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Outline

1) Fundamental vs. antisymmetric quarks,

and how to build their baryons

2) Operator analysis and effective Hamiltonian

3) Baryon masses: Which limit works better?

4) Lattice results: Robust when varying ms?

5) Different prescriptions for placing baryons 
in large Nc multiplets―Results robust?



In Standard ’t Hooft Large NC, …

� Quarks transform under NC-dimensional fundamental 

representation □ of SU(NC) Yang-Mills gauge group

Each one carries a single color charge r, b, g, …

� ’t Hooft double-line notation:
Each quark carries one oriented line indicating color charge flow
Gluons (in the adjoint) carry two oppositely-oriented lines

→ e.g., suppression of internal quark loops
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But when NC = 3, …

� The fundamental (F) and two-index antisymmetric (AS) 
representations are equivalent, but only for NC = 3:

qij ≡ εijk qk ↔  (anti-red)(anti-green) ≡ blue ↔       ≡ □

� Equivalent AS representation for arbitrary NC has NC – 1 indices

� But how do we know that quarks at arbitrary NC live in the F 
and not the two-index AS representation?

• This is a question that can be addressed phenomenologically

� But if quarks are not F, then what use is the fundamental 
representation?

• What’s the original motivation for making this non-minimal choice?



Orientifold Large NC
Armoni, Shifman, Veneziano (ASV):

Nucl. Phys. B667, 170 (2003); Phys. Rev. Lett. 91, 191601 (2003)

� Pure gauge N = 1 SUSY for U(NC), in which a large number of 

nontrivial symmetry relations can be obtained, contains gluinos, which 

transform according to the adjoint (color-anticolor) representation

� As NC→∞, one obtains a theory exactly equivalent in many sectors by 

replacing adjoint fermions with AS fermions:

� This “daughter” theory can be found to live on a brane configuration 

with an orientifold plane (a place where string lacks orientation)



Three Related Large NC Limits

NC
Adj ↔ NC

AS ↔ NC
F

SUSY
gluodynamics

conventional
’t Hooft
large NC

equivalent
at NC = 3

ASV
equivalence

orientifold
theory



How to Build Nc
F and Nc

AS

Baryons

� Baryon wave functions comprised of NC
F quarks have been 

studied since Witten (Nucl. Phys. B160, 57 [1979]):

� With AS quarks, several constructions are possible
(Bolognesi, Phys. Rev. D 75, 065030 [2007]). For example,

• Using the same ε invariant with ½NC of the AS quarks:

but BΦ baryons exist only for even NC, and (as pointed out by 

Bolognesi) have other physical problems



The NC
AS Baryon

� Bolognesi instead proposed a construction for baryon wave 
functions in which all AS quarks [½NC(NC – 1) in total] are 
completely antisymmetrized; for NC = 3 it reads:

where, again, qij ≡ εijk qk

• This BΨ construction reduces to BF when NC = 3

• One can build a BΨ baryon for every integer NC ≥ 2

• The general NC wave function can be expressed in closed form
(RFL, unpublished)

� So let us compute observables for BF (large NC
F expansion) 

and BΨ (large NC
AS expansion) baryons and compare them



Parametrizing Static Baryon 
Properties

� The lightest (N, ∆, Σ, etc.) baryons are degenerate as NC�∞

(for either the NC
F or NC

AS limit), and fill a multiplet that reduces 
for NC = 3 to the old SU(6) 56-plet

� They differ only in quark flavor content or relative quark spin 
orientation, whose effects can be parametrized by operators 
using the basis (again, with either NC

F or NC
AS quarks):



The Effective Hamiltonian
Dashen, Jenkins & Manohar; Carone, Georgi & Osofsky; Luty & March-Russell 

(1994)

� Processes involving the (entangled) interaction of n quarks are 
represented by n-body operators; in NC

F, typical diagrams are:

� Generic n-body operators are suppressed by 1/NC
n [NC

F] or
1/[½NC(NC–1)]n ~ 1/NC

2n [NC
AS], one factor for each J, T, G

� From these operators construct a baryon Hamiltonian that is 
perturbative in powers of 1/NC [Effective theory]

2-body 3-body



Calculating with the Hamiltonian

� For NC
F,

H = c0 NC 1 + c1
(8) NC

0 T8 + cJ J2/ NC + …

where T8 = , J2 =

� For NC
AS, just replace each NC � NC

2

� ck: dimensionless coefficients (× ΛQCD), should be of order unity

� Easy to include SU(3) breaking: e.g., c1
(8) � εc1, ε ≈ 0.25

� Since the operators form a complete set, to each one 
corresponds a unique combination of baryon masses

� Compare to the average multiplet mass (NC [NC
F], NC

2 [NC
AS])

(NC
F Calculation performed by Jenkins & RFL [1995])
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Isosinglet Mass Combinations

and Ω

and Λ



I = 0 Baryon Mass Operators



Scale of SU(3) flavor breaking

� One of many possible measures:

ε = (mK
2 ‒ mπ

2 )/Λχ ≈ 0.226

where Λχ ≈ 1 GeV is the chiral symmetry-breaking 

scale

� Any other reasonable definition should give

ε ≈ 0.20–0.30



The I = 0 Mass Combinations
Special to 1/Nc

Cherman, Cohen & RFL, Phys. Rev. D 80, 036002 [2009]:
Compare these results for NC

F and NC
AS



Jenkins & RFL (1995)

Mass

difference

quotient



Obtaining Scale-Independent 
Tests of the Expansions

� Take each Mi and form Mi', the same combination with all “–” 
signs turned to “+” (Note that Mi' is O(NC) [NC

F], O(NC
2) [NC

AS])

� Define the scale-independent ratios Ri ≡ Mi /(½ Mi')

e.g., M3 = N0 – 3Σ0 + Λ + Ξ0

� R3 = (N0 – 3Σ0 + Λ + Ξ0)/[½ (N0 + 3Σ0 + Λ + Ξ0)]

� Compute the corresponding theory suppression factors Si by 
replacing the masses in Mi and Mi', with their NC and ε scalings

e.g., in NC
F, M3 ~ εNC

0, M3' ~ NC � S3 = ε/NC

� How good is the expansion?  Define accuracy Ai ≡ log3(|Ri|/Si)
A perfect prediction has |Ri| = Si � Ai = 0
A poor prediction has |Ri|/Si > NC or < 1/NC

Since log3(3) = 1 for Nc = 3, the figure of merit is whether
all Ai turn out to lie in a band from –1 to +1



News Flash
from CAQCD 2011:

The baryon mass spectrum 
demands a 1/Nc expansion, but 
does not strongly prefer 1/Nc

F

to 1/Nc
AS



Using the Lattice

� Since expansions use both 1/Nc and ε, lattice simulations with 
variable ε (i.e., variable ms) provide an entirely new dimension 
with which to test the quality of the expansions

� The Lattice Hadron Physics Collaboration at JLab computed*
the entire low-lying baryon spectrum for various values of mK

and mπ, hence ε [Walker-Loud et al., PRD 79, 054502 (2009)]

• *Domain-wall fermions, asqtad-improved action, MILC gauge ensembles

� Results compared to predictions of the 1/Nc
F expansion, which 

turns out to work well at various ε values

• [Jenkins, Manohar, Negele, Walker-Loud, PRD 81, 014502 (2010)]

Does the same hold for the 1/Nc
AS expansion?



How to read the accuracy plots
[Cherman, Cohen, RFL, PRD 86, 016002 (2012)]

� * = Experimental point ε = 0.226 

� Red = lattice value assuming no 1/Nc expansion

� Blue = lattice value assuming 1/Nc
F expansion

� Gold = lattice value assuming 1/Nc
AS expansion

� Figure of merit: Whether -1 ≤ Ai ≤ +1 for each mass combination



Mass combination A1

[Octet-Decuplet: Breaks 1/Nc but not SU(3)]



Mass combination A2

[SU(3) breaking only]



Mass combination A3

[First one with SU(3) breaking and 1/Nc]



Mass combination A4



Mass combination A5

[First one sensitive to Gell-Mann─Okubo]



Mass combination A6



Mass combination A7



Today’s News Flash:

The lattice, over the whole 
range of ɛ, says that the baryon 

mass spectrum demands a 
1/Nc expansion, but does not 
strongly prefer 1/Nc

F to 1/Nc
AS



“Prescriptions”
for Physical Baryons

� Ability to study “data” with variable ɛ allows to address the issue 

of which large Nc baryon states are “physical” (survive down to 
Nc = 3) [consider here only the 1/Nc

F expansion]

� e.g., the spin-3/2 multiplet (“decuplet”) for Nc = 15

S prescription:     

Fewest strange quarks =

lightest states when ms > mu,d

Y prescription:       

Smallest hypercharge =

Smallest I, U, V spins

Symmetric SU(3) limit

Appropriate when ms ≈ mu,d



Are the Prescriptions Related?

� Y = Nc B/3 + S

→ In S prescription, S = O(1), Y = O(Nc)

→ In Y prescription, S = O(Nc), Y = O(1)

� Choose operator bases {Oi
S}, {Oi

Y} that most clearly support ɛ 

and 1/Nc
F expansions.  Then the matrix elements are simple:



Do Baryon Mass Differences 
Distinguish S,Y Prescriptions?

� How do the operator coefficients ci
S, ci

Y compare?

• Is one set of natural size and the other not?

� No: ci
S = ci

Y + (equal or subleading in ɛ, 1/Nc
F) and vice-versa

� Why?  Because of the linear Y-S relationship:

• Oi
S,Y is the first operator with a piece transforming under a given 

irreducible spin-flavor representation in the S, Y prescription

• Differences between them just represent suppressed traces of 

lower-order operators, which are removed in the baryon mass 

differences

� Conclusion: Either prescription is equally good for baryon mass 
differences.  Only hope for distinction: common baryon masses



The Common Baryon Mass A0:
Preference for S or Y Prescription?

S: ~ O(1) + O(ε/Nc); Y: ~ O(1) + O(ε); 

Actual fit: A0 = 0.215 – 0.177ε

Inconclusive



Future Possibilities

1) At CAQCD-11, I also exhibited results
[RFL & R. TerBeek, PRD 83, 016009 (2011)] showing baryon 
magnetic moments, despite being a smaller measured data set 
than masses, strongly prefer 1/Nc

F to 1/Nc
AS or to no 1/Nc

expansion.  Can anything similar be done with lattice results?

� Yes, in the not-distant future [Walker-Loud, private communication]

2) Why not vary Nc as well in the lattice simulations?

� The first steps are underway: T. de Grand, PRD 86 (2012) 034508

[and private communications as recently as today!]

3) The lattice results look smooth as ɛ→0.  Any hint of chiral logs?

� Yes: Walker-Loud, PRD 86 (2012) 074509



Conclusions
� Large Nc expansions that take quarks to live in the color fundamental

(1/Nc
F) and two-index antisymmetric (1/Nc

AS) representations are both 

plausible extensions from Nc = 3 giving rise to distinct phenomenologies

� Lattice simulations support the viability of both the 1/Nc
F and 1/Nc

AS

expansions to successfully accommodate the baryon mass spectrum

� Improvements to lattice simulations may eventually produce a 

preference for one of the expansions, e.g., for baryon magnetic 

moments, which prefer the 1/Nc
F expansion

� The hierarchy of large Nc baryon mass relations is largely insensitive to 

different prescriptions for placing the Nc = 3 baryons in large Nc SU(3) 

multiplets, although future lattice results may eventually suggest a 

preference



What about the I ≠ 0 splittings?

BUT:

• ∆ and Σ* isospin splittings

are poorly known

• ΛΣ0 not directly measured

Eliminating them leaves just

two I = 1 combinations at

O(1/NC
F) and none at higher

order � Can just choose

isospin violation parameter ε'

to soak up extra NC in NC
AS

Only one I = 2 and no I = 3

combinations remain

� No decisive prediction



How to handle the Nc’s

� Denominator Nc’s come from ’t Hooft scaling→

• In going from 1/Nc
F to 1/Nc

AS, just replace 1/Nc
1→ 1/Nc

2 

� Numerator Nc’s come from combinatorics→

• In going from 1/Nc
F to 1/Nc

AS, leave Nc(Nc–1)/2 as is


