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Abstract

In this thesis, we focus on the application of sparsity-encouraging regularization

techniques to the problem of Direction-Of-Arrival (DOA) estimation using sensor ar-

rays. By developing the sparse representation models for the spatial covariance matrix

of correlated or uncorrelated sources respectively, the DOA estimation problem is re-

formulated under the framework of Sparse Signal Reconstruction (SSR). The L1-Norm

regularization technique is employed to formulate sparsity-exploiting DOA estimation

algorithms, which can estimate DOAs and signal powers simultaneously. The algorithm

specialized for uncorrelated sources, Sparse Spectrum Fitting (SpSF), is attractive for

its computational complexity, resolution capability, low large error threshold and ro-

bustness with respect to source correlation (when combined with spatial smoothing and

forward-backward smoothing). Despite the similarity between the formulation of SpSF

and ordinary SSR algorithms, such as Lasso [1], SpSF can perform much better than

predicted by the existing theoretical results in SSR literature, because of the extra posi-

tivity constraints in its formulation (which are included since the optimization variables

of SpSF represent the signal powers). Thus, we begin this thesis by developing and jus-

tifying its formulations. This is followed by a discussion of the existence and uniqueness

of the solutions of SpSF, which provides an explicit formula for the maximum number

of sources whose DOAs can be reliably estimated by SpSF. Although it is hard to di-

rectly relate this maximum number of sources to the number of sensors M , we recognize

that this maximum number is actually the degree of freedom of the co-array and, as

an exception, we prove that by using Uniform Linear Arrays (ULA), SpSF can work

with M − 1 sources. Further, by combining with the uniqueness result, the estimation

consistency of SpSF with respect to infinitely many snapshots and sensors is obtained.

Another focus of this thesis is the selection of the regularization parameter (RP)

of SpSF. Inspired by the theoretical analysis in the first part of this thesis, Diagonal

Loading technique is used to significantly reduce the sensitivity of SpSF with respect

to its RP, which further enables the control of such sensitivity. Based on the Discrep-

ancy Principle, an iterative version of SpSF, Iterative-SpSF (I-SpSF), is formulated as

a parameter-free optimization algorithm and shown to achieve similar or even better

iv



performance than SpSF using exhaustively searched but fixed RPs. Following that, by

analyzing SpSF’s probability of perfect support recovery, an upper bound on such prob-

ability is proposed. This upper bound can accurately approximate the probability of

perfect DOA estimates of SpSF (perfect DOA estimates is only possible in the context

of DOAs belonging to the grid of candidate directions). Based on this upper bound

and a Monte Carlo evaluation process, an automatic and data-adaptive RP selector is

proposed for the purpose of DOA estimation when the number of snapshots is finite.

This technique is robust with respect to its parameters and can help SpSF to achieve

almost the same or even better performance than exhaustively searched and fixed RPs

for uncorrelated and correlated sources respectively.

The extensions of SpSF to the cases of off-grid DOAs and moving sources are consid-

ered and two algorithms SpSF with Modeling Uncertainty (SpSFMU) and Persistently

Active Block Sparsity (PABS) are proposed for the two cases, respectively. By using

extra variables to parameterize the modeling errors caused by off-grid DOAs, SpSFMU

is formulated as a convex optimization problem that can provide continuous DOA es-

timates. Under the presence of off-grid DOAs, SpSFMU can be used either to improve

the estimation performance of SpSF or to reduce its computational complexity. In

contrast, PABS is introduced as a general estimator for inconsistent but persistently ac-

tive sparse models. PABS is formulated by using a novel objective function promoting

Block-Level Sparsity and Element-Level Sparsity simultaneously. Then, on the basis of

the sparse representation model of array snapshots, PABS is applied to the DOA es-

timation of moving sources and shown to exhibit significant performance improvement

over C-HiLasso [2] and SPICE [3].

Intensive simulation results are included in each chapter to illustrate the effectiveness

and performance of the presented algorithms and theoretical analyses.
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Chapter 1

Introduction

In this dissertation, we consider the problem of source localization using sensor arrays.

With sensor arrays, source localization, which is a major objective in a number of

signal processing applications, can be translated to the Direction-Of-Arrival (DOA)

estimation. Among the existing DOA estimation methods, the signal subspace technique

has been widely used due to its super-resolution performance balanced with reasonable

computational complexity. A fundamental assumption of the methods based on this

technique is the existence of a low-dimensional signal subspace, which usually implies a

limited number of impinging sources. In combination with the plane wave propagation

model, this implication leads to spatial sparsity, which has promoted sparsity-exploiting

DOA estimation methods by utilizing recently advanced sparse signal reconstruction

algorithms. These methods have been shown to have the potential for performance

advantage over signal subspace techniques, including better resolution and robustness

to correlation among sources. A new DOA estimation method based on the sparsity

of spatial spectrum and its estimation performance and practical applications are the

main concerns in this study.

The configuration of array and the basic assumptions on signal and noise are de-

scribed in Section 1.1. The mathematical models of array observation and spatial covari-

ance are formulated in Section 1.2. Examples of typical non-sparsity-exploiting methods

are presented in Section 1.3. In Section 1.4, algorithms of sparse signal reconstruction

and related areas are introduced. In Section 1.5, we provide a review of prior sparsity-

exploiting DOA estimation methods, some of which are of interest to this dissertation.
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Finally, an outline of the thesis with a brief summary of the contributions is presented

in Section 1.6.

1.1 Background

Array signal processing is generally concerned with the development of parameter re-

trieving algorithms from data sequences which are collected by a set of spatially distinct

sensors. Figure 1.1 is an example of general configuration of an array which receives

signal(s) with inevitable random noise in each sensor. The positions of the sensors

are specified by their coordinates (xm, ym, zm), m = 1, ...,M , where M is the num-

ber of sensors in the array. The direction of any source is specified by its spherical

coordinates (ρ, ψ), where, as illustrated in Figure 1.1, ρ ∈ (−90◦, 90◦) is the elevation

angle and ψ ∈ (0◦, 360◦) is the azimuth angle. The signal sources may represent active

sources or multipath reflectors. Therefore, the incoming signals can be correlated or

even coherent. Further, the systems of array sensors often contain receivers or demodu-

lators, which sample and convert the received continuous signals into digital sequences

in base-band and facilitate the implementation of array signal processing algorithms

in the succeeding digital processors. Since the focus of this dissertation is the DOA

estimation algorithms, we refer the reader to [5] for more details on such conversions.

In this dissertation, our formulations and derivations are based on the complex envelop

representations (in discrete time) of signals and noise. The objective of DOA estima-

tion methods is to estimate the directions of the sources, with or without knowledge of

the number of sources, from the array data sequences, which are the responses to the

impinging signals. DOA estimation can be applied to wireless communications, radar,

sonar, radio-astronomy and many other domains.

From the theoretical point of view, some reasonable assumptions about a sensor

array, signals and noise are needed for developing mathematical models and analyzing

DOA estimation methods. Throughout this dissertation, the following assumptions are

made:

• The sensors in an array are identical and omnidirectional. The positions of the

sensors are known or measured with sufficient accuracy.

• The sources of interest are narrow-band and in the far-field with respect to the
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Figure 1.1: Spatial Configuration for General Array Signal Processing

physical size of an array, which means that the plane-wave model for the impinging

signals is adopted. DOA estimation methods for narrow-band signals can also be

applied to wide-band signals by dividing the wide-band signal into a few narrow-

band ones.

• The signals passing through homogeneous wave media result in pure time-delay

and attenuation of the original signals.

• The discrete time signals are temporally white and the sources are spatially stable

(unless otherwise noted).

• The noise, n(t) ∈ CM×1, is Additive White Gaussian Noise (AWGN) with zero-

mean and unknown power level. Further, it is uncorrelated with the sources.

Although these assumptions are necessary to our theoretical analysis, the methods pro-

posed in this thesis can still work if some of these assumptions are invalid.

1.2 Array Observation and Spatial Covariance Models

In this section, we provide the mathematical models of an array snapshot and spatial

covariance, based on the definition of the steering vector of sensor arrays. Our interest
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is in narrow-band array signal processing. Therefore, all the signals, noise and array

outputs are represented by their discrete-time complex envelopes, with the relative prop-

agation delay across the different sensors parameterized by the directional information

of the propagating plane waves.

The steering vector of a sensor array is the array response to the unitary signal (unit

amplitude and zero phase) from a specified direction and of size M × 1, where M is the

number of sensors in the array. We denote the steering vector at direction θ = (ρ, ψ) as

a(θ). Without loss of generality, one can assume unit gain for every sensor and, thus,

the steering vector of an array with general geometry can be modeled as

a(θ) = [ej
2π
λs
uT1 vθ , ej

2π
λs
uT2 vθ , ..., ej

2π
λs
uTMvθ ]T (1.1)

where j =
√
−1, λs is the wavelength of signal (at its carrier frequency), vθ , [cosρ ·

cosψ, cosρ · sinψ, sinρ]T and, as shown in Figure 1.1, um , [xm, ym, zm]T is the

position vector of the mth sensor. In model (1.1), we set the phase-reference point

at the origin, [0, 0, 0]T . However, in practice, array is usually only two-dimensional

(zm = 0, m = 1, ...,M) or even one-dimensional (ym = 0, zm = 0, m = 1, ...,M). For

a two-dimensional array (planar array), one needs to restrict ρ ≥ 0 to avoid spatial

aliasing between DOAs (ρ, ψ) and (−ρ, ψ). Further, one-dimensional arrays cannot

distinguish the directions that have the same cosρ · cosψ. Therefore, for such arrays,

we define the DOA θ = arcsin(cosρ · cosψ) ∈ (−90◦, 90◦), which is the angle between

vθ and z-y plane. If the sensors of a one-dimensional array are equally separated, the

array is called Uniform Linear Array (ULA), which has been widely used in research

literature and practical applications. Figure 1.2 shows an example of a 9-sensor ULA,

where du is the inter-sensor distance. (Note that the y-Axis in Figure 1.2 represents the

z-y plane of Figure 1.1.) By defining d = du/λs, the steering vector of M -sensor ULA

is modeled as

a(θ) = [e−j2πdsinθ·(M−1)/2, e−j2πdsinθ·(M−3)/2, ..., ej2πdsinθ·(M−1)/2]T . (1.2)

Suppose that L signals from the directions θ1, θ2, ..., θL impinge on an array, and

define Ax = [a(θ1), a(θ2), ..., a(θL)]. The array output at time t can be formulated as

y(t) = Axx(t) + n(t), t = 1, ..., N, (1.3)
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Figure 1.2: Configuration of a Uniform Linear Array

where y(t) ∈ CM×1 is the snapshot of the array output; x(t) = [x1(t), x2(t), ..., xL(t)]T

with xi(t) ∈ C, i = 1, ..., L, being the tth sample of the signal from θi; n(t) ∈ CM×1 is

the AWGN with unknown power σ2; and N is the number of independent snapshots.

Based on (1.3), the spatial covariance model can be written as

R̄ , E(yyH) = AxRxA
H
x + σ2IM , (1.4)

where E(·) denotes the expectation operation; H is Hermitian Transpose; Rx = E(xxH)

is the signal covariance; and IM is the identity matrix of size M ×M . In practice, the

true spatial covariance matrix R̄ is unknown and, therefore, replaced or estimated by

the sample covariance matrix

R =
1

N

N∑
t=1

y(t)yH(t), (1.5)

where R is a consistent estimator of R̄ and limN→∞R = R̄. Based on (1.3) (1.4) and

(1.5), we discuss several typical and popular DOA estimators in the next section.

1.3 Examples of Direction-Of-Arrival Estimation Methods

There are three major categories of non-sparsity-exploiting DOA estimators: Beam-

forming methods, Signal-Subspace-based methods and Maximum Likelihood methods.
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In the following subsections, we take one typical method from each of these three cate-

gories as examples of the non-sparsity-exploiting DOA estimators. The performance of

these estimators will be compared with those of the proposed methods.

1.3.1 A Beamforming Method - MVDR

Beamforming methods were merely applications of Fourier-based spectral analysis to

spatio-temporally sampled data when they were introduced in the second world-war.

Later, adaptive beamformers were proposed to enhance the algorithms’ capability of

resolving closely spaced sources (so-called super-resolution) [6]. Minimum Variance

Distortionless Response (MVDR) [7] is a typical adaptive beamformer and widely used

in practice because of its high resolution capability, closed-form solution and low com-

putational complexity.

The idea of MVDR is to minimize the output power/variance while keeping signals

from the DOA of interest undistorted. Specifically, the weight vector of MVDR is the

solution of the following optimization problem:

min
w∈CM×1

wHRw s.t. wHa(φ) = 1, (1.6)

where φ is the DOA of interest. The solution of (1.6) is w = (aH(φ)R−1a(φ))−1R−1a(φ),

and the corresponding power spectrum is

pmvdr(φ) =
1

aH(φ)R−1a(φ)
, (1.7)

which is evaluated for each of the DOAs of interest (or candidate DOAs). The candi-

date DOAs corresponding to the L largest peaks in pmvdr are taken as the estimates

of the true DOAs θ1, θ2, ..., θL. One of the major concerns about MVDR is its poor

DOA estimation performance, in comparison with Signal Subspace-based methods and

sparsity-exploiting methods, when the number of snapshots N or Signal-to-Noise-Ratio

(SNR) are small or the sources are highly correlated. Further, the resolution perfor-

mance of MVDR is limited by SNR, even if the sources are uncorrelated and N is

infinitely large.
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1.3.2 A Signal Subspace Method - MUSIC

The MUSIC [8] method and its Signal Subspace Technique (SST) have been a major

focus of DOA estimation research literature. Many methods have been proposed to

utilize the SST for DOA estimation under different settings, e.g. wideband signals

[9], cyclic signals [10], ULA [11] etc. The underlying idea of SST is to divide the

subspace spanned by the eigenvectors of R̄ into signal and noise components based on

the special structure of the noise covariance E(nnH) = σ2IM . Specifically, if the sources

are not coherent, we have the eigenvalue decomposition AxRxA
H
x = VDxV

H , where

Dx = diag(λ1, λ2, ..., λL, 0, ..., 0) with λi > 0 and V = [v1, ..., vL, vL+1, ..., vM ] with vi

being the eigenvectors. Further,

R̄ = V · diag(λ1 + σ2, ..., λL + σ2, σ2, ..., σ2) ·VH . (1.8)

The subspace spanned by v1, ..., vL is identical to that spanned by a(θ1), ..., a(θL) and

referred to as signal subspace. Therefore, the noise subspace, which is spanned by

vL+1, ..., vM , is orthogonal to a(θi), i = 1, ..., L. Under the assumption L < M (so that

the noise subspace exists), the MUSIC “spectrum” is formulated as a measurement of

the orthogonality between a(φ) and the noise subspace for each candidate direction φ.

Thus,

pmusic(φ) =
1

aH(φ)VnVH
n a(φ)

, (1.9)

where Vn = [vL+1, ..., vM ]. In practice, R̄ is replaced by R and v1, ..., vL are identified

as the eigenvectors corresponding to the L largest eigenvalues of R. Similar to MVDR,

the true DOAs are estimated by the L largest peaks in pmusic. As shown in [12], if

the sources are uncorrelated, MUSIC provides consistent and efficient (in the sense of

estimation theory) estimates of the DOAs as SNR and M go to infinity.

A disadvantage of MUSIC is that it suffers from obvious degradation in DOA estima-

tion performance when the pre-given or estimated L is not accurate. Further, MUSIC

is vulnerable to correlations among the impinging sources. When some of the sources

are highly correlated or even coherent, MUSIC fails because of the rank deficiency of

the signal subspace. In contrast to MVDR, when N is infinitely large and the sources

are uncorrelated, the resolution capability of MUSIC is unlimited no matter what SNR

is [13].
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1.3.3 Maximum Likelihood - Stochastic ML

Maximum Likelihood (ML) DOA estimators have been intensively studied [5][6][12]. In

contrast to the ad-hoc manner of MVDR and MUSIC, ML methods directly optimize

the likelihood functions by treating DOAs as unknown parameters and more fully ex-

ploiting the underlying array-data models. Generally, there are two types of ML DOA

estimators: Deterministic ML (DML) and Stochastic ML (SML). In DML and SML,

the signals are modeled as deterministic and Gaussian random variables respectively.

Due to its better DOA estimation performance than DML, the SML described in the

reference [6] is used as an example of ML estimators and as a specific point of compar-

ison for the proposed estimators. The SML takes σ2, Rx and θ1, ..., θL, as parameters

for minimizing its negative log-likelihood function

L(θ1, ..., θL,Rx, σ
2) = ln |R̄|+ tr[R̄−1R], (1.10)

where R̄ = AxRxA
H
x + σ2IM , tr[·] is the trace of the matrix and R is the sample

covariance matrix. By minimizing this function with respect to σ2 and Rx, one can

obtain

σ̂2 =
1

M − L
tr[(IM −Ax(AH

x Ax)−1AH
x )R], (1.11)

and

R̂x = (AH
x Ax)−1AH

x (R− σ̂2IM )Ax(AH
x Ax)−1. (1.12)

Substituting (1.11) and (1.12) into (1.10), the estimates of the DOAs are given by

{θ̂1, ..., θ̂L} = argmin |AxR̂xA
H
x + σ̂2IM |. (1.13)

Note that σ̂2 and R̂x are dependent on θ1, ..., θL. Therefore, when solving the optimiza-

tion problem (1.13) through exhaustive search, one needs to evaluate (1.11) and (1.12)

before the objective function of (1.13) for each point in the search grid. This estimator

shows better estimation performance than MVDR and MUSIC, especially for highly

correlated or even coherent signals.

Although there are some fast algorithms to solve (1.13) for ULAs [6], solving (1.13)

generally involves a L-dimensional search whose computational complexity can be pro-

hibitive when the number of sources is large. Further, as shown in the previous para-

graph, SML requires knowledge of L and is sensitive to errors in L.
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1.4 Sparse Signal Representation

Since the methods proposed in this dissertation and many existing sparsity-exploiting

DOA estimation methods are based on concepts, models and algorithms of sparse rep-

resentation, we now provide a brief review of the literature of sparsity-encouraging

regularization methods. Although there are many works proposing and analyzing such

methods, in this section, we adopt the notations, formulations and terms of sparse sig-

nal reconstruction, e.g.[14][15], because the settings of the problems considered in this

area are more similar to DOA estimation problems than the other related ones, e.g.

compressive sensing. We start with the introduction of the sparse representation model

and then describe the sparse signal reconstruction methods which will be used in the

following chapters.

1.4.1 Sparse Representation Model

Consider the following linear equation system

y =
L∑
i=1

sibi + n. (1.14)

Here, y ∈ CM×1 is the observation data, si ∈ C are the input signals, bi ∈ CM×1 are

the so-called “atoms” and n ∈ CM×1 is the additive noise. A common problem setting

of signal representation or decomposition is that:

• It is known that the atoms bi i = 1, ..., L belong to a “dictionary” (set), A,

containing K (> L) atoms (vectors of size M × 1).

• All the atoms in A are known and denoted by ak ∈ CM×1, k = 1, ...,K.

• y is known and anything else in (1.14) is unknown.

• The goal is to find out which atoms of A are involved in this linear system and

estimate the values of si i = 1, ..., L.

Under this setting, (1.14) can be reformulated as

y = Ax+ n, (1.15)
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where A = [a1, a2, ..., aK ] is called observation matrix and x = [x1, x2, ..., xK ]T with

xk = si if ∃bi = ak and xk = 0 otherwise. Any x satisfying the equation (1.15) is

called a representation or decomposition of y on the dictionary A. Further, the goal

is translated to the estimation of x from y, which is a linear inverse problem. In this

dissertation, we are only interested in the cases where K > M and a1, a2, ..., aK form

an overcomplete basis, rank(A) = M . Such cases have found applications in many

different areas, e.g. machine learning and image compression. However, the major

difficulty of such a linear inverse problem is the existence of infinitely many solutions

(rank deficiency of the representation in 1.15).

The desired solutions can be distinguished by various properties (or “measure-

ments”) of x, which are usually used as the objective functions, penalization or reg-

ularization terms of some optimization problems. A traditional choice of such measure-

ments is the L2-Norm of x, ‖x‖2, and the corresponding solution can be obtained by

using the Moore-Penrose pseudo-inverse of A. Further, L2-Norm can be viewed as a

special case of the Tikhonov regularization term [16], ‖Γx‖2, where Γ is the Tikhonov

matrix giving priority to solutions of desirable properties. Both ‖x‖2 and ‖Γx‖2 tend

to have a smoothing effect and all the elements in their solutions are generally nonzero.

Another relevant measurement of x is total variation [17], ‖Dx‖1, where D is a gradient

or derivative operator. Total variation has been widely used in image processing since it

favors sparsity in gradients and thus encourages sharp edges and piecewise smoothness.

However, none of these measurements promote sparse solutions, which are the true or

favorable solutions in many applications. (By sparse, we mean that most of xis are zero

(or very small) and the number, L, of nonzero (or significant) xis is much smaller than

K. x is said to be L-sparse.) In Figure 1.3, we show an illustration of a linear system

(1.15) with sparse x. The elements in vectors or matrices are represented by the small

squares; the darker the color is, the larger the absolute value is (white=0). Thus, the

target of sparsity-encouraging regularization is to find the sparsest x which satisfies the

equation (1.15) with given y and A and “explains” y with fewest atoms.

A natural choice of a measurement of x to encourage sparsity in the solution is the

so-called L0-Norm, which is actually a pseudo-norm and defined as ‖x‖0 =
∑K

k=1 |xk|0.
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Figure 1.3: Example of Linear System with Sparse x

Obviously, ‖x‖0 equals the number of nonzero elements in x; thus, the following opti-

mization problem finds the sparsest solution within its feasible region

min
x∈CK×1

‖x‖0 s.t. ‖y −Ax‖2 6 β, (1.16)

where β is a regularization parameter and the constraint is introduced to account for

the unknown additive noise n. Although L0-Norm and (1.16) directly aim at the spars-

est solution, it is inherently a combinatorial problem and computationally intractable.

Thus, there are many convex or non-convex measurements proposed to approximate

the L0-Norm with much smaller computational complexity. In the next subsection, we

provide a review of the most popular approximation, L1-Norm. Other choices can be

found in [18][19][20] and the references therein.

1.4.2 L1-Norm Regularization

L1-Norm is defined as: ‖x‖1 =
∑K

k=1 |xk|, where |xk| is the absolute value of xk. Among

all the “Norms” defined as ‖x‖p = p
√
|x1|p + |x2|p + ...+ |xK |p with p > 0, L1-Norm is

the best convex approximation of L0-Norm and therefore has gained popularity in pro-

moting sparse solutions to the linear inverse problem (1.15), e.g. Compressive Sensing

(CS) [21], Sparse Signal Reconstruction (SSR) [14] and LASSO [1]. The algorithms of

these approaches are formulated as

min
x∈CK×1

‖x‖1 s.t. ‖y −Ax‖2 6 β, (1.17)
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or its equivalent optimization problems, which are convex and can be efficiently solved

by using either an off-the-shelf software based on the interior point method or the

coordinate descent method [22].

Despite the equivalence of these algorithms, the problems faced in CS, SSR and

LASSO are not exactly the same. In CS [21][23][24], it is usually assumed that A is the

product of a random projection matrix and a basis matrix. Part of the research foci of

CS are the design or the selection of these two matrices and the conditions under which

L1-Norm minimization or regularization can stably recover the sparse signal x, e.g.

Restricted Isometry Property (RIP) [21]. In contrast, the literature of SSR [14][25][26]

assumes the matrix A to be arbitrary but fixed, and analyzes the recovery performance

based on some properties of A, e.g. upper bounds on the recovery errors [14]. The

works about LASSO [1][27][28] have similar problem settings as CS, but are usually

applied to machine learning or classification. We are more interested in the analysis

and results of SSR than CS and LASSO because the major DOA estimators proposed

in this dissertation appear very similar to (1.17), and their observation matrices are

determined by the array geometry and thus are non-random. However, as a specific

application of SSR, the problem of DOA estimation has some special properties which

are not considered in the works of SSR. Therefore, the performance of the proposed

DOA estimators can be better than predicted by the theoretical results of SSR, e.g.

[14]. More detailed discussions and analysis of these issues can be found in Chapter 3.

1.4.3 Group Sparsity and Group Lasso

When multiple observations (ys) are available and their corresponding representations

(xs) share some common properties, one would naturally expect performance improve-

ment by jointly estimating xs (rather than separately). An important member of such

properties is the so-called Group Sparsity, which was first introduced in reference [29].

Although group sparsity was defined in a very general way in [29], in this subsection,

we adapt the settings and formulations for Group Sparsity so that they better fit with

the DOA estimation problem.

Assuming a constant observation matrix A, one can have the model for multiple

observations

yt = Axt + nt, t = 1, ..., N (1.18)
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where N is the number of observations and, yt ∈ CM×1 and xt ∈ CK×1 denote the tth

observation and its representation, respectively. Further, by defining Y = [y1, y2, ..., yN ],

X = [x1, x2, ..., xN ] and N = [n1, n2, ..., nN ], (1.18) can be rewritten in a compact form

Y = AX + N. (1.19)

In the cases where xt t = 1, ..., N are L-sparse and have the same support, matrix X

only contains L nonzero rows. Each row of X is called a group, and thus only L out

of K groups are non-trivial. Such sparsity is defined as Group Sparsity; in contrast,

the sparsity discussed in Subsections 1.4.1 and 1.4.2 is called Element Sparsity. In the

rest of this dissertation, the word “sparsity” is used to represent either Group Sparsity

or Element Sparsity and its meaning will be clear from the context. In Figure 1.4, we

show an example, with N = 3, to illustrate Group Sparsity.

Figure 1.4: Example of Group Sparsity

To exploit the group sparsity of X, Group LASSO [29] is formulated as

min
X∈CK×N

‖[r1, r2, ..., rK ]T ‖1 s.t. ‖Y −AX‖f 6 β, and rk = ‖Xk,:‖2 (1.20)

where Xk,: is the kth row of X and ‖ · ‖f is the Frobenius-Norm. The objective function

of Group LASSO is a combination of L1-Norm and L2-Norm; therefore, it has two-fold

effects: by minimizing the L1-Norm of vector [r1, r2, ..., rK ]T , Group LASSO encour-

ages solutions with group sparsity, and by using the L2-Norm of the groups (rows) of

X, Group LASSO tends to smooth the elements inside each active (nonzero) group.

The latter effect is desirable, especially in cases where the elements inside the active
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groups are of similar strengths or distributions. To efficiently solve Group LASSO, one

can either transform (1.20) to a Second-Order-Cone (SOC) programming or use the

specialized algorithm proposed in the reference [30]. For the performance analysis and

extensions of Group LASSO, we refer the reader to the works [30][31][32][33][34] and

the references therein.

1.5 Review of Sparsity-Exploiting DOA Estimators

The concept of sparsity has motivated many algorithms in spectrum and DOA esti-

mation that explicitly emphasize or exploit either spectral or spatial sparsity. These

algorithms promise high resolution capabilities in some cases with few or even a single

snapshot. Generally, they can be categorized according to their (equivalent) approxi-

mation of L0-Norm, either convex or non-convex.

Before the wide application of L1-Norm minimization or regularization in array

signal processing, there were a few sparsity-exploiting algorithms related to DOA es-

timation that were based on non-convex approximations of L0-Norm. FOCUSS [35],

which is an iterative weighted minimum L2-Norm algorithm, was proposed for a general

linear system inverse problem and, as an example, applied to the problem of estimating

DOAs by using only one snapshot. Later in [36], it was shown that FOCUSS is an equiv-

alent algorithm achieving local minima of Lp-Norm (0 < p < 1), which is a non-convex

approximation of L0-Norm. Therefore, depending on the initial “guess”, FOCUSS may

converge to non-sparse or non-desirable solutions. After FOCUSS was proposed, an

algorithm formulated by explicitly minimizing Lp-Norm (0 < p < 1) was proposed in

[37], along with a simplex search algorithm to find a global optimum. Although this

algorithm can be straightforwardly applied to a DOA estimation problem for the one-

snapshot case, the author of [37] used it to design sparse beamforming arrays. Another

related algorithm (referred to as SPCG), which approximates L0-Norm by a ln function,

was proposed for estimating line-spectrum in [38]. SPCG assumes Cauchy distribution

for Fourier coefficients and was solved by an iterative method [38]. Since the objective

function of SPCG is non-convex, this iterative method can only achieve local minima,

and thus the solution of SPCG is also dependent on the initial “guess”. Similar to the

above two algorithms, SPCG can only work with one-snapshot case when applied to
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DOA estimation problem

The algorithms utilizing convex approximation of L0-Norm (L1-Norm) are of more

interest to us than the non-convex ones because such algorithms are more computa-

tionally efficient, require no initial “guess” and are based on LASSO or sparse signal

reconstruction algorithms whose properties have been well studied. Further, these al-

gorithms jointly use multiple snapshots, which is very desirable under the settings of

this dissertation because the signal strength is a random variable and thus can be very

weak in some of the snapshots. Therefore, such algorithms can achieve better DOA

estimation performance than the ones described in the last paragraph. One of the early

efforts of applying L1-Norm minimization to DOA estimation is the Global Matched

Filter (GMF) [39]. GMF exploits spatial sparsity by constructing a sparse representa-

tion model in beam-space, which relies on a special property of the Uniform Circular

Arrays (UCA). GMF can only work with a UCA. Since the sparse model of GMF is con-

structed on the basis of a sample covariance matrix, its computational complexity keeps

constant with respect to the number of snapshots N (and also the number of sources

L). The sparsity-exploiting DOA estimator of most interest to us is L1-SVD [40], which

establishes a sparse representation model of snapshots in element space and for arbi-

trary array geometry. It efficiently exploits spatial sparsity in multiple snapshots by

using Singular-Value-Decomposition (SVD) to “concentrate” the data sets and Group

LASSO to jointly estimate the DOAs. Although L1-SVD can provide lower resolution

threshold than MUSIC and is relatively robust with regard to highly correlated sources,

it requires knowledge of the number of sources L and its computational complexity

grows proportionally with L. An example of recent sparsity-exploiting DOA estima-

tors is SPICE [3], which is based on a sparse model of sample covariance matrix and

weighted L1-Norm of spatial spectrum. SPICE can be efficiently solved by an iterative

method with simple updating formulas and, more importantly, is free of regularization

parameter and is robust with regard to coherent signals. However, as a price of such ad-

vantages, the spatial spectrum estimated by SPICE tends to be non-sparse. Additional

examples of L1-Norm-based DOA estimators can be [41][42][43][44].

Note that, for the underlying sparse representation models of these algorithms to be

valid for the DOA estimation problem, one needs to make a few assumptions, including

• The true DOAs belong to a grid of candidate directions.
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• There is no calibration error.

• The sources are not moving if the algorithm utilizes multiple snapshots.

The above assumptions will apply to the derivations and analyses in Chapter 2 - 4. Ex-

tensions of the proposed DOA estimators will be presented in Chapter 5 to incorporate

off-grid DOAs and moving sources into our sparse representation models. Some other

methods dealing with these issues and the related analyses can be found in [45][46][47]

and the references therein.

1.6 Dissertation Outline

In this dissertation, we develop a sparse representation model for the spatial covariance

in element space. This model makes possible the application of sparse signal reconstruc-

tion algorithms to DOA estimation problem. Based on the L1-Norm regularization, we

formulate two different optimization problems: one for correlated signals and the other,

referred to as Sparse Spectrum Fitting (SpSF), for uncorrelated signals. SpSF is of

more interest to us than the other one, since it can achieve similar estimation perfor-

mance even for correlated sources (in such cases, a decorrelation method is necessary

to be combined with SpSF) with much less computational complexity. Because of some

special properties of the sparse model, the general theoretical analysis in sparse signal

reconstruction and its related literatures is not meaningfully applicable to the proposed

algorithms; therefore, some specialized performance analysis is provided in this disser-

tation. Further, as a regularized estimator, SpSF has a regularization parameter (RP),

the value of which is critical to the estimation performance of SpSF. Although there are

a few methods for selecting RPs, e.g. cross validation and discrepancy principle, they

are either not computationally efficient or heavily dependent on the exact knowledge of

the distributions of signals or noise. Thus, following the theoretical analysis, we propose

several methods to help select the RP of SpSF that do not increase computational com-

plexity significantly and require very limited prior information. Along with the concept

of persistent block sparsity, extensions of SpSF are presented to incorporate various

modeling errors into the estimators.

In Chapter 2, we develop the sparse representation model for the spatial covariance.

Based on this model, a sparsity-exploiting DOA estimator is proposed for potentially
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correlated or even coherent sources. Its specialized version for uncorrelated sources,

which is named SpSF and is much more computationally efficient than the former one,

is also presented. The application of SpSF to the cases of correlated sources is discussed,

and simulation examples are provided to compare the DOA estimation performance of

the proposed estimators with MUSIC, MVDR, L1-SVD, SPICE and SML.

In Chapter 3, we analyze the conditions for the existence and uniqueness of the

solution to the optimization problem of SpSF. Then, the maximum number of sources,

whose spatial spectrum can be stably recovered by SpSF, is discussed and related to the

degree of freedom of the co-array. Further, an explicit formula relating this maximum

number to the number of sensors is developed for a uniform linear array, and SpSF’s

capability of resolving more than M sources by using a nonuniform linear array is

discussed. On the basis of the uniqueness result, the estimation consistency of SpSF

with respect to infinitely many snapshots or sensors is proven, and simulation examples

are used to examine these theoretical results.

In Chapter 4, the problem of selecting a “good” RP for SpSF is considered. First,

diagonal loading is utilized in an alternative formulation of SpSF to alleviate its sensi-

tivity to the choice of RP. Then, based on the discrepancy principle, an iterative version

of SpSF is proposed that automatically selects the RP for SpSF only requiring the num-

ber of sources L but increases the computational complexity of SpSF by a few times.

Further, by relaxing the optimality conditions of SpSF, an automatic and adaptive RP

selector is developed. This method adds minimal computational burden and only as-

sumes very limited prior information. The effectiveness of these methods is illustrated

through the comparison between the DOA estimation performance of SpSF using these

methods and that of using exhaustively searched optimal RPs.

In Chapter 5, the modeling errors introduced by off-grid DOAs and moving sources

are taken into consideration. We first develop a convex DOA estimator SpSF with Mod-

eling Uncertainty (SpSFMU) for off-grid DOA problem by relying on the group sparsity

between the spatial spectrum and the so-called correction parameters. Then, after intro-

ducing the concepts of Block Sparsity and Persistent Activity in a sparse representation

framework, a general-purpose sparse signal reconstruction algorithm, which is based on

a novel objective function, is proposed to exploit such concepts and properties. By rec-

ognizing block-sparsity and persistent activity in the sparse model of array snapshots,
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this algorithm is used to estimate the DOAs of moving sources. Performances of these

estimators are evaluated through simulations.

In Chapter 6, conclusions derived from the previous chapters are summarized and

the discussion on future work is provided.



Chapter 2

Sparse Spectrum Fitting

The goal of this chapter is to propose and develop sparsity-exploiting DOA estima-

tors Sparse Spectrum Fitting (SpSF) and its more general version SpSF-C (C stands

for “correlated”), which are formulated for uncorrelated and correlated sources, respec-

tively. In Section 2.1, we first develop the sparse representation model in element space

for array snapshots and, then, extend it to sparse models for spatial covariance matrix.

These models will serve as the basis for all the algorithms and analyses presented in this

dissertation. Based on these models and L1-Norm regularization or penalization, SpSF

and SpSF-C are proposed and their advantages and disadvantages are briefly discussed

in Section 2.2. Here, for simplicity of presentation, SpSF is formulated as a specialized

version of SpSF-C. Although SpSF-C is more generally applicable than SpSF, SpSF is

of more interest to us because its computational complexity is much smaller than that

of SpSF-C. Thus, in Section 2.3 we discuss the combination of SpSF and decorrelation

methods so that it can achieve similar DOA estimation performance as SpSF-C while

retaining its computational advantage for highly correlated sources. In Section 2.4,

simulation results are presented to evaluate the estimation performance of SpSF and

SpSF-C.

19
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2.1 Sparse Models in Signal and Spatial Covariance Do-

mains

In this section, we construct the sparse representation models for array snapshots and

the spatial covariance matrix on the basis of standard models (1.3) and (1.4). These

models facilitate the application of Sparse Signal Reconstruction (SSR) algorithms to

the DOA estimation problem.

For completeness, we recite the array snapshot model (1.3)

y(t) = Axx(t) + n(t), t = 1, ..., N, (2.1)

where Ax = [a(θ1), a(θ2), ..., a(θL)] and x(t) = [x1(t), x2(t), ...., xL(t)]T . In order to take

advantage of the steering vector models, most of the DOA estimation algorithms employ

a grid of candidate directions, and their DOA estimates are selected from such grid.

To achieve acceptable estimation accuracy, the grid has to be sufficiently dense, and

hence the number of candidate directions, K, is usually much larger than the number

of sources L and the number of sensors M . We denote these candidate directions as

{φ1, φ2, ..., φK} and their corresponding steering vectors as {a(φ1), a(φ2), ..., a(φK)}. If

the true DOA θi belongs to this grid, θi ∈ {φ1, φ2, ..., φK}, it is called an on-grid DOA;

otherwise it is an off-grid DOA. Although it is almost impossible to have on-grid DOAs

since the true DOAs are continuous variables but the candidate directions are fixed and

discrete, we can still make an assumption that {θ1, θ2, ..., θL} ⊂ {φ1, φ2, ..., φK}. This is

because if the grid of candidate directions is sufficiently dense, the error terms caused

by the mismatch between the true DOAs and the candidate directions are dominated

by the noise contributions. Under this assumption, model (2.1) can be rewritten as

y(t) = Ass(t) + n(t), t = 1, ..., N, (2.2)

where As = [a(φ1), a(φ2), ..., a(φK)] and s(t) = [s1(t), s2(t), ...., sK(t)]T with sk(t) =

xi(t) if ∃θi = φk and sk(t) = 0 otherwise. Because the vector s(t) ∈ CK×1 only

contains L non-zero elements, it can be viewed as a sparse signal and (2.2) is a sparse

representation model. Further, the target of estimating the true DOAs can now be

translated to finding the indices/positions of the non-zero elements in s(t). In Figure

2.1, we use ULA as an example to illustrate the spatial sparse model (2.2). Please
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note that if it is a planar array, the grid should be two dimensional and this model

can be obtained by constructing (arbitrary) one-to-one mapping between the candidate

directions and the indices.

Figure 2.1: Spatial Sparse Model

Although one can apply the SSR algorithms to each snapshot separately, we prefer

to jointly utilize the snapshots for better estimation performance (since the absolute

value of xi(t) is a random variable, in some snapshots the signal strength is very weak)

and lower computational complexity. If the observation time, N , is short enough, one

can assume spatially stationary sources; therefore, one way to “simultaneously process”

multiple snapshots is to estimate the DOAs from the spatial (sample) covariance matrix.

Following the model (2.2), the spatial covariance matrix is defined as

R̄ , E(yyH) = AsRsA
H
s + σ2IM , (2.3)

where Rs = E(ssH). According to this definition, the kth diagonal element of Rs,

Rs(k, k), is just the power of the signal from φk, and the (i, k)th element, Rs(i, k), is

the correlation between the signals from φi and φk. Therefore, by finding the positions

and the values of the non-zero diagonal elements of Rs, we can estimate the DOAs

and the powers of the incoming signals, and their corresponding subdiagonal elements

provide the estimates of the correlation terms. Since Rs is a Hermitian matrix of size

K×K and contains at most L2 non-zero elements, (2.3) is a sparse representation model

of the spatial covariance matrix R̄ for (possibly) correlated sources. This model can be

further simplified if the sources are known to be uncorrelated, which makes Rs to be
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diagonal and (2.3) can be rewritten as

R̄ =
K∑
k=1

pka(φk)a
H(φk) + σ2IM , (2.4)

where pk = Rs(k, k) is the power of the signal from φk. Because p = [p1, p2, ..., pK ]T

contains only L non-zero (positive) elements, (2.4) is a sparse representation model of

R̄ especially for uncorrelated sources.

However, the true spatial covariance R̄ is unknown and, in practice, the sample

covariance matrix, R, is used to replace it:

R ,
1

N

N∑
t=1

y(t)yH(t). (2.5)

Substituting (2.1) into (2.5) gives

R =
1

N
Ax[

N∑
t=1

x(t)xH(t)]AH
x +

1

N

N∑
t=1

{n(t)nH(t) + Axx(t)nH(t) + n(t)xH(t)AH
x }.

(2.6)

Since signals and noise are uncorrelated, the second term on the right-hand-side (RHS)

of (2.6) converges to σ2IM when N → ∞, and limN→∞R = R̄. The signal subspace

technique of the MUSIC algorithm can be further applied to remove some of the noise

contributions in R. Specifically, by denoting the eigenvalue decomposition of R as

R = [v1, v2, ..., vM ]Λ[v1, v2, ..., vM ]H , where Λ = diag(λ1, λ2, ..., λM ) with λ1 > λ2 >

... > λM , the signal subspace reconstruction of R (assuming the knowledge of L) can

be defined as:

R̃ =

L∑
i=1

λiviv
H
i . (2.7)

Although both R and R̃ can be used for the proposed algorithms of this dissertation

and, in some cases, R̃ can provide better estimation performance than R, for simplicity

of developments and analysis, we focus on cases where R is used.

2.2 SpSF Formulation

In this section, based on the models (2.3), (2.4) and (2.6), we derive and propose two

sparsity-exploiting DOA estimation algorithms, SpSF-C and SpSF. These estimators are
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formulated as convex optimization problems and utilize the L1-Norm-based SSR algo-

rithms. However, because of the underlying models (2.3) and (2.4), extra constraints are

added to SpSF-C and SpSF, which make them different from ordinary SSR algorithms.

Despite the better generality of SpSF-C, we will mainly focus on the formulation, anal-

ysis and extensions of SpSF since its computational complexity is much smaller than

that of SpSF-C. In the following two subsections, we derive the formulations of SpSF-C

and SpSF and compare their computational complexities.

2.2.1 SpSF-C for Correlated Sources

In general, the impinging signals can be arbitrarily correlated and, even if the sources are

uncorrelated, very limited amount of snapshots will make them “seem to be” correlated.

Therefore, in order to obtain an algorithm which can be robust with respect to source

correlation and lack of snapshots, we start with the general model (2.3). Because of

the unavailability of the spatial covariance matrix R̄, we need to work on the following

model for the sample covariance matrix:

R = AsRsA
H
s + E, (2.8)

where the error term E summarizes the second term of the RHS of (2.6) and Rs =∑N
t=1 [s(t)sH(t)]/N . As observed in the last section, (2.8) is a sparse representation

model of R, and the SSR algorithms can be applied to estimate Rs from R. Thus, we

propose to formulate the Sparse Spectrum Fitting - Correlated (SpSF-C) as

min
Rs∈CK×K

‖R−AsRsA
H
s ‖2f + λ‖Rs,v‖1

s.t. Rs = RH
s and Rs(k, k) > 0, k = 1, ...,K,

(2.9)

where vec(·) denotes vectorization operation, Rs,v = vec(Rs), ‖·‖f is the Frobenius

norm and λ > 0 is a regularization parameter to encourage sparsity in Rs. The larger

λ is, the sparser the solution Rs will be. Note that the constraints in (2.9) are not

included in ordinary SSR algorithms, but they are added in SpSF-C because Rs is a

signal covariance matrix.

To efficiently solve SpSF-C, one can transform it to a Second-Order Cone Program-

ming (SOCP). Specifically, by defining Rv = vec(R), av(φi, φk) = vec(a(φi)a
H(φk))
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and

As,v = [av(φ1, φ1), av(φ2, φ1), ..., av(φK , φ1), av(φ1, φ2), ..., av(φK , φK)], (2.10)

the objective function of (2.9) can be rewritten as ‖Rv −As,vRs,v‖22 + λ‖Rs,v‖1. Then,

the equivalent SOCP formulation of (2.9) can be

min
Rs,v ,τ1,...,τK2

K2∑
k=1

τk

s.t. ‖<[Rs,v(k)],=[Rs,v(k)]‖2 6 τk, k = 1, ...,K2,

‖Rv −As,vRs,v‖2 6 β,

<[Rs,v(i+ (m− 1)K)] = <[Rs,v(m+ (i− 1)K)],

=[Rs,v(i+ (m− 1)K)] = −=[Rs,v(m+ (i− 1)K)],

and <[Rs,v(i+ (i− 1)K)] > 0, i,m = 1, ...,K,

(2.11)

where Rs,v(k) is the kth element of Rs,v, <[·] and =[·] are the real and imaginary parts re-

spectively, and Rs,v(i+(m−1)K) = Rs(i,m). Here, β > 0 is a regularization parameter

which has a one-to-one mapping relationship to λ of (2.9). Now, the formulation (2.11)

is ready to be efficiently solved by many off-the-shelf optimization softwares. Therefore,

in this dissertation we always use this formulation for SpSF-C in the simulations.

As shown by the derivation of SpSF-C, its “dictionary” contains atoms for any possi-

ble correlation terms and, by fitting with the signal covariance matrix Rs, the solution of

SpSF-C can provide estimates of DOAs, signal powers and correlation factors. Further,

by looking at SpSF-C from a SSR point of view, the first term of the RHS of (2.6) is fully

described by the fitting model of SpSF-C and thus viewed as “signal” in SSR, while the

second term is viewed as “noise”. Therefore, SpSF-C fully utilizes the power of the sig-

nals and can be expected to be robust with respect to source correlation. However, if we

solve SpSF-C in a SOCP framework using an interior point method/software, its com-

putational complexity will be O(K6), which is huge (compared to L1-SVD O(L3K3))

since K has to be large so that the assumption {θ1, ..., θL} ⊂ {φ1, φ2, ..., φK} can be (at

least roughly) satisfied. A simple way to circumvent this disadvantage is to first use

some simple estimator (e.g. MVDR) to find the areas where the sources are from and

then construct As,v only using the candidate directions in those areas. In this way, the
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number of candidate directions K and the computational complexity of SpSF-C can

be significantly decreased. In Section 2.4, the DOA estimation performance of SpSF-

C is compared with several other methods, and its robustness with respect to source

correlations is illustrated.

2.2.2 SpSF for Uncorrelated Sources

Despite the generality of SpSF-C, its computational complexity (even if combined with

the method suggested in the last paragraph) always makes it impractical for (near) real

time applications. Since this complexity heavily depends on the number of optimiza-

tion variables, we seek to reduce its order by considering uncorrelated sources, which

eliminates the non-diagonal optimization variables in Rs.

When the incoming signals are uncorrelated, by using (2.4), (2.8) can be simplified

to

R =
K∑
k=1

pka(φk)a
H(φk) + E, (2.12)

where E contains not only the second term of the RHS of (2.6) but also the corre-

lation terms if the number of snapshots is very small. Similar to correlated sources,

limN→∞E = σ2IM . Following the definitions of Subsection 2.2.1, we define Ev =

vec(E), p , diag(Rs) = [p1, p2, ..., pK ]T , av(φk) , av(φk, φk) = vec(a(φk)a
H(φk)) and

AK , [av(φ1), av(φ2), ..., av(φK)]. (2.13)

Thus (2.12) can be rewritten as

Rv = AKp+ Ev. (2.14)

Obviously, (2.14) is a sparse representation of sample covariance matrix R for uncor-

related sources. Therefore, we propose the Sparse Spectrum Fitting (SpSF) method as

min
p∈RK×1

‖Rv −AKp‖22 + λ‖p‖1, s.t. pk > 0, k = 1, ...,K, (2.15)

which is adapted from the formulation (2.9) of SpSF-C by restricting the non-diagonal

elements of Rs to be zero. As a counterpart of (2.11), an equivalent formulation of

SpSF can be

min
p∈RK×1

‖p‖1, s.t. ‖Rv −AKp‖2 6 β and pk > 0, k = 1, ...,K. (2.16)
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By solving SpSF, one can obtain an estimate of the spatial spectrum, whose non-zero (or

large) entries provide estimates of DOAs and signal powers. Note that, because of the

constraints in (2.15) and (2.16), ‖p‖1 in their objective functions is equivalent to 1TKp,

where 1K = [1, 1, ..., 1]T ∈ RK×1. Thus, SpSF is actually a Quadratic Programming

(QP), whose computational complexity, if solved by interior point method, is O(K3)

and much smaller than that of SpSF-C and L1-SVD (for L > 1). Further, in contrast

to L1-SVD, this complexity does not increase with L and remains constant once K is

fixed.

Although SpSF looks almost the same (except for the constraints) as the ordinary

SSR algorithm, the existing SSR theories fail in predicting its estimation performance.

Here, by ignoring the constraints, we apply the stability result [14] proposed for ordinary

SSR algorithms to SpSF as an example to show such failure. In the reference [14], the

mutual coherence of AK is defined as

M(AK) , max
16i,k6K,i6=k

|C(i, k)|, (2.17)

where C = AH
KAK . Under the assumption that L < (1 +M(AK)−1)/4, the theoretical

results of [14] provide an upper bound

‖p∗ − p◦‖22 6
(ε+ β)2

1− (4L− 1)M(AK)
, (2.18)

where p∗ and p◦ are the solution of SpSF and the true sparse spatial spectrum re-

spectively, and ‖Ev‖2 6 ε. If we consider an 8-element ULA with d = 0.5 and

set {φ1, φ2, ..., φK} = {−80◦,−79.5◦, ..., 80◦} (K = 321), it can be calculated that

M(AK) ≈ 0.9999. Then, the assumption becomes L < (1+M(AK)−1)/4 ≈ 0.5 and the

bound (2.18) becomes negative for any integer L > 0, which indicates that SpSF cannot

stably recover the spatial spectrum for even only one source. However, according to the

simulation results and theoretical analysis presented in this chapter and the next chap-

ter, SpSF can perform well with ULA for up to M − 1 sources. Thus, the upper bound,

as well as many other analyses for an ordinary SSR algorithm, fails to be meaningfully

applicable to SpSF (because the constraints of SpSF are not considered), and some

specialized theoretical analysis for SpSF is lacking. In Chapter 3, we present specialized

theoretical analysis on the estimation performance of SpSF, specifically discussing the

limit on the number of sources and its estimation consistency.
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As a regularized estimator, the selection of β is critical to the performance of SpSF.

The most famous and systematic methods of choosing β are Cross Validation (CV)

and Discrepancy Principle (DP). With CV, a set of candidate βs is available, and one

has to solve SpSF a large number of times to evaluate the “generality” for each of the

βs. This process can be extremely computationally intensive and is not realistic for

practical applications because β has to be updated every few seconds as the sources are

moving and their powers are changing. According to DP, which has been widely used

by statisticians for a long time, β should be selected such that

β > ‖Ev‖2. (2.19)

Unfortunately, in practice, ‖Ev‖2 is unknown and its variance can be large when the

number of snapshots is small. Therefore, an efficient and automatic β-selector, which

relies on no or very limited prior information of the sources and noise, is highly desirable.

Further, even in the simulations of the same scenario, different realizations of E would

favor different values of β. Thus, if the selector can adaptively select β with respect to

each realizations, one would expect a performance improvement over the fixed βs. More

detailed discussion on the selection of β, along with several β-selectors, is provided in

Chapter 4.

2.3 Application of SpSF to Correlated Sources

Although SpSF is proposed for cases of uncorrelated signals, one would still be in-

terested in applying it to correlated cases because of its advantage in computational

complexity among the sparsity-exploiting DOA estimators. In this section, we discuss

the effect of source correlation on DOA estimation performance of SpSF and propose

the combination of decorrelation methods and SpSF.

When the sources are correlated (or N is very small), the error term E of (2.12) will

be

E =
L∑

i,l=1,i 6=l
ρila(θi)a

H(θl)+
1

N

N∑
t=1

{n(t)nH(t) + Axx(t)nH(t) + n(t)xH(t)AH
x }, (2.20)

where ρil =
∑N

t=1 xi(t)x
∗
l (t)/N is the correlation factor between signals from θi and θl,

and ‖Ev‖2 is dependent on the power of the signals. If E is dominated by the second
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term of the RHS of (2.20), e.g. in the low SNR cases, the correlation terms can be

ignored, and we can expect limited degradation of the estimation performance of SpSF.

However, the problem becomes serious when E is dominated by the correlation terms,

e.g. in high SNR or high correlation cases. In such cases, E is structured and cannot

be sparsely represented by the dictionary AK . Through simulations, we have observed

that, when the sources are closely spaced, their correlations will introduce significant

bias to the DOA estimates of SpSF, even if the regularization parameter is chosen to

give minimum estimation errors. Further, such bias does not decrease as SNR increases,

so it becomes the major source of estimation errors when SNR is large. As an effect, the

DOA estimation performance of SpSF reaches a “floor” as SNR becomes large enough,

which is highly undesirable in most applications.

A natural way to mitigate such degradation is the preprocessing of some decorre-

lators on either the snapshots or spatial covariance. Here, we use ULA and Spatial

Smoothing (SS) as an example to discuss the combination of SpSF and a decorrelator.

SS (along with Forward-Backward Smoothing (FBS) [48]) has been studied intensively

in many works, e.g. [49][50][51][52], and widely used to improve the performance of

signal-subspace-based algorithms especially when the sources are highly correlated or

even coherent. The basic idea of SS algorithms is to trade spatial degree-of-freedoms

for source decorrelation by exploiting the special structure of the ULA steering vector.

Specifically, SS algorithms divide ULA into many successive, overlapped and equal-size

subarrays and then linearly combine the corresponding covariance matrices to form a

“smoothed” spatial covariance matrix whose size is smaller than the original one. Fur-

ther, by adaptively choosing the weights used in the combination, Weighted Spatial

Smoothing (WSS) can achieve even better decorrelation performance. Some WSS algo-

rithms, e.g. [49], optimize the weights by exploiting only the Toeplitz structure of the

covariance matrix of ULA. Assuming the availability of rough estimates of the DOAs,

optimization of the weights can be cast as a (robust) beamforming problem and there-

fore many WSS algorithms, e.g. [50][51][52], have been proposed to utilize such rough

estimates and the existing beamforming algorithms. However, to achieve satisfactory

suppression of the correlation terms, each WSS algorithm requires a minimum number

of subarrays (which are dependent on L) and thus puts an upper bound on the size of

subarrays. On the other hand, smaller subarrays decrease the resolution capability of
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the DOA estimation algorithms (even if the WSS algorithm can completely decorrelate

the sources) and their limits on the number of sources. Therefore, one needs to care-

fully select the subarray size to balance between the gain of decorrelation and the loss

of reduced aperture size.

In the next section, a simulation example is used to illustrate the DOA estimation

performance of SpSF combined with WSS and FBS, when the sources are closely spaced

and highly correlated. As a benchmark, the performance of SpSF-C is also shown for

comparison.

2.4 Simulation Results

In this section, we present simulation and experimental examples illustrating the perfor-

mance of SpSF-C and SpSF for both correlated and uncorrelated sources. Through all

these examples, we consider a ULA with M = 8, d = 0.5 and two equal-power sources

with θ1 = −5◦ and θ2 = 5◦. SpSF and L1-SVD always use a set of candidate directions

{−90◦,−89.9◦, ..., 90◦}. However, in order to reduce computational complexity, the can-

didate directions of SpSF-C are set to {−90◦,−89◦, ..., 90◦} and {−10◦,−9.9◦, ..., 10◦}
for SNR6 0dB and SNR> 0dB, respectively. The regularization parameters of SpSF,

SpSF-C and L1-SVD are manually selected, which means that, for each of these meth-

ods, we evaluate its Root-Mean-Squared-Error (RMSE) on many candidate regulariza-

tion parameters and select the best one. (We use “(Manual)” in the figures to indicate

that the corresponding methods choose their regularization parameters in such way.)

Here, RMSE is defined as

√
E{(θ1 − θ̂1)2 + (θ2 − θ̂2)2}/2, where θ̂1 and θ̂2 are the es-

timates of θ1 and θ2 respectively. Further, L = 2 is assumed to be available to MUSIC

and L1-SVD.

2.4.1 Example of Spectra Estimated by SpSF-C and SpSF

In this subsection, we show examples of the spectra estimated by SpSF and SpSF-C

and compare them to MUSIC, MVDR and L1-SVD. For better illustration, the spectra

are normalized such that their largest value is equal to 1.

First, we consider uncorrelated sources with N = 300 and SNR= −5dB; and the

corresponding spectra are plotted in Figure 2.2. Since the sources are uncorrelated,
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Figure 2.2: Normalized Spectra for Uncorrelated Sources

the spectrum (Rs) estimated by SpSF-C is not shown but represented by its diagonal.

As shown by Figure 2.2, MVDR cannot resolve the two sources in such cases while the

other methods can clearly provide two peaks at the correct DOAs. However, the spectra

estimated by SpSF, SpSF-C and L1-SVD have sharper and narrower peaks and lower

noise floors, which indicate better resolution capabilities of these sparsity-exploiting

algorithms than those of MUSIC.

In the following, highly correlated sources (the correlation factor being 0.99) are

considered, and N and SNR are increased to 3000 and 0dB, respectively. In Figure

2.3, we compare the spectra estimated by the five algorithms (“SpSF-C” represents the

diagonal of Rs estimated by SpSF-C). As shown in this case, MUSIC and MVDR fail

to resolve the two sources, and the DOA estimates provided by L1-SVD are obviously

biased, which is also reported in [40]. In Figure 2.4, the two-dimensional spectra Rs,

estimated by SpSF-C, is illustrated as an image with each of its points representing the

absolute value of the correlation between the sources from the corresponding DOAs.

Combining Figure 2.3 and 2.4, we can see that, when the sources are highly correlated,

SpSF-C can achieve better DOA estimation performance than L1-SVD, and it can

provide estimates for the correlations among the sources.
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Figure 2.3: Normalized Spectra for Correlated Sources

2.4.2 Estimation Performance for Uncorrelated Sources

In this subsection, we compare the RMSE of SpSF with that of MUSIC, MVDR, L1-

SVD, stochastic Cramer-Rao Lower Bound (CRB) [12][53] and stochastic Maximum

Likelihood estimator (MLE) for uncorrelated sources (since SpSF-C is especially for

correlated sources and is computationally very expensive to evaluate its performance, we

do not include it in this subsection but will compare it in the next subsection considering

correlated sources). For each SNR between −15dB and 5dB (with 5dB stepsize), 1000

independent trials are utilized to evaluate the RMSEs of these methods and, during

each trial, N = 300 snapshots are assumed to be available. As shown in Figure 2.5, the

large error thresholds of SpSF and L1-SVD are 5dB lower than that of MUSIC. When

SNR is large, SpSF, MUSIC and MLE become close to CRB and perform better than

L1-SVD. Further, when SNR is low, SpSF can perform similar to or even better than

MLE.
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Figure 2.4: Rs Estimated by SpSF-C

2.4.3 Estimation Performance for Correlated Sources

In this subsection, we consider correlated sources and compare the RMSE of SpSF and

SpSF-C with that of MUSIC, MVDR and L1-SVD. We will especially show the effec-

tiveness of WSS and FBS on mitigating the performance degradation of SpSF for source

correlation. Again, the correlation coefficient is assumed to be 0.99. Five hundred inde-

pendent trials are used to evaluate the RMSEs, and N = 3000 snapshots are assumed

for each trial (we use such large number of snapshots so that the selected WSS method

can well suppress the correlation terms).

We choose the WSS method proposed in [49] not only because of its simplicity but

also because it does not require any prior information about the sources (e.g. L or rough

estimates of the DOAs). Note that when the scenario is not so difficult, other WSS

methods, such as the method of [50], may provide better suppression of the correlation

terms if rough estimates of the DOAs are available. The sub-array size is set to be 5

since this WSS method requires the number of sub-arrays to be larger than L2−L+ 1.

The WSS method and FBS are applied to the sample covariance matrix of the full array

R, and the result is denoted by RSS ∈ C5×5. Since the effective correlation of the two

sources represented in RSS is reduced significantly, we apply SpSF to RSS just as was

done in Subsection 2.4.2.
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Figure 2.5: RMSE for Uncorrelated Sources

In Figure 2.6, we show the estimation performance of the aforementioned DOA esti-

mation methods. “SpSF (Full-Array)” and “SpSF (Sub-Array)” are obtained by apply-

ing SpSF to R and RSS , respectively. “SpSF-C (Full-Array)” is the RMSE of SpSF-C

using R. “MUSIC (Full-Array)”, “MUSIC (Sub-Array)”, “MVDR (Sub-Array)” and

“L1-SVD (Full-Array)” respectively represent the RMSEs of DOA estimation of apply-

ing MUSIC to R, MUSIC to RSS , MVDR to RSS and L1-SVD to the data matrix of

the full array. According to Figure 2.6, the performance of MUSIC can be significantly

improved by WSS and FBS, a fact that has been reported in many related works. As

described in last section, signal correlation introduces bias to the DOA estimates of

SpSF, which in turn makes the performance of “SpSF (Full-Array)” better than the

others when SNR is low but worse when SNR is high. In addition, “SpSF (Full-Array)”

reaches a floor at high SNRs (this floor is even increasing with SNR). However, if WSS

and FBS are combined with SpSF (“SpSF (Sub-Array)”), its performance consistently

improves along with SNR. Further, SpSF (Sub-Array) can perform much better than

MUSIC and provides about 5dB gain over L1-SVD because of the bias of L1-SVD due to

source correlation [40]. Not surprisingly, SpSF-C performs best among all these meth-

ods and shows about 3dB gain over “SpSF (Sub-Array)” (at a price of much higher
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computational complexity, however).

Figure 2.6: RMSE for Correlated Sources

2.4.4 Experimental Result Using Equilateral Triangular Array

In this subsection, we apply SpSF to the data set from the experiment described in [4]

and present the spectra estimated by SpSF to illustrate its effectiveness when used with

two-dimensional arrays and real-life data.

In this experiment, an Equilateral Triangular Array (ETA), which is depicted in

Figure 2.7 (in this figure, λ is the signal wavelength), is carried by an airship and three

narrow-band signals impinge on the array. More detailed description of the experiment

setting can be found in [4]. Since ETA is a planar array, the DOAs are constituted of

elevation and azimuth angles. The grid of candidate directions is also two-dimensional

and thus K is very large. Further, because of its prohibitive computational complex-

ity L1-SVD is not considered in this example, and we use MUSIC for a comparison

with SpSF (the grids of its candidate elevation and azimuth angles are both set as
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{−90◦,−89◦, ..., 90◦}). In Figure 2.8 and 2.9 are the spectra estimated by MUSIC and

SpSF, respectively. As shown by these figures, SpSF can be effectively applied to two-

dimensional arrays and retains sharp peaks, low noise floor and spatial sparsity in its

spectrum.

Figure 2.7: Equilateral Triangular Array Used in the Experiment

In Figure 2.10, we compare the DOA estimates of SpSF (2.16) using different values

of β to that of MUSIC. As shown in this figure, when β ∈ [0.7, 2.6], the DOA estimates

provided by SpSF are stable and very similar to those of MUSIC. This result shows the

sensitivity of SpSF with respect to its regularization parameter.
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Figure 2.8: Spectrum Estimated by MUSIC

Figure 2.9: Spectrum Estimated by SpSF
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Figure 2.10: DOA Estimates of SpSF Versus MUSIC



Chapter 3

Theoretical Analysis of SpSF

In this chapter, we provide some theoretical results based on the optimality conditions

of SpSF which, as described in the last chapter, are different from those of LASSO and

ordinary sparse signal reconstruction algorithms. These analyses focus on the DOA

estimation performance of SpSF, and the results on its power estimation performance

are provided as by-products.

In Section 3.1, we begin the analyses by considering the conditions under which SpSF

can achieve non-trivial solution(s). Under such conditions, SpSF generally has multiple

solutions and, based on the properties of the corresponding solution set, the uniqueness

of “Model Selection Consistent” (which will be defined later) solution is discussed, which

is critical to the success of SpSF. Further, since the maximum number of sources whose

DOAs can be reliably estimated is usually very important to the selection of DOA

estimation algorithms, we provide an explicit formula for such a maximum number

for SpSF based on the uniqueness result. Although this formula is dependent on the

observation matrix AK and is very difficult to evaluate for fixed but arbitrary array

geometry (or its associated AK), linear arrays are exceptions. We prove that: 1) by

using ULAs such maximum number of SpSF is M − 1, which is the same maximum as

MUSIC and L1-SVD, and 2) by using non-uniform linear arrays, SpSF can successfully

work with more than M−1 sources. The results presented in this section form the basis

of the analyses and discussions in the rest of this chapter.

In Section 3.2, we present our main theoretical results: the asymptotic DOA and

signal power estimation consistencies of SpSF for both infinitely many snapshots and

38
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sensors. In the derivations, we focus on SpSF’s DOA estimation performance, and the

consistencies of the signal power estimates are provided as a by-product. Specifically, by

considering a stronger condition of Model Selection Consistency, we first prove that, for

infinitely many snapshots or sensors, there exists a Model Selection Consistent solution

in the solution set of SpSF. Then, by combing such existence result with the uniqueness

property of Model Selection Consistent solutions (Section 3.1), the estimation consis-

tencies of SpSF are obtained. The analyses and derivations provided in this section

are based on the optimality conditions of SpSF, which further inspire an automatic

regularization parameter selector proposed in Chapter 4.

Simulation examples verifying these theoretical results are presented in Section 3.3.

In Subsection 3.3.1, we show examples of SpSF successfully estimating the spatial spec-

trum of M − 1 sources while failing to resolve M well-separated sources. Following

that, the statistical DOA estimation performance (RMSE) of SpSF is evaluated with

respect to increasing number of snapshots or sensors. These simulation results validate

our theoretical results for the asymptotic consistency of SpSF.

We consider two equivalent formulations of SpSF, (2.15) and (2.16), which are re-

presented below:

min
p∈RK×1

‖Rv −AKp‖22 + λ1TKp, s.t. pk > 0, k = 1, ...,K, (3.1)

min
p∈RK×1

1TKp, s.t. ‖Rv −AKp‖2 6 β and pk > 0, k = 1, ...,K. (3.2)

Further, we denote Sλ and Sβ as the sets of the solutions of (3.1) and (3.2) respectively,

where the subscripts represent the different formulations and the dependency of the

solution sets on the values of the corresponding regularization parameters. As mentioned

above, the analysis presented in this chapter is based on the concept of Model Selection

Consistent [28], which is a term borrowed from machine learning literature and defined

as:

Definition 1. [28] A solution p∗ of SpSF is Model Selection Consistent (MSC) if

sign(p∗i ) = sign(p◦i ), i = 1, 2, ...,K,

where p∗ = [p∗1, p
∗
2, ..., p

∗
K ]T and sign(x) = 1, if x > 0; sign(x) = −1, if x < 0; and

sign(x) = 0, if x = 0. The existence of a MSC solution of SpSF is dependent on
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the selection of the regularization parameter. Specifically, for some realizations, SpSF

cannot find any MSC solution no matter what value it uses for the regularization pa-

rameter. However, for the other realizations, SpSF is able to find MSC solution(s) if

the regularization parameter is carefully selected. Therefore, we define:

Definition 2. A regularization parameter β∗ or λ∗ of SpSF is also called MSC if and

only if ∃p∗ ∈ Sβ∗ or Sλ∗ such that p∗ is Model Selection Consistent.

Now, based on these definitions, our analyses and discussions can be presented.

3.1 Uniqueness of MSC Solution

In this section, the uniqueness of SpSF’s MSC solutions is discussed. Through the

analysis of the properties of the solution set of SpSF, the conditions guaranteeing such

uniqueness is analyzed and, since SpSF generally has multiple solutions, such uniqueness

is very important for the success of SpSF. In the following discussion, for simplicity of

derivations, we may prove some properties for only one of (3.1) and (3.2) and use the

same properties for the other formulation in some following derivations since the two

formulations are equivalent.

First, we consider the existence of any optimizers (MSC or not) of SpSF. With the

formulation (3.2), if β > ‖Rv‖2, p∗ = 0 is in the feasible region and thus is the only

solution of SpSF, Sβ = {0}. Further, if we define

βmin , min
p
‖Rv −AKp‖2, s.t. pi > 0, i = 1, ...,K,

and select β < βmin, then SpSF has no solution since the feasible region is empty,

Sβ = ∅. However, if βmin < β < ‖Rv‖2, SpSF has at least one solution because its

objective function is lower-bounded and its feasible region is compact. In contrast, Sλ

is always non-empty and equal to {0} only when λ = ∞. Therefore, unless otherwise

stated, we always assume that β (or λ) is in its interesting range where SpSF has

non-zero solution(s), β ∈ (βmin, ‖Rv‖2) (or λ <∞).

With the solution set being non-empty, we have:

Theorem 1. Sβ (Sλ) is a convex set.
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Proof. Suppose two solutions p∗, q∗ ∈ Sβ, then ‖p∗‖1 = ‖q∗‖1 = ‖ρp∗ + (1− ρ)q∗‖1 for

∀ρ ∈ [0, 1]. At the same time,

‖Rv −AK(ρp∗ + (1− ρ)q∗)‖2 =‖ρ(Rv −AKp
∗) + (1− ρ)(Rv −AKq

∗)‖2

6 ρ‖Rv −AKp
∗‖2 + (1− ρ)‖Rv −AKq

∗‖2

6 β.

Thus, we get ρp∗ + (1− ρ)q∗ ∈ Sβ. Sβ is a convex set.

Therefore, if there is any MSC solution in the solution set, the elements in (at least part

of) its neighborhood also belong to the solution set. Then, one would naturally ask how

the MSC solutions could be distinguished from the others in the solution set, at least

from those in its neighborhood? Based on the convexity of the solution set, we can get

the following theorem, which is the basis of the uniqueness of MSC solutions and makes

the optimization algorithms capable of locating them.

Theorem 2. If any NA columns of AK are linearly independent and there are two

solutions p∗, q∗ ∈ Sβ satisfying p∗ 6= q∗, then ‖p∗‖0 + ‖q∗‖0 > NA.

Proof. Since the solution set of SpSF is a convex set, p∗ρ = ρp∗ + (1 − ρ)q∗, ∀ρ ∈ [0, 1]

is also a solution of SpSF. Thus:

‖Rv −AKp
∗
ρ‖2 = ‖Rv −AKp

∗‖2 = ‖Rv −AKq
∗‖2. (3.3)

By (3.3):

‖Rv −AKp
∗
ρ‖2 = ‖ρ(Rv −AKp

∗) + (1− ρ)(Rv −AKq
∗)‖2

= ρ‖Rv −AKp
∗‖2 + (1− ρ)‖Rv −AKq

∗‖2.

Then, by triangular inequality, we have

ρ(Rv −AKp
∗) = τ(1− ρ)(Rv −AKq

∗)

with some τ > 0. Combined with (3.3), τ = ρ/(1− ρ) and

Rv −AKp
∗ = Rv −AKq

∗

Thus, AKp
∗ = AKq

∗ which leads to

AK(p∗ − q∗) = 0.
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Since any NA columns of AK are linearly independent and p∗ − q∗ 6= 0, we have ‖p∗ −
q∗‖0 > NA. At the same time, ‖p∗−q∗‖0 6 ‖p∗‖0+‖q∗‖0, thus, ‖p∗‖0+‖q∗‖0 > NA.

Theorem 2 says that there is a lower limit on the sparsity (the number of non-zero

elements) of any two solutions. Therefore, if there exists one solution in Sλ which is

highly sparse, the other solutions will be relatively non-sparse. This gives the following

corollary.

Corollary 1. If any NA columns of AK are linearly independent and there are two

solutions p∗, q∗ ∈ Sβ with ‖p∗‖0, ‖q∗‖0 ∈ (0, NA/2], then p∗ = q∗.

Proof. Suppose p∗ 6= q∗, then, by Theorem 2, ‖p∗‖0 + ‖q∗‖0 > NA, which contradicts

the assumption that ‖p∗‖0, ‖q∗‖0 ∈ (0, NA/2]. Thus, p∗ = q∗.

By the above theoretical analysis, we get the uniqueness of the optimizers with fewer

than NA/2 non-zero elements. Thus, the condition for the uniqueness of MSC solution is

that the true spatial spectrum p◦ has less than NA/2 non-zero elements (or equivalently

0 < L 6 NA/2), assuming that β or λ is MSC. Because the optimization algorithms

always reach the sparsest solution of the solution set, the MSC solution can be distin-

guished from the others and obtained by solving SpSF. According to Corollary 1, NA/2

can be viewed as the maximum number of sources whose spatial spectrum can be stably

recovered by SpSF. Note that this limit, NA/2, is determined by the observation matrix

AK , which is only dependent on the array geometry and the grid of candidate directions.

Further, as shown later in this section, under very weak and common assumptions, this

limit is even independent of the grid of candidate directions. Therefore, it represents

the intrinsic estimation capability of SpSF.

Although it is desirable to relate such a limit to the number of sensors M , there

is, unfortunately, no simple method to determine NA for an arbitrary array geometry.

Finding NA from an arbitrary matrix AK is actually a combinatorial problem and com-

putationally very expensive, which may be worth solving through an exhaustive search if

the same AK is going to be used for a large number of applications. Further, if the array

has regular geometry, e.g. a linear array, explicit formulas for NA can be obtained which

relate NA to M . In the following, we first consider Uniform Linear Array (ULA) with

d 6 0.5 and then extend the result to ULA with d > 0.5 and Nonuniform Linear Array.
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Assume a ULA with d 6 0.5 and the candidate directions arbitrarily selected from the

range (−90◦, 90◦). The ith element of its steering vector a(θ) is e−j2πdsinθ·(M−2i+1)/2 for

i = 1, ...,M . The (i, k)th element of a(θ)aH(θ) is e−j2πdsinθ·(k−i). Thus, in a(θ)aH(θ),

the total number of distinct elements, e−j2πdsinθ·i i = −M + 1, ...,M − 1, is 2M − 1. By

removing the repeated elements in av(θ) and re-arranging the surviving ones, AK can

be rewritten as

AK =


e−j2πdsinφ1·(1−M) e−j2πdsinφ2·(1−M) · · · e−j2πdsinφK ·(1−M)

e−j2πdsinφ1·(2−M) e−j2πdsinφ2·(2−M) · · · e−j2πdsinφK ·(2−M)

...
...

...
...

e−j2πdsinφ1·(M−1) e−j2πdsinφ2·(M−1) · · · e−j2πdsinφK ·(M−1)

 .
Observe that each column of AK is exactly a discrete Fourier series of length 2M −1 at

distinct (since d 6 0.5) frequencies wi = 2πdsin(φi), and AK itself is a discrete Fourier

Transformation matrix of size 2M − 1×K. Therefore, any 2M − 1 columns of AK are

linearly independent and any 2M columns are linearly dependent. Thus, for ULA with

d 6 0.5, NA = 2M − 1 and the limit on the number of sources is NA/2 = M − 1/2,

which is the same limit for MUSIC and L1-SVD. When d > 0.5, it is generally required

to assume absence of spatial ambiguity for any DOA estimation algorithm to work

correctly. This can be achieved by either restricting the range of candidate directions

(sin−1(−1/2d) < φ1 < φ2 < · · · < φK < sin−1(1/2d)) or carefully selecting them

so that there is no repeated spatial frequencies among wi i = 1, ...,K. Based on this

weak and common assumption, we can still have NA = 2M − 1 for ULA with d > 0.5,

because the columns of AK are still Fourier series at different frequencies. From the

above derivations, it can be seen that the columns of AK are actually the steering

vectors of the co-array. Furthermore, for linear arrays, NA is equivalent to the degree of

freedom of the co-array. The design of Nonuniform Linear Arrays have been discussed

in many works, e.g. [54][55][56][57], and increasing the degree of freedom of its co-

array is one of the major research directions. Two special designs of nonuniform linear

arrays, the minimum redundancy array and the optimal nested array, are discussed or

proposed in [55][57] and [54] respectively. These designs can achieve O(M2) degree

of freedom in their co-arrays by using M sensors. For example, if the nested array

proposed in [54] is used, the co-array would be a larger Uniform Linear Array and, even

with only two levels of nesting, we can achieve NA = M + (M2 − 1)/2 (if M is odd) or
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NA = M + (M2 − 2)/2 (if M is even). Accordingly, the limit on the number of sources

becomes M2/4 +M/2− 1/4 and M2/4 +M/2− 1/2 respectively. Thus, by using such

nonuniform linea arrays, SpSF can stably work with many more than M sources.

3.2 Asymptotic Estimation Consistency

In the last section, we analyzed the conditions for the uniqueness of MSC solutions

which enable the optimization softwares to locate the MSC solutions if there exists such

solution(s) in the solution set. In this section, we address a more important question:

does a MSC solution exist in the solution set? By analyzing the optimality conditions

of SpSF, it is proved that, when either the number of sources N or the number of

sensors M becomes infinitely large, an MSC solution always exists in the solution set

and, further, such solutions can provide perfect recovery of not only the DOAs but also

the signal powers. Combined with the uniqueness result of the previous section, the

theoretical results of this section prove the asymptotic estimation consistency of SpSF

in the sense of infinitely large N or M .

3.2.1 Asymptotic Consistency for Infinitely Large N

In this subsection, we consider the case of N →∞. First, we state our main result and

then provide discussion of it.

Theorem 3. Under the assumptions:

1. any NA columns of AK are linearly independent,

2. {θ1, θ2, ..., θL} ⊂ {φ1, φ2, ..., φK}, L 6 NA, K � L and K > M2,

3. the sources are zero-mean, white and mutually uncorrelated,

4. n(t) is AWGN with power σ2,

when N → ∞ and λ = 2σ2M , the solution set of SpSF contains the true spatial spec-

trum: p◦ ∈ Sλ.

Proof. In the following proof, both vi or [v]i are used to denote the ith entry of vector

v. Further, without loss of generality, we assume p◦i > 0, 1 6 i 6 L and p◦i = 0, L+ 1 6
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i 6 K (since we can re-arrange the columns of AK). Following the techniques used in

[28], we define

u∗ = p∗ − p◦, u = p− p◦

R< = <[Rv], R= = =[Rv]

A< = <[AK ], A= = =[AK ]

E< = <[Ev], E= = =[Ev].

where <[·] and =[·] represent the real and the imaginary part respectively. Then, SpSF

(3.1) can be rewritten as:

p∗ = argmin
u

λ1TK(u+ p◦) + ‖E< −A<u‖22 + ‖E= −A=u‖22 s.t. u > −p◦,

where 1K ∈ RK×1 is the vector of all 1s and the inequality between the vectors is

element-wise. Before proceeding, we need to make some additional definitions:

p◦ =

[
p◦(1)

p◦(2)

]
, p∗ =

[
p∗(1)

p∗(2)

]
, u∗ =

[
u∗(1)

u∗(2)

]
,

where p◦(1), p
∗
(1) and u∗(1) are the first L entries of p◦, p∗ and u∗, respectively, and p◦(2),

p∗(2) and u∗(2) are self-explanatory. Similarly, by dividing the matrices into two parts

containing the first L columns and the others respectively, we can define:

A< = [A<,(1),A<,(2)], A= = [A=,(1),A=,(2)],

Cik = AT
<,(i)A<,(k) + AT

=,(i)Φ=,(k), i, k ∈ {1, 2}

bi = AT
<,(i)E< + AT

=,(i)E=, i ∈ {1, 2}

b = [bT1 , b
T
2 ]T ∈ RK×1.

Denoting γ as the vector of Lagrangian Multipliers, by the KKT conditions, λ is MSC

if and only if ∃u∗ which satisfies:

u∗(1) > −p
◦
(1) (3.4a)

u∗(2) = 0K−L (3.4b)

C11u
∗
(1) − b1 = −0.5λ1L (3.4c)
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C21u
∗
(1) − b2 > −0.5λ1K−L, (3.4d)

where 0K−L, 1K−L ∈ RK−L×1 are the vectors of all 0s and 1s respectively, and these

equations and inequalities are defined in element-wise. Note: the second condition is

trivial because there is no other restriction on u∗(2) and thus we can set u∗(2) = 0K−L and

drop the second condition.

Since, by assumption, any NA columns of AK are linearly independent and L 6 NA,

A(1) = A<,(1) + jA=,(1) is of full-column-rank. Thus, AH
(1)A(1) is a positive-definite

Hermitian matrix and, since C11 = <[AH
(1)A(1)], its inverse C−111 exists. By solving

(3.4c) we can get:

u∗(1) = C−111 b1 − 0.5λC−111 1L. (3.5)

Then after substituting this solution into (3.4a) and (3.4d), the conditions in (3.4) can

be further simplified to:

C−111 b1 − 0.5λC−111 1L > −p◦(1),

C21C
−1
11 b1 − b2 > 0.5λC21C

−1
11 1L − 0.5λ1K−L.

(3.6)

Now, we define three events:

∆1: λ is MSC,

∆2: C−111 b1 − 0.5λC−111 1L > −p◦(1),
∆3: [C21C

−1
11 ,−IK−L]b > 0.5λ[C21C

−1
11 ,−IK−L]1K ,

where IK−L is the identity matrix of size K − L ×K − L. By the conditions in (3.6),

we have:

Lemma 1. P(∆1)=P(∆2∩∆3)=P(∆2)+P(∆3)-P(∆2∪∆3),

where P (·) stands for the possibility of the event. According to the definition of b1 and

b2, we have:

E(b) = E{<[AH
KEv]} = <[AH

KE(Ev)].

Under our assumptions that sources are uncorrelated and zero-mean, it is easy to check

that E(E) = E(n(t)nH(t)) = σ2IM . Thus, E(b) = <[σ2AH
KIv,M ]. Since the kth col-

umn of AK is av(φk), and the sensors are assumed to be unit-gain, aHv (φk)Iv,M = M .

Therefore,

E(b) = σ2M1K . (3.7)
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After some straightforward but non-trivial manipulations, we can obtain

lim
N→∞

E(EvE
T
v ) = lim

N→∞
E(EvE

H
v ) = σ4Π,

where

Π =

[
Iv,M ,0M2×M , Iv,M ,0M2×M , ..., Iv,M

]
with Π ∈ RM2×M2

and 0M2×M ∈ RM2×M is the matrix of all 0s. With these two results

in hand, we can now proceed

E(bbT ) = E

(
<[AH

KEv] � <[AH
KEv]

T

)
=

1

2
<
[
AH
KE(EvE

H
v )AK + AH

KE(EvE
T
v )A∗K

]
,

where ∗ denotes the conjugate operation. Therefore,

lim
N→∞

E(bbT ) =
σ4

2
<
[
AH
KΠAK + AH

KΠA∗K

]
= σ4<

(
AH
KΠA<

)
= σ4AT

<ΠA<.

(3.8)

As mentioned in (3.7), AT
<Iv,M = M1K . Thus,

AT
<ΠA< = M

[
1K ,0K×M , 1K ,0K×M , ..., 1K

]
A<.

where 0K×M is the all-zero matrix of size K ×M , and[
1K ,0K×M , 1K ,0K×M , ..., 1K

]
=

[
Iv,M , Iv,M , ..., Iv,M

]T
.

Therefore, we have:

AT
<ΠA< = M21K1TK (3.9)

Substituting (3.9) into (3.8) gives

lim
N→∞

E(bbT ) = σ4M21K1TK . (3.10)
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Combining with (3.7), we get:

lim
N→∞

V ar(b) = lim
N→∞

E

[(
b− E(b)

)(
b− E(b)

)T]
= lim

N→∞
E(bbT )− E(b)E(bT )

= σ4M21K1TK − σ4M21K1TK

= 0K×K

where 0K×K is the all-zero matrix of size K × K. Thus, when N goes to infinity, b

becomes a constant vector which is σ2M1K .

So, if we set λ = 2σ2M , we can have:

lim
N→∞

P (∆2) = lim
N→∞

P

(
C−111 b1 −

λ

2
C−111 1L > −p◦(1)

)
= P

(
σ2MC−111 1L − σ2MC−111 1L > −p◦(1)

)
= 1.

Similarly we can show that limN→∞ P (∆3) = 1. Then by Lemma 1, we prove Theorem

3: for λ = 2σ2M , limN→∞ P (∆1) = 1. Further, according to (3.5), if we set λ = 2σ2M ,

then:

lim
N→∞

u∗(1) = lim
N→∞

C−111 b1 − σ
2MC−111 1L

= σ2MC−111 1L − σ2MC−111 1L

= 0L.

Therefore, limN→∞ p
∗ = p◦, which means that when N → ∞ and λ = 2σ2M , the true

spatial spectrum is in the solution set.

Note that the MSC value of λ (when N →∞) only depends on the noise power σ2

and the number of sensors M . This result agrees with intuition, for N →∞, the error

term E converges to the covariance matrix of the noise σ2IM . Despite the unknown

mapping between λ and β, our simulations show that the corresponding MSC value

of β (when N → ∞) is σ2
√
M . More importantly, when N → ∞ and L 6 NA/2, by

Theorem 3, there is an MSC regularization parameter λ (or β) such that the true spatial

spectrum p◦ is inside the corresponding solution set of SpSF. Further, by Corollary 1,
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p◦ is the only MSC solution and sparsest in the solution set and thus can be obtained

by solving SpSF. Now, we have proved the consistency of SpSF in both DOA and signal

power estimation for an infinitely large number of snapshots.

Although the results of Theorem 3 still hold when NA/2 6 L 6 NA, the MSC solu-

tion may no longer be the sparsest one in Sλ or Sβ, and the problem of how to identify

it from the solution set arises. Here, we provide brief discussion about a potential DOA

estimator for the cases where NA/2 6 L 6 NA. Defining supp(p) as the support of p,

we obtain a corollary from Theorem 2:

Corollary 2. For any two solutions p∗, q∗ ∈ Sβ and p∗ 6= q∗, if ‖p∗‖0 6 NA then

supp(q∗) is not a subset of supp(p∗): supp(q∗) * supp(p∗).

Proof. Following the proof of Theorem 2, we have that p∗ − q∗ has more than NA non-

zero elements. At the same time, if supp(q∗) ⊆ supp(p∗), then ‖p∗−q∗‖0 6 ‖p∗‖0 6 NA.

The two statements contradict each other.

Under the assumptions that L 6 NA and a MSC solution exists in Sβ, Corollary 2 has

the following important implication. There exists only one MSC solution in Sβ. Thus,

the MSC solution is a local minimizer of the following optimization problem

min
p
‖p‖0 s.t. p ∈ Sβ,

which may be achieved by some non-convex approximations of the L0-norm, e.g. Lg-

norm with 0 < g < 1 [18] and Capped-L1 [19].

Another key assumption of Theorem 3 is that {θ1, ..., θL} ⊂ {φ1, ..., φK}, which can

hardly be valid in practice because the candidate directions are discrete, but the true

DOAs vary continuously. The modeling error caused by such mismatch can dramati-

cally degrade the estimation performance of many sparsity-exploiting DOA estimation

algorithms, including L1-SVD and SpSF. We will address this problem and propose

more complicated DOA estimation algorithms based on SpSF in Chapter 5.

3.2.2 Asymptotic Consistency for Infinitely Large M

In this subsection, we prove the asymptotic estimation consistency of SpSF in the sense

of infinitely large number of sensors M . In contrast to Theorem 3, if the candidate
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directions are kept fixed and K is finite as M →∞, the observation matrix AK becomes

full-column-rank and the inverse problem becomes over-determined rather than under-

determined. Although when M →∞ p◦ is still sparse (assuming K � L), such sparsity

is not necessary for the recovery of p◦ and, even without any regularization (λ = 0),

one would still expect SpSF to perfectly recover the spatial spectrum and hence DOAs

and signal powers. By the following Theorem 4, we prove such expected consistency of

SpSF.

The derivations and discussions of this subsection basically follow the same guideline

of Subsection 3.2.1, the analyses and notations of which are also intensively used in this

subsection. For simplicity, we do not repeat the definitions but refer the readers to the

last subsection, especially the proof of Theorem 3.

Theorem 4. Based on the assumptions of Theorem 3, if the number of sources L

is finite and the grid of candidate directions keeps constant with finite K, then when

M →∞, any λ which is nonnegative and grows slower than M2 (λ < O(M2)) will have

the true spatial spectrum inside its solution set, p◦ ∈ Sλ.

Proof. Again, we start with the optimality conditions of MSC solutions of SpSF,

u∗(1) > −p
◦
(1) (3.11a)

C11u
∗
(1) − b1 = −0.5λ1L (3.11b)

C21u
∗
(1) − b2 > −0.5λ1K−L. (3.11c)

Since the (i, j)th element of

C ,

[
C11 C12

C21 C22

]
is [C]i,j = ‖aH(θi)a(θj)‖22, where av(θi) = vec(a(θi)a

H(θi)) is the ith column of AK ,

C11 converges to M2IL (limM→∞C11 = M2IL) and C21 converges to a null matrix

(limM→∞C21 = 0) when M goes to infinity. Thus, as M becomes infinitely large, the

optimality conditions reduce to

0.5λ1L < b1 +M2p◦(1) (3.12a)
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b2 6 0.5λ1K−L, (3.12b)

where u∗(1) = 1
M2 (b1 − 0.5λ1L). Apparently, if

max(b2/M
2) < min(p◦(1) + b1/M

2),

then any λ (actually 0.5λ/M2) falling in between are MSC.

According to the definitions of b1 and b2, as M →∞, the kth element of b1/M
2 and

b2/M
2 become

[b1/M
2]k =

1

NM2

N∑
t=1

‖aH(θk)n(t)‖22 + 2M<[x∗k(t)a
H(θk)n(t)], k = 1, ..., L

[b2/M
2]k =

1

NM2

N∑
t=1

‖aH(θL+k)n(t)‖22, k = 1, ...,K − L.

As M → ∞, a(θi) and a(θj) with i 6= j become orthogonal to each other, aH(θi)n(t)

and aH(θj)n(t) become independent and identically distributed. Therefore, by the law

of large numbers, for ∀k = 1, ...,K

lim
M→∞

P

{
| 1

M
‖aH(θk)n(t)‖22 − σ2| < ε

}
= lim

M→∞
P

{∣∣∣∣ 1

M

M∑
i=1

|[a∗(θk)]i[n(t)]i|2 − σ2
∣∣∣∣ < ε

}
= 1,

where σ2 = E(|[n(t)]i|2) = E(|[a∗(θk)]i[n(t)]i|2) and ε is a positive but arbitrarily small

number. Thus,

lim
M→∞

1

NM2

N∑
t=1

‖aH(θk)n(t)‖22 = lim
M→∞

σ2

M
= 0, k = 1, ...,K,

limM→∞ b2/M
2 = 0 and

lim
M→∞

[
p◦(1) + b1/M

2
]
k

= [p◦(1)]k + lim
M→∞

2

NM
<[x∗k(t)a

H(θk)n(t)].

Note that aH(θk)n(t) =
∑M

i=1[a
∗(θk)]i[n(t)]i and

lim
M→∞

P

{∣∣∣∣ 1

M
aH(θk)n(t)

∣∣∣∣ < ε

}
= 1.
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Therefore, limM→∞
[
p◦(1) + b1/M

2
]
k

= [p◦(1)]k and

0 = lim
M→∞

max(b2/M
2) < lim

M→∞
min(p◦(1) + b1/M

2) = min(p◦(1)).

Further, as max(2b2) 6 λ < min(2b1 + 2M2p◦(1)), when M → ∞, any λ between 0

and 2M2min(p◦(1)) are MSC. More importantly, since limM→∞ b1/M
2 = 0 and u∗(1) =

1
M2 (b1 − 0.5λ1L), for any MSC λ which grows slower than M2, limM→∞ p

∗ = p◦. This

means that, when M → ∞ and 0 6 λ < O(M2), the true spatial spectrum is in the

solution set, p◦ ∈ Sλ.

Similar to the arguments presented after Theorem 3, we can obtain the asymptotic

estimation consistency of SpSF in the sense of an infinitely large number of sensors.

As M increases, the array becomes larger, and therefore one would expect its res-

olution performance becomes better. Further, one would also expect larger arrays to

be able to resolve larger number of sources. Thus, despite the consistency proved in

Theorem 4, a more interesting case is that, while preserving the sparsity and the under-

determined assumptions, K and L also grow to infinity along with M . Such cases are

studied in [28] for Lasso. In that work, it is stated that, under the Strong Irrepresentable

Condition (SIC) and the conditions on the decaying rate (vs M) of the lower limit of

the signal powers and the increasing rate of the upper limit of the number of sources L,

Lasso is asymptotically consistent in model selection for an infinitely large number of

sensors (after translating the notations of [28] to the settings of SpSF). Although SpSF

has an additional constraint of positivity over Lasso, the consistency result of [28] is still

applicable to SpSF since Lasso minimizes the same objective function with a larger fea-

sible region than SpSF and any solution, which is MSC for p◦ > 0, falls into the feasible

region of SpSF. However, the SIC unfortunately cannot hold even for Uniform Linear

Array, not to mention an arbitrary scenario of array geometry, candidate directions and

true DOAs. Thus, to obtain similar asymptotic consistency for SpSF (if it exists), one

needs to propose some other conditions. In the following, as an example, we show the

failure of SIC for Uniform Linear Arrays with L = 2 and leave more general results for

future work.

First, we recite the definition of SIC in terms that are specific to the DOA estimation

problem and the settings of SpSF:
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Definition 3. Strong Irrepresentable Condition [28]: There exists a positive constant

vector η ∈ RK−L×1+ , s.t. ∣∣∣∣C21C
−1
11 1L

∣∣∣∣ 6 1K−L − η.

As stated in the proof of Theorem 4, [C]i,j = ‖aH(θi)a(θj)‖22 and, for simplicity, we

denote δij = ‖aH(θi)a(θj)‖22 with δii = M2 and δij = δji. Then,

C11 =

[
M2 δ12

δ12 M2

]
,

and

C−111 =

 M2

M4−δ212
−δ12

M4−δ212
−δ12

M4−δ212
M2

M4−δ212

 .
Thus, the (k − L)th element of C21C

−1
11 1L would be

[C21C
−1
11 1L]k−L =

δ1k + δ2k
M2 + δ12

.

Let’s assume an 8-element ULA with d = 0.5 and two sources from directions −5◦

and 5◦, and take θk = 0◦. Then M2 = 64, δ12 = 9.0639, δ1k = δ2k = 42.4346, and

[C21C
−1
11 1L]k−L = 1.162. Thus, SIC does not hold for SpSF and its observation matrix

AK .

3.3 Simulation Results

In this section, we present simulation examples to validate the theoretical results of

this chapter. Again, we consider a ULA with d = 0.5. The sources are assumed

to be uncorrelated and the candidate directions are set as {−90◦,−89.9◦, ..., 90◦}. In

Subsection 3.3.1, the discussion and results on the maximum number of sources are

examined and examples of spatial spectra estimated by SpSF are provided to show the

success of SpSF in resolving M − 1 sources (for ULA) and its failure with even M

sources. In Subsections 3.3.2 and 3.3.3, the asymptotic consistency of SpSF is checked

and simulation results of Root-Mean-Squared-Error (RMSE) varying with N and M ,

respectively, are presented.
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3.3.1 Example of the Maximum Number of Sources

In this subsection, we choose M = 8 and use SpSF to estimate the spatial spectra of

L = 7 and L = 8 uncorrelated sources, with SNR=0dB. In the L = 7 case, the sources

are placed at −60◦, −40◦, −20◦, 0◦, 20◦, 40◦ and 60◦. To show the effectiveness of the

upper limit on the number of sources L 6 NA/2 = M − 1/2, in the L = 8 case, we

place one more source, which is still uncorrelated with the others, at −80◦. To avoid the

impact of finite sample estimates, in this subsection, we assume availability of infinitely

many snapshots and therefore supply the true spatial covariance to SpSF rather than

the sample covariance matrix. Further, according to Theorem 3, the regularization

parameter λ of SpSF, formulation (3.1), is fixed at 2σ2M . In Figure 3.1 and 3.2,

the spatial spectra estimated by SpSF for the two cases are presented. As shown by

these two figures, SpSF can very accurately estimate the spatial spectrum of M − 1

(NA/2) uncorrelated sources. However, even with only one more source which is still

uncorrelated and well-separated from the other sources, SpSF cannot correctly resolve

the M sources (in Figure 3.2, there are less than M peaks).

Figure 3.1: Example of an Estimated Spatial Spectrum of M − 1 Sources



55

Figure 3.2: Example of an Estimated Spatial Spectrum of M Sources

3.3.2 Consistency of SpSF with Respect to N

In this subsection, we show the behavior of SpSF’s RMSE when N → ∞ in Figure

3.3. As in Chapter 2, we consider M = 8 ULA and L = 2 uncorrelated sources from

θ1 = −5◦ and θ2 = 5◦. For each combination of SNR and N , 500 independent trials

are used and the regularization parameter λ is fixed at 2σ2M through all these trials.

In Figure 3.3, we plot the RMSE vs SNR for N = 10, 102, 103, 104 and 105. As shown

by the figure, the performance of SpSF is monotonically increasing with N and such

improvement is very consistent, especially when N is large enough. Further, when N

is relatively small, the performance of SpSF at high SNRs is worse than that of SpSF

at low SNRs. This is because when N is small but SNR is large, the contributions of

signal correlation (due to limited number of snapshots N) can be much larger than that

of noise and, thus, significantly degrade the DOA estimation performance of SpSF. In

these cases, the spatial smoothing technique, discussed in Section 2.3, can be utilized to

compensate for such performance loss. Due to computational complexity of calculating

the sample covariance matrix, we can only show the results of finite N . The improving

trend shown in Figure 3.3 implies the asymptotic DOA estimation consistency of SpSF

in the sense of infinitely large number of snapshots.
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Figure 3.3: Consistency with Respect to N

3.3.3 Consistency of SpSF with Respect to M

Similar to Subsection 3.3.2, the asymptotic consistency of SpSF with respect to M is

illustrated through simulation examples of SpSF’s RMSE versusM , in which λ is fixed at

2σ2M for each M . In Figure 3.4, the RMSE performance is plotted for M = 4, 8, 16 and

32, where the performance improvement along with increasing M implies the asymptotic

consistency. As shown by this figure, as M becomes larger, the same ratio of increase in

M will lead to less improvement in estimation performance. Further, comparing Figure

3.4 with Figure 2.5, one would notice the performance loss in the case of M = 8. Such

difference is because, in Figure 2.5, the regularization parameter of SpSF is exhaustively

searched for each SNR but, in Figure 3.4, the regularization parameter is fixed at 2σ2M .

This fact suggests the need for adaptive parameter selection methods, which will be

proposed in next chapter.
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Figure 3.4: Consistency with Respect to M



Chapter 4

Regularization Parameter

Selection

In the last two chapters, it has been shown that sparsity-exploiting DOA estimation

algorithms, SpSF, SpSF-C and L1-SVD, can provide significant estimation performance

improvements over well-established algorithms. One of their main drawbacks, how-

ever, is the difficulty in finding the regularization parameters which can lead to good

DOA estimation performances. This drawback is inherited by these algorithms from

their basis, i.e. the sparse signal reconstruction or L1-Norm regularization methods.

These algorithms and methods use their regularization parameters to control the bal-

ance between the observation fitting residual and the sparsity of the estimated signals

or models. Thus, their estimation performance generally depends on such balance and,

hence, the selection of the regularization parameters. However, since the true signals

and their sparsity measurements (L1-Norms) are unknown, it is not clear whether the

result provided by any given regularization parameter is good or not. Therefore, there

is no obvious or direct way to distinguish a good regularization parameter from a bad

one.

In order to circumvent such difficulties, many different principles or criteria have

been proposed for selecting the parameters. A simple but very widely used one is the

Discrepancy Principle, which prefers the solutions (and the corresponding parameters)

with the norm of their fitting residual equal to the norm of the error terms. This principle

58
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can be helpful only in simulations since the error terms are generally unknown in practi-

cal applications. Another widely-used regularization parameter selection method is the

Cross Validation (CV), which distinguishes the good estimates (and their correspond-

ing parameters) by evaluating their generality within the set of available observation

data. Such generality is a measurement of the capability of the current estimates in

predicting future observations. Since CV relies on no prior information and is generally

applicable, it has been widely used in regularization-based algorithms (e.g. machine

learning and sparse signal reconstruction) and shown to provide good estimation per-

formance. Further, CV is data-adaptive, which means that it can adjust its estimates

of the “best” regularization parameters according to the observation data (or ideally

the realizations). However, CV requires the estimation algorithm to be solved many

times for each of the candidate regularization parameters, a process which can be com-

putationally very expensive, especially when the algorithm itself is not computationally

efficient. This disadvantage of CV is not critical for off-line processing and potential

performance evaluation, but it prohibits the usage of CV in many real-time applications.

Thus, in this chapter, we address the problem of regularization parameter selection for

SpSF and propose several methods to either alleviate the sensitivity of SpSF to the pa-

rameter or automatically and adaptively select the parameter for the purpose of DOA

estimation.

In Section 4.1, using Diagonal Loading for SpSF is proposed to reduce its sensitivity

to the selection of the regularization parameter for a specific formulation of SpSF.

Such method is inspired by the asymptotic consistency of SpSF for an infinitely large

number of snapshots, which indicates that the identity matrix, no matter how large it

is scaled, in the covariance matrix does not introduce any estimation error to SpSF if

its regularization parameter is set at a specific value. Thus, by adding an extra identity

matrix into the sample covariance and relying on the approximately linear behavior of

SpSF around the loaded covariance, this diagonal loading method can not only reduce

but also enable the control of the sensitivity of SpSF to its regularization parameter.

In Section 4.2, we propose an iterative version of SpSF, Iterative SpSF (I-SpSF).

This method starts with the minimum L2-Norm fitting result and iteratively estimates

the size of the error term Ev based on the sparsity assumption and the linear decom-

position model (2.14). Then, according to the Discrepancy Principle, the value of the
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estimated ‖Ev‖2 is used as the regularization parameter for the next iteration. This

method only requires the knowledge of the number of sources L and is completely free

of a regularization parameter (in contrast to the Diagonal Loading method). Although

this iteration process needs to solve SpSF repeatedly, it can provide satisfactory DOA

estimation performance in just a few iterations.

In Section 4.3, an automatic and data-adaptive regularization parameter selector for

SpSF is developed on the basis of the optimality conditions of Model Selection Con-

sistent (MSC) and DOA Estimation Correct (DOAEC) solutions. Since any “good”

regularization parameter should be data dependent and its value (or even existence) is

random, we start this section by analyzing the probability of the existence of MSC reg-

ularization parameters based on the optimality conditions of corresponding solutions.

This analysis leads to several inequalities describing such a probability, which, however,

are very hard to analytically evaluate. We propose to approximate this probability by

Monte Carlo Evaluation process. Following that, by comparing the optimality condi-

tions of DOAEC solutions with those of MSC ones, we present an upper bound on the

probability of the existence of MSC solutions. Such an upper bound, through simu-

lations, is shown to not only approximate the probability of the existence of DOAEC

solutions but also to provide an estimate of the distribution of the regularization pa-

rameters giving correct DOA estimates for any given scenarios. Based on this upper

bound, we propose an automatic regularization parameter selector which, although it

requires a limited amount of prior information, is data adaptive and very computation-

ally efficient. Through simulations, this selector is shown to be robust with respect to

the errors in the prior information and able to provide almost the same DOA estimation

performance as the exhaustively searched and fixed regularization parameters. Further,

after applying this selector (with SpSF) to the cases of highly correlated sources, its

advantage of data adaptation is highlighted by its DOA estimation performance, which

is not only better than any fixed regularization parameter but also the same as SpSF-C

using an exhaustively search parameter.

In Section 4.4, simulation results are presented to illustrate the effectiveness, esti-

mation performance and robustness of the methods proposed in this chapter.
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4.1 Diagonal Loading

In this section, we propose to use Diagonal Loading (DL) for alleviating the sensitivity

of the estimation performance of SpSF to its regularization parameter. Although this

method cannot estimate the “good” values of the regularization parameter, it can extend

the range of such values, inside which SpSF achieves its best estimation performance

among all the possible values of the regularization parameter. Such an advantage can

make any fixed value to be “good” for more scenarios and thus reduce the difficulty in

parameter selection.

In order to utilize DL, the following equivalent formulation of SpSF is now consid-

ered:

p∗ = argmin
p
‖Rv −AKp‖2 + δ‖p‖1, s.t. pi > 0, i = 1, 2, ...K, (4.1)

where δ is the regularization parameter to be tuned. When the number of snapshots,

N , is finite, we can partition the error term E = Ẽ + αIv and thus

Rv = AKp
◦ + Ẽv + αIv, (4.2)

where α is positive and represents the scale of the identity matrix in E and Ẽ is the

deviation of the estimated covariance matrix from the ideal model. If AKp
◦ + Ẽv can

be decomposed into fewer than M columns of AK (thus their summation can be viewed

as AK p̃ where the number of non-zero terms in p̃ is less than M), then according to

Theorem 3 presented in the previous chapter, there always exists a special regularization

parameter (for the equivalent formulation (4.1)) which can perfectly recover p̃. Although

it is almost impossible for this sparsity assumption of p̃ to be valid and such a special

regularization parameter is a function of both σ2 and M , we have observed through

simulations that, for the formulation (4.1), if p̃ is truly sparse, δ =
√
M is the special

value and its corresponding fitting residual is identical to αIv. Further, if AKp
◦ and

Ẽv are fixed and δ is set at
√
M − ε with ε being positive and sufficiently small, then

one can observe the following relationships between the fitting residual and varying but

sufficiently large α:

‖AKp
◦ + Ẽv −AKp

∗‖2 u α
√
M + c1 (4.3a)

AKp
◦ + Ẽv + αIv −AKp

∗ u c2Iv, (4.3b)
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where c1 and c2 are independent from α, c2 < α and p∗ is the solution of

p∗ = argmin
p
‖AKp

◦ + Ẽv + αIv −AKp‖2 + (
√
M − ε)‖p‖1, s.t. pi > 0.

Such relationship should not be surprising, for when ε is very small, one would expect

approximately linear behavior of SpSF and the equation (4.3a). When α is sufficiently

large, the scaled identity matrix component of E becomes dominating and thus the

algorithm SpSF cannot “see” any other components in E. Therefore, one can approxi-

mately have the relationship (4.3b). Similar to the equations of (4.3), for δ =
√
M+ε,

we have:

‖AKp
◦ + Ẽv −AKp

∗‖2 u f1α
2 + f2α+ f3 (4.4a)

‖AKp
◦ + Ẽv + αIv −AKp

∗‖2 u (
√
M + f4)α+ f5, (4.4b)

where f1, f2, and f4 are very small (e.g. 10−3 v 10−6). Interestingly, if we have α in a

proper range and denote δ1 =
√
M + ε and δ2 =

√
M + γε with ε sufficiently small and

γ > 0, then

f
(2)
4 ≈ γf (1)4 ,

where f
(i)
4 is the coefficient f4 corresponding to δi i = 1, 2. Thus, as shown by these

observations, if γ is very small, then the size of the fitting residual grows very slowly

with α. Therefore, by controlling γ, we can control the length of the range of “good” α

and hence the sensitivity of SpSF to its parameter.

Now, we propose the following transformed formulation of SpSF which uses DL to

alleviate the difficulty of finding “good” regularization parameters.

Diagonal Loading for SpSF:

p∗ = argmin
p
‖Rv + αIv −AKp‖2 + (

√
M + ε)‖p‖1

s.t. pi > 0, i = 1, 2, ...K,
(4.5)

where ε is sufficiently small and α is the parameter to adjust. Generally, ε could be as

small as possible, and the only limit is the numerical accuracy of the computing system.

Based on the Discrepancy Principle, if the norm of the residual ‖Rv+αIv−AKp
∗‖2 is on

the order of but larger than ‖Ẽ+αIv‖2, then we can expect SpSF to successfully estimate

the DOAs of the sources. If we set δ =
√
M+ε with ε sufficiently small and denote αmin
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(αmax) as the smallest (largest) α that can give correct DOA estimates, then according

to (4.4b), rα = αmax − αmin can be very large because f4 is very small. For different

scenarios, such extended ranges of “good” parameters are more likely to have overlaps

than that of δ of SpSF (4.1); therefore, for any given parameter value α, it is more

generally “good”. By using the Diagonal Loading version of SpSF, (4.5), the robustness

of SpSF with respect to parameter selection is improved and, more importantly, such

robustness can be enhanced by decreasing ε. Another advantage of DL is that there

is no increase in computational complexity than the original SpSF. Simulation results

illustrating the effectiveness of this method are presented in Section 4.4.

4.2 Iterative SpSF

In practice, any algorithm that is free of a regularization parameter can be favorable

because it saves significant effort for tuning the parameters and avoids performance

uncertainty caused by different parameter values. In this section, we propose a DOA

estimator, Iterative SpSF (I-SpSF), which only requires the knowledge of the number

of sources L and has no parameter to be tuned. I-SpSF repeatedly solves SpSF and

updates its regularization parameter with a fixed initialization. Specifically, for each

iteration, I-SpSF solves the formulation (2.16) of SpSF, which is re-presented here:

min
p∈RK×1

‖p‖1, s.t. ‖Rv −AKp‖2 6 β and pk > 0, k = 1, ...,K, (4.6)

and then updates its estimate of “good” β according to the fitting residual of the current

estimate of the spatial spectrum. In what follows, we present the development of I-SpSF

by starting with an approximated lower-bound for Model Selection Consistent (MSC)

βs.

Suppose that we have the sample covariance matrix R and we know that the L

uncorrelated sources are from θ1, θ2, ..., θL. Then, if a regularization parameter β0 is

MSC, the corresponding feasible region defined by ‖Rv − AKp‖22 6 β20 should have

intersection with the subspace spanned by {av(θ1), av(θ2), ..., av(θL)}. Denoting the

distance between Rv and this subspace by d0, then any MSC β0 should satisfy

β0 > d0. (4.7)
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However, {θi, i = 1, 2, ..., L} are unknown and d0 cannot be calculated. But if we

have estimates {φtj , j = 1, 2, ..., L} of the directions {θi, i = 1, 2, ..., L}, then we can

approximate d0 by the distance between Rv and Span{av(φt1), av(φt2), ..., av(φtL)}. By

denoting this approximate distance by dT and the set T = {t1, t2, ..., tL}, dT is the

minimum value of d such that the following system has solution:

‖Rv −AKp‖22 6 d2, (4.8)

where pi = 0 if i /∈ T . If the rank of AK is k, then the Singular Value Decomposition

of AK can be written as:

AK = U

[
Ω 0

0 0

]
VH , (4.9)

where Ω = diag(ω1, ω2, ..., ωk), with |ω1| > |ω2| > ... > |ωk| > 0. Based on (4.9), (4.8)

can be transformed to: ∥∥∥∥
[
Ω 0

0 0

]
VHp− q

∥∥∥∥2
2

6 d2 (4.10)

where q = UHRv. By partitioning V = [VH
s ,V

H
n ] and qH = [qHs , q

H
n ], where Vs: k×K,

Vn: (K − k)×K, qs: k × 1 and qn: (M2 − k)× 1, we can further simplify (4.8) to:∥∥∥∥Ω(Vsp−Ω−1qs)

∥∥∥∥2
2

6 d2 − ‖qn‖22, (4.11)

where ∥∥∥∥Ω(Vsp−Ω−1qs)

∥∥∥∥2
2

> |ωk|2
∥∥∥∥Vsp−Ω−1qs

∥∥∥∥2
2

.

Thus, the d defined by the following equation will be smaller than dT and hence a

lower-bound of β0:

d2 = ‖qn‖22 + min
p
|ωk|2

∥∥∥∥Vsp−Ω−1qs

∥∥∥∥2
2

, (4.12)

where the support of p is restricted to be a subset of T . It is easy to show that the

second term of the right-hand-side of (4.12) equals:

min
p
|ωk|2

∥∥∥∥Vsp−Ω−1qs

∥∥∥∥2
2

= |ωk|2
∥∥∥∥[Vs,T (VH

s,TVs,T )−1VH
s,T − I

]
Ω−1qs

∥∥∥∥2
2

,
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where Vs,T constitutes of the columns of Vs which are indexed by the elements of T .

Now, we obtain the lower-bound for the MSC regularization parameter β0:

β20 > |ωk|2 ·
∥∥∥∥[Vs,T (VH

s,TVs,T )−1VH
s,T − I

]
Ω−1qs

∥∥∥∥2
2

+ ‖qn‖22. (4.13)

Now that SpSF is used to find the estimates {φtj , j = 1, 2, ..., L} (or equivalently

the set T ), Iterative SpSF (I-SpSF) is formulated as alternating between estimating

the DOAs and updating its regularization parameter β. We choose to initialize SpSF

by providing rough estimates of the L DOAs, which can be generated either by some

conventional algorithms, e.g. MUSIC, or by solving SpSF with β = 0. The second

choice sounds more interesting to us because 1) it reduces the dependency of SpSF

on any other algorithms; 2) it does not introduce uncertainty of different initialization

algorithms; and 3) when SNR is not very low, SpSF with β = 0 still has competitive

resolution capability and its DOA estimates will not be far away from the true DOAs

(though the corresponding spatial spectrum is generally not sparse). In the following,

we summarize the steps of I-SpSF

Step 1: initiate at l = 0 and β(0) = 0

Step 2: solve SpSF with β(l) and find the L largest peaks, which give the DOA

estimates {φ(l)tj , j = 1, 2, ..., L}

Step 3: use these estimates and calculate β(l+1) by (4.13)

Step 4: if I-SpSF converges, i.e. β(l+1) = β(l), oscillates or the maximum number

of iteration is achieved, go to step 6; otherwise go to step 5

Step 5: l = l + 1, go back to Step 2

Step 6: if it oscillates, output the spectrum by βmax which is the largest β in the

oscillation; otherwise, output the spectrum by β(l)

Although in most instances I-SpSF can converge in just a few iterations; in some

other cases, its β(l) as a function of l may show periodic behavior (oscillate) after

the first 3 to 5 iterations. In such cases, β(l) oscillates between two extreme values

which are denoted by βmax and βmin, and the period of such oscillation is usually
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within 10 iterations. This periodic behavior of I-SpSF can be distinguished from its

true convergence by keeping track of β(l) and detecting β(l) = β(l+τ), l, τ > 0. Such

oscillation is because I-SpSF updates β(l) according to the lower bound (4.13), which is

conservative (meaning that, even when the DOA estimates provided in lth iteration are

all correct, the estimated β(l+1) is just the distance between Rv and the corresponding

subspace and hence too small to provide truly sparse solution). Therefore, in Step 6,

we choose the final β as βmax, which is more likely to provide sparse spatial spectrum

than the other βs in the period. Further, we have observed in our simulations that

I-SpSF usually converges very fast when SNR is above the resolution threshold of SpSF

(using exhaustively searched but fixed regularization parameter), and the oscillation

behavior only happens when SNR is around the threshold. Compared to the Diagonal

Loading method of Section 4.1 and the automatic regularization parameter selector to

be proposed in Section 4.3, the advantages of I-SpSF are that it is free of a regularization

parameter and requires only the knowledge of the number of sources. Its disadvantage,

however, is that it needs to solve SpSF for many times (though still much less than

Cross Validation) and can be less favorable for some computational-complexity-sensitive

applications.

4.3 Automatic Regularization Parameter Selector

In this section, we present an automatic and data-adaptive Regularization Parameter

(RP) selector for SpSF (3.2) which is developed on the basis of its optimality conditions.

Even if the scenario is fixed, the range of “good” RPs of SpSF is generally different

for each realization, the purpose of this section is to find (possibly different) RPs,

which can provide good DOA estimation performance, of SpSF with respect to each

realization. Although the optimality conditions of the DOAEC solutions can describe

the functional relationship between such RPs, the signal and noise samples, DOAs

and array geometries, they cannot be directly used because the DOAs and signal and

noise samples are unknown and such conditions cannot be evaluated if the DOAEC

solution itself is unknown. Therefore, in order to obtain such a selector, in Subsection

4.3.1, we first analyze the optimality conditions of MSC solutions of SpSF which are

further translated to several inequalities defining the range of “good” RPs for any given
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realization. Following that, a Monte Carlo evaluation process is proposed to efficiently

evaluate the probability of the existence of MSC solutions, which will also be utilized for

evaluation of the upper bound and the automatic selector. Then, in Subsection 4.3.2,

by comparing the optimality conditions of MSC solutions with those of DOAEC ones,

these inequalities are relaxed and an upper bound on the probabilities of the existence of

MSC RPs is obtained. On the basis of this upper bound and the Monte Carlo evaluation

process, our automatic selector is presented in Subsection 4.3.3. This automatic selector

is computationally efficient and requires limited amount of information.

In this section, we consider SpSF in the formulation (3.2), which is re-presented here

for reader’s reference:

min
p∈RK×1

‖Rv −AKp‖22 + λ‖p‖1, s.t. pk > 0, k = 1, ...,K. (4.14)

Further, for simplicity of description, we define that

Definition 4. PMSC : the probability that, no matter what regularization parameter

it uses, SpSF can find a Model Selection Consistent solution for any given but fixed

scenario (including DOAs, array geometries, signal and noise distributions and etc.),

and

Definition 5. Pθ: the probability that, no matter what regularization parameter it uses,

SpSF can perfectly estimate the DOAs for any given but fixed scenario.

Here, we note that perfect estimation of the DOAs is only possible in the context of

DOAs belonging to the grid of candidate directions. Further, for the given and fixed

scenario, since the signal and noise samples are random variables, these two probabilities

are dependent on the distributions of these random variables and thus are desired to

be mathematically formulated through the conditions or inequalities on these random

variables.

4.3.1 Optimality Conditions and Monte Carlo Evaluation Process

Model Selection Consistency, as defined in Chapter 3, is a strictly stronger requirement

than correctly estimating the DOAs since there may be some solutions (estimated spatial

spectrum) of SpSF which are non-sparse but do have their peaks located at the correct
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positions. (Actually, the success of I-SpSF relies on the existence of such solutions.)

Thus, as will be shown in Section 4.4, the probability of the existence of MSC λ is usually

much smaller than that of DOAEC ones, which may cause the effort of analyzing the

optimality conditions of MSC solutions and finding the MSC λs seem meaningless for

practical applications. However, because the support of the MSC solutions are exactly

known (supposing that the true DOAs are available for analysis), such solutions can be

explicitly formulated and their optimality conditions can be considerably simplified. In

contrast, there is no explicit formula for DOAEC solutions even if the realizations of the

signal and noise samples are known. Further, the corresponding optimality conditions of

these solutions cannot be simplified because their supports are generally unknown and

varying with the realizations. Therefore, in this subsection, we present and analyze the

optimality conditions of MSC solutions and show their relationship to the conditions of

the existence of MSC λs. In the following, we first recite some definitions from Chapter

3, which are the basis of the derivations presented in the rest of this section.

The true spatial spectrum and any solution of SpSF are defined as p◦ and p∗, respec-

tively. Without loss of generality, the first L elements of p◦ are assumed to be non-zero:

p◦i > 0, 1 6 i 6 L and p◦i = 0, L < i 6 K (by re-arranging the columns of AK). p◦ and

p∗ are partitioned into subvectors:

p◦ =

[
p◦(1)

p◦(2)

]
, p∗ =

[
p∗(1)

p∗(2)

]
, u∗ =

[
u∗(1)

u∗(2)

]
,

where u∗ = p∗−p◦, p◦(1), p
∗
(1) and u∗(1) are the first L entries of p◦, p∗ and u∗, respectively,

and p◦(2), p
∗
(2) and u∗(2) are self-explanatory. The observation matrix AK is partitioned

into the sub-matrices

AK = [AK,(1),AK,(2)],

where AK,(1) and AK,(2) consist of the first L and the last K−L columns, respectively.

Based on these sub-matrices, for i, j = 1, 2, one can define:

Cij = <[AH
K,(i)AK,(j)]

bi = <[AH
K,(i)Ev],

where <[·] denotes the real part and b = [bT1 , b
T
2 ]T . 1L and 1K−L are the vectors of all

1s and of size L × 1 and K − L × 1 respectively. According to these definitions, any
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MSC solution has to have its p∗(2) = 0, u∗(2) = 0, p∗(1) > 0 and u∗(1) > −p
∗
(1), where the

inequalities are element-wise.

By the derivations in Chapter 3, the necessary and sufficient conditions of an MSC

solution are that there exists u∗(1) satisfying the following element-wise inequalities

u∗(1) > −p
◦
(1) (4.15a)

u∗(2) = 0 (4.15b)

C11u
∗
(1) − b1 = −0.5λ1L (4.15c)

C21u
∗
(1) − b2 > −0.5λ1K−L. (4.15d)

Since there is no additional restriction on u∗(2), we can just let u∗(2) = 0 and drop the

second condition. Then, the inequalities in (4.15) can be further simplified to

λC−111 1L 6 2C−111 b1 + 2p◦(1) (4.16a)

λ(C21C
−1
11 1L − 1K−L) 6 2C21C

−1
11 b1 − 2b2, (4.16b)

where, by (4.15c), u∗(1) = C−111 (b1 − 0.5λ1L). Now that there is explicit formula for u∗(1)

(and hence p∗(1)) and it is not involved in the inequalities of (4.16), for any given C

and b, whether the conditions (4.16) can be satisfied or not is now independent of the

optimization process of SpSF but only relies on the value of λ. More accurately speaking,

if we can find any λ satisfying the inequalities of (4.16), the corresponding solution,

given by u∗(1) = C−111 (b1 − 0.5λ1L), will be the solution of SpSF and Model Selection

Consistent. Otherwise, no matter what regularization parameter it uses, SpSF cannot

find MSC solution. Therefore, the probability PMSC is equivalent to the probability of

the existence of such λ, which is obviously a function of the distributions of the involved

random variables b and p◦(1) (if the DOAs and AK are fixed).

Note that the inequalities of (4.16) are between vectors and element-wise. Thus, each

of these inequalities represents a series of constraints on λ, where only at most four of

them are effective. Specifically, let’s partition the elements of C−111 1L into positive ones
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and negative ones and denote the indices of the ith positive and the jth negative elements

by +i and −j respectively. Then, (4.16a) is equivalent to the following inequalities:

λ 6 [2C−111 b1 + 2p◦(1)]+i/[C
−1
11 1L]+i , i = 1, ...,K+ (4.17)

and

λ > [2C−111 b1 + 2p◦(1)]−j/[C
−1
11 1L]−j , j = 1, ...,K−, (4.18)

where K+ and K− are the number of positive and negative elements in C−111 1L, respec-

tively. Similarly, (4.16b) can be rewritten as

λ 6 [2C21C
−1
11 b1 − 2b2]+i/[C21C

−1
11 1L − 1K−L]+i , i = 1, ..., Z+, (4.19)

and

λ > [2C21C
−1
11 b1 − 2b2]−j/[C21C

−1
11 1L − 1K−L]−j , j = 1, ..., Z−. (4.20)

The above four inequalities fully describe the functional relationship between MSC λs

and the DOAs, signal and noise samples, array geometry and candidate directions.

Given any specific realization of {b1, b2, p◦(1), θ1, ..., θL}, the boundaries on MSC λs can

be calculated by (4.17), (4.18), (4.19) and (4.20). These boundaries along with λ > 0,

define a range, SMSC . When SMSC is non-empty, any λ inside it is MSC; if it is empty,

SpSF cannot find MSC regularization parameter and solutions. Therefore, PMSC can

be further translated to the probability that SMSC is non-empty.

Although an explicit formula of PMSC seems to be within the reach by these inequal-

ities, it is generally very hard to obtain since the distributions of the involved random

variables, especially b1 and b2, are very difficult (if not impossible) to analyze (for special

cases, e.g. L = 1, theoretical results can be found in [58]). Thus, instead of an explicit

formula, we propose to estimate PMSC through Monte Carlo evaluation for any given

scenario, a proposal which is based on the idea of Monte Carlo simulation to evaluate

the probability by a large number of independent trials. Specifically, once the DOAs,

the distributions and AK are fixed and given, NT independent trials are employed, dur-

ing which the signal and the noise samples are randomly generated according to their

distribution functions. Then, using the DOAs and AK , b1, b2 and p◦(1) are computed,

which, after substituting into the inequalities (4.17), (4.18), (4.19) and (4.20), can pro-

vide SMSC for this realization. The number of trials in which SMSC is non-empty is
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divided by NT , providing an estimate of PMSC . NT is chosen to be sufficiently large

so that this estimate becomes accurate enough. Note that this evaluation process is

proposed to replace the explicit formula for PMSC , and thus it requires exact knowledge

of the distributions and DOAs, which makes it not usable for practical applications.

However, the optimality conditions and the idea of this Monte Carlo evaluation process

presented in this subsection serve as the basis of the automatic λ-selector proposed in

Subsection 4.3.3.

4.3.2 Upper Bound on PMSC

Although through the analysis presented in the last subsection PMSC and the range of

MSC λs can be evaluated, the actual aim of SpSF is to correctly recover the DOAs (usu-

ally along with non-sparse or less sparse spatial spectra), which is much more possible

than perfect support recovery, PMSC � Pθ (especially when N is finite). Therefore,

in this subsection, we propose an upper bound on PMSC which will be based on the

optimality conditions of DOAEC solutions and later shown to be able to approximate

Pθ well. This upper bound, along with the Monte Carlo evaluation process, forms the

basis of the automatic λ-selector proposed in Subsection 4.3.3.

Before the analysis can be presented, we have to first mathematically define the

DOAEC solutions. Most of the DOA estimation algorithms, e.g. MUSIC and MVDR,

do not directly provide DOA estimates, but generate a “measurement value” for each

of the candidate directions. These measurements can be power(MVDR), orthogonal-

ity(MUSIC) etc. Then, the estimates of the DOAs are identified by finding the peaks in

these measurement values and, if these peaks are associated with the correct candidate

directions, the corresponding solution is considered to be DOAEC. In this subsection,

for simplicity of analysis, we use a slightly different definition for DOAEC solutions:

Definition 6. DOAEC Solution: any solution p∗ satisfying min{p∗(1)} > max{p∗(2)} is

called DOAEC, and the probability of the existence of such a solution is Pθ,

where min{p∗(1)} and max{p∗(2)} are the minimum and the maximum element of p∗(1)

and p∗(2), respectively.

As we have mentioned, in most of times, PMSC is much smaller than Pθ, which is

caused by (4.15d) (or equivalently (4.16b)). This is because, as shown in the proof of



72

Theorem 3, E(b) = σ2M1K ; hence

E[2C−111 b1 + 2p◦(1)] = 2σ2MC−111 1L + 2E[p◦(1)] (4.21a)

E[2C21C
−1
11 b1 − 2b2] = 2σ2M(C21C

−1
11 1L − 1K−L). (4.21b)

Comparing (4.21) and (4.16), we can see that, if λ is set to be 2σ2M , the left-hand-side

of (4.16a) is always smaller than the mean of its right-hand-side (since E[p◦(1)] > 0). In

contrast, the left-hand-side of (4.16b) is equal to the mean of its right-hand-side. By

viewing the right-hand-side of these two inequalities as random vectors and assuming

their distributions are symmetric around their means, the probability that (4.16a) can

be satisfied is larger than that of (4.16b). Therefore, in order to obtain an upper bound,

we try to relax the constraint (4.16b) by looking at the optimality conditions of DOAEC

solutions.

The general optimality conditions of the solutions of SpSF are the following

u∗(1) > −p
◦
(1) (4.22a)

u∗(2) > 0 (4.22b)

[Cu∗]ik − [b]ik = −0.5λ, k = 1, ..., U+ (4.22c)

[Cu∗]jk − [b]jk > −0.5λ, k = 1, ..., U0, (4.22d)

where U+ and U0 are the number of non-zero and zero entries in p∗, respectively, and ik

and jk are the corresponding indices, respectively. For DOAEC solutions, such condi-

tions cannot be significantly simplified since {ik, k = 1, ..., U+} and {jk, k = 1, ..., U0}
are unknown, but we can still obtain the result that the DOAEC solutions have to at

least satisfy the following conditions:

min{u∗(1) + p◦(1)} > max{u∗(2)} > min{u
∗
(2)} > 0 (4.23a)

2C21u
∗
(1) + 2C22u

∗
(2) − 2b2 > −λ1K−L. (4.23b)
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If the solution p∗ is DOAEC but not MSC, u∗(2) is non-zero and C22u
∗
(2) > 0 since all the

elements of C22 are non-negative (proved in Section 3.2). Thus, the condition (4.23b) is

a relaxation of (4.15d) and, by replacing (4.15d) with (4.23b), we can obtain an upper

bound on PMSC , which, unfortunately, cannot be evaluated since u∗(2) is unknown.

Therefore, the key idea of our upper bound is to use a randomly generated non-negative

vector, g, to replace the unknown u∗(2) and remove the randomness of g through the

Monte Carlo evaluation process of the upper bound. Specifically, by leaving the number,

G, of non-zero elements in g as a parameter chosen by the user, we generate the random

vector g = [g1, g2, ..., gK−L]T in the following way:

Step 1: With equal possibilities, randomly select G candidate directions from

those separated from any of {θ1, ..., θL} by at least half null-to-null beamwidth

Step 2: Denoting the indices of their corresponding elements in p∗(2) by r1, ..., rG ∈
[1,K − L], set eG ∈ RK−L×1 as a vector of 0s except for its rth1 , ..., r

th
G elements

being 1

Step 3: Construct g = (min{C−111 b1 + p◦(1)} − 0.5λmin{C−111 1L})eG.

In Step 3, we assign the non-zero elements in g to be the same value, which is inspired

by (4.23a) and

max{u∗(2)} < min{u∗(1) + p◦(1)} 6 min{C
−1
11 b1 + p◦(1)} − 0.5βmin{C−111 1L}.

To further simplify the formulas, we define

mbp = min{C−111 b1 + p◦(1)}

mC1 =min{C−111 1L}

and thus

g = (mbp − 0.5λmC1)eG.

Substituting g into (4.23b), (4.15d) can be relaxed as

2C21u
∗
(1) + (2mbp − λmC1)C22eG − 2b2 > −λ1K−L. (4.24)

Replacing (4.24) into (4.16) gives the inequalities for the upper bound:

λ > 0 (4.25a)
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λC−111 1L 6 2C−111 b1 + 2p◦(1) (4.25b)

λ(C21C
−1
11 1L +mC1C22eG − 1K−L) 6 2C21C

−1
11 b1 + 2mbpC22eG − 2b2. (4.25c)

Similar to (4.16), we denote the range of λ defined by (4.25) as SUP and, for any realiza-

tion, SMSC ⊆ SUP . Therefore, when G > 0, PUP > PMSC , where PUP is the probability

that SUP is non-empty. When G = 0, the random vector eG is always 0 and hence this

upper bound reduces back to PMSC , PUP = PMSC . Because b, p◦, {θ1, θ2..., θL} and eG

are random vectors and their distributions are difficult to obtain, this upper bound PUP

cannot be explicitly formulated, but needs to be evaluated through the Monte Carlo

evaluation process (note that mbp is also dependent on b and p◦). Specifically, for any

given G > 0, {θ1, θ2, ..., θL} and the distributions of signal and noise samples, NT inde-

pendent trials are employed, during each of which the signal and the noise samples are

randomly generated according to their distribution functions. The indices {r1, r2, ..., rG}
should also be re-generated to remove the randomness of vector eG. Then, using the

DOAs and AK , b1, b2, p
◦
(1) and mbp are computed, which in turn give the value of SUP

for this realization. The number of trials in which SUP is non-empty is divided by NT ,

providing an estimate of PUP . NT is chosen to be sufficiently large so that this estimate

becomes accurate enough.

Since this upper bound is obtained by relaxing the optimality conditions of MSC

solutions towards those of DOAEC solutions, one can expect it to be able to approximate

Pθ to some extend. In Section 4.4, simulation examples are presented to show that, if

G is properly selected, PUP can provide very accurate approximation to Pθ for a large

range of SNR. Further, as discussed in the last paragraph, when evaluating PUP through

the Monte Carlo process, one also obtains NT realizations of SUP . Since in practical

applications, for any given observation data, the corresponding realization of the signal

and noise samples are unknown, the probability of the distribution of SUP is more

meaningful than any of its realization for the purpose of parameter selection. However,

since the evaluation of PUP relies on the knowledge of the DOAs and the distributions,

which are generally unknown, this upper bound and its SUP s cannot be directly utilized

to select the regularization parameter of SpSF, and the idea of using rough estimates to
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replace this knowledge forms the automatic and data-adaptive regularization parameter

selector proposed in next subsection.

4.3.3 Automatic Regularization Parameter Selector

Based on the upper bound, in this subsection, we present the automatic selector of λ

for the purpose of DOA estimation. Once the array geometry and the grid of candidate

directions are fixed, then for any given data set, the range of DOAEC λs is a function of

the DOAs and signal and noise samples. Therefore, since the DOAs and the realization

of the random variables are unknown, it is impossible to exactly locate the DOAEC λs for

the given realization. Our way to circumvent to such difficulty is to use rough estimates

of the DOAs instead and utilize the Monte Carlo evaluation process to find the candidate

regularization parameter λ which most likely falls into the range of DOAEC λs. During

the Monte Carlo evaluation process, the distributions (or some of their parameters) are

also replaced by rough estimates. Thus, the regularization parameter found by this

selector is most likely to be DOAEC than any other choices if the rough estimates

are accurate enough and the relaxation of the upper bound, described below, can well

approximate the conditions of the DOAEC solutions. Another difficulty in developing

such a selector is that, because the support of the DOAEC solutions is unknown, there

is additional uncertainty in the conditions of DOAEC λs beside the DOAs and random

variables. As described in the last subsection, this difficulty is overcome by utilizing the

upper bound, which uses a random vector g to replace u∗(2). This vector g is generated

according to fixed rules and its randomness is further removed by Monte Carlo process,

and this helps the λ-selector to get rid of the aforementioned uncertainty.

For simplicity of the description of the selector, a few definitions need to be made.

fi(ζi) i = 1, ..., L and fn(ζn) are the distribution functions of sources and noise, re-

spectively, and ζs are the parameters of these distributions (e.g. mean and variance

for Gaussian distributions). We assume the availability of the number of sources L, G,

fi, i = 1, ..., L and fn. Any other information, including θi, ζi, i = 1, ..., L and ζn, is

replaced by rough estimates obtained by a lower resolution spectrum estimator such

as MVDR [7]. Using λc, c = 1, ...,Kλ to denote all the candidate choices of λ (where

the candidate λs are usually uniformly distributed in a range of interest and Kλ is the

number of such candidate choices and very large), the procedure for the selector is:
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Step 1. Use a spectrum estimator, such as MVDR, to estimate θi, ζi and ζn,

i = 1, ..., L, and denote these estimates by θ̃i, ζ̃i and ζ̃n respectively.

Step 2. Set Zc = 0, c = 1, ...,Kλ

Step 3. for t = 1, ..., NT

a. Randomly generate vector eG (use θ̃s instead of θs)

b. Generate signal and noise samples by distributions fi(ζ̃i) and fn(ζ̃n)

c. Calculate SUP

d. If λc ∈ SUP , Zc = Zc + 1, c = 1, ...,Kλ

end for

Step 4. Find the maximum of Zc, c = 1, ...,Kλ and denote its index by c∗.

Step 5. Output λc∗ for SpSF.

Note that this automatic selector, rather than being fixed, adaptively chooses the reg-

ularization parameter λ based on actual data-generated covariance. Further, as shown

in the next section, this method is not sensitive to the values of L and G, and very

rough estimates of θs and ζs are generally effective (combined with SpSF) to achieve

satisfactory DOA estimation performance. More importantly, the computational cost

of this selector is negligible compared with that of Cross Validation and even the cost

of the optimization of SpSF itself.

4.4 Simulation Results

In this section, we present simulation results illustrating the effectiveness and perfor-

mance of the parameter selection methods proposed in this chapter. Again, a ULA

with M = 8 sensors and d = 0.5 normalized inter-element distance is considered and

L = 2 sources from −5◦ and 5◦ are assumed. Further, L = 2 is assumed to be known

to MUSIC and L1-SVD. The sources and the noise are both zero-mean Gaussian with

the noise power being σ2 = 1, and the sources are assumed to be mutually uncorrelated

(except in Subsection 4.4.5).
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In Subsection 4.4.1, a simulation example is presented to illustrate the effectiveness

of the Diagonal Loading method in reducing the sensitivity of SpSF to its regularization

parameter. The DOA estimate RMSE of I-SpSF is compared with that of SpSF, MUSIC

and L1-SVD in Subsection 4.4.2. This shows the success of I-SpSF in retaining the

DOA estimation performance of SpSF while removing its dependency on the selection

of regularization parameter. Further, I-SpSF is applied to the experimental data [4],

which is also used in Subsection 2.4.4. In Subsection 4.4.3, the upper bound proposed in

Subsection 4.3.2 is evaluated and shown to be able to well approximate the probability

of the existence of DOAEC solutions Pθ. Further, through the same example, the

effectiveness of SUP in approximating the range of DOAEC λs is illustrated, which

justifies the idea of the automatic λ-selector. The DOA estimation performance of

SpSF, using a fixed λ and the automatic λ selector, is compared with those of MUSIC,

MVDR, L1-SVD and Cramer-Rao lower bound in Subsection 4.4.4, and the robustness

(in the sense of the DOA estimation performance of SpSF) of the λ-selector with respect

to the errors in L and G is also shown. In Subsection 4.4.5, we follow the setting of

correlated sources considered in Subsection 2.4.3 and show that by combining the λ-

selector with SpSF, Spatial Smoothing and Forward-Backward Smoothing, it can achieve

a better estimation performance than an exhaustively searched but fixed regularization

parameter and, in some range of SNR, almost the same performance as SpSF-C.

4.4.1 Effectiveness of Diagonal Loading

In this subsection, two examples are given to illustrate the effectiveness of Diagonal

Loading method proposed in Section 4.1. We consider N = 100, SNR= −5dB and

the grid of candidate directions to be {−90◦,−89.5◦, ..., 90◦}. ε is set at 0.01 for the

Diagonal Loading formulation of SpSF (4.5). Figure 4.1(a) and 4.1(b) are the DOA

estimation error of SpSF versus β (2.16) and ρ (4.5), respectively. As shown in these

figures, the range of proper β is from 2.9 to 3.1. In contrast, the range of proper ρ is

from 7 to 65, which is much larger than that of β. Thus it will be much easier to find

a proper ρ than β. (The DOA estimation error is defined as
√

1
L

∑
i=1 L(θi − θ̂i)2.)

With the same array setting, consider the case where L = 4 uncorrelated sources

from −23◦, −7◦, 5◦ and 20◦ with SNR=5dB, 10dB, 5dB and 0dB, respectively. In this

case, N = 1000 and ε = 0.01. As shown in Figure 4.2(a) and 4.2(b), the range of proper
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(a) DOA Estimation Error vs β (2.16)

(b) DOA Estimation Error vs ρ (4.5)

Figure 4.1: First Example of the Effectiveness of Diagonal Loading for SpSF

ρ is from 0 to more than 200. But the corresponding range for β is from about 3 to 13.

4.4.2 DOA Estimation Performance of I-SpSF

In this subsection, we still assume two uncorrelated sources with equal power and from

−5◦ and 5◦. The grid of candidate directions is {−90◦,−89.5◦, ..., 90◦}. 500 independent

trials are utilized to evaluate the RMSEs of SpSF, I-SpSF, L1-SVD and MUSIC, during

which L = 2 is assumed to be known to all the methods and N = 3000 snapshots

are available. The regularization parameters of SpSF and L1-SVD are empirically and

independently chosen, and I-SpSF uses the signal subspace reconstruction of R (which

is discussed in Section 2.1) and is initialized with 0 regularization parameter. Figure

4.3 compares the RMSEs of DOA estimation of I-SpSF with SpSF, MUSIC, L1-SVD

and stochastic Maximum Likelihood estimator (MLE) (note that MUSIC and I-SpSF

generate no error in the DOA estimates during the 500 trials for SNR= 5dB, and MLE

also has perfect DOA estimates for SNR=0dB and 5dB). According to Figure 4.3, SpSF,

I-SpSF and L1-SVD have similar large error thresholds which are 5dB better than that

of MUSIC. Especially, without any additional information on signal and noise, I-SpSF
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(a) DOA Estimation Error vs β (2.16)

(b) DOA Estimation Error vs ρ (4.5)

Figure 4.2: Second Example of the Effectiveness of Diagonal Loading for SpSF

can even achieve better performance than SpSF when SNR is relatively high.

Figure 4.4 is the spectrum estimated by I-SpSF using the experimental data of [4].

More detailed description of the experiment setup can be found in [4]. SpSF is also

applied to this data set in Subsection 2.4.4 of this dissertation, where the grids of candi-

date directions for both elevation and azimuth angles are set to be {−90◦,−89◦, ..., 90◦}.
In contrast, we use grids of {−90◦,−88◦, ..., 90◦} for I-SpSF in this subsection (because

the SVD process required in (4.9) is not feasible in MATLAB if the denser grid is used).

In this example, I-SpSF is initialized with 0 regularization parameter and converges in

3 iterations. Comparing Figure 4.4 to Figure 2.9, one can see that: 1) I-SpSF provides

almost the same DOA estimates as SpSF using exhaustively searched regularization

parameter; and 2) the peaks of SpSF is sharper than those of I-SpSF.

4.4.3 Effectiveness of the Upper Bound PUP

In this subsection, we evaluate the upper bound PUP for different values of G and show

the capability of PUP in approximating Pθ when G is properly selected. To evaluate the

upper bound, the availability of the exact DOAs and the distributions is assumed and the
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Figure 4.3: Performance Comparison for I-SpSF

number of snapshots is set as N = 300. The candidate directions are {φ1, φ2, ..., φK} =

{−80◦,−79◦,−78◦, ..., 80◦}. For each SNR between −20dB and 5dB (with a 5dB step-

size), SpSF is solved over a dense grid of candidate λs (more than 1000 grid points) in

1000 independent trials, and the corresponding Pθ is obtained by counting the number of

trials in which (at least) one candidate λ provides correct DOA estimates. Note that the

time cost for this simulation process is many orders greater than the time for evaluating

PUP . When evaluating the upper bound, PUP , we set NT = 1000. In Figure 4.5, Pθ (red

dashed line) is shown and PUP is plotted for G = 0, 2, 3, 4, 5. According to this figure,

PUP can approximate Pθ very well for a large range of SNR when G is properly chosen

(G = 4 in this case). Further, PUP can very accurately predict the threshold behavior

of Pθ, and such prediction is important for the performance evaluation purpose. Note

that when G = 0, eG is always a zero vector, and thus the upper bound is identical to

PMSC (PUP = PMSC with G = 0). Therefore, according to Figure 4.5, PMSC is much

smaller than Pθ, a fact which presents the need of the upper bound and supports the

use of the automatic λ-selector.

When evaluating Pθ for Figure 4.5, for each candidate regularization parameter, we

count the number of trials in which it provides correct DOA estimates. This number,
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Figure 4.4: Spectrum Estimated by I-SpSF Using the Experimental Data [4]

divided by the total number of trials, becomes an estimate of the probability that this

specific regularization parameter is DOAEC, and the regularization parameters with

the largest such probabilities are generally better than the others. In Figure 4.6, we

plot such probabilities in red dashed lines for SNR = −5dB and 0dB. The blue solid

lines are Zc/NT versus λc, obtained as described above. As shown by these figures, the

range of values for λ where the blue plots achieve their maxima coincide with those of

the red lines except for G = 0 (PUP = PMSC). Therefore, the relaxation of the upper

bound, as represented by (4.16b) and (4.25c), is necessary for the purpose of selecting

λ. Further, if uses the true prior information, the selector would not be sensitive to

the value of G and can approximately locate λs with the largest probabilities of giving

correct DOA estimates.

4.4.4 Automatic λ-Selector for Uncorrelated Sources

In this subsection, we compare the DOA estimate Root-Mean-Squared-Error (RMSE) of

SpSF, using both fixed λ and the automatic selector with those of MUSIC, MVDR, L1-

SVD with its fixed regularizer, and the Cramer-Rao Lower Bound. Following that, the

robustness of the automatic λ-selector with respect to errors in L and G is illustrated.
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Figure 4.5: Pθ and PUP for different G

Once again, N = 300 and 1000 independent trials and uncorrelated sources are used.

We change the grid of candidate directions to {−80◦,−79.9◦, ..., 80◦}, however.

First, in Figure 4.7, we compare the estimation performance of all these methods

using the exact value of L. “SpSF (Manual)” is the RMSE of SpSF with the fixed λ

manually selected. In this case, for each SNR, we evaluate the RMSE of SpSF for many

candidate λs and select the best one. “SpSF (AS)” is the RMSE of SpSF combined

with the automatic selector, using G = 4, the true DOAs and the exact distributions.

“SpSF (AS+MVDR)” is the same as “SpSF (AS)” except that the selector only

knows that the sources and the noise are uncorrelated zero-mean Gaussian

random variables. In each trial, it uses the estimated DOAs (θ̂1 and θ̂2) by MVDR,

the estimated noise power σ̂2 by the smallest eigenvalue of R and the estimated signal

powers p̂i = pmvdri − σ̂2/M, i = 1, 2 where pmvdri is the value of the MVDR spectrum at

θ̂i. “MUSIC”, “MVDR” and “L1-SVD” are the RMSEs of the corresponding methods,

and the regularization parameter of L1-SVD is also manually selected in the same way as

“SpSF (Manual)”. “CRB” stands for the stochastic Cramer-Rao Lower Bound [12][53],

which uses the knowledge that the sources are uncorrelated. As shown by Figure 4.7, the

λs suggested by the selector using either the true or the initial rough estimates of DOAs
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and powers can help SpSF achieve almost the same DOA estimation performance as an

exhaustively searched and fixed regularization parameter (“SpSF (Manual)”). Further,

the large error threshold of “SpSF (Manual)”, “SpSF (AS)”, “SpSF (AS+MVDR)” and

L1-SVD are 5dB lower than that of MUSIC.

Now, we examine the robustness of the automatic selector with respect to the errors

in L and G. In Figure 4.8, we keep G = 4 and use different values of L for “SpSF

(AS+MVDR)” (true value L = 2). As shown by the figure, SpSF is not sensitive to the

errors in L. Especially when SNR is relatively large, L = 1 or 3 causes no significant

performance degradation. In Figure 4.9, we assume availability of the exact knowledge

of L but use different values of G for “SpSF (AS+MVDR)”. As shown by this figure,

SpSF is not sensitive to the values of G, and small perturbations in G do not decrease

the DOA estimation performance of SpSF.

4.4.5 Automatic λ-Selector for Correlated Sources

In this subsection, we evaluate the DOA estimation performance of SpSF using the

automatic λ-selector for the cases of correlated sources. The scenario, the Weighted

Spatial Smoothing (WSS) and the Forward-Backward Smoothing (FBS) of Subsection

2.4.3 are used, and the difference between these two subsections is that, in this subsec-

tion, we apply SpSF to the covariance matrix after WSS and FBS, RSS , by using the

regularization parameter provided by the automatic λ-selector. (Scenario: two sources

with correlation coefficient 0.99, N = 3000, sub-array size equal 5. For more details,

please refer to Subsection 2.4.3.)

In Figure 4.10, “SpSF (AS+MVDR)” is obtained by applying SpSF to RSS with

the λs chosen by the selector using the rough estimates provided by MVDR. “SpSF

(Clairvoyant λ)” is the performance of SpSF with λ adaptively tuned in such way that,

in each trial, we select the λ which achieves the minimum estimation error among all

the candidate regularization parameters. Note that, since it requires knowledge of the

true DOAs, “SpSF (Clairvoyant λ)” is not achievable in practice. However, we show

it here to illustrate the potential benefits of adaptively tuning λ and as a benchmark

for our automatic selector, which also adaptively chooses λ. In these simulations, the

grid of candidate directions of SpSF-C is set to be {−80◦,−79◦, ..., 80◦} when SNR <

0dB and {−10◦,−9.9◦, ..., 10◦} when SNR > 0dB in order to reduce its computational
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complexity.

As shown by the figure, SpSF, using the automatic λ-selector, can perform bet-

ter than MUSIC (using either R or RSS) and exhibits about 5dB gain over L1-SVD.

Further, in some ranges of SNR, the automatic selector can make improvement even

over the best fixed λ (“SpSF (Manual)”) and achieve almost the same performance as

SpSF-C with much smaller computational complexity.
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(a) SNR=-5dB

(b) SNR=0dB

Figure 4.6: Probability of Giving Correct DOA Estimates Versus Candidate Regular-
ization Parameters
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Figure 4.7: RMSE of DOA Estimation Using L = 2 and G = 4

Figure 4.8: RMSE of SpSF DOA Estimation With Incorrect L
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Figure 4.9: RMSE of SpSF DOA Estimation With Different G

Figure 4.10: RMSE for Correlated Sources



Chapter 5

Extensions of SpSF

As presented in previous chapters, the SpSF method shows its advantages in DOA es-

timation performance, computational complexity and favorable theoretical properties.

However, these results are based on several strict assumptions, including on-grid DOAs

{θ1, θ2, ..., θL} ⊂ {φ1, φ2, ..., φK} and spatially stationary sources. These assumptions

may raise concern about the robustness and practical applications of not only SpSF

but also many other sparsity-exploiting DOA estimation algorithms, including L1-SVD.

The modeling errors introduced by the failure of the assumptions are usually propor-

tional to the signal powers, e.g. the error terms caused by off-grid DOAs, and hence can

be much larger than the noise contributions, especially when SNR is large. Since the

sparsity-exploiting DOA estimation methods intensively rely on the accuracy of their

sparse representation models (as ordinary sparse signal reconstruction algorithms), such

modeling errors can significantly degrade their estimation performances. This problem

has been addressed for general sparse signal reconstruction algorithms in several works,

including [45] and [46]. In [45], the performance degradation of the sparse signal recon-

struction algorithm [14] under the presence of general modeling errors is analyzed and a

lower bound on the corresponding estimation performance is provided. In contrast, the

Sparse Total Least Square (STLS) [46] is proposed to reconstruct sparse signals with

its formulation taking the general modeling errors into account; unfortunately, STLS is

non-convex and thus unfavorable for DOA estimation applications.

In this chapter, we consider the errors in the sparse representation model of SpSF,

especially for the DOA estimation problem, and propose convex extensions of SpSF to

88
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improve its robustness with respect to various modeling errors. In Section 5.1, the SpSF

with Modeling Uncertainty (SpSFMU) is proposed to address off-grid DOAs, the most

common source of such errors. As an extension of SpSF, SpSFMU is also developed on

the basis of the sparse representation model of the spatial covariance matrix, but utilizes

the group sparsity by linearly approximating the modeling errors in the neighborhood

of the candidate directions. Consequently, SpSFMU can provide continuous estimates

of the DOAs and be used to either reduce the computational complexity of SpSF or

improve its estimation performance when the off-grid DOAs are present. The diagonal

loading technique, proposed for SpSF in Section 4.1, is also applied to SpSFMU to help

select its regularization parameter.

Moving sources present the problem of time-varying DOA estimation. When this

model is cast into a framework, one is faced with the problem of constructively com-

bining multiple observations with inconsistent supports. By following the ideas of [2],

in Section 5.2, we first define the concept of Block-level Sparsity and its differences

with the widely used Element-level and Group-Level sparsity are discussed. Then,

with the assumption of persistent activity, we propose a new objective function embed-

ding penalization of Element-Level Sparsity into that of Block-Level Sparsity, based on

which Persistently Active Block Sparsity (PABS) is proposed for the reconstruction of

multiple inconsistent sparse signals. Following that, a Singular-Value-Decomposition

(SVD)-based method is developed to reduce the computational complexity of PABS.

In Section 5.3, the application of PABS to the DOA estimation problem is also dis-

cussed, and simulation results comparing its estimation performance with L1-SVD [40]

and SPICE [3] are presented.

5.1 SpSF with Modeling Uncertainty

In this section, the cases of off-grid DOAs are considered and the specialized extension

of SpSF, SpSF with Modeling Uncertainty (SpSFMU), is proposed. As discussed before,

in reality, the true DOAs, θi, can hardly be on the grid of candidate directions, and

hence the modeling error

Uv =

L∑
i=1

pi(av(θi)− av(φki)) (5.1)
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is introduced, where pi is the power of the signal from θi and φki is the candidate

direction closest to θi. Obviously, the size of Uv is proportional to the signal powers

and dependent on the distance between the candidate directions (since the true DOAs

vary continuously). Therefore, from the perspective of estimation performance, one

would be interested if such an error term can be incorporated into the underlying sparse

representation model so that it can enhance the performance rather than degrade it.

However, since the relationship between the DOAs and the steering vectors is usually

complicated, incorporating such error terms into the underlying model will significantly

increase the complexity of the model and thus make it less favorable for, especially, real-

time DOA estimation applications. In this section, by following some ideas presented in

[46], we propose SpSFMU, which by linearly approximating the error term Uv of (5.1)

can use very few optimization variables to parameterize the modeling error. Although

the development of SpSFMU in Subsection 5.1.1 is based on formulation (2.16) of SpSF,

it is straightforward to apply the same extension to other formulations of SpSF (as shown

in Subsection 5.1.2).

5.1.1 Formulation of SpSFMU

Consider the following formulation of SpSF:

min
p∈RK×1

‖p‖1, s.t. ‖Rv −AKp‖2 6 β and pk > 0, k = 1, ...,K. (5.2)

Suppose there is a signal from DOA θi which belongs to the DOA bin centered at φk.

We denote the true steering vector of this signal by f(θi) and fv(θi) = vec(f(θi)f
H(θi)).

Then, by defining a “rotation matrix” T(k) for the kth candidate direction, we can write:

fv(θi) = T(k)av(φk), (5.3)

where T(k), M2×M2, is diagonal and complex. By using (5.3), the sparse representation

model of the spatial covariance matrix can be rewritten as:

R̄v =

K∑
k=1

pkT
(k)av(φk) + Ev, (5.4)



91

where Ev now only contains noise contribution. Denote tk as the diagonal of the matrix

T(k), tk = diag(T(k)) ∈ CM2×1, and define a K ×M2 matrix

T = [t1, t2, ..., tK ]T .

Observe that if there is no signal from the DOA bin centered at φk, the corresponding

spatial spectrum element pk = 0 and there is no need to have non-zero T(k). Thus,

the corresponding row of T is null, which suggests that the spatial spectrum p and T

have the same sparsity pattern (support) in row and thus Group Sparsity. Based on

this observation, we can use the group sparsity of [p,T] as the objective function and

formulate an estimator as

min
p,T
‖[p,T]‖2,1 s.t. ‖Rv −

K∑
k=1

pkT
(k)av(φk)‖2 6 β

& pk ≥ 0, k = 1, ...,K,

(5.5)

where

‖[p,T]‖2,1 =

K∑
k=1

‖[pk, tTk ]‖2.

Although the formulation (5.5) seems very generally applicable (for various types of

modeling errors in av(φ)), it is non-convex and hence not favorable to us.

Fortunately, if we only consider the modeling error introduced by off-grid DOAs, the

estimator (5.5) can be significantly simplified by linear approximation of the entries in T

and transformed to a convex formulation. For simplicity of development, we use Uniform

Linear Array (ULA) as an example to present this idea, which can be applied to other

array geometries. Since only the off-grid DOA is considered, we have fv(θi) = av(θi).

For ULA, every entry in av(θi) has the form e−j2πdm sin θi where d is the element spacing

normalized by signal wavelength, j =
√
−1 and m is an integer between −(M − 1) and

M − 1. We denote this entry by av(θi)m and by (5.3):

av(θi)m = e−j2πdmγk × av(φk)m, (5.6)

where e−j2πdmγk is the corresponding entry of T(k) and γk = sin θi − sinφk is called

correction parameter. By using Taylor expansion, we have e−j2πdmγk ≈ 1+(−j2πdmγk),
and (5.6) can be re-written as:

av(θi)m ≈ [1 + (−j2πdmγk)]av(φk)m. (5.7)
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Replacing T(k)av(φk) by this approximation, (5.4) can be simplified to

R̄v =

K∑
k=1

[pkav(φk) + qkbv(φk)] + Ev, (5.8)

where qk = pkγk, bv(φk) = Pav(φk) and P is a diagonal matrix whose entry correspond-

ing to av(φ)m equals to −j2πdm. Since each pk represents the signal power from the

corresponding direction bin, we have the restriction: lk 6 γk 6 uk, k = 1, ...,K, where:

lk = sin
φk−1 + φk

2
− sinφk, k = 2, ...,K,

with l1 = 0 and

uk = sin
φk+1 + φk

2
− sinφk, k = 1, ...,K − 1,

with uK = 0. Here, this restriction is posted since in the estimated spectrum, it is

desirable to associate non-zero signal powers to the closest candidate directions. Further,

since pk > 0 for k = 1, ..,K, we have

pklk 6 qk 6 pkuk, k = 1, ...,K. (5.9)

Define q = [q1, q2, ..., qK ]T . Similar as [p,T], p and q have the same sparsity pattern.

With this observation, the covariance matrix model (5.8) and the convex relaxation

(5.9), we transform the non-convex optimization problem (5.5) into a convex one, Sparse

Spectral Fitting with Modeling Uncertainty (SpSFMU):

min
p,q
‖[p, q]‖2,1 s.t. ‖Rv −AKp−BKq‖2 6 β

pklk 6 qk 6 pkuk, pk > 0, k = 1, ...,K,
(5.10)

where BK = [bv(φ1), bv(φ2), ..., bv(φK)] and β is its regularization parameter. We denote

the minimizer of (5.10) by p∗ and q∗, and the indices of the largest L peaks in p∗ by

k1, ..., kL. Then the DOA estimates are:

θ̂i = arcsin [sinφki + q∗ki/p
∗
ki

], i = 1, 2, ..., L, (5.11)

where we assume p∗ki > 0, i = 1, 2, ..., L.

Obviously, SpSFMU is a convex optimization problem which can be solved efficiently

(just like for L1-SVD) and provides estimates of the signal powers along with the DOAs.
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Further, as shown by (5.11), its estimates of the DOAs are continuous rather than

discrete, which makes it capable of improving the estimation accuracy for any given

but fixed grid of candidate directions. Besides this improvement, SpSFMU can be used

to reduce the computational complexity of SpSF by using a coarser grid of candidate

directions while keeping its DOA estimation performance similar to or even better than

that of SpSF. This advantage is obtained since, when off-grid DOAs are present, the

estimation accuracy of SpSF will be bounded by the spacing of the candidate directions

while the continuous estimates (or the corrections of (5.11)) provided by SpSFMU can

compensate for such errors. However, as shown in the simulation examples of Section

5.3, the linear approximation utilized in SpSFMU still leaves error terms into the sparse

representation model of spatial covariance. These errors becomes serious when the

spacing of the candidate directions and SNR are large. This is as expected since when

the spacing is large, first order approximation is very inaccurate and the error residual

is still proportional to the signal powers.

Another concern of SpSFMU is its performance when there is spatial ambiguity,

e.g. ULA with d > 0.5. In the analysis of Section 3.1, we proved that, under the

assumption of on-grid DOAs, the condition for SpSF to work properly is that there

is no repeated spatial frequency in the overcomplete dictionary of SpSF, AK . How-

ever, the same problem becomes more complicated for SpSFMU since, by using linear

perturbation, there is going to be (approximately) repeated spatial frequencies in the

effective representation model of SpSFMU even if the frequencies of the columns of AK

are distinctive. A simple method to avoid repetition of the spatial frequencies would

be, first, to carefully select the candidate directions, φ1, φ2, ..., φK such that their cor-

responding spatial frequencies are as different as possible; and second, to setup the

values of lk and uk, k = 1, ...,K to restrict the ranges (regions) of spatial frequen-

cies (candidate directions) which can be represented by the continuous DOA estimates.

Specifically, the ranges of the DOAs which can be an estimate of SpSFMU are formu-

lated by [arcsin (sinφk + lk), arcsin (sinφk + uk)] (assuming that arcsin is monotonic in

this range), and hence the θks, lks and uks should be selected so that there is no overlap

between any of two such ranges.
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5.1.2 Diagonal Loading for SpSFMU

Similar to SpSF, the regularization parameter selection of SpSFMU is of concern es-

pecially for its practical applications. In this subsection, we use the Diagonal Loading

technique, proposed in Section 4.1, to alleviate the sensitivity of SpSFMU to the selec-

tion of its regularization parameter.

Consider an equivalent formulation of (5.10):

min
p,q
‖Rv −AKp−BKq‖2 + δ‖[p, q]‖2,1

pklk 6 qk 6 pkuk, pk > 0, k = 1, ...,K.
(5.12)

Denote the optimizer of (5.12) by p∗δ and q∗δ . Our simulations show that if δ =
√
M ,

the fitting residual of (5.12), which is Rv−AKp
∗
δ −BKq

∗
δ , can be well approximated by

αIv, where α is the size of the identity matrix component in the error term Ev of (5.8)

and Iv = vec(I).

Further, if we set δ =
√
M + ε with ε being positive and sufficiently small, we have

observed that the corresponding residual is approximately a linear function of α:

‖Rv −AKp
∗
δ −BKq

∗
δ‖2 ≈ (

√
M + c1)α+ c2, (5.13)

where c1 > 0 and c2 are the coefficients. Importantly, c1 is very small and gets even

smaller when ε becomes smaller. Note that for any given ε, the equation (5.13) only

holds for a finite range of α. If α is too large, the optimizer p∗δ and q∗δ in (5.13) will be

0. This is because

‖Rv‖2 6 ‖Rv − αIv‖2 + ‖αIv‖2 = ‖Rv − αIv‖2 + α
√
M.

If α is so large that c1α+ c2 > ‖Rv − αIv‖2, which gives:

‖Rv −AKp
∗
δ −BKq

∗
δ‖2 > ‖Rv‖2,

then by minimizing the objective function of (5.12), we get p∗δ = q∗δ = 0. Based on

the above observations and analysis, we propose the following alternative formulation

of (5.10):

min
p,q
‖Rv + ρIv −AKp−BKq‖2 + δ‖[p, q]‖2,1

pklk 6 qk 6 pkuk, pk > 0, k = 1, ...,K,
(5.14)
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where δ =
√
M + ε with ε being positive and sufficiently small and ρ is the parameter

to be adjusted.

According to (5.13), the 2-norm of the residual of (5.14) is approximately (
√
M +

c1)(ρ + α) + c2, where (ρ + α)
√
M accounts for (ρ + α)Iv and c1(ρ + α) + c2 for the

other error terms in Ev. Similar to the Diagonal Loading method for SpSF, (5.14) will

be much less sensitive to ρ than (5.10) to β since c1 is very small. Furthermore, this

sensitivity can be controlled by adjusting ε. Although using (5.14) may cause estimation

performance loss, such loss will not be significant compared to the difference between the

performances of SpSFMU and SpSF. Further, the performance of this diagonal loading

formulation (5.14) is still better than that of SpSF if off-grid DOAs are present and the

two methods use the same grid of candidate directions.

5.2 Persistently Active Block Sparsity for Moving Sources

Some basic/famous sparse signal reconstruction algorithms (SSRA), e.g. LASSO, use

only one-dimensional observation data and seek the sparse decomposition of it on the

pre-given dictionary. Some other SSRAs further assume and utilize the co-existence

relationship of the active elements (atoms) of the sparse representations of multiple one-

dimensional observation vectors, e.g. Group Lasso [29], L1-SVD and SpSFMU. However,

one common assumption of these methods has been that these multiple observations

have the same sparsity pattern (support) on the same dictionary, which sometimes is

not the case. In this section, the cases of moving sources are considered and, inspired by

the ideas presented in [2], we develop a new method, Persistently Active Block Sparsity

(PABS), for a more general framework for reconstruction of Block-sparse signals by

exploiting persistent activity in the block-level sparsity. PABS will then be applied to

the DOA estimation problem of moving sources.

In Subsection 5.2.1, we first define the Block-Level Sparsity and compare it to the

Element-Level and Group-Level sparsities. Then, the algorithm PABS is proposed in

Subsection 5.2.2 on the basis of a novel objective function encouraging the persistently

active block sparsity. In Subsection 5.2.3, an SVD-based method is presented to reduce

the computational complexity of PABS.
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5.2.1 Block-Level Sparsity

Suppose that the observation vectors are yt ∈ CM×1 and that they are generated from

the following model:

yt = Axt + et, t = 1, 2, ..., T, (5.15)

where A = [a1, a2, ..., aK ] ∈ CM×K is constant with respect to t, {ai, i = 1, ...,K}
are called the atoms, xt ∈ CK×1 and et ∈ CM×1 are the underlying model and the

observation error at index (or time) t respectively. Every xt is assumed to be sparse

and has very few non-zero (active) elements. This kind of sparsity is referred to as

Element-Level Sparsity. If T = 1, the problem of estimating x1 is an ordinary sparse

recovery problem and can be efficiently solved by many algorithms, e.g. Lasso[1] and

C-P1 [14].

When multiple observations are available (T > 1), one can, of course, use Lasso or C-

P1 to estimate each xt separately. However, if the sparsity patterns of {xt, t = 1, ..., T}
are known to be the same, an algorithm taking advantage of this property (which is

referred to as Consistent) will naturally result in improved performance. To benefit

from Consistent models, we first rewrite (5.15) in the compact form

Y = AX + E, (5.16)

where Y = [y1, y2, ..., yT ], X = [x1, x2, ..., xT ] and E = [e1, e2, ..., eT ], and only a few

rows of X are active. By viewing each row of X as a Group, we define such sparsity as

Group-Level Sparsity, with the elements within each group either all non-zero (active) or

zero (inactive). Group-Level Sparsity is exploited by Group Lasso, L1-SVD, SpSFMU

and etc. These algorithms share similar objective functions, which, with respect to the

observation model (5.16), can be formulated as

min
X
‖Y −AX‖F + λ

K∑
k=1

‖Xk,:‖2, (5.17)

where Xk,: is the kth row of X and λ is the regularization parameter to be tuned. The

penalization term in (5.17), λ
∑K

k=1 ‖Xk,:‖2, encourages very few groups to be active

(Group Sparsity) while smoothing the elements within the active groups. If the true

models, xts, have their active elements within the same group in similar strengths, we

call such model Persistently-Active Model and the smoothing effect of the objective
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function of Group Lasso is favorable to it. (An example of consistent and persistently-

active model is shown in Figure 5.1, where gray squares represent inactive elements and

colored squares represent active elements.) However, if these elements have very different

strengths (some of them may even be inactive), we refer to it as a Non-Persistently-

Active Model, an example of which is presented in Figure 5.2. Comparing Figure 5.2 to

Figure 5.1, it is obvious that the smoothing effect is not favorable to such non-persistent

models since it will cause lots of “false active” elements. In order to encourage the Non-

Persistently-Active property in the objective function, Hierarchical-Lasso (Hi-Lasso)

[2] is proposed, which adds a L1-Norm measurement of all the elements in X to the

objective function of (5.17) to encourage, in addition to Group-Level Sparsity, Element-

Level Sparsity. This additional penalization term introduces an extra regularization

parameter to be tuned.

Figure 5.1: Consistent and Persistently-Active Model

Further, in some applications, even the sparsity patterns (support) of xt can be

different, which precludes the Group-Level Sparsity and degrades the estimation per-

formance of the associated algorithms. We call such models as Inconsistent. In [2],

C-HiLasso and its several applications are presented to deal with this issue. In this

work, the groups are further divided into G blocks, and it is further assumed that,

very few such blocks are active (containing non-zero elements). This structure is des-

ignated as one with Block-Level Sparsity. Figure 5.3 is an example of the model with
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Figure 5.2: Consistent but Non-Persistently-Active Model

Block-Level (Non-Persistent) Sparsity, where the Blocks are defined by the red or blue

rectangular. Unfortunately, the penalization term for the Block-Level Sparsity in C-

HiLasso also tends to smooth the elements within the active blocks and hence usually

leads to non-sparse estimates of xt. Similar to Hi-Lasso, C-HiLasso uses an extra term

of the L1-Norm of all the elements in X to further promote Element-Level Sparsity.

The formulation of C-HiLasso [2] is recited here:

min
X
‖Y −AX‖F + λ1

T∑
t=1

‖xt‖1 + λ2

G∑
g=1

‖Xg‖F , (5.18)

where Xg is the submatrix (block) constituted by the rows of X which belongs to the

gth block, and λ1 and λ2 are the regularization parameters to be tuned. As shown by

(5.18), C-HiLasso separates the penalization for the Block-Level and the Element-Level

sparsities, and this introduces an extra regularization parameter and the difficulty in

balancing between these two types of sparsity. Further, some cases of interest present

properties that are not exploited by C-HiLasso. For example, in many applications,

an active block (submatrix) physically implies a target or objective existing through

the whole observation duration. In addition, each xt often has at most one non-zero

element within each block since the vector is sparse. Therefore, the models similar to

the one presented in Figure 5.4 are of interest, and the capability of the algorithm to

distinguish among the elements of each xt inside the same active block is desirable.
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Figure 5.3: Inconsistent and Non-Persistently-Active Model

In next subsection, we propose PABS, which exploits these properties based on a new

objective function embedding the penalization for the Element-Level Sparsity into that

of the Block-Level Sparsity.

5.2.2 Persistent Active Block Sparsity

Suppose X is of size K ×T and we divide the K rows into G blocks. The indices of the

rows in the gth block are denoted by {ig,n n = 1, 2, ..., Lg} where g = 1, ..., G and Lg > 0

is the number of rows in this block. Without loss of generality, we can further assume

that ig,n + 1 = ig,n+1 and ig,Lg + 1 = ig+1,1, which means that each block is constituted

of contiguous rows and the blocks are indexed in the increasing order. Then, we define

the subvector containing the elements of xt inside the gth block as xgt

xgt = [xt(ig,1), xt(ig,2), ..., xt(ig,Lg)]
T ,

where xt(i) is the ith element of xt and T stands for the transpose operation. As

discussed in the last subsection, each block usually represents only one physical target

or objective; hence, xgt is either a null vector or also very sparse (i.e. containing only

one active element). Thus, to encourage sparsity within each xgt , we define its L1-norm

as

pgt = ‖xgt ‖1.
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Figure 5.4: Inconsistent and Persistently-Active Model

Considering the property of persistent activity, if the gth block is active, we expect all

xgt , t = 1, 2, ..., T to be active and sparse. Further, in many applications, e.g. slow

fading wireless communication and some DOA estimation, the magnitude of the non-

zero elements are roughly constant with respect to t, resulting in the persistently-active

property. These observations suggest the following L2-norm measurement for the gth

block

qg = ‖[pg1, p
g
2, ..., p

g
T ]‖2,

and the objective function or penalization term

f(X) =
G∑
g=1

qg,

which is expected to promote Block-Level as well as Element-Level sparsities of X. Using

this measurement function, Persistent Active Block Sparsity (PABS) can be formulated

as

min
X
‖Y −AX‖F + α

G∑
g=1

qg. (5.19)

Note that (5.19) is a convex optimization problem and can be efficiently solved by many

off-the-shelf optimization softwares. By using the Lagrangian multiplier, PABS can be
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reformulated as

min
X

G∑
g=1

qg, s.t. ‖Y −AX‖F 6 β, (5.20)

which is equivalent to (5.19) in the sense that for any α > 0, we can find a β > 0 leading

to the same solution (set). When the distribution of E is known, (5.20) may be more

favorable than (5.19) because, according to the Discrepancy Principle, we can select β

to be larger than the mean value of ‖E‖F plus several times of its variance, while the

equivalent α is hard to find.

The definition process of the sparsity encouraging term, f(X), is complicated and

hence it (and also the objective function of 5.19) may appear confusing to the reader. In

Figure 5.5, we use an example of Inconsistent and Persistently-Active Model to better

illustrate the definition of f(X). In this example, the rows (groups) of X are divided

into G blocks, each of which contains two successive rows, and the second and the second

to last blocks are the only active blocks. For the active blocks, each of the subvectors

xit, t = 1, ..., T contains only one active element and their L1-Norms, pit are fed into

the “L2-Norm Calculator”. The “L2-Norm” of each block, qi, i = 1, ..., G, are summed

together, which gives f(X). By minimizing this objective function, PABS tends to prefer

the solution with sparse q = [q1, q2, ..., qG] and thus encourages Block-Level Sparsity.

However, at the same time, if gth block is active (qg > 0), the algorithm will try to

smooth these pgt t = 1, ..., T since qg is the L2-Norm of pgt t = 1, ..., T . This effect leads

to the Persistent Activity. Further, the minimization process will have to suppress the

magnitude value of each pgt , which in turn will promotes the Element-Level Sparsity

within xgt if gth block is active. This effect is actually the aforementioned embedded

(nested) penalization of Element-Level Sparsity into that of Block-Level Sparsity.

Compared to Group Lasso, PABS incorporates the inconsistent sparse models into its

formulation and, if we set G = K and Lg = 1 for ∀g, PABS reduces to Group Lasso. In

contrast to C-HiLasso, PABS has only one regularization parameter to be tuned because

of the nesting of the penalization for the sparsities. Further, the embedded penalization

term, f(X), prefers that each xgt has exactly one non-zero element with similar absolute

values. However, this property is not clear for C-HiLasso, which only suggests the

non-zero elements in the active block to be few and of similar magnitudes without

requiring them to be uniformly distributed to each xgt . Unfortunately, the computational
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Figure 5.5: Illustration of the Objective Function of PABS

complexities of Group Lasso, C-HiLasso and PABS are significant concerns, especially

for real-time applications, because the number of the optimization variables (NOV) in

these algorithms is KT and either K or T is usually very large. Therefore, in next

section, we present a method to reduce the computational complexity of PABS and

C-HiLasso (see [59] regarding the computation of C-HiLasso).

5.2.3 Reduction of Computational Complexity

Similar to the idea of blocks, we can divide the T observation indexes into N observation

sets and denote them by Si = {ti,n n = 1, 2, ..., Ti} with i = 1, 2, ..., N , and Ti being

the number of entries in Si. Assuming that, for ∀i, the corresponding sparse models

{xt|t ∈ Si} share the same sparsity pattern (which can be the case when the sparsity

patterns of xt change very slowly), the Singular-Value-Decomposition (SVD) technique

used in [40] can be utilized to reduce NOV of PABS and C-HiLasso which, in turn, leads

to lower computational complexity.
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Defining Yi = [yti,1 , ..., yti,Ti ] and Xi and Ei in similar ways, we have

Yi = AXi + Ei, (5.21)

where, by the assumption in the last paragraph, Xi enjoys Group-Level sparsity. If we

denote the SVD of Yi = UiΩiV
H
i with the singular values in Ωi arranged in decreasing

order, it follows from (5.21) that

yi = Axi + ei,

where yi = YiViu1, x
i = XiViu1, e

i = EiViu1 and u1 = [1, 0, ..., 0]T . By the orthogo-

nality of Vi, y
i is the first column of UiΩi. Here, we drop all the columns except for

the first one because they will increase NOV proportionally while not providing much

more information than keeping only the first column. Further, since the Element-Level

Sparsity pattern of xi ∈ CK×1 is the same as the Group-Level Sparsity pattern of Xi,

the non-zero elements of {xi, i = 1, 2, ..., N} also lie in the same active blocks of X.

This fact keeps the Block-Level Sparsity. Then, by applying PABS, we get an estimator

min
XN

G∑
g=1

qgN , s.t. ‖YN −AXN‖F 6 β, (5.22)

where YN = [y1, y2, ..., yN ], XN = [x1, x2, ..., xN ] and {qgN , g = 1, ..., G} are defined on

the basis of XN in a similar manner as in Subsection 5.2.2.

Note that NOV of (5.22) is KN , which can be much smaller than KT of (5.19).

This advantage is obtained at the price of the lack of the capability to estimate the

exact value of the non-zero elements in X and the additional SVD calculation (the

computational complexity of this SVD process is usually dominated by the decrease of

that of the optimization process). If we can further assume that the non-zero elements

from different active blocks are zero-mean and mutually uncorrelated, the vectorized

covariance matrix technique of SpSF can be employed to even avoid the SVD calculation.

Since this is a straightforward calculation from the discussions of Section 2.2, we omit

the details of this additional formulation.
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(a) DOA estimation error of SpSFMU vs β (5.10)

(b) DOA estimation error of SpSFMU vs ρ (5.14)

Figure 5.6: DOA Estimation Error vs Regularization Parameters

5.3 Simulation Results

In this section, the simulation results are presented to illustrate the effectiveness and

performance of the methods proposed in this chapter. First, in Subsection 5.3.1, we give

an example illustrating the effectiveness of the diagonal loading approach of Subsection

5.1.2 and compare the RMSEs of the DOA estimation of SpSF, L1-SVD and SpSFMU.

Then, in Subsection 5.3.2, the application of PABS to the DOA estimation of moving

sources is discussed and its estimation performance is compared to that of SPICE [3]

and C-HiLasso [2].

5.3.1 Performance of SpSFMU

We consider an ULA of M=8 sensors with d=0.5, receiving L=2 plane waves from

−5.4◦ and 4.6◦. These sources are assumed to be narrow-band, zero-mean and mutually

uncorrelated. We set N=3000 and noise to be AWGN with unit variance. The candidate

directional grids are assumed to be uniform and the DOA estimation error is defined as

‖[θ1 − θ̂1, θ2 − θ̂2]‖2.
In Figure 5.6, two sources are of equal SNR= 0dB and the grid is of 1◦ separation
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Figure 5.7: RMSE of DOA Estimation of SpSFMU

with the grid points constituting the set {−90◦,−89◦, ..., 90◦}. For (5.14), we set δ =
√
M + 0.1. Figure 5.6(a) and 5.6(b) show the curves of DOA estimation error versus β

of (5.10) and ρ of (5.14), respectively. As shown in Figure 5.6, when 2.95 < β < 4.75,

SpSFMU (5.10) reaches its best performance (compared to the other values of β), and

its DOA estimation error is between 0.12 and 0.14. But when β is outside this range,

this error becomes larger than 0.57. The best performance of the diagonal loading

formulation (5.14) is almost the same as that of SpSFMU and attained in a much wider

range 1.4 < ρ < 9. Furthermore, when ρ is outside this range but less than 24, its DOA

estimation error is still less than 0.24. Through this example, it is illustrated that the

diagonal loading approach can potentially keep the best performance of SpSFMU while

being much less sensitive to its regularization parameters.

In Figure 5.7, we show a comparison of the RMSEs of the DOA estimations for SpSF,

L1-SVD and SpSFMU(5.10). We use 500 trials for each SNR and assume L known to

all the methods. The grids of SpSF, L1-SVD and SpSFMU(dense) are the same as

the grid used in Figure 5.6, and the grid of SpSFMU(coarse) is of the same range but

with 4◦ separation. Therefore, the problem dimensions of L1-SVD and SpSFMU(dense)

are the same, twice that of SpSF and four times that of SpSFMU(coarse). The regu-

larization parameters of these methods are empirically and independently chosen. As
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shown in Figure 5.7, all the four methods have the same large error threshold(=-15dB)

while SpSFMU(coarse), with the lowest problem dimension, achieves similar or better

performance compared to SpSF and L1-SVD. Furthermore, SpSFMU(dense), with the

same dimension of L1-SVD, attains much better DOA estimation performance than

the other three methods, especially when SNR is large. Note that when L > 2, the

problem dimension of SpSFMU(dense) is smaller than that of L1-SVD and, in this ex-

ample, when SNR>5dB the linear approximation error of SpSFMU(coarse) becomes

dominating. Thus its performance becomes very similar to that of SpSF and L1-SVD.

Figure 5.8: Estimated Trajectories by PABS

5.3.2 Application of PABS to DOA Estimation

In this section, we present an example discussing the application of PABS to the DOA

estimation using sensor arrays with the presence of moving sources. Suppose, at time t,

L = 2 uncorrelated far-field sources are from the directions Θt = {θt(1), θt(2)} impinging

on a ULA of M = 8 sensors and d = 0.5. The two sources are further assumed to be

persistent and moving, one from −16◦ to 15.5◦ and the other from 16◦ to −15.5◦, with

SNR=0dB and step size= 0.5◦. The samples of the two signals are denoted by st(k) =

ejψt(k), k = 1, 2, and the phases ψt(k) are independently and uniformly distributed in
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Figure 5.9: Estimated Trajectories by C-HiLasso

[0, 2π]. K = 360 candidate directions constitute the set {−90◦,−89.5◦, ..., 89.5◦} with a

uniform separation of 0.5◦. These candidate directions are divided into G = 90 blocks

with Lg = 4 for ∀g.

Then, following the idea of the sparse representation model of L1-SVD and SpSF,

the array snapshots yt can be written as

yt = Axt + et, (5.23)

where A = [a(φ1), a(φ2), ..., a(φK)] and φk k = 1, ...,K are the candidate directions.

Unlike the usual settings for sparsity-exploiting DOA estimation methods, the sparsity

patterns of xt are time dependent since we assume that the sources are moving in

the DOA domain. In [3], SPICE is applied to the moving-source-case, where it uses the

array snapshots within a short time window to calculate a sample covariance matrix and

then obtains the DOA estimates for the corresponding time index based on this sample

covariance matrix. Although other sparsity-exploiting DOA estimation methods, e.g.

L1-SVD and SpSF, can deal with the moving sources in a similar way, this short time

window technique conflicts with the basic assumption of consistent sparsity patterns

and therefore leads to non-sparse estimates of the models and even biased estimates of

the DOAs, as shown in simulation examples of [3]. Since its formulation constructively



108

Figure 5.10: Estimated Trajectories by SPICE

utilizes inconsistent sparsity patterns of xt, we expect PABS to have advantages over

these methods in estimating the DOAs of the moving sources.

In the following, we use 100 independent trials (with 64 snapshots available in each

trial) to compare the estimation performance of PABS to that of C-HiLasso and SPICE.

The length of the time window used by SPICE is set to 10; thus, starting from the

10th snapshot, it updates its DOA estimates every one snapshot with 20 iterations.

The DOA estimates corresponding to the first 9 snapshots of SPICE are simply set to

be that of the 10th snapshot. Because the moving ranges of the sources cross many

blocks of the candidate directions, we solve PABS and C-HiLasso every 4 snapshots to

ensure the block-level sparsity of their models. Therefore, in each solving of these two

methods, T = 4. Note that we can solve them for every T > 4 snapshots by using larger

DOA blocks. This, however, leads to lower Block-Level Sparsity. The regularization

parameters of PABS and C-HiLasso are independently and empirically chosen and kept

constant through the simulations.

Figure 5.8, 5.9 and 5.10 illustrate the trajectories estimated by the three methods,

with the red lines indicating the true trajectories of the two sources and the blue dots

indicating the estimated DOAs at each time index. First, as discussed before, the DOA
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Figure 5.11: RMSE of the Estimation of Signal Strength

estimates of SPICE are biased, while that of the other two are not. Further, when the

two sources are well separated (t < 15 or t > 50), the bands of the blue dots of the

three methods have very similar widths, which are indicators of the variances of the

DOA estimates. But when the two sources are very close to each other (around time

index 32), PABS shows significantly better performance than the other two, in terms of

the number of outlier DOA estimates. This improved performance is achieved by PABS

because it encourages the persistent activity property, which becomes crucial especially

when it becomes hard for the array to resolve the two sources. It should be noted

that, although SPICE performs worse than the other methods in this case, it is free of

regularization parameter selection and computationally less demanding.

Since sometimes the estimation of the signal strength is also a concern, we show in

Figure 5.11 the RMSEs of the signal strength estimation of the three methods versus

time index (or equivalently the separation in DOA domain). According to Figure 5.11,

PABS has much better signal strength estimation performance than the other two and,

not surprisingly, its performance degrades when the two sources are very close to each

other (around time index 32).



Chapter 6

Conclusion

6.1 Conclusion

In this thesis, we considered the problem of Direction-Of-Arrival (DOA) estimation us-

ing sensor arrays. Following the idea of L1-SVD [40], a sparse representation model is

constructed for the spatial covariance matrix of array snapshots, based on which the

DOA estimation target is fulfilled by utilizing sparse signal recovery algorithms. This

new framework for DOA estimation is attractive because of its computational complex-

ity, resolution capability and estimation performance, especially at relatively low SNRs.

We focused on the algorithm development, performance analysis, regularization param-

eter selection and more general extensions of such sparsity-exploiting DOA estimation

methods.

Assuming a grid of candidate directions and on-grid DOAs, a sparse representation

model, based on the extended array snapshots, is established for the spatial covariance

matrix (or its estimate, sample covariance matrix) of possibly correlated sources. By

applying a L1-Norm-based sparse signal reconstruction algorithm to this model, SpSF-C

is obtained as an optimization problem, which can estimate DOAs, signal powers and

correlation factors of arbitrarily correlated signals. After simplifying its sparse repre-

sentation model, SpSF is proposed as a version of SpSF-C specialized for uncorrelated

signals. SpSF retains the advantage of SpSF-C in estimating both DOAs and signal

powers, but is much more computationally efficient than SpSF-C. Although SpSF is

proposed for uncorrelated signals, its application to the cases of correlated signals is

110
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discussed, where the weighted spatial smoothing and forward-backward smoothing are

employed to enhance its performance. Through simulations, it is shown that, when

signals are uncorrelated, SpSF can perform similarly to L1-SVD and provide 5dB im-

provement of large error threshold over MUSIC. Further, when the sources are highly

correlated, SpSF can achieve a DOA estimation performance comparable to that of

SpSF-C at a much lower computational complexity. It is also worth noting that SpSF

and SpSF-C both perform remarkably better than L1-SVD and MUSIC.

Although the formulation of SpSF is very similar to the ordinary sparse signal recon-

struction (SSR) algorithms, its additional positivity constraints make it able to perform

much better than predicted by the theoretical analysis in the literature of SSR. In this

thesis, analyses and conditions of the existence and uniqueness of Model Selection Con-

sistent (MSC) solutions of SpSF are provided, which further lead to the discussion of

the maximum number of sources that SpSF can reliably work with. Our results show

that such a number is dependent on the observation matrix AK of SpSF and is hard to

be related to the number of sensors for arbitrary array. However, as an exception, we

provided the explicit formula describing the relationship between the maximum number

of sources and the number of sensors for the widely used Uniform-Linear-Array (ULA),

and this formula shows that SpSF can resolve the same number of sources as MUSIC

and L1-SVD. Further, it is recognized that this maximum number is actually the degree

of freedom of the co-array; hence, by using nonuniform linear array, SpSF can work with

many more sources than the number of sensors. Based on this uniqueness result, the

asymptotic estimation consistencies of SpSF with respect to infinitely many snapshots

and sensors, respectively, are proved on the basis of the optimality conditions of MSC

solutions.

Inspired by the previous theoretical analyses, Diagonal Loading is utilized to reduce

the sensitivity of SpSF with respect to its regularization parameter, and this leads to

a new formulation of SpSF. Although this new formulation has an extra parameter, it

is very easy to select and enables the control of the sensitivity of SpSF with respect to

the other parameter. An iterative version of SpSF, Iterative SpSF (I-SpSF), is proposed

as a parameter-free sparsity-exploiting DOA estimation algorithm, which starts with a

fixed initialization of the regularization parameter β of SpSF and alternates between

solving SpSF and refining estimates of good β. Simulation results show that I-SpSF can
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retain the performance of SpSF using an exhaustively searched but fixed regularization

parameter and may perform even better than SpSF at high SNRs. Based on the analyses

of the optimality conditions for SpSF, an upper bound on the probability of correct

support recovery of SpSF, evaluated by Monte Carlo simulations, is proposed. As shown

by simulation examples, this upper bound may well approximate the behavior of SpSF’s

probability of correct DOA estimate as a function of the regularization parameter. Using

this upper bound, an automatic selector of the regularization parameter of SpSF is

proposed for the purpose of estimating the DOAs when the number of snapshots is

finite. The effectiveness and robustness (with respect to its parameters) of the automatic

selector are illustrated through examples. It is shown that this automatic selector can

help SpSF achieve almost the same performance as exhaustively searched and fixed

regularization parameters. The application of this selector (used by SpSF) to the cases

of correlated sources is considered, and its performance is illustrated by a numerical

example.

The extension of SpSF to the more general cases of off-grid DOAs and moving

sources is considered. By adding extra parameter (variables) describing the modeling

uncertainty caused by the off-grid DOAs into the sparse representation model of SpSF,

the group sparsity between the spatial spectrum and such additional variables is recog-

nized. Further, using Group Lasso to exploit such group sparsity, SpSF with Modeling

Uncertainty (SpSFMU) is formulated as a convex optimization problem which incor-

porates off-grid DOAs into its sparse representation model and can provide continuous

DOA estimates. When off-grid DOAs are present, SpSFMU can be used either to im-

prove the estimation performance of SpSF or reduce its computational complexity. The

diagonal loading technique is also applied to SpSFMU to reduce its sensitivity with re-

spect to its regularization parameter. In order to estimate the DOAs of moving sources,

we start with the introduction of Block-Level Sparsity and compare it to Element-

Level and Group-Level Sparsities. Then, a general sparse model estimator, Persistently

Active Block Sparsity (PABS), is proposed, which exploits sparsity in multiple observa-

tions vectors and takes inconsistent models into consideration. Based on a new objective

function, PABS is formulated as a convex optimization problem which has only one reg-

ularization parameter and promotes both Block-Level and Element-level Sparsities, as

well as the persistent activity. A Singular-Value-Decomposition-based method to reduce
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the computational complexity of this class of algorithms is also presented. PABS is then

applied to the DOA estimation of moving sources, and simulation results are presented

to illustrate its performance in DOA and signal power estimation.

6.2 Future Research

• Computational Complexity Reduction of SpSF-C

Although in Subsections 2.4.3 and 4.4.5 SpSF is shown to achieve similar DOA es-

timation performance as SpSF-C, the spatial smoothing techniques utilized by SpSF

significantly reduces the number of (correlated) sources whose DOAs can be estimated

by SpSF. Further, the capability of SpSF-C in estimating the correlation factors can be

necessary in some applications. Therefore, a “simplified version” of SpSF-C, which can

work with more correlated sources than SpSF but has much less computational complex-

ity than SpSF-C, is highly desirable. The computational complexity of SpSF-C is very

large because its dictionary contains the atoms corresponding to the source correlations

between any two candidate directions. So, in order to obtain such a desired estima-

tor, adaptive dictionary may be worth investigation which, similar as Capped-L1[19],

adaptively includes some candidate atoms into its dictionary during the iterations.

• Estimation Consistency of SpSF with Respect to M

In Subsection 3.2.2, we proved the asymptotic consistency of SpSF with respect to

infinitely large M , under the assumption of fixed candidate directions and the number

of sources. Also, it was shown that the existing theoretical results from sparse signal

reconstruction literature cannot support such asymptotic consistency of SpSF if the

number of candidate directions and the number of sources grow to infinity along with

M . However, it is still possible that SpSF has such consistency because of its additional

positivity constraints and the special structure of its atoms which are the vectorized

version of a(θ)aH(θ). Thus, it is of theoretical interest to prove that SpSF does or does

not have such asymptotic consistency and, if it has, the corresponding conditions is

of importance since they may suggest “good” array configurations and the selection of

candidate directions. Further, these conditions have to be different from those in the

existing theoretical analyses and the ease of checking these conditions is important to

practical applications of SpSF.
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• Application of Non-convex Regularization Methods

As mentioned in Subsection 3.2.1, the true spatial spectrum of more than NA/2

sources is still inside the solution set of SpSF if the number of snapshots is sufficiently

large and the regularization parameter is carefully chosen. In order to distinguish such

desired solution from the solution set, one can use non-convex approximations of L1-

Norm, e.g. Lg-norm with 0 < g < 1 [18] and Capped-L1 [19]. However, through

simulations, we found that direct application of these methods cannot produce satisfac-

tory results. For example, in order to reach a “good” solution, the magnitude threshold

of Capped-L1 usually has to be changed for each iteration, but a systematic (and au-

tomatic) way of deciding the amount of change is still lacking. Further, how to utilize

these non-convex methods to estimate the DOAs of L > NA/2 sources in the cases of

finite snapshots is of more interest and some modifications to these methods may be

necessary to improve their robustness with respect to off-grid DOAs and calibration

errors etc.

• Calculation of NA

Since NA/2 is the maximum number of sources which SpSF can reliably work with,

it is very important to decide NA for the array of interest (and the pre-given selection

of candidate directions). If an explicit formula of NA or a computationally efficient

method of determining NA are not feasible, one should either find a method to roughly

but computationally efficiently estimate NA for any given observation matrix AK or

decide NA through exhaustive search for the array of interest (or some widely used

array geometries). Along with that, it is desirable to understand how the candidate

directions should be selected so that the corresponding AK can have its maximum NA

and hence SpSF is capable to resolve the maximum number of sources.

• Parameter Selection for Regularization Methods

Although the automatic parameter selector of Section 4.3 is proposed especially

for SpSF, it is possible to apply those ideas to some other (L1-Norm) regularization

methods, e.g. LASSO. Specifically, by examining the differences between the optimality

conditions of the Model Selection Consistent solutions and the solutions leading to

correct feature estimates (referred to as CFE solution), a relaxation of the optimality

conditions of MSC solutions can be obtained by using randomly generated indices to

replace the unknown support of CFE solutions. Then, rough estimates of signal and
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noise distributions can be used to perform the Monte Carlo evaluation process. For each

candidate regularization parameter, such evaluation process provides an estimate of the

probability that this parameter can lead to CFE solution. The candidate regularization

parameter with the largest such probability should then be used by the corresponding

regularization method. The possible difficulties of this application can lie in the analyses

of the optimality conditions and the formulation of the aforementioned relaxation.

• Further Extensions of SpSF

In Chapter 5 the off-grid DOAs and moving sources are considered and the corre-

sponding extensions of SpSF are presented. However, there are some other cases which

can cause modeling error to SpSF and are very common in practical applications. For

example, the calibration error can have similar effect as off-grid DOAs and its modeling

error can be described by (5.4). But in contrast, such modeling error cannot be de-

scribed by simple and explicit formulas and parameterized by very few variables. Thus,

the idea of linear approximation of SpSFMU cannot be applied for calibration error. In

reference [60], another extension of SpSF is proposed especially for arbitrary calibration

error. Unfortunately, the computational complexity of this method is significantly larger

than that of SpSFMU and therefore a similar but constitutionally efficient extension (for

calibration error) of SpSF may be of interest. Non-ideal or directional selective sensor

is another example causing modeling error to SpSF. This modeling error can also be

described by (5.4) but a convex problem formulation is needed for the corresponding

extension of SpSF (since (5.5) is non-convex and the linear approximation idea is also

not applicable).
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