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1 Background

Service systems which involves waiting is of crucial importance in our daily lives. In a single server
queueing system in which the types of customers are mixed and random like Starbucks, those
types of customers who are expected to be slow are likely to block customers behind him, making
the overall waiting time unnecessarily long. Hence it is plausible that by splitting the server with
properly allocated service resources, each restricting to serve certain types of customers, one can
increase the overall service quality.

In this project we built a model describing this phenomenon and discuss the optimal scheme
for allocating of service resources. It turns out that there is actually a trade-off between reducing
the idle times of both servers and keeping waiting time for the fast-typed customers low. We find
that when different types of customers differ significantly in the expected service time, it is good to
separate the queue. Moreover, we find some structures in the optimal solution which might reduce
the searching complexity into polynomial time.

2 Literature Review

Whitt [2] gave detailed discussion on how serving performance can be improved by grouping cus-
tomers. However, he chose to decide on the number of servers to allocate rather t

In the recent literature, we found the policy model SITA (Size Interval Task Assignment) was
studied, for example, in [1], assuming that the realization of service time is known priori, and tries
to decide on the threshold above which the task should be assigned to a separate queue. Our model
is similar, but different in the sense of 1. we assume that the service time follows hyper-exponential
distribution; 2. the realization of service time is unknown but rather we are trying to decide on
how to divide the “class” of customers.
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3 Our Model

Suppose we have n types of customers, with respective independent Poisson arrival rate λi and
Exponential serving rate µi in first-come-first-serve(FCFS) order. If we put them into one queue,
the overall expected waiting time can be large due to large variation of serving time distributions.
So we separate them into two queues, i.e., separate the serving system into two isolated servers.
We divide the n types of customers into two subsets S1 and S2 so that types of customers in S1
are restricted to be served in the first server and S2 in the second server.

We assume that the serving rate of each customer is reduced by a factor which describes the
amount of serving resource allocated to each server,i.e., the serving system consists of two M/Hk/1
queues, with serving rates {αµi}i∈S1 , {(1− α)µi}i∈S2 , respectively.

Let x ∈ {0, 1}n := (I{1∈S1}, I{2∈S1}, ..., I{n∈S1}), where I{.} is the indicator function.
Similarly, define y ∈ {0, 1}n := (I{1∈S2}, I{2∈S2}, ..., I{n∈S2}) so that x+ y = 1n

Our goal is first to decide on x and α to minimize the overall average waiting time by
person. At a higher level, we are trying find the structure of optimal solution. Hopefully, we can
find a beautiful optimal policy if the first two questions are solved.

4 Our results

We have derived closed-form optimization problem in the following:

min W =

∑ λixi
µ2i

α2 − α
∑ λixi

µi

∑
xiλi∑
λi

+

∑ λiyi
µ2i

β2 − β
∑ λiyi

µi

∑
yiλi∑
λi

s.t. xi + yi = 1

α+ β = 1

α, β, xi, yi > 0

xi, yi ∈ Z

(4.1)

Theorem 1. For any fixed x, W is convex with respective to α.

Theorem 2. (large deviation leads to separation of queue) We assume the arrival rates for cus-
tomers are identical. For any division S1, S2 and fixed {µi : i ∈ S1}, there exist sufficiently large
{µi : i ∈ S2} such that when W is reached at optimality, the queue should be separated.

Theorem 3. (Improvement Ratio) We assume the arrival rates for customers are identical. For
any division S1, S2 and fixed {µi : i ∈ S1}, we set the improvement ratio γ as the optimal average
waiting time if we don’t allow separating the queue over that if we do. Then we have sup{µi:i∈S2}γ =
|S1|+ |S2|
|S1|

.
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5 Future Work

By numerical experiments we observed more structures in optimal solution. For example,we set
the arrival rates to be identical,and then found that when the optimal waiting time is reached,
either the queue is not separated, or the quickest k types of customers should be grouped into one
queue. This result is consistent with the observation by Whitt [2] . So we conjecture that there
exists a threshold for service rate so that as long as we follow the “threshold policy”, we can get
the optimal solution. Up to now all numerical results shows this is right but we are still working
on proving it mathematically

6 My personal summary about UROP project

Personally I am very grateful to UROP, since it provided a very valuable funded research experience
for me. Through this project, I discussed the problem formulation with my adviser, Prof. Zizhuo
Wang, and worked on finding the optimal solutions. I quickly found a working algorithm to solve
the problem, but a slow one which only worked for small size problems. So we worked on finding the
structure of optimal solution so that we can narrow the candidate solution space. We found some
properties which were quite intuitive. We also did a lot of numerical experiments which indicated
an even stronger result. This may be left as future research work proving the correctness of it.

I think I have learnt a lot form this project. Before the project, I was feeling like a baby
which knew nothing about research. But thanks to the research project, I learnt to read papers,
to think independently of a question which is not even well-defined, and even to write technical
reports using letax... Throughout this research project, I found that the feeling of taking courses
and doing research are quite different: taking courses is like farming, where you work hard expect
to harvest;while doing researches is like sailing in the occean: you are taking an adventure in which
you never know what will happen next, but any island you find is new and that enjoyment it brings
about is such that nothing can beat.

I think UROP is a very well-organized program and without it, I might had not been able
experience research at such an early stage. Thank you!
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