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Óscar Miranda Domı́nguez

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

Doctor of Philosophy

Theoden I. Netoff

August, 2012
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Abstract

Computational models of neurons have provided us with a deeper understanding of

the basic principles of neuroscience. They can also provide a platform to develop new

therapies with a more directed approach.

Here I propose different methods to generate models that can accurately predict

behaviors from neurons. I have developed different models that can describe neuronal

activity at different time scales. For a full description of the voltage trace, and sampling

rates higher than 1 KHz, an Unscented Kalman Filter (UKF) is used to fit a set of

parameters of a given mathematical model. The UKF predicts the voltage of the neuron

for the next sampling time and this information is used to control, in real time, the

voltage of the measured neuron.

For the study of spike rate variability, I introduce the use of fixed and adaptive linear

models. These models are able to predict the neurons firing rate in response to stimuli.

The models were then used to control the neuron’s spike rate.

Finally, I introduce two new methods to measure how the spiking activity of a given

neuron can be modified by synaptic inputs. One method is able to describe the change

in the period of a periodically firing neuron at different firing rates and under non-

stationary conditions. The second method generates a model that is well suited to

study neuronal response to bursts of seizure-like activity.
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Chapter 1

Introduction

Modeling of neurons has increased our understanding on the computing properties of

the nervous system. Models are used to test hypothesis of how it works, identifying

where we have gaps in our understanding and providing a platform to design drugs and

stimulation parameters for electrotherapy. Accuracy of models depends on their ability

to capture the underlying biology.

Modeling the nervous system requires nonlinear models. Fitting data to non-linear

systems is difficult and requires complex experiments. Existing neuron models have been

obtained under particular experimental conditions, and then the results are generalized

under un-tested conditions. For example, in different animal models, at different ages

of the animal or when a particular drug is added to the neuron. Having a method to

estimate the parameters for each particular neuron would revolutionize the state of the

art in terms of neuron modeling. Here, I present different methods to generate models

that can accurately predict behaviors from neurons at different time scales.

The experimental data was obtained from neurons in the hippocampal formation

from rat brain slices (see appendix A) using a technique called “whole cell patch clamp”.

The measurements and closed loop control experiments were performed using a linux

based dynamic clamp system called “Real Time eXperimental Interface” (RTXI). The

60 Hz noise and higher frequency coherent oscillations introduced in the measurements

were removed by using adaptive filters.

The material is presented as follows: Chapter 2 briefly describes the features that

are modeled in neurons. Then, chapter 3 cover the topics of removing noise in neural

1



2

recordings. The remaining chapters represent the main contributions of this thesis to

the field of modeling: In chapter 4, I apply closed loop control to adjust the applied

current to a neuron to keep its interspike interval (ISI) constant. This is relevant because

some electrophysiology experiments require periodically firing neurons but even regular

spiking neurons have variability in their ISIs. Here, the neuron’s dynamics are modeled

by using a first order difference equation. The time scale of this modeling approach is on

the order of hundreds of milliseconds. The obtained model is used to tune a controller to

keep the neuron’s firing rate constant. Chapter 5 presents the implementation of a more

sophisticated model estimation for control, the unscented kalman filter (UKF). The UKF

is implemented real-time and is used to estimate the neuron’s voltage and the hidden

states. It shows the feasibility of implementing UKF in real time for electrophysiology

experiments. The time scale of this modeling approach is on the order of hundreds of

microseconds and it enables the reconstruction of the measured voltage trace. In this

chapter, the UKF is used to predict the neuron’s voltage which is then used to calculate

the required applied current to make the neuron follow a pre-determined voltage trace.

UKF-based estimations can be improved by different factors, like having a good set

of initial conditions but also by using an appropriate stimulus to generate a data set

enabeling accurate parameter estimation. Chapter 6 presents a theoretical approach to

determine the optimal stimulus to maximize accuracy of parameter estimation. This

approach is validated by estimating parameters in neuron models using UKF. Finally,

chapter 7 introduces two new methods to estimate the firing rate response of neurons to

synaptic inputs under transient conditions. The first method measures how the neuron

responds to a single perturbation as the neuron’s firing rate varies. The second method

asks how the neuron responds to a volley of inputs (represented by a noisy input) under

transient conditions, as may be observed at the onset of a seizure.



Chapter 2

Modeling

Mammalian neurons exhibit a great diversity in terms of morphology (see figure 2.1),

function and electrical activity (see figure 2.2). In terms of morphology, the neurons

can be monopolar, bipolar or multipolar [1]. In terms of function, the neurons can

be excitatory or inhibitory. In terms of voltage pattern, neurons can be classified as

regular spikers (RS), fast spikers (FS) or intrinsic bursters (IB) [2]. There are also cells

that fire irregularly. Sometimes it is possible to associate morphology with function.

For example basket, Chandelier, medium-sized spiny, purkinje, and spiny stellate cells

usually are inhibitory and fast spiking. While pyramidal cells are usually excitatory and

regular spikers.

Morphological identification of neurons has been used for over a century [3]. Im-

munolocalization and, recently, opto-genetics have allowed us to identify cell function

based on the presence of proteins involved in neurotransmitter synthesis (anti-Glutamic

acid Decarboxylase 67 is an antibody to identify inhibitory cells [4] and pyramidal cells

have been identified using transgenic mice expressing Yellow Fluorescent Protein, YFP,

[5]). However, there is a gap in our ability to identify neurons by their dynamics. The

motivation for my thesis is that modeling and machine learning may provide tools to

relate neuron dynamics to cell types. Furthermore, models can also provide a plat-

form to develop new therapies using a more directed approach. This can be useful in

developing, for example, new antiepileptic drugs and in tuning deep brain stimulation

parameters. However the prediction accuracy of any model depends on how faithfully

it can reproduce the behavior of the system. This thesis will predominantly be about

3
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how to fit parameters of models to experimental data.

This diagram illustartes various shapes and sizes of neurons. (It is based on drawings made by Cajal.) [6]

Figure 2.1: Shapes and sizes in neurons.

Today, a neuroscientist has many different mathematical models to describe the

neuronal behavior. These models can be used to understand the electrical activity of

neurons and their relationship to a stimulus, or pathological activity. However, even a

detailed model cannot precisely predict the voltage trace for any particular neuron due

to the stochastic nature of experimental conditions. The goal of modeling therefore is

to generate a model that can reproduce the statistical properties of the neuron, such as

firing rate, resistance, bursting activity or frequency-current relationship, among other

features.

Mathematical models can be of different spatial and temporal scales, depending

on the question of interest. For example, if the modeler is interested in large scale

simulations, (s)he can use reduced models [7], [8] or phase response models [9, 10]. If

the focus of the study is related to the absence or presence of a particular ionic current,

then a Hodgkin-Huxley-like model is preferred [11]. The trade-off is between biological
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A. Regular spiking neurons show initial high frequency spiking and rapid adaptation to a sustained lower
frequency. B. Fast spiking neurons fire at a high sustained frequency throughout the stimulus. C. Intrinsic

bursting neurons respond to stimulus at threshold with an all-or-none burst [2]

Figure 2.2: Intrinsic firing patterns of neocortical neurons.

plausibility and computational effort [12].

Neuron dynamics can be modeled by reproducing its voltage trace or the interspike

intervals. We can use linear models, or nonlinear models. We can use static or adaptive

models. For the voltage trace, on very short time periods, an adaptive linear model can

be very accurate and can be used for removing periodic noise, and will be presented

in chapter 3. For controlling neuron spike times, a simple linear model of current to

spiking rate can be used, as presented in chapter 4. For more accurate control, a higher

order model that takes into account the history of currents and spikes can be used,

as presented in chapter 7. Nonlinear models can be made to describe how the ISI is

affected by multiple stimulus inputs, also presented in chatper 7. Finally, I will also

present how nonlinear models of a neuron’s voltage, given an arbitrary input, can be

used to predict the voltage and control the cell’s voltage trace, as presented in chapter

5.

For the study of ionic currents, Hodgkin-Huxley-like models provide models that

explain the voltage trace of the neuron. Their original model was used to explain the

voltage response of a squid giant axon to electric impulses [11]. Their model broke
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down the complicated voltage trace into constituent and independent membrane cur-

rents. While mammalian neurons exhibit richer dynamics than squid neurons, such

as adaptation (changing of frequency), differences in the shape of the voltage and ex-

tended spiking, it is possible to extend this model by adding ionic currents found in

these neurons responsible for these behaviors.

The conventional approach to generating a model of an ionic current is to first isolate

the current. There are 4 methods to isolate currents from patch clamp recordings: 1)

Kinetically, 2) Current subtraction via stimulus protocol, 3) Isolation solutions, and 4)

by By pharmacological isolation [13]. Given the data from the isolated current, a model

is fit to describe how the conductance changes as a function of time and voltage.

In cortical neurons [14, 15], there are voltage dependent, calcium dependent and

other types of currents that modulate the flow of the main ionic species involved in

the electrical activity of neurons (Na+, K+, Ca++, and Cl−). Each ionic current

is responsible for a particular behavior. Regular spiking cells are characterized by a

transient sodium current INa, a Hyper polarizing Inward Rectification, IH , Sub-threshold

Depolarization, T Ca2+ channels ICa(T ) and Na+ persistent , INaP - [2], currents.

Many Hodgkin-Huxley style models of neurons are now available through a public

repository called “ModelDB” [16]. For the simulations presented in this thesis, I chose

a single compartment model proposed by Golomb and Amatai [17] (GACell). The

GACell has several different ionic currents. It accounts for two Na+ currents (fast

voltage gated and persistent), three K+ currents (delayed rectifier, A type current,

and slow current), as well as a leakage current. INa and IKdr are responsible for the

action potential generation [17], the INaP increases the excitability of the cell at voltages

around threshold, which makes the cell fire action potentials at low input currents, as

observed in mammalian neurons [18]. IKA reduces the gain of the neurons (firing rate per

applied current), shaping the slope of the frequency vs current curve [18]. The frequency

adaptation observed in excitatory cells is modeled with the IKslow [17]. Finally, the

(Ileak) is a non-voltage dependent current that determines the passive properties of the

cell [18] balancing the other currents set the model’s resting potential. The model has

5 states, the voltage and four gating variables which determine the ionic currents.

For parameter estimation, especially when the models are highly nonlinear, many
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approaches can be used to fit mathematical models to experimental data [19]: hand-

tuning, brute-force, gradient descent, simulated annealing and synchronization methods.

These methods will be described briefly here, but this thesis will present a new approach,

used extensively in engineering fields but not yet widely applied to neuroscience: the

Unscented Kalman Filter.

The first approach is hand-tuning (example [20]), where the modeler uses his(her)

knowledge to fit the model’s parameters.

In the brute-force approach, the modeler runs a mathematical model with millions of

different combination of parameter values and chooses the model that best reproduces

the neuron’s behavior [21, 22].

In the gradient descent method, an incremental approach is used. An initial set

of parameter values are selected, the model is integrated and evaluated using a cost

function that weights the error between the model and the data. Measures used in the

cost function can include attributes like the firing rate, the frequency-current curve, the

adaptation time constant, the interspike intervals, and the number of spikes in bursts.

An algorithm is then used to perturb the parameter values in the direction that minimize

the cost. The process is repeated until the cost reaches a minimum [23]

A problem with gradient descent methods is that they can become stuck in a local

minimum, missing the global minimum model. An alternative is to use a simulated

annealing approach. In this case, the model parameters are perturbed randomly, and

perturbation to the model will be accepted if the cost decreases, but also if it increases a

small amount. The acceptable amount of increased cost is decreased over the iterations.

This is akin to heating the model by accepting some randomization and ”annealing”

refers to to the decreased threshold over time. This approach, while taking longer than

the traditional gradient descent is more robust to finding the global minimum. This

method have been used to fit models that reproduce some qualitative dynamics observed

in neurons [24].

Another approach is to make a model that can synchronize with the data using min-

imum coupling. Synchronization of chaotic systems [25] has been applied to parameter

estimation in neurons [26, 27]. In this approach, it is assumed that the real dynamics of

a neuron is described by a set of differential equations: −̇→x =
−→
f (−→x ,−→p ). Then, a model

with a similar structure is proposed to describe the neuron’s dynamics: −̇→y = −→g (−→y ,−→q ),
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where −→x and −→y are the systems’ states and −→p and −→q are the systems’ parameters.

The goal of this approach is to build a cost function such that makes −→y → −→x as t→∞,

if −→q = −→p . This approach is highly dependent on the cost function selection and the

sampling rate.

However, there are many difficulties in generating accurate models. Two problems

of major concern are 1) there may not be a unique set of ion channels that can produce

the same behavior, and 2) neurons are not static but modulate their behavior over

time according to environment and internal demands [28] changing the expression of

ion channels [29]. It is not clear how to address the uniqueness problem, other than

neurons of a certain cell type may not use a single set of ion channel densities to

produce a single behavior. Experiments have shown that the density of channels vary

dramatically within cell types, but that the different channels are correlated, indicating

that the solution may be a manifold of parameters and not a single unique solution

[30, 31]. Therefore our goal in modeling may not be to find the unique solution but

instead to find a solution on the manifold of possible solutions a population of neurons

may use. For the problem that ion channel kinetics are modulated over time, one

solution is to make adaptive models that estimate the parameters as a function of time.

The Unscented Kalman Filter (UKF) is one such way to fit models.

To reiterate, fitting model parameters to data is not easy and straightforward. One

model fit to one data set may not generalize to the neuron recorded under other con-

ditions or to other cells under the same conditions [32]. There may not be a unique

combination of parameters that produce the same statistical description of the neuron

[21, 30]. And, there may not be a one-to-one mapping between ionic currents and cell

behaviors [22], making uniqueness one of the big concerns on this task. Developing a

tool to make realistic models of neurons is an unsolved problem in neuroscience. By

making systematic approaches to fitting models to data, we may improve the accuracy

of model predictions, which may in turn lead to the design of better therapies.



Chapter 3

Adaptive Noise Cancellation

Electroencephalography and other neuronal recordings are increasingly being used out-

side of the clinical setting and are prone to noise such as power line (60 Hz) and other

electromagnetic radiation. Notch and comb filters are often used to remove the periodic

noise sources. This is effective when there are only a few frequency bands to remove,

however when the sampling rate is high, cascading filters can begin to interact producing

undesired distortions in phase and amplitude in the pass bands. An effective alternative

that is easy to implement in real time is an adaptive filter. Adaptive filters optimize

their parameters at each sampling time to effectively remove undesired components.

This chapter is a tutorial on adaptive noise cancellation designed for neuroscientists

with limited experience in signal processing. I present a comparison in performance

of notch, comb and adaptive filters applied to a seizure recording corrupted by several

periodic noise sources.

3.1 Introduction

Electroencephalogram (EEG) recordings has long been used for diagnosing epilepsy.

This is usually done in a clinical setting with a controlled environment. Specifically, an

environment where noise sources can be minimized. More recently, developing devices

that can analyze EEG data in real time to detect or predict seizures has become possible.

EEG is also used in Brain Computer Interfaces (BCI), where signals recorded from the

brain are used to control a device [33, 34, 35]. As EEG moves out of the clinic and

9
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into more real-world conditions, noise becomes a considerable problem corrupting the

EEG measurements degrading the signal to noise ratio. Undesired signals corrupting

EEG can be classified into noise and coherence interference [36]. Noise is any undesired

signal that is random in nature, like “white” noise, which is stationary, or thermal

noise, which is non-stationary. Coherence interference is periodic noise. Examples of

coherence interference are the electro-magnetic fields from the power line supply at 60

(50 in Europe) Hz and its harmonics, HVAC systems, electric pumps, and refresh rates

on computer monitors; at radio frequencies there are sources like radio, television and

cell phone signals. Coherence interference is picked up by ground loops, and by inductive

and capacitive interactions with recording electronics [37].

Because coherent interference signals are periodic, they can easily be seen in the

power spectrum as a series of peaks that stand out beyond the broadband EEG signal.

They seem like ideal candidates to filter out using Finite Impulse Response (FIR) or

Infinite Impulse Response (IIR) filters, but they can be deceptively difficult to remove.

If coherence interference signals are stationary and combined additively to the EEG,

it would be easy to filter them out using linear filters. However, these signals have

frequencies that can drift over time and the signals can interact, such as modulation of

a high frequency oscillation by a lower one. This makes it difficult to design a filter that

removes these coherent noise signals. Here, I present a method to remove the coherence

interference present in measurements using adaptive linear filters. For brevity I will use

the term ”‘noise”’ to refer to coherence interference in the remainder of this chapter.

The magnitude of the electrical activity of neural processes is in the order of µV

for EEG recordings recorded at the scalp and on the order of mV for signals measured

intracranially. These signals are usually amplified 100-10000x gain before being digitized

and recorded. The amplitude of the signals are the same or even smaller than the

noise signals. Shielding the recording electrode and recording system to prevent the

undesired signals from entering the recordings is the best filtering strategy. This can

be done by using dedicated ground systems, radio-frequency absorbing materials, and

Faraday cages. However, even with the best prevention, noise continues to be a problem.

Therefore, there are many conditions when an electronic filter may still be necessary.

An ideal filter selectively removes the noise without affecting the signal. If the noise

signal can be measured separately it is possible to subtract this signal out. This can be
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done by placing a reference electrode in close proximity to the recording electrode and

amplifying the difference; known as common mode rejection. If noise sources cannot

be measured simultaneously and independently along with the corrupted signal, then

the noise needs to be estimated from the signal. If the filtering can be done offline,

designing a filter in Fourier space to remove the noise components and then inverse

Fourier transforming the filtered signal back to the time domain. Similarly, filtering can

be done with wavelets [38] or other time-frequency Fourier transform-based tools [39] .

However, when the user needs to filter in real time, either for observation or control,

the available tools are more limited. Commonly used linear filters are Finite Impulse

Response (FIR) and Infinite Impulse Response (IIR) filters. While these filters are the

workhorse of the signal processing field, they have many disadvantages. Many of these

problems have become more pronounced now that sampling rates for EEG signals have

increased. Until the early 80’s and even early 90’s most EEG was recorded using pen

and paper. The pens had significant momentum that acted as low pass filters, and it

was not possible to record signals much above 100 Hz. In the 90’s EEG signals became

digitized and this hardware limitation became obsolete. Slowly, scientists have been

broadening the recording bands and discovering interesting spectral characteristics in

EEG at high frequencies [40, 41, 42, 43], and that EEG signals in these bands can be

controlled by a patient for effective BCI [44]. When sampling at less than 200 Hz, the

there are only a few harmonics of 50/60 Hz, which can easily be removed by cascading

a few notch filters. However, when the sampling rate is increased to 5000 Hz, there

are over 40 harmonics, and noise sources with fundamentals higher than 100Hz become

relevant.

In this chapter I will provide a brief overview of linear filter design, the problems

with linear filters when there are many noise components, and then introduce adaptive

filters and demonstrate them on some noise corrupted seizure recordings. There are

many excellent textbooks that provide an introduction to linear filter design and I

refer the reader to these sources if they are interested in a more in depth description

[45, 46, 47, 48].

I will discuss the effects, advantages and disadvantages of the use of notch, comb

and adaptive filters. The main goal is to show the effectiveness and simplicity of im-

plementing adaptive filters to run in real time. To illustrate the performance of the
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filter, I use intracellular current recordings that were performed in an animal model of

epilepsy (pyramidal cells from rat brain slices in a bath that induces seizure-like activ-

ity). This algorithm could be implemented in a closed-loop experimental system such

as the open-source Linux-based Real Time eXperiment Interface (RTXI) [49, 50].

3.1.1 Motivation

Figure 3.1 shows a measurement of seizure like activity measured from a brain slice.

This signal happens to be an intra-cellular recording recorded in voltage clamp to show

current flow in the cell, but it is representative of a signal recorded from the brain under

noisy conditions. This signal, has low magnitude and it is corrupted by noise. While

there is a clear slow neuronal component, the magnification of the data in time (panel

(b)) shows a high frequency large amplitude component obscuring the low amplitude

biological signals. From the power spectrum we can estimate the amplitude of the

different noise signals. The corresponding power spectrum of the signal is shown in

figure 3.2. By inspection of the power spectrum, we can see that:

1. the components with highest power are the harmonics of 734 Hz,

2. there are side bands to the 734 Hz peak which indicates this frequency is modu-

lated by a lower frequency signal (approximately 10 Hz),

3. 60 Hz its harmonics are present, and higher order harmonics do not exactly lay

at a frequency multiple of 60.

Even though the noise sources in this recording are specific to our noise sources,

this time series exemplifies the expected and unexpected noise components that are

present in every neuro-recording: harmonics that does not lay at an integer multiple

of the fundamental, coupled electromagnetic radiation of different sources like monitors

and lamps, non-linear interactions like modulations appearing as lateral bands in the

vicinity of the frequency of the carrier, etc. Here, we will show how an adaptive filter

can effectively remove those components in real time.
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(a) shows the entire recording and (b) is a close up in the vicinity of 42.23 s. The main oscillation has a
frequency of 734 Hz.

Figure 3.1: Intracellular current recording exhibiting seizure like activity.

3.2 Filtering strategies

3.2.1 Linear Filters

Linear filters in the time domain iteratively calculate the filtered output as a weighted

sum of past values of the original signal u as well as the filtered signal y. These filters

take the general form as follows:

yk + a1yk−1 + ...+ apyk−p = b0uk + ...+ bquk−q, (3.1)

where k is the time index, u = u1, ..., un is the measured signal, y = y1, ..., yn is the

filtered output, the coefficients a1, ..., ap and b0, ..., bq are their respective weighting

factors, and q and p indicate the number of points used from the original data and

the filtered data. Filter design is an entire field dedicated to determining the a and b

coefficients to remove the noise from u to generate a ”noiseless” signal y.

The goals of filter design are easier to visualize in the frequency domain. The z-

transform is the discrete equivalent of the Laplace Transform. It is used for visualizing
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Top panel show the power as a function of frequency of the signal. Middle left panel shows a close up in the
vicinity of 60 Hz, middle right panel in the vicinity of 540 Hz and lower panel in the vicinity of 735 Hz.

Figure 3.2: Power Spectral Density of an intracellular current recording exhibiting
seizure like activity.

digital filters. The z-transform of the filter 3.1, is:

H (z) =
b0 + b1z

−1 + ...+ bqz
−q

1 + a1z−1 + ...+ apz−p
, (3.2)

where z is the complex frequency variable that depends on the sampling frequency,

and H (z) is called the “transfer function” of the filter, characterizes the relationship

between the input and output of the filter.

From the function H you can calculate the effect of the filter on the amplitude and

phase of the filtered signal as a function of frequency. The numerator and denominator

are polynomials, the solutions to these polynomials, where the equation equals zero,
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are called ”zeros” for the solution to the numerator and ”poles” for the solutions to

the denominator. The placement of the zeros and poles determines the stability of the

filter (we usually don’t want a filter that can go off to infinity with a bounded input)

as well as the frequencies that are removed and amplified. Ideally the gain of the filter

is 1 at all the frequencies where there is little noise (band-pass) and almost zero at

the frequencies corrupted by noise (band-stop). The zeros determine what frequencies

the filter will not pass (nulls), while the poles indicate frequencies that the filter will

amplify. By placing zeros near frequencies that we desire to remove and poles flanking

them to restore the signal back to passing frequencies in nearby bands containing signals

we want, we are able to design the filter. Switching from band-stop to band-pass or

vice-versa is never a perfect step. The more points used in the history (p’s and q’s, the

more accurate these transitions will be. The trade-off is that the filter becomes more

computationally intensive. There will always be some error in the amplitudes caused

by the switch between these two amplitudes. Other problem with these filters is that

the frequency and bandwidth of the undesired signal can change over time, but H is

static, i. e. the position of their nulls does not follow the frequency components of the

undesired signal. A common strategy to overcome this problem is to design nulls with a

wider bandwidth. However, this approach does not discriminate between desired signal

and noise, hence, desired components of the signal are removed.

3.2.2 Second order notch filters

The simplest linear filter is a second order notch filter where the maximum order of

the polynomials on H (z) is two. For this filter it is easy to set the notch at a specific

frequency. The transfer function of a second order notch filter is given by

H(z) =
1− 2cos(2πfc)z

−1 + z−2

1− 2ζcos(2πfc)z−1 + ζ2z−2
, (3.3)

where fc is the frequency to be removed, in Hz, and ζ controls the bandwidth. ζ must

be between 0 and 1 to have stable filters. Setting ζ = 0 (denominator equal to one)

results in a notch filter that has a wide bandwidth, while using ζ = 1 does not affect

the amplitude of the applied signal.

Examples of three second order notch filters all designed to remove 60 Hz at a
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sampling frequency of 5000 Hz, but different bandwidths are shown in figure 3.3. Notice

that the filter has a discontinuity in phase at the center frequency of the notch and that

the wider bandwidth the smoother the transition. We can see in panel C that the

distance between poles and zeros determine the bandwidth.

A second order notch filter is a good solution when the coherence interference is

stationary and its frequency and bandwidth are known. When there are higher order

harmonics, a cascade of these filters can be implemented to remove the harmonics.

However, the poles add ripple in the bandpass, and a cascade of notch filters can lead

to undesired frequency responses, as shown in figure 3.4.
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Figure 3.3: Frequency response of three 60 Hz digital notch filters.
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Figure 3.4: Multifrequency notch filters.

3.2.3 Comb filters

If the noise is limited to one fundamental and peaks repeatedly at its harmonics (fre-

quencies that are integer multiples of the fundamental), it is possible to design a notch

filter that is periodic in frequency to remove these noise sources [46]. It evenly dis-

tributes the zeros in the transfer function across the spectrum to the Nyquist frequency

nfc, where n = 1...bNy/fcc. This filter may be very high order, but many of the coef-

ficients in the transfer function are zero and the effective number of zeros and poles is

manageable for real time applications. The advantage of a comb filter is that the inter-

actions between all the zeros and poles are accounted for in the design of the model, so

it behaves better than applying a series of individually designed filters.

The magnitude and phase response of a comb filter is shown in 3.5. Notice that comb

filters can be designed with narrow bandpass. The phase delay of the filter “jumps” at

at each notch. While the gain in the bandpass is close to one, at closer inspection it

can be seen that it is not perfect.

The disadvantage of the comb filter is that the notches must be evenly distributed



18

across the spectrum, therefore it only works at frequencies where the sampling rate

divided by the fundamental of the noise is an integer. If there is only one noise term

then the sampling rate could be set at a multiple of the noise. But, when there are

multiple noise sources, the sampling must be set at a the lowest common denominator

of the frequencies, which may not be practical.
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Figure 3.5: Comb filter.

3.2.4 Adaptive filters

Notch and comb filters have constant parameters and are relatively easy to design and

implement for noise that is stationary over the duration of the experiment. But, in

the real world, noise sources are constantly changing in amplitude, phase and even

frequency. Adaptive filters adjust their coefficients over time to minimize the noise.

The adaptive filter is designed to minimize an error signal. For example, it can

minimize the difference between an estimation of the noise and the real noise. The
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filter can update the coefficients of the filter at each time step to track the noise and

adjust the zeros and poles of H accordingly. The filter can be designed to solve the

Least-Mean-Square (LMS) solution to the error minimization. A LMS adaptive filter

has two inputs: the signal corrupted with noise and a reference, an estimation of the

noise. The objective of the filter is to adjust the amplitude and phase of the reference

signal to maximize the correlation with the measured signal. The filtered output then

is the difference between the reference and the measured signal.

Adaptive noise canceling applied to sinusoidal interferences was originally proposed

in [51]. A block diagram of this algorithm is shown in figure 3.6. The goal of the filter

is to recover the noiseless signal s by removing the noise n0 from the measurement d(k).

The noise term is assumed to be uncorrelated to the noiseless signal, therefore the goal of

the feedback is to maximize the correlation between the estimated noise signal and the

measured signal. If the noise is described by a periodic signal n0 = A sin(2πfn + φn),

where fn and φn are the frequency and the phase of the noise, we will search for a

reference signal, n1 = B cos(2πfn), that is an estimation of the noise term present in d.

The estimated noise signal is weighted at each sampling time to match the actual noise

signal and then subtracted out. The weight is determined by adaptive filter adjusts by

maximizing the correlation with the measurement using the error between measurement

and the weighted reference as feedback. This algorithm iteratively minimizes the mean

square value of the error signal [52].

Figure 3.6: Block diagram of an Adaptive Noise Cancellation filter.
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The feedback (e(k) ) shapes the weights of the adaptive filter based on the LMS

algorithm: Defining a M -length vector ~w, (which can be initialized with zeros), the

noiseless signal (e(k)) is obtained from:

e (k) = d (k)− y (k) , (3.4)

where

y(k) = −→w T (k)−→n1 (k) . (3.5)

Hence,

e (k) = d (k)−−→w T (k)−→n1 (k) , (3.6)

and the goal is to determine −→w (k) such that the mean square error of e (k), (MSE), is

minimized. MSE is calculated from [52]:

ξ (k) = E
[
e2 (k)

]
, (3.7)

ξ (k) = E
[
d2 (k)

]
− 2−→p T−→w (k) +−→w T (k) R−→w (k) , (3.8)

where
−→p = E [d (k)−→n1 (k)] , (3.9)

R = E
[−→n1
−→n1

T
]
. (3.10)

ξ (k) can be seen as a quadratic vectorial function of −→w (k) with a unique global

minimum. This minimum represents the optimal weighting of the reference noise −→w0 (k)

to maximize correlation with the measurement. When the filter is first turned on,

the weights may be initialized at random −→w (k) , the global minimum is then achieved

following the steepest descend path at each iteration, based on the instantaneous tangent

of ξ (k):
−→w (k + 1) = −→w (k)− µ

2
∇ξ (k) (3.11)

where µ is a positive constant that is called the step-size parameter . When the statistics

of −→p and R are unknown, the instantaneous squared error e (k) can be used to estimate

∇ξ (k):

ξ (k) ≈ e2 (k) , (3.12)
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∇ξ (k) ≈ 2 [∇e (k)] e (k) . (3.13)

Since e (k) = d (k)−−→w T (k)−→n1 (k), ∇ξ (k) ≈ −−→n1 (k), hence

−→w (k + 1) = −→w (k) + µ−→n1e (k) , (3.14)

where µ determines stability and speed of convergence. The algorithm is stable for

0 < µ < 2
λmax

, where λmax is the largest eigenvalue of R. The speed of convergence,

i. e. from the initial condition to the global minimum −→w (k), is proportional to 1
µλmin

,

where λmin is the minimum eigenvalue of R [52].

It can be shown ([51, 53]) that an approximation of the transfer function to calculate

e (n) from d (n) in an LMS filter is given by the second order filter transfer function:

H (z) ≈ 1− 2cos(2πfn)z−1 + z−2

1− 2
(

1− µMB2

4

)
cos(2πfn)z−1 +

(
1− µMB2

2

)
z−2

. (3.15)

When the step size µ is close to zero, 3.15 is equivalent to the transfer function of

a second order notch filter (see 3.3), because if ζ = 1 − µMB2

4 , then ζ2 = 1 − µMB2

2 +(
µMB2

4

)2
. But, if µ is small, then ζ2 ≈ 1− µMB2

2 .

The corresponding bandwidth BW at -3 dB, in Hz, is given by

BW =
µMB2

4πT
, (3.16)

where T is the sampling period, in seconds. If the user selects the length Mof the filter,

as well as the desired bandwidth, BW, and the amplitude of the reference signal B is

set to an arbitrarly value, let say one, then µ can be determined from 3.16.

For a signal where there are n harmonics we use n references, each one with a

magnitude of one (parameter B in 3.16). Then, we use n M weighting filters, each one

with an independent µ calculated for each reference. The estimate of the noiseless signal

(e(k)) is obtained from:

y(k) =

n∑
i=1

M∑
j=1

wijn1ij , (3.17)

e (k) = d (k)− y (k) , (3.18)
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−→wi (k + 1) = −→wi (k) + µi
−→n1e (k) . (3.19)

w is an n×M matrix containing the n references filtered through n M -taps weighting

filters, ~wi is the M size ith row vector of w and wij is the (i, j)th component of w. n1

is an n×M matrix where the last M values for each one of the n references are stored

at each sampling time k, and ~n1 is the M size ith row vector of n1. ~µ is a vector of

length n containing the independent weighting factors for each reference, being µi its

ith component.

In order to calculate µ, we use a fixed value of M = 80 taps, set the magnitude of

the reference to be 1 and determined the bandwidths from the data (as detailed in the

next section). The number of taps should be long enough in order to account for an

entire cycle of the slowest noise component we wish to be removed. For example, if the

sampling frequency is 5000 Hz, and the slowest noise component to be removed is 60

Hz, an entire cycle of the reference requires 84 samples.

In this adaptive filter, there is one parameter that must be selected by the user µ.

This parameter determines the speed of convergence, tracking, notch attenuation and

bandwidth. It is possible to use another adaptive feedback algorithm in parallel to the

adaptive filter to optimize this parameter automatically [54].

3.2.5 Selecting frequencies and bandwidth

If the noise sources are known, it is possible to set up filters with frequencies and

bandpass widths to remove all the noise sources. Often the noise sources are not known,

and even those with known sources, such as 60 Hz, may not behave as expected. It can

be seen in figure 3.2, that the harmonics of 60 Hz may not be exactly at multiples of

60 1 , and their amplitudes do not decay monotonically with frequency. Therefore,

identifying the frequencies and their bandwidths of the different noise signals may be

done empirically. Because the power drops off with frequency, it is not possible to set

one threshold, above which a signal is considered noise and below which the signal is

likely to be our signal of interest. This can be dealt with by detrending the spectrum,

assuming that the noise signals make a small fraction of the entire spectrum. This can

1 Frequency of the power supply may drift due to changing load conditions [55]
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be done by fitting the power spectrum of the time series with a high order polynomial

(I chose 10). This fit polynomial is then subtracted the power spectrum 3.7. The noise

signals are identified as those that greater than two times the standard deviation of the

detrended spectrum. Each noise source usually shows up in a few contiguous frequency

bins. We determine the frequency as the average frequency and the bandwidth µ by the

number bins that are above threshold (3.16).
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An alternative approach is to use another sensor to pickup just the noise. Then, this
signal would replace the estimation of the noise (signal n1 in figure 3.6.)

Black line shows the detrended spectrum of the original signal. Gray line is the threshold value used to identify
the point noise sources, white dots indicate the corresponding frequencies and the white line shows the

corresponding bandwidth calculated for each frequency. Top panel show the power as a function of frequency of
the signal. Middle left panel shows a close up in the vicinity of 60 Hz, middle right panel in the vicinity of 540

Hz and lower panel in the vicinity of 735 Hz.

Figure 3.7: Selecting the main noise sources.
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3.2.6 Filtering the data

Here I present the results of filtering the data shown in figure 3.1 through two adaptive

filters. The first filter removes the harmonics of 60 Hz using a bandwidth of one Hz.

In the second filter, the frequency components were selected empirically, as described

previously. The spectrum of the original and filtered signals are shown in figure 3.8,

and their corresponding time series in figure 3.9. As expected, filter 1 fails to remove

harmonics that do not exactly match an integer multiple of the fundamental. Notice

that the strongest component has a fundamental of approximate 734 Hz which filter 1

fails to remove. Filter 2 removes all the harmonics that were selected. These results

show that the adaptive filter successfully removes the frequency components of the

signals used as references of noise and making a good selection of harmonics improves

the overall performance of the filter.
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Top panel show the power as a function of frequency of the signal. Middle left panel shows a close up in the
vicinity of 60 Hz, middle right panel in the vicinity of 540 Hz and lower panel in the vicinity of 735 Hz. The

original signal is plotted in white. Gray line shows the filtered signal removing 60 Hz and its harmonics. Black
line is the filtered signal where noise sources are identified empirically.

Figure 3.8: Power Spectral Density of a signal before and after being filtered.
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(a) shows the entire recording and (b) is a close up at 42 s. The original signal is showed in white. Gray line
shows the filtered signal removing 60 Hz and its harmonics. Black line is the filtered signal when the main

noise sources were removed.

Figure 3.9: Intracellular current recording and its filtered versions.

Notice that the time series of the filtered signals seems to have no delays with respect

to the original signal (see figure 3.9), which indicates a negligible effect in phase change

induced by the filters. To quantify the phase change, we windowed the time series to

calculate the Fourier Transform of the original data and their filtered versions. At each

window, the phase was calculated for each signal: original and filtered, and the phase

change was obtained by subtracting the phase of the filtered signal from the phase of

the original signal. Then, the phase change was averaged across the windows and is

shown in figure 3.10. Notice that the maximum effect of phase change occurs at the

notch frequencies. The maximum phase change caused by the adaptive filter is much

lower than that caused by the second order notch filters.

3.3 Discussion

Electroencephalogram recordings include signals originating from neural source as as

well as those from noise sources, as shown in figure 3.2. A common source of noise
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(a) shows the phase change induced into the original data by the filter that removes the harmonics of 60 Hz.
(b) shows the phase change generated for the filter where noise was identified epirically 3.7.

Figure 3.10: Adaptive filter’s phase change.

is line noise, which occurs at 60(50) Hz and its harmonics. This noise introduces

coherence interference with desired signal. Linear filters, such as second order notch

filters, can be easily designed to remove periodic signals such as these, if there are

relatively few to remove and the noise sources are approximately time invariant over

the duration of the experiment. However, in the real world, even line-noise varies in

frequency and amplitude and the harmonics do not occur at exact multiples of the

fundamental. Furthermore, there are usually other noise sources which are unique to

each recording environment. As EEG is sampled at higher and higher frequencies as

hardware advances, there is an increased number of noise bands that must be removed.

Using a cascade of second order notch filters to remove the noise bands can result in

poor bandpass characteristics due to interactions from the ripples from each filter in the

pass band (see figure 3.4).

Even comb filters, where the interactions are accounted for, are not flat at the

passband. Comb filters are also limited to eliminating frequencies that can be evenly

divided into the sampling rate. If there is a single noise source, adjusting the sampling
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rate to design a comb filter may be feasible, but if there are multiple noise sources with

different fundamentals, this may not be a solution.

Adaptive filters based on the Least-Mean-Square algorithm can be very effective at

removing noise signals once the frequencies at which the noise bands are determined.

The main assumption is that the noise present in the signal is additive and uncorrelated

with the neuronal activity. The algorithm compares the M tap weighted reference noise

signal y(k) with the measured signal and adjusts the weights to maximize correlation

between the two signals. The noise-free signal is then determined by subtracting the ref-

erence from the measured signal. This approach can be used to filter multiple harmonics

and can be used for post-processing or it can be implemented in real time.

µ is a critical parameter that determines the stability and speed of convergence of

the filter. We ensure stability calculating µ from the equivalent transfer function of the

adaptive filter. This approach relates µ to the bandwidth of the notch.

If the frequency of the noise sources are known, but the phase and amplitude is not,

the adaptive filter can be designed to remove those frequencies. However, in most cases,

we do not know the frequencies of the noise a-priori. However, with a short recording

and inspection of the power spectrum, the noise source frequencies and bandwidths can

be identified empirically and an adaptive filter designed. This empirically determined

adaptive filter design is relatively simple to implement and can be done in real time,

it has great filtering characteristics that remove power at the desired frequencies with

good phase delay characteristics. However, if noise source frequencies emerges and then

disappear, the initial screening would not capture this transient noise components. In

this case, the most convenient approach is to use a second sensor to capture “just

the noise”. Then, the adaptive filter will remove the components that have the same

spectral characteristics than the ones captured by the second sensor. The problem with

this approach is that the second sensor could capture some dynamics of the desired

signal. Then, the adaptive algorithm would remove noise and signal. Finding the best

locating for the second sensor is the best strategy to find a balance between the levels

of noise and signal that would render acceptable results.

Adaptive filters can also be applied to follow particular bands in the EEG. Alpha,

beta, gamma, or delta bands are associated with particular cognitive states. If the filter

is set to follow a particular band, then the signal y(k) from 3.17 becomes the estimation
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of that band and the error from 3.18 is just calculated to update ~w.



Chapter 4

Spike Rate Control

Some electrophysiology experiments require periodically firing neurons. One example is

when measuring a neuron’s phase response curve (PRC) where a neuron is stimulated

with a synaptic input and the perturbation in the neuron’s period is measured as a

function of when the stimulus is applied. However, even regular spiking cells have con-

siderable variations in their period. These variations can be categorized into two types:

jitter, which characterizes the rapid changes in interspike intervals (ISIs) from spike to

spike, and drift, which is a slow change in firing rate over seconds. The jitter is removed

by averaging the phase advance of a synaptic input applied at a particular phase several

times. The drift over long time scales results in a systematic change in the period over

the duration of the experiment which cannot be removed by averaging. To compen-

sate for the drift of the neuron over minutes, I designed a linear proportional-integral

(PI) controller to slowly adjust the applied current to a neuron to maintain the average

firing rate at a desired ISI. The parameters of the controller were calculated based on

a first-order discrete model to describe the relationship between ISI and current. The

algorithm is demonstrated on pyramidal cells in the hippocampal formation showing

ISIs from the neuron in an open loop (constant applied current) and a closed loop (cur-

rent adjusted by a spike rate controller). The advantages of using the controller can

be summarized as: (1) there is a reduction in the transient time to reach a desired ISI,

(2) the drift in the ISI is removed allowing for long experiments at a desired spiking

rate and (3) the variance is diminished by removing the slow drift. Furthermore, I

implemented an auto-tuning algorithm that estimates in real time the coefficients for

29
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each clamped neuron. I also show how the controller can improve the PRC estimation.

The program runs on Real-Time eXperiment Interface (RTXI), which is Linux-based

software for real-time data acquisition and control applications.

4.1 Introduction

The goal of this chapter is to show that a classical control engineering approach can be

used to control the interspike intervals (ISIs) of a neuron. Even in neurons that tend to

spike periodically when a constant current is applied, the ISIs show variations over time.

These variations can be categorized into two types: jitter, which characterizes the rapid

changes in ISIs from spike to spike, and drift, which characterizes the slow changes in

the firing rate of the neuron over the time scale of seconds. Using control engineering

concepts, I propose that it is possible to calculate the required current to be injected

into the neuron in order to make it fire at a desired ISI using a dynamic clamp. We

propose the use of a linear proportional-integral (PI) controller, where the parameters

are calculated based on a linear description of how the ISIs change in response to steps

of current close to the current required to make the neuron fire at the desired ISI.

One example of an experiment where regularly firing neurons are required for long

periods of time is in the measurement of a neuron’s phase response curve (PRC). The

PRC measures how a synaptic input of a neuron perturbs the neuron from its period

depending on the phase the synaptic input is applied. The PRC is useful in predicting

how a network of neurons will synchronize. However, for an accurate measure of a

PRC, it is necessary to minimize interactions between synaptic inputs, therefore only

one synaptic input is applied and several cycles are allowed to pass for the neuron to

return to normal before applying another input. The response of the neurons is also

noisy; therefore neurons are stimulated at the same, or nearly the same, phase many

times. These experiments can take several minutes requiring the neuron to fire at a

consistent firing rate for the entire experimental duration to measure an accurate PRC.

Even in very regular firing neurons, there is too much variability over the duration of an

experiment to measure the PRC without adjusting the current applied to the neuron.

Removing the long-term drift can improve the measurement of PRC and can be done

through closed-loop control.
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A controller compares the output of the process with a desired value (target) and

depending on the difference (error) the controller modifies the input to the process

in order to force it to achieve the target. The target can be a numerical value or a

trajectory. Good closed-loop performance of the controlled process means that errors are

corrected relatively quickly, that there is on average no error and the closed-loop system

must be stable. To tune a controller to provide good performance some knowledge of

the natural response of the process to be controlled must be known. When the desired

quality attributes of the controller performance are known as well as the response of

the system to a change of input, it is possible to determine the controller parameters

to make the process achieve success. Examples of quality attributes of control may be

how fast the target value should be reached when this target is changed, the maximum

allowed overshoot in response to perturbations or changes in target, how insensitive to

perturbations the system should be, etc.

Proportional-integral derivative (PID) controllers are most popular for their ease

of implementation. They are widely used in different applications in the chemical,

automotive, aeronautics and other industries [56]. In a PID controller, the error between

the output of a system, such as a neuron’s ISI, and the target value is used to calculate

the input to the process, such as the current applied to the neuron. The PID output is

based on the weighted sum of three measurements based on the error, the proportional

error (P), its integral over time (I) and its derivative over time (D). The weighting of

each of these factors depends on the dynamics of the process to be controlled and the

desired behavior of the closed-loop system. Therefore, the first step in the design of a

controller is to obtain an open- loop model that describes the input-output relationship

of the process to be controlled. Then, the three parameters of the controller that satisfy

the closed-loop quality attributes can be calculated.

Here, the goal is to control the ISI (output) of a neuron by the injection of cur-

rent through an electrode using a dynamic clamp. The ISI is a discrete time variable

calculated as the difference in the timings between peaks of action potentials from the

measured voltage when current is applied to the neuron. While both voltage and cur-

rent are continuous variables, we will only consider the time between action potentials

and only change the current during action potentials, leaving it constant for one period

of the neuron; therefore, we treat the neuron as a discrete point process.
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To design a controller, it first must be determined what order the system is. For

linear continuous processes where the time evolution of the output given an input is

described by differential equations, the order of the system is defined as the highest

order of the differential equation. In a zero-order system, the response in the output

of the system to a change in the input is instantaneous and solely dependent on the

amplitude of the input (i.e. it is not dependent on the history of the input). In a first-

order system, when a step input is applied, the output goes from its initial value to its

final stable state value following a monotonic, exponential change. First- order systems

can be characterized with three parameters: (1) the gain, the amplitude of the change

in the output given a change in the input, (2) the time constant, how long it takes to

achieve a steady state response and (3) the dead time, the time between when a change

of the input is applied and a change in the output is seen. Both the time constant and

dead time are always positive but gain can be either positive or negative. Higher order

systems have more complicated time responses (see [57] for a review in modeling).

The interaction between a controller and a system is through the mathematical

operation called convolution [58]. The convolution, which requires an integral, is difficult

to solve in the time domain; therefore, control design is done in the frequency domain by

taking a Laplace transform (for continuous systems described by differential equations)

[45] or the z-transform (for discrete systems described by discrete difference equations)

[59] where the integral becomes simple algebra. In frequency space, the model for

the system is called the transfer function. The difference is that convolutions in the

discrete time domain are calculated as the summation of the product of the system and

the applied signal instead of the integral of the product. Several Control Engineering

and Signals and Systems textbooks go into detail on generating linear models and

controller design using the Laplace transform and z-transforms in detail. We recommend

[56, 59, 57] for a good introduction.

To model the neuron, we apply a step of current to the neuron and we fit a discrete

difference equation to capture the change in the ISI and how long it takes to settle to a

steady value. A neuron’s response to a current step is nonlinear (i.e. doubling of the size

of the current step may not produce a doubling in the firing rate), but we assume that

if the model is fit using small current steps near the target firing rate of the neuron, the

neuron’s response will be nearly, or locally, linear. Because a PID controller is rather
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robust, even a very approximate estimate of the gain and time constant will produce

decent control.

Because the goal is to cancel out the slow drift in the neuron’s ISI rather than the

jitter, and since I am only interested in keeping the neuron at a fixed target rate (rather

than a moving one), it is only necessary to fit a first-order model to a neuron that

captures the slow change of the ISI. We will use this simple model of the ISI to current

relationship to compute the parameters of a controller with the goal that the system

responds to changes in current rapidly (on the order of tens of spikes) and monotonically

(without oscillations). We decided not to use the derivative term of the PID control

because of the high variability between spikes and the inaccuracies in the modeling. For

that reason, we just use the proportional and integral of the error (P and I) parameters,

excluding the derivative term (D).

In this chapter I will first show how the parameters of the PI controller are derived

to obtain critical damping of the neuron’s response (i.e. with no oscillations). Then, I

will demonstrate the controller on pyramidal cells in the hippocampal formation using

a dynamic clamp. The performance of the controller will be compared to the variability

of the ISI with open-loop application of a constant current. I will also demonstrate a

short algorithm implemented to automatically determine the PI coefficients. Finally, I

will illustrate the utility of the controller by measuring PRCs of neurons with open-loop

and closed-loop control.

4.2 Results

4.2.1 System identification

The first step in the design of a controller is to obtain a model that describes the

dynamics of the process to be controlled. In this case, it is necessary to characterize the

causal relationship between the ISI and the applied current; therefore I applied steps

of current and measured the ISIs from the voltage traces, as shown in figure 4.1. The

injected current steps applied ranged from the minimum current that causes regular

firing of the neuron to a maximum where the cell is close to the saturation in its firing

rate. The ISI is the difference in times between the neuron’s action potentials; hence it

is a discrete variable, as illustrated in figure 4.2. While the current applied to the neuron
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is continuous, we only change it at the onset of the action potential and therefore we

treat it as a discrete value sampled at the same time the ISI is measured. The current

for the nth ISI affects ISI [n+ 1].

(a) Each 5 s the current injected into the neuron is increased. (b) 5 s voltage trace for each current step is
plotted on a separate line. Firing rate increases with increasing current, and the corresponding effect is an

increase in the frequency as indicated by the reduction in timing between spikes. (c) The mean ISI was
calculated for each 5 s of data and plotted as a function of the corresponding applied current. Data are

interpolated (using a cubic spline) to infer the current required to make the cell spike at 100 ms.

Figure 4.1: Current-step response of a neuron.

When the current applied to the neuron is increased, the change in the ISI is not

proportional, as shown in figure 4.1 (c). The change in the ISI is greater at low currents

than at high currents, which indicates that the system is nonlinear. However, if the goal

is to control the ISI at a particular value, we can assume that the system is linear in

response to small perturbations of the current in the vicinity of the desired ISI. I chose

to control the neuron around the target ISI of 100 ms. A first approximation of the

current necessary to fire at this ISI can be estimated by interpolating the ISI-current
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(a) The voltage trace and the difference between peaks. (b) Plot of the ISI as a function of spikes.

Figure 4.2: Calculation of the ISI from a voltage trace.

curve and solving for the current at the desired ISI, as shown in 4.1 (c). For this neuron,

77 pA of applied current should produce an average ISI of 100 ms.

If we treat the ISI response of a neuron to current input as a first-order pro-

cess, then the difference equation that relates the changes in ISIs on the nth spike

(∆ISI [n] = ISI [n]− ISI [n− 1]) as a function of changes in current (∆I [n] = I [n]− I [n− 1])

is given by

∆ISI [n] = a∆ISI [n− 1] +K∆I [n] , (4.1)

where a determines how quickly the ISI reaches its final value and K is the gain. K has

the dimensions of ms/pA and is calculated as

K =
∆ISIss

∆I
(4.2)

where ∆ISIss is the difference in the steady state ISI for a given change in current. The
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coefficient a determines how quickly the ISI settles to the steady state firing rate and

is related to what might be called the time constant of the system, τ , by the following

equation:

a = 1− 1

τ
. (4.3)

The coefficient τ determines how many spikes occur following a change in the applied

current before the neuron reaches 66% of the way to the steady state ISI. τ is often

thought of as a time constant, but because this is a discrete time system this instead

determines the number of spikes required for the system to settle to the steady state

ISI and I will use ’time’ loosely. The settling time is defined as the time after the

application of a step input for the process to reach and stay within a stated plus and

minus tolerance band around its final value. For a first-order system, the time to reach

5% of the steady state value is approximately three time constants [57] and after five

time constants the systems has reached more than 99% of its final value. Therefore, we

estimate how many spikes it takes for the neuron to settle to a steady state and divide

that time by 5 to estimate τ .

Controller design is easier in the frequency domain than in the time domain; therefore

we calculate the z-transform of our model of the neuron and the controller. The z-

transform is a frequency space representation (X[z]) of the system x[n] and is defined

as X[z] = Σ∞n=−∞z
−nx[n], where z is defined as the complex number z ≡ Aejφ [45].

The z-transform of equation 4.1 is

∆ISI (z) = a∆ISI (z) z−1 +K∆I (z) , (4.4)

where z−1 on the right-hand side of the equation is the z-transform of the time shift.

The transfer function of the neuron N(z) is given by solving for the output divided by

the input and is expressed by the following equation:

N(z) =
∆ISIss

∆I
(z) =

Kz

z − a
. (4.5)

The transfer function characterizes the frequency response of the neuron’s ISI re-

sponse to a unit impulse of current applied at discrete time n = 0 with zero initial

conditions.
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The coefficients a and K from equations 4.2 to 4.5 are fit for ISI measurements from

a neuron following a step in current. Because the step response is noisy, I apply several

steps up and down in the current bracketing the target ISI, as shown in figure 4.3. It

can be seen that there is a transient (overshoot) in the ISI following the current step

and then it tends to a final state. The gain in neurons is negative, i.e. an increase in

current decreases the ISI and vice versa. As the steps in the applied current are not

symmetric around the exact value of current to produce an ISI of 100 ms, the final

ISIs after each step of current are different. Figure 4.3 also illustrates the two noise

components present in the ISI: drift and jitter. The drift appears here as a different

stable state ISI when positive (and negative) current is applied and the jitter is always

present as variability in ISIs spike after spike.

(a)The ISI in each block of the applied current shows two regions: there is an overshoot in the first two or
three spikes and, after that, the ISI tends to a final ISI following a first-order dynamic. (b) Corresponding

injected current.

Figure 4.3: Alternating current injection in the vicinity of the target ISI.

The response of a first-order model cannot generate overshoots. Its response evolves

monotonically until it reaches a stable state. The ISI response obtained experimentally
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exhibits a transient with overshoots that last a few spikes. I performed system iden-

tification with higher order models and found that a fourth-order model could explain

most of the neuron’s response to a current step. However, as the goal of this method is

to remove the long-term drift, a first-order model was sufficient to account for the short

transient time and the slower remaining dynamics were ignored without much deficit.

It is also easier to derive the controller’s parameters and implement a first-order fit to

the neuron’s response in real time.

The gain is calculated using equation 4.2. For example, in the data shown in figure

4.3, 85 pA are applied to the neuron from time 10 and 20 s resulting in an average ISI

of 110 ms after a transient. When the current is increased to 95 pA at 20 s, the ISI

stabilizes at 93 ms after the transient. Therefore the gain is 110−93
85−95 = −1.7ms(pA)−1.

The transient in the response can be seen immediately after a change in current as an

overshoot in the ISI for two or three spikes. The ISI eventually reaches a final value

of around 110 ms. The time constant can be calculated by counting the total number

of spikes required to reach the average ISI (including the initial two or three spikes in

the transient) and dividing this number by 5, because after five time constants the ISI

reaches more than 99% of its final value. Only a very rough estimate of this parameter

is necessary to tune the controller for satisfactory results. It takes approximately six

spikes for this neuron to settle; therefore I estimate τ = 1.2 spikes.

4.2.2 Proportional integral parameters calculation

Figure 4.4: Closed-loop implementation to control the ISI.

A PID controller has three basic actions of control: a proportional, an integral
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and one derivative of the error. The proportional action generates an output that is

proportional to the size of the error. If the error changes, the proportional action also

changes to reduce the error. However, when the error remains at a constant value, the

proportional component does too, regardless if the system had reached the target or not,

which leads to a steady state error. A proportional controller may decrease the error but

will always result in a persistent error. The persistent error can be removed by adding an

integral term. By integrating the error, any small difference between the target and the

actual ISI will accumulate until the controller compensates for the error. A derivative of

the error can also be incorporated in the controller for predictive correction of the error.

However, this requires an accurate model of the open-loop system to be useful, which

we do not have. Furthermore, the neuron is very noisy with nearly zero correlation

from spike to spike (as can be seen in the bottom left panel of figure 4.5), rendering

the derivative useless. Therefore, I decided only to use the proportional and integral

components of the controller.

Figure 4.4 is a schematic showing the closed-loop controller and the neuron. The

equation of the PI controller is

∆I[n] = Kpe[n] +Ki

n∑
i=0

e[n− i], (4.6)

where e[n] = ISI[n]−TargetISI [n] is the error in the ISI of the nth spike, Kp represents

the proportional gain and Ki the integral gain. The z-transform of the controller is

PI(z) = Kp +
Kiz

z − 1
. (4.7)

The input/output (current/ISI) transfer function of the neuron and the controller

connected together is ∆ISI
∆i = PI(z)×N(z)

1+PI(z)×N(z) . By substituting equations 4.5 and 4.7 into

this equation we obtain:

tf(z) =

(
Kp + Kiz

z−1

)
Kz
z−a

1 +
(
Kp + Kiz

z−1

)
Kz
z−a

. (4.8)

This can be rearranged as

tf(z) =
K(Kp +Ki)z

2 −KKpz

[K(Kp +Ki) + 1]z2 − (KKp + a+ 1)z + a
, (4.9)
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where K = ∆ISIss
∆I and a = 1− 1

τ , and τ is the time constant.

The dynamics of the closed-loop system is characterized by the denominator of the

transfer function (which is known in the control literature as the characteristic equation).

The roots of the characteristic equation determine the temporal response of the system.

Because roots of the characteristic equation are the zeros of the denominator, they are

also known as the poles of the transfer function:

0 = K(Kp +Ki) + 1]z2 − (KKp + a+ 1)z + a. (4.10)

In order to avoid oscillations in the response of a second-order system, yet still have

a reasonably fast response time, it is necessary to find the parameters Kp and Ki that

make the poles equal. This condition is known as critically damped. The poles of the

closed-loop system are calculated using the following equation:

p1,2 =
(KKp + a+ 1)±

√
K2K2

p + 2K(1− a)Kp + (1− a)2 − 4aKKi

2[K(Kp +Ki) + 1]
. (4.11)

To force the poles to be the same, we need the portion under the square root to be

zero:

K2K2
p + 2K(1− a)Kp + (1− a)2 − 4aKKi = 0. (4.12)

It is possible to solve for this equation given K and a for a neuron and fix one of

the proportional or the integral gains so that it remains only one variable to solve for.

The goal is to eliminate slow drifts in the firing rate and not to change with jitter on

each cycle; therefore I set Kp � Ki so that the response is dominated by the integral

and therefore is smooth to noise shocks on each cycle. I arbitrarily set Ki = 100Kp and

substitute it into the above equation and solve for Kp. Therefore

Kp =
1

K

(
201a− 1± 20

√
101a2 − a

)
. (4.13)

There are two solutions to this equation. I use the negative root of 101a2 − a (the

other root changes the sign of the gain). The temporal response of the system can be

obtained calculating the inverse z-transform of equation 4.9.
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To test the controller performance, I compare the ISI histograms obtained in the

same neuron under two conditions: (1) when a constant current is applied and (2) using

the controller to adjust the applied current (this is a different neuron from the one used

in the previous figures, for this reason the required current to produce an ISI of 100

ms is different). The use of the controller renders four positive outcomes that can be

appreciated in figure 4.5.

(a) In the open-loop configuration, ISI experiences a significant drift over the ∼30 s recording after a constant
current was applied. The error in the ISI toward the end of the trace (30 to 35 s) is 10 ms on average for a
target interval of 100 ms. Autocorrelations (bottom graph) of first lag are nearly zero (see the bottom row).

This indicates that the error from one cycle is almost completely independent of the previous cycle. (b) With
closed-loop control, the ISI converges quickly to the target rate of 100 ms. The mean ISI, after the initial

transient, is statistically indistinguishable from the target rate. To maintain the neuron at the target ISI, the
current injected into the cell is varied. Standard deviations of the error in the open loop and closed loop are

similar, indicating that the closed loop only reduces the drift in the ISI rate and not the variability from spike
to spike. The autocorrelation at the first lag is nearly zero. If feedback gain (from the proportional feedback

coefficient) is too high, the first lag of the autocorrelation will be negative, indicating a ringing of the controller.

Figure 4.5: Neuronal response to change in the target ISI rate using open-loop and
closed-loop controllers.
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• There is a reduction in the transient. The use of the controller helps the cell

reach the target in a shorter time than with the application of a constant current.

• The drift is canceled out. In an open loop, the mean of the ISI was 92 ms but

the use of the controller is moving the mean to the target, which is 100 ms.

• Variance is diminished, as indicated by the reduction of the standard deviation

over the entire time from 10.0 to 7.2 ms. This drop in variability is from the

removal of the drift and not from a decrease in the jitter.

• No autocorrelation is introduced. If the neuron is not tuned well then the

controller and the neuron will oscillate as indicated by a significant value in the

autocorrelation at the first lag. Even despite rough estimates of the gain and time

constants, no appreciable autocorrelation was introduced.

4.2.3 Auto-tuning of a PI controller

I implemented an ’auto-tune’ function in RTXI to characterize the neuron’s response

and calculate the proportional and integral coefficients for the controller. The auto-tune

function starts by stepping the current injection until the target ISI is reached, as shown

in figure 4.6, that shows the algorithm implemented in a cortical neuron. The current is

applied until 20 spikes are detected to calculate the mean ISI. If the mean is greater than

the target, the current applied to the neuron is increased. This procedure is repeated

until the mean ISI is equal to or shorter than the target. When this condition is met,

the function calculates the gain (K) and time constant (τ) of the neuron, which it uses

to estimate the controller gains (Kp and Ki). Once the PI coefficients are established,

the auto-tune function switches to closed-loop control.

4.2.4 Phase response curves

Finally, I demonstrate the utility of the controller in measuring PRCs from pyramidal

cells in the rat hippocampus. A PRC quantifies how a perturbation to a neuron affects

the timing of the next spike as a function of when the stimulus is applied [60]. I

perturb the neurons with transient stimuli to simulate synaptic inputs. Because network

activity can be seen as a series of synaptic perturbations from firing cells onto target
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(a) Initial choice of current makes neuron fire slower than the target ISI. After 20 spikes, the mean ISI is
calculated and if it is greater than the target ISI, the applied current is increased by 20%. This is repeated until

the mean ISI is shorter than the target ISI. Once the current is stepped to a value that produces ISI shorter
than target ISI the model and controller parameters are calculated. The dotted line represents the open-loop

tuning current injected for system identification. Once parameters for a controller are estimated, the programs
switch to a closed loop mode and are plotted as a solid line. (b) Below is the temporal evolution of the ISIs,

where ’x’ represents the ISI on the system identification. Once the program switches to the closed loop, the ISI
(represented with dots) is kept at the target value (dotted line).

Figure 4.6: Running of the auto-tuning program in a cortical neuron.
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neurons, PRCs can be used to predict synchrony in neural networks. However, one of the

requirements to calculate PRCs is that the neuron should spike at a regular frequency

to identify changes in its period caused by the perturbation. I use the controller to

stabilize the ISI of the neuron while I measure its PRCs. As an example of the utility

of the spike rate controller, I compare PRCs measured with and without the use of the

controller.

I measured PRCs in the same patched neuron under two experimental conditions:

(1) while injecting a constant current and (2) using the controller to maintain the

neuron at a target ISI. The results are shown in figure 4.7. In both cases the PRC has

a sinusoidal-like shape. However, in the open-loop experiment, the ISI drifts around

30% from beginning of the experiment until its end. In the closed-loop scenario, after a

settling time the ISI remains in the target value. The effects of the synaptic inputs used

to calculate the phase change are not canceled out by the controller. Another indication

of the improvement achieved using the controller to measure PRCs is that the error bars

indicate reduction of ISI variability in the closed-loop experiment due to the removal of

the drift or from decreased spike variability.

4.3 Discussion

Designing a linear controller requires a linear model that relates the causal dependence

between the parameter to be controlled and the input to the system to achieve the goal.

As the goal is the cancellation of the long-term ISI drift on patched neurons, I require

a model that relates the ISI to the applied current. I obtain a linear model using a step

current response in the vicinity of the current that makes the neuron fire at a desired

ISI. The model I fit to the neuron’s dynamics reflects the drift in the ISI in the vicinity

of the target value. When current is applied to make a neuron fire, the response in

ISIs has two components: a rapid variation that occurs spike after spike termed jitter

and a long-term drift in the order of seconds. The long-term drift, obtained as a step

response experiment (figure 4.3), after a quick transient of usually two or six spikes,

seems to behave as a first-order process, where the gain can be obtained as the ratio

of the change in the ISI versus the change in the current, and the time constant of the

process can be obtained by calculating the required time (in spikes) that the neuron
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PRCs use a constant current (a) and adjust the current to remove the long-term drift on ISI (a). Dots in top
panels show the time advance as a function of the timing of the perturbation in the previous cycle, and the
solid line corresponds to the fitted PRC function with error bars indicating the standard deviation. Middle

panels show the ISI as a function of spike number of perturbed cycles while the bottom panels show the ISI of
the unperturbed cycles immediately preceding.

Figure 4.7: Closed-loop spike rate control improves the quality of estimated PRCs.
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spent recovering from the initial overshoot to its final mean ISI including the spikes in

the transient. For this reason, I assume the process to be a first-order discrete system.

To calculate the number of spikes required to achieve a stable state, I consider the

first spike that crosses the mean ISI after the transient. In a first-order system, after

five time constants the system achieved more than 99% of its stable state. The value

of 5 renders a Kp absolute value bigger than when using a factor of 3 to calculate the

time constant. The overshoot and oscillations observed in a closed loop (figure 4.5) can

be caused by misestimates of the time constant or in the order of the model used to

describe the neuron. The sensitivity to the estimation in the time constant can be seen

in figures 4.8(a)-(c). When τ is estimated as 1/5 the time to the first crossing of the

ISI over the target ISI, Kp is bigger than when it is estimated at 1/3. Panel (c) also

shows that the estimation in Kp is most sensitive to misestimates where the stable state

is achieved between six and nine spikes. However, Kp is rather robust because most

neurons we have encountered require more than nine spikes to achieve a steady state

(see figure 4.8(c)).

I chose Ki
Kp

= 100 arbitrarily with the intention that the controller will smooth over

the high variability from spike to spike and base the control signal on an average over

many cycles. The use of different ratios between Ki and Kp generates almost the same

closed-loop performance, assuming that the neuron is well characterized as a first-order

system, as illustrated in figure 4.8(f). Solving equation 4.11 for different ratios of Ki to

Kp shows that the value of Kp remains stable for ratios greater than 10 (figure 4.8(d))

and that the position of the poles is almost unaffected (figure 4.8(e)). The corresponding

closed-loop responses for three different controllers when the ratio was set to 10, 100 and

500 are almost the same, as illustrated in figure 4.8(f), which indicates the robustness

of the closed-loop performance for different ratios between Ki and Kp.

Robustness and simplicity were the main arguments considered to use a PI controller.

PI controllers are a subset of PID controllers. PID controllers calculate the input applied

to the process to be controlled based on the error between the target and the actual

value of the variable to be controlled, and the total input is a weighted sum of the

error, its integral and its derivative. If only the term that is proportional to the error

is included, the controlled process will have stable state error. For example, Netoff et.

al. used an adaptive proportional controller to keep the ISI at a desired value [61] and
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Panels (a) - (c) show respectively the values of τ , a and Kp as a function of the number of spikes to reach a
steady state. τ is either estimated as one-third time to a steady state (solid line) or one fifth (dashed line). The
coefficient a was calculated using equation 4.3 and Kp from equation 4.13. Panel (d) shows the dependence of
Kp and Ki on the ratio Ki/Kp (from equation 4.12). The arrows indicate the obtained gains using Ki = 100.
Panel (e) shows the dependence of the poles on the ratio Ki/Kp. The poles were calculated using equation

4.11. The arrow indicates Ki/Kp = 100. Panel (f) shows the temporal response of the closed-loop Kp
controller (i.e. the number of spikes to reach a steady state) for Ki/Kp = {10, 100, 500}. In panels (c) - (f) the

value K = −1.7× 10−9 spikes/A was used as gain for the open-loop system.

Figure 4.8: Sensitivity in the calculation of τ , a, Kp and the poles.
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their results show a stable state error in the ISI. The controller presented here responds

faster and with smaller error.

When the process to be controlled shows high variability, it is not recommended to

include the derivative term in the controller, because that term can introduce oscillations

and instability. Figures 4.5 and 4.7 show that when the PI controller is implemented,

the control goals are achieved (it keeps constant the ISI and reduces the ISI variance)

without paying the price of having dramatic changes of current spike after spike or

having a high correlated process between spikes.

Because the neuron’s activity changes over time, the estimate of the coefficients at

the beginning of the experiment may not provide sufficient control after some duration.

The PI controller is rather robust, and should work over a large parameter range of the

neuron, but if cell’s dynamics drift and the user notices that the performance of the

controller is deteriorating, the auto-tune algorithm can be re-run to estimate the pa-

rameters for the controller again. In our experience, the neuron goes into depolarization

block and stops firing before the PI controller becomes ineffective.

The use of the controller allows to measure changes in a phase as a function of the

timing of the synaptic input and the undesired long-term drift is removed, keeping the

neuron in experimental conditions that enable it to be considered as a regular oscillator,

which is one of the requirements for the calculation of PRCs.

The controller may be improved by increasing the accuracy of the model that de-

termines the effect of current on the ISI. This improvement would likely require the

incorporation of nonlinear modeling elements and an increase in the order of the sys-

tem. A better model might enable us to implement a more sophisticated control strategy

but it is doubtful that this would improve the quality of the closed- loop performance.

This chapter shows that the use of a simple PI controller is enough to remove the long-

term drift on the ISI, to decrease the variability on the ISI and to keep the neuron in

experimental conditions to calculate PRCs without undesired effects as having a highly

correlated relationship between spikes or having abrupt changes in current between

spikes.

An important remark in the presented methodology is that I use the z-transform to

calculate the controller parameters. In most engineering settings, the z-transformed is

performed in the discretized version of a continuous process after it is digitalized using a
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digital to analog converter (DAC). In DACs, the discretization process is done at regular

intervals (sampling time). The ISI is a discrete process per se but the sampling time

varies at each point, because each sampling time is the actual ISI. As the z-transform

operates in discrete time series regardless of its origin, there is no problem in using it

to avoid the convolution in the calculation of the controller parameters.



Chapter 5

Data Assimilation using

Unscented Kalman Filters

Parameter and state estimation of neurons is an unsolved problem because of their

highly nonlinear behaviors. One solution used extensively in the engineering fields is

data assimilation, where at each sampling time, the data is compared to predictions,

which is then used to increase the accuracy of the model. Data assimilation has been

used to make predictions in nonlinear and chaotic systems, like weather forecasting. One

of these data assimilation techniques is called Unscented Kalman Filter (UKF). Here, I

implemented the UKF in a real-time computing environment to estimate dynamics and

predict the voltage of a neuron. In this chapter I present the equations and assumptions

used to make the filter stable. I show that the prediction errors reach steady state after

approximately one second of data assimilation. Then the voltage estimation is used to

make the neuron follow an arbitrary voltage trace. The differences between the predicted

and target voltages were used to calculate the current necessary to make the neuron

follow a voltage trace determined by a computational neuron model. To our knowledge,

this is the first time that the UKF has been used to assimilate data from neurons in

real-time. This method can be applied to detect changes in dynamics of neurons over the

duration of an experiment and perhaps across neurons. The ability to track parameters

of a neuron over time may provide insight into the basic mechanisms of how homeostatic

changes in ionic currents play a role in diseases like epilepsy, Parkinson’s disease, and

50
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schizophrenia.

5.1 Introduction

Fitting highly nonlinear systems with many hidden states, such as Hodgkin-Huxley

style equations, to experimental data is a difficult and an unsolved problem. Further

complicating this problem is that biological systems are constantly changing over the

duration of an experiment. Models are composed of states, which change to describe

the dynamics of the neuron, and coefficients which are fixed. Ideally, if the model is

complete, one set of coefficients should be sufficient to fit an entire data explaining all

the behaviors of the neuron over the duration of the experiment. These changes in the

dynamics of the neuron over time may be considered a nuisance, or may be indication

of homeostatic changes within the neuron over the duration of the experiment. Instead,

time varying coefficients may explain the data better, tracking the changes of the neuron

over the duration of the experiment. Furthermore, if the model is going to be used in

closed-loop experiments, where the model will interact with real neurons, estimating

the coefficients must be done in real-time.

There are many different methods to fit mathematical models to experimental data

[19], such as “hand-tuning” [20], brute-force parameter exploration [21, 22], gradient

descend [23], simulated annealing [24], and synchronization-based methods [26, 27]. One

successful approach for fitting coefficients in nonlinear models widely used in industry is

the Unscented Kalman Filters (UKF). The UKF, and other versions of Kalman filters,

are used extensively for weather forecasting [62]. In this chapter we chose the UKF

to fit parameters of a model neuron to neuronal data. The UKF approach uses the

model to select combinations of coefficients that best predict and voltage trace given

the history. An advantage of the UKF approach is that it can be implemented in real

time to improve estimation accuracy over time [63, 64, 65].

Only recently the UKF method has been introduced for fitting models in neuro-

science [66, 67, 62]. The UKF formalism has been shown to successfully fit the model to

reproduce the voltage and hidden states by adjusting parameters. When the initial pa-

rameters were selected randomly, the UKF adjusted parameters so that they converged

to the actual values used in the model to generate the data [67]. The UKF does an
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excellent job when the same model is used to fit the data as was used to generate the

data, but with randomized coefficients. However, problems arise when using the UKF

to fit models to real neuronal data.

In this chapter we implement the UKF in real-time to estimate the states of a

computational model of a neuron to match the intracellular voltage recording from rat

hippocampal naurons. Here, we chose a single compartment model proposed by Golomb

and Amatai [17] (GACell). The model equations are reproduced in the appendix B. The

GACell has several different ionic currents. Their interaction mimics some dynamical

features observed in cortical neurons. It accounts for two Na+ currents (fast voltage

gated and persistent), three K+ currents (delayed rectifier, A type current, and slow

current), as well as a leakage current. The model has 5 states, voltage and four gating

variables (hidden states). By adjusting the coefficients, the a priori estimates of the

errors reduced over the experiment, indicating that the model fit improved over time.

The model was validated by using it to control the voltage of the neuron to follow the

voltage trace from a reference neuron model.

Our ultimate goal is to achieve a model that can predict the behavior of the neuron’s

response to an arbitrary stimulus waveform. Unfortunately, the models we achieve are

accurate in predicting the voltage when assimilating data, however when the model

is run independently, we find that it does not accurately reflect the dynamics of the

neuron, indicating that the UKF is accurate for predicting short-term behaviors, but

the coefficients achieved in the model do not likely represent the underlying dynamics

of the neuron. This indicates that the shortcoming may be in the model we selected to

fit to the data. The significant contribution of this chapter is demonstrating that UKF

for a complex Hodgkin-Huxley style neuron can be implemented in real-time to predict

voltage and used to control the voltage trace of the neuron. We will describe details of

how to implement the UKF equations for Hodgkin-Huxley style to ensure stability of the

algorithm. Finally, we will discuss limitations of this method for parameter estimation.
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5.2 Methods

5.2.1 Mathematical model

The GACell is a Hodgkin-Huxley based model. Its entire description can be found in

[17] and the equations are reproduced in the appendix B. Here we briefly present a few

relevant details of the model. The current balance is given by

C
d

dt
V (t) = −

6∑
i=1

Ii + IApp. (5.1)

The six currents in the model are the fast Na+ current (INa), the persistent Na+

current (INaP ), the delayed rectifier K+ current (IKdr), the A type K+ current (IKA),

the slow K+ current (IKslow), and the non-voltage dependent leakage current (Ileakage).

INa and IKdr are responsible for the action potential generation [17], the INaP increases

the excitability of the cell at voltages around threshold, which make the cell fire action

potentials at low input currents, as observed in mammal cells [18]. IKA reduces the

gain of the neurons (firing rate per applied current), shaping the slope of the frequency

vs current curve [18]. The frequency adaptation observed in excitatory cells is modeled

with the IKslow [17]. The last current, (Ileakage) is a non-voltage dependent current that

determines the passive properties of the cell [18] making the voltage to balance at the

observed resting potential.

Each one of the voltage dependent currents in the GACell has the following structure

[68]

I = gmaxm
ahb(V − E), (5.2)

where gmax is the maximal conductance of the modeled current (mS/cm2), m is the

probability of the activation gate to be open, h is the probability of the inactivation

gate (if present) to be open, a is the number of activation gates per channel, b is the

number of inactivation gates per channel, V is the membrane voltage (mV ) and E is

the respective reverse potential (mV ). The GACell has four voltage dependent gating

variables: h, n, b and z which are the INa inactivation, IKdr activation, IKA inactivation,

and IKslow activation, respectively.
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5.2.2 Unscented Kalman Filter formulation

Here we describe the formulation of the UKF (as described in [65]) adapted to the

GACell. We also describe the assumptions and changes that we implemented (appendix

C reproduces the linear and unscented kalman filter formulation presented in [65]).

The UKF can be used to estimate states, parameters and inputs from noisy mea-

surements. It fuses experimental data with a mathematical model in order to infer its

results [63], [64], which is called data assimilation [69]. The UKF is an extension of the

Linear Kalman Filter (LKF), which is used in linear systems where the distribution of

possible values that each estimation can adopt is gaussian [65].

We will define “states” as variables that must be estimated by the model. When

initiating the filter, an initial value and its respective variance is estimated for each

state. The filter then propagates the mean and the variance for each state through

the model. Then, it compares the estimation with the measured data to improve the

estimation of the states. The weighting of the model and the data is determined based

on the statistics of the estimations and the measurements. Ideally, after some iterations,

the filter estimates converge to the real underlying values of the states.

The linear KF fails in non-linear systems because normal distributions propagated

through nonlinear systems are no longer normal. This problem is overcome propagating

a few points per estimation (sigma points) with the same mean and variance of the

corresponding estimation [63, 64]. The sigma points are propagated trough the system,

its mean is calculated and the normal KF formulation can be used. If the mathematical

model used is a good description of the process, the noise of the system is well charac-

terized and the UKF is tuned correctly, the estimations converge rapidly to accurately

predict the behavior of the process.

Each state to be estimated is initialized with an initial guess ( x+
0 ). The uncertainty

around each state is assumed to be normally distributed with a standard deviation of

σ+
0 . The variance of each state is grouped in a n× n matrix P, where n is the number

of states. Then, a set of 2n points are generated for each state. These points are

called “sigma points”. The mean and variance of each set of sigma points has the same

mean and variance than the corresponding mean and variance of the states, as shown

in figure 5.1. The sigma points are then propagated through the model. Their mean,

after propagation, corresponds to the neuron’s states at some point into the future and
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it is called the a priori estimate of the neuron’s states, denoted by x−1 . (The a priori

estimation(s) of the system states are indicated by the superindex - and the a posteriori

by the superindex +). The first sample of the neuron’s voltage is taken, xm1 . Then,

the model prediction and the sampled data are combined using a weighted average to

generate the a posteriori estimate of the neuron’s state, x+
1 . If the measurement is noisy

it will weigh the model more, if the model’s predictions are inaccurate it will weigh the

data more. This process is repeated iteratively, propagating estimations and variances

through the model and updating them to minimize the prediction errors. Ideally, if the

UKF method is used to estimate the parameters of the model they will converge to the

optimal parameters that best fit the model tot he data, as shown in figure 5.2.
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This figure illustrates the a priori prediction using just the model and the a posteriori estimate by weighted

average of the measured data and the model prediction. At time 0, an initial guess x+0 , with its respective

standard deviation σ+
0 , is propagated through the equations that describe the system to generate an a priori

prediction of the states x−1 (with its respective standard deviation σ−
1 ). Then, the measurement xm1 and its

standard deviation σ+
1 are combined using a weighted average to generate the a posteriori estimation x+1 , which

is closer to the real value x1. The process is iterated thorough all the sampled points.

Figure 5.1: Illustration of a priori and a posteriori estimations from Kalman filter.
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Panel a shows the predicted values of the Kalman filter and the data over several samples. Dots indicates the

measurements, white line is the actual state, gray line represent the a priori estimations and the black line the

a posteriori estimations. Panel b shows the corresponding standard deviation of the estimations (color indicate

corresponding values to state estimates shown in panel a). Panel c shows the Kalman gain, which determines

the weighting used to average the a priori estimation and the data point in estimating the a posteriori value.

Figure 5.2: Predicted values, errors and gains of Kalman filter over time.

State space representation of the model

The state of the GACell neuron at a given time can be described as a vector −→x :

−→x =
[
V h n b z

]T
. (5.3)

Then, the state space representation of the GACell, its inputs, noise sources and

measurement can be written as:
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−̇→x =
−→
f (−→x ,−→u , t) +−→w , (5.4a)

−→y = h (−→x , t) +−→υ , (5.4b)

w ∼ (0,Q) , (5.4c)

v ∼ (0,R) . (5.4d)

−→
f is the nonlinear function described by the GACell (6.1). Its dimension, d, is 5, and

represents the number of states in the system. −→u is an unidimensional vector (scalar):

the applied current to the cell (Iapp). The output of the system is the measured voltage

(scalar), hence y=x1. −̇→x is calculated as follows:

ẋ1 = u− INa − INaP − IKdr − IKA − IK,slow − IL, (5.5a)

ẋ2 = (h∞ − x2) /τh, (5.5b)

ẋ3 = (n∞ − x3) /τn, (5.5c)

ẋ4 = (b∞ − x4) /τb, (5.5d)

ẋ5 = (z∞ − x5) /τz. (5.5e)

The function for each ionic current are fully described in [17] and in the appendix

B.

The noise in each state variable is described by the vector −→w , which is determined by

the covariance matrix Q, where all their elements are zero but the diagonals. Normally,

this matrix is fixed. However, the noise in the states of the GACell depends on the firing

activity. When neurons are close to threshold and the gating variables are beginning

to open, the variance in the states increases greatly over that seen when neuron is at

rest. Therefore we implemented a matrix where the noise in each state is estimated at

each time step to account for the state dependence of the noise. The noise terms were

calculated as follows:
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Q1,1 = (x1 + 110mV )Vs, (5.6a)

Q2,2 = x2 (1− x2) /Qs, (5.6b)

Q3,3 = x3 (1− x3) /Qs, (5.6c)

Q4,4 = x4 (1− x4) /Qs, (5.6d)

Q5,5 = x5 (1− x5) /Qs. (5.6e)

5.6a was used to to calculate the variance of the voltage. In theory, the variance

of the voltage should be dependent on the variance of the gating variables, but we

made a simplifying equation that calculated the variance of the voltage a simply linearly

increasing as the farther it is from the potassium reversal potential around−110mV with

a slope of Vs = 0.2. The variance of the gating variables was calculated assuming that

the actual opening of the channels follows a binomial distribution where the probability

of opening is determined by the gating variable and the number of channels. Therefore

the variance of the current is p(1− p)/Qs. We arbitrarily set the Qs = 400.

R is the variance of the measurement and we estimate that to be R = 1 mV 2.

Setting initial conditions

We initialize the state of the filter with the following values:

−→
x̂ +

0 =
[
y0 0.5 0.5 0.5 0.5

]T
, (5.7)

where y0 is the first voltage measurement from the neuron recording.

We estimated the variance in the error of our initial states in the covariance matrix

P, where all their elements are zero and the diagonal is

−→
D =

[
16mV 2 0.1 0.1 0.1 0.1

]T
. (5.8)

Setting D1 = 16mV 2 means that we believe the actual voltage measured from the

neuron has a standard deviation of 4 mV .

A priori estimations

Here we describe our implementation to calculate the a priori estimations.
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Sigma points calculation. Sigma points are slight perturbations to the current

estimate of the state that are each propagated through the system equations to predict

the state at the next sampling time. For the UKF algorithm, 2n sigma points are

required per estimate. The mean and variance of the sigma points are determined by

the current estimate and the errors of these values. One sigma point is created for

each state dimension by pushing the state plus or minus one standard deviation of

the estimated error for that state. Therefore, to calculate the sigma points, we need

an accurate estimate of the errors. The estimate of the variance of each parameter

is stored in the matrix P. However, numerical instabilities can occur if we calculate

the square root of the matrix P. Therefore, we force P to be symmetric by making

P =
(
P + PT

)
/2 then calculate the square root using the Cholesky Matrix Square

Root Algorithm, as suggested by Simon [65]. This function is implemented in RTXI

for real-time computing using the C++ Template Numerical Toolkit for linear algebra

(TNT) [70].

Given the matrix P we can now determine the sigma points
−→
x̂

(i)
k−1 as follows:

−→
x̂

(i)
k−1 =

−→
x̂ −k +

−→
x̃ (i), i = 1, . . . , 2d, (5.9)

where
−→
x̃ (i) =

(√
nP+

k−1

)T
i

, i = 1, . . . , d, (5.10)

and
−→
x̃ (d+i) = −

(√
nP+

k−1

)T
i

, i = 1, . . . , d. (5.11)

If the errors are large, some of the calculated sigma points could be outside the

range of physiologically realistic parameters. For example, voltages must be within the

range of the K+ and Na+ reversal potentials [VK ;VNa] and the gating variables must

be within the range of [0; 1]. To ensure this, after estimating the sigma points we test

that all are within these hard constraints [71]; values out of that range are set equal

to the closest limit , [VK ;VNa] for voltage, or near the limits,
[
1e−12; 1− 1e−12

]
for the

gating variables.

Sigma points propagation. Once the sigma points are calculated and set to be

within physiological parameters, then they are propagated through the system equations
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C.4:

−→
x̂

(i)
k = f

(−→
x̂

(i)
k−1,
−→u k, tk

)
. (5.12)

Once the propagation is done, we again test and enforce the constraints.

A priori estimations. The a priori estimation x̂−k is obtained by the averaging

of the 2d sigma points that were obtained from equation C.7:

−→
x̂ −k =

1

2d

2d∑
i=1

−→
x̂

(i)
k (5.13)

A priori covariance estimation. Next, we update the error covariance matrix

P−k . This is done using the sigma points and the noise terms in the states, determined

in the matrix Q, which is updated on each time step according to the equation 5.6. The

updated a priori covariance is calculated as follows:

P−k =
1

2d

2d∑
i=1

[(−→
x̂

(i)
k −

−→
x̂ −k

)(−→
x̂

(i)
k −

−→
x̂ −k

)T]
+Qk−1 (5.14)

A posteriori estimations.

The a posteriori state estimation is calculated by combining the new measured data and

the model’s prediction. The weighting matrix of the a priori estimate and the sampled

data points is called the Kalman gain. The Kalman gain is determined by the estimated

errors of the a priori and the measured data point. Once the a priori point is calculated,

the last step is to update the a posteriori estimate of the variance of the states P+
k .

Create sigma points. The sigma points for the a posteriori estimate are estimated

in equations C.6a, C.6b and C.6c, but around the new a priori point
−→
x̂

(i)
k .

Estimate the measurements. The measurements from the real neuron are limited

to the observable variables, in this case the voltage. In the algorithm, all the states are

estimated. To compare the model to the data, we must use a function that predicts the

measurement from the states. In this case it is a linear function, a vector containing

one for the voltage state and zeros for the hidden gating variables. There is a predicted

measurement value ŷ
(i)
k corresponding to each sigma point x1, calculated as follows:

−→
ŷ

(i)
k = h

(−→
x̂

(i)
k , tk

)
(5.15)
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Combine the estimated measurements. The predicted measured value for the

model is then calculated by averaging these points:

−→
ŷ k =

1

2d

2d∑
i=1

−→
ŷ

(i)
k (5.16)

Estimate the error in the model. The covariance matrix Py is an estimate of

the error in the model’s prediction. It is generated by calculating the variance of the

predictions provided by each sigma point around the averaged prediction from all sigma

points:

Py =
1

2d

2d∑
i=1

[(−→
ŷ

(i)
k −

−→
ŷ k

)(−→
ŷ

(i)
k −

−→
ŷ k

)T]
+R (5.17)

Then, we estimate Pxy which determines the effect of each state perturbation to

the predicted measurement. This matrix will help determine how to perturb the state

estimate given the error between the predicted value and the measured value. It is

calculated by measuring the covariance between the predicted measurements and the

state perturbation:

Pxy =
1

2d

2d∑
i=1

[(−→
x̂

(i)
k −

−→
x̂ −k

)(−→
ŷ

(i)
k −

−→
ŷ k

)T]
+Rk (5.18)

Calculate a posteriori estimations. Given the estimate of the size of the errors

in the states, we can calculate the Kalman gain from the ratio of covariances

Kk = PxyP
−1
y . (5.19)

The a posteriori estimate of the cell’s voltage is calculated by a weighted average

between the best estimate of the cell’s voltage given the propagation of the model and

averaging the sigma points
−→
ŷ and the measured value −→y k using the Kalman gain:

−→
x̂ +
k =
−→
x̂ −k +Kk

(−→y k −−→ŷ k) (5.20)

Finally, the estimate of the variance for each state is updated given the estimate of
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the errors and the Kalman gain:

P+
k = P−k −KkPyK

T
k (5.21)

5.3 Results

The UKF is used to fit the GACell to voltage measured from pyramidal neurons in

cortical slices prepared from rats. The voltage was recorded using whole cell patch

clamp techniques in current clamp mode. First, we show the response of the GACell

to the same stimulus waveform used to stimulate the neuron. Next, we implement the

UKF algorithm in the real-time dynamic clamp. Then we use the UKF to estimate

the voltage and the gating variables by fitting the GACell model to the data in real

time. Finally, we use the UKF prediction to control the neuron to follow a pre-defined

waveform.

5.3.1 Data assimilation

In figure 5.3 is plotted the response of the GACell to a random current waveform. As

can be seen, the resting potential of the GACell is -74 mV and the peak voltage during

an action potential is around 30 mV .
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(a) Applied current and (b) the corresponding voltage trace.

Figure 5.3: GACell response to a random current.

Initially, the model’s behavior is significantly different from the real neuron’s. The

white line of panel b on figure 5.4 shows the voltage trace recorded from a neuron. Notice

that the resting potential of the neuron (-65 mV) is almost 10 mV more positive than

the resting potential in the GACell. Furthermore, the recorded neuron has a voltage of

∼ 0 mV at the peak of each action potential, which is 30 mV more negative than the

action potential peak in the GACell.
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Top panel shows the applied current. Middle panel shows the corresponding voltage trace. White line

represents experimental data, gray line shows the a priori estimation and black line corresponds to the a

posteriori estimation. Lower panels are expansions of the first and last spike shown in middle panel.

Figure 5.4: UKF-based data assimilation in a neuron.

While the data was being acquired, at time t = 200 ms the UKF was started to

estimate the states in the model and to make a prediction of the voltage for the next

sampling time (a priori estimation). Then, at each sampling point, the error between

the filter ’s prediction using the GACell and measured voltage is used to improve the

selection of sigma points and the voltage trace prediction.

The same figure 5.4 shows the a priori (gray line) and the a posteriori estimations

(black line). Notice that the discrepancy between the estimations and the measure-

ment decreases as the filter takes into account more experimental data. Within one

second of data assimilation, the model is tuned so that a priori predictions are almost

indistinguishable from the data.
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Figure 5.5 shows the time evolution of the error of the a priori and a posteriori

estimations when they are compared with the voltage measurement. Notice how the

error on the estimations are reduced as more data is taken into account. The a pos-

teriori estimation has a lower error than the a priori estimation. This phenomena is

due to the fact that the a posteriori estimation is an improvement over the a priori

estimation. This improvement is modulated by the error in the a priori estimation and

the uncertainty associated to the estimations (matrices P, Q and R). In this figure is

shown that after one second of data assimilation the error in the estimations reaches

stable state (excluding estimations at spike time).
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Errors of the a priori (green, thick line) and the a posteriori estimations (red, thin line).

Figure 5.5: Error of UKF estimation of neuron’s voltage.

5.3.2 Model Reference Control

Given an accurate prediction of the neuron’s voltage on the next time step, it becomes

possible to make a control algorithm to make the neuron follow any arbitrary voltage

trace. In this case, we selected the voltage trace calculated from the GACell as the
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reference signal (Ytarget(k)). The control current is simply calculated from the differ-

ence between the expected voltage on the next time step and the target voltage. The

difference is scaled by the cell’s capacitance (C) and divided by the cell’s resistance

(Rm).

I(k) =
Ytarget(k)− ŷ(i)

k

Rm
C (5.22)

C was set equal to 1 µF/cm2 and R can be changed by the user. We use R= 0.01.

Figure 5.6 shows the response of a patched neuron when a series of applied current

steps. This “open loop” response shows typical behaviors seen in excitatory cells: the

firing rate is decreased after a few spikes, then it settles to an average firing rate with

small variations in interspike intervals with an occasional missed spike.
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Top panel shows the applied current steps to patched neuron. Bottom panel shows the neuron’s voltage trace in

response.

Figure 5.6: Open-loop behavior of neuron to be controlled.

The control goal is to make the neuron voltage follow the voltage trace generated

by GACell in response to an arbitrary noisy input. You might think of this as turning

the real neuron into the GACell To do this, first we simulate the GACell with and

without noise and recorded the voltage trace. To control the neuron, we use the UKF
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to predict the voltage at the next sampling time and calculate the difference between

the reference voltage and the predicted voltage to determine the control current. Figure

5.7 shows control around a noisy GACell response to current step, where it is firing

nearly periodically. Figure 5.8 shows control around a noisy GACell being driven with a

random stimulus waveform. Notice that in both cases the control algorithm successfully

made the patched neuron follow the GACell’s voltage trace in sub-threshold and super-

threshold activity. This approach was tested in approximately 20 cells.
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White line shows the voltage trace from the GACell model, gray line is the patched neuron. Black dotted line

indicates the moment at which the controller is switched on. Top panel shows entire recording. Lower panels

show expansions around onset of control (middle left), sub-threshold behavior (middle right), super-threshold

periodic firing (bottom left), and change in firing rate (bottom right).

Figure 5.7: Model reference control of an irregularly firing neuron to spike regularly.
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Figure 5.8: Model reference control of an irregularly firing neuron to fire in a controlled

irregular pattern.

5.4 Discussion

In this chapter we demonstrate that the UKF implemented in real-time can estimate

the voltage and the hidden states of the neuron to accurately predict the voltage into

the short time future. The prediction errors were greatest at the peak of the action

potential where the derivative of the voltage is the highest. However, within a second,

the UKF algorithm was able to substantially decrease the a priori prediction errors.

The prediction accuracy was quite high despite the fact that the resting potential and
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action potential peaks in the free running model was significantly different than the real

neuron’s.

To demonstrate the validity of the prediction, the UKF algorithm was used for a

model reference controller. The difference between the predicted voltage and a reference

voltage waveform was used to calculate the control current. The UKF based reference

control could successfully control the neuron’s voltage to follow the voltage generated

from a model neuron.

Ultimately, we would like to use the UKF to estimate the parameters of the GA-

Cell that can accurately reproduce the behavior of the neuron. However, while these

experiments demonstrate that we could predict the behavior short times into the future

(on the order of milliseconds) we have not demonstrated that the UKF can be used to

accurately generate computational models of the recorded neurons. By treating param-

eters as states, it is possible to use the UKF model to not only estimate the states of

the system, but also the parameters as well. Using this approach, we have tried to fit

a few representative parameters of the GACell, such as the maximum conductance of

the ionic currents present in the model to improve the fit and predicted model. We do

find that estimating the parameters along with the states using the UKF does increase

prediction accuracy. However, we do not believe that these parameters accurately re-

flect the neuron’s actual values. This is because after letting the model converge to

a reasonable prediction error, we use the estimated parameters to run a simulation of

the GACell, the model does not always behave like the neuron. For example, when

parameter are fit to a regularly spiking neuron, the model sometimes produces bursts of

action potentials or even lack action potentials entirely. This indicates that prediction

error can be minimized by altering parameters in ways that do not accurately reflect the

neuron’s parameters. Of course, a model that could reproduce the neuron’s dynamics

when free-running would probably be the best model for prediction, this indicates that

it is not a unique solution.

There are intrinsic limitations fitting models using only the potential measured from

a neuron. Specifically, the voltage recording of the neuron is limited to the soma, and

all the spatio-temporal information is lost. Hence, the use of a single compartment

model will never be able to perfectly reconstruct the dynamics of a spatially extended

cell for which a multi-compartment model is required [72]. The use of a different model,
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reducing the number of parameters used to fit to focus on the most important ones, and

the use of stimulus waveforms optimized to evoke complex responses that constrain the

models that can reproduce the behaviors are approaches that may be used to increase

accuracy of parameter estimation from data.

Despite the inaccuracies between the fit model and the neuron’s actual parameters,

a fit model may still be useful for classifying neurons and to detect changes in dynamics

of neuron over the duration of an experiment and perhaps across neurons. Simultaneous

estimation of all the neuron’s currents from a single recording may provide the ability

to understand how ionic currents are maintained in proportion to one another [30]. The

ability to track parameters of a neuron over time may provide insight into the basic

mechanisms of how homeostatic changes in ionic currents play a role in diseases like

epilepsy, Parkinson’s disease, and schizophrenia. The control algorithm presented here

may be useful to make a neuron behave in a particular pre-described pattern that may be

useful in determining the relationship between a neuron’s behavior and its homeostatic

control of its ion channel densities.



Chapter 6

Optimal Stimulus Design

In computational neuroscience it is often a need to fit a computational model to data.

This problem is known as system identification. There has been much focus on different

methods for fitting models to data; but, just as important is the stimulus waveform

used to stimulate the neuron to generate the dataset used in fitting the model. An

ideal stimulus waveform will drive the neuron through its repertoire of behaviors in a

short period of time. The more complex the behavior, the more constrained the model

will be in determining the model parameters that can reproduce the behavior, and

hopefully the more accurate the resulting model. In this chapter I propose a method

for quantifying the complexity of the neuron’s response, by calculating the percentage

of state space covered by the neuron in response to the stimulus waveform. Several

stimulus waveforms, steps, ramps, chirps and an Ornstein-Uhlenbeck (OU) process are

compared. Neuron responses in voltage clamp and current clamp were simulated using

the computational neuron model proposed by Golomb and Amatai [17]. Parameters of

the proposed waveforms were optimized to maximize the percent state space covered

in a two second stimulus. To measure how effective the resulting data is for parameter

estimation, we use an Unscented Kalman Filter (UKF) to fit the model to the data,

starting with random initial conditions for each of the estimated parameter. Using

the step response, the UKF could only determine the parameters within 20% of the

actual value, indicating that the model was under-constrained by the data. Using an

optimized OU stimulus waveform, the UKF could determine the parameters of the model

within 1%, even under realistic noisy conditions. By optimizing stimulus waveforms to

71
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maximize the the percent state space covered by a model, our goal is to generate data

from neurons that will constrain model parameters and improve accuracy of the fit

model.

6.1 Introduction

In whole-cell patch clamp recordings, it is possible to apply current or voltage waveforms

to the neuron and measure the neuron’s response. In this chapter I propose a method to

design stimulus waveforms suited for fitting models to data from patch clamp recordings.

If neuronal dynamics were linear and time invariant (LTI), it would be possible to

use tools developed in the engineering discipline for fitting models to data, known as

system identification. However, neurons are very nonlinear and therefore we use very

nonlinear models, such as Hodgkin-Huxley style models. These nonlinearities make it

difficult to use standard system identification tools to fit models to data.

In system identification the goal is to accurately model the output of the system given

a known input. LTI systems can be fully characterized by their impulse response, the

system’s response to a delta function, an infinitely high pulse with area one and width

of zero. Given the impulse response, the system’s response to any input waveform can

be predicted. However, the delta function is a theoretical stimulus and experimentally

it can only be approximated. Experimentally there are several stimulus waveforms that

are used to characterize LTI systems, such as rectangular pulse, step input, frequency

chirp and white noise.

For nonlinear systems, pulses and step inputs may characterize the systems behavior

for small perturbations, where the response is locally linear, but they are not sufficient

to characterize the full behavior of the system. By definition, a system is nonlinear

when doubling the input does not double the output. Neurons are highly nonlinear

systems. Subthreshold stimuli may result in nearly linear behaviors, but doubling a

subtheshold stimulus current pulse may bring the neuron above threshold resulting in

an action potential, a response that is not a scaled subthreshold response. In a carryover

from traditional engineering approaches, neurons are often characterized by applying a

series of step responses. This is used to measure spike rate as a function of current

(F-I curve), or to characterize the opening and closing of ion channels. To characterize
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some ion channels more complex step waveforms are used, such as varying the holding

voltage prior to a step to a target voltage. An advantage to a pulse and step inputs is

that the response can be locked to an event, making it easy to characterize the result

with a few statistics, such as as spike count, onset time of first spike and spike rate

adaptation. However, these stimulus waveforms do not elicit complex enough results

to constrain the model, which may result in many parameter combinations that can be

used to reproduce the data [21]. The more complex the neuron’s behavior the more the

data can help constrain the models.

A neuron’s step response does not contain a lot of information. After the first few

spikes, the neuron usually settles down to a periodic behavior and little new information

is generated by recording for longer intervals [73]. Ideally an experiment will continue

to provide more information the neuron the longer the neuron is recorded. Complex

stimuli can provide much more information about the neuron’s dynamics, which can be

useful in characterizing the neuron [74, 75, 76, 28, 77, 78]. A neuron’s response to a

Gaussian white noise stimulus is much richer. However, while the response to white noise

is more complicated, is it the optimal stimulus for characterizing the neuron? White

noise is not a naturalistic stimulus rarely eliciting behaviors that could be common with

more naturalistic conditions. For example, white noise may not produce the spike rate

variability observed in-vivo where long pauses in the firing may occur. During these

long pauses, the effects of slow currents begin to emerge. Presumably the dynamics of

neurons are tuned to maximize subtle differences in the dynamics they see normally.

Therefore, subtle differences in responses to naturalistic inputs may be important in

characterizing the neuron’s behavior that may be seen rarely in response to Gaussian

white noise.

Essential to a successful fit is a good data set, a measure to compare the two, and an

optimization algorithm to adjust parameters of the model until the model fits the data.

Optimization my be done in many ways, such as brute-force approach, synchronization

based methods (SBM) [26, 27], Unscented Kalman Filters (UKF) [66, 67], or simulated

annealing [24]. The focus of this chapter is how to generate the data to facilitate the

optimization.

We posit that the best stimulus for fitting a model is one that maximizes the be-

havioral repertoire of the neuron in a short period of time. Not knowing the dynamics
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of the neuron, we propose to optimize stimulus waveforms on a computational model

whose dynamics roughly approximate that of the neuron of interest. The advantage

of the computational model over the real neuron is that in the model it is possible to

measure the effect of the stimulus on all the hidden states of the neuron, such as the

activation and inactivation of the different ionic currents while in a real neuron the

response can only be measured from the voltage or current. Our goal in designing a

stimulus waveform is to find a stimulus that will evoke all the possible combinations

of opening, closing and inactivation of the currents within the duration of the experi-

ment. In other words, we want a stimulus that will push the neuron through its entire

state space in a short period of time. Realistically it is not possible to elicit every

combination of channel states, and certainly not possible without killing the neuron,

but a stimulus that covers more state space presumably will characterize the neuron’s

behaviors better than one that causes it to cover less state space. We propose that the

percentage of state space visited by the model over the duration of the stimulus can be

used as a measure to compare and optimize stimulus waveforms. If a stimulus waveform

has parameters, for example standard deviation and smoothness, the stimulus can be

optimized to maximize the percentage of state space visited for a finite power.

Simulations in this chapter will use a a single chamber model by Golomb and Am-

atai [17] (GACell), a model of an excitatory regular-spiking neocortical neuron, but the

theory could be applied to any conductance based model. We applied several different

waveforms, steps, ramps, chirps and white noise, and Ornstein-Uhlenbeck processes.

Each was applied to the model as either a voltage control or current control signal,

simulating either voltage or current clamp experiments and the percent state space cov-

ered measured. Each stimulus was optimized to maximize the percentage of state space

covered by the GACell’s response to a two second stimulus waveform. The resulting re-

sponse of the neuron was then used by an UKF algorithm to fit coefficients, with random

initial conditions, of the model to the data. Success of the different stimulus waveforms

were judged by the accuracy of the coefficients compared to original parameters starting

from randomized initial conditions.
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6.2 Methods

6.2.1 GACell

The Golomb and Amatai (GACell) is a Hodgkin-Huxley based model. It will be de-

scribed here in brief and a full description can be found in [17]. The current balance

equation is as follows:

C
d

dt
V = −INa − INaP − IKdr − IKA − IKslow − Ileak + IApp. (6.1)

The six currents in the model are the fast Na+ current (INa), the persistent Na+

current (INaP ), the delayed rectifier K+ current (IKdr), the A type K+ current (IKA),

the slow K+ current (IKslow), and the non-voltage dependent leak current (Ileak). INa

and IKdr are responsible for the action potential generation [17], the INaP increases the

excitability of the cell at voltages around threshold, which makes the cell fire action po-

tentials at low input currents, as observed in mammalian neurons [18]. IKA reduces the

gain of the neurons (firing rate per applied current), shaping the slope of the frequency

vs current curve [18]. The frequency adaptation observed in excitatory cells is modeled

with the IKslow [17]. The last current, (Ileak) is a non-voltage dependent current that

determines the passive properties of the cell [18] balancing the other currents so that

the model rests at the neuron’s observed resting potential.

Each one of the voltage dependent currents in the GACell has the following structure

[68]

I = gmaxm
ahb(V − E), (6.2)

where gmax is the maximal conductance of the modeled current (mS/cm2), m is the

probability that the activation gate is open, h is the probability of the inactivation gate

(if present) is open, a is the number of activation gates per channel, b is the number

of inactivation gates per channel, V is the membrane voltage in (mV ) and E is the

reverse potential in (mV ) of the ion that the channel passes. The GACell has four

voltage dependent gating variables: h, n, b and z which are the INa inactivation, IKdr

activation, IKA inactivation, and IKslow activation, respectively. Of the 5 states, the

voltage is the only observable one in a real neuron, the others are hidden states of the

system.
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In current clamp simulations, the GACell (6.1) is solved at a given holding voltage

Vm to determine the current IApp required to hold the cell at that voltage. The GACell

is integrated using a time step of 200 µs to emulate data acquisition from a real cell

sampled at five kHz, as shown in figure 6.1.
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When a constant current of approximate 0.9 µA/cm2 is applied to the GACell (panel a), it will fire at 100 ms,

as indicated in panel b. Panel c shows the time evolution of the gating variables.

Figure 6.1: GACell in current clamp, constant current.

6.2.2 Calculating the percentage of state space covered

To predict the efficacy of the stimulus waveform, the percentage of the state space

covered by the model in response to the stimulus waveform is measured. We divide

the state space into voxels and measure how many states the neuron visits. Each

voxel represents a unique state of the neuron. Theoretically, once a neuron has visited a

particular state, revisiting it following the same path does not contribute new knowledge

about the neuron’s dynamics. Voxels are generated by dividing each hidden state, i. e.

the four gating variables, into 30 bins each. This results in 304 = 810000 voxels. The

voltage is implicitly included, because it is a function of the four gating variables. The

percent state space covered is calculated as the number of unique voxels visited divided

by the total number of voxels.
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6.2.3 Stimulus waveforms

We applied several different waveforms: steps, ramps, sinusoidal linear chirps and

Ornstein-Uhlenbeck (OU) processes. For the chirps and the OU processes free parame-

ters were determined by optimizing the stimulus waveform to maximize the percentage

of state space covered within a two second stimulus. Percent state space covered from

each stimulus is reported.

Step

A constant current applied to the GACell. At 0.9 µA/cm2 the GACell fires at 10 Hz

(inter-spike interval of 100 ms).

Ramp

Current ramped from -0.2 to 1.5 µA/cm2 over two seconds.

Chirp

A sinusoidal stimulus waveform in which the frequency ramps over time. Because hy-

perpolarizing and depolarizing inputs to the neuron have different effects, we scaled

the stimulus amplitude for the positive phases and negative phases differently. At each

discrete time k, the applied input is calculated as:

yk =

{
A1 sin (2πfkt) for sin(2πfkt) > 0

A2 sin (2πfkt) for sin(2πfkt) < 0
(6.3)

where A1 and A2 are the gains for positive or negative phases, respectively (in

µA/cm2), fk is the instantaneous frequency (in Hz) and t is the time (in s). The

instantaneous frequency is calculated as follows:

fk =
k − 1

N
× fmax. (6.4)

In two seconds of data sampled at 200 µsec intervals, there are N = 10001 samples.

The optimized variables were A1, A2 and fmax.
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Ornstein-Uhlenbeck process

White noise stimuli are often used to characterized LTI systems. In theory, these stimuli

would be ideal for characterization of non-linear systems, but the waveforms are not

physiologically realistic and may take a very long time to elicit realistic behaviors.

Instead, we used a filtered white noise signal known as an Ornstein-Uhlenbeck (OU)

process, that is history dependent. The OU process is calculated as follows:

dxt = θ(µ− xt)dt+ σdWt, (6.5)

where µ represents the long term mean of the process xt, θ is the weight given to the

history, and σ represents amplitude of the Gaussian white noise process added at each

time step, Wt.

The variance of xt is obtained from

var(xt) =
σ2

2θ
. (6.6)

As the resting potential is not equidistant between the sodium (VNa) and potassium

(VK) reversal potentials, we decided to use a different variance of the OU process above

and below the resting potential. To do this, we calculated two values of θ

θ1 = σ2/
(

2 ((Rp − VK) /w)2
)
, (6.7)

θ2 = σ2/
(

2 ((Rp − VNa) /w)2
)
. (6.8)

This modified OU process normalizes the standard deviation by the distance from

the resting potential to the VNa and VK and scaled by the factor w. Finally, using

equation 6.5, the holding voltage is calculated:

dV =

{
θ1(Rp − V )dt+ σdWt for V < Rp

−(n+ 1)/2 for V ≥ Rp
(6.9)

Here, we optimized the parameters Rp, σ, and w. We set VNa= 50 mV and VK=

-100 mV.
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6.2.4 Optimization algorithm

Each one of the applied inputs has one or more free parameters that can be optimized

to maximize the percentage of space covered by the gating variables. For each input,

we chose initial values for each parameter at random. The stimulus is applied to the

model, and the percentage of state space covered over the duration of the simulation is

calculated. A gradient ascent method using Matlab’s fminsearch algorithm was used to

optimized the parameters to maximize the percentage of space covered [53].

6.2.5 Unscented Kalman Filter implementation

To determine the efficacy of the stimulus for determining model parameters, we fit the

GACell parameters to best fit the data. Of course, because the GACell was used to

generate the model, the parameters were known, but at the initiation of each fit, we per-

turb the model parameters randomly. We can then compare the error in the estimated

parameters to the real parameters over the duration of the simulated experiment. The

model was fit to the data using the UKF. Details of the UKF method for fitting models

are presented in [65].

In brief, the UKF fuses experimental measurements with a mathematical model to

estimate states, parameters, and inputs from noisy time series measurements of contin-

uous non-linear dynamical systems. The parameters can be time-variant and the model

can also have stochastic terms [66]. UKF is an extension of the linear Kalman Filter

(KF). The KF is the optimal estimator for states, parameters, and inputs in linear

dynamical systems where the possible value for each parameter to be estimated needs

to follow a normal distribution [65]. The KF recursively propagates the mean and the

variance for each estimation through the set of differential equations that describe the

system and after some iterations the filter converges to the real value for each estimation.

At the outset of each fit, the filter propagates the initial conditions through and the

stimulus through the model to obtain an a priori estimation of the neuron’s response.

Then, the a posteriori estimation of the neuron’s response is generated using a weighted

average of the sampled data and the a priori estimation. The weighting is determined

by the Kalman gain, which is calculated using the statistics of the prediction and mea-

surement noise properties. This a posteriori estimation is used as the initial condition
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for the next sampling time and it is propagated through the system again with the next

stimulus input. As the propagation of normal distributions through nonlinear systems

are no longer normal, the KF can not be directly applied to nonlinear systems. Julier

and Uhlmann [63, 64] came up with an ingenious approach, calculating a few points,

called sigma points, per state whose has the same mean and variance as the originating

state. Before the calculation of the a priori or a posteriori estimations, sigma points are

obtained for each state. Then, each sigma point is propogated through the equations.

The resulting points and their used to calculate the mean and variance of the a priori

and a posteriori estimations. This approach is called Unscented Kalman Filter (UKF)

and its modification to the KF allows it to handle nonlinear systems. If the parameters

of the UKF algorithm are properly tuned, the estimates of the parameters and states

converge to the real values. For this approach to be successful, the model fit must be

able to reproduce the dynamics of the neuron and the noise amplitude in each state

and measurement noise measurement must be known [65]. In these simulations, these

conditions are possible to meet, but may not be possible using real world data.

Using the UKF the five states (the voltage and the four gating variables) were

estimated along with the maximum conductances for each one of the six currents present

in the model (INa, INaP , IKdr, IKA, IKslow, and Ileak, which default values are 24,

0.07, 3, 1.4, 1, and 0.02 mS/cm2, respectively). The initial values for each maximum

conductance was randomly set at either plus or minus 50 % of its default value.

6.3 Results

Current and voltage steps were first applied to the neuron model to measure the baseline

state space percentage covered. Then, more complex waveforms were optimized on the

model, and then applied, measuring the maximum percent state space covered. Finally,

UKF was used to fit the GACell with random initial conditions for maximum currents

and states were fit to the data and final error in estimated parameters were measured.

6.3.1 State space coverage by step response

When a constant current is applied to the GACell, there is a transient in the cell’s firing

rate over the first few spikes and then the model settles to a constant rate. The model
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reproduces spike rate adaptation seen in excitatory mammalian neurons (see figure 6.1).

In figure 6.2 is shown the state space trajectory of the neuron over the duration of the

simulation. It can be seen that the trace at the initiation of the simulation is different

from the steady state, which means that the model covers new state space ground for

the first few spikes, but then as it settles into a steady state behavior, no new state

space is being covered. Each dimension was divided into 30 bins, resulting in 810,000

voxels. Step responses measured in both current clamp and voltage clamp, resulted in

only 0.05 % of state space covered. As can be seen, the current step waveform generates

new information over the first few spikes, but after the neuron settles into a steady state

behavior no new information is gained by recording for longer periods.
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Each one of the 5 states (the voltage trace V and the four gating variables h, n, b, and z) are plotted as a

function of each other. This state space represents the time evolution of the GACell when a constant current is
applied to it, as shown in figure 6.1.

Figure 6.2: State spaces of the GACell, current clamp, constant current.

6.3.2 Optimization of stimulus waveforms

Next, a chirp-like function and an Ornstein-Uhlenbeck process were optimized to max-

imize the percent state space covered.
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The optimized parameters for the chirp waveform in current clamp are fmax = 2.1374

Hz, A1 = 4.0054 µA/cm2, A2 = −0.4087 µA/cm2. The stimulus waveform and neuron’s

response, represented by traces of the voltage and gating variables, is shown in figure

6.3. The state space plot representation of the neuron’s response, shown by plotting

gating variables b vs z is shown on the right hand side of figure 6.5. The chirp response

covered 0.2 % in 2 seconds. This represents a 5 fold increase in state space covered

when compared to the step response.
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When the optimized chirp like current (panel a) is applied to the GACell, its response is shown in panel b.

Panel c shows the gating variables over time.

Figure 6.3: GACell in current clamp, optimized chirp stimulus.

The Ornstein-Uhlenbeck process stimulus was optimized for the parameters deter-

mining the resting potential Rp, the history dependence σ, and the normalizing factor

w. In voltage clamp, the optimized parameters were: Rp = −61.8808 mV, σ = 7.9406,

and w = 3.1579. The stimulus waveform, amplitude distribution, voltage response and

gating variables are shown in figure 6.4. The state space plot for the response to the OU

stimulus is shown on the left hand side of figure 6.5. The stimulus applied in voltage

clamp resulted in 1.13 % of the space covered. This is 23 times the coverage of the

original voltage step response.

Of the signals optimized and tested, in current clamp the chirp like function results in
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Ornstein-Uhlenbeck process (panel a). The holding current is shown in panel b. Panel c shows the time course
of the gating variables.

Figure 6.4: GACell in voltage clamp, optimized OU stimulus.

the highest state space covered and in voltage clamp the Ornstein-Uhlenbeck produced

the greatest state space coverage.

6.3.3 Accuracy of parameter estimation dependent on stimulus wave-

form used

We hypothesize that a stimulus that increases the percentage of state-space covered will

result in better fit of the model parameters. To test the efficacy of the optimized signals,

we use a UKF to estimate the 5 states (voltage and the 4 hidden gating variables h,

n, b, and z) and the maximum conductance of each of the ionic currents. There are 6

ionic currents in the model, and we randomly select the initial values for the maximum

conductance as either plus or minus 50 % of the actual value. This results in 64 possible

”worst case” conditions. To make the the modeling more realistic, white noise was added

to the stimulus waveform resulting in interspike variability similar to that observed in

experimental data, as shown in figure 6.6.
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The state space response, represented by plotting the theIKA inactivation gating variable b and the IKslow
activation gating variable z. Response to the Ornstein-Uhlenbeck process is shown on left, covers 1.13 % of

state space, while the response to the chirp, shown on right, only covers 0.2 % of state space. These
representations of state space can be compared to lower right panel on figure 6.2.

Figure 6.5: State space representation of GACell response to stimulus inputs.

Figures 6.7, 6.8, and 6.9 show the time evolution of the state and parameter esti-

mations from the GACell using the UKF. Parameters gNaP and gleak were selected as

representative of the fit parameters. The gNaP parameter was the fastest parameter to

converge and gleak was the slowest, as shown in (6.7). Two factors are used to judge

the quality of the signals for estimating the parameters: the final error of the estimated

parameters and the time to converge to the within ±5% of the final estimated value.

Figure 6.10 summarizes the parameter fitting results, showing the final error and

time to final value for optimized stimuli applied in voltage and current clamp. The

worst final error and slowest time to final value resulted from the GACell response to

the current step.

At the initialization, the error for each free parameter was set randomly at ±50%

of the default value. The UKF parameter fit using the neuron’s response to a 2 second

current step recorded in current clamp resulted in a final error of 20%. In voltage clam

the step response showed no benefit to the UKF algorithm to fit parameters over the

initial value. The optimized chirp-like waveform in current clamp resulted in parameter

estimations within 5% of the actual vlaue in less than a second. The best fits were

achieved with the optimized OU in voltage clamp resulting in less than a 1% error in

less than 0.2 seconds.
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A noisy signal with zero mean (a) is added to a current step (b) to simulate variability in the interspike
interval observed experimentally. In (c), the continuous line is a plot of the neuron’s step response in the

noiseless scenario, and dashed line shows the response to the noisy input. Shown in (d) are the corresponding
interspike intervals, where (•) corresponds to the noiseless current and (◦) for the noisy input.

Figure 6.6: Noise added to stimulus to simulate realistic variability in neuronal re-
sponse.

In figure 6.11 is plotted the cumulative percentage of state space covered as a func-

tion of time for the different stimulus waveforms. In current clamp, the step response

shows a rapid increase in information within the first couple of spikes and then asymp-

totes as it reaches steady state. The ramp, taking a long time to elicit the first action

potential, results in a slow rise in state space coverage, but continues to rise as the firing

rate increases. With the chirp input, the state space coverage increases dramatically

with each burst (seen as the rapid rises) followed by slow increases during the hyperpo-

larization phase. Notably, the slow variables are fit during the these hyperpolarization

phases, therefore the the information increases slowly but significantly in the first two

hyperpolarizing cycles, but later cycles do not contribute much new information. In
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Figure 6.7: Parameter estimation of GACell in response to current step.

later phases, the information is gained during the depolarizing phase, as the frequency

of the neuron is pushed higher, but this will probably asymptote at a value just above

0.2% of the state space. The OU stimulation in voltage clamp shows a steady increase

in state space coverage over time. In two seconds we have covered nearly 1.2% of the

state space. We expect that this would asymptote at some value, but well above 1.2%,

indicating that the longer this stimulus waveform can be applied, the more information

can be gathered about the model’s dynamics.
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Panels are labeled as indicated in Figure 6.7

Figure 6.8: Parameter estimation of GACell in response to chirp-like stimulus.

6.4 Discussion

Traditionally, neurons have been characterized by applying current or voltage steps and

measuring their response. The response to a current step is easily characterizable using

measures such as firing rate, accommodation rate, and percent change in firing rate

from onset to end. When fitting a model to the data, the simpler the response the less

constrained the model will be in fitting the data. This results in a larger parameter

space considered a good fit to the data. The data therefore may not not help achieve

uniqueness of the model.

In this chapter we hypothesize that a stimulus waveform that elicits complex patterns

of behaviors will be better for fitting parameters than a simple one. To quantify the

“complexity” of the response, we measured how much state space is covered by the

neuron over the duration of the stimulus. Using this methodology, we could optimize
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Figure 6.9: Parameter estimation of GACell in response to optimized Ornstein-
Uhlenbeck process used in voltage clamp.

stimulus waveforms to maximize state space coverage. We then fit models to data using

an Unscented Kalman Filter using the original model used to generate the data but

with initial guesses that were selected to be distant to the actual values by greater than

50%.

We found that a chirp applied in current clamp and an OU process applied in voltage

clamp resulted in more accurate model fits and in less time than the step response. Using

the UKF method, it was possible to achieve estimates of the parameters that were within

1% of the actual values for the model in less than 2 seconds of obtained by stimulating

the neuron with an optimized OU process. The OU and the chirp methods both show

a steady increase in state space coverage with longer recording times while the step

response asymptotes as the neuron settles into steady state behaviors after the initial

transient. Surprisingly, the ramp has marginal improvement over the step, the evidence
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Figure 6.10: Summary results of parameter estimation with different stimulus wave-
forms.

suggests that this is because ramps do not hyperpolarize the neurons after causing them

to spike, which is required to characterize many of the slow currents in the model.

Surprisingly, adding realistic noise to the simulations had only minor deleterious

effects on parameter estimation. We attribute the robustness of the UKF to noise

because it explicitly models the noise, so that it may be properly accounted for in the

model. Therefore, we are hopeful that given a good starting model, fitting models to

data can be done under realistic noise conditions.

There are technical problems in implementing these stimulus waveforms experimen-

tally. When using voltage clamp, spatial clamp is poor, resulting in behaviors outside of

the vicinity of the electrode [79]. This may result in behaviors that cannot be explained

from a recording at a single position within the neuron. In designing the optimized

stimulus waveform it is possible to add power constraints in the optimization. However,
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Figure 6.11: Percentage of state space covered as a function of time.

we did not implement this constraint and therefore it is possible that the stimulus could

damage the neuron or go beyond the maximum ranges of the amplifier. In practice,

when we applied the optimized stimulus waveform to the neuron it killed the cell. In

retrospect, this was not surprising because the objective is to maximize the opening and

closing of the ion channels in a short period resulting in a massive ionic flux across the

membrane and loss of the potential gradients. By adding a power constraint, we can

find a balance between perturbing the neuron and killing the neuron.

While our findings suggest that OU stimulus may be be better for characterizing

neurons, it does not discount the value of step responses for characterizing a neuron

and fitting model parameters. Instead, we posit that the step stimulus is not optimally

efficient. When experimental conditions are changing rapidly, as they always do while

recording from brain-slices, optimal stimulus waveforms to achieve a data set best suited

for your needs is of paramount importance.

The stimulus waveforms developed in this chapter have been optimized given the
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parameters of the waveform and for the model neuron we used, but we do not suggest

that this is a globally optimal stimulus waveform. Instead, this chapter demonstrates a

process by which a stimulus waveforms can be compared and optimized.

We used the UKF method to fit the parameters of the model, but this was just one of

many methods that could be used. Regardless of the method used for fitting, the model

must have the potential to fit the data. Whether the data is contained in the potential

behaviors of the model is known as ”observability”, and it is not easy to determine a

priori. In this case, we used the same model as used to generate the data, so we were

assured of observability. However, when fitting a model to real data observability is not

assured. If the model is unable to generate a perfect fit, because it lacks critical currents

or spatial representation, it is uncertain what the UKF algorithm will do to achieve a

best fit. It should be cautioned that just because a model converges does not mean that

it is accurate.

The optimized OU process was designed to be a single stimulus waveform that could

elicit all the behaviors of the neuron in a short period of time. However, another con-

sideration in stimulus deign is that correlations between the different gating parameters

makes fitting the parameters difficult. An alternative approach to stimulus design is

to generate a series of stimulus waveforms that are designed to isolate the individual

currents, making it easier to make accurate models of their respective behaviors.

6.5 Conclusion

The input applied to a neuron has a significant impact in the quality of the estimation of

parameters and states. The ideal stimulus will force the neuron though its large reper-

toire of behaviors in a short period of time. Using a model to measure the percentage of

state space covered in response to the stimulus provides a quantitative measure of the

neuron’s behavior. The percent state space covered can be used to optimize stimulus

waveforms. In comparing optimized stimulus waveforms to more traditional ones, we

find that models can be fit more accurately and in less time using optimized waveforms.



Chapter 7

New methods to estimate Phase

Response Curves

Epilepsy, Parkinson’s and Alzheimer’s are diseases in which synchrony between different

cortical areas is affected [80]. The disrupted network functioning could be the result

of changes in the dynamics of each brain region, changes in the connectivity among

regions, or both. Hence, models that include connectivity and cell dynamics are useful to

understand how these pathological behaviors can emerge. But large scale simulations of

neuronal networks can be computationally very intensive. There is a perceived trade off

between computational effort and accuracy of cell model, but if the model represents the

important dynamics of the cell and abstracts away the details that are not, efficiency and

accuracy can be very high [12]. A Phase Response Curve (PRC) measures the change

in the time of the neuron’s next spike after receiving a stimulus [81, 82]. This simple

model can be used to make predictions about how networks of neurons will synchronize.

PRC models have been used to study the effects of Deep Brain Stimulation on network

synchrony in Parkinson’s disease [10].

PRCs have also been used to understand the transition between different phases in

a seizure. Animal models of seizure like activity show that, both, the neuron’s firing

rate and synchrony changes over the seizure [83]. At the onset, the neurons fire at

high frequency without synchrony. Then, the neural activity transitions into a more

coherent and lower firing rate state. It has been proposed that this transition is caused

92
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by changes in the phase response curve at different firing rates in the neurons within the

network, leading to a shift in synchrony [9]. This is an example where it is necessary to

measure a neuron’s PRC as a function of its firing rate.

In mathematical models of the neuron, the PRC can be calculated analytically or es-

timated numerically [84]. The PRC can also be measured experimentally by perturbing

a regularly firing neuron and measuring the effect of the perturbation on the spike times

[85]. For example, the neuron can be stimulated with a synaptic-like current applied at

a random time [81] and the change in the spike time is recorded. The time the stimulus

is applied, normalized by the neurons unperturbed interspike interval (ISI), is called the

“phase”.

However, in experiments the measured spike times are corrupted by jitter and long

term drift. Hence measuring PRC experimentally faces, at least, 4 problems: 1) many

neurons do not fire periodically, 2) noise and other uncontrolled inputs to the neuron

cause jitter in the spike times, 3) the neuron’s dynamics and firing rates drift over the

experiment, and 4) measuring the PRC at one firing rate is not predicitive of the PRC

at another firing rate.

Different methods have been used to remove the jitter [85] and drift [86]. One

approach to dealing with the long term drift is to use closed loop control to change the

current at each spike time in order to make the cell fire at the same rate over the duration

of the experiment [86]. To deal with jitter, synaptic inputs are randomly distributed over

the phase and function is fit to the data to estimate the mean phase advance. Different

functions can be fit to the data through a least square error minimization, such as 1) a

polynomial function [61] or 2) a truncated Fourier series [87]. A bayesian approach has

also been proposed to infer the PRC [88] by modeling the jitter and fitting the model to

maximizes the likelihood of the observed data. Another approach consists of applying

noise instead of a synaptic like current to a regularly spiking neuron. The averaged

stimulus preceding a spike is called the ”spike triggered average”. The spike triggered

average is related to the PRC by integration [60]. As the length of the preceding stimulus

is different for each spike, people have used different approaches to normalize the data

[89, 90]. Interestingly, no one has yet proposed to use noise as stimulus in non-regular

spiking neurons. Nor have regularization tools been used to make robust estimations of

the spike triggered average.
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However, the current methods of estimating PRCs measures the phase advance from

the expected period of the neuron. If the expected period of the neuron changes, for

example by increasing the applied current, the PRC must be exctracted at the new

period.

In this chapter, I introduce two new methods to estimate PRCs under varying con-

ditions and real world experimental problems. The methods were tested, both, in a

mathematical neuron model [17], (also see appendix B) and in cortical neurons from rat

brain slices. The first method (parameterized PRC) measures how the neuron responds

to a single perturbation as the neuron’s firing rate varies. This method is able to deal

with the jitter, drift and the changing PRC at different firing rates. The second method

(infinitesimal transient PRC) asks how the neuron responds to a volley of inputs (rep-

resented by a noisy input) under transient conditions, as may be observed at the onset

of a seizure. This method does not require regular spiking neurons. It is also able to

deal with the jitter, drift and the changing PRC at different firing rates. Both methods

are able to model neuron’s dynamics by considering the effect of perturbations in one

or more preceding ISIs.

7.1 Method 1: Parameterized PRC

This method builds on the system identification approach presented in chapter 4. The

goal of the experiment is to vary the neuron’s ISI and perturb it at each cycle apply-

ing synaptic conductance inputs at different times. Then, the change in the neuron’s

ISI is calculated as a function of both the ISI and the timing of the applied synaptic

conductance.

As the ultimate goal of this method is to determine how the unperturbed period of a

neuron is modified by synaptic conductance inputs at different firing rates, the analysis

is done in two parts: First, the unperturbed ISI is predicted from both the history of

the neuron’s ISIs and the inputs. This is done by recursively fitting an Autoregressive

model with eXogenous input (ARX) to the ISI as a function of the applied current.

The ARX model can then be used to predict the firing rate as a function of the applied

current. Because the ARX model is fit recursively, its parameters are able to adapt

to non-stationary behaviors of the neuron over the duration of the experiment. The
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result of subtracting the expected ISI predicted by the ARX model from the measured

ISI can be thought as prewhitening. Then, a model is fit to the residual to determine

the effect of the synaptic conductance on the ISI. The second part of the analysis seeks

to explain the mismatch between the predicted and measured ISI as a function of the

history of the linear and nonlinear interactions of two variables: 1) the phase at which

the synaptic input was applied and 2) the neuron’s firing rate. The following sections

describe the design of the experiment and the two steps of the analysis.

7.1.1 Experiment

Traditionally, we have measured PRCs by holding the neuron at a single firing rate

over the duration of the experiment. In this method, the ISI is varied by changing the

current applied to the neuron at each spike time. This provides a data set in which

the PRC can be estimated as a function of both the stimulus phase and the neuron’s

ISI. First, a constant current (Imean) is applied to a neuron at the beginning of the

experiment. This current is chosen from the ISI vs I (applied current) curve selecting

the current necessary to make the neuron fire approximately at the a desired ISI. At

each spike spike i, the current applied is changed and held constant over the next ISI.

The applied current over the i’th ISI is IDC(i). The possible values of IDC are selected

randomly at each spike time from the set IDC(i) ∈ {Imean ± 10%, Imean ± 5%, Imean}.
In addition to IDC(i), a synaptic conductance input (Isyn) is added in each cycle. Isyn

is applied randomly at different points in phase. The entire experiment is depicted in

figure 7.1 (results presented are from the GACell model [17]).

IDC(i) can adopt different discrete values. Five arbitrarily chosen current amplitudes

were selected over a range large enough to produce a change in ISI greater than the

random variability in the neuron’s ISI. The value of IDC(i) is randomly selected at each

spike time using a Markov process that meets the following conditions: 1) over the

duration of the experiment the probability of visiting each current amplitude is equal,

and 2) at each spike time, the probability of staying at the same current level is greater

than changing to another value. The first condition balances the number of spikes across

firing rates. The second condition increases the probability of seeing the same current

applied over many cycles, to estimate higher order PRCs accurately. It also induces

transient responses so that we may measure the settling of the ISI as a function of both
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Figure 7.1: Experimental design to estimate Parameterized PRCs.

the timing of the synaptic input and the change in the applied current.

The random sequence for IDC(i) was generated in Matlab and read by the real time

experimental interface (RTXI) module. Figure 7.1(c) shows the time course evolution of

the applied current as a function of spike time along with a histogram of the amplitudes.

Then, a synaptic input is applied at a randomly chosen phase on each ISI, as shown

in figure 7.1, panels (a) and (d). The applied current is calculated using a synaptic

conductance waveform and membrane potential of the neuron as follows:

Isyn = G

(
e

t
τfall − e

t
τrise

)
(Rp− V ) , (7.1)

where τfall is the falling time constant (6.23×10−3 ms), τrise is the rising time constant

(2.16 × 10−3 ms) of the conductance, Rp is the synaptic reversal potential, which is 0

mV for excitatory synapses or -90 mV for inhibitory synapses, V is the neuron voltage

(mV ) and G scales the conductance to current.

If the cell fires before Isyn is applied, no synaptic input is applied to the neuron and

the interval is not used in estimating the shape of the PRC.
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7.1.2 Predicting the neuron’s ISI

The predicted change in ISI is calculated as a function of the applied current using the

ARX model:

ISI(i) = −a1ISI(i− 1)− a2ISI(i− 2)− . . .− amISI(i−m) +

b1IDC(i− 1) + b2IDC(i− 2) + . . .+ bnIDC(i− n), (7.2)

where i is index of the current ISI and i−α the preceding ISIs. The number of historical

ISIs and applied currents are determined by the variables m and n respectively.

Once the number of parameters (m and n) are selected, the a′s and b′s can be deter-

mined by fitting the model to the data by solving for the least square solution. However,

as the ISI drifts, it is prudent to estimate the parameters recursively, updating them at

each spike to minimize the mismatch between the predictions and the data. Through

recursive estimation of the model, drift in the neuron’s dynamics is compensated. The

recursive estimation can be repeated multiple times to start with a realistic set of initial

conditions each time the estimation is repeated.

The recursive least square estimation of the parameters (i. e. the a′s and b′s) of

the equation 7.2 is performed following the formulation presented by [65]:

yi = Hk
−→x i + νi (7.3a)

(7.3b)

where yi represents ISI. −→x i is the vector of parameters

−→x i =
[
a1 a2 . . . am b1 b2 . . . bm.

]T
(7.4)

H is a matrix that contains the values of the ISIs and IDC(i) required to predict the

ISI, as indicated by equation 7.2. −→x i is recursively estimated.

The initial guess for each one of the a′s and b′s are stored in −→x 0 and their corre-

sponding variance in the matrix P0
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−→x 0 = E(−→x i), (7.5a)

P0 = E
[
(−→x −−→x 0) (−→x −−→x 0)

T
]
. (7.5b)

The recursive estimation is calculated using the kalman filter formalism:

Ki = Pi−1H
T
i

(
HiPi−1H

T
i +Ri

)−1
, (7.6a)

−→x i = −→x i−1 +Ki (yi −Hi
−→x i−1) , (7.6b)

Pi = (I −KiHi)Pi−1 (I −KiHi)
T +KiRiT

T
i . (7.6c)

The predicted ISI is calculated from equation 7.6b: predicted ISI = Hi
−→x i−1.

Figure 7.2 shows the measured ISIs from the [17] model and the predicted ISI using

the recursively fit ARX model. The details of the GACell model is included in B Panel

(a) shows the first nine spikes and panel (b) shows the main current applied to the

neuron (Isyn was applied but for clarity is not shown in this figure). The predicted ISI

was calculated as described by equation 7.6. m and n, which determines the number

of historical ISIs and applied currents, were arbitrarily set equal to 5. In panel (c) is

plotted the predicted ISIs and the measured ISI against spike number, and in panel

(d) is plotted the predicted ISI against the measured ISI, the Pearson R correlation is

0.9942.

It is interesting to note that while neurons are highly nonlinear, a simple linear

ARX model is able to describe more than 99% of the ISI variability as a function of the

applied current. The remaining 1% is related to the perturbation applied at different

phases at each ISI.

Figure 7.3 shows the actual and predicted ISIs and their correlation from a real

neuron. The details of the experimental preparation and patch clamp methods are

included in appendix A. In this case, the correlation coefficient between the predicted

and measured ISIs was 0.8346. The lower R value reflects noisy inputs and behavior of

real neurons that cannot be accounted for by the model. ISI prediction was performed

on 60 different cortical neurons. On more than 30 cells, the correlation coefficient was

higher than 0.5 (see figure 7.6). The remaining 30 cells did not fire periodically and

therefore a linear model could not provide highly accurate predictions.
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Figure 7.2: Recursive ISI estimation in a neuron model.
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Figure 7.3: Recursive ISI estimation in a pyramidal neuron.
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7.1.3 Calculating the neuron’s parameterized PRC

The previous section described how to calculate the predicted ISI as a function of the

applied current. In this section, we will relate the residuals of the predicted ISI from

the measured ISI to the time at which Isyn was applied.

The“spike time advance” (STA) will be used to refer to the difference between the

predicted and the measured ISI and “phase” (P ) will be used to refer to the ratio of

the time at which the synaptic input was applied (relative to the previous spike) to the

predicted ISI. Hence, P is bounded between 0 and 1.

In this section, the STA is calculated as a function of both the predicted ISI and

the phase of the applied stimulus. As described later, a polynomial function used to

fit the STA as a function of the predicted ISI and the stimulus phase. Because this

polynomial is two dimensional, it has a large set of independent variables, which can

vary by several orders of magnitude in their values. To produce more reliable results

than fitting the model using least square solution, the model was fit using the partial

least square regression (PLSR). PLSR is also useful when there is a large number of

variables and some variables are highly correlated. PLSR assumes that the response of

a system is governed by the interaction of latent variables that are hidden in the data

(predictor variables) [91]. Here, I use the SIMPLS algorithm [92] to infer the latent

variables as a linear combination of inputs to the system.

The PLSR model is fit as follows: If you have a set of n observations −→y n×1 and a set

of input variables Un×m (where each row in U represents the variables that determine

yi), the SIMPLS algorithm finds a vector
−→
β m×1 such that yi = Ui×m

−→
β m×1. i. e. the

SIMPLS algorithm finds the best linear combination of the predictor variables across

observations to describe the response of the system.

Here, the predictor variables used to calculate the STA are the na recursive terms

of the STA, i. e. the historical values of STA used to calculate the new STA and the

product of the phase (P ) and the predicted ISI (ISIpred). If na > 0, then the first na

components of Ui×m are:

Ui,1:na = STAi−1 STAi−2 · · · STAi−na. (7.7)

The product of the phase and the predicted ISI are calculated taking the power of
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each variable from 0 to np and considering the nb historical values. For example, if

np = 2 and nb = 2, then the remaining terms on (U) are

Ui,na+1:m =
[Yi, Y

2
i , Pi, PiYi, PiY

2
i , P

2
i , P

2
i Yi, P

2
i Y

2
i , ;

Yi−1, Y
2
i−1, Pi−1, Pi−1Yi−1, · · ·P 2

i−1Y
2
i−1].

(7.8)

where Y = ISIpred and m is the number of predictor variables considered for the

calculation of the STA. m is given by

m = na+ nb× ((np+ 1)2 − 1). (7.9)

Figure 7.4 shows the estimated PRC for the neuron model used in figure 7.2. Here,

np = 3, na = 0, and nb = 1. This method is able to make predictions with a correlation

coefficient of 0.8477 across different firing rates. Also note that the obtained model is

able to detect differences in PRCs at different firing rates (Panels (c) and (d)).

Figure 7.5 shows the corresponding PRC for the pyramidal neuron used in figure

7.3. For this model, the parameters were set at np=3, na=0, and nb=1, as it was done

with the neuron model. In this experiment, the correlation coefficient of the predicted

and observed STA was 0.6326 across different firing rates. Notice how dramatically the

estimated PRC changes as a function of the firing rate.

Finally, figure 7.6 summarizes the results obtained from 60 pyramidal neurons. For

each neuron, first an adaptive ARX model was fit to the data to infer the unperturbed

ISI. The correlation coefficient (RARX) between the predicted and observed ISI is plotted

in blue. The correlation coefficient between the predicted and the observed STA is

shown in green (RPLSR). The cumulative prediction (Rt = RARX +(1−RARX)RPLSR)

is shown in red. In more than 30 cells, the parameterized PRC model can account for

more than 80% of the variability of the data.

It is important to mention that in more than half of the recorded neurons, the cells

missed spikes, meaning than more than 10% of the recorded ISIs had a value at least

twice than expected. This atypical behavior was not accounted for in our model, which

explains neurons with the lowest total R values shown in figure 7.6.
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Figure 7.4: Parameterized PRC in a neuron model.
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Figure 7.5: Parameterized PRC in a pyramidal neuron.
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Figure 7.6: Parameterized PRC in 60 pyramidal neurons: summary results.

7.1.4 Discussion

The traditional PRC method quantifies the relationship between the point in phase at

which perturbations are applied and the corresponding change in spike time. Here, we

introduce a method that allows us to estimate, in the same experiment, the PRC as a

function of a second variable. The second variable used in these experiments was the

firing rate. The main reason to select the firing rate as a second variable is because in

seizures the firing rate of the neuron can vary dramatically and we hypothesize this is

important in determining the synchronizability of a network. The approach used here

is to induce different ISIs by changing the applied constant current at each spike time,

then a synaptic input is applied on each cycle.

To induce the change in the ISI, the applied current is varied around a mean value.

The mean current can be calculated from a firing rate vs applied current (F-I) curve.

The selected value should make the cell fire in the vicinity of the firing rate of interest.

The change in current applied at each spike time will enable a linear (ARX) model of

the firing rate as a function of the applied current to be obtained, which will in turn be
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used to prewhiten the data.

The analysis has 2 stages: 1) a recursive linear model is fit to predict the ISIs. 2)

the mismatch between the predicted and measured ISI is modeled as a function of both

the ISI and the phase.

By fitting the ISI prediction model recursively, the parameters can evolve over the

experiment to account for non-stationaries in the neuron. The STA is calculated as the

mismatch between the predicted and measured ISIs (the residuals). In both compu-

tational models and in real neurons, we found that much of the spike time variability

could be explained by these models. It is surprising to us just how well this linear model

can predict the spike times of the highly non-linear neuron.

Then, we use a polynomial combination of the phase and the ISI to describe the

STA. i. e., this stage fits the residuals of the previous stage to a model. The resulting

model corresponds to the neuron’s PRC.

The predictive power of this method is quantified by the correlation coefficient of

the predicted and measured STA. Figure 7.6 shows that in more than 50 cells (83.3 %

of the data), the fitting was able to describe more than 60% of the total variance of the

experimental data. The data from the remaining 10 cells come from non-regular spiking

cells.

The obtained PRCs have the typical shape of the curves obtained by traditional

methods, which implies that this method is, at least, qualitatively similar. The PRCs

calculated from the computational model and the cortical neuron (panel d) of figures

7.4 and 7.5) show that the PRC skews toward the right and the peak goes higher as

the mean ISI increases (firing rate decreases). This qualitative behavior is also reported

by Gutkin, et. al. [82] in a computational model of excitatory neurons. They suggest

that the displacement of the peak to the right as the ISI decreases is a consequence

of slowly adapting potassium currents that cause the cell’s firing rate to change. The

adaptation current is maximum shortly after an action potential and suppresses the

effect of synaptic inputs. The adaptation current deactivates later in the ISI, so the

effect of transient inputs reach its maximum close to the end of the ISI. As the ISI

decreases the suppressing effects of the adaptation current is present for a larger portion

of the phase.
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Network simulations indicates that synchrony depends on the firing rate. This mod-

ulation of synchrony is mediated by changes in the shape of the PRC at different firing

rates. Neurons with PRCs that only have phase advance show increased synchrony with

increasing firing rate, while neurons with PRCs with both phase advance and delays

decrease synchrony with increasing firing rates [93]. This method for measuring PRCs

presented here makes it possible to measure PRCs at different firing rates in the same

experiment. It may be useful to experimentally validate how synchrony depends on

firing rate.

Furthermore, this method can be used to study the effect of antiepileptic drugs,

which may affect neurons at high firing rates more than at low firing rates.

This method can also be extended to relate the STA to other variable besides firing

rate. It is also possible to extend this formalism to relate the STA to 3 or more variables.

A natural selection for the third variable would be the intensity of the perturbation

applied in addition to the phase and ISI of the neuron.

7.2 Method 2: Infinitesimal Transient PRC

Spike time advances to a synaptic stimulus measured experimentally are noisy. Two

common sources of noise are synaptic inputs and stochastic fluctuations of the neuron’s

ion channels [94]. The effects of these sources of noise can be minimized by using long

recordings and averaging the response to the stimulus applied many times. Hence, the

neuron is required to fire reliably for long periods. However some cells have strongly

accommodating currents and therefore can’t fire reliably for long periods. This has in

the past practically limited the kinds of neurons that we can estimate PRCs from.

Fortunately, there are different ways to produce spikes reliably. When a current

above threshold is briefly applied (hundreds of ms), most neurons will fire reliably for

a few spikes [95]. Then, by turning off the current, the neuron can recover. Hence, a

square wave current can be used to induce a reliable train of spikes. 1

However, because the interspike interval changes over the first few spikes after the

onset of a current step, it is difficult to determine a-priori the expected ISI required to

1 A square wave is a signal that alternates between a constant amplitude and zero with a given
period. The percentage of the period that the signal remains in the non-zero value at each period is
called “duty cycle”.
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determine the stimulus phase, as was needed in the previous method. An alternative

approach is to use a continuous stimulus waveform over the ISI and then use linear

algebra methods for extracting the PRC given the measured spike time advances. One

commonly used stimulus waveform for estimating linear systems is Gaussian white noise

(GWN). While this approach works well in theory, in practice it has been found to be

numerically unstable. Using regularization methods it is possible to overcome these

numerical problems. In this section, we propose to use a GWN stimulus waveform in

conjunction with the current step to estimate the transintly changing PRCs.

Algorithmically, this method is summarized as follows:

• A step current is applied repeatedly to cortical neurons and a low-pass filtered

white noise current is added to the step current.

• The stimulus is repeated m times and the corresponding voltage trace is recorded.

• On each one of the m cycles there are at least n spikes, resulting in n− 1 ISIs.

• The change in the spike time is related to the applied noise through an ill-posed

linear system. This system is solved for by using regularization techniques.

• Once the model is fit, it is validated by comparing the predictions with the mea-

sured STA.

The rationale of this model is that if the PRC for a neuron exists (which is unknown

and is to be determined), the applied noise acts as a transformation matrix of the PRC

to obtain the STAs. Hence, as the applied noise and the measured STAs are known,

the problem is then to use linear algebra to solve for the PRC. The solution to this

system requires regularization techniques because the pseudo-inverse is highly sensitive

to noise. This results in a PRC for each ISI following the onset of the current step.

Therefore it results in a family of PRCs PRCk, where k indicates the PRC for the k’th

ISI following the current step onset. We will call these PRCs transient PRCs because

they change over time. At some point, the neuron’s firing rate stabilizes and the ISI’s

may be combined together to estimate the steady state PRC, PRCSS . The resulting

PRCs are independent of the stimulus waveform used. Therefore, they are considered

infinitesimal PRCs, iPRCs, which predicts the neuron’s response to an infinitesimally

short input, or delta function.
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The method has been outlined earlier [94], but in practice it has been found that

estimating PRCs this way is numerically unstable. Here I introduce the use of regular-

ization techniques to improve the estimated PRCs. I also apply this method to measure

PRC’s from non-regular spiking neurons, to measure higher order PRC’s and to measure

the PRC from consecutive ISIs on a train of spikes.

The following sections describe the experiment and the analysis performed to obtain

the model. Figures 7.9 and 7.10 show the estimated PRCs by solving the linear equation

using the pseudo-inverse and regularization methods.

7.2.1 Experiment

In this section, we describe the stimulus waveform and the protocol for measuring the

transient infinitesimal PRCs from neurons, as depicted in Figure 7.7. Here, the current

is applied to a model neuron [17]. The constant current was selected to makes the cell

fire at an average of 90 ms. Then, a low-pass filtered version of white noise is added

to the constant current. The amplitude of the noise is set between 1 and 5 % of the

constant current. A train of 49 repetitions, with a length of 1.5 s and a duty cycle of

70%, was applied to the model (panel a). Notice that the model fired at least 13 spikes

on each one of the 49 repetitions (panel c) and that the average ISI for each one of the

13 individual ISIs across the 49 cycles settles after a transient that lasts a few spikes

(panel d).

Figure 7.8 shows the experimental results from a cortical neuron. The mean value

of the applied current makes the cell fire at an average of 100 ms (after the transient).

The low pass white noise current was added to the constant current and a train of 51

cycles of 1.5 s and a duty of 70% was applied to the neuron. Each one of the 51 cycles

had at least 8 spikes. However, in most of the cycles the neuron responded firing 10

spikes (panel c).

7.2.2 Analysis

The goal of the analysis is to determine how the noisy current modulates the neuron’s

firing rate. This analysis is done by relating the noisy current to the change in ISIs

across cycles.
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Panel (a) shows 5 of the 49 steps of current that were applied to the mathematical neuron model used [17].
Panel (b) shows the corresponding voltage trace obtained. Panel (c) shows the distribution of spikes across
cycles. Black line on panel (d) shows the average ISI of each one of the first 13 spikes on the 49 cycles, gray

area indicates the ± 2 standard deviation band and the wide black line marks the last ISIs that are considered
stationary used to calculate the steady state PRC, PRCSS .

Figure 7.7: Current-step response of a neuron.

For each experiment, the cell receives m steps of current and it fires at least n times,

i. e. each cycle has at least n− 1 ISIs. Here, it is assumed that the neuron’s dynamics

do not change over the duration of the experiment. As the applied current goes to

zero before each cycle, it is also assumed that the effect of the neuron’s accommodation

current is reset before each cycle. Hence, the observed variability in the k’th ISI across

repetitions is mainly caused by the application of the noisy current. Then, the average

ISI is calculated for each one of the n − 1 ISIs. The STA is calculated by subtracting

the average ISI < ISIk > for each interval. This generates n − 1 STA vectors with a

length of m each.

Because the ISI varies in length, the stimulus waveform also varies in length. To

normalize the stimulus length, the noisy current resampled into b samples by cubic

spline interpolation, as indicated in panel (a) of figures 7.9 and 7.10. The stimuli can

then be concatenated in a matrix R that is m× b. Then, the relationship between the

STA of the k’th spike following the current step onset, the PRC and the applied noise

is:

−→
S k = Rk

−→
P k, (7.10)
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Panels (a) to (c) as indicated in 7.7. Panel (d) shows the average ISI of each one of the first 8 spikes on the 51
cycles, gray area indicates the ± 2 standard deviation band and the wide black line marks the last ISIs that are

stationary.

Figure 7.8: Current-step response of a neuron.

where
−→
S k is a vector of length m that contains all the STA’s. Rk is a matrix that is

m× b, where each row corresponds to the resampled stimulus waveform.
−→
P k is a vector

of length b corresponding to the PRC (to be determined). Notice that the number of

bins (b) used in the downsampling of the stimulus waveform determines the resolution

of the PRC. For readability, we will omit the subscript k on these equations for the

remainder of the chapter, except where needed for clarity.
−→
P can be solved from equation 7.10 by calculating the pseudoinverse of R. However,

because the stimuli used are random the matrix R is ill-conditioned. Hence, the obtained

solution is highly sensitive to noise. In the first section, we will show the results obtained

by using the pseudoinverse, in the next section we will show how estimates of the PRC

can be improved by using regularization techniques.

Pseudoinverse

First,
−→
P was solved from equation 7.10 by calculating R’s pseudoinverse

−→
P =

(
RTR

)−1
RT−→S (7.11)

As this approach allows us to calculate independent PRCs for each one of the n− 1

ISIs in the spike train, the n−1 PRCs for each experiment were calculated, as indicated
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in the left graph of panel (b) on figures 7.9 and 7.10 for the computational model and

the cortical neuron, respectively. This figure also shows the average PRC calculated

from the last ISIs when the neuron has approached a stationary firing rate by using all

the intervals indicated by the dark line in panel (d) of Figures 7.7 and 7.8. The average

PRC was calculated by concatenating the
−→
S ’s and R’s included in the calculation. The

resulting PRC (
−→
P̂ ) can then be used to estimate the STA given the stimulus waveform:−→

Ŝ = R
−→
P̂ .

The PRC was validated by comparing the measured spike advance
−→
S to the predicted

spike advance
−→
Ŝ , calculated from the input and the estimated PRC,

−→
P̂ . The correlation

coefficient between the predicted (
−→
Ŝ ) and the measured STA (

−→
S ) was used to quantify

the accuracy of the prediction and is shown in panel (c) of figures 7.9 and 7.10. To test

the robustness of the method to predict
−→
S , a new

−→
P75 was calculated using only the

75% of the m STA’s for each one the n− 1 ISIs (minimizing the within sample error).

Then, the obtained
−→
P was used to predict

−→
S for the remaining 25% of the samples (out

of sample data). The average R value was estimated through a 100 fold bootstrap. The

average correlation coefficient between the predicted and measured STA is also shown

in panel (c) of figures 7.9 and 7.10; notice how dramatically the correlation coefficient

drops when
−→
P75 is used to predict the out of sample data, especially for the data from

a real neuron. This indicates that the pseudoinverse 1) overfits the data and, 2) it is

highly susceptible to noise.

The STA is also affected by perturbations applied to the neuron in the previous

interval. Hence, a PRC considering the stimulus applied over the ISIs, ISIk and ISIk−1

can be used. We will indicate this PRC as
−→
P 2. Considering the past two ISIs it is only

possible to calculate n − 2
−→
S 2’s (the first ISI has no preceding spikes, so it was not

included). In this case, R has 2b columns, because it includes the sampled current from

both the previous and the actual period.
−→
P 2 was solved using equation 7.11 and the

same robustness analysis mentioned above was performed for this 2-periods
−→
P . The

calculated and average
−→
P 2 is shown in the left figure of panel (d) on figures 7.9 and 7.10

for the computational model and the cortical neuron, respectively. Panel e) shows the

correlation coefficients obtained from:

1. Comparing the measured and predicted
−→
S 2 when all the data is used to calculate

−→
P 2
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2. Averaging the 100 correlations obtained when comparing the measured
−→
S 2 with

their predictions on the out of sample data when
−→
P 2 was estimated in the within

data.

The correlations obtained when the measured STA is compared with its estimation

based on 1) using the entire data to make the prediction and 2) using the average for

the in-sample and out-of-sample results, shown in panel (e) of figures 7.9 and 7.10.

Regularized solution: truncated singular value decomposition (TSVD)

While the PRCs calculated by the pseudoinverse method (figures 7.9 and 7.10) can

explain most of the variance in the STA (R>0.95) for in-sampled data, the resulting

PRC looks very noisy. In fact, each value of the PRC has a different sign than the

preceding phase and the absolute values are rather large, indicating that the calculation

7.10 is an ill-posed system. In ill-posed systems, i. e. systems highly susceptible to

noise, equation 7.10 can be solved more robustly by adding a constraint. When no

a priori information is known about the solution i. e.,
−→
P , a common constraint is

to assume that the absolute values of each point in the solution should be minimum

(minimum norm constraint). This goal can be achieved using regularization techniques

[96, 97]. There are different regularization techniques. Here, the truncated singular value

decomposition (TSVD) method is used (see appendix D for a graphical explanation of

the method).

Roughly speaking, the solution to the problem

min‖
−→
P ‖ subject to min‖R

−→
P −

−→
S ‖ (7.12)

can be obtained by the factorizing R into its singular value decomposition

R = UΣVT =
b∑
i=1

−→uiσi−→vi T , (7.13)

where the matrices U = −→u 1, . . . ,
−→u b and V = −→v 1, . . . ,

−→v b have orthonormal columns,

known as left and right singular vectors, respectively, and Σ = diag(σ1, . . . , σb) contains

the singular values of R on the diagonal.

The singular values of R are ordered such that

σ1 ≥ σ2 ≥ . . . ≥ σν ≥ 0. (7.14)
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Comparison between the PRCs calculated by the pseudo-inverse method and by using
regularization techniques.

Panel (a) shows the applied current to the computational model (black line) and its discretized version (gray
line). Left plot in panel (b) shows in gray the individual PRCs calculated for each spike by the pseudoinverse

method. The black line shows the PRC considering the lasts spikes with the same ISI, also using the
pseudoinverse method. The plot on the right shows the individuals (gray line) and global PRC (black line)

using the truncated singular value decomposition method. Panel (c) shows the correlation coefficient obtained
when the predictions of the spike time advance are compared to the experimental data. Here, the predictions
are calculated on the in-sample predictions (100% training) vs the out-of-sample predictions (75% training).

Panels (d) and (e) shows respectively the PRCs and their correlations when the PRC was calculated
considering the actual and the previous ISI.

Figure 7.9: Infinitesimal transient PRC estimation in a computational neuron model.
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Data obtained from a pyramidal neuron located in the hippocampal formation. Results are from the same
neuron presented in Figure 7.8. Panels as labeled in figure 7.9.

Figure 7.10: Infinitesimal transient PRC estimation in a cortical neuron.
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The solution to equation 7.12, given the singular value decomposition of R (equation

7.13), is:

−→
P k,l =

l∑
i=1

−→u Ti
−→
S k

σi

−→v i. (7.15)

When l = b, this solution is the same as the pseudoinverse method resulting in
−→
P k

However, in ill-posed systems, the left and right singular vectors −→ui and −→vi tend to have

more sign changes in their elements as the index l increases. As the singular values of R

are ordered from major to minor, and as the index increases, the numerical value of σi

decreases. Hence, we can see from equation 7.15 that the vectors with higher indices i

used in the reconstruction of P amplifies the change of sign that are already present both

in the left and right singular vectors −→ui and −→vi . This is due to the fact that σi appears

in the denominator of equation 7.15. Hence, truncating equation 7.15 to an appropriate

value of l eliminates the noisier components of −→ui and −→vi . This truncation makes the

solution more robust to noise. The trade-off is between in-sample predictive power and

model robustness to noise, which may increase out-of-sample predictive power.

To determine the number of singular values to include, P was calculated using

equation 7.15 for l = 1, 2, . . . b. P was estimated using 75% of the data and used to

predict the remaining 25% of the data (out-of-sample testing). To estimate the accuracy

of the prediction, the correlation coefficient between the predicted and measured STA

was calculated. This procedure was repeated 100 times and the correlation coefficients

were averaged for each value of l. Figure 7.11 shows the correlation coefficient between

the predicted and measured STA as a function of the number of singular values used

to calculate P . Notice that first six singular values are critical in making accurate

predictions, but including higher singular values degrade the prediction.

The optimal value of the number of bins, b, to use can be empirically estimated

by: 1) calculating the PRC using the in-sample data and predicting the corresponding

STA in the out-of-sample data; 2) calculating the correlation coefficient between the

predicted and the measured STA; 3) repeating this procedure (here, we repeated the

estimations 100 times) using a different in-sample and out-of sample data and averaging

the correlation coefficient; 4) repeating the previous steps for each one of the different

values of b being tested; and 5) then, the optimal value of b is chosen from the highest

correlation coefficient between the predicted and measured STA.
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Figure 7.11: Out-of-sample comparison between predicted and measured STA.

Figures 7.9 and 7.10, show the corresponding PRCs calculated for a computational

neuron model and for a cortical neuron, respectively. Notice that the pseudo-inverse

method has a higher predictive value than the TSVD for in-sample prediction errors.

This is observed in all the four scenarios: computational neuron model using one (0.9550

vs 0.9370) and 2 cycles (0.9860 vs 0.9690), and cortical neuron, using one (0.9760 vs

0.8470) and 2 cycles (0.9999 vs 0.7800). However, for out-of-sample prediction errors,

TSVD method outperforms the pseudo-inverse in the all 4 scenarios: computational

neuron model using one (0.9260 vs 0.9210) and 2 cycles (0.9700 vs 0.9640), and cortical

neuron, using one (0.8000 vs 0.7190) and 2 cycles (0.6840 vs 0.6050).

Finally, Figure 7.12 shows the summary results from 30 neurons where the TSVD

method was used to calculate the PRC. The figure shows the correlation coefficient

between the predicted and measured STA when the PRC was calculated considering

the perturbations in current (one cycle)
−→
P and the previous two cycles,

−→
P 2. As it can

be seen, in some of the neurons where the Pearson’s R is around 0.5, inclusion of the
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stimulus waveform from the previous cycle improved the prediction above 0.6, indicating

that there are long term effects of the stimulus. While these correlation coefficients are

significantly above chance (p-value � 0.05), the neurons selected for these experiments

were non-regular spiking cells (coefficient of variation > 0.2) for which the traditional

PRC methods could not be applied.
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Correlation coefficient between the predicted and the experimental spike time advance in 30 cortical neurons.
The spike time advance was calculated using the PRC obtained by the truncated singular value decomposition

method.

Figure 7.12: Infinitesimal transient PRC in 30 cortical neurons: summary results.

7.2.3 Discussion

This method was designed to measured the PRC under transient conditions in non-

regular spiking neurons. We take advantage of the fact that even non-regular spiking

cells fire reliably for a few spikes at the onset of a step current. The reliability of the

spike times is randomized by adding noise. Then, the PRC is estimated by relating the

change in spike times to noisy stimulus waveform.

Neuron’s response to noise vary. Each neuron has a preferred frequency band for

which it is sensitive to inputs [98]; this is determined by the passive and active proper-

ties of the neuron’s membrane [99]. So, the spectral characteristics of the noise used to

characterize the neuron’s response can affect the outcome of the estimated PRC. High

frequency noise may have negligible effect on the change in the spike times because of

the neuron’s temporal filtering properties. Stimulus waveforms matched to the neuron’s
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preferred frequencies could be optimal in terms of perturbing the spike times with min-

imal energy [100]. Hence, we hypothesize that the spectrum of the applied noise can be

optimized for each neuron to recursively improve our estimates of the PRC. Further-

more, once the optimal frequency characteristics for each neuron has been determined,

each noise realization preceding each spike can be optimized to generated a matrix R

with a better condition number (i. e., so that the estimate of P is not an ill-posed

problem). In the results presented here, the noise frequency was not optimized, but this

is a potential approach to improving the results.

The next problem to overcome is how to relate the noise to the change in the spike

times. To this end, the noise applied to the neuron over the phase was resampled into b

bins. Hence, b determines the resolution of the PRC. Increasing the size of b increases

the number of estimated points in the PRC from the same set of data. For each one of

the 30 neurons reported in this method, b was discretized using 10 different values. We

found that in most of the cells, setting b > 50 did not improve the prediction power in

the out-of sample data. The measurements of the voltage trace and applied current were

obtained at 5 kHz, but the optimal value of b may change with the sampling frequency,

firing rate of the neuron and many other variables.

The relationship between the applied noise and the change in the spike time is

given by the equation 7.10. The PRC calculated using the pseudo-inverse of R had high

predictive power when tested on in-sample data, but had limited power for out-of-sample

data. Using the regularization technique, Truncated Singular Value Decomposition,

reduced the predictive power on the in-sample data, but significantly improved the

power for out-of-sample data. It can also bee seen that the shape of the estimated PRC

using the TSVD method looks more like the PRCs calculated using more traditional

methods.

Higher order PRCs that include the stimulus from this and previous ISIs also im-

proved the prediction power. For regular-spiking neurons (coefficient of variation< 0.18)

we found high predictive power using one cycle and the addition of the the previous

cycle did not significantly add to the predictive power. However, for non-regular spiking

neurons, using the information from 2 cycles to calculate the PRC significantly improved

the predictive value of the model.
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7.3 Conclusion

Most existing methods used to measure PRCs experimentally rely on periodically firing

neurons. However, even regular spiking neurons present variations in their period.

Furthermore, some neurons have strong accommodation currents, causing changes in

their firing rate. This variability in spike time can be seen as an experimental nuisance,

or it can be seen as an interesting dynamic of the neuron that should be modeled. A

model that can describe the neuron’s PRC as firing rate changes can be important in

understanding network dynamics during transient conditions.

Here, we have introduced two new methods that allow to extract PRC under varying

conditions. The first method presented in this chapter was designed to calculate the

PRC as a function of different firing rates. It takes advantage of the fact that the

interspike interval can be predicted using an adaptive linear model using the history

of the ISI’s and stimulus inputs. The PRC can then be measured as the advance of

the neuron’s spike time from the expected ISI given the stimulus phase. The main

contributions of this method is that it allows us to determine the neuron’s PRC as a

function of the firing rate. This method can easily be extended to estimate the PRC as

a function stimulus phase and another variable, like stimulus amplitude.

For neurons that are not regular spikers, we have developed another method of

estimating PRCs. This method utilizes the fact that many irregular spiking neurons

fire a few reliable spikes at the onset of a step current. These highly reliable spike

times can be randomized by adding a noise to the step current. The variability in

ISIs caused by the applied noise stimulus across trials can be used to estimate the

infinitesimal PRC. However, determining the PRC this way is an ill-posed problem (i.

e., it is highly susceptible to noise). By using regularization techniques, PRCs can be

estimated that make accurate predictions about the next spike times given the input

waveforms. Because short current steps are used to stimulate the neuron, this method

can be used to estimate PRCs under transient conditions, such as found during a burst

of synaptic inputs as seen in epileptiform activity. We propose to use this method in

future studies to understand the effects of anti-epileptic drugs on population synchrony

in transient epileptiform activity.

Both methods presented in this chapter could be combined to measure PRCs from
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regular spiking neurons under transient conditions at different firing rates.

Our final observation from applying these two methods to real neurons is that the

higher order PRCs can improve the predictive power of the model. This confirms ob-

servations by other groups [101, 102, 103, 104]. The increased modeling accuracy may

also improve the sensitivity of this method for detecting changes in neuronal dynamics

caused by drugs or other perturbations to the neuron.
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[54] D.O. Olgúın, FB Lara, and SO Mart́ınez-Chapa. Adaptive notch filter for EEG

signals based on the LMS algorithm with variable step-size parameter. In Proceed-

ings of the 39th International Conference on Information Sciences and Systems.

Citeseer, 2005.

[55] A. Capasso, A. Cavallini, AE Emanuel, M. Halpin, A. Imece, A. Ludbrook,

G. Montanari, KJ Olejniczak, P. Ribeiro, S. Rios-Marcuello, et al. Time-varying

harmonics: Part I-characterizing measured data. IEEE Transactions on Power

Delivery, 13(3), 1998.

[56] Katsuhiko Ogata. Modern control engineering. Prentice Hall, Upper Saddle River,

N.J., 3rd ed edition, 1997.

[57] Ernest O Doebelin. Measurement systems: application and design. McGraw-Hill,

Boston, 5th ed edition, 2004.

[58] K. Gopal Gopalan. An introduction to signal and system analysis. Cengage Learn-

ing, Toronto, ON, 2009.

[59] John G Proakis, Dimitris G Manolakis, and John G Proakis. Digital signal pro-

cessing: principles, algorithms, and applications. Macmillan, New York, 2nd ed

edition, 1992.

[60] G Bard Ermentrout, Roberto F Galán, and Nathaniel N Urban. Relating neural

dynamics to neural coding. Phys Rev Lett, 99(24):248103, Dec 2007.

[61] T.I. Netoff, M.I. Banks, A.D. Dorval, C.D. Acker, J.S. Haas, N. Kopell, and

J.A. White. Synchronization in hybrid neuronal networks of the hippocampal

formation. Journal of neurophysiology, 93(3):1197, 2005.

[62] Steven J. Schiff. Neural Control Engineering: The Emerging Intersection Between

Control Theory and Neuroscience. The MIT Press, 2011.



127

[63] S.J. Julier, J.K. Uhlmann, and H.F. Durrant-Whyte. A new approach for filtering

nonlinear systems. In American Control Conference, 1995. Proceedings of the,

volume 3, pages 1628–1632. IEEE, 1995.

[64] S.J. Julier and J.K. Uhlmann. A new extension of the kalman filter to nonlinear

systems. In Int. Symp. Aerospace/Defense Sensing, Simul. and Controls, volume 3,

page 26. Citeseer, 1997.

[65] D. Simon. Optimal state estimation: Kalman, H∞ and nonlinear approaches.

Wiley-Interscience, 2006.

[66] Henning U. Voss and Jens Timmer. Nonlinear dynamical system identification

from uncertain and indirect measurements. International Journal of Bifurcation

and Chaos, 14(6):1905–1933, 2004.

[67] G. Ullah and S.J. Schiff. Tracking and control of neuronal Hodgkin-Huxley dy-

namics. Physical Review E, 79(4):40901, 2009.

[68] E.M. Izhikevich. Dynamical systems in neuroscience: The geometry of excitability

and bursting. The MIT press, 2007.

[69] C.K. Wikle and L.M. Berliner. A Bayesian tutorial for data assimilation. Physica

D: Nonlinear Phenomena, 230(1-2):1–16, 2007.

[70] R. Pozo. Template numerical toolkit for linear algebra: High performance pro-

gramming with c++ and the standard template library. International Journal of

High Performance Computing Applications, 11(3):251–263, 1997.

[71] R. Kandepu, L. Imsland, and B.A. Foss. Constrained state estimation using the

unscented kalman filter. In Control and Automation, 2008 16th Mediterranean

Conference on, pages 1453–1458. IEEE, 2008.

[72] J.M. Bower, D. Beeman, and A.M. Wylde. The book of GENESIS: exploring

realistic neural models with the GEneral NEural SImulation System. Springer

New York:, 1998.

[73] B.W. Connors and M.J. Gutnick. Intrinsic firing patterns of diverse neocortical

neurons. Trends in neurosciences, 13(3):99–104, 1990.



128

[74] H.L. Bryant and J.P. Segundo. Spike initiation by transmembrane current: a

white-noise analysis. The Journal of physiology, 260(2):279, 1976.

[75] Z.F. Mainen and T.J. Sejnowski. Reliability of spike timing in neocortical neurons.

Science, 268(5216):1503, 1995.

[76] J.S. Haas and J.A. White. Frequency selectivity of layer ii stellate cells in the

medial entorhinal cortex. Journal of neurophysiology, 88(5):2422–2429, 2002.

[77] O.C. Zalay, D. Serletis, P.L. Carlen, and B.L. Bardakjian. System characterization

of neuronal excitability in the hippocampus and its relevance to observed dynamics

of spontaneous seizure-like transitions. Journal of neural engineering, 7:036002,

2010.

[78] U. Lu, D. Song, and T. Berger. Nonlinear dynamic modeling of synaptically driven

single hippocampal neuron intracellular activity. Biomedical Engineering, IEEE

Transactions on, (99):1–1, 2011.

[79] S.R. Williams and S.J. Mitchell. Direct measurement of somatic voltage clamp

errors in central neurons. Nature neuroscience, 11(7):790–798, 2008.

[80] P.J. Uhlhaas and W. Singer. Neural synchrony in brain disorders: relevance for

cognitive dysfunctions and pathophysiology. Neuron, 52(1):155–168, 2006.

[81] A.D. Reyes and E.E. Fetz. Effects of transient depolarizing potentials on the firing

rate of cat neocortical neurons. Journal of neurophysiology, 69(5):1673–1683, 1993.

[82] B.S. Gutkin, G.B. Ermentrout, and A.D. Reyes. Phase-response curves give the

responses of neurons to transient inputs. Journal of neurophysiology, 94(2):1623–

1635, 2005.

[83] T.I. Netoff and S.J. Schiff. Decreased neuronal synchronization during experimen-

tal seizures. The Journal of neuroscience, 22(16):7297–7307, 2002.

[84] B. Ermentrout. Simulating, analyzing, and animating dynamical systems: a guide

to XPPAUT for researchers and students, volume 14. Society for Industrial Math-

ematics, 2002.



129

[85] B. Torben-Nielsen, M. Uusisaari, and K.M. Stiefel. A comparison of methods to

determine neuronal phase-response curves. Frontiers in neuroinformatics, 4, 2010.
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Appendix A

Experimental preparation

All experiments were performed following approved guidelines from Research Animal

Resources of the University of Minnesota. Long Evans rats 14-21 days old of either sex

were deeply anesthetized with isofluorane and decapitated. The brains were removed

and placed into chilled artificial cerebral spinal fluid (ACSF) containing (in mM): 126

NaCl, 25 NaHCO3, 25 glucose, 1.25 NaH2PO4 ·H2O, 2.5 KCl, 1 MgCl, and 2 CaCl2.

Slices of 400 µm thickness were cut using a vibratome and perfused with ACSF. The

slices were aerated with O2 and kept at 37◦ C until use.

Patch clamp electrodes (6-10 MΩ) were pulled from borosilicate glass (Micro-pipette

Puller: Sutter Instrument P-97) and filled with (in mM) 120 K−gluconate, 20 KCl, 10

Hepes, 0.2 EGTA, 2 MgCl2 , 4 Na2−ATP , 0.3 Tris−GTP and 7 Na2−phoscreatine.
Pyramidal cells in the hippocampal formation were whole-cell patched and recorded

using a current clamp amplifier (Axon Instruments, MultiClamp 700B). Data acquisi-

tion, was implemented using a real-time Linux-based system [49] called RTXI (Real-

Time eXperiment Interface), sampling at 8 kHz. RTXI allows implementation of com-

plex closed-loop protocols running in hard real-time and is publicly available (http:

//www.rtxi.org).
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Appendix B

GACell

Here is described the computational model called “gacell”. The reference for this section

is [17].

Next table shows the parameters and their default values:

The single-cell dynamics is described by a single-compartment Hodgkin-Huxley type
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model with the use of a set of coupled differential equations.

B.1 Current balance equation

C
d

dt
V (t) = −INa (V, h)−INaP (V )−IKdr (V, n)−IKA (V, b)−IK,slow (V, z)−IL (V )+Iapp

(B.1)

C = 1 µF
cm2 where C is the membrane capacitance and V (t) is the membrane potential

of a neuron at time t. The right side incorporates an applied current Iapp, and the

following intrinsic currents: the fast sodium current INa, the persistent sodium current

INaP , the delayed-rectifier potassium current IKdr, the A-type potassium current IKA,

the slow potassium current IK,slow, and the leak current IL.

The slow potassium current in the model represents potassium currents with kinetics

slower than the action potential time scale, i. e. with activation time in the order of

several tens to hundred of milliseconds. These currents are either calcium dependent,

such as IC and IAHP , or voltage dependent, such as IM . They are responsible for the

adaptation in regular spiking cortical cells

B.2 Intrinsic currents

B.2.1 Sodium current INa

INa (V, h) = gNam
3
∞h (V − VNa) (B.2a)

d

dt
h =

h∞ − h
τh

(B.2b)

m∞ =
1

1 + e
−V − θmσm

(B.2c)

h∞ =
1

1 + e
−V − θhσh

(B.2d)

τh = 0.37 + 2.78
1

1 + e
−V − θhtσht

(B.2e)

gNa = 24 mS
cm2 , VNa = 55 mV , θm = −30 mV , σm = 9.5 mV , θh = −53 mV ,

σh = −7 mV , θht = −40.5 mV , σht = −6 mV . The function h∞ is shifted to the right
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on the voltage axis to enable the model to replicate the current-clamp current injection

experiments. Gating kinetics has been adjusted to 36◦C.

B.2.2 Sodium current INaP

INaP (V, h) = gNaPP∞ (V − VNa) (B.3a)

p∞ =
1

1 + e
−
V − θp
σp

(B.3b)

gNaP = 0.07 mS
cm2 , θp = −40 mV , σp = 5.0 mV .

B.2.3 Delayed rectifier potassium current IKdr

IKdr (V, n) = gKdrn
4 (V − VK) (B.4a)

d

dt
n =

n∞ − n
τn

(B.4b)

n∞ =
1

1 + e
−V − θnσn

(B.4c)

τn = 0.37 + 1.85
1

1 + e
−V − θntσnt

(B.4d)

gKdr = 3 mS
cm2 , VK = −90 mV , θn = −30 mV , σn = 10 mV , θnt = −27 mV ,

σnt = −15 mV .

B.2.4 A-type potassium current IKA

IKA (V, b) = gKAa
3
∞b (V − VK) (B.5a)

d

dt
b =

b∞ − b
τb

(B.5b)

a∞ =
1

1 + e
−V − θaσa

(B.5c)

b∞ =
1

1 + e
−V − θbσb

(B.5d)

gKA = 1.4 mS
cm2 , θa = −50 mV , σa = 20 mV , θb = −80 mV , σb = −6 mV , τb = 15

ms.
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B.2.5 Slow potassium current IKslow

IKSlow (V, z) = gKSlowz (V − VK) (B.6a)

d

dt
z =

z∞ − z
τz

(B.6b)

z∞ =
1

1 + e
−V − θzσz

(B.6c)

gKSlow = 1 mS
cm2 , θz = −39 mV , σz = 5 mV , τz = 75 ms.

B.2.6 Leak current IL

IL (V ) = gL (V − VL) (B.7)

gL = 0.02 mS
cm2 , VL = −70 mV



Appendix C

Linear and Unscented Kalman

Filter formulation

C.1 The discrete-time Kalman filter

The original formulation can be found in [65].

The next table shows the definitions

Kalman filtering
−→
x̂ −k a priori estimate
−→
x̂ +
k a posteriori estimate

P−k a priori covariance

P+
k a posteriori covariance

Here we summarize the discrete-time Kalman filter by combining the above equations

into a single algorithm.

1. The dynamic system is given by the following equations:

−→x k = Fk−1
−→x k−1 +Gk−1

−→u k−1 +−→w k−1 (C.1a)

−→y k = Hk
−→x k +−→υ k (C.1b)

E
(−→w k
−→w T
j

)
= Qkδk−j (C.1c)

E
(−→v k−→v Tj ) = Rkδk−j (C.1d)

E
(−→w k
−→v Tj

)
= 0 (C.1e)
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2. The kalman filter is initialized as follows

−→
x̂ +

0 = E (−→x 0) (C.2a)

P+
0 = E

[(−→x 0 −
−→
x̂ +

0

)(−→x 0 −
−→
x̂ +

0

)T]
(C.2b)

If we know the initial state perfectly, then P+
0 = 0. If we have no idea of the value

of −→x 0, then P+
0 = ∞I. In general, P+

0 represents the uncertainty in our initial

estimate of −→x 0.

3. The Kalman filter is given by the following equations, which are computed for

each time step k = 1, 2, . . .

P−k = Fk−1P
+
k−1F

T
k−1 +Qk−1 (C.3a)

Kk = P−k H
T
k

(
HkP

−
k H

T
k +Rk

)−1
(C.3b)

= P+
k H

T
k R
−1
k (C.3c)

−→
x̂ −k = F−k−1

−→
x̂ k−1 +Gk−1

−→u k−1 a priori state estimate (C.3d)

−→
x̂ +
k = −̂→x

−
k +Kk

(−→y k −Hk
−→
x̂ −k

)
a posteriori state estimate (C.3e)

P+
k = (I −KkHk)P

−
k (I −KkHk)

T +KkRkK
T
k (C.3f)

=
[(
P−k
)−1

+HT
k R
−1
k Hk

]−1
(C.3g)

=
(
I −KkHkP

−
k

)
(C.3h)

The first expression for P+
k above is called the Joseph stabilized version of the

covariance measurement update equation. It was formulated by Peter Joseph in 1960s

and can be shown to be more stable and robust than the third expression for P+
k . The

first expression for P+
k guarantees that P+

k will always be symmetric positive definite, as

lon as P−k is symmetric positive definite. The third expression for P+
k is computationally

simpler than the first expression, but its form does not guarantee symmetry or positive

definiteness for P+
k . The second form for P+

k is rarely implemented as written above.

If we know the initial state perfectly, then P+
0 = 0. If we have no idea of the value

of −→x 0, then P+
0 =∞I. In general, P+

0 represents the uncertainty in our initial estimate

of −→x 0.

The calculation of P−k , Kk, and P+
k does not depend on the measurements −→y k,

but depends only on the system parameters Fx, Hk, Qk, and Rk. That means that
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the Kalman Kk gain can be calculated offline before the systems operates and saved

in memory. In contrast, the filter gain and covariance for nonlinear systems cannot (in

general) be computed offline because they depend on the measurements.

When the Kalman filter is implemented on a real system it may not work, even

though the theory is correct. Two of the primary causes for the failure of Kalman

filtering are the finite precision arithmetic and modeling errors. The theory presented

assumes that the system model is precisely known. It is assumed that the F , Q, H, and

R matrices are exactly known, and it is assumed that the noise sequences {wk} and {vk}
are pure white, zero mean, and completely uncorrelated. If any of these assumptions are

violated, as they always are in real implementations, then the Kalman filter assumptions

are violated and the theory may not work.

In order to improve the filter performance in the face of these realities, the designer

can use several strategies:

1. Increase arithmetic precision.

2. Use some form of square root filtering.

3. Symmetrize P at each time step P =
(
P + P T

)
/2

4. Initialize P appropriately to avoid large changes in P

5. Use a fading memory filter

6. Use fictious process noise (especially for estimating ”constants”).

C.2 The Unscented Kalman Filter

The original formulation can be found in [65].

1. We have an n-state discrete-time nonlinear system given by

−→x k+1 = f (−→x k,−→u k, tk) +−→w k (C.4a)

−→y k = h (−→x k, tk) +−→υ k (C.4b)

wk ∼ (0, Qk) (C.4c)

vk ∼ (0, Rk) (C.4d)



139

2. The UKF is initialized as follows

−→
x̂ +

0 = E (−→x 0) (C.5a)

P+
0 = E

[(−→x 0 −
−→
x̂ +

0

)(−→x 0 −
−→
x̂ +

0

)T]
(C.5b)

3. The following time update equations are used to propagate the state estimate and

covariance from one measurement time to the next

(a) To propagate from time step (k − 1) to k, first choose sigma points −→x (i)
k−1

−→
x̂

(i)
k−1 =

−→
x̂ +
k−1 +

−→
x̃ (i), i = 1, . . . , 2n (C.6a)

−→
x̃ (i) =

(√
nP+

k−1

)T
i

, i = 1, . . . , n (C.6b)

−→
x̃ (n+i) = −

(√
nP+

k−1

)T
i

, i = 1, . . . , n (C.6c)

(b) Use the known nonlinear system equation f to transform the sigma points

into
−→
x̂

(i)
k −→

x̂
(i)
k = f

(−→
x̂

(i)
k−1,
−→u k, tk

)
(C.7)

(c) Combine the
−→
x̂

(i)
k vectors to obtain the a priori state estimation at time k

−→
x̂ −k =

1

2n

2n∑
i=1

−→
x̂

(i)
k (C.8)

(d) Estimate the a priori error covariance

P−k =
1

2n

2n∑
i=1

[(−→
x̂

(i)
k −

−→
x̂ −k

)(−→
x̂

(i)
k −

−→
x̂ −k

)T]
+Qk−1 (C.9)

4. Now that the time update equations are done, we implement the measurement

update equations

(a) Choose sigma points
−→
x̂

(i)
k

−→
x̂

(i)
k =

−→
x̂ −k +

−→
x̃ (i), i = 1, . . . , 2n (C.10a)

−→
x̃ (i) =

(√
nP−k

)T
i

, i = 1, . . . , n (C.10b)

−→
x̃ (n+i) = −

(√
nP+

k

)T
i

, i = 1, . . . , n (C.10c)
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This step can be omitted if desired. That is, instead of generating new

sigma points we can reuse the sigma points that were obtained from the time

update. This will save computational effort.

(b) Use the known nonlinear measurement equation h to transform the sigma

points into
−→
ŷ

(i)
k vectors (predicted measurements)

−→
ŷ

(i)
k = h

(−→
x̂

(i)
k , tk

)
(C.11)

(c) Combine the
−→
ŷ

(i)
k vectors to obtain the predicted measurement at time k

−→
ŷ k =

1

2n

2n∑
i=1

−→
ŷ

(i)
k (C.12)

(d) Estimate the covariance of the predicted measurement and add the noise R

Py =
1

2n

2n∑
i=1

[(−→
ŷ

(i)
k −

−→
ŷ k

)(−→
ŷ

(i)
k −

−→
ŷ k

)T]
+Rk (C.13)

(e) Estimate the cross covariance between the
−→
x̂ −k and

−→
ŷ k

Pxy =
1

2n

2n∑
i=1

[(−→
x̂

(i)
k −

−→
x̂ −k

)(−→
ŷ

(i)
k −

−→
ŷ k

)T]
+Rk (C.14)

(f) The measurement update of the state estimate can be performed using the

normal Kalman filter equations

Kk = PxyP
−1
y (C.15a)

−→
x̂ +
k =

−→
x̂ −k +Kk

(−→y k −−→ŷ k) (C.15b)

P+
k = P−k −KkPyK

T
k (C.15c)

The algorithm above assumes that the process and measurement equations are lin-

ear with respect to the noise, as shown in EQ(14.65). In general, the process and mea-

surement equations may have noise that enters the process and measurement equation

nonlinearly. That is

−→x k+1 = f (−→x k,−→u k,−→w k, tk) (C.16a)

−→y k = h (−→x k,−→υ k, tk) (C.16b)
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In this case, the UKF presented above is not rigorous because it treats the noise as

additive. To handle this situation, we can augment the noise into the state vector

−→x ak =


−→x k
−→w k

−→υ k

 (C.17)

Then, we can use the UKF to estimate the augmented state −→x ak. The UKF is initialized

as

−→x a+
k =


E (−→x 0)
−→
0
−→
0

 (C.18a)

P a+
0 =


E

[(−→x 0 −
−→
x̂ +

0

)(−→x 0 −
−→
x̂ +

0

)T]
0 0

0 Q0 0

0 0 R0

 (C.18b)

Then we use the UKF algorithm presented above, except that we are estimating the

augmented mean and covariance, so we remove Qk−1 and Rk from equations C.9 (page

139) and C.13 (page 140).



Appendix D

Truncated singular value

decomposition method

This appendix describes the truncated singular value decomposition method. The con-

tent is based on [96, 97] A linear system

−→y = A−→x (D.1)

is ill-posed if small perturbations in −→x generates a significant change on −→y [97]. This is

easy to visualize in a 2 dimensional system. Lets consider the family of vectors of length

1 (an unitary circle) and transform them using equation D.1. The resulting figure can

be another circle, an ellipse or a singularity (a straight line), as shown in figure D.1.

A miss-estimation of −→x can be dramatically enhanced by a ill-conditioned matrix, i.

e. vectors that are close together in any region in the unitary circle could be far away

when they are transformed using equation D.1. The condition number of A is obtained

as the ratio of the longer to the shorter semi-axis of the resulting ellipsis. The length

of the semi-axis are the singular values of the matrix. A well conditioned matrix has a

condition number close to one, while a large condition number implies an ill-conditioned

matrix.

Here, R generates an ill-posed problem, so the PRC estimation is highly susceptible

to noise. There are different regularization techniques to deal with ill-posed problems.

Here, it is used the truncated singular value decomposition (tsvd) method. Roughly

speaking, in the tsvd method the lowest condition values are set to zero, so the ratio of
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Each panel indicates the transformation of all the vectors of magnitude 1 using matrices with different
condition number (Adapted from http://www.cse.illinois.edu/iem/linear_equations/condition_number/.

Figure D.1: Linear transformation.

the largest to the smallest remaining condition values is not so big. Hence, the system

is more robust to noise

tsvd method requires to decompose the matrix Aµ×ν (where µ ≥ ν) into 3 matrices:

U, Σ and V

A = UΣVT =
n∑
i=1

−→uiσi−→vi T (D.2)

where U = −→u 1, . . . ,
−→u ν and V = −→v 1, . . . ,

−→v ν are matrices with orthonormal columns

and Σ = diag(σ1, . . . , σν) has the singular values in the diagonal. The singular values

are ordered such that

σ1 ≥ σ2 ≥ . . . ≥ σν ≥ 0 (D.3)

http://www.cse.illinois.edu/iem/linear_equations/condition_number/
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