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Abstract

We study the existence of generalized complex structures on closed smooth four-

manifolds in this thesis. We �rst prove an integrability theorem of generalized complex

structures in terms of almost bihermitian structures. After reviewing the results of type

zero and type two generalized complex structures, we prove the necessary and su�cient

topological conditions for the existence of type one generalized complex structures on

compact four-manifolds. We also obtain a nonexistence result of T2-invariant untwisted

generalized complex structures with mixed types on the four torus T4. Finally, we prove

a result about �nite group actions on tamed almost complex four-manifolds.
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Chapter 1

Introduction

Generalized complex geometry was introduced by Hitchin and developed in many

aspects by Cavalcanti, Gualtieri and others. The notion of generalized complex struc-

tures naturally generalizes symplectic and complex structures and provides a wider

background to study their common properties as well as the link between symplectic

and complex geometries. Shortly after its introduction, generalized complex geometry

was brought into physics and played an important role in the �eld of supersymmetric

ux compacti�cations in string theory. The starting point lies in Gualtieri's discovery

that the geometry of the generalized K�ahler structure is equivalent to the geometry of a

famous structure discovered by Gates, Hall and Ro�cek in their study of supersymmetric

sigma-models in 80s. In principle, zero ux compacti�cation leads to Calabi-Yau struc-

ture while nonzero ux compacti�cation leads to generalized Calabi-Yau structure on

the space with extra dimension.

Generalized complex structure is de�ned to be an endomorphism J of the generalized

tangent bundle T � T � satisfying J 2 = �id such that it is H-integrable with respect to

a real closed three form H. The integrability condition is de�ned in terms of either the

Courant bracket or conditions of pure spinor forms (Chapter 2). Together with Xiaolan

Nie, we prove the result which transforms the integrability condition into conditions of
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almost bihermitian structures (an almost bihermtian structure is a triple of two almost

complex structures j+; j� compatible with a Riemannian metric g).

Theorem 1.1. Given a generalized almost complex structure J on a smooth manifold

M2n, there exists an almost bihermitian structure (g; j+; j�) and a real two form b, such

that

J =
1

2

0
@ 1 0

b 1

1
A
0
@ j+ + j� !�1� � !�1+

!+ � !� �(j�+ + j��)

1
A
0
@ 1 0

�b 1

1
A ;

where !� = gj�. Denote T
1;0
+ ; T 1;0

� � T 
C to be the corresponding +i-eigenbundles

of j+; j� and H a closed real three form. Then J is H-integrable if and only if the

following two conditions hold:

� d!+(X+ +X�; Y+ + Y�; Z+)� (!+ + !�)(X�; [Y+ + Y�; Z+]) + (!+ +

!�)(Y�; [X+ +X�; Z+])� Z+!+(X�; Y�) = �i(H + db)(X+ +X�; Y+ +

Y�; Z+)

� d!�(X+ +X�; Y+ + Y�; Z�)� (!� + !+)(X+; [Y+ + Y�; Z�]) + (!� +

!+)(Y+; [X+ +X�; Z�])� Z�!�(X+; Y+) = i(H + db)(X+ +X�; Y+ +

Y�; Z�)

where X�; Y�; Z� are sections of T 1;0
� .

Generalized complex structures in dimension two are B-�eld transform of complex or

symplectic structures, so there is no obstruction to the existence. The �rst interesting

dimension is dimension four. Generalized complex structures in dimension four on

connected manifolds are divided into four cases: type zero, type two, type one and mixed

types with both zero and two. While the existences of type zero and type two generalized

complex structures are equivalent to existences of symplectic and complex structures,

the existences of type one and mixed types generalized complex structures are new to

the world of 4-manifolds. With Theorem 1:1 and the existence of Gauduchon metric in
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the conformal class of almost Hermitian metrics on almost complex manifolds, Xiaolan

Nie and I obtain the necessary and su�cient topological condition for the existence of

type one generalized complex structure on a closed 4-manifold.

Theorem 1.2. A closed orientable 4-manifold admits type one generalized complex

structures if and only if it has the structure of transversely holomorphic 2-foliations.

Generalized complex structures with mixed types on 4-manifolds seem to be more

mysterious. For example, Cavalcanti and Gualtieri proved that there exist generalized

complex structures with mixed types on (2k + 1)CP2, k � 0, in contrast with the fact

that there is no symplectic or complex structure or type one generalized complex struc-

ture on (2k + 1)CP2 for k > 1 (Chapter 4). It is natural to ask the following question:

Question 1: Does every almost complex 4-manifolds admit generalized complex struc-

tures with mixed types?

Using T -duality, we study the above question on T4 and prove the following.

Theorem 1.3. There is no untwisted T2-invariant generalized complex structure of

mixed types with at least one Lagrangian orbit on T4.

Finally we study a di�erent subject about the �nite group actions on almost com-

plex 4-manifolds. An almost complex manifold (M; j) is said to be tamed if there

exists a symplectic structure ! such that !(v; jv) > 0 for v 6= 0. Let �tj = f[!] 2
H2(M;R)jj tamed by !g and de�ne Cj = min[!]2�tj\H2(X;Z)fKj � [!]g where Kj is

canonical class. With these concepts, we obtain the following:

Theorem 1.4. Let (M; j) be a minimal tamed almost complex 4-manifold with b+ > 1.

Assume either �(M) 6= 0 or the symplectic Kodaira dimension �s = 2, then there is a

constant C = m1C
2
j + m2, where m1;m2 are positive constants related to b1; b2, such

that for any nontrivial j-holomorphic Zp-action on M , p � C.
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The structures of the thesis are as follows. In Chapter 2, we review the fundamental

concepts and results in generalized complex geometry. We de�ne Courant bracket and

generalized complex structures. Then we introduce the notion of type and discuss some

classi�cations in terms of types. After that we give the notion of canonical bundle

and state Gualteri's deformation theorem. To illustrate the application of T -duality

to generalized complex geometry, we present Cavalcanti and Gualtieri's results on the

transformation of generalized complex structures between T -dual pairs.

In Chapter 3, we introduce the concept of almost generalized K�ahler structure. There

exist almost generalized K�ahler structures associated to any generalized almost complex

structure. Using this, we give a description of generalized almost complex structure in

terms of almost bihermitian structures and prove Theorem 1:1 subsequently. To better

understand the integrability conditions, we give a reproof of Gualtieri's theorem on the

equivalence of generalized K�ahler structure and bihermitian structures with additional

conditions. If the two almost complex structures of the almost bihermitian structures

commute with each other, we derive a convenient criterion which is essentially used in

Chapter 5.

In Chapter 4, we start the discussion of generalized complex geometry on 4-manifolds.

These structures are divided into four cases and we describe the type two and type zero

cases together. The existence of type two or zero structures is equivalent to existence of

complex or symplectic structures which are classical topics on 4-manifolds. So we briey

review the theory of compact complex surfaces and symplectic 4-manifolds. Particular-

ly, we discuss the existence of complex and symplectic structures on the 4-manifolds:

S1 �N3, surface bundle over surface, nCP2.

In Chapter 5, we focus on the type one generalized complex structure on 4-manifolds.

We begin with generalized almost complex structure with type one and show that its

existence only depends on the Euler characteristic and intersection form of 4-manifolds.

To obtain integrable type one generalized complex structure, we introduce the concept

of transversely holomorphic foliation. After proving the existence of Gauduchon metric
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on almost complex manifolds, we prove Theorem 1:2. As applications, we derive the

existence of type one generalized complex structures on 4-manifolds of S1�N3, surface

bundle over surface, etc. We also give nilpotent examples and compute its deformations.

In Chapter 6, we discuss the last case-generalized complex structure with mixed

types on 4-manifolds. We review the holomorphic Poisson structure as well as C1 log

transform approaches to construct generalized complex structures with mixed types.

With respect to almost bihermitian structures, we obtain a noncommutative property.

We proceed to study the existence of generalized complex structure with mixed types

on T4. In particular, we prove Theorem 1:3.

In Chapter 7, we study the �nite group actions on almost complex 4-manifolds. We

review Weimin Chen's result of �nite group actions on symplectic 4-manifolds which

essentially applies the equivariant Seiberg-Witten theory. Combing it with new com-

putations, we prove Theorem 1:4. If the almost complex manifold is not minimal, we

obtain an even simpler result.



Chapter 2

Generalized complex geometry

After the built-up work of Hitchin in 2002 [32], generalized complex geometry was

extensively studied in Gualtieri's thesis [29]. Among it, many fundamental concepts

and results are founded, for example the generalized Darboux theorem, deformation

theory of generalized complex structures and generalized K�ahler structures. In a series

of collaborate work (for example [9] [10]), Cavalcanti and Gualtieri were able to �nd

more topological and geometric properties of generalized complex structures, such as

the transformation of generalized complex structures under T -duality, construction of

new generalized complex 4-manifolds, etc.

In this chapter, we give the preliminary de�nitions and results in generalized complex

geometry. In section 1, we de�ne the concept of generalized almost complex structure

and H-integrable generalized complex structure. Then we give examples and de�ne

isomorphisms between generalized complex structures. There is a notion called the

type of generalized complex structures. Points with locally constant types are called

regular points. We then state the generalized Darboux theorem which gives a local

classi�cation of generalized complex structure around regular points.

In section 2, we de�ne the canonical bundle associated to a generalized complex

structure. In particular, generalized complex structure whose canonical bundle has a

6
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non-vanishing closed section is called a generalized Calabi-Yau structure. We de�ne the

Lie algebroid cohomology later and use it to state the deformation theory of generalized

complex structures.

In section 3, we briey introduce the notion of T -duality from [9]. The existence

theorem of T -dual space is very useful. For a T -dual pair, T -duality turns out to induce

an isomorphism between the invariant Courant algebroid structures which then induces

transformation of invariant generalized complex structure from one space to its dual

space.

2.1 Generalized complex structures

The idea of generalized geometry comes from replacing the tangent bundle T by

the generalized tangent bundle T � T �. Recall the classical Newlander-Nirenberg theo-

rem states that the existence of a complex structure on a manifold is equivalent to an

endomorphism j of the tangent bundle satisfying j2 = �id (namely, almost complex

structure) and whose +i eigenbundle is closed under the Lie bracket. Generalized com-

plex structure is a natural extension of the latter concept on the generalized tangent

bundle. First, there is a symmetric paring on T � T �:

hX + �; Y + �i = 1

2
(�(X) + �(Y ));

where X;Y 2 T and �; � 2 T �.

De�nition 2.1. A generalized almost complex structure on a manifold M is an endo-

morphism J of T � T � preserving the natural paring such that J 2 = �id.

Manifolds with almost complex structure are even dimensional. It follows that gen-

eralized almost complex structures guarantees the existence of almost complex struc-

tures (Chapter 3). Therefore, we assume the manifolds have dimension 2n from now on.
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Given a closed real 3-form H, de�ne the Courant bracket on T � T � as:

[X + �; Y + �]H = [X;Y ] + LX� � iY d� + iY iXH;

where X;Y 2 T and �; � 2 T � and iX denoting the interior multiplication of X. It

extends to (T � T �)
 C linearly. Courant bracket resembles many of the properties of

Lie bracket on the tangent bundle except the Jacobi identity.

De�nition 2.2. A generalized almost complex structure is said to be H-integrable if

its +i eigenspace, L � (T � T �)
 C is closed under the Courant bracket associated to

H.

A generalized complex structure is anH-integrable generalized almost complex structure

for some closed real 3-form H. If H is d-exact, we call that the generalized complex

structure is untwisted.

Example 2.3. (Complex structures) Let j be an integrable almost complex structure,

de�ne

Jj =
0
@ �j 0

o j�

1
A :

Then Jj gives an untwisted generalized complex structure (H = 0) with +i eigenbundle

L = T 0;1 � T �1;0.

Example 2.4. (Symplectic structures) Given a symplectic structure ! on a manifold,

let

J! =

0
@ 0 �!�1

! 0

1
A :

Then J! de�nes an untwisted generalized complex structure with +i eigenspace L =

fX � i!(X) : X 2 T 
 Cg

If two manifolds have generalized complex structures, their product has a natural

product generalized complex structure. Therefore, the products of complex manifolds

and symplectic manifolds have generalized complex structures. There is an additional

construction.
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Example 2.5. (B-�eld transform) A real 2-form B acts on T by interior multiplication.

It exponentiates to an bundle automorphism eB on T � T � by eB =

0
@ 1 0

B 1

1
A. For

X + �; Y + � 2 T � T �, by computations of Courant bracket [29], we have

[e�B(X + �); e�B(Y + �)]H+dB = e�B([X + �; Y + �]H):

If J is an H-integrable generalized complex structure, let JB = e�BJ eB. Denote

L;LB the +i-eigenbundles of J and JB respectively. Then LB = e�BL. So JB gives

an H + dB-integrable generalized complex structure. We call such a construction the

B-�eld transform.

Let � : M ! N be a di�eomorphism. If J is a H-integrable generalized com-

plex structure on N , then the pull back ��J is naturally de�ned using the induced

isomorphism between TM � T �M and TN � T �N . In particular, ��J is a ��H-integrable

generalized complex structure on M . Now we can de�ne the isomorphism between

generalized complex structures.

De�nition 2.6. Let J1 be an H1-integrable generalized complex structure on M1 and

J2 an H2-integrable generalized complex structure on M2. J1 is said to be isomorphic

to J2 if there is a di�eomorphism ' :M1 !M2 and a real two form B on M1 such that

'�H2 = H1 + dB and J1 = e�B'�J2e
B.

Associated to a generalized complex structure, there is an important notion called

the type.

De�nition 2.7. Given a generalized complex structure J on M2n, the type of J at a

point x is de�ned to be n� dim�xJ (T �)
2 , where �x : Tx� T �x ! Tx is the �rst projection.

It is a fact that the types are integers between n and 0 and keep the same parity

(but may have jump phenomenons) within a connected component of M [29]. They are

also invariant under the B-�eld transform as well as pull-backs. Generalized complex
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structures with constant types have good properties. First of all, the optimal cases type

n and 0 can be characterized globally. It follows from Examples 2:3; 2:4 that general-

ized complex structures from complex structures have type n and generalized complex

structures from symplectic structures have type 0. Gualtieri proves the converse:

Proposition 2.8. (Gualtieri) A generalized complex structure onM2n has constant type

n (or 0) if and only if it a B-�eld transform of a complex structure (or a symplectic

structure).

Since generalized complex structures on a surface can only have constant type 1 or

0, we have:

Corollary 2.9. On a surface, generalized complex structures are B-�eld transform of

complex structures or symplectic structures.

For generalized complex structures with constant types greater than 0 and less than

n, there is a locally generalized Darboux theorem.

Theorem 2.10. (Gualtieri) If a generalized complex structure J on M2n has constant

type k in a neighborhood of x, then there is a smaller neighbourhood of x such that in

the neighborhood J is isomorphic to the product structure of an open set in Ck with an

open set in the standard symplectic space (R2n�2k; !0).

2.2 Canonical bundle and deformations of generalized com-

plex structures

Generalized complex structure can be formulated in terms of pure spinors. Let

Tx; T
�
x be the tangent and cotangent space at x on M2n, Sx = �2n

i=0 ^i T �x be the space

of forms. Then there is a Cli�ord action of CL(Tx � T �x ) on Sx which is induced by

(X + �) � ' = iX'+ � ^ ';
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where X 2 Tx; � 2 T �x and ' 2 Sx. For any nonzero element ', its null space is

L' = fv 2 Tx�T �x ; v �' = 0g. The paring restricted to L' is actually zero. We call that

' is a pure spinor if dim(L') = 2n, i.e. L' is a maximal isotropic subspace. Conversely,

any maximal isotropic subspace corresponds to a unique pure spinor up to scaler [14].

Now given a generalized almost complex structure J , its +i-eigenbundle L is a

maximal isotropic subbundle of (T �T �)
C. By the above argument there is a unique
line bundle U in S = �2n

i=0 ^i T � 
 C such that each �ber of U consists of the pure

spinors corresponding to Lx.

De�nition 2.11. The unique complex line bundle U is called the canonical bundle of

J .

Example 2.12. The canonical bundle of a generalized complex structure from complex

structure is ^nT �1;0 which coincides with the classical de�nition. The canonical bundle

for a symplectic structure ! is trivialized by the section ei!.

Remark 1 : the type of J is the lowest degree of nonzero sections in U [10].

The above process can be reversed. By de�ning the null space of a pure spinor bundle

U to be the +i-eigenbundle, a generalized almost complex structure J is uniquely

de�ned by U . The integrability of J translates to di�erential conditions of U . Let

Un = U , Uk = CLn�k((T �T �)
C) �U = ^n�k �L �U , then Gualtieri proves the following
equivalence.

Proposition 2.13. A generalized almost complex structure is H-integrable if and only

if dH(Un) � Un�1, where dH = d+H^ and Ui are the space of sections of Ui.

In particular, if the canonical bundle has a nowhere vanishing dH closed section,

the generalized almost complex structure J is H-integrable and is called a generalized

Calabi-Yau structure. Any symplectic structure is a generalized Calabi-Yau structure.
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The deformation of generalized complex structure is studied by Gualtieri. First,

there is a one to one correspondence between generalized almost complex structures

and maximal isotropic subbundles of (T � T �)
C, by relating J to its +i-eigenbundle

L. If J is integrable, then L is closed under the Courant bracket, which make it to

be a Lie algebroid. Therefore, by the theory of Lie algebroid there is a natural Lie

algebroid derivative dL : C1(^kL�) ! C1(^k+1L�) satisfying d2L = 0. Gualtieri prove

the following:

Proposition 2.14. The di�erential complex (C1(^kL�); dL) is elliptic for an integrable

generalized complex structure. Its cohomology groups Hk
L(M) are �nite dimensional

vector space for a compact manifold M .

Using techniques similar to the Kodaira-Spencer-Kuranishi theory of deformation of

complex structures, Gualtieri obtains the deformation theorem for generalized complex

structures.

Theorem 2.15. (Gualtieri) The second cohomology group H2
L(M) locates the in�nites-

imal deformations of the generalized complex structure J . Furthermore, there is a

neighborhood V � H2
L(M) containing zero, a smooth family of generalized almost com-

plex structures over V and an analytic obstruction map 	 : V ! H3
L(M) such that

	�1(0) � V is precisely the subset which locates the integrable generalized almost com-

plex structures. Any su�ciently deformation of J is isomorphic to one from the family

over 	�1(0).

2.3 T-duality and generalized complex structures

T-duality is a symmetry of quantum �eld theories with di�ering classical descriptions

in physics. In [9], Cavalcanti and Gualtieri formulated and understood T-duality in

terms of geometries of principle torus bundles with Neveu-Schwarz uxH. In particular,

generalized complex structures can be transported from a principle bundle to its T-

dual. We will apply this to study the existence of generalized complex structures on
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4-manifolds (Chapter 6). In this section, we briey introduce the de�nitions and results

related to T-duality.

De�nition 2.16. Let M1 and M2 be two principal T k bundles over a common base

manifold B and let H1 2 
3
Tk(M1), H2 2 
3

Tk(M2) be two invariant closed 3-forms.

Consider the �ber product M1�BM2 = f(x; y) 2M1�M2; p1x = p2yg where p1; p2 are
the two projections

p1 :M1 �B M2 !M1; p2 :M1 �B M2 !M2:

We call that (M1; H2) and (M2; H2) are T -dual if: p
�
1H1 � p�2H2 = dF , for some T 2k-

invariant 2-form F 2 
2
T 2k

(M1 �B M2) such that

F : tkM1

 tkM2

! R

is nondegenerate, where tkMi
are the vertical tangent vector space of the �brations pi.

For the existence of T -dual, the following theorem is very useful.

Theorem 2.17. (Bouwknegt-Hannabuss-Mathai) Given a principle T k bundle M1 over

a base manifold B and a closed 3-form H1 2 
3
Tk(M1) representing a class in H

3(M1;Z)

and satisfying iXiYH = 0 for X;Y 2 tkM1
, there exists another T k bundle M2 over B

with 3-form H2 such that (M2; H2) is T-dual to (M1; H1). If H1 = 0, we can choose

H2 = 0 and M2 be the product T
k �B.

As a consequence of T -duality, there is a Fourier-type isomorphism:

Theorem 2.18. (Bouwknegt-Evslin-Mathai) If (M1; H2) and (M2; H2) are T -dual, with

p�1H1 � p�2H2 = dF , then the map � : 
�
Tk(M1)! 
�

Tk(M2)

�(�) =

Z
Tk

eF ^ p�1�

induces an isomorphism between the di�erential complexes (
�
Tk(M1); dH1

) and (
�
Tk(M2); dH2

),

where the integration is along the �bers of p2 on M1 �B M2 and the result forms are

interpreted as forms on M2 accordingly.
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The important discovery of Gualtieri and Cavalcanti is that there is an isomorphism

of Courant algebroids with invariant sections between (M1; H2) and (M2; H2).

Theorem 2.19. (Calvancanti-Gualtieri) Let (M1; H2) and (M2; H2) be T -dual space.

Then there is an isomorphism of Courant algebroid ' : (TM1 � T �M1)=T
k ! (TM2 �

T �M2)=T
k. Therefore, any invariant H1-integrable generalized complex structures on

M1 can be transformed to an invariant H2-integrable generalized complex structure on

M2. The transformation of canonical bundles coincides with the map � locally.

The following example from [9] is very illustrative and will be used in Chapter 6.

Example 2.20. Assume � = eB+i!^
 be a local section of U1, where U1 is the canonical

bundle of a generalized complex structure J1 on M1 and type(J1) = degree(
) = i. By

the above theorem, the local section of the canonical bundle of the generalized complex

structure J2 transformed from J1 is

�(�) =

Z
Tk

eF ^ � =
Z
Tk

eF+B+i! ^ 
:

As the type is the lowest degree of sections of the canonical bundle, let j be the

smallest integer such that
R
Tk(F + B + i!)j ^ 
 6= 0, then the type of J2 is equal

to 2j + deg(
) � k = 2j + i � k. Particularly, if dimB = k we have the following

phenomenons.

1. If J1 is a complex structure (i = k, � = 
) on a subset, and the �ber T k is a

complex submanifold. As F is nondegerate and the �ber is half dimensional, we

have
R
Tk
F

k
2 ^ 
 6= 0 and j = k

2 . So 2j + i � k = k and J2 is also a complex

structure.

2. If J1 is a complex structure with the �ber T
k a real manifold which means J1(t

k)\
tk = 0. Then

R
Tk

 6= 0 and j = 0, type(J2) = 0. J2 is a symplectic structure.

3. If J1 is a symplectic structure (i = 0; � = ei!) with T k Lagrangian which means

!jTk = 0. Then
R
Tk
(F + !)k 6= 0 and j = k, type(J2) = k. J2 is a complex

structure.
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4. If J1 is a symplectic structure with T
k symplectic which means !jTk is a symplectic

structure. Then
R
Tk
(F + !)

k
2 6= 0 and j = k

2 , type(J2) = 0. J2 is a symplectic

structure.

Combing the four case, we have the following correspondent pairs for T -dual generalized

complex structures.

(complex structure, complex �ber)$ (complex structure, complex �ber)

(complex structure, real �ber)$ (symplectic structure, Lagrangian �ber)

(symplectic structure, symplectic �ber)$ (symplectic structure, symplectic �ber).

For T k-invariant generalized complex structures, the orbit has the same types, so

the correspondence can be applied even when the types are not constant throughout

the whole manifold.



Chapter 3

Almost bihermitian structures

and generalized complex

structures

The integrability of generalized almost complex structure is de�ned in terms of

involutive property of the maximal isotropic subbundle with respect to the Courant

bracket. Practically this condition is not convenient to verify. With the concept of

almost generalized K�ahler structure, Xiaolan Nie and I are able to transform the condi-

tion into equations of classical geometric conditions, namely, forms and almost complex

structures. With this transition, we reprove Gualtieri's celebrated theorem on the e-

quivalence between generalized K�ahler strucuture and target space geometry of (2; 2)

supersymmetric sigma model.

In section 1 we introduce the concept of almost generalized K�ahler structure and �nd

out the relation between almost generalized K�ahler structure and generalized almost

complex structure. Using it we �nd the explicit expressions for a generalized almost

complex structure.

In section 2 we de�ned almost bihermitian structures. It is easy to �nd that the

16
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existence of almost bihermitian structure is the same with existence of almost complex

structure, di�erent from the integrable case. Using the almost bihermitian structure, we

formulate the integrability of generalized almost complex structure in classical terms.

When the two almost complex structures commute with each other, the conditions have

much simpler forms which will be used in Chapter 5.

3.1 Almost generalized K�ahler structures

Recall for a nondegenerate 2-form ! (or presymplectic structure) on M2n, an al-

most complex structures j is said to be compatible with ! if !(jX; jY ) = !(X;Y )

and !(X; jX) > 0 for any tangent vectors X;Y . By the standard obstruction and

principle bundle theory, there always exist compatible almost complex structure for a

nondegenerate 2-form (the whole space is contractible). On the other direction, given

an almost complex structure j, the imaginary part of any Hermitian structure gives a

nondegenerate 2-form compatible with j. These connections can be formulated in the

setting of generalized complex geometry.

De�nition 3.1. An almost generalized K�ahler structure is a pair of generalized almost

complex structure (J1;J2) such that J1J2 = J2J1 = G and (v;Gv) > 0 for any nonzero

v 2 T � T �. A generalized K�ahler structure is an almost generalized K�ahler structure

with both J1 and J2 being H-integrable for some closed 3-form H.

Nondegenerate 2-forms and almost complex structures induce generalized almost

complex structures. The compatibility conditions between j and ! is equivalent to that

(Jj ;J!) forms an almost generalized K�ahler structure.

The existence for compatible almost complex structures for nondegenerate 2-form

can generalize to the following.

Proposition 3.2. For any generalized almost complex structure J1, there exist another
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generalized almost complex structure J2, such that (J1;J2) is an almost generalized

K�ahler structure.

Proof. With the existence of generalized almost complex structure J1, the structure

group of T � T � can be reduced from GL(4n) into GL(n; n) whose maximal compact

subgroup is U(n; n). As U(n; n) is homotopic equivalent to U(n)� U(n), the structure

group can be then reduced to U(n) � U(n). With this reduction, there is a splitting

of the associated generalized tangent bundle T � T � = C+ � C�, where C� are pos-

tive/negative de�nite subbundles with respect to the inner product, and J (C�) = C�.

De�ne J2 = �J1 on C+, and J2 = J1 on C�. Then (J1;J2) gives an almost generalized

K�ahler structure by de�nition.

The remarkable property for an almost generalized K�ahler structures is that it can

be expressed by classical geometric structures explicitly.

Proposition 3.3. For any almost generalized K�ahler structure (J1;J2), there exists a

real two form b and two almost complex structures j1; j2 compatible with a Riemannian

metric g such that

J1 =
1

2

0
@ 1 0

b 1

1
A
0
@ j+ + j� !�1� � !�1+

!+ � !� �(j�+ + j��)

1
A
0
@ 1 0

�b 1

1
A ;

J2 =
1

2

0
@ 1 0

b 1

1
A
0
@ j+ � j� �!�1+ � !�1�

!+ + !� �(j�+ � j��)

1
A
0
@ 1 0

�b 1

1
A

Proof : Follow the argument in [29], since G is positive and G2 = id, the generalized

tangent bundle splits into 2n-dimensional, �1-eigenbundles of G, T �T � = C+�C�. As
C� are de�nite, they have zero intersection with T �, so the projection � : T � T � ! T

induces isomorphisms between C� and T . Therefore C� are graphs of T for some

homomorphism to T �. Using the pair between T and T �, each homomorphism splits

into the sum of a symmetric and antisymmetric map. Notice C+ is orthogonal to C�,
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we get C� = T + (b� g)T for a 2-form b and a symmetric tensor g. The de�niteness of

C+ insures that g is a Riemannian metric.

Now as J1C� � C�, �J1jC� = �J2jC� , we have J1 = J1jC+ + J1jC� and J2 =

�J1jC+ + J1jC� . So once we know J1jC� , we can determine J1;J2. As C� are graphs

of T , we transform J1jC� to be two almost complex structures j+; j� on T . Now the

�nal expression follows from linear algebra computations which we omit.

Combing Proposition 3:2 and 3:3, we have the following corollary.

Corollary 3.4. Let J be an almost generalized complex structure on M2n, then there

exists two almost complex structures j+; j� compatible with a Riemannian metric g and

a real two form b, such that

J =
1

2

0
@ 1 0

b 1

1
A
0
@ j+ + j� !�1� � !�1+

!+ � !� �(j�+ + j��)

1
A
0
@ 1 0

�b 1

1
A ;

where !� = gj�.

3.2 Almost bihermitian structures and integrability of gen-

eralized almost complex structures

Recall an almost Hermitian structure is a pair of an almost complex structure with

a compatible metric. Similarly, we can de�ne:

De�nition 3.5. An almost bihermitian structure is a triple of (g; j1; j2) where j1; j2 are

two almost complex structures and g is a Rimannian metric such that both j1 and j2 are

compatible with g. If j1 6= �j2, we said the almost bihermtian structure is nontrivial.

Though almost bihermitian structure has more data than almost complex structure,

the existence of nontrivial almost bihermitian structures is the same with existence of

almost complex structure.
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Proposition 3.6. For any almost complex structure j, there exist j0 6= �j and g, such
that (j; j0; g) is an almost bihermitian structure.

Proof. Given the almost complex structure j, we can �nd a nondegenerate 2-form

! which is tamed by but not compatible with j, namely, !(X; jX) > 0, for any nonze-

ro X 2 T and there exists Y;Z 2 T such that !(Y;Z) 6= !(jY; jZ). For example,

we can add a small real (2; 0) + (0; 2) form to any compatible nondegenerate 2-form.

The resulting 2-form is also nondegenerate and tamed but not compatible. As in [19],

de�ne j0 = �!�1j�!, where j� is the dual action of j on T �, and ! is considered

as a map from T to T �. Let g = j�+! � !j+. Then g(u; v) = !(u; j+v) + !(v; j+u)

and g(v; v) = 2!(v; j+v) > 0, so g is a Riemannian metric. Also it is easy to �nd

j0�gj0 = j�gj = g. As j 6= �j0, we proved that (j; j0; g) is a nontrivial almost bihermi-

tian structure.

Now by Corollary 3:4 every generalized almost complex structure is induced by an

almost bihermitian structure and 2-forms. Conversely, given an almost bihermitian

structure and a 2-form, it is easy to verify that the expression in Corollary 3:4 gives

a generalized almost complex structure. Therefore, up to B-�eld transform the study

of generalized almost complex structure is equivalent to the study of geometry of al-

most bihermitian structures. We derive the integrability of J in terms of conditions of

(g; j1; j2).

Theorem 3.7. Given a generalized almost complex structure J on a smooth manifold

M2n, let (g; j+; j�; b) be an almost bihermitian structure and a real two form associated

to J : Denote T 1;0
+ ; T 1;0

� � T 
 C to be the corresponding +i-eigenbundles of j+; j� and

H a closed real three form. Then J is H-integrable if and only if the following two

conditions hold:

� d!+(X+ +X�; Y+ + Y�; Z+)� (!+ + !�)(X�; [Y+ + Y�; Z+]) + (!+ +

!�)(Y�; [X+ +X�; Z+])� Z+!+(X�; Y�) = �i(H + db)(X+ +X�; Y+ +
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Y�; Z+) (1)

� d!�(X+ +X�; Y+ + Y�; Z�)� (!� + !+)(X+; [Y+ + Y�; Z�]) + (!� +

!+)(Y+; [X+ +X�; Z�])� Z�!�(X+; Y+) = i(H + db)(X+ +X�; Y+ +

Y�; Z�) (2)

where X�; Y�; Z� are sections of T 1;0
� .

Proof. Given J as in Corollary 3:4 and H a closed real 3-form. First consider the

+i eigenbundle of

J 0 =
1

2

0
@ j+ + j� !�1� � !�1+

!+ � !� �(j�+ + j��)

1
A :

Then direct computation gives J 0(X + �) = i(X + �) if and only if j+(X + g�1�) =

i(X+g�1�) and j�(X�g�1�) = i(X�g�1�), i.e. X+g�1� 2 T 1;0
+ and X�g�1� 2 T 1;0

� :

Note that a vector �eld W 2 T 1;0
+ if and only if g(W;Z+) = 0 for any Z+ 2 T 1;0

+ ; thus

the above conditions give that (X; �) 2 +i eigenspace of J 0 is equivalent to:

g(X;Z+) + �(Z+) = g(X;Z�)� �(Z�) = 0 (3)

for any Z� 2 T 1;0
� :

Let L0 be the +i eigenspace of J 0, and we de�ne the following injective maps

i+ : T 1;0
+ �! L0; i� : T 1;0

� �! L0

X+ 7�! (X+; gX+) X� 7�! (X�;�gX�).

then i+T
1;0
+ \ i�T

1;0
� = 0 and we have L0 = i+T

1;0
+ � i�T

1;0
� . So for any (X; �) 2 L0,

there exists unique X+ 2 T 1;0
+ ; X� 2 T 1;0

� such that X + � = X+ +X� + g(X+ �X�).

Now we can get that the +i eigenspace of J is

L = ebL0 = fX+ +X� + b(X+ +X�) + g(X+ �X�)jX� 2 T 1;0
� g,

then

[X+ +X� + b(X+ +X�) + g(X+ �X�); Y+ + Y� + b(Y+ + Y�) + g(Y+ � Y�)]H
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= eb[X+ +X� + g(X+ �X�); Y+ + Y� + g(Y+ � Y�)]

+ iY++Y�iX++X�(H + db).

Since L0 = e�bL, then

[L;L]H � L, [L0; L0]H+db = e�b[L;L]H � L0

i.e. L0 is H + db -involutive. So we only need to �nd the integrability condition for L0.

Let X + � = X+ +X� + g(X+ �X�); Y + � = Y+ + Y� + g(Y+ � Y�) 2 L0,

then

[X + �; Y + �]H+db = [X+ +X�; Y+ + Y�] + LX++X�g(Y+ � Y�)�

iY++Y�d(g(X+ �X�)) + iY++Y�iX++X�(H + db):

Use (3) we get that [X + �; Y + �]H+db 2 L0 if and only if

g([X+ +X�; Y+ + Y�]; Z+) + (LX++X�g(Y+ � Y�)

� iY++Y�d(g(X+ �X�))(Z+) = �(H + db)(X+ +X�; Y+ + Y�; Z+). (4)

g([X+ +X�; Y+ + Y�]; Z�)� (LX++X�g(Y+ � Y�)

� iY++Y�d(g(X+ �X�))(Z�) = (H + db)(X+ +X�; Y+ + Y�; Z�). (5)

We use g = �!�j� and Cartan formula LX = iXd+ diX for di�erential forms to get

LX++X�g(Y+ � Y�)� iY++Y�d(g(X+ �X�))(Z+)

=i(X+ +X�)!�(Y�; Z+) + i!+(Y+; [X+ +X�; Z+])� i!�(Y�; [X+ +X�; Z+])

� i(Y+ + Y�)!�(X�; Z+)� iZ+(!+(X+; Y�)� !�(X�; Y+))

� i!+(X+; [Y+ + Y�; Z+] + i!�(X�; [Y+ + Y�; Z+])

=� i(X+ +X�)!+(Y�; Z+) + i!+(Y+; [X+ +X�; Z+])� i!�(Y�; [X+ +X�; Z+])

+ i(Y+ + Y�)!+(X�; Z+)� iZ+(!+(X+; Y�) + !+(X�; Y+))

� i!+(X+; [Y+ + Y�; Z+]) + i!�(X�; [Y+ + Y�; Z+]):
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the last equality holds because !�(Y�; Z+) = ig(Y�; Z+) = i!+(Y�; J+Z+) =

� !+(Y�; Z+); Also g([X+ + X�; Y+ + Y�]; Z+) = i!+([X+ + X�; Y+ + Y�]; Z+), and

!� are (1; 1) forms with respect to j�, then we can rewrite (4) to be

d!+(X+ +X�; Y+ + Y�; Z+)� (!+ + !�)(X�; [Y+ + Y�; Z+])

+ (!+ + !�)(Y�; [X+ +X�; Z+])� Z+!+(X�; Y�)

= �i(H + db)(X+ +X�; Y+ + Y�; Z+).

Similarly (5) becomes

d!�(X+ +X�; Y+ + Y�; Z�)� (!� + !+)(X+; [Y+ + Y�; Z�])

+ (!� + !+)(Y+; [X+ +X�; Z�])� Z�!�(X+; Y+)

= i(H + db)(X+ +X�; Y+ + Y�; Z�):

The theorem is proved.

Remark 2 : The equations (4) and (5) directly indicate that T 1;0
+ +T 1;0

� is involutive. In

the case T 1;0
+ \T 1;0

� = 0, T 1;0
+ +T 1;0

� = T 
C; this follows automatically. Otherwise take
Z+ = Z� = Z 2 T 1;0

+ \T 1;0
� in (4); (5) and add them to get g([X++X�; Y++Y�]; Z) = 0

for any Z 2 T 1;0
+ \ T 1;0

� . Note that the orthogonal

complement (T 1;0
+ \ T 1;0

� )? is just T 1;0
+ + T 1;0

� as T 1;0
+ + T 1;0

� � (T 1;0
+ \ T 1;0

� )? and the

two spaces have the same dimensions. Therefore [X+ +X�; Y+ + Y�] 2 T 1;0
+ + T 1;0

� for

any X�; Y� 2 T 1;0
� .

Now we can reprove Gualtieri's theorem [29] on the equivalence between generalized

K�ahler strucuture and target space geometry of (2; 2) supersymmetric sigma model.

Proposition 3.8. (Gualitieri) The almost generalized K�ahler structure

J1;2 =
1

2

0
@ 1 0

b 1

1
A
0
@ j+ � j� �(!�1+ � !�1� )

!+ � !� �(j�+ � j��)

1
A
0
@ 1 0

�b 1

1
A ;

is integrable if and only if
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� T 1;0
� are involutive.

� dc+!+ = �dc�!� = �(H + db)

Proof. For one direction, consider the generalized almost complex structures J1;J2.

The equalities (4) and (5) give integrability of J1. Since J2 is obtained from J1 by

replacing j� by �j�, then J2 is integrable if and only if the following are satis�ed:

g([X+ + �X�; Y+ + �Y�]; Z+) + (LX++ �X�g(Y+ � �Y�)

� iY++�Y�d(g(X+ � �X�))(Z+) = �(H + db)(X+ + �X�; Y+ + �Y�; Z+) (6)

g([X+ + �X�; Y+ + �Y�]; �W�)� (LX++ �X�g(Y+ � �Y�)

� iY++�Y�d(g(X+ � �X�))( �W�) = (H + db)(X+ + �X�; Y+ + �Y�; �W�). (7)

where X�; Y�; Z� 2 T 1;0
� and �X�; �Y�; �W� 2 T 0;1

� denote the complex conjugate. Let

X� = Y� = 0 in (5) and �X� = �Y� = 0 in (7), then add them to get:

g([X+; Y+]; Z)� (LX+
g(Y+)� iY+d(g(X+))(Z)

= (H + db)(X+; Y+; Z). (8)

for any Z = Z� + �W�. Since T 1;0
� � T 0;1

� = T 
 C, the equation (8) holds for any

Z 2 T 
 C. Let Z = Z+ 2 T 1;0
+ in (8) and X� = Y� = 0 in (4), adding them together

gives g([X+; Y+]; Z+) = 0 for any Z+ 2 T 1;0
+ , i.e. [X+; Y+] 2 T 1;0

+ for any X+; Y+ 2 T 1;0
+ .

Therefore T 1;0
+ is involutive. Now g([X+; Y+]) = �!+(j+[X+; Y+]) = �i!+([X+; Y+]);

we can rewrite the equality (8) to be:

i[X+;Y+]!+ � LX+
iY+!+ + iY+diX+

!+ = iY+iX+
i(H + db): (9)

Note that i[X+;Y+] = [LX+
; iY+ ] = LX+

iY+ � iY+LX+
: Use this relation to simplify (9)

�rst and then apply LX+
= iX+

d+ diX+
to get the following:

iY+iX+
d!+ = �iY+iX+

i(H + db): (10)

Similarly, let X+ = Y+ = 0 in (5) and take the complex conjugate to get
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g([ �X�; �Y�]; �Z+)� (L �X�g(
�Y�) + i �Y�d(g(

�X�))( �Z+)

= �(H + db)( �X�; �Y�; �Z+): (11)

Combine (6) and (11) and use the same argument as above: First we get for any

Z 2 T 
 C.

g([ �X�; �Y�]; Z)� (L �X�g(
�Y�)� i �Y�d(g(

�X�))(Z)

= �(H + db)( �X�; �Y�; Z): (12)

Then let Z = �W� 2 T 0;1
� in (12) and X+ = Y+ = 0 in (7) to obtain g([ �X�; �Y�]; �W�) = 0

for any �X�; �Y� 2 T 0;1
� , i.e. T 0;1

� is also integrable. Similarly we can use (12) to prove

that:

i �Y�i �X�d!� = �i �Y�i �X�i(H + db). (13)

Note that H + db is a (1; 2) + (2; 1) form with respect to both j�. Use the (p; q)

decomposition of forms with respect to j� the equations (10) and (13) are equivalent

to:

dc+!+ = �dc�!� = �(H + db)

where dc� = i(�@� � @�):
For the other direction. If T 1;0

� are involutive and dc+!+ = �dc�!� = �(H + db).

Consider the integrability of J1 �rst. By the above theorem, we only need to show the

equalities (1) (2) hold in three cases. If X� = Y� = 0, then (1) is true as d!+ and

H + db are both (1; 2) + (2; 1) forms for j+. If X+ = Y� = 0, then the left hand side of

(1) is equal to

d!+(X�; Y+; Z+)� (!+ + !�)(X�; [Y+; Z+])

= d!+(X�; Y+; Z+)

= �i(H + db)(X�; Y+; Z+):

The �rst equality holds because T 1;0
+ is involutive and (!+ + !�)(X�;W+) = 0: The

second equality holds because dc+!+ = �(H+db). Now if X+ = Y+ = 0, as we calculate
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in Theorem 3:7, the left hand side of (1) becomes

d!+(X�; Y�; Z+)� (!+ + !�)(X�; [Y�; Z+]) + (!� + !+)(Y�; [X�; Z+])

� Z+!�(X�; Y�) = ig([X�; Y�]; Z+) + i((LX�g(�Y�)� iY�d(g(�X�))(Z+))

= �d!�(X�; Y�; Z+) = �i(H + db)(X�; Y�; Z+)

The third equality holds as dc�!� = (H + db). So we have proved (1), and similarly for

(2) and the integrability of J2.

Almost bihermitian structure with two almost complex structures commuting with each

other is interesting. With this assumption, we can simplify the equations (1); (2). To

get the simpli�ed version, we need the following observation:

Lemma 3.9. Let M be a manifold with an almost bihermitian structure (g; j+; j�) and

j+j� = j�j+. Then the two fundamental forms !� = gj� satisfy the following relations:

!�(X+; Y+) = !+(X�; Y�) = 0; !+(X;Y ) + !�(X;Y ) = 0

for any X�; Y� 2 T 1;0
� and X;Y 2 T 1;0

+ + T 1;0
� :

Proof. Since j+ and j� are both compatible with g, also j+j� = j�j+; we have

!�(X+; Y+) = g(j�X+; Y+) = g(j+j�X+; j+Y+) = g(j�j+X+; j+Y+) =

� g(j�X+; Y+) = �!�(X+; Y+): Thus !�(X+; Y+) = 0. Similarly !+(X�; Y�)

= 0. Now we can show the third equality. Given any X;Y 2 T 1;0
+ + T 1;0

� , there exist

X�; Y� 2 T 1;0
� such that X = X+ + X�; Y = Y+ + Y�. Note that !+(X+; Y+) =

!�(X�; Y�) = 0. Also !+(X+; Y�) = ig(X+; Y�) = i!�(X+; j�Y�) = �!�(X+; Y�):

Therefore !+(X;Y ) + !�(X;Y ) = !+(X�; Y�) + !�(X+; Y+) = 0.

Corollary 3.10. Given a generalized almost complex structure J on a smooth manifold

M2n, let (g; j+; j�; b) be an almost bihermitian structure and a real two form associated
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to J : Use the same notation as above. If j+ and j� commute, then J is H-integrable

if and only if T 1;0
+ +T 1;0

� is involutive and the forms !�; b and H satisfy the conditions:

d!+jT 1;0
+

+T 1;0
�

= �d!�jT 1;0
+

+T 1;0
�

= �i(H + db)jT 1;0
+

+T 1;0
�

Proof. If J is H-integrable, then T 1;0
+ + T 1;0

� is involutive as noted in Remark 2.

Use the formula d!�(X;Y; Z) = X!(Y;Z) + !(X; [Y;Z]) + c:p: (where c:p:

indicates cyclic permutation) to expand d!�(X+ + X�; Y+ + Y�; Z+). Since j+j� =

j�j+; applying the above lemma, !+(X;Y ) + !�(X;Y ) = 0 for any

X;Y 2 T 1;0
+ + T 1;0

� , we obtain that

d!+(X+ +X�; Y+ + Y�; Z+) = �d!�(X+ +X�; Y+ + Y�; Z+). (14)

Similarly we have

d!+(X+ +X�; Y+ + Y�; Z�) = �d!�(X+ +X�; Y+ + Y�; Z�) (15)

Use Lemma 3:9 again to reduce the integrability conditions in Theorem 3:7 to:

d!+(X+ +X�; Y+ + Y�; Z+) = �i(H + db)(X+ +X�; Y+ + Y�; Z+)

d!�(X+ +X�; Y+ + Y�; Z�) = i(H + db)(X+ +X�; Y+ + Y�; Z�)

Hence we get that

d!+(X+ +X�; Y+ + Y�; Z+ + Z�) = �d!�(X+ +X�; Y+ + Y�; Z+ + Z�)

= �i(H + db)(X+ +X�; Y+ + Y�; Z+ + Z�):

That is,

d!+jT 1;0
+

+T 1;0
�

= �d!�jT 1;0
+

+T 1;0
�

= �i(H + db)jT 1;0
+

+T 1;0
�

:

Conversely, if T 1;0
+ +T 1;0

� is involutive, the above equations and Lemma 3:9 give (1); (2)

in Theorem 3:7, which imply that J is H-integrable.
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Remark 3 : When j+ = j�; the above conditions indicate T 1;0
+ is integrable; and

when j+ = �j�; the conditions indicate that d!+ = d!� = 0. In these special cases we

see that the generalized complex structures are b-transforms of complex or symplectic

structures.



Chapter 4

Generalized complex structures

with constant type 0 or 2 on

4-manifolds

Generalized complex structures on 4-manifolds have types 0, 1 ,2. As the types

keep the same parity within a connected component, on connected 4-manifolds they are

divided into four cases:

� Constant type 0. By Proposition 2:8, these structures are B-�eld transform of

symplectic structures.

� Constant type 1.

� Constant type 2. By Proposition 2:8, there structures are B-�eld transform of

complex structures.

� Mixed types of 0 and 2.

Therefore the existence of generalized complex structure with constant type 0 or

2 on 4-manifolds is equivalent to the existence of symplectic or complex structures on

29
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4-manifolds. Recall 4-manifolds with complex structures are called complex surfaces,

which was studied by algebraic geometers in as early as late 19th century. With the

extensive work of Kodaira, the theory of compact complex surfaces are well-developed

nowadays. On the other side, the existence of symplectic structures on 4-manifolds

is still one of the important problems in symplectic topology, where remarkable and

fascinate results were proved. In this chapter, we give a brief review of the known

results about complex surfaces and symplecit 4-manifolds. We expect that some of the

results have generalization to the generalized complex geometry for our purpose.

In section 1, we discuss minimal model of compact complex surfaces and state the

Enriques-Kodaira classi�cation of minimal complex surfaces in terms of Kodaira di-

mension. With the classi�cation, we discuss existence of complex structure on three

particular cases: S1 �N3, surface bundle over surface, nCP2 = CP2#CP2# � � �#CP2.
In section 2, we discribe the minimal model of symplectic 4-manifolds. We give Tian-

Jun Li's classi�cation of symplectic 4-manifolds using the symplectic Kodaira dimension.

Then we discuss the existence of symplectic structures on S1�N3, surface bundle over

surface similarly. To illustrate the nonexistence on nCP2, we briey introduce results of

Seiberg-Witten theory on 4-manifolds. Finally, we state Akhmedov's results on existence

of symplectic structures on some exotic 4-manifolds.

4.1 Compact complex surfaces

The classi�cation of compact complex surfaces is based on the minimal models of

complex surfaces. A complex surface M is said to be minimal if it contains no rational

curves C (a complex submanifold biholomorphic to CP1) with C2 = �1. If M is not

minimal, then Grauert's criterion ensures that there is a surjective bimeromorphism

(blow down) of M to a complex surface M 0 which contracts one of the exceptional

curves. The process can be repeated on M 0 and after �nite times, the resulting surface

will be minimal which is called minimal model of M . Except for certain rational or
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geometrically ruled surfaces, the minimal model for a complex surface is unique.

Now for a complex surface, denote K its canonical line bundle. Let Pn(M) =

dimCH
0(M;K
n) be the plurigenera. It is easy to �nd that Pn(M) = PnM

0 if M 0 is

the blow down of M .

De�nition 4.1. The Kodaira dimension � of M is de�ned in the following way:

1. � = �1 if Pn(M) = 0 for all n.

2. � = 0 if some Pn(M) is nonzero and fPn(M)g is a bounded sequence.

3. � = 1 if fPn(M)g is unbounded but fPn(M)=ng is bounded.

4. � = 2 if fPn(M)=ng is unbounded.

Using the notion of Kodaira dimension, the Enriques-Kodaira classi�cation of min-

imal complex surfaces lists:

Theorem 4.2. Let M be a minimal compact complex surface,

1. If � = �1, then M is either geometrically ruled, or surface of class V II with b1 = 1

or biholomorhpic to CP2.

2. If � = 0, then M is one of the following: complex torus, K3 surface, hyperelliptic

surface, Enriques surface, Kodaira surface.

3. If � = 1, then M is a properly elliptic surface.

4. If � = 2, then M is called a surface of general type.

The Kodaira dimension is actually a di�erential invariant. This is based on the

stronger version-Van De Ven's conjecture which is now a theorem [5].

Theorem 4.3. For compact complex surfaces M and N , if M is di�eomorphic to N ,

then Pn(M) = Pn(N).
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The proof of the theorem is nontrivial which use the classi�cations as well as the

Seiberg-Witten theory.

Now having the classi�cations, we can discuss the existence of complex structures on

particular 4-manifolds. We restrict to three cases: product of S1 and three manifolds,

surface �ber bundles over surfaces, and CP2#CP2 � � �#CP2.

Proposition 4.4. Let M = S1 �N3 be a compact smooth 4-manifold, where N3 is an

oriented closed 3-manifold. If N3 is Seifert �bered, then there is complex structures on

M . Conversely, if there is a complex structure j on M , then (M; j) is either a Hopf

surface, or a ruled surface di�eomorphic to S2 � T 2, or elliptic surfaces which have no

singular �bers.

Proof. It is a classical theorem that S1 � N3 is an elliptic surface if N3 is Seifert

�bered, for example see the proof in [44]. Conversely, assuming M is a complex surface,

as any compact oriented 3-manifold is spin, M is spin with W2(M) = 0. So the inter-

section form is even andM is minimal. �(M) = �(S1)��(N3) = 0. Minimal surface of

general type has � > 0, so �(M) � 1. From the classi�cation, if �(M) = �1, M is ei-

ther class V II with b2 = 0 or geometrically ruled. Minimal V II surface with b2 = 0 are

classi�ed as either Hopf surface or Inoue surface. It's showed in [23] that Inoue surface

can not be a product. With the fact that the only ruled spin minimal surface of � = 0

is S2 � T 2, M is either a Hopf surface or di�eomorphic to S2 � T 2. If �(M) = 0; 1, M

has elliptic �bration over Riemann surface. The vanishing of �(M) excludes any singu-

lar �bers due to the formula of characteristic. Yet there may be multiple �bers ofM .

Next, we study the complex structure on �ber bundles. We have:

Proposition 4.5. Any smooth 4-manifolds di�eomorphic to an oriented S2 bundle over

a compact surface have complex structures which are geometrically ruled.

Proof. Any oriented S2 bundle has transition groups in Diff+(S2). As Diff+(S2)
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is homotopy equivalent to SO(3) by Smale's theorem, we can reduce the transition

group into SO(3) by the classical �ber bundle theory. Therefore any oriented S2 bundle

is the unit sphere bundle of an orientable R3 vector bundle. R3-bundle over surface

� are classi�ed by the second Whitney class of �. So there are only two isomorphic

classes of oriented R3 vector bundles hence S2 bundles over a compact surface. Actually

the di�eomorphism type of the total space are also distinct. One is the trivial bundle

S2��, another is the twisted product denoted by S2�̂� distinguished by the fact that

it is not spin.

There is automatically complex structure on the product. For the twisted product,

consider the holomorphic �ber bundle of P(L�C)! �, where L is a holomorphic line

bundle over � with c1(L) 6= 0.

For �ber bundle with �ber genus g � 1, we do not know the explicit classi�cation of

bundle structures, therefore there is not an existence result in general. If the �bration

is holomorphic, there is a canonical complex structure on the total space. However,

holomorphic �brations are rather restricted.

Last, we discuss the well known nonexistence result on connected sums of CP2.

Denote nCP2 the connected sum of n copies of CP2. For the almost complex structure,

by the criterion of Wu and Hirzebruch-Hopf, we have:

Proposition 4.6. There is almost complex structures on nCP2 if and only if n = 2k+1,

k � 0.

Actually for simply connected smooth 4-manifolds, there exist almost complex struc-

ture if and only if b+ is odd [27].

Recall the Bogomolov-Miyaoka-Yau inequality says that: for compact complex surface

of general type, C2
1 � 3C2. With this we have:

Proposition 4.7. There is no complex structure on (2k + 1)CP2 for k � 1.
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Proof. If there is complex structure on (2k + 1)CP2 for k � 1. Then we have

C2
1 = 2� + 3� = 10k � 1, and C2 = 2k + 1. As C2

1 > 0, the complex structure is

projective. By Noether's formula, we have pg = k > 0. So due to the Enriques-Kodaira

classi�cation, the complex surface will be surface of general type. But this contradicts

with Bogomolov-Miyaoka-Yau inequality when k > 1.

4.2 Symplectic 4-manifolds

The classi�cation of compact symplectic 4-manifolds is far from complete compared

to the compact complex surface. However, some concepts and results about complex

surfaces have analogues on symplectic 4-manifolds. There is a coarse classi�cation in

terms of the symplectic Kodaira dimension de�ned by Tian-Jun Li.

A symplectic 4-manifold (M;!) is said to be symplectically minimal if there is no

embedded symplectic sphere with self-intersection �1. By the work in [37], symplecti-

cally minimality is equivalent to smoothly minimality which means there is no embedded

sphere with square �1. So we are safe to say (M;!) is minimal. If (M;!) is not mini-

mal, one can blow down the �1 spheres similarly to obtain a symplectic minimal model.
If (M;!) is not topologically rational or ruled, namely, M is not di�eomorphic to con-

nected sums of CP
2
with CP2 or S2 bundles, then there is a unique symplectic minimal

model up to di�eomorphism [35]. For a symplectic 4-manifold, Li de�nes the following.

De�nition 4.8. The symplectic Kodaira dimension �s of a minimal symplectic 4-

manifold (M;!) is de�ned in the following way:

1. �s = �1 if K! � [!] < 0 or K! �K! < 0

2. �s = 0 if K! � [!] = 0 and K! �K! = 0

3. �s = 1 if K! � [!] > 0 and K! �K! = 0



35

4. �s = 2 if K! � [!] > 0 or K! �K! > 0

For a general symplectic 4-manifold, the symplectic Kodaira dimension is de�ned to be

symplectic Kodaira dimension of one of its minimal models.

A basic theorem in [35] says (also see [16]):

Theorem 4.9. The symplectic Kodaira dimension �s is well de�ned. It only depends

on the smooth structure of M and coincides with the holomorphic Kodaira dimension if

M have complex structure.

In terms of the symplectic Kodaira dimension, Li proves:

Theorem 4.10. Let (M;!) be a minimal symplectic 4-manifold,

1. �s = �1 if and only if M is di�eomorphic to CP2 or a S2-bundle.

2. �s = 0 if and only if K! is a torsion class. The homology of M must be isomorphic

to the following: K3 surface, hyperelliptic surface, Enriques surface, T 2-bundle over T 2.

3. �s = 2 is called a symplectic 4-manifold of general type.

Beside the symplectic Kodaira dimension, there are other characterizations of sym-

plectic 4-manifolds. Recall a Lefschetz pencil on a compact 4-manifold X consists of a

nonempty �nite set B � X and a smooth map � : X �B ! CP1 such that around each

point of B, � is the projectivization C2 � f0g ! CP1 and near each critical point there

is coordinate (z1; z2) such that �(z1; z2) = z1z2. Lefschetz pencils can be always blowed

up to eliminate the base locus and become a Lefschetz �bration. Based on Donaldson's

work on Lefschetz �bration, Gompf got the following.

Theorem 4.11. (Gompf) A closed 4-manifold has symplectic structure if and only if

it has Lefschetz pencils.

With the above results, Auroux obtain another characterization:

Theorem 4.12. (Auroux) A closed 4-manifold has symplectic structures if and only if

it is a symplectic branch cover over CP2.
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Now we divide our discussion of existence of symplectic structure explicitly into

three cases: S1 �N3, �ber bundles and connected sum of CP2.

Theorem 4.13. (Friedl-Vidussi) Let M = S1 � N3 be a compact smooth 4-manifold,

where N3 is an oriented closed 3-manifold. Then M has symplectic structure if and

only if N3 is a �ber bundle over S1.

The proof uses a good combination of the twisted Alexander polynomial of 3-

manifold and Gauge theory on 4-manifolds which we refer to [21].

Next, we review the results of symplectic structure on �ber bundles.,

Theorem 4.14. Let M be the total space of an oriented �h �ber bundle over �g. Then

M has symplectic structure if and only if it is in the following case:

1. h 6= 1

2. h = 1; g = 0 and the bundle structure is trivial.

3. h = 1; g = 1

4. h = 1; g > 1, and also [F ] 6= 0 in H2(M;R)

Proof. By Thurston's results on symplectic �bration, there are symplectic structures

on symplectic �ber bundles if the �ber is homologically nontrivial in H2(M;R) which

is true if h 6= 1. As any surface bundle over surface can be deformed to be s symplectic

�ber bundle, case 1 follows. When h = 1, the situation depends on the genus of the base

space. If g = 0 and M is a nontrivial T 2-bundle over S2, then b1(M) = 1, b2(M) = 0

and M does not admit symplectic structures. For torus bundle with g = 1, if the �ber

is not homologically essential, it is argued in [24] that M is also a principal S1-bundle

over a principal S1-bundle over T 2 and has symplectic structures. If g > 1, Rafal Wal-

czak [43] proved that the �ber bundle admits symplectic structures only if the �ber is

homologically essential. Together with Thurston's result, this proves case 4.

To state the nonexistence results of symplectic structure, we introduce the Seiberg-

Witten theory on 4-manifold briey. Recall that the Spinc group is the group generated
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by Spin and S1 in the complexi�ed Cli�ord algebra CL 
 C. A Spinc structure on a

manifold is a lifting of the frame bundle to a principle Spinc bundle. There always

exist Spinc structures on an oriented 4-manifold. The set of Spinc structure SP is

an a�ne space modelled on H2(M;Z). The Seiberg-Witten invariant for a smooth

4-manifold with b+ > 1 is a de�ned to a map SW : SP ! Z. If b+ = 1, �xing

a connected component of set of real second cohomology classes with positive square

(forward cone), two Seiberg-Witten invariants are de�ned, which are: SW+ : SP ! Z

and SW� : SP ! Z. For the Seiberg-Witten invariants, we have the following well

known results.

Theorem 4.15. 1. The Seiberg-Witten invariant is a di�eomorphism invariant of

smooth 4-manifold.

2. If b+(M) > 1 and M admits a metric with positive scaler curvature, then SWM = 0.

3. If M =M1#M2 with b+(M1) > 1 and b+(M2) > 1, then SWM = 0.

4. Let (M;!) be a symplectic 4-manifold. The canonical class K of ! determines a

unique Spinc structure denoting �can. If b
+ = 1, choose the component which contains

[!] as the forward cone. Then SW (�can) = 1 if b+ > 1, or SW�(�can) = 1 if b+ = 1.

5. Let (M;!) be a symplectic 4-manifold with b+ = 1. Then there are the following

relations:

SW+(�can 
 e) = (�1)(2�b1)=2SW�(�can 
 (K � e));

If M is simply connected,

SW�(�can 
 (K � e))� (�1)(2�b1)=2SW�(�can 
 e) = 1

Using these results, the nonexistence of symplectic structure on (2k+1)CP2 can be

proved.

Theorem 4.16. There is no sympletic structure on (2k + 1)CP2 for k � 1.

Proof. If there exist symplectic structures, then by Theorem 4:15, SW (�can) = 1.

But as CP2 admits metrics with positive scaler curvature, and the connected sum of two
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manifold admits positive scaler curvature metric if they both admit [28]. The existence

of symplectic structure contradict with 2 in Theorem 4:15.

On the other side, using delicate and powerful topological constructions, Akhmedov

[1] [2] proves the following:

Theorem 4.17. There exist symplectic structure on some smooth four manfolds which

are homeomorphic to 3CP2#k(CP2) for k = 4; 5; 6; 8; 10 or (2n � 1)CP2#2n(CP2) for

n > 3.

It follows from the nonexistence theorem and the blow up operation that the smooth

structures on these manifolds are exotic.



Chapter 5

Generalized complex structures

with type one on 4-manifolds

With respect to the types, the situations for existence of generalized complex struc-

tures on 4-manifolds are very di�erent. For complex structures, there is not a general

criterion but the classi�cation theory is usually used to study the existence. For sym-

plectic structures, Gompf proves that a compact 4-manifold has a symplectic structure

if and only if it has Lefschetz pencils. In this chapter, we establish a similar result

for generalized complex structures with type one on 4-manifolds. First, by project-

ing the maximal isotropic bundles to the complexied tangent bundle, we �nd regular

2-foliations with transversely holomorphic structure on every type one generalized com-

plex 4-manifold. With the existence of Gauduchon metric in the conformal class of

almost Hermitian metrics on almost complex manifolds and the integrability condition-

s in Chapter 3, we prove that this is su�cient: a compact orientable 4-manifold has

type one generalized complex structure if and only if it admits transversely holomorphic

2-foliations.

In section 1, we study generalized almost complex structure with type one on 4-

manifolds. It turns out that the existence is a purely topological requirement in terms

39
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of the intersection form and Euler characteristic. This is based on Matsushita's criterion

for the existence of 2-distributions on 4-manifolds.

In section 2, we give two de�nitions of transversely holomorphic foliation and prove

that they are equivalent. For a generalized complex structures with type one, we con-

struct a transversely holomorphic 2-foliation.

In section 3, we introduce the Gauduchon metric on almost complex structure and

show its existence in each conformal class of almost Hermitian metric. Combing it with

Corollary 3:10, we give the proof of our main theorem. We apply the theorem to study

the existence of type one generalized complex structure on S1�N3, surface bundle over

surface. We also give examples on T4 and nilmanifolds and study their deformations.

5.1 Generalized almost complex structure with type one

on 4-manifolds

With generalized almost complex structure expressed in terms of almost bihermitian

structures, the type requirement transforms to conditions for the almost bihermtian

structure.

Lemma 5.1. Given a generalized almost complex structure J on a smooth 4-manifold

M4, let (g; j+; j�) be an associated almost bihermitian structure. Then J has type one

if and only if j+; j� induce di�erent orientations. Also, we have j+j� = j�j+ in this

case.

Proof. We follow the argument in [29]. Let T 1;0
+ and T 1;0

� be the i-eigenbundles

of j+; j�. By the computations in Theorem 3:7, T 1;0
+ + T 1;0

� = �(L) where L is i-

eigenbundle of J and � : T � T � ! T is the �rst projection. As type of J is equal to

2� dimR�(J T
�)

2 = dimC�(L)\�(�L)
2 . For type one J , T 1;0

+ +T 1;0
� is a 3-dimensional complex

vector bundle. So T 1;0
+ \T 1;0

� = B is a complex line bundle. Let K = B� �B and L = K?

its g-orthogonal complement. We have j+jK = j�jK , j�(L) � L. Since there are only
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two orthogonal complex structures on L, j+jL = �j�jL because j+ 6= j�. Therefore

j+; j� induce di�erent orientations and also j+j� = j�j+.

Conversely, assume j+; j� induce di�erent orientations. Let !+; !� be their funda-

mental forms. Denote � to be the Hodge operator with respect to g and orientation

of j+, then �!+ = !+ and �!� = �!�. As any anti-self-dual 2-form is invariant un-

der actions of j+, we have !�(j+X; j+Y ) = !(X;Y ). Therefore j+j� = j�j+. Let

K 0 = ker(j+ � j�) 2 (T � T �)
C, as (j+ � j�)(j+ + j�) = 0, by the opposite orienta-

tions of j+; j�, we have dimCK
0 = 2 and dimC(T

1;0
+ +T 1;0

� ) = 3. So type of J is one.

Having this, we get the topological conditions of existence of type one generalized

almost complex structures.

Proposition 5.2. A 4-manifold admits type one generalized almost complex structure

if and only if it has an orientable 2-distribution.

Proof. By the above lemma, if (g; j+; j�) is an associated almost bihermitian struc-

ture, then j+; j� induce di�erent orientations and j+j� = j�j+. Therefore ker(j+�j�)

will be even dimensional as they are invariant under j�. Since j+; j� induce di�erent

orientations, ker(j+ � j�) each gives an orientable 2-distribution. On the other side, if

E is an orientable 2-distribution, choose a Riemannian metric g such that T = E �N ,

where N is orthogonal to E. Denote �E to be the rotation of E by +�=2; and similarly

�N be the rotation of N by +�=2. De�ne j+ = �E + �N ; j� = �E � �N , then (g; j+; j�)

is an almost bihermitian structure with j+; j� opposite orentations. By Lemma 5:1 it

induces almost generalized complex structure of type one.

In [39], the topological requirements for the existence of orientable 2-distribution on

a compact oriented 4-manifold are given explicitly. For the reader's convenience, we

state it here: let � and � be the signature and Euler characteristic of the manifold,

then it admits an orientable 2-distribution if and only if: (1) if the intersection form is
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inde�nite, then � + � � 0 mod 4, and � � � � 0 mod 4; (2) if the intersection form is

de�nite, then � + � � 0 mod 4, � � � � 0 mod 4 and j�j+ � � 0: Using the criterions,

we can get:

Corollary 5.3. There is no type one generalized almost complex structure on nCP2,

n � 1.

5.2 Transversely holomorphic foliations

We start with the standard de�nition of C1 foliations.

De�nition 5.4. A C1 codimension p foliation F on a smooth manifold Mn is given

by an open covering fUigi2I of M together with homeomorphisms fi : Ui ! Rn such

that: if Ui \ Uj 6= ;; the transition functions fij = fj � f�1i : fi(Ui \ Uj)! fj(Ui \ Uj)
are smooth and given by: fij(x; y) = (f1ij(x; y); f

2
ij(y)), where (x; y) 2 Rn�p � Rp, and

f2ij are di�eomorphisms between open sets in Rp.

The subsets f�1i (Rn�p � fcg) in Ui will glue together to give connected immersed

submanifolds in M , which are called the leaves of M: Use F to denote the tangent

distribution of F , whose �ber at each point x is the tangent space to the leaf through

x. A foliation F is called orientable if F is an orientable vector bundle. From now on

we assume that all the foliations in the rest context are orientable without noti�cation.

De�nition 5.5. A transversely holomorphic foliation with complex codimension m is

a foliation such that p = 2m and f2ij are biholomorphisms between open sets in Cm.

Like the complex structure and almost complex structure, we can characterize the

transversely holomorphic foliation in terms of transversely almost complex structure.

Let N = T=F be the normal bundle of a foliation F .

De�nition 5.6. A transversely almost complex structure of a foliation F is an endo-

morphism

j : N ! N
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with j2 = �id. (F; j) is said to be integrable if [��1(N0;1); ��1(N0;1)] � ��1(N0;1);

where � : T 
C! N 
C is the projection and N0;1 � N 
C is the �i-eigenbundle of
j.

Proposition 5.7. [18] There is one to one correspondence between transversely holo-

morphic foliations and foliations with integrable transversely almost complex structure.

Proof : Use the notations as above. For one direction, given a transversely holo-

morphic foliation F , write the di�emorphisms fi in De�nition 5:5 to be (f1i ; f
2
i ); where

f2i : Ui �! Cm are submersions. Then N jUi
can be identi�ed with f2�i TCm. If the tran-

sition functions f2ij are holomorphic, then the almost complex structure on N jUi
induced

by the holomorphic structure of TCm does not depend on Ui and match together to give

a transversely almost complex structure. As ��1(N0;1) = f�1i� (TRn�2m 
 C� T 0;1Cm)

is involutive in each Ui, the transversely almost complex structure is integrable.

For the other direction, if ��1(N0;1) is involutive, since ��1(N0;1) + ��1(N0;1)

= T 
 C; the existence of transversely holomorphic structure follows from the complex

Frobenious theorem [40].

Now we can relate transversely holomorphic foliations to generalized complex struc-

tures.

Proposition 5.8. A generalized complex structure with type one on 4-manifolds unique-

ly determines a transversely holomorphic 2-foliations structure.

Proof. If J is a type one generalized complex structure on M4, let (g; j+; j�) be

an associated almost bihermitian structure. From Lemma 5:1, j+; j� induce di�erent

orientations and j+; j� commute. Therefore ker(j+ � j�) are 2-distributions and we

have the decompositions T 1;0
+ = A�B, T 1;0

� = �A�B; where:

A = T 1;0
+ \ T 0;1

� ; B = T 1;0
+ \ T 1;0

�

are complex line bundles. From Corollary 3:10; T 1;0
+ + T 1;0

� = A� �A� B is involutive.

Taking conjugate gives that A � �A � B is also involutive. Therefore their intersection
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A� �A = F 
 C is involutive, where F = ker(j+ + j�) is the 2-distribution. Moreover,

let N = T=F , then the projection � : T 
C! N 
C induces an isomorphism between

B � �B and N 
 C. Let N0;1 = �(B), then it de�nes a transversely almost complex

structure j : N ! N . As

��1(N0;1) = A� �A�B = T 1;0
+ + T 1;0

�

is involutive, j is integrable. Thus it gives a transversely holomorphic foliation by

Proposition 5:7. Moreover, since ��1(N0;1) = T 1;0
+ + T 1;0

� is just the projection of the

+i eigenbundle of J to T 
 C, the transversely holomorphic 2-foliation is uniquely

determined by J .

5.3 Integrability

To construct integrable type one generalized complex structure, we �rst introduce

the Gauduchon metric on almost complex manifolds.

De�nition 5.9. Given an almost complex manifold (M2n; j), let T �(p;q) = ^pT �(1;0) 

^qT �(0;1) be the bundle with sections (p; q) forms. De�ne @ = �p;q+1 � d : T �(p;q) !
T �(p;q+1), @ = �p+1;q � d : T �(p;q) ! T �(p+1;q) to be the formal di�erential operators.

Then an almost Hermitian metric g is said to be a Gauduchon metric if @@!n�1 = 0

where ! = gj is the fundamental form.

The existence of Gauduchon metric is well known on compact complex manifolds

in any conformal class of Hermitian metrics [22]. The proof actually does not require

integrability of almost complex structures and the existence is also true for almost

complex manifolds. We thank Tedi Draghici for providing us the following simple proof.

Proposition 5.10. In any conformal class of almost Hermitian metrics on a com-

pact connected almost complex manifold, there exists a unique Gauduchon metric up to

scalars.
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Proof. Given a Hermitian metric g, let ! be the fundamental (1; 1)-form. Then !n�1

is a (n� 1; n� 1)-form, and d!n�1 = (@ + @)!n�1, @@!n�1 = �@@!n�1. So we have

@@!n�1 = �idcd!n�1 = iddc!n�1

where dc = i(@�@). Let � be the Hodge star operator associated to g, then �j�d!n�1 =
�i(@ � @)!n�1 = �dc!n�1. As �! = !n�1

n�1 , @@!
n�1 = 0 if and only if ddc!n�1 = 0,

if and only if d � j � d!n�1 = 0. Composing the above equation with �, we get g is

Gauduchon if and only if �j�! = 0, where � = � � d� is the codi�erential.
On the other side, as !n�1^ : 
1(M) ! 
2n�1(M) is bijective, there is a 1-form �

such that d!n�1 = � ^ !n�1. We call it the Lee form of g. By direct calculations in

terms of (1; 0); (0; 1) components, we have � = j�!. With above arguments we get g is

Gauduchon is and only if � is co-closed. Now a conformal change of g is �g = efg for

some real function f . As d(ef!n�1) = (df + �) ^ ef!n�1, the Lee form �� of �g is � + df .

Assume � = �h + d� + �� is the Hodge decomposition of �, where �h is the harmonic

part. Let f = ��, we have ��� = �(�+ df) = �(�h+ ��) = 0. The uniqueness of f up to

scaler gives the uniqueness of the metric.

Now we are ready to prove the following existence theorem.

Theorem 5.11. A compact orientable 4-manifold admits type one generalized complex

structures if and only if it has the structure of transversely holomorphic 2-foliations.

Proof : We only need to prove the existence. Given a transversely holomorphic 2-

foliation (F; j) on a compact 4-manifoldM , we want to construct an almost bihermitian

structure (g; j+; j�) such that j+; j� induce di�erent orientations and the conditions in

Corollary 2:6 are satis�ed. First embed the bundle N = T=F into T to get a splitting

T = N � F: Choose a Riemannian metric g on M such that g is compatible with j on

N and N is orthogonal to F . De�ne two almost complex structures on M by j+ = �j
on N and j+ to be the rotation by �=2 on F and
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j� = �j+jF + j+jN .

Then (g; j+; j�) is an almost bihermitian structure on M4. By de�nition, j+; j� induce

di�erent orientations and j+j� = j�j+. Also we have T 1;0
+ + T 1;0

� = N0;1 � F 
 C.

The integrability of j ensures that T 1;0
+ + T 1;0

� is involutive. By Proposition 5:10, we

can assume g is a Gauduchon metric with respect to j+ (otherwise, replace it with the

Gauduchon metric in its conformal class and it's still compatible with j+; j�). Now by

Corollary 3:10, (g; j+; j�) gives an H-integrable generalized complex structure if

d!+jT 1;0
+

+T 1;0
�

= �iHjT 1;0
+

+T 1;0
�

= �d!�jT 1;0
+

+T 1;0
�

.

As T 1;0
+ + T 1;0

� is involutive and j+j� = j�j+, from the equalities (14) and (15) in

Corollary 3:10, we know that d!+jT 1;0
+

+T 1;0
�

= �d!�jT 1;0
+

+T 1;0
�

: Then the theorem follows

from the next lemma.

Lemma 5.12. Given (g; j+; j�) an almost bihermitian structure on a four manifold M4

with j+; j� inducing opposite orientations , use the notations as above. If @+ �@+!+ = 0,

then there exists a closed real three form H such that

d!+jT 1;0
+

+T 1;0
�

= �iHjT 1;0
+

+T 1;0
�

:

Proof. Use the same notions as above. Let A = T 1;0
+ \ T 0;1

� and B = T 1;0
+ \

T 1;0
� be complex line bundles. As T 
 C = F 
 C � B � �B, we have the splitting

^3T � 
 C = �k+m+n=3 ^k F� 
 ^mB� 
 ^n �B�, with F = F 
 C. For any three form

� 2 
3(M;C), we denote �k;m;n to be its components corresponding to the splitting,

where k � 2;m; n � 1 because of dimension reason. Now to �nd a close real three form

H such that d!+jT 1;0
+

+T 1;0
�

= �iHjT 1;0
+

+T 1;0
�

, write H = H2;1;0 + H2;0;1 + H1;1;1. Then

the equality in the lemma is equivalent to

H2;1;0 = i(d!+)
2;1;0, since T 1;0

+ + T 1;0
� = F 
 C�B. As H is real, we get that

H2;0;1 = H2;1;0 = �i(d!+)2;0;1.
So only H1;1;1 is not determined, and we need to �nd a three form H1;1;1 such that

dH = 0. Write
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�@+!+ = (�@+!+)
2;1;0 + (�@+!+)

2;0;1 + (�@+!+)
1;1;1:

For any X 2 A � T 1;0
+ ; Y 2 �A � T 0;1

+ ; Z 2 B � T 1;0
+ , we have

(�@+!+)
2;1;0(X;Y; Z) = �@+!+(X;Y; Z) = 0

The second equality holds as �@+!+ is a (1; 2) form with respect to j+. Thus (�@+!+)
2;1;0

must be 0 since it is a section of ^2(A�� �A�)
B�: Using the fact d!+ = @+!++ �@+!+

on a 4-manifold, we obtain that

(d!+)
2;1;0 = (@+!+)

2;1;0 + (�@+!+)
2;1;0 = (@+!+)

2;1;0;

thus (d!+)
2;0;1 = (d!+)2;1;0 = (@+!+)2;1;0 = (�@+!+)

2;0;1: (16)

As �@+!+ = (�@+!+)
2;0;1 + (�@+!+)

1;1;1, @+ �@+!+ = 0 gives that

@+(�@+!+)
2;0;1 = �@+(�@+!+)1;1;1

Similarly �@+(�@+!+)
2;0;1 = ��@+(�@+!+)

1;1;1 as �@+ �@+!+ = 0.

Note that d' = @'+ �@' for any three form on a 4-manifold, we actually get

d(�@+!+)
1;1;1 = �d(�@+!+)2;0;1

Hence by (16),

d(�@+!+)
1;1;1 = �d(d!+)2;0;1

Now that dH = 0 if and only if

dH1;1;1 = �dH2;1;0 � dH2;0;1

= �id(d!+)2;0;1 + id(d!+)
2;0;1

= �2Imd(d!+)2;0;1

= 2Imd(�@+!+)
1;1;1.

where Im denotes the imaginary part of the form. Let H1;1;1 = 2Im(�@+!+)
1;1;1,

as H2;0;1 +H2;1;0 = �i(d!+)2;0;1 + i(d!+)2;0;1 = 2Im(d!+)
2;0;1;

H = 2Im(�@+!+)
1;1;1 + 2Im(d!+)

2;0;1
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is a closed real three form such that d!+jT 1;0
+

+T 1;0
�

= �iHjT 1;0
+

+T 1;0
�

.

In [4], Bailey de�nes the obstruction forms for a regular Poisson structure with

transverse complex structure. Our lemma lead to the statement that for a transversely

holomorphic 2-foliation on a 4-manifold, the Gauduchon metric g induces a Poisson

structure such that the obstruction forms vanish.

With the above theorem, we can construct interesting examples of type one gener-

alized complex structures on 4-manifold. The following example is type one generalized

complex structures with noncompact symplectic leaves such that they are everywhere

dense.

Example 5.13. Consider the linear foliation on T4 = R4=Z4. Let X = (a; b; 0; 0),

Y = (0; 0; c; d) be two constant vector �elds on R4, with a=b; c=d irrational numbers,

and E be the constant 2-plane �eld perpendicular to X;Y . Then X;Y passes to a

2-foliation F on T 4, and E passes to a two distribution ~E on T 4 which is transversal

to F . Any linear transformation L : E ! E with L2 = �id induces an integrable

transversely almost complex structure of F . The leaves of F are immersed R2 and are

each everywhere dense in T4. By Theorem 5:11, there are generalized complex structures

of type one associated to the linear foliation.

Next we can discuss the existence of type one generalized complex structures on

particular 4-manifolds. We �rst consider the existence of type one generalized complex

structure on surface bundle over surface. There is transversely holomorphic foliation

structures on any surface bundle over a Riemann surface, where the foliation comes

from the �bering and the holomorphic structure is pulled back from the base. As a

consequence, we reprove the result in [4].

Corollary 5.14. A compact orientable 4-manifold which is di�eomorphic to a surface

bundle over Riemann surface has type one generalized complex structures.
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We obtain the complete topological characterization of generalized Calabi-Yau 4-

manifolds.

Corollary 5.15. A compact 4-manifold has generalized Calabi-Yau structure if and only

if it is di�eomorphic to one of the following: a symplectic 4-manifold, T4, K3 surfaces,

Kodaira surfaces, surface bundle over T 2.

Proof. Generalized Calabi-Yau structure has nonvanishing section of canonical bun-

dle, so the types keep the same on connected component. Type zero generalized Calabi-

Yau structures are B-�eld transform of symplectic structures. Type two generalized

Calabi-Yau structures are B-�eld transform of Calabi-Yau structure, which only exist

on T4, K3 surfaces and Kodaira surfaces by the Enriques-Kodaira classi�cation. For a

type one generalized Calabi-Yau 4-manifoldM , in [33] Hitchin proves thatM must �ber

over T 2. So we only need to show any surface bundle over T 2 has type one generalized

Calabi-Yau structures.

By Corollary 5:14, there is type one generalized complex structure J on M associ-

ated to any complex structure j on T 2. From Chapter 3 we have the i-eigenbundle for

J is

L = fX+ +X� + b(X+ +X�) + g(X+ �X�)jX� 2 T 1;0
� g:

Abusing of notations, let B = T 1;0
+ \ T 1;0

� and �B� � T � � C, with the Cli�ord action,

the canonical bundle of J is eb �B�. Let 
0;1 be the bundle of (0; 1) forms on T 2 and

p :M ! T 2 the �bering, then �B� = p�(
0;1). If � 2 C1(
0;1) is a nonvanishing closed

form on T 2, p�(�) gives a nonvanishing closed section of �B� and ebp�(�) is a ddb-closed

nonvanishing section of the canonical bundle. Therefore, J is an untwisted generalized

Calabi-Yau structure.

Then we consider the existence on S1 � N3 for N3 a compact 3-manifold. Recall

transversely holomorphic 1-foliation on 3-manifold is called transversely holomorphic

ow, we have the following.
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Corollary 5.16. Let N3 be a compact orientable 3-manifold with transversely holomor-

phic ows. Then there is type one generalized complex structures on S1 �N3, or more

generally on a circle bundle over N3. In particular, it is true for N3 being any Seifert

�bered 3-manifolds.

Proof. The transversely holomorphic structure on N3 descends to the product di-

rectly. Since circle bundles are locally di�eomorphic to the product, it is also true.

Seifert �bered 3-manifolds all have transversely holomorphic ows [6].

Example 5.17. Especially there are type one generalized complex structures on S1 �
L(p; q) for any (p; q), where L(p; q) are Lens spaces. In [42], it is proved that there is

also even type generalized complex structures on S1�L(p; 1) with arbitrarily many type
change loci.

Three-manifolds with orientable transversely holomorphic ows are classi�ed in

[6],[25]. There are six classes of foliations among them, which are: Seifert �brations,

linear foliations on T 3, strong stable foliations of T 2, foliations from holomorphic sus-

pension of S2, a�ne foliations on S2 � S1 and Poincar�e foliations on S3. Analogue to

Theorem 4:13, we propose the following question:

Question 2 : For a closed 4-manifold S1 � N3 with type one generalized complex

structure, does N3 has transversely holomorphic ows or not?

At the end, we study the deformation of type one generalized complex structure on

4-manifolds. For a transversely holomorphic 2-foliation F , let S = ��1(N0;1) be the

integrable subbundle, where � : T 
 C ! N 
 C. As S is a Lie algebroid, there is a

Lie algebroid di�erential dS such that (C1(^kS�); dS) is an elliptic complex. In [18],

it is proved that the in�nitesimal deformations of F is the second cohomology H2
S(M),

and the related Kurunishi theory of deformations of transversely holomorphic foliations
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are studied in details. Now the generalized complex structure associated to F has i-

eigenbundle L such that �(L) = S, where � : T � T � ! T . Denote the dual map by

�� : S� ! L�. It induces a homomorphism between the complex (C1(^kS�); dS) !
(C1(^kL�; dL) and then induces to a homomorphism ��� : Hk

S(M) ! Hk
L(M). Recall

the in�nitesimal deformations of generalized complex structure is in H2
L(M). So the

two deformations are related by the map ���. We analyze this by the following three

examples.

Example 5.18. LetX1 = (
p
2; 1; 0; 0); X2 = (0; 0; 1;

p
2); X3 = (0; 1; 0; 0); X4 = (0; 0; 0; 1)

be four vector �elds on T4. Denote the corresponding dual forms by X�
1 ; X

�
2 ; X

�
3 ; X

�
4 .

Let

L =< X1 � iX�
2 ; X2 + iX�

1 ; X3 � iX4; X
�
4 + iX�

3 >� (T � T �)
 C:

Then L + �L = (T � T �) 
 C. Also L is isotropic and closed under the trivial Courant

bracket. Therefore L determines a generalized complex structure JL. As �(L) =<

X1; X2; X3 � iX4 > is 3-dimensional, JL is type one generalized complex structure on

T4. The invariant Lie algbroid cohomologies of JL are given by:

IH1
L(T

4) = C4 =< X�
1 + iX2; X

�
2 � iX�

1 ; X
�
3 + iX�

4 ; X4 � iX3 >;

similarly, IH2
L(T

4) = C6:

The 2-foliation determined by JL is F =< X1; X2 > and S = �(L) =< X1; X2; X3 �
iX4 >. The invariant Lie algebroid cohomologies of S are:

IH1
S(T

4) = C3 =< X�
1 ; X

�
2 ; X

�
3 + iX�

4 >;

IH2
S(T

4) = C3:

The map ��� is the natural injection.

A Lie algebra g is called nilpotent if gi = 0 for some i > 1, where gk = [gk�1; g]

is de�ned inductively with g1 = g. Given a nilpotent Lie algebra g, the exponential

map to its simply connected Lie group is bijective. So we identify g with its simply
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connected Lie group. A classical theorem of Mel'cev [38] states that g has a discrete

lattice such that the quotient is compact if and only if the structure constants with

respect to a basis are rational. Up to isomorphism, there are two nonabelian classes of

4-dimensional nilpotent algebra: g4;1; g4;2.

Example 5.19. Consider g4;1 =< x1; x2; x3; x4j[x1; x2] = x3 >. It is the product of

3-dimensional Heisenberg algebra with R. The compact quotient of g4;1 is the Kodaira-

Thurston manifold. Let L =< x1 + ix2; x
�
1 + ix�2; x3 � ix�4; x

�
3 � ix4 >. Then L + �L =

(g�g�)
C, and L is maximal isotropic. The nonzero parts of Courant bracket of g�g�

are:

[x1; x2] = [x3]; [x1; x
�
3] = �x�2; [x2; x�3] = x�1:

So L is closed under the Courant bracket and de�nes an invariant type one generalized

complex structure on M . For the invariant Lie algebroid cohomology, we have

IH1
L(g) = C3 =< A;C;D >;

IH2
L(g) = C4 =< A ^B;A ^ C;C ^D;B ^D >

where A = x�1 � ix�2; B = x1 � ix2; C = x�3 + ix4; D = x3 + ix�4. Now S =< x1 +

ix2; x3; x4 >, the induced Lie bracket is trivial on S. So the invariant cohomology of S

are:

IH1
S(g) = C3 =< x�1 � ix�2; x

�
3; x

�
4 >;

IH2
S(g) = C3 =< (x�1 � ix�2) ^ x�3; (x�1 � ix�2) ^ x�4; x�3 ^ x�4 > :

The map ��� is not injective, since ���([(x�1 � ix�2) ^ x�4]) = [A ^D] = 0 in IH2
L(g)

Example 5.20. Consider the irreducible nilpotent algebra g4;2 =< x1; x2; x3; x4j[x1; x2] =
x3; [x1; x3] = x4 >. The structure constants are integers, so there is compact quotient

N of g4;2. Let L =< x1+ ix2; x
�
1+ ix�2; x3� ix�4; x

�
3� ix4 > which is the same as the last

problem. Then L de�nes a generalized almost complex structure. The nonzero Courant

brackets are:
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[x1; x2] = [x3]; [x1; x3] = x4;

[x1; x
�
3] = �x�2; [x2; x�3] = x�1; [x1; x

�
4] = �x�3; [x3; x�4] = x�1:

So L is closed under the Courant bracket and induces an integrable type one gener-

alized complex structure on N . The invariant Lie algebroid cohomology of L are:

IH1
L(g) = C2 =< A;C >;

IH2
L(g) = C2 =< A ^B;C ^D >

where A;B;C;D are the same as above. The invariant cohomology of S is:

IH1
S(g) = C2 =< x�1 � ix�2; x

�
3 >;

IH2
S(g) = C2 =< (x�1 � ix�2) ^ x�4; x�3 ^ x�4 > :

The map ��� is not injective as ���([(x�1 � ix�2) ^ x�4]) = [A ^D] = 0 in IH2
L(g).



Chapter 6

Generalized complex structures

with mixed types on 4-manifolds

Generalized complex structure with mixed types is the last class among the four

classes of generalized complex structures on 4-manifolds and is also the most mysterious

case. There are two known ways to construct generalized complex structures with mixed

types. One is by deforming complex surfaces using holomorphic Poisson structures

which was introduced in Gualtieri's thesis. It produces generalized complex structure

with mixed types on CP2 for example. Another is using the C1 log transform surgery

to symplectic 4-manifolds introduced by Cavalcanti and Gualtieri in [8].

Recall the Luttinger surgery in symplectic geometry is a (p; q; 1) torus surgery around

Lagrangian torus with Lagrangian framing such that the resulting manifold has sym-

plectic structures. For a (p; q; 0) torus surgery, the manifold obtained is not symplectic

in general. The work in [8] shows that if the surged manifold is symplectic and the

torus is symplectic with trivial normal bundle, then the resulting manifold of a (p; q; 0)

torus surgery has generalized complex structure of mixed types. Using this surgery,

they construct generalized complex structures with mixed types on 3CP2#19CP2 which

does not have symplectic and complex structures. Based on the surgery, Torres proves

54
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that any �nitely generated groups can be the fundamental groups of 4-manifolds with

generalized complex structures of mixed types.

The above results demonstrates that the world of 4-manifolds with generalized com-

plex structure of mixed tyeps may be much broader than that of complex surfaces or

symplectic 4-manifolds. Therefore it is natural to ask the following question:

Question 3: Does every almost complex 4-manifolds admit generalized complex struc-

tures with mixed types?

There is no known obstruction for generalized complex structure with mixed types.

As a trial, we study this question on the four torus T4. We assume there is a free T2

action on T4 and consider the existence of invariant generalized complex structure of

mixed types on T4. Applying the T-duality results in Chapter 2, we obtain a nonexis-

tence result under certain conditions.

In section 1, we give local examples of generalized complex structure with mixed

types. Then we introduce holomorphic Poisson structures and its applications. We state

Bailey's local classi�cation of generalized complex structure with complex type. After it,

we introduce Cavalcanti and Gualtieri's surgery on symplectic 2-torus as well as Torres's

work. With respect to almost bihermitian structure, we obtain a noncommutative

property of the two almost complex structures.

In section 2, we de�ne T2 action on T4 and study the invariant complex as well as

generalized complex structures with mixed types on T4. Use the T-duality we prove

that there is no invariant untwisted generalized complex structure of mixed types with

at least a Lagrangian orbit on T4.
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6.1 Examples of generalized complex structure with mixed

types

For a generalized complex structure with mixed types on 4-manifolds, we call the

set of points with type 2 the complex locus. The rest set is called the symplectic locus.

The most illustrative example of generalized complex structure with mixed types is the

following:

Example 6.1. On C2, let � = z1 + dz1dz2. Then � is a pure spinor form with d� =

dz1 = @z2 � �. By the equivalent de�nition in Chapter 2, � de�nes a generalized complex

structure J . The type of J equals the lowest degree of � which is 0 when z1 6= 0 and 2

when z1 = 0. So � gives an example of generalized complex structure with mixed types

0 and 2 on C2.

The above example is a special case of holomorphic Poisson deformation of complex

structures.

De�nition 6.2. A holomorphic Poisson structure on a complex manifold is a section

� 2 H0(M;T 1;0 ^ T 1;0) such that [�;�] = 0 for the natural Schouten bracket on T 1;0 ^
T 1;0.

In the above example, � = z1@z1 ^ @z2 and � = e� � dz1dz2 where � is the interior
multiplication. In [29], Gualtieri obtains the following general result.

Theorem 6.3. (Gualtieri) Let � be a nonzero holomorphic Poisson structure of a

complex manifold. If K is the canonical bundle, then e� � K is the canonical bundle

of a generalized complex structure J�. In particular, if the zero set of � is nonempty,

the types of the generalized complex structure J� are changing and the complex locus is

given by zero set.

Example 6.4. On CP2, T 1;0^T 1;0 = 3H where H is the hyperplane bundle. Any cubic

polynomial gives a holomorphic Poisson bivector. Therefore we get generalized complex

structure with mixed types on CP2 whose complex locus is the cubics.
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With the above theorem, it is natural to ask if any complex locus is given by zero set

of holomorphic Poisson structures. Using a Moser-Nash type argument, Bailey obtains

the local characterization for complex locus.

Theorem 6.5. (Bailey) Suppose J is a generalized complex structure with complex type

at a point p. Then, in a neighbourhood of p, J is equivalent to a generalized complex

structure induced by a holomorphic Poisson structure for some complex structure near

p. In particular, the complex locus of a generalized complex structure locally admits the

structure of an analytic subvariety.

Generalized complex structure with mixed types can be also obtained from symplec-

tic structures.

De�nition 6.6. Let (M;!) be a 4-manifold and � ,!M be a 2-torus with trivial normal

bundle. Choosing an identi�cation N� �= T2 � D2 such that �1(@N�) = �1(T
3) =

Z3 =< [m]; [l]; [�] >, where [m]; [l] are two generators of �1(�). Let �p;q;k : T 3 ! T 3

be a di�eomorphism such that �p;q;k([�]) = p[m] + q[l] + k[�]. Then the (p; q; k) torus

surgery of M along � is ~M = (M �N�) [�p;q;k T2 �D2.

The following result is due to Cavalcanti and Gualtieri.

Theorem 6.7. (Cavalcanti-Gualtieri) Let M be a symplectic 4-manifold, with � � M

a symplectic 2-torus with self intersection 0. Then the result manifold ~M of a (p; q; 0)

surgery along � admits a generalized complex structure with mixed types whose complex

locus is an 2-torus.

Using this, they proved the following.

Theorem 6.8. There are generalized complex structures with mixed types on 3CP2#19CP2.

Proof. Consider an elliptically �bered K3 surface. Any smooth elliptic �ber is a

symplectic 2-torus with trivial normal bundle. Then the manifold after the (0; 1; 0) torus
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surgery is di�eomorphic to 3CP2#19CP2, which admits generalized complex structure

by the above result.

Using the (p; q; 0) torus surgery, Torres proves the following.

Theorem 6.9. (Torres) For any �nitely generated group G, there exists 4-manifolds

with generalized complex structure of mixed types, such that the fundamental group is

isomorphic to G.

For generalized complex structures with mixed types, the almost bihermitian struc-

ture have the following property.

Proposition 6.10. Let J be a generalized complex structure with mixed types on a

connected 4-manifold M , if (g; j+; j�) is any almost bihermitian structure associated to

J , then j+j� 6= j�j+.

Proof. We prove it by contradiction. If j+j� = j�j+, then (j++j�)(j+�j�) = 0. At

any point x, Tx = ker(j++j�)�ker(j+�j�). Let Hx = ker(j+�j�). It is j�-invariant
then is even dimensional. If dim(Hx) = 2, by the argument in Lemma 5:1, J has type

one on x which is impossible. So dim(Hx) = 0 or 4. Let M1 = fx 2M jdim(Hx) = 0g,
M2 = fx 2 M jdim(Hx) = 4g, then M = M1 [M2. Also on M1, j+ = �j�, and on

M2, j+ = j� by the above decomposition of Tx. If j+ 6= �j�, then M1;M2 are not

empty set. But they are both closed subset which contradicts the connectedness of M .

If j+ = j� or j= � j�, then J is a complex structure or a symplectic structure by the

Remark 3 after Corollary 3:10 which gives the contradiction.

Remark 4 : For a generalized K�ahler structure (J1;J2), if j+j� 6= j�j+ for the biher-

mitian structure, Hitchin [33] proves that j+j� � j�j+ induces a nonzero holomorphic

Poisson structure to both j1 and j2. This gives strong constraints on the topology of

underlying complex manifolds.
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6.2 T
4

Denote T4 the four dimensional torus R4=Z4. With addition, it is a compact abelian

Lie group. For any complex structure on T4, the Albanese map induces a biholomor-

phism of it to C2=Z4. So the complex structure is biholomorphic to an invariant one,

the holomorphic tangent bundle is trivial and any holomorphic Poisson structure of T4

is a constant section. Therefore we cannot obtain generalized complex structure with

mixed types on T4 by deformations. On the other side, it is still not known if the C1

log transform can produce generalized complex structure with mixed types on T4 or

not. Motivated by this, we propose the following question:

Question 4 : Does there exists generalized complex structure with mixed types on T4.

Given a free action of T2 on T4, the quotient map induces a �bration of T4 over

Riemann surface with �ber T2. By computing the Betti numbers, the bundle structure is

the product structure T4 = T2�T2. So we can assume T2 is the �rst factor of T4 and the
action is addition on the �rst factor and constant on the second. We say a generalized

complex structure J is invariant under the T2 action if p�J = J for any p 2 T2, where
p� is the pull back. For generalized complex structure with mixed types on 4-manifolds,

generic points are symplectic type, so we can talk about Lagrangian submanifold which

means it is within the symplectic points and Lagrangian with respect to the symplectic

structure. We obtain the following result related to Question 4.

Theorem 6.11. There is no T2-invariant untwisted generalized complex structure of

mixed types with at least one Lagrangian orbit on T4.

Proof. We prove this by contradiction. Assume there is an untwisted generalized

complex structure J with mixed types with at least one Lagrangian orbit. Let � be the

complex locus. By Bailey's theorem, it is locally the zero set of holomorphic Poisson

bivector in C2 which is an analytic hypersurface with real dimension 2.
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More explicitly, let p be a complex point, choose a neighborhood U around p in the

sense of Bailey such that if (z1; z2) are the complex coordinates, the local pure spinor �

of J is � = f(z1; z2)+dz1^dz2, where f(z1; z2) is a holomorphic function of (z1; z2) and
�jU = f(z1; z2); f(z1; z2) = 0g. Therefore on �jU , � = dz1 ^ dz2 and J is the standard

complex structure and � is a complex submanifold (Chapter 2). Since the T2 action

preserve types of J , � is invariant and consists of union of orbits which are copies of

T2. Also T2 is connected, so each connected component of � maps to itself and equals

an orbit.

Now applying the T-duality process in Chapter 2. As J is untwisted, we can assume

H = 0, otherwise we replace J by a B-�eld transform. Take T4 as the trivial principle

bundle of T2 over T2, by Theorem 2:17, (T4; 0) is a T-dual to itself. Applying Theorem

2:19, J is transformed to another untwisted generalized complex structure J2 on T4.

The T-dual of complex type generalized complex structure is also with complex type, so

J2 is either a complex structure or a generalized complex structure with mixed types.

Actually it has to be a complex structure. If not, assuming J2 is a generalized

complex structure with mixed types, by the arguments in Example 2:20, the dual of

� is complex submanifolds of the complex locus of J2. By the assumption that there

is at least a Lagrangian orbit of J and the T-dual of (symplectic, Lagrangian) pair is

(complex, real), J2 has at least a �ber which is real inside the complex locus of J2.

However, this violates Bailey's theorem which says that the complex locus is complex

submanifolds instead of being real subset. So J2 is a complex structure with both real

orbit and complex orbit. Now the theorem will follow from the following lemma.

Lemma 6.12. There is no T2-invariant complex structure on T4 with both complex

orbit and real orbit.

Proof. Let j be a T2-invariant complex structure on T4. As before, we assume the

T2 action is given by addition in the �rst factor of a product, namely, if (x; y; z; w) is a
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point on T4 for x; y; z; w 2 S1, we assume the T2 action is given by

(x0; y0) � (x; y; z; w) = (x+ x0; y + y0; z; w)

for (x0; y0) 2 T2. The canonical bundle K of j is holomorphic trivial, so H0(T4;K) = C.

Let � be a nowhere zero holomorphic section, as j is T2-invariant, p�� = k� for some

constant k where p 2 T2. As H0(T4;K) injects into the DeRham cohomology H2(T4;C)

and T2 acts trivially on H2(T4;C), we have k � 1 and � is T2-invariant. Assume

� = f1dxdy + f2dxdz + f3dxdw + f4dydz + f5dydw + f6dzdw;

where fi; i = 1; � � � 6 are functions of (z; w) because of the invariant of �. Now d� = 0

gives that
@f1
@z

=
@f1
@w

= 0:

Therefore, f1 is a constant function. From Example 2:20 we get that an orbit � is

complex if and only �j� = 0, and is real if and only �j� 6= 0. The coordinates for � is

(x; y), so �j� = f1dxdy. As f1 is constant, the orbits are either all complex or all real.

We complete the proof.



Chapter 7

Finite group actions

In this chapter, we turn to study a di�erent topic about �nite group actions on

almost complex 4-manifolds. Ever since the beginning of the �eld of transformation

groups, the study of �nite group actions has been an important part. For example,

the Smith theory about the homology of �xed points deals with the action of �nite

groups with prime order. In [13], Weimin Chen initiates the investigation of the �nite

symplectomorphism group of symplectic manifolds. He proved that for a large class

of symplectic 4-manifolds, the order of any prime order symplectic transformation is

bounded.

Inspired by the above result, we study the symmetry of almost complex 4-manifolds

in this chapter. Recall for an almost complex manifold (M; j), j is said to be tamed

by a symplectic form ! if !(v; jv) > 0 for any nonzero v 2 T . Let �tj = f[!] 2
H2(M;R)jj tamed by !g. A tamed almost complex 4-manifold is an almost complex

4-manifold with �tj 6= ;. Assume (M; j) is j-holomorphic minimal, namely, there is no

embedded j-holomorphic sphere with self intersection �1. Let K be the canonical class

of (M; j). Assume b+(M) > 1, if K 6= 0, by Taubes's work on the Seiberg-Witten theory

of symplectic manifold [41], K is represented by symplectic surfaces. So [!] � K � 0.

De�ne Cj = min[!]2�tj\H2(X;Z)fK � [!]g. Our main theorem is:

62
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Theorem 7.1. Let (M; j) be a minimal tamed almost complex 4-manifold with b+ > 1.

Assume either �(M) 6= 0 or the symplectic Kodaira dimension �s = 2, then there is a

constant C = m1C
2
j + m2, where m1;m2 are positive constants related to b1; b2, such

that for any nontrivial j-holomorphic Zp-action on M , p � C.

If the manifold is not j-holomorphic minimal, we have a nicer result:

Theorem 7.2. Let (M; j) be a non-minimal tamed almost complex 4-manifold with

b+ > 1, then for any nontrivial j-equivariant Zp-action on M , p � C, where C =

m1C
2
j +m2 and m1;m2; Cj are de�ned similarly.

Remark 5. The conditions in our results are optimal. Otherwise, as there are

nontrivial circle actions on the rational surfaces (b+ = 1), and on the surfaces T 2 � �

(which have zero Euler characteristic and symplectic Kodaira dimension �s < 2), no

such bound exists on these manifolds. Theorem 7:1 contains the most possible cases in

this sense.

7.1 Proof of the Theorems

We have the following lemma whose proof uses the representations of Zp.

Lemma 7.3. If an oriented closed 4-manifold M admits a Zp-action, then the induced

action on the integral homology is trivial when p > 2 + b1 + b2.

Proof. We strictly follow [13]. Since p is odd, the Zp-action is orientation preserving.

From the decompostion of Zp representations [15], the induced integral representation

of Zp on H1(M;Z) is equivalent to the direct sum representation

Z[Zp]
r � Z[�p]s � Y

for some integers r; s � 0, where Z[Zp] is the regular representation of rank p, Z[�p] is

the cyclotomic representation of rank p� 1 and Y is the trivial representation with free
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part rank t. This gives b1 = rp+s(p�1)+t. If p > b1+1, we have p�1 > rp+s(p�1)+t,
which gives r = s = 0, and the representation on H1(M;Z)is trivial.

Similarly, if p > b2 + 1, the induced action on H2(M;Z) is also trivial. By Poincar�e

duality we get that the Zp action induces trivial action on homology.

About the symplectic group actions, Weimin Chen proves the following theorem.

Theorem 7.4. (Weimin Chen) Let (M;!) be a symplecticly minimal 4-manifold with

b+ > 1. If

1. [!] 2 H2(M ;Q)

2. Either �(M) 6= 0 or �s = 2;

then there exists a constant C = m1C
2
! +m2 > 0, where C! is the least integer among

the integral multiple of K � [!], and m1;m2 are positive constants depending on the betti

numbers, such that there are no nontrivial symplectic Zp-action of prime order on M

provided that p > C.

Proof of Theorem 7:1. From Lemma 7:3, assuming p > 2 + b1 + b2, we have the

Zp-action is homologically trivial. Since �tj is an open cone in H2(M;R) and H2(M;Q)

is dense in H2(M;R), we can choose a j-tamed symplectic form !, such that [!] is in

H2(M;Z). Fix !, and de�ne !G = 1
p

P
g2G g

�!. Since G is j-equivarient, !G is also a

j-tamed symplectic form as

!G(v; Jv) =
1

p

X
g2G

g�!(v; Jv)

=
1

p

X
g2G

!(gv; gJv)

=
1

p

X
g2G

!(gv; Jgv) > 0:

for any nonzero vector v in T . Furthermore, [!] = [!G] in H2(M;Z) because G acts

homologically trivially. With respect to the symplectic structure (M;!G), the Zp-action
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is symplectic by

g�1!G =
1

p

X
g2G

g�1g
�!

=
1

p

X
g2G

(g1g)
�!

= !G

for any g1 2 G. As (M; j) is j-holomorphic minimal and M is not rational or ruled,

(M;!G) is also symplecticly minimal by [37]. Applying Theorem 7:4, we get p � C 0,

where

C 0 = m1(K � [!G])2 +m2:

We can assume m2 > 2 + b1 + b2 above to get the homologically trivial action. Since

[!] = [!G], and ! is a �xed j-tamed symplectic form, we have the bound C 0 is applicable

for any nontrivial j-equivariant Zp-action on M .

De�ne

Cj = min
[!]2�tj\H

2(X;Z)
fK � [!]g:

Let C = m1C
2
j +m2: Then we have for any nontrivial j-equivariant Zp-action on M ,

p � C, which proves the theorem.

Proof of theorem 7:2. For the case when M is not minimal, we use the following

lemma from [13].

Lemma 7.5. Let G be a �nite group acting on a symplectic 4-manifold (M;!), where

[!] 2 H2(M;Z). If G preserves ! and induces a trivial action on H2(M;Z), then there

exists a symplectic 4-manifold (M 0; !0) which is a symplectic blowdown of (M;!), with

an induced G-action preserving !0 and inducing trivial action on H�(M 0;Z) such that

for any G-equivariant, !0-compatible almost complex structure j, M 0 is j-holomorphic

minimal. Furthermore, [!0] 2 H2(M 0;Z) and K 0 � [!0] � K � [!].
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To prove Theorem 7:2, using the same method of Theorem 7:1, we �x an ! 2
�tj with [!] 2 H2(M;Z). For a nontrivial j-equivariant Zp action on (M; j), de�ne

!G = 1
p

P
g2G g

�!. Then we have !G 2 �tJ , [!] = [!G], and G is symplectic with

respect to (M;!G). Using Lemma 7:5, we get a (M 0; !0G) with a G-action such that

[!0G] 2 H2(M 0;Z) and for any G-equivariant, !0G-compatible almost complex structure

j0,M 0 is j0-holomorphic minimal. SinceM 0 is not rational or ruled, it's also symplecticly

minimal. Now the images of the exceptional divisors in M 0 become �xed points for the

induced G action by the de�nition of equivariantlly blow down. Ensuring the �xed

points, Theorem 7:4 works for (M 0!0G) even when �(M 0) = 0. Then we get p � C 0,

where C 0 = m0
1(K

0 � [!0G])2 +m0
2. Since

K 0 � [!0G] � K � [!G];

b01 = b1; b
0
2 < b2;

and m0
1 < m1; m

0
2 < m2, we get

p � m1(K � [!G])2 +m2 = m1(K � [!])2 +m2:

Sum all [!] 2 �tj up, we get p � m1C
2
j +m2, where Cj = min[!]2�tj\H2(X;Z)fK � [!]g
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