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INTRODUCTION 

Monte Carlo methods have found widespread use among many disciplines as a way to 

simulate random processes in order to obtain numerical results. Analytically, it can often be 

difficult to compute the expected value of an outcome due to the complexity of the distribution. 

Instead, Monte Carlo methods simulate a process to determine the expected value of an outcome 

empirically.  In particular, it is often useful to sample from a probability distribution to determine 

the expectation after a long period of time. So given a very large set   and a probability 

distribution      over it, the distribution and expected values can be approximated by drawing 

samples from the distribution. Often times, though, obtaining samples from the probability 

distribution is difficult. Markov chain Monte Carlo methods attempt to solve this problem by 

using local state transitions to “walk around” in    This generates a random walk to draw 

samples from      by using the stationary distribution of the Markov chain. A Markov chain is a 

system that transitions between discrete states with the special property that the transition 

probability from one state to another depends only on the current state the chain is in at the 

current time, and not any previous steps. The stationary distribution of an irreducible Markov 

chain is the unique time-independent distribution. The generated Markov chain can be initialized 

at any state, and the distribution will converge to its stationary distribution after many iterations 

of stochastic transitions between states. Once the distribution of the chain is close to the 

stationary distribution, the states visited by the Markov chain will give a good approximation to 

samples from the stationary distribution. 

 

The Basic Theory section of this paper explains the mathematical background of Markov chain 

Monte Carlo, including the important theorems and definitions. Posterior distributions, an 

important application of MCMC, are discussed in the section entitled The Role of MCMC in 

applications. This section also addresses a key sampling method known as the Metropolis-

Hastings algorithm. The final section of this paper, Central Limit Theorem and Regeneration 

Time, gives a discussion of a theoretical method to estimate the error in the MCMC estimate. 

 

BASIC THEORY 

A Markov chain is defined such that given a finite state space    the chain is a discrete-

time stochastic process that transitions between elements of the set. The defining property for a 

Markov chain is that for any random variable in the chain                 

                                             . 

In other words, the probability of being in any particular state at time     is dependent only on 

the state at time  , also known as the memoryless property. The chain can be defined in terms of 

a transition probability matrix         where the entries      are the one-step transition 

probabilities denoting the probability of moving from state i to state j in one time step,  

                     . 
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Therefore, all the entries in   are nonnegative, and since      must exist for any  , each row in 

matrix   is a distribution such that 

       
   . 

 

Since a Markov chain is memoryless, the probability of going from   to   in two time steps is  

        ,  

which is the      th entry of the matrix   . In general, the probability of going from   to   in t 

time steps corresponds to       .  

 

It is useful to consider Markov chains that are irreducible and aperiodic. A Markov chain is 

considered to be irreducible if for any states   and  , there exists some k such that          . In 

other words, the chain is irreducible if there exists a path with positive probability between every 

pair of states.  A state in a chain is periodic if the chain can only return to that state at multiples 

of some integer larger than 1. It can be shown for irreducible, finite Markov chains that all states 

have the same period. So for a chain to be aperiodic, it is enough to show that no state is 

periodic. Equivalently, for a finite Markov chain to be aperiodic, there must exist a   such that 

         for any states   and  , where   does not depend on    . 

 

A distribution for a Markov chain is said to be a stationary distribution if it has the property that  

    . 

Theorem 1 If a Markov chain is irreducible and has a stationary distribution  , then   is the 

unique stationary distribution. 

 

Proof. Suppose, for contradiction, there exists two stationary distributions,   and    such that 

     and      where   is the transition matrix made up of transition probabilities    . Let 

  
 

 
., where    

  

  
 for all   in the state space. Since   is always positive,   is defined 

everywhere. 

We know              where   is the state space. 

Then 

             
   

 

 

which implies 

      
     

  
   

 

Let 
     

  
    . 
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 Then 

          . 

So the value of   at   is the average of the values of   at all    . Since   is a finite set, it must 

have a maximum. Let     be the state where   attains its maximal value, say m. 

Then 

                   

Suppose there exists     with       such that         

Then  

                      

   

   

which is a contradiction. 

Thus        for all   with       . Since   is irreducible, any state can be reached from any 

other by transitions of positive probability. So for any    , there exists a path            from 

   to   with            for              .  

So        for all    . 

Then the ratio between  and   is always some constant,  . 

For stationary distributions, 

     
   

      
   

     
   

   

So the ratio between the distributions is always 1 and so    .   

 

Theorem 2 Every irreducible Markov chain on a finite space has a stationary distribution. 

 

Proof. Let   be an arbitrary distribution. Let    be the distribution formed by taking     such 

that 

   
 

 
                   

 

 
    

   

   

 

Consider 

                
 

 
             

This is bounded by 
 

 
 since the difference between the value of any two probability measures at a 

point is at most 1. We can therefore apply the Bolzano-Weierstrass Theorem for vectors which 

states that any bounded sequence has a convergent subsequence. Let   be a possible stationary 

distribution and let it be the limit of the convergent subsequence    . So 

     
   

    

Then  
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So   is a stationary distribution.   

 

An important fact required for Markov chain Monte Carlo implementation is that no matter 

which initial distribution is chosen, it will always converge to the stationary distribution. 

 

Theorem 3 Assume a Markov chain P is irreducible, has a stationary distribution, and is 

aperiodic, meaning that there exists    and     such that           with      . Then for 

any initial distribution        . 

 

Proof . For all           , since  

                     
            

  

 

Let   be the stationary distribution. So   
       for all   and 

                

Then there exists a distribution    such that  

                

Since   was an arbitrary distribution, replacing   by    in our argument shows that there exists a 

distribution    such that 

                 

By induction, we define    such that     , and                   . Let      . 

Then we claim 

                      (1) 

 

For    , (1) holds by definition of   . Assume (1) holds for    . Then 

                       

                  
 

                     

                             

                              

                           

                    

So (1) holds for all  . 

Then for any  , we can write          for some              where      and 

     dependent on   and      as    .  

For any  , 
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So  

                      
 

But     
   

     and     is a probability vector so every entry is     Hence    
   

         

and    
   

         so    
   

         . 

So by representing   as a stationary distribution   and some residue distribution   , we can see 

the difference between the distribution at time   and the stationary distribution decreases 

exponentially with respect to  . So the Markov chain converges to the stationary distribution.   

 

In order to run a Markov chain Monte Carlo simulation, it must first be known that the expected 

amount of time spent in state   converges to a limit. The usual Strong Law of Large Numbers 

states that for independent and identically distributed variables,         with mean  , the 

average 
 

 
   
 
    converges to   with probability 1 as    . A similar statement can be 

derived for Markov chains by creating a sequence of i.i.d variables using return times. First, it 

can be shown that the number of visits to a state converges to the total number of time steps 

divided by the expected time of the first return. 

 

Theorem 4 Suppose P is finite and irreducible. Let       be the number of visits to   at times 

  . Let                    be the time of the first return to  . As     

     

 
 

 

    
 

Proof. If we start the chain at  , then the times between returns to           are independent and 

identically distributed. So we can apply the strong law of large numbers for nonnegative random 

variables which states that the sample average converges to the expected values. Let      be the 

time of the  th return to  . Then 

                                . 

So 

          
 

 
    

 
      

by the Strong Law of Large Numbers. Furthermore,  

              

 

   

 

We know              for some   since   irreducible. So             

      , which shows that the series for      converges geometrically. Hence 

    

 
        

If we do not start the chain at  , then      since P irreducible and         are independent 

and identically distributed.  
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So again 

    

 
        

By the definition of                           . So then 

        

     
 

 

     
 
          

       
 
       

     
 

As      

        

     
      

          

       
      

and 

       

     
   

So the value of 
 

     
  is between two other values which are converging to     , so 

 

     
 must 

also be converging to     . Hence, 

 

     
      

  

Furthermore, it can be shown that the stationary distribution is the limit to which the average 

amount of time the chain spends in a certain state is converging. 

 

Theorem 5 If P is irreducible with stationary distribution  , then 

     
 

    
 

Proof. Suppose    has stationary distribution  . Then, by Theorem 4,  

     

 
 

 

    
 

as     where       is the number of visits to   at times   . So        . We need to 

show 

  
     

 
  

 

    
   

Let    
  

 
. Then       . 

Let                  and                  and define the indicator functions 

       
        
        

  

and       similarily. 

Then 
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for some     .  So 

                          . 

But the expectation of an indicator random variable is just the probability of the corresponding 

event so 

                              

Then         and as             as a consequence of the countable additivity of 

probability. So 

              

for sufficiently large   and so 

       
 

    
 

Let    be the Markov Chain so 

                          

and 

                              

But since       are independently and identically distributed 

                       

Hence,  

                             

But since   is the stationary distribution,              . So             .   

 

THE ROLE OF MCMC IN APPLICATIONS 

 MCMC is potentially useful whenever it is necessary to calculate values associated with a 

complicated probability distribution. One of the most significant applications is in Bayesian 

statistics. The Bayesian approach to solving statistical problems is fundamentally simple. It uses 

Bayes’ formula to determine a posterior distribution using the prior distribution and information 

contained in the observation of the current data. Practically, however, the Bayesian approach can 

be difficult to implement.  

 

Bayes’ Theorem states that given random variables   and   (which may or may not be real-

valued), a prior distribution        , a likelihood distribution           , and an 

observation of a particular    , the posterior distribution is 

           
                 

      
 
          

      
       

Let                . The denominator of this equation may or may not be computable 

analytically given 

                   

 

   

  

But since it is independent of    , we can let 
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for some normalizing constant   which may or may not be known, but where the joint 

distribution is known. One major challenge in any Bayesian approach is to choose an appropriate 

prior distribution. Even when a reasonable prior is known, it can still be difficult to carry out the 

actual calculations needed to find the posterior distribution, and some form of analytical or 

numerical approximation is usually needed. As an example of the difficulties calculating  , a toy 

problem in astrophysics used to illustrate MCMC has been included at the end of this section 

from Murali Haran in the Department of Statistics at Penn State University.  The author states 

that this formula is still much simpler than formulas occurring in other applications. 

 

Due to these difficult calculations, Bayesian inference was not widely implemented except in 

relatively simple cases prior to the development of Markov chain Monte Carlo. MCMC can be 

used to generate a chain whose distribution converges to the posterior parameter distribution, and 

thus can be used as a way of sampling from the posterior distribution. One way to build such a 

chain is the Metropolis-Hastings algorithm. 

 

The Metropolis-Hasting algorithm uses knowledge of the joint distribution           

       for some random variables   and   to generate a chain that has the appropriate 

stationary distribution  , using the fact that       for some unknown normalizing constant  . 

One particularly useful feature of the Metropolis-Hastings algorithm is that the normalizing 

constant does not have to be known. It is enough that          . Then, the algorithm can be 

used to find a transition function        such that     . The algorithm relies on the fact that 

detailed balance implies a distribution is stationary. 

 

 The equation for the stationary property can be interpreted as a balance equation. Consider 

                

 

            

 

 

where the equality holds since           . Then, by cancelling the            term from 

each sum, the equation gives that the probability of coming into   is the same as the probability 

of going out of  . 

Detailed balance is a stronger condition which says that for all states   and   

                       

By comparing this to the balance equation, we can see that the balance holds and thus the 

distribution is stationary. The Metropolis-Hastings algorithm chooses a transition function 

  such that detailed balance holds for   and       . 

 

It begins by choosing some Markov transition function on the state space  ,       . If 
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then        has the appropriate stationary distribution, so let               and we are done. 

Otherwise we use an acceptance function        to change        to a new chain        with 

the appropriate stationary distribution where 

            
          

          
    

Notice that this is the same fraction even if   is replaced with  . So 

            
          

          
    

Then the new chain is built according to 

 

        

                         

               

   

                       
  

To show detailed balance, we can assume without loss of generality that          and 

then         . Then                       and 

                                
          

          
                   

So detailed balance holds and a chain has been constructed with   as the stationary distribution 

as desired. 

 

A clever choice of        in the Metropolis-Hastings algorithm gives rise to the Gibbs sampler 

method developed by Geman and Geman (1984). Oftentimes, however, writing and 

implementing a Gibbs sampler code to develop a Markov chain can be difficult and time 

consuming. The software package Bayesian inference using Gibbs sampling (BUGS) has been 

developed at the Biostatistics Unit of the Medical Research Council, United Kingdom to provide 

an easy-to-implement, versatile way to construct and sample from full conditional distributions 

automatically (Gilks et al. 1992). BUGS has grown in popularity since its introduction, allowing 

the analysis of many complex statistical problems, and allowing for greater use of Bayesian 

modeling in a wide array of applications. More recently, its Windows version, WinBUGS, has 

been developed which includes the implementation of the Metropolis-Hastings algorithm. 

Models analyzed with WinBUGS include generalized linear models with random effects, 

regression analysis of survival data, models for spatially dependent data, and non-parametric 

smoothing models. 

 

A TOY MODEL EXAMPLE 

The model examines a time series of X-ray emission from a flaring young star in the Orion 

Nebula Cluster, where            are arrival times for photons. At some time  , the rate of 

arrival of photons changes significantly. Let   be the rate of arrival before   and   be the rate 

after time  . Variability parameters       are also included in the model. Then   

              and            . The joint distribution for   and   is found by multiplying 
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various conditional distributions. As a result, the posterior distribution            

                 is known up to a constant by taking the product of all the conditional 

distributions.  

 

Thus, 

 
By drawing samples from this distribution, we would be able answer certain questions of 

interest. However, it is easy to see that calculating   would already be very difficult even in this 

toy model, which is still simpler than a real applied statistical problem. Direct theoretical 

calculation seems hard, and it is not clear how to use classical Monte Carlo sampling methods to 

sample from this relatively complicated distribution, but MCMC is straightforward. This is 

therefore one example of a situation where an MCMC algorithm would be easy to implement 

and effective. The author uses programs written in the R statistical programming language to 

implement MCMC. 

 

CENTRAL LIMIT THEOREM AND REGENERATION TIME 

 A key difficulty in running Markov chain Monte Carlo simulations is the inability to 

determine the precise number of iterations that the chain should be run and the estimation of the 

error in determining the stationary distribution at that time. General convergence results proved 

in the previous sections, although necessary for the validity of MCMC algorithms, are 

insufficient to determine when to stop these algorithms and produce an estimate. One way to 

estimate the error for the Markov chain to determine if a good estimate of the stationary 

distribution has been reached is by using the Central Limit Theorem. First, we need to state 

conditions under which the Central Limit Theorem is applicable. 

 

We will consider only finite Markov chains, although the results can be generalized to the case 

of uncountable state spaces. Any finite, irreducible Markov chain   and function   will admit a 

CLT.  
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Define a function 

 
 
 
 

 
      

 

   

                      

by the Strong Law of Large Numbers for Markov chains. 

 

 

It can be shown that the CLT gives, 

          
 
       

   

As     where   
                                 

 
   . 

 

Given a CLT we can then assess the error in Monte Carlo estimate of  
 

 by estimating the 

variance,   
 . Given an estimate of the variance, Flegal, Haran, and Jones (2008), for example, 

use batch means to produce confidence intervals for Monte Carlo error. A consistent estimate of 

  
  can be formed using a method known as regenerative simulation as seen in the paper by 

Robert (1995).  

 

A stochastic process is regenerative if there are times         such that the future of the 

process beginning at each    is independent of anything that happened before it and identically 

distributed. The times will then form a renewal process and the tours of the process between the 

  ’s are iid. 

 

If we consider the times between returns to state   in the Markov chain,            then the 

variables are iid and form a regenerative stochastic process. Define 

               

Then the excursion times                 are independent and the partial sums 

         

    

      

 

are iid. So we can consider  

   
  
    

 

which are also iid so the expectation of    is the mean and then the unbiased sample variance is 

   
  

      
 

   
  

       
   

 
 

 

 

This process will work if the number of returns to state   is large enough, but it cannot be 

guaranteed that during the iterations the state will be returned to even once. In such cases, an 

estimate of the variance can still be obtained by looking at return times to a set A, called a 

renewal set, in the Markov chain.  
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Let 

                        

for a  probability distribution   with     with some       such that         .  When 

such conditions hold for      and  , we can construct a shadow point    without changing the 

stationary distribution. In such cases, when the chain is about to transition to    , it will go to   

with probability     and will go to the shadow    with probability  . So when    , we can 

generate the next step   according to  

         

      with probability  

            

   
  with probability     

  

Then the new stationary distribution at   is 

                

and 

              

So 

                  

and therefore the overall stationary distribution remains the same. Thus we have constructed a 

point such that the times between returns to state    are iid variables and form a regenerative 

stochastic process, and so we can use the same process as that described above to determine the 

sample variance. The renewal process ensures the applicability of the Central Limit Theorem to 

then give an estimate of the error. 
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