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Abstract 

Condensed-phased particles suspended in the earth’s atmosphere are called 

aerosols.  These particles have important effects on climate and human health, but the 

mechanisms by which many of these particles form is not well understood.  

Experimental techniques for studying the early stages of the formation of these particles 

currently are not available, so computational methods that are capable of accurately 

handling property calculations on tens of thousands of configurations of the molecular 

clusters that serve as precursors to aerosols are needed in order to make predictions 

about the mechanisms of aerosol formation in the atmosphere.  Fragment-based 

computational methods are a promising avenue for the affordable and accurate 

calculation of properties of large molecular clusters.  Fragment-based methods use 

linear combinations of property calculations done on fragments of the system to obtain 

an approximation of those properties for the entire system, rather than attempting a 

highly demanding computation of those properties based on considering all of the 

molecules in the system at once.  Many successful fragment-based methods have been 

presented in the literature, but this thesis focuses on one fragment-based method that is 

particularly straightforward and easy to implement: the electrostatically embedded 

many-body (EE-MB) method.  The thesis demonstrates the ability of the EE-MB 

method to make accurate predictions of properties of atmospherically relevant clusters 

and explores a few variations of the EE-MB approximation that were developed 

specifically for Monte Carlo simulations of atmospheric nucleation.   
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Chapter 1. Introduction 

1.1 General overview 

 The spontaneous formation of liquid or solid particles from gases in the earth’s 

atmosphere is a phenomenon that has a significant impact on the earth’s climate1–3 but 

whose mechanism still is not well understood.4  This process is called “secondary 

aerosol formation” or “atmospheric nucleation”.  One of the primary reasons for which 

the mechanisms of secondary aerosol formation are difficult to ascertain is that current 

experimental equipment cannot detect neutral aerosols that are smaller than about three 

nanometers in diameter, but the process of nucleation begins with the formation of 

neutral molecular clusters that are much smaller than this.4  In order to investigate the 

initial stages of the atmospheric nucleation process, theoretical calculations that account 

for the distribution of electrons around the individual nuclei that are involved in the 

preliminary molecular clusters are needed.  Additionally, these theoretical methods 

should be as inexpensive as possible in terms of computer time and memory 

requirements because (1) we need to be able to study the growth of the clusters from 

their formation from separated gas-phase molecules up to as large a size as possible and 

(2) thousands of possible nuclear configurations of many molecules, each with a unique 

distribution of electrons around the nuclei, must be sampled in order to obtain a correct 

picture of the cluster formation process because, of course, the nuclei are constantly in 

motion.   

 Theoretical methods that can make accurate predictions about the electronic 

structure and other related properties of small molecular systems do exist, but their 

computational costs (in terms of both time and computer memory requirements) 
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generally do not scale favorably with system size.  The most accurate practical 

electronic structure methods, such as CASPT26 and CCSD(T),7 scale as N5 and N7, 

respectively, where N is the number of atoms in a given system.  These methods can 

only be used for small systems.  Less computationally expensive methods based on 

density functional theory8 that have been shown to achieve accuracy close to that of the 

most accurate methods for small molecular clusters typically scale as N3 and often as 

N4.9  These density functionals can handle systems containing hundreds or even 

thousands of atoms on state-of-the-art computer systems.8  A particle of three 

nanometers in diameter would contain more than one thousand atoms, which might be 

achievable using density functional theory for the computation of the electronic 

structure and related properties of a single configuration of nuclei of a small aerosol.  

However, thousands of these calculations still would not be reasonable at these levels of 

theory for such systems.  Therefore it is clear that computational methods whose 

computational costs scale more favorably with system size than N3 and that can 

complete cluster property calculations of thousands of configurations of hundreds to 

thousands of atoms in a reasonable amount of time are needed. 

 Fortunately, a number of approximations whose costs scale more favorably with 

system size than N3 have been developed.  These methods typically fall into one of two 

(not mutually exclusive) categories: linear scaling methods and fragment-based 

methods.  

 Linear scaling methods11–26 are modifications of existing electronic structure 

methods that make the computational cost of a given method scale linearly with system 

size (i.e., to make the cost of that method scale as O(N) in the limit of large N.  
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Examples of this type of method are the divide and conquer method of Yang,11 the 

linear scaling density functional and post-Hartree–Fock calculations of Scuseria,14,22 

and the linear scaling coupled cluster algorithms of Head-Gordon and coworkers.20,26  

The advantage of these methods is that in the large-system limit these methods will 

attain the most favorable scaling possible.  However, the drawbacks of linear scaling 

methods are (1) they require specialized knowledge of the details of a particular 

electronic structure method and the modification of a particular electronic structure 

program in order to be implemented and (2) the linear scaling of these methods often is 

not seen until the system being studied is quite large: Hua et al.29 point out that “as the 

crossover between these linear scaling approaches and the corresponding conventional 

approaches occurs at quite large molecules (usually with more than two hundred 

atoms), they have not been established as a practical tool for electronic structure and 

property calculations of large systems.” 

 Fragment-based methods 29–59 require dividing a chemical system into smaller 

parts, which usually are called fragments, monomers, or subgroups, and using the 

properties calculated from the individual fragments to obtain approximations of the 

properties of the entire system.  The scaling of the cost of these methods with system 

size ranges from O(N) to O(N3), but any of these methods ultimately can be made to 

scale linearly with system size by neglecting interactions between distant fragments.  

However, although these methods save computational time and memory, many of them 

have a high cost in “human time” because they are difficult to implement if one does 

not have programming expertise and/or a good grasp of the essentials of theoretical and 

computational chemistry.  The approximation described in this work, the 
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electrostatically embedded many-body (EE-MB) approximation,55 is an exception to 

this generalization.  The EE-MB approximation is elegant in that it is straightforward 

and requires minimal programming or theoretical chemistry knowledge to implement, 

and yet it also has been shown to be a cost-effective way to obtain accurate results for 

molecular clusters of atmospheric relevance. 

1.2 Overview of Existing Fragment-Based Methods 

 Fragment-based methods can be divided into the two categories used by Hua 

et al.29: density-matrix based methods and energy-based methods (however, the reader 

should bear in mind that these are loose classifications that are intended to facilitate the 

discussion of the many fragment-based methods that are available rather than technical 

terms with strict definitions; one could find reasons to place any given fragment-based 

method in either category).  

 Density-matrix based methods30–39 emphasize the construction of the density 

matrix of a large system from the density matrices of the fragments into which the 

system has been divided.  For all of the electronic structure methods that assume that a 

system’s wave function or electron density is the antisymmetrized product of molecular 

orbitals (i.e., one-electron wave functions) that are in turn linear combinations of 

predefined one-electron basis functions, the density matrix is the entity that defines a 

system’s wave function or electron density.  Therefore, density-matrix based methods 

essentially build an approximation of the electron density of the full system from the 

electron densities of the individual fragments.  Other properties, such as the system’s 

energy and dipole moment, can be calculated from the resulting approximation of the 

full system’s density matrix.  Examples of density-matrix based approaches are the 
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molecular tailoring approach (MTA),30 the adjustable density matrix assembler 

approach (ADMA),31 and the molecular fractionation with conjugated caps density 

matrix (MFCC-DM) approach.34 In several of these approaches, the accuracy of the 

approximation is often improved by embedding each fragment in an electrostatic field 

that represents the effect of the other fragments in the system.  Density-matrix based 

approaches typically display greater cost-effectiveness than their conventional 

counterparts for systems much smaller than those required to see the time advantages in 

linear scaling methods.  However, density-matrix based approaches do require some 

technical expertise to implement, especially if they are applied to electronic structure 

methods that assume that the form of a system’s wave function is more complicated 

than an antisymmetrized product of molecular orbitals.   

 Energy-based methods 29,40–59 focus on approximating a system’s energy as a 

linear combination of the fragment energies (however, these methods can also be used 

to obtain approximations of other properties such as dipole moments and partial atomic 

charges, as will be demonstrated in Chapter 5).  The EE-MB method falls into this 

category, along with the majority of other fragment-based approaches.  Energy-based 

methods are advantageous in that they are relatively easy to implement for use with any 

available electronic structure method.  As is the case with the density-matrix based 

fragment approaches, the accuracy of the predictions made by energy-based approaches 

can be improved by embedding each fragment in an electrostatic field that represents 

the effects of the other fragments on the given fragment.  The energy-based methods 

can be further divided into two subcategories: overlapping fragment methods and non-

overlapping fragment methods. 
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 Overlapping fragment methods29,40–48 involve partitioning a chemical system 

into fragments that, as the name suggests, overlap with one another; that is, an atom 

belonging to fragment A might also belong to fragment B.  These methods then use the 

inclusion-exclusion principle to derive the final expression for the linear combination of 

the fragment energies that approximates the full-system energy.  Examples of 

overlapping fragment methods include systematic molecular fragmentation (SMF),40–42 

the 3B:MB QM:QM method,43–45 isodesmic fragmentation (IF),46–47 the generalized 

energy-based fragmentation approach (GEBF),29 and the extended oniom (XO) 

method.48  These methods have been applied successfully to a wide variety of chemical 

systems, from noncovalently-interacting molecular clusters to crystalline solids.  One 

drawback of these methods, however, is that the algorithms used to determine the 

overall fragmentation scheme (and which are often important part of the definition of a 

particular method) can be quite complicated, so that even though these methods require 

less technical expertise to interface with currently existing electronic structure 

programs, some programming expertise still is required to implement the fragmentation 

algorithms that must be used prior to the computation of fragment energies. 

 Non-overlapping fragment methods49–59 involve partitioning a chemical system 

into fragments that do not overlap; that is, an atom belonging to fragment A cannot 

belong to fragment B.  For the remainder of this thesis, a non-overlapping fragment will 

be called a monomer, a pair of monomers will be called a dimer, and a set of three 

monomers will be called a trimer, and the word “oligomer” will be a generic term used 

to refer to a monomer, dimer, or trimer.  Non-overlapping fragment methods typically 

are based on a truncation of a many-body expansion of the total energy of a system27–28 
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as an approximation of the system’s total energy.  The many-body expansion of the 

total energy (E) of a system composed of N monomers is as follows: 

 

  

E = V1 + V2 + V3 + ...+ VN  (1.1) 

In eq 1.1, V1 is simply the sum of the energies of all of the monomers in the system,  

 

  

V1 = Ei

i=1

N

!  (1.2) 

where 

  

Ei  is the electronic plus internuclear repulsion energy of monomer i. V2 is the 

sum of the “two-body” (or “pairwise additive”) energy contributions of all possible 

dimer energies in the system.  The two-body energy contribution of dimer ij (which is 

the dimer composed of monomers i and j), 

  

vij , is defined as the difference between the 

energy of the dimer (

  

Eij) and the sum of the energies of its constituent monomers: 

 

  

vij = Eij ! Ei ! E j  (1.3) 

Therefore, V2 is defined as follows: 

 

  

V2 = vij

i< j

N

!  (1.4) 

One can also define the three-body energy contribution 

  

vijk  of trimer ijk (the trimer 

composed of monomers i, j, and k) as the difference between the energy of the trimer 

(

  

Eijk ) and the sum of the one- and two-body energy contributions of the dimers and 

monomers within it: 

 

  

vijk = Eijk ! vij ! vik ! v jk ! Ei ! E j ! Ek  (1.5) 

Then V3 is the sum of the three-body energy contributions of all possible trimers in the 

system: 
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V3 =

i< j<k

N

! vijk  (1.6) 

One can go on to define V4, V5, etc. in a similar manner.  If the many-body expansion is 

carried out to the Nth term, one obtains an exact expression for the system’s total 

energy.  However, none of the non-overlapping fragment methods based on this 

expansion carry this expression past the V3 term, because to do so would incur a scaling 

in cost of N4 or higher (where here N refers to the number of monomers, not to the 

number of atoms, but where N could be replaced by the number of atoms if each 

monomer contained the same number of atoms).  Nonetheless, in many cases these 

methods are able to reproduce conventionally calculated full-system energies at a given 

level of electronic structure theory to within 1.0%, especially if some form of 

electrostatic embedding is used.  One can include electrostatic embedding by placing 

each monomer, dimer, and trimer in an electrostatic potential that replicates the 

electrostatic effects of the rest of the system on the given oligomer. 

 Examples of non-overlapping fragment methods are the kernel energy method 

(KEM),49 the fragment molecular orbital method (FMO),50 the fast electron correlation 

method (FEC),51 the explicit polarization (X-Pol) method,52–53 electrostatic field-

adapted molecular fractionation with conjugated caps (EFA-MFCC),54 the 

electrostatically embedded many-body (EE-MB)55 and electrostatically embedded 

many-body expansion of the correlation energy (EE-MB-CE)56 methods, the multilevel 

fragment-based approach (MFBA),57 and the hybrid many-body interaction (HMBI) 

method.58  These methods are all similar in concept, but they differ from one another in 
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details such as the ways in which the electrostatic embedding is obtained and which 

terms of the expansion are retained. The KEM method is the simplest of the non-

overlapping fragment-based methods: it does not include electrostatic embedding and it 

estimates a given system’s energy as the sum of the V1 and V2 terms.  The FMO, FEC, 

and X-Pol methods use an iterative approach to determine the electrostatic embedding 

that depends on the specific configuration of nuclei being studied, whereas the other 

methods use a previously determined set of external potentials that potentially can be 

used with a variety of nuclear configurations.  The EFA-MFCC method was primarily 

designed to calculate interactions between proteins and substrates and does not include 

the V2 and V3 terms.  The X-Pol method also was designed primarily for use with 

proteins and does not include the V2 and V3 terms but instead uses empirically derived 

corrections to improve the accuracy of the V1 term.  The EE-MB method, which is the 

subject of this work and is described more fully in Chapter 3, uses point charges (which 

in some cases can be “screened”59 to improve the accuracy of the calculation) to embed 

each oligomer and uses the sum of the V1, V2, and often the V3 terms to approximate a 

system’s total energy.  The MFBA uses a higher level of electronic structure theory to 

calculate all monomer energies needed for V1 and also uses that higher level of theory 

to compute the contribution to V2 of any dimer that falls within a certain distance cutoff, 

but it computes the contribution to V2 of any dimer outside of the distance cutoff at a 

lower level of theory in order to lower the computational cost of the calculation.  The 

EE-MB-CE and HMBI methods both perform a calculation of the energy of the entire 

system at some low level of theory and then correct that energy by including only the 
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first two or three terms of the many-body expansion of the difference between the 

system’s energy at the low level of theory and at a higher level of theory.  These 

methods are essentially the same, but in the EE-MB-CE method the low level of theory 

is a quantum mechanical electronic structure method, whereas in the HMBI method the 

low level of theory is a classical force field. 

1.3 Organization of the Thesis 

 The purpose of this thesis is two-fold: (1) to show that the EE-MB approximation 

is an accurate and cost-effective way to obtain relative energies and other properties of 

noncovalently interacting clusters and (2) to explore some potentially cost-saving 

variations of the EE-MB method that were designed specifically for simulations of the 

beginning stages of atmospheric nucleation.   

 Chapter 2 of this thesis does not relate directly to the EE-MB method or to any 

other fragment-based method, but it lays important groundwork by providing validation 

for the density functional methods used in conjunction with the EE-MB approximation 

later in the thesis.  This chapter shows that these density functional methods are able to 

accurately reproduce the binding energy and equilibrium geometry of a weakly 

hydrogen-bonded system, an H2S-benzene dimer, which is a difficult case for most 

density functionals.  This chapter therefore builds confidence that the density functional 

methods chosen for use with the EE-MB method will be able to capture accurately the 

two- and three-body interactions occurring in dimers and trimers.  Donald G. Truhlar is 

acknowledged as a co-author of chapter 2. 

 Chapter 3 of this thesis provides validation for the use of the EE-MB method on 

atmospherically relevant ion-containing clusters and also shows one does not need a 



11 

 

complicated or geometry-dependant scheme in order to obtain a set of embedding 

charges that yields accurate results in the binding energies of these clusters.  The 

clusters chosen for this study were composed of water, sulfuric acid, and ammonium 

and bisulfate ions, which are thought to be important components in the preliminary 

stages of secondary aerosol formation.5  Donald G. Truhlar is acknowledged as a co-

author of chapter 3. 

 Chapter 4 of this thesis explores two variations of the EE-MB method that were 

designed specifically for use in simulations of the beginning stages of the atmospheric 

nucleation process.  The two variations of the method are called the electrostatically 

embedded three-body method with consistently screened perturbations (EE-3B-CSP) 

and the electrostatically embedded pairwise additive specific reaction parameter 

(EE-PA-SRP) approximation.  The goal of these variations was to find an 

approximation that would significantly reduce the number of trimer calculations 

required and yet closely maintain the excellent accuracy seen in the EE-3B method.  

Neither variation fully achieved this goal, but the results are presented in this thesis 

because these ideas were worth trying and because they might serve as a springboard 

for ideas of alternative cost-saving variations to the EE-MB or other fragment-based 

methods.  Donald G. Truhlar is acknowledged as a co-author of chapter 4. 

 Chapter 5 demonstrates that the EE-MB method can be used to obtain not only 

energies of large system but also properties of the electron density, specifically dipole 

moments, partial atomic charges, and amounts of charge transfer.  The systems chosen 

for this study were aqueous ammonia droplets, microhydrated chloride clusters, 

hydrogen fluoride clusters, and microhydrated hydrogen fluoride clusters.  The aqueous 
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ammonia droplets were chosen because of their atmospheric relevance, and the other 

systems were chosen because they were expected to have significant amounts of charge 

transfer and therefore would be a good test of how well the EE-MB approximation 

could estimate that property.  Donald G. Truhlar, J. Ilja Siepmann, Katie A. Maerzke, 

and Samuel J. Keasler are acknowledged as co-authors of chapter 5. 
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Chapter 2. Assessment of New Meta and Hybrid Meta Density Functionals for 
Predicting the Geometry and Binding Energy of a Challenging System: The Dimer 

of H2S and Benzene1 

2.1. Introduction 

 To accurately and inexpensively model systems of noncovalently bound 

molecules is an ongoing challenge for computational chemists.1, 2  Coupled cluster 

theory with single and double excitations and quasiperturbative connected triple 

excitations (CCSD(T))3 is an ab initio computational method that is generally thought to 

be capable of accurately predicting the energies of a wide variety of systems including 

the energies of binding for noncovalently bound molecules, but it is usually too 

expensive to apply to systems containing more than ten or fifteen atoms.  Other wave-

function-based correlated methods, such as second- and higher-order Møller-Plesset 

perturbation theory (MP24, MP45, etc.) become impractical for very large systems and 

are too expensive for full simulations even for many smaller systems.  On the other 

hand, methods that are based on density functional theory (DFT) are much less 

computationally expensive and can be used on systems containing thousands of atoms, 

but, until recently, available density functionals were incapable of describing 

dispersion-like interactions without empirical parameterization or a fortuitous 

cancellation of errors.6, 7   

However, the situation is not so bleak as it once appeared, and “it would be an 

oversimplification to dismiss DFT methods for noncovalent interaction in general.” 7  

Recent work has shown that one can design functionals that capture the medium-range 

                                                
 
1 This work was supported in part by the U. S. Department of Energy, Office of Basic 
Energy Sciences. 



19 

 

dispersion-like interactions and the electrostatic, induction, and charge transfer 

interactions that determine the binding energies of van der Waals molecules and the 

strengths of hydrogen bonds.2, 7-9  One must be able to treat all four of these kinds of 

attractive interactions accurately for problems such as the competition2, 10 between π-π 

stacking (dominated by medium-range dispersion-like interactions) and conventional 

hydrogen bonding (dominated by the other three).  Density functional methods have 

been used to calculate interaction energies for a variety of hydrogen-bonded systems, 

ranging from “true” hydrogen bonds (H–O...H–O, H–N...H–N, etc.) to “pseudo” 

hydrogen bonds, such as O–H...π and S–H...π, where “π” refers to the π system, 

especially one in an aromatic ring.7, 11-16  The accuracy of the result of a binding energy 

calculation on a hydrogen-bonded system of any kind may vary drastically with the 

density functional chosen to perform the calculation.11, 17  Ideally one would hope to 

find a single density functional that works well for the entire range of hydrogen bond 

types, from the strong short-range “true” hydrogen bonds such as those found in water 

to weaker, longer-range “pseudo” hydrogen bonds such as those found between second-

row hydrides and the π system of an aromatic ring.  Such a functional would prove 

invaluable for the computational modeling of protein folding and protein crystal 

packing because a variety of hydrogen bond types, including both stronger and weaker 

hydrogen bonds, play essential roles in these processes;18-20such noncovalent 

interactions may also be important in protein-carbohydrate interactions, carbon 

nanotubes, materials built with fullerenes and graphene sheets, and conducting 

polymers. 
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Previous studies7, 15, 17 have demonstrated the ability of several newly developed 

meta and hybrid meta density functionals to accurately predict the interaction energies 

of shorter-range hydrogen bonds and even of longer-range hydrogen bonds between 

first-row hydrides and an aromatic ring.  Wang and Paulus16 recently tested eleven 

density functionals for their abilities to predict the binding energy of an even weaker 

and longer-range hydrogen bond: the interaction between a second-row hydride and an 

aromatic ring that occurs in the H2S-benzene dimer.  This particular interaction (i.e. the 

relatively weak S-H...π interaction) is of interest because it makes a noteworthy 

contribution to the stability of the conformations of certain folded proteins20, 21 and 

because it could potentially be the basis for the creation of an H2S sensor composed of 

single-walled carbon nanotubes (SWCNTs).16  The present study puts the newly 

developed density functionals that are recommended in previous work7, 15, 17 as being 

the best for hydrogen bonds (and for noncovalently bound systems in general) to a test 

similar to that posed by Wang and Paulus in order determine whether or not these newer 

functionals capably reproduce the dissociation energies and the geometries of three 

bound conformations of the H2S-benzene dimer and thus (because these density 

functionals have already performed well on shorter and middle-range hydrogen bonds) 

demonstrate their ability to qualitatively describe an entire array of possible hydrogen 

bond types. 

2.2. Computational Details 

 Wang and Paulus16 determined three bound conformations of the H2S-benzene 

dimer by fully optimizing several possible geometries of the dimer at the MP2 level of 

theory with the aug-cc-pVXZ (where X = D, T, and Q)22, 23 and 6-311++G(d,p)24 basis 
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sets.  The structures of these three conformations are shown in Figure 2.1 and have been 

used as the input structures for full optimization and frequency calculations in the 

present work by using the recently developed density functionals recommended7, 15, 17 

for hydrogen-bonded systems.  The structures of the three bound conformations are 

named in accordance with those assigned by Wang and Paulus: 1a denotes a structure 

with C2v symmetry wherein the sulfur atom is located directly above benzene’s center of 

mass and the two hydrogen atoms of H2S are in a plane determined by the C6 axis of 

benzene and a line directly through two opposite carbon atoms of the benzene ring.  The 

1b and 1c structures both have Cs symmetry; in the 1b structure the angle formed by the 

sulfur atom, one of the hydrogen atoms of H2S, and one of the carbon atoms of benzene 

is nearly 180˚, whereas in the 1c structure that hydrogen atom points almost directly to 

benzene’s center of mass.   

The dissociation energies of the H2S-benzene dimer given in this paper and in 

the paper by Wang and Paulus were calculated as: 

De = –E(D) + E(C6H6) + E(H2S)  (1) 

where E is the electronic energy (including nuclear repulsion), D is the gas-phase H2S-

benzene dimer, C6H6 is the gas-phase benzene monomer, and H2S is the gas-phase H2S 

monomer.  In most of the calculations done for this paper, both of the monomers and 

the dimer were fully optimized at a given level of theory and with a given basis set in 

order to determine E(D), E(C6H6), and E(H2S).  We use the notation L/B to indicate a 

calculation that was fully optimized at level of theory L and basis set B.  In some cases, 

however, each term in Equation (1) was not fully optimized.  For those cases we use the 

notations L1/B1//L2/B2 and L/B/d.  The notation L1/B1//L2/B2 means that a full 
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optimization was done at the level of theory L2 with basis set B2 to obtain a reasonable 

geometry for the dimer and that this geometry was then used to perform a single-point 

energy calculation at level of theory L1 with basis set B1.  L/B/d indicates that the 

energy of the dimer was optimized with respect to only a single coordinate, d.  For both 

of these cases (i.e., those cases in which either the notation L1/B1//L2/B2 or the 

notation L/B/d is used) the monomer geometries were not optimized at any level of 

theory but were taken to have the structural parameters listed in Table 2.1, which are the 

best literature values currently available for the true equilibrium geometries of the H2S 

and benzene monomers. 

The eight density functionals tested in this study are the hybrid meta GGA 

functionals PWB6K,25 M05-2X,9 M06,15 M06-2X,15 M06-HF,26 and MPWB1K,17 the 

meta GGA functional M06-L,27 and the hybrid GGA functional B3LYP.28  The 

MPWB1K and PWB6K functionals were selected because they have already shown 

good performance for systems wherein the hydrogen of a first-row hydride (such as 

water or NH3) or even the hydrogen of HCl are noncovalently bound to the π network of 

an aromatic ring.7, 29  These two functionals have also performed well in studies testing 

their ability to find the dissociation energies of a variety of other noncovalently bound 

systems.2, 29-31  Previous research2, 15, 27, 32, 33 has shown that the relatively new M05-2X, 

M06, M06-2X, M06-L, and M06-HF functionals give good results (compared to other 

density functionals of their respective kinds; i.e., the meta GGA functional listed does 

well compared to older meta GGA and GGA functionals but not necessarily as well as 

older hybrid or hybrid meta functionals) for various types of noncovalent interactions, 

including hydrogen bonding and even, in some cases, π-π stacking and have therefore 
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been chosen for further testing in this study.  The B3LYP functional was included in 

this study because, even though it is an older functional, it is still by far the most widely 

used functional in a variety of applications.  The basis set used for all but three of the 

optimization and single-point energy calculations done for the present study was the 

MG3S basis, which for hydrogen is the same as 311G(2p), for carbon is 6-311+G(2df) 

and for sulfur is an improved version34 of 6-311+G(3d2f).  The aug-cc-pVTZ basis set 

was used in conjunction with the MPWB1K functional to perform geometry 

optimization calculations on the three conformations of the H2S-benzene dimer for 

comparison with the Wang and Paulus study.   

The Gaussian 03 software package35 in conjunction with the Minnesota 

Gaussian Functional Module (MN-GFM)36 was employed to carry out all optimization 

and single-point energy calculations done in the present study. The counterpoise 

correction37 (CP) for basis set superposition error (BSSE) was not added to any of the 

DFT energies calculated for the present study, although such a correction was added for 

some of the energies of the H2S-benzene dimer in the other references cited in this 

work.  Whether or not the counterpoise correction for BSSE was used to compute an 

energy value listed in this work will be clearly indicated near the energy value wherever 

it is presented, be it in the body of the text or in a table. 
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2.3. Results and Discussion 

2.3.1 The dissociation energies of the three bound conformations of the H2S-benzene 

dimer predicted by DFT calculations compared to those predicted by MP2 

calculations 

The dissociation energies (De) of the noncovalent interaction energies between 

benzene and H2S in each of the three bound dimer conformations were determined by 

Wang and Paulus to be 3.63, 3.70, and 3.75 kcal/mol for structures 1a, 1b, and 1c 

respectively after full optimizations at the MP2 level of theory with the aug-cc-pVQZ 

basis set and with counterpoise correction for basis set superposition error (BSSE).16  

For the present study, the dissociation energies of these conformations were calculated 

by several more recently developed density functionals.  These dissociation energies, 

along with some of those calculated by Wang and Paulus and others calculated by 

Tauer, Derrick, and Sherrill in a separate study20 are presented in Table 2.2.   

The “CP?” column of Table 2.2 indicates whether or not a counterpoise 

correction for BSSE was included in the calculation of the dissociation energy; a “Y” in 

this column denotes that yes, counterpoise correction was used, whereas an “N” denotes 

that counterpoise correction was not used.   

The “MSD (MP2)” column of Table 2.2 denotes the mean signed deviation 

across all three conformers between the dissociation energies calculated at the given 

level of theory and basis set and the dissociation energies calculated with MP2/aug-cc-

pVQZ.  A negative value in this column indicates that on average the given level of 

theory and basis set predicted lower dissociation energies for the conformers than those 

that were predicted at MP2/aug-cc-pVQZ. The reader must note that this column should 
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not necessarily be taken as the best measure of the accuracy of the binding energies 

calculated at the various levels of DFT; a better measure of this kind of accuracy will be 

discussed in Section 2.3.3.  The reasons the dissociation energies of the conformers 

calculated by MP2 may not be the best benchmark will be more clear after 

Sections 2.3.2 and 2.3.3, but we summarize three of those reasons here:  1) Although 

MP2 does a good job of predicting geometries of various conformers (see Section 2.3.2) 

the lowest-energy conformer predicted by MP2 is 1c, whereas experimentally observed 

conformations of the H2S-benzene dimer38 and the similar water-benzene dimer39 are 

best represented by 1b, so it would appear from experiment that the most stable 

conformer of the H2S-benzene dimer is really 1b.  2) Compared to CCSD(T) 

calculations done on the three bound dimer conformations, MP2 overestimates the 

dissociation energy by nearly 1 kcal/mol.  3) MP2 is well known to suffer from large 

basis-set superposition error.  For those three reasons, the MSD (MP2) column should 

be seen as a book-keeping column that displays a measure of how much each level of 

theory tends to “bind” the three dimers; for example, with a negative MSD (MP2) of –

1.98 kcal/mol, one can see that MPWB1K/MG3S predicts that none of the three 

conformers will be strongly bound, whereas at the positive MSD of 1.50 kcal/mol for 

MP2/aug-cc-pVDZ shows that this method results because MP2 predicts too much 

binding.   

The newer density functionals tested in this study all predict that the three 

conformers of the H2S-benzene dimer are more weakly bound than MP2 calculations 

suggest, but that they are more strongly bound than a B3LYP calculation predicts.  

Also, MP2 calculations done with or without counterpoise correction for BSSE and 



26 

 

with any of the Dunning (aug-cc-pVXZ) basis sets predict that the 1c conformer is the 

most stable, followed by 1b and lastly by 1a, whereas every density functional tested in 

this study (with the exception of B3LYP, which will be discussed later in this section) 

predicts that 1b is the most stable conformer.  Frequency analysis of the optimal 1b 

conformation by each density functional show that four functionals, M06-2X, M06, 

M06-HF, and M05-2X yield the 1b conformation as a local minimum on the potential 

energy surface (PES) for the H2S-benzene dimer.  On the other hand, PWB6K, M06-L, 

and MPWB1K/MG3S all classify the 1b conformer as a hilltop or a saddle point, with 

2, 1, and 2 imaginary frequencies respectively.  B3LYP does not yield the 1b 

conformation as a stationary point of any kind; none of the B3LYP geometry 

optimizations converged to a 1b conformation of the dimer. 

Of the eight density functionals assessed with the MG3S basis set in this work, 

four predict that 1c is the least stable conformer and four predict that 1a is the least 

stable conformer.  All four functionals that predict 1b to be the most stable conformer 

and 1c to be the least stable (PWB6K, M06-2X, M06, and M06-L) agree that the 1b 

conformer is much more stable than either 1a or 1c; that is, those four functionals all 

agree that the dissociation energy of the 1a conformer is much closer that of the 1c 

conformer than it is to that of the 1b conformer.  No such clear trend exists among the 

four density functionals (B3LYP, M06-HF, M05-2X, and MPWB1K) that predict 1b to 

be the most stable conformation of the dimer and 1a to be the least stable.  M05-2X and 

MPWB1K predict that 1c is closer in energy to 1a than to 1b, but B3LYP and M06-HF 

predict that 1c is closer in energy to 1b than to 1a.  The reason B3LYP places the De of 

1c so close to that of 1b becomes obvious when one visualizes the structures; even 
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when the 1b structure is used as the starting point for a geometry optimization by 

B3LYP, the result of the optimization is a structure that looks just like 1c, with a 

hydrogen-sulfur bond pointing almost directly to the center of the benzene ring.  

M06-HF, however, does locate a minimum on the PES for the H2S-benzene dimer that 

has the 1b structure and still predicts that the 1c conformer will be closer in energy to 

that 1b conformer than to the 1a conformer. 

The dissociation energies calculated at the MPWB1K/aug-cc-pVDZ level 

(without correction for BSSE) for the 1b and 1c conformers in the present study 

disagree with those calculated (also without correction for BSSE) with the same 

functional and basis set by Wang and Paulus.  For the 1b conformer, this discrepancy is 

nearly negligible: Wang and Paulus found the De of this conformer to be 2.37 kcal/mol, 

and the present study found it to be 2.36 kcal/mol.  However, Section 2.3.2 will show 

that the geometries predicted at this level of theory by the two studies for the 1b 

conformer may be quite different.  For the 1c conformer, the discrepancy between the 

dissociation energy values is significant: Wang and Paulus get a value of 2.38 kcal/mol 

whereas we obtained a value of 1.73 kcal/mol.  Clearly this affects the relative 

stabilities predicted for the three conformations of the dimer: the Wang and Paulus 

study showed that MPWB1K/aug-cc-pVDZ without correction for BSSE predicts that 

1c is the most stable conformer, followed by 1b and finally by 1a as the least stable 

conformer.  The present study finds that what should be the same calculation predicts 

1b to be the most stable conformer, followed by 1a and finally 1c.  One possible 

explanation for these differences is that different input structures were used in each 

study for the geometry optimizations.  Both studies used structures that fit the symmetry 
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and other general structural requirements given in Figure 2.1, but parameters such as 

bond lengths and tilt angles were not exactly the same.  Perhaps the region of the PES 

that incorporates all H2S-benzene geometries that could be classified as 1c conformers 

is relatively flat and contains several shallow minima or stationary points.  We note that 

our own studies used tight SCF convergence parameters, and all structures are well 

converged. 

2.3.2 The geometry of the 1b conformation of the H2S-benzene dimer predicted by 

DFT compared to that obtained by experiment 

Prior to the publication of the theoretical work done by Wang and Paulus on the 

gas-phase H2S-benzene dimer, an experimental study on this dimer had been performed 

by Arunan et al.38  The equilibrium geometry of the dimer was found to have a structure 

similar to that of 1b in Figure 2.1, with a distance of 3.818 Å between the sulfur atom 

and benzene’s center of mass and with an angle of 28.5˚ between the C2v axis of H2S 

and approximately the C6 axis of benzene.  (The “approximately” modifier is added 

because the angle measured in the experiment was actually the angle between the C2v 

axis of H2S and the “a” axis of the dimer; fortunately, the a axis of the dimer happened 

to almost exactly coincide with the C6 axis of benzene.)  This geometry was used as the 

standard against which the geometry predicted by each density functional for the 1b 

conformation was compared.  Because B3LYP did not predict any geometry for a 1b 

conformation of this dimer as explained in Section 2.3.1, no B3LYP data has been 

included in Tables 2.3 and 2.4. 

 Table 2.3 presents a few of the key structural parameters of the 1b conformation 

of the H2S-benzene dimer.  The “1b Angle” refers to the angle (in degrees) formed 
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between the C6 axis of benzene and the C2v axis of H2S in the 1b conformer. The 

distance “d” is the distance in Angstroms between the sulfur atom and benzene’s center 

of mass.  Not surprisingly, the density functionals that predicted higher dissociation 

energies for the dimer also predict shorter “d” values.  The “∆ S–H” and the “∆ HSH” 

columns give the predicted distortions in the length of the S–H bond (in Angstroms) and 

the HSH bond angle (in degrees) as the H2S molecule goes from being the gas-phase 

monomer to forming a hydrogen bond with benzene’s π system in the 1b conformation.  

That all the values in the ∆ S–H column are positive and that all the values in the ∆ 

HSH column are negative indicate that every density functional tested predicts that the 

S–H bond is stretched and that the H-S-H bond angle is compressed in the complex.  

The “SHC Angle” column gives the angle (in degrees) formed between the sulfur atom, 

the hydrogen atom closest to the benzene molecule, and the nearest carbon to that 

hydrogen on the benzene molecule.   

 Table 2.4 enables one to see how accurately each method is able to reproduce 

the experimentally determined geometry of the 1b conformation of the H2S-benzene 

gas-phase dimer.  A negative value in either column indicates that the theoretically 

predicted value is less than the experimental value, whereas a positive value implies that 

the theoretically predicted value is greater than the experimental value.  The “MUPE” 

column lists the mean unsigned percentage errors across the two key experimentally 

verifiable structural parameters for the 1b conformation of the dimer; that is, the values 

in this column were calculated by averaging the unsigned percent error in the 1b angle 

and the unsigned percent error in d.   
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Table 2.4 shows that, even with a polarized double-zeta (i.e., smaller) basis set, 

MP2 is the method that most accurately predicts the key structural parameters of the 1b 

conformer with an MUPE of 5%.  With a polarized triple-zeta (larger) basis set, three of 

the density functionals are able to do nearly as well as MP2 did with the polarized 

double-zeta basis: MPWB1K, PWB6K, and, encouragingly because it is a meta-GGA 

functional, M06-L, each having an MUPE of only 8%.  M06 also does well with an 

MUPE of 9%.  Even though a larger basis set was needed in order to achieve these 

levels of accuracy for the density functionals, the computational cost was still quite low: 

most of the full geometry optimizations took only a few hours to complete on a single 

processor with 600 Megabytes of memory.  The exception to this was B3LYP, which 

never converged to a 1b conformation of the dimer.   

A discrepancy exists between the structural parameters predicted by MPWB1K 

with the polarized double-zeta basis set (aug-cc-pVDZ) calculated by Wang and Paulus 

and those calculated for the present study with the same density functional and basis set: 

the result of Wang and Paulus’ calculation gave a 1b Angle of only 16˚ and an overall 

MUPE of 22%, whereas this study found that angle to be 23.7˚, quite a bit closer to the 

experimental value and therefore with a much better MUPE of 8%.  We already 

mentioned, in discussing Table 2.2, that the De value for the 1b conformer calculated by 

Wang and Paulus does not match the De value calculated for the 1b conformer in the 

present study.  This may indicate that two different structures, both of which are quite 

close in energy and can be classified as “1b conformers” with Cs symmetry and an SHC 

Angle of nearly 180˚, are stationary points on a PES generated by a series of 

MPWB1K/aug-cc-pVDZ calculations. 
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2.3.3 The binding energy of a 1a conformation of the H2S-benzene dimer compared to 

that calculated by CCSD(T) 

Tauer, Derrick, and Sherrill have also previously explored the energy of binding 

of the H2S-benzene dimer in a theoretical study.20  Tauer et al. desired to find the 

lowest-energy conformation of this dimer using the highest level of electronic structure 

theory available both then and now: CCSD(T).  The great computational expense of this 

method unfortunately precluded (and still precludes) a full optimization of this system 

with an adequate basis set, so Tauer et al. instead did several series of single-point 

energy calculations using CCSD(T) with aug-cc-pVDZ and aug-cc-pVTZ basis sets on 

various geometries of the dimer.  These calculations included the counterpoise 

correction for BSSE.  In each series of single-point energy calculations, Tauer et al. 

held all general coordinates of the molecule fixed but one; this one coordinate was 

varied over its entire range of reasonably possible values, and the minimum energy with 

respect to that coordinate was determined.  Ultimately three general coordinates of the 

dimer were varied one at a time: the “swing” angle θ, the “twist” angle φ, and the 

intermonomer distance d between the sulfur atom and benzene’s center of mass (see 

Figure 2.2 of this paper or Figure 1 of Reference 20; the distance d in this work is 

equivalent to the distance R in Reference 20, θ is equivalent to A1, and φ is equivalent 

to A2).  It was determined that varying φ made a less than 0.01 kcal/mol difference in 

the various energies of binding the dimer, so for simplicity this angle was left at 0˚ for 

all subsequent calculations.  Varying the swing angle θ showed that the lowest binding 

energy was reached at an angle of about 30˚, but because this minimum was only 0.06 

kcal/mol lower than the saddle point at 0˚, θ was also set at 0˚ for the remaining 
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calculations.  Finally, with the monomers frozen at their literature values given in 

Table 2.1 and in References 40 and 41 and with θ and φ set at 0˚, the intermolecular 

distance d was varied from 3.00 to 7.00 Å.  The value of d that yielded the strongest 

binding at the CCSD(T)/aug-cc-pVTZ level was 3.80 Å.  The energy of binding of this 

dimer, which looks like the 1a dimer shown in Figure 2.1, was calculated as  

BE(a) = E(D,a) – E(C6H6) – E(H2S)  (2) 

where in this case E(D,a) is the electronic energy of the 1a dimer with the structural 

parameters given above, and E(C6H6) and E(H2S) are the electronic energies of the 

monomers with the structural parameters given in Table 2.1.  The energy of binding for 

this particular geometry of the dimer was extrapolated to the complete basis set (CBS) 

limit and this best estimate for the energy of binding of this system was found to be –

2.81 kcal/mol.  BE(a) was calculated according to Equation (2) by each of the density 

functionals included in this study and each value was compared to the best estimate of 

BE(a) =  –2.81 kcal/mol from Tauer et al.  These results are displayed in Table 2.5.   

 In Table 2.5, the “BE(a)” column lists the binding energy for the dimer 

calculated according to Eq. (2).  The “Error” column is the BE(a) value (in kcal/mol) 

calculated at the given level of theory minus our best estimate of –2.81 kcal/mol, which 

is the BE(a) value for the same system calculated by Tauer et al. as described above and 

in Reference 20.  The “% Error” column is the error column value at the same level of 

theory divided by the absolute value of the best estimate of BE(a).  In both of those 

columns a negative value implies that the given level of theory “overbinds” the dimer 

(i.e. the level of theory yields a BE(a) that is too negative relative to the best estimate) 

and a positive value implies that the level of theory “underbinds” the dimer. 
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 With an error of 0.02 kcal/mol and a relative error of merely 1%, the M05-2X 

density functional is clearly able to closely reproduce the best estimate of the binding 

energy of this specific geometry of the 1a conformation of the H2S-benzene dimer.  

Three other functionals also did quite well: M06, M06-HF, and M06-2X, with errors of 

only 0.19, –0.20, and –0.25 kcal/mol and relative errors of 7%, –7%, and –9%, 

respectively.  Every density functional tested, with the exceptions of B3LYP and 

MPWB1K, was able to calculate a significantly more accurate binding energy for this 

system than MP2 with the same basis set.  MP2 overbound the system by 0.98 kcal/mol 

for a large relative error of –35%, whereas the remaining functionals (excluding the two 

exceptions noted earlier) all achieved absolute relative errors of less than 20% (which 

would correspond to an absolute error of less than 0.56 kcal/mol).  MPWB1K 

performed only slightly worse than MP2 with an error of 1.05 kcal/mol and a relative 

error of 37%, but the popular B3LYP significantly underbound the system with an error 

of 2.80 kcal/mol and therefore a relative error of 100%.   

2.4. Conclusions 

 To obtain accurate dissociation energies and geometries for weakly hydrogen-

bonded systems is a difficult task for any electronic structure method and especially for 

density functional theory.  The goal of this work was to determine whether or not 

several relatively new meta and hybrid meta density functionals would be able to 

capture most of the noncovalent interaction energy of such a system and also to see 

whether or not they would be able to accurately reproduce the geometry of such a 

system.  The prototypical weakly hydrogen-bonded system chosen for this study was 

the H2S-benzene dimer, which involves a weak hydrogen-bond interaction between a 
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second-row hydride and the conjugated π system of the benzene ring.  The density 

functionals were used to optimize the geometries of three conformations of this dimer 

(1a, 1b, and 1c shown in Figure 2.1) and to find the dissociation energy of each of the 

three conformations.  MP2 optimizations done on the three conformations with various 

basis sets all predict that the 1c conformation of this dimer is the most stable; however, 

every density functional tested in this study (with the exception of B3LYP) predicts that 

the 1b conformation of the dimer is the most stable.  The results of the dissociation 

energy calculations by the density functionals appear to be more qualitatively accurate 

than those obtained from MP2, because an experimental study on this dimer with 

microwave spectroscopy implies that the equilibrium geometry of the dimer is best 

classified as the 1b conformation.38  MP2, even with only a polarized double-zeta basis 

set, does do an excellent job of reproducing the geometry of this equilibrium structure, 

but several of the density functionals when used with a polarized triple-zeta basis do 

nearly as well as MP2 with the polarized double-zeta, and still at a low computational 

cost.  The density functionals that were able to most closely reproduce the equilibrium 

geometry (i.e. the 1b conformation) of the dimer when used with the MG3S basis set 

were the meta-GGA functional M06-L and the hybrid meta functionals MPWB1K and 

PWB6K.  The hybrid meta functional M06 was also able to reproduce key structural 

parameters of the 1b conformer reasonably well with a mean unsigned percent error of 

less than 10%.  The quantitative accuracy of the density functionals’ calculations of the 

dissociation energy of a particular 1a conformation of the dimer was tested by 

comparing each functional’s result for the dissociation energy of the dimer with the 

dissociation energy calculated at the CCSD(T) level and extrapolated to the limit of an 
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infinite basis set.  The density functional that yielded the greatest accuracy for the 

dissociation energy is M05-2X with a relative error of only 1%, but the M06, M06-HF, 

and M06-2X functionals also did quite well with absolute errors of less than 10%.  

Every density functional tested except for MPWB1K and B3LYP yielded a more 

accurate dissociation energy than MP2 with the same basis set.   

The fact that all of the new density functionals were able to qualitatively and 

quantitatively predict dissociation energies more accurately than the older functional 

B3LYP and even the wave-function-based MP2 method, combined with the facts that 

most of the new functionals were able to produce good geometries for one of the 

conformers, that they did so at a relatively low computational cost, and that all of these 

functionals have already done relatively well for systems containing stronger hydrogen 

bonds and other types of noncovalent interactions, indicates that any one of these new 

density functionals would be an excellent candidate for modeling larger systems that 

contain hydrogen bonds of various strengths.  The functional that showed the most 

versatility in this work and could therefore be awarded this study’s “Best in Show” was 

the hybrid meta M06 functional, performing well both in its prediction of key geometric 

parameters and in the accuracy of its calculations of dissociation energies. 

An area for further exploration of the versatility of these functionals would be to 

model the interaction of the sulfur lone pairs with various parts of the benzene molecule 

as Ringer et. al. have done with wave function theory in a recent paper;21 however, this 

is beyond the scope of the present study. 



36 

 

2.5. Summary 

 Four new density functionals, three slightly older functionals, and the popular 

B3LYP functional were tested for their abilities to predict the dissociation energies of 

three conformers of the H2S-benzene dimer and to reproduce the key geometric 

parameters of the equilibrium conformation of this dimer.  All of the functionals tested 

except B3LYP were able to correctly determine which of the three conformations of the 

dimer is the most stable.  The functionals that are best able to reproduce the geometry of 

the equilibrium conformation of the dimer with a polarized triple-zeta basis set are 

M06-L, PWB6K, and MPWB1K, each having a mean unsigned relative error across the 

two experimentally verifiable geometric parameters of only 8%.  The M05-2X 

functional yields the most accurate binding energy of a conformation of the dimer for 

which a binding energy calculated at the CCSD(T) level of theory is available; M05-2X 

predicts a binding energy only 0.02 kcal/mol different from that obtained by the 

CCSD(T) calculation.  The M06 functional did well in both categories by yielding a 

good representation of the geometry of the equilibrium structure and by calculating a 

binding energy for a given conformation that is only 0.19 kcal/mol different from that 

calculated by CCSD(T). 
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TABLE 2.1.  The best literature values for the 
structural parameters of the H2S and benzene 
monomers 
H2S Monomer a 

S–H bond length 1.3356 Å 
H-S-H bond angle 92.12˚ 
 

Benzene Monomerb 
C–C bond length 1.3915 Å 
C–H bond length 1.0800 Å 

a From Reference 41 
b From Reference 40 
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TABLE 2.2.  Dissociation energies (in kcal/mol) of the three bound H2S-benzene 
dimer conformations 
       MSD 
Method/Basis Set Refd CP? De 1a De 1b De 1c (MP2) 
B3LYP/MG3S P N 0.47 N/Ac 0.71 N/A 
MPWB1K/MG3S P N 1.57 2.00 1.58 -1.98 
MPWB1K/aug-cc-pVDZ P N 2.14 2.36 1.73 -1.62 
MPWB1K/aug-cc-pVDZ 16 N 2.14 2.37 2.38 -1.40 
MPWB1K/aug-cc-pVDZ 16 Y 1.76 1.91 N/A N/A 
PWB6K/MG3S P N 2.01 2.49 1.93 -1.55 
M05-2X/MG3S P N 2.81 2.97 2.87 -0.81 
M06-L/MG3S P N 1.80 2.56 1.69 -1.68 
M06-HF/MG3S P N 3.12 3.51 3.40 -0.35 
M06/MG3S P N 1.71 2.70 1.49 -1.73 
M06-2X/MG3S P N 3.17 3.34 3.12 -0.48 
 
MP2/aug-cc-pVDZ 16 N 5.05 5.16 5.36 1.50 
MP2/aug-cc-pVDZ 16 Y 2.97 3.03 3.05 -0.68 
MP2/aug-cc-pVDZ/d 20 Y 3.06 N/A N/A N/A 
MP2/aug-cc-pVTZ 16 N 4.38 4.52 4.61 0.81 
MP2/aug-cc-pVTZ 16 Y 3.45 3.53 3.60 -0.17 
MP2/aug-cc-pVTZ/d 20 Y 3.47 N/A N/A N/A 
MP2/aug-cc-pVQZ 16 N 3.98 4.05 4.15 0.37 
MP2/aug-cc-pVQZ 16 Y 3.63 3.70 3.75 0.00 
MP2/aug-cc-pVQZ/d 20 Y 3.60 N/A N/A N/A 
 
CCSD(T)/aug-cc-pVTZ/(inc.)a 16 Y 2.73 2.69 N/A N/A 
CCSD(T)/aug-cc-pVTZ/d 20 Y 2.64 N/A N/A N/A 
CCSD(T)/aug-cc-pVQZ// 
  CCSD(T)/aug-cc-pVTZ/d (est.)b 20 Y 2.74 N/A N/A N/A 
CCSD(T)/CBS limit// 
  CCSD(T)/aug-cc-pVTZ/dc 20 Y 2.81 N/A N/A N/A 

a This calculation was not a full CCSD(T) optimization but was obtained by the 
method of increments; see Reference 16 for details. 

b This calculation was an estimate of the CCSD(T)/aug-cc-pVQZ based on a full 
optimization done at MP2/aug-cc-pVQZ and the CCSD(T)/aug-cc-pVTZ/d calculation.  
See Reference 20 for details. 

c See Section 2.3.1 for an explanation. 
d The “Ref” column gives the number of the reference from which the dissociation 

energy values were taken; a “P” in this column indicates that the calculation was done 
in the present study. 
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TABLE 2.3.  Key structural parameters of the 1b conformation of the  
H2S-benzene dimer 
Method/Basis Set  1b Angle d ∆ S-H ∆ HSH  SHC 
 Refa (˚) (Å) (Å) (˚) Angle (˚) 
PWB6K/MG3S P 23.2 3.87 0.002 -0.4 180 
MPWB1K/MG3S P 23.6 3.89 0.002 -0.5 180 
MPWB1K/aug-cc-pVDZ P 23.7 3.83 0.002 -0.3 179 
MPWB1K/aug-cc-pVDZ 16 16 3.83 0.002 -0.5 170 
M05-2X/MG3S P 20.0 3.78 0.003 -0.3 177 
M06-L/MG3S P 24.4 3.79 0.003 -0.2 179 
M06-HF/MG3S P 19.6 3.65 0.004 -0.4 178 
M06/MG3S P 23.2 3.84 0.004 -0.3 176 
M06-2X/MG3S P 19.0 3.70 0.003 -0.4 178 
 
MP2/aug-cc-pVDZ 16 27 3.63 0.004 -1.1 179 
 
Experimental 38 28.5 3.82 N/A N/A N/A 

a The “Ref” column gives the number of the reference from which the values were 
taken; a “P” in this column indicates that the values were obtained in the present study. 
 
 
 
 



43 

 

TABLE 2.4.  Errors between calculations and experiment for key structural 
parameters of the 1b conformation of the H2S-benzene dimer 
Method/Basis Set Refa Error in Error in MUPEb 
  1b Angle (˚) d (Å)  
PWB6K/MG3S P -5.3 0.06 8 
MPWB1K/MG3S P -4.9 0.07 8 
MPWB1K/aug-cc-pVDZ P -4.8 0.02 8 
MPWB1K/aug-cc-pVDZ 16 -12.5 0.01 22 
M05-2X/MG3S P -8.5 -0.04 15 
M06-L/MG3S P -4.1 -0.03 8 
M06-HF/MG3S P -8.9 -0.17 18 
M06/MG3S P -5.3 0.02 9 
M06-2X/MG3S P -9.5 -0.11 18 
 
MP2/aug-cc-pVDZ 16 -1.5 -0.19 5 
 
Experimentalc 38 0.0 0.00 0 

a The “Ref” column gives the number of the reference from which the values 
were taken; a “P” in this column indicates that the values were obtained in the 
present study. 

b Mean unsigned percent error.  See Section 2.3.2 for an explanation of how 
the values in this column were obtained. 

c The 1b angle is 28.5˚; d is 3.818 Å. 
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TABLE 2.5.  Binding energies for a specific geometrya of the 1a conformation of 
the H2S-benzene dimer 
Method/Basis Set Refb CP? BE(a) Error % Error 
   (kcal/mol) (kcal/mol) 
B3LYP/MG3S//b P N -0.01 2.80 100 
MPWB1K/MG3S//b P N -1.76 1.05 37 
PWB6K/MG3S//b P N -2.28 0.53 19 
M05-2X/MG3S//bc P N -2.79 0.02 1 
M06-L/MG3S//b P N -2.44 0.37 13 
M06-HF/MG3S//b P N -3.01 -0.20 -7 
M06/MG3S//b P N -2.62 0.19 7 
M06-2X/MG3S//b P N -3.06 -0.25 -9 
 
MP2/MG3S//b P N -3.79 -0.98 -35 
 
Best Estimated 20 Y -2.81 0.00 0 

a See Section 2.3.3 for a description of this geometry. 
b The “Ref” column gives the number of the reference from which the values 

were taken; a “P” in this column indicates that the values were obtained in the 
present study. 

c b = CCSD(T)/aug-cc-pVTZ/d.  See Sections 2.2 and 2.3.3 for an explanation 
of this notation. 

d CCSD(T)/CBS limit//CCSD(T)/aug-cc-pVTZ/d.  See Section 2.3.3 for a 
summary of the origin of these values and see Reference 20 for details.  
 
 



45 

 

Figure 2.1.  Input structures used for DFT optimizations of the H2S-benzene dimer 
(based on Figure 1 of Reference 16).  The top row gives views from above, and the 
bottom row gives views from the side.  Structure 1a has C2v symmetry.  Structure 1b 
has Cs symmetry, with an S-H-C bond angle of ~180˚.  Structure 1c has Cs symmetry 
with one of the H–S bonds of H2S pointing to the center of the benzene ring. 
 
Figure 2.2.  Coordinates varied in a partial optimization of the 1a conformation of the 
H2S-benzene dimer at the CCSD(T) level of theory.  See Section 2.3.3 and 
Reference 20 for definitions of the coordinates. 
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Figure 2.2 
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Chapter 3. The Electrostatically Embedded Many-Body Approximation for 
Systems of Water, Ammonia, and Sulfuric Acid and the Dependence of its 

Performance on Embedding Charges2 

3.1 Introduction 

 To compute properties of a chemical system often requires one to find a balance 

between computational cost and accuracy.  A variety of relatively low-cost classical 

mechanical and semi-empirical quantum mechanical methods allow one to calculate the 

properties of large (hundreds to thousands of atoms) systems quickly (sometimes within 

a fraction of a second), but, without problematic parameterization against experimental 

data, these methods are often incapable of providing more than qualitative accuracy for 

properties derived from a potential energy surface (PES).  At the other extreme, 

calculations based on the first principles of quantum mechanics [such as coupled 

cluster1  (CC) or configuration interaction2 (CI) theory] have been developed that in 

principle could be carried to nearly arbitrary levels of quantitative accuracy3 but that in 

practice may be used to calculate the energies only of systems containing a few atoms 

due to the methods’ high computational cost.  Thus, much effort has been expended in 

order to find a broadly applicable method that can accurately calculate the energy of a 

large system at a cost that would be reasonable for use in either molecular dynamics 

(MD) or Monte Carlo (MC) simulations.  Fragment-based approaches4-13 are one class 

of methods that attempt to accomplish this goal.  These methods involve breaking the 

large system into subsystems (which will be called fragments) that are small enough to 

be treated at some desired level of electronic structure theory.  Often, an attempt is 
                                                
 
2 The authors are grateful to the Minnesota Supercomputing Institute 
(www.msi.umn.edu) for computer time.  This work was supported in part by the 
National Science Foundation grant no. CHE07-04974. 
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made to polarize each fragment by representing the “missing” fragments as point 

charges or continuous charge density distributions, and the large system’s total energy 

is then calculated as some linear combination of the fragments’ energies and sometimes 

of the energies of pairs and trimers of the fragments as well.   

The electrostatically-embedded many-body (EE-MB) method,13-17 which will be 

described in greater detail in Section 3.2, is a relatively simple fragment-based method 

that is computationally inexpensive because it does not involve the self-consistent 

determination of embedding point charges or charge distributions.  In the formal 

EE-MB approximation, each fragment (or monomer), pair of fragments (dimer), and 

sometimes group of three or more fragments (trimer or higher oligomer) is embedded in 

a predetermined set of point charges (called embedding charges or background charges) 

that represents the fragments that are not explicitly included in the electronic structure 

calculation of a given monomer, dimer, or trimer.  When tested on water clusters and on 

mixed clusters of water and ammonia, the EE-MB approximation showed itself to be a 

cost-effective way to accurately calculate the total energy of a system of noncovalently 

interacting molecules at virtually any desired level of electronic structure theory.13-17  

The present work continues to explore the EE-MB approximation by looking at two 

additional aspects of the EE-MB calculations, as described in the next two paragraphs.   

First, the present study applies the EE-MB approximation to more complicated 

systems than any on which it has yet been tested; the largest clusters considered in this 

article are formed from six water molecules, one ammonia molecule, and two sulfuric 

acid molecules.  Clusters of this type were selected because these molecules are thought 

to be the fundamental components of clusters formed during the early stages of 
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atmospheric nucleation processes.18  In addition, these clusters test the EE-MB 

approximation’s ability to predict accurate energies (compared to the “full” quantum 

mechanical calculation by the same electronic structure method) for systems involving 

both large and small fragments (the large fragment being sulfuric acid with five heavy 

atoms and the small fragments being water and ammonia with only one heavy atom 

each) as well as ions or charge transfer complexes because several of the configurations 

considered in this article correspond to clusters of ammonia, sulfuric acid, bisulfate ion, 

ammonium ion, and water rather than clusters of only ammonia, sulfuric acid, and 

water.   

 Second, the present study compares various ways to obtain the embedding 

charges and tests how sensitively the accuracy of the EE-MB approximation depends on 

the resulting sets of embedding charges.  Typically the sets of background charges that 

represent the “missing” monomers are determined by performing some kind of 

population analysis or charge analysis on the electron density matrices of the isolated 

and optimized gas-phase monomers.  Using these predetermined sets of background 

charges has several advantages relative to using charges that depend on the 

configuration under consideration: (1) it lowers the cost of the EE-MB calculation by 

precluding the need to perform additional self-consistent field calculations to determine 

the “best” background charges for each configuration, and (2) it maintains the 

straightforward availability of analytic gradients and Hessians (if they are already 

available for a given method of electronic structure theory) by removing the embedding 

charges’ dependence on the specific geometry of the system.  However, one might 

argue that using such an inflexible set of embedding charges may not adequately 



  51 

 

polarize each fragment and could potentially compromise the accuracy of the EE-MB 

approximation.  Therefore, in the present study we also test some inexpensive ways to 

obtain embedding charges that do depend on the specific geometry of each system 

being studied, and we compare the EE-MB results from those geometry-dependent 

(GD) charges with those from the geometry-independent (GI) charges that would be 

used in the formal EE-MB approximation.  One should note that the formal EE-MB 

approximation would be more easily applied to dynamical simulations17 that require fast 

calculations of PES gradients, but that either the formal EE-MB approximation or one 

that uses geometry-dependent background charges would be convenient for Monte 

Carlo simulations, where the calculation of PES gradients is not required. 

 The outline of the rest of this paper is as follows: Section 3.2 briefly reviews the 

theoretical underpinnings of the EE-MB approximation, Section 3.3 describes the 

computational methods used to perform the tests in this study and also gives the details 

of how the various sets of background charges were obtained, Section 3.4 presents the 

results and discusses their significance, and Section 3.5 summarizes our conclusions. 

3.2 Theory 

 The EE-MB approximation, like several other fragment-based methods, is based 

on the many-body expansion of a system’s total energy.  Once a system has been 

fragmented into N monomers, the many-body expansion expresses the system’s total 

energy as a sum of the energetic contributions of the one-body (i.e., individual 

monomer) interactions (V1), the two-body interactions (V2), the three-body interactions 

(V3), and so on up to the N-body term, as shown in eq 1. 

 E = V1 + V2 + V3 + … + VN (1) 



  52 

 

If one denotes the energy of one of the monomers as though it had the geometry it has 

in the cluster but were alone in a vacuum as Ei (where i runs over the arbitrary labels 

given to the monomers), the energy of dimer as Eij, and the energy of a trimer as Eijk, 

then the first three terms on the right hand side of eq 1 are defined in eqs 2 through 4; 

the definitions of the remaining terms can be inferred from these equations. 
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One could approximate the total energy of the system by truncating eq 1 at some term 

VM with M less than N; this is the many-body (MB) approximation of the system’s 

energy given by 

 E ≈ V1 + V2 + V3 + … + VM (5) 

If one truncates eq 1 after M = 2, one has made the two-body (2B) or pairwise additive 

(PA) approximation.  If one truncates eq 1 after M = 3, one has made the three-body 

(3B) approximation.   

The same equations as above underlie the EE-MB approximation, but the 

EE-MB approximation accounts for some of the higher-body interactions in the lower-

order terms by calculating the monomer, dimer, trimer, etc. energies (Ei, Eij, and Eijk) as 

though each monomer, dimer, trimer, etc. were embedded in a field of point charges 

located at the coordinates of the missing nuclei.  The surrounding point charges polarize 
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or distort the electronic orbitals of each monomer (or group of monomers) so that they 

take on shapes and amplitudes that more closely resemble those that they might have in 

the overall system’s wave function or electron density.  Some of the specific methods 

by which such sets of point charges could be obtained are described in Section 3.3. 

3.3. Methods 

3.3.1 Choices of embedding point charges 

 The paper that introduced the EE-MB approximation13 pointed out that there are 

two major categories by which background charges may be determined for use in an 

EE-MB calculation:  The first category, which yields what in this work we call the 

geometry-dependent or GD charges, calculates the density matrix corresponding to the 

wave function or the electron density function of the entire system at a computationally 

inexpensive level of electronic structure theory, such as the semi-empirical method 

AM1,19 and performs a charge analysis (such as a Mulliken,20 Löwdin,21 or redistributed 

Löwdin22 analysis) on that density matrix to calculate partial charges located at the 

system’s atomic centers.  The second category, which yields what in this work we call 

the geometry-independent or GI charges, calculates the optimized density matrix of 

each type of monomer involved in the system and performs a charge analysis on each of 

those density matrices.  The individual monomers can have their density matrices 

optimized in either the gas phase or a liquid solution phase.  For example, if the system 

being studied were a cluster of water molecules, one could optimize a water molecule as 

though it were isolated in the gas phase or one could use an implicit solvation model to 

mimic an aqueous solution around the water molecule.  The atom-centered partial 

charges calculated from each individually optimized density matrix are then used as the 
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point charges representing that type of monomer in the EE-MB calculation, regardless 

of that monomer’s position or shape in the overall system.  The original (i.e., formal) 

EE-MB approximation calculates GI charges from monomers optimized in the gas 

phase, but we test the following three general types of point charges in the present 

work: GD charges, GI charges from monomers optimized in the gas phase, and GI 

charges from monomers optimized in a solution phase.  (One could imagine another 

type of GD charge where charges are calculated for monomers but at the geometry they 

have in the particular configuration of the whole system that is under consideration, but 

we will not consider this method.) 

3.3.2  Computational Methods 

 All EE-MB calculations carried out in the present work were conducted using 

the M06-2X23 density functional, which was chosen because it performs better than 

other density functionals for noncovalent interactions between molecules composed of 

main-group elements.23  Three different basis sets were used to test the overall accuracy 

of the EE-PA and the EE-3B approximation: MG3S,24 cc-pV(T+d)Z+,25 and 

aug-cc-pV(T+d)Z.26 

In order to calculate the geometry-dependent (GD) sets of background charges, 

the AM1 wave function of each configuration studied was calculated, and the following 

methods of charge analysis were used on those wave functions: Mulliken population 

analysis,20 Charge Model 1 (CM1A, where the A indicates that the version of CM1 used 

was specifically parameterized to be used with AM1 wave functions),27 Charge Model 2 

(CM2),28 and Charge Model 3 (CM3).29, 30  One should note that Mulliken charges are 

Class II charges27 and at best give electrostatic properties corresponding to an 
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approximate level of theory with a finite set of basis functions, whereas CMx (x = 1A, 

1P, 2, 3, 4, or 4M) charges are Class IV charges because they include empirical 

parameters that map Class II charges (such as Mulliken or Löwdin charges) to charges 

that more realistically reproduce experimental dipole moments.  Following the 

recommendation of Udier-Blagović et al.,31 a final set of GD charges has also been 

tested: these charges are simply CM1A charges scaled by 1.14, and they are labeled 

“CM1A*1.14” or “scaled CM1A” charges.  The scaling is designed to make the charges 

(although computed in the gas-phase) more appropriate for liquid simulations. 

Geometry-independent (GI) charges were obtained from the density matrices of 

both gas-phase and liquid-phase monomers.  The optimized density matrices of gas-

phase monomers were used to calculate point charges according to eight different 

methods of charge analysis: ChElPG,32 Merz-Singh-Kollman (MK),33, 34 the MK 

method with the additional constraint to reproduce dipole moments as well as 

electrostatic potentials (ESP-Dipole; see the Gaussian 03 online manual35 for details), 

Natural Bond Orbital (NBO),36 CM1A, CM2, CM3, and CM4M.37, 38  NBO can be 

considered to be a Class II charge model, but rather than calculating charges from a 

density matrix expressed in terms of the original basis set functions, NBO charges are 

calculated from a density matrix expressed in terms of a set of functions that adopt the 

“natural” shapes that a chemist would expect to describe various types of chemical 

bonds.  The ChElPG, ESP-Dipole, and MK methods are quite similar to one another 

and yield what are classified as Class III charges; these charges are those that best 

reproduce the electrostatic potential due to a system’s electron density distribution 

function at various points in space around the system (which is a gas-phase monomer 
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for GI charge analysis).  The ChElPG, ESP-Dipole, MK, and NBO charges were 

determined from electron density functions computed by 

M06-2X/cc-pV(T+d)Z+//M06-2X/cc-pV(T+d)Z+ (we adopt the common notation 

W/X//Y/Z, where Y is the level of electronic structure theory or density functional and Z 

is the basis set with which the geometry of the system was optimized, and where W is 

the level of electronic structure theory or density functional and X is the basis set with 

which the electron density and/or energy to be used in subsequent calculations was 

optimized).  Because CM4M contains parameters that depend on the density functional 

and basis set chosen and is currently parameterized for a variety of double-zeta but not 

triple-zeta quality basis sets, the CM4M charges were calculated from the 

M06-2X/MIDI!//M06-2X/cc-pV(T+d)Z+ density matrix (the MIDI!39 basis set is of 

double-zeta quality and was designed specifically for the efficient calculation of 

accurate geometries and partial charges).  Charge Models 1, 2, and 3 were originally 

parameterized for semi-empirical methods, and to obtain the geometry-independent 

CM1A, CM2, and CM3 charges we used the AM1//AM1 wave functions of the isolated 

gas-phase monomers.  The scaled CM1A charges (CM1A*1.14) of the gas-phase 

monomers were also used as GI background charges for EE-MB calculations. 

Three sets of background charges were based on liquid-phase monomers: these 

charges are denoted SM5.42/CM2, SM8/CM4M, and SMD/CM4M.  To describe the 

density matrices used to obtain the charges, we adopt the following notation: slvnt-

SMx/W/X//slvnt-SMy/Y/Z, where W, X, Y, and Z are as defined above and where SMy is 

the solvation model applied to perform a liquid-phase geometry optimization of the 

monomer, where SMx is the solvation model used to obtain a liquid-phase optimized 
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wave (or density) function for subsequent charge analysis (for this study, x and y can be 

5.42, 8, or D), and where slvnt indicates the solvent in which the monomer was 

theoretically immersed (for this study, slvnt = aq to signify that the calculation was 

performed in an aqueous solution).  For SM5.42/CM2 charges, CM2 charges were 

calculated from the aq-SM5.42/AM1//AM1 monomer density matrices; that is, the 

monomer geometries were optimized by AM1 in the gas phase, and the wave functions 

were then optimized by AM1 in the aqueous phase using Solvation Model 5.42.  “SM8” 

and “SMD” indicate Solvation Model 840 and Solvation Model D,41 respectively.  The 

SM8/CM4M charges are CM4M charges calculated from the 

aq-SM8/M06-L/6-31G(d)//M06-L/6-31G(d) monomer density matrices based on the 

M06-L density functional42 with the 6-31G(d) basis,43, 44 and the SMD/CM4M charges 

are CM4M charges calculated from the aq-SMD/M06-L/6-31G(d)//M06-L/6-31G(d) 

monomer density matrices. 

All geometries were optimized using the Minnesota Gaussian Functional 

Module, version 3.0 (MN-GFM-v3.0),45 a locally modified version of the 

GAUSSIAN 0346 electronic structure package, revision D.01.  MN-GFM-v3.0 was also 

used to perform the charge analyses for the ChElPG, ESP-Dipole, MK, and NBO 

charges and to carry out single-point energy calculations on the clusters and molecules 

involved in this study.  The Minnesota Gaussian Solvation Module, version 2008 (MN-

GSM-v.2008),47 a module for performing solvation calculations in GAUSSIAN 03, 

revision D.01, was used to compute the CM4M and SM8/CM4M charges.  The 

SMD/M06-L/6-31G(d)//M06-L/6-31G(d) wave function was computed using the 

GESOL48 program (an external module for GAUSSIAN 03), but the SMD/CM4M 
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charges based on this wave function were computed using MN-GSM-v.2008.  

Calculations done on AM1 wave functions to find the geometry-dependent and 

geometry-independent CM1A, CM2, and CM3 charges as well as the geometry-

independent SM5.42/CM2 charges were performed using AMSOL-version 7.1.49  All 

EE-MB calculations were executed using MBPAC 2007-2,50 a program that calls 

GAUSSIAN 03 or MN-GFM to perform electrostatically-embedded many-body 

calculations. 

3.4. Results and Discussion 

 The first goal of this study was simply to test how well the EE-PA and EE-3B 

approximations are able to reproduce the energies of systems containing water, 

ammonia, and sulfuric acid and/or their conjugate acids or bases calculated in the 

conventional manner for a given model chemistry (for this discussion, “model 

chemistry” or “method” implies a specific combination of electronic structure theory 

level or density functional with a specific basis set).  To do this, the binding energies of 

eight clusters, each composed of between three and nine molecules, were calculated by 

M06-2X with three different basis sets: MG3S, cc-pV(T+d)Z+, and aug-cc-pV(T+d)Z.   

The eight clusters considered in the first part of this work and their names are 

shown in Figure 3.1.  The smallest cluster, called 1_H2O, contains one bisulfate ion, 

one ammonium ion, and only one water molecule.  Because the 1_H2O cluster contains 

only three molecules and because each molecule is defined as a monomer for the 

EE-MB calculations done in this study, only the EE-PA approximation is applied to this 

cluster (the EE-3B approximation necessarily yields the same result as the conventional 

calculation for the same method).  The next smallest cluster contains one bisulfate ion, 
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one ammonium ion, and two water molecules and is called the 2_H2O cluster.  Clusters 

1_H2O and 2_H2O are based on structures shown in Figure 1 of Reference 51; 

however, the precise coordinates used for the single-point energy calculations carried 

out in this study (which have been included in Appendix to this chapter) were the result 

of M06-2X/MG3S geometry optimizations done on these two clusters.  Six clusters, 

three of which comprise six water molecules, one ammonia molecule, and one sulfuric 

acid molecule and three of which comprise six water water molecules, one ammonium 

ion, one bisulfate ion, and one sulfuric acid molecule, were also studied.  These 

configurations are called 1A, 1B, 1C, 2A, 2B, and 2C.  They were generated during an 

MD simulation;52 a “1” in the name indicates that one sulfuric acid molecule was used 

in the starting configuration of the simulation and a “2” indicates that two sulfuric acid 

molecules (one of which is in bisulfate form) were used in the starting configuration of 

the simulation. 

 The binding energy (Ebind) of each of the clusters described in the preceding 

paragraph was first calculated in the conventional way with respect to the neutral gas-

phase monomers with geometries optimized by the M06-2X/MG3S method.  That is, 

Ebind = Ecluster – Σ Emolecule  (6) 

where Ecluster is the M06-2X/basis//M06-2X/MG3S absolute electronic energy of the 

cluster and Emolecule is the M06-2X/basis//M06-2X/MG3S absolute energy of the 

neutral version of each molecule from which the cluster is formed [basis = MG3S, 

cc-pV(T+d)Z+, or aug-cc-pV(T+d)Z].  Table 3.1 lists the binding energy of each cluster 

when calculated in the conventional (or “full”) manner by each method and the 

difference (or error) between the EE-PA calculation with different sets of geometry-
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independent background charges calculated according to the formal EE-MB 

prescription; that is, the background charges were calculated from the optimized 

gas-phase monomers.  These full binding energies were then used to test the truncated 

EE-MB expansions.  Note that although the binding energies are defined with respect to 

the neutral versions of the monomers, in applying the EE versions of eqs 1–4 the 

clusters were fragmented into both neutral and ionic monomers and the background 

charges that were used to represent the missing monomers were calculated from the 

corresponding optimized gas-phase monomers, which are both neutral and ionic. 

Table 3.1 shows that the EE-MB approximation, and in particular the EE-3B 

approximation, continues to yield accurate results when compared to the conventional 

calculations when it is used to calculate the binding energies of these more complicated 

clusters than others on which it has so far been tested.  The maximum absolute error for 

the EE-PA calculations is 5.28 kcal/mol; this error occurs for structure 2C, which has a 

large binding energy, and so it corresponds to an error of only 8.4%.  Furthermore, the 

average relative absolute error over all eight configurations, three basis sets, and five 

background charge sets for the EE-PA approximation is only 3.0%. The maximum 

absolute error for the EE-3B calculations (seven configurations) is a mere 

0.41 kcal/mol, again for structure 2C, and it corresponds to a relative absolute error of 

only 0.7%.  The average relative absolute error over all seven configurations, three basis 

sets, and five background charge sets for the EE-3B approximation is 0.3%.  These 

results imply that the EE-3B approximation is capable of handling complicated systems 

involving ions and/or charge transfer complexes and a wide range of monomer sizes 

and monomer complexity.   
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 One particularly striking aspect of Table 3.1 is the comparative size of the 

EE-3B error in reproducing the full calculations and the deviations of the various full 

calculations from one another.  Although all three basis sets are multiply polarized 

valence triple zeta sets with diffuse functions, the results for a given cluster with a pair 

of basis sets differ from one another on average by 0.9 kcal/mol whereas a typical error 

due to the EE-3B approximation is ~0.1 kcal/mol.  Thus the error incurred by truncating 

the EE-MB expansion with geometry-independent background charges is much less 

than the uncertainty due to choice of basis set. 

 The second goal of this study was to compare two major categories of methods 

by which background charges for EE-MB calculations can be obtained: geometry-

dependent and geometry-independent charges.  From the geometry-independent 

charges, two subcategories of partial charge calculation methods are also compared: 

those that use the gas-phase monomer density matrices and those that use liquid-phase 

monomer density matrices.  (See Section 3.3.1 for a more detailed explanation of these 

categories.)  This portion of the study focuses on the binding energies of the three 

largest (and most complex) clusters (2A, 2B, and 2C) calculated by the 

M06-2X/cc-pV(T+d)Z+ method both conventionally and with the EE-MB 

approximation (MB = PA or 3B for this study) using background charge sets from each 

of the above categories and subcategories.  [The cc-pV(T+d)Z+ basis set was selected 

because, of the three basis sets shown in Table 3.1, it is generally the most efficient at 

reducing basis set superposition error (BSSE); that is, on average the cc-pV(T+d)Z+ 

basis set yields about the same amount of BSSE as aug-cc-pV(T+d)Z but at lower 

cost.25  The MG3S basis set tends to yield larger amounts of BSSE than the other two 
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basis sets.  Using a basis set that in general yields low BSSE diminishes the need to 

attempt to correct for BSSE by methods such as counterpoise correction,53 which would 

significantly increase the overall cost of a calculation of the binding energy of a nine-

molecule system.54]   

Table 3.2 lists the errors from the EE-PA and EE-3B calculations relative to the 

conventionally calculated binding energy for each of the three clusters.  The charge sets 

labeled with the prefix “GI_” are geometry-independent charge sets; that is, these 

charges were calculated from the density matrices of individual monomers and 

therefore do not depend on a given cluster’s geometry (in still other words, these charge 

sets would remain the same for any cluster containing the same types of molecules 

and/or ions).  Of the geometry-independent charge sets, those that were computed from 

aqueous-phase monomer density matrices contain the letters “SM” (for “solvation 

model”) in their labels immediately following the “GI_” prefix; those that were 

computed from density matrices of gas-phase monomers do not.  The “GD_” prefix 

indicates that the given charge set is geometry dependent; that is, the charge set is 

calculated from a semi-empirical wave function for the entire cluster and therefore 

depends on the geometry of the cluster.  Table 3.3 summarizes the results shown in 

Table 3.2 by listing the mean unsigned errors (MUE) and root mean squared errors 

(RMSE) of the EE-PA and EE-3B approximations over all three clusters.  Section 3.3.2 

contains the specific description of the meaning of the name of each charge set and the 

method by which each charge set was calculated. 

First, Tables 3.2 and 3.3 show that electrostatic embedding significantly 

enhances the accuracy of the PA and 3B approximations.  Without electrostatic 
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embedding, the pairwise additive MUE is 9.82 kcal/mol, whereas the maximum 

electrostatically-embedded pairwise additive MUE is 4.40 kcal/mol and the average 

EE-PA MUE is 2.96 kcal/mol.  Similarly, the three-body MUE without electrostatic 

embedding is 0.70 kcal/mol, whereas the maximum EE-3B MUE is 0.30 kcal/mol and 

the average EE-3B MUE is 0.20 kcal/mol.   

A second point illustrated by Tables 3.2 and 3.3 is that GD charge sets yield 

EE-MB results that are only slightly better than those from GI sets.  For the EE-PA 

approximation, the average GI MUE is 3.00 kcal/mol and the average GD MUE is 

2.84 kcal/mol.  For the EE-3B approximation, the average GI MUE is 0.21 kcal/mol and 

the average GD MUE is 0.18 kcal/mol.  The small (nearly insignificant for the EE-3B 

approximation) improvement in accuracy afforded by the GD charge sets is not worth 

the loss of convenient analytic gradients when performing MD simulations, nor does it 

even seem to be worth the tiny relative increase in cost that would be incurred during 

MC simulations.  Therefore, the original EE-MB approximation where the electrostatic 

embedding is based on GI charges continues to be the recommended approach for 

EE-MB calculations. 

A third conclusion that may be drawn from Tables 3.2 and 3.3 is that using gas-

phase monomer wave or density functions as a starting point for the determination of GI 

charges is just about as good as using charges derived from liquid-phase monomers.  

The average MUE of the charge sets obtained from gas-phase monomers is 

3.01 kcal/mol for the EE-PA approximation and 0.21 kcal/mol for the EE-3B 

approximation.  The average MUEs of the charge sets obtained from aqueous-phase 

monomers are 2.99 kcal/mol and 0.20 kcal/mol respectively.  This may come as a 
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surprise because one might expect that the electron density around a monomer in a 

cluster would more closely resemble the electron density distribution of a solvated 

monomer than it would the electron density distribution of a gas-phase monomer.  This 

is because a monomer in a cluster or a monomer in solution is polarized by the 

surrounding monomers and might experience more charge separation than would a 

monomer in the gas phase; i.e., charges derived from either a monomer in a cluster or a 

monomer in solution might take on more extreme magnitudes than charges derived 

from a monomer in the gas phase.  However, this did not turn out to be the case.  The 

charges derived from liquid-phase monomers were on the whole quite similar to those 

derived from gas-phase monomers, as shown in Tables 3.4 to 3.6.  This explains why 

these charge sets produce similar results when used as the background charges in 

EE-MB calculations.  Once again, the original EE-MB approximation (taking GI 

charges from monomers in the gas phase) remains the recommended approach because 

gas-phase monomer calculations are less costly (even if only by a little) than liquid-

phase calculations and because potential ambiguity regarding which solvent to choose 

for monomers involved in mixed clusters is avoided when the gas-phase monomers are 

used to generate embedding charges. 

To summarize the discussion of the results presented so far, one could simply 

state that the accuracy of the EE-MB approximation does not appear to be heavily 

dependent on the set of background charges chosen.  Compared to the average binding 

energy of the three clusters, -65 kcal/mol, a 5% error would be 3.3 kcal/mol and a 1% 

error would be 0.65 kcal/mol.  Thus, most of the EE-PA calculations yield MUEs of 
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less than 5% and all of the EE-3B calculations yield MUEs of less than 1%, regardless 

of the charge model used.   

The reason for which the two subcategories of GI charges (gas-phase vs. liquid-

phase monomers) do not produce significantly different EE-MB results was addressed 

in an earlier paragraph, but one is still left to wonder why GI charges manage to do 

about as well as GD charges.  In an attempt to understand this, one can investigate (1) 

how the dipoles of individual water molecules vary within a cluster and (2) how the 

dipole of an individual water molecule varies when the water molecule is embedded in 

different sets of point charges.  Because water is a planar molecule and generally 

possesses close to C2v symmetry, its dipole is a good indicator of the extent to which 

the water molecule is polarized.  (Note that the word “dipole” is used to mean “the 

magnitude of the dipole moment”.)  If the dipoles of the water molecules in the entire 

cluster do not vary much (Test 1), then one can see how the “inflexible” charges from a 

gas-phase monomer could adequately mimic the effects of other water molecules in the 

cluster.   Additionally, if the dipole of a single water molecule embedded in point 

charges does not vary much with different background charge sets (Test 2), then one 

can infer that the choice of background charges will not strongly impact an EE-MB 

calculation, because the purpose of the background charges is to polarize the monomers, 

dimers, trimers, etc.  If the embedding charges do not have a strong effect on the 

polarization of a monomer, then it is unlikely that they would have a strong effect on 

the result of an EE-MB calculation. 

As stated above, Test 1 investigates the variation in the dipoles of the water 

molecules within a given cluster.  The dipole moment of each water molecule in 
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clusters 2A, 2B, and 2C was calculated using the Mulliken, CM1A, scaled CM1A, 

CM2, and CM3 point charges that were obtained from the AM1 wave functions of those 

clusters; these dipoles are listed in Table 3.7.  The point charges were used to calculate 

the dipoles because one cannot determine the expectation value of the dipole moment of 

an individual water molecule from the wave function of the entire cluster.  The dipole 

moment of each water molecule was calculated with respect to that particular 

molecule’s center of nuclear charge.  To give an idea of the locations of the water 

molecules within a cluster, Figure 3.2 shows configuration 2A with each water 

molecule labeled by the arbitrary fragment number that it was assigned for the EE-MB 

calculations; these numbers correspond to the monomer labels listed in Table 3.7.  The 

water molecules of configurations 2B and 2C were labeled in essentially the same way, 

although of course their locations within the cluster are slightly different in each case.  

Table 3.7 shows that for every type of point charge representation other than Mulliken 

charges, the relative standard deviation is only 5%.  In the case of dipoles derived from 

Mulliken charges the relative standard deviation is 8%.  These results indicate that the 

variation in the extent of polarization of water molecules in a semi-empirical calculation 

of an entire cluster’s wave function is not large.   

Test 2 investigates the dependence of the extent of polarization of a single 

embedded water molecule on the choice of background charges.  Monomer number 5 of 

configuration 2A was selected as the embedded water molecule for this test.  The 

remaining water molecules were represented by the same sets of point charges 

described in Section 3.3.2, and the M06-2X/MIDI! density matrix of the water molecule 

in each charge set was calculated.  From this density matrix, one can calculate the 
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dipole of the water molecule in two different ways: (a) quantum mechanically as the 

expectation value of the dipole moment operator or (b) classically from a set of point 

charges that has been determined through charge analysis of the water molecule’s 

density matrix.  Dipoles computed by methods (a) and (b) are called density dipoles and 

point-charge dipoles, respectively. 

Method (b) begs the question of which specific charge model should be used to 

assign point charges to the embedded water molecule.  To decide which charge model 

to use for this specific task, the dipoles of several non-embedded gas-phase molecules 

and ions according to nine charge models listed in Table 3.8.  The ChElPG, 

ESP-Dipole, MK, and NBO charge analyses were carried out on the molecules’ 

M06-2X/cc-pV(T+d)Z+ density matrices, the CM4M charges were determined from the 

M06-2X/MIDI! density matrices, and the CM1A, scaled CM1A, CM2, and CM3 

charges were extracted from the AM1 wave functions.  The geometries of these 

compounds had previously been optimized at the same level of theory at which the 

charge analyses were performed, except for the CM4M charges which had been 

optimized at M06-2X/cc-pV(T+d)Z+.  The classical dipoles of these molecules 

calculated from these charge representations are shown in Table 3.8 and are compared 

to our best estimates of these dipoles.  In the case of the neutral compounds, our best 

estimates are based on experimental values, but in the case of ions these have been 

determined with respect to each given ion’s center of nuclear charge by finite-field 

calculations done with the CCSD(T)/aug-cc-pV(T+d)Z//M06-2X/cc-pV(T+d)Z+ 

method.  The MUEs and RMSEs over all five compounds with respect to the best-

estimate dipoles are also given in Table 3.8.  Based on the MUEs, the CM4M charges 
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appear to reproduce the best estimate dipoles better than the other methods, so the 

CM4M charges of the embedded water monomer were used to calculate the classical 

dipoles of method (b).   

The dipoles arising from methods (a) and (b) are given in Table 3.9, along with 

the individual point charges used to calculate the dipoles for method (b).  One should 

first notice, by comparing the point charge dipole of the un-embedded water molecule 

(in the row labeled “None”) to the point-charge dipoles of the embedded water 

molecule, that the electrostatic embedding does increase the dipole of the water 

molecule by about 0.3 D.  Once embedded, however, the specific background charge set 

chosen does not affect the point-charge dipole by more than 0.05 D (or the density 

dipole by more than 0.09 D).  The relative standard deviations over all sets of 

embedding charges for the water molecule’s CM4M charges, density dipoles [method 

(a)], and point-charge dipoles [method (b)] are all under 1.3%.  Thus, the extent to 

which a water molecule is polarized is affected by whether or not the water molecule is 

embedded in point charges, but the extent of polarization does not depend heavily on 

the specific set of embedding charges used. 

3.5. Conclusions 

 The primary goals of this paper were (i) to test the overall accuracy of the 

EE-MB approximation for clusters involving both large and small monomers as well as 

a mix of ions and neutral molecules and (ii) to observe the dependence of the EE-MB 

approximation’s accuracy on the background charges used as the electrostatic 

embedding.   
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Regarding the first goal, this study shows that the EE-MB approximation is 

capable of providing accurate binding energies for relatively complicated systems.  For 

five sets of embedding charges used with three different basis sets on a test set of mixed 

clusters ranging in size from two to nine molecules, the errors in the binding energies 

from the EE-PA approximation relative to the binding energies of the full calculations 

at the same level of theory do not exceed 10%, and in many cases are closer to 5%.  The 

EE-3B approximation does even better, with relative errors that do not exceed 0.7%.   

Regarding the second goal, this study shows (in accord with results from 

previous studies on less complicated systems13, 16) that electrostatic embedding does 

significantly improve the performance of the PA and 3B approximations, but that the 

specific set of point charges used for the electrostatic embedding does not strongly 

influence the accuracy of the EE-PA or EE-3B approximations.  Two general categories 

of background charge sets were tested: geometry-dependent (GD) and geometry-

independent (GI) charge sets.  On the whole, GD and GI charges yield EE-MB results 

of almost equal accuracy; over three configurations of a mixed nine-molecule system, 

the EE-3B MUE over the GI charge sets is 0.21 kcal/mol and over GD charge sets is 

0.18 kcal/mol.  Although the GD charge sets perform slightly better, they are also 

slightly more complicated to implement for energies and much more complicated to 

implement for gradients.  Of the GI charge sets, those that were obtained from gas-

phase monomer density matrices do not perform significantly differently than those that 

were obtained from liquid-phase monomer density matrices: over the EE-3B binding 

energies of three configurations of the nine-molecule system, the gas-phase monomer-
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derived charge sets yielded an MUE of 0.21 kcal/mol, and the liquid-phase monomer-

derived charge sets yielded an MUE of 0.20 kcal/mol.   

A third objective that arose during the course of this study was to investigate 

why the GD charge sets do not perform as much better than the GI charge sets as one 

might have expected.  The conclusions reached from that portion of the study are these:  

(1) The polarization of the water molecules within a given nine-molecule cluster does 

not vary much from molecule to molecule, implying that the “rigid” point charges from 

a gas-phase monomer are adequate to represent that type of monomer regardless of 

where it is located within a cluster.  (2) The polarization of a water molecule is affected 

by the presence of embedding charges, but the specific set of embedding charges used 

does not strongly affect the extent of the water molecule’s polarization.  The purpose of 

the background charges in an EE-MB calculation is to include higher-order effects in 

lower orders of the many-body expansion through the polarization of individual 

monomers and groups of monomers.  Because the extent to which a water molecule is 

polarized is not greatly influenced by the choice of embedding charges, one can 

understand why the overall accuracy of the EE-MB approximation is not greatly 

influenced by the choice of embedding charges. 

A concise summary of the major conclusions reached by this study is as follows: 

the EE-3B approximation as it was originally formulated (i.e., using geometry-

independent background charges derived from equilibrium gas-phase monomer wave or 

density functions) can be trusted to provide accurate results for relatively complicated 

systems involving ions and noncovalently interacting monomers of widely varying 

sizes. 
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3.6. Supporting Information Available 

 Tables listing the Cartesian coordinates of the eight structures shown in 

Figure 3.1 are available free of charge via the Internet at http://pubs.acs.org and in the 

appendix to this chapter. 
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Table 3.1.  Binding Energies (Ebind, kcal/mol) of Eight Clusters with M06-2X Density Functional and Three Basis sets and the 
Corresponding Errorsa (kcal/mol) from the EE-PA and EE-3B Calculations using Five Different Sets of Geometry-
Independent Background Charges 
 Ebind EE-PA Errors EE-3B Errors 
Basis System Full ChElPG ESP-Dipole MK NBO CM4M ChElPG ESP-Dipole MK NBO CM4M 
MG3S 1_H2O -30.50 -0.57 -0.62 -0.59 -0.12 -0.98      
cc-pV(T+d)Z+ 1_H2O -29.69 -0.61 -0.65 -0.63 -0.17 -1.04      
aug-cc-pV(T+d)Z 1_H2O -29.57 -0.34 -0.38 -0.36 -0.06 -0.66      
MG3S 2_H2O -46.14 -1.36 -1.42 -1.36 -0.74 -1.87 0.06 0.06 0.06 0.02 0.06 
cc-pV(T+d)Z+ 2_H2O -45.31 -1.43 -1.48 -1.43 -0.82 -1.96 0.03 0.04 0.03 -0.01 0.04 
aug-cc-pV(T+d)Z 2_H2O -45.08 -1.16 -1.20 -1.16 -0.65 -1.56 0.03 0.04 0.03 0.00 0.01 
MG3S  1A -52.23 1.11 1.17 1.06 0.04 2.19 0.17 0.17 0.17 0.11 0.22 
cc-pV(T+d)Z+  1A -51.80 1.14 1.18 1.08 0.01 2.23 0.15 0.15 0.14 0.10 0.19 
aug-cc-pV(T+d)Z  1A -50.87 1.23 1.31 1.17 -0.06 2.18 0.16 0.16 0.15 0.08 0.19 
MG3S  1B -31.39 0.48 0.50 0.44 -0.26 1.31 -0.06 -0.07 -0.06 -0.06 -0.05 
cc-pV(T+d)Z+  1B -31.80 0.50 0.51 0.45 -0.27 1.32 -0.05 -0.05 -0.05 -0.05 -0.04 
aug-cc-pV(T+d)Z  1B -30.89 0.53 0.58 0.48 -0.39 1.27 -0.04 -0.04 -0.04 -0.03 -0.03 
MG3S  1C -43.89 0.61 0.63 0.55 0.07 1.29 0.14 0.14 0.13 0.10 0.17 
cc-pV(T+d)Z+  1C -43.36 0.68 0.70 0.62 0.09 1.37 0.15 0.15 0.15 0.12 0.18 
aug-cc-pV(T+d)Z  1C -42.31 0.79 0.84 0.73 0.06 1.38 0.13 0.13 0.13 0.11 0.15 
MG3S  2A -66.84 -2.18 -2.23 -2.14 -1.58 -2.83 0.11 0.11 0.10 0.10 0.12 
cc-pV(T+d)Z+  2A -66.30 -2.21 -2.25 -2.16 -1.67 -2.82 0.14 0.13 0.13 0.12 0.15 
aug-cc-pV(T+d)Z  2A -65.24 -2.24 -2.28 -2.20 -1.76 -2.73 0.22 0.21 0.21 0.06 0.26 
MG3S  2B -68.53 -2.54 -2.61 -2.50 -1.79 -3.18 0.12 0.13 0.12 0.06 0.17 
cc-pV(T+d)Z+  2B -67.65 -2.63 -2.68 -2.58 -1.91 -3.23 0.14 0.14 0.13 0.07 0.20 
aug-cc-pV(T+d)Z  2B -66.71 -2.56 -2.60 -2.51 -1.83 -3.01 0.22 0.23 0.22 0.06 0.30 
MG3S  2C -62.70 -4.00 -4.15 -3.97 -2.55 -5.28 0.34 0.34 0.33 0.31 0.37 
cc-pV(T+d)Z+  2C -62.13 -4.03 -4.17 -3.99 -2.65 -5.27 0.29 0.29 0.27 0.26 0.30 
aug-cc-pV(T+d)Z  2C -61.29 -4.07 -4.22 -4.04 -2.58 -5.12 0.38 0.38 0.37 0.27 0.41 
aThe errors are calculated as Ebind(EE-MB) – Ebind(full).
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Table 3.2.  Binding Energies [Ebind(full), kcal/mol] from Conventional 
Calculations at M06-2X/cc-pV(T+d)Z+ and the Corresponding Errorsa (kcal/mol) 
from the EE-MB Calculations when Different sets of Background Charges are 
Used 
 2A 2B 2C 
  EE-PA EE-3B EE-PA EE-3B EE-PA EE-3B 
Ebind(full) -66.30 -67.65 -62.13 
Charge Model Errors 
Noneb -4.94 -0.85 -8.51 -0.14 -15.99 -1.11 
GI_ChElPGc -2.21 0.14 -2.63 0.14 -4.03 0.29 
GI_ESP-Dipole -2.25 0.13 -2.68 0.14 -4.17 0.29 
GI_MK -2.16 0.13 -2.58 0.13 -3.99 0.27 
GI_NBO -1.67 0.12 -1.91 0.07 -2.65 0.26 
GI_CM4M -2.82 0.15 -3.23 0.20 -5.27 0.30 
GI_CM1A -2.29 0.14 -2.71 0.15 -4.21 0.31 
GI_(CM1A*1.14) -2.37 0.21 -2.76 0.23 -3.75 0.37 
GI_CM2 -2.33 0.19 -2.83 0.16 -4.06 0.44 
GI_CM3 -2.42 0.18 -2.93 0.17 -4.31 0.43 
GI_SM5.42/CM2 -2.10 0.17 -2.50 0.12 -3.53 0.39 
GI_SM8/CM4M -2.40 0.14 -2.76 0.16 -4.36 0.26 
GI_SMD/CM4M -2.35 0.14 -2.70 0.15 -4.24 0.26 
GD_AM1-Mullikend -2.96 0.18 -3.82 0.20 -6.42 0.52 
GD_CM1A -1.81 0.10 -2.04 0.08 -3.36 0.18 
GD_CM1A*1.14 -1.98 0.15 -2.16 0.12 -2.85 0.21 
GD_AM1-CM2 -1.79 0.11 -2.20 0.06 -3.67 0.29 
GD_AM1-CM3 -1.80 0.11 -2.18 0.08 -3.50 0.26 
aThe errors are calculated as Ebind(EE-MB) – Ebind(full). 
b“None” implies that no electrostatic embedding was used for these calculations; i.e., 
this row gives PA and 3B errors, not EE-PA and EE-3B errors. 
cThe “GI_” prefix indicates that these background charges are geometry independent.  
An “SM” following this prefix indicates that the charges were obtained from aqueous-
phase monomers; all others were obtained from gas-phase monomers. 
dThe “GD_” prefix indicates that these background charges are geometry dependent. 
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Table 3.3.  Mean Unsigned Errors (MUE) and Root Mean Squared Errors 
(RMSE) in kcal/mol Over Three Configurations (2A, 2B, and 2C) of an 
(H2SO4)(HSO4-)(NH4+)(H2O)6 Systema 
 EE-PA EE-3B 
 Charge Model MUE RMSE MUE RMSE 
 Full 0.00 0.00 0.00 0.00 
 Noneb 9.82 10.84 0.70 0.81 
 GI_ChElPGc 2.96 3.06 0.19 0.20 
 GI_ESP-Dipole 3.03 3.14 0.19 0.20 
 GI_MK 2.91 3.01 0.18 0.19 
 GI_NBO 2.08 2.12 0.15 0.17 
 GI_CM4M 3.77 3.92 0.22 0.23 
 GI_CM1A 3.07 3.18 0.20 0.22 
 GI_(CM1A*1.14) 2.96 3.02 0.27 0.28 
 GI_CM2 3.07 3.16 0.26 0.29 
 GI_CM3 3.22 3.32 0.26 0.29 
 GI_SM5.42/CM2 2.71 2.78 0.23 0.26 
 GI_SM8/CM4M 3.17 3.28 0.19 0.19 
 GI_SMD/CM4M 3.10 3.21 0.18 0.19 
 GD_AM1-Mullikend 4.40 4.64 0.30 0.34 
 GD_CM1A 2.41 2.50 0.12 0.13 
 GD_CM1A*1.14 2.33 2.36 0.16 0.17 
 GD_AM1-CM2 2.56 2.68 0.15 0.18 
 GD_AM1-CM3 2.50 2.60 0.15 0.17 
aThe full (or conventional) and EE-MB calculations were performed with 
the M06-2X/cc-pV(T+d)Z+ method. 
bNo background charges were used for these calculations; i.e., these are 
the PA and 3B approximations to the total energy without electrostatic 
embedding. 
cThe “GI_” prefix indicates that these background charges are geometry 
independent.  An “SM” following this prefix indicates that the charges 
were obtained from aqueous-phase monomers; all others were obtained 
from gas-phase monomers. 
dThe “GD_” prefix indicates that these background charges are geometry 
dependent. 
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Table 3.4.  Geometry-Independent Background Charges (in e) Based on the 
Geometries of the Gas-Phase Monomers Optimized with the  
M06-2X/cc-pV(T+d)Z+ Method 
 Atom ESP- 
Molecule Type ChElPGa Dipolea MKa NBOa CM4Mb 
H2O O -0.726 -0.709 -0.731 -0.930 -0.601 
H2O H 0.363 0.355 0.365 0.465 0.300 
 
HSO4- S 1.428 1.329 1.328 2.591 0.403 
HSO4- O -0.700 -0.677 -0.676 -1.016 -0.423 
HSO4- H 0.372 0.378 0.375 0.472 0.289 
 
H2SO4 S 1.164 1.042 1.049 2.602 0.499 
H2SO4 O -0.509 -0.482 -0.483 -0.910 -0.298 
H2SO4 H 0.435 0.443 0.442 0.519 0.347 
 
NH4+ N -0.784 -0.834 -0.834 -0.859 -0.604 
NH4+ H 0.446 0.458 0.458 0.465 0.401 
aCharge analyses were done on the M06-2X/cc-pV(T+d)Z+ gas-phase monomer density 
matrices. 
bCharge analyses were done on the M06-2X/MIDI! gas-phase monomer density 
matrices. 
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Table 3.5.  Geometry-Independent Background Charges (in e) Based on the 
Geometries of the Gas-Phase Monomers Optimized with the AM1 Method 
  Atom     SM5.42/ 
Molecule Type CM1Aa CM1A*1.14a CM2a CM3a CM2b 
H2O O -0.706 -0.805 -0.711 -0.679 -0.783 
H2O H 0.353 0.402 0.356 0.340 0.392 
 
HSO4- S 1.433 1.634 2.878 2.491 2.934 
HSO4- O -0.709 -0.808 -1.061 -0.963 -1.086 
HSO4- H 0.401 0.457 0.368 0.360 0.409 
 
H2SO4 S 1.440 1.642 2.874 2.487 2.961 
H2SO4 O -0.601 -0.685 -0.937 -0.842 -0.974 
H2SO4 H 0.481 0.548 0.438 0.439 0.468 
 
NH4+ N -0.514 -0.586 -0.793 -0.829 -0.792 
NH4+ H 0.378 0.431 0.448 0.457 0.448 
aCharge analyses were done on the AM1 gas-phase monomer density matrices. 
bCharge analyses were done on the SM5.42/AM1 aqueous-phase monomer density 
matrices. 
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Table 3.6.  Geometry-Independent Background Chargesa (in e) Based on the 
Geometries of the Gas-Phase Monomers Optimized by the M06-L/6-31G(d) 
Method 
Molecule Atom + Label SM8/CM4M SMD/CM4M 
H2O O -0.695 -0.708 
H2O H 0.347 0.354 
 
HSO4- S 0.751 0.775 
HSO4- O -0.525 -0.534 
HSO4- H 0.350 0.361 
 
H2SO4 S 0.875 0.867 
H2SO4 O -0.416 -0.418 
H2SO4 H 0.393 0.401 
 
NH4+ N -0.584 -0.592 
NH4+ H 0.396 0.398 
aCharge analyses were done on the SMx/M06 L/6-31G(d) (x = 8, D) aqueous-
phase monomer density matrices. 
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Table 3.7.  Dipolesa (in debye) of Individual Water Molecules Within Different 
Configurations of an (H2SO4)(HSO4-)(NH4+)( H2O)6 System from Various Point 
Charge Representations of those Configurations 
Cluster Monomer    
label label Mulliken CM1A CM1A*1.14 CM2 CM3 
2A 2 1.39 2.26 2.58 2.24 2.21 
2A 4 1.37 2.20 2.50 2.18 2.15 
2A 5 1.58 2.47 2.81 2.43 2.42 
2A 6 1.35 2.30 2.62 2.31 2.24 
2A 7 1.23 2.13 2.42 2.12 2.06 
2A 9 1.30 2.22 2.53 2.21 2.15 
       
2B 2 1.48 2.40 2.74 2.37 2.34 
2B 4 1.39 2.24 2.55 2.22 2.19 
2B 5 1.39 2.20 2.51 2.17 2.16 
2B 6 1.30 2.19 2.49 2.20 2.13 
2B 7 1.25 2.24 2.55 2.24 2.16 
2B 9 1.31 2.19 2.50 2.18 2.13 
      
2C 2 1.54 2.46 2.81 2.39 2.40 
2C 4 1.42 2.25 2.56 2.21 2.20 
2C 5 1.34 2.19 2.50 2.18 2.14 
2C 6 1.44 2.44 2.79 2.45 2.38 
2C 7 1.21 2.12 2.42 2.12 2.05 
2C 9 1.18 2.08 2.38 2.10 2.01 
       
Average (debye)  1.36 2.25 2.57 2.24 2.20 
Standard Deviation (debye) 0.11 0.12 0.13 0.11 0.12 
% Standard Deviation 8.0 5.2 5.2 4.7 5.4 
aDipoles are calculated with respect to each water molecule's center of nuclear charge. 
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Table 3.8.  Dipolesa (in debye) of Gas-Phase Monomers Calculated from Point 
Charges and Compared to Best Estimates 
Charge Model H2O H2SO4 NH3 HSO4- OH- MUEb RMSEb 
ChElPG 2.03 3.25 1.64 2.65 1.59 0.19 0.21 
ESP-Dipole 1.98 3.31 1.59 2.72 1.59 0.20 0.22 
MK 2.04 3.27 1.67 2.68 1.59 0.21 0.22 
NBO 2.60 3.70 1.89 3.24 2.20 0.68 0.70 
CM4M 1.68 3.02 1.55 2.40 0.95 0.18 0.21 
CM1A 2.02 2.25 1.76 1.83 1.38 0.40 0.49 
CM1A*1.14 2.30 2.56 2.01 2.08 1.57 0.43 0.44 
CM2 2.03 1.89 1.61 1.59 1.40 0.49 0.67 
CM3 1.94 1.87 1.60 1.55 1.29 0.48 0.68 
        
Best Estimate 1.85c 2.96d 1.47e 2.60f 1.33f   
        
aThe dipole of each compound was calculated with respect to the compound’s center of 
nuclear charge. 
bThe MUEs/RMSEs are averages of the differences between the point-charge derived 
and the best estimate dipoles over all five compounds.  The MUEs/RMSEs are given in 
debye. 
cReferences 55-57. 
dReference 58. 
eReference 59. 
fDetermined in the present study by a finite-field calculation at 
CCSD(T)/aug-cc-pV(T+d)Z//M06-2X/cc-pV(T+d)Z+. 
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Table 3.9.  CM4M Charges (in e) and Dipoles (in debye) of Monomer Number 5 
from Configuration 2A Embedded in the Given Sets of Background Charges 
Background    Density Point-Charge 
Charges H1a (e) O (e) H2b (e) Dipolec (D) Dipoled (D) 
Fulle 0.321 -0.593 0.321 N/Ae 1.87e 
Nonef 0.297 -0.596 0.298 1.95 1.76 
GI_ChElPG 0.371 -0.687 0.317 2.61 2.05 
GI_ESP-Dipole 0.371 -0.687 0.317 2.61 2.05 
GI_MK 0.370 -0.687 0.317 2.61 2.05 
GI_NBO 0.376 -0.690 0.314 2.63 2.06 
GI_CM4M 0.366 -0.684 0.318 2.59 2.04 
GI_CM1A 0.370 -0.686 0.315 2.60 2.05 
GI_CM1A*1.14 0.380 -0.697 0.318 2.68 2.09 
GI_CM2 0.377 -0.693 0.316 2.65 2.07 
GI_CM3 0.375 -0.692 0.316 2.64 2.07 
GI_SM5.42/CM2 0.377 -0.692 0.315 2.64 2.07 
GI_SM8/CM4M 0.367 -0.684 0.317 2.59 2.04 
GI_SMD/CM4M 0.368 -0.684 0.317 2.59 2.04 
GD_Mulliken 0.378 -0.690 0.312 2.63 2.07 
GD_CM1A 0.371 -0.684 0.313 2.59 2.05 
GD_CM1A*1.14 0.380 -0.696 0.316 2.68 2.08 
GD_CM2 0.377 -0.689 0.311 2.62 2.06 
GD_CM3 0.377 -0.690 0.314 2.63 2.07 
      
Averageg 0.374 -0.689 0.315 2.62 2.06 
Standard Deviationg 0.005 0.004 0.002 0.03 0.01 
% Standard Deviationg 1.2 0.6 0.7 1.1 0.7 
 
aThe hydrogen atom that forms an H-bond with an oxygen atom of the nearby HSO4- 
ion. 
bThe hydrogen atom that is not involved in an H-bond. 
cDipole calculated from the M06 2X/MIDI! wave function of the embedded water 
molecule.  1 D ≡ 1 debye. 
dDipole calculated from the point charges given in the columns labeled H1, O, and H2. 
1 D ≡ 1 debye. 
eThe CM4M charges assigned to the water molecule when the M06-2X/MIDI! 
calculation is performed on the entire 2A configuration.  Because in this case the sum of 
the point charges on this fragment is not zero, the point charge dipole moment was 
calculated with respect to this fragment's center of nuclear charge. 
f“None” indicates that water monomer 5 was left in the geometry that it has in 
configuration 2A but that it was not embedded in point charges. 
gThe values found in the rows labeled “Full” and “None” were not included in the 
calculations of the averages, standard deviations, or % standard deviations. 
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Figures 
 
Figure 3.1:  Eight clusters formed from water, ammonia, and sulfuric acid (note that 
many of the clusters contain ammonium and bisulfate ions rather than neutral ammonia 
and sulfuric acid molecules).  The 1_H2O and 2_H2O structures were optimized at 
M06-2X/MG3S.  The remaining structures were taken from molecular dynamics 
simulations.  The composition of each cluster is as follows:  

(a) 1_H2O = (HSO4-)(NH4+)(H2O),  
(b) 2_H2O = (HSO4-)(NH4+)(H2O)2,  
(c) 1A = 1B = 1C = (H2SO4)(NH3)(H2O)6, and  
(d) 2A = 2B = 2C = (H2SO4) (HSO4-)(NH4+)(H2O)6. 

 
Figure 3.2:  The 2A configuration with the water molecules labeled with the arbitrary 
fragment numbers that they were assigned for the EE-MB calculations.  Note that two 
hydrogen atoms are obstructed from view in this figure: one is obstructed by the 
nitrogen atom of the ammonium ion, and the other is obstructed by the oxygen atom of 
water molecule 7. 
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Chapter 4. Exploring Variations of the Electrostatically Embedded Many-Body 
Approximation for Monte Carlo Simulations 

4.1. The Electrostatically-Embedded Three-Body Approximation with 
Consistently Screened Perturbations for Monte Carlo Simulations3 
 
4.1.1 Introduction 

The electrostatically-embedded three-body (EE-3B) approximation has shown 

excellent agreement with conventional (or full) calculations done at the same level of 

electronic structure theory,1-4 and can save significant amounts of computer time even 

for clusters containing 6–20 heavy atoms, depending on the level of electronic structure 

theory used (the savings afforded by the EE-3B method when it is used with correlated 

levels of wave function theory are more dramatic than those seen when it is used with 

density functional theory).1, 2  However, using the EE-3B method to compute the 

100,000+ single-point energies of cluster configurations generated during a Monte 

Carlo (MC) simulation still would be far too expensive to be practical.  Thus, we 

continue to seek ways to cut the cost of ab initio electronic structure calculations so that 

they may be used to study dynamic systems through MC or MD (molecular dynamics) 

simulations.  In this study, we investigate the successes and failures of one 

approximation method that has been proposed to pare the cost of the EE-3B method: the 

electrostatically-embedded three-body approximation with consistently screened 

perturbations (EE-3B-CSP).   

                                                
 
3 The authors would like to thank Steven Mielke for many helpful insights, Katie 
Maerzke for providing the configurations of the water–ammonia systems that were used 
in this study, and the Minnesota Supercomputing Institute for computer time. 
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4.1.2 Theory 

4.1.2.A  The EE-3B Method 

The EE-3B method approximates the total energy of a system (E) as the sum of 

the electrostatically-embedded one-, two-, and three-body interaction energies (

  

V1
!,

  

V2
!, 

and 

  

V3
!, respectively; the primes denote that energies are calculated with electrostatic 

embedding).  That is, 

 

  

E ! EEE"3B = V1# + V2# + V3# (1) 

where 

 

  

! V 1 = Ei
!

i

"  (2) 

 

  

! V 2 = Eij
! "

i< j

# Ei
! " E j

! = vij
!

i< j

#  (3) 

 

  

! V 3 = Eijk
! "

i< j<k

# vij
! " vik

! " v jk
! " Ei

! " E j
! " Ek

! = vijk
!

i< j<k

#  (4) 

In eqs 2–4, 

  

Ei
! denotes the energy of monomer i embedded in a constellation of point 

charges located at the nuclei of all other atoms in the entire system.  Similarly, 

  

Eij ! and 

  

Eijk ! represent the electrostatically-embedded energies of dimer ij and trimer ijk.  The 

sums in eqs 2–4 run over all possible monomers, dimers, and trimers in the system.  The 

definitions of the terms 

  

vij
! and 

  

vijk ! are implied in eqs 3 and 4, respectively.  

Physically, the terms 

  

vij
! and 

  

vijk ! are dimer ij’s contribution to the two-body 

interaction energy (

  

V2
!) and trimer ijk’s contribution to the three-body interaction 

energy (

  

V3
!), respectively.   
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4.1.2.B  The EE-3B-CSP Method 

The EE-3B-CSP method starts out the same as the EE-3B method: for a given 

initial configuration (step 1), the EE-3B energy is determined as usual, but if the site-

site version of the EE-3B-CSP method is being used (see below for clarification), an 

inexpensive partial charge analysis on the electron density of every possible monomer, 

dimer, and trimer in the initial configuration is done as well.  After moving an atom or 

molecule to form a slightly different configuration (as one might do in a sequence of 

Monte Carlo moves), as long as the fragmentation scheme did not change, the 

EE-3B-CSP energy may be calculated for the new configuration, using the original 

configuration as a reference.  Eqs 1-4 are still used to govern the EE-3B-CSP 

approximation, but the difference between the EE-3B and the EE-3B-CSP 

approximations lies in the way in which the individual trimers’ electrostatically-

embedded three-body contributions (

  

vijk !) are defined.  If a trimer contains an atom that 

moved with respect to a reference configuration, then the trimer energy 

  

vijk ! is defined 

in the same way as above and its energy must be calculated using the chosen level of 

electronic structure theory.  If a trimer does not contain an atom that moved, however, 

then it might be reasonable to assume that the changes in the trimer’s energy and wave 

function due to the change in the position of one (or a few) of its embedding charges are 

small, and we might be able to use first-order perturbation theory to approximate its 

contribution to the three-body energy in the system’s new configuration based on the 

monomer, dimer, and trimer energies computed in some earlier configuration of the 

system.  In this way, one might not need to use a relatively expensive electronic 
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structure calculation to obtain the energy of each trimer at every step of the MC 

simulation but instead might be able to quickly estimate the trimer’s energy in a given 

configuration using perturbation theory.  However, in some cases the assumption that 

the change in a trimer’s energy due to the change in the locations of a few external 

charges is small is not valid.  Therefore, one must “screen” the estimated change in a 

given trimer’s energy to determine whether the estimated energy value will be accepted 

and used to approximate that trimer’s 

  

vijk ! value in the current configuration or the 

estimated energy value will not be used and the trimer’s energy will need to be 

recalculated in the current constellation of point charges using the chosen level of 

electronic structure theory.   

In the EE-3B-CSP method, the user must define a parameter, ε, that is used to 

screen the perturbation energies to see if they may be used to approximate a trimer’s 

energy in a new constellation of point charges.  If the change in the trimer’s energy 

estimated by first-order perturbation theory is larger than ε, then the trimer’s energy in 

the new constellation must be recalculated accurately using electronic structure theory; 

otherwise, the perturbation theory estimate is used to approximate the trimer’s energy.  

If for any reason a trimer’s energy must be calculated accurately at a certain MC step, 

then that step is considered a reference step for that particular trimer, and future 

perturbation theory estimates of that trimer’s energy will be based on that reference 

configuration.  The user must also define a positive integer parameter, n, so that all 

trimer energies will be “refreshed” – recalculated accurately using electronic structure 

theory in the current configuration – every nth accepted MC step.   
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In order to use first-order perturbation theory to estimate a trimer’s contribution 

to the system’s three-body energy, we approximate 

  

vijk ! according to eq 5a: 

  

vijk
! " ˜ v ijk ! #

˜ E ijk
(ijk )

$ ˜ E ij
(ijk )

$ ˜ E i
(ijk )

$ ˜ E j
(ijk )( )$ ˜ E ik

(ijk )
$ ˜ E i

(ijk )
$ ˜ E k

(ijk )( )
$ ˜ E jk

(ijk )
$ ˜ E j

(ijk )
$ ˜ E k

(ijk )( )$ ˜ E i
(ijk )

$ ˜ E j
(ijk )

$ ˜ E k
(ijk )

 (5a) 

In eq 5a, 

  

˜ E L
(ijk ) is the first-order perturbation theory estimate of the electrostatically 

embedded energy of oligomer L, where L can be replaced by the subscripts that label a 

monomer, dimer, or trimer (for example, L could be replaced by i, ij, or ijk).  The 

superscript (ijk) is used because each estimated energy depends on the configuration of 

the system at the Monte Carlo step when the most recent reference energy of trimer ijk 

was calculated, which might be different for each trimer.  

 

 

  

˜ E L
(ijk ) is given by: 

 

  

˜ E L
(ijk ) ! E L

(0,ijk ) + EL
(1,ijk ) (5) 

In the eq. above, 

  

EL
(0, ijk )  is the energy of oligomer L that was calculated at trimer ijk’s 

most recent reference step, when the oligomer was embedded in a slightly different 

constellation of point charges.  

  

EL
(1,ijk ) can be either the true first-order perturbation 

theory estimate of the change in oligomer L’s energy due to the movement of the 

embedding charges (given in eqs 6 and 7), or it can be an approximation of the first-

order perturbation energy (see eq 8).  Each of these options is described in the following 

paragraphs.  Before proceeding with the details, however, it is important to notice that, 

although the monomer and dimer energies are calculated accurately using electronic 
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structure theory at each MC step, one must use first-order perturbation theory to 

estimate the energies of trimer ijk’s constituent monomers and dimers when computing 

  

˜ v ijk !.  This improves the accuracy of our estimate of 

  

vijk ! because some of the errors 

inherent in the perturbation theory estimates of oligomer energies are likely to cancel 

out when the differences between the estimated energies are taken.  This is why the 

method is called EE-MB with consistently screened perturbations.  If accurate monomer 

and dimer energies were used with the estimated trimer energy in the expression for 

  

˜ v ijk !, then this error cancellation would not occur and our estimates of 

  

vijk ! would 

actually be worse. 

 Using true first-order perturbation theory, one writes the following expression 

for the first-order perturbation energy of oligomer L: 

 

  

EL
(1,ijk )

= !L
(0,ijk )

VL
(ijk )

!L
(0,ijk )  (6) 

where 

  

!L
(0,ijk )  is the wave function of oligomer L when it is in the configuration 

corresponding to the most recent reference state of trimer ijk and where 

  

VL
(ijk ) is a 

perturbation energy operator given by: 
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Individual terms of eq 7 are defined as follows: 

  

ne
(L)  is the number of electrons in 

oligomer L, 

  

n
1
(L)  is the number of atoms in oligomer L, 

  

n
2
(L)  is the number of 
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embedding charges that surround oligomer L, 

  

Za  is the nuclear charge on atom a of 

oligomer L, 

  

Ra  is the three-dimensional vector indicating the position of atom a, and 

  

rµ  is the three-dimensional vector indicating the position of electron µ of oligomer L.  

If more than one Monte Carlo move is made between reference calculations, then the 

perturbation energy for a given oligomer should actually be the sum of the perturbation 

energies from all of the preceding non-references steps, so 

  

np
(ijk ) is the number of 

Monte Carlo steps counted from the most recent reference calculation of trimer ijk’s 

energy (i.e., 

  

np
(ijk )is the number of perturbation steps), and λ labels a specific 

perturbation step.  One should be aware that 

  

np
(ijk ) depends on the specific trimer: every 

time a trimer needs its energy recalculated, either because it contained an atom that 

moved or because it failed to pass an energy screening test (which will be explained 

below), that recalculated energy will then be used as the reference energy for that trimer 

in future steps.  

  

qA and 

  

R
A

(! ) are the charge value and location, respectively, of 

embedding charge A at perturbation step λ, and 

  

R
A

(!"1) is the location of embedding 

charge A at the preceding accepted perturbation step, with 

  

R
A

(0)  corresponding to the 

location of embedding charge A in the most recent reference configuration for trimer ijk.  

In order to ensure that the geometry of a system does not change so much over a series 

of steps that it no longer can be considered a perturbation of the reference geometry, a 

full EE-3B calculation may be done every n steps to reset the reference energies for all 

oligomers simultaneously (the specific value used for n is defined by the user of the 

EE-3B-CSP method). 



95 

 

 In order to cut computational costs further, one could eliminate the need to 

calculate the one-electron integrals implied in eq 6 by using an additional set of point 

charges (not the same as the embedding charges) that roughly represent the charge 

density distribution of oligomer L instead of using the squared modulus of the wave 

function and the set of nuclear charges {

  

Za }.  That is, one could estimate the 

perturbation energy as follows: 

 

  

EL
(1,ijk )

= QaqA
1

Ra !R A
(" )

!
1
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("!1)
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"=1

np
( ijk )

)  (8) 

The only term in eq 8 that does not also appear in eq 7 is 

  

Qa , which is the partial charge 

assigned to atom a of oligomer L when a charge analysis is performed on oligomer L 

while it is surrounded by the constellation of embedding charges corresponding to the 

most recent reference state of trimer ijk.  All other terms are defined in the same way 

that they are in eq 7. 

 When one uses the true first-order perturbation theory expressed in eqs 6 and 7 

to estimate an oligomer’s energy in a new constellation of point charges, we say that he 

or she has used first-order site-orbital perturbation theory.  When one uses eq 8 to 

estimate the change in the oligomer’s energy due to the moved point charges, we say 

that he or she has used first-order site-site perturbation theory.   

Regardless of whether one uses first-order site-orbital or first-order site-site 

perturbation theory to obtain an oligomer’s energy, one is assuming that the wave 

function/charge distribution of the oligomer hardly changes at all due to small changes 

in the locations of a few embedding charges.  In some cases, however, particularly if the 
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embedding charges that moved are quite close to the oligomer in question, this 

assumption may not be valid, and it might be necessary to recalculate 

  

EL
! more 

accurately (i.e., do a full quantum mechanical calculation of the energy of embedded 

oligomer L or use second-order perturbation theory) instead of relying on first-order 

perturbation theory.  We therefore attempt to “screen out” such dangerous instances by 

requiring that the absolute value of the perturbation energy, 

  

EL
(1,ijk ) , be less than or 

equal to a user-defined energy parameter, ε.  If 

  

EL
(1,ijk )

> !, then we assume that this 

implies that the energy change due to the moved point charges in the true

  

EL
! is also 

relatively large, which could be an indication that the wave function changed 

significantly and that first-order perturbation theory is no longer valid; conversely, we 

also assume that if the change in 

  

EL
! is large, then it is likely that 

  

EL
(1,ijk )

> !.  In other 

words, we assume that 

  

EL
(1,ijk ) correlates with the true change in 

  

EL
!.  When 

  

EL
(1,ijk )

> !, trimer ijk’s energy (

  

Eijk !) is calculated quantum mechanically in the new 

constellation of embedding charges, the true value of 

  

vijk ! is used in eq 4 rather than the 

approximate value 

  

˜ v ijk !, and the current configuration becomes the new reference 

configuration for that trimer for subsequent Monte Carlo moves until (1) a Monte Carlo 

move changes the position of one of the atoms belonging to trimer ijk, (2) a new value 

of 

  

EL
(1,ijk )  exceeds ε, or (3) an nth accepted MC step is reached and all embedded 

oligomer energies are calculated without approximations in the current configuration. 
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4.1.3 Methods 

In order to test the accuracy of the EE-3B-SP method, forty-four configurations 

of NH3(H2O)11, (NH3)2(H2O)14, and (NH3)2(H2O)18 were generated by a Metropolis5 

Monte Carlo simulation that was done using the MCCCS (Monte Carlo for Complex 

Chemical Systems) code developed by the Siepmann group at the University of 

Minnesota.  An example of one of the configurations of each of these systems is shown 

in Figure 4.1.1.  During the simulation, each molecule was kept rigid and the system’s 

potential energy at each step was calculated according to the OPLS6 force field 

parameters for ammonia and the SPC/E7 force field parameters for water (standard 

Lorentz-Berthelot8 combining rules were used to obtain parameters for water-ammonia 

interactions).  The only moves allowed during the simulation were translations of less 

than 0.39 Å for water or of less than 0.88 Å for ammonia and rotations of less than 0.49 

radians (23˚) for water or of less than 1.14 radians (65˚) for ammonia.  These forty-four 

configurations of each system include moves that were ultimately rejected by the 

algorithm and that would not have been included in the final averages used to calculate 

thermodynamic properties of the system; however, we include these rejected 

configurations as part of our test suite for the EE-3B-CSP approximation because any 

method used to calculate single-point energies during an MC simulation must be able to 

accurately predict which are high-energy, unlikely configurations as well as be able to 

obtain accurate energies for lower-energy configurations. 

The energy of each of the forty-four configurations of each system was 

calculated using the M06-2X9 density functional with the cc-pVTZ+10 basis set in five 

ways: (a) in the conventional manner (that is, at M06-2X/cc-pVTZ+ without additional 
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approximations), (b) using the EE-3B approximation with CM411 embedding charges 

(see below for a more detailed explanation of how these embedding charges were 

obtained), (c) using the EE-3B approximation with CHelpG12 embedding charges, 

(d) using the EE-3B-CSP approximation with CM4 embedding charges and the site-site 

protocol, and (e) using the EE-3B-CSP approximation with CHelpG embedding charges 

and the site-site protocol. The embedding charges used to represent each water or 

ammonia molecule in the EE-3B and EE-3B-SP calculations were the CM4 or CHelpG 

charges obtained from the M06-2X/cc-pVTZ+ density of the gas-phase water or 

ammonia molecule in its M06-2X/cc-pVTZ+ optimized geometry.  The CHelpG 

method was also used to obtain the partial charges assigned to the atoms of each 

embedded monomer, dimer, or trimer when the site-site version of the EE-3B-CSP 

method was tested.  All electronic structure calculations were done using Minnesota 

Gaussian Functional Module, version 3.0 (MN-GFM-v3.0),13 a locally modified version 

of the GAUSSIAN 0314 electronic structure package, revision D.01.  The EE-3B 

calculations were done using a slightly modified version of MBPAC 2007-2,15 and the 

EE-3B-CSP calculations were done using a significantly modified version of 

MBPAC 2007-2. 

For all EE-3B-CSP calculations done in this study, a reference calculation (i.e., a 

complete EE-3B calculation) was performed every fifth accepted step; in other words, 

n = 5 for all EE-3B-CSP calculations.  Seven different values for the energy threshold, 

ε, were tested within the site-site EE-3B-CPS approximation for each configuration of 

each system used in this study. 
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4.1.4 Results and Discussion 

4.1.4.A  The Relative Costs of the EE-PA, EE-3B, and Site-Site EE-3B-CSP 

Approximations 

The goal of the EE-3B and the EE-3B-CSP approximations is to lower the cost 

of an energy calculation relative to the cost of a conventional (or “full”) calculation 

performed at the same level of theory.  In the large-system limit, the EE-3B and 

EE-3B-CSP approximations will necessarily be less computationally expensive than a 

conventional M06-2X calculation, because the cost of an M06-2X calculation scales as 

O(N4) with system size (where N is the number of monomers in the system) whereas the 

cost of an EE-3B calculation scales as O(N3) and the cost of an EE-3B-CSP calculation 

will have an even more favorable scaling.  However, one might need to go to a very 

large system before seeing the advantage in the EE-3B or EE-3B-CSP calculations.  

Table 4.1.1 investigates whether or not the EE-3B and EE-3B-CSP calculations are able 

to save computer time relative to that required for conventional calculations on the 

systems chosen for this study. Table 4.1.1 shows estimates of the relative central 

processor unit (CPU) times required to perform the 44-step simulation.  The time given 

for the conventional calculation is the sum of the times taken directly from the 

Gaussian 09 output files and then multiplied by four (because each conventional 

calculation was performed on four processors), but the EE-MB and EE-3B-CSP 

calculations are based on the average time required for water monomer, dimer, and 

trimer calculations at M06-2X/cc-pVTZ+ on a single processor and on the average 

number of accurate trimer calculations given in Table 4.1.2.  Table 4.1.2 shows the 

average number of trimer energies that had to be recalculated accurately (i.e., without 
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using site-site first-order perturbation theory) over the last 43 steps.  All averages 

(including those shown in Table 1) were calculated over configurations 2 through 44; 

i.e., none of the averages include configuration 1. 

Table 4.1.1 shows that an ε values of at least 0.15 kcal/mol must be used before 

the EE-3B-CSP calculations become advantageous over the conventional calculations 

of NH3(H2O)11, that an epsilon value of at least 0.20 kcal/mol must be used before the 

EE-3B-CSP calculations become advantageous over the conventional calculations of 

(NH3)2(H2O)14, and that an epsilon value greater than 1.00 kcal/mol must be used 

before the EE-3B-CSP calculations become advantageous over the conventional 

calculations of (NH3)2(H2O)18.  Table 4.1.1 also shows that the EE-PA method is at 

most a mere 14% of the cost of the least expensive EE-3B-CSP calculation possible 

(with 

  

! " #).  

Although the timings of site-orbital calculations have not been tested in this 

study, one can assume that they will add to the overall cost of an EE-3B-CSP 

calculation because they require the calculation of one-electron Coulomb interaction 

integrals rather than a simple finite sum of Coulomb interactions between point charges.  

This additional cost may make the site-orbital version of EE-3B-CSP approximation 

impractical for Monte Carlo simulations, because even the site-site version does not 

save as much computer time as had been hoped originally.   

Section 4.1.4.B investigates whether or not the savings in cost afforded by the 

EE-PA, EE-3B, and site-site EE-3B-CSP approximations is worth the the loss of 

accuracy that they incur.   
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4.1.4.B  The Accuracy and Efficiency of the EE-PA, EE-3B, and Site-Site EE-3B-CSP 

Approximations 

For a Monte Carlo simulation, the most important quantity to calculate 

accurately is the energy difference between two configurations of the same system.  

These energy differences are what determine the course of the MC simulation and 

dictate which geometries are ultimately included in the final averages that are used to 

calculate thermodynamic properties of the system.  Thus, our analysis of the accuracy 

of a given approximation method is based on its ability to calculate accurate energies 

relative to the energy of the starting configuration (step 1) of each of the water–

ammonia systems used in this study.  The best estimate of the relative energy of each 

configuration comes from the conventional calculations performed at 

M06-2X/cc-pVTZ+.  The conventionally calculated relative energy values range from 

-0.52 kcal/mol to 7.24 kcal/mol.  The average of the absolute values of the 

conventionally calculated relative energies is 1.89 kcal/mol, with a standard deviation 

of 1.79 kcal/mol.   

Errors in the EE-PA, EE-3B, and site-site EE-3B-CSP relative energies are 

calculated with respect to the conventionally calculated M06-2X/cc-pVTZ+ values.  

Tables 4.1.3, 4.1.4, and 4.1.5 show the mean signed errors (MSE), mean unsigned errors 

(MUE), and root mean squared errors (RMSE) of the EE-PA, EE-3B, and EE-3B-CSP 

relative energies with respect to the conventionally calculated relative energies in the 

three systems selected for this study.   

Tables 4.1.3–4.1.5 show that the EE-PA approximation does reasonably well in 

the prediction of the relative energies of these water–ammonia clusters and that adding 
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all of the trimer calculations for an EE-3B approximation generally cuts the MUEs 

down to half of their original value.  As expected, these tables show that increasing the 

value of ε increases the error in the EE-3B-CSP approximation relative to that of the 

EE-3B approximation.  Unexpectedly, however, these tables also show that increasing 

the value of ε beyond a certain point actually yields MUEs higher than those of the 

much less expensive EE-PA approximation.  It seems that including too many 

approximate trimer energies in the three-body term in the EE-MB expansion of the total 

energy is actually worse than neglecting the three-body term entirely.  This shows that 

one must be careful not to use large values of ε.  The definition of a “large” value of ε 

depends on the type of system being studied, but for the water–ammonia systems shown 

here a large value of ε is defined most conservatively as one that is greater than 

0.1 kcal/mol.   

Combining information from Tables 4.1.1–4.1.5 shows that for the level of 

theory used in this work, the EE-3B-CSP approximation is not an efficient way to 

obtain relative energies of various conformations of moderately-sized molecular 

clusters.  Table 4.1.1 shows that in order reduce the cost of an EE-3B-CSP calculation 

to less than that of a conventional M06-2X calculation one must use values of ε that are 

greater than 0.1 kcal/mol in each cluster studied.  However, as discussed in the previous 

paragraph, using values of ε greater than 0.1 kcal/mol can lead to errors worse than 

those of the much simpler EE-PA approximation.  Therefore, for these systems it 

appears that one cannot find a value of ε that yields an efficient compromise between 

computational cost and accuracy in the EE-3B-CSP approximation. 
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4.1.5 Conclusions 

 The purpose of this study is to assess the cost and accuracy of an approximation 

method that has been proposed to streamline the electrostatically-embedded many-body 

method for use in Monte Carlo simulations.  The proposed approximation has been 

dubbed the electrostatically-embedded many-body approximation with consistently 

screened perturbations, or EE-MB-CSP.  One can perform an EE-MB-CSP 

approximation in two ways: one can apply the site-orbital version of the EE-MB-CSP 

approximation and use changes in Coulomb interactions between embedding charges 

and electron orbitals to estimate the change in an oligomer’s energy, or one can apply 

the site-site version of the EE-MB-CSP approximation and use changes in Coulomb 

interactions between embedding charges and point charges that represent an oligomer’s 

charge density to estimate the change in the oligomer’s energy.  Because the site-site 

version of the EE-MB-CSP approximation is less costly and easier to implement, it has 

been chosen as the subject of this preliminary investigation. 

 Our findings regarding the site-site version of the EE-MB-CSP approximation 

are summarized as follows: 

• The accuracy of the EE-3B-CSP approximation can be controlled by adjusting the 

value of the threshold energy screening parameter ε.  A smaller value of ε yields 

more accurate relative energies and a larger value of ε yields less accurate relative 

energies. 

• Using values of ε greater than 0.1 kcal/mol can be dangerous because they can lead 

to mean unsigned errors that are higher than those of the much less computationally 

costly EE-PA approximation. 
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• Using values of epsilon less than or equal to 0.1 kcal/mol does not make the 

EE-3B-CSP approximations cost less (in terms of computer time) than the 

conventional M06-2X calculations for the water–ammonia systems selected for this 

study. 

These findings indicate that the site-site version of the EE-3B-CSP approximation is not 

a cost-effective way to obtain reliable relative energies of various configurations of 

molecular clusters.  Future research might investigate other possibilities for trimming 

the cost of an EE-3B calculation without degrading its accuracy by a significant 

amount. 
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Table 4.1.1.  Relative Timesa Required for Forty-Four Single-Point Energy 
Calculations of Each Given System at M06-2X/cc-pVTZ+ 

 ε (NH3)(H2O)11 (NH3)2(H2O)14 (NH3)2(H2O)18 
Methodb (kcal/mol) ChelpG CM4 ChelpG CM4 ChelpG CM4 
Conventional N/A 1.00 1.00 1.00 1.00 1.00 1.00 
EE-PA 0.000 0.08 0.08 0.07 0.07 0.11 0.11 
EE-3B 0.000 1.51 1.51 1.82 1.82 3.57 3.57 
EE-3B-CSP 0.010 1.39 1.38 1.64 1.61 3.07 3.02 
EE-3B-CSP 0.100 1.06 1.01 1.17 1.12 2.14 2.03 
EE-3B-CSP 0.150 0.97 0.94 1.07 1.01 1.92 1.81 
EE-3B-CSP 0.200 0.92 0.88 0.99 0.95 1.77 1.68 
EE-3B-CSP 0.250 0.88 0.85 0.95 0.90 1.67 1.58 
EE-3B-CSP 0.500 0.76 0.74 0.80 0.76 1.38 1.32 
EE-3B-CSP 1.000 0.69 0.67 0.70 0.67 1.18 1.12 
EE-3B-CSP 106 0.59 0.59 0.60 0.60 0.96 0.96 
aRelative time = [time required for the given method] / [time required for the 
conventional calculation]; relative times are unitless. 
bFor all EE-3B-CSP calculations, n = 5. 
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Table 4.1.2.  Average Numbers of Accurately Calculated Trimer Energies Using 
Different Values of Epsilon Within the EE-3B-CSP Approximationa Over Forty-
Three Configurations of Each Given System at M06-2X/cc-pVTZ+ 
 (NH3)(H2O)11 (NH3)2(H2O)14 (NH3)2(H2O)18 
ε (kcal/mol) ChelpG CM4 ChelpG CM4 ChelpG CM4 
0.000 220 220 560 560 1140 1140 
0.010 199 196 491 482 954 935 
0.100 139 131 318 300 608 566 
0.150 124 117 280 259 526 486 
0.200 114 108 252 237 472 436 
0.250 107 101 235 219 434 401 
0.500 86 83 181 167 327 304 
1.000 73 70 142 133 252 228 
106 55 55 105 105 171 171 
aFor all EE-3B-CSP calculations, n = 5. 
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Table 4.1.3.  MSE, MUE, and RMSE Relative to Conventional M06-2X/cc-pVTZ+ Relative Energies Over Forty-Three 
Configurations of (NH3)(H2O)11  
 ε MSE (kcal/mol) MUE (kcal/mol) RMSE (kcal/mol) 
Methoda (kcal/mol) ChelpG CM4 ChelpG CM4 ChelpG CM4 
EE-PA 0.000 0.021 -0.062 0.067 0.068 0.079 0.088 
EE-3B 0.000 -0.042 -0.023 0.043 0.023 0.047 0.029 
EE-3B-CSP 0.010 -0.044 -0.024 0.044 0.024 0.048 0.030 
EE-3B-CSP 0.100 -0.052 -0.032 0.061 0.045 0.074 0.058 
EE-3B-CSP 0.150 -0.061 -0.035 0.071 0.052 0.086 0.066 
EE-3B-CSP 0.200 -0.058 -0.032 0.077 0.056 0.095 0.071 
EE-3B-CSP 0.250 -0.057 -0.039 0.079 0.064 0.098 0.081 
EE-3B-CSP 0.500 -0.058 -0.047 0.103 0.092 0.136 0.125 
EE-3B-CSP 1.000 -0.066 -0.046 0.123 0.115 0.162 0.144 
EE-3B-CSP 106 -0.022 -0.011 0.199 0.164 0.260 0.215 
aFor all EE-3B-CSP calculations, n = 5. 
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Table 4.1.4.  MSE, MUE, and RMSE Relative to Conventional M06-2X/cc-pVTZ+ Relative Energies Over Forty-Three 
Configurations of (NH3)2(H2O)14 
 ε MSE (kcal/mol) MUE (kcal/mol) RMSE (kcal/mol) 
Methoda (kcal/mol) ChelpG CM4 ChelpG CM4 ChelpG CM4 
EE-PA 0.000 0.000 -0.063 0.080 0.101 0.102 0.129 
EE-3B 0.000 -0.044 -0.049 0.052 0.054 0.058 0.061 
EE-3B-CSP 0.010 -0.047 -0.049 0.056 0.056 0.063 0.063 
EE-3B-CSP 0.100 -0.038 -0.045 0.064 0.064 0.073 0.070 
EE-3B-CSP 0.150 -0.042 -0.052 0.078 0.081 0.090 0.091 
EE-3B-CSP 0.200 -0.055 -0.054 0.101 0.095 0.121 0.111 
EE-3B-CSP 0.250 -0.049 -0.058 0.110 0.103 0.136 0.118 
EE-3B-CSP 0.500 -0.072 -0.081 0.161 0.148 0.222 0.208 
EE-3B-CSP 1.000 -0.063 -0.065 0.205 0.184 0.297 0.253 
EE-3B-CSP 106 -0.121 -0.103 0.386 0.313 0.552 0.440 
aFor all EE-3B-CSP calculations, n = 5. 
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Table 4.1.5.  MSE, MUE, and RMSE Relative to Conventional M06-2X/cc-pVTZ+ Relative Energies Over Forty-Three 
Configurations of (NH3)2(H2O)18 
 ε MSE (kcal/mol) MUE (kcal/mol) RMSE (kcal/mol) 
Methoda (kcal/mol) ChelpG CM4 ChelpG CM4 ChelpG CM4 
EE-PA 0.000 0.124 0.190 0.136 0.204 0.164 0.245 
EE-3B 0.000 -0.101 -0.091 0.101 0.091 0.111 0.101 
EE-3B-CSP 0.010 -0.101 -0.091 0.102 0.091 0.113 0.101 
EE-3B-CSP 0.100 -0.101 -0.088 0.127 0.111 0.143 0.129 
EE-3B-CSP 0.150 -0.101 -0.091 0.140 0.127 0.157 0.145 
EE-3B-CSP 0.200 -0.098 -0.087 0.147 0.133 0.163 0.153 
EE-3B-CSP 0.250 -0.097 -0.106 0.159 0.146 0.178 0.177 
EE-3B-CSP 0.500 -0.119 -0.104 0.211 0.184 0.281 0.251 
EE-3B-CSP 1.000 -0.090 -0.078 0.225 0.228 0.308 0.321 
EE-3B-CSP 106 0.068 0.026 0.446 0.367 0.676 0.550 
aFor all EE-3B-CSP calculations, n = 5. 
 
 
 
 
 



112 

 

Figure 4.1.1. (a) NH3(H2O)11, (b) (NH3)2(H2O)14, and (c) (NH3)2(H2O)18 at step 1 of 
the Monte Carlo simulations used for this study.  In cluster (c), the water molecule that 
appears slightly outside the cluster is actually ~90 Å away from the center of the cluster. 
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4.2 The Electrostatically-Embedded Pairwise-Additive Specific Reaction 
Parameter Approximation for Monte Carlo Simulations4 
 
4.2.1 Introduction 

 In order to predict the properties of chemical mixtures and compounds, one 

would ideally (a) use a level of theory wherein the quantum mechanical (QM) nature of 

the electrons is considered, and (b) take averages over properties of many 

configurations of the system of interest in order to predict experimentally observable 

quantities.  Although a variety of levels of theory exist that satisfy (a) and molecular 

dynamics (MD) or Monte Carlo (MC) techniques can be used to adequately sample 

configuration space and therefore satisfy (b), the difficulty arises when one attempts to 

satisfy both criteria simultaneously.  To use one of the existing levels of electronic 

structure theory [such as Hartree Fock (HF), coupled-cluster theory, or even density 

functional theory (DFT)] to perform a QM potential energy calculation on a single 

configuration of a system containing more than 100 heavy atoms requires more 

computational effort than most scientists have available.  Clearly, using any of these 

levels of theory without additional approximations to perform the 105 to 107 potential 

energy calculations required to obtain a free energy profile of a large system is presently 

out of the question. 

 The electrostatically-embedded many-body (EE-MB) approximation1-5 

(described in more detail in Section 4.2.4 and the cited sources) attempts to reduce the 

cost of a QM potential energy calculation by using any desired level of electronic 

                                                
 
4 The authors would like to thank the Minnesota Supercomputing Institute for computer 
time. 
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structure theory to perform QM potential energy calculations on individual fragments 

(or monomers) and combinations of fragments, but never on the entire system at once.  

A linear combination of the potential energy of each fragment and of each combination 

of fragments is then used to approximate the potential energy of the entire system.  In 

terms of total computational cost (which considers both the time and the number of 

processors required to complete a calculation), only the pairwise-additive version of the 

EE-MB approximation (i.e., the EE-PA approximation) is truly advantageous over the 

least expensive density functionals: if N is the number of monomers in the system, the 

EE-PA method ultimately scales as 

  

N
2 whereas the three-body version of EE-MB (i.e., 

EE-3B) and the least costly density functionals scale as 

  

N
3.  However, previous 

studies1-5 have shown that only the EE-3B approximation is consistently capable of 

yielding energies that come within 1% of a full-system calculation done at the same 

level of electronic structure theory, whereas the EE-PA method does not consistently 

perform that well.  Current research, however, has indicated that the EE-PA energies 

may be more sensitive to the values assigned to the embedding charges (i.e., the partial 

charges that are used to represent atoms that are not treated quantum mechanically in a 

given fragment energy calculation) than are the EE-3B energies.  One could potentially 

take advantage of this trait by finding a set of embedding charges that minimizes the 

mean unsigned error (MUE) of a representative collection of small clusters and then 

using those embedding charges to perform EE-PA calculations on larger systems that 

comprise the same kinds of monomers that appear in the smaller clusters.  In this way, 

the embedding charges are treated as a sort of specific reaction parameter (SRP), and so 

we call this method the “EE-PA-SRP” approximation.  The fundamental assumption of 
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the EE-PA-SRP approximation is that the embedding charges that minimize the 

absolute errors in one system (or a few systems) are likely to minimize the errors in 

other chemically similar systems.  The present study investigates whether or not the 

fundamental assumption of the EE-PA-SRP approximation holds for systems containing 

water and ammonia molecules, which are of interest to researchers studying 

atmospheric nucleation.6 

4.2.2  Theory 

 The electrostatically-embedded many-body (EE-MB) approximation is based on 

the many-body expansion of a system’s total potential energy (E): 

 

  

E = V
1

+ V
2

+ V
3

+ ...+ V
N
 (1) 

where N is the total number of monomers into which the system has been divided.  In 

the present article, the monomers are not bonded to one another, but they interact 

noncovalently.  If 

  

E
i
 denotes the energy of monomer i in the geometry that it has in the 

given configuration of the system, 

  

Eij  denotes the energy of dimer ij (that is, the dimer 

composed of monomers i and j), and 

  

Eijk  denotes the energy of trimer ijk, then the first 

three terms of eq 1 may be written: 

 

  

V
1
= E

i

i =1

N

!  (2) 

 

  

V2 = (Eij ! Ei ! Ej )
i < j

N

"  (3) 

 

  

V
3

= Eijk ! Eij ! Ei ! Ej( )! Eik ! Ei ! Ek( )! Ejk ! Ej ! Ek( )! Ei ! Ej ! Ek[ ]
i < j <k

N

"  (4) 
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If one uses the sum of only the first two terms of the many-body expansion to 

approximate E, then one has made the two-body (2B) or pairwise-additive (PA) 

approximation; if one uses the sum of the first three terms to approximate E, then one 

has made the three-body (3B) approximation.  In order to make the electrostatically-

embedded many-body (EE-MB) approximation, one defines 

  

E
i
, 

  

Eij , or 

  

Eijk  as the 

energy of a monomer, dimer, or trimer in the geometry that it has in the given 

configuration and embedded in a field of partial point charges located at the coordinates 

of the nuclei of the atoms that do not belong to the specific m-mer in question.  

Including the embedding charges in the calculation of a given oligomer’s energy adds 

almost nothing to its computational cost, but can significantly speed the convergence of 

the many-body series to the correct answer, as higher-order effects are partially 

included in lower-order terms.  The EE-PA energy (

  

E
EE !PA

) is in general much more 

accurate than the PA energy (

  

E
PA

) but worse than the straight 3B energy (

  

E
3B

) when 

each is compared to the conventional calculation of a system’s potential energy at some 

given level of electronic structure theory;1-5 the EE-3B approximation, however, 

consistently produces excellent accuracy,1-5 often yielding errors that are less than 1% 

of the total intermolecular interaction energy of a given system.  

 Although the accuracy of the EE-3B approximation is generally excellent, its 

cost may still be too great for the thousands of energy calculations required to create a 

free energy profile of the system (for example, a plot that shows how the free energy of 

a cluster is related to the number of molecules in the cluster).  The EE-PA 

approximation, however, is significantly less costly than the EE-3B method, and could 

be plausible for use in MC simulations of small-molecule systems.  The EE-PA 
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approximation requires that QM energy calculations be performed only on the 

monomers and dimers of the system, whereas the EE-3B approximation requires the 

trimer calculations as well.  The number of dimers present in a system containing N 

monomers is only 

  

N N !1( )
2

, or roughly 

  

N
2

2
, whereas the number of trimer calculations 

is 

  

N N !1( ) N ! 2( )
6

, or roughly 

  

N
3

6
.  Clearly, the bulk of the expense of an EE-3B 

calculation lies in the trimer calculations, not only because the trimers are larger and 

contain more electronic degrees of freedom, but also because the number of trimers 

ultimately grows much more rapidly with system size than the number of monomers 

and dimers combined. 

 Past studies1, 4, 5 have indicated that the EE-3B energy is not heavily dependent 

on the chosen values of the embedding charges.  Typically, embedding charges are 

assigned based on results from charge analyses performed on the gas-phase monomers 

that compose the system.  Although different methods of charge analysis often do 

assign different partial charges to the same atom in a given system, they often do not 

differ from one another by more than 0.3 e.  Thus, although the past studies 

demonstrated that the EE-PA energies were a little more sensitive to the set of 

embedding charges chosen, only a relatively small range of embedding charges was 

sampled.  The present study investigates (a) whether or not the EE-PA calculations can 

yield results that are as accurate as those of the EE-3B approximation by allowing the 

embedding charges to take on values outside of the range typically considered 

physically realistic for a given type of monomer, and (b) whether or not the set of 

embedding charges that minimizes the EE-PA error for one system will also minimize 
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(or come close to minimizing) the error for other chemically similar systems.  We 

define the error as  

 Error(X) = E(X) – E(Conv) (5) 

where X = PA, 3B, EE-PA, or EE-3B, E(X) = the electronic energy of the given 

configuration as calculated within approximation method X, and E(Conv) = the 

electronic energy of the given configuration as calculated in the conventional manner.   

4.2.3  Methods 

In order to observe the dependence of the EE-PA and EE-3B energies on a wide 

range of values assigned to embedding charges in a two-component system, a series of 

single-point energy calculations were performed on four different configurations of 

(NH3)2(H2O)18 with the M06-2X7 density functional and the cc-pVTZ+8 basis set.  In 

addition to the conventional M06-2X/cc-pVTZ+ calculation [throughout the paper a 

“level of theory” will be labeled X/Y, where X denotes a level of electronic structure 

theory and Y denotes a basis set] the EE-PA and EE-3B energy of each configuration 

was calculated several times, each time with a systematically varied set of embedding 

charges.  The first EE-MB calculation for each structure was performed using the kind 

of embedding charges that would typically be recommended; that is, the embedding 

charges are obtained from a charge analysis of the gas-phase monomer that they are 

intended to represent.  In this particular study, the ChelpG9  charges of the 

M06-2X/cc-pVTZ+ optimized gas-phase water and ammonia molecules were used, and 

their specific values are given in Table 4.2.1.  The embedding charge used to represent 

the oxygen atom of a neutral water molecule (

  

qO ) was then varied in increments of 

±0.05 e from its starting ChelpG value.  In order to maintain the neutrality of the 
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embedding charge representation of each water molecule, the charge on the hydrogen 

atoms of the water molecule (

  

qH ) was also varied according to the following formula: 

 

  

qH = !
qO

2
 (6) 

The embedding charges used to represent the ammonia molecules were left at their 

original ChelpG values for each EE-MB calculation. 

The four configurations of (NH3)2(H2O)18 are labeled A, B, C, and D, and are 

shown in Figure 4.2.1.  None of these configurations is a stationary point on the 

(NH3)2(H2O)18 potential energy surface (PES).  Configuration A was taken from a brief 

Monte Carlo simulation that was done using a molecular mechanics force field wherein 

all molecules were held rigid, and so all of the water molecules in configuration A share 

the same geometry, as do the ammonia molecules.  Configurations B through D are 

based three (H2O)20 clusters that are random segments of an (H2O)64 cluster.  Two of 

the water molecules in each of the (H2O)20 clusters were replaced with ammonia 

molecules, and several steps of a geometry optimization were performed in order to 

relax the ammonia molecules, but none of the geometry optimizations reached 

completion.  

 In order to determine whether or not the set of embedding charges that 

minimizes the EE-PA absolute errors in a smaller system will also minimize (or nearly 

minimize) the EE-PA absolute errors in a larger but chemically similar system, five 

water hexamers were subject to the same calculations as the (NH3)2(H2O)18 clusters.  

These five hexamers are labeled “boat”, “book”, “cage”, “prism”, and “ring”; they are 
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shown in Figure 4.2.2.  The five water hexamers are stationary points on an 

MP210/DH(d,p)11 PES, as calculated in Reference 12.   

 All electronic structure calculations were performed using Minnesota Gaussian 

Functional Module, version 3.0 (MN-GFM-v3.0),13 a locally modified version of the 

GAUSSIAN 0314 electronic structure package, revision D.01.  The EE-MB calculations 

were done using MBPAC 2009.15 

4.2.4  Results and Discussion 

 Tables 4.2.2 and 4.2.3 show the errors (calculated according to eq 5) in the 

EE-PA and EE-3B approximations of the energies of the four configurations of 

(NH3)2(H2O)18 when 

  

qO  is varied in 0.05 e increments from –0.476 to –0.976 e.  Even 

over this wider range of 

  

qO  values, the error in the EE-3B energy (Table 4.2.3) remains 

almost constant for each configuration, although the absolute errors associated with 

more negative 

  

qO  values are generally lower than the absolute errors associated with 

more positive 

  

qO  values.  The same trend is not evident for the EE-PA errors.  First, the 

EE-PA errors are clearly more sensitive to the 

  

qO  values than are the EE-3B errors.  

Second, for these four configurations, the absolute values of the EE-PA errors reach 

clear minima within the range of 

  

qO  values tested, whereas it appears that the EE-3B 

absolute errors would reach a minimum value somewhere outside of the range tested.  

In fact, for all four configurations, the value of 

  

qO  that minimizes the EE-PA error lies 

between –0.576 and –0.726 e.  Although the minimum falls at a slightly different 

  

qO  for 

each configuration, if we were to pick just one of the 

  

qO  values in that range and use it 

for all four configurations, the worst absolute error that we would incur in the EE-PA 
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energies would be 1.53 kcal/mol, which is still less than the worst absolute error 

incurred in the EE-3B energy when the original ChelpG value of 

  

qO  is used 

(1.86 kcal/mol).  Finally, the minimum value of the absolute error in the EE-PA method 

is 0 kcal/mol for each configuration, whereas it is not clear from the tables whether or 

not the minimum absolute error in the EE-3B method could ever be made to reach 

0 kcal/mol simply by varying 

  

qO . 

 The results shown in Table 4.2.2 have both positive and negative implications.  

On the positive side, the EE-PA absolute errors can essentially be reduced to 0 kcal/mol 

if the correct set of embedding charges is chosen.  In such a case, the inexpensive 

EE-PA calculations could certainly outperform the EE-3B calculations in terms of both 

cost and accuracy!  On the negative side, the EE-PA errors are more sensitive to 

  

qO  

than are the EE-3B errors, so if one does not use a set of embedding charges that 

happens to fall in the relatively small optimal region (which appears to be between –

0.576 and –0.726 e for the four configurations tested), the EE-PA errors will be too 

large for the method to be useful.  Thus, one hopes that the optimal range of 

  

qO  for 

these larger systems will match the optimal range of 

  

qO  for smaller systems, on which 

it would be more feasible to parameterize the embedding charges.  For example, if the 

system that we wanted to study were (NH3)2(H2O)18, a simple system that we might 

choose to parameterize the embedding charges (in this case, just 

  

qO  and, concomitantly, 

  

qH ) could be a water hexamer.  We would then hope that the value of 

  

qO  that 

minimizes the EE-PA absolute error for the hexamer would fall somewhere between 

-0.576 and -0.726 e.  Tables 4.2.4 and 4.2.5 show how the errors in the EE-PA and 
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EE-3B energies of five water hexamers correspond to the values chosen for 

  

qO .  Again, 

we see that the EE-3B errors remain fairly insensitive to the 

  

qO , although, as with 

(NH3)2(H2O)18, more negative values of 

  

qO  tend to yield slightly lower absolute errors 

in the EE-3B energies.  Unfortunately, the similarities between the trends in the 

(NH3)2(H2O)18 errors and the trends in the (H2O)6 errors end here.  For the 

(NH3)2(H2O)18 clusters, the 

  

qO  value that minimized the error in each configuration 

was always less negative (i.e., smaller in magnitude) than the ChelpG charge that would 

normally be used (–0.726 e).  For the (H2O)6 clusters, the error-minimizing 

  

qO  is 

always more negative (i.e., greater in magnitude) than the ChelpG charge.  For the 

EE-PA-SRP approximation, we would have concluded that the best 

  

qO  would be –

0.926 e, because this is the value that minimizes the mean unsigned error in the EE-PA 

approximation over all five water hexamers.  We then would have used this 

  

qO  to 

obtain EE-PA energies for the (NH3)2(H2O)18 clusters.  In so doing, we would have 

unwittingly incurred absolute errors between 1.19 and 3.96 kcal/mol and would be 

worse off than if we had simply stuck with the original ChelpG charges, in which case 

we would have incurred absolute errors of at most 1.53 kcal/mol.   

4.2.5  Conclusions 

 The EE-3B approximation is generally capable of yielding energies that are 

within 1% of a conventional QM energy calculation on the entire system, but, 

unfortunately, the cumulative cost of the large number of trimer calculations that are 

usually required could prevent the EE-3B method from being affordable for MC 

simulations on most interesting systems.  The EE-PA approximation, on the other hand, 
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could potentially be affordable for MC simulations on a larger variety of systems, but it 

is not consistently capable of yielding a reliable level of accuracy.  The present study 

has observed that EE-PA energies are significantly more sensitive to the choice of 

embedding charges than are the EE-3B energies, and that the EE-PA errors will 

essentially vanish with a judicious (or perhaps fortuitous) choice of embedding charges.  

This leads to the concept of the EE-PA-SRP method, where the embedding charges are 

treated as parameters that may be adjusted in order to nearly eliminate the EE-PA error.  

However, this study has indicated that attempting to parameterize the embedding 

charges on small systems for use in studies of larger (but chemically similar) systems is 

highly risky and could even end up being detrimental.  Therefore, the EE-PA-SRP 

method is not recommended as a way to reduce the cost of single-point energy 

calculations. 
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Table 4.2.1.  ChelpG Charges Assigned to the 
M06-2X/cc-pVTZ+ Optimized Gas-Phase Water 
and Ammonia Molecules 
 Molecule Atom ChelpG Charge 
 water O -0.726 
 water H 0.363 
 ammonia N -0.925 
 ammonia H 0.308 
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Table 4.2.2.  Errors (kcal/mol) in the M06-2X/cc-pVTZ+ EE-PA Energies of 
Configurations A to D as a Function of the Embedding Charges Assigned to the 
Oxygen Atoms of Water Monomersa 

  

qO  (in e) A B C D 
-0.976 -2.50 -4.43 -1.98 -1.40 
-0.926 -2.30 -3.96 -1.72 -1.19 
-0.876 -2.07 -3.44 -1.43 -0.94 
-0.826 -1.80 -2.86 -1.12 -0.66 
-0.776 -1.50 -2.22 -0.79 -0.35 
-0.726 -1.16 -1.53 -0.43 0.00 
-0.676 -0.79 -0.77 -0.04 0.37 
-0.626 -0.39 0.04 0.37 0.78 
-0.576 0.05 0.92 0.81 1.23 
-0.526 0.53 1.85 1.28 1.70 
-0.476 1.04 2.85 1.77 2.21 

aLight gray highlighting indicates the errors when 

  

qO  is the ChelpG charge assigned to 
oxygen in the gas-phase water molecule at M06-2X/cc-pVTZ+; dark gray highlighting 
indicates the minimum absolute error value for each configuration. 
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Table 4.2.3.  Errors in the M06-2X/cc-pVTZ+ EE-3B Energies of Configurations A 
to D as a Function of the Embedding Charges Assigned to the Oxygen Atoms of 
Water Monomersa 

  

qO  (in e) A B C D 
-0.976 1.70 0.72 0.88 0.52 
-0.926 1.73 0.74 0.90 0.53 
-0.876 1.76 0.76 0.92 0.55 
-0.826 1.79 0.79 0.94 0.57 
-0.776 1.82 0.82 0.95 0.60 
-0.726 1.86 0.85 0.97 0.62 
-0.676 1.89 0.88 1.00 0.65 
-0.626 1.93 0.91 1.02 0.69 
-0.576 1.96 0.94 1.04 0.72 
-0.526 2.00 0.98 1.06 0.76 
-0.476 2.04 1.01 1.08 0.80 

aLight gray highlighting indicates the errors when 

  

qO  is the ChelpG charge assigned to 
oxygen in the gas-phase water molecule at M06-2X/cc-pVTZ+; dark gray highlighting 
indicates the minimum absolute error value for each configuration. 
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Table 4.2.4.  Errors (kcal/mol) in the M06-2X/cc-pVTZ+ EE-PA Energies of 
Water Hexamers as a Function of the Embedding Charges Assigned to the Oxygen 
Atoms of Water Monomersa 

  

qO  (in e) boat book cage prism ring 
-0.976 -0.22 -0.45 -0.02 -0.20 -0.09 
-0.926 0.04 -0.19 0.22 0.04 0.17 
-0.876 0.34 0.11 0.49 0.30 0.48 
-0.826 0.69 0.44 0.78 0.60 0.84 
-0.776 1.08 0.81 1.10 0.91 1.23 
-0.726      

aLight gray highlighting indicates the errors when 

  

qO  is the ChelpG charge assigned to 
oxygen in the gas-phase water molecule at M06-2X/cc-pVTZ+; dark gray highlighting 
indicates the minimum absolute error value for each configuration. 
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Table 4.2.5.  Errors (kcal/mol) in the M06-2X/cc-pVTZ+ EE-3B Energies of Water 
Hexamers as a Function of the Embedding Charges Assigned to the Oxygen 
Atoms of Water Monomersa 

  

qO  (in e) boat book cage prism ring 
-0.976 0.15 0.26 0.17 0.44 0.17 
-0.926 0.19 0.29 0.20 0.47 0.22 
-0.876 0.24 0.33 0.23 0.51 0.27 
-0.826 0.29 0.37 0.26 0.55 0.32 
-0.776 0.35 0.42 0.29 0.59 0.39 
-0.726      

aLight gray highlighting indicates the errors when 

  

qO  is the ChelpG charge assigned to 
oxygen in the gas-phase water molecule at M06-2X/cc-pVTZ+; dark gray highlighting 
indicates the minimum absolute error value for each configuration. 
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Figure 4.2.1.  Four configurations of (NH3)2(H2O)18.  
 
 
 
 
Figure 4.2.2.  Five configurations of (H2O)6.   
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Chapter 5. Electrostatically Embedded Many-Body Method for Dipole Moments, 
Partial Atomic Charges, and Charge Transfer5 

5.1. Introduction 

 Fragment methods constitute one of the most powerful methods for modeling 

large and complex chemical systems.1–33 To date, most fragment models have been 

developed for the purpose of calculating energies. However there is also a need to 

calculate other properties, such as the charge distribution. In this article we consider 

how well the electrostatically embedded many-body (EE-MB) approximation7,11 can 

predict charge distributions in extended clusters, in particular cluster dipole moments, 

dipole moments of individual molecules in clusters, partial atomic charges, and charge 

transfer. The inclusion of charge transfer in our study is of particular interest because it 

is usually considered a shortcoming of fragment methods that they do not include 

charge transfer between fragments (for a recent study showing one way to overcome 

this restriction, see the work of Isegawa et al.12). 

 There has been considerable interest in devising quantum mechanical methods 

for calculating molecular dipole moments in condensed-phase materials. For example, 

much work has been done using maximally localized Wannier functions (MLFW) to 

estimate dipole moments of individual molecules, charge distributions, and bond orders 

in aqueous solutions and crystalline solids with defects.34–46 These methods require the 

user to perform an electronic structure calculation using a plane wave basis set; the final 

molecular orbitals obtained in the plane wave basis are then transformed into localized 

                                                
 
5 This work was supported in part by the National Science Foundation under Grant No. 
CHE1051396. 
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functions that can be assigned to a specific molecule or fragment and used to calculate 

molecular dipole moments and charge distributions. The computational cost of MLWF-

based calculations therefore scales asymptotically with system size in the same way that 

the chosen electronic structure method does. The difficulties of calculating partial 

atomic charges in condensed phases have also been recently discussed.47–48 

In this work, we investigate the ability of the EE-MB method to predict charge 

distributions in molecular clusters. We examine several aspects:: (i) modeling the full-

system system dipole moments of clusters directly (that is, without using the concept of 

partial atomic charges charges), (ii) modeling partial atomic charges, (iii) using the 

partial atomic charges to calculate dipole moments of individual molecules in a cluster, 

and (iv) using the partial atomic charges to calculate net charges on individual 

molecules in a cluster. We note that we are working with concepts (partial atomic 

charges in ii, subsystem dipole moments in iii, and subsystem net charges in iv) that are 

not uniquely defined by quantum mechanics, but they are broadly used modeling 

constructs whose meaning is rather intuitively obvious and is widely understood. 

The EE-MB calcuations have the advantage that the asymptotic scaling of their 

computational cost with system size ultimately is not dependent on the chosen level of 

electronic structure theory but rather on the level to which one chooses to take the 

EE-MB expansion.7 Also, the EE-MB approximation is relatively easy to implement 

because it does not require minimization procedures and matrix transformations of 

molecular orbitals; rather, the EE-MB approximation requires only linear combinations 

of fragment properties. Therefore, it is worthwhile to investigate the ability of various 
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levels of the EE-MB approximation to predict charge distributions in noncovalently 

interacting molecular clusters. 

5.2. Theory 

 The EE-MB method has been formulated for predicting energies of an entire 

system from the energies of its constituent monomers, dimers, and trimers, each 

embedded in the electrostatic field of the other monomers.7 The monomers of which the 

dimers and trimers are composed are nonbonded fragments, e.g., water molecules in a 

water cluster or water liquid. Here we develop the EE-MB approximations to molecular 

dipole moments and partial atomic charges. From the latter we can also calculate 

interfragment charge transfer. 

5.2.1. Dipole moments 

The EE-MB approximation to the magnitude of the full-system dipole moment 

(µ) is calculated as follows: (1) the x, y, and z components of the dipole moment are 

calculated from the electron densities of the various electrostatically embedded 

oligomers (monomers, dimers, or trimers) in the system, (2) each of the three 

components of the full-system dipole moment (µp, where p = x, y, or z) is calculated as 

a linear combination of the corresponding components of the oligomer dipoles (the 

linear combination used is the same as that used for the many-body approximation of 

the system’s potential energy), and (3) the magnitude of the vector resulting from step 

(2) is taken to be µ. Let N be the total number of monomers into which the system has 

been divided. Let p be set equal to x, y, or z, let 

  

µp
i  indicate the p-component of the 

dipole moment vector of electrostatically embedded monomer i, let 

  

µp
ij  indicate the 
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p-component of the dipole moment vector of electrostatically embedded dimer ij, and 

let 

  

µp
ijk  indicate the p-component of the dipole moment vector of electrostatically 

embedded trimer ijk. Let us define 

  

µp
(1), 

  

µp
(2) , and 

  

µp
(3) according to eqs 1a, 1b, and 1c, 

respectively: 

 

  

µp
(1)
! µp

i

i=1

N

"  (1a) 

 

  

µp
(2) !

i< j

" µp
ij #µ p

i #µ p
j( ) (1b) 

 

  

µp
(3) !

i< j< k

" µp
ijk # µp

ij # µp
i # µp

j( )# µp
ik # µp

i #µ p
k( )[

# µp
jk
# µp

j
# µp

k( )# µp
i
# µp

j
# µp

k]
 (1c) 

Then we may write the electrostatically embedded one-body (EE-1B), two-body (or 

pairwise additive, EE-PA), and three body (EE-3B) approximations to µp (the 

p-component of the full-system dipole moment vector) according to eqs 2a, 2b, and 2c, 

respectively: 

 

  

µp ! µp
EE-1B = µp

(1) (2a) 

 

  

µp ! µp
EE-PA = µp

(1) + µp
(2)  (2b) 

 

  

µp ! µp
EE-3B = µp

(1) + µp
(2) + µ p

(3)  (2c) 
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Finally, we can approximate the magnitude of the full-system dipole moment vector, µ, 

using the EE-1B, EE-PA, or EE-3B approximation according to eq 3a, 3b, or 3c, 

respectively: 

 

  

µ ! µ
EE -1B

= µx
EE -1B( )

2

+ µy
EE-1B( )

2

+ µz
EE-1B( )

2" 

# 
$ 

% 

& 
'  (3a) 

 

  

µ ! µ
EE -PA

= µ x
EE-PA( )

2

+ µy
EE-PA( )

2

+ µz
EE -PA( )

2" 

# 
$ 

% 

& 
'  (3b) 

 

  

µ ! µ
EE -3B

= µ x
EE-3B( )

2

+ µ y
EE-3B( )

2

+ µz
EE-3B( )

2" 

# 
$ 

% 

& 
'  (3c) 

The origin and orientation of each oligomer are kept the same as its origin and 

orientation in the full cluster to ensure that the EE-MB approximation of the total dipole 

moment vector retains its intended physical meaning even for charged clusters.  

 One can also find the “pure” many-body (MB) approximations to the full-

system dipole moment using eqs 1–3 without electrostatic embedding; in this case one 

uses the components of the dipole moments of monomers, dimers, and trimers that are 

not surrounded by some representation of the electrostatic potential of the rest of the 

system. 

5.2.2. Point Charges 

Assume that we have a system that has been divided into N monomers. If we 

had the wave function or electron density of the entire system, we could use one of 

several available charge analysis methods (such as Mulliken population analysis,49 

CHelpG electrostatic potential fitting,50 or Natural Population Analysis51) to assign a 
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partial charge to each atom in the system. This set of partial charges could in turn be 

used as a rough approximation of the entire system’s electron density. Let us now 

assume that we do not wish to expend the computational resources necessary to 

calculate the electron density of the entire system directly but that we do have enough 

computational resources to calculate the wave functions of the individual monomers, 

dimers, and trimers in the system. Our objective is to show here that from the wave 

functions of the electrostatically embedded monomers, dimers, and trimers we may 

obtain a set of partial charges that represents the electron density of the entire system. 

As an example, let us focus on the partial charge that we would like to assign to atom A; 

call this partial charge 

  

q
A

. Let us say that atom A belongs to monomer i; that is, 

  

A ! i. 

We may then approximate 

  

q
A

 (the charge on atom A from the electron density of the 

entire system) according to the EE-1B, EE-PA, or EE-3B approximations according to 

equations 4, 5, and 6, respectively. In the EE-1B approximation we have 

 

  

q
A
! qA

EE-1B = qA
i

 (4) 

where 

  

qA
i  is the partial charge assigned to atom A from the wave function or electron 

density of electrostatically embedded monomer i. In the EE-PA approximation we have 

 

  

q
A
! qA

EE"PA = qA
i +

j#i

$ q
A
ij
" qA
i( )

 (5a) 

 

  

=

j!i

" q
A
ij
# N # 2( )qA

i

 (5b) 
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where 

  

q
A
ij  is the partial charge assigned to atom A from the wave function or electron 

density of electrostatically embedded dimer ij (which is composed of monomers i and 

j). The EE-3B approximation yields 

 

  

qA ! qA
EE"3B

= qA
EE"PA

+

j#i

N

$
k#i
k> j

N

$ qA
ijk
" qA

ij
" qA
i( )" qAik " qAi( )" qAi[ ]
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# N # 3( )

j!i

N

" qA
ij

+
N # 2( ) N # 3( )

2
qA
i

 (6b) 

where 

  

qA
ijk  is the partial charge assigned to atom A from the wave function or electron 

density of electrostatically embedded trimer ijk (which is composed of monomers i, j, 

and k). 

As with the dipole moments, one can calculate the pure MB approximations to 

the atomic partial charge distribution of the entire system by using the partial charge 

distributions of the isolated monomers, dimers, and trimers.  

In addition to calculating the partial atomic charges for their own sake, one can 

also use them to calculate dipole moments of individual molecules in the cluster. 

5.3. Systems 

Several configurations of seven different systems were chosen for this study: 

forty-four configurations of (NH3)(H2O)11 (Figure 5.1), forty-four configurations 

(NH3)2(H2O)14 (Figure 5.2), six configurations of [Cl(H2O)6]– (Figures 5.3 and 5.4), 

six configurations of (HF)4 (Figure 5.5), ten configurations of (HF)5 (Figure 5.5), six 
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configurations of (HF)3(H2O) (Figure 5.6), and two configurations of (HF)3(H2O)2 

(Figure 5.7). The EE-MB (and in some cases the MB) approximations of the dipole 

moment of each configuration are compared below to the conventionally calculated 

dipole moment of that configuration using the M06-2X52 density functional and the 

cc-pVTZ+53 basis set. MB and EE-MB approximations of the full-system 

M06-2X/cc-pVTZ+ CHelpG50 point charge distributions are compared below to the 

conventional M06-2X/cc-pVTZ+ CHelpG point charge distributions of the 

microhydrated chloride, hydrogen fluoride, and microhydrated hydrogen fluoride 

systems described in Sections 5.3.2 and 5.3.3. 

5.3.1. Aqueous Ammonia Droplets 

The configurations for both of the water–ammonia systems were obtained as 

follows: a short Monte Carlo (MC) simulation with the SPC/E water model54 and the 

OPLS ammonia model55 was run using the configurations shown in Figures 5.1 and 5.2 

as the starting points. The configurations generated during the first 44 steps of these 

simulations (including the starting configuration and rejected moves as well as accepted 

ones) were chosen as the test cases of the EE-MB method for dipoles. A conventional 

(a.k.a. “full-system”) M06-2X/cc-pVTZ+ single-point energy and dipole calculation 

was run on each configuration of each system using Gaussian 09.56 EE-PA and EE-3B 

dipole moment calculations were performed on each configuration by the 

M06-2X/cc-pVTZ+ method using a modified version of MBPAC 2007-2.57 The 

M06-2X/cc-pVTZ+ method was used to calculate CM4M58 charges of the equilibrium 

gas-phase water and ammonia monomers, and these CM4M charges were used as the 

embedding charges in the EE-MB calculations of the water–ammonia systems. 
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5.3.2. Microhydrated Chloride Ions 

The water–chloride systems were also taken from an MC simulation at 250 K 

with the SPC/E water model and the CHARMM parameters for Cl–.59–60 Three of the 

water–chloride structures (int1, int2, and int3 in Figure 5.3) were selected because they 

represent an “interior” chloride ion in liquid water. Each of the “interior” structures 

contains at least four hydrogen bonds to the chloride ion where the O–Cl distance is less 

than 3.7 Å and where the O–H–Cl angle is greater than 150˚. The other three water–

chloride structures (surf1, surf2, and surf3 in Figure 5.4) represent a “surface” chloride 

ion in liquid water. Each “surface” structure contains fewer than two hydrogen bonds to 

the chloride ion, where in this case a hydrogen bond is defined as having an O–Cl 

distance of less than 4.7 Å and an O–H–Cl angle greater than 145˚. 

Conventional full-system M06-2X/cc-pVTZ+ dipole moment and CHelpG 

partial atomic charge calculations were run on each configuration of each water–

chloride system using Gaussian 09. EE-1B, EE-PA, EE-3B, 1B, PA, and 3B dipole 

moment and CHelpG point charge calculations were also performed for each 

configuration by the M06-2X/cc-pVTZ+ method using a modified version of 

MBPAC 2007-2.  

For the MB and EE-MB calculations of the water–chloride structures, two 

different fragmentation schemes were used: in fragmentation scheme 1 (S1), the 

chloride ion is considered a separate monomer and a point charge of –1 e is used as its 

embedding charge. In fragmentation scheme 2 (S2), the chloride ion is paired with the 

water molecule containing the atom nearest to the chloride ion and the resulting 

[ClH2O]– group is considered a single monomer. In Figures 5.3 and 5.4, the water 



144 

 

molecule that contains the atom closest to the chloride ion is always labeled “A”, so that 

in S2 the fragmentation scheme is always ACl–, B, C, D, E, F (yielding six monomers) 

whereas in S1 the fragmentation scheme is always Cl–, A, B, C, D, E, F (yielding seven 

monomers). The CHelpG charges of the equilibrium gas-phase water molecule and the 

equilibrium gas-phase Cl– (S1) or [Cl(H2O)]– (S2) system were used as the embedding 

charges in the EE-MB calculations of the water–chloride clusters.  

5.3.3. Hydrogen Fluoride Clusters and Microhydrated Hydrogen Fluoride Clusters 

 The (HF)m clusters (m = 4–5) shown in Figure 5.5 were constructed in the 

following way: (1) A partial geometry optimization at M06-2X/cc-pV(T+d)Z+ was 

attempted on each cluster with the constraints that the molecules must lie in a plane and 

that the molecules retain their initial orientations relative to one another. (2) After 

performing step 1, it was noted that the geometries of structures that had two fluorine 

atoms next to each other never converged to a minimum; rather, the molecules with the 

adjacent fluorine atoms kept drifting farther away from one another. (3) Therefore, a 

second partial geometry optimization of each (HF)m cluster was performed with both of 

the constraints described in step 1 but also with the constraint that the distance between 

adjacent fluorine atoms be fixed at 3.4 Å. This distance was chosen after performing a 

quick scan of a slice of the (HF)2 potential energy surface (PES) where the two fluorine 

atoms are forced to be adjacent to one another. Of the distances used in this scan, 3.4 Å 

is the distance where the dimer binding energy (the energy of the infinitely separated 

monomers minus the energy of the dimer) is closest to –1.0 kcal/mol.  



145 

 

The (HF)3(H2O) clusters in Figure 5.6 began with the M06-2X/cc-pV(T+d)Z+-

optimized isolated gas-phase HF and H2O molecules; the geometries of these molecules 

are given in Table 5.1. In each (HF)m(H2O) cluster, the H2O molecule (frozen in its 

optimized geometry) is placed in the center and m HF molecules (also frozen in their 

optimized geometries) are placed around it. HF molecule A is always placed so that the 

H, the F, and the O (of water) form a straight line perpendicular to the line through the 

two H atoms of water. If the F atom of A is closest to the O atom of water, then the F 

atom is placed RvdW(F–O) Å away from the O of water; otherwise, the H atom of A is 

placed RvdW(H–O) Å away from the O of water, where RvdW(F–O) and RvdW(H–O) are 

given in Table 5.2. HF molecules B and C are always placed so that the H, F, the 

nearest H of water and the O of water form a straight line. If the F atom of B or C is 

closet to the nearest H atom of water, then F is placed RvdW(F–H) Å away from the 

nearest H atom of water. Otherwise, the H atom of B or C is placed RvdW(H–H) Å away 

from the nearest H atom of water.  

The (HF)3(H2O)2 clusters are shown in Figure 5.7. The structure called w2hf3_a 

was constructed in exactly the same way as structure whf3_AaBaCa of Figure 5.6: the 

HF and H2O molecules were kept in their M06-2X/cc-pV(T+d)Z+-optimized isolated 

gas-phase geometries and were placed at the appropriate RvdW distance away from one 

another. In w2hf3_a, all molecules lie in the same plane. The w2hf3_a structure was 

then used as a starting point for an M06-2X/cc-pV(T+d)Z+ geometry optimization of 

the entire cluster. The result of this geometry optimization is the structure named 
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w2hf3_opt. This structure (w2hf3_opt) is a minimum-energy structure on the 

M06-2X/cc-pV(T+d)Z+ (HF)3(H2O)2 PES; it contains no imaginary frequencies. 

The dipole moment and CHelpG partial charge distribution of each hydrogen 

fluoride and microhydrated hydrogen fluoride cluster were calculated conventionally 

and within the EE-1B, EE-PA, EE-3B, 1B, PA, and 3B approximations using the 

M06-2X density functional and the cc-pV(T+d)Z+ basis set. For the EE-MB 

calculations, the M06-2X/cc-pV(T+d)Z+ CHelpG charges of the equilibrium gas-phase 

hydrogen fluoride or water molecule were used as the embedding charges. 

5.4. Results 

 In order to assess the accuracy of the EE-MB and MB approximations for the 

calculation of full-system dipole moments, partial atomic charges, and partial charge 

transfer between fragments, the EE-MB and MB approximations of these values are 

compared to the conventionally calculated values at the same level of electronic 

structure theory (which, for all results shown, is the M06-2X density functional with the 

cc-pVTZ+ basis set). The errors summarized in the tables described in this section are 

calculated as the EE-MB (or MB) approximate values minus the conventionally 

calculated values.  

 Next we describe the results in Tables 5.2–5.6; the results will be discussed in 

Section 5.6. First we note that Tables 5.3–5.5 each include the number, n, of 

configurations over which each average is taken and the number, N, of monomers into 

which each configuration of each system is divided. 
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5.4.1. Full-System Dipole Moments 

For simplicity, throughout the remainder of this paper we will refer to the 

magnitude of the dipole moment as the dipole moment. Table 5.3 shows the mean 

unsigned errors (MUEs) of the EE-MB calculations of cluster dipole moments (and, in 

some cases, MB calculations of these dipole moments) over all of the configurations of 

each type of system studied in this work. Table 5.3 also shows, to help put these values 

in perspective, the average, 

  

µ , of the conventionally calculated cluster dipole 

moments over all configurations of each type of system; not that this is the same as 

  

µ  

5.4.2. Partial Atomic Charges 

Table 5.4 shows the MUEs in the EE-MB and MB approximations of the 

CHelpG partial atomic charge distributions of the microhydrated chloride, hydrogen 

fluoride, and microhydrated hydrogen fluoride clusters used in this work. Table 5.4 also 

shows the average, 

  

q , of the absolute values of the conventionally calculated atomic 

charges over all atoms in all configurations of each type of system. 

5.4.3. Partial Charge Transfer  

Table 5.5 shows the MUEs in the EE-MB and MB approximations of the net 

fragment charges, Q, of the microhydrated chloride, hydrogen fluoride, and 

microhydrated hydrogen fluoride clusters considered in this work. The net charge on a 

fragment (in this case, on a monomer of the cluster) is calculated as the sum of the 

CHelpG charges of the atoms that constitute the given fragment. Additionally, Table 5.5 

shows the average, 

  

Q , of the absolute values of the conventionally calculated net 

fragment charges over all configurations of each type of system. 
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5.4.4. Molecular Dipole Moments 

The full-system dipole moment is well defined, but fragment dipole moments 

are model quantities.  Despite their model character, molecular dipole moments of 

molecules in clusters and liquids are widely used for interpretative purposes, and here 

we show that we can compute them by the EE-MB method. Table 5.6 shows the 

average water fragment dipole moments for the Cl(H2O)– clusters and also the average 

deviation from those calculated by CHelpG analysis of full-system density functional 

calculations. 

5.5. Discussion 

5.5.1. Dipole Moments 

 Table 5.3 shows that, as expected, the EE-MB full-system dipole moment 

becomes more accurate as the order of the EE-MB approximation increases. However, 

even for larger clusters, the EE-PA approximation is able to get the full-system dipole 

moment quantitatively correct. This is good news because of the more favorable scaling 

of the cost of the EE-PA approximation with system size than that of the EE-3B 

approximation. The mean unsigned percentage error (MUPE) over all configurations of 

all aqueous ammonia droplets is 5.0% in the EE-1B approximation, 0.9% in the EE-PA 

approximation, and 0.5% in the EE-3B approximation. Table 5.3 also shows that 

electrostatic embedding significantly improves the accuracy of the one-body 

approximation and slightly improves the accuracies of the two- and three-body 

approximations. 
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5.5.2. Partial Atomic Charges 

 The [Cl(H2O)6]– system provides an interesting challenge to many-body 

methods. The charge on Cl– is of course –1.0 atomic units (a.u.), and the partial atomic 

and standard deviation on Cl in Cl(H2O)– in the six configurations (where we always 

consider the H2O that contains the atom closest to Cl– in the overall cluster) is 

−0.91±0.01 a.u., and when the Cl(H2O)– fragment is embedded in fifteen embedding 

charges representing the rest of the cluster, the average charge and its standard deviation 

on Cl become −0.94±0.04 a.u. However the average charge (and standard deviation) of 

Cl– in the entire cluster is −0.70±0.07 a.u. We find that the EE-PA and EE-3B methods 

account for the reduction of this partial atomic charge from −1.0, −0.91, or –0.94 to 

−0.70 a.u. quite well. By definition, the EE-1B and 1B approximations cannot predict 

this reduction in charge because these methods do not allow charge transfer between 

monomers. However, the EE-PA and EE-3B approximations are able to account for this 

reduction in the charge assigned to Cl: using the simpler fragmentation scheme where 

the Cl– ion is considered a monomer (S1; see Section 5.3.2), the average charge (and 

standard deviation) on Cl is −0.78±0.05 a.u. using the EE-PA approximation and is 

−0.75±0.05 a.u. using the EE-3B approximation. Using the fragmentation scheme where 

the Cl– is paired with the closest water molecule to form a single monomer (S2), both 

the EE-PA and EE-3B approximations do a little better: the average charge (and 

standard deviation) on Cl is −0.75±0.06 a.u. using the EE-PA approximation and is 

−0.74±0.07 a.u. using the EE-3B approximation. 
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 Table 5.4 shows trends in partial atomic charges similar to those noticed with 

the dipole moments: again, the accuracy of the EE-MB or MB approximation generally 

increases with the order to which the MB expansion is taken and, again, in most cases 

(except for the microhydrated hydrogen fluoride clusters) the PA-level approximation is 

already capable of yielding quantitative accuracy in the partial charge distribution 

relative to the conventionally calculated CHelpG charge distribution of the entire 

cluster. However, unlike the trend seen in the dipole moment calculations, the accuracy 

of the many-body approximations for the prediction of partial charge distributions 

depends strongly on whether or not electrostatic embedding is included only in the one-

body case; in the pairwise additive and three-body cases, the accuracy of the MB 

approximation is similar to that of the EE-MB approximation of the same order. 

 An interesting point to consider is that as the size of a cluster increases, more 

and more atoms become “buried” within the cluster. Charge analysis methods that are 

based on finding a set of partial atomic charges that most closely reproduces the 

electrostatic potential due to the charge density of the entire system (like CHelpG) often 

have difficulty assigning stable physical charges to buried atoms. Using the EE-PA or 

the EE-3B method to calculate partial atomic charge distributions of large clusters could 

be a way to obtain stable physical charges on buried atoms without requiring the 

imposition of empirical constraints on the magnitudes of the charges assigned to various 

atoms.  

5.5.3. Partial Charge Transfer 

 Partial charge transfer is ubiquitous in liquid-phase systems, nanoparticles, and 

clusters, but it is notoriously hard to treat by fragment methods. 
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The net charge on a fragment (calculated as the sum of the partial charges 

assigned to the atoms that compose the fragment) is an indication of how much charge 

transfer has occurred to or from that fragment when it moves from being an isolated 

state to the state of being a member of a given cluster: for example, an isolated gas-

phase water molecule has a net charge of zero a.u., but if it is placed in a cluster 

containing a negatively-charged ion, its net charge might be −0.20 a.u., which shows 

that some of the electron density from the anion has been transferred to that water 

molecule, and molecules with net charges in the range of ±0.2 a.u. were also observed 

in simulations for liquid water which allowed for inter- and intramolecular charge 

equilibration.61 The MUEs in net fragment charges shown in Table 5.5 are therefore a 

measure of how well the EE-MB approximations are able to capture the amount charge 

transfer occurring between the molecules in the clusters studied.  

The one-body approximations are incapable of predicting charge transfer 

between molecules, so for systems containing all neutral fragments the EE-1B and 1B 

approximations necessarily have errors of 100% in the calculation of net monomer 

charges. Moving to the PA or EE-PA approximation reduces the error in net monomer 

charges to between 20 and 30% in most cases. Using the 3B or EE-3B approximation 

generally reduces the error in net monomer charges to between 13 and 20%. As with the 

partial charge calculations, a strong dependence on whether or not electrostatic 

embedding is used is not seen in the accuracy of the MB net monomer charge 

calculations.  

Although neither the EE-MB nor the MB approximations were capable of 

quantitatively accurate predictions of net monomer charges for the cases chosen in this 



152 

 

work, the PA- and 3B-level approximations were able to qualitatively describe the 

amount of charge transfer between fragments most of the time. 

5.5.4. Molecular Dipole Moments 

 The mean, median, minimum, and maximum molecular dipole moments for 

water are 2.19, 2.18, 2.03, and 2.34 D respectively, in the (NH3)(H2O)11 clusters, 2.51, 

2.53, 2.120, and 2.76 D, respectively, in the [Cl(H2O)6]- clusters, and 2.470, 2.472, 2.20, 

and 2.72 D, respectively, in the [Cl•(H2O)(H2O)5]– clusters. A histogram showing the 

distribution of the EE-1B water dipole moments over all forty-four 

(NH3)(H2O)11clusters is shown in Figure 5.8. 

 As a further illustration of the application of the EE-1B method for the 

computation of molecular dipole moments, we note that the mean molecular dipole 

moments for individual water molecules (1B approximation) are 2.07 D in [Cl(H2O)6]– 

but these values change when one considers the clusters. In fact, if the molecular dipole 

moments are calculated from the CHelpG charges of the full-system calcuations, the 

mean water monomer dipole moment changes by 46% (the new mean is 2.93 D). 

Table 5.6 shows that the EE-PA and EE-3B approximations give similar accuracyfor 

the average molecular dipole moments in the chloride–water clusters, and they both 

agree better then the 3B approximation with the average molecular dipole moments 

calculated from full-system density functional calcuations. The performance of the 

EE-PA method is very encouraging. 

5.6. Summary 

 Our first set of tests using the EE-MB method for predicting charge distributions 

was concerned with full-system dipole moments. We compared the EE-MB results to 
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the one-body (1B) approximation, in which one simply carries out vectorial addition of 

the dipole moments of the noninteracting constituents, and to the EE-1B approximation, 

in which one vectorially adds the dipole moments of the electrostatically embedded 

monomers. Both of these approximations led to large errors, but the MUEs of EE-1B 

were reduced by factors of 3 to 18 by the EE-PA approximation and by factors of 6 to 

55 by the EE-3B approximation, and the MUEs of the 1B approximation were reduced 

by factors of 7 to 63 by the PA approximation and by factors of 19 to 123 by the 3B 

approximation. 

 The second set of tests using the EE-MB method for predicting charge 

distributions was concerned with full-system partial atomic charge distributions. The 1B 

approximation of a particular atom’s partial charge is simply that atom’s partial charge 

when it is in an isolated monomer; the EE-1B approximation of an atom’s partial charge 

is that atom’s partial charge when its monomer is surrounded by embedding charges. 

On average, electrostatic embedding reduces the MUE of the 1B approximation by a 

factor of two. Including the pairwise additive terms usually reduces the MUEs of the 1B 

approximation by factors of 3 to 7, and using the 3B approximation also reduces the 

MUEs by factors of 3 to 7. The EE-PA approximation does not improve upon the 

EE-1B approximation by as large an amount for this quantity: the MUEs are reduced by 

factors of 1.0 to 1.5 in going from the EE-1B to the EE-PA approximation. A more 

significant improvement is seen in going from the EE-1B approximation to the EE-3B 

approximation: in this case, the MUEs are reduced by factors of 2 to 7. 

 A more difficult set of tests using the EE-MB method for predicting charge 

distributions was concerned with the amount of intermolecular charge transfer. The 



154 

 

EE-1B and 1B approximations (and many other linear-scaling fragment based methods) 

do not allow any charge transfer to occur between monomers at all, so even being able 

to get a qualitative picture of the amount of intermolecular charge transfer occurring in 

a system using the EE-PA or EE-3B approximations is an improvement. We find that in 

going from the EE-1B approximation to the EE-PA approximation the MUEs are 

reduced by factors of 2 to 3 and in going from the EE-1B approximation to the EE-3B 

approximation the MUEs are reduced by factors of 3 to 6. Similarly, in going from 1B 

to PA the errors are reduced by factors of 2 to 4 and in going from 1B to 3B the errors 

are reduced by factors of 3 to 5. 

 Finally we showed that the EE-MB approximation can also be used to calculate 

dipole moments for fragments of the cluster. 

 We conclude that the EE-PA and EE-3B approximations are capable of yielding 

accurate descriptions of full-system charge distributions through dipole moment and 

atomic partial charge distribution calculations. The EE-PA and EE-3B approximations 

are also capable of qualitatively describing the amount of intermolecular charge transfer 

occurring in a system, which is a difficult task for fragment-based methods.  
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Table 5.1. Geometric Parameters of the M06-2X/cc-pV(T+d)Z+ Optimized Gas-
Phase Water and Hydrogen Fluoride Molecules 
Molecule Parameter Value 
HF RHF 0.9194 Å 
H2O ROH 0.9592 Å 
H2O θHOH 105.2º 
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Table 5.2. Van der Waals Radii of Atoms and Combined van der Waals Radii of 
Atom Pairs 
Radius Value (Å) Reference 
RvdW(F) 1.47 62 
RvdW(H) 1.10 62 
RvdW(O) 1.52 62 
RvdW(F–F) 2.94 RvdW(F) + RvdW(F) 
RvdW(F–H) 2.57 RvdW(F) + RvdW(H) 
RvdW(F–O) 2.99 RvdW(F) + RvdW(O) 
RvdW(H–H) 2.20 RvdW(H) + RvdW(H) 
RvdW(H–O) 2.62 RvdW(H) + RvdW(O) 
RvdW(O–O) 3.04 RvdW(O) + RvdW(O) 
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Table 5.3. Average cluster dipole moments and mean unsigned errors in cluster 
dipole moments (in debye)a 
 

 

  

µMB !µ  

 _____________________________________ 

Ensemble n N 

  

µ  1B PA 3B 

 EE-MB 

NH3(H2O)11 44 12 13.89 1.02 0.10 0.08 
(NH3)2(H2O)14 44 16 17.97 0.50 0.18 0.08 
[Cl(H2O)6]– 6 7 6.36 0.42 0.10 0.04 
[ClH2O(H2O)5]– 6 6 6.36 0.33 0.07 0.04 
(HF)4–5 16 4–5 3.198 0.003 0.001 0.000 
(HF)3(H2O)1–2 8 4–5 5.262 0.164 0.009 0.003 

 MB 

[Cl(H2O)6]– 6 7 6.36 1.60 0.17 0.08 
[ClH2O(H2O)5]– 6 6 6.36 1.13 0.17 0.06 
(HF)4–5 16 4–5 3.198 0.125 0.002 0.000 
(HF)3(H2O)1–2 8 4–5 5.262 0.613 0.023 0.005 
 
an is the number of configurations in the ensemble, N is the number of fragments, µ is 
the dipole moment from a conventional calculation on the entire system, and µMB is the 
dipole moment calculated by the EE-MB or MB method. 
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Table 5.4. Mean unsigned errors (MUEs) in partial atomic charges (in atomic 
units)a 
 
 MUE 
 _____________________________________ 

Ensemble n N 

  

q  1B PA 3B 

 EE-MB 

[Cl(H2O)6]– 6 7 0.56 0.06 0.06 0.04 
[ClH2O(H2O)5]– 6 6 0.56 0.06 0.04 0.03 
(HF)4–5 16b 4–5c 0.438 0.004 0.003 0.002 
(HF)3(H2O)1–2 8d 4–5e 0.452 0.033 0.023 0.005 

 MB 

[Cl(H2O)6]– 6 7 0.56 0.10 0.04 0.04 
[ClH2O(H2O)5]– 6 6 0.56 0.09 0.03 0.03 
(HF)4–5 16 4–5 0.438 0.014 0.002 0.002 
(HF)3(H2O)1–2 8 4–5 0.452 0.036 0.014 0.009 
 
an is the number of configurations in the ensemble and N is the number of fragments. 
bThe average is over 148 partial atomic charges. 
cSix cases with N = 4 and ten with N = 5. 
dThe average is over 78 partial atomic charges 
eSix cases with N = 4 and two with N = 5. 
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Table 5.5. Average fragment charges and mean unsigned errors in fragment 
charges (in atomic units)a 
 

 

  

QMB !Q  

 ____________________________ 

Ensemble n N 

  

Q  1B PA 3B 

 EE-MB 

[Cl(H2O)6]– 6 7 0.15 0.09 0.04 0.03 
[ClH2O(H2O)5]– 6 6 0.15 0.08 0.03 0.03 
(HF)5b and (HF)3(H2O)2 3 5 0.036 0.036 0.023 0.006 

 MB 

[Cl(H2O)6]– 6 7 0.15 0.09 0.03 0.02 
[ClH2O(H2O)5]– 6 6 0.15 0.07 0.03 0.02 
 (HF)5b and (HF)3(H2O)2 3 5 0.036 0.036 0.010 0.012 
 
an is the number of configurations in the ensemble, N is the number of fragments, Q is 
the net fragment charge from a conventional calculation on the entire system, and QMB 
is the net fragment charge calculated by the EE-MB or MB method. 
bOnly one configuration of (HF)5 is included in the calculation of these averages: 
hf5_fhhhf (see Figure 5.5). 
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Table 5.6. Averagea water monomer dipole moment (in debye) calculated from 
CHelpG charges in [Cl(H2O)6]– clustersb 
 Conventional 1B PA 3B EE-1B EE-PA EE-3B 
int1 3.030 2.117 3.294 2.747 2.563 2.896 2.701 
int2 2.897 2.102 3.266 2.744 2.525 2.955 2.740 
int3 2.862 2.085 3.269 2.772 2.541 2.994 2.846 
surf1 2.912 2.000 3.152 2.803 2.475 3.008 2.764 
surf2 2.865 2.014 3.224 2.631 2.459 3.058 2.726 
surf3 3.052 2.113 3.298 2.849 2.641 3.284 2.917 
        
MUEc  0.864 0.314 0.178 0.402 0.141 0.154 
aAverages are taken over the six water monomer dipole moments in each cluster. 
bFragmentation scheme 1 is used in all MB and EE-MB calculations shown in this table 
cMUE = mean unsigned error in the average water monomer dipole moment from MB 
or EE-MB CHelpG charge distributions relative to the average water monomer dipole 
moment from the conventional CHelpG charge distribution using the 
M06-2X/cc-pV(T+d)Z+ method. 
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Figures 
 
Figure 5.1. The starting configuration used for a Monte Carlo simulation of 
(NH3)(H2O)11 
 
Figure 5.2. The starting configuration used for a Monte Carlo simulation of 
(NH3)2(H2O)14 
 
Figure 5.3. [Cl(H2O)6]–: Interior Structures 
 
Figure 5.4. [Cl(H2O)6]–: Surface Structures 
 
Figure 5.5. (HF)m Clusters, m = 4–5 
 
Figure 5.6. (HF)3(H2O) Clusters 
 
Figure 5.7. (HF)3(H2O)2 Clusters 
 
Figure 5.8. Distribution of EE-1B water monomer dipole moments in forty-four 
configurations of (NH3)(H2O)11 
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Figure 5.2 
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Appendices 

Appendix for Chapter 3 

Table A.3.1.  Cartesian Coordinates (Å) for M06-2X/MG3S 
Optimized Geometries of the 1_H2O and 2_H2O Complexes 
1_H2O    
S 0.766575 0.011671 -0.021124 
O 0.036164 0.016361 1.234542 
O 0.297149 -1.076632 -0.887655 
O 0.839640 1.297030 -0.664024 
O 2.261395 -0.419681 0.299534 
H 2.789121 0.379418 0.408938 
N -2.101286 -1.304463 -0.005799 
H -1.108054 -1.359129 -0.463468 
H -2.351118 -0.296002 -0.061529 
H -2.791419 -1.896904 -0.451557 
H -1.984847 -1.547038 0.974388 
O -2.077310 1.487154 0.010667 
H -1.441212 1.419281 0.737817 
H -1.524974 1.811042 -0.710518 
 
2_H2O    
S 1.021816 -0.095813 0.068483 
O 1.408267 1.295691 -0.024119 
O 0.523611 -0.505755 1.368031 
O 0.137270 -0.495522 -1.018624 
O 2.358068 -0.940920 -0.085420 
H 2.912999 -0.521000 -0.752838 
N -2.047166 0.326381 1.121219 
H -1.118415 0.014369 1.485574 
H -1.848908 1.122639 0.468769 
H -2.413138 -0.471198 0.570021 
H -2.679140 0.600620 1.863777 
O -1.160632 2.222171 -0.683933 
H -0.215001 2.201038 -0.449989 
H -1.182715 1.736005 -1.514376 
O -2.248942 -1.732245 -0.688347 
H -2.288556 -2.688257 -0.646314 
H -1.327163 -1.493234 -0.909590 
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Table A.3.2.  Cartesian Coordinates (Å) for the Geometries of 
Complexes Obtained from Molecular Dynamics Simulations 
 

1A 
 
O 2.4436391 -0.5052160 1.6190444 
S 1.2293899 -0.3255168 0.8504504 
O 0.1462842 0.3770494 1.5759144 
O 1.5217851 0.4576051 -0.4717481 
H 1.6411791 1.4873387 -0.2884964 
O 0.7946155 -1.7076478 0.2937501 
H -0.1793150 -1.7156486 -0.1840520 
H 2.5136698 2.6700869 0.9137617 
O 1.9080388 2.8546460 0.0881586 
H 1.1725267 3.3852857 0.4387917 
O 3.7855367 1.9538762 2.0880870 
H 3.4232141 1.0312779 2.1531407 
H 4.6353584 1.9156659 1.6084468 
H -4.6022708 -0.7085454 1.6262382 
O -4.6011520 0.2605866 1.5314977 
H -3.9268127 0.5082108 2.2334072 
H -1.2044812 -2.3748944 -4.4344682 
O -0.7495258 -2.2527542 -3.6079615 
H 0.1212130 -1.8204254 -3.8422817 
O -2.3915987 1.5412340 2.9893100 
H -1.4407150 1.5309918 2.7763959 
H -2.6826640 2.4664989 2.7954330 
H -1.3873540 -2.0106886 -1.8359292 
O -1.4468388 -2.0507791 -0.8609366 
H -2.1661012 -1.4105719 -0.7390745 
H 2.4787226 -1.6880389 -4.6748486 
N 1.9933583 -1.1277073 -4.0074981 
H 2.2435786 -1.4012667 -3.0325998 
H 2.2666527 -0.1533541 -4.1735050 
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1B 
 
O -0.9402896 0.9110457 2.1311876 
S -1.1455596 0.8720517 0.6949687 
O -1.8750852 2.0076961 0.1243356 
O 0.2146043 0.7173706 -0.0432397 
H 1.0583691 1.3099979 0.3519451 
O -1.9580370 -0.4535926 0.2682523 
H -2.0540787 -0.6026633 -0.7163108 
H 3.0177382 1.9878972 0.5410816 
O 2.1111506 2.4226707 0.7724770 
H 2.1411177 2.6019217 1.7556771 
O 4.5083604 1.4324468 -0.4161748 
H 4.7368010 0.5745682 -0.0647367 
H 5.3940671 1.8851148 -0.5433904 
H -6.1068220 1.9986706 -1.8536170 
O -6.3111889 2.3707148 -0.9997611 
H -5.4832058 2.8290549 -0.6582977 
H -0.8974833 -2.2468907 -4.8477415 
O -1.3570479 -1.3899380 -4.8867464 
H -0.9125737 -0.8852927 -5.6339910 
O -4.1020024 3.9883068 -0.5412614 
H -3.3285740 3.4149869 -0.3068118 
H -3.7254321 4.6902144 -1.0488821 
H -1.8321120 -0.9132061 -3.3368911 
O -2.2403904 -0.9420420 -2.3914250 
H -3.0293066 -1.4675771 -2.5266588 
H 1.0675469 -0.0029918 -6.1945457 
N 0.1438930 0.1860458 -6.6175591 
H -0.1918080 1.1426505 -6.5040113 
H 0.2698349 0.0399716 -7.6259323 
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1C 
 
O -0.4031948 -0.7526565 1.5905288 
S -1.0590619 0.4219755 1.0363294 
O -2.4662184 0.6214548 1.1851682 
O -0.3530241 1.7225525 1.5907187 
H 0.6682073 1.8095297 1.5830543 
O -0.6703606 0.4138737 -0.5046720 
H -1.2974529 0.7676055 -1.1632942 
H 2.8579293 2.6315781 0.6806419 
O 2.3085216 1.8798668 0.9673235 
H 2.4010323 1.2157767 0.2693846 
O 4.1610065 4.0914658 1.1283789 
H 5.1234883 4.1855723 0.9276997 
H 3.7839430 4.9813982 1.0993599 
H -5.5791022 4.1913127 0.8224824 
O -6.2631638 4.8584069 1.0170608 
H -6.0040351 5.6798935 0.6534611 
H -4.2810977 -0.6097891 -0.2325296 
O -4.3985251 -0.7577328 -1.1611894 
H -3.7599494 -1.5173061 -1.3396654 
O -4.0923217 3.3948120 0.1778589 
H -3.6414052 2.7955059 0.7568923 
H -4.2299723 3.0464219 -0.7111569 
H -3.5850848 0.4408801 -1.7648137 
O -2.9238506 1.1139509 -2.0285712 
H -3.0201407 1.0000562 -2.9890747 
H -2.8018749 -3.7995375 -1.4083962 
N -2.5795514 -2.8195988 -1.5004560 
H -2.1709721 -2.4996056 -0.6461697 
H -1.7629060 -2.8034442 -2.1446069 
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2A 
 
S -1.5670185 2.3941008 -1.4227842 
O -1.0207933 2.4931556 -0.0527035 
H -0.5444917 0.9816124 1.1814067 
O -2.7932064 3.5149398 -1.5901360 
H -2.4246905 4.3982296 -1.4734859 
O -2.3380619 1.0929489 -1.7143236 
O -0.5513314 2.6138995 -2.4664980 
O 0.3978578 -2.8678215 -2.0507904 
S -0.0692625 -1.6163978 -1.5194215 
O -0.9781951 -1.7278195 -0.2794910 
O 0.9430590 -0.6208539 -1.2758848 
H 3.0298545 -1.8315097 -6.2871521 
O -1.0468885 -1.0682106 -2.6898102 
H -1.5182202 -0.3200704 -2.2582356 
H 1.0963688 2.2980869 -3.2454694 
O 1.9551366 2.3797980 -3.7691260 
H 2.0133939 3.3312382 -3.9449555 
O 6.1040225 0.8152107 -2.7810180 
H 6.2578854 1.6239460 -2.2354886 
H 7.0260355 0.5759673 -3.0220347 
H -4.6768476 -0.6378939 -2.0691645 
O -4.6338381 -0.0306061 -2.8464699 
H -3.8063977 0.4911571 -2.7366757 
H 1.5193884 -1.9559100 -5.7485065 
O 2.3689986 -1.3999113 -5.7485966 
H 3.0589286 -0.3638663 -4.2286178 
O -0.3078290 0.0770134 1.5487746 
H -0.6589168 -0.9824926 0.3753496 
H 0.6635772 0.0775849 1.7351319 
H -0.8953247 -2.3888070 -5.0086091 
O 0.0028618 -2.8022977 -5.0036518 
H 0.2481742 -2.8392783 -4.0577386 
H 4.4967489 0.3115834 -3.5024559 
N 3.4973753 0.2222373 -3.4649748 
H 3.3950656 -0.2340258 -2.5570353 
H 3.0282200 1.1820616 -3.4651395 
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2B 
 
S -2.5701088 0.5840872 0.2717406 
O -2.6956617 -0.6847224 0.9502530 
H -2.7147646 -3.5157293 0.9664486 
O -3.8181186 1.5735773 1.0504310 
H -3.4949234 2.3073253 1.5531621 
O -3.0636364 0.6377206 -1.1131986 
O -1.2637517 1.2212281 0.5523916 
O -0.8314983 -2.3772154 -4.0005625 
S -1.0602011 -2.2119802 -2.5577165 
O -1.2116685 -3.6565673 -1.8987872 
O -0.1242105 -1.4422741 -1.7139665 
H 2.7698201 0.5865497 -5.4238047 
O -2.4842314 -1.5484259 -2.4267908 
H -2.5998932 -0.7114200 -1.9517061 
H -0.0760785 2.1391969 -0.4872390 
O 0.6365504 2.4345981 -1.0959670 
H 0.2971667 3.1124809 -1.6995732 
O 4.9434019 -0.2409216 -1.4597930 
H 5.8264034 0.1919564 -1.1929628 
H 4.8980428 -1.1346866 -1.0322361 
H -5.0937326 1.6205578 -1.5521732 
O -5.9269001 1.6302637 -1.0635172 
H -5.5457884 1.7098657 -0.1671526 
H 1.1705824 0.6274579 -5.1925889 
O 2.0815289 0.8718763 -4.8050907 
H 2.2806881 0.4170157 -3.0801437 
O -1.8023906 -3.1901084 0.6165618 
H -1.4592493 -3.5067726 -0.8939916 
H -1.8451928 -2.2255586 0.7414796 
H -0.5275591 -1.0320682 -5.4208497 
O -0.1051405 -0.4223784 -6.0277875 
H -0.6997723 -0.3764707 -6.8158730 
H 3.0742082 0.2962283 -1.6904986 
N 2.1700110 0.4134668 -2.0862867 
H 1.5734289 -0.4150360 -1.8217375 
H 1.6553164 1.2469447 -1.8019492 
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2C 
 
S -5.2389619 1.3411533 1.6894362 
O -4.5248866 1.1929701 2.9748528 
H -2.1544203 0.2197161 4.3219662 
O -6.5768048 2.3259752 1.9866377 
H -6.2988162 2.8605214 2.7778607 
O -5.9439188 0.1106325 1.2213497 
O -4.5594843 2.0102690 0.6342435 
O -3.9821344 -4.3177572 1.7031465 
S -3.9420368 -2.8977297 1.5783444 
O -3.1766199 -2.2994307 2.8900680 
O -3.2685728 -2.3490365 0.4377892 
H -0.9918924 -1.8570614 -1.5843179 
O -5.4223142 -2.3357352 1.6951283 
H -5.5790805 -1.2730556 1.5184256 
H -2.6715486 2.3970033 0.3629485 
O -1.7950509 2.6704003 0.1505729 
H -1.8907922 3.4923395 -0.3304461 
O 2.3790105 0.8515926 1.6340157 
H 3.0928905 0.1508973 1.7339624 
H 2.9724422 1.5847319 1.2681108 
H -7.7942892 -0.3737331 1.5741226 
O -8.6506988 -0.6350276 2.0154379 
H -8.4121823 -1.3786127 2.5457446 
H -1.7377865 -1.8028333 -0.1964599 
O -0.9355322 -1.5124850 -0.6974749 
H -0.5492642 -0.2836123 0.4075198 
O -2.1262130 0.1669118 3.3519533 
H -2.9899672 -1.3523074 2.6813302 
H -2.9847343 0.6708462 3.0699546 
H -1.8822447 -2.0857818 -4.2563499 
O -1.0158203 -1.9265848 -3.8245784 
H -0.3347959 -2.5197881 -4.2804623 
H 0.7852776 0.5578568 1.1428906 
N -0.2557994 0.5373634 1.0289769 
H -0.6557562 0.3335937 1.9656598 
H -0.6937965 1.3938970 0.6969329 
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Appendix for Chapter 5 

Table A.5.1.  Dipole Moments and Errors for Forty-Four Configurations of 
(NH3)(H2O)11 
 Conventional Error in Error in Error in  
 Dipole EE-1B Dipole EE-PA Dipole EE-3B Dipole 
Step Moment (D) Moment (D) Moment (D) Moment (D) 
1 13.967 -1.085 -0.132 0.091 
2 13.819 -1.065 -0.126 0.079 
3 14.079 -1.056 -0.111 0.074 
4 14.107 -1.060 -0.112 0.072 
5 14.105 -1.058 -0.114 0.079 
6 14.550 -1.354 -0.105 0.085 
7 14.177 -1.088 -0.112 0.072 
8 14.197 -1.099 -0.113 0.074 
9 14.158 -1.097 -0.114 0.072 
10 13.704 -1.107 -0.108 0.086 
11 13.711 -1.114 -0.105 0.080 
12 13.703 -1.111 -0.106 0.084 
13 13.988 -1.113 -0.108 0.090 
14 13.985 -1.112 -0.107 0.085 
15 13.935 -1.090 -0.098 0.082 
16 13.975 -1.112 -0.107 0.090 
17 13.878 -1.074 -0.093 0.084 
18 14.093 -1.065 -0.091 0.081 
19 13.811 -1.062 -0.092 0.086 
20 14.049 -1.186 -0.090 0.083 
21 14.130 -1.039 -0.097 0.076 
22 13.881 -1.078 -0.093 0.081 
23 13.875 -1.079 -0.092 0.078 
24 13.840 -1.063 -0.091 0.089 
25 13.695 -0.975 -0.081 0.062 
26 13.745 -0.989 -0.085 0.072 
27 13.708 -0.974 -0.086 0.079 
28 13.742 -0.972 -0.085 0.078 
29 13.393 -0.864 -0.089 0.081 
30 13.738 -0.969 -0.084 0.073 
31 13.152 -0.831 -0.083 0.062 
32 13.790 -0.969 -0.082 0.071 
33 13.778 -0.962 -0.084 0.078 
34 13.850 -0.969 -0.084 0.077 
35 13.833 -0.961 -0.087 0.076 
36 13.807 -0.954 -0.085 0.074 
37 13.798 -0.944 -0.085 0.070 
38 13.908 -0.913 -0.088 0.079 
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39 13.912 -0.915 -0.086 0.078 
40 14.082 -0.921 -0.086 0.080 
41 13.910 -0.821 -0.092 0.083 
42 14.186 -0.786 -0.096 0.084 
43 13.820 -0.825 -0.091 0.081 
44 13.752 -0.800 -0.094 0.070 
 
MSE  -1.015 -0.097 0.079 
MUE  1.015 0.097 0.079 
RMSE  1.021 0.097 0.079 
MUPE  7.3 0.7 0.6 
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Table A.5.2.  Dipole Moments and Errors for Forty-Four Configurations of 
(NH3)2(H2O)14 
 Conventional Error in Error in Error in  
 Dipole EE-1B Dipole EE-PA Dipole EE-3B Dipole 
Step Moment (D) Moment (D) Moment (D) Moment (D) 
1 18.354 -0.454 -0.205 0.081 
2 18.372 -0.431 -0.206 0.080 
3 18.345 -0.421 -0.208 0.095 
4 18.423 -0.416 -0.211 0.093 
5 18.355 -0.380 -0.228 0.091 
6 18.375 -0.403 -0.208 0.070 
7 18.354 -0.386 -0.220 0.090 
8 17.902 -0.436 -0.198 0.084 
9 17.951 -0.458 -0.194 0.089 
10 18.095 -0.504 -0.181 0.075 
11 18.333 -0.487 -0.189 0.082 
12 18.163 -0.530 -0.191 0.056 
13 18.085 -0.500 -0.181 0.061 
14 18.148 -0.511 -0.176 0.068 
15 18.131 -0.510 -0.179 0.089 
16 18.501 -0.487 -0.180 0.081 
17 18.132 -0.510 -0.176 0.066 
18 18.147 -0.504 -0.177 0.081 
19 18.208 -0.545 -0.186 0.088 
20 18.043 -0.470 -0.192 0.090 
21 17.999 -0.522 -0.183 0.063 
22 18.008 -0.521 -0.184 0.061 
23 18.071 -0.539 -0.182 0.068 
24 17.949 -0.553 -0.185 0.086 
25 18.124 -0.540 -0.187 0.079 
26 18.240 -0.554 -0.186 0.059 
27 18.254 -0.559 -0.186 0.072 
28 18.188 -0.558 -0.186 0.075 
29 18.403 -0.528 -0.193 0.070 
30 17.729 -0.567 -0.178 0.092 
31 17.733 -0.569 -0.176 0.081 
32 17.514 -0.454 -0.181 0.096 
33 17.774 -0.568 -0.174 0.065 
34 17.633 -0.550 -0.171 0.069 
35 17.534 -0.483 -0.159 0.060 
36 16.801 -0.491 -0.168 0.069 
37 17.542 -0.481 -0.161 0.075 
38 17.540 -0.480 -0.160 0.075 
39 17.499 -0.478 -0.162 0.058 
40 17.678 -0.498 -0.147 0.058 
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41 17.333 -0.482 -0.162 0.067 
42 17.617 -0.544 -0.163 0.086 
43 17.444 -0.437 -0.170 0.073 
44 17.542 -0.489 -0.158 0.064 
 
MSE  -0.495 -0.183 0.076 
MUE  0.495 0.183 0.076 
RMSE  0.498 0.184 0.077 
MUPE  2.8 1.0 0.4 
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Table A.5.3a. Dipole Moments and EE-MB Errors for Six Configurations of [Cl(H2O)6]- 
  Error in Error in Error in Error in Error in Error in 
 Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
System µ (D) µ (D) µ (D) µ (D) µ (D) µ (D) µ (D) 
int1 1.905 -0.289 -0.098 -0.247 -0.241 -0.182 -0.202 
int2 1.654 -0.042 -0.198 -0.107 -0.066 -0.010 0.014 
int3 8.242 -0.186 -0.075 0.015 -0.006 0.018 -0.006 
surf1 8.153 -0.872 -0.724 -0.075 -0.102 -0.011 -0.020 
surf2 7.870 -0.352 -0.110 0.088 0.009 -0.003 0.005 
surf3 10.330 -0.808 -0.796 0.076 -0.017 0.013 0.016 
 

MSE  -0.425 -0.333 -0.042 -0.070 -0.029 -0.032 
MUE  0.425 0.333 0.102 0.073 0.039 0.044 
RMSE  0.526 0.452 0.124 0.110 0.075 0.083 
MUPE  7.2 6.0 3.7 3.0 1.8 2.0 
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Table A.5.3b. Dipole Moments and MB Errors for Six Configurations of [Cl(H2O)6]- 
  Error in Error in Error in Error in Error in Error in 
 Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
System µ (D) µ (D) µ (D) µ (D) µ (D) µ (D) µ (D) 
int1 1.905 -0.072 1.143 -0.256 -0.324 -0.251 -0.203 
int2 1.654 0.503 -0.139 -0.257 -0.003 0.025 -0.007 
int3 8.242 -1.163 -0.207 0.050 -0.170 -0.004 0.014 
surf1 8.153 -2.346 -1.767 -0.212 -0.354 0.046 0.030 
surf2 7.870 -2.113 -0.709 0.069 -0.130 0.063 0.019 
surf3 10.330 -3.403 -2.790 0.191 -0.031 0.064 0.077 
        

MSE  -1.432 -0.745 -0.069 -0.169 -0.010 -0.012 
MUE  1.600 1.126 0.172 0.169 0.075 0.058 
RMSE  1.965 1.460 0.191 0.215 0.111 0.090 
MUPE  22.8 21.4 5.8 4.3 2.8 2.1 
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Table A.5.4. M06-2X/cc-pV(T+d)+ Dipole Moments (D) of (HF)m Clusters and 
Average MB and EE-MB Errors 
Cluster Full 1B PA 3B EE-1B EE-PA EE-3B 
hf3_fff 5.523 5.684 5.522 5.523 5.527 5.523 5.523 
hf3_ffh 1.821 1.897 1.821 1.820 1.824 1.821 1.820 
hf3_fhf 1.874 1.896 1.871 1.874 1.873 1.872 1.874 
hf4_ffff 7.329 7.578 7.327 7.329 7.333 7.329 7.329 
hf4_fffh 3.621 3.784 3.621 3.621 3.627 3.623 3.621 
hf4_ffhf 3.686 3.789 3.682 3.687 3.688 3.685 3.686 
hf4_ffhh 0.004 0.004 0.004 0.004 0.004 0.004 0.004 
hf4_fhfh 0.004 0.004 0.004 0.004 0.004 0.004 0.004 
hf4_fhhf 0.069 0.005 0.067 0.069 0.063 0.067 0.069 
hf5_fffff 9.133 9.472 9.130 9.133 9.139 9.134 9.133 
hf5_ffffh 5.435 5.685 5.433 5.435 5.441 5.436 5.435 
hf5_fffhf 5.493 5.682 5.488 5.493 5.496 5.492 5.493 
hf5_ffhff 5.496 5.683 5.492 5.497 5.501 5.497 5.496 
hf5_fffhh 1.805 1.890 1.804 1.805 1.806 1.805 1.805 
hf5_ffhfh 1.816 1.897 1.815 1.816 1.819 1.817 1.816 
hf5_fhffh 1.797 1.896 1.795 1.797 1.801 1.797 1.797 
hf5_fhfhf 1.871 1.895 1.867 1.872 1.869 1.869 1.871 
hf5_fhhff 1.883 1.889 1.882 1.884 1.882 1.883 1.884 
hf5_fhhhf 1.730 1.891 1.729 1.730 1.736 1.732 1.730 
 
MSEa (D)  0.112 -0.002 0.000 0.002 0.000 0.000 
MUEb (D)  0.119 0.002 0.000 0.003 0.001 0.000 
RMSEc (D)  0.151 0.002 0.000 0.004 0.001 0.000 
MUPEd (%)  8.4 0.3 0.1 0.7 0.3 0.1 
aMSE = mean signed error over all (HF)m clusters for m = 3–5. 
bMUE = mean unsigned error over all (HF)m clusters for m = 3–5. 
cRMSE = root mean squared error over all (HF)m clusters for m = 3–5. 
dMUPE = mean unsigned percent error over all (HF)m clusters for m = 3–5. 
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Table A.5.5. M06-2X/cc-pV(T+d)+ Dipole Moments (D) of (HF)m(H2O)n Clusters 
and Average MB and EE-MB Errors 
Cluster Full 1B PA 3B EE-1B EE-PA EE-3B 
whf2_BaCa 4.449 4.286 4.453 4.449 4.441 4.449 4.449 
whf2_BaCr 3.838 3.609 3.834 3.838 3.820 3.838 3.838 
whf2_BrCr 0.398 0.320 0.409 0.398 0.394 0.399 0.398 
whf3_AaBaCa 6.663 6.183 6.649 6.663 6.601 6.663 6.663 
whf3_AaBaCr 5.315 4.914 5.312 5.316 5.271 5.314 5.315 
whf3_AaBrCr 1.748 1.577 1.741 1.748 1.723 1.746 1.748 
whf3_ArBaCa 2.547 2.389 2.541 2.547 2.543 2.544 2.547 
whf3_ArBaCr 3.271 3.016 3.263 3.271 3.253 3.271 3.271 
whf3_ArBrCr 2.367 2.217 2.365 2.368 2.339 2.371 2.367 
w2hf3_a 8.794 8.178 8.788 8.797 8.669 8.782 8.797 
w2hf3_opt 11.392 8.717 11.254 11.425 10.382 11.342 11.409 
 
MSEa (D)  -0.489 -0.016 0.003 -0.122 -0.006 0.002 
MUEb (D)  0.489 0.018 0.004 0.122 0.007 0.002 
RMSEc (D)  0.861 0.042 0.010 0.308 0.015 0.005 
MUPEd (%)  9.5 0.5 0.0 1.5 0.1 0.0 
aMSE = mean signed error over all (HF)m(H2O)n clusters shown in the table. 
bMUE = mean unsigned error over all (HF)m(H2O)n clusters shown in the table. 
cRMSE = root mean squared error over all (HF)m(H2O)n clusters shown in the table. 
dMUPE = mean unsigned percent error over all (HF)m(H2O)n clusters shown in the 
table. 
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Table A.5.6a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Int1 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.563 -0.437 -0.424 -0.289 -0.276 -0.223 -0.123 
2 O -0.788 -0.019 -0.020 -0.075 -0.058 0.053 0.000 
3 H 0.344 0.040 0.029 0.074 0.055 -0.033 0.016 
4 H 0.419 0.003 0.015 0.020 0.021 -0.013 0.012 
5 O -0.795 -0.027 -0.017 -0.065 -0.052 0.036 0.009 
6 H 0.337 0.089 0.081 0.080 0.077 -0.034 -0.010 
7 H 0.412 -0.016 -0.019 -0.002 -0.008 -0.020 -0.005 
8 O -0.712 -0.106 -0.099 -0.042 -0.037 -0.062 -0.025 
9 H 0.346 0.021 0.022 -0.033 -0.028 0.041 0.018 
10 H 0.302 0.148 0.141 0.108 0.107 0.063 0.018 
11 O -0.768 -0.095 -0.136 -0.146 -0.069 -0.053 -0.061 
12 H 0.384 0.005 -0.003 0.000 0.019 0.025 0.016 
13 H 0.264 0.210 0.246 0.267 0.144 0.132 0.084 
14 O -0.764 -0.094 -0.083 -0.073 -0.055 0.032 0.040 
15 H 0.378 0.015 0.014 -0.008 -0.016 -0.011 -0.020 
16 H 0.266 0.199 0.189 0.126 0.118 0.018 -0.002 
17 O -0.810 -0.036 -0.025 -0.116 -0.098 -0.006 -0.001 
18 H 0.377 0.009 0.008 0.027 0.025 0.021 -0.002 
19 H 0.369 0.090 0.081 0.145 0.131 0.033 0.035 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.087 0.087 0.089 0.073 0.048 0.026 
 RMSE  0.135 0.135 0.119 0.096 0.069 0.041 
 MUPE  21.7 21.7 21.6 17.7 11.1 6.1 
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Table A.5.6b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Int1 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.563 -0.437 -0.350 -0.004 -0.049 -0.138 -0.139 
2 O -0.788 0.115 0.115 -0.047 -0.054 0.055 0.025 
3 H 0.344 -0.010 -0.010 0.033 0.025 -0.040 -0.004 
4 H 0.419 -0.080 -0.080 -0.015 0.030 0.014 -0.002 
5 O -0.795 0.106 0.106 -0.072 -0.054 0.039 -0.004 
6 H 0.337 0.008 0.008 0.061 0.068 -0.040 -0.017 
7 H 0.412 -0.068 -0.068 0.008 -0.005 -0.011 0.022 
8 O -0.712 0.001 0.001 -0.015 -0.014 -0.040 -0.010 
9 H 0.346 0.009 0.009 -0.037 -0.025 0.046 0.010 
10 H 0.302 0.054 0.054 0.046 0.054 0.019 0.011 
11 O -0.768 0.081 -0.090 -0.097 -0.002 -0.001 -0.076 
12 H 0.384 -0.041 -0.059 -0.015 0.006 0.015 0.011 
13 H 0.264 0.080 0.182 0.166 0.027 0.028 0.127 
14 O -0.764 0.058 0.058 -0.065 -0.043 0.021 0.007 
15 H 0.378 -0.024 -0.024 -0.024 -0.027 0.022 0.016 
16 H 0.266 0.086 0.086 0.090 0.081 -0.016 -0.011 
17 O -0.810 0.113 0.113 -0.064 -0.029 0.018 -0.013 
18 H 0.377 -0.029 -0.029 0.002 0.000 0.021 0.014 
19 H 0.369 -0.021 -0.021 0.049 0.012 -0.013 0.035 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.075 0.077 0.048 0.032 0.032 0.029 
 RMSE  0.119 0.110 0.062 0.039 0.043 0.049 
 MUPE  15.4 16.9 11.9 7.8 7.0 7.0 
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Table A.5.7a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Int2 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.751 -0.249 -0.228 -0.061 0.001 -0.045 -0.102 
2 O -0.839 0.059 0.062 -0.023 -0.009 0.024 0.014 
3 H 0.377 -0.008 -0.010 0.024 0.016 -0.010 -0.008 
4 H 0.450 -0.038 -0.040 -0.007 -0.014 0.015 0.012 
5 O -0.831 -0.039 -0.032 -0.052 -0.021 -0.051 -0.080 
6 H 0.368 0.113 0.105 0.097 0.068 0.076 0.089 
7 H 0.400 -0.011 -0.010 0.000 -0.008 0.005 0.028 
8 O -0.840 0.005 -0.010 -0.010 0.066 0.034 -0.080 
9 H 0.421 0.056 0.075 0.080 -0.066 -0.070 0.072 
10 H 0.381 -0.023 -0.047 -0.046 -0.022 0.013 0.049 
11 O -0.816 -0.027 -0.013 -0.073 -0.055 0.061 0.038 
12 H 0.319 0.122 0.113 0.054 0.049 -0.080 -0.065 
13 H 0.379 0.022 0.017 0.024 0.013 0.003 0.013 
14 O -0.712 -0.105 -0.097 -0.024 0.001 0.026 0.019 
15 H 0.389 0.062 0.053 0.004 -0.039 -0.022 0.003 
16 H 0.335 0.032 0.032 -0.012 -0.008 -0.013 -0.020 
17 O -0.823 -0.010 0.001 -0.034 -0.019 -0.027 -0.027 
18 H 0.363 0.006 0.004 -0.036 -0.037 0.030 0.030 
19 H 0.432 0.033 0.024 0.096 0.084 0.029 0.018 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.054 0.051 0.040 0.031 0.033 0.040 
 RMSE  0.079 0.074 0.050 0.040 0.041 0.050 
 MUPE  10.9 10.5 8.4 6.9 6.9 8.1 
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Table A.5.7b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Int2 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.751 -0.249 -0.171 0.129 0.097 -0.016 -0.040 
2 O -0.839 0.168 0.168 0.010 0.024 -0.007 -0.026 
3 H 0.377 -0.041 -0.041 -0.008 -0.012 0.005 0.018 
4 H 0.450 -0.114 -0.114 -0.032 -0.035 0.041 0.033 
5 O -0.831 0.132 0.132 -0.009 0.010 -0.017 -0.031 
6 H 0.368 -0.019 -0.019 0.025 0.007 0.007 0.019 
7 H 0.400 -0.050 -0.050 -0.020 -0.016 0.013 0.016 
8 O -0.840 0.129 -0.035 -0.018 0.063 0.045 -0.015 
9 H 0.421 -0.065 0.034 0.008 -0.070 -0.069 0.022 
10 H 0.381 -0.025 -0.038 -0.022 -0.010 0.011 0.000 
11 O -0.816 0.118 0.118 -0.096 -0.065 0.066 0.029 
12 H 0.319 0.029 0.029 0.056 0.038 -0.070 -0.024 
13 H 0.379 -0.029 -0.029 0.046 0.034 -0.006 -0.004 
14 O -0.712 0.017 0.017 -0.024 -0.006 0.033 0.017 
15 H 0.389 -0.041 -0.041 0.008 -0.005 -0.047 -0.026 
16 H 0.335 0.013 0.013 -0.023 -0.022 -0.006 -0.005 
17 O -0.823 0.122 0.122 -0.031 -0.003 0.013 -0.003 
18 H 0.363 -0.012 -0.012 -0.014 -0.019 0.015 0.014 
19 H 0.432 -0.081 -0.081 0.015 -0.008 -0.010 0.006 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.077 0.067 0.031 0.029 0.026 0.018 
 RMSE  0.099 0.084 0.044 0.039 0.034 0.021 
 MUPE  12.9 11.6 6.0 5.5 5.5 3.7 
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Table A.5.8a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Int3 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.714 -0.286 -0.256 -0.098 -0.057 0.025 0.037 
2 O -0.844 -0.037 -0.048 -0.116 -0.040 -0.018 -0.010 
3 H 0.356 0.114 0.106 0.147 0.014 -0.013 -0.003 
4 H 0.448 -0.037 -0.047 0.024 0.030 0.037 0.006 
5 O -0.793 -0.048 -0.044 -0.121 -0.111 0.064 0.028 
6 H 0.403 0.017 0.025 0.056 0.074 -0.010 -0.009 
7 H 0.363 0.057 0.046 0.088 0.067 -0.043 -0.004 
8 O -0.856 0.055 0.059 -0.020 -0.002 0.118 0.075 
9 H 0.485 -0.047 -0.049 -0.009 -0.024 -0.083 -0.049 
10 H 0.373 -0.009 -0.010 0.015 0.009 -0.070 -0.049 
11 O -0.876 0.033 0.056 -0.079 -0.026 0.015 0.011 
12 H 0.388 0.084 0.068 0.048 0.027 -0.041 -0.014 
13 H 0.428 -0.056 -0.064 0.020 0.001 0.012 0.004 
14 O -0.865 -0.031 -0.020 -0.068 -0.047 0.036 0.013 
15 H 0.398 0.006 0.004 0.004 -0.004 0.017 0.010 
16 H 0.401 0.091 0.082 0.115 0.097 -0.072 -0.046 
17 O -0.798 -0.012 -0.005 -0.087 -0.059 0.020 0.017 
18 H 0.341 0.131 0.122 0.051 0.028 0.013 -0.021 
19 H 0.366 -0.027 -0.025 0.031 0.023 -0.006 0.002 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.062 0.060 0.063 0.039 0.038 0.021 
 RMSE  0.088 0.082 0.076 0.050 0.048 0.029 
 MUPE  12.8 12.2 12.3 7.6 7.3 4.1 
 
 



 

198 

Table A.5.8b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Int3 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.714 -0.286 -0.203 0.123 0.069 0.029 0.063 
2 O -0.844 0.146 0.015 -0.080 -0.015 0.000 -0.010 
3 H 0.356 -0.007 0.073 0.082 0.014 0.003 0.008 
4 H 0.448 -0.098 -0.131 0.006 0.026 0.039 -0.002 
5 O -0.793 0.100 0.100 -0.075 -0.062 0.109 0.050 
6 H 0.403 -0.056 -0.056 0.004 0.030 -0.025 -0.016 
7 H 0.363 -0.017 -0.017 0.042 0.021 -0.099 -0.041 
8 O -0.856 0.162 0.162 -0.021 0.003 0.124 0.055 
9 H 0.485 -0.137 -0.137 -0.007 -0.026 -0.097 -0.042 
10 H 0.373 -0.025 -0.025 0.009 0.005 -0.051 -0.026 
11 O -0.876 0.179 0.179 -0.065 0.008 0.006 0.005 
12 H 0.388 -0.039 -0.039 -0.005 -0.066 -0.034 -0.017 
13 H 0.428 -0.079 -0.079 0.011 -0.001 0.024 0.011 
14 O -0.865 0.163 0.163 -0.056 -0.035 0.092 0.049 
15 H 0.398 -0.047 -0.047 -0.009 -0.002 -0.002 -0.005 
16 H 0.401 -0.050 -0.050 0.087 0.063 -0.110 -0.072 
17 O -0.798 0.085 0.085 -0.048 -0.043 0.043 0.042 
18 H 0.341 0.015 0.015 -0.003 -0.003 -0.052 -0.043 
19 H 0.366 -0.008 -0.008 0.006 0.014 0.001 -0.009 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.089 0.083 0.039 0.027 0.049 0.030 
 RMSE  0.115 0.103 0.053 0.035 0.064 0.037 
 MUPE  14.5 14.4 6.9 5.2 9.7 5.8 
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Table A.5.9a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Surf1 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.738 -0.262 -0.169 -0.014 -0.039 -0.052 -0.034 
2 O -0.946 0.001 0.002 -0.016 0.000 0.096 0.020 
3 H 0.439 0.027 0.014 0.084 0.054 -0.004 0.046 
4 H 0.513 -0.034 -0.021 -0.030 -0.017 -0.049 0.020 
5 O -0.821 -0.067 -0.053 -0.095 -0.040 0.001 0.019 
6 H 0.322 0.187 0.176 0.060 0.055 -0.006 -0.030 
7 H 0.398 -0.018 -0.021 0.039 0.007 -0.005 -0.001 
8 O -0.870 -0.012 -0.001 -0.099 -0.046 0.057 -0.006 
9 H 0.434 0.070 0.060 0.107 0.080 -0.073 -0.001 
10 H 0.384 -0.005 -0.007 0.028 -0.003 0.004 0.016 
11 O -1.099 0.151 0.152 0.054 0.045 -0.024 0.025 
12 H 0.477 -0.020 -0.021 -0.055 -0.055 0.035 -0.003 
13 H 0.590 -0.099 -0.099 -0.049 -0.036 -0.027 -0.049 
14 O -0.868 -0.004 -0.002 0.030 0.139 0.050 -0.108 
15 H 0.389 0.107 0.025 0.018 -0.058 -0.030 0.003 
16 H 0.402 -0.026 -0.039 -0.035 -0.057 -0.003 0.066 
17 O -0.875 0.069 0.069 0.059 0.061 -0.044 -0.025 
18 H 0.491 -0.043 -0.044 -0.070 -0.081 0.051 0.034 
19 H 0.379 -0.021 -0.020 -0.018 -0.010 0.024 0.010 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.064 0.052 0.050 0.046 0.033 0.027 
 RMSE  0.094 0.076 0.058 0.056 0.042 0.037 
 MUPE  12.1 9.8 9.4 8.5 5.6 4.8 
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Table A.5.9b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Surf1 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.738 -0.262 -0.168 0.085 0.051 -0.043 -0.008 
2 O -0.946 0.225 0.225 -0.017 -0.001 0.098 0.042 
3 H 0.439 -0.079 -0.079 0.052 0.029 -0.035 0.009 
4 H 0.513 -0.151 -0.151 -0.024 0.005 -0.029 -0.016 
5 O -0.821 0.072 0.072 -0.036 0.004 -0.029 -0.013 
6 H 0.322 0.053 0.053 0.042 0.042 0.001 -0.027 
7 H 0.398 -0.023 -0.023 -0.006 -0.023 0.016 0.013 
8 O -0.870 0.122 0.122 -0.030 0.007 0.044 -0.002 
9 H 0.434 -0.060 -0.060 0.008 -0.031 -0.069 -0.001 
10 H 0.384 -0.010 -0.010 -0.008 -0.012 0.007 0.003 
11 O -1.099 0.371 0.371 0.018 0.006 -0.025 0.007 
12 H 0.477 -0.113 -0.113 -0.036 -0.028 0.037 0.004 
13 H 0.590 -0.226 -0.226 -0.037 -0.022 -0.013 -0.032 
14 O -0.868 0.162 0.026 0.037 0.065 0.005 -0.023 
15 H 0.389 -0.036 0.050 0.014 -0.065 -0.032 -0.007 
16 H 0.402 -0.050 -0.093 -0.050 -0.022 0.025 0.031 
17 O -0.875 0.153 0.153 0.024 0.023 -0.022 0.001 
18 H 0.491 -0.130 -0.130 -0.027 -0.023 0.041 0.010 
19 H 0.379 -0.018 -0.018 -0.009 -0.004 0.023 0.009 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.122 0.113 0.029 0.024 0.031 0.014 
 RMSE  0.153 0.143 0.035 0.031 0.038 0.018 
 MUPE  18.6 17.8 5.4 4.9 5.5 2.6 
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Table A.5.10a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Surf2 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.712 -0.288 -0.205 -0.053 -0.015 -0.009 -0.005 
2 O -0.810 -0.021 -0.013 -0.116 -0.047 0.080 0.016 
3 H 0.365 0.118 0.109 0.109 0.010 -0.024 0.025 
4 H 0.363 -0.014 -0.013 0.036 0.025 -0.037 -0.016 
5 O -0.903 0.015 0.035 -0.092 -0.039 0.139 0.053 
6 H 0.446 -0.047 -0.054 0.061 0.027 -0.082 -0.027 
7 H 0.384 0.104 0.092 -0.001 -0.011 -0.078 -0.034 
8 O -0.911 0.034 0.041 -0.099 -0.108 -0.008 0.042 
9 H 0.462 -0.047 -0.040 0.015 0.071 0.039 -0.019 
10 H 0.457 0.005 -0.009 0.117 0.088 -0.001 -0.022 
11 O -0.958 0.061 0.063 -0.059 -0.063 0.021 0.011 
12 H 0.438 0.005 -0.004 0.060 0.044 -0.040 -0.023 
13 H 0.441 0.013 0.020 -0.001 0.029 -0.009 -0.003 
14 O -0.794 -0.102 -0.100 -0.120 -0.036 0.067 -0.006 
15 H 0.446 -0.032 -0.049 0.019 0.046 -0.001 -0.001 
16 H 0.263 0.218 0.150 0.140 -0.011 -0.067 0.016 
17 O -0.941 0.092 0.090 0.013 -0.001 -0.013 0.019 
18 H 0.420 -0.034 -0.032 0.004 0.014 0.019 -0.012 
19 H 0.545 -0.082 -0.082 -0.032 -0.021 0.005 -0.014 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.070 0.063 0.060 0.037 0.039 0.019 
 RMSE  0.101 0.081 0.075 0.046 0.053 0.023 
 MUPE  14.7 12.8 11.9 6.7 7.7 3.7 
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Table A.5.10b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Surf2 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.712 -0.288 -0.202 0.079 0.058 -0.035 0.014 
2 O -0.810 0.094 0.094 -0.054 -0.044 0.046 0.036 
3 H 0.365 -0.006 -0.006 -0.008 -0.009 0.016 0.004 
4 H 0.363 -0.005 -0.005 0.016 0.024 -0.026 -0.024 
5 O -0.903 0.181 0.181 -0.082 -0.014 0.089 0.057 
6 H 0.446 -0.086 -0.086 0.041 0.015 -0.045 -0.022 
7 H 0.384 -0.023 -0.023 -0.011 -0.054 -0.030 -0.050 
8 O -0.911 0.192 0.192 -0.102 -0.063 0.080 0.052 
9 H 0.462 -0.103 -0.103 0.016 0.017 -0.037 -0.028 
10 H 0.457 -0.097 -0.097 0.061 0.016 -0.053 -0.029 
11 O -0.958 0.237 0.237 -0.138 -0.116 0.113 0.063 
12 H 0.438 -0.077 -0.077 0.081 0.056 -0.079 -0.036 
13 H 0.441 -0.081 -0.081 0.046 0.059 -0.048 -0.035 
14 O -0.794 0.088 -0.073 -0.104 0.006 0.102 -0.022 
15 H 0.446 -0.093 -0.120 0.009 0.010 -0.036 0.011 
16 H 0.263 0.090 0.192 0.137 0.020 -0.051 0.026 
17 O -0.941 0.197 0.197 -0.026 -0.032 0.041 0.041 
18 H 0.420 -0.048 -0.048 0.018 0.023 -0.008 -0.016 
19 H 0.545 -0.173 -0.173 0.020 0.028 -0.037 -0.041 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.114 0.115 0.055 0.035 0.051 0.032 
 RMSE  0.136 0.135 0.069 0.044 0.058 0.036 
 MUPE  18.7 20.4 10.2 6.2 9.1 5.8 
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Table A.5.11a. Conventional CHelpG Atomic Charges (in e) and EE-MB Errors (in e) for [Cl(H2O)6]- Configuration Surf3 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
1 Cl -0.710 -0.290 -0.195 0.007 0.049 0.015 -0.028 
2 O -0.904 -0.016 -0.013 0.003 0.017 0.050 -0.004 
3 H 0.471 -0.008 -0.011 0.004 -0.016 -0.037 -0.019 
4 H 0.473 -0.016 -0.017 0.024 0.026 -0.003 -0.003 
5 O -0.853 0.018 0.018 -0.120 -0.128 -0.029 0.034 
6 H 0.400 -0.026 -0.017 0.013 0.048 0.041 -0.008 
7 H 0.380 0.081 0.072 0.049 0.032 0.005 -0.011 
8 O -0.847 0.004 0.003 -0.052 -0.074 0.083 0.063 
9 H 0.436 -0.023 -0.009 -0.023 0.031 -0.016 -0.021 
10 H 0.393 0.037 0.025 0.090 0.073 -0.088 -0.067 
11 O -0.820 -0.049 -0.050 -0.049 -0.008 0.005 0.004 
12 H 0.398 -0.023 -0.044 -0.031 0.045 0.053 -0.049 
13 H 0.304 0.190 0.118 0.094 -0.068 -0.095 0.061 
14 O -0.875 -0.016 -0.005 -0.152 -0.085 0.078 0.070 
15 H 0.405 -0.012 -0.013 0.076 0.048 -0.030 -0.032 
16 H 0.390 0.108 0.098 0.087 0.022 -0.043 -0.013 
17 O -0.855 0.050 0.050 0.026 0.018 -0.016 -0.060 
18 H 0.471 -0.023 -0.024 -0.023 -0.025 0.019 0.062 
19 H 0.343 0.014 0.015 -0.020 -0.004 0.008 0.021 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.053 0.042 0.050 0.043 0.038 0.033 
 RMSE  0.088 0.064 0.065 0.053 0.047 0.041 
 MUPE  11.3 8.9 9.9 8.3 7.8 6.6 
 



 

204 

Table A.5.11b. Conventional CHelpG Atomic Charges (in e) and MB Errors (in e) for [Cl(H2O)6]- Configuration Surf3 
  Conventional Error in Error in Error in Error in Error in Error in 
# Atom Charge 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
1 Cl -0.710 -0.290 -0.194 0.070 0.061 -0.037 -0.034 
2 O -0.904 0.198 0.198 -0.009 -0.004 0.009 -0.025 
3 H 0.471 -0.118 -0.118 0.015 0.004 0.000 0.021 
4 H 0.473 -0.119 -0.119 0.020 0.033 -0.001 -0.002 
5 O -0.853 0.172 0.172 -0.040 -0.058 -0.025 0.011 
6 H 0.400 -0.059 -0.059 -0.024 0.006 0.045 0.006 
7 H 0.380 -0.039 -0.039 0.018 0.021 -0.009 -0.013 
8 O -0.847 0.165 0.165 -0.039 -0.013 0.034 0.001 
9 H 0.436 -0.095 -0.095 -0.007 -0.003 -0.015 0.003 
10 H 0.393 -0.052 -0.052 0.038 0.022 -0.037 -0.009 
11 O -0.820 0.127 -0.007 -0.022 0.025 0.036 -0.023 
12 H 0.398 -0.051 -0.099 -0.046 0.032 0.032 -0.039 
13 H 0.304 0.043 0.129 0.076 -0.078 -0.089 0.068 
14 O -0.875 0.185 0.185 -0.106 -0.064 0.078 0.033 
15 H 0.405 -0.060 -0.060 0.038 0.020 -0.041 -0.015 
16 H 0.390 -0.045 -0.045 0.029 0.002 0.001 0.001 
17 O -0.855 0.147 0.147 0.021 0.019 -0.031 -0.041 
18 H 0.471 -0.117 -0.117 -0.019 -0.019 0.028 0.039 
19 H 0.343 0.011 0.011 -0.014 -0.006 0.023 0.018 
         
 MSE  0.000 0.000 0.000 0.000 0.000 0.000 
 MUE  0.110 0.106 0.034 0.026 0.030 0.021 
 RMSE  0.130 0.121 0.042 0.034 0.038 0.027 
 MUPE  18.3 19.0 6.8 5.0 6.2 4.4 
 



205 

 

Table A.5.12. CHelpG Charges (in e) on Atoms of (HF)5 Configuration hf5_fhhhf 
Atoma Conv.b 1B PA 3B EE-1B EE-PA EE-3B 
H(A) 0.450 0.433 0.453 0.447 0.455 0.452 0.447 
F(A) -0.451 -0.433 -0.453 -0.446 -0.455 -0.452 -0.447 
H(B) 0.441 0.433 0.441 0.438 0.444 0.442 0.438 
F(B) -0.438 -0.433 -0.441 -0.435 -0.444 -0.443 -0.435 
F(C) -0.420 -0.433 -0.419 -0.422 -0.420 -0.414 -0.421 
H(C) 0.416 0.433 0.419 0.414 0.420 0.416 0.414 
H(D) 0.441 0.433 0.441 0.438 0.444 0.441 0.439 
F(D) -0.438 -0.433 -0.441 -0.436 -0.444 -0.443 -0.436 
H(E) 0.450 0.433 0.454 0.447 0.455 0.453 0.447 
F(E) -0.451 -0.433 -0.454 -0.446 -0.455 -0.452 -0.446 
        
MSE  0.000 0.000 0.000 0.000 0.000 0.000 
MUE  0.013 0.002 0.003 0.004 0.002 0.003 
RMSE  0.014 0.003 0.003 0.004 0.003 0.003 
MUPE  2.9 0.5 0.7 0.9 0.6 0.6 
aSee Figure 5.5 of the paper.  For example, the atom listed as H(B) is the hydrogen 
atom of the HF molecule labeled “B” in Figure 5.5 of configuration hf5_fhhhf. 
bConv. = Conventional 
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Table A.5.13. CHelpG Charges (in e) on Atoms of (HF)3(H2O)2 Configuration 
w2hf3_a 
Atoma Conv.b 1B PA 3B EE-1B EE-PA EE-3B 
O(A) -0.746 -0.725 -0.792 -0.775 -0.757 -0.798 -0.774 
H1(A) 0.361 0.363 0.390 0.376 0.379 0.394 0.375 
H2(A) 0.364 0.362 0.393 0.366 0.378 0.397 0.366 
H(B) 0.447 0.434 0.440 0.462 0.456 0.436 0.461 
F(B) -0.454 -0.434 -0.450 -0.461 -0.456 -0.446 -0.461 
F(C) -0.401 -0.434 -0.398 -0.402 -0.434 -0.398 -0.402 
F(D) -0.403 -0.434 -0.397 -0.396 -0.434 -0.398 -0.395 
H(C) 0.418 0.434 0.412 0.420 0.434 0.410 0.421 
H(D) 0.420 0.434 0.412 0.414 0.434 0.410 0.414 
O(E) -0.838 -0.725 -0.859 -0.833 -0.805 -0.870 -0.833 
H1(E) 0.417 0.363 0.422 0.416 0.403 0.429 0.415 
H2(E) 0.416 0.362 0.427 0.413 0.402 0.433 0.413 
 
MSE  0.000 0.000 0.000 0.000 0.000 0.000 
MUE  0.031 0.015 0.008 0.018 0.019 0.008 
RMSE  0.043 0.019 0.011 0.020 0.024 0.011 
MUPE  6.2 3.0 1.6 3.9 3.9 1.6 
aSee Figure 5.7 of the paper.  For example, the atom listed as H2(A) is the hydrogen 
atom labeled “2” on the water molecule labeled “A” in Figure 5.7. 
bConv. = Conventional 
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Table A.5.14. CHelpG Charges (in e) on Atoms of (HF)3(H2O)2 Configuration 
w2hf3_opt 
Atoma Conv.b 1B PA 3B EE-1B EE-PA EE-3B 
O(A) -0.731 -0.721 -0.741 -0.728 -0.872 -0.735 -0.735 
H1(A) 0.388 0.361 0.404 0.379 0.436 0.395 0.385 
H2(A) 0.388 0.361 0.403 0.381 0.436 0.394 0.386 
H(B) 0.418 0.433 0.396 0.435 0.491 0.387 0.435 
F(B) -0.501 -0.433 -0.485 -0.503 -0.491 -0.479 -0.504 
F(C) -0.398 -0.433 -0.422 -0.434 -0.473 -0.466 -0.413 
F(D) -0.401 -0.433 -0.427 -0.431 -0.474 -0.472 -0.408 
H(C) 0.323 0.433 0.366 0.388 0.473 0.462 0.346 
H(D) 0.326 0.433 0.373 0.384 0.474 0.471 0.340 
O(E) -0.592 -0.730 -0.679 -0.737 -0.927 -0.927 -0.631 
H1(E) 0.388 0.365 0.405 0.431 0.464 0.487 0.398 
H2(E) 0.391 0.365 0.408 0.436 0.464 0.481 0.400 
 
MSE  0.000 0.000 0.000 0.000 0.000 0.000 
MUE  0.052 0.028 0.038 0.104 0.085 0.012 
RMSE  0.066 0.035 0.054 0.132 0.123 0.016 
MUPE  12.7 6.8 9.2 23.9 20.3 2.9 
aSee Figure 5.7 of the paper.  For example, the atom listed as H2(A) is the hydrogen 
atom labeled “2” on the water molecule labeled “A” in Figure 5.7. 
bConv. = Conventional 
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Table A.5.15a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Int1 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.563 -1.000 -0.987 -0.851 -0.838 -0.785 -0.686 
A H2O -0.120 0.000 -0.013 0.002 -0.026 -0.016 -0.080 
B H2O -0.120 0.000 0.000 -0.074 -0.073 -0.081 -0.102 
C H2O -0.064 0.000 0.000 -0.007 -0.006 -0.016 -0.031 
D H2O -0.064 0.000 0.000 -0.030 -0.022 -0.022 -0.054 
E H2O -0.046 0.000 0.000 -0.033 -0.029 -0.063 -0.052 
F H2O -0.025 0.000 0.000 -0.005 -0.006 -0.017 0.004 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.125 0.121 0.082 0.079 0.069 0.037 
RMSE  0.182 0.176 0.122 0.115 0.097 0.052 
MUPE  96.8 94.9 62.5 62.3 52.4 38.2 
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Table A.5.15b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Int1 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.563 -1.000 -0.913 -0.567 -0.612 -0.701 -0.702 
A H2O -0.120 0.000 -0.087 -0.066 -0.089 -0.077 -0.059 
B H2O -0.120 0.000 0.000 -0.118 -0.109 -0.092 -0.108 
C H2O -0.064 0.000 0.000 -0.076 -0.081 -0.037 -0.028 
D H2O -0.064 0.000 0.000 -0.070 -0.049 -0.039 -0.053 
E H2O -0.046 0.000 0.000 -0.049 -0.036 -0.058 -0.045 
F H2O -0.025 0.000 0.000 -0.054 -0.024 0.004 -0.006 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.125 0.100 0.016 0.019 0.043 0.040 
RMSE  0.182 0.146 0.024 0.024 0.059 0.060 
MUPE  96.8 84.2 28.9 17.0 43.8 34.0 
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Table A.5.16a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Int2 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.751 -1.000 -0.979 -0.812 -0.750 -0.796 -0.854 
A H2O -0.039 0.000 -0.021 -0.016 -0.061 -0.061 0.002 
B H2O -0.028 0.000 0.000 -0.002 0.000 0.005 -0.007 
C H2O 0.011 0.000 0.000 -0.021 -0.035 0.002 0.013 
D H2O -0.118 0.000 0.000 -0.113 -0.110 -0.134 -0.132 
E H2O -0.063 0.000 0.000 -0.017 -0.024 -0.033 -0.027 
F H2O -0.013 0.000 0.000 -0.019 -0.019 0.016 0.005 
        
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.074 0.068 0.028 0.021 0.026 0.033 
RMSE  0.108 0.101 0.034 0.027 0.028 0.045 
MUPE  90.4 82.4 81.9 97.7 78.5 59.6 
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Table A.5.16b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Int2 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.751 -1.000 -0.922 -0.622 -0.654 -0.767 -0.791 
A H2O -0.039 0.000 -0.078 -0.071 -0.057 -0.052 -0.032 
B H2O -0.028 0.000 0.000 -0.058 -0.058 -0.011 -0.011 
C H2O 0.011 0.000 0.000 -0.028 -0.021 -0.009 -0.003 
D H2O -0.118 0.000 0.000 -0.112 -0.111 -0.129 -0.118 
E H2O -0.063 0.000 0.000 -0.067 -0.063 -0.059 -0.058 
F H2O -0.013 0.000 0.000 -0.042 -0.036 0.027 0.013 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.074 0.063 0.038 0.030 0.017 0.015 
RMSE  0.108 0.084 0.055 0.042 0.020 0.020 
MUPE  90.4 89.1 114.3 92.9 86.1 59.6 

 



 

212 

Table A.5.17a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Int3 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.714 -1.000 -0.970 -0.812 -0.771 -0.689 -0.677 
A H2O -0.041 0.000 -0.030 0.015 -0.037 -0.034 -0.048 
B H2O -0.092 0.000 0.000 -0.096 -0.099 -0.065 -0.093 
C H2O -0.067 0.000 0.000 -0.016 -0.021 -0.086 -0.089 
D H2O -0.061 0.000 0.000 -0.072 -0.060 -0.075 -0.060 
E H2O -0.027 0.000 0.000 -0.004 0.003 -0.017 -0.012 
F H2O 0.001 0.000 0.000 -0.014 -0.015 -0.034 -0.021 
        
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.082 0.073 0.037 0.023 0.019 0.015 
RMSE  0.120 0.109 0.048 0.031 0.022 0.020 
MUPE  91.4 80.5 261.4 261.8 524.4 333.1 
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Table A.5.17b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Int3 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.714 -1.000 -0.917 -0.591 -0.645 -0.685 -0.651 
A H2O -0.041 0.000 -0.083 -0.032 -0.015 0.001 -0.045 
B H2O -0.092 0.000 0.000 -0.137 -0.124 -0.101 -0.102 
C H2O -0.067 0.000 0.000 -0.045 -0.040 -0.087 -0.095 
D H2O -0.061 0.000 0.000 -0.120 -0.120 -0.065 -0.062 
E H2O -0.027 0.000 0.000 -0.056 -0.038 -0.042 -0.033 
F H2O 0.001 0.000 0.000 -0.019 -0.017 -0.022 -0.013 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.082 0.070 0.044 0.034 0.020 0.018 
RMSE  0.120 0.093 0.057 0.040 0.024 0.027 
MUPE  91.4 90.3 326.5 292.7 364.0 214.1 
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Table A.5.18a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Surf1 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.738 -1.000 -0.907 -0.752 -0.777 -0.790 -0.772 
A H2O -0.077 0.000 -0.093 -0.063 -0.052 -0.060 -0.116 
B H2O -0.102 0.000 0.000 -0.097 -0.080 -0.112 -0.114 
C H2O -0.053 0.000 0.000 -0.016 -0.021 -0.065 -0.044 
D H2O 0.006 0.000 0.000 0.044 0.043 0.048 0.091 
E H2O -0.032 0.000 0.000 -0.082 -0.078 -0.048 -0.059 
F H2O -0.005 0.000 0.000 -0.033 -0.035 0.026 0.014 
        
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.076 0.054 0.026 0.033 0.026 0.032 
RMSE  0.112 0.078 0.030 0.034 0.030 0.040 
MUPE  90.8 77.7 219.0 224.1 217.0 295.2 
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Table A.5.18b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Surf1 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.738 -1.000 -0.906 -0.653 -0.688 -0.781 -0.747 
A H2O -0.077 0.000 -0.094 -0.076 -0.100 -0.078 -0.076 
B H2O -0.102 0.000 0.000 -0.101 -0.079 -0.113 -0.128 
C H2O -0.053 0.000 0.000 -0.083 -0.089 -0.070 -0.052 
D H2O 0.006 0.000 0.000 0.017 0.039 0.039 0.041 
E H2O -0.032 0.000 0.000 -0.087 -0.075 -0.034 -0.053 
F H2O -0.005 0.000 0.000 -0.016 -0.009 0.038 0.015 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.076 0.054 0.028 0.030 0.022 0.016 
RMSE  0.112 0.078 0.040 0.034 0.027 0.020 
MUPE  90.8 77.9 98.8 134.2 221.3 161.5 
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Table A.5.19a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Surf2 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.712 -1.000 -0.916 -0.765 -0.727 -0.721 -0.717 
A H2O -0.085 0.000 -0.084 -0.046 -0.085 -0.086 -0.076 
B H2O -0.073 0.000 0.000 -0.105 -0.097 -0.093 -0.081 
C H2O -0.083 0.000 0.000 -0.055 -0.096 -0.065 -0.058 
D H2O 0.008 0.000 0.000 0.041 0.059 0.038 0.008 
E H2O -0.079 0.000 0.000 -0.079 -0.069 -0.107 -0.093 
F H2O 0.024 0.000 0.000 0.009 0.016 0.034 0.017 
        
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.091 0.068 0.029 0.017 0.017 0.010 
RMSE  0.125 0.093 0.033 0.023 0.019 0.012 
MUPE  91.5 75.7 87.1 106.1 73.5 14.3 
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Table A.5.19b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Surf2 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.712 -1.000 -0.914 -0.633 -0.654 -0.747 -0.698 
A H2O -0.085 0.000 -0.086 -0.043 -0.049 -0.070 -0.070 
B H2O -0.073 0.000 0.000 -0.125 -0.126 -0.060 -0.089 
C H2O -0.083 0.000 0.000 -0.128 -0.112 -0.048 -0.067 
D H2O 0.008 0.000 0.000 -0.017 -0.022 -0.003 0.002 
E H2O -0.079 0.000 0.000 -0.090 -0.080 -0.093 -0.087 
F H2O 0.024 0.000 0.000 0.036 0.043 0.020 0.009 

 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.091 0.067 0.038 0.032 0.018 0.013 
RMSE  0.125 0.093 0.044 0.037 0.021 0.013 
MUPE  91.5 75.7 81.3 88.0 36.4 29.6 
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Table A.5.20a. Net Fragment Charges (in e) and Average Errors in EE-MB Approximations for [Cl(H2O)6]- Configuration 
Surf3 
 Fragment Conventional EE-1B (S1) EE-1B (S2) EE-PA (S1) EE-PA (S2) EE-3B (S1) EE-3B (S2) 
 Cl -0.710 -1.000 -0.905 -0.703 -0.661 -0.695 -0.738 
A H2O -0.118 0.000 -0.095 -0.104 -0.149 -0.154 -0.102 
B H2O -0.080 0.000 0.000 -0.069 -0.095 -0.075 -0.054 
C H2O -0.073 0.000 0.000 -0.132 -0.122 -0.057 -0.058 
D H2O -0.018 0.000 0.000 -0.004 0.012 -0.039 -0.043 
E H2O 0.040 0.000 0.000 0.071 0.067 0.051 0.014 
F H2O -0.041 0.000 0.000 -0.059 -0.051 -0.030 -0.018 
        
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.094 0.067 0.022 0.030 0.016 0.023 
RMSE  0.127 0.088 0.027 0.033 0.019 0.023 
MUPE  91.5 78.2 43.4 53.5 32.8 47.2 
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Table A.5.20b. Net Fragment Charges (in e) and Average Errors in MB Approximations for [Cl(H2O)6]- Configuration Surf3 
 Fragment Conventional 1B (S1) 1B (S2) PA (S1) PA (S2) 3B (S1) 3B (S2) 
 Cl -0.710 -1.000 -0.905 -0.640 -0.649 -0.748 -0.745 
A H2O -0.118 0.000 -0.095 -0.110 -0.140 -0.140 -0.112 
B H2O -0.080 0.000 0.000 -0.118 -0.122 -0.042 -0.061 
C H2O -0.073 0.000 0.000 -0.120 -0.103 -0.062 -0.069 
D H2O -0.018 0.000 0.000 -0.026 -0.012 -0.036 -0.023 
E H2O 0.040 0.000 0.000 0.066 0.072 0.048 0.034 
F H2O -0.041 0.000 0.000 -0.053 -0.047 -0.020 -0.025 
 
MSE   0.000 0.000 0.000 0.000 0.000 0.000 
MUE   0.094 0.067 0.030 0.028 0.022 0.013 
RMSE  0.127 0.087 0.037 0.034 0.024 0.017 
MUPE  91.5 78.1 37.8 35.4 36.4 17.4 
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Table A.5.21. Net Chargesa (in e) on Fragments of Two Configurations of 
(HF)3(H2O)2 and on One Configuration of (HF)5 
Frag.b Conv.c 1B PA 3B EE-1B EE-PA EE-3B 
hf5_fhhhf 
A -0.001 0.000 0.000 0.001 0.000 0.000 0.001 
B 0.003 0.000 0.000 0.003 0.000 -0.001 0.003 
C -0.004 0.000 0.000 -0.008 0.000 0.002 -0.007 
D 0.003 0.000 0.000 0.003 0.000 -0.001 0.003 
E -0.001 0.000 0.000 0.001 0.000 0.000 0.001 
 
w2hf3_a 
A -0.021 0.000 -0.010 -0.033 0.000 -0.007 -0.033 
B -0.007 0.000 -0.009 0.001 0.000 -0.010 0.001 
C 0.017 0.000 0.015 0.018 0.000 0.012 0.019 
D 0.016 0.000 0.015 0.018 0.000 0.012 0.018 
E -0.005 0.000 -0.010 -0.004 0.000 -0.008 -0.004 
        
w2hf3_opt 
A 0.046 0.000 0.066 0.032 0.000 0.055 0.036 
B -0.083 0.000 -0.089 -0.069 0.000 -0.091 -0.069 
C -0.076 0.000 -0.056 -0.046 0.000 -0.004 -0.066 
D -0.075 0.000 -0.054 -0.047 0.000 -0.001 -0.068 
E 0.188 0.000 0.134 0.130 0.000 0.042 0.168 
 
MSEd  0.000 0.000 0.000 0.000 0.000 0.000 
MUEd  0.036 0.010 0.012 0.036 0.023 0.006 
RMSEd  0.061 0.017 0.019 0.061 0.046 0.008 
MUPEd  100.0 55.8 72.6 100.0 79.7 52.0 
aThe net charge on a fragment is defined as the sum of the CHelpG charges on the 
atoms that compose the given fragment. 
bFrag. = Fragment.  See Figures 5.5 and 5.7 of the paper in order to understand the 
fragment labels. 
cConv. = Conventional. 
dMSE = mean signed error, MUE = mean unsigned error, RMSE = root mean squared 
error, MUPE = mean unsigned percent error.  The averages are taken over all fragments 
of all three systems shown in the table (i.e., hf5_fhhhf, w2hf3_a, and w2hf3_opt). 
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Table A.5.22. Net Chargesa (in e) on Fragments of Six Configurations of 
(HF)3(H2O) 
Frag.b Conv.c 1B PA 3B EE-1B EE-PA EE-3B 
whf3_AaBaCa        
H2O 0.036 0.000 0.028 0.037 0.000 0.032 0.037 
A -0.009 0.000 -0.003 -0.010 0.000 -0.004 -0.009 
B -0.013 0.000 -0.012 -0.014 0.000 -0.014 -0.014 
C -0.014 0.000 -0.012 -0.014 0.000 -0.014 -0.014 
        

whf3_AaBaCr        
H2O 0.033 0.000 0.024 0.033 0.000 0.026 0.033 
A -0.009 0.000 -0.004 -0.010 0.000 -0.004 -0.010 
B -0.013 0.000 -0.013 -0.012 0.000 -0.013 -0.013 
C -0.010 0.000 -0.007 -0.011 0.000 -0.009 -0.010 
        

whf3_AaBrCr        
H2O 0.029 0.000 0.019 0.032 0.000 0.022 0.033 
A -0.010 0.000 -0.005 -0.010 0.000 -0.004 -0.010 
B -0.009 0.000 -0.007 -0.011 0.000 -0.009 -0.011 
C -0.010 0.000 -0.007 -0.012 0.000 -0.009 -0.012 
        

whf3_ArBaCa        
H2O 0.035 0.000 0.031 0.036 0.000 0.031 0.036 
A -0.011 0.000 -0.008 -0.011 0.000 -0.009 -0.010 
B -0.013 0.000 -0.011 -0.013 0.000 -0.011 -0.013 
C -0.011 0.000 -0.011 -0.013 0.000 -0.011 -0.013 
        

whf3_ArBaCr        
H2O 0.028 0.000 0.027 0.030 0.000 0.025 0.030 
A -0.012 0.000 -0.009 -0.012 0.000 -0.009 -0.012 
B -0.010 0.000 -0.012 -0.011 0.000 -0.010 -0.011 
C -0.006 0.000 -0.006 -0.007 0.000 -0.005 -0.007 
        

whf3_ArBrCr        
H2O 0.023 0.000 0.022 0.028 0.000 0.019 0.028 
A -0.013 0.000 -0.009 -0.012 0.000 -0.009 -0.011 
B -0.005 0.000 -0.007 -0.007 0.000 -0.005 -0.008 
C -0.005 0.000 -0.007 -0.009 0.000 -0.005 -0.009 
 

MSEd  0.000 0.000 0.000 0.000 0.000 0.000 
MUEd  0.015 0.003 0.001 0.015 0.002 0.001 
RMSEd  0.018 0.004 0.002 0.018 0.003 0.002 
MUPEd  100.0 23.0 12.4 100.0 16.7 13.1 
aSee footnote a of Table A.5.21. 
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bFrag. = Fragment.  See Figure 5.6 of the paper in order to understand the fragment 
labels. 
cConv. = Conventional. 
dMSE = mean signed error, MUE = mean unsigned error, RMSE = root mean squared 
error, MUPE = mean unsigned percent error.  The averages are taken over all fragments 
of all six systems shown in the table. 
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