responsible for inducing sparsity; see Fig. 5.2.

With (5.8) equivalently rewritten as in (5.10), its low-rank inducing property is now revealed. As

γ in (5.10) becomes sparse, some of its entriesγr are nulled, and the corresponding outer-products

γr(ur ◦ vr ◦wr) drop from the sum in (5.6), thus lowering the rank ofX.

The next property is a direct consequence of the low-rank promoting property of (5.8) as estab-

lished in Proposition 5.2; see Appendix D for a proof.

Corollary 5.1 LetẐ denote the solution of (5.8). Ifµ ≥ µmax := ‖∆~Z‖4/3F , thenẐ = 0M×N×P .

Corollary 5.1 asserts that ifµ is chosen large enough, the rank is reduced to the extreme case

rank(Ẑ) = 0. To see why this is a non-trivial property, it is prudent to think of linear models and

ridge-regression estimates which entail similar quadratic regularizers, but an analogous property

does not hold. In ridge regression one needs to letµ → ∞ in order to obtain an all-zero solution.

Characterization ofµmax is also of practical relevance as it provides a frame of reference for tuning

the regularization parameter.
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Using (5.10), it is also possible to relate (5.8) with the atomic norm in [40]. Indeed, the infimum

`1-norm ofγ is a proper norm forX, named atomic norm, and denoted by‖X‖A := ‖γ‖1 [40].

Thus, by replacing‖γ‖2/3 with ‖X‖A, (5.10) becomes convex inX. Still, the complexity of solving

such a variant of (5.10) resides in that‖X‖A is generally intractable to compute [40]. In this regard,

it is remarkable that arriving to (5.10) had the sole purposeof demonstrating the low-rank inducing

property, and that (5.8) is to be solved by the algorithm developed in the ensuing section. Such an

algorithm will neither require computing the atomic norm orPARAFAC decomposition ofX, nor

knowing its rank. The number of columns inA, B, andC can be set to an overestimate of the

rank ofZ, such as the upper bound̄R := min{MN,NP,PM} ≥ rank(Z), and the low-rank ofX

will be induced by regularization as argued earlier. It is also fair to say that only convergence to a

stationary point of (5.8) will be established in this paper.

Remark 5.2 These insights foster future research directions for the design of a convex regularizer

of the tensor rank. Specifically, substitutingρ(A,B,C) :=
∑R

r=1(‖ar‖3 + ‖br‖3 + ‖cr‖3) for

the regularization term in (5.8), turns‖γ‖2/3 into ‖γ‖1 = ‖X‖A in the equivalent (5.10). It is

envisioned that with such a modification in place, the acquired convexity of (5.10) would enable a

reformulation of Proposition 5.1 for the tensor case, providing conditions for global optimality of

the stationary points of (5.8).

Remark 5.3 Feasibility of the imputation task relies fundamentally onassuming a low-dimensional

data model, to couple the available and missing entries as well as reduce the effective degrees of

freedom in the problem. Different low-dimensional models would lead to alternative imputation

methods, as the unfolded tensor regularization in [73], or the truncated MSWF [83] discussed in

Remark 5.1. The comparative performance of these methods would depend on the accuracy of

their modeling assumptions. This paper focuses on low-ranktensors, hence (5.8) is expected to

outperform its competitors. This intuition is corroborated by numerical tests in Section 5.5.

Still, a limitation of (5.8) is that it does not allow for incorporating side information that could

be available in addition to the given entries∆~Z.

Remark 5.4 In the context of recommender systems, a description of the users and/or prod-

ucts through attributes (e.g., gender, age) or measures of similarity, is typically available. It is
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thus meaningful to exploit both known preferences and descriptions to model the preferences of

users [6]. In three-way (samples, genes, conditions) microarray data analysis, the relative position of

single-nucleotide polymorphisms in the DNA molecule implies degrees of correlation among geno-

types [157]. These correlations could be available either through a prescribed model, or, through

estimates obtained using a reference tensorŽ. A probabilistic approach to tensor completion capa-

ble of incorporating such types of extra information is the subject of the ensuing section.

5.3 Bayesian low-rank tensor approximation

5.3.1 Bayesian PARAFAC model

A probabilistic approach is developed in this section in order to integrate the available statistical

information into the tensor imputation setup. To this end, suppose that the observation noise is

zero-mean, white, Gaussian; that is the noisy tensor measurementszmnp := Z(m,n, p) are given

by

zmnp = xmnp + emnp, emnp ∼ N (0, σ2), i.i.d.. (5.11)

Since vectorsar in (5.6) are interchangeable, identical distributions areassigned acrossr =

1, . . . , R, and they are modeled as independent from each other, zero-mean Gaussian distributed

with covariance matrixRA ∈ R
M×M . Similarly, vectorsbr andcr are uncorrelated and zero-

mean, Gaussian, with covariance matrixRB andRC , respectively. In additionar, br, andcr

are assumed mutually uncorrelated. Since scale ambiguity is inherently present in the PARAFAC

model, vectorsar, br, andcr are set to have equal power; that is,

θ := Tr(RA) = Tr(RB) = Tr(RC) (5.12)

where Tr(·) denotes the matrix trace operator.

Under these assumptions, the posterior distributionp(A,B,C|Z) can be factorized as

p(Z|A,B,C)p(A)p(B)p(C)/p(Z) and is thus proportional toexp(−L(X,A,B,C)), where

L(X,A,B,C) =
1

2σ2
‖(Z−X)~∆‖2F +

1

2

R
∑

r=1

(

aTr R
−1
A ar + bT

r R
−1
B br + cTr R

−1
C cr

)

=
1

2σ2
‖(Z−X)~∆‖2F +

1

2

[

Tr
(

ATR−1
A A

)

+Tr
(

BTR−1
B B

)

+ Tr
(

CTR−1
C C

)]

.
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and withX :=
∑R

r=1 ar ◦ br ◦ cr as in (5.5).

The MAP estimator of(A,B,C) is defined as the maximizer ofp(A,B,C|Z) [100, p. 350].

Equivalently, the MAP estimator ofX follows from minimizingL(X,A,B,C) w.r.t. X, A, B,

andC, with (5.5) as a constraint; i.e.,

Ẑ := arg min
{X,A,B,C}

1

2σ2
‖(Z−X)~∆‖2F +

1

2

[

Tr
(

ATR−1
A A

)

+Tr
(

BTR−1
B B

)

+ Tr
(

CTR−1
C C

)]

s. to Xp = Adiag
[

eTpC
]

BT , p = 1, . . . , P (5.13)

reducing to (5.8) whenRA = IM ,RB = IN , andRC = IP .

Remark 5.5 From this Bayesian vantage point, the regularization parameterµ [cf. (5.8)] can be

interpreted as the noise variance, which is useful in practice to selectµ. This parameter choice is

complemented by the guidelines to obtain the prior covariances which are outlined in Section IV-C.

First, the ensuing section explores the advantages of incorporating prior information to the im-

putation method.

5.3.2 Nonparametric tensor decomposition

Incorporating the information conveyed byRA, RB , andRC , together with a practical means of

finding these matrices can be facilitated by interpreting (5.13) in the context of RKHS [191]. In par-

ticular, the analysis presented next will use the Representer Theorem, interpreted as an instrument

for finding the best interpolating function in a Hilbert space spanned by kernels, just as interpolation

with sinc-kernels is carried out in the space of bandlimitedfunctions for the purpose of reconstruct-

ing a signal from its samples [132].

In this context, it is instructive to look at a tensorf :M×N × P → R as a function of three

variablesm,n, andp, living in measurable spacesM,N , andP, respectively. Generalizing (5.8) to

this nonparametric framework, low-rank functionsf are formally defined to belong to the following
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family

FR :={f :M×N×P→R : f(m,n, p) =

R
∑

r=1

ar(m)br(n)cr(p)

such thatar(m) ∈ HM, br(n) ∈ HN , cr(p) ∈ HP}

whereHM, HN , andHP are Hilbert spaces constructed from specified kernelskM, kN andkP ,

defined overM,N , andP, whileR is an initial overestimate of the rank off .

The following nonparametric fitting criterion is adopted for finding the bestf̂R interpolating

data{zmnp : δmnp = 1}

f̂R : = arg min
f∈FR

M
∑

m=1

N
∑

n=1

P
∑

i=1

δmnp(zmnp − f(m,n, p))2 +
µ

2

R
∑

r=1

(

‖ar‖2HM
+ ‖br‖2HN

+ ‖cr‖2HP

)

.

(5.14)

It is shown in Appendix D that leveraging the Representer Theorem, the minimizer of (5.14) admits

a finite dimensional representation in terms ofkM, kN andkP ,

f̂R(m,n, p) = kT
M(m)K−1

MAdiag
[

kT
P(p)K

−1
P C

]

BTK−1
N kN (n) (5.15)

where vectorkT
M(m) := [kM(m, 1), . . . , kM(m,M)], m ∈ M, and matrixKM has entries

kM(m,m′), m,m′ = 1, . . . ,M . Likewise, kN (n), KN , kP(p), andKP are correspondingly

defined in terms ofkN and kP . It is also shown in Appendix D that the coefficient matrices

A ∈ R
M×R, B ∈ R

N×R, andC ∈ R
P×R in (5.15) can be found by solving

min
A,B,C

P
∑

i=1

∥

∥

(

Zp −Adiag
[

eTpC
]

BT
)

~∆p

∥

∥

2

F
+
µ

2

(

Tr(ATK−1
MA)+Tr(BTK−1

N B)+Tr(CTK−1
P C)

)

.

(5.16)

Problem (5.16) reduces to (5.8) when the side information isdiscarded by selectingkM, kN and

kP as Kronecker deltas, in which caseKM, KN , andKP are identity matrices. In the general case,

(5.16) yields the sought nonlinear low-rank approximationmethod forf(m,n, p) when combined

with (5.15), evidencing the equivalence between (5.14) and(5.13).

Interpreting (5.14) as an interpolator renders (5.13) a natural choice for tensor completion,

where in general, missing entries are to be imputed by connecting them to surrounding points on
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the three-dimensional arrangement. Relative to (5.8), this RKHS perspective also highlights (5.13)’s

extra smoothing and extrapolation capabilities. Indeed, by capitalizing on the similarities captured

by KM, KN andKP , (5.16) can recover completely missing slices. This feature is not shared by

imputation methods that leverage low-rank only, since these require at least one point in the slice

to build on colinearities. Extrapolation is also possible in this sense. If for instanceKM can be

expanded to capture a further pointM + 1 not in the original set, then a new slice of data can be

predicted by (5.15) based on its correlationkM(M + 1) with the available entries. These extra ca-

pabilities will be exploited in Section 5.5.3, where correlations are leveraged for the imputation of

MRI data. The method described by (5.13) and (5.16) can be applied to matrix completion by just

setting entries ofC to one, and can be extended to higher-order dimensions with astraightforward

alteration of the algorithms and propositions throughout this paper.

Identification of covariance matricesRA, RB , andRC with kernel matricesKM, KN and

KP is the remaining aspect to clarify in the connection between(5.13) and (5.16). It is apparent

from (5.13) and (5.16) that correlations between columns ofthe factors are reflected in similarities

between the tensor slices, giving rise to the opportunity ofobtaining one from the other. This aspect

is explored next.

5.3.3 Covariance estimation

To implement (5.13), matricesRA, RB , andRC must be postulated a priori, or alternatively re-

placed by their sample estimates. Such estimates need a training set of vectors{a}, {b}, and{c}
abiding to the Bayesian model described in Section 5.3.1, and this requires PARAFAC decomposi-

tion of training data. In order to abridge this procedure, itis convenient to inspect howRA, RB ,

andRC are related to their kernel counterparts.

Based on the equivalence between the standard RKHS interpolator and the linear mean-square

error estimator [146], it is useful to re-visit the probabilistic framework and identify kernel simi-

larities between slices ofX, with their mutual covariances. Focusing on the tube dimension of X,

one can writeKP(p
′, p) := E[Tr(XT

p′Xp)], that is, the covariance between slicesXp′ andXp tak-

ing 〈X,Y〉 := Tr(XTY) as the standard inner product in the matrix space. Under thisalternative
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definition forKP , and corresponding definitions forKN , andKM, it is shown in Appendix D that

KM = θ2RA, KN = θ2RB , KP = θ2RC (5.17)

and thatθ is related to the second-order moment ofX by

E[‖X‖2F ] = Rθ3. (5.18)

Since sample estimates forKM,KN ,KP , andE[‖X‖F ] can be readily obtained from the tensor

data, (5.17) and (5.18) provide an agile means of estimatingRA, RB , andRC without requiring

PARAFAC decompositions over the set of training tensors; see also the numerical tests in Section

5.5.3.

This strategy remains valid when kernels are not estimated from data. One such case emerges

in collaborative filtering of user preferences, where the similarity of two users is modeled as a

prescribed function of a few attributes, such as age or income [6].

5.3.4 Block successive upper-bound minimization algorithm

An iterative algorithm is developed here for solving (5.13), by cyclically minimizing the cost over

A → B → C. This alternating-minimization procedure is typically adopted to fit PARAFAC

models, and is also known as block-coordinate descent (BCD)in the optimization parlance [148].

In the first step of the cycle the cost in (5.13) is minimized with respect to (w.r.t.)A, consideringB

andC as fixed parameters taking on their previous iteration values. Accordingly, the partial cost to

minimize reduces to the convex function

f(A) :=
1

2
‖ (Z−X)~∆‖2F +

µ

2
Tr
(

ATR−1
A A

)

(5.19)

whereµ was identified with and substituted forσ2. Function (5.19) is quadratic inA and can be

readily minimized after re-writing it in terms ofa := vec(A). However, such an approach becomes

computationally infeasible for other than small datasets,since it involves storingP matrices of

dimensionsNM × MR, and solving a square linear system ofMR equations. The alternative

pursued here relies on the so-called block successive upper-bound minimization (BSUM) algorithm

[148]. As it will become clear later on, this way the computational complexity in updatingA is

reduced fromO((MR)3) toO(MR3) per iteration, and likewise forB andC.
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BSUM follows the same cyclic architecture as BCD, but one instead minimizes a judiciously

chosen upper-boundg(A, Ā) of f(A). As such, it blends the properties of BCD and majorization-

minimization algorithms. The majorizing functiong(A, Ā) depends on the current iteratēA, and

should be crafted such that it: i)it is simpler to optimize thanf(A); and ii) satisfies certain local-

tightness conditions; see also [148] and properties i)-iii) in Lemma 5.1.

For givenĀ, consider the function

g(A, Ā) :=
1

2
‖ (Z−X)~∆‖2F + µ

(

λ

2
Tr
(

ATA
)

− Tr(ΘTA) +
1

2
Tr(ΘT Ā)

)

(5.20)

whereλ := λmax(R
−1
A ) is the maximum eigenvalue ofR−1

A , andΘ := (λI − R−1
A )Ā. The fol-

lowing properties ofg(A, Ā) imply that it majorizesf(A) atĀ, satisfying the technical conditions

required for the convergence of BSUM (see Appendix D for a proof).

Lemma 5.1 Functiong(A, Ā) in (5.20) satisfies the following properties

i) f(Ā) = g(Ā, Ā);

ii) d
dAf(A)|

A=Ā
= d

dAg(A, Ā)|
A=Ā

; and,

iii) f(A) ≤ g(A, Ā), ∀A.

The computational advantage of minimizingg(A, Ā) instead off(A) comes from the sep-

arability of g(A, Ā) across rows ofA. To appreciate this, consider the Khatri-Rao product

Π := C�B := [c1 ⊗ b1, . . . cR ⊗ bR], defined by the column-wise Kronecker productscr ⊗ br.

Let also matrixZ := [Z1, . . . ,ZP ] ∈ N
M×NP denote the mode-1 unfolding ofZ (along its

tube dimension; see e.g., [50, p.30],) and likewise for∆ := [∆1, . . . ,∆P ] ∈ {0, 1}M×NP and

X := [X1, . . . ,XP ] ∈ R
M×NP
+ . Using the following identity that relates the unfolded tensor with

its factors [48]

X := [X1, . . . ,XP ] = AΠT (5.21)

it is possible to rewrite (5.20) as

g(A, Ā) :=
1

2
‖
(

Z−AΠT
)

~∆‖2F + µ

(

λ

2
Tr
(

ATA
)

− Tr(ΘTA) +
1

2
Tr(ΘT Ā)

)
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which can be decomposed as

g(A, Ā) =
M
∑

m=1

[

1

2
‖diag(δm)(zm −Πam)‖22 + µ

(

(λ/2)‖am‖2−θT
mam + θT

mām
)

]

(5.22)

wherezTm, aTm, δTm, θT
m, andāTm, represent them-th rows of matricesZ, A, ∆, Θ, andĀ, respec-

tively. Not only (5.22) evidences the separability of (5.20) across rows ofA, but it also presents

each of its summands in a standardized quadratic form that can be readily minimized by equating

their gradients to zero, namely (defineDm := diag(δm) for convenience)

(ΠTDmΠ+ λµI)am −ΠTDmzm − µθ = 0, m = 1, . . . ,M.

Accordingly, the majorization strategy reduces the computational load toM systems ofR equations

that can be solved in parallel, whereR is typically small (cf. the low tensor rank assumption).

Collecting the solution of such quadratic programs into therows of a matrixA∗ yields the minimizer

of (5.20), and the updateA← A∗ for the BSUM cycle. Such a procedure is presented in Algorithm

3, where analogous updates forB andC are carried out cyclically per iteration.

Remark 5.6 A different algorithm for solving (5.13) was put forth in theconference precursor of

this paper [23], which cyclically minimizes the columns ofA, B andC. Distinct from Algorithm

3 that entailsparallel row-wise updates per factor, iterates in [23] involvesequentialupdates across

columns and factors, thus incurring a per iteration complexity of O(R(M3+N3+P 3)). Because the

factor matrices are tall [min(M,N,P ) � R], the aforementioned computational load is markedly

higher than the one incurred by Algorithm 3, namelyO((M +N + P )R3).

By virtue of properties i)-iii) in Lemma 5.1, convergence ofAlgorithm 3 follows readily from

that of the BSUM algorithm [148].

Proposition 5.3 The iterates forA, B andC generated by Algorithm 3 converge to a stationary

point of (5.13).

5.4 Inference for low-rank Poisson tensors

Adoption of the LS criterion in (5.8) assumes in a Bayesian setting that the randomZ is Gaussian

distributed conditioned onX. This section deals with a Poisson-distributed tensorZ, a natural
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Algorithm 3 : Low-rank tensor imputation (LRTI)

1: function UPDATE FACTOR(A,R,Π,∆,Z, µ)

2: Setλ = λmax(R
−1)

3: Unfold∆ andZ over dimension ofA into∆ andZ

4: SetΘ = (λI −R−1)A

5: for m = 1, . . . ,M do

6: Select rowszTm, δTm, andθT
m, and setDm = diag(δm)

7: Computeam = (ΠTDmΠ+ λµI)−1(ΠTDmzm + µθm)

8: UpdateA with row aTm

9: end for

10: return A

11: end function

12: InitializeA, B andC randomly.

13: while |cost− costold| < ε do

14: A = UPDATE FACTOR(A,RA, (C�B),∆,Z, µ)

15: B = UPDATE FACTOR(B,RB, (A�C),∆,Z, µ)

16: C = UPDATE FACTOR(C,RC , (B�A),∆,Z, µ)

17: Recalculate cost in(5.13)

18: end while

19: return X̂ with slicesX̂p = Adiag[eTp C]BT

alternative to the Gaussian model when integer-valued dataare obtained by counting independent

events [48]. Such a model is also well-suited for sparse tensor data, since the Poisson distribution

has mass at the origin.

Suppose that the entrieszmnp of Z are Poisson distributed, with probability mass function

P (zmnp = k) =
xkmnpe

−xmnp

k!
(5.23)

and means given by the corresponding entries in tensorX. For mutually-independent{zmnp}, the

log-likelihood l∆(Z;X) of X given dataZ only on the entries specified by∆, takes the form

l∆(Z;X) =

M
∑

m=1

N
∑

n=1

P
∑

i=1

δmnp[zmnp log(xmnp)− xmnp] (5.24)

after dropping termslog(zmnp!) that do not depend onX.
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The choice of the Poisson distribution in (5.23) over a Gaussian one for counting data, prompts

minimization of the K-L divergence (5.24) instead of LS [cf.(5.8)] as a more suitable criterion [48].

Still, the entries ofX are not coupled in (5.24), and a binding PARAFAC modeling assumption is

natural for feasibility of the tensor approximation task under missing data. Mimicking the method

for Gaussian data, (nonnegative) Gaussian priors are assumed for the factors of the PARAFAC

decomposition. Accordingly, the MAP estimator ofX given Poisson-distributed data (entries ofZ

indexed by∆) becomes

Ẑ := argmin
{X,A,B,C}∈T

M
∑

m=1

N
∑

n=1

P
∑

i=1

δmnp(xmnp − zmnp log(xmnp))

+
µ

2

[

Tr
(

ATR−1
A A

)

+Tr
(

BTR−1
B B

)

+Tr
(

CTR−1
C C

)]

(5.25)

over the feasible setT :={X,A,B,C : A ≥ 0,B ≥ 0,C ≥ 0, Xp = Adiag
[

eTpC
]

BT , p =

1, . . . , P}, where the symbol≥ should be understood to imply entry-wise nonnegativity.

Remark 5.7 The parameterµ in (5.25) was introduced to add flexibility in varying the sparsity level

of Ẑ. However, derivation of the Poisson MAP estimator with Gaussian priors leads toµ = 1, which

is used as the default value in the applications of Section VIand is corroborated to be a reasonable

choice in Fig. 4. The reason behindµ taking a specific value is that in the Poisson distribution

(5.23) the mean and variance are related (in fact they are equal). This should be contrasted with

the MAP estimator in Section IV, whereµ equalsσ2 which is a free parameter under the Gaussian

data model (5.11).

With the aid of the Representer Theorem, it is also possible to interpret (5.25) as a variational

estimator in RKHS, with K-L analogues to (5.14)-(5.16), so that the conclusions thereby regarding

smoothing, prediction and prior covariance estimation carry over to the low-rank Poisson imputation

method (5.25).

5.4.1 BSUM algorithm

A K-L counterpart of the LRTI algorithm is developed in this section, that provably converges to

a stationary point of (5.25). An alternating-minimizationscheme is adopted once again, which
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Algorithm 4 : Low-rank Poisson-tensor imputation (LRPTI)

1: function UPDATE FACTOR(A,R,Π,∆,Z, µ)

2: Setλ = λmax(R
−1)

3: Unfold∆ andZ over dimension ofA into∆ andZ

4: ComputeS = A
λµ~

(

∆~Z
AΠT Π

)

(element-wise division)

5: ComputeT = 1
2λµ

(

µ(λI−R−1)A−∆Π
)

6: UpdateA with entriesamr = tmr +
√

t2mr + smr

7: return A

8: end function

9: InitializeA, B andC randomly.

10: while |cost− costold| < ε do

11: A = UPDATE FACTOR(A,RA, (C�B),∆,Z, µ)

12: B = UPDATE FACTOR(B,RB, (A�C),∆,Z, µ)

13: C = UPDATE FACTOR(C,RC , (B�A),∆,Z, µ)

14: Recalculate cost in(5.25)

15: end while

16: return X̂ with slicesX̂p = Adiag(eTp C)BT

optimizes (a suitable upper-bound of) (5.25) cyclically w.r.t. one factor matrix, while holding the

others fixed.

In the sequel, the goal is to arrive at a suitable expression for the cost in (5.25), when viewed only

as a function of e.g.,A. To this end, let matrixZ := [Z1, . . . ,ZP ] ∈ N
M×NP denote the mode-1

unfolding ofZ, and likewise for∆ := [∆1, . . . ,∆P ] ∈ {0, 1}M×NP andX := [X1, . . . ,XP ] ∈
R
M×NP
+ . Based on these definitions, (5.24) can be written as

l∆(Z;X) = 1TM (∆~[X− Z~ log(X)])1NP (5.26)

where1M , 1NP are all-one vectors of dimensionsM andNP respectively, andlog(·) should be

understood entry-wise. The log-likelihood in (5.26) can beexpressed in terms ofA, and the Khatri-

Rao productΠ := B�C by resorting again to (5.21). Substituting (5.21) into (5.26) one arrives at

the desired expression for the cost in (5.25) as a function ofA, namely

f(A) := 1TM (∆~[AΠ− Z~ log(AΠT )])1NP +
µ

2
Tr
(

ATR−1
A A

)

.
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A closed-form minimizerA? for f(A) is not available, but sincef(A) is convex one could in

principle resort to an iterative procedure to obtainA?. To avoid extra inner iterations, the approach

here relies again on the BSUM algorithm [148].

For Ā given, consider theseparablefunction

g(A, Ā) :=µλ

M,R
∑

m,r=1

(a2mr

2
− 2tmramr − smr log(amr) + umr

)

(5.27)

whereλ := λmax(R
−1
A ), and parameterssmr, tmr, andumr are defined in terms of̄A, Z, ∆, Π,

andΘ :=
(

λI−R−1
A

)

Ā by

smr :=
1

λµ

NP
∑

k=1

δmkzmkāmrπkr
∑R

r′=1 āmr′πkr′
,

tmr :=
1

2λµ

(

µθmr −
NP
∑

k=1

πkrδmk

)

andumr :=
1
λµ

(

θmrāmr +
∑NP

k=1 δmkzmk āmrπkrυmrk

)

, with υmrk := log(āmrπkr/
∑R

r′=1 āmr′πkr′)

/
∑R

r′=1 āmr′πkr′ . As asserted in the following lemma,g(A, Ā) majorizesf(A) at Ā and satisfies

the technical conditions required for the convergence of BSUM (see the D D.0.19 for a proof.)

Lemma 5.2 Functiong(A, Ā) in (5.27) satisfies the following properties

i) f(Ā) = g(Ā, Ā);

ii) d
dAf(A)|

A=Ā
= d

dAg(A, Ā)|
A=Ā

; and,

iii) f(A) ≤ g(A, Ā), ∀A.

Moreover,g(A, Ā) is minimized atA = A?
g with entriesa?g,mr := tmr +

√

t2mr + smr.

Lemma 5.2 highlights the reason behind adopting the majorizing functiong(A, Ā) in the proposed

BSUM algorithm: (5.27) is separable across the entries of its matrix argument, and hence it admits

a closed-form minimizer given by theMR scalarsa?g,mr. The resulting updatesA ← A∗
g are

tabulated under Algorithm 4, where analogous updates forB andC are carried out cyclically per

iteration.

By virtue of properties i)-iii) in Lemma 5.2, convergence ofAlgorithm 4 follows readily from

the general convergence theory available for the BSUM algorithm [148].
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Proposition 5.4 The iterates forA, B andC generated by Algorithm 4 converge to a stationary

point of (5.25).

A related algorithm, abbreviated as CP-APR can be found in [48], where the objective is to find

the tensor’s low-rank factors per se. The LRPTI algorithm here generalizes CP-APR by focusing on

recovering missing data, and incorporating prior information through rank regularization. In terms

of convergence to a stationary point, the added regularization allows for lifting the assumption on

the linear independence of the rows ofΠ, as required by CP-APR [48] - an assumption without a

straightforward validation since iteratesΠ are not accessible beforehand.

5.5 Numerical Tests

5.5.1 Simulated Gaussian data

Synthetic tensor-data of dimensionsM × N × P = 16 × 4 × 4 were generated according to the

Bayesian tensor model described in Section 5.3. Specifically, entries ofZ consist of realizations

of Gaussian random variables generated according to (5.11), with means specified by entries ofX

and variance scaled to yield an SNR of−20dB . TensorX is constructed from factorsA, B and

C, as in (5.7). MatricesA, B, andC haveR = 6 columns containing realizations of independent

zero-mean, unit-variance, Gaussian random variables.

A quarter of the entries ofZ were removed at random and reserved to evaluate performance. The

remaining seventy five percent of the data were used to recover Z considering the removed data as

missing entries. Method (5.8) was employed for recovery, asimplemented by the LRTI Algorithm,

with regularizationµ
2 (‖A‖2F + ‖B‖2F + ‖C‖2F ) resulting from settingRA = IM , RB = IN , and

RC = IP .

The relative recovery error between̂Z and dataZ was computed, along with the rank of the

recovered tensor, as a measure of performance. Fig. 5.3 depicts these figures of merit averaged over

100 repetitions of the experiment, across values ofµ varying on the interval10−5µmax to µmax,

which is computed as in Corollary 5.1. Fig 5.3 (bottom) showsthat the LRTI algorithm is successful

in recovering the missing entries ofZ up to−10dB for a wide range of values ofµ, presenting a

minimum atµ = 10−2µmax. This result is consistent with Fig. 5.3 (top), which shows that rank
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Figure 5.3: Performance of the low-rank tensor imputation method as a function ofµ; (top) rank of the tensor

as recovered by (5.8) averaged over 100 test repetitions, compared to the DR-TR algorithm in [73]; (bottom)

relative recovery error.

R∗ = 6 is approximately recovered at the minimum error. Fig. 5.3 (top) also corroborates the low-

rank inducing effect of (5.8), with the recovered rank varying from the upper bound̄R = NP = 16

to R = 0, asµ is increased, and confirms that the recovered tensor is null at µmax as asserted by

Corollary 5.1.

Fig. 5.3 (bottom) also depicts the imputation error that results from applying the Douglas-

Rachford (DR-TR) method for tensor recovery in [73]. Since the DR-TR method is not designed

to capture the PARAFAC rank, the LRTI offers better performance in terms of recovery error when

Z indeed abides to a low-rank model. In addition, Fig. 5.3 depicts the LRTI results obtained for a

larger tensorZ of dimensionsM = 128, N = 32, andP = 32, and rankR = 6. Similar to the

prior simulation setting whereM = 16,N = 4, andP = 4, the minimum error is again attained at

a similar value ofµ/µmax, where the true rank is recovered.

5.5.2 Simulated Poisson data

The synthetic example just described was repeated for the low-rank Poisson-tensor model described

in Section 5.4. Specifically, tensor data of dimensionsM × N × P = 16 × 4 × 4 were generated

according to the low-rank Poisson-tensor model of Section 5.4. Entries ofZ consist of realizations

of Poisson random variables generated according to (5.23),with means specified by entries ofX.

TensorX is again constructed as in (5.7) from factorsA, B andC havingR = 6 columns, con-

taining the absolute value of realizations of independent Gaussian random variables scaled to yield
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Figure 5.4: Performance of the low-rank Poisson imputationmethod as function of the regularizing parameter

µ; (top) rank of the recovered tensor averaged over 100 test repetitions, (bottom) relative recovery error.

E[xmnp] = 100. Half of the entries ofZ were considered missing to be recovered from the remain-

ing half. Method (5.25) was employed for recovery, as implemented by the LRPTI Algorithm, with

regularizationµ2 (‖A‖2F + ‖B‖2F + ‖C‖2F ).
Fig. 5.4 shows the estimated rank and recovery error over100 realizations of the experiment,

for µ in the interval0.01 to 100. The recovery error in Fig. 5.4 (bottom) exhibits a minimum of

−15dB atµ = 1, where the rankR∗ = 6 is recovered [cf. Fig. 5.4 (top).] The low-rank inducing

effect of (5.8) is again corroborated by the decreasing trend in Fig. 5.4 (top), but in this case the

rank is lower bounded byR = 1, because the K-L fitting criterion prevents (5.25) from yielding a

null estimateẐ.

5.5.3 MRI data

Estimator (5.14) was tested against a corrupted version of the MRI brain data set 657 from the

Internet brain segmentation repository [4]. The tensorZ to be estimated corresponds to a three-

dimensional MRI scan of the brain comprising a set ofP = 18 images, each ofM×N = 256×196
pixels. Fifty percent of the data is removed uniformly at random together with the whole slice

Zn, n = 50. Fig. 5.6 depicts the results of applying estimator (5.14) to the remaining data, which

yields a reconstruction error of−11.49dB. The original sliceZp, p = 5, its corrupted counterpart,

and the resulting estimate are shown on top and center left.

Parameterµ is set equal toσ2 as per Remark 5.5. The noise variance is estimated from150
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entries at each corner ofZp, p = 1, . . . , P , which are assumed to contain background noise only.

Covariance matricesKM, KN andKP are estimated from six additional tensor samples containing

complementary scans of the brain also available at [4]. Fig.5.6 (center right) represents the covari-

ance matrixKN for column slices perpendicular toZp, showing a structure that reflects symmetries

of the brain. This correlation is the key enabler for the method to recover the missing slice up to

−9.60dB (see Fig. 5.6 (bottom)) by interpolating its a priori similar parallel counterparts.

For µ = σ2, rank(X̂) = R = 100, i.e., the rank is not reduced but remains equal to the

number of columnsR set forA, B, andC. The results are weakly dependent on the selection of

R, with a reconstruction error in the interval[−10.50,−12.66]dB for R between50 and200. If

µ is increased the rank of the estimated tensor is reduced, butthe recovery error is increased. For

instance, selectingµ = 0.1µmax, results in rank(X̂) = 14 < R, but the recovery error increases to

−7.8dB. It is thus noticed that (5.14) is able to regularize the tensor taking into account correlations,

but without necessarily forcing a reduced rank.

These properties are further appreciated when comparing the performance of LRTI with state-

of-the-art methods for tensor completion. The missing entries ofZ were imputed via the CP-WOPT

algorithm in the Tensor Toolbox 2.5 [5]. CP-WOPT was run100 times with candidate values for

the rank between1 and100, yielding higher reconstruction errors in the interval[0,−5.98]dB.

All in all, the experiment evidences the merits of low-rank PARAFAC decomposition for mod-

eling a tensor, the ability of the Bayesian estimator (5.13)in recovering missing data, and the use-

fulness of incorporating correlations as side information.

On account of the comprehensive analysis of three-way MRI data arrays in [50], and the nonneg-

ative PARAFAC decomposition advanced thereby, inference of tensors with nonnegative continuous

entries will be pursued as future research, combining methods and algorithms in Sections 5.3 and

5.4 of this paper.

5.5.4 RNA sequencing data

The RNA-Seq method described in [131] exhaustively counts the number of RNA transcripts from

yeast cells. The reverse transcription of RNA molecules into cDNA is achieved byP = 2 alternative

methods, differentiated by the use of oligo-dT, or random-hexonucleotide primers. These cDNA
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Figure 5.5: Imputation of sequencing count data via LRPTI; (top) original data; (center) data with missing

entries; (bottom) recovered tensor.

molecules are sequenced to obtain counts of RNA molecules acrossM = 6, 604 genes on the yeast

genome. The experiment was repeated in [131] for a biological and a technological replicate of the

original sample totallingN = 3 instances per primer selection. The data are thus organizedin a

tensor of dimensions6, 604 × 3 × 2 as shown in Fig. 5.5 (top), with integer data that are modeled

as Poisson counts. Fifteen percent of the data is removed andreserved for assessing performance.

The missing data are represented in white in Fig. 5.5 (center).

The LRPTI algorithm is run with the data available in Fig. 5.5(center) producing the recovered

tensor depicted in Fig. 5.5 (bottom). The parameterµ is set equal to1 as per Remark 5.7, resulting

in rank(X̂) = NP = 6 and a recovery error of−15dB.

5.6 Concluding summary

It was shown in this paper that regularizing with the Frobenius-norm square of the PARAFAC de-

composition factors, controls the tensor’s rank by inducing sparsity in the vector of amplitudes of its

rank-one components. A Bayesian method for tensor completion was developed based on this prop-

erty, introducing priors on the tensor factors. It was argued, and corroborated numerically, that this

prior information endows the completion method with extra capabilities in terms of smoothing and

extrapolation. It was also suggested through a parallelismbetween Bayesian and RKHS inference,
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that the prior covariance matrices can be obtained from (sample) correlations among the tensor’s

slices. In such a probabilistic context, generic distribution models for the data lead to multiple fit-

ting criteria. Gaussian and Poisson processes were especially considered by developing algorithms

that minimize the regularized LS and K-L divergence, respectively.

Numerical tests on synthetic data corroborated the low-rank inducing property, and the ability

of the completion method to recover the “ground-truth” rank, while experiments with brain images

and gene expression levels in yeast served to evaluate the method’s performance on real datasets.

Although the results and algorithms in this paper were presented for three-way arrays, they are

readily extendible to higher-order tensors or reducible tothe matrix case.
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Figure 5.6: Results of applying (5.14) to the MRI brain data set 657 [4]. (top) Original and recovered fibers

Zp andẐp for p = 5. (center) Input fiberZp, p = 5 with missing data, and covariance matrixKN . (bottom)

Original and recovered columnsZn andẐn for the positionn = 50 in which the whole input slice is missing.)
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Chapter 6

Future Work

This dissertation dealt with sparse models for gene-regulatory and wireless-cognitive networks,

reporting novel results on topology inference, design of experiments, nonparametric basis pursuit,

and tensor completion. This final chapter is intended to outline future research directions that are

envisioned to emerge from these results.

6.1 Topology changes and cell differentiation

With the long term objective of devising a thorough model of the cell that includes stochastic bio-

logical processes and impulse responses, the next quest on SEMs is to understand the universality

of GRNs. It is accepted that DNA sequences are identical for all cells of an individual, and that the

differentiation of a blood cell from a neuron, for instance,is given by the cell’s ability to activate

different processes [9]. The question is whether the GRN is invariant across cells with different

regions activated, or, if the differentiation includes theGRN itself. Specifically, recent results on

topology change detection could be explored in the context of cyclic and directed networks [11].

Detecting sparse changes in the topology of GRNs across timecould lead to the detection of cancer

triggering effects, or, to the statistical description of the developmental stages of anembryo[174].
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6.2 Network abridgement for big data processing

Assessing causality is a challenging task, especially if not all nodes of a network are accessible. But

considering the huge number of network nodes could lead to computationally infeasible problems

when dealing with big data, as is the case of SEMs for human GRNwhere the number of variables

is on the order of4 × 108. Usually, regulatory pathways are studied in the laboratoryby focusing

on small subset of genes or proteins. This motivates lookingfor a reduced-size equivalent of a large

network. Norton and Thévenin equivalent circuits attest that this goal could be feasible, and shed

light on how to tackle this challenge using linear algebra tools [63]. A key research issue is to

specify additional perturbation data needed for identifying the surrogate network. Addressing this

issue in a general context would facilitate universal applicability to big-data networked scenarios.

6.3 Active link prediction in communication networks

Network prediction was studied in Chapter 4 to infer rates over network links, treated as multi-

variable stochastic processes, assuming a static topology. The next step is to allow the topology

to change dynamically imposing time-evolving sparse constraints to capture (dis)appearing edges.

This is envisioned to be possible by jointly leveraging the stochastic SEMs and network reduction

proposed in the previous sections, together with the blind NBP approaches of Chapter 4. Application

of active link prediction will impact not only communication networks but also biological systems

where GRN anomalies would be anticipated, and social networks where critical node interactions

could be foreseen.

6.4 Joint prediction and energy sharing over the Smart Grid

The next future research direction pertains to the distinctgeneration-consumption interactions in-

herent to the Smart Grid. Renewable sources; eg., wind or solar power, will be installed at end-user

premises or at remote locations. The main challenge for the use of these technologies is that they are

intermittent, posing the risk of a significant outage probability [142]. This aggravates the basic chal-

lenge in energy management, where power consumption have a cyclostationary component that is
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typically not aligned with generation patterns. To cope with this generation-consumption mismatch

and provide stable power delivery, reservoirs are being installed to enhance system stability [59].

All in all, the power grid can be modeled as an interconnectedthree-layer network of generators,

reservoirs, and consumers. The power flows from generators to reservoirs, and from reservoirs to

consumers can be viewed as decision variables to be designedfor controlling the generation cost,

under a prescribed limit on a desirable outage probability.A key enabler for such a design is a

predictor of the renewable power availability and power consumption. The envisioned forecasting

approach will jointly leverage the network flow predictor ofChapter 4, and the tensor extrapolation

algorithms of Chapter 5, taking into account the correlations between generation and consumption

patterns.

6.5 Spatially-aware communications in cognitive networks

The spatial awareness obtained through spectrum cartography in Chapter 4 will positively affect the

transmission opportunities of CRNs, especially when they are spread across a wide area where the

space-invariant assumption on spectrum occupancy is not valid. Neighbors in a multi-hop architec-

ture will transmit over a frequency band that is unoccupied within their coverage range. Cognizant

of the spectrum maps, the next relay-CR in the path will be selected by analyzing the candidate’s in-

terference temperature. The frequency band and transmission power will be stochastically adapted

to optimally trade off three objectives: i) procure the maximum possible signal-to-interference-plus-

noise ratio at the receiver; ii) minimize interference to primary users by estimating the channel-gain

across space [56]; and, iii) maintain orthogonality to neighboring cognitive radio transmissions.

The corresponding optimization problem could even incorporate higher communication layers if

CRs are to withhold their transmissions, which will increase transmission backlogs, when all fre-

quency bands are momentarily in use [150].

6.6 Performance analysis of sparse regression in drug targeting

When the sparse regression vector in Chapter 3 has multiple nonzero entries, the proposed corre-

lation rule is suboptimal. This motivates exploring advanced subset selection methods using e.g.,
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the least-absolute shrinkage and selection operator (Lasso), which offers finite-sample as well as

asymptotic performance guarantees [35]. However, the so-termed restricted isometry assumptions

required for the aforementioned guarantees are not satisfied by the matrix of double mutant profiles,

since genes present a certain degree of redundancy in their functionality to protect the cell [110].

The Elastic-Net augments the Lasso cost with a quadratic regularizer, which is particularly use-

ful for sparse estimation when the regression matrix entails highly correlated columns [202]. In

particular, it has been proved that Elastic-Net assigns equal regression coefficients to identical re-

gressors, thus implicitly performing subset selection jointly with clustering. This attribute promotes

the Elastic-net as a viable alternative for drug targeting.An optimal design of experiments based

on the Elastic-net is thus an additional path for future research, involving on the way metric of

estimation performance of Elastic-net in the finite case, which entails an open problem.

6.7 Atomic norm regularization for tensor completion

The atomic norm of a tensor presented in Chapter 5 is a proper norm; thus it is convex and us-

ing it as a regularizer for tensor completion would lead to a convex problem. Although common

wisdom suggests that convex problems are “easy” to solve, this assumes that the cost can be com-

puted in polynomial time. But this is not the case for the atomic norm which is defined through

the PARAFAC decomposition. In general, finding global optima in tensor problems is challeng-

ing, but worth investigating given the importance of tensoralgebra, as demonstrated in this thesis

through multiple applications. New results on the convergence of coordinate descent algorithms for

non-convex problems [119], [148], together with the methods for tensor completion developed in

Chapter 5, prompts deeper convergence analysis of low-ranktensor completion algorithms.

6.8 Signal detection via local linear embedding

The Nyquist-Shannon Theorem establishes that if a generic bandlimited signal is to be reconstructed

from samples, the sampling rate should be at least twice the signal’s bandwidth. But this is not

the case if extra information is available. On the other extreme, reconstructing signals formed by

convolving a known pulse shaper with points in a binary-phase-key-shifting constellation, requires
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only a single bit. Recent connections between DL and local linear embedding [168], together with

the advances in nonparametric DL in Chapter 4, open new possibilities to blindly reconstruct signals

belonging to a manifold. This is of practical relevance in image and video processing, as well as

in cognitive radio applications, where signals exhibit limited variability and can thus be modeled as

lying on an unknown manifold, which can be blindly learned using data acquired at a reduced rate.
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Appendix A

Inference of gene regulatory networks

A.0.1 Cross-validation

Cross-validation for ridge regression

The solution of (2.4) requires specifying the parameterρ. A K−fold cross-validation (CV) scheme

is adopted for this purpose with typical choices ofK = 5 or 10, as suggested in [88]. For

κ = 1, . . . ,K the dataset is divided in two parts, namely(Ỹκ, X̃κ) with Ns/K samples and

(Ỹ(−κ), X̃(−κ)) with the remaining(K − 1)Ns/K samples. For each value ofρ on a grid of

R = 30 points regularly spaced in logarithmic scale between10−6 and1, the solution to (2.4) com-

puted using(Ỹ(−κ), X̃(−κ)) is denoted as(B̃(ρ,κ), F̃(ρ,κ)). The erroreκ(ρ) := ‖Ỹκ − B̃(ρ,κ)Ỹκ −
F̃(ρ,κ)X̃κ‖2F is obtained and averaged across folds to obtain the error estimate e(ρ). The value

of ρ that attains a minimume(ρ) is selected as the optimal value. In order to save computations,

the grid ofρr values is scanned progressively forr = 1, . . . , R. The procedure is stopped when

e(ρr−1) < e(ρr), andρr−1 is chosen as the optimal value.

Cross-validation for `1-regularized ML estimation

The CV procedure for selectingλ follows the steps used to selectρ in ridge regression. The

sample is divided intoK folds, and forκ = 1, . . . ,K the κ-th fold is set aside for validation.

For L values ofλ betweenλmin = 10−4λmax andλmax, the solution to (2.3) computed using

(Y(−κ),X(−κ)) is denoted as(B̂(λ, κ), F̂(λ, κ)), and the validation error is computed for eachκ

using (B̂(λ, κ), F̂(λ, κ)) and (Yκ,Xκ). Upon averaging the validation errors acrossκ, an opti-

mal λ is selected as the largest parameter that minimizes this mean-CV error within one standard

deviation.
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Stability of model selection under CV perturbations

A set of simulations were run to test robustness of the SML algorithm. First, the fold number of CV

was changed fromk = 5 to k = 10 for the DAGs of 30 genes in Figures 2(c) and 2(d) and the DCGs

of 30 genes in Figures 3(c) and 3(d) with an expected number ofedgesNe = 3. As shown in Figure

A.1, k = 5 andk = 10 offer almost identical performance. Simulations with a suboptimalλ that is

10% less than the optimalλ obtained from 5-fold CV were then run for the networks used inFigure

A.1. As expected, the suboptimalλ yielded slightly worse performance as shown in Figure A.2;

the performance degradation is very small for the DAGs but relatively large for the DCGs, which

implies that it is important to choose the optimal value ofλ.

A.0.2 Discarding rules

In Lasso regression, it is known that for a givenλ some predictors can be set to zeroa priori

without solving the Lasso inference problem [65, 179]. Hence, these predictors can be discarded

when inferring other predictors. Rules for discarding predictors were also derived in [65, 179]. In

particular, the strong rules in [179] can discard a large number of predictors, which significantly

reduces the computation needed to solve the Lasso problem. To reduce computational burden and

improve the speed of the SML algorithm, the technique in [179] is employed next to derive strong

rules for setting some entries of matrixB to zeroa priori, before running the coordinate-ascent

algorithm.

Let B̂(λ) and F̂(λ) denote the optima of (2.3) for a givenλ. Let alsoQij(λ) stand for the

derivative of the differentiable part of (2.3); i.e.,Nσ2 log |det(I − B)| − 1
2‖Ỹ − BỸ − FX̃‖2F ,

w.r.t. Bij evaluated at̂B(λ) andF̂(λ). Then,Qij(λ) can be found as

Qij(λ) = −
Nσ2cij(λ)

det(I − B̂(λ))
+
[

ỸỸT − B̂(λ)ỸỸT − F̂(λ)X̃ỸT
]

ij
(A.1)

wherecij(λ) is the (i, j)th co-factor ofI − B̂(λ), andσ2 can be estimated aŝσ2 = 1
NNg
‖Ỹ −

B̂(λ)Ỹ − F̂(λ)X̃‖2F . Let λmax denote the smallest value ofλ that yieldsB̂ij = 0, ∀i, j (an

expression forλmax will be given later). After recognizing thatcij(λmax) = 1, it follows that

Qij(λmax) = −Nσ2 +
[

ỸỸT − F̂(λmax)X̃ỸT
]

ij
(A.2)

whereF̂(λmax) is obtained by substitutingB = 0 into (2.10). Note thatQij(λmax) can be computed

without knowledge ofλmax.

Forλ < λmax, the discarding rule is given by

|Qij(λmax)| < wij(2λ− λmax) ⇒ B̂ij(λ) = 0. (A.3)
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When trying to find solutions of (2.3) along a path ofλ defined with a decreasing set of values

λ0 = λmax > λ1 > . . . > λmin, which are needed in CV, the following alternative rule is possible:

|Qij(λl−1)| < wij(2λl − λl−1) ⇒ B̂ij(λl) = 0. (A.4)

Let SB(λl) denote the set of̂Bij(λl) = 0 obtained from (A.4) or (A.3).

The rationale behind rules (A.3) and (A.4) is described in the following. By the optimality of

B̂(λ), the KKT condition implies that

Qij(λ) = λwijsij (A.5)

wheresij is the subgradient of|Bij(λ)|, andsij = 1 if B̂ij(λ) > 0, sij = −1 if B̂ij(λ) < 0,

or, sij ∈ [−1, 1] if B̂ij(λ) = 0. Taking the derivative w.r.t.λ on both sides of (A.5) results in
dQij(λ)

dλ =
(

sij + λ
dsij
dλ

)

wij . Thus, under the assumption that
∣

∣

∣sij + λ
dsij
dλ

∣

∣

∣ ≤ 1 (see [179] for a

discussion on this assumption), it follows that
∣

∣

∣

∣

dQ

dλ

∣

∣

∣

∣

≤ wij . (A.6)

Applying the mean-value theorem betweenλl andλl−1 yields

|Q(λl−1)−Q(λl)| ≤ wij(λl−1 − λl). (A.7)

If the inequality in (A.4) holds, then (A.7) implies|Q(λl)| < λlwij, which in accordance with (A.5)

yields |sij | < 1 and thusB̂ij(λl) = 0, as specified by rule (A.4). Similarly, one can justify rule

(A.3).

Computation of λmax

Whenλ is sufficiently large such that̂B = 0, (A.5) and the definition ofsij imply that
∣

∣

∣

∣

Qij(λ)

wij

∣

∣

∣

∣

≤ λ, ∀i, j = 1, . . . , Ng. (A.8)

SinceQij(λ) = Qij(λmax) for λ > λmax as indicated in (A.2), we obtain

λmax = max
i,j=1,...,Ng

∣

∣

∣

∣

Qij(λmax)

wij

∣

∣

∣

∣

, (A.9)

being the minimum possible value satisfying (A.8) and thereby giving rise to aλ yielding B̂ = 0 in

(2.3). SubstitutingQij(λmax) from (A.2) into (A.9) yieldsλmax. Recall from (A.2) thatQij(λmax)

can be computed without knowledge ofλmax.
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A.0.3 Extensions of the SML algorithm

Stability selection

In Algorithm 1, CV is used to select the optimal value ofλ that determines the level of sparsity

in B̂. However, it was observed that a single run of CV may not yielda consistent estimate of

variables [86, 121]. An alternative approach to choosing appropriate variables is stability selec-

tion (STS) [125] that offers a theoretical upper bound on theFDR. We next describe the procedure

for applying STS to our SML algorithm. Upon drawingNSTS random data subsamples of size

Ns = bN/2c, wherebN/2c stands for the largest integer less thanN/2, (2.3) is solved per sub-

sample and perλ, yielding a collection of estimateŝBν(λ), ν = 1, . . . NSTS, λ = λmin, . . . , λmax.

Defining anNg ×Ng matrix T(λ) :=
∑NSTS

ν=1 abs(sgn(B̂ν(λ)) whose(i, j)th entry counts the

nonzero[B̂ν(λ)]ij ’s acrossν = 1, . . . , NSTS estimates, edge(i, j) is declared as stably identified

at levelλ, if Ti,j(λ) exceeds a thresholdδNSTS with δ ∈ (0.6, 0.9). For a givenλ, an upper bound

on the FDR resulting from the STS procedure is given byFDR(λ) := q2

(2π−1)N2
g qs

[125], where

q denotes the average number of nonzeros inB̂ν(λ) acrossν = 1, · · · , NSTS estimates, andqs
the average number of stably identified edges. Bothq andqs, and thusFDR(λ), increase as the

sparsity-controlling parameterλ decreases. Therefore, the optimalλ denoted asλSTS for a target

FDR is selected as the smallestλ satisfyingFDR(λ) ≤ FDR. The overall result presents low sen-

sitivity on frequencyδ, since a higher and more restrictiveπ is automatically compensated for by a

lower more permissiveλ. Note that the original STS procedure [125] employs the random LASSO

where the weights are randomly selected from some specified values. In our case, we do not use

random weights but still use the weights obtained from ridgeregression, since our simulations show

that those weights yield improved performance.

Heteroscedasticity

Removing the assumption that the residual errorεi in (2.1) has covariance matrixσ2I, the SML

algorithm can be extended to the more general case where the covariance ofεi is a diagonal matrix

R = diag(σ21 , · · · , σ2Ng
) with unequal diagonal entriesσ2i , i = 1, · · · , Ng. In this case, the log-

likelihood function in (2.2) becomeslog p(Y|X;B,F,µ) = N
2 log |det(I−B)|2−N

2 log[det(R)]−
NNg

2 log(2π)− 1
2Tr[(Y−BY−FX−µ1T )TR−1(Y−BY−FX−µ1T ), whereTr(·) denotes the

trace of the matrix in parentheses. It is easy to show that maximizing this likelihood function w.r.t.µ

yields the same expression forµ as the one obtained earlier by maximizing the likelihood function

in (2.2). Then the objective function in ridge regression problem (2.4) becomesJridge =
1
2Tr[(Ỹ−

BỸ − FX̃)TR−1(Ỹ − BỸ − FX̃)] + ρ‖B‖2F =
∑Ng

i=1

[

1
2σ2

i

‖y̌T
i − bT

i Ỹ − fTi X̃‖22 + ρ‖bi‖22
]

.

Therefore, it is again possible to solve (2.4) row by row separately, but replace the objective function

in (2.8) with
∑Ng

i=1

[

1
2‖y̌T

i − bT
i Ỹ − fTi X̃‖22 + ρi‖bi‖22

]

, whereρi = ρσ2i . Specifically, problem
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(2.8) can be solved with this new objective function and a specific valueρi that is obtained from CV

performed separately for each row. Varianceσ2i is then estimated as the residual error for theith row

obtained with estimatedbi andfi. The`1-regularized ML problem (2.3) can also be reformulated

by replacing the objective function with the following one:JML = N log |det(I−B)|− 1
2Tr
[

(Ỹ−
BỸ−FX̃)TR−1(Ỹ−BỸ−FX̃)

]

−λ‖B‖1,W . With this new objective function, (2.14) becomes

gij(Bij) = Nσ̂2i log |α0 − cijBij | + α1Bij − 1
2α2B

2
ij − λσ̂2iwij |Bij |, whereσ̂2i is the estimate of

σ2i . Therefore, the coordinate-ascent algorithm can be easilymodified by replacinĝσ2 with σ̂2i and

wij with wijσ̂
2
i in gij(Bij) to estimateBij .

Identification of eQTLs

The SML algorithm can be extended to handle the case where some or all phenotypes have unidenti-

fiedcis-eQTLs, if a new penalty term, that involves the weighed`1-norm of the entries ofF exclud-

ing those corresponding to the identifiedcis-eQTL, is added to the objective function in (3). In this

case, it is only necessary to modify line 13 of the SML algorithm as follows. Consider redefininǧfi
as the one that contains the entries offi corresponding to the knowncis-eQTLs and leťf ′i contain the

remaining entries offi. Similarly, letX̌i collect rows ofX̃ corresponding to the knowncis-eQTLs

andX̌′
i contain the remaining rows of̃X. Then on line 13 of the SML algorithm, (7) is replaced by

f̌i =
(

X̌iX̌
T
i

)−1
X̌i

(

y̌i − Y̌ib̌i − X̌′T
i f̌ ′i
)

with f ′i taking values obtained in the previous iteration.

The entries off ′i can be updated using the coordinate ascent method in the glmnet algorithm [71]

for Lasso based linear regression.

A.0.4 State-of-the-art algorithms

Adaptive Lasso-based algorithm

The AL-based algorithm [117] involves three basic steps: the first one performs standard eQTL

mapping to identify acis-eQTL per gene; the second one applies the adaptive Lasso [201] to infer

the SEM; and the third step performs a permutation test to ensure that edges in the network obtained

from the second step correspond to correct dependencies in the directed graph. Since the core of

the AL-based algorithm is the adaptive Lasso in step 2, it is described here briefly for completeness.

The adaptive lasso estimatesB andF as follows

(B̂, F̂) = argmax
B,F
−1

2
‖Ỹ −BỸ − FX̃‖2F − λψW (B,F)} (A.10)

subject to Bii = 0,∀i = 1, . . . , Ng, Fjk = 0, ∀(j, k) ∈ Sq

whereψW (B,F) :=
∑Ng

i=1

∑Ng

j=1wij|Bij | +
∑Ng

i=1

∑Nq

j=1 vij |Fij |. Weightswij andvij are given

bywij := |B̃ij |−1/2 andvij := |F̃ij |−1/2, whereB̃ij andF̃ij are obtained by solving the following
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Lasso problem

(B̃, F̃) = argmax
B,F
−1

2
‖Ỹ −BỸ − FX̃‖2F − ρψ(B,F)} (A.11)

subject to Bii = 0,∀i = 1, . . . , Ng, Fjk = 0,∀(j, k) ∈ Sq

with ψ(B,F) :=
∑Ng

i=1

∑Ng

j=1 |Bij | +
∑Ng

i=1

∑Nq

j=1 |Fij |. Constantsλ andρ are obtained via CV.

We obtained the program implementing the AL-based algorithm from the authors of [117] and used

it in our simulation studies. In this program, the glmnet algorithm [71] is employed to solve Lasso

problems (26) and (27).

QDG Algorithm

The QDG algorithm [134] first builds an undirected graph for the phenotypes under consideration,

using an undirected dependency graph [161] or a skeleton derived from the PC algorithm [169]. It

then orients edges in the undirected graph by using a score calculated from the likelihood of the data

for different edge directions. The edge orientation process is performed iteratively for each edge

until no edge changes its direction. We obtained the programimplementing the QDG algorithm

from the authors [134] and used the default settings of the program in our simulations.



126

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

P
ow

er
 o

f d
et

ec
tio

n

 

 

(a) DAG, PD

SML(5 CV−folds)
SML(10 CV−folds)

200 400 600 800 1000
0

0.02

0.04

0.06

0.08

0.1

F
al

se
 d

is
co

ve
ry

 r
at

e

 

 

(b) DAG, FDR

SML(5 CV−folds)
SML(10 CV−folds)

200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

Sample size

P
ow

er
 o

f d
et

ec
tio

n

 

 

(c) DCG, PD

SML(5 CV−folds)
SML(10 CV−folds)

200 400 600 800 1000
0

0.02

0.04

0.06

0.08

0.1

Sample size

F
al

se
 d

is
co

ve
ry

 r
at

e

 

 

(d) DCG, FDR

SML(5 CV−folds)
SML(10 CV−folds)

Figure A.1: Performance of the SML algorithm for DAGs [(a) and (b)] or DCGs [(c) and (d)] ofNg=30

genes obtained with 5 (solid line) or 10 (dashed line) fold cross validation. Expected number of nodes per

node isNe = 3. PD and FDR were obtained from 100 replicates of the network with different sample sizes

from 100 to 1,000.

Table A.1: Thirty nine immune-related human genes used to infer a network. (see file TableS1.xlsx)

Table A.2: Edges of the gene network in Figure 2.7 inferred with the SML algorithm and edges detected

with AL and QDG algorithms. (see file TableS2.xlsx)
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Figure A.2: Performance of the SML algorithm for DAGs [ (a) and (b)] or DCGs [(c) and (d)] ofNg=30

genes obtained with the optimalλ (solid line) or anλ 10% less than the optimalλ (dashed line). Expected

number of nodes per node isNe = 3. PD and FDR were obtained from 100 replicates of the network with

different sample sizes from 100 to 1,000.
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Figure A.3: Performance of the SML algorithm with stabilityselection (STS) or cross validation for DAGs

[ (a) and (b)] or DCGs [(c) and (d)] ofNg=30 genes. Expected number of nodes per node isNe = 3. PD and

FDR were obtained from 100 replicates of the network with different sample sizes from 100 to 1,000.
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Figure A.4: The network of 39 human genes inferred from gene expression and eQTL data with the SML

algorithm. The 39 immune-related genes were chosen from [143] to have a reliable eQTL per gene. The

SML algorithm was run with stability selection and edges were detected at an FDR< 0.3. See Table A.1 for

the IDs and description of 39 genes. IGH in this figure corresponds to gene ID ENSG00000211897. Edge

endsa and→ represent inhibitory or activating effects, respectively.
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Appendix B

List of inferred chemical-genetic

interactions
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70% data target gene 1 target gene 2 target gene 3 target gene 4 target gene 5 target gene 6 target gene 7 target gene 8 target gene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

100% data target gene 1 target gene 2 target gene 3 target gene4 target gene 5 target gene 6 target gene 7 target gene 8 targetgene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

Sulfometuron methyl YGL195W YGR244C YIL017C YBR104W YDR033W YKR026C YCR053W YER073W YCL044C YBL015W

0.129 0.120 0.109 0.104 0.104 0.102 0.100 0.099 0.096 0.087

YGL195W YGR244C YIL017C YBR104W YDR033W YKR026C YCR053W YER073W YCL044C YBL015W

0.129 0.120 0.109 0.104 0.104 0.102 0.100 0.099 0.096 0.087

MMS YDR457W YKL056C YER133W damp YMR269W YAL025C damp YBL050W tsq48 YOL068C YLR298C tsq844 YLR166C tsq66 YPR101W

0.122 0.102 0.093 0.086 0.084 0.084 0.082 0.081 0.081 0.081

YDR457W YKL056C YER133W damp YMR269W YAL025C damp YBL050W tsq48 YOL068C YLR298C tsq844 YLR166C tsq66 YHR208W

0.122 0.102 0.093 0.086 0.084 0.084 0.082 0.081 0.081 0.080

Clotrimazole YDR457W YGL179C YGL137W tsq546 YDL245C YPL270W YLL040C YMR272C YLR079W YDR217C YDR505C

0.125 0.103 0.090 0.087 0.080 0.078 0.077 0.077 0.075 0.074

YDR457W YGL179C YGL137W tsq546 YDL245C YPL270W YLL040C YMR272C YLR079W YDR217C YJL085W

0.125 0.103 0.090 0.087 0.080 0.078 0.077 0.077 0.075 0.064

Benomyl YDL192W YFL025C YER017C YMR233W YLR314C tsq130 YGL006W YKL150W YPL003W YNL061W tsq630 YGR034W

0.096 0.086 0.073 0.068 0.068 0.067 0.064 0.064 0.062 0.062

YDL192W YFL025C YER017C YMR233W YLR314C tsq130 YGL006W YPL003W YNL061W tsq630 YOR298W YDL245C

0.096 0.086 0.073 0.068 0.068 0.067 0.064 0.062 0.060 0.058

Plumbagin YDR457W YML102W YKL173W tsq621 YDR037W damp YNL021W YBR082C YDL192W YDR174W YKL056C YNL299W

0.174 0.116 0.106 0.106 0.105 0.100 0.096 0.086 0.086 0.084

YDR457W YML102W YKL173W tsq621 YDR037W damp YNL021W YBR082C YDL192W YNL299W YNL061W tsq624 YAL021C damp

0.174 0.116 0.106 0.106 0.105 0.100 0.096 0.084 0.079 0.079

Hydroxyurea YLR292C YFR002W damp YKL056C YLR018C YOR326W tsq337 YPR145W YFR010W YPL239W YDL245C YLR017W

0.089 0.089 0.081 0.080 0.079 0.077 0.075 0.075 0.071 0.069

YLR292C YFR002W damp YKL056C YLR018C YOR326W tsq337 YPR145W YFR010W YDL245C YLR017W YPL086C

0.089 0.089 0.081 0.080 0.079 0.077 0.075 0.071 0.069 0.068

Artemisinin YDR457W YER180C-A YKL173W tsq621 YDR037W damp YDL006W YGL105W YML102W YDL192W YDL051W YBR200W

0.154 0.136 0.130 0.124 0.121 0.121 0.120 0.108 0.106 0.103

YDR457W YER180C-A YKL173W tsq621 YDR037W damp YDL006W YGL105W YML102W YDL192W YDL051W YBR200W

0.154 0.136 0.130 0.124 0.121 0.121 0.120 0.108 0.106 0.103

Amantadine hydrochlorideYLR314C tsq130 YLR452C YKL184W YML069W tsq846 YGR119Ctsq957 YKR062W tsq692 YLR298C tsq844 YDR457W YHR174W YNL328C

0.123 0.121 0.114 0.100 0.090 0.085 0.081 0.079 0.075 0.073

YLR314C tsq130 YLR452C YKL184W YML069W tsq846 YGR119Ctsq957 YKR062W tsq692 YLR298C tsq844 YDR457W YNL328C YBR193Ctsq741

0.123 0.121 0.114 0.100 0.090 0.085 0.081 0.079 0.073 0.072

4-Hydroxytamoxifen YKL184W YKR062W tsq692 YLR078C tsq199 YMR272C YHR194W YNL128W YDL245C YKR082W YKL068W YGL179C

0.126 0.113 0.097 0.082 0.081 0.076 0.073 0.066 0.065 0.064

YKL184W YKR062W tsq692 YLR078C tsq199 YMR272C YHR194W YNL128W YDL245C YKR082W YKL068W YDR253C

0.126 0.113 0.097 0.082 0.081 0.076 0.073 0.066 0.065 0.059

Usnic acid YDR457W YML102W YDL192W YER083C YGL173C YNL299W YDL006W YPL158C YJL124C YHR208W

0.202 0.141 0.131 0.120 0.119 0.111 0.109 0.107 0.106 0.106

YDR457W YML102W YDL192W YER083C YGL173C YNL299W YDL006W YJL124C YHR208W YGL020C

0.202 0.141 0.131 0.120 0.119 0.111 0.109 0.106 0.106 0.102

Sodium Azide YHR167W YDR457W YNL199C YJR140C YIL084C YOR038C YLR268W tsq121 YDR363W-A YDR037W damp YPR070W

0.158 0.142 0.140 0.135 0.133 0.131 0.121 0.120 0.116 0.115

YHR167W YDR457W YNL199C YJR140C YIL084C YOR038C YLR268W tsq121 YDR363W-A YDR037W damp YPR070W

0.158 0.142 0.140 0.135 0.133 0.131 0.121 0.120 0.116 0.115

Table B.1: Target genes forD = 82 test chemical compounds. The list ofNτ = 10 target genes (columns)

for each test drugd in [138] (rows) is obtained by comparing the chemical-genetic fitness profileyd, with the

double-mutant fitness profiles{xg}Ng

g=1 of Ng = 1, 709 candidate gene targets, and selecting the10-largest

correlation coefficientsrdg. The procedure is repeated with70% of the data after reducing the number of

equations in (3.1) fromNc = 2, 725 toNw = 1, 932 via (3.11). Consistently for all drugs, the primary target

is not altered when discarding data, whereas there is a10% mismatch between the entire collections ofNτ

target genes obtained with the full and reduced ensembles. Table 3.1 is continued as Tables 3.2-3.5 in the

following pages.
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70% data target gene 1 target gene 2 target gene 3 target gene 4 target gene 5 target gene 6 target gene 7 target gene 8 target gene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

100% data target gene 1 target gene 2 target gene 3 target gene4 target gene 5 target gene 6 target gene 7 target gene 8 targetgene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

Nystatin YDR457W YFR010W YLR342W YFR004Wtsq534 YCR077C YOR329Cdamp YFR052Wtsq405 YLR251W YGR027C YDL007W damp

0.173 0.122 0.114 0.112 0.091 0.090 0.080 0.079 0.076 0.075

YDR457W YFR010W YLR342W YFR004Wtsq534 YCR077C YOR329Cdamp YFR052Wtsq405 YLR251W YGR027C YGR244C

0.173 0.122 0.114 0.112 0.091 0.090 0.080 0.079 0.076 0.073

Neomycin sulfate YDL120W damp YNL197C YDR500C YDL245C YMR145C YFL039C tsq142 YMR233W YDL126C tsq209 YGR119Ctsq957 YNL328C

0.110 0.097 0.094 0.088 0.086 0.083 0.079 0.075 0.075 0.075

YDL120W damp YNL197C YDR500C YDL245C YMR145C YFL039C tsq142 YMR233W YDL126C tsq209 YGR119Ctsq957 YNL302C

0.110 0.097 0.094 0.088 0.086 0.083 0.079 0.075 0.075 0.074

Caffeine YDL245C YML069W tsq846 YDL192W YMR083W YPR124W YER017C YDR228Ctsq686 YGL179C YGR072W YBR042C

0.128 0.093 0.089 0.089 0.085 0.083 0.081 0.078 0.077 0.076

YDL245C YML069W tsq846 YDL192W YMR083W YPR124W YER017C YDR228Ctsq686 YGL179C YBR042C YPR068C

0.128 0.093 0.089 0.089 0.085 0.083 0.081 0.078 0.076 0.075

Menthol YOR038C YAR002W YJR140C YLR452C YPR070W YMR233W YBR060Ctsq295 YER006W tsq786 YGR006W tsq434 YBR193Ctsq741

0.138 0.133 0.130 0.123 0.121 0.119 0.117 0.114 0.110 0.109

YOR038C YAR002W YJR140C YLR452C YPR070W YBR060C tsq295 YER006Wtsq786 YGR006W tsq434 YBR193C tsq741 YKL173W tsq621

0.138 0.133 0.130 0.123 0.121 0.117 0.114 0.110 0.109 0.108

Verrucarin YFL001W YNL299W YHR066W YOR001W YGL078C YDL082W YDL192W YPL158C YEL055C tsq595 YAL059W

0.133 0.102 0.097 0.093 0.090 0.088 0.084 0.084 0.082 0.079

YFL001W YNL299W YHR066W YOR001W YGL078C YDL082W YDL192W YPL158C YEL055C tsq595 YAL059W

0.133 0.102 0.097 0.093 0.090 0.088 0.084 0.084 0.082 0.079

Valinomycin YDR457W YML114C tsq695 YGL173C YFR004Wtsq534 YNL299W YGR027C YDL020C YCR077C YBR010W YMR224C

0.245 0.154 0.136 0.130 0.128 0.121 0.111 0.109 0.106 0.106

YDR457W YML114C tsq695 YGL173C YFR004Wtsq534 YNL299W YGR027C YDL020C YCR077C YBR010W YMR224C

0.245 0.154 0.136 0.130 0.128 0.121 0.111 0.109 0.106 0.106

Trifluoroperazine YDR457W YFR010W YKL184W YPR028W YER073W YPR179C YLR314C tsq130 YIL071C YML069W tsq846 YDR495C

0.094 0.093 0.089 0.086 0.079 0.077 0.075 0.075 0.074 0.072

YDR457W YFR010W YKL184W YPR028W YER073W YPR179C YLR314C tsq130 YDR495C YMR048W YDR113Ctsq862

0.094 0.093 0.089 0.086 0.079 0.077 0.075 0.072 0.071 0.066

Tamoxifen YDR457W YFR010W YKR062W tsq692 YLR298C tsq844 YNL061W tsq630 YLR314C tsq130 YLR262C YLR298C tsq840 YPR028W YOL104C

0.121 0.103 0.100 0.085 0.084 0.077 0.076 0.074 0.070 0.070

YDR457W YFR010W YKR062W tsq692 YLR298C tsq844 YNL061W tsq630 YLR314C tsq130 YLR262C YLR298C tsq840 YPR028W YBR098W

0.121 0.103 0.100 0.085 0.084 0.077 0.076 0.074 0.070 0.068

Raloxifene YMR056C YJL105W YDL245C YFR003Cdamp YCR077C YDR363W-A YDR457W YDL120W damp YKL184W YOL104C

0.105 0.091 0.084 0.084 0.076 0.062 0.058 0.058 0.053 0.053

YMR056C YJL105W YDL245C YFR003Cdamp YCR077C YDR363W-A YDL120W damp YOL104C YBR042C YOL062C

0.105 0.091 0.084 0.084 0.076 0.062 0.058 0.053 0.052 0.052

Pentamidine YDR457W YDL006W YGL173C YNL230C YML069W tsq846 YGR245Ctsq523 YKR086W tsq644 YFR052Wtsq405 YCR077C YML087C

0.195 0.119 0.118 0.107 0.107 0.106 0.104 0.102 0.101 0.101

YDR457W YDL006W YGL173C YML069W tsq846 YGR245Ctsq523 YKR086W tsq644 YFR052Wtsq405 YCR077C YML087C YJL124C

0.195 0.119 0.118 0.107 0.106 0.104 0.102 0.101 0.101 0.098

Nigericin YDR457W YGL173C YJL176C YFR004Wtsq534 YDL192W YLR314C tsq130 YLR314C tsq885 YMR078C YJR043C YHR166C tsq89

0.111 0.103 0.092 0.092 0.091 0.089 0.080 0.079 0.074 0.071

YDR457W YGL173C YJL176C YFR004Wtsq534 YDL192W YLR314C tsq130 YLR314C tsq885 YMR078C YJR043C YHR166C tsq89

0.111 0.103 0.092 0.092 0.091 0.089 0.080 0.079 0.074 0.071

LY-294,002 YJR073C YLR314C tsq130 YBR009C YAL060W YDL120W damp YMR069W YNL061W tsq630 YBR016W YDL192W YML102W

0.076 0.075 0.074 0.066 0.065 0.065 0.063 0.061 0.059 0.058

YJR073C YLR314C tsq130 YBR009C YAL060W YDL120W damp YMR069W YNL061W tsq630 YDL192W YML102W YKR019C

0.076 0.075 0.074 0.066 0.065 0.065 0.063 0.059 0.058 0.055

Latrunculin B YDL245C YLR452C YPR119W YBL031W YMR083W YLR165C YOL077W-A YGL019W YDL192W YER017C

0.120 0.104 0.096 0.094 0.094 0.091 0.087 0.078 0.078 0.077

YDL245C YLR452C YPR119W YBL031W YMR083W YLR165C YOL077W-A YGL019W YDL192W YER017C

0.120 0.104 0.096 0.094 0.094 0.091 0.087 0.078 0.078 0.077

Hydroxyethilhidrazine YDR457W YPR178Wtsq819 YML103C YLR350W YHR167W YOR116Ctsq831 YER111C YDR335W YLR268W tsq121 YNL299W

0.121 0.120 0.119 0.104 0.097 0.093 0.091 0.086 0.085 0.084

YDR457W YPR178Wtsq819 YML103C YLR350W YHR167W YOR116Ctsq831 YER111C YDR335W YLR268W tsq121 YNL299W

0.121 0.120 0.119 0.104 0.097 0.093 0.091 0.086 0.085 0.084

Hydrogen peroxide YDR168W tsq315 YHR208W YPR070W YKL055C YOL054W YOL012C YHR194W YOR070C YJR049C YDR298C

0.106 0.102 0.099 0.097 0.090 0.083 0.081 0.081 0.081 0.080

YDR168W tsq315 YHR208W YPR070W YKL055C YOL054W YHR194W YOR070C YJR049C YDR298C YPR167C

0.106 0.102 0.099 0.097 0.090 0.081 0.081 0.081 0.080 0.079

Hoechst YDR162C YDL006W YGL233W tsq43 YNL113W damp YHR187W YNL215W YHR107C tsq33 YLR166C tsq66 YJL095W YPL211W tsq114

0.146 0.134 0.114 0.113 0.110 0.106 0.105 0.104 0.101 0.098

YDR162C YDL006W YGL233W tsq43 YNL113W damp YHR187W YNL215W YHR107C tsq33 YLR166C tsq66 YJL095W YDL225W

0.146 0.134 0.114 0.113 0.110 0.106 0.105 0.104 0.101 0.096

Harmine YPL256C YGR274Ctsq524 YGL105W YDR505C YNL199C YGL213C YOR038C YDL174C YDR457W YDR037W damp

0.171 0.138 0.128 0.127 0.121 0.120 0.118 0.117 0.115 0.114

YPL256C YGR274Ctsq524 YGL105W YDR505C YNL199C YGL213C YOR038C YDR037W damp YOL006C YJR140C

0.171 0.138 0.128 0.127 0.121 0.120 0.118 0.114 0.113 0.113

Table B.2: Target genes forD = 82 test chemical compounds (continuation); see description in Table 3.1.
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70% data target gene 1 target gene 2 target gene 3 target gene 4 target gene 5 target gene 6 target gene 7 target gene 8 target gene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

100% data target gene 1 target gene 2 target gene 3 target gene4 target gene 5 target gene 6 target gene 7 target gene 8 targetgene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

Haloperidol YFR002Wdamp YGL116W tsq368 YER105C YFL009W tsq334 YKL173W tsq621 YDL051W YOR025W YFR052Wtsq405 YKR082W YER107C

0.092 0.092 0.090 0.078 0.077 0.077 0.074 0.074 0.073 0.072

YFR002Wdamp YGL116W tsq368 YER105C YFL009W tsq334 YKL173W tsq621 YDL051W YOR025W YFR052Wtsq405 YKR082W YFL008W tsq71

0.092 0.092 0.090 0.078 0.077 0.077 0.074 0.074 0.073 0.072

Fenpropimorph YDR315C YBR060Ctsq295 YEL065W YDR511W YOR136W YCR086W YLR452C YNL199C YEL061C YDL245C

0.080 0.074 0.065 0.064 0.062 0.062 0.062 0.060 0.059 0.059

YDR315C YBR060Ctsq295 YEL065W YOR136W YCR086W YLR452C YNL199C YDL245C YKL057C YIR019C

0.080 0.074 0.065 0.062 0.062 0.062 0.060 0.059 0.058 0.053

Emetine YBR211C tsq716 YKL004W damp YJL187C YGR059W YBL105C tsq535 YDR507C YER157W tsq44 YOR068C YDL051W YOL068C

0.133 0.103 0.102 0.102 0.101 0.100 0.098 0.095 0.094 0.093

YBR211C tsq716 YKL004W damp YJL187C YGR059W YBL105C tsq535 YDR507C YER157W tsq44 YOR068C YDL051W YOL068C

0.133 0.103 0.102 0.102 0.101 0.100 0.098 0.095 0.094 0.093

Dyclonine YGL213C YHL047C YJL105W YHR087W YNR051C YDL226C YOR310Cdamp YHR111W YIL011W YLL004W tsq351

0.085 0.083 0.083 0.081 0.081 0.079 0.076 0.074 0.074 0.073

YGL213C YHL047C YJL105W YNR051C YDL226C YHR111W YIL011W YLL004W tsq351 YLL050C tsq234 YGL127C

0.085 0.083 0.083 0.081 0.079 0.074 0.074 0.073 0.072 0.071

Doxycycline YDR457W YGL020C YLR268W tsq121 YER083C YML102W YER180C-A YFR004W tsq534 YFL001W YMR048W YBR087W tsq887

0.151 0.131 0.129 0.127 0.124 0.116 0.115 0.115 0.114 0.108

YDR457W YGL020C YLR268W tsq121 YER083C YML102W YER180C-A YFR004W tsq534 YFL001W YMR048W YGR009Ctsq60

0.151 0.131 0.129 0.127 0.124 0.116 0.115 0.115 0.114 0.107

Cyclopiazonic acid YMR233W YNL300W YGL252C YHR194W YLR239C YLL039C YLR378C tsq213 YCL069W YLR314C tsq130 YIL048W tsq188

0.087 0.077 0.073 0.073 0.068 0.067 0.065 0.062 0.060 0.060

YMR233W YNL300W YGL252C YHR194W YLR239C YLL039C YLR378C tsq213 YCL069W YLR314C tsq130 YHR064C

0.087 0.077 0.073 0.073 0.068 0.067 0.065 0.062 0.060 0.052

Clomiphene YFR010W YDR457W YDR159W YLR298C tsq844 YLR438C-A damp YDR511W YPR043W YDL192W YGR009Ctsq60 YPR028W

0.140 0.108 0.098 0.090 0.089 0.088 0.087 0.083 0.083 0.080

YFR010W YDR457W YDR159W YLR298C tsq844 YLR438C-A damp YDR511W YPR043W YDL192W YGR009Ctsq60 YPR028W

0.140 0.108 0.098 0.090 0.089 0.088 0.087 0.083 0.083 0.080

Cisplatin YDR457W YLR298C tsq844 YPR101W YKL173W tsq621 YIL137C YKR046C YGR124W YGL097W tsq958 YKL056C YDR243C tsq574

0.120 0.115 0.109 0.098 0.090 0.090 0.086 0.086 0.085 0.085

YDR457W YLR298C tsq844 YPR101W YKL173W tsq621 YIL137C YKR046C YGL097W tsq958 YDR243Ctsq574 YER006W tsq786 YDR330W

0.120 0.115 0.109 0.098 0.090 0.090 0.086 0.085 0.084 0.083

Chlorpromazine YPR028W YER017C YKL184W YHR174W YLR017W YKR062W tsq692 YHR064C YHR194W YMR083W YMR282C

0.095 0.087 0.087 0.086 0.084 0.083 0.082 0.082 0.077 0.076

YPR028W YER017C YKL184W YHR174W YLR017W YKR062W tsq692 YHR064C YHR194W YMR083W YNL061W tsq624

0.095 0.087 0.087 0.086 0.084 0.083 0.082 0.082 0.077 0.069

Cerulenin YNL270C YMR319C YGL009C YNL291C YGR027C YKR026C YDR283C YDR329C YDL217C tsq714 YDR312W

0.111 0.093 0.090 0.090 0.082 0.078 0.078 0.076 0.075 0.074

YNL270C YMR319C YGL009C YNL291C YGR027C YKR026C YDR283C YDR329C YDL217C tsq714 YGR081C

0.111 0.093 0.090 0.090 0.082 0.078 0.078 0.076 0.075 0.072

Calcium ionophore YOL151W YFR051Ctsq823 YHR179W YHR176W YDR122W YDR168W tsq315 YOR124C YPL141C YDR002W tsq582 YDR457W

0.075 0.075 0.068 0.066 0.065 0.065 0.064 0.064 0.062 0.061

YOL151W YFR051Ctsq823 YHR179W YHR176W YOR124C YPL141C YDR002W tsq582 YDR457W YEL018W YDR037W damp

0.075 0.075 0.068 0.066 0.064 0.064 0.062 0.061 0.059 0.054

Anisomycin YPL017C YLR314C tsq885 YBR211C tsq716 YOR329Cdamp YDL150W damp YPL204W damp YPR020W YKR062W tsq692 YBR080Ctsq57 YNL051W

0.075 0.075 0.074 0.071 0.069 0.068 0.068 0.068 0.067 0.067

YPL017C YLR314C tsq885 YBR211C tsq716 YOR329Cdamp YDL150W damp YPL204W damp YPR020W YNL051W YBR037C YDL107W

0.075 0.075 0.074 0.071 0.069 0.068 0.068 0.067 0.064 0.058

Amphotericin YDR457W YDL192W YFR010W YCR077C YDL245C YGL173C YKL078W damp YJL124C YDR052Ctsq163 YGR244C

0.179 0.120 0.110 0.108 0.103 0.094 0.093 0.093 0.092 0.092

YDR457W YDL192W YFR010W YCR077C YDL245C YGL173C YKL078W damp YJL124C YDR052Ctsq163 YGR244C

0.179 0.120 0.110 0.108 0.103 0.094 0.093 0.093 0.092 0.092

Amiodarone YDR457W YDL192W YFR010W YLR262C YNL299W YLR298C tsq844 YBR082C YGL173C YDR174W YGL195W

0.195 0.098 0.093 0.093 0.091 0.088 0.083 0.081 0.079 0.076

YDR457W YDL192W YFR010W YLR262C YNL299W YLR298C tsq844 YBR082C YGL173C YGL195W YJL124C

0.195 0.098 0.093 0.093 0.091 0.088 0.083 0.081 0.076 0.074

Alamethicin YGL127C YLR398C YPR070W YNR010W YOR038C YHR167W YNL199C YBR278W YOR076C YOL054W

0.102 0.095 0.094 0.092 0.090 0.086 0.085 0.084 0.083 0.079

YGL127C YLR398C YPR070W YNR010W YOR038C YHR167W YNL199C YBR278W YOL054W YPR167C

0.102 0.095 0.094 0.092 0.090 0.086 0.085 0.084 0.079 0.077

Actinomycin YDR457W YDL245C YMR319C YPR178Wtsq500 YLR268W tsq121 YPR178Wtsq819 YOL062C YCR077C YMR092C YDR243C tsq574

0.128 0.126 0.120 0.110 0.105 0.096 0.093 0.087 0.085 0.083

YDR457W YDL245C YMR319C YPR178Wtsq500 YLR268W tsq121 YPR178Wtsq819 YOL062C YMR092C YDR243Ctsq574 YOR116Ctsq831

0.128 0.126 0.120 0.110 0.105 0.096 0.093 0.085 0.083 0.081

Abietic acid YBR249C YFR010W YDR148C YJL105W YCR077C YDR283C YIL023C YLR410W YPL109C YLR418C

0.086 0.083 0.082 0.081 0.079 0.079 0.077 0.075 0.074 0.073

YBR249C YFR010W YDR148C YJL105W YCR077C YDR283C YIL023C YLR410W YKL218C YDR322C-A

0.086 0.083 0.082 0.081 0.079 0.079 0.077 0.075 0.070 0.067

Wortmannin YDL192W YGR028W YDR457W YDR033W YKR075C YOR285W YMR302C YER173W YKR092C YLL046C

0.139 0.116 0.111 0.102 0.095 0.092 0.091 0.089 0.089 0.087

YDL192W YGR028W YDR457W YDR033W YKR075C YOR285W YMR302C YER173W YKR092C YMR083W

0.139 0.116 0.111 0.102 0.095 0.092 0.091 0.089 0.089 0.085

Table B.3: Target genes forD = 82 test chemical compounds (continuation); see description in Table 3.1.
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70% data target gene 1 target gene 2 target gene 3 target gene 4 target gene 5 target gene 6 target gene 7 target gene 8 target gene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

100% data target gene 1 target gene 2 target gene 3 target gene4 target gene 5 target gene 6 target gene 7 target gene 8 targetgene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

Staurosporine YDL245C YOL062C YPL037C YPL270W YOL077W-A YNL061W tsq624 YBR042C YER017C YMR056C YLR298C tsq840

0.175 0.107 0.107 0.104 0.104 0.095 0.093 0.087 0.086 0.083

YDL245C YOL062C YPL037C YPL270W YOL077W-A YNL061W tsq624 YBR042C YER017C YMR056C YLR298C tsq840

0.175 0.107 0.107 0.104 0.104 0.095 0.093 0.087 0.086 0.083

Conine YMR071C YJL187C YBR034C YFL009W tsq415 YER133W damp YDR200C YKL211C YOR076C YLL049W YER086W

0.090 0.087 0.081 0.080 0.080 0.080 0.074 0.073 0.071 0.071

YMR071C YJL187C YBR034C YFL009W tsq415 YER133W damp YDR200C YKL211C YLL049W YER086W YMR025W

0.090 0.087 0.081 0.080 0.080 0.080 0.074 0.071 0.071 0.063

Parthenolide YNL299W YDL120W damp YKL056C YKR062W tsq692 YHR194W YKL184W YFR002W damp YOR077W damp YFL009W tsq334 YLR452C

0.094 0.076 0.075 0.074 0.073 0.072 0.066 0.064 0.062 0.062

YNL299W YDL120W damp YKL056C YKR062W tsq692 YHR194W YKL184W YFR002W damp YOR077W damp YFL009W tsq334 YLR452C

0.094 0.076 0.075 0.074 0.073 0.072 0.066 0.064 0.062 0.062

Radicicol YMR272C YDR457W YGL020C YFL001W YDR037W damp YER083C YLR268W tsq121 YGR027C YOR116Ctsq831 YMR235C tsq172

0.130 0.124 0.113 0.112 0.112 0.111 0.109 0.101 0.097 0.096

YMR272C YDR457W YGL020C YFL001W YDR037W damp YER083C YLR268W tsq121 YGR027C YOR116Ctsq831 YMR235C tsq172

0.130 0.124 0.113 0.112 0.112 0.111 0.109 0.101 0.097 0.096

Mitomycin C YCR077C YLR059C YLR160C YDL061C YER177W YBR045C YPR155C YJL105W YGL200C YBR093C

0.081 0.078 0.077 0.072 0.069 0.062 0.062 0.062 0.059 0.059

YCR077C YLR059C YLR160C YER177W YBR045C YPR155C YJL105W YGL200C YBR077C YNL216W damp

0.081 0.078 0.077 0.069 0.062 0.062 0.062 0.059 0.058 0.055

Trichostatin A YLR452C YKL051W YER006Wtsq786 YOL077W-A YMR308C tsq683 YLR314C tsq130 YOL006C YOR310Cdamp YFL001W YNR022C

0.149 0.124 0.109 0.108 0.104 0.103 0.103 0.101 0.100 0.099

YLR452C YKL051W YER006Wtsq786 YOL077W-A YMR308C tsq683 YLR314C tsq130 YOL006C YOR310Cdamp YFL001W YDR037W damp

0.149 0.124 0.109 0.108 0.104 0.103 0.103 0.101 0.100 0.099

FK506 YPL207W YLR410W YDR033W YML114C tsq695 YOL092W YBR087W tsq887 YIL017C YBR042C YDR315C YGR244C

0.129 0.122 0.114 0.095 0.093 0.093 0.089 0.087 0.085 0.083

YPL207W YLR410W YDR033W YML114C tsq695 YOL092W YBR087W tsq887 YIL017C YBR042C YDR315C YGR244C

0.129 0.122 0.114 0.095 0.093 0.093 0.089 0.087 0.085 0.083

Brefeldin A YPR179C YLR314C tsq130 YMR223W YMR179W YNL021W YHR174W YPL047W YMR078C YDL192W YNL061W tsq624

0.107 0.106 0.104 0.101 0.098 0.096 0.093 0.091 0.087 0.083

YPR179C YLR314C tsq130 YMR223W YMR179W YNL021W YHR174W YPL047W YMR078C YDL192W YNL061W tsq624

0.107 0.106 0.104 0.101 0.098 0.096 0.093 0.091 0.087 0.083

U73122 YDR457W YDL192W YNL156C YDR253C YLR017W YLR298C tsq844 YLR314C tsq130 YPR134W YDL226C YBL047C

0.152 0.109 0.102 0.090 0.085 0.084 0.081 0.080 0.078 0.077

YDR457W YDL192W YNL156C YLR017W YLR298C tsq844 YLR314C tsq130 YPR134W YDL226C YBL047C YDL102W tsq135

0.152 0.109 0.102 0.085 0.084 0.081 0.080 0.078 0.077 0.074

Tunicamycin YKL048C YKL101W YDR457W YCR077C YNL298W YDR382W YGL173C YPL270W YNL328C YHR166Ctsq89

0.119 0.115 0.103 0.092 0.091 0.089 0.079 0.077 0.074 0.073

YKL048C YKL101W YDR457W YCR077C YNL298W YDR382W YGL173C YPL270W YNL328C YHR166Ctsq89

0.119 0.115 0.103 0.092 0.091 0.089 0.079 0.077 0.074 0.073

Thialysine YMR319C YBL105C tsq535 YBL015W YER007C-A YDR457W YGL098W tsq592 YBR104W YLR384C YNL016W YBL003C

0.164 0.127 0.126 0.119 0.110 0.107 0.104 0.103 0.103 0.102

YMR319C YBL105C tsq535 YBL015W YER007C-A YDR457W YGL098W tsq592 YBR104W YBL003C YGL020C YOR246C

0.164 0.127 0.126 0.119 0.110 0.107 0.104 0.102 0.102 0.101

Rapamycin YLR314C tsq130 YDL192W YDR153C YPL167C YIL078W damp YGL055W tsq506 YDL245C YGR072W YDL181W YDR228C tsq685

0.089 0.085 0.074 0.073 0.070 0.070 0.066 0.066 0.065 0.061

YLR314C tsq130 YDL192W YDR153C YPL167C YIL078W damp YGL055W tsq506 YDL245C YGR072W YDL181W YOR361Ctsq30

0.089 0.085 0.074 0.073 0.070 0.070 0.066 0.066 0.065 0.057

Phenylarsine oxide YKR082W YKR062W tsq692 YKL184W YFR010W YJR140C YKL055C YHR167W YDR457W YKL211C YLR452C

0.140 0.119 0.111 0.110 0.106 0.097 0.091 0.089 0.088 0.086

YKR082W YKR062W tsq692 YKL184W YFR010W YJR140C YKL055C YHR167W YDR457W YKL211C YLR452C

0.140 0.119 0.111 0.110 0.106 0.097 0.091 0.089 0.088 0.086

Phenantroline YML069W tsq846 YJL091C tsq655 YMR149W damp YFR052W tsq405 YHR200W YMR198W YOR123C YDR162C YLR350W YDR472W damp

0.155 0.126 0.119 0.115 0.111 0.109 0.107 0.105 0.103 0.102

YML069W tsq846 YJL091C tsq655 YMR149W damp YFR052W tsq405 YHR200W YMR198W YOR123C YDR162C YLR350W YDR472W damp

0.155 0.126 0.119 0.115 0.111 0.109 0.107 0.105 0.103 0.102

Oligomycin YDR457W YKR019C YGL116W tsq368 YIL106W damp YFR004Wtsq534 YDR435C YBR082C YNL299W YDR121W YPR141C

0.102 0.095 0.094 0.092 0.091 0.087 0.085 0.080 0.076 0.076

YDR457W YKR019C YGL116W tsq368 YIL106W damp YFR004Wtsq534 YDR435C YBR082C YNL299W YPR141C YEL027W

0.102 0.095 0.094 0.092 0.091 0.087 0.085 0.080 0.076 0.074

Nocodazole YFR052Wtsq405 YER111C YMR198W YDR448W YKL101W YER083C YDR457W YFR004Wtsq534 YGL020C YML103C

0.156 0.146 0.140 0.126 0.124 0.123 0.119 0.118 0.111 0.108

YFR052Wtsq405 YER111C YMR198W YDR448W YKL101W YER083C YDR457W YFR004Wtsq534 YGL020C YML103C

0.156 0.146 0.140 0.126 0.124 0.123 0.119 0.118 0.111 0.108

Hygromycin B YDR293C YDL192W YDR512C YMR023C YMR078C YPL130W YIL017C YER073W YEL050C YJR043C

0.098 0.094 0.091 0.086 0.081 0.076 0.075 0.073 0.071 0.071

YDR293C YDL192W YDR512C YMR023C YMR078C YPL130W YIL017C YER073W YOR361Ctsq30 YBL103C

0.098 0.094 0.091 0.086 0.081 0.076 0.075 0.073 0.070 0.070

Extract 95-57 YKL184W YPL003W YER017C YHR194W YLR133W YLR061W YKR062W tsq692 YOR361Ctsq30 YJL101C YIL134W

0.099 0.073 0.071 0.065 0.063 0.060 0.059 0.056 0.056 0.055

YKL184W YPL003W YER017C YHR194W YLR133W YLR061W YKR062W tsq692 YJL101C YLR078C tsq199 YLR388W

0.099 0.073 0.071 0.065 0.063 0.060 0.059 0.056 0.049 0.046

Table B.4: Target genes forD = 82 test chemical compounds (continuation); see description in Table 3.1.
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70% data target gene 1 target gene 2 target gene 3 target gene 4target gene 5 target gene 6 target gene 7 target gene 8 target gene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

100% data target gene 1 target gene 2 target gene 3 target gene4 target gene 5 target gene 6 target gene 7 target gene 8 targetgene 9 target gene 10

rdj rdj rdj rdj rdj rdj rdj rdj rdj rdj

Extract 6592 YDR457W YJL124C YDR037W damp YBR278W YML102W YOR038C YGR027C YBR009C YDR174W YJL013C

0.190 0.109 0.104 0.102 0.101 0.098 0.097 0.097 0.096 0.095

YDR457W YJL124C YDR037W damp YBR278W YML102W YOR038C YGR027C YBR009C YDR174W YHR167W

0.190 0.109 0.104 0.102 0.101 0.098 0.097 0.097 0.096 0.093

Extract 00-89 YKL184W YKR062W tsq692 YGL233W tsq43 YGR118W YBR048W YDR472W damp YPL029W YPL110C YJR040W YLR388W

0.122 0.096 0.089 0.080 0.073 0.073 0.072 0.071 0.068 0.066

YKL184W YKR062W tsq692 YGL233W tsq43 YGR118W YBR048W YDR472W damp YPL029W YPL110C YJR040W YBR236Ctsq78

0.122 0.096 0.089 0.080 0.073 0.073 0.072 0.071 0.068 0.056

Extract 00-303C YML114C tsq695 YDR037W damp YDR457W YGL127C YPR178Wtsq500 YGL195W YOR329Cdamp YDL192W YPR101W YFR010W

0.158 0.111 0.111 0.108 0.108 0.096 0.096 0.094 0.092 0.091

YML114C tsq695 YDR037W damp YDR457W YGL127C YPR178Wtsq500 YGL195W YOR329Cdamp YDL192W YPR101W YFR010W

0.158 0.111 0.111 0.108 0.108 0.096 0.096 0.094 0.092 0.091

Extract 00-243 YDR457W YML114C tsq695 YLR410W YGL213C YDL192W YJL074C tsq63 YCR077C YGL195W YER013Wtsq237 YDR174W

0.130 0.120 0.111 0.106 0.103 0.093 0.092 0.091 0.091 0.091

YDR457W YML114C tsq695 YLR410W YGL213C YDL192W YJL074C tsq63 YCR077C YGL195W YER013Wtsq237 YDR315C

0.130 0.120 0.111 0.106 0.103 0.093 0.092 0.091 0.091 0.085

Extract 00-192 YDR457W YCR077C YGL195W YMR179W YDR283C YDL020C YML114C tsq695 YNL299W YJL124C YLR438C-A damp

0.225 0.117 0.109 0.099 0.098 0.095 0.094 0.093 0.092 0.091

YDR457W YCR077C YGL195W YMR179W YDR283C YDL020C YML114C tsq695 YNL299W YJL124C YLR438C-A damp

0.225 0.117 0.109 0.099 0.098 0.095 0.094 0.093 0.092 0.091

Extract 00-132 YDR457W YDL192W YGL195W YML008C YDR283C YPL085W tsq119 YPR101W YPL158C YPR062W YGL179C

0.158 0.095 0.086 0.083 0.077 0.075 0.075 0.074 0.071 0.070

YDR457W YDL192W YGL195W YML008C YDR283C YPL085W tsq119 YPR101W YPL158C YPR062W YPL213W

0.158 0.095 0.086 0.083 0.077 0.075 0.075 0.074 0.071 0.069

Emodin YDR180W tsq69 YKL173W tsq621 YFL008W tsq71 YDL174C YDR457W YBL078C YMR233W YKR019C YOL006C YNL223W

0.092 0.085 0.084 0.081 0.079 0.076 0.075 0.074 0.073 0.073

YDR180W tsq69 YKL173W tsq621 YFL008W tsq71 YDL174C YDR457W YBL078C YMR233W YKR019C YOL006C YNL223W

0.092 0.085 0.084 0.081 0.079 0.076 0.075 0.074 0.073 0.073

Desipramine YKL184W YLR314C tsq130 YHR194W YHR064C YNL061W tsq624 YDR253C YHR174W YKR026C YGL195W YKR062W tsq692

0.103 0.102 0.091 0.084 0.083 0.082 0.079 0.074 0.072 0.071

YKL184W YLR314C tsq130 YHR194W YHR064C YNL061W tsq624 YDR253C YHR174W YKR026C YKR062W tsq692 YGR127W

0.103 0.102 0.091 0.084 0.083 0.082 0.079 0.074 0.071 0.070

Cytochalasin A YDL245C YER017C YDL192W YOL062C YDR228Ctsq686 YOL077W-A YKL055C YHR194W YDR228Ctsq685 YGL019W

0.145 0.108 0.101 0.098 0.088 0.080 0.079 0.075 0.073 0.073

YDL245C YER017C YDL192W YOL062C YDR228Ctsq686 YOL077W-A YKL055C YHR194W YDR228Ctsq685 YLR298C tsq840

0.145 0.108 0.101 0.098 0.088 0.080 0.079 0.075 0.073 0.072

CG4-Theopalauamide YDR457W YPR124W YDL192W YMR179W YER061C YPL085W tsq119 YGR244C YDR283C YOR306C YKL214C

0.121 0.092 0.074 0.073 0.069 0.068 0.066 0.065 0.064 0.061

YDR457W YPR124W YDL192W YMR179W YER061C YPL085W tsq119 YGR244C YDR283C YGL179C YPL158C

0.121 0.092 0.074 0.073 0.069 0.068 0.066 0.065 0.060 0.058

Caspofungin YDL245C YDR207C YDR457W YPL177C YNL061W tsq624 YKL184W YCR073W-A YKR062W tsq692 YGL009C YNL315C

0.097 0.081 0.076 0.075 0.073 0.073 0.068 0.068 0.068 0.066

YDL245C YDR207C YDR457W YPL177C YNL061W tsq624 YCR073W-A YKR062W tsq692 YGL009C YOR329Cdamp YKL055C

0.097 0.081 0.076 0.075 0.073 0.068 0.068 0.068 0.065 0.064

Camptothecin YOL068C YDL245C YPR101W YLR298C tsq840 YMR056C YCR077C YLR298C tsq844 YKL056C YBL050W tsq48 YDL192W

0.120 0.110 0.107 0.106 0.103 0.095 0.093 0.093 0.087 0.085

YOL068C YDL245C YPR101W YLR298C tsq840 YMR056C YCR077C YLR298C tsq844 YKL056C YDL192W YKR092C

0.120 0.110 0.107 0.106 0.103 0.095 0.093 0.093 0.085 0.084

Basiliskamide YDR457W YAL021C damp YOR080W YDR335W YBR042C YKL062W YNL299W YDR168W tsq315 YFR004Wtsq534 YNL061W tsq630

0.101 0.080 0.080 0.075 0.072 0.072 0.070 0.069 0.064 0.064

YDR457W YAL021C damp YOR080W YDR335W YBR042C YKL062W YNL299W YDR168W tsq315 YMR078C YOR348C

0.101 0.080 0.080 0.075 0.072 0.072 0.070 0.069 0.063 0.060

192A4-Stichloroside YDR457W YPL158C YCR077C YDR448W YNL229C YDR283C YGL173C YOL062C YKR077W YGR252W

0.188 0.114 0.103 0.100 0.092 0.090 0.084 0.083 0.083 0.077

YDR457W YPL158C YCR077C YDR448W YNL229C YDR283C YGL173C YOL062C YKR077W YGR252W

0.188 0.114 0.103 0.100 0.092 0.090 0.084 0.083 0.083 0.077

Papuamide B YDL245C YCR077C YOL062C YKL061W YMR056C YDR457W YDR283C YGL009C YNL245C damp YEL038W

0.085 0.082 0.068 0.065 0.065 0.064 0.059 0.059 0.058 0.058

YDL245C YCR077C YOL062C YKL061W YMR056C YDR457W YGL009C YEL038W YER114C YBL032W

0.085 0.082 0.068 0.065 0.065 0.064 0.059 0.058 0.056 0.055

Agelasine E YKL184W YKR062W tsq692 YDR472W damp YLR166C tsq66 YGL116W tsq368 YLR078C tsq199 YDR121W YDL058W tsq441 YMR198W YJR140C

0.149 0.127 0.107 0.094 0.093 0.080 0.079 0.078 0.075 0.074

YKL184W YKR062W tsq692 YDR472W damp YLR166C tsq66 YGL116W tsq368 YLR078C tsq199 YDR121W YDL058W tsq441 YMR198W YML069W tsq846

0.149 0.127 0.107 0.094 0.093 0.080 0.079 0.078 0.075 0.069

Fluconazole YDR457W YDL192W YDR037W damp YGR009Ctsq60 YLR314C tsq885 YPR018W YGL020C YER008C YDR033W YGR185Ctsq290

0.146 0.107 0.105 0.102 0.102 0.099 0.092 0.092 0.091 0.091

YDR457W YDL192W YDR037W damp YGR009Ctsq60 YLR314C tsq885 YPR018W YGL020C YER008C YGR185Ctsq290 YAL056W

0.146 0.107 0.105 0.102 0.102 0.099 0.092 0.092 0.091 0.086

Geldanamycin YMR272C YML128C YGR028W YNL156C YMR083W YDR228Ctsq686 YPL183W-A YLR268W tsq121 YBR087W tsq887 YJL092W

0.094 0.091 0.088 0.087 0.087 0.087 0.086 0.086 0.085 0.084

YMR272C YML128C YGR028W YNL156C YMR083W YDR228Ctsq686 YLR268W tsq121 YBR087W tsq887 YNL231C YJR099W

0.094 0.091 0.088 0.087 0.087 0.087 0.086 0.085 0.082 0.069

Table B.5: Target genes forD = 82 test chemical compounds (continuation); see description in Table 3.1.
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Appendix C

Nonparametric basis pursuit

C.0.5 Proofs of Properties P1-P3

Proof: 1) If white noisen(x) : x ∈ R is fed to an ideal low-pass filter with cutoff frequency

ωmax = π, thenr(ξ) := E(z(x)z(x + ξ)) = sinc(ξ) is the autocorrelation of the outputz(x).

Hence,K equals the covariance matrix ofzT := [z(x1), . . . , z(xN )], and as suchK � 0.

Proof: 2) Rewrite the kernelfx′(x) := sinc(x − x′) as a function parameterized byx′.

Then, the NST applied to the bandlimitedfx′(x) yields fx′(x) =
∑

n∈Z fx′(n)sinc(x − n) =
∑

n∈Z φn(x
′)φn(x).

Proof: 3) Upon definingαn := f(xn), the reconstruction formulaf(x) :=
∑

n∈Z f(n)sinc(x−n)
gives the kernel expansion off ∈ Bπ. Hence, by definition of the RKHS norm‖f‖2HX

=
∑

n∈Z

∑

n′∈Z f(n)sinc(n − n′)f(n′). Substituting the reconstructedf(n) =
∑

n′∈Z sinc(n −
n′)f(n′) into the last equation yields‖f‖2HX

=
∑

n∈Z f
2(n).

C.0.6 Design of Algorithm 1

In order to rewrite the cost12‖(Z−CBT )�W‖2F + µ
2

[

Tr(CTK−1
X C) + Tr(BTK−1

Y B)
]

in terms

ci = Cei andbi = Bei, representing thei-th columns of matrixB andC, respectively, define

C̄i = C− ciei
T and decomposeCBT = C̄iB

T + cibi
T . Then rewrite the cost as

1

2
‖(Zi − cibi

T )�W‖2F +
µ

2
ci

TK−1
X ci (C.1)

after definingZi := Z− C̄iB
T and discarding regularization terms not depending onci.

Let vec(W) denote the vector operator that concatenates columns ofW, andD := Diag[x] the

diagonal matrix operator such thatdii = xi. The Hadamard product can be bypassed by defining
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DW := Diag[vec(W)], substituting‖X‖F = ‖vec(X)‖2, and using the following identities

vec(W �X) = DW vec(X),

vec(Xibi
T ) = (bi ⊗ IM )vec(Xi) (C.2)

with ⊗ representing the Kroneker product. Applying (C.2) to (C.1)yields

1

2
‖DW vec(Zi)−DW (bi ⊗ IM )ci‖22 +

µ

2
ci

TK−1
X ci (C.3)

Equating the gradient of (C.3) w.r.t.ci to zero, and solving forci it results

ci = H−1
i (bi

T ⊗ IM)DW vec(Zi)

Hi := bi
T ⊗ IM)DWDW (bi

T ⊗ IM ) + µK−1
X (C.4)

It follows from (C.2) that(bi
T ⊗ IM )DW vec(Zi) = (W � Zi), and it can be established

by inspection that(bi
T ⊗ IM)DWDW (bi

T ⊗ IM ) =
∑N

n=1 b
2
inDiag[wn] = Diag[W(bi � bi)],

so that (C.4) reduces toci =
(

Diag[W(bi � bi)] + µK−1
X

)−1
(W � Zi)bi, coinciding with the

update forci in Algorithm 1. The corresponding update forbi follows from parallel derivations.

C.0.7 Parallelizable Algorithms for the Selection of Grouped Variables

Consider the classical problem of linear regression, wherea vectory ∈ R
n of observations is given

along with a matrixX ∈ R
n×p of inputs. Suppose thep features are split intoNf disjoint factors

(groups of features) such that the coefficient vector isζ = [ζ ′1, . . . , ζ
′
Nf

]′ ∈ R
p, where′ denotes

transposition andζf corresponds to the coefficients of factorf . Thegroup least-absolute shrinkage

and selection operator (Lasso) [190] is a model selection and estimation technique used to select

relevant factors in linear regression, and yields

ζ̂glasso:= argmin
ζ

1

2
‖y −Xζ‖22 + µ

Nf
∑

f=1

‖ζf‖2 (C.5)

whereµ ≥ 0 is a tuning parameter typically chosen via model selection techniques such as cross-

validation (CV); see e.g., [88, 190]. Ifµ = 0, no sparsity is enforced since (C.5) reduces to LS.

As µ increases, more sub-vector estimatesζf become zero due to the effect of the group sparsity-

encouraging penalty, and the corresponding factors drop out of the model. WhenNf = p, (C.5)

becomes the Lasso [178] that performs variable – rather thanfactor – selection.

Finding ζ̂glassorequires solving (iteratively) for any given value ofµ a second-order cone pro-

gram (SOCP). While standard SOCP solvers can be invoked to this end, an increasing amount of

effort has been put recently into developing fast algorithms that capitalize on the unique properties

of the group-Lasso; see e.g. [190], [144], [82], [70], [194].
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Typically, the training set is assumed to be centrally available, so that it can be jointly processed

to obtain ζ̂glasso. However, collecting all data in a central location may be prohibitive in timely

applications of interest. In-network-based (group-)Lasso estimators find application in e.g., robust

layered sensing [101], and in the sensing task of cognitive radio networks [17, 18]. In other cases

such as the Internet or collaborative inter-laboratory studies, agents providing private data for the

purpose of e.g., fitting a sparse model, may not be willing to share their training data but only the

learning results. Distributed subgradient methods are applicable to sparse linear regression [133] as

well, but are typically slow.

Having this context in mind, the present chapter develops a consensus-based distributed al-

gorithm for the group-Lasso, which can be specialized for the Lasso as well. Problem (C.5) is

recast as a convexconstrainedminimization in Section C.0.8, and is iteratively optimized using the

alternating-direction method of multipliers (AD-MoM) [25, p. 253]. This way, provably conver-

gent parallel recursions are derived to update each agent’slocal estimate, that entail simple vector

soft-thresholding operations (Section C.0.9). This is possible by capitalizing on the closed form so-

lution that (C.5) admits in the orthonormal case [194], [144], and evidences the factor-level sparsity

encouraging property of group-Lasso. On a per iteration basis, agents only exchange their current

local estimate with their neighbors. By specializing to a dummy single agent network, a novel

centralized group-Lasso solver is obtained in Section C.0.10 as a byproduct. Different from [190]

and [144], the algorithm here can handle non orthonormal matrix X, and does not require an in-

ner Newton-Raphson recursion per iteration. By comparing the centralized algorithm with its dis-

tributed counterparts of Section C.0.9, it is shown that thelatter effectively split the computational

burden across agents.

C.0.8 Problem Statement and Preliminaries

ConsiderJ networked agents that are capable of performing some local computations, as well as ex-

changing messages among neighbors. An agent should be understood as an abstract entity, possibly

representing a sensor node in a WSN, a router monitoring Internet traffic, a hospital, insurance com-

pany or laboratory involved in e.g., a medical study; or a sensing radio from a next-generation mo-

bile communications technology. The network is naturally modeled as an undirected graphG(J , E),
where the vertex setJ := {1, . . . , J} corresponds to the agents, and the edges inE represent pairs

of agents that can communicate. Agentj ∈ J communicates with its single-hop neighboring agents

inNj, and the size of the neighborhood is denoted by|Nj|. The graphG is assumed connected, i.e.,

there exists a (possibly multihop) path that joins any pair of agents in the network.

For the purpose of estimating an unknown vectorζ = [ζ ′1, . . . , ζ
′
Nf

]′ ∈ R
p, each agentj ∈ J

has available a local vector of observationsyj ∈ R
nj as well as its own matrix of inputsXj ∈

R
nj×p. Agents collaborate to form the wanted group-Lasso estimator (C.5) in a distributed fashion,
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which can be rewritten as

ζ̂glasso:= arg min
ζ

1

2

J
∑

j=1

‖yj −Xjζ‖22 + µ

Nf
∑

f=1

‖ζf‖2 (C.6)

with y := [y′
1, . . . ,y

′
J ]

′ ∈ R
n with n :=

∑J
j=1 nj, andX := [X′

1, . . . ,X
′
J ]

′ ∈ R
n×p. In lieu

of a central controller, the goal of this chapter is to develop a distributed solver of (C.6) based on

in-network processing of the local training sets{yj ,Xj}j∈J . On a per iteration basis the algorithm

should comprise: (i) a communication step where agents exchange messages with their neighbors;

and (ii) a simple update step where each agent uses this information to refine its local estimate. An

additional desirable property is that the collection of local estimates should eventuallyconsentto

the global solution̂ζglasso, namely, the estimate that would be obtained if the entire training data set

were centrally available.

Consensus-based reformulation of group-Lasso

To distribute the cost in (C.6), replace theglobalvariableζ which couples the per-agent summands,

with local variables{ζj ∈ R
p}Jj=1 representing candidate estimates ofζ per agent. It is now

possible to reformulate (C.6) as a convexconstrainedminimization problem

{

ζ̂j

}J

j=1
:= arg min

{ζj}

1

2

J
∑

j=1



‖yj −Xjζj‖22 +
2µ

J

Nf
∑

f=1

‖ζjf‖2





s. t. ζj = ζj′ , j ∈ J , j′ ∈ Nj (C.7)

whereζj =
[

ζ ′j1, . . . , ζ
′
jNf

]′
, j ∈ J . The equality constraints directly effect local agreement

between neighboring CRs. Since the communication graphG is assumed connected, these con-

straints also ensureglobal consensus a fortiori, meaning thatζj = ζj′ , ∀j, j′ ∈ J . As a di-

rect consequence of this observation, it follows that problems (C.6) and (C.7) are equivalent, i.e.,

ζ̂glasso= ζ̂j, ∀ j ∈ J .
Problem (C.7) will be modified further for the purpose of reducing the computational complexity

of the resulting algorithm. To this end, for a givena ∈ R
p consider the problem

min
ζ





1

2
||ζ||22 − a′ζ + µ

Nf
∑

f=1

‖ζf‖2



 , ζ := [ζ ′1, . . . , ζ
′
Nf

]′ (C.8)

and notice that it is separable in theNf subproblems

min
ζf

[

1

2
||ζf ||22 − a′fζf + µ‖ζf‖2

]

, a := [a′1, . . . ,a
′
Nf

]′. (C.9)
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Interestingly, each of these subproblems admits a closed-form solution as given in the following

lemma.

Lemma C.1 The minimizerζ?f of (C.9) is obtained via the vector soft-thresholding operator Tµ(·)
defined by

ζ?f = Tµ(af ) := (‖af‖2 − µ)+
af

‖af‖2
(C.10)

where(·)+ := max{·, 0} .

Problem (C.8) is an instance of group-Lasso (C.5) whenX′X = Ip, anda := X′y. As such,

result (C.10) can be viewed as a particular case of the operators in [144] and [194]. However it is

worth to prove Lemma C.1 directly, since in this case the special form of (C.9) renders the proof

neat in its simplicity.

Proof: It will be argued that the solver of (C.9) takes the formζ?f = taf for some scalart ≥ 0.

This is because among allζf with the samè 2-norm, the Cauchy-Schwarz inequality implies that

the maximizer ofa′fζf is colinear with (and in the same direction of)af . Substitutingζf = taf

into (C.9) renders the problem scalar int, with solutiont? = (‖af‖ − µ)+ / (‖af‖) completing the

proof. �

In order to take advantage of the result in Lemma C.1, auxiliary variablesγj, j ∈ J are

introduced as copies ofζj. Upon introducing appropriate constraintsγj = ζj that guarantee the

equivalence of the formulations, problem (C.7) can be recast as

min
{ζj ,γj ,γ

j′

j }

1

2

J
∑

j=1



‖yj −Xjγj‖22 +
2µ

J

Nf
∑

f=1

‖ζjf‖2



 (C.11)

s. t. ζj = γ
j′

j = ζj′ , j ∈ J , j′ ∈ Nj

γj = ζj , j ∈ J .

The additional set of dummy variables{γj′

j } is inserted for technical reasons that will become

apparent in the ensuing section, and will be eventually eliminated.

C.0.9 Distributed Group-Lasso Algorithm

The distributed group-Lasso algorithm is constructed by optimizing (C.11) using the alternating

direction method of multipliers (AD-MoM) [25]. In this direction, associate Lagrange multipliers

vj , v̄
j′

j andv̆j′

j with the constraintsγj = ζj , ζj = γ
j′

j andζj′ = γ
j′

j respectively, and consider the
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augmented Lagrangian with parameterc > 0

Lc [{ζr},γ, v ] =
1

2

J
∑

j=1



‖yj −Xjγr‖22 +
2µ

J

Nf
∑

f=1

‖ζjf‖2





+

J
∑

j=1

[

v′
j(ζj − γj) +

c

2
‖ζj − γj‖22

]

+

J
∑

j=1

∑

j′∈Nj

[

(v̆j′

j )
′(ζj − γ

j′

j ) +
c

2
‖ζj − γ

j′

j ‖22
]

+

J
∑

j=1

∑

j′∈Nj

[

(v̄j′

j )
′(ζj′ − γ

j′

j ) +
c

2
‖ζj′ − γ

j′

j ‖22
]

(C.12)

where variables are grouped asγ := {γj , {γj′

j }j′∈Nj
}j∈J and multipliersv := {vj , {v̆j′

j , v̄
j′

j }j′∈Nj
}j∈J .

Application of the AD-MoM to the problem at hand consists of acycle ofLc minimizations in

block-coordinate descent fashion w.r.t.{ζj} firstly, andγ secondly, together with an update of the

multipliers per iterationk = 0, 1, 2, . . .. Omitting the details that can be found in [21, Appendix

D], the four main properties of this procedure that are instrumental to the resulting algorithm can be

highlighted as:

[P1] Thanks to the introduction of the local copiesζj and the dummy variablesγj′

j , the minimiza-

tions ofLc w.r.t. both{ζj} andγ decouple per agentj, thus enabling distribution of the

algorithm. Moreover, the constraints in (C.11) involve variables of neighboring agents only,

which allows the required communications to be local withineach agent’s neighborhood.

[P2] Introduction of the variablesγj separates the quadratic cost‖yj −Xjγj‖22 from the group-

Lasso penalty
∑Nf

f=1 ‖ζjf‖2. As a result, minimization of (C.12) w.r.t.ζj takes the form of

(C.8), which admits a closed-form solution via the vector soft-thresholding operatorTµ(·) in

(C.10).

[P3] Minimization of (C.12) w.r.t.γ consists of an unconstrained quadratic problem, which can

also be solved in closed form. In particular, the optimalγ
j′

j at iterationk takes the value

γ
j′

j (k) =
(

ζj(k) + ζj′(k)
)

/2, and thus can be eliminated.

[P4] It turns out that it is not necessary to carry out updates of the Lagrange multipliers

{v̄j′

j , v̆
j′

j }j′∈Nj
separately, but only of their sums which are henceforth denoted bypj :=

∑

j′∈Nj
(v̄j′

j + v̆
j′

j ). Hence, there is one pricepj per agentj = 1, . . . , J , which can be

updated locally.
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Algorithm 5 : DGLasso

Initialize to zero{ζj(0),γj(0),pj(−1),vj(−1)}j∈J , and locally run:

for k = 0, 1,. . . do
Transmitζj(k) to neighbors inNj .

Updatepj(k) using (C.13).

Updatevj(k) using (C.14).

Updateζj(k + 1) using (C.15).

Updateγj(k + 1) using (C.16).

end for

Building on these four features, it is established in [21, Appendix D] that the proposed AD-

MoM scheme boils down to four parallel recursions run locally per agent, wheref = 1, . . . , Nf in

(C.15) andMj := cIp +X′
jXj in (C.16)

pj(k) = pj(k − 1) + c
∑

j′∈Nj

[ζj(k)− ζj′(k)] (C.13)

vj(k) = vj(k − 1) + c[ζj(k)− γj(k)] (C.14)

ζjf (k + 1) = Tµ/J



cγjf(k)− pjf (k)− vjf (k)

+ c
∑

j′∈Nj

[

ζjf (k) + ζj′f (k)
]



 /[c(2|Nj |+ 1)], (C.15)

γj(k + 1) = M−1
j

(

X′
jyj + cζj(k + 1) + vj(k)

)

. (C.16)

Recursions (C.13)-(C.16) comprise the novel DGLasso algorithm, tabulated as Algorithm 5.

The algorithm entails the following steps. During iteration k + 1, agentj receives the local

estimates{ζj′(k)}j′∈Nj
from the neighboring agents and plugs them into (C.13) to evaluate the dual

price vectorpj(k). The new multipliervj(k) is then obtained using the locally available vectors

{γj(k), ζj(k)}. Subsequently, vectors{pj(k),vj(k)} are jointly used along with{ζj′(k)}j′∈Nj

to obtainζj(k + 1) via Nf parallel vector soft-thresholding operationsTµ/J (·) defined in (C.10).

Finally, the updatedγj(k+1) is obtained from (C.16), and requires the previously updated quantities

along with the vector of local observationsyj and regression matrixXj . The(k + 1)st iteration is

concluded after agentj broadcastsζj(k+1) to its neighbors. The distributedK−fold CV protocol

in [122] can be utilized to tuneµ.

DGLasso algorithm does not require nested iterations, since all local updates are given in closed

form. Even if an arbitrary initialization is allowed, the sparse nature of the estimator sought suggest

the all-zero vectors as a natural choice. With regards to communication cost, only thep scalars in
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ζj have to be broadcasted per iteration. Whenp is large, major savings can be attained by only

exchanging the set of nonzero entries. Further, the inter-agent communication cost does not depend

on the size of the local training sets. A computational cost analysis will be deferred to the ensuing

section.

Remark C.1 (Reduction to distributed Lasso algorithm)WhenNf = p and there are as many

groups as entries ofζ, then the sum
∑Nf

f=1 ‖ζf‖ becomes thè1-norm ofζ, and group-Lasso reduces

to Lasso. In this case, DGLasso offers a distributed algorithm to solve Lasso that coincides with the

one in [122].

To close this section, it is useful to mention that convergence of Algorithm 5 is ensured by the

convergence of the AD-MoM [25]. This result is formally stated next.

Proposition C.1 LetG be a connected graph, and consider recursions (C.13)-(C.16) that comprise

the DGLasso algorithm. Then, for any value of the step-sizec > 0, the iteratesζj(k) converge to

the group-Lasso solution [cf. (C.6)] ask →∞, i.e.,

lim
k→∞

ζj(k) = ζ̂glasso, ∀ j ∈ J . (C.17)

In words, all local estimatesζj(k) achieve consensus asymptotically, converging to a common vec-

tor that coincides with the desired estimatorζ̂glasso. Formally, if the number of parametersp exceeds

the number of datan, then a unique solution of (C.5) is not guaranteed for a general design matrix

X. Proposition C.1 remains valid however, if the right-hand side of (C.17) is replaced by the set of

minima; i.e.,limk→∞ ζj(k) ∈ arg minζ
1
J

∑J
j=1 ‖yj −Xjζ‖22 + µ

∑Nf

f=1 ‖ζf‖2.
From (C.17), all asymptotic (asn grows large) properties of centralized (group-)Lasso carry

over to its distributed counterpart developed here. Those include not only the bias, but also weak

support consistency as well as estimation consistency, which for the centralized (group-)Lasso have

been studied in e.g., [192,201]. One can for instance borrowthe weighted versions of the sparsifying

penalties in [201] and [192], with weights provided by the (distributed) LS estimates in order to

ensure the estimators enjoy (asymptotically) the aforementionedoracle properties.

C.0.10 Parallel Processing

The algorithmic framework developed so far for distributedsparse estimation, can also be applied

to obtain efficientcentralized(group-)Lasso solvers as special cases of Algorithm 5. These will be

briefly described next, since they are important on their ownright as standalone sparse linear regres-

sion tools. Moreover, they will serve as a baseline for comparison with the distributed algorithms

of Section C.0.9, for the purpose of establishing that DGLasso has the property of parallelizing

computations in multiprocessor architectures.
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Algorithm 6 : GLasso

Initialize to zero{ζ(0),γ(0),v(−1)}, and run:

for k = 0, 1,. . . do
Updatev(k) = v(k − 1) + c[ζ(k) − γ(k)].

Updateζf (k + 1) = (1/c)Tµ (cγf (k)− vf (k)) , ∀ f .

Updateγ(k + 1) = M−1 (X′y + cζ(k + 1) + v(k)).

end for

Recalling the network setup described in Section C.0.8, letJ = 1 so that the network collapses

to a single agent, and suppose that this central processing unit has available the training data set

{y,X}, say. In this case DGLasso yields a novel algorithm for the standard (centralized) group-

Lasso estimator (C.6), termed GLasso and tabulated as Algorithm 6. To arrive at this result, start

from the DGLasso recursions (C.13)-(C.16) and note that: (i) index j can be dropped since there

is a single agent; (ii) summations across neighborhoods disappear for the same reason; and (iii)

p(k) = 0, ∀ k since (C.13) simplifies top(k) = p(k − 1) andp(−1) = 0. Because there are no

consensus constraints to be enforced, it is reasonable thatp(k) is no longer needed. Alternatively,

one can directly arrive at Algorithm 6 after applying AD-MoMiterations to solve the problem

min
{ζ,γ}





1

2
‖y −Xγ‖22 + µ

Nf
∑

f=1

‖ζf‖2



 , s. t. γ = ζ (C.18)

which is equivalent to (C.5). The sequence of iteratesζ(k) generated by Algorithm 6 is thus prov-

ably convergent tôζglassoask →∞, for any value ofc > 0 [25].

Notice that the thresholding operatorTµ in GLasso sets the entire sub-vectorζf (k + 1) to zero

whenever‖cγf (k)−vf (k)‖2 does not exceedµ, in par with the group sparsifying property of group-

Lasso. After the thresholding, a proportional shrinkage typical of ridge (̀ 2-penalized) estimators is

performed [88]. In this case however, the shrinkage by a factor of c is due to quadratic term in the

augmented Lagrangian. Not surprisingly, thresholding/proportional shrinkage type of updates have

been also obtained in cyclic coordinate descent (CD) algorithms for the elastic net [71]. Different

from [190], GLasso can handle a general (not orthonormal) regression matrixX. Compared to the

block-CD method proposed in [144], GLasso does not require an inner Newton-Raphson recursion

per iteration.

As discussed in Remark C.1, ifNf = p so that the factors coincide with the scalar entries of

ζ, then GLasso yields the Lasso estimator. In particular, thevector soft-thresholding operator sim-

plifies to its well-known scalar counterpartSµ(z) := (|z| − µ)+sign(z). The Lasso estimator is

expressible in terms ofSµ whenever the problem is orthonormal or scalar, and thusSµ typically

characterizes the updates of cyclic CD solvers for Lasso [88, p. 93]. When specialized to Lasso,

Algorithm 6 coincides with the split Bregman method in [82],provided a single iteration is carried
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out in the minimization of a suitable “energy” introduced in[82, eq. (1.1)]. Such inexact minimiza-

tion heuristic is suggested in [82] for algorithmic efficiency reasons, without recognizing its relation

to AD-MoM and lacking formal convergence guarantees. This connection between AD-MoM and

the split Bregman method was also pointed out in [66]. To estimate hierarchical sparse models

or reconstruct signals based on incomplete Fourier data, related ideas based on cost decoupling to

capitalize on alternating minimization methods were applied in [170] and [188].

Computational load balancing

Consider the DGLasso recursions (C.13)-(C.16). Update (C.16) involves inversion of thep × p

matrix Mj := cIp + X′
jXj per agent, that may be computationally demanding for sufficiently

largep. Fortunately, this operation as well as the evaluation of the local “ridge” estimate[cIp +

X′
jXj]

−1X′
jyj can be carried out offline before running the algorithm. Other than that, the updates

comprising DGLasso are simple and solely involve scaling/addition and thresholding of (eventually

sparse)p-dimensional vectors. As pointed out in [82], in several applications of interest there is

specific structure that can be exploited to efficiently invert the aforementioned matrix. Circulant

structure has been shown to arise in compressive sampling for magnetic resonance imaging [82],

hence the inversion can be carried out through a suitable DFT. Sparsity is another characteristic of

the matrix that can be capitalized upon in, e.g., multiple frequency-hopping signal estimation [11].

In any case, the matrix inversion lemma can be invoked to obtain

M−1
j = (1/c)

[

Ip −X′
j

(

cInj
+XjX

′
j

)−1
Xj

]

.

In this new form, the dimensionality of the matrix to invert becomesnj × nj, wherenj is the num-

ber of locally acquired data. For highly underdetermined regression problems(nj � p) typically

arising in genomics or computational biology [88, Ch. 18 ], (D)GLasso enjoys considerable compu-

tational savings through the aforementioned matrix inversion identity. More importantly, one also

recognizes that the distributed operation parallelizes the numerical computation across agents: if

GLasso is run centrally with all network-wide datay := [y′
1, . . . ,y

′
J ]

′ andX := [X′
1, . . . ,X

′
J ]

′

at hand, then the matrix to invert has dimensionn =
∑

j∈J nj, which increases linearly with the

network sizeJ . Beyond a networked scenario as described in Section C.0.8,DGLasso provides an

attractive alternative for computational load balancing in timely multi-processor architectures.

C.0.11 Numerical example

A simulated test is now presented to corroborate the convergence of DGLasso. The example will

rely on the birthweight dataset considered in the seminal group-Lasso work of [190]. The objective

is to predict the human birthweight fromNf = 8 factors including the mother’sage, weight,
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race, smoke habits, number of previouspremature labors, history ofhypertension, uter-

ine irritability, and number of physicianvisits during the first trimester of pregnancy.

Third-order polynomials were considered to model nonlinear effects of theage andweight on

the response, augmenting the model size top = 12 by grouping the polynomial coefficients in two

subsets of three variables. The network ofJ = 10 agents is simulated as a random geometric graph

on [0, 1]2, with communication ranger = 0.4. Then = 189 data samples are randomly split across

agents, so thatnj = 18 for j ∈ [1, 9], andn10 = 27.

By running Algorithm 5 and using “warm starts” [71], the pathof group-Lasso solutions is

computed at 100 different values of the regularization parameterµ. The penalty coefficient is set

to c = 8, since several experiments suggested this value leads to fastest convergence. Fig. C.1

(top) shows the regularization path for agentj = 2, where for diminishing values ofµ more factors

enter the model. The dashed vertical line indicates the model for µCV = 8.513, obtained via the

10-fold distributed CV procedure in [122]. Consensus is achieved after few iterations, as observed

from Fig. C.1 (bottom) which depicts the evolution of the factors’ strength measured by‖ζjf‖2,

for two representative agents withj = 2, 7. DGLasso converges to the same prediction model as

in [190], and determines thatvisits is not significant even from the first iterations, allowing for

early model selection.

We also compare DGLasso with the distributed subgradient method in [133], for which equal

neighbor combining weights, zero initial conditions, and adiminishing stepsizeα(k) = 10−2/k

are adopted. As figure of merit, the global error metricε(k) := J−1
∑J

j=1 ‖ζ̂j(k) − ζ̂glasso‖22 is

evaluated for all schemes. Algorithm 6 was utilized to obtain ζ̂glasso, and the resulting errors are

depicted in Fig. C.2. The decreasing trend ofε(k) confirms that all local estimates converge to

ζ̂glasso, as stated in Proposition C.1. All-zero initial vectors speed up DGLasso. With regards to the

subgradient method, the speed of convergence is extremely slow since a descent along a subgradient

direction is not effective in nulling factors of the local estimates.

C.0.12 Concluding Remarks

An in-network processing-based algorithm for fitting a group-Lasso model is developed in this

chapter, based on AD-MoM iterations. Apart from an offline matrix inversion, the resulting per

agent DGLasso updates are simple and given in closed form. Ina nutshell, the DGLasso recursions

entail linear combinations of vectors and a soft-thresholding operation. Interestingly, DGLasso has

the property of parallelizing computations across agents,and requires affordable communications of

sparse messages within the neighborhood. The sequences of local estimates generated by DGLasso

are provably convergent tôζglasso, and the algorithm can outperform alternatives based on distributed

subgradient descent.
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Appendix D

Rank regularization for tensor

completion

D.0.13 Proof of Proposition 5.1

The equivalence between (5.2) and (5.4) stated in a) followsimmediately from (5.3). Indeed, if

(5.4) is minimized in two steps

min
X







min
B,C
s. toBCT=X

1

2
‖(Z−X)~∆‖2F +

µ

2
(‖B‖2F + ‖C‖2F )







(D.1)

it is apparent that the LS part of the cost does not depend on the inner minimization variables.

Hence, (D.1) can be rewritten as

min
X







1

2
‖(Z−X)~∆‖2F + µ



min
B,C
s. toBCT=X

1

2
(‖B‖2F + ‖C‖2F )











(D.2)

and by recognizing (5.3) as the problem within the square brackets in (D.2), the equivalence follows.

To establish b), consider the cost in (5.4) at the local minimum (B̄, C̄)

U(B̄, C̄) :=
1

2
‖(Z− X̄)~∆‖2F +

µ

2
(‖B̄‖2F + ‖C̄‖2F )

whereX̄ := B̄C̄T . Arguing by contradiction, suppose that there is a different local minimum

(B,C) such thatU(B,C) 6= U(B̄, C̄). Without loss of generality setU(B,C) < U(B̄, C̄) so that

dU := U(B,C)− U(B̄, C̄) < 0, which can be expanded to

dU = Tr
[(

∆~(Z− X̄)
) (

∆~(X̄−X)
)]

+
1

2
‖∆~(X̄−X)‖2F

+
µ

2

(

‖B‖2F − ‖B̄‖2F + ‖C‖2F − ‖C̄‖2F
)

< 0. (D.3)
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Setting this inequality aside for now, consider the augmented matrixQ in terms of generic

matricesB andC:

Q :=

[

B

C

]

[

BT CT
]

=

(

BBT X

XT CCT

)

(D.4)

and the correspondinḡQ defined in terms of̄B andC̄. For each value ofθ ∈ (0, 1) consider the

convex combination

Qθ := Q̄+ θ(Q− Q̄). (D.5)

As bothQ andQ̄ are positive semi-definite, so isQθ and by means of the Choleski factorization

one obtains

Qθ :=

[

Bθ

Cθ

]

[

B′
θ C′

θ

]

=

(

BθB
′
θ Xθ

X′
θ CθC

′
θ

)

(D.6)

which definesBθ, Cθ andXθ.

Expanding the cost differencedUθ as in (D.3) results in

dUθ := U(Bθ,Cθ)− U(B̄, C̄)

= Tr
[(

∆~(Z− X̄)
) (

∆~(X̄−Xθ)
)]

+
µ

2

(

‖Bθ‖2F − ‖B̄‖2F + ‖Cθ‖2F − ‖C̄‖2F
)

+
1

2
‖∆~(X̄−Xθ)‖2F .

From the definitions (D.4)-(D.6) it follows that̄X − Xθ = θ(X̄ − X), ‖Bθ‖2F − ‖B̄‖2F =

θ(‖B‖2F − ‖B̄‖2F ), and‖Cθ‖2F − ‖C̄‖2F = θ(‖C‖2F − ‖C̄‖2F ), so that

dUθ := θTr
[(

∆~(Z− X̄)
) (

∆~(X̄−X)
)]

+
µθ

2

(

‖B‖2F − ‖B̄‖2F + ‖C‖2F − ‖C̄‖2F
)

+
θ2

2
‖∆~(X̄−X)‖2F .

Using (D.3),dUθ can be expressed in terms ofdU as

dUθ := θ

(

dU − 1

2
‖∆~(X̄−X)‖2F

)

+
θ2

2
‖∆~(X̄−X)‖2F .

SincedU is strictly negative, so isdU − 1
2‖∆~(X̄−X)‖2F , and hence

lim
θ→0

1

θ
dUθ =

(

dU − 1

2
‖∆~(X̄−X)‖2F

)

< 0.

But then in every neighborhood of(B̄, C̄) there is a point(Bθ,Cθ) such thatU(Bθ,Cθ) <

U(B̄, C̄), meaning(B̄, C̄) cannot be a local minimum. This contradiction implies thatU(B,C) =

U(B̄, C̄) for any pair of local minima, which completes the proof. �



151

D.0.14 Proof of Proposition 5.2

The Frobenius norms squared ofA, B, andC are separable across columns; hence, the penalty in

(5.8) can be rewritten as

‖A‖2F + ‖B‖2F + ‖C‖2F =

R
∑

r=1

‖ar‖2 + ‖br‖2 + ‖cr‖2 =
R
∑

r=1

a2r + b2r + c2r (D.7)

wherear := ‖ar‖, br := ‖br‖, cr := ‖cr‖, r = 1, . . . , R.

Without loss of generality,X can be expressed in terms of the normalized outer products (5.6)

with γr := arbrcr. Substituting (5.6) and (D.7) for the tensor and the penaltyrespectively, (5.8)

reduces to

min
{u},{v},{w}

min
γ

min
{ar},{br},{cr}

1

2
|| (Z−X)~∆||2F +

µ

2

R
∑

r=1

a2r + b2r + c2r

s. to X =
R
∑

r=1

γr(ur ◦ vr ◦wr), γr = arbrcr. (D.8)

Focus first on the inner minimization w.r.t. normsar, br, andcr, for arbitrary fixed directions

{ur}, {vr}, and{wr}, as well as for fixed productsγr := arbrcr. The constraints and hence the

LS part of the cost depend onγr only, and not on their particular factorizationsarbrcr. Thus, the

penalty is the only term that varies whenγr is constant, rendering the inner-most minimization in

(D.8) equivalent to

min
ar ,br,cr

a2r + b2r + c2r s. toγr = arbrcr, r = 1, . . . , R. (D.9)

The arithmetic-mean geometric-mean inequality yields thesolution to (D.9), since for scalars

a2r, b
2
r, andc2r it holds that

3
√

a2rb
2
rc

2
r ≤ (a2r + b2r + c2r)/3

with equality whena2r = b2r = c2r . This implies that the minimum of (D.9) is attained ata2r = b2r =

c2r = γ
2/3
r .

Substituting the corresponding
∑R

r=1(a
2
r+b

2
r+c

2
r) = 3

∑R
r=1 γ

2/3
r = 3‖γ‖2/32/3 into (D.8) yields

(5.9). Equivalence of optimization problems is transitive; hence, showing that both (5.9) and (5.8)

are equivalent to (D.8) proves them equivalent to each other, as desired. �

D.0.15 Proof of Corollary 5.1

The following result on the norm of the matrix inverse will beused in the proof of the corollary.
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Lemma D.1 [84, p.58] If E ∈ R
m×m satisfies‖E‖2 ≤ 1, then I + E is invertible, and

∥

∥(I+E)−1
∥

∥

2
≤ (1− ‖E‖2)−1.

For any value ofµ, and with(A,B,C) being the minimizers of (5.8), the useful inequality

µ
(

‖A‖2F + ‖B‖2F + ‖C‖2F
)

≤ ‖∆~Z‖2F (D.10)

follows by comparing the cost at the minimum and at the origin

A second characterization of the minimum of (5.8) can be obtained from the first-order optimal-

ity condition. Upon vectorizingA, the cost in (5.8) can be rewritten as

P
∑

p=1

1

2

∥

∥diag[δp]
(

zp − (Bdiag[eTpC]⊗ I))a
)∥

∥

2

2
+
µ

2
‖a‖22 (D.11)

wherezp, δp, anda denote the vectorizations of matricesZp, Dp, andA, respectively. Addi-

tional regularization terms that vanish when taking derivatives w.r.t.A were removed from (D.11).

Nulling the gradient of (D.11) w.r.t.a yields

a = (I+E)−1ζ

with

E :=
1

µ

P
∑

p=1

(

BTdiag[eTpC]⊗ I
)

diag[δp]
(

Bdiag[eTpC]⊗ I
)

ζ :=
1

µ

P
∑

p=1

(

BTdiag[eTpC]⊗ I
)

diag[δp]zp.

The norms ofE andζ can be bounded by using the sub-multiplicative property of the norm, and the

Cauchy-Schwarz inequality, which results in

‖E‖2 ≤
1

µ
‖B‖2F ‖C‖2F

‖ζ‖2 ≤
1

µ
‖∆~Z‖F ‖B‖F ‖C‖F .

According to Lemma D.1, ifµ is chosen large enough so that‖E‖2 ≤ 1, then the norm ofA is

bounded by

‖A‖F = ‖a‖2 ≤ (µ− ‖B‖2F ‖C‖2F )−1‖B‖F ‖C‖F ‖∆~Z‖F (D.12)

which constitutes the sought second characterization of the minimum of (5.8).
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Yet a third characterization was obtained in Appendix D.0.14, where the norm of the factor

columns were shown equal to each other, so that

‖A‖F = ‖B‖F = ‖C‖F . (D.13)

Substituting (D.13) into (D.10) and (D.12) yields

‖A‖2F ≤ ‖∆~Z‖2F /3µ (D.14)

‖A‖F ≤ (µ− ‖A‖4F )−1‖A‖2F ‖∆~Z‖F . (D.15)

Form (D.15), two complementary cases arise:

c1)‖A‖F = 0; and

c2)1 ≤ (1− ‖A‖4F /µ)−1‖A‖F ‖∆~Z‖F /µ. (D.16)

To argue that c2) is impossible, substitute (D.14) into (D.16) and square the result to obtain

1 ≤ (1− ‖∆~Z‖4F /9µ3)−2‖∆~Z‖4F /3µ3. (D.17)

But by hypothesisµ ≥ ‖∆~Z‖4/3F so that‖∆~Z‖4F /µ3 ≤ 1, and the right-hand side of (D.17)

is bounded by0.43, so that (D.17) does not hold. This implies that c1); i.e.,‖A‖F = ‖B‖F =

‖C‖F = 0, must hold, which completes the proof.

Still, the bound at0.43 can be pushed to one by further reducingµ, and the proof remains valid

under the slightly relaxed conditionµ > (18/(5 +
√
21))−1/3‖∆~Z‖4/3F ' 0.81‖∆~Z‖4/3F . �

D.0.16 RKHS imputation

Recursive application of the Representer Theorem yields finitely-parameterized minimizerŝar, b̂r,

andĉr of (5.14), given by

âr(m) =
∑M

m′=1αrm′kM(m′,m)

b̂r(n) =
∑N

n′=1βrn′kN (n′, n)

ĉr(p) =
∑P

p′=1γrp′kP (p
′, p).

Defining vectorskT
M(m) := [kM(1,m), . . . , kM(M,m)], and correspondinglykT

N (n) :=

[kN (1, n), . . . . . . , kN (N,n)], andkT
P(p) := [kP (1, p), . . . , kP (P, p)], along with matriceŝA ∈

R
M×R : Â(m, r) := αmr, B̂ ∈ R

N×R : B̂(n, r) := βnr, andĈ ∈ R
P×R : Ĉ(p, r) := γpr, it

follows that

f̂R(m,n, p) =

R
∑

r=1

âr(m)b̂r(n)ĉr(p) = kT
M(m)Âdiag

[

kT
P(p)Ĉ

]

B̂TkN (n). (D.18)
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MatricesÂ, B̂, andĈ are further obtained by solving

min
Â,B̂,Ĉ

P
∑

i=1

∥

∥

∥

(

Zp −KMÂdiag
[

eTpKPĈ
]

B̂TKN

)

~∆p

∥

∥

∥

2

F

+
µ

2

(

Tr(ÂTKMÂ)+Tr(B̂TKNB̂)+Tr(ĈTKPĈ)
)

which is equivalent to (5.16) after changing variablesA := KMÂ, B := KN B̂, andC = KPĈ,

just as (D.18) becomes (5.15).

D.0.17 Covariance estimation

Inspection of the entries ofKP(p, p
′) := E

[

Tr
(

XT
pXp′

)]

under the PARAFAC model, yields

KP(p, p
′) := E

[

Tr

(

R
∑

r=1

brcr(p)a
T
r

R
∑

r′=1

ar′cr′(p
′)bT

r′

)]

=

R
∑

r=1

R
∑

r′=1

E
[

cTr (p)cr′(p
′)
]

E
[

bT
r′br

]

E
[

aTr ar′
]

=

R
∑

r=1

E
[

cr(p)cr(p
′)
]

E[‖br‖2]E[‖ar‖2]

=

R
∑

r=1

RC(p, p
′)Tr(RB)Tr(RA)

= RRC(p, p
′)Tr(RB)Tr(RA).

After summing overp′ = p, one obtains

E[‖X‖2F ]& =
P
∑

p=1

E[‖Xp‖2F ] =
P
∑

p=1

RP (p, p)

= RTr(RC)Tr(RB)Tr(RA). (D.19)

In addition, by incorporating the equal power assumption (5.12), (D.19) further simplifies to

E[‖X‖2F ] = Rθ3

as stated in (5.18).
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D.0.18 Proof of Lemma 5.1

Towards establishing properties i)-iii) in Lemma 5.1, consider expanding the difference between

g(A, Ā) andf(A). One obtains

g(A, Ā)−f(A)=

R
∑

r=1

[λaTr ar − 2θT
r ar + θT

r ār − āTr R
−1
A ār]

=

R
∑

r=1

(ar − ār)
T (λI −R−1

A )(ar − ār)

which is nonnegative from the definition ofλ and, together with its gradient, vanish atĀ. �

D.0.19 Proof of Lemma 5.2

Function g(A, Ā) in (5.27) is formed fromf(A) after substitutingg1(A, Ā) for f1(A), and

g2(A, Ā) for f2(A), respectively, as defined by

f1(A) := Tr
(

ATR−1
A A

)

(D.20)

g1(A, Ā) := λTr
(

ATA
)

− 2Tr(ΘTA) + Tr(ΘT Ā) (D.21)

whereλ := λmax(R
−1
A ) andΘ := (λI−R−1

A )Ā, and

f2(A) := −1M∆~Z log(AΠT )1NP (D.22)

g2(A, Ā) := −
R
∑

r=1

M
∑

m=1

NP
∑

k=1

δmkzmkαmkr log

(

amrπkr
αmkr

)

(D.23)

with αmkr := āmrπkr/
∑R

r′=1 āmr′πkr′ . Hence, properties i)-iii) will be satisfied by the functions

g(A, Ā) andf(A) in Lemma 5.2, as long as they are satisfied both by the pairs (D.20)-(D.21) and

(D.22)-(D.23).

Focusing on the first pair, the arguments in the proof of Lemma5.1 (D.0.18) imply that proper-

ties i)-iii) are satisfied byg1(A, Ā) andf1(A). Considering the second pair, and expandingf2(A)

yields

f2(A) = −
M
∑

m=1

NP
∑

k=1

δmkzmk log

(

R
∑

r=1

amrπkr

)

(D.24)

where the logarithm can be rewritten as (see also [48])

log

(

R
∑

r=1

amrπkr

)

= log

(

R
∑

r=1

αmkr
amrπkr
αmkr

)

(D.25)

≥
R
∑

r=1

αmkr log

(

amrπkr
αmkr

)

(D.26)
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and the inequality holds because of the concavity of the logarithm and the coefficients{αmkr}Rr=1

summing up to one. Since substituting (D.26) for (D.25) in (D.24) results in (D.23), it follows

that g2(A, Ā) andf2(A) satisfy property iii). The proof is complete after evaluating the pair of

functions and their derivatives at̄A to confirm that properties i) and ii) hold too.

The minimuma?g,mr := tmr+
√

t2mr + smr is obtained readily after equating to zero the deriva-

tive of the corresponding summand in (5.27), and selecting the nonnegative root. �


