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ABSTRACT 

The modelling of chemical vapor deposition (CVD) reactors is reviewed with 

emphasis on reactors for growth of electronic materials. Fluid flow phenomena 

characteristic of CVD systems including free convection driven instabilities are 

described. The formulation of detailed species balances to account for the 

combined mass transfer and chemical kinetics are outlined. In addition, the 

development of kinetic rate expressions for CVD is discussed. The utility of 

CVD reactor analysis in extracting chemical kinetics from experimental deposi

tion data is demonstrated from three particularly advantageous reaction configu

rations, (1) rotating disk, (2) stagnation point flow, and (3) impinging jet. 

Finally, the perceived future needs in CVD reactor modelling are outlined. 



INTRODUCTION 

Mathematical models for chemical vapor deposition (CVD) reactors re
late performance variables (e.g. deposition rate and film composition) to 
operation conditions (e.g. reactor geometry, flow pattern, reactant con
centration, and temperature profile). The model is formed by a complete 
and consistent set of mathematical equations which vary in complexity 
according to the level of detail sought in the representation. The 
simplest "model" is a statistical correlation of input parameters and 
performance variables. Such an approach is limited to a specific reactor 
at hand and a narrow operation region. It can neither be used to extrapo
late the reactor performance to new operating conditions nor to design 
new reactors. Moreover, it provides little, if any, insight into the 
underlying physical and chemical rate processes. 

CVD reactor models serve three main purposes, (i) the prediction of 
reactor performance for a given reactor and known chemical kinetics, (ii) 
the evaluation of kinetic parameters from reactor data, and (iii) the 
design of new reactors for a given process. (i) and (ii) have received 
the most attention in the CVD literature. Reactor design, to a large ex
tent, has been limited to modification of existing configurations such as 
the horizontal and barrel geometries. In the following paragraphs, reac
tor models are reviewed with emphasis on reactors for deposition of elec-



tronic materials. Nevertheless, much of the discussion also applies to 
other CVD processes such as the deposition of protective coatings. 

CVD REACTORS 

Figure 1 illustrates conventional CVD reactors. In the horizontal, 
pancake, and barrel reactors the wall temperatures are usually consider
ably cooler than the deposition surfaces which are heated by rf coupling 
or quartz radiant heaters. The multiple-wafer-in-tube (or boat) reactor 
is a hot wall reactor where deposition also occ~rs on the reactor walls. 
The horizontal and barrel reactors are usually modelled in the same 
fashion since the flow geometry of the horizontal reactor is similar to 
that of one barrel side. However, the similarity is not present when the 
barrel is rotated as is often done in practice. Furthermore, buoyancy 
effects appear differently in the two reactors. 

The Eversteijn model for horizontal reactors, the so-called stagnant 
layer model, is a well known exponent for the film theory modelling of 
horizontal reactors. Eversteijn et al. (1,2) considered a stagnant layer 
of fluid adjacent to the susceptor coupled with a well-mixed main flow 
region between the upper end of this layer and the reactor wall. The 
diffusion equation for transport across the stagnant layer was combined 
with a plug flow description of the main flow region to give the reactor 
model. The stagnant layer concept originated from flow visualization 
experiments with Ti02 particles showing an almost particle free layer 
close to the susceptor which was interpreted-as evidence for a stagnant 
layer. However, recent laser Doppler velocitimeter studies have revealed 
that the seed particles were driven away from the substrate by thermo
phoretic forces (3). Ban and Gilbert (4,5) used the same concept as 
Eversteijn but improved the model by considering a developing boundary 
layer .and including thermodiffusion effects. 

Several models have been based on fully developed laminar flow (6-9). 
However, as will be discussed in the next section, hydrodynamic and ther
mal entrance effects are significant in horizontal and barrel reactors. 
Consequently the applicability of the models is limited in reactor design 
and optimization. Nevertheless, they may serve a purpose in improving 
our understanding of the CVD processes. The most complete analysis of 
the barrel reactor so far appears to be given by Juza and Cermak (10). 
They make use of the 2D momentum, mass, and energy balances to demonstrate 
the development of the transverse velocity, concentration, and temperature 
profiles along the susceptor. Additional details of the reactor models 
may be found in (11) where key model assumptions are summarized for each 
model. 

FLUID FLOW PHENOMENA IN CVD 

The fluid flow has a pronounced influence on the performance of CVD 
reactors since the transport processes in the fluid phase regulate the 

l. 



access of reactants to the growing film. Flow disturbances such as those 
caused by free convection translate into growth rate and composition non
uniformities. A detailed review of all the fluid mechanical aspects is 
beyond the scope of the present paper. Instead we focus on key flow phe
nomena associated with atmospheric pressure, cold wall reactors.. The flow 
fields are particularly dominant in these reactors whereas the details of 
the flow are less important in LPCVD reactors. The fluid mechanics have 
been reviewed recently in the overall context of crystal growth (12,13) 
and also for the specific case of vapor phase transport (14). 

The flow and temperature profile are rarely well developed in hori
zontal and barrel reactors. In addition, large temperature gradients 
exist since the substrate is heated to high temperatures (1000°C) while 
the reactor walls are cooled. This clearly gives rise to a variety of 
mixed (i.e. forced and free) convection flows. Flow visualization exper
iments with Ti02 smoke have demonstrated the existence of longitudinal 
convection spirals bilaterally about the midplane in horizontal epitaxial 
reactors (1,6,15). Convection driven flow instabilities have also been 
detected in barrel reactors by temperature measurements (16). At suffi
ciently low flow rates, it is feasible to observe transverse convection 
rolls in horizontal reactors (17). Figures 2a and 2b show schematic 
representation of the longitudinal and transverse convection rolls. 

The gas flow patterns and temperature profiles in horizontal reactors 
have been explored recently by Gilling (18) in an elegant use of inter
ference holography. Convection currents were not observed for Hz and He 
carrier gases while convection cells were present for N2 and Ar flows. 
Entrance length effects were also found to be most pronounced with Ar and 
Nz. The entrance length, x, necessary to develop the flow profile in a 
rectangular duct were estimated as: x • 0.04 hRe, where Re is the Rey
nolds number based on the duct height h. In agreement with this expres
sion Gilling observed reasonably well developed flows for Hz and He over 
a good part of the susceptor while for N2 and Ar the flow did not develop 
over the length of the susceptor. The thermal entrance length was also 
considered. It has been estimated to be 7 times the hydrodynamic length 
(19). This figure is also supported by experiments (18,20). Thus, it 
would appear that only for very low (10 m/s) Hz flow rates are the flow 
and temperature profiles fully developed over the majority of the suscep
tor. 

It is of interest to CVD reactor operation and design to be able to 
predict the onset and extent of secondary convection driven flows. How
ever, the majority of the work in this area has so far concentrated on 
simpler configurations than those involved in CVD reactors. The observed 
convection phenomena are related to the classical Rayleigh-Benard convec
tion cells between two flat plates. This problem has been studied exten
sively (13,21) and it is known that cells form for values of the Rayleigh 
number, Ra, exceeding a critical Ra, Rae • 1708. There have been compar
atively fewer efforts expended on Rayleigh-Benard convection in shear 
flows (Z2) which are more related to CVD problems. For a fully developed 



flow profile between two flat plates the critical Ra number is unchanged 
Rae • 1708. ~owever, as already mentioned, fully developed flow is not 
realized in practice. 

The convection phenomena in CVD differ from the classical Rayleigh
Benard problem by the presence of the cool side walls. The combination 
of these walls and the hot susceptor means that there will be hotter 
fluid in the midplane than at the side walls. The situation leads to a 
secondary upward flow at the midplane and downwardflow at the sides. 
Unlike the classic problem, there is no static state; the temperature 
gradient always induces a flow (23). Gilling's experiments (18) confirm 
that the flow patterns approximate the classic behavior when only the top 
reactor wall is cooled. 

Results from studies of combined forced and free convection in bound
ary layer flows have also been applied in CVD reactor analysis. In par
ticular, the original results of Sparrow et al. (24) giving criteria for 
free, mixed, and forced convection in terms of Gr/Re2 have been quoted. 
Gr/Re2 is the fundamental quantity that indicates the relative importance 
of thermal convection and forced flow. The criteria are developed for 
flow over vertical surfaces and should therefore not be applied to.hori
zontal reactors are also shown by Gilling's experiments (18). There are 
equivalent criteria for flow over flat horizontal plates (25,26). How
ever, as discussed, boundary layer theory may not be appropriate for CVD 
reactor analysis. · 

The above remarks demonstrate that CVD reactor flow fields are more 
complex than assumed by existing models. In particular, there is not a 
satisfactory model to account for entrance and free convection phenomena. 
With the advent of large scale computational facilities and powerful nu
merical techniques, such as the finite element method, it is feasible to 
give a detailed picture of the fluid mechanics as already done in crystal 
growth modelling (27,28). The existence of detailed flow models for CVD 
would be advantageous in the design of heating and flow configurations to 
minimize unwanted flow phenomena. 

LPCVD REACTORS 

Low pressure CVD (LPCVD) has become an important process in the growth 
of thin films of microelectronic materials, in particular: polycrystal
line Si, Si02 and Si3N4 (29,30). In addition, there is considerable in
terest in LPCVD of in situ doped materials and metallization by LPCVD of 
Al (31) and W (32).--The typical LPCVD reactor is a tubular, hot wall 
reactor (cf. Figure ld) which allows a large number of wafers to be pro
cessed with excellent film thickness and composition uniformity. The 
very large packing densities that can be realized in LPCVD reactors with
out adverse effects in film uniformity are possible because at the re
duced pressures (0.1-1.0 Torr), the diffusion coefficients are three 
orders of magnitude larger than at atmospheric pressure. This implies 



that the chemical reactions on the surface of the wafers are more likely 
to be rate controlling than mass transfer processes. Moreover, in spite 
of the low pressures, rates of deposition in LPCVD reactors are only an 
order of magnitude less than those obtained in atmospheric CVD since the 
reactants are used with little or no dilution in LPCVD whereas they are 
very diluted in the cold wall processes discussed above. 

Although the chemical reactions dominate the local growth rate rather 
than mass transfer processes, deposition rate nonuniformities are still 
possible along the length of the reactor since the reactant is depleted 
as it flows through the reactor. As an example, Figure 3 illustrates the 
gradual decline in polycrystalline Si deposition rates as the reactant, 
SiH4, is depleted. This problem can only be alleviated by compensating 
for the depletion of reactants by changing operating conditions (flow and 
temperature profile) or redesigning the reactor. In the case of a single 
reactant and surface reaction, the depletion may be counterbalanced by an 
increasing temperature profile along the length of the reactor. This 
procedure works well for polycrystalline Si deposition (29,33), but for 
more complex deposition schemes involving several coupled reactions the 
selection of the optimal temperature profile may not be as clear cut. 
For example i~ the growth of in situ phosphorus doped.polycrystalline Si 
a decreasing temperature profile may in fact be necessary (34). In this 
case the dopant (PH3) inhibits the Si growth rate and the relief from the 
dopant depletion more than offsets the depletion in Si precursor (e.g. 
SiH4). The result is an increasing growth rate along the length of the 
reactor unless a decreasing temperature profile is imposed on the system. 

The above examples illustrate the advantage in having a detailed 
model of the LPCVD process. Otherwise the temperature profile has to be 
selected on the basis of time-consuming and expensive trial and error 
experiments. A number of models have been proposed (33-37) of which the 
recent models by the author and coworkers (33,34) appear to provide the 
most detailed picture. These models combine descriptions of the coupled 
convective and diffusive mass fluxes in the annular flow region with those 
between each pair of wafers. Complex reaction mechanisms involving both 
gas phase and surface reactions are included in the model formulation. 
Because of the low pressures and the hot wall, the models for LPCVD dif
fer significantly from the models of cold wall reactors reviewed above. 
Specifically, much less attention needs to be given to the flow calcula
tions in LPCVD systems. The temperature difference between the wall and 
wafers is very small so there are no free convection effects. Further
more, the large diffusivities imply good mixing so that details of the 
flow field are unimportant. It is then possible to average over all but· 
one flow dimension to obtain one-dimensional models in terms of the av
eraged velocity and concentrations (33,34). Figures 3 and 4 illustrate 
model predictions for polycrystalline Si deposition from SiH4. The model 
correctly simulates both the effect of reactant depletion and the inhibi
tion of R2 on the Si deposition rate. Furthermore, the model predictions 
span data from two different reactor systems and two orders of magnitude 
variation in SiR4 partial pressures. 
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MASS TRANSPORT IN CVD REACTORS 

A reactor model for CVD must necessarily include an accurate repre
sentation of the transport of gaseous reactants to the substrate as well 
as the subsequent transport of gaseous reaction products away from the 
growing film. The mass transfer takes place by combined convection and 
diffusion. The diffusion is driven by both concentration and thermal 
gradients. The latter effect is commonly referred to as thermodiffusion 
or the Soret-effect. Its contribution to the diffusive flux is insignif
icant in many reactor systems. But whenever there are large thermal gra
dients and differences in the molecular weights of the chemical species, 
thermodiffusion should be considered. This is the case in cold wall hor
izontal and barrel epitaxial reactors where there are significant thermal 
gradients and considerable differences in molecular weights between reac
tants (e.g. SiCl4, SiH2Cl2) and the carrier gas (H2)• 

The use of mass transfer coefficients is the simplest approach to the 
prediction of mass transfer rates. The flux of material to the surface 
is then: Ni • kg(cib- Cis), where Cib and Cis are the bulk and surface 
concentrations, respectively. If it further can be assumed the surface 
reaction is rapid, then Cis • 0. This avenue has been pursued in many 
early CVD reactor studies. The mass transfer coefficient, ~ can be de
rived from a mass transfer correlation for the particular flow geometry 
as done by Dittman (38). Alternatively, the mass transfer coefficient 
can be related to the molecular diffusivity as: kg • Dij/o, where o is 
the thickness of the gas film between the substrate and the bulk flow. 
This_film thickness must then be estimated from boundary layer theory or 
some experimentally determined empirical formula. This is essentially 
the strategy in the stagnant flow type models for c~ld wall reactors 
(1,4). The use of mass transfer coefficients is only possible for reac
tors where there is a well defined boundary layer and bulk flow. As we 
have seen this is usually not the case in CVD reactors. Furthermore, the 
concentrations of reactants must be small compared to the carrier gas 
concentration. Otherwise, multicomponent diffusion effects become impor
tant and the use of constant, independent mass transfer coefficients is 
not feasible. 

With the arrival of large, efficient computers it is possible to han
dle the detailed equations of change for the reactants. The continuity 
balance for species j has the general form: 

· ac 
..::l • - V•N + at - -j 

where !j is a vector of the combined diffusive and convective flux of 
component j. The sum represents the production of j in n8 independent 

[1] 

gas phase reactions. The vfj are the stoichiometric coefficients of the 
i'th reaction. By convention v!j is positive for products. Since equa
tion [1] describes the gas phase, none of the surface reactions involved 



in producing the solid film are included in the equation. The surface 
reactions enter into the model through the boundary conditions. These 
typically take the form on the deposition surface: 

N •n • 
-j -

[ 2] 

where n is the outward normal to the surface. The right hand side repre
sents the production of j in ns surface reactions. On the "cold" sur
faces where there are no reactions the right hand side becomes zero. 
The reactor inlet condition may be written: 

Nj • v c xj - -o 0 0 
[ 3] 

The right hand side is the known flux of j to the reactor. The outlet 
boundary condition is difficult to specify. Its form depends in part on 
whether or not reactions continue to occur after the deposition region. 
It is customary to use the exit condition: 

ik 
..:.:J. - 0 an 

where a/an denotes the derivative along the outward normal to the exit 
plane. 

[ 4] 

In order to solve the above equations and find the concentration of 
the individual species throughout the reactor, the flux, ~j' has to be 
related to the concentration of the species. For a multicomponent system 
we may express the flux as (39): 

[5] 

where Dim is an effective binary diffusivity. Unlike the binary diffu
sivity D the Dim's generally depend on the composition of the mixture and 
thus, vary with position in the reactor. The reason for this is the 
coupling of the multicomponent fluxes as described by the Stefan-Maxwell 
relations: 

Vx • 
- i 

[ 6] 

For some special deposition systems it is possible to avoid using these 
relations. If the reactants can be considered trace components in the 
carrier gas (species 1), Dim may be replaced by Dil and the usual Fickian 
diffusion model applies. ·This approximation is often valid for the con-
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ditions used in epitaxial growth of Si in cold wall, atmospheric pressure 
reactors. However, in LPCVD and other reactor systems where the reactants 
are employed with little or no diluent, multicomponent diffusion effects 
can be significant. In that case the Stefan-Maxwell equations [6] should 
be solved along with the species balances [1-4]. Since the mole fractions 
must sum to unity, there are at most S-1 independent Stefan-Maxwell rela
tions. This detailed approach has been used both in the modelling of Si 
epitaxy on a rotating disk (40) and in the analysis of multicomponent 
LPCVD processes (34). The latter contribution also exemplifies the error 
involved in neglecting the multicomponent effects. 

The diffusion of matter due to thermal gradients, the so-called ther
modiffusion or Soret-diffusion, can readily be included in the flux rela
tions. In that case the molar flux is augmented as (39): 

[7] 

where ~i(c) is the flux due to concentration gradients. 

The species balances [1-4] combined with the fluid flow description 
and an energy balance form the complete reactor model. In order to solve 
this model, information on the chemical kinetics and transport coeffi
cients is needed. Transport coefficients can usually be derived from 
empirical correlations or formulae with roots in kinetic gas theories. 
Reference (41) is a good source for transport coefficients. 

Rather than solving the complete species balances, it is often pos
sible to make physically reasonable simplifications. First of all the 
CVD growth process is slow compared to the gas phase dynamics. Therefore 
the gas phase may be assumed to be in steady state. This implies that 
3c/3t • 0 in equation [1], which reduces the dimensionality of the model
ling equations. To fuFther simplify the model it is useful to make the 
equations dimensionless by suitable variable definitions. This makes it 
feasible to compare the order of magnitude of the various terms so that 
the important contributions easily can be identified. Moreover, the pa
rameters are combined into physically meaningful dimensionless quantities. 
The Pe number is one such quantity arising from the species balance. It 
is defined as: Pe a <v>L/Dim and is a measure of the ratio of convective 
flux to diffusive flux. Thus in the limit of large Pe convection domi
nates and the diffusion terms may be neglected. This is the regime com
monly referred to as plug flow. On the other hand, if the Pe number is 
small diffusion is the dominant mode of transport. In horizontal epitax
ial reactors the Pe is large in the axial (main flow) direction so it may 
not be necessary to consider the axial diffusion. The situation is oppo
site in the direction perpendicular to the deposition surface where the 
convection is insignificant (assuming that no strong spiral flow patterns 
are present). Thus, it is only necessary to consider the diffusive trans
port to the surface. The previous CVD reactor studies (1-10) have all 
made use of these simplifications. However, in modelling flow effects in 
autodoping both axial and transverse diffusion are important (42,43). 



LPCVD reactors operate in an intermediate regime where both convec
tive and diffusive transport are important. Nevertheless, simplifica
tions can still be made by averaging over the velocity and concentration 
fields (33,34). Besides the Pe number, important dimensionless quanti
ties relating mass transfer and chemical reactions are born from the spe
cies balances. These are most conveniently introduced after a discussion 
of the chemical kinetics of CVD. 

CVD CHEMICAL KINETICS 

It is essential for the reactor modelling to know the chemical mecha
nism and the associated rate expressions for the CVD system at hand. CVD 
chemistry can be complex and involve both gas phase and surface reactions. 
The deposition of Si from SiHxC14-x is one example (44,45). Gas phase 
reactions are likely to play a major role in metalorganic CVD of III-V 
compound semiconductors. For example, the gas phase formation of a 
In(C2H5)3PH3 complex is detrimental to the growth of InP (46). Failure 
to account for the gas phase reactions can lead to erroneous conclusions 
in kinetic studies (47). The role of gas phase reactions expands with 
increasing temperature and partial pressure of the reactants. Therefore, 
heterogeneous reactions are expected to dominate in LPCVD processes, 
while homogeneous reaction could be significant in atmospheric reactors. 
However, an intricate coupling of gas phase and surface reactions may be 
responsible for nonuniformity in LPCVD of SiOx layers (48). At large re
actant concentrations the gas phase reactions can lead to particle forma
tion as observed in Si deposition systems. Particle formation is clearly 
detrimental to CVD processes aimed at growing smooth films for electronic 
applications. Thus, its equally important to have a fundamental under
standing of the gas phase and surface chemistry. 

The surface reactions may be conceptualized as occurring in several 
steps: 

1. Mass transfer of reactants from the main body of fluid to the 
deposition surface. 

2. Adsorption of at least one reactant on the surface. 
3. Reactions on the surface (this may involve several steps). 
4. Desorption of gaseous products of the deposition reactions. 
5. Mass transfer of products from the deposition surface to the main 

body of fluid. 

Steps 1 and 5 have already been reviewed and the interaction of reactions 
and mass transport is further discussed below. The rate expressions for 
the overall reaction can be derived by formulating the rate in terms of 
the surface coverage and then using the Langmuir (or some suitable alter
native) adsorption isotherm to relate the surface coverages to the gas 
concentrations next to the solid surface. As an example consider the 
following hypothetical mechanism for the heterogeneous decomposition of 
S!H4 to polycrystalline Si and H2 



kl * SiH4(g) + s ~ SiH4 k-1 

k 
H2(g) + 2s ~ 2H* 

k-2 

SiH: ~ Si + 2H2(g) t + s 
s 

[ 8] 

SiH4 is adsorbed on the surface where it decomposes irreversibly to Si 
and H2• In addition, H2 may be adsorbed dissociatively on the same sites 
as SiH4 and thus act to slow the SiH4 decomposition. If the surface re
action is assumed rate controlling, a site balance leads to the final 
rate expression: 

' 
[ 9] 

This is likely an oversimplification of the actual mechanism. Neverthe
less, the rate expression reflects experimental observations (49). Spe
cifically, the rate is inhibited by H2, as apparent in Figure 3. In this 
example K1 and K2 may be interpreted as equilibrium adsorption coeffi
cients, but care should be exercised in making such interpretations as 
the next example will illustrate. 

The assumption of a rate controlling step is clearly an idealization 
since it is very likely that some of the reaction steps proceed with sim
ilar rates. In that case it is still possible to derive a rate expression 
as will be illustrated with the same mechanism [ 8]. In the case where 
neither the adsorption of SiH4 nor the surface reaction is rate control
ling the rates must be equal at steady state growth. Otherwise there 
would be an accumulation (or depletion) of intermediate surface species. 
This may be expressed as: 

[10] 

Assuming that H2 adsorption is still in equilibrium, the concentration of 
adsorbed SiH4 can be derived from [10]. The resulting finai rate expres
sion is then: 

' (11] 

The constant K{ is no longer a simple adsorption constant but a ratio of 
rate constants. The expression reverts to [9] when the surface reaction 
is rate controlling (i.e. k1, k-1 >> k ) as it should. These examples 
underscore that expressions such as (9j should be considered as kinetic 
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models. The fact that a formula matches experimental data cannot be 
taken as proof for a particular kinetic mechanism. However, the other 
extreme of using a polynomial expression, e.g. 

r 
R • kPSiH 

4 
[12] 

provides very little information. The kinetic model based on the Langmuir
Hinshelwood type of approach allows us to conceptualize the surface reac
tions. 

Unfortunately, kinetic rate parameters for CVD reactions are generally 
not available. Moreover, comparative studies of published growth data 
show conflicting results (e.g. 47,50). CVD kinetic data have tradition
ally been reported in terms of growth rates and their dependence on tem
perature. It has been customary to plot the logarithm of the growth rate 
versus the reciprocal of the temperature to obtain the activation energy. 
In order for this approach to be meaningful the experiments must be car
ried out under conditions where mass transport effects can be neglected. 
Secondly, the reactant concentrations should be kept the same or some 
normalization procedure has to be used. The determined activation energy 
is only an apparent activation energy. The above mechanism for Si depo
sition can again serve as an example. In addition to the surface rate 
constant, the adsorption constants, K1 and K2 depend on the temperature 
according to the standard Arrhenius form. Therefore, the apparent· acti
vation energy will vary with the species concentration. In the limit of 
large partial pressures of SiH4, the rate is: R • ks• Thus, the meas
ured activation energy will be that of the surface reaction rate constant. 
On the other hand, in the limit of large H2 partial pressures and small 
SiH4 concentrations, the rate has the form: 

(13] 

The apparent activation energy is then made up of contributions from the 
surface reaction and the two adsorption processes, i.e. EA • EAs + EA1 -
1 2 EA2• Because of these effects care should be exercised when using 
reported activation.energies in reactor modelling. 

In the absence of kinetic data there are two main· avenues open to the 
modeller. One involves the estimation of rate parameters from absolute 
rate theory as proposed by Cadoret (51) among others. This approach has 
been used successfully in combustion problems (52) where one is faced 
with kinetic uncertainties similar to those in CVD. The second approach 
is to use the model to extract parameters from growth rate data. This 
clearly requires that sufficient information is available about the exper
iental system. Published growth data rarely contains enough information 
since it is difficult to anticipate the detailed reactor information nee-
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essary to derive kinetic parameters. The design of reactors for kinetic 
studies as well as the evaluation of rate parameters is further discussed 
below. 

COMBINED MASS TRANSPORT AND CHEMICAL REACTIONS 

In order to obtain reliable kinetic rate data, it is essential to 
eliminate mass transfer effects. This is a well known problem much dis
cussed in the CVD literature (e.g. 53). Therefore, there is little 
reason to dwell on the details, but it is worthwhile to mention a few key 
points. The classical treatment assumes that the mass transfer to the 
deposition surface is modelled by an overall mass transfer coefficient 
and that the rate is first order, i.e. R • ksCs· It is then possible to 
eliminate the unknown surface concentration, Cs and derive the rate in 
terms of the bulk concentration as: · 

cb 
R • 1/k + 1/k 

s g 
[14] 

The rate constant, kat follows the usual Arrhenius expression and is thus 
a strong function of temperature whereas the mass transfer coefficient, 
kg, is a weakly increasing function of temperature. Therefore, in the 
limit of high temperatures.the surface reaction rate is limited by the 
mass transfer, i.e. R • ~Cb· On the other hand, at low temperatures the 
deposition rate is limitea by the chemical kinetics. This is observed in 
the traditional Arrhenius plots where the slope changes from being the 
activation energy for the surface reaction at low temperatures to a nearly 
zero slope at high temperature reflecting the weak temperature dependence 
of the mass transfer. With the exception of the work by Juza and Cermak 
(10) the majority of CVD reactor models have been based on the assumption 
of diffusion control. However, typical epitaxial reactors are operated 
in regions where both reactions and transport are important. 

The concepts of diffusion and kinetically controlled regimes have 
proved valuable in increasing our understanding of CVD processes, but they 
should not be overworked. As pointed out above there are serious limita
tions in the use of mass transfer coefficients and the reaction rates sel
dom follow a simple first order expression. In addition, it appears that 
many CVD processes of practical interest operate where neither of the 
limiting regimes apply. With the advent of large scale scientific com
puting it is no longer necessary to restrict the reactor model to .one of 
the regimes. 

It is still useful for the experimenter to have rules of thumb to 
judge the relative importance of transport and reaction. To that purpose 
it is instructive to consider key dimensionless quantities. The so-called 
CVD number: 



k 0 s 
NCVD- D [15] 

is a measure of the relative magnitude of the resistances of the diffu-
sion process (o/D) and of the surface reaction (54,55). This is simplifica
tion of the general dimensionless quantities: 

[16 J 

which arise naturally in the nondimensionalization of the species balan
ces [1,4]. These dimensionless numbers are commonly referred to as 
Damkohler numbers in the chemical reaction engineering literature. In 
the case of a first order surface reaction and for L' • o, the surface 
DamkOhler number degenerates to the CVD number. 

An important parameter in LPCVD is the so-called Thiele modulus. This 
s is a special form of Daij where the length scale, L' is chosen as L' • 

wafer diameter)2/(2 x wafer spacing). In this case the number denotes 
the ratio of characteristic time for diffusion in between the wafers to 
the characteristic time for deposition on the wafer surfaces. Thus, if 
the modulus is large, the deposition is hindered by diffusion and a nonu-
niform film result~ (33). · 

EXPERIMENTAL REACTOR SYSTEMS 

The previous sections have demonstrated the importance of being able 
to separate chemical kinetics and transport effects. Experiments aimed 
at unravelling CVD kinetics can in principle be carried out in any of the 
conventional CVD reactors. Then by a model it is possible to "subtract" 
the transport effects to arrive at the intrinsic kinetics. However, this 
approach is greatly simplified by a judicious choice of the reactor con
figuration. ~orizontal and barrel reactors are not the most convenient 
choice for detailed studies since the reactor model consists of partial 
differential equations in two dimensions which are difficult to solve. 
The kinetics have to be evaluated by proposing rate expressions, then 
fitting the predictions of the model to the experimental data, and itera
tively modifying the rate expressions until a satisfactory fit of the data 
has been obtained. This becomes prohibitively time consuming for complex 
CVD models even on modern large scale computers. Furthermore, the more 
parameters that are involved in the momentum, mass, and energy balances 
the less accurately can we expect to estimate the kinetic parameters. 

The rotating disk, impinging jet, and stagnation point flow reactors 
are attractive experimental systems with well defined flow fields. The 
descriptions of the two-dimensional axisymmetric flows can by suitable 
transformations be made one-dimensional. This means that the modelling 

/.1 



equations are reduced from being partial differential equations to ordi
nary differential equations that are easier to solve. Moreover, in the 
flow regions where the transformations are valid, the deposition surface 
is equally accessible to mass transfer. Thus, very uniform layers may be 
grown. 

The rotating disk reactor has long been useq to investigate electro
chemical reactions and has also found use in CVD (40,56). In particular 
Hitchman et al. (57-59) have discussed the use of the rotating disk reac
tor. They find that rotating disk experiments have difficulties in con
forming to theoretically predicted flow patterns because of inlet flow 
disturbances. The problem may be minimized by adjusting the experimental 
conditions (59). 

The impinging jet is also adapted from electrochemical systems. In 
this configuration a circular jet impinges on a susceptor normal to the 
flow direction. Experimental film thickness profiles for B deposition 
from BCl3 measured by Vandenbuckle and Vuillard (60) nicely demonstrate 
the radial thickness uniformity fe~sible in the impinging jet. Mass 
transfer calculations for jet geometry have been considered in detail by 
Chin and Tsang (61). Ritchman (62) has discussed its use in Si deposition. 

The stagnation point flow reactor is a close relative to the impinging 
jet. In this reactor the gas issues from a flat porous plate (or equiva
lent ·flow distributor) and impinges upon the deposition surface. The pos
sible advantages of this configuration are a better introduction of the 
reactant gas and a larger uniform deposition area than can be achieved 
with the rotating disk and impinging jet configurations. The configura
tion has been extensively analyzed by ~lahl (63-64). Analogous to the 
rotating disk and the impinging jet, it is possible to derive a one
dimensional model for the stangation point flow region which considerably 
simplifies the interpretation of experimental data (65). By inverting 
the reactor so that the flow and buoyancy act in the same direction one 
minimizes convection problems. 

To determine the gas phase chemistry of CVD it is necessary to moni
tor the gas phase species. This has been done, notably by Sedgwick, Ban 
and their coworkers. Sedgwick et al. (66,67) used laser Raman scattering 
techniques to measure the transverse concentration and temperature pro
files in a horizontal reactor while Ban et al. (4,5,16) determined the 
gas phase concentrations by mass spectrometry. Also infrared spectros
copy has been employed to identify gas phase species (44,68). These 
spectroscopic techniques should be utilized in well defined flow fields 
and combined with state-of-theart surface analysis of the deposited film. 
This would allow a better understanding of the CVD chemistry which is a 
key problem in reactor design and operation. 

CONCLUSION 

The formulation of CVD reactor models involves the proper blend of 



fluid flow, mass and heat transfer, and chemical kinetics. Attempts have 
been made throughout the review to provide guidelines for selection of 
the appropriate model ingredients and level of detail. The use of order 
of magnitude analysis and characteristic dimensionless quantities can be 
a significant help, but it is still an art to achieve the right balance 
between rigor and judicious sloppiness. 

The review has focused on two major classes of CVD reactor problems. 
In the first one encompassing cold wall epitaxial reactors, accurate flow 
descriptions are necessry elements of the models. The other class is made 
up of· LPCVD processes where diffusion plays a major role. ·The existence 
of reliable chemical kinetics is equally important in both cases. The 
poorly known chemical mechanisms and the scarcity of kinetic rate data 
constitute major problems in CVD reactor modelling. 

Although the discussion has focused on CVD reactors for primarily 
microelectronic materials processing, the fundamental concepts naturally 
also apply to other CVD processes such as the fabrication of wear resis
tant coatings, composites, and optical fibers. The modelling of optical 
fiber formation is special because of the importance of thermophoretic 
transport in that system. Space limitations preclude any detailed reac
tor examples, but several models are presented at this conference for 
cold wall, atmospheric pressure reactors as well as LPCVD reactors. 

Existing CVD reactor models have demonstrated the utility of mathema
tical models in process analysis and optimization. However, comparatively 
little emphasis has been given to design. The understanding of the 
physico-chemical processes gained through the model formulation effort is 
often a good source of inspiration for new reactor designs. Moreover, a 
model is a convenient tool for testing new reactor configurations without 
costly experimentation. CVD reactor modelling is expected to play an 
increasing role in the analysis and design of novel CVD systems since the 
demands on materials and device structures will require tight control of 
operating parameters and a good process understanding. Especially, MOCVD 
of compound semiconductors promises to be an area where reactor modelling 
can make major contributions. 
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ABSTRACT 

A general model has been developed for multicomponent-multireaction systems 

in the hot wall multiple-wafers-in-tube LPCVD reactor. The modelling equations 

describe the coupled convective and diffusive mass fluxes in the annular reactor 

flow region as well as those between each pair wafers. Complex reaction 

mechanisms involving both gas phase and surface reactions can be included in the 

model formulation. Multicomponent transport effects in the deposition of pure 

and doped polycrystalline Si are analyzed. The model predicts experimentally 

observed growth rates for pure polycrystalline Si quite well. However, because 

of insufficient data, a comparison of model predictions and experimental growth 

rates has not been feasible for in situ doped Si. The model is also used to 

predict the performance of a new continuous moving boat LPCVD reactor offering 

excellent film uniformity and process automation. 
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INTRODUCTION 

Low pressure chemical vapor deposition (LPCVD) is increasingly becoming a 

preferred method of depositing thin solid films of microelectronic materials 

because of the many advantages offered by the technique. LPCVD, which is pre-

dominantly carried out in tubular hot wall reactors, allows a large number of 

wafers to be processed with excellent film thickness and composition uniformity 

across each wafer as well as from wafer to wafer (1,2). The large packing rlen-

sities that can be realized in LPCVD reactors are possible because at the 

reduced pressures (-0.5 torr) diffusion is rapid so that the chemical reactions 

at the wafer surface are usually rate controlling rather than mass transfer pro-

cesses. LPCVD is widely used to deposit thin films of polycrystalline Si, Si02, 

In addition there is considerable interest in LPCVD of in situ 

doped polycrystalline Si (3,4) as well as metallization by LPCVD of Al (5) and W 

(6). 

The control and reproducibility of LPCVD reactor performance is crucial in 

obtaining films that satisfy the stringent demands imposed by modern microelec-

tronic device structures. Nonuniformities in film thickness and composition 

(and implicitly resistivity) can make it impossible to realize the desired elec-

tronic device. LPCVD reactor operation has so far mainly relied on semiempiri

cal design rules and operation regimes selected on the basis of trial and error 

experimentation. This limits the operation of existing reactors to certain 

fixed operating ranges and impedes the design of new LPCVD reactors. On the 

other hand, mathematical models incorporating the key physical and chemical pro

cess features should prove to be cost and time saving tools in the efficient 

operation of CVD reactors. In addition, the models should lead to an enhanced 

understanding of existing processes as well as provide new insight for the design 
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of CVD reactors. In this first application of the model the deposition of pure 

and in situ doped polycrystalline Si is considered. These processes are suitable 

for illustrating the manner in which the model may be employed and for providing 

insight into its application to more complex LPCVD processes such as Si02 and 

Si 3N4 deposition. 

A number of reactor models have been proposed for both the cold wall, atmo

spheric pressure CVD reactor and the hot wall, tubular LPCVD reactor (7). The 

most complete treatment so far of LPCVD reactors appears to be that of Jensen 

and Graves (8). Their model, hereafter referred to as Model I, combined the 

diffusive and convective fluxes in the annular flow region between the reactor 

wall and the wafer edges (cf. Fig. 1) with the diffusion between the wafers and 

subsequent reactions on the wafer surfaces. However, the change in gas velocity 

due to temperature.variations and hydrogen production was approximated. Never

theless, the model correctly predicted experimental observations from separate 

reactor studies of po lycrysta 11 i ne Si growth. Moreover, it a 11 owed the authors 

to demonstrate the highly uniform deposition rates that were theoretically feas

ible in a LPCVD reactor with recycle of part of the reactor effluent. 

As with previous LPCVD reactor descriptions, Model I neglected the coupling 

of the diffusive fluxes in multicomponent systems through the Stefan-Maxwell 

relations (9). However, that simplification may lead to inaccurate model pre

dictions for most LPCVD processes of interest (e.g.~ situ doped polycrystalline 

Si, Si02, and Si 3N4). Therefore, in this contribution the original modelling 

concepts of I are extended to encompass multicomponent diffusion effects. The 

resulting model is applicable to general LPCVD processes given a knowledge of 

the appropriate homogeneous and heterogeneous kinetics. 

The detailed mathematical model is developed in the subsequent section. The 
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model development is followed by an analysis of multicomponent effects in poly

crystalline Si deposition including comparisons with predictions of Model I. 

The model is then used to analyze a new continuous LPCVD reactor design where 

the wafers are conveyed countercurrently to the reactant gases. Finally, the 

depos-ition of~ situ doped polycrystalline Si is discussed with particular 

emphasis on the probable kinetics involved in the process. 

MODEL DEVELOPMENT 

The model is based on the schematic representation of the typical commercial 

LPCVD reactor illustrated in Fig. 1. The wafers are placed perpendicular to the 

main direction of flow and concentrically inside the reactor (quartz) tube. The 

flow in the annular region formed by the tube wall and the wafer edges is lami

nar for the Reynolds numbers corresponding to typical LPCVD operating conditions. 

Because of the small wafer spacing relative to the wafer radius and the low pres

sures, mixing effects near the wafer edges may be neglected. In addition, it 

may be assumed that there is no imposed flow between the wafers," i.e. multicom

ponent diffusion and the associated Stefan flow are the dominant modes of trans-

port in the wafer region. Calculations have shown that gas heat up lengths in 

typical LPCVD reactors are small compared to the reactor lengths. Furthermore, 

the heats of reaction associated with the growth processes are small because of 

the slow deposition rates (~1QOA/min). Thus, the temperature profile may be 

assumed fixed by the furnace settings. This approximation eliminates the need 

for an energy balance. 

The 

1 a 
r ar 

. 
steady state species mole balance for component j has the general form: 

a - ·ng g (j) g 
( rN . ) + -;;- N . - E a .. v'\ . [ 1 J 

r J aZ ZJ i = 1 1 J 1 
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for both the anrwl ar region and the spac~ between the wafef"s. Here N . and rJ 
N . 
ZJ 

are the radial and axial molar fluxes, respectively, of the j'th species. The 

1 eft hand side of [ 1] represents the production of j in ng independent gas phase 

reactions. The a .. •s are the st.oichiometric coefficients of the i 'th reaction, lJ 
!1/1• By convention the aij •s are positive for products. The boundary conditions 

on equation [1] are for the annular region: 

ax. 
N = vocoxjo at z = 0 and _J = 0 at z = L zj az [2a] 

ns 
a~.~~ N = - r at r = Rt rj i=l lJ 1 

and (2b] 

Rt ns 
a~ ./1~ + -N = a(-) I: N at r = R rj Rw i=1 1 J 1 rj R w 

w 

The condition [2a] at z = 0 expresses the continuity of fluxes in the axial 

direction across the reactor inlet and exit. The formulation of the condition 

at z =Lis difficult. The present choice implies that negligible reaction and 

back diffusion occur downstream of the wafer zone. The first radial condition 

in [2b] states that the flux of j to the wall equals the amount of j consumed in 

surface reactions on the wall. Similarly, the second condition states that the 

flux of the j'th species to the wafer edge is the amount of j deposited on the 

wafer carrier boat plus the flux in between the wafers. The quantity a repre

sents the boat area relative to the tube area. 

The boundary conditions for the wafer space take the form: 
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ns 
N = I: (1.~ .~~ at z = zk zj ' i=1 1J 1 

and k = 1, 2, ••• ,Nwafer [3a] 

ns 
(1.~ .~~ N = -I: at z = zk + /:, zj i=1 1J 1 

ax. 
xj = x. at r = R and _J = 0 at r = 0 

R J R+ w' ar (3b] 
w w 

The two conditions on the axial direction express that the flux of material to 

the wafer surfaces equals that consumed in surface reactions on the wafers. The 

radial conditions represent continuity of mole fractions from the wafer edge to 

the annular flow region and symmetry, respectively. Equations [1]-[3] must be 

combined with appropriate expressions for the fluxes Nrj and Nzj" In an S com

ponent ideal gas the molar fluxes are related through the Stefan-Maxwell equa-

t ions (9): 

vx. 
- 1 

s 1 
= i: ~ (x.N.- x.N.J . .... cu.. 1-J. J-1 

J .,.1 1 J 
[ 4] 

Here Oij is the i-j binary diffusivity and ~k represents a vector of the ·axial 

and radial components of the fluxes. Since the mole fractions must sum to 

unity, i.e.: 

s 
1: X; = 1 

i=1 

there are at most S-1 independent Stefan-Maxwell relations. 

[5] 

Equations [1]-[5] combined with appropriate momentum balances form a complex 
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set of partial differential equations which in principle can be solved by a suit-

able numerical technique. However, it is more useful in this investigation to 

make some physically reasonable assumptions which reduce the complexity of the 

model. The same approach was used in deriving Model I. First, since the wafer 

spacing (a) is small, the rapid diffusion at LPCVD conditions would be expected 

to essentially eliminate axial variations within each wafer cell. Therefore, we 

may average equation [1] over the z-direction within each cell formed by the 

wafers. The resulting component balance for the wafer region is then: 

ng ns 
= A E Cl~ -~~ + 2 E Cl~. ~~ 

i=l 1J 1 i=l lJ 1 
(6] 

with boundary conditions (3b]. 

Secondly, the rapid diffusion is also expected to reduce radial variations 

in gas phase concentrations in the annulus. Moreover, the time scale associated 

with deposition is larger than that for diffusion. Therefore, perfect radial 

mixing may be assumed as also done in (Model I). Then by averaging (1] over the 

radial direction the component balance for the annular flow region takes the 

form: 
ns ng 

!!_ (N . ) = --2-- (Rt (l+a) E Cl~ ._9l~ + R N • _] + r Cl~ .!Jl~ 
dz ZJ (Ri R;) i=1 1J 1 w rJ Rw i=1 1J 1 

(7] 

with boundary conditions (2a]. The flux of species j in between the wafers, 

i • e. Nrj I R~ is determined from the solution to [6]. 

Equations (6] and (7] with their respective boundary conditions ~orm the 

general model for the LPCVD reactor. For S chemical species, ng gas phase reac-

tions, and ns surface reactions, there are m = max(ng,ns) independent component 
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balances, [6] and [7]. These must be solved with the Stefan-Maxwell relations 

[4] and the constraint [5]. The model can-be applied to·any LPCVD reactor 

system given the chemical kinetics. To illustrate the use of the modelling 

approach, the deposition of pure and~ situ-doped polycrystalline Si are con

sidered as examples. 

LPCVD of pure and doped polycrystalline Si is usually ca!ried out with SiH4 
and small amounts of dopant (e.g. AsH3, PH3, or B2H6). The kinetics of poly

crystalline Si deposition from SiH4 have received considerable attention (10,11). 

However, the detailed kinetics of dopant incorporation are poorly understood as 

are the effects of dopants on the Si growth rate. It is known that SiH4 can de

compose in the gas phase to SiH2 and H2 and it is possible for SiH2 to insert 

itself in both SiH4 and the dopant gas. However, in view of the low pressures 

and the limited knowledge of those gas phase reactions, the surface reactions 

are assumed to dominate the deposition process. Thus, the model is based on the 

overall heterogeneous reactions: 

SiH4(g) l Si(s} + 2H2(g) [8) 

2 3 PH3(g) + P(s) + '2 H2(g) [9) 

with reaction rates .Jl.1 and ~· PH3 is used as an example, but the model devel

opment would be similar for other dopant gases. Because of adsorption/desorption 

effects it is possible that ~land ~each depend on all the gaseous reactants. 

The kinetics of these reactions will be discussed in a subsequent section. 

Since there are no gas phase reactions and only two surfa.ce reactions, the mole 

balances over SiH4(1) and PH3(2) take the form for the annulus: 
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dNzk -2 j'k R2 
--= [Rt ( i+a) + 2!. n J k = 1,2 [10 J 

dz (R2 - R2) t:. k 
t w 

with boundary conditions 

N ( z = 0) 
dxk 

1,2 [lOa] = vocoxk and ~I L 
= 0 k = 

zk 0 

where 
R 

2 r r!Rkdr 
0 k 1',2 [lOb J nk = = 

R2 ~ I w k R 
w 

while for the wafer region: 

~ f... ( rN k) = -2 ~ k r dr r 
k = 1,2 (11 J 

with boundary conditions 

dxk - + [lla J = 0 and xk(Rw) = xk(Rw) dr 
0 

The quantity, nk is defined as the ratio of the average deposition rate on the 

wafer to that at the wafer edge. Thus, n1 may be regarded as a measure of film 
• thickness uniformity._ When n1 = 1, n2 becomes a measure of doping level u~iform-

ity. However, if n1 * 1 it is not feasible to make a simple interpretation of 

n2• If diffusion effects are sma 11, n1 ;, 1 and n2 ,: 1 while they differ from 

unity when diffusion effects are significant enough to produce nonuniform film 

~hicknesses and doping levels. 



The balance over the inert gas (3) gives 

Nz 3 = v0c~x 30 in the annular region 

Nr 3 = 0 between the wafers 

9 

[12a] 

[12b] 

Because of the coupling of the fluxes, and production of H2 the constant flux of 

inert gas does not lead to constant inert mole fractions through the reactor. 

Finally, the flux of the last component, H2 (4) may be expressed as follows by 

using the stoichiometry of the reactions (8] and (9]: 

3 
Nz4 = vocox4o + 2(vocox1o - Nz1) + 2 (vocox2o - Nz2) 

in the annular region [13a] 

3 N 4 = - 2N 1 -- N 2 in the wafer region r r 2 r [13b] 

By combining the modelling equations (10]-(13] with Stefan-Maxwell relations (4] 

for three components and the constraint [5], it is then possible to predict the 

growth rates and doping levels on each wafer as well as throughout the reactor. 

If the dopant, component (2), is eliminated, the equations may also be used to 

predict pure polycrystalline deposition. Both cases are considered below. The 

nonlinear modelling equations are solved by orthogonal collocation in similar 

manner to that used for model I (8). However, in the present cases more than 

one interior collocation point is used to solve the local wafer deposition equa-

tions. Finally, growth rates, average growth rates, and standard deviations in 

growth rates may be calculated by formulae analogous to those presented in ref-

erence 8 (cf. (33]-[35]). 
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DEPOSITION OF POLYCRYSTALLINE Si 

The present model was used to predict reported experimental gro~th rates. 

The following rate expression was assumed. 

[14] 

This particular rate expression follows from the assumption of adsorption

desorption equilibria of silane and hydrogen and a rate controlling first order 

decomposition of silane on the surface. In addition, it reflects the experimen-

tal observations: (i) growth rate is proportional to SiH4 pressures but satu

rated at high SiH4 pressures and (ii) the growth rate is hindered by adsorbed 

atomic hydrogen (10). The rate expression [14] and the model were used in 

nonlinear regression of reported experimental growth rates (1,10). The kinetic 

parameters with their 95% confidence intervals were found to be 

k (1.7 ± 0.3)·109 exp{-18500/T) 2 = mol/m /sec/atm 

KH = ( ) 2 -1/2 0.65 ± 0.25 ·10 atm 

Ks 
5 -1 = (0.7 ± 0.1)·10 atm 

The activation energy of k was not determined. Its value is generally agreed 

upon in previous studies (11). The model with the use of the kinetic parameters 

in the rate expression (14] correctly predicts both the effect of SiH4 depletion 

and H2 inhibition on the Si deposition rate. Furthermore, as illustrated in 

Fig. 2, the model predictions span data from two different reactor systems with 

two orders of magnitude variation in SiH4 partial pressures. The parameters 

should therefore be useful for other studies where surface kinetics of Si depo-

sition are needed for a wide range of operating conditions. 
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Torr. 



11 

The present multicomponent LPCVD reactor model makes it possible to evaluate 

approximations inherent in Model I (8). Multicomponent effects were neglected 

in the development of Model I and the conversion of SiH4(x) was related to the 

silane mole fraction through a simple algebraic relation (cf. (8) equation 

[13]). However, this relation is only strictly valid in a well mixed reactor or 

a plug flow reactor. It is an approximation for LPCVD reactor conditions where 

both diffusive and convective transport are important. The correct definition 

of the SiH4 conversion in the present system is 

X = 1 
Nz1 

[ 15] 

where the flux Nz1 is composed of diffusive and convective contribution~; i.e. 

N1z = J1z + x1cv. Thus, simple algebraic relations between SiH4 mole fraction~ 

and conversion cannot be made without neglecting the diffusive flux-as done in 

Model I. 

To study the effects of the simplifications in ~1odel I, its predictions for 

polycrystalline Si deposition from SiH4 were compared to those obtained with the 

present multicomponent treatment. The calculations were carried out at varying 

inlet flowrates for· a typical commercial LPCVD reactor and the chemical kinetics 

given above. Figure 3a shows the maximum and average percent error in growth 

rates as a function of the Peclet number for the case of pure SiH4 feed to the 

reactor. The error is determined as: 

E = [g(Model I) - g(new model)] 100% 
g(new model) [ 16] 

The Peclet number, Pe (= v L!D5.H H ) is a measure of the convective flux rela-
o 1 4' 2 

tive to the diffusive flux. For high flow rates, Pe is large and the two models 
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agree as expected since the approximation in Model I holds in the plug flow limit. 

However, for typical operating conditions there is approximately 10% difference 

in the predicted growth rates. Model I consistently predicts higher growth rates 

than the present model since the velocity in Model I is artificially higher than 

for the detailed model. Figure 3b illustrates the difference in model predic

tions in dilute processing. (Here Pe = v L/DS.H N .) Again the models agree 
0 1 4' 2 

at high flow rates but differ approximately 5% at typical operating conditions. 

Although the predictions of Model I differ from those of the detailed multi-

component treatment, Model I is still a useful approximation for simple systems 

where it is applicable. It is more tractable and gives a simpler picture of 

LPCVD reactor behaviour than the present model. However, for analysis of general 

LPCVD processes, the present formulation should be preferred. 

A CONTINUOUS MOVING BOAT LPCVO REACTOR 

To further illustrate the utility of the developed LPCVD reactor model, it 

is employed in reactor design considerations. It is desirable to design and 

operate LPCVD reactors so that film thickness and composition variations are 

minimized within each wafer as well as from wafer to wafer. In thi~ spirit 

model I was used to demonstrate the high levels of uniformities feasible with 

recycle of part of the reactor efflu~nt. Similar results would be predicted by 

the present model. A·continuous LPCVO reactor, where the wafers are conveyed 

through the reactor countercurrently to the reactant gases, is another attrac-

tive alternative to the conventional LPCVD reactor with furnace temperature 

ramps. Since each wafer would experience the same conditions in its travel 

through the reactor, each wafer would have identical average film thickness and 
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wafer uniformity. Therefore, the need for adjusting the furnace profile .to 

ensure wafer to wafer uniformity is eliminated and a flat temperature profile. 

may be used. Th.is case is illustrated schematically in Figure 4. The constant 

deposition temperature has the advantage of more uniform film morphology and 

strain (18) than· can be achieved in standard LPCVD reactors. This ultimately 

enhances electronic device uniformity and lessens doping and oxidation concerns 

in post depositon process steps. 

A continuous LPCVD reactor would have additional advantages associated with 

process automation. It would enable automatic loading and unloading of wafers 

and even sequencing with subsequent process steps thereby decreasing the possi

. bility for contamination. The main' difficulty in the design of such a reactor 

lies in the mechanical handling of the wafers. However, these mechanical prob

lems are beyond the scope of the present work where process feasibility and per

formance are the important issues. 

The developed model may be used to predict the film thickness and uniformity 

on the processed wafers by considering the growth rates experienced by any 

single wafer as it is conveyed through the reactor. If it is assumed that the 

wafers are stepped through incremental positions in the reactor, then a wafer 

spends a time ~t at each wafer position in the reactor. The film thickness on 
-· the exiting wafer, d, would then be the sum of the thickness deposited at each 

wafer position 

d = 
N 
r.w g. n. ~t. 

i=l 1 1 1 
[17] 

Since the wafer spacing is small, the sum may be approximated by an integral over 

the reactor to obtain: 
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(18] 

The wafer process rate, w, is just (t.t;)-1 and Nw = L/t.. Thus,_by rearranging 

[18] w may be expressed as a function of the number of wafers in the boat, the 
-

desired average thickness d, and the process variables determining the average 

growth rate, g: 

[19] 

Note that each wafer leaves the reactor with the same average thickness d given 

by equation [18]. Thus, there is cpmplete wafer-to-wafer uniformity. The in 

wafer standard deviation in thickness may be shown to be: 

(20] 

By using equations [18] and [19] it is possible to construct operating charts 

such as Figure 5 relating the wafer process rate for a desired film thickness to 

the average growth rate. The model developed is then useful in determining 

optimal operating conditions where the average growth rate may be obtained with 

acceptable in-wafer uniformity as given by equation (20]. For most polycrystal

line Si deposition conditions the in-wafer film thickness variations are small 

(< 2%). However, for more complex deposition schemes such as Si02 it may be 

necessary to use equation (20] to estimate in-wafer film thickness devia~s. 

Extensive calculations indicate that the in-wafer film uniformity is always 

better in the moving LPCVD than the conventional reactor. An additional attrac-

tive feature of the moving boat reactor is that essentially ·complete conversion 

of the reactant can be achieved. 
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DEPOSITION OF IN SITU DOPED POLYCRYSTALLINE Si 

The presence of dopants has been observed to significantly alter the growth 

kinetics of Si films (12-14,18). The growth rate is decreased by AsH 3 and PH3 

whereas it is enhanced by B2H6• Different arguments have been presented to 

explain the observed effect in the case of n-type dopants. Farrow (13) argued 

that dopant slowed the Si growth by adsorption on active sites while Chang (14) 

proposed that the dopant changed the surface potential so that the Si-species 

were less easily adsorbed. Farrow suggested that B2H6 facilitated SiH4 decom

position on the surface but Chang again proposed that the change in surface 

potential due to adsorbed B2H6 enhanced adsorption of Si species. The surface 

potenti~l effect has indeed been observed experimentally (15). In view of the 

small magnitude of dopant concentrations relative to those of other species the 

surface potential effect seems most physically reasonable. The effect should 

lead to changes in the apparent activation energy of the overall growth as also 

observed experimentally (4,12,13,16,18). In particular, the experiments by 

Baudrant and Sacilotti showed that the activation energy for Si growth varied 

linearly with PH3 partial pressure. The effect, confirmed by other researchers, 

is to be expected from changes in the· surface potential by dopants. 

The present multicomponent model was used in an attempt to determine the 

appropriate kinetics of~ situ P doped poly Si. The data of Baudrant and 

Sacilotti (2) and Kurokawa (3) were used to test proposed kinetic schemes. How

ever, many reactor parameters and experimental data necessary for simulation 

were not reported and therefore had to be estimated. It was found that typical 

Langmuir-Hinshelwood kinetic schemes would not allow satisfactory representation 

of the reported Si growth rates, although resistivity levels were approximated 

reasonably well (17). Additional more complicated rate expressions were tested 
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including the effect of dopant on the Si deposition activation energy. However, 

due to lack of complete experimental data it was not possible to conclude about 

the probable kinetics. Nonlinear regression of~ situ doping is complicated by 

the added problem of predicting doping levels. Unfortunately, most studies 

including that of Baudrant and Sacilotti report resistivities rather than actual 

solid concentrations. This means that a reliable correlation between r_esistivity 

and solid dopant concentration is needed. Nevertheless, the reasonable trends 

obtained with limited data (17) show good promise for future studies with a 

larger data base. 

CONCLUSION 

A general model for multicomponent-multireaction LPCVD reactor systems has 

been developed and applied to specific examples. The model details the multi

component transport processes in the annular flow region as well as those between 

the wafers. Complex kinetic schemes involving both gas phase and surface reac

tions can readily be included in the model .formulation. The multicomponent 

treatment was used to evaluate approximations made in an earlier model (8) for 

polycrystalline deposition from SiH4• This comparison of the two models showed 

that even in relatively simple systems, such as polycrystalline Si growth, mul

ticomponent transport effects may be important. 

The utility of the model was further illustrated by the analysis of a coun

tercurrent moving boat LPCVD reactor. This reactor gave excellent uniformity 

and had the additional advantage of process automation. However, mechanical 

aspects of such a reactor need to be resolved. 

Because of the lack of detailed kinetic data for~ situ doped polycrystal

line Si, it was not possible to verify the model to the same extent as done for 
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pure polycrystalline Si deposition •. In fact, the general scarcity of reliable 

kinetic mechanisms and rate constants constitutes a major problem in CVD reactor 

modelling. The good predictions of pure Si deposition and the additional pro-

cess insights resulting from the LPCVD reactor model should serve as incentives 

for future combined kinetic and reactor modelling studies of more complex CVD 

systems, such as s;o2, Si 3N4• This is currently under investigation. 
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LIST OF SYMBOLS 

a area of wafer carrier relative t~ reactor tube area 

c concentration 

D.. binary diffusivity 
1J 

g growth rate 

Ji diffusive flux of component i 

k; rate constant for component i 

K. adsorption constant for component i 
1 

L length of reactor 

n number of reactions gas phase, surface 

Nr radial molar flux 

Nz axial molar flux 

r radial coordinate 

Rw radius of wafer 

Rt radius of reactor tube 



rate of reaction i 

s number of chemical species 

time of each deposition step 

v linear velocity in annulus 
. 
w wafer processing rate 

mole fraction component i 

-axial coordinate 

a .. 
1J 

stoichiometric coefficient 

wafer spacing 

(J standard deviation in in-wafer thickness 

Superscripts 

g gas phase 

s surface 
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FIGURE CAPTIONS 

Figure 1. LPCVD reactor. 

Figure 2. Model predictions and experimental LPCVD poly-Si growth rates at: a) 
various hydrogen feed compositions (10), Q = 1000 seem, T = 880°K, 
0.47% SiH4 feed, balance H2 and N2, P = 0.525 Torr; b) various tem
peratures (1), Q = 650 seem, 23% SiH4 feed in N2 diluent, P = 0.5 
Torr. 

Figure 3. 

Figure 4. 

Figure 5. 

Error of growth rate and average growth rate between Model I and pre-· 
sent formulation for typical LPCVD reactor. T = 880°K, P = 0.6 Torr, 
a) pure SiH4 feed, Pe = v0 L/Ds;H4-H~' b) 23% SiH4 feed in N2, Pe = 
voL/DsiH4-N2• 

Continuous LPCVD concept. Wafers conveyed countercurrent to gas flow 
experience reactor growth profile and exit with identical average 
film thickness and uniformity. T = 893°K, P = 0.5 Torr, Q(SiH4) = 20 
seem, g = 76 /min, conversion = 0.9, NW = 100. · 

Wafer production rate per wafer load for desired thickness and given 
average growth rate in a continuous LPCVD reactor. Example: for d = 
5000 , g = 80 /min, NW = 100, w = 100 wafers/hour. 
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ABSTRACT 

Recent developments in the modeling of a step junction or a semiconductor 

surface at equilibrium have yielded a set of approximate-analytic expressions 

that relate normalized potential to normalized position outside the inversion 

regime. Here we offer analogous approximate-analytic expressions for the 

relations between normalized potential, normalized position and normalized 

electric field within the inversion regime, for a range of variables of prac

tical interest. Areal charge density in the inversion layer obtained analyti

cally using these expressions is compared with the value obtained from the 

charge-sheet model of Brews, and is shown to be appreciably more accurate. 
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INTRODUCTION 

It has recently been shown that an invariant spatial origin can be defined 

for the surface-junction problem and that approximate equations based on this 

origin can serve as a depletion-approximation replacement (DAR) [1], a concept 

based upon a prior general solution offered by Jindal and Warner [2-4]. The 

three resulting equations relate normalized potential W to normalized position 

x/L0 for depletion conditions, but specifically disallow conditions of signi

ficant inversion. Similar treatment can be accorded to other functions in the 

surface-junction problem, outside the inversion regime [5]. Our purpose here 

is to offer analogous approximate-analytic expressions for the relations be

tween W, x/L0 and normalized electric field dW/d(x/L 0) in the inversion regime. 

Let us restrict ourselves to the language of the surface problem. 

APPROXIMATE EXPRESSION FOR POSITION IN TERMS OF POTENTIAL 

A band diagram for a semiconductor-surface sample at equilibrium with an 

arbitrarily chosen N-type doping is shown in Fig. 1. The normalized potential 

W is defined through the transformation 

( 1 ) 

where u8 is the normalized bulk potential measured from the Fermi level. The 

exact relationship between x/L0 and W [2] is plotted in Fig. 2 using linear 

axes. In the absence of an inversion layer, for W > 1.7, and using the spa-

tial origin of the DAR, we may write [1] 

( 2) 

where spatial normalization employs the general Debye length, L0 = 

/ kTe:/q2(n
0

+p
0

). Our focus here is on the inversion regime. As W increases and 
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the inversion layer starts to form, the curve departs from the common parabolic 

asymptote, Eq. (2). However, the effect is quite small for~~= 2u 8, which is the 

conventionally defined threshold point for strong inversion, so that Eq. (2) can 

be taken as valid up to that point. For W > 2u 8, the curve deviates from the 

parabolic asymptote and W becomes a rapidly increasing function of x/L 0• The 

curves representing the inversion condition rise so steeply that they can be 

regarded as saturating at a particular position x/L 0• Thus the incremental 

distance between the threshold point, where W = 2u8, and the point of satura

tion can be meaningfully termed the inversion-layer thickness (~x/L 0 )inv (Fig. 

2). Values of inversion-layer thickness for the bulk potentials in the range 

of practical interest are shown in Table 1. Variation of the inversion-layer 

thickness with respect to u8 can be described by 

ltxJ = 0.50455 exp(-0.08344 u8) + 0.46838 • 
0 inv 

( 3) 

To obtain an approximate expression for position in terms of normalized potential 

in the inversion regime, next note that when u8 = 0, that is, when the sample is 

intrinsic, a simple analytic solution that is valid without restriction can be 

written as follows [1]: 

[-=- ln [tanh l*Jj- 1.90551 
0 

( 4) 

This suggests that the distance 6x/L0 from the threshold point, where W = 2U 8, 

to any point in the inversion layer may be modeled by 

( W-WT) b 
tanh a ( 5 ) 

where WT = 2u8 and where a and b are curve-fitting parameters that depend only 

on u8• It turns out that Eq. (5) is a good approximation, with values of a 

and b given by Eqs. (6) and (7): 



a = 2.21980 + 0.94357 ln u8 

b = 0.97167 + 0.01042 ln u8 

4 

( 6) 

(7) 

The accuracy of Eq. (5) can be seen when we apply it to the calculation of 

inversion-layer charge density in the next section. An expression for 

x/L0 that is valid for W:;;. WT is 

X X ~X (W-WT)b 
L = l r-J T - l r-J i nv tanh a ( 8) 

0 0 0 

where l ~J = - I 2 ( WT-1 ) • L0 T 

APPROXIMATE EXPRESSION FOR INVERSION-LAYER CHARGE DENSITY 
x1 

For a particular surface potential WS occurring at the position lr-Js , Fig. 3, 
0 

an approximate-analytic expression for the areal inversion-layer charge density 

can be written by means of Eq. (8). First, note that the areal inversion

layer charge density O;nv is given by 

Qinv = Qtot- Qion (9) 

where Qtot is the total areal charge density and Qion is the areal charge den-

sity of the ionized impurities. Using Gauss•s law, we can write Qtot and 

Qion as 

~T oqnieUB J 1/2 
Otot = 

dW ( 10) 
tot 

and 

= ~T < qnieuB J 1/2 
Qion 

dW ( 11) 
ion 

where jdW/d(x/L0) ltot is the normalized total electric field magnitude at the 

surface and jdW/d(x/L0) j. is the electric-field component associated with 
1on 
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the ionic charge only. These two electric fields can in turn be written as 

follows [5]: 

dW 
( 12) 

dW 
= ( 13) 

ion 

Now that we have an approximate expression for x/L
0

, Eq. (8), which we shall 

write as x/L 0 = f(W,UB)' Q. can be expressed analytically by 1nv 

To see the accuracy of Eq. (14), let us compare the error it involves with 

that of the charge-sheet model offered by Brews [6]. The charge-sheet model 

is quite accurate in spite of its seemingly radical assumption that puts an 

infinitely thin charge sheet at the oxide-silicon interface but the present 

model yields a still more accurate estimate of inversion-layer charge density. 

Before we make the comparison, let us digress briefly to present the Brews model 

in a simple qualitative way using the general solution. 

In the charge-sheet model, surface potential w5 is correctly obtained by 

taking into account both ionic charge and inversion-layer charge. However, in 

calculating the ionic charge, the approximation is made such a way that total 

band bending is attributable to ionic charge alone, placing the surface at 

(x2/Lo) 5, while the actual surface is at (xi/Lo) 5, as illustrated in Fig. 3. 

Thus his ionic-charge estimate that he subtracts from total charge to obtain 
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inversion-layer charge is in error by the amount of ionic charge in the layer 

of thickness 6x/L0. For increasing w5, the absolute error in the ionic charge 

grows significantly but inversion-layer charge density increases so rapidly 

(exponentially) that relative error decreases. A detailed examination of 

error in the inversion-layer charge for the charge-sheet model was offered in 

Reference 6. Here, comparison has been made for the relative error defined as 

lOO(Q -Q )/Q where Q is the inversion-layer charge density deter-app num num' num 
mined by numerical integration and Q is the approximate value obtained from app 

either Eq. (14) or the Brews model. The result is plotted in Fig. 4. At 

threshold, w
5 

= 2u 8, the relative errors in the charge-sheet model and the 

present model are the same because in the present case, the potential-versus-

position curve in the inverted region was assumed to merge with the parabolic 

asymptote at W5 = 2u
8

• In fact, the two curves are slightly separated at 

threshold. However, as w5 increases beyond 2u8, the error from Eq. (14) 

decreases much more rapidly than that from the charge-sheet model. 

Incidental to this analysis is the amount of charge in the incipient 

inversion layer at the onset of strong inversion, that is, when w5 = 2u 8• 

This charge, which is commonly neglected in a conventional MOS analysis, 

actually amounts to some 2-3% of the total charge in the semiconductor for 

ordinary doping values. It is located so close to the interface that its 

contribution to the surface potential is almost negligible at w5 = 2U 8• 

However, it does contribute to the total electric field at the surface by the 

same ratio as that between the charges. The amount of free-carrier charge at 

w
5 

= 2u
8 

can be simply estimated as follows. The total charge density 

at w
5 

= 2u
8

, from Eqs. (10) and (12) is 
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Qtot,T = [kT€nieUB]l/2 12WT (15) 

where WT = 2U 8• The ionic charge density at w
5 

= 2u
8

, from Eqs. ( 11) and ( 13) 

is 

Qion,T = [kT€n;euBJ1/2 12(WT-1) . ( 16 ) 

The charge density Qinv,T contributed by free carriers at w5 = 2u
8 

is given by 

Qtot,T- Qion,T so that 

Q in v 'T = [ k T€ n i e Us] 1 I 2 1 
12ifi 

( 17) 

In obtaining Eq.(17), an approximation has been made through the use of bino-

mial expansion, which is very accurate for the range of u8 considered in Table 

1. Taking the ratio between Q. T and Qt t T we obtain the simple formula 
1 nv , o , 

Qinv,T 1 1 
Otot,T ~ ~ = 4UB • 

(18) 

NORMALIZED POTENTIAL IN TERMS OF POSITION 

Equation (8) gives position as a function of potential. The expression 

for potential in terms of position will also be useful. We can obtain the 

expression for Win terms of x/L0 by inverting Eq. (8). The result is 

lt!X) X X T/b 
+ (-) - l-J LD . LD T LD 

w = WT + 
a 1 1nv 

J 
, ( 19) 2 n 

l t!X) - (L) + lL.J 
Lo inv LD T Lo 

which is valid for W from 2u 8 tp 2u8 + 8, with the latter potential being one 

that is high enough for practical application, with maximum error of about 

3.2% throughout the range of u8 considered in Table 1. These results are sum-
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marized in Table 2. 

NORMALIZED FIELD IN TERMS OF POSITION 

We have an exact expression for the normalized field as a function of~ 

[5], 

dW ( 20) 

However, an expression for field in terms of position will also be useful. It 

was noted above that the field component associated with free carriers is 

several percent of the total field at W = 2u
8

• Thus at W = 2U
8

, this forces 

the curve of Eq. (20) to lie above its common asymptote, ldW/d(x/L
0

) I= 12(W-1) 

which gives the ionic component of the field. The actual field profile merges 

into the asymptote at W := 2u
8
-2. To reflect this in our model, first, let us 

define 

lLJ = - /2(2u8-3) 
Lo TE 

( 21) 

We divide the region of W that is of practical interest into two parts, 

2U
8
-2 ( W ( 2U

8
+2 and 2U

8
+2 (W ( 2U

8
+8, for each of which we develop a separate 

expression. For 2u
8
-2 ( W ~ 2U

8
+2, the appropriate expression is 

X 

dW = ___ L....:D;__ __ _ 
d ( x/LD) 

l X X 
1 - l-J - -J 

LD TE LD 

where n is given by 

n 

n = 8.9072 exp(-0.20374U8) + 2.96391 

(22) 

( 2 3) 
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For 2u 8 + 2 ,;;; W,;;; 2u 8+8 we have 

l !...) t 

dW Lo TE 

d ( x/L 0) = 

[l !...) X 
m 

t -
-~ J 

LD TE 

(24) 

where R. and m are given by 

t = 3.344 exp(-0.13453U
8

) + 0.19148 ( 25) 

and 

m = 1.16657 + 0.86867 ln u8 ( 2 6) 

Maximum errors for Eq. (22) and Eq. (24) are 1.7% and 4% respectively for the 

specified ranges of Wand for u8 ranging from 10 to 18. These results are also 

summarized in Table 2. 

SUMMARY 

Approximate-analytic expressions for the relations between potential, 

field and position have been developed for cases wherein an inversion layer is 

present in a semiconductor junction or surface at equilibrium, neglecting 

complications associated with quantum effects in the surface case [7-9]. These 

expressions are based upon a general solution and a depletion-approximation 

replacement offered recently. The results are tablulated in Table 2. It has 

been shown that these expressions are quite accurate within the specified 

ranges of variables, which cover most of the ranges of practical interest in 

silicon. In addition, analytic expressions for the areal charge density in 

the inversion layer have been obtained. These findings have proven very use-

ful in device modeling, with results to be published soon-- results unob-
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tainable from the charge-sheet model. 
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Table 1. Inversion-layer thickness l t~xJ for values of bulk potential 'J
8 Lo i nv 

of practical interest. 

us l tiX J 
Lo inv 

8 0. 72720 

10 0.68612 

12 0.65290 

14 0.62526 

16 0.60172 

18 0.58133 

20 0.56347 



12 

Table 2. Approximate-analytic expressions for the relations between potential, 

field and position. 

Approximate Expression 

b 
X X /:,X 

tanh 
(W - WT) 

- = l-J - l-J a Lo Lo T Lo inv 

r ltxl. + 
X X T/b 
(r) - lrJ 

w WT + l1ln D lOV 
0 T 0 

J 
= 

l /:,XJ X X 
- (-) + l-J 

Lo inv Lo T LO 

where l txJ = 0.50455 exp (-0.08344U 8 ) 
0 i nv 

+ 0.46838 

a = 2.21980 + 0.94357 ln u
8 

b = 0.97167 + 0.01042 ln u
8 

and l ~ J = - I 2 ( 2 U 8 - 1) 
0 T 

l ~J 
dW = ----L~O __ _ 

d ( x/L
0

) 
1 - [ l LJ -

LO TE 

where n = 8.9072 e- 0•20374 UB + 2.96391 

~ = 3.344 e- 0•13453Us + 0.19148 

m = 1.16657 + 0.86867 ln u8 

and l -(--J = -I 2(2U8 - 3) 
0 TE 

Range of Range of 
u8 W 

8 to 20 2us " w "2u 8 + 12 

8 to 20 2u8 " w ( 2u 8 + 8 

8 to 20 

8 to 20 

8 to 20 

10 to 18 2u8-2 ( w " 2u 8 + 2 

10 to 18 2Us + 2 ' w ' 2U 8+8 

10 to 18 

10 to 18 

10 to 18 

~ax 
Error 

0.1% 

3.2% 

1. 7% 

4% 
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FIGURE CAPTIONS 

1. Band diagram for an N-type semiconductor surface at equilibrium. 

2. Plot of normalized potential W vs. normalized position x/L 0 with emphasis 

on threshold-plane position and inversion-layer thickness. 

3. Plot of normalized potential W vs. normalized position x/L 0 explaining 

in terms of the general solution the source of the inversion-layer-charge 

error of the charge-sheet model. 

4. Inversion-layer-charge error vs. normalized surface potential WS. 
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ABSTRACT 

A depletion-approximation replacement offered recently employs one of two 

asymptotic functions of a universal curve of potential versus position to define 

a spatial orgin, which is then used to write approximate-analytic expressions of 

simple form for the universal curve. Here we extend analagous treatment to 

additional functions, writing expressions as a function of normalized potential, 

and of normalized position. 
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INTRODUCTION 

With the advent of low-temperature crystal-growth methods, the ideal step 

junction has acquired a practical significance that rivals that of the surface 

problem. (This is a curious turn of events because it has existed as an aca

demic abstraction for decades.) Both the semiconductor-surface and 

equilibrium-step-junction problems are accurately yet simply modeled by a 

recent depletion-approximation replacement (DAR) [1], based in turn upon a 

general solution for the same problems [2-4]. The latter produces universal 

(doping-independent} curves for the functions of interest in such problems, 

while the DAR converts the potential-position function into approximate analy

tic form. Our purpose here is to generate analogous expressions for electric 

field and volumetric charge density. The advantage of an analytic solution is 

the insight it provides. The object here is to provide the simplest possible 

analytic expression applicable to a given situation together with a clear 

indication of its accuracy. 

Several applications of the general solution itself have already been made 

[1,5,6], and the DAR in combination with it has proven very valuable in device 
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modeling [7-9]. (Extensions to nonequilibrium cases will be offered later.) 

Further, a treatment analogous to that below can be extended to areal charge 

density [10]. In what follows, the definitions and transformations of the 

previous papers will be employed [1-4]. 

NORMALIZED ELECTRIC FIELD 

Because the Poisson-Boltzmann equation can be integrated once analyti

cally, we can write an exact expression for normalized electric field as 

a function of normalized potential. Adhering to positive potential Wand 

using the magnitude of normalized bulk potential as before [1], as well as the 

magnitude of normalized field, we have 

dW (1) 

For certain ranges of I u02 I and W, Eq. (1) can be replaced by expressions 

given in Table 1 (a procedure begun in Reference 3), Approximations A through 

G. The range designations are somewhat overlapping, and thus one can select 

an approximate equation tailored to a specific requirement. Figure 1 presents 

curves of normalized electric field versus normalized position. Asymptotical

ly, the normalized electric field rises linearly at 45°, an angle that results 

from the fact that the two normalized axes have the same calibration. Observe 

that the linear portion of the electric field extrapolates backward precisely 

to the origin established in the DAR [1], which lends additional significance 

to this spatial origin. 

For the case of accumulation, we can simply replace I u02 I by -I u02 I in 

Eq. {1) to obtain a result that is also valid without restriction. Imposing 
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the mild restriction that I u02 I> 2 gives Approximation H. The single curve 

labeled Naccumulation set11 in Fig. 1 is given very nearly by this expression. 

All of the foregoing discussion on normalized field has dealt with 

extrinsic cases. When u02 = 0 so that the right-hand side is intrinsic, a 

simple expression results [2] from Eq. {1) as well as from its accumulation 

analog: 

{2) 

an equation that is valid without restriction. 

In Reference 1 it was shown that x/LD can be written as a function of W in 

a series of approximate expressions that are solvable for W or for x/LD' as 

desired, expressions that constitute the DAR. These approximate expressions 

cover all ranges except the inversion-layer and accumulation regimes. Hence 

it is straightforward to substitute the latter expressions into the approxi

mate normalized-field expressions of Table 1 in order to write normalized 

field as a function of the spatial variable x/LD' the approximate expressions 

of Table 2. An important case is the range where the linear asymptote applies 

for field as a function of x/LD, and the parabolic asymptote in the case of 

W{x/LD)' Approximation K. A portion of this segment is plotted at the top in 

Fig. 2. The next segment, Approximation L is obtained by combining the para

bolic asymptote of the DAR and Approximation E. Approximations M and N are 

exponential segments applicable in the vicinity of the spatial origin. The 

small-W segment, Approximation Pis obtained by combining the exponential 

asymptote of the DAR and Approximation G. 
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NORMALIZED VOLUMETRIC CHARGE DENSITY 

Following Reference 4 we may write 

= 
e I Uo2 I -e - I Uo2 I -e I Uo2 I -w + e w -I Uo2 I 

el Uo2l + ei Uo2l 
(3) 

which is valid without restriction for all conditions of depletion-inversion. 

Here we have 1 et I p0 I = q I ( P
0 

+ n
0

) I = 2qni I cosh u02 1 , have employed j u
02

1 

in place of u02 , and have continued to adhere to positive w. 

For Approximation A of Table 3, again assume I u02 I > 2, so that 

Pnet = e I Uo2 I -e I Uo2 I -w+ew- I Uo2 I = 1_e-w+eW-2 I u02 I 
Po e I Uo2l · 

1 (4) 

a result that describes the charge-density profile of a depletion layer. 

Approximations B through F are obtained by imposing further restrictions on 

the allowed values of IUo2l and w. For the accumulation set, substituting -

I Uo2l for IUo2l in Eq. (3) yields a generally valid result. For I u02 j > 2 

once more, we have Approximation G. Substituting the three equations of the 

DAR sequentially into the normalized-charge-density expressions just described 

yields Approximations H through Q in Table 4 that have xtL0 as independent 

variable. 

Once more, for the special case of u02 = 0, there exists an exact analytic 

solution [2]. The depletion and accumulation expressions converge in this 

instance yielding 

w -w e - e 
2 • (5) 

The corresponding approximate expression for x/L0 as independent variable can 

be obtained from Eq. {16) of Reference 1: 
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1 { -1 X -1 X = 2 exp [4 tanh exp (- r-- 1.9)]-exp[-4 tanh exp (- r-- 1.9)]}. 
D D 

(6) 

The term 1.9 is an approximate value of ln [tanh (W /4}], where W is tne exact 
0 0 

value of W at our spatial origin, a value that can of course be determined to 

any desired degree of accuracy by numerical methods. Thus for practical pur-

poses we may consider that.an exact expression for the volumetric charge-density 

profile is available for this special case -- the intrinsic case. 

ACKNOWLEDGMENT 

We are very grateful to the Microelectronic and Information Sciences 

Center at the University of Minnesota and to the Semiconductor Research 

Corporation for partial funding of this research. 



,. 7 

TABLE 1. .APPROXIMATE EXPRESSIONS FOR NORMALIZED ELECTRIC FIELD MAXIMUM 
~ dW/d(x/LD)J AS A FUNCTION OF NORMALIZED POTENTIAL W, ACCURATE WITHIN 2% ERROR 
IN INDICATE RANGES. CORRECT ALGEBRAIC SIGN CAN BE INCORPORATED HEREIN BY WITHIN 
USING THE COEFFICIENT -U0 2/ ~ U0 2J • A RANGE LIMIT OF • IS INTENDED TO INDICATED 
INDICATE THE LARGEST VALUE HAT DES NOT VIOLATE UNDERLYING APPROXIMATIONS RANGES OF 
AND ASSUMPTIONS. I Uo2l ,w 

Range of 
I Uo2l 

Range of W Approximate Express4-on 

A 2 to • 0 to • I 2[(e-W+W-1) + e-2 I Uo2 I (eW-W-1)] 
FOR DEPLETION AND INVERSION 0.91% 

2 lj u0~J (1- e-21 Uo2l} A' 2 to • w = 2j uo21 
A TH SHOLD 0.91% 

8 3 to • 0.5 to • I 2(e-W+W-1 + eW-2j Uo2 I) 
FOR DEPLETION AND INVERSION 1.86% 

B I 2 to • w = 21 uo21 2 ~j ¥~~JSHOLD 1.85% 

c 2 to • 3 to • I 2(W-1 + eW-2 I Uo2l) 
FOR DEPLETION AND INVERSION 1.42% 

D 3 to • 4j u02 j to • 12 e(W/2) -I Uo2l 
FOR INVERSION 1.22% 

I 2(e-W + W-1) E 3 to • o to (2 1 u02 j -2) 
FOR DEPLETION (IONIC COMPONENT ONLY) 0.13% 

3 to (2 I u02 j -2) F 4 to • { 2(W - 1) 
FOR DEPLETION (IONIC COMPONENT ONLY) 1.21% 

G 0 to • 0 to 0.18 w 
FOR DEPLETION OR ACCUMULATION 0.042% 

H 2 to • 0 to • J 2( eW-w-1) 
FOR ACCUMULATION 1.2% 

J 2 to • 6 to • 12 eW/2 
FOR ACCUMULATION 1.7% 
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TABLE 2. APPROXIMATE EXPRESSIONS FOR NORMALIZED ELECTRIC FIELD jdW/d(x/lD) 
AS A FUNCTION OF NORMALIZED POSITION (x/LD), MAINLY FOR DEPLETION CONDITIONS 
(IONIC COMPONENT ONLY), ACCURATE WITHIN 3% IN INDICATED RANGES. CORRECT 
ALGEBRAIC SIGN CAN BE INCORPORATED HEREIN BY USING THE COEFFICIENT- u02tju02 J. 
A RANGE LIMIT OF co IS INTENDED 1.0 INDICATE THE LARGEST VALUE THAT DOES NOT 
VIOLATE UNDERLYING APPROXIMATIONS AND ASSUMPTIONS. 

Ran~e of IUo2l Range of W Range of~ 
LD 

Approximate Expression 

X 3 to "" 3 to (2iU02 I-2) -14jU02 I-6 to -2 --
LD 

FOR DEPLETION 

3 to .... 2 to 3 -2 to -1.5 
/<-~) 2 + 2 exp 

LD 
-- (--) -1 f 1 X 2 ] 

2 LD 

FOR DEPLETION 

3 to "" 0.8 to 2 -1.5 to -0.33 0.560 exp (-0.693 ~ ) 
D 

FOR DEPLETION 
~ . 

2 to m 0.0896 to 0.8 -0.33 to 2 0.525 exp (-0.888 ~D) 

FOR DEPLETION 

0 to m 0 to 0.0896 2tom exp (-0.41209 - ~D) 

FOR DEPLETION 
OR ACCUMULATION 
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TABLE 3. NORMALIZED CHARGE DENSITY.(VOLUMETRIC) jpnet/p0j AS A FUNCTION OF 
~ORMALIZED POTENTIAL W. CORRECT ALGEBRAIC SIGN CAN BE INCORPORATED HEREIN BY 
USING THE COEFFICIENT u02/jU02 j. A RANGE LIMIT OF= IS INTENDED TO INDICATE THE 
LARGEST VALUE THAT DOES NOT VIOLATE UNDERLYING APPROXIMATIONS AND ASSUMPTIONS. 

-----·----
APPROXIMATE EXPRESSIONS ACCURATE WITHIN 3% IN INDICATED RANGES ' 

Range of IU02 I Range of W Approximate Expression 
' 

A 2 to .., 0 to .., jl-e-W +eW-21Uo211 
FOR DEPLETION AND INVERSION 

B 4 to .., 4 to.., jl+eW-21Uo21j 
FOR DEPLETION AND INVERSION 

c 2 to "" 0 to 2IU 02 I -4 11 -wj 
FO~ ~EPLETION 

D 4 to .., 4 to 21 U o21-4 1 
FOR DEPLETION 

E 2 to CIO 2jU02 I to"" !1 + eW-21 U 02 lj 
FOR INVERSION 

F 2.1 to .., 0 to 0.1 w 
FOR DEPLETION OR ACCUMULATION 

-
G 2 to .., 0 to .., lew -11 

FOR ACCUMULATION 
,_ 

-
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TABLE 4. NORMALIZED CHARGE DENSITY (VOLUMETRIC) Jpnet/pDJ AS A FUNCTION OF 
NORMALIZED POSITION (x/LD). ACCURATE WITHIN 3% IN INDICATED RANGES. CORRECT 
ALGEBRAIC SIGN CAN BE INCORPORATED HEREIN BY USING THE COEFFICIENT u02/jU02 J. 
A RANGE LIMIT OF ~ IS INTENDED TO INDICATE THE LARGEST VALUE THAT DOES NOT VIOLATE 

-'-UNDERLYING APPROXIMATIONS, 

Range of IU 02 I Ranye of W Range of~ Approximate Expression 
Lo - . 

H 2 to co 1. 7 to co -1.22 to - .., 
I -2.{-~,/-1 l(i;;-)2+1-21Uo211 1-e 2 D +e2 D 

FOR DEPLETION AND INVERSION 

J ' 4 to co 4 to co -2.5 to - co 
I .l(- ~)2 +l-2JU 2'1 l+e2 D o 

FOR DEPLETION AND INVERSION 

I 1 X 
2 

+11 -1.22to/4JU02r6 ~- ro> K 2 to ao 1. 7 to 21 uo21-4 1 - e 
FOR DEPLETION 

L 4 to ... 4 to 2IU 02 I-4 -2.5to- 4jU02 I-6 1 
FOR DEPLETION 

M 3 to oo 0.18 to 1. 7 1.27 to -1.22 
I -(0.582)exp (-0.9 ~)I 
1- e D 
FOR DEPLETION 

-

I -exp (-0.41209- !-)1 
N 2.1 to co 0 to 0.18 Cl> to 1. 27 1-e LD 

FOR DEPLETION 

p 2. 1 to ao 0 to 0.1 oo to 1.87 jexp (-0.41209- ~ )j 
FOR DEPLETION OR RccUMULATION 

Q 2 to oo 1 to oo -0.58 to Cl> 
I [ (x/LD}+(0.85776~ 11 exp -2 1n -

/C 
FOR ACCUMULATION 
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FIGURE CAPTIONS 

1. Figure 9-9 from Reference 1, with the abscissa calibration converted 

from ~/L0 to an absolute calibration x/L0 based on the spatial origin fixed 

by the depletion-approximation replacement [1]. The linear asymptote of this 

profile extrapolates precisely to x = o. 

2. Normalized electric field vs. normalized position, showing linear 

asymptote at the top, and three approximate expressions for the intermediate 

range, together with indications of their validity as listed in Table 2. 
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ABSTRACT 

The theory and practical concerns of multi-layer techniques using an 

anti-reflective polymer coating will be discussed. Anti Reflective Coating 

(ARC, Brewer Science, Inc.) was incorporated into the metal lithography pro

cess for a 1.2 micron gate CMOS prototype production line. 

Previously, reflections from substrate topography had caused a loss in 

linewidth control. These reflections were minimized by the ARC, which also 

restored process latitude. For the process described, ARC coating uniformity 

was ± 5 nm, adhesion was good, and step coverage was seen to be adequate to 

0.8 micron high verticle wall steps. 



Introduction 

Optimization of optical lithography is critical to the success of advanced MOS technolo
gies. At one micron geometries and below, wafer topography leads to poor linewidth control 
through two primary effects: surface reflectivity and 'bulk' effect. A number of authors 
have recently presented novel resist schemes involving multiple planarizing layers to 
achieve uniform resist thickness in the imaging layer and so eliminate the bulk topography 
effect.l-~ However, for highly reflective layers, notably silicide gates and metal inter
connect, a primary obstacle to linewidth control is reflectivity. Only a few paoers have 
appeared which have attempted to use absorbant materials to reduce reflectivity.5,6 

Figure 1 illustrates the problem in our application. The photoresist line which defines 
a first level metal structure ran over a contact cut down to polysilicon. The specular 
reflections from the underlying sloped topography exposed areas of the photoresist line 
which were originally masked. This led to a loss in linewidth control wherever photoresist 
developed out due to thesesubstrate reflections. The loss in linewidth control was fre
quently severe enough to contribute to device failure. To minimize these substrate reflec
tions, one could utilize a layer of anti-reflective coating under the photoresist. This 
would restore linewidth control for reflective substrates. There are practical concerns of 
applying a multilayer process to a prototype CMOS production line. The process must be 
repeatable and well-controlled. It is imperative that these be attainable goals for work 
done routinely by technicians. These pre-production goals were not only met by our ARC 
process, but this process also gives more latitude than a process without anti-reflective 
coating. 

Process Procedure 

ARC Application 

An overview of the 1.2 micron technology used at Sperry has been described previously.? 
The metal photolithography process for the CMOS prototype production line has a·thin 
( < 300 nm) layer of anti-reflective coating (ARC, Brewer Science, Inc.) spun on the metal 
before photoresist application. Figure 2 shows a typical thickness distribution for the 
ARC coating measured using an ellipsometer on equivalent wafer positions. Wafer-to-wafe~ 
uniformity is less than~ 5 nm. The thickness and solubil~ty rates of ARC was recently 
reported to be strongly dependent on the bake temperature, which we had confirmed. The 
process reproducibility necessary for production was achieved by using coater tracks with 
a hot plate bake. The hot plate bake gave much tighter temperature and duration control 
than tracks with an IR oven bake. 

Photoresist Application 

Shipley 1400 series resist is then spun on over the ARC coating with no surfactant treat
ment. The resist was chosen since it was compatible with a current process in production. 
A standard softbake is then performed which is at a much lower temperature than the ARC 
bake, and thus did not affect the ARC thickness or solubility to developer. 



Exposure 

The wafers are exposed on a GCA 4800 DSW Wafer Stepper ~using a 10:1 lens with a 0.28 
numerical aperature and a MaximuJ aD 300 light source (A= 436 nm). The spectral absorbance 
of the ARC was in excess of 95% at the wavelength used. 

Development 

The double coating (ARC plus photoresist) is spray developed through the photoresist, but 
in such a way that ARC scumming is still evident. The temperature control of the ARC bake, 
leading to reproducible ARC develop rate was crucial to stabilizing this process step. The 
ARC coats in a planarizing, rather than conformal, manner. With device topographical vari
ations, this results in local areas with much different ARC thicknesses. To completely 
develop the thickest regions of ARC overdevelopes the thin regions resulting in the ARC 
patterns undercutting the resist lines. Severe undercutting led to resist pattern lifting. 
Thus a spray develop, followed by a plasma descum is performed to clean up the residual 
ARC. With fine tuned bake, develop and descum cycles the process consistently produces 
lines with no ARC undercut, near verticle photoresist sidewalls, and no standing waves (see 
figure 3b). Modeling of photoresist profiles with and without an anti-reflective coating 
has been done using the program SAMPLE.9,10 Figure 3c,d also shows the results of these 
calculations, with corresponding resist profiles . 

.llih 
Pattern transfer to the metal is achieved by dry etching, using either parallel plate or 

hexode reactive ion etchers. A strong factor in achieving a good metal profile and line
width control is the ARC step coverage. This will be addressed later in the discussion. 

Photoresist Strip 

The resist and ARC layers can be stripped in standard wet chemical photoresist strippers. 
The wafers are then finished by putting them in an 02 plasma strip to ash any residue. The 
resist and ARC can also be stripped completely in an 02 plasma provided that care is taken 
not to allow the wafer to overheat (see below). 

Device Performance Effects 

Initial samples of ARC were checked for possible ionic contamination which could affect 
CMOS device performance. Metal patterning using ARC was performed on CMOS device wafers. 
The test chip on these wafers includes numerous NMOS and PMOS enhancement transistors and 
capacitors, as well as a comprehensive set of structures used to evaluate parasitic devices 
and capacitors, design rule margins, and process parameters, such as leakage, sheet resis
tances and isolation effectiveness. Early results showed enhancement threshold voltage 
shifts of about -0.5 V for NMOS and +0.5 V for PMOS, with a great deal of scatter. Simi
larly many NMOS parasitic field transistors (t0 x= 500 nm) were depletion-like. Junctions 
were found to be leaky and capacitors showed a pronounced C-V shift under temperature bias 
stressing (figure 4a). Subsequent AUGER analysis identified calcium as the ionic impurity 
in the oxide. 

The experiment was later repeated using a more highly purified sample supplied by the 
vendor. Junction leakage, enhancement transistor thresdhold and C-V characteristics be
haved as expected (figure 4b). ~However, parasitic NMOS devices were still depletion-like 
(see figure 5, high temperature strip). To understand this, assume a uniform distribution 
of ionic charge in the oxide. Then it is straightforward to show that the shift in thres
hold voltage, Vt, for an infinite gate length transistor is given by 

tJ. V t = p t
0
x 2 I 2e: , ( 1 ) 

where p is the impurity density, t 0 x is the gate oxide thickness and e: is the permittivit~ 
Thus the thicker oxide parasitic devices are much more sensitive to ionic gate oxide con- ' 
tamination. A series of experiments isolated the cause to the use of a relatively high 
temperature 02 strip: in a barrel reactor. When the wafer temperature was kept below 200°C 
no contamination was seen (figure 5). Later work using water cooled pedestals confirmed 
that high power plasma stripping of ARC without device contamination is possible. 

Process Results and Discussion 

As stated previously, a factor in successful metal patterning was the uniformity of ARC 
step coverage.Our experiments with static and dynamic dispense of ARC demonstrated better 
step covera~e using a dynamic dispense (see figure 6). This was also reported by Coyne 
and Brewer.o From the wafers in our prototype production line, we have seen good metal 
line profiles for our first level metal with the static dispense where the wafer topography 



is much less than 0.8 microns. At second level metal, our step heights a~~roach 0.8 
microns, which necessitates the dynamic dispense for a good ARC coverage and metal etch. 

To test process latitude, identical as-drawn structures were measured on a focus·- exposure 
matrix. Wafers were idependently processed for optimum results, both with and without ARC, 
e.g. no descum was performed on the resist-only wafer. Figure 7 summarizes the results of 
these experiments, for the best-case of the resist-only process compared to the standard 
ARC process. The curves show the variation in critical dimension (CD) over the same ex
posure range, for a given focus change from the optimized focus. The process without ARC 
corresponds to the solid curve, and the ARC process results are shown in the dashed curve. 
Both are plotted on the same scale without offset. The total exposure range was 0.2 
seconds. The ARC curve is much flatter and the absolute value of CD variation is less 
than the CD variation for the process without ARC. The results for a larger exposure range 
demonstrate even more disparity than shown here, with a minimum 75% increase in CD varia
tion of the resist-only vs. the ARC process at the optimum focus. The raw focus-exposure 
data shows that for the ARC process, at the optimum exposure, all the focus curves inter
sect in a common point of node, since the CD variation for all focus values is zero. No 
such nodal point exists for the non-ARC process, since a change in focus results in a wide 
variation in the CD measurement at any given exposure. This nodal point for the ARC pro
cess becomes more significant as one looks to the future and smaller device geometries. 
Better resolution will utilize higher numerical aperature lenses, thus decreasing depth of 
field. In that case, the nodal characteristic of the ARC process implies tighter CD con
trol over wafer topography. 

The ARC process discussed here gives excellent reproducible results, however, in areas 
of extreme topography ( >1 micron verticle steps~ substrate planarization must be accomp
lished. Extensions of these experiments utilizing a planarizing layer to eliminate the 
bulk topography are currently underway. An anti-reflective layer is used to eliminate 
substrate reflections, and a third layer of thin photoresist is used to maximize resolution 
and stepper throughout. Our preliminary experiments have given encouraging results, but 
more work is necessary to develop a production-worthy process. 

The final results of our current metal lithography ARC process are shown in figure 8. 
This micrograph shows first and second level metal lines on a typical product wafer of a 
10,000 gate logic array in the CMOS prototype production line at Sperry. 

Conclusions 

A metal lithography process, which utilizes an anti-reflective polymer coating (ARC, 
Brewer Science, Inc.) under photoresist, has been demonstrated in a CMOS prototype pro
duction line. This process is instrumental in the production of prototype parts with 
double-level metal. The ARC process described increased our process latitude by 75%, 
restored linewidth control by decreasing substrate reflections, and proved compatible 
with a production environment. 
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Figure 1. Initial process without antireflec
tive coating (ARC). Photoresist line for 1st 
metal over a contact to polysilicon. Resist 
is exposed out by specular reflections from 
surface topography. 

c 

Figure 3a). SEM micrograph of photoresist pro
file for resist only- standing wavesevident. 
3c). Calculated photoresist profile using 
program SAMPLE. Pronounced standing waves are 
modeled. 

Figure 2. 

D 

THICKNESS (nml 

Thickness distribution 
for ARC coating. Wafer to 
wafer uniformity was less 
than 5 nm. 

3b). SEM micrograph of resist profiles for 
ARC plus resist. Standing waves minimized. 
3dJ.SA~~L~-calculated profile for ARC under 
resist· Resist walls are much straighter, 
correlating with experimental results. 
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Figure 4. ARC C- V qualification results. 
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Figure 6. Step coverage of ARC 
a) Static ARC dispense. 
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over 0.8 micron verticle steps. 
b) Dynamic ARC dispense, same magnification 

as for a). Dynamic dispense gives improved 
step coverage. 
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Figure 7. Process Latitude. 
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Figure 8. ARC process double level metal lithography results 
on CMOS 10,000 gate logic array. 
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Abstract 

We offer a methodology for simplifying the design and analysis of s~rstolic sys6 

tems. Specifically, we give characterizations of systolic arrays in terms of (single pro

cessor) sequential machines which are easier to program and to analyze. We give 

several examples to illustrate the design methodology. In particular, we show how sys

tolic arrays can be easily designed to implement priority queues, integer bitwise multi

plication, and dynamic programming. Because we base our designs on the sequential 

machines, the constructions we obtain are much simpler than those that have ap

peared in the literature. Indeed, one does not have to deal with the problems of con

currency and synchronization when using the characterizing machines. 



1. Introduction 

A systolic system is a model of a parallel computer consisting of a large number 

of simple processing elements interconnected in a regular pattern. The processing ele

ments operate in parallel passing data between them in a regular, rhythmic manner 

making high-speed peformance possible. Very large scale integrated (VLSI) technology 

has made it feasible to layout an entire systolic system on a single electronic chip or 

printed-circuit board. Thus, high performance systolic systems can be implemented 

directly on low-cost hardware. 

Systolic systems were first introduced by Kung [Kul,Ku2], and were used largely 

in the design of special-purpose hardware for such computations as digital signal pro

cessing, matrix aritlim~tic, and data structures [GKT.GL,Kul.Ku2,Le,MC]. A large sub

class, called systolic arrays, are closely related to two other models, itel'ative arrays 

[Co,He] anri cellular automata [BC,CC,Dy,Se,Sm1,Sm2,UMS], which have appeared ear

lier in the literature, and have been studied primarily as mod~ls of computation for 

pattern and language recognition. 

Designing a systolic system is not an easy task because one has to deal with the 

problem of synchronizing the operations of many simultaneously executing pocessors, 

For largely the same reason, the analysis and proof-of-correctness of systolic systems 

are usually quite difficult. Although there are a few design techniques that have been 

developed [GKT,Kul.LS], the design, analysis, and proof-of-correctness of systolic sys

tems that have appeared in the literature are, for the most part, ad-hoc. 

In this paper. we offer a methodology for simplifying the design and analysis of 

-1-



systolic systems. Specifically, we give characterizations of linear systolic arrays in 

terms of the more familiar models of (single processor) sequential machines, which are 

easier to program and to analyze. The characterizations are based on the ideas 

developed in [IK1.IK2]. Similar characterizations have been obtained for multi

dimensional systolic arrays and some generalized array models (e.g., systolic arrays 

with global control and stack-controlled systolic arrays), but these as well as other ap

plications shall be reported in a separate paper. We briefly mention the characteriza

tions (without proofs) of two models of two-dimensional systolic arrays in the last sec

tion of the paper. 

The characterizations are of the following form. A problem can be solved by a 

systolic array of a certain type with time complexity T(n) if and only if it can be solved 

by a sequential machine of a certain type with "sweep" complexity S(n). Moreover. the 

transformation from the systolic array to the sequential machine and vice-versa can be 

carried out effectively. 

Thus, the problem of designing a systolic system is translated to that of designing 

a sequential machine, which is clearly an easier task since one does not have to deal 

with the problems of concurrency and synchronization. We give some examples to il

lustrate the design methodology. In particular, we show how systolic arrays can be 

easily designed to implement priority queues, integer bitwise multiplication, dynamic 

programming, etc .. Because we base our designs on the sequential machines, we ob

tain algorithms which are easier to understand than those published in the literature 

[At,Gl\'T,Ko,Le]. For example, we show the construction of a linear systolic array that 

implements the dynamic programming algorithm t•:> solve the matrix product chains 

problem in O(n2) time. Our construction is relatively simpler than what appears in 
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[Ko2], which gives a rather complex solution to a similar dynamic programming prob

lem (i.e., context-free language recognition). In fact, the model used there has a 

separate array head to scan the nodes of the array, which is not necessary in the 

model we use. Moreover, our algorithm also yields the "parse" of an optimal solution. 

We also show the implementation of dynamic programming on a two-dimensional systolo 

ic array with one-way communication lines. The construction we· give is much easier 

than what appears in [GKT]. 

The paper consists of three sections, in addition to this !ilection. Section 2 gives 

the characterizations of various types of linear systolic arrays. Section 3 contains 

several examples of systolic algorithms obtained via the characterizing sequential 

machines. Finally. Section 4 gives the characterizations (without proofs) of two simple 

models of two-dimensional systolic arrays and shows an optimal-time implementation 

(with respect to the given model} of dynamic programming. 
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2. Characterizations of Linear Systolic Arrays 

In this section we present sequential machine characterizations for linear systolic 

arrays of various types (see, e.g. [Kul,Ku2,MC]}. The characterizing machmes are sim~ 

ple, and the conversion from a systolic array to the sequential machine (and vice

versa) is alsoquite direct and straightforward. As we shall see, the characterizations 

can be used as powerful tools for greatly simplifying the design of algorithms for linear 

systolic arrays (Section 3). 

An example of a linear systolic array (LSA) is shown in Figure 2.1-(a). lt consists 

of a semi-infinite array of. identical processors lhat operale synchronously at discrete 

time steps by means of a common clock (not shown in the f.i.gure). The input 

••• 

• • • 1*---0IE--->-· .. 

(a.) 

(b) 

Figure 2.1. (a) An LSA. (b) A processor of the array 



a1aa · · · an$ is fed serially to the leftmost processor, from which the serial output 

b1b2 • • · bmS is also observed. Each ai (bi) comes from a possibly infinite set of symbols 

I: (~). called the input (output) alphabet. Thus, ai or bi can represent any data value, 

e.g., a number, a character, etc .. Both input and output strings are terminated by a 

special endmarker $, which is not in~ or~. The leftmost processor receives ai, 1:!!:: i :S 

n. at time i·l. and S after time n-1. Hence, unlike the aj's, S is not "c.onsumed" when 

read by the LSA, and is always available for rereading. Symbol bi, 1 :!!:: i :!!:: m, is output 

by the leftmost processor at time i, and S at time m + 1. Each processor in the array 

has two inputs and two outputs. and has some local memory R consisting of a fixed 

number of registers of arbitrary size (see Figure 2.1-(b)). The memory contents and 

outputs of a processor at time t are functions of its memory contents and inputs at 

time t-1. At tirne 0. each processor is in a distinguished initial state, in which its 

memory and outputs are reset to some initial value, A. The processor remains in this 

state until it receives a non->.. input. from at least. one of it.s neighbors. Thus, we r.an 

view each processor as computing a function o: ~ -+ ~. where r .. which contains A and 

S. is the operational alphabet. o{R.ZL.Za) = (R',Zi..ZR) means that if, at time t, a proces

sor receives symbols ZL and Za from its left and right neighbors, respectively, and has 

memory contents equal to R, then, at time t+ 1. it changes its memory contents to R', 

and sends symbols Zi. and Za to its left and right neighbors, respectively. The function 

o satisfies the restriction o(A,A,X) = (X,X,A). We say that the LSA has time complexity 

T(n) on input a1aa · · · anS if and only if it outputs the endmarker S after at most T(n) 

steps. Clearly, if the LSA is nontrivial, T(n) ~ n+l. (If T(n) < n+l. then some sufiix of 

the input cannot affect the outcome of the computation.) 
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It ts r:onvenient in the proof of the eha.ractert7.ations to int.rodw~e another systolic 

system, called a systolic trellis automaton. which may be viewed as the space-time di-

agram of the computation of an LSA. 

.Row!T1me 
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" 211 b 
II 

2a-1 

" 

211-1 

1 

(a) 

c cl 

% 
a b 

(b) 

F'ig1Lre 2.2. (a) A TA, (b) A node computing the function f(a,b)=(c,d) 
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A systolic trellis automaton (TA) is a system A = <r.~.6.f> consisting of a semi

infinite planar array of identical memaryless processors (i.e., combinational logics), in

terconnected by unit-delay communication lines, as depicted in Figure 2.2-(a). Each 

processor (or node) computes a. partial function f: r 2 .... r2• where r. which contains the 

blank symbol 'A, is a ~ossibly infinite operational alphabet. The function r has the pro

perty that f(A.,A.) = ('A.A.). Each node computes f as shown in Figure 2.2-(b). An input to 

theTA ls a string a1~ • ··an, where ai is in the input alphabet~ c r-~A.~. The symbols 

a1~ • · · an are applied to the left input terminals of the first n consecutive nodes along 

the leftmost column (indicated by the dotted line in Figure 2.2-(a)). The input termi

nals of all other nodes along this column and along the base row get )..'s. The output of 

theTA is a string b1b2 · • • bmS, where ~ is in th~ output alphabet 1!. c r-~A..Sj, and Sis a 

special end-of-output marker not in 1!.. 'Ibis string is obtained from the left output ter

minals of the first m+ 1 nodes processors along the leftmost column. The time complex

ity of a TA on an input of length n is the smallest number of rows needed to output the 

endmarker S. Clearly, T(n) :<!: 2n+ 1. 

We say that two machines are equivalent if they perform the same computation. 

That is, given the same input string, they generate the same output string. The follow

ing theorem shows that LSA's and TA's are equivalent. 

Theorem 2.1. If M is an LSA with tiine complexity T(n). T(n) ~ n+l. Lht:n we c;:,.n con

strul't an equival.:nt TA A with linw complexity 2T(n)-l, and vict.~-vE>rsa. 

Prnnf. 'T'hP. r.onsf r·ur:l.ions IH'e given in l.t~mmAs 2.1 an(l 2.2 hP.low. 0 

l.emma 2.1. If M is an LSA with time complexity T(n). T(n) ~ n+ 1. then we can con

struct an equivalent TA A with time complexity 2T(n)-l. 
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Proof. We only illustrate the construction informally. The formal construction ls left to 

the reader. Suppose M is the l..SA shown in Figure 2.3. If we "unroll" the computation 

of M.in time and space, we obtain the two-dimensional array or combinational circuits 



A1 shown in Figure 2.4. Y}, Z} and Rt represent the left and right outputs, and the con

tents of the local memory, respectively, of processor i at time j. Note that processor i 

does not output non->.. symbols, nor store a non-A. value in its memory, untU lime L lf 

we now introduce a node at each intersection of lbe diagonal communication lines, 

delete the vertical lines, and replace the input terminals receiving $ by A., we obtain the 

array A shown in Figure 2.5, which is a TA. The information orginally flowing through 

the vertical lines is now routed through the newly introdu.ced nodes. The function f 

!!a! 

$ 

11 

>. 
10 

bs 
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?\ 
8 

~ 

1 

;>.. 
6 

bJ 
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4 
aJ 

b2 
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•z 
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b1 
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Figure 2. 5. A 
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(R' ,z•) I' 

A 
Z (R,Y) 

A 
z " 

if ~(R,Z,I)=(R' ,Y' ,z•) 11' HJ.,Z,1-)=(R',Y',Z') 

<·x 
(R,Z) Y 

Pigure 2.6. The function f computed by 
a node of A in terms of 
transition function o of M 

computed by each node of A is shown in Figure 2.6. It is easy to check that if A1 (and 

hence M) outputs Sat time T(n), then A outputs Sat time 2T(n)-l. D 

Lemma 2.2. If A is a TA with time complexity 2T(n)-1. T(n) ~ n+ 1, then we can con

struct an equivalent LSA M with time complexity T(n). 

Proof. The construction is readily obtained by applying the reverse of the transforma

tions described in the preceding proof. Hence, suppose A is theTA shown in Figure 2.7. 

Without loss of generality, assume that the right output symbol of each node is not in I:. 

If we block the nodes of A, as indiculed by the dotted lines, and simulate the computa-

lions of nodes in a block by a single node, we obtain the aiTay A1 shown in Figure 2.8. 

The blocking scheme enables us to delete from A the nodes at even-numbered rows, 

and l.o introduce vertical commumcation lines. The runclion,o compuled by each node 
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R.gure 2. ?. A 

of A1 is shown in Figure 2.9. Since A1 is simply the unrolled computation of an LSA (see 

Figure 2.4), we can "roll up" A1 and obtain the LSA M shown in Figure 2.3. It is easy to 

see from the transformation that if A outputs the endmarker Sat time (or row) 2T(n)-1, 

then A1 (and hence M) outputs Sat time T(n). 0 

Remark 2.1. An LSA (TA) with time complexity n+l (2n+1) is called a re_al-time LSA 

(TA). In this case. the endmarkers (i.e., the $'s) on the input and output strings of an 

LSA are not necessary, since when the machine reads $, it also outputs S in the next 
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F'igure 2. B. A1 

time step. Similarly, a TA simply outputs S when it receives the first 'A input (along the 

leftmost column). Hence, removing the endm.arkers does not affect the outcome of the 

computation. A real-time LSA (TA) with endmarkers is thus equivalent to an LSA (TA) 
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[Y•. z•J 

a ((w,xJ, Y,z) = ( ['*'' ,x•J ,Y' ,z•) 

where 

Y' • 

z• .= 

{ 

fc(fd(Y ,V) ,fc(X,Z)) 

fc(Y,fc(X,Z)) 

{ 

fd(fd(Y ,W} ,f'c(X,Z)) 

fd(Y,fc(X,Z)) 

Figure 2.9. 

if' Y II! 

it y c I.: 

1r Y ~ r 

The transition function o of A1 {M) 
in terms of the function f of A, where 
fc(a,b) (fd(a,b)) is the left (right) 
output of a node receiving inputs a and b 

without endmarkers having time complexity n {2n-1). 

An LSA or TA can be characterized in terms of a sequential machine (SM) which 

consists of a single processor and semi-infmile array or registers, each of arbitrary size 

(see Figure 2.10). The processor is an infinite-state machine with a distinguished start 

state q0• (One can think of the states of the processor as representing the contents of 

-13-



(serial input) $an • • • a2a1 

(serial output) b1 b2 • • • bm$ 

array of registers ·( wo:rktape) 

RWH ( tuo-way read-write head) 

Pigure 2. 10. An SM 

its local memory.) At each time step, the next state of the machine depends on its 

current state, the contents of the register currently scanned by the read-write head, 

and (possibly) an input symbol. In the remaind~r of this paper, we shall refer to the ar-

ray of registers simply as the worktape of the machine, and to a register, simply as a 

cell of the worktape. 

Formally, an SM is a device M = <Q.I:.r,J.q0 ,£1>, wher~ Q is the set of ::states. and!:, 

r. and 6. arc the (possibly inflOi.tc) input, to.pe and output alphabets, respectively. r 
~nntAin~ twn ~pPr.if:ll ~ymhnlR $ f:lnri >.. (t.he hlAnk Ryrnhnl) whir.h f:lrf! nnt. in 'E nr f:l. $ i~ 

used as an endmarker for both input and output sltrings. For the input a1 •• . an S, we 

assume that S is not "consumed" when. read by M, and is always available for rereading. 

qo is the start stale and 6 is a partial function 6: Q X (!:UtS,t!) X r -+ Q X (l~U~S,tj) X 

(r-lAl) x l-1,+1~. Thus, M does not write A.'s on its worktape. 6 is restricted as follows. 

Suppose o(q,a,Z1) = (p,b,Z2,d). Then, 

(1) If q = qo and Z1 =$,then a= t, p 7- q0, b = t, Z2 = $, d = -1. 

(2) If q ;t q0 and Z1 =)..then a is inl: U !Sl. p = qo. b is in 6 U !Sj, Z2 ¢ 1>-.SJ, d = +1. 
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(3) If q -;t. q0 and Z1 -;t. A, then a= t, p tE. qa, b = t, ~ ¢ ~A,SJ, d = -1. 

(4) 1f q = q0 and 21 -;t. $,then a= t, p = q0• b = t, Z2 = Z~o d = +1. 

Restrictions (1)- (4) mean that .M operates as follows. Jnitially, all cells of the worktape 

contain A's. The read-write head (RWH) makes alternate right-to-left and left-to-right 

sweeps on the worktape, between the right boundary marker (denoted by S) and the 

first A encountered. A right-to-left sweep begins with the RWH scanning$ and with the 

machine in state q0 . M then moves left and, as it does, rewrites the symbols scanned 

by the RWH by non-A symbols, and changes states (except into q0), until the RWH scans 

a A. It then reads an input symbol. rewrites A by a non-X symbol, generales an output 

symbol. returns to state qo. and begins a left-to-right sweep. During a left-to-right 

Input Output Worktape Profile Sweep 

$ 0 

al bl it $ 1 

a2 b2 zo 
2 

z1 
1 $ 2 

aJ bJ zo 
J 

z1 
2 ~ $ J 

a4 ~ zo 
4 

z1 
J ~ z:3 1 $ 4 

F'igure 2.11. The workt.apc prof.lle of an SM 
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sweep, M remains in go without rewriting the worktape, until the RWH scans the right 

boundary marker $, after which it begins the next right-to-left sweep. The worktape 

proflle of the SM for 4 complete (right-to-left and left-Lo-right) sweeps is shown in Fig

ure 2.11. Note that an input symbol is read, and an output symbol generated, only at 

the end of a right-to-left sweep. ,.,,~ say tbolt the SM has sweep co1nplexity S(n) on input 

cl1a2 · · · an$ if and ''1.lly if il oulputs the endmurker S after at most. S(n) complde 

RWP.eps. ClParly, S(n) ~ n+1. 

Remark 2.2. We say that an SM operates in real-time if S(n) = n+l. For a real-time SM, 

we can eliminate the endmarkers of the input and output strings for the same reason 

given in Remark 2.1. Hence, a real-time SM with endmarkers is equivalent to an SM 

without endmarkers having time complexity n. 

We now show that LSA's and TA's are equivalent to SM's. By Theorem 2.1, we need 

only prove the equivalence of TA's and SM's. 

'lbeorem 2.2. If A is a TA with time complexity 2T(n)-l, T(n) ~ n+l, then we can con

struct an equivalent SM with sweep complexity T(n), and vice- versa. 

Proof. The constructions are given in Lemmas 2.3 cmd 2.4 below. 0 

Lemma 2.3. If A is a TA with time complexity 2T(n)-1. T(n) ;;e n+l, then we can con

struct an equivalent SM M with sweep complexity T(n). 

Proof. As with the previous lemmas, we only illustrate the construction by means of an 

example. Consider a computation of TA A on input a1~a3, as depicted in Figure 2.12. If 

we "prune" A by deleting the nodes with A output~; (labeled A in the figure), we obtain 

the triangular TA A1 shown in Figure 2.13. It is easy to see that A and A1 arc equivalent 
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Pigure 2. 12. A 

since the nodes deleted from A simply propagate ;\'s to the nodes along the bold diago-

nalline in Figure 2.12. 

We can construct an SM M simulating A1 as shown in Figure 2.14. Informally, M. 

simulates in successive sweeps the computations of the nodes along successive diago-

nals of A (see Figure 2.13). The symbols written by M on its worktape are the right out-

put symbols (If th~ nodes simulated during lht: swe~p. Tht:l states ~nlt:red duiing the 

3Wt1ep rt1prt·senl the lC:'!l e>utpul symboh1 o!lhe t'orrcsponding node!~. It is easy to veri

fy l.hnl if A1 (itnd hfmrP. A) nulpul~ H HI. l.imfl 2T(n)-1, f.hPn M oul.pul.~ ~ aJ swr>Pp T(n). 0 
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l.emma 2.4. It M is an SM with sweep complexity T(n), T(n) ~ n+l. then we can con

struct an equivalent TA A with time complexity 2T(n)-l. 

Proof. Suppose that M has the computation profll.e shown i.n Figure 2.15. Let the state 

which M enters after writing sylnbol zJ be q}. Then, M can be simulated by the triangu-

lar TA A1 shown in Figure 2.16. Notice that the diagonals of A1 simulate the right-to- left 

sweeps of M. A1 can easily be converted into a TA A by introducing nodes with A outputs 
-

(Figure 2.17). It is easy to check that A has time complexity 2T(n)-1. D 

Corollary. If M1 is an LSA with time complexity T(n), T(n) ~ n+l, then we can construct 

an SM M2 with sweep complexity T(n), and vice-versa. 

Input Output Vortape Profile Sweep 
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a.l bl zo 
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F'i.g11.re 2. 15. The computation profile of M 
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The above result implies that we can effectively convert an lSA into an equivalent 

SM and vice-versa. Since an SM is a sequential machine, it is relatively easier to pro

gram than an lSA. · Thus, we can use the former as a tool in designing algorithms for 

the latter. The transformations described in Lemmas 2.2 and 2.4 then allow us to au

tomatically translate an algorithm designed on an SM into an equivalent systolic algo

rithm for the linear systolic array. Hence, we need not worry about the concurrent 

processing and synchronization of a large number of parallel elements, a problem so 

often encountered when directly designing al~orithms on a parallel system. 

While an SM is easy enough to program, we can further simplify programming by 

allowing the machine to access its worklape in a less restrictive manner. Let k be a 

nonnegative integer. An SM with k-looka.,ead (k·SM) is one with the added capability of 

"looking ahead" k cells to the left of a cell scanned during a right-to-left sweep. That is, 

during a right-to-left sweep, the transition of lhP. machinP. depends not only on the 

current stale and on the contents of the cell being scanned, but also on the contents of 

the first k cells to the le.ft of the scanned cell. Hence, an SM is essentially a D-SM. k

SM's are no more powerful than SM's, as the following proposition shows. 

Proposition 2.1. If M1 is a k-SM with sweep complexity S(n), S(n) ~ n+l, then we can 

construct an equivalent SM M2 with sweep complexity T(n), and vice-versa. 

Proof. Clearly, M1 can simulate M2 in real-time. For the converse, we only prove the 

case when k = 1; the proof for arbitrary k is similar and left to the reader. Hence, sup

pose M1 is a 1-SM with sweep complexity T(n). By way of an example, assume that M1 

has the computation profile shown in Figure 2.16. We can construct SM M2 as follows. 

Each cell of M£s worktape is divided into two subcells. M2 simulates a right-to-left 
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Pigure 2.18. The computation pr1~ffie of M1 
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Figure 2. 19. The simulation profllc of M2 
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Ji'igu.re 2.20. (a) The computation profile or M1 during sweep 5 

(b) The simulation profile of M,-z during sweep .5 

sweep of M1 by packing two symbols in one cell of its worktape (see Figure 2.19). On 

the initial sweep, when M1 writes 1° on its rightmost cell, M2 simulates the move by writ

ingS on the right subcell, and 1° on the left subcell, of its rightmost cell. ln each sub

sequent sweep, M2 propagates S one subcell to the left, and writes the symbols written 

by M1 during the sweep consecutively on the remaining subcells of the worktape. To il

lustrate how this is accomplished by Mr.!. let us consider how M2 simulates M1 during the 

tilth right-to-left sweep. The profiles of both machines during this sweep are shown in 

Figure 2.20. In Figure 2.20-(a), the state under each tape symbol denotes the state en

tered by M1 when scanning the symbol. For instance, M1 is in state q0 (the initial state) 
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when scanning S; in state q1, when scanning 13 , etc. The corresponding states of M2 are 

ot the form Hq.ZJ I M1 is in state q when scanning symbol Z.~ M2 has an initial state Cfo. 

Ftgure 2.20-(b) shows how th.:: states change for :M2 U.ut·ing th.e sw·eep. With M2 in :State 

q0 and with the HWH scanning $, M2 moves lefl and fmters stale [ q0,$]. It remains in 

point, M2 simulates in one move the first two moves of M1. Hence, in state [q0,$] ~ 

rewrites 15 by$, 22 by 14, changes state to [~.22], and moves left. (To computer'. ~ 

ac_tually enters on "intermediate" state [q1,15], before entering state [~.22]. However, 

~does all this in one move.) Now, when scanning (4°,31) in state [~.22 ], M2 simulates 

the next two moves of :M1 by changing 31 to 'il and 4° to 32 . lt then enters state [q4 .4°] 

and moves left. M2 repeats the procedure, simulating two moves of M1 in one move, un

til the end of the sweep. lt then enters state~ and begins a left-to-right sweep. We 

leave the formal co.nstruction of M2 to the reader. D 

lJnear systolic arrays of various types [Kul,Ku2,MC] can also be characterized in 

terms of variants of SM. For instance, if we allow each processor of the array to 

"preload" its local memory with some initial value, we obtain the systolic array LSAl 

shown in Figure 2.21-(a). In the figure c1c2c3c4 · • · is an (infinite) parallel input string 

representing the initial values of the processor memories (some of which may be X's). 

They are applied in parallel to the processors only at time 0; after time 0, the input 

terminals get A's. 'Ibis array is characterized by an SM variation SMl, whose worktape 

pro.tile is shown in Figure 2.22-{a). An SMl operates just like an SM, except that its 

sweep range extends both to the left and right. The machine reads the ci's at the be

ginning of a right-to-left sweep (i.e., when the HWH is scanning the right >o.). As in an SM. 

the input symbols ai are read, and the output symbols bi are generated, at the end of a 

right-to-lt:ft swt:t:p. 
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$ o o., a2a.1 
b1 b2 ••• $ 

{a) !.SA1 

(b) 1&2 

(c) I&.J 

Figure 2. 21. Three other types of linear systolic arrays 

Another type of systolic array is shown in Figure 2.21-(b). The array (LSA2) has 

two serial inputs: ~·s coming from the left and di's coming from lhe right. The array is 

real-space bounded, i.e., the number of processors is equal to the length of the parallel 

input string c1c2 · · · Cn~l. S is used to mar·k lhe right boundary of the array The oul-

put of the array is observed at the leftmost processor. LSA2 is characterized by SM2, 

whose worktape profile is shown in Figure 2.22-(b). The worktape of the machine ini

tially contains the string c1c2 · • • Cn, and is bounded at the right by the boundary mark

er S. With the RWH initially scanning the cell containing c1, the machine makes alter

nate right-to-left and left-to-ri.ght sweeps as in an SMl. However, when after scanning 

all the ci's the right botmdary marker is scanned, the sweep range no longer extends to 

the right. In each subsequent sweep, S is then propagated one cell to the left. The dj's 

are read only beginning at the sweep when $ is first scanned. As in an SM and an SMl, 

the ai's are read, and the bi's are output, at the end of a right-to-left sweep. 
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A one-way LSA (LSA3) is shown In Figure 2.21-(c). It has a serial input coming in 

from the right, and a serial output coming out of the leftmost processor. The number 

of processors is equal to the length of the parallel input string c1c2 • · · CnS. The SM 

v~iation SM3 characterizing this array has the profile shown in Figure 2.22-(c). The 

worktape initially contains the string c1c2 · · ·en. and is bounded to the left arid right by 

S's. With the RWH initially scanning c1, the machine makes alternate right-to-left and 

left-to-right sweeps as shown. The sweep range no longer extends to the right when the 

;right boundary marker is scanned during a sweep. The ~·s are read only beginning at 

the sweep when the right Sis first scanned. The bi's are output at the end of a right

to-left sweep. 

Similar characterizations can be obtained for other types of linear systolic ar

rays, multi-dimensional systolic arrays, and generalized systolic array models (e.g., ar

rays with global control or stack control). The characterizations are too many to men

tion here and shall be reported in a separate paper. We briefly describe the character

izations (without proofs) of two simple models of two-dimensional systolic arrays in 

Section 4, and illustrate how dynamic programming can easily be implemented using 

the characterizing machines. 
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S. Examples of Systolic Designs Using the SM Characterizations 

We illustrate, by means of several examples, how sequential machine characteri

zations can be used as effective tools in designing algorithms for linear systolic arrays. 

We shall see that algorithms are relatively simpler and easier to conceptualize when 

implemented on the sequential machine, than when designed directly on a linear sys

tolic array. 

E:nmple 1. [Priority Queue] A priority queue is a data structure for a set of elements 

that is capable of processing the following two instructions. 

( 1} Insert element n into the set (INSERT n}, 

(2} Delete the minimum element in the set (DELETE-MIN). 

A priority queue can easily be implemented on an SM with 1-lookahead. 

Let M be a 1-SM. Assume that the inputs t.o M are of the form INSE.'RT n, where n is 

an intP.ger, or DELETE-MlN. When t.he inpnt. is m~LF.TE-MTN, M outputs <m inl.~>.ger, whir.h 

is the current minimum of the set. When the input is an INSERT. M outputs a dummy 

symbol -oa. There will be a unit time delay between an input command and the 

corresponding response of M. For instance, if at time t a DELETE-MIN command is is

sued, the minimum element is output by M only at time t+l. The design of M is best il

lustrated by means of an example. Figure 3.1 shows t.he tape profile and outputs of M 

for a given sequence of input commands. 

When M receives an INSERT n or a DELETE-MIN command at the end of a right-to

left sweep, it copies nor writes oa, respectively, at the left end of its worktape. During 

the sweep, M rearranges the contents of its worktape by shifting larger elements to the 

right and smaller elements to the left. This is accomplished by M using a technique 
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Input Output Vorktape Profile 

INSERT 5 _CXI 5 

INSERT 6 -CD 6 5 

INSERT 2 -CXI 2 5 6 

INSERT 8 -CO 8 2 5 6 

INSERT 1 -CD 1 2 8 5 6 

DELETE-~IIN -CXI CX) 1 2 5 8 6 

DELETE-l1IN 1 CX) CX) CX) 2 5 6 8 

INSERT 7 2 7 CX) CX) 
CX) CX) 5 6 8 

INSERT 10 - CX) 10 5 7 CX) CX) CX) CX) 6 8 

DELETE-MIN - CX) co 5 10 6 7 CX) CX) CX) CX) 8 

INSERT 4 .s 4 CX) CX) 6 10 7 8 CX) CX) CX) CX) 

Figure 3.1. The computation profile of M 

similar to bubble-sort which is described as follows. M stores in its state the smallest 

element encountered so far during a right-to-left sweep. Initially, when scanning the 

right boundary marker S in state q0, the stored element is set to oo. Now, suppose M is 

scanning cell X with cell Y immediately to its left, and with the stored element equal to 

Z. Ir Y ~ Z, then M rewrites X by Z and changes Z toY. If Y > Z, then M rewrites X by Y 

and leaves Z unchanged. (As a special case, when X= Sand Z = oo, then X is unchanged 

and Z is replaced by Y.) In either case, M remembers the smallest element, while shift

ing larger elements to the right. M can deduce the command received in the previous 

sweep from the contents of the leftmost non-X cell of the worktape. If this cell contains 

an integer n (j~! oo), then the previous command was an INSERT. When this is the case, M 

writes the stored element on this cell and outputs _.., at the end of the sweep. If the cell 
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contains ""• then the previous command was a DELETE-MIN, and M simply outputs the 

stored element at the end of the sweep, thus effectively deleting the mim.imum ele

ment from the set. We leave the details of the construction of M to t.he reader. 

We can convert M into a linear systolic array by applying the transformations 

described in the previous section. The details of the conversion process can be found 

in the Appendix. Figure 3.2-(a) shows the resulting LSA. Each processor has a left input 

and a right output consisting of a pair of values (X,Y) and (x'.Y), respectively. The right 

input and the left output are Z and Z', respectively. The local memory of each proces

sor contains a pair (U,V). At each time step, the processor compares its inputs and the 

contents of its local memory, and generates new outputs, according to the rule given in 

Figure 3.2-(b). In order that the leftmost processor (i.e., the one which receives the in

put commands) performs in the same way as all other processors. the INSERT n and 

DELETE-MIN commands are encoded as follows. 

(1) INSERT n = (n,-oo) 

(2) DELETE-MIN=("",""). 

The LSA described above is essentially the same as that given by Leiserson in 

[Le ], except that the processor used there does not require any local memory in which 

to store additional elements. However, Leiserson's design uses twice as many proces

sors, for a given number of stored elements, than the LSA above. Also, only half of these 

processors are doing any useful work at any given time. With a slight increase in 

hardware complexity, our design achieves 100% utilization, while using only half as 

many processors as Leiserson's. 
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(a) 

(u• ,v•) 

Z' (X',Y') 

(X,Y) Z 

(U,V) 

$ ((u,v),(X,Y),z) z ((u•,v•),z•,(x•,t•)) 

Let (A,B) • .ax2(U,X,Y)* A C • ain(V,Z) 

Then, 

z'• ain(A,B,C) 

(X',Y') a ..x2(A,B,C) • 

(u•,v•) = (Z',ain(x•,t•)) 

•aax2(P,Q,R) = aax1mum two eleaents 
or P,Q,and R. 

(b) 

Jiligure 3.2. (a) l.SA implementing the priority queue 

(b) The transition function 6 ot the· LSA 
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Example 2. [Real-time Bitwise Multiplier] The binary representation of two integers of 

arbitrary size are fed serially to the array, with the less significant bits occurring first. 

It the two integers are A = an-1 · · · a1a0 and B = b11- 1 • • · b1b0 • then the input has the 

at the same time. The output of the array is a binary string s0s1 · · · s2n-t$ representing 

the product, with the least significant bit s0 appearing first. Bit i, 0 ~ i ~ n-1. is output 

one time unit after the ith input bits are read. The remaining n bits are output during 

the next n time steps after reading the input endmarker $. Atrubin [At] gives a rather 

involved design of a real-time multiplier using the LSA of Figure 2.1. We show how we 

can obtain essentially the same design (after the conversion) by using an SM. 

Before proceeding with the actual design, let us first consider the conventional 

paper-and-pencil method of multiplying two n-bit nun1bers. This is show1.1ln Figure 3.3 

for n = 5. 

9 8 7 6 .5 4 3 2 1 0 Colu::m 

a4 a; a2 a1 ao Mul tl..plicand (A) 

b4 bJ b2 b1 bo l·:ul tipl1er ( :S) 

(a4bO) (a3b0) (a.2b0) (a1b0) (aobo) 

(a4 bl) {a
3
b1) (a2b1) {a1 b1) {aObl) 

(a1.b2) (a
3
b2) {a2b2) (al b2) (a0b2) Product Array 

(a4b3) (a
3
b3) {a2b3) (a

1 
b3) (a0b3) 

(a.4 b4) {a3b4) (a2b4) (at b4) (a.ob,.) 

-------------------------------------------------------------------------------------c 
c9 ca c7 c6 c.5 c4 CJ c2 c1 co Carry 

s9 sa s7 s6 s.5 s4 SJ s2 51 so Product 

F'i!Jure 3. 3. Multiplication of two bina1ry numbers 
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The entries in column i of the product array are all product terms of the form aj x bi-i• 

0 ~ j ~ i. ci is a vector of l's representing the number of carries generated in column i-

1. If I:i is the sum of all bits in column i (product terms plus carry vector), then bit si of 

the product is given by 

The number or 1 's in carry vector Cj, 1 Cj I· is related to I:i-1 by 

ICi I = l'Ei-•'~· i > o 

and 

leo I= 0. 

Our aim is to layout the computation shown in Figure 3.3 on. tlu! workt.ape of a SM. 

ThP. paU.P.rn wP. wish to RP.hit'>.VP. is shown in f'ie;urP. 3.4-. (lgnor'E' !.he dol ted line for l.hP. 

moment.) 

The SM has a two-track worklape. For each cell, the lower track consists of two 

subcells, which can hold any one of the following four values: (0,0), (0,1), (1.0), and 

(1,1). This track is used to form the bit pairs in column i of the product array during 

sweep i+ 1 or the SM. The upper track of each cell is a single subcell, representing a 

carry bit, and can have 0 or 1 as value. 1his track is used to to represent the curry vec

tor; the number or l's in this track at the end of sweep 1+1 represents the number of 

l's in carry vector ci. Initially, the uppel' track of each C(!ll contains 0, and the lower 

track contains (0,0). Assume for the moment that the bit pairs can actually be formed 

at the locations shown in the profile. Then, bit Sj of the product can be obtained at the 
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Input sw .. et; 

$ 0 
! 

(ao• bo) lao•
1

bo I $ 

r -- .. 

(a1' bi) [ ao • b1 I i I ~1 'bo l ~ 

r- -' 

(az• bz) §•o•bzl la1',b11 la2,b0 I $ 

... --1 

(a
3
,b

3
) h·b,l t1• b21 :I a2' b11 la3,b0 I $ 4 

r- -• 

(a4•bz.) ~ la1,b3 1 ~'2' b21 I aJ' b1., ~ $ 
---' I 

la4' b1 I EJ $ El~ I a2. b, I : I ~·,. 021 $ 6 

EJD~ 
r-..J 

Ia,.> I B~ 1-=-i El $ 'l 

-- _, 

AEJEJ~ii~I~EJD $ 8 

r ... -~ 

EJEJEJEJL§JDDI~I~ $ 9 

EJ D U DEJfEJ DO EJ EJ $ 10 

Ji'igure 3. 4. "Layout" of the product array on the worktape of an SM 

end of sweep i+ 1 by computing the mod 2 sum or the carries generated in sweep i, and 

the products of the bit pairs formed during sweep i+l. 1b.e new carries are generated 

by remembering the parity of the number of l's encountered so far when forming the 

sum. It when scanning a cell, the parity of l's is even. then the carry (i.e., upper) track 

of the cell is set to 1; otherwise it is set to 0. 

We note, however, that performing the cornputaticm using the tape profile of Fig-
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ure 3.4 is not at all possible since the input bits are read at the end of the sweep. For 

instance, the bit pair (a2,b0) in the rightmost cell of sweep 3 cannot be formed at this 

location since the input pair (Et2.b2) is not read until the end of the sweep. We can 

cotrectly position the pairs, however, by using the following "folding" technique. We fold 

the protile of Figure 3.4 along the dotted line, and then group overlapping cells in one 

cell of the worktape. The folded profile is shown in Figw·e 3.5. For clarity, we have omit

ted the l~arry track and represented pt\i.r (aiobj) simply by its subscripts (i.j). Hence, 

pRir (~'i.hJ) is fnrmP.d iogP.I.hP.r with pAir (1'1j,h1) i #- j. PRJr (A1.h1) i:<: fnrmr.rl AlnnP. in nnP. 

cell, and grouped with a dummy pair (-.-). (We assume that initially all cells contain 

(>..,>..) (>..,>..).) 

On the initial sweep, the machine reads the input pair (ao.bo) and groups it with 

the dummy pair (-,-). In subsequent sweeps, (-.-) is propagated one subcell to the left 

during each right-to-left sweep. When Sis read, the machine creates the pairs (S,S)(S,S) 

at the leftmost cell. Effectively, these pairs have the value (0,0)(0,0) and do not affect 

the outcome of the computation. The rules for generating the pairs Qf the folded protile 

are given in Figure 3.6. In the figure X represents the contents of the cell currently 

scanned by the RWH, X its new contents, and Y the previous contents of the cell im

mediately to the right of X For example, X = (a,b)(c,d), Y = (w,x)(y,z). and x' = 
(w,b)(c,z) in Figure 3.6-(a). 

Since the output endmarker Sis output at the end of the (2n+l)th right-to-left 

sweep, the SM has sweep complexity 2n+ 1 for inputs of length n. The machine can be 

made to operate in real-time (i.e., with sweep complexity n+l) if we pad the input with 

n pairs of zeros, as was done in [At]. 
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1!1!!!.• 

2ru!!1 

'o 
., 
"z ., 
"' ., 
\ 

'7 .. ., 

<•o•'ol 1•1.•,1 C"z"zl <•,.-,1 (•,.'1,) 8 

(a) 

(b) 

(c) 

(d) 

(o,o)(-,.) 

(o.I)(I,O) (-.-)(.,., 

(0,2)(2,0) (1,1)(.,., (-,-)(-..) 

(O,J)(),O) (1,2)(2,1) <-.-)(.,-) (-.-)(-,.) 

(o,%)(•,o> (I,J)(J,I) (2,2)(-.-) (•,-)(.,-) (·,-)(-,.) 

(t.s)(S.S) (1,.)(4,1) (~.J)(J,2) (-,-)(.,-) (-,-)(-.-) (-,-)(-,.) 

(1.$)($.1) (1,$)( ... ) (2.~)(•.•> (J,J)(-,.) (-,-)(-,.) (-.-)(-.-) (-,-)( ... , 
, ... )($,$) (t.t)(U) ($.$)($,$) (J,4)(•.Jl (•,-)(-,.) (-,-)(.,.) (-.-)(-.-) (-.-)(-.-) 

(M)(U) (t,f)(S,t) ($,$)($,1) (J.I)(f.$) c•.•><-.-> (-,-)(-,-) 1-.-H-.·l (•,•)(-.-) (-,-)(-,.) 

(t.t)(U) (M)(U) lt.S)(Ul , ... )( ... ) ($,$)($,$) 1-.-H-,-l (·,·H-.·> (·,·H-.-> 1-.-ll-•·> (.,.)(-,.) 

(8.$)($,1) (8,8)($ ,$) ($,$)($,$) (t.t)(S,S) (S,S)($,1) (S.S)(S.S) (.,.)(.,.) (.,.)(-,•) (-,-)( .,., (-,-)(.,-) (·,-)(-,-) 

Figure 3. 5. Folded tape profile of the SM 

(e) (,>..~) (.:.,,.) (w,x) (y,z) 
X y r I 

(a, b) (c,d) (w,x) (y,z) " Il L I I 
(w,bi) (a1, z) 

(w,b) (c,z) if input= (ai,bi) 

X' 

(a,b) (c,d) (w,x) (-,-) 

11 L I I 
(f.) (.\,II) ('- •") (w,x) (y,z) 

(w,b) (c,x) 

($,$) ($,$) 

(a, b) (c,d) (-,-) (-,-) 1f input • $ 

~ 
(c,b) (-,-) 

($,$) ($,$) (w,x) (y,z) 
(£) (A 1 A) (",~) (w,x) (-,-) 

l 1 I 1 1 ' 
I I 

($,$) ($,$) 
(w, b1) (ai,x) 

if input • (~1 ,b1) 

Figure 3. 6. Rules for generating the pairs of the folded profile 

(A,b,c,rl,w,x,y.z ~ '-') 
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By converting the SM described above into the linear systolic array shown in Fig-

ure 2.1, we obtain the real-time iterative multiplier of Atrubin [At]. We leave out the de-

tails of the conversion as it is tedious but largely mechanical. 

Example 3. [Convolution] Given two sequences ot numbers ao.a1, · · · ,a11_ 1 and 

b0,b1, · • • ,b11-to we want to compute the sequence co.c1, • • • ,c2n-l• where 

c1 = !;1 
Cljbi-J• 0 ~ i ~ 2n-2 

J=O 

and 

~-J = 0. 

The convolution sequence for n = 5 is shown in Figure 3. 7. lt is immediately apparent 

co = aobo 

c1 = a1 bo. + aObl 

c2 = a2b0 + a1b1 + a0b2 

CJ = aJbO + a2b1 + a1b2 + aObJ 

c4 "' a4b0 + a3b1 + a2b2 + a
1

b
3 

+ a
0

b
4 

cs = a4\ +a3b2 +a2b
3

+a
1
\ 

c6 = a4b2 + aJbJ + a2~ 
c? = a4b

3 
+ a

3
b4 

ca = a4b4 

c9 = 0 

F'igure 3. 7. Convolution sequence for n = 5 

-37-



that the terms are computed in exactly the same way as the bits of the product of two 

numbers is computed by the multiplier or Example 2. By slightly modifying the SM in 

Example 2 (i.e., allowing each cell to bold an integer of arbitrary si.ze rather than single 

bits, we can obtain an LSA design for the above comrolution problem. 

Systolic arrays, when restricted to language recognition, become the more fami

liar models or iterative acceptors or cellular automata 

[BC,CC,Co,Dy,He,Ko;Se,Srnl,Sm2,UYS]. In this case, each processor (node) of the array 

becomes a finite-state machine. Similarly, the characterizing sequential machines be

come restricted types of single-tape Turing machines (i.e., finite-state control plus a 

single worktape). Time complexity is then be defined in terms of acceptance of the in

put string. That is, we say that an LSA has ttme complexity T(n) on an input of length n 

if and only if the output node outputs an accepting symbol after at most T(n) steps. 

Similarly, we say that an SM has sweep complexity S(n) if and only if it outputs an ac

cepting symbol after at most T(n) sweeps. 

The following two examples illustrate language recognition by LSA's using SM's. 

Eumple 4. L = l xx I x in E+ J can be accepted in real-time by an SM. We can construct 

an SM M which accepts L as follows. Copying the input on its two-track worktape, M 

folds the string into halves and compares them. Figure 3.6 illustrates this operation 

Exam. pie 5. The language L = t cnoretx,nxl cx211 . . . IXk I Xj in lO .1 J +. I Xt+ tl =r loi21 Xi I 1. 

lxkl=1, the number of 1's in the binary expansion of k is equal to the number of l's in 

xd can be accepted by an SM with sweep complexity S(n) = n+2log•(n). 

L can be easily accepted by an SM M operating as follows. While copying the input 
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Inputs abcdef ED 
8TIJ 

HtiiJ 
8H -1-1·1 

I : I : 1·! -1-1·1 

I :l:l:l-1-1-1·1 
Pigure 3. 8. The computation profile ot M on input abcdef 

on its worktape, M does the following. 

(1) Reading Xj, l~i~k. M builds a counter to the left of the separator to count the 

length of xi. At the same time, for 2~i~k. the machine checks that the length of xi is 

equal to the length of the binary representation of the length of xi-1. 

(2) After reading the input endmarker S, M, counting the number of separators (c and 

H's), constructs the binary representation of k to the left of the separator c. Then M 

compares the number of 1 's in x1 and the number of 1 's in the binary representation of 

k. 

If I x11 =m, then M needs log•(m) sweeps to count k. M takes at most log(log"(m)) 

sweeps (the length of the binary representation of k) to compare the number of l's. 

Hence, M needs n+log•(m)+log(log•(m))~n+2log•(n) sweeps. 

The reader will observe that direct construction of the LSA to accept L is not 

easy. In fact, there is no example in the literature of a language which can be accepted 

by an LSA in close to real-time, but does not seem to be recognizable in real-time. 
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Eum.ple 6. [Linear Context-Free Language Recognition] We illustrate howe-free linear 

context-free languages (LCFL's) can be recognized in real-time by the one-way systolic 

array LSA3 shown in Figure 2.21-(c}. We assume that the input string is applied in 

parallel to the array. (The serial input in this case are dummy symbols which are not 

used by the LSA during the computation.) Solutions to this problem appear in [Sml] 

and [CGS1); however, we obtain a simpler construction by using the characterizing 

sequential machine. 

Let G = <N.E,P,S> be a linear context-free grammar with no E-rules. Without loss 

of generality, assume that the rules in P are of the form A ~ aB, A -+ Ba, A ... a, where 

A,B are inN and a is in~. Let x = a1 • · · an be in~+. For l~i~j~n. define R(Lj) = ~ A I A 

~a1 • • · al J. Then, x is in L(G) if and only if Sis in R(l.n). Now we observe that for 

l~i<j~n. A is in R(i.j) if and only if one of the following holds. 

(1) A..,. aiB is in P, and R is in R(i+l.j) 

(2) A ... Bai is in P, and B is in R(i.j-1) 

Since an LSA3 is characterized by an SM3 (Figure 2.22-(c)}, it is sufficient to show 

the construction of .the sequential machine. Hence, let M be· an SM3 with the input 

a1 • • · fln initially on its worktape. M operates as follows. When scanning a1, M con-

structs the set R(l,l) on its worktape. Now assume t.hat after scanning ak. l~k<n. M's 

worktape is as shown in Figure 3.9-(a). Then M, on its right-to-left sweep after scanning 

flk+t• can modify the worktape (using ( 1) and (2) above) to that shown in Figure 3. 9-(b). 

It follows that M can check, after scanning an, whethe1r S is in R( l,n). 

I S I R(l,k) I R(2,k) 1 ... 1 R(k-l,k) I R(k,k) I ak~ll ak+el·:·l3 
(a) 

(b) 

F'igure 3. 9. The worktape profile of M 
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Example 7. (Dynamic Programming] We demonstrate how dynamic programming can 

be implemented on a linear systolic array. By using the characterizing sequential 

machine, we obtain a relatively simpler algorithm than those that have appeared in the 

literature [GKi,Ko2]. In [Ko2], for example, a rather complex solution to the context-

free language recognition problem is given. The algorithm we present here can easily 

be modified to solve the same problem, and also output the "parse" of the input string. 

To illustrate the implementation, we solve the closely related matrix product chains 

problem (see, e.g. [AHU]), which we describe below. 

Given a p x q matrix A and a q x r matrix B. we define the cost of computing the 

product A x B as p x q x r. For a chain of matrices M1, M2 , ... , Mn. the cost of computing 

the product M1 x M2 x ... x Mn depends on the order in which the multiplication is per-

formed. For instance, consider matrir.es M1, 'M2, M:J, and M... with dimensions 5 x 10, 10 

x 20, 20 x 1, and 1 x 50, respectively, and let M = M1 x M2 x M3 x M,. If we evaluate M in 

the order (M1 x M2) x (Max~). we obtain a cost equal to 7000. However, evaluating Min 

lht! c.)nler (M1 x (M2 x :M3)) x M4 gives a co:st of ollly 500. Hen~e. we obvi.c•usly would 

choo:so to ('Valuate lhe product in the order sptldtled by tho latter, since it has the 

lower cost. ThP.re is an O(n3)-t.imo dynamic programming 1:\lgoril.hril that cnmpules lhe 

minimum cost (over all possible orderings) of evaluating the above product of matrices 

[AHU]. The algorithm is described below. 

Let Mi be an ri-t x r1 matrix, 1 ~ i ~ n. and let mij be the minimum cost of evaluat

ing the product Mi x Mi+t x ... x Mj. for 1 ~ i ~ j s n. Then, 

if j = i, 
(1} 

llj>i. 

Hence, the minimum cost of computing the product M1 x M2 x ... x Mn is simply IDtn· 

The algorithm computes the ll'lij's in order of increasing difference in the sub-
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scripts. First, mii is computed for all i. then mi,i+l• next mi,i+2 , and so on. This process is 

best illustrated by the computation tableau shown in Figure 3.10. The entries of theta-

bleau are computed a row at a time, starting with the first row. To calculate an entry 

miJ. we proceed by pairing off the entries encountered when simultaneously moving 

down the column, and moving up the (right) diagonal, containing IDij· For instance, to 

compute m15, we pair off m11 and Dl.2s. and m12 and ms3 . Hence, m1 3 = min (m11 + Il'l23 + 

r0r 1r3 , m12 + m35 + r 0r 2rs). From the tableau, we see that the minimum cost is m14 = 

500. 

Row 

1 

2 

1 

m12 = 1000 

(k = 1) 

m
13 

= 2,50 

(k = 1) 

4 m14 = ,500 

(k = 3) 

2 

m
23 

= 200 

(k = 2) 

m24 = 700 

(k = 3) 

Column 

my.~ = 1000 

(k = 3) 

F'igure 3. 10. Computation tableau for n=4 

4 

~ =0 

We illustrate how the above algorithm .can be performed in O(n2) sweeps by a 1-

SM. Clearly, it follows that it also can be implemented on the LSA of Figure 2.1 in O(n2 ) 

time. We also discuss how, by slightly modifying the construction, we can obtain the ac

tual order in which the multiplication is to be performed. We only show the construe-

lion by means of an example, using the tableau of Figure 3.10. 
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Let M be a 1-SM. Assume that the input to M is the sequence of integers 

r0r 1 • • • rnS, where ri-t and r; are the dimensions of matrix Mi. M executes the algorithm 

in two phases. During the first phase, M initializes the worktape by reading the input 

and marking at! n blocks of lengths 1, 2, ... n, starting from the right end of the work

tape. During the second phase, M performs the algorithm by simulating the computa

tion tableau on its worktape. The details of the two phases are given below. 

Block:i:ng and Initialization Plwse. During this phase, M reads the input and initializes 

the worktape to the configuration shown in Figure 3.11. M accomplishes this in two sub

phases. 

4 2 1 

F'igure 3.11. The worktape configuration of M after the first phase 

During the first (or pre-blocking) subphase, M reads the ri's and stores two suc

cessive integers in each cell of its worktape (except for the first and last cells), as dep

icted in Figure 3.12. When the input endmarker S is read, M generates the symbol # at 

the leftmost cell. M then shifts # one cell to the right during each subsequent sweep. A 

copy of# is retained at the leftmost cell. (Note that M is able to do this since it has 1-

lookahead capability.) When II reaches the rightmost cell (next to S), the machine an

nounces the end of the first subphase by replacing # by a new symbol @. 

During the second (or blocking) subphase, M creates the blocks by carrying out 

the steps depicted in the profile of Figure 3.13. For clarity, we have renamed the cells 
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Input 

$ 

(ro-) $ 

(r1r0) (ro-> $ 

Crzr1> (r1r0) (ro-> $ 

{rfz) (rz:-1> (r1r0) (ro-) $ 

(r4r
3
) (rfz) (rz:-1) (r1r0) (ro-> $ 

I 
( -r4) (r4r

3
) (r-fz) (r:f1) (r1r0} (ro-) $ 

II I 
( -r4) (r4r

3
) (r-fz) Cr-r1> (r1r0) (ro-> $ 

I II 
( -r4) (r4r

3
) {r-fz) (r;r1). (r1rO) (:ro-> $ 

I I 
( -rq.) (r4r

3
) (rfz) (r:f"i) {r1:r0) (ro-> $ 

I II 
( -r4} (r4r

3
) (rfz) (r~1) (r1r0) (ro-> $ 

I 
( @ ( -r4) (r4r

3
) (rfz) (r~1) (r1r0) ro-> $ 

J t t t t t 
s 4 ) 2 1 0 

Figure 3.12. The computation profile of M during the !Pre-blocking subphase 

by simply numbering them from 0 through 5 (see last row of Figure 3.12). M begins by 

initializing a pointer 1' at the rightmost cell, and marking by • the cell immediately to 

its left. In each subsequent sweep, the pointer 1' is shifted one cell to the left. At the 

same lime, M does the following (after shifting 1'). 

( 1) When 1' is at a cell marked •, M moves left and marks by • the first nonempty cell 

scanned. In addition, M shifts that part of the worktape to the left of the cell it marks, 

one cell to the left. The vacated cell is marked empty (denoted by"-" in Figure 3.13). 

(2) When 1' is scanning an empty celt M moves left until it scans a cell marked •. lt then 

shifts the part of the worktape to the left 'of this cell, one cell to the left. The vacated 

ro 

r1 

:!."2 

r) 

r4 

$ 
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F'igure 3. 13. The computation profile of M during the blocking subphase 
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cell is marked empty. 

M repeats the two steps above until 'I' scans the cell containing # ("5" in Figure 3.13). M 

then destroys the symbols • and 'I' written on this cell and shifts # one cell to the right 

in each subsequent sweep. (A copy of # remains at the leftmost cell.) When # reaches 

the rightmost cell, M announces the end of the blocking subphase by erasing # from 

the rightmost cell and duplicating the pairs written on each cell (see the last row of 

Figure 3.13). 

The cells marked by •·s above denote the rightmost cells of the blocks formed. 

The two cells marked @ and H denote the right a.nd left boundaries, respectively, of that 

portion of the worktape containing the blocks. The first phase is completed in O(n2) 

sweeps by M. 

Ma.in Computational Phase. During this phase, M simulates the computation of theta

bleau of Figure 3.10 on the blocks of its worktape. The idea is to compute the entt·ies 

of the tableau a row at a time, in n subphases. The objective is that at the end of sub

phase t, l!!>:~n. the worktape has the configuration labeled i in Figure 3.14. (We neglect 

the ri's for the moment.) As shown in the figure, an entry mij is computed by generating 

the pairs (mk+lJ•mik) (for all k, rs;k<j) specified in equation ( 1) on the rightmost cells of 

each block. The values of the entries computed during the subphase are themselves 

stored in the cells to the left of the pairs. For instance, at the end of subphase 3 (see 

configuration 3), m 13 is computed from the pairs (m33,m12) and (ffi2s.mu). Likewise, 

11'124 is obtained from the pairs (m.w.Il'l23) and (m34,Ill:!2). 

We now show how these configurations can be generated by M. Figure 3.15 illus

trates how this can be achieved. We observe that, in going from one configuration to 

the next, the second element of the last pair of each block is shifted into the 
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Ji'igure 3.15. Generating the tape configurations 

-47-



corresponding element of the first pair of the next block (see the solid lines). The 

second elements of all other pairs in the block are shifted into the next block, starting 

with the second pair (i.e., the first pair of the next block is bypassed; see the broken 

lines). The .first elements of all pairs are left unchanged. For instance, in going from 

confi,guration 3 to configuration 4, m13 of (m13,m15) is shifted into the second element 

of the first pair of block 4, to form the new pair (ll1..w.rn13) Likewise, m12 of (m33,m12) 

and m 11 of (m23 ,m11) are shifted into the second and third pairs, respectively, of block 

4, thus forming the new pairs (m34.m12) and (m24,m11). (Note that the shifting process 

is nul necessary forth~ last block.) 

We also observe that, in going from conl]guration i to configuration i+l, the 

second element of each pair (excluding the last pair of each block) will have to pass 

over i pairs in order to reach its designated position. For insta~ce, from tape 

contlguration 3 m11 of (n123.m11) will have to pass over pairs (m13,m13), (II'Lt4.m23) and 

(I11s4,m22) before reaching its destination in tape configuration 4 (i.e., the third cell of 

block 4). Hence, if M shifts the elements one cell to the left during each right-to-left 

sweep, it will need i+1 sweeps (i sweeps for shifting and 1 sweep for computing) to gen

erate contlguration i + 1 from configuration i. 

From these observations, we now sketch the steps carried out by M (see Figure 

3.16). M generates the configurations in n shift-and-compute subphases, where su

phase i, l~i~n. is completed in i sweeps of M. During the first subphase. M computes 

mu (for all i) and places a pair of this value (ie., (mii·mii)) on the first cell of block i. 

During subphase i, ~i~n. M does the following. 

(1) On the first swe~p or tb~ sul>phase. M shHLs tb~ Sit:cond elemerlts of the pairs (ex

cluding the last pair o( t~ach block) one CC'll to thl' ll'fL. The second clement of the lasl 

(\air of eac-h blor:k il'l ~hiftP.ri into lhe tir~t. pair of l.he lr'IPXI. hlock (For hloc-k I, lhe ele-
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Ji'igure 3.16. The computation profile of M when generating the mij's 
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F'igure 3.17. The computation profile of M when generating the ri's 
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ment shifted in is a dummy symbol "-"). 

(2) During the next i-2 sweeps of the subphase, the first pair of each block remains un

changed. The other pairs are generated as in (1) above (i.e., shift the second elements 

one cell to the left in each sweep), except that the second element of the last pair of 

each block is now shifted into the second pair of the next block. 

(3) During the last sweep (i.e., ith) of the subphase, M computes entry mj-i+l,i of theta

:bleau from the pairs in block j, i :!0: j :!0: n, and creates a new leftmost pair of each of 

these values in the corresponding block. 

The computation profile of M when generating the ri's is shown in Figure 3.17. In 

the figure, the symbol ~i represents the pair riorj. The ri's are generated in exactly the 

same way as the mij's. The only ditierence is that when creating a new leftmost entry 

in each block (during the last sweep of a subphase), the following rule is used. Let the 

current leftmost entry of a block be (r8 ,rb)(fb,r c) ('~rhich is represented in Figure 3.17 

as (Rab•Rbc)). Then the new leftmost entry that is generated in the next cell is 

(r8 ,rc)(r •. rc) (i.e., (Rac.Rac)). For example, during the last sweep of subphase 3, the new 

leftmost entry of block 4 is obtained from (~.Ra1), yielding (J41,R.u). Note that, while 

P.quation (1) specifies only triples of ri's, the profile of Figure 3.17 actually stores two 

pairs of r/s in each cell. However, we observe that during the last sweep of each sub-

phase. all of these entries are of the form (r •. n,)(rb.rc) (i.e., the second element of the 

first pair and the first element of the sel!oud pair are the sanl€:). This entry in fact 

represents the triple (r •. rb.rc). which. is what is required in equation (1). 

Sinr.P. ~uhphase i, 1 ~ i ~ n, iN complel.ml in i sweP.ps hy M, the numher of ~WP.P.[l~ 

taken by the second phase is ti = O(n2). Including the first phase, the total sweep 
i=l 

complexity of M is thus O(n2). 

With a slight modification of the construction described above, we can obtain the 
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actual order in which the multiplication should be performed. We first define the 

manner in which an ordering is output by the SM. Suppose that the order in which ma

trices M1, M2, Ma. and M4 are to be multiplied is (M1 x (M2 x M3)) x M4. Then. we can asso

ciate with this ordering the "parse" tree shown in Figure 3.18. If we traverse the tree 

in postorder fashion, we obtain the sequence: M1 M2 M3 x x M4 x. This is exactly the 

manner in which the order shall be output by the SM. 

M determines the order of the multiplication by recording. for each mij it come 

pules, the subscripts of the pair of entries mik and mk+l,J• from which the minimum 

value was obtained (see equation (1)). This is accomplished as follows. M assigns a label 

1c to each cell of the blocked portion of the worklape. The labeling may be done in any 

way, so long as each cell gets a unique label. For uniformity, let us assume that each 

cell receives as label the subscripts (i.j) of the entry computed at the cell. (Note from 
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Figure 3.16 that each cell computes a unique mij· For instance, cell 1 of block 1 come 

putes m11 , cell 2 of block 2 computes m 12• and so on.) The lc labels of each cell is shown 

in Figure 3.19. 

Pigure 3. 19. The lc labels of the cells 

During the computational phase, M mampulales the labels as follows Whenever 

the entry mij associated with a given cell is computed at the cell (during the last sweep 

of some subphase), M att~ches the lc label of the cell to each of the pair of values creat

ed at the cell. For instance, when M computes m15 during the last sweep of subphase 3, 

M attaches the label (1,3) to each element of the pair (m13,m13) created at the cell. 

Hence, when M shifts the second elements of the pairs to the left, it shifts their 

corresponding labels along with them. 

When computing entry IDij at some leftmost cell, M also stores the labels of the 

pair of entries mik,mk+lJ from which the minimum value was obtained. For instance, if 

when computing m15 on the last sweep of subphase 3, the pair (m25,m11) makes m 13 

minimum, M stores the label [(2,3),(1,1)] in the cell. These "stored" labels (which we 

shall denote by I.) are never erased from the cell once the entry associated with the 

cell has been computed. 

For the example given in the tableau of Figure 3.10, we shall have, at the end of 

the computational phase, the set of labels in each cell shown in Figure 3.20. (Note that 

the la label of the first cell of each block is a dummy label [(-,-)(-,-)].)With the labels 

stored as in4icated above, M can then generate the desired output sequence as follows. 
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(1,4) (2,4) 

{4,4)(1,)) (4,4)(2,)) 

(),4) (4,4) (1,)) (2,)) (),)) (1,2) 

(4,4)(),)) (-,-)(-.-) (2,))(1,1) (),))(2,2) (-,-)(-.-) (2,2)(1,1) 

F'igu.re 3.20. The lc and !8 labelS' of the cells at the 
ena of the computational phase 

(2,2) (1,1) 

(-,-)(-,-) (-,-)(-,-) 

M reverses the blocked portion of the worktape by creating another set of n 

blocks immediately to the left of the original set of blocks. In doing so. M only stores 

the lc and 18 labels of each cell. (M can reverse the tape in O(n2) sweeps using locka

head. We leave lhe delatls of this to the reader.) M also marks by a new symbol, say .... 

the .first (i.e., rightmost) cell of this new set or blocks. The tape configuration of M (to 

the left of the original set of blocks) after this phase is shown in Figure 3.21. 

(1,1) (2,2) (1,2) (),)) (2,)) (1,)) (4,4) (),4) (2,4) '(1,4) 

(-.-)(-,-) (-,-)(-,-) (2,2)(1,1) (-,-)(-,-) (),))(2,2) (2,))(1,1) (-,-)(-,-) (4,4){),)) (4,4)(2,)) (4,4)(1,)) 

Pigure ."1.21. The configuration of lhe reversed portion of the worktape 

It should now be clear how M generates the desired output sequence. M does this 

as follows. When scanning the reversed portion of the tape during a right-to-left sweep, 

M seeks the first cell marked by a .... Now, suppose that the cell has an 18 label 

[(i1,j.),(i2 ,j2)], and an lc label (i,j). Then, if 18 is of the form[(-,-),(-.-)]. M deletes ... and 

writes at the end of the set of blocks the lc: label (i,i) associated with the cell. Other

wise, M deletes ... from the cell, marks by .... the two cells with lc labels equal to (iJ,jl) 

and (i2 ,j2), and writes "x" at the end of the blocks. At the completion of this procedure, 

-53-

I 



M will have written on the cells to the left of the blocks the desired output sequence, 

but in reverse order. For the given example, the sequence that is written will be x (4,4) 

x x (3,3) (2,2) (1,1). In another O(n) sweeps, M can then reverse this sequence and thus 

output the order of the multiplication in postorder. 

The "parsing" phase described above can be completed in O(n2) sweeps by M. 

Hence, including this phase, the sweep complexity of M remains O(n2). 
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4. Two-Dimensional Systolic Arrays 

In this section we present characterizations of two simple models of two

dimensional systolic arrays. We also present an optimal-time implementation (with 

respect to the given model) of dynamic programming on a two-dimensional systolic ar

ray with one-way communication lines. The proofs of the characterizations are not 

given here but shall be reported elsewhere. 

Two examples of two-dimensional systolic arrays (2D-SA's) are given in Figure 4.1. 

Both SA's consist of a rectangular array of processors connected in nearest-neighbor 

fashion. A 2D-SA (Figure 4.1-(a)) is unbounded (to the right and up) and has a serial in-

put that is fed to the processor at the origin. The serial output is also observed at this 

node. A 2D-SA1 (Figure 4.1-(b)) has one-way conuuunication lines and is real-space 

bot;,nded, i.e., the :3Umber of rows and columns in the array is equal Lo Lhe length n of 

y-y··· -()-$ 
l 

• • • b2'b1 

D 

j 
. . . 

_.. ... 
$ • • • •za1 ............ e G 8 - -

D 

(a) 2D-ZA (b) 2D-SA1 

Ji'igure 4.1. Two types of two-dimensional systolic arrays 
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Sweep 

lhe input.. The !';erial input. is fed at the origin, and the SP.rinl nlll.p11l. i~ oh::mrved nt t.hH 

processor located at the upper right hand corner of the array. Note that, for a 2D-SA1. 

T(n) ~ 3n-1. since this is the minimum number of steps needed for all the input sym

bols (including the end.marker S) to affect the computation of the output node. If the 

machine operates in real-time, then T(n) = 3n-2 suffices, since the endmarkers on the 

input and output strings can be eliminated (see Remark 2.1). 

Both systolic arrays, as well as other 2D-SA's, can be characterized in terms of an 

SM with a 2-dimensional worktape (2D-SM). (In general. k-dimensional SA's are charac

terized by SM's with k-dimensional tapes.) The worktape profile of the basic 2D-SM 

model is depicted in Figure 4.2. A 2D-SM operates just like an SM except that it sweeps 

the worktape in two dimensions. One complete sweep consists of a number of row 

II. 1 ! ! !!. ~ 

$ ~. ~ • ~ • zl • z4 • 1 1 

z; ~ • ~ ~ • ~ ~ • ~ ~ $ 

~ z; :: • ~ ~ ~ • ~ ~ ~ • 
~0 z; z: ~ • z!o zi ~ ~ $ 

0 0 0 0 i! 1i.5 1111 z13 1sz 11 $ 

Figure 4. 2. The worktape profile of a 2D-SM 

Sol up 2 1 ! l ~ .s 

• ~ . z! • ~ $ z' 1 • '1.4 
1 • 

z; ~ • zi ~ • ~ ~ • ~ ~ • 
~ ~ z:! • ri z~ ~ • ~ ~ z; ' 

Figure 4. 3. The worktape profile of a 2D-SM1 for n=2 
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sweeps, where each row sweep is exactly the same as one complete sweep of an SM. 

That is, the machine can change states and rewrite the worktape contents when scan

ning a row from right-to-left. but remains in a distinguished state q0 without rewriting 

the worktape when scanning from left-to-right. The RWH has the following added capa

bility. When scanning a cell in some row, the RWH can also read the contents of the cell 

in the previous row immediately above the scanned cell. A 2D-SM performs one com

plete sweep as follows. Starting in state q0 and with the RWH scanning the topmost S 

(i.e., the S on the first row), the machine performs row sweeps from top to bottom. 

After the last row sweep has been completed, a new bottom row is created with a sweep 

range that extends one cell to the left more than the previous row. The sweep ends by 

resetting the RWH to the topmost $. An input symbol is read, and an output symbol is 

generated, when scdllll.ing the ldtmost cell of the (u.ew) bottom row. As in an SM. the 

sweep complexity of a 2D-SM is the minimwn number ol complete ~:weeps needed to 

output lhe endmarker ft. 

A variation of the 2D-SM called 2D-SM1 has the worktape profile shown in Figure 

4.3. A 2D-SM1 operates j~st like a 2D-SM, except that the input is read when scanning 

the S of the topmost row. Also, the first output symbol is generated only after the in

put endmarker is read, in which case, the number of rows swept by the machine also 

becomes tlxed. (The profile illustrates this for n=2.) As in a 2D-SM, the machine gen

erates the output symbols when scanning the leftmost cell of the bottom row. 

We can show that a 2D-SA and a 2D-SA1 are equivalent. to a 2D-SM and a 2D-SM1. 

respectively. Specifically, if M1 is a 2D-SA with time comple>..ity T(n), T(n) ~ n+l, then 

we can construct an equivalent 20-SM M2 with sweep complexity T(n), and vice-versa. 
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Likewise, if M1 is a 2D-SA1 with time compexity T(n) = 3n-l+R(n). R(n) ~ 0, then we can 

construct an equivalent 2D-SM1 with sweep complexity S(n) = n+l+R(n). (For~ 2D-SA1 

and a 2D-SM1, the result is true only with respect to outputs generated beginning at 

time 3n-1, and at sweep n+l, respectively.) 

We now illustrate how dynamic programming can be implemented in real-time by 

the one-way systolic array 2D-SA1. The construction we give is very much simpler than 

the one which appears in [GKT]. The problem we shall look at is the matrix product 

chains problem described in the previous section (see Example 7, Section 2). For sim

plicity, we shall only compute the value of the optimal solution (i.e .. the minimum cost 

of the multiplication), and omit the parse of the solution. We shalt use as an example 

the computation tableau of Figure 3.10. For notational convenience, we relabel the en-

tries of the tableau as shown in Figure 4.4. 

Diagonals 

1 2 3 4 

) J J j 
, ~ 

~ 

~ 
I ~ 

' 1' 1'2 ,.3 
I 

4 
' I I I 

~ , 
I 

)> 6 ,7 
, , , 

I 

,8 9 
~ 

I / 
~ 

10 

Figure 4. 4. The computation tableau of F'igure 3.10, relabeled 
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Sweep 

0 

1 

2 

3 

Sinr.e a 2D-SA 1 is P.fllliVFIIfmt. to a 2D-SM1, il is surTir.iP.nl. to show l.hP. r.onst.rur.t.ion 

of the sequential machine. Hence, let M be a 2D-SM1. Our aim is to layout the compu

tation of each entry of the tableau on the 2-dimensional worktape of M. Figure 4.5 

shows the computation profile we wish to achieve. Sweep i of M, 1 ~ i ~ n, computes the 

entries along diagonal i ol the tableau (see Figure 4.4). The jth row of sweep i, 1 :S j :S i, 

computes the jth entry of diagonal i (starting from the topmost entry). For instance, 

during sweep 3, M computes '3', '6' and 'B' in rows 1. 2 and 3 of the worktape, respec-

s 

I 
I 

(1,1)(-,-) (1,1) $ 
I 
I 

I . 
(2,2)(-.-) (2,2) $ 

(5,5) ;· "(2: 1) s (1'>,5)(2,1) (-.-)( -.-) 

I 
I 

(3,3)(-,-) (3,3) s ....... s (6,6)(3,2) (-.-)( -.-) (6,6) .J (3,2) 
(6,8) (3~5) {6,1) s (8,8)(6,1) (3,5)(-,-) (-.-)(-,-) 

I . 
I 
I 

(4,4)(-.-) (4,4) s 
(7,7) i (4~3) s (7,7)(4,3) (-.-)( -.-) 

(9,9) (4~6J ~ (7,2) $ (9,9)(7,2) (4,6)(-,-) (-.-)(-,-) 

(10,10) (4,8) ~ "(7:5) (9, 1) s (10,10)(9,1) (4,8)(7,5) (-.-)( -.-) (-.-)( -.-) 

F'i.gure 4. 5. The computation profile of M Ji'igure 4. 8. The folded pro tile of M 
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tively. To accomplish this, M groups the pairs needed to compute each entry on the 

rightmost cells of the row. The entries themselves are computed on the leftmost cells 

of the rows. As an example, during the third sweep, '8' (represented by the pair (8,8)) 

is computed on the ldtmost cell of row 3 by first forming the pairs (6.1) and (3,5) on 

the first two cells of the row. At the end of the nth sweep, the leftmost cell of row n 

contains '10' (for n=4), which is the value desired. 

A careful study of the profile will reveal how M should generate the pairs. Except 

for the last pairs of each row, the .first element of each pair is propagated diagonally 

downward (i.e., one row down and one cell to the left). The second elements of the 

pairs are obtained by shifting them one row down during each subsequent sweep. The 

last (i.e. leftmost) pair of each row is simplY, the value of the entry computed in this 

row. Note that all of these actions can be performed by M. However, a problem arises 

when generating the first element of the rightmost pair of each row. For instance, con

sider rows 3 and 4 of sweep 4 of the proftle. The pair (9, 1) -(in the rightmost cell of row 

4) can only be formed by shifting the first (or second) element of the pair (9,9) (in the 

leftmost cell of row 3) into this pair. Howev(~r. M cannot pass information from left to 

right since it changes states only during a right-to-left sweep. (It remains in state qo 

dw·ing a left-to-right sweep.) Hence, the action required cannot be performed by M. 

However, we can still form the pairs properly by employing the "folding" tech

nique used in Example 2 (Section 3). The idea is to fold the profile or each sweep along 

the dotted lines shown in Figure 4.5. The folded profile is shown in Figure 4.6. As a 

result of the folding, all the necessary shifting of elements is now from right to left. 

For instance, in sweep 4 of the profile, pair (9, 1) is now to the left of pair (9,9). 

Hence, ' 9 ' can be shifted from the latter pair to the former during a right-to-left 
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sweep of M. 

The same process applies when laying out the ri's on the worktape (see equation 

(1) and Figure 3.17). We leave the details of the construction to the reader. 
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Appendix 

In this Appendix we show step by step the transformations involved in converting 

the 1-SM M implementing the priority queue of Section 3 into an equivalent linear syso 

tolic array. In order not to obscure the ideas behind the designs, we shall describe the 

operation of the machines obtained from each transformation only informally, rather 

than defining their transition functions explicitly. 

The profile of the 1-SM M is redrawn in Figure Al. Informally, M stores in its state 

the smallest element encountered so far during a right-to-left sweep. It also shifts to 

the right (using 1-lookahead) any larger element it encounters. The reader is referred 

to. Example 1 for a more detailed explanation of the operation of M. 

Input . Output Worktape Profile 

$ 

INSERT 5 -CD 5 
4 
·~ 

INSERT 6 -ClD 6 5 s 
INSERT 2 -ClD 2 5 6 $ 

INSERT 8 -ClD 8 2 5 6 ·~ 

INSERT 1 -ClD 1 2 8 5 6 .. 
~ 

DEIEl'E-MIN -ClD ClD 1 2 5 8 6 $ 

DELETE-MIN 1 ClD ClD ClD 2 5 6 8 ·~ 

INSERT 7 2 7 ClD ClD ClD ClD .5 6 8 $ 

INSERT 10 -ClD 10 5 7 ClD ClD ClD ClD 6 8 ~ 

DELETE-MIN -ClD ClD 5 10 6 7 ClD ClD G) ClD 8 ~ 

INSERT 4 5 4 ClD ClD 6 10 7 8 ClD co G) co ~ 

~ 

F'igure Al. The computation proflle of 1-SM M 
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$ 

(.5,$) * 
(6,,5) ($,$) $ 

(2,.5) (6,$) ($,$) $ 

(8,2) (.5,6) ($,$) ($,$) $ 

(1,2) (8,,5) (6,$) ($,$) ($,$) $ 

(CD 0 1) (2,.5) (8,6) ($,$) ($,$) ($,$) $ 

(CD 0 CD) (CD ,2) (,5,6) (8,$) ($,$) ($,$) ($,$) $ 

(?,CD) (CD 0 CD) (CD ,.5) (6,8) ($,$) ($,$) ($,$) ($,$) $ 

(10,.5) (?,CD) (CD 1 CD) (CD ,6) (8,$) ($ ,$) ($ ,$) ($ ,$) ($ ,$) $ 

(CD ,,5) (10,6) (?,CD) (CD ,co) (CD ,8) ($ ,$) ($,$) ($,$) ($ ,$) ($,$) $ 

(4, co) (CD ,6) (10,?) (8,CD) (co,co) (CD,$) ($,$) ($,$) ($,$) ($,$) ($,$) $ 

Figure A2. The simulation profile of SM Mt 

By using the transformation describ~:=d in the proof of Proposition 2.1. we can con

VP.rt M int.o an SM M1 wilhoul. lookahead. 1'he profilE! of M 1 is shown in Figure A2. M1 

operates in much the same way as M, except that it stores two elements in each cell of 

the worktape. As in M, M1 also stores in its state the smallest element Z scanned so far. 

When scanning a cell (X.Y), it compares X, Y and Z, updates Z to the minimum of these 

three elements, and stores the remaining two elements in the cell. 

Following the proof of Lemma 2.4, we can then transform M1 into theTA A shown 

in Figure A3. Each node of A has a left input consisting of a pair of elements (X,Y), and a 

right input which is a single element Z. The lefl and right outputs are z' and (X',Y), 

respectively. We can easily deduce the function of each node from the description of 

SM M1 above. Given inputs (X,Y) and Z, z' is the minimum of X, Y and Z, and (X',Y) are 

the remaining two elements. 
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-CD 

Delete-Min 

-CD 

-CD 

Inset 8 

--CD 

Inset 6 

--CD 

Pigure A3. TA A 

Finally, A is transformed into an LSA using the transformation in the proof or 

Lemma 2.2. Hence, by blocking the nodes, as indicated by the dotted lines in Figure A3, 

we obtain the two-dimensional array A shown in Figure A4. The function computed by 

each node of A' is defined in Figure A5. So that the input symbols (i.e., "INSERT n" and 

"DELETE-MIN") are treated in the same way as all other symbols (i.e., as integers), we 

have encoded the input commands as follows. 

(1) INSERT n = (n,-ca) 

(2) DELETE-MIN= (ao,ca) 
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Since A is simply the unrolled computation of an LSA, we can "roll up" A to obtain the 

lSA M2 shown in Figure A6, which is the same LSA as the one depicted in Figure 3.2. 

This completes the conversion of 1-SM M into a linear systolic array. 

- CD 

-a> 

Insert 1 

-c:a 

Insert 8 

-= 

Insert 2 

- CD 

Insert 6 

- CD 

Jiligure A4. A' 
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(u• ,v•) 

Z' (X' ,Y') 

~ ((U,V),(X,Y),Z) ~ ((U',V'),Z',(X',Y')) 

Let (A,B) = max2{U,X,Y)• A C = min(V,Z) 

Then, 

Z'• 111n(A,B,C) 

(X' ,Y') = ax2(A,B,C) • 

(u•, v•) • (z• ,min( X', Y')) 

(U,V) 

•aax2(P,Q,R) • maximum two elements 
of P,Q,and R. 

Jiligure A5. The transition function 6 of A' (M2) 

(S and ~ are treated as aa: input encoded - see text) 

z z 

Figure A6. LSA M2 
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ABSTRACT 

We advance in this paper the spatiotemporal-frequency (STF) approach 

for computing the optical flow of a time-varying image. STF flow deriva

tion provides an attractive alternative to earlier approaches based on 

(1) feature correspondence, (2) spatiotemporal gradients, and (3) Fourier

phase changes. After briefly surveying these three earlier approaches to 

flow computation, we provide an historical overview of the development of 

the STF approach. Then an improved STF method for flow derivation that 

has recently been developed by the authors is presented along with experi

mental results that demonstrate its use. We conclude by showing that STF 

derivation (a) promises substantially improved performance over other flow 

computation methods, and (b) provides a partial explanation of motion 

coherence as observed in human vision. 



1. INTRODUCTION 

A1J sugzested by Marr (17], there are three levels at which a visual system can be described: 

(1) computational theory 
(2) representations and process alzorithms; and 
(3) implementation. 

In this paper, we w1ll describe the general {level 1) optical flow derivation problem, survey several 

characteristic (level 2) approaches to lt.s solution, and detail a particular (level 3) implementation 

or the spatiotemporal-t'requency (STF) approach that employs the Wigner distribution as an 

underlying STF image representation. The viability or the described STF implementation is 

backed up by experimental results which demonstrate its performance on computer-generated 

imagery consisting or superposed 2-D gratings undergoing independent translations: or particular 

significance, these experiments serve to establish the general consistency between the implemented 

STF approach and the phenomenon or motion coherence in humans [lj. \Ve continue our discus-

sion by pointing out a number or similarities and di1rerences between the various surveyed (lenl 

2) approaches to the flow derivation problem. 
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1.1. Problem Definition 

It ls well known that shape and depth information can be readily perceived by humans 

when monocularly viewing appropriately moving random dot fields in the absence or non-motion 

cues. This applies both to movement of individual objects in a random dot scene [21], and to 

movement of one's head when viewing a random dot scene under conditions that simulate visual 

movement parallax [lg]. Motivated by the desire to understand how one might computationally 

extract and utilize such motion information, researchers have proposed that a time-varying gray

scale image be ,P.rst processed to obtain an intriruic optictJI flow function. As defined by Tenen

baum and Barrow [20], an intrin1ic image function is any 2-D function which makes explicit vari

ous local scene properties (tor example reflectance, surface orientation, optical ftow, etc.) that are 

merely implied by the gray-scale content or a sensed image. Therefore, unlike the gray-scale 

image function which ls recorded by a camera, an intrinsic image !unction is not directly sensed 

but rather is computed !rom the gray-scale sensor data. 

Computation of the intrinsic optical flow function of a time-varying image 1s only the first 

step in image motion analysis. It is widely recognized [21] that the optical ftow function must 

itself be subjected to further processing in order to recover surfaces and/or shapes whose identity, 

location, size, attitude (slant and tilt), rotation, and translation parameters are concealed within 

the spatiotemporal patterns of the time-varying optical flow fteld. In this paper we will concern 

ourselves only with methods !or obtaining the optical flow or a time-varying image. and not with 

procedures intended to facilitate its subsequent analysis. 

The computation of a flow field has most commonly been viewed as a corre~pondence ta~k 

carried out between successive image pairs of an image sequence. whereby each pair· of 

corresponding points (i.e. image point pairs that can projectively be traced back to a common sur

race point in the imaged scene) in the two sequenced images are connected by a directed arrow a.s 

shown in Fig. 1. For example, referring to Fig. 1, suppose the points At~obieet) and A.t;obieet) are 

equivalent points with respect to a coordinate system that is fixed rigidly to the depicted object: 

l.e. we can define A (.bject ~ = At ~.t;eet l = At~oHeet l . Further suppose that A.t ~imAge l and 
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Ae (i-.• l , both speei.fted in image plane coordinates, are the perspective projections of point 
2 

A <••;cet l at times t and t respectively· that 1s A. (i"'"*' l and A (i"'"*' l are corresponding points. 1 2• • • • 1 e 2 

Then the optical displacement of the image or point A <••;cce) resulting from the object's motion is 

the vector from Ae (i"'"*' l to Ae (i•"*' l as depleted. Application of this procedure to all object 
1 2 

points- first ftnding an associated correspondence pair, second forming a displacement vector-

results ftnally in the twe>dimeiU5ional vector displacement field diagramed in Fig. 1. After sealing 

the length of the vectors inversely with the intertrame time interval, and then allowing the time 

interval to pass to zero in the llmlt, the resulting vector fiow field describes, in a point-by-point 

fashion, the instantaneous velocity (or optical fiow) of gray-scale pattern displacement within the 

plane of image formation. 

Fig. 1 near here 

Though the notion of point correspondence provides a convenient conceptual tool for under-

standing the optical fiow derivation process, it Is worth pointing out that most popular fiow 

derivation methods do not explicitly seek to solve the point correspondence problem at all. 

Rather, it is most common to solve directly for an intertrame dispacement (or velocity) vector 

field. In this case, a solution to the point correspondence problem is, of ·course, implicit in the 

flow fleld. Of the methods to be reviewed in this paper, only the so:called feature correspondence 

approach explicitly attempts to solve the point correspondence problem. It may generally be said 

that the associated problems of interframe point correspondence and vector flow fleld deriYation 

have, in practice, proved to be quite challenging to solve. 

1.2. Criteria for Rating the Performance of Optical Flow Derivation Methods 

There are at least three criteria which are generally judged to be important. First. optical 

flow methods should lead to flow flelds that have high resolution both in space and time: that is. 

the optical fiow vector obtained at each spatlotemporal point should accurately represent the 
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. 
velocity within a small volume dV =dzdydt of image space-time rather than representing the 

Gtleraged velocity over a more extensive volume of space and time. Second, ftow derivation 

methods should be su11lclently general so as to be applicable to a wide range of natural imagery 

rather than requiring strong restrictions on the image formation process and scene content. 

Third, optical ftow methods should not be overly sensitive to noise introduced, for example by 

sensor electronics. In later sections we will use these criteria to assess the theoretical performance 

of various approaches to optical ftow derivation. 

1.3. Survey ot Flow Derivation Methods 

We review now the basics of several methods which have previously been proposed for com-

putlng optical ft.ow of time-varying imagery. These methods include those based on (1) local con-

spicuous features, (2) spatiotemporal gradients, and (3) Fourier phase changes. 

1.3.1. Local Conspicuous Feature Correspondence Approach 

Given a pair of successive images 1n time, the ft.rst step in this method is the detection or 

local conspicuous gray-scale features (tokens) 1n each image (see Fig. 2). These might, for exam-

ple, be ad hoc features (e.g. corners, arc and line segments, etc.) that are detected via thresholded 

correlation between the image function and specift.c feature templates. Conversely, a more gen-

eral scheme might be to detect arbitrary features that are simultaneously well localized and of 

high contrast without regard to their specift.c shape or identity. In either case, the feature detec-

tion stage will produce for each image a list of spatial coordinates giving the location of each 

detected feature along with corresponding information (e.g. parametric, symbolic, or gray-scale 

information) describing each detected feature. 

Fig. 2 near here 

Having obtained a pair of feature lists, a pair-wise matching between corresponding features 

in the two lists must be obtained that minimizes some cost function based on (a) pairWise feature 
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atnnities as measured by the qua.llty or the match between pairs or the previously obtained 

feature descriptions, (b) inlormation about reasonable constraints on maximum inter-frame 

feature displacements (readily determined by multiplying the maximum expected ftow velocity by 

the lnterframe tJme interval), (c) the uniqueness constraint on feature pairs (valid only I! ftow fteld 

•sinks• and •sources• are always absent), and (d) various other glo6al correspondence consistency 

requirements. (Naturally one must also deal with the additional complications introduced by 

features detected In only one frame or a sequence that speci.ftes the solution to the inter-frame 

correspondence problem. From this correspondence list a sparse optical ftow fteld is then readily 

obtained (Fig. 2). 

Refinements of thJs general approach to optical ftow derivation make use or multi-resolution 

image representations in a coarse to fine mode that helps to overcome dl.Hlculties with handling 

variablllty In flow velocity and feature size [18]. 

1.3.2. Spatiotemporal Gradient Approach 

Th18 approach (Fig. 3) !or computing optical flow employs the ftrst-order spatial and tem- · 

poral d.11ferentials (i.e. the spatial temporal .ll'adlent function) or a time-varying image - to esti

mate at each image point the component of motion In the direction or maximally increasing 

gray-scale intensity. Since, as will be described In detail below, the gradient-based local velocity 

estimation procedure characterizing this approach is underconstrained, one cannot unambiguously 

estimate the velocity on a local basis. This difficulty is often referred to as the aperture problem. 

One must therefore employ some type of global relaxation method to obtain an unambiguous esti

mate of the true optical ftow field. We discuss below only the initial underconstrained local velo

city estimation procedure. Readers interested in global disambiguation methods are referred -to_ 

[4, 10, 11]. 

Fig. 3 near here 
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Given a continuous, dllferentiable tlme-varytnc lmace I (z ,y ,t ), one can form the Taylor 

series expansion or this function as 

I (z +dz ,J +dy ,t +dt) = I (z ,J ,t )+I. dz +I, dy +I 1 dt + higher order te1'1'1U (1-1) 

where as usual 1. === !~ , etc. A!suming that the time-varytnc image is band-limited, we can 

disregard the second and higher-order terms for sumctently small interframe displacements 

(dz ,dr ,dt ). We make the further reasonable assumption that, durinc the time interval (t ,t +dt ), 

the cray-scale function defined over each small Image domain patch undercoes pure translation 

over some short dlstance (dz ,dg ). That is, for each (z ,J ,t ), there exists some triple (dz ,dy ,dt) 

such that 

I (z +dz ,J +dy ,t +dt) = I (z ,y ,t ). (1-2) 

Then comblning equations (1·1) and (1-2), we obtain 

or equivalently, 

(1-3) 

dz dy 
Noting that "• =-;u and "• ==Tt· eq. (1-3) becomes 

I. t1• +I, "' +I, = o, (1-4) 

which we rewrite In the form or an Inner product as 

(1-5) 

F'ig. 4 depicf,s the locus of possible solutions (vz .v,) to the above underconstrained equation 

(1-5) 1n terms or the measurable quantities f ~ ... J ~-and I,. It follows easily from (1-5) that. in 

general, the particular component or velocity vii that is parallel to the direction of the spatial gra-

dient VI ==(/ • ,I 1 ) at each point (see Fig. 4) is ctven by 

vii == -,--:1-;~;--:--:I.....;;~J--:-1 = -~,-:-;-,~2 VI (1-6) 
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The above relation is or course separately valid at each point (z ,y ,t) at which the time-varying 

image f is difrerentiable. Since (1-f) does not completely specify the velocity vector at each 

point, but rather spec11les only the particular component or velocity that is paraliel to the local 

spatial gray-scale p-adlent (i.e. vii as defined above), we ~ that (1-f) undercorutrain1 the local 

velocity eStimate at ea.ch point. Therefore, as previously mentioned, some sort of global relaxa-

tion method must be subsequently employed to estimate the disambiguated true velocity at each 

Image point. Fig. 3 depicts the overall procedure for obtaining the optical Dow by the spatiotem-

poral gradient approach. Like the local conspicuous feature correspondence method, the spa-

tiotemporal gradient approach to optical Dow estimation has a number or publlshed variations 

[4, 10, 11] which primarily d11fer in their approaches to Dow Deld disambiguation. 

Fig. 4 near here 

1.3.3. Fourier Phase Approach 

This method (Fig. 5) is most appropriate for determining the motion or a single object mov-

ing across a unf!orm background [12]. The method takes advantage or the following property of 

the Fourier transform. 

Shift Property: If F(u,t~)= {/(z,y)}, and g(z,y)=/(z-z 0 ,y-y 0), i.e. if g is a 
translated version or f . then G ( u • " )= {g (% ,y )}=F ( u • " )exp {-j ( U% o+ 11Y on ° 

ABsume one is liven two images, denoted f (z .'!/) and g (z ,y ), that are related by a pure transla-

tion (~z .~y ). Since the phase functions of their Fourier transforms, F ( u .11) and G ( u • v ) 

respectively, are given by 

one can write 

4>F (u ,11) = arg{F(u ,v )}, and 

4>a (u ,v) = a.rg{ G (u ,v)} 

= arg{F(u ,v)}- (u ~z +v ~y ), 

(1-'7a) 

(l-'7b) 
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;a - tPF == [arg{F (• ,v)}- (u Az +v Ay )] ·- arg{F (• ,v )}. (1-8) 

It t/Ja and tPF are known at. two distinct frequencies (u 0,v 0 ) and (u 1,v 1), then (1-7) defines a 

system or two equations in two unknowns which can be solved Cor Az and Ay. As described in 

{12], certain precautions must be taken to overcome di.Olcult.ies associated with the non-uniqueness 

or the Fourier phase !unction (i.e. lt is determined only to within an integral multiple or 211"). 

Recall that Az and Ay are the desired components or the translation relating f (:r ,y) to 

g (z ,y ). Therefore, 1t one assumes the processed image sequence to contain a single translating 

object on a uniform background, then the velocity or that. object is given by vT = (Az ,Ay )/At 

where At is the lnterframe time interval. This method is clearly more restrictive than the 

feature correspondence approach since only a single non-localized velocity vector is obtained for 

each image frame. 

Fig. 5 near here 

2. BACKGROUND OF STF APPROACH TO OPTICAL FLOW DERIVATION 

The spatiotemporal-trequency (STF) approach to optical flow derivation encompasses all 

methods which are based upon some underlying spatiotemporal-frequency image representation. 

The major motivation Cor considering the use or an STF image representation as a basis for com

puting optical flow comes from the literature on mammalian vision. In particular. recent investi

gations have demonstrated that many neurons in various visual cortical areas of the brain behave 

as spatiotemporal-frequency bandpass filters [6. 9]. Studies of the human perception of strobos

copic apparent motion have also produced results which appear to be explicable in terms of ~TF 

bandpass channels in human vision [22]. Motivated primarily by neurophysiological findings .such 

as those referenced above, GaCni and Zeevi [7, 8] have proposed an STF method for computing 

optical flow that we now review below. 

The STF method proposed by GaCni and Zeevi [7] is summarized in Fig. 6 and goes as fol

lows: Given a time-varying image _I (z ,y ,t ), one must first compute its Fourier transform 
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denoted F(wa ,w, ,w, ). Note that an arbitrary point (Woa .wo, ,Wot) or the Fourier transform 

corresponds to a sinusoidal &rating or spatial frequency w 0T (w 0a ,w 0,) moving past a fixed 

Image point with temporal frequency w 0,. A:5 illustrated in Fig. 7, the component or the velocity 

of such a cratinc in a direction orthogonal to its axis or constant luminance is given by: 

(2-1) 

In essence, the -Fourier transform, (wa ,w, ,w, ), prqvides a set or coemcients which. via inverse 

Fourier transrormation, allow one to uniquely represent the original time-varyinc image as a 

weighted superposition of moving sinusoidal luminance gratings. 

Figs. 6 and 7 near here 

Clearly (2-1) defines a unique "orthogonal velocity v-1. for each spattotemporal frequency 

(wa ,w, ,w, }. Conversely, 1! one considers all spatiotemporal &equencies that satisfY (2-1) for some 

arbitrary ftxed orthogonal velocity v 0.l, then we obtain an 1n.tl.nlte set S ... J or spatiotemporal ere-

quencies given by 

S { tDot [Ws] .1. } ... J = (wa ,w, ,w,): 2 2 w +v0 = 0 
tDoa +wo, ' 

(2-2) 

The locus or points S ... J- defined by·(2-2) is just a single line (or pencil) passing through the origin 

or the spatiotemporal frequency space as depicted in Fig. 8. In fact, since v 0.l. was arbitrarily 

chosen in (2-2), we observe that, in general. for each orthogonal velocity r there corresponds a 

unique pencil S v.l. or consistent spatiotemporal frequencies. Exploiting this observation. Gafni and 

Zeevi have proposed that velocity channelB be formed by separately integrating the magnitude of 

the Fourier transform, I F(ws ,w, ,w,) j, over the corresponding members of the family of infinite 

(1-D) pencils passing through the origin or the spatiotemporal-frequency space. Their definition of 

velocity channel can be formalized by defining a velocity polling function, denoted as C1 (v-). as 
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o, (v1) == J J J IF (w~ ,w, ,w,) I dw~ dw, dw, 
s..L 

(2-3) 

where F ( w~ , w, , w, ) Is the Fourier transform of the time varying image, and S , 1 Is as defl.ned in 

(2-2). 

Fig. 8 near here 

Finally, G~ and Zeevi suggest that the particular velocity where C1 (vJ.) obtains its global 

maximum should be chosen as the velocity of object motion in the corresponding time-varying 

image (refer to Fig. 6). This scheme for ftow derivation does not, however, provide for the genera-

tion of an optical now function; rather, it yields a single velocity characterizing the entire image 

for all time. To make possible the computation of a time-varying optical now function, Gafni and 

Zeevi have suggested that numerous regionally computed (3-D) Fourier transforms could be 

employed instead of Just one global transform. Then a regional velocity could be determined for 

etJeh of the regional Fourier transforms in the manner described above (i.e. compute, for each 

Fourier transform, a velocity polling function and find the velocity where it attains its global 

maximum. We address next two limitations of the above method for motion analysis. 

First, we consider Gatni and Zeevis' suggestion that the time-varying optical now of an 

image sequence could be computed by employing the moduli of locally computed Fourier 

transforms as the underlying STF representation. Though this is a reasonable approach, we point 

out that local Fourier analysis sutrers from severe trade-ofls in spatiotemporal vs. spatiotemporal-

frequency resolution as the (3-D) analysis window size is varied [5, 15]. This trade-otf unfor-

tunately induces a corresponding trade-otf in the spatiotemporal resolution YS. the reliability of 

the optical ftow function obtained. In section 4 we will describe bow this problem can be made 

less severe by using an approximation to the Wigner distribution as the STF image representation 

rather than using a simple patchwork of Fourier power spectra. 

Second, there is a serious limitation inherent in Gatni and Zeevis' decision to estimate r. 

the velocitY orthogonal to the isoluminance bars of moving gratings that comprise the image. 
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This deficiency arises becatl8e they did not take into consideration the fact that the true velocity 

corresponding t.o a particular spatiotemporal t'requency is in fact highly ambiguous and it is this 

true velocity that one must estimate in order t.o derive the opti-cal ftow or an image. The nature 

or the velocity ambiguity associated With a moving sinusoidal gratings and its signiftcance for 

motion coherence in human perception is illustrated in Fig. 9a-<: [1]. Speci.ftcally, as seen in Fig. 

9a, a given spatiotemporal t'requency (wo. ,w 0 , ,w 0,) can correspond t.o an inftnite number or pos

sible velocities v satistying the relationship 

(2-t) 

where vT =(tl. ,t~,) and wl- (wo. ,w0 , ). Although the true velocity or a 6ingle moving grating 

(Fig. 9a) can never be uniquely known, an image composed or multiple gratings or various orienta

tions as shown in Figs. Ob and 9e does have a unique velocity determined by the intersection or 

the "loci or the velocities consistent With the separate spatiotempor:U t'requency components of the 

image. 

Fig. g near here 

Having briefly discussed the motivation Cor estimating true versus orthogonal velocities when 

using the STF approach t.o optical ftow derivation, it is interesting t.o consider the source or the 

obvious similarities between (i-6) and (2-1) which are associated with the spatiotemporal-gradient 

method and Gafni and Zeevis' spatiotemporal-t'requency method, respectively. We defined earlier 

the parallel veloc#y in (1-6) as the component or the true velocity in the direction or the local spa

tial gradient or the image. The local gradient, of course, defines the direction of ma.'\':imum 

increase in the spatial luminance 1'unction which, in turn, is orthogonal to the local isoluminance 

axis. Therefore vii in (1-6) and vJ. or (2-1) both in fact represent essentially equivalent velocities 

which both correspond t.o projections or the true velocity onto axes perpendicular to the local iso

luminance orientation. Accordingly, neither the spatiotemporal gradient approach nor Gafni and 

Zeevts' STF method allow orie t.o directly estimate the true local velocity or motion as it was 
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ln!ormally defined in the case or superposed moving ifatings in the preceding paragraph. The 

spatiotemporal &T&dient approach requires what often amounts to ad hoc ~tprocessing or the ini

tial flow field estimate using, for example, relaxation methods to force global consist'ency on the 

flow field. Ga!n1 and Zeevis' STF method includes no explicit provision for estimating the true 

flow fleld though postprocessing methods similar to those used to disambiguate gradient-based 

flow fields would be equally applicable to their method. We will introduce in section sa modified 

STF method for deriving optical flow which overcomes these serious di.ffi.culties. By using the 

Wigner distribution in conjunction with an improved deflnltion or the velocity polling function, 

this modlfled STF method will be shown to provide an explicit analytic procedure for directly 

estimating the true optical flow without requiring any further postprocessing. 

We now show bow eq. (2-4), expressing the velocity ambiguity associated with a single mov

ing grating, .arises naturally when considering the Fourier spectrum or an image in which all 

points are unltormly translating with a single constant velocity. In this special case, it sumces to 

use a single global Fourier power spectrum as an STF image representation. .As will be made 

clear in later sections or this paper, use or the Wigner distribution, as suggested above, only 

becomes necessary when the optical flow fleld is a non-constant function in space and/or time. 

Suppose we are given a time-varying image f (z ,1J,t) that is unU'ormly translating at some 

constant velocity ( Vz , "r ). That is, we have 

f (z ,y,t) = f (Z-Vz t ,y-v, t) 

= f (z ,Jf) • S(z -v,. t ,Jf -v, t ). (2-5) 

where f (z ,1J )=f (z ,y ,0), S(z ,y) is the Dirac delta function, and ..... denotes convolution. As 

shown in Appendix A. (see also [22)), the Fourier transform of our translating image f 1 .r . 'J . t \ is 

given by 

F(w,. .w, ,Wt) = F(w,. .w, )S(v,. w,. +v, w, +w1 ). (2-6) 

Hence we have the very interesting result that a uniformly translating image with velocity 

(v 0 ,. ,v 0,) has a Fourier spectrum that is zero everywhere in the 3-D spatiotemporal-frequency 
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space ( w. , w, , w, ) except on the single plane defined by 

(2-7) 

In general, for each velocity v=(v. ,v, ), (2-7) allow~ one to define a unique planar locus or spa-

tioteDJ.poral frequencies which are consistent with that velocity (Figs. 10a-Q). Therefore we con

clude that rather than forming a velocity polling function Ot (vJ.) by integrating over pencils in 

the STF space as has previoualy been suggested, one should instead intecrate over planar regions 

determined, for each v, by eq. {2-7) to obtain a velocity polling function 01 (v). We will state 

this procedure more precisely in section ~ where we present a general algorithm for computing 

optical flow which uses the Wigner distribution as an underlying spatiotemporal-frequency 

representation. 

Fig. 10 near here 

3. THE WIGNER DISTRIBUTION OF A TIME-VARYING IMAGE 

The Wigner dutribution ('WD) has recently received muc:h attention because or lUi suitability - . 

for the representation of non-stationary signals such as speech, imagery, sonar, etc. [2, 3, 14]. As 

has been shown [3), other popular non-stationary signal representations such as the periodogram 

and the Gabor representation are really Just special instances or a particular class or approxima-

ttons to the WD which are elsewhere referred to as either the eompoaite paeudo Wigner di&tribu-

tion (CPWD) [13], or the amoothed paeudo Wigner-ViUe di3tnoution (SPW'VD) [5). However. 

whereas the periodogram and the Gabor representation inherently suffer form severe re~olution 

tradeotrs when establishing analysis window sizes. the CP\VD (or, equivalently, the SP\VVD) over-

comes these dlmculties by providing an added degree or control over the resolution of the 

representation. Though the WD and its approximations are applicable to signals of arbitrary 

dimensionality, in the current context we are interested in applying the W'D to the representation 

of 3-D time-varying image functions. 
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14 Jacobson and Weebaler 

3.1. Definition of the Wlgner Distribution {WD) 

Given a. time-va.rytng image I (2: ,y ,t ), its Wig:ner distribution Is a. &-dimensional function 

defined as: 

IX) 

W I I IR -i(or•,+l•1 +nr1)d d Qd 
1 (2: ,y ,t .w. ,w, ,w,) = 1 (2: ,y ,t ,a,fj,r)e a ~ r {3-1) 

-oo 

where Rt (2: ,J ,t ,a,fj,r) = I (2: +f.r + ~ ,t +;)I • (2:-; ,J·-! ,t-; ), and where ••• denotes· 

complex conjugation. Similarly, the WD is deftned 1.n terms or the Fourier transform or the time-

varying image as: 

00 

w, (2: ,, ,t .w •• w, ,w,) = ~I I Is, (q.~.E,w. ,w, ,wt)e i(tJHEJ+d)d qd ed E (3·2) 
8'lr -oo 

11 e E. 11 e E 
where S1 (q,~,E,w. ,w, ,w,) = F(w. +-,w, +-.w, +-)F (w.--,w,--.w, --). 

2 2 2 2 2 2 

The WD or a. time-va.ryl.ng image, as defined above, 1s therefore a. simultaneous 

spa.tiotemporal/spa.tiotempora.l-Crequency representation. As suggested above, the spatiotemporal 

vs. spa.tiotemporal-Crequency resolution or the WI> does not sutrer from the so-called window 

tra.de-of! problem confronted when using classical Fourier power spectral analysis methods. Also, 

the WD is invertible, to Within a. minus sign, and .therefore uniquely specifies a. given image 

sequence. 

3.2. Wigner Distribution of a Linearly Translating hnage 

In section 2 we derived a general expression for the Fourier transform of a uniformly 

translating image. To highlight some of the similarities and differences between the Fourier 

transform and the \Vigner distribution as an STF representation. we similarly derive below a gen-

era.l expression for the WD of a. uniformly translating image. 

Recall from (2-5) that an image f(x,y,t) in uniform translation may be expressed as a convo-

Iutton between a static image and a translating delta function: 

I (2: ,1J ,t) = I (2: ,y} • 8(2: -11. t ,y -v, t) (3·3) 
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By the convolution and windowing properties of the Wigner distribution (Appendix B), the WD or 

I (z ,J ,t ), denoted W1 (z ,J ,t ,fDa ,w, ,w, ), Is given by 

w, (z ,y ,t ,wa ,w, ,w,) =[WI (z ,J ,w. ,w, )cS(w, )] • W t.z ,y ,t ,w. ,w, ,w,) (3-4) 
% ,y ,w, 

where W1 (z ,, ,w. ,w,) is the WD of I (z ,y ,o), W .sis the WD of cS(z -v. t .r-v, t) and • • 
:r ,y ,Wt 

denotes convolution w.r.t the spatial variables z ,J and the temporal-frequency variable w,. 

With W .s as defined above, we show 1n Appendix C that W .s Is liven by 

(3-5) 

Substituting (3-5) into (3-4), we obtain 

W1 (z ,J ,t .w. ,w, ,w,) = [ W1 (z ,J ,fDa ,w, )cS( We)] • [cS(z -v. t ,y-v, t )c( v. w. +v, w, +wt )] 
z ,, ,w, 

{3-6) 

= [c5(w,) • cS(v. w. +v, w1 +w, )] [W1 (z ,J ,w. ,w,) • cS(z-v. t ,y-v, t )] 
we z,y 

(3-7) 

(3-8) 

We find therefore that the WD of a linearly translating image with velocity vT =( v. , v,) is every-

where zero except 1n the 2-D linear subspace defined by 

(3-9) 

for fixed v •. v,. Equivalently, we observe that, for arbitrary :r .y ,t, each local STF spectrum of 

the WD, denoted W1 (w. ,w, ,Wt ), is zero everywhere except on the plane defined by 
s,,,t 

(3-10) 

for fixed Va , v, . 
Note that (3-10) defines the same region as (2-7) when equivalent velocities of translation 

are considered. Therefore; for a linearly translating image, the local STF spectra 
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w1 ( w. ,w, , fDt ), like the l}obal Fourier transform F ( w. , w, , tDt ), contain ene!'D' only on a sin-
•·•·' 

cle plane ln the STF space which is uniquely determined by the translatory velocity of the image. 

However unlike the Fourier transform (a pure spatiotemporal-lrrequency representation), the WD 

(a spatiotemporal/spatiotemporal-frequency representation) assigns a 3-D STF spectrum to each 

point (% ,y ,t) over which the image is defl.ned. Therefore, given a procedure for estimatinl the 

velocitY associated With a given STF spectrum, the WD allows one to separately apply this esti-

mation procedure at each point(% ,y ,t) to get a time and space-varying optical flow function. 

4. The Modified STF Approach to Optical Flow Estimation 

The two limitations or the STF flow derivation method proposed by Gafni and Zeevi as 

described ln section 2 - namely, {1) resolution vs. reliability trade-oft', and (2) inappropriat~ 

deftnitton of the velocity polling tunction (VPF) - are overcome in the Modlfted STF approach 

shown in Fig. 11. 

First, rather than using the moduli or regionally computed Fourier transforms as the under-

lYing STF representation, we suggest that one instead employ (an approximation to) the Wigner 

distribution or the time-varying image. In particular, for each point (% ,fl ,t }, the WD defl.nes a 

high resolution (3-D) spatiotemporal-frequency fUnction W1 (w. ,w, ,tDt) from which a local .,,,, / 

VPF 0 1 (v. ,v,) can be computed . . ,,,, 
Second, one must reformulate the defln.ition of the VPF in accordance with the 

spatiotemporal-frequency constraint equation (2-7). Recall that all spatiotemporal frequencies 

( w. , w, , wt) satisfying the relationship v o• w. + v 0 , w, + tDt == o are consistent with the velocity 

v 0=(v 0 • ,v 0 , ). Therefore we suggested ln section 2 that to obtain the VPF for some arbitrary 

velocity v 0 , one should integrate the STF representation over the planar--f'egion R v0-giv~n -by-

(4-1) 

Combining the above definition or the VPF with use or the WD as an underlying STF 

representation, we can explicitly deflne the VPF. denoted by 0 1 (v. ,v, ;% .v.t ), as 
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00 

C1 ("• ·"• ;z ,J ,t) === J J J I W1 (z ,J ,t .w. ,w, ,w,) I • 6(v. w. +v, w, +w, )dad {Jd r (4-2) 
-oo 

Finally, 1n terms or the VPF 01 ( "• 1 ,v, 1 ;w ,J ,t) or an image f (z ,J ,t ), the optical flow 

v 1 (z ,J ,t) can be defined as: 

v 1 (z ,J ,t) === 
{ [

"• (z ,g ,t )] 

v, (z ,J ,t) 

C1 ("•·"•;z,g,t)>C1 ("• 1 
·"•' ;w,g,t)l 

\i ( "• I '"' I ) ~ ( Vz '"• ) 

(4-3) 

The mod11led STF approach ls summarized 1n Ftc. 11. We present now experimental results 

obtained rrom a system which Implements this new flow estimation approach. 

Fig. 11 near here 

5. EXPERIMENTAL STF OPTICAL FLOW ESTIMATION SYSTEM 

A Fortran computer program has been written that Implements the modlfled STF method. 

This has allowed us to obtain some preliminary results to illustrate the viability or the approach. 

The computer program makes callB to other packages including a 3-D FFT routine (IMSL 

Library) and 3-D perspective and contour plotting routines (DISSPLA graphics system, ISSCO 

Graphics, Inc.). The CRAY 1 at the U!liversity of Minnesota is used for program execution, and 

graphical results are obtained on a plotter attached to a Host Cyber 845. 

A simplified flow diagram of the program is shown ln Fig. 12. The program uses standard 

discrete-domain signal processing methods to separately compute an approximation to the local 

3-D spectrum of the 'WD at each fixed image point (z ,y ,t) where one wishes to obtain a velocity 

estimation. (Recall that the WD of a time-varying image is a 6-D function which assigns a 3-D 

local spatiotemporal-frequency spectrum to each point of the image.) More speciflca!ly, the pro-

gram employs a discrete-domain approximation to eq. (3-1). This Involves first computing the 3-D 

local correlation function R1 (a,{J,r) In (3-1) over a discretely sampled, finite region of the 
s,J,t 
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(a,p,r) space and then eomputtnc a 3-D FFT or this 11D.ite support correlation tunctlon to obtalD 

an approximation to the locally de1lDed 3-D spectrum. A U~ X 10 X 1D (actually 20 X 20 X 20 

&Rer paddlnc wtth aeros) sample recton was transformed by r.he FFT 1D the experiments to be 

described next. To approximate the planar 1Dtep-at1ons required to obtain the velocity poWDc 

tunctlon (VPF), the P!'Oif&Dl subsr.ltutes tor the delta tunction 1D (4-2) a kernel havi.Dc the form or 

a GtJ•••i11ra 'flletlge; i.e. a distribution which peaks 1D amplitude at points lYinc on the plane 

correspondlnc to a lfven velocity (recall eq. (3-10)) and dies otr as a Gaussian as one recedes alone 
. 

an orthocohal direction away ~m the surface or the ctven velocity plane. The VJetlge eharacterb-

tlc or this kernel arises because we have chosen to make the breadth ot the Gaussian distribution 

lncrease linearly (and Its amplitude decrease tnversely) as one moves alone the liven velocir.y 

plane 1D a direction away form the line or 1ntersectlon between the velocity plane and the plane 

ctven by {(VJ. ,w. ,VJ,) : '1111 ==0}. This choice or the kernel in the lntep-al formula {4-2) for obtain-

1Dc the VPF from the WD has the proper convercence to the delta tunctlons (that detiDe the velo-

clt;v planes) as the Gaussian wedces become 1Dcreas1Dib' t.hiD; i.e. as the wedce ancle of the kernel 

Js decreased. The Qausstan wedce also Js attractive tor 11D.ite resolution, discrete-domain Imple-

mentatlons or our mocWled STF method slllce (a) It results 1D a VPF tunctlon which 1s tnvanant 

to UD!torm sealiDc or the spatlotemporal frequencies eompr1sf.Dc an tmace. and (b) It assures that 

all spatfotemporal-trequency components contribute their enercies to their respective velocity loci 

1D the VPF Without aaer11lc1Dc resolution 1D the velocity estimate. 

Fie. 12 near here 

a. EXPERIMENTS AND RESULTS 

Ill the experiments we used computer-cenerated !mace tunctions composed or three dltrerent 

spatiotemporal-trequency cratlnp (i.e. dr:llt.Inc spatial frequency cratincs) that were either present 

Individually or 1D ~ear superposition. The three cratlnp are mathematically described as rol-

lows: 
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l1<z ,, ,t) = cos{ 2
"' (z -2.ot >} 

SV(1.0)~+(-2.0)~ I 
(~1) 

1 ~z ,, .t > = cos{ V5 2
"' (o.1sz +o.7sy +1.st >} 

s sv'co.7s)2+(o.7.s)~+<l.s)~ 
(~2) 

I a(z,r,t> =cos{ V5 2
"' (o.7sz+o.7sy-Lst>} 

5 SV(0.75)~+(0.75)~+(-1.5)2 
(6-3) 

A single 2-D time-slice ot each of these 3-D functions is displayed in Figs. 13a, 14a, and 15a. The 

three pairwise &;nd one triple superposition of these gratings are similarly shown in Fig.s. 16a, 17a, 

!Sa, and 19a. The magnitudes ot the above t.hree spat.iotemporal frequency gratings were selected 

not to exceed the Nyquist frequency or one oscillation per tour sample-grid spacings when com-

puting the WD. Note that the folding frequency of one-fourth (rather than the usual one-half) is 

characteristic or the discrete version of (3-1) due to the non-linear correlation which has the etJect 

ot doubling spatiotemporal frequency components in t.he original time-varying image (see [3J tor a. 

more thorough discussion of this phenomenon). Owing to the small 3-D analysis windows used tor 

computing the WD in these experimenta, our choice of spatiotemporal frequencies in (6-1), (~2), 

and (6-3) was also constrained by a desire to have a su.tncient number or oscillations or each rre-

quency component within the analysis region to assure reasonable resolution tor each STF com-

ponent of the WD. 

Figs. 13bc-19bc show the velocity polling function (VPF) and the estimated velocity 

obtained in each experiment along with information on the corresponding theoretically predicted 

results. As indicated in FJ.is. 13-15, corresponding to the three single grating experiments, the 

velocity in each case is theoretically ambiguous. This fact is also evident in the associated VPFs. 

none of which has a well-defined global maximum in the velocity plane. On the other hand. Figs. 

16-19 depict superposed gratings which do have well defined global maxima in their respective 

VPFs. Furthermore, the estimated and predicted v~locities in these examples are in reasonable 

agreement. Note, however, that the agreement Is not perfect. It would be expected that as the 

size or the finite analysis windows employed to compute the WD increase, the precision of the 

estimated velocity would also steadily increase. Limited experiments we have performed using 
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larcer analysis windows for computing the WD in conjunction with more and thinner velocity 

plane8 when computing the VPFs do indeed seem to be consistent With this expectation. 

Figs. 13- 19 near here 

'1. COMPUTING OPTICAL FLOW FIELDS: REVISITED 

We have ~ussed several different propased solutions to the problem of estimating optical 

flow flelds. All or these approaches have many published variations, continue to evolve, and have 

often been only superficially evaluated. Therefore it is dliDcult to adequately assess their relative 

strengths and weaknesses. Nonetheless, with this caveat in mind, we have attempted in Fig. 19 

to rate the various methods reviewed in this paper according to a number of criteria, some or 

which are elaborated below. Owing to the creat popularity and relative success of the 

apatiotempor&l-ll'&dlent approach, comparisons between this method and the authors' modtlled 

STF approach will dominate our discwssion below. 

Among the methods reviewed, the STF approach stands out as unique in the sense that the 

flow estimate at a particular point (% 0,y 0 ,t 0} is based upon the integration of information over the 

entire space-time extent or the image f (% ,y •. t ). This is evident in Fig. 11 which summarizes the 

modifled STF approach. Rec&ll that each local velocity estimate is obt&ined by choosing the vel~ 

city for which the local velocity polling function (VPF) attains its maximum. But each locally 

defined VPF is computed from the local 3-D spatiotemporal-frequeney (STF) spectrum of the WD 

- a function which one computes by integrating information over the entire extent of the time

varying image. Therefore it follows that the velocity esti~ate at each point is also dependent 

upon information from the entire spatiotemporal extent or the image. Use or a conventional STF 

representation, e.g. the power spectrum, as a basis for computing the VPF. leads to trade-oft's 

between the integration of information vs. the spatial resolution of the flow fleld as the size of the 

power spectral analysis window is varied. Only by exploiting the unique properties of the WD 

can one fully integrate spatiotemporal information while, at the same time, retain uncompromised 
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spatiotemporal resolution of the estimated optical flow field. 

Many researchers have previously discussed the importance of integrating information over 

extended repons or space and time when maJd.ng velocity estimates. Such integra.tion of informa

tion over sratial neighborhoods and multiple ( > 2 ) time frames is generally envisioned as a 

po1t-proeuaing st3ge which follows an initial estimation of some component of the local velocity 

at each point. Recall, for example, that post-processing of the initial underconstrained velocity 

flow-field estimates is the final processing step in the 1patiotemponl-gndient approach described 

in section 1.3 and .summarized in Fie. 3. However, use or post-processinc to achieve temporal and 

spatial tnte~tion or information begs the question or the size or the region such post-processing 

should be allowed to act upon. Naturally one would llke this tegion to be very large so as to 

maximize the integration or tnrormation before arriving at a final estimate of the flow field. How

ever, most approaches to post-processing do little more than assure smoothness or the field of 

velocity estimates. Relatively restricted regions or space and time must therefore be employed in 

these conventional post-processing stages to avoid spatiotemporal blurring or important informa

tion in the true flow field being estimated. 

In contrast to most common approaches to flow field estimation, the modl.fled STF method 

does not require a post-processing stage to disambiguate an initial estimate or velocity com· 

ponent&. Instead, a direct estimate of the true velocity is made for each*point and all local velo

city estimates are computed Without ever once considering the estimates at neighboring points in 

space and time. A1s discussed above, this is made possible by our use or the Wigner distribution as 

an intermediate representation in the modUled STF approach to optical flow computation. Each 

local spatiotemporal-frequency spectrum of the \VD is computed from globally integrated informa

tion. Hence the local velocity estimate subsequently made at each point is inherently based on 

global information without requiring the use of any information not already contained in the local 

spectrum or the WD. Contrast this With the spatiotemporal gradient approach which is based on 

a local representation (the spatiotempora.l gradient function) that is computed at each point from 

purely local information. Since each initial velocity estimate in this approach is based solely on 

the corresponding local spatiotempora.l gradient, any global integration of information must of 
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necessity be incorporated as a post-proc~ing step. 

We now discuss an important distinction between the constraint equations (1-5) and (2-4). 

The spatiotemporal gradient constraint relation (1-5) provides a single equation in two variables 

for each point (z ,p ,t) (Section 1.3.2). Assuming that the measurable d.Uferentials, deflning the 

known quantities in this equation, are accurately known (which is often not the case), one is still 

faced with the problem that the velocity estimate is underconstrained. ~ already discussed, 

additional ad hoc constraints must therefore be introduced if one wishes to compute an estimate 

of the true ilow velocity at each ~e point. Unlike the spatiotemporal gradient relation (1-5), 

the STF constraint relation (2-4) defines an infinite number of constraint equations at each image 

point (z ,p ,t ). Namely, for each image point, there is one STF constraint equation corresponding 

to each spatiotemporal frequency ( w. , w, , Wt ) in the local spectrum of the 'WD at that image 

point. Since typical imagery contains many spatiotemporal frequency components, the STF con

straint relation (2-4) greatly overeon&train& the velocity estimate at each image point. One need 

not therefore devise further (ad hoc) constraints in order to estimate the true velocity field. 

Continuing our comparison between the spatiotemporal gradient and the modified STF 

approaches, we point out that, as an intermediate step, the former requires the computation or 

derivative& whereas the latter involves only integrtJl transformations having large spatiotemporal 

support. Others have elaborated on the many error sources in estimates of spatiotemporal deriva

tives along with their combined etrect on inaccuracies in the resulting velocity estimates [16]. 

Complex procedures are often used to deal with such dt.m.culties. Relative to differential methods, 

the integral transformations used by the modified STF approach are inherently much less likely to 

lead to serious velocity estimation errors. The major source of errors will probably be due to the 

fact that real-world computational constraints dtc_~-!lte ~!!J.g_~!lJte_support.Ior---all-i-Dtegral rransfor,.. 

mations. However, such errors can, In theory, be reduced to an arbitrary degree as computational 

capabilities continue to expand. Future work will nonetheless be required to quantify the sources 

and magnitudes or errors in the modified STF approach so that a more quantitative comparison 

with other approaches can be made. Much or this error assessment will undoubtably involve dis

cussions of the. uncertainty principle as it applies to the confiict between simultaneous localization 
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or enercY in the spatiotemporal vs. the spatiotemporal-rrequency domains or the WD or a time

varylnK image and bow this uncertainty relation is reflected 1n the accuracy or velocity flow esti

mates. Such uncertainty based estimation errors are intrinsic to the signal itself and therefore 

will ultimately limit the resolution attainable in future flow analysis systems. 

8. CONCLUSIONS 

We have discussed the problem or computing the optical flow of a time-varying image and 

surveyed a·number of its proposed solutions. The modifled STF approach was introduced and 

experiments that illustrate its application to synthetic time-varying imagery were described. 

Comparisons were made between the various approaches to computing optical flow and it was 

argued that the modifled STF approach h88 a number or desirable characteristics which are not 

simultaneously shared by other flow analysts methods. These include generality or the approach. 

low noise sensitivity, lull inte~ration or global spatiotemporal tnrormation to arrive at local velo

city estimates, and direct estimation or the true velocity field. Direct estimation or the true velo

city field is made possible by the use or a spatiotemporal-trequency_ constraint relation (2-4) 

which, unlllce the spatiotemporal-gradtent constraint relation ·(1-5), ~reatly overconstrains the 

velocity estimate in typical imagery. 
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Appendix A: Fourier transf'orm ot a linearl)" translating image 

ao 

F(w •• w. ,w,) =I I J I(% ,J ,t )e -i<ns+re1+tw,)d%dydt 
-ao 

ao 

I I I [ ] -i(n +.- +C•) · == I (% ,y) • 6{% -v. t ,J -v. t ) e s 1 ' dzdydt 
-ao 

ao { co -it• -i<- +.- ) = J e 1 F (w. ,w. >I I 6{%-v. t ,y -v, t )e s 1 dzdv} dt -- --
_ Jao -itw1 {F( ) -i<•s•s+•1 • 7 )t.}d - e w. ,w. e t --

(A-1) 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

(A-6) 

(A-7) 



25 Jacobson and Wechsler 

Appendix B: Properties of the WD 

Pl: W1 (2: ,J ,t ,w. ,w, ,w,) 1s strictlY. real. 

P2: For real I (2: ,f ,t ), W1 (:r: ,y ,t ,w. ,w, ,w,) = W1 (:r: ,J ,t ,-w. ,-w, ,-we). 

00 

P3: ~ f1 1 WI (:r: ,f ,t ,w. ,w, ,fDt )dw. dw, dwe = II (:r: ,J ,t) j 2
• 

811 -co 

00 

P4: 11 1W1 (2: ,f ,t ,w. ,w, ,we)dzdydt = I F(w. ,w, ,we) j 2 • 

-co 

( ) I ( ) i< .. ar+,.o,+f•or> P6: It g 2: ,f ,t == :r: ,f ,t e , then 

W1 (:r: ,f ,t ,w. ,w, ,w,) == Wt (:r: ,f ,t ,w. -woa ,w,-w0, ,w, -woe). (Modulation property) 

P7: It I (w ,J ,t) == g (:r: ,J ,t )•Ia (:r: ,y ,t ), 

then W1 (:r: ,y ,t ,w. ,w, ,Wt) = W, (:r: ,y ,t ,w. ,w, ,w1 ) • W1 (:r: ,y ,t ,w. ,w,, w1 ) 

2: ,, ,t 

where • • 'denotes convolution w.r.t. the w.r.t. the spatiotemporal variables. 
2: ,y ,t 

(Convolution property) 

P8: It I (:r: ,y ,t) == g (2: ,y ,t )h (:r: ,y ,t ), then 

1 
W1 (z ,y,t ,w. ,w, ,w1 ) = sn" Wg (z .g,t .w. ,w11 ,w1 ) • W11 (z .g.t .Wz .w11 .w1 ) 

w. ,w, .w, 

where • 'denotes convolution w.r.t. the spatiotemporal-frequency variables. 
w. ,w, ,w, 

(Windowing property) 
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Appendix C: The WD or a linearly translating image. 

Let the WD of 6(:r -"• t , y -v, t ) be denoted by W tl..:r ,y , t , w. , w, , tDt ). Then 

co 

==I _£Is{ (:r+a/2)-v. (t+r/2). (r+.S/2)-v, (t+r/2)} 

6 :r -<r/2 -v. t -r/2 , y -,8/2 -f1, t -r/2 e s 1 dad {Jd T • { ( ) ( } ( } ( ) } -i(aw +IJ• +N1 ) 

co 

=I _£Is{ (:r+a/2)-v. (t+r/2) }s{ (:r-a/2)-v. (t-r/2)} 

co 

= J _£I6{ (:r-"• t )+(a/2-"• r/2) }s{ (:r-v. t Ha/2-t~,. r/2)} 

co 
= 6{%-t1z t )6(y-t1, t >I I J6(a-v. r)6(/J-f1, T)e -j(aw,+tJ•,+,.,) dad {Jd T 

-co 

c( t t)coi { -i(•,•,+•,•,>r} -intJ'd = o :r-v. ,y-v, e e r 
-oo 

co 
y >f -i(•,•,+•,•,+•,l"d = "':r -v,. t ,y -v, t e T 

-co 

- 6(:r -v. t ,y -v, t )c5( "• w,. +"r w, +we). 

(C-1} 

(C·3) 

(C-4) 

(C-5) 

(C-6) 

(C-7) 

tC-8) 

(C-9) 
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FIGURE CAPTIONS 

The vector displacement Held produced by a moving object. 

Overview or Feature Correspondence approach. 

Overview or Spatiotemporal Gradient approach. 

Locus or possible velocity solutions (dotted line) to lfadient constraint equation (1-
5) at some point (:0 ,y 0). Having superposed the velocity plane on the image plane 
centered at (: o-J o), we see that any or the depicted vectors could correspond to the 
true How vector at (:o,Jo). 

Overview or Fourier Phase approach. 

Overview or STF Approach (Gatni & Zeevi). 

The orthogonal velocity or an arbitrary spatiotemporal frequency ( w, , w, , wt ). 

The peneil region associated with some arbitrary velocity vl over which Gafni and 
Zeevi suggest one integrate to 11nd the corresponding value or the velocity polling 
function at ...-L. -

The velocity ambi~ty associated with viewing a moving grating through a circular 
aperture. 

Figs. 10a-t, Examples or velocity planea in the spatiotemporal-frequency space. 

Fig. 11 Overview or Modlfted STF approach (Jacobson & Wechsler). 

Fig. 12 Flow diagram or STF program. 

Fig. 13-19 (a) Image functions, (b) Predicted vs. experimental results, and (c) Velocity polling 
functions. 

Fig. 20 Comparison or various optical flow estimation approaches. 
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ABSTRACT 

High resolution synchrotron radiation photoemission studies provide the 

first detailed microscopic view of reactions at a refractory metal/GaAs 

interface. Core level and valence band results indicate weak interaction 

between the Cr adlayer and the substrate at low coverage, i.e. no reaction 

products are observed although the Fermi level is fully pinned by -lA. 

Instead, a metastable Cr overlayer forms and, at a critical coverage of -2A, 

it triggers extensive substrate disruption. ·A model is presented to account 

for the onset of reaction. Between -2 and -8A the morphology changes 

rapidly, corresponding to atomic intermixing and formation of Cr-Ga and 

Cr-As bonds. ·Arsenic outdiffuses readily through the intermixed region and 

is present in chemical states corresponding to a Cr-As phase and 

surface-segregated As. Gallium out diffuses very little, but it too forms a 

Cr-Ga phase. At coverages of -50A the valence bands are dominated by Cr 

d-states and resemble those of Cr metal, but core studies show that arsenic 

is still present· in substantial quantities (-20% of original level). 

PACS: 73.40.+y 
73.40.Ns 

73.40.-c 
79.60.Gs 
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Introduction 

The microscopic properties of interfaces between dissimilar materials 

have come under increasingly critical scrutiny in the last few years. Great 

strides have been made possible in part by advances in experimental 

techniques of surface science and in part by rapidly improving schemes for 

calculating the electronic properties of overlayers on various substrates. 

In light of the significance of interface phenomena, it is not surprising 

that many important studies have addressed questions relating to the 

chemical nature of the adatoms, clustering, bonding, intermixing, and the 

nature of the compounds which form.1,2 

Much of the research dealing with metal/semiconductor interfaces has 

emphasized Si with overlayers of noble, near-noble, and simple metalsl-9 or 

compound semiconductors with overlayers of the noble and simple metals, with 

emphasis on GaAs(llO).l,2,10-18 In contrast, much less is known about 

interfaces involving refractory or rare earth metals on semiconductors, 

although recent work with Si 19- 25 has demonstrated the importance of such 

systems. Indeed, as noted recently by Oelhafen, Freeouf, and coworkers,25 

one should expect a richness of phenomena for d- and f-band metal 

interaction with compound semiconductors. 

We have recently undertak~n an examination of d- and f-metal interfaces 

with GaAs(llO). The first results for Cr are presented in this paper. 

These synchrotron radiation photoemission studies reveal a complex interface 

with the following properties: 

1. Cr atoms interact weakly with GaAs(llO) for low coverages and have 

little effect on the substrate valence states for overlayers of 

0-2A. In this range, two-dimensional Cr patches grow laterally, 
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attenuating emission from GaAs states while contributing states 

within -2 eV of EF. 

2. Surface sensitive and bulk sensitive studies show that the Schottky 

barrier height is completely stabilized before the onset of 

reaction. 

3. Substrate disruption and reactive interdiffusion is triggered at 

e=ec=2 A where ec denotes critical coverage •. Major changes occur 

for 2~e~8 A. At e=ec, As is released from GaAs-type bonds and its 

binding energy increases, suggesting that it segregates to the 

surface. At the same time, Cr-Ga and Cr-As bonds form. For both 

of these, core level shifts to lower binding energy are observed. 

No evidence is found for ternary compounds. 

4. The reacted layer is relatively stable between -8 and -20A, and 

covering up starts near 25A. At heavy coverage, the valence band 

of the overlayer converges to that of Cr. Nevertheless, core level 

studies show the presence of As in two chemical states for e-50A, 

and much greater out-diffusion of As than Ga. 

Experimental Techniques 

Photoemission studies were done at the Synchrotron Radiation Center's 

Tantalus light source using the 3m toroidal grating monochromator. For the 

high resolution measurements reported here, the pass energy of the 

cylindrical mirror electron energy analyzer (CMA) was set at 15 eV to give a 

total resolution of 400 meV for the As core levels at hv=85 eV and 280 meV 

for the Ga cores at hv=60 eV (250 meV and 230 meV, respectively, for bulk 

sensitive measurements at 50 and 30 eV photon energies). For the valence 

band studies, the resolution was 0.250 eV. Typical counting rates were 104 
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counts/sec at the Ga or As 3d cores peaks and 103 for the maximum emission 

of the valence bands. This compromise between resolution and counting rate 

allowed sensitive measurements of changes in the core and valence band 

states as interface reaction proceeded. Such high resolution work is 

absolutely essential if different bonding configurations are to be observed 

for the interface species. The overall precision in determining binding 

energies is estimated to be 0.05 eV. The photoelectron collection geometry 

had the sample normal coincident with the acceptance annulus of the analyzer 

in s-polarization, and the angle of incidence of the beam was approximately 

45°. LEED studies were conducted to investigate the morphology of the Cr 

overl ayer. 

GaAs(llO) samples obtained from Crystal Specialties were prenotched, 

etched and cleaved ~situ immediately before the measurements began (n-type 

with Si doping at 4xlol8 cm-3).· Mirror-like surfaces 4mmx4mm were obtained 

routinely, and their microscopic quality was judged with valence band and 

core level photoemission to assure homogeneous surfaces with flat band 

conditions. Comparisons for Cr overlayers on surfaces where EF was 

initially pinned by cleavage defects showed no systematic differences. 

All studies were conducted in a UHV vacuum system which ordinarily 

operates in the mid lo-ll Torr range, as described elsewhere.27 These low 

pressures were improved still further by evaporation of Cr. During 

evaporation, the pressure never rose above 2 x lo-10 Torr, and no evidence 

of surface contamination was observed. An Inficon thickness monitor was 

used to determine deposition rates. For low coverages, the thickness was 

determined by timed evaporations after stabilization of rate at -lA per 

minute. All depositions and studies were conducted at room temperature. In 

this paper, Angstrom units are used with 1A=0.9ml corresponding to the 
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surface atomic density of GaAs(110), 8.9x1o 14 atoms/cm2• We do not use 

monolayer units because to do so might suggest epitaxy - our results do not 

show epitaxy. 

The spectra shown here represent numerous cleaves and repetitive 

evaporations. Comparisons of spectra for interfaces produced by a single 

heavy deposition and those obtained by incrementally with the same total 

coverage showed no substantive differences. Reproducibility of the spectral 

features was excellent. 

Experimental Results 

In Figs. 1 and 2 we show the effects of Cr deposition onto GaAs(110) 

for the valence band region within 10 eV of EF with corrections made to 

compensate for band bending. The bottom-most curve represents cleaved 

GaAs(110). The EDC's are normalized near 2 eV for coverages 0-2A, and they 

show little change in the GaAs-derived structures, except attenuation. 

However, at these coverages, Cr-derived emission grows within 2 eV of EF. 

The valence bands vary substantially between -2 and -8 A but they are 

relatively insensitive to coverage by e~sA. The VB spectra show gradual 

convergence to bulk Cr above -20 A. 

In Figs. 3 and 4 we show Ga 3d and As 3d core EDC's with high surface 

sensitivity, -6A for both Ga and As.28 The energy scales have been corrected 

for changes in the Fermi level position, with the horizontal lines at the 

bottom indicating -700 meV band bending between the unpinned and the fully 

pinned surface. Final pinning was achieved by -lA overlayer. 

The Ga 3d EDC's show little change in shape which could be related to 

reactions at the interface for 0i2A (see Ref. 28 for detailed surface and 

bulk deconvolution of the Ga and As cores for cleaved GaAs). Above -2A, 
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however, new emission appears shifted to lower binding energy. Between -2 

and -8 A, it grows steadily and dominates. For e~14A, only the 

fully-shifted Ga core levels are observed, and these attenuate with 

increasing coverage. Studies of the behavior of the center of mass of the 

reacted component show that it shifts steadily to lower binding energy with 

coverage. 

EDC's for the As cores have more structure than those of Ga. At 1 A 

coverage, the surface-shifted core on the low binding energy side of the 

main line28 is attenuated but not completely suppressed. New As features 

appe~r for e~2A. Lineshape analyses reveal three As species: As in GaAs, As 

at lower binding energy, and As at higher binding energy (analysis to be 

discussed in the next section). The shifted features grow with coverage as 

the chemical constituency of the probed region changes and the unshifted or 

bulk contribution is lost. For 8~~20A, there is little change in the 

spectra, except for the slight increase of the higher binding energy feature 

relative to the lower. At coverages of SOA, the contribution from the Cr 3p 

core is clearly visible and obscures further As analysis. 

In Fig. 5 we show the total integrated core intensities normalized to 

the clean surface intensity, I(a)=ln[I(e)/~(0)], to determine the changing 

number of Ga and As atoms within the escape depth. The results show that 

the As content is much greater than Ga at high coverages. Indeed, Ga is 

invisible after -30A while the As level at -50A is still 20% of its starting 

value. The different symbols indicate different cleaves and the scatter 

indicates the reproducibility of the measurements. For Ga, two additional 

lines are· drawn corresponding to the attenuation of the unshifted 3d and the 

reacted components. Whereas the unshifted component vanishes very quickly, 
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the growth and then more gradual attenuation of the shifted component 

indicates reaction and limited outdiffusion. 

Discussion 

A. Low coverage regime 

The low coverage studies, O<e~2 A, make it possible to address 

questions regarding overlayer ordering, the strength of the Cr/GaAs bond, 

the onset of chemical reaction, and the mechanism which initiates the 

surface disruption. 

The valence band emission of Figs. 1 and 2 for ~2A of Cr on GaAs can be 

modeled by attenuated GaAs states plus new Cr-derived states. Analysis 

indicates a steady increase of emission near and below EF with a substantial 

number of metal-induced states at EF by 2A. The core studies demonstrate 

that the Ga and As 3d emission is unshifted and unbroadened - only the 

surface core level shift is lost {Figs. 3 and 4). Qualitative information 

on the morphology of the Cr overlayer is obtained from the evolution with 

coverage of the LEED pattern. The 1x1 pattern from the substrate was 

observed to fade progressively into the increasing background and disappear 

between 2 and 3 A with no evidence for a metal-induced superstructure. We 

can therefore exclude the formation of a epitaxial layer of Cr on the 

GaAs(110) surface. The persistence of the-substrate patt~rn at coverages 

larger than 1 ML shows that a substantial fraction of the GaAs surface is 

still uncovered and indicates a non uniform distribution of the metal atoms, 

as observed, for example, by Skeath et !1.13 for Ga on GaAs(110). No 

evidence for Cr adatom ordering on the substrate was found (epitaxy). 
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Our core level, valence band, and LEED results show that Cr adatoms 

interact weakly with the substrate during the first stage of interface 

formation. Changes observed in the valence bands of Figs. 1 and 2 show the 

Cr contribution to be dominated by states 0.5-1 eV below EF, i.e. by 

d-states which appear much narrower than for bulk Cr. With increasing 

coverage, the valence band emission near EF grows smoothly and a smooth 

transition to a system having a large number of states near EF at 2 A is 

observed. This is consistent with what might be expected for a weakly 

adsorbed layer of Cr patches growing laterally with coverage until reaction 

starts at -2A. 

Growth modes based on three dimensional island formation ·were 

considered as alternates to two dimensional lateral patch growth for Cr on 

GaAs(110), but no convincing evidence was found for extensive island 

formation. In contrast, recent studies of Ce/Si(111) did provide compelling 

evidence for 3d island growth23. In that case, the metal-induced d- and 

f-states appeared well below EF- a fingerprint of transition metal clusters 

observed in all photoemission studies to date29 - and the attenuation of the 

unshifted core was much less than expected for uniform coverage by a 

highly-efficient scatterer like ce23. 

The two dimensional patchwork of Cr atoms which grows on GaAs should 

not be construed as a layer of Cr having bulk Cr properties. Instead, the 

photoemission results show narrower d states than for bulk Cr with evolution 

toward metallic character. These patches are best viewed as Cr atoms bonded 

strongly to other Cr atoms with only weak interaction with the substrate. 

Their instability is reflected by the transition from weak-interaction to 

strong-intermixing at the critical coverage of -2A. 
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The relative strengths of the Cr-Cr and Cr-substrate bonds are 

fundamental for modeling the interface. The Cr-substrate bonds have been 

shown above to be very weak, as indicated by the lack of core shifts for Ga 

or As. However the Cr-Cr bonds are more difficult to assess in the absence 

of bond lengths. Nevertheless, it seems likely that the patches which form 

are not epitaxial but have bond lengths closer to those of bulk Cr than 

GaAs, i.e. close to the nearest-neighbor distance of Cr (2.5A). 

This two dimensional patch model is similar to the cluster model 

proposed recently by ZungerlO when he considered the energetics of the 

Al/GaAs interface at low coverage. His very intriguing calculations 

indicated that Aln molecular bonding in 3d clusters would be energetically 

favorable to Al-GaAs bonds, as with Al/GaAs, we propose that the Cr patches 

provide the energy necessary to create defects to pin the Fermi level. As 

with Al/GaAs, however, it must remain for a total energy calculation to 

examine the stability of the cluster and correlate its instability with the 

triggering of surface disruption. 

Intermediate or reactive regime 

The results for the intermediate phase, 2~e~20A shed light on questions 

related to variations in bonding, changes in morphology, and compound 

formation. 

If the first stage is characterized by the transition from weak 

interaction to the instability threshold, the second stage is associated 

with very strong interaction and intermixing. Core level analysis shows 

surface disruption triggered at 2A, as discussed above. At that point, the 

As core lineshape is complicated, exhibiting components at higher and lower 

binding energy relative to the initial As position. Unfortunately, 

quantitative lineshape deconvolution in this reacted region is complicated 
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by the close proximity of the different features at low coverage (overall 

separation 0.65; resolution 0.40 eV) and by the Cr 3p emission at high 

coverage. Nevertheless, semiquantitative analysis shows that three distinct 

As species are observed. Each has a well defined binding energy, and this 

binding energy does not shift with coverage. Instead, the observed Eoc•s 

change in appearance because of changes in relative concentration of the 

different As species. At low coverage, As bonded in the GaAs configuration 

is still present within the escape depth of the photoelectron. At the same 

time, the second specie appears at 0.4 eV lower binding energy (shoulder at 

e=4A) and the third feature is present at 0.25 eV higher binding energy. 

From simple electronegativity considerations, the component at lower binding 

energy should be associated with reacted As in a CrAs bond (Pauling 

electronegativity 1.81 for Ga, 2.18 for As, and 1.66 for Cr). The component 

at higher binding energy appears more like elemental As than As bonding in 

GaAs and can be associated with surface segregated As. ·It is then analogous 

to the final Si component often observed for metaf/silicon systems. The 

three As components then follow the hierarchy: reacted As in a CrAs phase, 

unshifted As in GaAs, shifted As in a surface segregated state. 

For 0=4 A, the CrAs component accounts for -40% of the total As 

emission and the other two are approximately equal. With increasing 

coverage, it grows relative to the others and the unshifted component is 

attenuated rapidly. Analysis at high coverage, e~l4-20 A, shows As in the 

outer layers of the interface to be -67% reacted As with the remainder of 

the EDC accounted for by surface As and the emerging Cr 3p. From analysis 

of the simpler Ga 3d core Eoc•s, to be discussed shortly, we can conclude 

that the unshifted As component is negligible at -10 A because residual Ga 

in the GaAs state is fully attenuated (intensity e-3 of original intensity). 
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Hence, the core analysis for As .shows that the reacted phase first appears 

at 2 A, grows quickly to dominance, and persists to very high coverage with 

a lineshape different from the simple As 3d doublet by a contribution from 

surface arsenic (and ultimately Cr). 

Support for the identification of the high binding energy component 

with a surface As comes from its continued presence at high coverage but 

also from studies of As on GaAs surfaces by van der Veen et ~30. They 

showed the binding energy of free arsenic on GaAs(100) to be greater than 

that of As in a Ga-As bond, and Ley ~~31 reported the binding energy of 

crystalline As to be 41.7 eV, slightly greater than that of our surface As 

component. 

The results for As species are particularly interesting because they 

show that as soon as reaction is triggered there is a surface segregated 

component as well as a reacted component. This suggests a complex 

morphology involving covalently bonded As coexistent with the GrAs phase 

when the total extent of the interface is limited to a few monolayers (two 

monolayers average Cr deposition plus an unknown thickness of disrupted 

GaAs). 

The behavior of Ga is very different from As upon disruption of the 

GaAs surface. Lineshape analyses for the Ga 3d using two sets of spin-orbit 

split doublets, corresponding to unreacted Ga and fully-shifted Ga, proved 

largely unsuccessful. Even for the fully-shifted Ga 3d EDC for 20 A 

(Fig. 3), the high binding energy component of the doublet appears too 

strong, based on comparison with the branching ratio of Ref. 28 for clean 

GaAs. We suggest, therefore, that Ga atoms are present in a variety of 

slightly different environments in the intermixed regime and that a single 

well-defined phase does not form. 



-12-

The core level Eoc•s show the total shift to be 1.25 eV at 20 A 

coverage, a shift which exceeds that for free Ga 32. An analogous shift was 

observed in XPS studies of thick layers of Ti on GaAs(100)26 and was 

attributed to formation of a Ti-Ga intermetallic. The formation of a 

similar Cr-Ga intermetallic phase which exists over a range of 

stoichiometries is consistent with our results. The spatial extent of the 

Cr-Ga phase can be estimated from the attenuation of the total, the 

unshifted, the shifted Ga 3d emission. As shown in Fig. 5, the total 

emission fally rapidly with coverage, appearing exponential with attenuation 

coefficient of -8 A for 0<10 A. That behavior is, however, misleading as 

can be seen by comparing with the EDCs of Fig. 3 where we observe that the 

unshifted Ga is negligible above -14 A. Better insight comes from the 

attenuation of the unshifted core which, as shown in Fig. 5, drops to -e-3 

by 10 A (attenuation length 3A). At the same time, the reacted component 

grows with coverage to a maximum at about 7A, then is attenuated slowly 

(attenuation length 13 A) at higher coverage. From these, we can conclude 

that the unreacted surface retreats from the initial surface because of 

extensive disruption (the apparent attenuation length is too short to be 

explained by an escape-depth driven attenuation through an overlayer). The 

reacted-Ga content in the outer layer is greatest -7 A and it appears to be 

relatively immobile. Hence, we conclude that reactions involving As are 

very limited in scale and that the interface reaction products act as 

diffusion barriers (or chemical traps) for Ga but not for As. Our 

observation that Ga is quickly depleted from the interface while As is not 

shows that the compounds which form are binaries rather than ternaries 

involving Ga, As, and Cr. 
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Comparison of the valence band EDCs for the intermixed phase with those 

for the analogous intermixed phase at the Cr-Si interface shows remarkable 

similarities. Indeed, one should expect that many of the ideas developed 

for bonding of metals with silicon should be applicable to bonding with 

arsenic. 33 In particular, experiment and theory showed that for Cr/Si 

Si-p/Cr-d bonding states were formed 20 , 22 • These bonding states extended to 

-6 eV below EF, were dominated by Cr d states, and contributed relatively 

unstructured emission to the EDCs in our photon energy range because of the 

larger cross section of the nonbonding d states. Hence, we postulate the 

existence of such bonds for the Cr-As phase and identify the states close to 

EF as derived primarily from nonbonding Cr d-states. In this model, the 

observed sharpening of the valence bands with increasing coverage after e~20 

A reflects the formation of a Cr-rich overlayer. The relatively unchanging 

appearance of the valence band spectra between -10 and -20 A is consistent 

with outdiffusion of As into the overlayer and continued Cr-As phase 

formation. The nearly constant As content of the outer layers is shown by 

the slight attenuation of the total As 3d emission between 10 and 20 A 

(Fig. 5). 

C. High coverage or covering-up regime 

The photoemission results of Figs. 1-5 show that after 20-25A the 

valence band converges to that of bulk Cr. These results are somewhat 

misleading, however, because photoemission is most sensitive to states 

having the highest photoionization cross sections. For the 

transition-metal/semiconductor interfaces this implies dominance by 

non-bonding d states over nonmetal-derived s-and p-states. As has been 

shown for interfaces involving silicon, 8, 20 ,22 d states which hybridize with 

the p states of Si (bonding or antibonding) are seen much less well at low 
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energy than high9. Hence, as we find here, core level studies of the 

nonmetal are important to adequately model the interface morphology. 

The As 3d core results of Figs. 4 and 5 provide clear evidence that As 

continues to outdiffuse. Both the Cr-As phase and surface segregated As are 

present for high coverage, with the relative importance of the surface 

component growing compared to the reacted component. Overlap of the Cr 3p 

and As 3d core emission makes it impossible to follow the As content of the 

outer layers after 0)50A, but continued outdiffusion seems likely. We would 

then anticipate that the surface component would continue to grow relative 

to the reacted As because of gradually reduced outdiffusion of As through 

succesively thicker reacted layers. Signi'ficantly, the unvarying core 

lineshapes and binding energie~ indicate that the local environment of the 

As atoms does not change - reaction of Cr with As from the bulk then 

continues, limited only by the availability of As. Indeed, from Fig. 5 we 

see that the total As content of the outer few monolayers is -20% of the 

concentration of the cleaved surface for 50A of Cr coverage. Note also that 

the concentration of Ga at this surface is negligibly small. 

Conclusions 

One of the most significant results of this study was the demonstration 

of a critical coverage at which reaction is triggered. Qualitatively, this 

triggering has been correlated to energy instabilities due to Cr aggregates. 

It remains, however, to form a quantitative picture of such a surface 

disruption. Such studies represent the logical extension of the interesting 

models for electronic interactions at surface and are now possible with 

super-fast supercomputers. Experimentally, it remains to demonstrate 

whether the triggering phenomenon is common to other metal/semiconductor 
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systems by considering systems likely to share the characteristic and 

systems likely to react immediately. Such studies are presently underway, 

as are temperature dependent investigations of surface ordering. 
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Figure Captions 

Fig. 1. Photoemission energy distribution curves (EDCs) for Cr 

overlayers on cleaved GaAs(110) for hv=21 eV showing weak interaction and 

the evolution of Cr states for coverages 0<G~2A (Cr induces states near EF 

and attenuates those of GaAs). At a critical coverage of -2A, the Cr 

overlayer triggers reactive mixing with GaAs and compound formation. Above 

about 20A, the Cr overlayer gradually converges to that of Cr metal. 

Fig. 2. EDCs for Cr overlayers on GaAs(110) for hv=30 eV, analogous to 

those of Fig. 1. Emission from states in the vicinity of 4 eV are better 

seen at 30 eV than 21 eV and reflect hybrid As-p/Cr-d bonding states. With 

increasing coverage, the valence bands sharpen and these states are replaced 

by those of Cr metal. 

Fig. 3. Core level results for the Ga 3d level at hv=60. The 

magnitude of the shift of EF upon formation of the Schottky barrier is shown 

by the horizontal line at the bottom, and corrections for this shift have 

been made. When reaction is triggered, a second Ga feature appears at lower 

binding energy and, with increasing coverage, it shifts further and 

ultimately dominates. Note that the curves are drawn for visual clarity; 

the magnitude of the total emission faJls almost exponentially for G<10A, as 

shown in Fig. 5. 

Fig. 4. Core level results for the As 3d level at hv=85 eV with the 

same escape depth as the Ga core of Fig. 3. Upon reaction, the As core 

shows the appearance of two ~ew components corresponding to As which surface 

segregates and to As which reacts to form a Cr-As phase. Cr-3p core 

emission can be seen to appear at about 32A an dominates by 52A. 
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Fig. 5. Integrated emission for the As 3d (top) and Ga 3d (bottom) 

cores normalized to those of the clean surface showing core level 

attenuation. For As, a sharp break at 2A corresponds to the onset of 

reaction and release of As from the interface. As persists to the limit of 

our measurements (see Fig. 4). For Ga, the total attenuation is more nearly 

exponential, but core level deconvolution shows the unreacted core to be 

attenuated very fast and the growth of the reacted phase to reach a maximum 

at about 7A. 
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For the sake of convenience and simplicity it has long been customary to 

use the thermal voltage kT/q [1] for voltage normalization in semiconductor 

problems. One of several illustrations of the physical meaningfulness of the 

thermal voltage is the fact that voltage drop on the heavily doped side of a 

grossly asymmetric junction amounts to kT/q [2]. For distance normalization, 

Debye length has been extensively used. Originally developed in a theory of 

strong electrolytes [3,4], it too had early application in semiconductor theory 

[5]. It is a description of the screening phenomenon exhibited by mobile 

charged species and its efficacy as a scaling distance is readily demonstrated. 

An accumulation layer associated with a semiconductor surface, or with a high

low step junction, constitutes~ familiar one-dimensional physical con

figuration. Numerical computation of potential versus position, or electric 

field versus position, in an accumulation layer produces a universal curve when 

Debye length is used to normalize the spatial scale, this holding for all values 

of equilibrium bulk potential (in the region containing the layer) above 

approximately two normalized units [6,7]. Furthermore, it becomes evident that 

the accumulation layer exhibits a thickness that for practical purposes amounts 

to one Debye length. 

On the other hand, for quantities such as carrier mobility, and hence con

ductivity, arbitrary values have been employed for normalization [8,9]. All 

that is needed, however, to bring these physical quantities within the preserve 

of variables possessing 11 natural 11 values is an appropriate formulation for nor-
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malizing the time variable. Here it is proposed that the time required by a 

majority carrier moving at its average thermal velocity to traverse a distance 

of one extrinsic Debye length constitutes a useful and natural unit of time. 

In order to illustrate the principles under discussion here, let us consider 

majority electrons in silicon. In an appreciably extrinsic sample at room tern-

perature, mean free path is of course set by carrier interactions with ionized 

impurities. If the sample is uncompensated as well, then mean free path 

approximates Debye length, and hence an "average" conduction electron can 

realistically traverse such a distance at its thermal velocity. Furthermore, 

this time interval is identically the dielectric relaxation time, as we shall 

show below. 

Since the average energy of conduction electrons at equilibrium amounts to 

3kT/2, ·it follows that average thermal velocity for these carriers is 

Vt = /!~: 
(1) 

where mn* is electron effective mass, taken here as 0.33 m0 • (Since at room 

temperature this velocity is some three orders of magnitude below the velocity 

of light, we were justified in using the classical kinetic-energy formulation.) 

Hence for the extrinsic N-type sample assumed, for which the Debye length is 

Lo = ~~~ q qn 

we find the reference time interval to be 

Lo 
tnr = - = Vt 

( 2) 

(3) 

Normalizing quantities for several other variables then follow readily. For 

diffusivity, we have 



=-= 
tnr 

for mobility,. 

hence, for conductivity, 

q
kT I 3£ 

nmn* 

For completeness, let us add 

Er = kT/q = ;'kTn 
Lo E: 

3 

( 4) 

( 5) 

{6) 

(7) 

In Eqs. (3) through (7), the subscript r is intended to denote the "reference" 

or normalizing value of the variable. 

For the sake of physical insight, it is convenient to choose the reference 

mobility ~nr (Equation 5) for comparison with experimental data. This was done 

in Fig. 1 where we have plotted ~nr versus n {upper curve) and also ~n versus 

n (lower curve), using for the latter, experimental data on electron conduc-

tivity mobility in silicon taken from a recent compilation [10]. Evidently the 

curves converge in the st~ongly extrinsic, nondegenerate range. (The pairs of 

curves for holes in silicon and for electrons and holes in other semiconductor 

materials are qualitatively similar, although the agreement is not as close.) A 

measure of physical meaning in the suggestions offered above is provided by the 
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observation that lJnr is an approximate .. extrinsic asymptote" for experimental 

data on carrier mobility. 

Next, we show that the time interval tnr defined in Eq. (3) is identically 

the dielectric relaxation time. (It is also approximately equal to the inverse 

of the angular frequency known as the plasma frequency; dropping the factor 13 

in the denominator of Eq. (3) ·brings the two into coincidence.} For this pur-

pose, let us adopt a macroscopic point of view, in contrast to the microscopic 

point of view employed in the definition of tnr· The dielectric relaxation 

time in N-type silicon can be regarded as the characteristic time of "leaky" 

parallel-plate capacitor of plate area A whose dielectric region consists of a 

layer of N-type silicon having a thickness d [11]. The leakage resistance 

inherent in this structure is readily found from the pl/A prescription to be 

d 
R =aA • 

Also, its capacitance is 

c 
r.A 

d 

(8) 

(9) 

Hence the characteristic time of this device, the dielectric relaxation time, is 

e; 

=-
a 

{10) 

and substituting anr for a yields 

(11) 
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Thus dielectric relaxation time can be described as the time required by a 

majority carrier at thermal veloc1ty to travel one extrinsic Debye length. 

In concl~sion, let us return briefly to the matter of distance nor

malization, or scaling length. Under some conditions the extrinsic Debye length 

Lo has clear advantages for this purpose, as pointed out above and previously 

[5-7]. But there exist cases wherein the use of Lo or any other scaling length 

hinders understanding rather than aiding it [12]. Furthermore, there are 

classes of semiconductor pro~lems in which a different scaling length is pre

ferable. For example, a different but simply formulated quantity (LJw) is use

ful in scaling depleted regions [13]. More recently, another option (Lsw) has 

been offered for the same purpose -- an option that is appreciably more compli

cated, but much more precise [14]. The same paper offers also an accurate 

method for modeling inverted regions, one that involves yet another scaling 

length (Linv). In fairness, however, it should be pointed out that all of these 

latter-day sc~ling lengths make implicit use of the extrinsic Oebye length. 
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FIGURE CAPTION 

1. Comparing curves of reference mobility ~nr for N-type silicon versus 

doping, .and experimentally determined electron mobility ~n versus doping. 
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ABSTRACT 

It is shown that electric field at a strongly inverted or accumulated 

surface is uniquely related to surface potential, and is independent of 

other variables such as substrate doping an (in the MOS context) insulator 

thickness or permittivity. Equivalently, junction potential is a sufficient 

determinant of the analogous electric-field value in a grossly asymmetric 

junction, and this value is unaffected by forward bias and modest reverse 

bias. The field value in question is exponentially related to junction (or 

surface) potential, and this fact combined with the field-continuity require

ment and analytic treatment of high-side field explains the saturated high

side potential drop of kT/q. 
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INTRODUCTION 

Garrett and Brattain! pointed out the saturation at kT/q of the potential 

drop on the high side of a grossly asymmetric junction, and the fact that this 

state of affairs is to some degree bias-independent, and they further emphasized 

the equivalence of the equilibrium-junction and semiconductor-surface problems. 

They did not, however, offer a physical explanation for the saturation phenome-

non. It is our purpose here to supply the missing explanation. We shall make 

the customary approximations and assumptions, namely those identified as (1) 

Poisson statistics, (2) equivalent density of states, (3) complete ionization, 

and (4) band symmetry. 

We begin with the specific junction type shown in Fig. 1, a PN+ one-sided 

junction. In the Appendix we show that the result is the same for a reversal 

of conductivity type, and indeed, for high-low junctions as well as one-sided 

junctions. 

ANALYSIS 

Garrett and Brattain carried out the first integration of the 

Poisson-Boltzmann equation, yielding a result that is usually written as 

(1) 

where Loi is intrinsic Debye length and u01 is normalized bulk potential on 

the lightly doped side. The cause of clarity is served by carrying through 

the analysis for particular junction type and deferring generalization. 

Figure 1 offers the case chosen for analysis, a PN+ junction, with low-side and 

high-side bulk potentials of u01 and u02 , respectively. The quantity U = U(x) 
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is of course the normalized electrostatic potential. As shown in Fig. 1, the 

Fermi level is taken as the potential origin for computing U(x) and the bulk 

potentials. The quantity jdU/dxj is partially normalized electric field. 

Our concern is only with its ma~nitude, since sign is evident from the physics 

of the problem (and is, of course, negative for the case depicted in Fig. 1). 

Converting Eq. (1) to exponential form yields for the field magnitude at the 

junction 

I .QQI· = - 1- leu01(u -u -1)+e-u01(u -u -1)+(euJ+e-UJ)j 1/ 2 
dx L0i 01 J J 01 • ( 2) 

where UJ is normalized potential at the junction. Elementary considerations 

inform us that potential drop on the left-hand side must greatly exceed that on 

the right-hand side. It follows from Fig. 1 that the magnitude of UJ is much 

greater than that of Uo1• Hence it is evident that the only term that will 

survive in Eq. (2) in the presence of considerable asymmetry is that involving 

exp(+U). since ·uJ is positive in the case selected for illustration. Con

verting, then, to the most familiar dimensions for electric field we can write 

for the case of silicon 

( 3) 

where we have employed values appropriate to 24.8°C, namely, (kT/q) = 
10 3 0.02567 V, and ni = 1.00 x 10 /em , to evaluate the coefficient. Thus we see 

that the electric-field magnitude at the junction is uniquely and exponentially 

related to junction potential. This relationship is plotted in Fig. 2. In a 

curious aside, we may note that the simple relationship displayed in Fig. 2 

becomes obscured when electric field is converted to fully normalized form 

involving extrinsic Debye length, as is often done. Thus, while normalization 
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is a powerful tool for simplification and generalization, it can also reduce 

clarity in some cases, and this is one of them. 

Since field continuity must exist at the junction, it becomes necessary 

to examine in detail conditions on the heavily doped side. This is made 

possible by the depletion-approximation replacement (DAR)2, which is based in 

turn on the general solution for junction and surface problems3-5. On the high 

side of the sample, the junction falls in the vicinity of the spatial origin 

established in the DAR. It has been shown that an accurate approximate 

expression for electric field in this neighborhood can be written as6 

= /2(e-w + w -1) 
• ( 4) 

where W is normalized potential on the high (right-hand) side, with the bulk 

potential taken as reference. (Its definition, W = u02- U, is clarified in 

Fig. 1.) Now let us assume a high-side potential drop of one normalized unit 

and examine whether this assumption is consistent with field continuity at the 

junction. Note in Fig. 1 that this assumption amounts to setting WJ = 1. It 

is convenient to rewrite Eq. (4) in the form applying specifically at the 

junction, and to do so using "mixed" notation: 

d(~~L0 ) = ~2(e-(Uo2-UJ)+ WJ-1). 
J 

But for WJ = 1, this becomes 

dW 

Hence, 

i EJ i = li__ 
qLo 

U02 UJ 
=i2e __ 2_e_2_ 

J 

= _ll_ I cosh u02 qLDi 

( 5) 

( 6) 
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dW (7) 

where the approximation in the last step introduces the mild restriction that 

Uo2 must exceed two or three normalized units. Then, substituting the right-

hand side of Eq. (6) into Eq. (7) yields a result identical to that in Eq. (3). 

Thus the high-side potential drop of kT/q can be regarded as a combined con-

sequence of field continuity at the junction, the nature of the high-side field 

function, and the exponential dependence of field at the junction upon junction 

potential. 

That the same condition holds for the junction under bias is related to 

the fact that net current under bias remains small compared to the individual 

drift- and diffusion-current components for a given carrier type. This reali-

zation constitutes the foundation of the 11 quasiequil ibrium 11 approach to 

modeling junctions and surfaces7-10. The assertion that net current is 

negligible relatively is especially valid near the metallurgical junction, 

where both field and carrier density-gradient values peak. Thus the saturated 

high-side potential drop of kT/q is relatively bias-insensitive, as well as 

being insensitive to all variables other than junction or surface potential. 

The reason that this condition holds for only modest reverse-bias values is that 

the inversion layer is quickly "swamped" in reverse bias, and peak field from 

that point forward grows approximately as the square root of the applied reverse 

voltage. 

Finally, there is another worthwhile observation that can be made about the 

normalized electric-field function on the high side of a grossly asymmetric 

junction: It constitutes a real-life example of a function with properties 

essentiQlly those of a Dirac delta function. Holding the low-side doping 
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constant, and letting the high-side doping increase without limit causes the 

peak field to increase without limit, the spatial extent of the function to 

vanish, and the area of the profile to converge on unity. 

CONCLUSIONS 

The magnitude of the electric field at a strongly inverted or accumulated 

semiconductor surface is uniquely related to the magnitude of the surface 

potential through the expression iEsi = (kT/qL0i) exp( iUsi/2). The same rela

tionship holds between the field magnitude IEJI and the junction potential IUJI 

in a grossly asymmetric junction. Net current in a forward-biased grossly asym

metric junction is predominately a current of high-side majority carriers. (For 

the device of Fig. 1 it would of course be electron current.) The field value at 

the junction, and thus the high-side potential drop, is unaltered by forward 

bias so long as that net current is negligible compared to the (very large) com

ponents of current for the same carrier that are produced by drift and dif

fusion. Electric field at the junction in a one-sided sample is also 

insensitive to small reverse bias, but begins to increase as soon as the ionic 

component of electric field on the low side becomes significant in comparison to 

the inversion-layer component of field. Potential drop on the high side satura

tes at one normalized unit, kT/q, and field-function behavior on the high side 

(with increasing doping there) is essentially that of a Dirac delta function. 
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APPENDIX A 

We wish to show that high-side potential-drop behavior is the same in any 

grossly asymmetric junction (high-low or one-sided). The junction context 

proves convenient here, but because the surface problem is equivalent, the 

result applies equally to strongly inverted or accumulated surfaces. Using an 

expression given earlier4 for junction potential UJ. we may write the magnitude 

of the potential drop on the high side as 

( Al) 

where we have chosen Uo2 as the high-side potential, but have lost no generality 

in the process because of the symmetry of the expression for UJ· Now let Uo1 

assume any finite value and examine Eq. (Al) in the limit as !Uo2l + = 

j cosh uo2 - ua2sinh u02 i 
1uo2 - 1=1. 
1 -sinh u02 I (A2) 

Thus gross asymmetry is the only requirement a junction must meet to exhibit a 

saturated high-side potential drop and the accompanying unique relationship of 

junction field and junction potential. 
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FIGURE CAPTIONS 

1. Sample chosen for analysis. 

(a) Physical representation. 

9 

(b) Potential profile at equilibrium. 

2. Magnitude of electric field at a strongly inverted or accumulated sil1con 

surface or junction versus magnitude of normalized surface potential, or 

magnitude of normalized junction potential in the case of a grossly asym

metric silicon junction. 
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