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Abstract

DNA copy number variations (CNVs) are biological indicators that characterize

cancer genomes. Predicting the prognosis of cancer from CNVs and identifying cancer-

causing CNVs is a challenging problem due to the high dimensionality of the CNV

features and the heterogeneity of patients. In this thesis, our objective is to build robust

predictive models based on CNV data using machine learning techniques for accurate

cancer diagnosis and prognosis, as well as for the identification of cancer-causing CNVs.

We proposed several machine learning models towards these objectives: 1. We

developed a hypergraph-based semi-supervised learning algorithm HyperPrior for cancer

outcome prediction from CNV data and gene expression data. It incorporates biological

prior knowledge such as the spacial information in arrayCGH datasets to get consistent

weighting on correlated genomic features, thus to improve the accuracy of the model

in sample classification. In addition, the algorithm can also be used for biomarker or

cancer-causing CNV detection; 2. We developed an alignment-based kernel method for

integrating CNV data from multiple platforms. By integrating datasets generated from

different probe sets, the new kernel could improve the cancer outcome prediction by the

SVM classifier. Furthermore, we also designed a multiple alignment approach based on

our alignment kernel to identify shared CNVs among cancer samples, which served as

candidates of cancer-causing CNVs for further analysis; 3. We proposed an algorithm to

learn a low-rank graph to represent the similarities between data points. This low-rank

graph could capture the global cluster structures and improve the performance of label

propagation. The whole approach can be applied to arrayCGH datasets as well as other

types of datasets for better sample classification results; 4. We proposed a latent feature

model that couples sparse sample group selection with fused lasso. Clinical information

was used to define the group structure on patient samples. By sparse group selection,

the model was able to identify group-specific CNVs instead of common CNVs from

arrayCGH datasets.

We used both simulations and several publicly available genomic datasets to evaluate

our models. The results suggest that these models are promising in achieving better

cancer prognosis prediction and identification of cancer-causing CNVs.
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Chapter 1

Introduction

There are normally two copies of each gene in the double-stranded DNAs of human

genome. However, duplications and deletions of DNA sequences can lead to a different

number of copies of the genes in the DNA. If a DNA region is deleted in one or both

strands, there will be a fewer number of copies of the genes and on the contrary if a

DNA region is duplicated, there will be a larger number of copies of the genes. This

variability in human genomes is often referred as DNA copy number variation (CNV).

Recent research reveals that CNV is a major cause of structural variation in the human

genome. For example, CNV can affect the gene expression levels, alter the organization

of chromatin and influence the regulation of nearby genes [1]. It has been confirmed in

many recent studies that chromosomal aberrations of DNA copy numbers, rearrange-

ment and structures have association with cancer and other diseases [2]. Among these

aberrations, DNA copy number variations (CNVs) are believed to play an important

role in tumorigenesis [3, 4]. For example, Alzheimer disease, autism, Crohn disease,

HIV susceptibility, mental retardation, pancreatitis and Parkinson disease are all asso-

ciated with CNVs [5]. Since CNVs play important roles in human disease, it is vital

to identify disease-associated CNVs which are crucial for understanding the molecu-

lar mechanisms underlying cancer and might be used for improving the diagnosis and

prognosis of patients.

1
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Currently DNA copy numbers can be measured by three different techniques in biol-

ogy experiments, which are array comparative genomic hybridization (arrayCGH), sin-

gle nucleotide polymorphism (SNP) genotyping and next-generation sequencing. Com-

parative genomic hybridization (CGH) compares the copy number of a differentially

labeled case sample with a normal reference DNA. ArrayCGH technology based on

DNA microarray can currently allow genome-wide identification of CNV regions by

CGH measuring at a number of sampled locations at different resolutions [6]. Array-

CGH data provide important information of candidate cancer loci for the classification

of patients and discovery of molecular mechanisms of cancers [7]. Since most publicly

available DNA copy number datasets were generated by the first technique, we just

focused our study on arrayCGH datasets in this thesis. However, the proposed models

in this thesis can also be applied on datasets generated with the other two techniques.

1.1 Challenges and Objectives

Many methods were proposed to study the associations between phenotypes and geno-

types from various genomic data. For example, [8] proposed a graph-based semi-

supervised learning algorithm to identify discriminative disease markers from gene ex-

pression data. However, for most genomic datasets, the number of features is much

larger than the number of samples, which causes the “curse of dimensionality” in ma-

chine learning problems. Specifically, the results generated by general methods from a

small number of samples might be unstable and unreliable. For example, in the study

of breast cancer, [9] and [10] identified two sets of marker genes related to the metasta-

sis of breast cancer using large scale gene expression profiles produced in two different

microarray experiments. However, there are only three genes in common between the

two sets of the marker genes. Furthermore, there are three other problems in arrayCGH

data analysis:

1. The features in arrayCGH datasets are not independent of each other. Actually,

the features have their biological meanings and are correlated. It is challenging

to integrate their biological prior information in a general machine learning task

such as classification and feature selection.

2. ArrayCGH datasets were generated from different platforms, which means they
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might use different probe sets to measure the copy numbers. Since the probes were

located at different positions, it is a challenging problem to integrate arrayCGH

samples from different platforms.

3. There are discrepancies introduced by the heterogeneity in the patient samples.

These discrepancies might be useful to distinguish disease-associated CNVs from

common CNVs. However, it is challenging to incorporate this information with

general CNV identification methods.

In this thesis, we proposed several graph and kernel based machine learning methods

for the analysis of arrayCGH data. The goal of our methods is to build robust and

reliable models for cancer outcome prediction and disease-associated CNV identification.

The algorithms developed in the thesis provided general tools for CNV analysis and the

results from the experiments in the thesis provided candidates of biomarkers for further

in depth analysis by oncologists.

1.2 Contribution

To address the challenges described in section 1.1, we proposed four different models in

this thesis.

First, to incorporate biological prior knowledge into predictive models for data in-

tegration, we introduced a hypergraph-based semi-supervised learning algorithm called

HyperPrior [11, 12] to classify gene expression and arrayCGH data using biological

knowledge as constraints on graph-based learning. HyperPrior is a robust twostep iter-

ative method that alternatively finds the optimal labeling of the samples and the optimal

weighting of the features, guided by constraints encoding prior knowledge. The prior

knowledge for analyzing arrayCGH data is that probes that are spatially nearby in their

layout along the chromosomes tend to be involved in the same amplification or deletion

event. Based on the prior knowledge, HyperPrior imposes a consistent weighting of the

correlated genomic features in graph-based learning.

Second, to perform integrated classification and analysis across multiple arrayCGH

datasets and solve the discrepancy in probe setting by different platforms, we proposed

an alignment based framework [13] to integrate arrayCGH samples generated from dif-

ferent probe sets. The alignment framework seeks an optimal alignment between the
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probe series of one arrayCGH sample and the probe series of another sample, intended

to find the maximum possible overlap of DNA copy number variations between the two

measured chromosomes. An alignment kernel is introduced for integrative patient sam-

ple classification and a multiple alignment algorithm is also introduced for identifying

common regions with copy number aberrations.

Then, to build more reliable pairwise similarity relations between samples with high

dimensional features for label prorogation, we proposed GLNP [14] to learn a nonnega-

tive low-rank graph to capture global linear neighborhoods, under the assumption that

each data point can be linearly reconstructed from weighted combinations of its direct

neighbors and reachable indirect neighbors. In contrast to the general sparse representa-

tion of graphs which might suffer from disjoint components and incorrect neighbors, the

global linear neighborhoods utilize information from both direct and indirect neighbors

to preserve the global cluster structures, while the low-rank property retains a com-

pressed representation of the graph. An efficient algorithm based on a multiplicative

update rule is designed to learn a nonnegative low-rank factorization matrix minimizing

the neighborhood reconstruction error. This semi-supervised learning approach can be

applied to classification problems on arrayCGH datasets.

Last, to detect DNA CNVs from arrayCGH or genotyping-array data to correlate

with cancer outcomes, we proposed a latent feature model that couples sparse sample

group selection with fused lasso on CNV components to identify group-specific CNVs.

Assuming a given group structure on patient samples by clinical information, SGS-FL

(Sparse Group Selection on Fused Lasso) identifies the optimal latent CNV components,

each of which is specific to the samples in one or several groups. The group selection for

each CNV component is determined dynamically by an adaptive algorithm to achieve

a desired sparsity.

1.3 Outline

The rest of the thesis will be organized into five chapters:

• In Chapter 2, we described the HyperPrior algorithm to integrate genomic data

with general biological prior knowledge for robust cancer sample classification and

biomarker identification.
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• In Chapter 3, we described the alignment kernel to integrate arrayCGH datasets

from different platforms for sample classification and common CNV identification.

• In Chapter 4, we described the GLNP algorithm to capture global linear neighbor-

hoods from data for more accurate label propagation and semi-supervised learning.

• In Chapter 5, we described the SGS-FL model to identify group-specific CNVs.

• Finally, we summarized all these algorithms and models and then discussed pos-

sible future work in Chapter 6.



Chapter 2

Hypergraph-based Learning with

Prior Knowledge

In this chapter, we propose a hypergraph-based iterative learning algorithm called Hy-

perPrior to integrate genomic data with general biological prior knowledge for robust

cancer sample classification and biomarker identification.

2.1 Introduction

In the past decade, numerous cancer researchers have investigated high-throughput ge-

nomic data actively to reveal the molecular mechanisms underlying cancer development

and progression. DNA copy number variations (CNVs) measured by array-based com-

parative genomic hybridization (arrayCGH) and microarray gene expressions are among

the most widely studied high-throughput data [15]. Microarray gene expressions pro-

vide a genome-wide quantification of messenger RNA abundance, while arrayCGH data

quantify the events of amplification or deletion of large DNA segments on chromosomes.

A large number of high-resolution arrayCGH datasets and gene expression datasets were

generated to study many different cancers [9, 16, 17, 18]. In these studies, two major

objectives were

1. Detecting highly discriminative chromosomal copy number aberration regions or

gene expression patterns as biomarkers of cancer-relevant phenotypes

6
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2. Building reliable predictive models based on the biomarkers for cancer sample

classification

Although many interesting and promising findings were reported in these studies, con-

cerns have been raised on the unstable and inconsistent results in cross-validations and

cross-platform comparisons due to the relatively small sample sizes in the studies [19].

To address the problem, researchers have proposed including other complementary ge-

nomic information such as pathways or functional annotations to aid model building and

biomarker discovery. It is believed that the prior knowledge from complementary data

can generate more robust models and more consistent discoveries across independent

studies. For gene expression profiles, the availability of large protein-protein interaction

networks, which contain information on gene functions, pathways and modularity of

gene regulations, provides a desirable source of data for the purpose [20, 21, 22]. In

arrayCGH data, microarray comparative genomic hybridization measures copy number

information distributed along the genome at different resolutions. This information

typically includes thousands of spot intensities. Intuitively, neighboring spots on the

chromosomes tend to be highly correlated because a DNA aberration can expand to

neighboring intervals [23]. It has also been shown that the spatial information of probes

on chromosomes can also be used as prior knowledge to improve classification [23].

However, designing a unified strategy to integrate gene expressions with protein-protein

interactions or to integrate arrayCGH data with the chromosomal spatial information

is still a challenging data integration problem, since standard classification and feature

selection methods do not meet the complexity of a joint learning on two different data

types.

In this thesis, we propose a hypergraph-based iterative learning algorithm called

HyperPrior to integrate genomic data with general biological prior knowledge for robust

cancer sample classification and biomarker identification. The HyperPrior algorithm

minimizes a cost function under a unified regularization framework. This framework

elegantly takes biological prior knowledge (e.g. a correlation structure of spot regions or a

protein-protein interaction network) as constraints on a hypergraph built from genomic

data. HyperPrior is a natural extension of label propagation algorithms on hypergraphs

[24, 25]. This algorithm helps handle the problem of learning optimal weighting of the

hyperedges while all other methods assume a uniform weighting. To model the genomic
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sample spot 1 spot 2 spot 3  

S1 (+) gain basal loss  

S2 (+) gain gain loss  

S3 (+) basal gain loss  

S4 (-) basal gain basal  

S5 (-) loss loss gain  

S6 (-) loss gain gain  

S7 (0) loss loss gain  
 

ArrayCGH CNV profiles 

 

sample gene 1 gene 2 gene 3  

S1 (+) up basal down  

S2 (+) up up down  

S3 (+) basal up down  

S4 (-) basal up basal  

S5 (-) down down up  

S6 (-) down up up  

S7 (0) down down up  
 

Gene expression profiles 
 

 
Hypergraph  adjacency matrix 

 

 
The hypergraph 

 

 spot 1 spot 2 spot 3  
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Protein-protein interaction network 
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Figure 2.1: Overview of HyperPrior framework. (A) Modeling genomic data
by a hypergraph. The original arrayCGH data or gene expression data is first con-
verted to a weighted adjacency matrix. Since the weights in the adjacency matrix must
be non-negative, for each genomic feature two complimentary features are generated to
deal with the negative values. For example, the intensity of arrayCGH spot 1 (or the
expression of gene 1) is split into two features, e1 and e2. For illustration purpose, the
adjacency matrix in the example is binary. More generally real values can be kept from
the original data in the matrix to preserve all information from the original data. A
hypergraph is then built from the adjacency matrix. For better clarify, hyperedges e5

and e6 are omitted in the hypergraph. (B) Modeling prior knowledge as a graph
constraint. The spatial relation or PPI network is used to derive relations between
hyperedges as a prior graph. The relations define the constraints for hypergraph-based
learning. Note that each gene expression corresponds to two features (up/down regula-
tions). The two features of a gene will have a relation with the two features of another
gene interacting with the first gene. For example, e1 and e2 are both associated with
both e3 and e4 because gene 1 and gene 2 interact in the PPI.

data as a hypergraph, each sample is denoted by a vertex and each feature is denoted by

two hyperedges corresponding to two states of the feature. In arrayCGH data, each spot

intensity is represented by two hyperedges labeled as “amplification” and “deletion” of

the associated DNA segment, respectively. In gene expression data, each gene expression

value is denoted by two hyperedges labeled as “up-regulated” and “down-regulated”,

respectively. The hyperedges categorize samples by the two different states of features

in the genomic data (Figure 2.1(A)). Our cluster assumption on the hypergraph is that

the same type of samples tend to have similar states of features and thus are highly

connected by the hyperedges. HyperPrior formulates optimization problems as learning

labels and hyperedge weights together with the assignment of edge weights constrained
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by the biological relation between the genomic features (Figure 2.1(B)). Specifically,

HyperPrior attempts to find a weighting of hyperedges that balances both the two-class

separation on the hypergraph and the consistency with the biological constraints. The

assumption is that neighboring spots or genes interacting with each other are more

likely to receive similar weights. The resultant weights on the genomic features can be

used to discover biologically interpretable biomarkers. Specifically, the highly weighted

DNA aberration regions may suggest cancer-relevant DNA amplification and deletion

events, and the highly weighted genes in densely connected subnetworks in a protein-

protein interaction network may suggest relevant cancer pathways. These properties

of the HyperPrior algorithm promise to improve prediction accuracy and provide more

robust identification of discriminative biomarkers.

2.2 Related Work

Integrating multiple genomic data types for building predictive models or selecting fea-

tures has been an important research focus in bioinformatics since several years ago

[26, 27]. For example, [28] proposed a two layered Bayesian network approach to in-

tegrate relations from gene expressions, biological literature and gene sequences into a

genome-wide functional network. [29] proposed a novel method to integrate gene-gene

(or mRNA) relations and sample relations for gene selection. This method focuses on

discovering geometric patterns to select genes with biological relevance and statistical

significance.

DNA copy number is also an important data type for building robust predictive

models. For example, previous studies by [30] and [31] used DNA copy numbers for

cancer discriminant analysis. However, these methods ignore the spatial correlation

among the sampling spots in arrayCGH data, and thus suffer from low accuracy and

poor interpretability. Under the motivation of data integration, several other general

computational methods were also proposed to use prior knowledge in classifying array-

CGH data and gene expression data [32, 22, 23, 20]. [23] proposed a variant of L1-SVM

called fused SVM for classifying arrayCGH data. By incorporating the spatial rela-

tion among DNA copy number variations along the genome as prior knowledge, new

constraints are introduced into L1-SVM learning. They demonstrated that the new
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algorithm achieved better classification accuracy on two cancer datasets. [20] improved

cancer outcome prediction and biomarker reproducibility on two large scale gene ex-

pression datasets by incorporating a protein-protein interaction network into the model

built from microarray gene expressions. In their approach, the integration of gene ex-

pressions and protein-protein interactions is achieved by two independent procedures:

discriminative subnetworks are first identified from the PPI network and the subnet-

works are then used as features to predict cancer metastasis. [22] proposed a similar

method, which first computes the spectral graph structure of a gene network, and then

uses the spectral graph structure to smooth microarray gene expressions before used for

sample classification. [21] proposed a statistical method to score genes by several mea-

sures including their degree in a cancer-specific interaction network, their differential

expressions in microarray data and their structural, functional and evolutionary proper-

ties. [32] proposed to add a graph Laplacian constraint to the L1-norm linear regression

model in a general regularization framework. The graph Laplacian encodes a network

of known KEGG pathways. The new model can be efficiently solved by methods for

lasso-type problems.

HyperPrior is different from the previous methods in both problem formulation

and model implication. The regularization framework of HyperPrior is designed for

simultaneously classifying samples and selecting features based on prior knowledge.

HyperPrior explores the cluster structures in both the hypergraph and the prior graph

in one unified learning framework. Thus, the learning problem is a combination of semi-

supervised learning and variable selection. In section 2.3.1, we will also show that the

core of HyperPrior is to learn a “kernel” for a diagonal linear transformation of the

data along with learning labels on samples. Thus, HyperPrior can be interpreted as

a novel semi-supervised and relaxed wrapper-feature-selection method constrained by

prior knowledge.

2.3 Methods

In this section, we first introduce the HyperPrior algorithm and its regularization frame-

work. We then describe how to model arrayCGH data with spatial prior knowledge and

gene expression data with prior knowledge in a protein-protein interaction network by
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constrained hypergraphs.

2.3.1 HyperPrior algorithm

Notations

A hypergraph is a special graph that contains hyperedges. In a normal graph, each

edge connects a pair of vertices, but in a hypergraph each edge can connect an arbitrary

number of vertices in the graph. Let V = {v1, v2, . . . , v|V |} be a set of vertices and

E = {e1, e2, . . . , e|E|} be a set of hyperedges defined on V : for any hyperedge e ∈ E,

e = {v(e)
1 , v

(e)
2 , . . . , v

(e)
|e| }, where {v(e)

1 , v
(e)
2 , . . . , v

(e)
|e| } is a subset of V . A hyperedge e and

a vertex v are called incident if v ∈ e. A non-negative real number (a weight) can be

assigned to each hyperedge by a function w (w can also be defined as a vector variable

and we will use both notations interchangeably). The vertex set V , hyperedge set E

and the weight function w fully defines a weighted hypergraph denoted by G(V,E,w).

The incidence matrix H for hypergraph G(V,E,w) is a |V | × |E| matrix with elements

defined as h(v, e) = 1 (or a real value if H is weighted) when v ∈ e and 0 otherwise. The

degree of a vertex v is defined as d(v) =
∑

e∈E h(v, e)w(e), which is the (weighted) sum

of the weights of the hyperedges incident with v. The degree of a hyperedge e is defined

as d(e) =
∑

v∈E h(v, e), which is the number of vertices incident with e. We define

diagonal matrices Dv=diag(d(v1),d(v2),...,d(v|V |)), De=diag(d(e1),d(e2),...,d(e|E|)) and

W=diag(w(e1),w(e2),..., w(e|E|)).

Let G(V,E,w) be a weighted hypergraph to model the genomic data: each patient

sample is denoted by a vertex v ∈ V and each hyperedge denotes one of the two states

(+/-) of a genomic feature. The incidence matrix H between V and E are determined

by the copy number variation log-ratios or gene expression intensities on the samples.

We define a function y to assign initial labels to V in the hypergraph G(V,E,w). If

a vertex v is in the positive patient group, y(v) = +1; if it is in the negative patient

group, y(v) = −1; and, if v is a test sample, y(v) = 0.1

1 To normalize unbalanced datasets in our experiments, we set y(v) = 1
n1

for positive vertices and

y(v) = − 1
n2

for negative vertices, where n1 is the number of positive samples and n2 is the number of

negative samples.
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Hypergraph-based learning

In hypergraph-based learning, our goal is to find the correct labels for the unlabeled

vertices of the test samples in the hypergraph. Let f be the objective function (vector)

of labels to be learned. Intuitively, there are two criteria for learning the optimal f :

1. We want to assign the same label to vertices that share many incidental hyperedges

in common.

2. Assignment of the labels should be similar to the initial labeling y.

For criteria 1, we define the following cost function

Ω(f, w) =
1

2

∑
e∈E

∑
u,v∈e

w(e)h(u, e)h(v, e)

d(e)

(
f(u)√
d(u)

− f(v)√
d(v)

)2

= fT (I −D−
1
2

v HWD−1
e HTD

− 1
2

v )f, (2.1)

where I is the identity matrix. Here, Dv and De are used for computing the normal-

ization of the hypergraph Laplacian, and the unnormalized hypergraph Laplacian is

diag(HDew)−HWHT . Empirical results showed that the normalized form gives bet-

ter classification performance for graph-based learning [25]. If the predicted labels on

the vertices are consistent with the incidences with the hyperedges, the value of Ω(f, w)

should be minimized. For criteria 2, we directly calculate the squared-loss between the

predicted labeling f and the original labeling y as follows:∑
u∈V

(f(u)− y(u))2 = ‖f − y‖2 .

Incorporating prior knowledge

To introduce prior knowledge into the hypergraph-based learning, we assume that cor-

relating genomic features should receive similar weights on their associated hyperedges.

We define two different functions to encode the prior knowledge. The first function

Ψlp(w) is a network-Laplacian constraint [32]. We define an indicator δi,j to capture

the pairwise relation between hyperedges ei and ej . The indicator δi,j > 0 if the two

genomic features associated with ei and ej are correlated in the prior knowledge; other-

wise 0. Let ∆ be the correlation matrix with ∆i,j = δi,j , σ(ei) =
∑|E|

j=1 δi,j , which is the
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number of hyperedges that are correlated with ei, and Dσ=diag(σ(e1), σ(e2), ..., σ(e|E|)).

To assign similar weights to correlated hyperedges, we define the following cost function

over the hyperedge weights:

Ψlp(w) =
1

2

|E|∑
i,j=1

δi,j

(
w(ei)√
σ(ei)

− w(ej)√
σ(ej)

)2

= wT (I −D−
1
2

σ ∆D
− 1

2
σ )w. (2.2)

Minimizing Ψlp(w) ensures that correlated hyperedges will be similarly weighted. The

second function Ψnb(w) is a neighborhood constraint [33]. Instead of directly evaluating

the pairwise relation between hyperedges ei and ej , we require the weight of ei to be

close to the average weight of its neighbors. To assign weights to hyperedges that are

consistent with such prior knowledge, we define the following cost function over the

hyperedge weights:

Ψnb(w) =
1

2

|E|∑
i=1

w(ei)−
|E|∑
j=1

δi,j
σ(ei)

w(ej)

2

= wT (I −D−1
σ ∆)(I −D−1

σ ∆)Tw. (2.3)

Minimizing Ψnb(w) ensures that each hyperedge will receive a weight close to the average

weight of its correlated hyperedges. Both Ψlp(w) and Ψnb(w) are regularization terms

to explore the network structure of the correlations among the variables in the func-

tion. But the two functions are different in their cluster assumptions: either penalizing

discrepancy in pairwise similarity or neighborhood similarity.

Alternating optimization

After the prior knowledge is introduced, the learning task is to minimize the sum of the

three cost terms, which is

minimize
f,w

Φ(f, w) = Ω(f, w) + µ ‖f − y‖2 + ρΨ(w) (2.4)

subject to

w(e) ≥ 0 for ∀e ∈ E∑
e∈E

h(v, e)w(e) = d(v) for ∀v ∈ V,
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where µ and ρ are positive real numbers and Ψ(w) = Ψlp(w) or Ψnb(w). The intuition

of adding
∑

e∈E h(v, e)w(e) = d(v) as another set of constraints is to maintain the

hypergraph structure. This set of constraints can guarantee each d(v) is fixed as a

constant such that Ω(f, w) is always a linear function of w when f is fixed. In the

unnormalized form of the hypergraph Laplacian, the constraint
∑

e∈E h(v, e)w(e) = d(v)

is not required, and a simple lower bound
∑

e∈E w(e) = τ (τ > 0) can be used.

The objective function Φ(f, w) in Eqn. (2.4) is cubic in (f , w). However, the for-

mulation contains two sub-problems, both of which are quadratic convex problems if

we independently optimize Φ(f, w) with respect to f or w. Specifically, if we fix w

to be a specific weighting wt satisfying the constraints wt(e) ≥ 0 for ∀e ∈ E and∑
e∈E h(v, e)wt(e) = d(v) for ∀v ∈ V , the objective function Φ(f, w = wt) is convex

in f ; if we fix f to be a specific labeling of the vertices ft, Φ(f = ft, w) is also convex

in w. So the algorithm can be implemented by alternating the following two steps:

1. First, the HyperPrior algorithm initializes w with a uniform weighting 1 over the

hyperedges. Note that w = 1 is a solution to the linear system Hw = diag(Dv)

by the definition of Dv and thus, a valid solution to minimizef,w Φ(f, w). In the

first step in each iteration, HyperPrior fixes w and optimizes Φ(f, w = wt) with

respect to f in the following optimization problem:

minimize
f

Ω(f, w = wt) + µ ‖f − y‖2 . (2.5)

The cost term Ψ(w = wt) is removed from Φ(f, w = wt) since it is a constant in

the above optimization problem. Let L = I − D−1/2
v HWD−1

e HTD
−1/2
v . In the

cost term, we can prove Ω(f, w = wt) = fTLf (section 2.3.1). L is positive semi-

definite given Ω(f, w = wt) ≥ 0 for any f , which also implies that Ω(f, w = wt)

is convex in f . Therefore, we can simply take derivative with respect to f to get

the optimal solution f∗ = (1 − α)((1 − α)I + αL)−1y, where α = µ
1+µ [25]. This

is equivalent to solving the linear system (1− α)((1− α)I + αL)f = y, which can

be efficiently computed by Jacobi iteration method [34].

2. In the second step in each iteration, the HyperPrior algorithm fixes f = ft learned

in the previous step to learn the optimal weighting of hyperedges w by solving the
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Algorithm 1 HyperPrior

Input: y,H,∆, µ, ρ
Output: ft, wt

1: t = 0, w0 = 1, f0 = y, c0 = +∞
2: repeat
3: t = t+ 1
4: Use network propagation to find optimal ft

ft = (1− α)(I − αD−1/2
v HWt−1D

−1
e HTD

−1/2
v )−1y

5: Use quadratic programming to find optimal wt
wt = argminw Ω(f = ft−1, w) + ρΨ(w)
subject to Hw = diag(Dv) and diag(W ) � 0

6: ct = Ω(ft, wt) + µ||ft − y||2 + ρΨ(wt)
7: until ct−1 − ct ≤ π
8: return ft, wt

quadratic programming problem:

minimize
w

Ω(f = ft, w) + ρΨ(w) (2.6)

subject to

w(e) ≥ 0 for ∀e ∈ E∑
e∈E

h(v, e)w(e) = d(v) for ∀v ∈ V.

The cost µ ‖f − y‖2 is removed from Φ(f, w = wt) since it is a constant in the

above optimization problem, and Ω(f = ft, w) is a linear function of w. Since

Ψ(w) = wT (I − D−1/2
σ ∆D

−1/2
σ )w ≥ 0 for any w, I − D−1/2

σ ∆D
−1/2
σ is positive

semi-definite, which implies that Φ(f = ft, w) is convex in w. Thus it is a convex

quadratic programming problem with constraints which can be solved by standard

convex optimization techniques.

In both steps, the total cost Φ(f, w) is guaranteed to be reduced until there is

only very small change. Thus, our algorithm will finally stop at a small total cost. A

local optimal solution can be found by solving the two optimizations alternatively by

iteration [35], under the assumption that f and w can be independently optimized. The

assumption does not guarantee a global optimal solution. The alternating optimization
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can be solved by an iterative algorithm proposed by us in [36], described in Algorithm

1. We implemented it in MATLAB and use ILOG/CPLEX package (version 11.1) for

quadratic programming.

Proof of convexity

Let L = I − D
−1/2
v HWD−1

e HTD
−1/2
v , where I is the identity matrix and W is the

diagonal matrix with Wii = w(ei). We can show Ω(f, w) = fTLf by

Ω(f, w) =
∑
e∈E

∑
u,v∈V

w(e)h(u, e)h(v, e)

d(e)

(
f2(u)

d(u)
− f(u)f(v)√

d(u)d(v)

)

=
∑
e∈E

∑
u∈V

w(e)h(u, e)f2(u)

d(u)

∑
v∈V

h(v, e)

d(e)

−
∑
e∈E

∑
u,v∈V

w(e)h(u, e)h(v, e)

d(e)

f(u)f(v)√
d(u)d(v)

=
∑
u∈V

f2(u)
∑
e∈E

w(e)h(u, e)

d(u)
−
∑
e∈E

∑
u,v∈V

f(u)w(e)h(u, e)h(v, e)f(v)√
d(u)d(v)d(e)

=
∑
u∈V

f2(u)−
∑
e∈E

∑
u,v∈V

f(u)w(e)h(u, e)h(v, e)f(v)√
d(u)d(v)d(e)

.

Step three in the above derivation shows that Ω(f, w) = fTLf if and only if∑
e∈E

w(e)h(u, e)

d(u)
= 1.

The constraints
∑

e∈E h(v, e)w(e) = d(v) for ∀v ∈ V keep Dv unchanged during the

optimization and thus make L always positive semi-definite.

Time complexity

The time complexity of HyperPrior includes solving two minimization problems: fixing

w to learn f and vice versa. The first problem can be solved by network propagation in

O(k1|V ||E|), where k1 is the round of propagations [25]. The value of k1 mainly depends

on the eigenvalues of the Laplacian matrix. The second problem is a standard convex

quadratic programming problem, which can be solved in polynomial time O(|E|p), where

p is a real number. Thus, the time complexity of HyperPrior is O(k2(k1|V ||E|+ |E|p)),
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where k2 is the number of iterations of alternating optimization. Usually, k2 = 2 or 3

in our experiments.

Model interpretation

In essence, the regularization framework of HyperPrior is a semi-supervised and re-

laxed wrapper-feature-selection method, which performs feature selection based on prior

knowledge while classifying samples. A dissection of Eqn. (2.1) can explain the role of W

in the learning framework. Given a (weighted) hypergraph incidence matrixH, we define

its normalized adjacency matrix as H̄ = D
− 1

2
v HD

− 1
2

e . In the standard hypergraph-based

learning framework [24], a linear kernel KW=I(V, V ) = H̄WH̄T is chosen to construct

a similarity graph between objects used for semi-supervised learning in the normalized

graph Laplacian I−KW=I(V, V ), which is (I−D−
1
2

v HWD−1
e HTD

− 1
2

v ). Instead of fixing

W to be the identity matrix, the HyperPrior framework treats W
1
2 as a diagonal linear

transformation matrix for the original feature space. HyperPrior learns a W
1
2 to be used

with linear kernel KW (V, V ) = (H̄W
1
2 )(H̄W

1
2 )T . The HyperPrior framework derives

an optimal W to generate the best labeling of the samples based on the prior knowledge

given by Ψ(w) (w = diag(W )). In general, W can be any linear transformation matrix.

However, to make the learning problem tractable, we restrict W to be a diagonal matrix

with positive weights of the features on the diagonal. If we further restrict the values

in w to be binary (0 or 1), W is a projection matrix and KW is a kernel for feature

selection. Thus, with a binary w, the regularization framework is a model that performs

wrapped feature selection based on prior knowledge for graph-based learning models.

However, it is NP-hard to solve the integer programming problem. We relax w to be

positive real values in our framework. Note that, to encourage sparse solution to feature

selection, an 1-norm regularizer |w| can be included and the new formulation can still

be solved by the same method. However, the additional regularizer will also introduce

one more hyper-parameter to tune.

The algorithm introduced by [22] was similarly motivated to search for a good pro-

jection W for data matrix H. But instead of learning the W , they directly derived the

W from the eigen-decomposition of the graph Laplacian of the PPI network as a data

preprocessing step. The HyperPrior framework attempts to solve both semi-supervised

learning and wrapped feature selection together with an objective function on both f
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and w. Compared with the lasso linear model introduced by [32], the joint learning

of f and w in our framework creates a harder non-quadratic problem. However, the

semi-supervised learning might give better generalization on the test samples.

Inductive learning

Although HyperPrior is designed for semi-supervised learning, it is convenient to use it

for inductive learning as well [37]. Given an optimal weighting w∗ and optimal labeling

f∗ learned by HyperPrior, for a new test sample v̂, we minimize the objective function

Eqn. (2.4) only with respect to this new label f(v̂), that is

minimize
f(v̂)

1

2

∑
v∈V

Sv̂,v

(
f(v̂)√
d(v̂)

− f∗(v)√
d(v)

)2

+ µ ‖f(v̂)‖2 + constant

where Sv̂,v =
∑

e∈E
h(v̂,e)h(v,e)w∗(e)

d(e) . The analytical solution to this optimization problem

can be calculated in Θ(n) as follows:

f(v̂) =

∑
v∈V Sv̂,v

f∗(v)√
d(v)∑

v∈V Sv̂,v

√
d(v̂).

2.3.2 Modeling genomic data with prior knowledge

Modeling arrayCGH data with spatial prior

In arrayCGH data, each spot is assigned a log-ratio denoting how the corresponding

DNA copy number varies compared to the normal level. The sign of the value repre-

sents either a “gain” (amplification) or a “loss” (deletion) of the DNA segment in the

corresponding regions on the chromosomes. We performed k-means (k = 3) clustering

on all log-ratios and then classified the values into three classes, “gain” state, “basal”

state and “loss” state. The k-means (k = 3) clustering result is very stable on the

one-dimensional data. To represent both the DNA amplification event and the deletion

event at each spot, the log-ratio values are split into an amplification group and a dele-

tion group (Figure 2.1(A)). In other words, we use two hyperedges to differentiate the

amplification and deletion states of CNVs. For example, in Figure 2.1(A), sample S1

and S2 have a “gain” state in spot1 and sample S5, S6 and S7 have a “loss” state in

spot1. Accordingly, sample S1 and S2 are covered by an amplification hyperedge e1,
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and sample S5, S6 and S7 are covered by a deletion hyperedge e2. The “basal” state is

regarded as no event at the spot.

To both build a predictive model and identify discriminative regions, HyperPrior

learns the weighting of all the hyperedges in the hypergraph built from the arrayCGH

data. A spatial prior is introduced on the weights to be learned by the HyperPrior

algorithm. Our first assumption is that DNA amplification and deletion events tend to

occur in consecutive regions on the chromosomes. Thus, the weights of the hyperedges

corresponding to adjacent spots should be similarly weighted. The second assumption

is that only CNVs in a small portion of regions in the genome will contribute to a

good classification. In Figure 2.1(B), the states of adjacent spots are connected in a

prior graph as constraints on the weights in the learning regularization framework of

HyperPrior. We set the connectivity indicator δi,j = 1 in Eqn. (2.2)&(2.3) for the

adjacent states. For example, the amplification state of spot 1 is connected to that of

spot 2, and the one of spot 2 is connected to that of spot 3, etc.

Modeling gene expressions with protein-protein interactions as prior knowl-

edge

Gene expression profiles are grouped into three states: a basal state or an up/down-

regulated state (Figure 2.1(A)) based on the sign of the expression values. A hypergraph

is built with (positive/negative/test) samples as vertices and gene expression states as

hyperedges. Similarly, we assume that genes interacting with each other in the PPI

network are functionally related, and thus, they should be similarly weighted. We set

the connectivity indicator δi,j = 1
Di,j

in Eqn. (2.2)&(2.3) between the gene pairs, where

Di,j is the distance between two genes in the PPI network. The regularization framework

seeks a solution for both sample classification and gene weighting by considering the

connectivities in the hypergraph. The incorporation of the protein-protein interaction

network provides prior knowledge on weighting interacting genes with similar values.

2.4 Experiments

We evaluated two versions of HyperPrior, HyperPrior-LP with the constraint given by

Eqn. (2.2) and HyperPrior-NB with the constraint given by Eqn. (2.3) on artificial
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datasets, two arrayCGH datasets and two gene expression datasets. A large curated

protein-protein interaction network constructed by [20] was used as prior knowledge for

classifying the gene expression datasets. In all experiments, we compared the classifi-

cation performance of HyperPrior with the hypergraph-based learning algorithm [25],

SVMs with linear kernel and RBF kernel (Matlab Bioinformatics Toolbox (V3.0)). L1-

SVM and fused SVM [23] were included as additional baselines in the experiments on the

arrayCGH datasets. The linear lasso model by [32] and the graph-Laplacian-transform

method by [22] were included as additional baselines in the experiments on the gene

expression datasets. The classification performance of all the methods were evaluated

by leave-one-out accuracy or AUC of receiver operating characteristics (ROC): the nor-

malized area under a curve plotting the number of true positives against the number of

false positives by varying the threshold on the decision values [38].

2.4.1 Simulations

To mimic the noisy nature of the genomic data, we tested HyperPrior-LP on artificial

hypergraphs with many noisy hyperedges. In all experiments, we labeled 50% of the

vertices for training and held out the other 50% of the vertices for testing. We randomly

generated hypergraphs with a large number of non-informative hyperedges connecting

randomly selected vertices and a certain number of special hyperedges, each of which

alone is not very informative but is highly informative in combination. We first gener-

ated a set of vertices with 80% of the vertices in one class and 20% of the vertices in the

other class. The set was then split into 5 weak informative hyperedges with an equal

number of vertices. The informative hyperedges were generated to simulate the con-

certed behavior of genomic features, which are often non-informative unless combined

as a module. The prior knowledge was introduced as the pairwise constraints between

the informative hyperedges. Some other random constraints between non-informative

hyperedges were also introduced as noise.

The algorithms were tested on 100 hypergraphs generated as described above. The

average AUC of the baselines and HyperPrior-LP with different percentages of informa-

tive hyperedges are reported in Figure 2.2. Because the results are similar for different

choices of ρ and α (α = µ
1+µ) parameters, we only plot the case with (α, ρ) = (0.5, 1). It
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Figure 2.2: Simulation results. This plot compares the algorithms by averaged AUC
over 100 trials. The x-axis is the percentage of informative hyperedges in the hyper-
graph. We set (α, ρ) = (0.5, 1) for HyperPrior-LP.

is clear in the plot that, when the prior knowledge gives useful information about interac-

tions between informative hyperedges, the performance of our algorithm is significantly

better than SVMs and the hypergraph-based algorithm with uniform weights. Since in

this simulation, only very high-order combination of the hyperedges could provide good

classification performance, SVMs performed poorly in all cases.
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(A) Interactions among hyperedges (B) Weights assigned by HyperPrior

Figure 2.3: Simulation on informative hyperedges discovery. (A) There are 10
small interacting modules among 200 informative edges and 2 larger interacting modules
among non-informative modules. (B) The x-axis is the index of the hyperedges aligned
with the indexes in plot (A). The y-axis is the weights. The 200 informative edges are
assigned larger weights by HyperPrior.

Informative hyperedges selection

To test if the HyperPrior algorithm can select informative hyperedges, we design one

additional experiment with more diverse prior knowledge on both informative and non-

informative hyperedges. We generate 400 non-informative hyperedges and 200 informa-

tive hyperedges. The 200 informative hyperedges are grouped into 10 fully connected

cliques in the interaction network. We also group 200 random hyperedges into 2 fully

connected cliques. The adjacency matrix is shown in Figure 2.3(A). The 2 cliques of

non-informative hyperedges are on the top-left of the matrix and the 10 cliques of in-

formative hyperedges are on the bottom-right of the matrix. The weights learned by

HyperPrior is plotted in Figure 2.3(B). It is evident that informative hyperedges are

assigned much larger weights, which shows that the HyperPrior algorithm is capable of

selecting true informative interaction components even under the presence of abundant

irrelevant interactions. This result also suggests that the HyperPrior algorithm assigns

weights to hyperedges based on both the predictability and modularity of the hyper-

edges, instead of the number of interactions that they have in the interaction network.
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Figure 2.4: Convergence of HyperPrior. This plot shows the decrease of the cost
function after each iteration of HyperPrior.

Accordingly, the HyperPrior algorithm achieves the highest AUC 0.874 in this exper-

iment, while the hypergraph-based algorithm and SVM with linear kernel and RBF

kernel only score 0.750, 0.596 and 0.604 respectively.

Convergency of the algorithm

To check the convergence of the HyperPrior algorithm, we measured the value of the

cost function in each iteration on the real microarray gene expression datasets with

selected 1,464 genes. The change of the cost function for different α and ρ parameters

is shown in Figure 2.4. It is clear that the HyperPrior algorithm converges very fast.

We also found that the value of f and w variables stay unchanged after the first 2 to 3

iterations.

In HyperPrior, we use w = 1 as the starting point. However, we also tried random
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LOO errors SVM (linear) SVM (RBF) L1-SVM fused SVM
Bladder tumors (by grade) 9 9 12 7
Bladder tumors (by stage) 9 9 13 7

Melanoma tumors 10 10 8 7
LOO errors Hypergraph HyperPrior-LP HyperPrior-NB

Bladder tumors (by grade) 11 6 6
Bladder tumors (by stage) 9 5 6

Melanoma tumors 7 7 7

Table 2.1: Classification performance on arrayCGH data. This table shows
the number of misclassified samples in the LOO cross-validation on the bladder cancer
dataset with two different labeling schemes (by tumor grade or by cancer stage) and
the melanoma cancer dataset. For the SVMs with linear and RBF kernels, combina-
tions of parameters C = {10−5, 10−4, . . . , 104, 105} and σ = {10−5, 10−4, . . . , 104, 105}
were tested. For the hypergraph-based algorithm and HyperPrior, parameters α =
{0.01, 0.1, 0.3, 0.5, 0.7, 0.9, 0.99}, and ρ = {10−3, 10−2, . . . , 102, 103} (for HyperPrior
only) were tested. For L1-SVM and fused SVM, combinations of parameters λ =
{20, 21, . . . , 29, 210}, and µ = {2−10, 2−9, . . . , 29, 210} (for fused SVM only) were tested.

starting points and they all converged to the same solution as long as the initial con-

straints on w are satisfied. So empirically, the solution of HyperPrior is not affected by

the starting point.

2.4.2 Classification of arrayCGH data

We tested HyperPrior on two arrayCGH datasets used by [23]. The first dataset contains

arrayCGH profiles of 57 bladder tumor samples and the second one contains arrayCGH

profiles of 78 melanoma tumor samples. Following the data preprocessing procedure in

[23], we removed the probes in sexual chromosomes and tested three tumor classification

problems: bladder tumors by grade (12 tumors of Grade 1 vs. 45 tumors of higher grades)

and by stage (16 tumors of Stage T1 vs. 32 tumors of Stage T2+), and melanoma tumors

by metastases (35 tumors that developed metastases within 24 months vs. 43 that did

not). The L1-SVM and fused SVM were implemented using the source code provided

by [23]. A weighted incidence matrix H was used in the bladder cancer dataset because

the results were more stable. We performed a cross-validation by a leave-one-out (LOO)

procedure for the three classification problems. The number of misclassified samples by

all the methods are reported in Table 2.1. On the bladder cancer dataset, HyperPrior-

LP and HyperPrior-NB achieved the best classification accuracy compared to the other
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(B) Melanoma cancer

Figure 2.5: Discriminative regions of DNA amplification and deletion. The

figures plot separately the weights of regions of “amplification state” and “deletion

state”, assigned by HyperPrior with the α and ρ parameters giving the best results in

cross-validation for the grade classification on bladder tumor samples and melanoma

tumor samples. The spots are ordered by their locations on chromosomes and the

corresponding weights are plotted in blue curves. Red lines represent the chromosome

separations.

methods. On the melanoma dataset, the hypergraph algorithm, fused SVM, HyperPrior-

LP and HyperPrior-NB all achieved the same error rate. Overall, HyperPrior-LP and
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(A) Bladder cancer (B) Melanoma cancer

Figure 2.6: Enriched biological functions in discriminative chromosomal regions.

HyperPrior-NB performed better than the baseline methods that do not utilize the

spatial prior knowledge, and gave competitive performance against fused SVM, which

also utilizes the same spatial prior knowledge.

The weights assigned by HyperPrior-LP with the optimal parameters are plotted

separately for amplification events and deletion events along the chromosomes in Figure

2.5. In the bladder cancer dataset, the highly weighted regions of deletion show good

agreement with the results reported by [39] in chromosome 2, 4, 7 and 11, but there is

no significant overlap in highly weighted amplification regions. In the melanoma cancer

dataset, many of the highly weighted regions of amplification events (chromosome 7,

8, 17 and 20), and deletion events (chromosome 4, 5, 8, 11, 14 and 15) show strong

consistency with those identified by [40]. It is evident in the plots that only scarce

chromosomal regions are highly weighted.

2.4.3 Functional analysis of discriminative chromosomal regions

We analyzed the genes located in the highly weighted chromosome regions with Ingenu-

ity (http://www.ingenuity.com/) to check whether the genes involve over-represented

GO categories and biological pathways relevant to bladder cancer and melanoma can-

cer. We selected the chromosome regions associated with the top 20 highly weighted

amplification states and the top 20 deletion states on both datasets. On the bladder

cancer dataset, 130 genes located in the amplification regions and 255 genes located

http://www.ingenuity.com/
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in the deletion regions. On the melanoma cancer dataset, 205 genes and 28 genes lo-

cated in the amplification regions and deletion regions, respectively. Using these genes

as input, Ingenuity identified 6 and 10 enriched functions scoring a p-value less than

0.0005 on the two datasets, respectively (Figure 2.6). The enriched functions of bladder

cancer include post-translation modification, antigen presentation and cellular move-

ment, which are all consistent with those identified by [41, 42] and [43]. The enriched

functions of melanoma cancer also include known gene functions related to cancer devel-

opment such as cell cycle, cellular growth and proliferation, cellular development, and

cell morphology [44, 40].

2.4.4 Classification of gene expressions

We then evaluated HyperPrior on two breast cancer gene expression datasets, the van

’t Veer et al. dataset with 97 samples [9] and the van de Vijver et al. dataset with

295 samples [45]. A large curated human protein-protein interaction network was used

as prior knowledge [20]. This network contains 57,235 interactions integrated from

yeast two-hybrid experiments, predicted interactions from orthology and co-citatioin,

and other literature reviews. The details of the quantization and normalization of the

datasets are described in the original papers. The classification task is to classify patients

who developed metastasis or were free of metastasis in five years after prognosis.

As suggested by [9], 231 genes were selected on a training set of 78 patients and the

remaining 19 patients were held out as the test set in the van ’t Veer et al. dataset.

A leave-one-out cross-validation was then applied to the 78-patients training dataset to

select parameters for classifying the 19-patients test dataset. The training error rate for

each algorithm is reported in Table 2.2, 2.3, 2.4 and 2.5.

σ/C 0.0001 0.001 0.01 0.1 1 10 100 1000 10000

SVM (linear) 0.218 0.205 0.244 0.244 0.231 0.244 0.244 0.244 0.244

SVM (RBF)

10 0.218 0.218 0.218 0.218 0.218 0.218 0.231 0.231 0.231

100 0.218 0.218 0.218 0.218 0.218 0.205 0.244 0.244 0.231

1000 0.218 0.218 0.218 0.218 0.218 0.218 0.218 0.205 0.244

10000 0.218 0.218 0.218 0.218 0.218 0.218 0.218 0.218 0.218

Table 2.2: SVMs on 78 training samples from van ’t Veer et al. dataset with 231 genes.
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C/percentage 0.2 0.4 0.6 0.8 1

0.0001 0.231 0.218 0.231 0.231 0.231

0.001 0.244 0.231 0.269 0.231 0.218

0.01 0.218 0.269 0.282 0.269 0.256

0.1 0.231 0.269 0.218 0.218 0.244

1 0.231 0.256 0.218 0.192 0.231

10 0.244 0.269 0.218 0.192 0.231

100 0.256 0.269 0.218 0.192 0.231

1000 0.256 0.269 0.218 0.192 0.231

10000 0.256 0.269 0.218 0.192 0.231

Table 2.3: Rapaport et al.’s method on 78 training samples from van ’t Veer et al.

dataset with 231 genes.

λ1/λ2 0.0001 0.001 0.01 0.1 1 10 100 1000 10000

0.0001 0.256 0.256 0.269 0.269 0.269 0.269 0.269 0.269 0.269

0.001 0.256 0.256 0.256 0.269 0.269 0.269 0.269 0.269 0.269

0.01 0.269 0.256 0.282 0.269 0.269 0.269 0.269 0.244 0.295

0.1 0.231 0.231 0.244 0.282 0.308 0.321 0.295 0.282 0.269

1 0.346 0.346 0.346 0.372 0.359 0.333 0.308 0.256 0.231

10 0.295 0.295 0.295 0.295 0.295 0.282 0.282 0.282 0.282

100 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564

1000 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564

10000 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564 0.564

Table 2.4: Li et al.’s method on 78 training samples from van ’t Veer et al. dataset with

231 genes
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ρ/α 0.01 0.1 0.3 0.5 0.7 0.9 0.09

Hypergraph 0.218 0.231 0.231 0.231 0.244 0.269 0.231

HyperPrior (LP)

10 0.244 0.256 0.256 0.256 0.256 0.256 0.256

1 0.244 0.256 0.256 0.256 0.256 0.256 0.256

0.1 0.256 0.256 0.269 0.269 0.256 0.256 0.256

0.01 0.308 0.321 0.295 0.295 0.269 0.256 0.321

0.001 0.346 0.333 0.333 0.308 0.321 0.282 0.333

0.0001 0.462 0.474 0.487 0.397 0.333 0.321 0.462

HyperPrior (NB)

10 0.244 0.244 0.244 0.244 0.256 0.269 0.244

1 0.244 0.244 0.244 0.244 0.256 0.269 0.244

0.1 0.244 0.244 0.244 0.244 0.256 0.269 0.244

0.01 0.308 0.308 0.282 0.282 0.282 0.269 0.308

0.001 0.346 0.333 0.333 0.308 0.321 0.269 0.333

0.0001 0.462 0.462 0.487 0.385 0.333 0.321 0.462

Table 2.5: Hypergraph and HyperPrior on 78 training samples from van ’t Veer et al.

dataset with 231 genes

In the experiments on van de Vijver et al. dataset, we used for classification two

subsets of hypothetical cancer susceptibility genes: 326 genes from Ingenuity and 1,464

genes from Cancer Genomics tool (http://cbio.mskcc.org/CancerGenes). We ran-

domly run 5-fold cross-validation multiple times on van de Vijver et al. dataset and

measure the average AUC. Note that within each experiment of a 5-fold cross-validation,

another 4-fold cross-validation is used on the training set to determine the best param-

eters for HyperPrior and the baseline algorithms to test the held-out set. Table 2.6 and

2.7 list the cross-validation results of all algorithms on van de Vijver et al. dataset with

326 and 1,464 cancer genes. p-values from paired-sample t-test are also listed.

http://cbio.mskcc.org/CancerGenes
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AUC mean std vs. SVM (linear) vs. SVM (RBF) vs. Rapaport et al. vs. Li and Li

SVM (linear) 0.676 0.061 1.000 0.403 0.297 0.001

SVM(RBF) 0.681 0.063 0.403 1.000 0.792 0.015

Rapaport et al. 0.682 0.072 0.297 0.792 1.000 0.041

Li and Li 0.695 0.071 0.001 0.015 0.041 1.000

Hypergraph 0.687 0.060 0.037 0.225 0.392 0.170

HyperPrior-LP 0.697 0.061 1.031E-04 0.003 0.011 0.737

HyperPrior-NB 0.697 0.060 1.086E-04 0.003 0.012 0.749

vs. Hypergraph vs. HyperPrior-LP vs. HyperPrior-NB

SVM (linear) 0.037 1.031E-04 1.086E-04

SVM(RBF) 0.225 0.003 0.003

Rapaport 0.392 0.011 0.012

Li and Li 0.170 0.737 0.749

Hypergraph 1.000 0.062 0.065

Hypergraph-LP 0.062 1.000 0.985

HyperPrior-NB 0.065 0.985 1.000

Table 2.6: Accuracies of all algorithms on van de Vijver et al. dataset with 326 genes.

Paired-sample t-test was performed to determine the significance of the improvement.

p-values are listed in the table.

AUC mean std vs. SVM (linear) vs. SVM (RBF) vs. Rapaport et al. vs. Li and Li

SVM (linear) 0.671 0.066 1.000 0.425 0.296 0.018

SVM(RBF) 0.667 0.060 0.425 1.000 0.763 0.093

Rapaport et al. 0.665 0.067 0.296 0.763 1.000 0.189

Li and Li 0.657 0.068 0.018 0.093 0.189 1.000

Hypergraph 0.685 0.063 0.019 0.001 0.001 2.926E-06

HyperPrior-LP 0.692 0.062 2.960E-04 4.282E-06 3.497E-06 3.326E-09

HyperPrior-NB 0.692 0.062 3.232E-04 4.766E-06 3.876E-06 3.745E-09

vs. Hypergraph vs. HyperPrior-LP vs. HyperPrior-NB

SVM (linear) 0.019 2.960E-04 3.232E-04

SVM(RBF) 0.001 4.282E-06 4.766E-06

Rapaport et al. 0.001 3.497E-06 3.876E-06

Li and Li 2.926E-06 3.326E-09 3.745E-09

Hypergraph 1.000 0.187 0.196

HyperPrior-LP 0.187 1.000 0.978

HyperPrior-NB 0.196 0.978 1.000

Table 2.7: Accuracies of all algorithms on van de Vijver et al. dataset with 1,464 genes.

Paired-sample t-test was performed to determine the significance of the improvement.

p-values are listed in the table.



31

Algorithms
van ’t Veer et al. van de Vijver et al.

231 genes 326 genes 1,464 genes

SVM (linear) 0.857 0.676 0.671
SVM (RBF) 0.857 0.681 0.667

Rapaport et al. 0.869 0.682 0.665
Li and Li 0.833 0.695 0.657

Hypergraph 0.857 0.687 0.685
HyperPrior-LP 0.881 0.697 0.692
HyperPrior-NB 0.869 0.697 0.692

Table 2.8: Classification results on gene expression data. On the van ’t Veer et
al. dataset, the AUC on the 19-patient test set is reported. On the van de Vijver et al.
dataset, over the random 5-fold cross-validations (50 times on both the 326 genes and
the 1,464 genes), the mean AUCs are reported.

The classification results for all algorihtms on both datasets are summarized in Table

2.8. It shows that both HyperPrior-LP and HyperPrior-NB performed better than

SVMs and the method by [22] in all the experiments. In particular, HyperPrior-LP

outperforms the five baseline algorithms in classifying the 19 test samples on the van’t

Veer et al. dataset by 3 to 6 percents. When the interaction network contains accurate

and helpful information, larger ρs are chosen in cross-validation to take advantage of the

prior knowledge (Table 2.5). Thus, we speculate that the protein-protein interaction

network plays an important role in learning the better classifier, given the relatively

large value for ρ in the experiments.

On both datasets, HyperPrior achieved around 2% percent improvement on the

average AUCs. Although this improvement seems marginal, pairwise comparisons show

that HyperPrior outperformed SVMs and the method by [22] significantly with p-value

less than 0.05 by paired one-sample t-test (Table 2.6 and 2.7). The method by [32]

performed similarly as HyperPrior (0.695 vs. 0.697) in the experiments with 326 genes

on the van de Vijver et al. dataset, but this method did not perform well in the other two

experiments. The hypergraph based algorithm achieved slightly worse results compared

with HyperPrior in the experiments with 1,464 genes on the van de Vijer et al. dataset,

but in the other experiments, the results were statistically worse.
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Known Disease Gene
Gene Ranking

HyperPrior (LP) HyperPrior (LP)
CC

α = 0.5, ρ = 1 α = 0.5, ρ = 0.1

TP53 1 1 1166
BRCA1 11 12 1285
KRAS2 15 19 1057
ESR1 17 16 122
HRAS 18 14 73

BARD1 56 62 350
ATM 60 59 1154
AKT1 70 79 737

TGFB1 107 112 628
CASP8 108 120 636
PTEN 129 137 708

SERPINE1 185 136 179
PPM1D 188 116 243
BRCA2 226 258 856
PIK3CA 450 421 127
STK11 588 588 1278

Table 2.9: The ranking of known breast cancer (OMIM#114480) susceptibility genes.
We compared the ranking of the known cancer genes obtained by the HyperPrior al-
gorithm with the ranking calculated by Correlation Coefficients (CC). We set α = 0.5
and ρ = 1 and 0.1 to test HyperPrior algorithm.

2.4.5 Functional analysis of cancer genes

Cancer gene ranking of gene

To demonstrate that HyperPrior is capable of identifying true cancer susceptibility

genes, we compared the highly weighted genes by HyperPrior on the van de Vijver et

al. dataset with known breast cancer causative genes reported in the overview section

of breast cancer (MIM 114480) in Online Mendelian Inheritance in Man (May, 2007;

http://www.ncbi.nlm.nih.gov/omim/). Specifically, we ranked the 1,464 cancer genes

on van de Vijver et al. dataset and compare the ranking of known breast cancer genes

with the ranking by correlation coefficients. While correlation coefficients gave very low

rankings to the 16 known breast cancer causative genes in the dataset, HyperPrior-LP

in two different settings (ρ = 1 and 0.1) assigned high ranks to most of the genes, with

14 out of 16 genes ranked in the top 300 genes (Table 2.9). Notable examples of the

http://www.ncbi.nlm.nih.gov/omim/


33

rank
α = 0.5 α = 0.5 α = 0.5, ρ = 1

rank
α = 0.5 α = 0.5 α = 0.5, ρ = 1

ρ = 1 ρ = 0.1 with noise ρ = 1 ρ = 0.1 with noise
1 TP53 TP53 TP53 26 HDAC1 SOS1 BUB1B
2 RB1 RB1 EGFR 27 CAV1 ATF2 CREBL2
3 MADH3 MADH3 RB1 28 TNFRSF6 SNW1 IGBP1
4 MAPK3 MAPK3 MADH3 29 CCNH CAV1
5 EGFR EGFR CREBBP 30 CDC25A NFKB1 CCNA2
6 CREBBP JUN JUN 31 ONECUT1 HDAC1 GNAS1
7 JUN CREBBP CTNNB1 32 INSR CCNH PKMYT1
8 RAF1 CTNNB1 MAP2K4 33 NR3C1 NR3C1 MCM7
9 MADH2 RAF1 SLC2A5 34 CSNK2A1 CSNK2A1 PGR
10 CTNNB1 STAT1 SIL 35 MNAT1 ZNF145 MMP11
11 BRCA1 RASA1 SH3BGRL 36 JAK2 TNFRSF6 RPS13
12 STAT1 BRCA1 SLC16A1 37 SNW1 ONECUT1 BPAG1
13 MDM2 MADH2 SELP 38 CDC2 PML P4HB
14 MDM2 HRAS BRCA1 39 NFKB1 INSR E2F1
15 KRAS2 YWHAZ SDHD 40 PML CDC25A NESP55
16 MAPK1 ESR1 SFRS3 41 CDK4 IL6ST PSMD7
17 ESR1 PTK2 SDHB 42 GTF2H1 CDC2 RPL4
18 HRAS MDM2 SDHC 43 CSK E2F1 RPL11
19 PTK2 KRAS2 LIF 44 HIF1A CSK PLOD3
20 SOS1 MDM2 EPHB2 45 IL6ST TRAF2 SKP2
21 YWHAZ MAPK1 SFRP1 46 SNRPD2 MNAT1 KPNA2
22 NRAS JAK2 SET 47 CASP3 CDK4 FGG
23 ATF2 EEF1A1 MYBL2 48 FOXO1A GTF2H1 FANCA
24 EGF EGF EEF1A1 49 STAT5A CRK DKFZP564A063

25 RASA1 NRAS BIRC5 50 G22P1 HIF1A G6PD

Table 2.10: The top 50 genes ranked by HyperPrior

biomarker genes are tumor protein p53 (TP53), estrogen receptor 1 (ESR1), v-Ha-ras

Harvey rat sarcoma viral oncogene homolog (HRAS), and v-Ki-ras2 Kirsten rat sarcoma

viral oncogene homolog (KRAS), all of which were not identified in [9] but are highly

ranked by HyperPrior.

We also introduced some noise to the PPI network to make the degree of each node

no less than one half of the maximum degree in the network. The top 50 genes ranked

by HyperPrior with two groups of parameters and with a PPI to which the noise is

introduced are listed in Table 2.10.
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(A) TP53-subnetwork (B) BRCA1-subnetwork (C) AKT1-subnetwork (D) RB1-subnetwork

(E) STAT1-subnetwork (F) SMAD2-subnetwork (G) SOS1-subnetwork

Figure 2.7: Seven interaction networks of the top 100 marker genes on van de Vijver et
al. dataset. Known breast cancer causative genes such as TP53, ESR1 and BRCA1 play
a central role in the networks. Other known susceptibility genes such as v-akt murine
thymoma viral oncogene homolog 1 (AKT1), retinoblastoma 1 (RB1), signal transducer
and activator of transcription 1, 91kDa (STAT1), SMAD family member 2 (SMAD2),
and son of sevenless homolog 1 (SOS1) also tend to be hubs and interact with many
other susceptibility genes in the networks. Note that we remove those marker genes
that do not directly interact with other known susceptibility genes.

Cancer subnetworks

HyperPrior also identified seven cancer pathway networks enriched by the top 100 highly

weighted genes. Two examples are TP53-subnetwork and BRCA1-subnetwork: TP53-

subnetwork is involved with glucocorticoid receptor signaling, p53 signaling and B cell

receptor signaling pathways, and BRCA1-subnetwork is over-represented with gluco-

corticoid receptor signaling, estrogen receptor signaling, and RAR activation. Other

networks are also involved with glucocorticoid receptor signaling, RAR activation, es-

trogen receptor signaling and other canonical pathways. All these over-represented bi-

ological pathways are closely relevant to breast cancer (http://cgap.nci.nih.gov/).

This observation again supports the hypothesis that cancer genes share specific path-

ways involved with disease and they often interact with each other in a protein-protein

http://cgap.nci.nih.gov/
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Figure 2.8: Enriched biological functions by the top 100 marker genes on the van de
Vijver et al. dataset. The enriched functions are sorted by p-values calculated using
the right-tailed Fisher Exact Test. All the enriched functions have p-value less than
1.0e− 9.

interaction network [21, 10, 20, 46]. We also analyzed the enriched biological functions

of the biomarker genes by Gene Ontology (GO) annotations and pathway analysis with

Ingenuity. The results are reported in Figure 2.7.

Enriched functions

We also analyzed the biological functions of the biomarker genes from van de Vijver et

al. dataset by Gene Ontology (GO) annotations and pathway analysis with Ingenuity

(version 5.5). We investigated whether the identified marker genes involve significantly

over-represented GO categories and biological pathways that are related with breast

cancer. With the top 100 marker genes as input, Ingenuity identifies 17 enriched func-

tions scoring a p-value less than 1.0e − 9 on van de Vijver et al. dataset. Figure 2.8

shows the enriched biological functions from van de Vijver et al. dataset. All the 17

enriched functions of top 100 marker genes shows strong consistency with those iden-

tified by [44] and [10], indicating that these processes are significantly involved with

the progression of cancer. Especially, the most significant functions such as cell cycle

(p-value = 4.03e − 47), cell death (p-value = 3.44e − 44) , gene expression (p-value =
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2.43e−43), and cellular growth and proliferation (p-value = 2.7e−36) are well known to

be functionally involved with metastasis and development of breast cancer [47, 10, 20, 9].

Note that among the 17 functions, 11 functions are closely or exactly matched with the

21 functions discovered previously in [10].

2.5 Discussion

We introduce a hypergraph-based semi-supervised learning framework for sample clas-

sification and biomarker selection in arrayCGH and gene expression data with prior

knowledge. We evaluated the algorithms with rigorous cross-validation and thorough

parameterizations to show that the algorithms achieved promising classification perfor-

mance and identified known cancer-relevant genetic elements from the genomic datasets.

Despite the seemingly small improvement in the classification results, the improvement

is mostly statistically significant and consistent on the datasets. As the availability and

quality of biological knowledge continues to improve, more significantly better results

are expected in the future.

The two variations HyperPrior-LP and HyperPrior-NB produced similar results.

This observation suggests that both cost functions are viable choices to incorporate

prior knowledge. We also used a weighted distance between the spots on chromosomes

as correlation in the spatial prior graph for the arrayCGH datasets. But our preliminary

results showed no improvement with the introduction of the more complex modeling. In

an additional experiment, we also tested whether the high-ranking of the known breast

cancer genes by HyperPrior was a biased output caused by the high connectivity of

the known cancer genes in the PPI. We introduced random edges into the PPI network

to make each gene have a degree that is at least half of the maximum degree in the

network. We obtained similar top genes with the randomized network (Table 2.10).

This result indicates that HyperPrior indeed can utilize clusters in the PPI as useful

prior knowledge for biomarker selection.



Chapter 3

Integrating ArrayCGH Data with

Probe Alignment

In this chapter, we propose a probe alignment kernel and a multiple probe alignment

algorithm to integrate arrayCGH datasets from different platforms for sample classifi-

cation and common CNV identification.

3.1 Introduction

Since DNA copy-number variations (CNVs) play an important role in tumorigenesis,

one of the main tasks in copy number analysis is to identify the events of amplification

or deletion on chromosomes. Many copy number datasets were generated by arrayCGH

technology and these datasets were used to discriminate healthy patients from cancer

patients and classify patients of different cancer subtypes. Thus, arrayCGH data is con-

sidered as a new source of biomarkers that provide important information of candidate

cancer loci for the classification of patients and discovery of molecular mechanisms of

cancers [7].

ArrayCGH allows rapid mapping of DNA copy-number variations of a tumor sample

by a locus-by-locus measure. In an arrayCGH experiment, probes (short DNA segments

on chromosomes) of different lengths and locations are chosen for comparative genomic

hybridization. The CNV information at a probe location is reported by the log-ratio of

the probe intensity between a case and a reference. The sizes and the number of the

37
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Figure 3.1: A hypothetical example of interpolation and probe alignment. In-
terpolation and probe alignment are applied to compare the same two chromosomes.
The probe locations are marked with vertically striped blocks (amplifications) or hor-
izontally striped blocks (deletions). The interpolation interpolates each probe to its
corresponding position on the chromosome and add a new probe in the other series.
The CNV value of the new probe is guessed by checking the neighboring probes in the
same series. The probe alignment aligns nearby probe pairs in the two series with sim-
ilar CNVs. The matched probe pairs are connected by arrows in the alignment. The
interpolated probes marked with “?” are possibly wrongly labeled in the interpolation.

probe determines the resolution of an arrayCGH experiment. The length of the DNA

probes used by current platforms ranges from 100 bp to 5 kb, and in a typical study,

the number of probes ranges from several hundreds to tens of thousands. For example,

a Human array 2.0 chromium surface array can consist of only 2,464 probes at 1.5 Mb

resolution, while a high-resolution tiling array provides measurements of 36,288 probes.

The large difference in the sizes and numbers of probes makes integration of multiple

arrayCGH datasets used for similar studies a challenging problem. From a data analysis

perspective, the arrayCGH data are series of real values labeled by their chromosomal

positions. The traditional approach is an interpolation between the two series of probe

locations from two platforms. As described in Figure 3.1, in an interpolation probe

locations on one platform are added (interpolated) to the target platform and the cor-

responding CNV intensities are guessed by intensities of the most nearby probes in the

target platform. However, when the two platforms have large variations in the number

of probes, the interpolation is not an appropriate way to integrate the two series of

probes. Specifically, when the two series are both sparse, the interpolated points might

give misleading or wrong information. For example, in Figure 3.1, some of the probes

are interpolated to locations close to probes with opposite CNV. When the probes are

sparsely located, this might introduce false positives. Moreover, some of the interpo-

lated probes are far from other probes. In these cases (i.e. the interpolated probes
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marked by “?” in the figure), it is ambiguous to decide the CNV for the interpolated

new probes.

In this thesis, we propose to integrate arrayCGH datasets with probe alignment.

As shown in Figure 3.1, two series of probes from two arrayCGH samples are aligned

based on both their chromosomal locations and their CNV log-ratios. The probes in

one series are matched to the probes in the other series. The alignment representing an

approximate positional matching of the two compared chromosomes with the maximum

possible overlap of CNV events. The probe alignment seeking the maximum possible

CNV overlap is motivated by the fact that two tumor samples are likely to share some

common aberration regions related to tumor development and progression. If a probe

in one series shares the same CNV with another nearby probe in the other series, it

is likely that the two probes capture the same common tumor aberration in the two

samples. Thus, the two probes should be aligned to enhance the signal. Based on

this assumption, a probe alignment is more capable of detecting weak common CNV

signals between two chromosomes if only sparse information is available. The problem

of finding the best alignment of two probe series can be solved by a variation of the

standard global sequence alignment algorithm [48]. Compared with interpolation, the

main advantage of probe alignment is that the copy number of the chromosomal regions

between probes are inferred based on the information of all the probes, instead of only

the nearby ones, and the optimal global alignment provides the best guess of the CNVs

in these regions.

Based on probe alignment, a probe alignment kernel derived from the probe align-

ment scores is introduced for classification of patient samples from multiple datasets. In

the classification task, a binary classifier is trained to predict the tumor grade or cancer

stages of a patient using the CNV information in different arrayCGH data. With the

probe alignment kernel, many more patient samples from other datasets can be used to

improve classification performance on one dataset. A multiple alignment algorithm is

also designed to align all the probe series for identifying common CNV regions across

patient samples from many datasets. In this case, many probe series from several ar-

rayCGH datasets are aligned probe-by-probe, and the final alignment profile can reveal

the detected common CNV regions along the chromosomes.

Sequence alignment algorithms are well-established methods for protein/nucleic acid
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sequence analysis [48]. Famous examples are Needleman-Wunsch algorithm, Smith-

Waterman algorithm and fast approximations such as BLAST/PSI-BLAST [49]. The

applications of these algorithms were relatively only limited to biological sequences

rather than other types of data. It is worth mentioning that [50] proposed to use an

alignment algorithm to align time series of gene expressions. Although motivated by

another application, the central philosophy of finding a synchronization of two series to

replace simple interpolation is closely related. There are several previous approaches for

segmentation and CNV detection from array CGH data. For example, [51] proposed a

Bayesian hidden Markov model to model relation between neighboring probes. Because

these approaches assumes discrete copy number states without quantifying the distance

between probes, they are not directly applicable in the multi-platform scenario.

3.2 Methods

In this section, we first describe how to align two probe series. We next introduce the

probe alignment kernels for classification of CNV samples and a multiple alignment

algorithm for identifying common disease CNV regions. Finally, the time complexity of

probe alignment is analyzed.

3.2.1 Pairwise alignment of probe series

We denote the series of arrayCGH probes on a chromosome as a finite sequence of

tuples (x1, l1), (x2, l2), . . . , (xi, li), . . ., where each xi denotes the log-ratio intensity of

the ith probe and li denotes the location of the probe on the chromosome by kilo

base pairs (kb). Given two such sequences U = (u1, a1), (u2, a2), . . . , (un, an) and

V = (v1, b1), (v2, b2), . . . , (vm, bm) of length n and m respectively, we define three func-

tions, S(i, j), L(i, j) and R(i, j), for computing the alignment between the subsequences

(u1, a1), . . . , (ui, ai) in U and the subsequences (v1, b1), . . . , (vj , bj) in V . S(i, j) is the

optimal alignment score when (ui, ai) is aligned with (vj , bj); L(i, j) is the optimal align-

ment score when (ui, ai) is aligned with a gap, and R(i, j) is the optimal score when

(vj , bj) is aligned with a gap. Finally, a function M(i, j) defined as the max of S(i, j),

L(i, j) and R(i, j) gives the optimal alignment score up to position i in U and position j

in V . With initialization S(0, ∗) = S(∗, 0) = L(∗, 0) = L(0, ∗) = R(∗, 0) = R(0, ∗) = 0,
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the functions can be recursively evaluated with a variation of standard dynamic pro-

gramming as follows,

S(i, j) = max


M(i− 1, j − 1) + s(i, j)

S(i, j − 1) + s(i, j)

S(i− 1, j) + s(i, j)

L(i, j) = M(i− 1, j) + g

R(i, j) = M(i, j − 1) + g

M(i, j) = max{S(i, j), L(i, j), R(i, j)}

where function s(i, j) gives the substitution score between (ui, ai) and (vj , bj) and con-

stant g is a gap penalty. The gaps in the alignment are introduced to capture the

regions that are sufficiently covered by probes in one platform but not the other. Note

in our formulation, a probe in one probe series can be matched with multiple probes

in the other series, i.e. we also consider S(i, j − 1) + s(i, j) and S(i − 1, j) + s(i, j)

when S(i, j) is calculated. Because different platforms have different probe densities, it

is more reasonable to allow one-to-many matching in the alignment.

Given two probe series U and V , the substitution score s(i, j) between (ui, ai) and

(vj , bj) needs to be designed to quantify a composition of two measurements: First, how

close the two positions ai and bj are, and second, how similar the two CNV log-ratios

ui and vj are. The substitution scores should encourage alignment of probe pairs that

have similar amplification/deletion log-ratios at nearby locations. A simplest scoring

function can be defined as follows,

s(i, j) = e
−|ai−bj |

σ ∗ ui ∗ vj (3.1)

where e
−|ai−bj |

σ quantifies how close the two positions are and ui ∗vj is a simple measure

of whether the two CNV log-ratios are similar or opposite. In this scoring function,

the distance on a chromosome is normalized by a constant σ, which can be estimated

from the actual probe locations in the probe series data. The closer the two probes,

the larger the score. The similarity between two CNV log-ratios is simply taken as

the product of the two values. The main advantage of this scoring function is that it

is straightforward and parameter free. Note that, because the probes might represent

the DNA copy numbers in chromosome regions of various lengths, the optimal probe
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alignment does not necessarily preserve the best sequential mappings between the two

series by locations. Thus, a probe might not be matched with its closest peers in the

other series in the alignment.

To produce more refined multiple probe alignments, the scoring function in equation

(3.1) can be extended to be a positive function as follows,

s(i, j) = e
−|ai−bj |

σ ∗ ([ui ∗ vj ]+ + 1) (3.2)

where [ui ∗vj ]+ is a refined product based on the sign and the value of ui and vj , defined

as below,

[ui ∗ vj ]+ =

{
ui ∗ vj if ui ∗ vj ≥ 0

0 otherwise

The product is then shifted by 1 to keep the positiveness. The refined similarity between

ui and vj considers two scenarios. First, when ui and vj have the same sign, the

similarity is still the product between them. In the second case, when ui and vj have

different signs, the similarity between them is 0. In this scoring scheme, two probes

with exactly the same position but different CNV signs will still be matched together

to prevent needlessly penalizing the matches with gap insertions. This also implies that

two probes at the same chromosomal position will still be matched even if they have

opposite CNV events.

The choice of the gap penalty g depends on the substitution function s(i, j). If

the substitution function in Eqn. (3.1) is used, g can simply be set to a very small

positive constant, which guarantees that a gap is preferred over matching two probes

with different signs, and that only a very small value is added to the overall alignment

score from the gap insertions. Intuitively, when g is small enough, an identical alignment

and similar kernels will be resulted. If the substitution function in Eqn.(3.2) is employed,

the gap penalty g = e
−τ
σ is used to match the scaling of the new scoring function. By

definition, this gap penalty only allows two probes with different signs to match if their

distance on the chromosome is less than τ . This means that two probes with different

signs will be matched if they are close-by sufficiently on the chromosome. τ can be

empirically chosen as a value smaller than σ.
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3.2.2 Probe alignment kernel

To address the problem that there is no direct way to integrate arrayCGH/CGH profiles

from different platforms in classification, we propose a kernel based on probe alignment,

which measures the similarity between samples with their probe alignment scores. The

probes located on the DNA of each chromosome of human genome are aligned and the

alignment scores are summarized as the kernel value. The alignment kernel function

computing the best global alignment score between U and V is given as follows,

K(U, V ) = K(((u1, a1), . . . , (un, an)), ((v1, b1), . . . , (vm, bm))) =
M(m,n)

m+ n

where the alignment score is normalized by m+n, the lengths of the two series to avoid

the bias by the number of probes.

The kernel function K(U, V ) is used to compute the alignment score between two

probe series of a particular human chromosome. Given two arrayCGH samples each

with P chromosomes in genome (23 pairs of chromosomes in Human genome), the total

alignment score between the two samples is the summation of the best global alignment

scores of the P pairs of chromosomes. Let {U (1), . . . , U (P )} and {V (1), . . . , V (P )} denot-

ing the two sets of probe sequences of the chromosomes. The probe-alignment kernel

function K is defined as

K({U (1), . . . , U (P )}, {V (1), . . . , V (P )}) =
P∑
i=1

K(U (i), V (i))

We choose the scoring function given in Eqn. (3.1) for the probe alignment kernel.

When all the probe positions can be perfectly matched between two series, the probe

alignment kernel tends to be very close to a simple linear kernel between the two probe

series, where the kernel is simply the summation of the matched ui ∗vj in the two series.

Note that the probe alignment kernel is not positive semi-definite (PSD), similar to

the alignment kernel for protein classification [52]. A positive constant is added to the

diagonal of the kernel matrix to make it a valid kernel.

3.2.3 Multiple alignment of probe series

Similar to the multiple alignment algorithms for protein/DNA sequences, a multiple

alignment procedure can also be used to align multiple probe series from different array-

CGH datasets. The multiple probe alignment (MPA) can reveal common amplification
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Algorithm 2 Multiple Probe Alignment (MPA)

Input: a set of probe series X = {X1, X2, . . . , Xn}
Output: the merged probe series X∗

1: Compute the pairwise alignment score between all pairs in {X1, X2, . . . , Xn}.
2: repeat
3: Select the pair Xa and Xb with the largest alignment score.
4: Merge Xa and Xb as a new series Xa,b based on their alignment.
5: Remove {Xa, Xb} and add Xa,b: X = X ∪ {Xa,b} − {Xa, Xb}.
6: Compute the alignment score between Xa,b and all other series in X.
7: until There is only one series left in X.
8: Return the final merged probe series X∗.

or deletion events even if the probe sets are at different chromosomal positions. We

adopted the progressive multiple alignment strategy [53] and used the pairwise probe

alignment with scoring function defined in equation (3.2) for base alignment. The algo-

rithm is described in Algorithm 2.

The algorithm continuously merges the two most similar probe series and finally,

gives the alignment merged from all the series. Merging two probe series is the cru-

cial step. To accomplish the best merging, we slightly extended the definition of a

probe series by adding a weight to each probe in the series to make a new sequence of

triples (xi, li, wi). Each weight wi quantifies the importance of the probe by keeping

the count of the number of probes that have been merged into this probe in previ-

ous alignments. Specifically, two such series Xa = (u1, a1, w1), . . . , (un, an, wn) and

Xb = (v1, b1, w
′
1), . . . , (vm, bm, w

′
m) are merged as a new series Xa,b based on their align-

ment. There are two types of probes in the alignment: the probes which are aligned

with a gap and the probes which are matched with some probe(s). New probes are

calculated for these two cases as follows:

1. If a triple (ui, ai, wi) or (vj , bj , w
′
j) is matched with a gap in the alignment between

Xa and Xb, the triple is kept unchanged and directly added into the new series

Xa,b.

2. Because some consecutive probes in one series can be matched with some consec-

utive probes in the other series, multiple triples from both series might need to be

merged as one new probe. Suppose {(ui, ai, wi), (ui+1, ai+1, wi+1), . . . , (ui+k1 ,
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ai+k1 , wi+k1)} and {(vj , bj , w′j), (vj+1, bj+1, w
′
j+1), . . . , (vj+k2 , bj+k2 , w

′
j+k2

)} are

the two sets of multiple triples of length k1 and k2 respectively that need to be

merged. We combine them as a new tuple (z, c, w′′) by

z =

i+k1∑
p=i

up +

j+k2∑
q=j

vq

w′′ =

i+k1∑
p=i

wp +

j+k2∑
q=j

w′q

c =

∑i+k1
p=i ap ∗ wp +

∑j+k2
q=j bq ∗ w′q

w′′
.

Note that the position of the new probe is calculated as a weighted average of the

merged positions to relieve possible bias introduced by outlier probes.

3.2.4 Fast probe alignment in linear time complexity

The direct implementation of the recursive dynamic programming runs in quadratic

time. Under an idea similar to fast banded sequence alignment, probe alignment can

be computed in linear time complexity. The motivation is that those probe pairs that

are too far from each other will never be matched in the optimal alignment; otherwise,

there always exists a better path that replaces the bad matches with more insertions

and deletions. Thus, in the linear time implementation, only those probe pairs that are

in locations close enough need to be considered in the alignment. Specifically, we prove

the following two propositions:

Given two probe series, U = (u1, a1), (u2, a2), . . . , (un, an) and V = (v1, b1), (v2, b2),

. . . , (vm, bm), and a small positive gap penalty g, let umax = max(|u1|, . . . , |un|) and

vmax = max(|v1|, . . . , |vm|).

Proposition 3.2.1. The optimal alignment between U and V will only consist of gaps

and pairs of aligned probes (Ui, Vj) with |ai−bj | < θ, where θ = σ∗(ln(umaxvmax)−ln g).

Proposition 3.2.2. The number of probe pairs that need to be considered in probe

alignment is O( θmδ ), where δ = min{bj+1 − bj}.

Proposition 3.2.1 states that in the optimal alignment, only those probe pairs with

distance less than a threshold θ can be possibly aligned. Proposition 3.2.2 states that the



46

number of such pairs is upper bounded by θm
δ , where δ is the minimal distance between

the adjacent probe locations in V . Thus, the dynamic programming only needs to

explore a linear number of pairs defined as a function of θ and δ.

To prove that the time complexity of the dynamic programming algorithm for probe

alignment scales linearly in the length the probe series, we will first prove two lemmas

and then the theorem providing an upper bound of the time complexity.

Lemma 3.2.3. Two probes Ui and Vj will not be matched in the dynamic program-

ming if their matching score is less than the gap penalty, i.e. if s(i, j) < g, M(i, j) =

max{L(i, j), R(i, j)}.

Proof. The recursive formulation is

S(i, j) =


M(i− 1, j − 1) + s(i, j)

S(i, j − 1) + s(i, j)

S(i− 1, j) + s(i, j)

Because s(i, j) < g,

M(i− 1, j − 1) + s(i, j) <M(i− 1, j − 1) + g < M(i− 1, j − 1) + 2g = R(i− 1, j) + g

≤L(i, j)

S(i, j − 1) + s(i, j) <M(i, j − 1) + g = R(i, j)

S(i− 1, j) + s(i, j) <M(i− 1, j) + g = L(i, j)

Thus, S(i, j) < max{L(i, j), R(i, j)} and M(i, j) = max{S(i, j), L(i, j), R(i, j)} =

max{L(i, j), R(i, j)}. If s(i, j) < g, the optimal M(i, j) must be achieved by inserting a

gap from M(i− 1, j) or M(i, j − 1).

Lemma 3.2.4. Let umax = max {|ui|} and vmax = max {|vj |}, and the scoring function

s(i, j) = e
−|ai−bj |

σ ∗ uivj is used. Then, if |ai − bj | > θ, s(i, j) < g for ∀i, j, where

θ = σ ∗ (ln(umaxvmax)− ln g). 1

1 If the scorning function is defined by Eqn. (3.2), θ will be τ + σ ∗ ln(umaxvmax + 1). The proof is
similar thus omitted.
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Proof. This is true because

|ai − bj | > θ

⇒|ai − bj | > σ ∗ (ln(umaxvmax)− ln g)

⇒|ai − bj | > σ ∗ (ln(uivj)− ln g)

⇒|ai − bj | > −σ ∗ ln
g

uivj

⇒− |ai − bj |
σ

< ln
g

uivj

⇒e−
|ai−bj |

σ <
g

uivj

⇒s(i, j) = e−
|ai−bj |

σ ∗ uivj < g

This lemma shows that two probes with distance larger than a cutoff θ will not need to

be checked in dynamic programming.

By Lemma 3.2.3 and Lemma 3.2.4, we can prove the following theorem:

Theorem 3.2.5. The dynamic programming algorithm for probe alignment scales lin-

early in the length of probe series.

Proof. Let ki = argj{bj ≤ ai < bj+1}, δ = minj{bj+1 − bj} and d = θ
δ . If j < ki − d,

|ai − bj | = ai − bki + bki − bj ≥ bki − bj ≥ (ki − j)δ > dδ = θ. If j > ki + 1 + d,

|ai − bj | > θ also holds for similar arguments. Then ∀j /∈ [ki − d, ki + 1 + d], by

Lemma 3.2.3 and Lemma 3.2.4, M(i, j) = max{L(i, j), R(i, j)}. Let X = {(i, j)|i ∈
{1, . . . ,m}, j ∈ [ki − d, ki + 1 + d]}. We will prove it is sufficient to check only the (i, j)

pairs in X to achieve the optimal solution.

Suppose {(1, 1), . . . , (ik, jk), . . . , (ik+1, jk+1), . . . , (m,n)} is an optimal solution for

M(m,n) and pairs between (ik, jk) and (ik+1, jk+1) are not in X. Without loss of

generality, suppose they are in the lower-left region (j < ki − d). We know the optimal

path outside X can only be achieved by inserting gaps, so M(ik+1, jk+1) = M(ik, jk) +

(ik+1− ik + jk+1− jk)g. In this case, we can safely find another path in X which yields

the same score. For example, let the path from (ik, jk) to (ik+1, jk+1) be {(ik, jk), (ik +

1, jk), . . . , (ik+1− 1, jk), (ik+1, jk), (ik+1, jk + 1), . . . , (ik+1, jk+1− 1), (ik+1, jk+1)}. Then

it is a path in X which yields the same cost. (If some pairs in the middle are still
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Figure 3.2: An example of the fast alignment implementation

outside X, we can use the same strategy to make it in X. Actually, it is possible that

M(ik+1, jk+1) = S(ik+1 − 1, jk+1) + s(ik+1, jk+1). However, we can still prove there is

a path in X that achieves the same score. The proof is omitted here.) Thus we proved

it is sufficient to use pairs only in X to calculate the optimal solution in our dynamic

programming algorithm.

For any i, the number of j such that (i, j) ∈ X is at most 2b θδ c + 1. Thus, the

time complexity of our dynamic programming algorithm is bounded by O( θmδ ), which

is independent to the size of the probe series. It only depends on the values and the

densities of the probes.

Comments: In the proof, we used a universal d = θ
δ . However we can use different

di for each i in the program implementation to further speed up the algorithm. The

calculation of di still runs in linear time thus not change the upper bound of time
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complexity. However, to guarantee the solution is optimal, we have to make sure ∀i, ki−
di ≤ ki+1− di+1 and ki + di ≤ ki+1 + di+1. An example of this implementation is shown

in Figure 3.2. X is the red region in the figure.

3.3 Experiments

We evaluated both the probe alignment kernel and the multiple probe alignment algo-

rithm with experiments on three bladder cancer datasets as well as simulations. SVMs

were used as the classifier in all the classification tasks. Both linear and RBF kernels

were tested for the interpolation method. In all experiments, we tested SVM parameter

C = {10−4, 10−3, · · · , 104} and RBF σ = {10−3, 10−2, · · · , 103}.

3.3.1 Simulations

In the simulations, we first generated 10, 000 possible locations for probe sampling with

a Markov model. We assume that locations are from two types of chromosome regions:

gene-rich regions and non-coding regions. The probe density in gene-rich regions is

higher than that in non-coding regions. Specifically, the distance between adjacent

locations is 1 in gene-rich regions and 10 in non-coding regions. The Markov model

takes two states {“gene-rich region”, “non-coding region”} with a transition probability

0.9 for staying at a state and 0.1 for jumping between the states. Thus, continuous gene-

rich or non-coding regions with variable lengths will be generated by the Markov model.

We randomly generated 50 samples of probe series in the case group and another 50 in

the control group by random sampling from the 10, 000 locations in each experiment.

We simulated the DNA amplification and deletion events in the case samples for two test

scenarios. In the first scenario, we randomly selected 20 regions (10 amplifications and 10

deletions), each of which consists of 10 consecutive locations out of the 10, 000 locations

as discriminant CNVs on the chromosome. In the second scenario, we randomly selected

20 regions with variable numbers of locations between 1 and 20. This strategy generates

CNV regions with significantly different lengths to mimic short chunks as well as large

chunks of DNA amplification/deletions. The feature value of a probe that is not in a

CNV region is generated from a normal distribution N(0, 0.52). The rule implies that in

normal individuals, a DNA amplification or deletion is a relatively rare event. A probe
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Method
Fixed number of probes

n = 100 n = 500 n = 1000 n = U(1− 1000) n = N(500, 1002)

Linear Kernel 0.502 0.759 0.922 0.701 0.764
RBF Kernel 0.519 0.719 0.863 0.659 0.716
Align Kernel 0.597 0.875 0.950 0.811 0.857

Method
Variable number of probes

n = 100 n = 500 n = 1000

Linear Kernel 0.536 0.814 0.963
RBF Kernel 0.535 0.753 0.905
Align Kernel 0.601 0.850 0.968

Table 3.1: Classification accuracy on artificial datasets. SVMs were used as the
classifier with the kernels. The accuracies are averages of 10 random experiments for
each case. n is the number of probes in each series. The probes are a random subset of
the 10, 000 locations generated for each sample in three ways: 1) constant numbers (from
100 to 1, 000) of features were extracted out of the 10, 000 features for a sample such
that each sample has the same number of features but at different locations; 2) Different
numbers of features were extracted for each sample from a discrete uniform distribution
on [1, 1000]; and 3) different numbers of features for each sample were generated from
a normal distribution N(500, 1002) (rounded to positive integers).

in the CNV regions in a case sample will take a value from a normal distribution N(1/−
1, 0.52) to indicate a measured CNV value at the locations in the amplification/deletion

regions.

Classification

We compared the standard interpolation with the alignment kernel using the cost func-

tion defined in equation (3.1) and a small gap g = 0.001. In the standard interpolation,

a linear interpolation maps the missing positions in each series. The feature value at an

interpolated position is assigned the distance-weighted average of the two nearest posi-

tions. After interpolation, each sample will have a feature vector of the same dimension,

and standard classifiers such as SVM can be used for classification. We randomly gen-

erated datasets and tested the classification accuracy with a 5-fold cross-validation. In

each fold, another 4-fold cross-validation on the training set is used to tune parameters

for each algorithm. The average accuracy of each algorithm is reported in Table 3.1.

The alignment kernel clearly outperformed the interpolation method. When probes are
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|X|
mn 100 1000 5000 U(1, 1000) N(1000, 1002)

σ = 100 0.145 0.161 0.169 0.157 0.160
σ = 10 0.015 0.016 0.017 0.015 0.016

Table 3.2: The time complexity of fast alignment algorithm in simulations. In
the table, m and n are the number of probes and σ is parameter in Eqn. 3.1. We tested
σ = {10, 100} and set g = 0.001, which is the same value of g as in the classification.
|X|
mn denotes the ratio of the pairs that need to be computed by the fast implementation
to that by the quadratic time algorithm.

sparse, the improvement is up to 12%. When there are more probes available, the im-

provement is smaller. Especially, when 1, 000 probes are sampled, the improvement is

only 3%. In the experiments with variable number of probes per sample or with vari-

able number of locations per amplification/deletion region, the alignment kernel also

significantly outperformed the interpolation. The experiments proved that the align-

ment kernel could handle sparse probe series with varying numbers of probes or varying

lengths of amplifications/deletions well for classification.

Efficiency of the fast alignment algorithm

To test the efficiency of the fast alignment algorithm, we used the same method to

generate several artificial datasets with fixed number of probes for each sample. Let X

be the set of (i, j) pairs defined in the proof of Theorem 3.2.5 and m,n be the length

of the two probe series. We measured the value of |X|mn , which denotes the ratio of the

number of pairs that needs to be computed by the fast implementation, to the number

of pairs that is computed by the quadratic time algorithm. The smaller the value is, the

more efficient the faster alignment algorithm is compared to the original quadratic time

algorithm. The experiments were repeated 10 times and the averages were reported in

Table 3.2. Clearly, the fast implementation significantly improved the running time.

Multiple alignment

To compare the multiple alignment algorithm with the interpolation method, we also

tested alignment of multiple probe series for identifying the true common CNV regions.

The multiple alignment algorithm used the scoring function defined by Eqn. (3.2) with

τ = σ
10 . For better visualization, we only report the results on small datasets without



52

0 20 40 60 80 100
−1

−0.5

0

0.5

1

Interpolation

MPA

True profile

0 20 40 60 80 100
−1

−0.5

0

0.5

1

Interpolation

MPA

True profile

(A) Example of constant number of locations (B) Example of variant number of locations

Figure 3.3: Comparison between multiple probe alignment and interpolation
in simulation. CNV profiles generated by multiple alignment algorithm (MPA) and
interpolations are compared with the four true common CNV regions plotted in the
step function. All the values in the plots were rescaled to the range [−1, 1] for better
visualization.

distinguishing gene-rich regions and non-coding regions although similar results were

observed on larger datasets. We generated 5 samples with 100 locations, within which

there are 2 amplification regions and 2 deletion regions. In the example in Figure 3.3(A),

each region contains 5 consecutive locations. In the example in Figure 3.3(B), each

region contains 1 to 10 consecutive locations. We randomly sampled 10 features for both

cases. From the two examples, the result of multiple alignment is clearly more accurate

in detecting the exact locations of amplifications and deletions. Since the interpolation

approach propagates the information from a probe to its interpolated neighbors, this

propagation-based assumption often results in blurry boundaries and fails to distinguish

close-by CNV events, as visualized in the examples in Figure 3.3. We also generated

more multiple probe alignment examples in Figure 3.4. In these examples, we used

the same way to generate artificial datasets but we randomly sampled 20 instead 10

features for each sample. Thus the profiles learned by multiple probe alignment and

interpolation are more similar to the true profile. However, we can see the multiple

probe alignment is still more accurate than interpolation.

The results suggest that the multiple alignment algorithm is more robust to tolerate

probe sparsity and noise in the data.

3.3.2 Bladder cancer datasets

We collected three different arrayCGH datasets generated for studying bladder cancer.

The first dataset (D1) introduced by [39] was generated with a HumanArray 2.0 array
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Figure 3.4: More examples for comparison between multiple probe alignment

and interpolation in simulation. In both (A) and (B), the top row: The original

five aligned probe series plotted in 5 different lines; the bottom row: CNV profiles

generated by multiple alignment algorithm (MPA) and interpolations. The four true

common CNV regions are plotted in the red step function along with the profiles. All

the values in the plots were rescaled to the range [−1, 1] for better visualization.

consisting of 2,464 probes at 1.5Mb resolution. The second dataset (D2) introduced by

[54] was also generated with a HumanArray 2.0 array but consisting of 2,385 probes

at 1.3MB resolution. The third dataset D3 introduced by [55] was generated with

a high-resolution tiling BAC Re-Array set 1.0 containing 36,288 BAC probes. The

datasets were post-processed by the authors and the clones from sexual chromosomes

were not included in the study because they are not comparable between male and
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Distance 1 2 3 4 5 6 7 8 9 10 11
D1 8.6e4 8.3e4 7.0e4 6.5e4 6.5e4 5.2e4 5.2e4 4.9e4 4.5e4 4.9e4 4.2e4
D2 8.6e4 8.3e4 7.0e4 6.6e4 6.5e4 5.3e4 5.3e4 5.1e4 4.7e4 4.9e4 4.4e4
D3 8.5e4 8.3e4 6.6e4 6.7e4 5.9e4 5.8e4 5.3e4 5.0e4 4.8e4 4.6e4 4.5e4

Distance 12 13 14 15 16 17 18 19 20 21 22
D1 4.2e4 3.3e4 3.0e4 2.4e4 3.1e4 3.0e4 2.8e4 2.1e4 2.2e4 8.5e3 1.1e4
D2 4.2e4 3.3e4 3.0e4 2.4e4 3.0e4 2.8e4 2.8e4 2.1e4 2.2e4 7.9e3 1.1e4
D3 4.4e4 3.2e4 3.0e4 2.9e4 3.0e4 2.5e4 2.6e4 2.2e4 2.1e4 1.2e4 1.2e4

Table 3.3: Average probe distance (kb) on each dataset and chromosome.

female samples. After the pruning, dataset D1 contains 98 samples and 2,142 probes,

dataset D2 contains 57 samples and 2,308 probes, and dataset D3 contains 38 samples

and 24,384 probes. We tested classification of patient samples by tumor grades in the

three datasets. The two classes are distinguished by lower tumor grades or high tumor

grades. Specifically, we considered ‘Low’ vs. ‘High’ in D1, and ‘≤G2’ vs. ‘>G2’ in D2

and D3 [23, 11].

Parameter selection

The σ parameter is the normalization term of the probe distances in Eqn. (3.1) and

(3.2), and the gap penalty g defines the scoring scale of a gap in the alignment.

We plotted the probe locations against their indices on all 22 chromosomes of the

three datasets used in the thesis. Most of the curves are close to a linear function,

implying that the probe density ranges approximately in the same scale in each chro-

mosome of the three datasets. We also calculated the average distance for all pairs

of probes on each chromosome in the three datasets in Table 3.3. The average probe

distance is similar in each dataset and chromosome in the range (104, 105). Thus, any

σ in the range can be used for a good normalization. Based on the statistics on each

chromosome in Table 3.3, we set σ to be the average distance between all pairs of probes

on a chromosome.

Note that different σs were used for probes on different chromosomes. In the three

datasets, the σs for the 22 chromosomes are all in the order of 104 ∼ 105. Given

the estimated σ from the data, an additional cross-validation on the training set is

performed to choose the gap penalty g in {10−5, · · · , 10−1}. In multiple alignment, σ

can be chosen in the same way, but the g parameter is actually decided by the minimal
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Method D1 D2 D3

Linear Kernel 0.808 0.612 0.835
RBF Kernel 0.824 0.603 0.806
Raw Kernel 0.812 0.642 0.846

Alignment Kernel 0.870 0.797 0.883

Table 3.4: Improvement of bladder cancer classification from data integration
with probe alignment kernel. The accuracies are averages of 50 random 5-fold
cross-validations.

allowed matching distance τ (Eqn. (3.2)). Since g will only take values in the range

[e−1, 1], if τ < σ, empirically any τ < σ can give reasonable multiple alignment on both

artificial and real datasets. From the definition g = e−
τ
σ , we can expect the results

of multiple alignment will not be sensitive to τ as long as σ
10 < τ < σ. Thus, in the

multiple alignments, we set τ = σ
10 .

Classification of patient samples

To evaluate the classification performance of the alignment kernel, we performed a

special cross-dataset validation. We first selected a target dataset to run 5-fold cross-

validation. In the experiment on each fold, we also used the samples in the other two

datasets as additional training samples. We performed the cross-dataset validation for

D1, D2 and D3, each with 50 times of random 5-fold cross-validation. One additional

baseline is the Raw kernel function defined by [56], which defines pairwise relations

between CNV states as a new variation of linear kernel. Note that the experiments of

all the compared methods were on the same 5 folds of each dataset. In the experiment

on each fold, another 4-fold cross-validation on the training set was performed to tune

parameters for each algorithm, specifically, the SVM C parameter and the gap parameter

g for probe alignment, the SVM C parameter for linear kernel and raw kernel, and the

SVM C parameter and the RBF σ for RBF kernel.

Two categories of comparisons were performed. First, we tested SVMs used with

linear kernel, RBF kernel and Raw kernel on the three datasets independently but with

the alignment kernel using additional training data from the other two datasets. These

experiments were purposed to show that integrating samples from other datasets in the

training set can generate more accurate classifiers. The results are reported in Table
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Additional training Target dataset
Interpolation

Alignment kernel
Linear RBF Raw

D2 D1 0.805 0.817 0.816 0.829
D3 D1 0.812 0.833 0.828 0.868
D1 D2 0.635 0.707 0.659 0.791
D3 D2 0.666 0.755 0.674 0.766
D1 D3 0.819 0.785 0.893 0.847
D2 D3 0.839 0.812 0.852 0.848

D2, D3 D1 0.813 0.842 0.797 0.870
D1, D3 D2 0.668 0.785 0.664 0.797
D1, D2 D3 0.812 0.834 0.881 0.883

Table 3.5: Comparison of the probe alignment kernel and interpolation in
cross-dataset validation. The accuracies are averages of 50 random 5-fold cross-
validations. The second column shows the target dataset for 5-fold cross-validation.
The first column shows the datasets used as additional training samples.

3.4. Clearly, using the additional data, the alignment kernel significantly improved the

classification accuracy on the three datasets. Next, the alignment kernel was compared

with the other kernels on the interpolated data with the interpolated features on multiple

datasets in all possible combinations. The average accuracy of all the methods are listed

in Table 3.5. The alignment kernel outperformed or tied with the best of linear kernel,

RBF kernel and raw kernel on the interpolated data in almost all the cases except it is

the second best when tested with D3 as target and D1 for additional training.

Intuitively, a σ close to the average probe distance and a small g can provide a good

kernel for classification in the alignment framework. We verified the intuition by addi-

tional classification experiments on the three bladder cancer datasets by all combinations

of parameters (g ∈ {10−10, 10−5, 10−4, 10−3, 10−2, 10−1} and σ ∈ {101, 102, 103, 104,

105}) and listed the results in Table 3.6.

Detecting common CNV regions

To evaluate how well the three datasets can be integrated to detect the common CNV

regions in bladder cancer tumors, we applied the multiple alignment algorithm to align

the samples with higher tumor grades in the three datasets, and compared the alignment

result with the interpolation result. Since all the samples in the same dataset have

identical probe locations, we first calculated the average log-ratio intensities of the three
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g/σ
D1(D2) D2(D1) D3(D1)

103 104 105 106 107 103 104 105 106 107 103 104 105 106 107

10−10 0.80 0.82 0.82 0.82 0.82 0.62 0.78 0.76 0.77 0.77 0.81 0.81 0.81 0.78 0.78
10−5 0.80 0.82 0.82 0.82 0.82 0.62 0.78 0.76 0.77 0.77 0.81 0.81 0.81 0.78 0.78
10−4 0.80 0.82 0.82 0.82 0.82 0.62 0.78 0.76 0.77 0.77 0.81 0.81 0.81 0.78 0.78
10−3 0.81 0.82 0.82 0.82 0.82 0.62 0.78 0.76 0.78 0.77 0.80 0.81 0.81 0.78 0.78
10−2 0.80 0.78 0.81 0.81 0.81 0.62 0.74 0.76 0.78 0.77 0.82 0.83 0.81 0.79 0.78
10−1 0.78 0.73 0.73 0.78 0.79 0.61 0.71 0.77 0.75 0.75 0.73 0.77 0.87 0.78 0.76

g/σ
D1(D3) D2(D3) D3(D2)

103 104 105 106 107 103 104 105 106 107 103 104 105 106 107

10−10 0.85 0.83 0.86 0.86 0.85 0.69 0.73 0.76 0.75 0.75 0.86 0.83 0.87 0.85 0.85
10−5 0.85 0.83 0.86 0.86 0.85 0.69 0.73 0.76 0.75 0.75 0.86 0.83 0.87 0.85 0.85
10−4 0.85 0.83 0.86 0.86 0.85 0.69 0.73 0.76 0.75 0.75 0.86 0.83 0.87 0.85 0.85
10−3 0.84 0.83 0.86 0.86 0.86 0.69 0.73 0.76 0.75 0.75 0.86 0.83 0.87 0.85 0.85
10−2 0.79 0.83 0.85 0.85 0.85 0.68 0.71 0.75 0.76 0.76 0.84 0.83 0.87 0.84 0.83
10−1 0.78 0.73 0.78 0.80 0.79 0.59 0.61 0.68 0.70 0.71 0.83 0.83 0.85 0.86 0.86

g/σ
D1(D2, D3) D2(D1, D3) D3(D1, D2)

103 104 105 106 107 103 104 105 106 107 103 104 105 106 107

10−10 0.82 0.86 0.87 0.85 0.85 0.66 0.77 0.79 0.79 0.79 0.83 0.82 0.90 0.78 0.76
10−5 0.82 0.86 0.87 0.85 0.85 0.66 0.77 0.79 0.79 0.79 0.83 0.82 0.90 0.78 0.76
10−4 0.82 0.86 0.87 0.85 0.85 0.66 0.77 0.79 0.79 0.79 0.83 0.82 0.90 0.78 0.76
10−3 0.82 0.85 0.87 0.85 0.85 0.66 0.78 0.79 0.79 0.79 0.82 0.82 0.90 0.78 0.76
10−2 0.79 0.83 0.85 0.86 0.86 0.66 0.78 0.78 0.77 0.78 0.82 0.83 0.88 0.78 0.76
10−1 0.74 0.68 0.76 0.77 0.77 0.62 0.69 0.75 0.75 0.75 0.78 0.84 0.85 0.83 0.77

Table 3.6: Classification accuracies by all parameters. The values in the big table
are the classification accuracies on three real datasets for all combinations of parameters
with the best result bold. The datasets in parentheses are used as training sets. The
results are quite stable as long as g is not too large and σ is not too small.

datasets to get three consensus CNV probe series. The multiple alignment method was

then used to produce a multiple probe alignment profile of the three consensus probe

series. The probe intensities in the profile are rescaled to be in the range [-1,1]. We

then report the probe positions with an absolute intensity larger than 0.4 and identified

49 regions with an average length of 20,000 kb. We also used linear interpolation to

get an average of all samples and also rescaled the value to be in range [-1,1]. To

make a fair comparison with alignment method, we reported 708 center regions in the

interpolation profile, each with absolute intensity values larger than 0.8. The positions

that are centered at the 708 regions with length 10,000 kb were taken as the common

CNV regions. The results of multiple probe alignment and interpolation are compared

in Figure 3.5. Many of the common CNV regions identified by the two methods are

similar, but the alignment profile is smoother. The interpolation method reported many
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Figure 3.5: Comparison of multiple probe alignment profile and interpolation
profile. The multiple probe alignment profile is above the interpolation profile. The
common DNA amplification regions and deletion regions are plotted with blocks above
or under the x-axis, respectively. The probes in the profiles are ordered by their loca-
tions on chromosomes (from chromosome 1 to chromosome 22) and the corresponding
intensities are plotted by the curves. The vertical lines represent the chromosome sep-
arations. The locations of the known cancer-related CNVs and the four bladder cancer
genes (DBC1, TSC1, RB1 and BLCAP) are marked with arrows.

more short fragments, many of which are false positives. One remarkable finding is that

the multiple probe alignment captured four known bladder cancer genes in the common

CNV regions, while the interpolation only identified one. We applied the multiple

alignment algorithm to align all samples in the three datasets and compared the results

with interpolation in Figure 3.6.

The multiple probe alignment detected four bladder cancer genes, DBC1, TSC1, RB1

and BLCAP, and several common amplification/deletion regions associated with bladder

cancer. DBC1 (deleted in bladder cancer 1) is a gene that shows loss of heterozygosity in

some bladder tumors. TSC1’s somatic mutations are associated with the tumors cases

with one copy of the TSC1 gene missing due to a deletion in chromosome 9. The two

genes were identified at the end of the second deletion regions in the alignment profile

on chromosome 9. RB1 with mutations, believed to contribute to the development of
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Figure 3.6: Comparison of multiple probe alignment profile and interpolation
profile. The multiple probe alignment profile is above the interpolation profile. The
red blocks denote the common DNA amplification regions and the green blocks denote
the common DNA deletion regions. The probes in the profiles are ordered by their loca-
tions on chromosomes (from chromosome 1 to chromosome 22) and the corresponding
intensities are plotted in blue curves. The vertical black lines represent the chromosome
separations. This profile is different from that in the paper in that it is generated by
all samples in the datasets instead of only samples with high tumor grades.

bladder cancer, is identified at the first amplification region on chromosome 13. BLCAP

(bladder cancer associated protein), believed to be involved in the cancercinogenesis, is

identified at the second amplification region at chromosome 20. Besides these bladder

cancer genes, the multiple probe alignment also identified some common amplification

and deletion regions associated with bladder cancer. For example, we identified an

amplification event at location 6p22 with a main target gene E2F3 [57]. Deletions of

part of or all chromosome 9 are common events in bladder tumors and we identified these

events including a known location 9p21. The results are compared with previous studies

on the datasets [39, 55] in Table 3.7. The multiple probe alignment can retrieve most

findings from these independent studies, which implies that probe alignment successfully

integrated information from the three datasets. The multiple alignment also missed

some amplification/deletion regions, many of which might be false positives that were

manually identified in a very small number of samples.
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Chr CNV Location (kb) Region: Clone/Gene Reference IP

1 amp 109,770 - 196,034 1q24: RP11-193J5 [39] N

1q23 [55] Y

2 amp 6,680 - 20,594 2p25: YWHAQ, GRHL1, HPCAL1
[55] Y

RRM2, KLF11

2p25: ITGB1BP1, CPSF3, ADAM17
Y

YWHAQ, TAF1B, RRM2

2 del 195,683 - 213,371 2q35: PECR* [39] N

3 amp 13,853 - 36,353 3p25: TATDN2*, SEC13L1*, VGLL4* [55] Y

5 del 103,124 - 147,258 5q21: EFNA5 [39] N

5q22-23: APG12L, AP3S1 N

6 amp 2,798 - 23,690 6p22: ID4, E2F3, CDKAL1, SOX4
[39] Y

LOC401237

6p22: ID4, MBOAT1, E2F3, CDKAL1
[55] Y

SOX4, PRL, HDGFL1

8 del 2,615 - 4,726 8p23: MYOM2*, RP11-246G24* [39] N

8 del 10,133 - 21,594 8p23: MSRA, RP11-254E10 [39] N

8 amp 91,893 - 95,685 8q22: SPAG1*, RNF19* [39] Y

8q22: POLR2K*, RNF19*, PABPC1*
[55] Y

YWHAZ*, NCALD*

9 del 14,417 - 34,511 9p23: RP11-264O11* [39] N

9p22: RP11-109M15 Y

9p21: CDKN2A, RP11-33O15 Y

9p13: UNQ470, C9orf23, DCTN3
N

ARID3C, OPRS1, GALT

9p13: IL11RA, CCL27, CCL19
N

CCL21, SPAG8, HINT2

9p21: CDKN2A, CDKN2B, MTAP [55] Y

9 del 65,774 - 129,655 DBC1, TSC1* N

9q21: TRPM3, RP11-8L13, RP11-14J9 [39] N

9q21 (refer to Figure 5B in [55]) [55] N

10 amp 9,147 - 21,593 10p14: SFMBT2*, RP11-33J8*, RP11-35I11* [39] Y

12 amp 62,137 - 64,839 12q14: MDM2*, CTB-82N15* [39] Y

12q15: FRS2*, CCT2* LRRC10*,VMD2L3* [39] Y

13 amp 25,534 - 47,854 RB1 N

13 amp 105,706 - 108,884 13q33: TNFSF13B [39] Y

19 amp 32,898 - 40,965 19q13: DPF1*, PPP1R14A*, SPINT2*
[39] Y

KCNK6*, ACTN4*

20 amp 28,098 - 60,257 BLCAP Y

Table 3.7: Common CNV regions and cancer genes detected by multiple probe

alignment. This table compares the findings of multiple probe alignment with the

discoveries in [39] and [55]. Genes followed by * are not exactly in the region but they

are less than 5,000kb away from the region. The last column shows whether a region is

also discovered by interpolation (IP).
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3.4 Discussions

Integration of diverse genomic datasets has become one of the central problems in cancer

genomics. Most of previous work on arrayCGH data analysis focused only on segmen-

tation of the probe series for deriving real CNV events. In this thesis, we introduce a

general probe alignment framework to integrate arrayCGH datasets generated on dif-

ferent platforms. We demonstrated with experiments that the probe alignment-based

approaches have a good potential to generate significantly improved classification per-

formance and detect more accurate common CNVs. The results suggest that these

approaches are powerful tools for integrative studies of multiple arrayCGH datasets.

There are three technical issues in applying probe alignment: fast implementation, pa-

rameter tuning and kernel selection.

• We tested the fast probe alignment described in section 3.2.4 to show that only

a small fraction of the entries in the dynamic programming matrix needs to be

computed. Although the probe locations and log-ratios are highly variable in

different platforms, we empirically observed that the time complexity is indeed

close to linear in our experiments (Figure 3.2). However, it is also possible that

a larger gap penalty is needed to reduce the time complexity significantly, which

might lead to worse classification results. In this case, approximation is necessary

to restrict the alignment to a smaller number of probe pairs to produce suboptimal

alignment scores for classification.

• Intuitively, a good σ should be in the same scale of the average probe distances

as estimated in Table 3.3 to distinguish the difference in the distances between

matched probes. Small positive gs will result in identical alignment and similar

good classification results with less impact from the gaps. We verified the intu-

itions by additional classification experiments in Figure 3.6. For a more rigorous

treatment of the problem, based on a comprehensive analysis of the datasets (Ta-

ble 3.3), we suggest a strategy that estimates the σ as the average probe distance

and selects a gap penalty by a cross-validation in the training set, as a robust strat-

egy to choose good parameters for SVM classification. For the multiple alignment

case, we suggest the same strategy for choosing σ and taking a gap penalty g that
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Additional Training Target Dataset Adding Constant Nearest PSD

D2 D1 0.824 (0.077) 0.686 (0.101)
D3 D1 0.859 (0.069) 0.789 (0.083)
D1 D2 0.767 (0.116) 0.703 (0.125)
D3 D2 0.754 (0.120) 0.662 (0.118)
D1 D3 0.810 (0.122) 0.826 (0.135)
D2 D3 0.873 (0.109) 0.875 (0.116)

D2, D3 D1 0.868 (0.061) 0.711 (0.093)
D1, D3 D2 0.786 (0.115) 0.733 (0.121)
D1, D2 D3 0.894 (0.105) 0.861 (0.107)

Table 3.8: Comparison of two approaches to generate a valid kernel in cross-
dataset validation. The accuracies (standard deviations) are averages of 50 random
5-fold cross-validations. The first column shows the datasets used as additional training
samples. The second column shows the target dataset for 5-fold cross-validation. We
fixed parameters g = 10−3 and σ = 105 in this comparison.

is decided by the allowable distance between the matched probes for generating

reasonable multiple alignment. In practice, both strategies worked well.

• Finally, the probe alignment kernel is not guaranteed positive semi-definite. Be-

sides adding a positive constant on the diagonal, another alternative that we tested

is to use the nearest positive semi-definite matrix of the alignment-score matrix

as the kernel matrix [58]. In [58], the authors described a way to find the nearest

symmetric positive semidefinite matrix in the Frobenius norm in the following

theorem:

Theorem 3.4.1. Let A ∈ Rn×n and B = (A + AT )/2. Let B = UH be a polar

decomposition (UTU = I,H = HT ≥ 0). Then XF = (B + H)/2 is the unique

positive approximation of A in the Frobenius norm.

We also tested the classification performance by the nearest positive semi-definite

matrix and reported the results in Table 3.8. However, the performance is not as

good as adding a constant to the diagonal of the scoring matrix, which implies

that the nearest PSD matrix is not a good kernel in the experiments.

A promising future direction is to combine segmentation approaches with alignment.

The segmentation approaches detect the actual CNV intervals in each probe series and
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the alignment approach can be modified to align the intervals. We performed an ini-

tial segmentation analysis on the three bladder cancer datasets with the segmentation

method proposed in [59]. At the suggested significance level, the segmentation detected

very few intervals of amplifications and deletions that can be used for alignment. Thus,

one difficulty is how to choose the parameters such as window length or significance

levels for getting sensible segmentation results for alignment. In addition, aligning

the detected CNV intervals in segmentation requires development of a new alignment

approach to compare CNV intervals. Thus, the alignment approach in this paper is

not directly applicable. Another possible extension is to distinguish regions with dif-

ferent probe density (gene-rich vs non-coding) with different normalization for further

improvement of classification or common CNV detection. Certainly, this extension re-

quires more sophisticated treatment of the alignment functions, which will introduce

additional complexity to the problem.



Chapter 4

Global Linear Neighborhoods for

Efficient Label Propagation

In this chapter, we propose to learn a nonnegative low-rank graph to capture global

linear neighborhoods from data, under the assumption that each data point can be lin-

early reconstructed from weighted combinations of its direct neighbors and reachable

indirect neighbors. Label propagation based on the learned low-rank graph showed bet-

ter performance in several classification problems. The whole approach can be applied

to semi-supervised learning problems on arrayCGH or gene expression data as well as

general data from other domains.

4.1 Introduction

In many real world applications of data mining and machine learning, much more unla-

beled data could be obtained and utilized with the labeled data to build more robust and

accurate classification models. Graph-based semi-supervised learning algorithms per-

form a combined analysis of labeled and unlabeled data in a similarity graph between

the data points [60, 61, 62, 63]. The algorithms initialize the vertices of the labeled data

with +1/-1 and the vertices of the unlabeled data with 0, and then assign labels to the

unlabeled data by label propagation on graph. The label information on the vertices

is iteratively propagated between the neighboring vertices and the propagation process

will finally converge to the unique global optimum minimizing a quadratic criterion [64].

64
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(A) A two-moon dataset
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(B) Local linear neighborhoods and classification results

Figure 4.1: A toy example of isolated graph components or incorrect neighborhoods

resulted by local linear neighborhood selection. (A) The original dataset contains data

points in two-moon clusters. Only one data point (denoted by a solid square or triangle)

in each class is labeled. (B) LNP algorithm proposed by [65] is applied to the dataset

with k = 2, 3, 4, 5 nearest neighbors selected as linear neighbors for each data point. The

four figures in the top row show the identified neighbors connected by edges. The four

figures in the bottom row show the classification results after label propagation on the

linear neighborhoods. The black asterisks are the data points that are not classifiable

by label propagation.
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These algorithms are based on the “cluster assumption”: nearby data points in the

graph should be labeled similarly and data points in the same global cluster in the

graph should also be labeled similarly.

How to estimate the similarities between data points is a core problem in the label

propagation algorithms. The commonly used measure is Gaussian kernel similarity,

which is sensitive to the variance parameter. A more rigorous treatment of the problem

is to learn a similarity measure based on relations between data points. Under the

assumption of linear neighborhoods, i.e. each data point can be reconstructed by a

weighted linear combination of its neighbors, [65] proposed to represent the graph by a

sparse matrix of the positive linear coefficients for reconstructing a data point by the

k-nearest neighbors. Furthermore, [66] and [67] proposed to select the reconstruction

neighbors with L1 norm constraint to learn a sparse matrix. A limitation of these

methods is that the neighbors are selected “locally” — the decision is only based on the

individual relation between the reconstructed data point and the other data points. The

local neighbors can lead to disjoint components and incorrect neighbors in the graph. We

demonstrate the problems in a toy example in Figure 4.1. In this example, the algorithm

proposed by [65] is applied to classify data points from two moon clusters shown in

Figure 4.1(A). When k is too small, several disconnected subgraphs (components) are

observed in the top plots in Figure 4.1(B). Since there is no label information that

can be propagated into the components, the data points in the components are not

classifiable by label propagation in the bottom plots in Figure 4.1(B). Note that, since

the learned similarity matrix is not symmetric, a connected graph might not be strongly

connected (Some of the vertices are not reachable due to the direction of the edges).

When k is too large such as k = 5 in Figure 4.1(B), edges are introduced to connect

data points in different classes. The classification performance will deteriorate with the

wrong neighborhood information. In both cases, instead of providing a better similarity

measure for label propagation, the new similarity matrix fails to capture the underlying

global structure of the data.

In this paper, we propose to learn a nonnegative low-rank graph to capture global

linear neighborhoods. The global linear neighborhoods assume that each data point can

be linearly reconstructed from weighted combinations of its direct neighbors and indi-

rect neighbors reachable by any steps of random walk. The influence of the neighbors is
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controlled by a decay factor inversely exponentially proportional to the number of steps

of random walk. The larger the distance, the smaller the influence to the reconstruc-

tion. The global linear neighborhoods preserve the global cluster structures by exploring

both the direct neighbors and the indirect neighbors, and thus, rarely contain isolated

components. We demonstrate that global linear neighborhoods can be approximated by

a low-rank factorization of the unknown reconstruction matrix. Therefore, even if the

reconstruction matrix of global linear neighborhoods is not sparse, the low-rank factor-

ization still provides a compressed representation of the graph. We further demonstrate

that, to require all entries to be nonnegative edge weights in a graph for label propa-

gation, the low-rank factorization matrix can be efficiently learned by a multiplicative

update rule that minimizes the reconstruction error at a local optimum.

4.2 Related Work

In a given dataset X = {x1, . . . , xl, . . . , xn} and a given label set L = {1, . . . , c},
{x1, . . . , xl} are data points in Rm labeled by {y1, . . . , yl|yi ∈ L, i = 1, . . . , l} and

{xl+1, . . . , xn} are unlabeled data points in Rm. In graph-based semi-supervised learn-

ing, a similarity graph G = (V,E) is first constructed from the dataset X , where the

vertex set V = X and the edges E are weighted by adjacency matrix W . By relaxing the

class label variables as real numbers, label propagation algorithm iteratively updates

the predicted label Z by

Zt+1 = αWZt + (1− α)Y

where t is the time step, α ∈ (0, 1) is a constant and Y is a n×c binary matrix encoding

the labeling of data points against each class [63]. To derive a reliable W for label

propagation, simple strategies are suggested in [68]. A graph is constructed by choosing

the nearest neighbors with

• ε-neighborhoods: Nodes i and j are neighbors if the Euclidean distance ‖xi − xj‖2

< ε.

• k-nearest neighbors: Nodes i and j are neighbors if i is among the k-nearest

neighbors of j or vice versa.
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After the neighborhood of each node is decided, the edges between the neighbors are

weighted by Wij = 1 or by a Gaussian kernel Wij = exp(−‖xi−xj‖
2

2σ2 ) [63]. However, as it

was analyzed by [65] and [66], the difficulty to determine the optimal σ causes unstable

classification performance by label propagation.

Based on ideas similar to Local Linear Embedding (LLE ) [69], [65], [66] and [67]

proposed several approaches for estimating more robust similarity matrix W for label

propagation. These methods are based on a common linear neighborhood assumption

that each data point can be reconstructed by a weighted linear combination of its

selected neighbors, i.e. xi =
∑

j:xj∈N (xi)
Wijxj , where N (xi) is the neighborhood of

node i. Linear Neighborhood Propagation (LNP) proposed by [65] learns the W matrix

by minimizing the reconstruction error:

ε(W ) =
∑
i

∥∥∥∥∥∥xi −
∑

j:xj∈N (xi)

Wijxj

∥∥∥∥∥∥
2

(4.1)

subject to
∑

j:xj∈N (xi)
Wij = 1, Wij ≥ 0 and Wij = 0 if xj /∈ N (xi). N (xi) is chosen as

the set of k-nearest neighbors of xi in Euclidean distance. To avoid a fixed neighborhood

for each point, Sparsity Induced Similarity measure (SIS ) was proposed by [66] to learn

W regularized by L1 norm as follows:

min
W
‖W‖l1 (4.2)

subject to xi =
∑

j:j 6=iWijxj for any i. By minimizing the L1 norm, W is expected to

be a sparse adjacency matrix. The approach proposed by [67] is similar to SIS, based

on an algorithm for finding nonnegative sparse representation. [70] also proposed a

slightly different objective function to deduce a sparse W and used a parameter-free

label propagation algorithm for semi-supervised learning.

The “local neighborhood” assumption is similar to Markov assumption (conditional

independence), where each sample is not related to any samples other than its k-nearest

neighbors. A common problem of the above approaches is that, when k is very small

or a certain sparsity level is expected, the graph edges defined by a few selected neigh-

bors might define a weakly connected graph or more severely, separate the graph into

several disjoint components (Figure 4.1). In general, the limitation is introduced by

neighborhood selection with local measures. In other words, these algorithms tend to
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select a few most similar data points as neighbors and the connectivities of these neigh-

bors with other nodes are not considered. To see this mathematically, each row of the

sparse matrix representing the local neighborhoods is actually learned independently of

the other rows as in LLE. Another limitation is that the learned W is not a symmetric

matrix that could be interpreted for cluster structures. To ensure symmetry, W can

be symmetrized as
Wij+Wji

2 [66]. However, the symmetrization might not be reasonable

when Wij and Wji are very different.

4.3 The Algorithm

Let X be the n×m data matrix where Xij is the value of the jth feature in the ith data

point. Let W be the symmetric n× n similarity matrix between the data points to be

learned. Instead of explicit selecting k neighbors to make W sparse as in Eqn. (4.1), or

enforcing the sparsity by minimizing the L1-norm as in Eqn. (4.2), we propose to learn

a rank-k non-negative symmetric W by the following optimization problem:

minQ(F ) =
∥∥X − FF TX∥∥2

(4.3)

subject to Fij ≥ 0 where F is a n × k matrix and W = FF T . We first explain

the motivation of Eqn. (4.3) under global linear neighborhoods. An algorithm with

a multiplicative update rule is then proposed to solve the problem. Later we give a

intuitive explanation of the role of F in Eqn. (4.3). Finally, we show how the algorithm

be applied for inductive learning.

4.3.1 Global linear neighborhood

Suppose W is the compressed representation of the graph. Let S = D−1/2WD−1/2

where D is a diagonal matrix with Dii equal to the sum of the ith row of W . In

global linear neighborhoods, we assume each data point can be reconstructed by itself,

its neighbors, its neighbors’ neighbors, etc. The influence of the neighbors is decayed

by a factor α for each increase in distance. Specifically, We assume the data can be

reconstructed by global linear neighborhoods as follows:

X = (1− α)(X + αSX + α2S2X + . . .) = (1− α)
∞∑
i=0

(αS)iX
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where α ∈ (0, 1). This assumption is a generalization of local linear neighborhood [69],

in which each data point is only reconstructed by its selected neighbors (the i = 1 term

in global linear neighborhood). Since
∑∞

i=0 (αS)iX = (I − αS)−1X, it is equivalent to

find S to minimize ∥∥X − (1− α)(I − αS)−1X
∥∥2
. (4.4)

Since S = D−1/2WD−1/2 is a real symmetric matrix, its eigen decomposition can

be written as S = QΛQT where Q is an orthonormal matrix and Λ is real and diagonal.

By replacing S with QΛQT ,

(1− α)(I − αS)−1X = (1− α)(I − αQΛQT )−1X = (1− α)Q(I − αΛ)−1QTX. (4.5)

Since S is similar to a stochastic matrix, the diagonal entries in Λ are in [−1, 1]. Thus,

(I−αΛ)−1 is a positive definite diagonal matrix with diagonal entries in [ 1
1+α , 1

1−α ]. To

introduce a compressed representation, we only keep the k principle components of (I−
αS)−1. Actually, the k principle components of (I −αS)−1 are the same k components

of S corresponding to the k largest eigenvalues. Given the eigen decomposition in

Eqn. (4.5), keeping the first k principle components of (I − αS)−1 is equivalent to

keeping the top k entries only on the diagonal of (I − αΛ)−1, denoted by a k × k

diagonal matrix (I − αΛ)−1
(k). Let F(k) =

√
1− αQ(k)(I − αΛ)

− 1
2

(k) , where Q(k) are the

corresponding k columns for the k principle components in Q, and F(k) is a n × k

matrix. Since (I − αS)−1 = Q(I − αΛ)−1QT ≈ Q(k)(I − αΛ)−1
(k)Q

T
(k), Eqn. (4.4) can be

approximated by ∥∥X − (1− α)(I − αS)−1X
∥∥2 ≈

∥∥∥X − F(k)F
T
(k)X

∥∥∥2
,

which is similar to Eqn. (4.3). Thus, although it is not feasible to directly solve the

non-convex Eqn. (4.4) for S, F learned by Eqn. (4.3) can be considered as a low-rank

nonnegative factorization of (1− α)(I − αS)−1 in Eqn. (4.4).

Mathematically, FF T keeps most of the properties of (1−α)(I−αS)−1. Specifically,

both matrices contain only nonnegative entries and both are positive semi-definite and

symmetric. In general it is not guaranteed that a learned F can be used to derive a valid

S as a solution for Eqn. (4.4). The following derivations show the connection between

S and F :

S ≈ Q(k)Λ(k)Q
T
(k) ≈

F (I − αΛ)
1
2

(k)√
1− α

Λ(k)

(I − αΛ)
1
2

(k)F
T

√
1− α

= F
(I − αΛ)(k)Λ(k)

1− α
F T .
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Clearly F can be normalized by the unknown variable Λ(k), which are the k largest

eigenvalues of S, to derive an approximated S. A strategy to estimate Λ(k) is to derive

the top k eigenvalues of FF T by eigen decomposition. However, this requires a good

estimation that satisfies two conditions that Λ(k) is between [−1, 1] and S is nonnegative,

which is not always feasible.

Note that, to make the problem more general, we remove the requirement of orthog-

onal columns in F in Eqn. (4.3). After F is learned, we can compute a new similarity

matrix Ŵ = FF T . Being symmetric and positive, Ŵ can be directly used as the

similarity matrix for label prorogation.

4.3.2 Multiplicative update rule

To solve the optimization problem in Eqn. (4.3), we propose an algorithm similar to

nonnegative matrix factorization [71]. We first calculate the gradient of F by

∂Q
∂F

= −2(X − FF TX)XTF − 2X(XT −XTFF T )F.

The additive update rule from the gradient descent algorithm is

Fij ← Fij + ηij [(X − FF TX)XTF +X(XT −XTFF T )F ]ij

where ηij > 0 is the learning rate. If we further assume that X contains only nonnegative

values, the same technique used in [71] and [72] can be used to learn a nonnegative F

by the following multiplicative update rule:

Fij ← Fij ×

√
(2XXTF )ij

(FF TXXTF +XXTFF TF )ij
(4.6)

where × represents element-wise multiplication. The algorithm randomly initializes

F to be a nonnegative matrix and then iteratively updates F with Eqn. (4.6) until

convergence. Empirically, each update reduces the cost function in Eqn. (4.3) as shown

in our experiments. Thus, the algorithm learns a local optimal solution. Let l be the

number of iterations needed for convergence. By calculating the matrix multiplication

in a proper order, the time complexity of the algorithm is Θ(l(m + k)nk), which is

also Θ(lmnk) since k � m. Empirically the algorithm needs hundreds of iterations to

converge. Assuming the number of iterations is bounded by a constant, the total time

complexity is linear with the number of samples or features.
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4.3.3 A clustering view

An intuitive interpretation of F by Eqn. (4.3) is that F reveals k-way clustering of

dataset X and each Fij tells the membership of the ith data point to the jth cluster. If

F is the ideal binary membership indicator with Fij = 1 if the ith data point belongs to

the jth cluster and otherwise Fij = 0, the columns in F are naturally orthogonal. Thus,

F is not required to contain orthogonal columns in (4.3) since the cluster components

in the optimal F are often almost orthogonal (as shown in our experiments). Since F

can contain any nonnegative value instead of just binary values, it can be explained as

soft cluster memberships as in EM clustering. It is also natural to define the pairwise

similarities as Ŵ = FF T since Wij =
∑k

l=1 FilFjl implies how likely the ith and jth

data points are in the same cluster.

Our algorithm is different from spectral clustering [73] or Laplacian embedding

[68, 74] because both the approaches require a predefined similarity measure to start

with. Since we still assume each data point can be reconstructed linearly from its neigh-

borhood and we explicitly minimize the reconstruction error
∥∥X − FF TX∥∥2

, F is more

appropriate for label propagation than the membership matrix learned by clustering

techniques.

4.3.4 Outline of GLNP algorithm

The complete Global Linear Neighborhood Propagation (GLNP) algorithm is described

in Algorithm 3. GLNP first learns the F matrix from data X using the multiplicative

update rule in Eqn. (4.6). A normalized S matrix is then computed from F . Finally, S

is used to run label propagation for semi-supervised learning.

4.3.5 Efficient inductive learning

Although GLNP is mainly proposed for transductive learning or semi-supervised learn-

ing, it can also be extended for efficient inductive learning. Given the learned optimal

n × k matrix F for n samples {x1, . . . , xn} and the corresponding Z matrix obtained

after label propagation, let fi be a column vector obtained by the transpose of the ith

row of F and zi be the ith row of Z. For a new test point u, we first learn a k × 1
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Algorithm 3 Global Linear Neighborhood Propagation (GLNP)

Input: X = {x1, . . . , xl, . . . , xn} is a set of n data points in Rm; {x1, . . . , xl} are labeled
by {y1, . . . , yl} and {xl+1, . . . , xn} are unlabeled; rank k and balancing parameter
α ∈ (0, 1).

Output: The labels of the data points {xl+1, . . . , xn}.

1: Construct a n×m matrix X from X where Xij is the value of the data point xi at
the jth dimension and rescale X if necessary. Construct a n × c matrix Y where
Yij = 1 if 1 ≤ i ≤ l and yi = j, and 0 otherwise.

2: Randomly initialize a nonnegative n × k matrix F . Use the multiplicative update
rule

F t+1
ij ← F tij

√
(2XXTF t)ij

(F tF tTXXTF t +XXTF tF tTF t)ij

to update F until convergence.
3: Construct a n× n matrix S = D−1/2FF TD−1/2 where D is a diagonal matrix with

its (i, i)-element equal to the sum of the ith row of FF T .
4: Initialize a n× c matrix Z = Y , and iterate until convergence

Zt+1 = αSZt + (1− α)Y.

5: Output the labels of each data point xi by yi = argmaxj Zij for i = l + 1, . . . , n.

column vector fu from the following optimization problem:

min
fu

∥∥∥∥∥xTu −
n∑
i=1

(fTu fi)x
T
i

∥∥∥∥∥
2

(4.7)

subject to fu ≥ 0. We can further derive Eqn. (4.7) as follows:∥∥∥∥∥xTu −
n∑
i=1

(fTu fi)x
T
i

∥∥∥∥∥
2

=
m∑
j=1

∥∥∥∥∥xuj −
n∑
i=1

(fTu fi)Xij

∥∥∥∥∥
2

=
m∑
j=1

∥∥∥∥∥xuj −
n∑
i=1

fTu (fiXij)

∥∥∥∥∥
2

=

m∑
j=1

∥∥∥∥∥xuj − fTu
n∑
i=1

(fiXij)

∥∥∥∥∥
2

= ‖Cfu − xu‖2

where C is a m× k matrix and the jth row (j = 1, . . . ,m) of C equals to
∑n

i=1(fTi Xij).

C can be interpreted as the similarity matrix between the m features and the k cluster

components. Eqn. (4.7) seeks the best fu — a k dimensional embedding of xu such that

Cfu can reconstruct xu. Eqn. (4.7) is a standard nonnegative least-squares problem with
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k variables. Since k is usually very small, the problem can be solved efficiently. After

fu is learned, by the inductive form of label propagation described in [64], predictions

against each class can be calculated by

zu =
n∑
i=1

fTu fizi.

The predicted label of u is then yu = argmaxjzuj . In the inductive learning setting,

we only need to precompute and save the m × k matrix C instead of the n ×m data

matrix X. Given k � n in most cases, this is a significant saving in space, while other

label prorogation algorithms such as [63] and [65] have to save the full data matrix X

for inductive learning.

4.4 Experiments and Analysis

We experimented with simulations, four UCI datasets, one arrayCGH dataset and three

high-dimensional microarray gene expression datasets.

4.4.1 Simulations

To compare global linear neighborhoods with local linear neighborhoods, we generated

two toy datasets shown in Figure 4.2. In both datasets, data points in two classes

(red squares vs. blue triangles) were generated from mixtures of different numbers of

Gaussian distributions. 30 data points were sampled from each class. Both datasets are

visualized with the mean and variance plotted by ellipses for each Gaussian distribution

(Figure 4.2(A)&(D)). In the first dataset, the data points in the first class (red squares)

were sampled from a mixture of two Gaussian distributions, and the data points in the

second class (blue triangles) were sampled from a single Gaussian distribution (Figure

4.2(A)). In the second dataset, data points in the two classes (also red squares vs. blue

triangles) were generated from two different mixtures of two Gaussian distributions

(Figure 4.2(D)).

One data point from each cluster was randomly selected as the training set, denoted

by solid squares or triangles. For LNP, we set α = 0.99 in label propagation since it

generated the best results on the two simulated datasets. For GLNP, the results were
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Figure 4.2: Simulation results of classification. (A) The first toy dataset; (B)&(C)
Classification results by LNP and GLNP on the first dataset; (D) The second toy
dataset; (E)&(F) Classification results by LNP and GLNP on the second dataset.

similar as long as α was not too large. Thus, we set α = 0.1. For both LNP and GLNP,

we set k = 3 for the first dataset and k = 4 for the second dataset to match the number

of Gaussian clusters. Euclidean distance was used to select the k-nearest neighbors for

LNP.

The classification results by LNP and GLNP are shown in Figure 4.2(B)&(E) and

Figure 4.2(C)&(F). LNP was unable to classify some data points after label propagation,

denoted by black asterisks. In these examples, the graphs defined by the adjacency

matrix W learned by LNP are separated into several small disjoint components or not

strongly connected. If there is no training data in a component, the data points in

the component will remain unlabeled after label propagation. The graphs constructed

by LNP for both datasets are visualized in Figure 4.3(A)&(B). Although LNP picked

the k-nearest neighbors to learn W , some data points are connected to less than k

neighbors due to the nature of the optimization problem defined in Eqn. (4.1). Even if

some data points seem to be connected in Figure 4.3(A), those links cannot be used for

label propagation because the data points are not strongly connected in the graph. In
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Figure 4.3: Simulation results of learned neighborhoods. (A)&(B) Neighborhoods
learned by LNP ; (C)&(D) Cluster components F learned by GLNP.

both datasets, LNP failed to make predictions for around one third to a half of the data

points (Figure 4.2(B)&(E)). By increasing k, LNP could make perfect classification on

the first simulated dataset. However in the second dataset, LNP would either have

disjoint components or make wrong classifications for around one fourth of data points

because wrong neighbors were selected (Figure 4.3(B)). In other words, LNP was never

able to correctly classify around one fourth of the data points regardless of the choice

of k.

GLNP classified all data points perfectly in both datasets (Figure 4.2(C)&(F)). The

cluster components F learned by GLNP are shown in Figure 4.3(C)&(D). The internal
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cluster structures of the data were learned correctly by the components distinguishing

the Gaussian clusters in the two datasets.

4.4.2 Experiments on UCI datasets and biomedical datasets

In the experiments on the eight real datasets, we compared GLNP with Linear Neigh-

borhood Propagation (LNP) [65], Sparsity Induced Similarity measure (SIS ) [66] and

the original label propagation with Gaussian Kernel (LP). As it was shown in [65], since

the performance of LP is very sensitive to the variance parameter σ2 and highly data-

dependent, there is no good strategy to choose σ2. Thus, in all experiments we report

the results with both the best σ and σ2 = mean
{
‖xi−xj‖2

2

}
. The parameter α for label

propagation was tuned to achieve optimal performance for all methods. We also tested

different k parameters for a comprehensive comparison of GLNP and LNP. Assuming

that at least K clusters are expected to distinguish K classes, we tested k from K to

10 where K is the number of classes in the dataset for both LNP and GLNP.

Four UCI datasets were tested. The first dataset is the Iris flower dataset. It contains

50 samples from each of three species of Iris flowers (setosa, virginica and versicolor)

with four features. The second dataset is the Yale Face Database B from [75]. We used

the processed data from [76], which includes images of individuals 2, 5 and 10, and

down-sampled each image to 30 × 40 pixels. The processed data contains 1755 images

with 1200 features. The third dataset is Glass Identification data (Glass). It has 9

continuous numerical features describing each of 214 instances in two classes: Window

vs non-Window glasses. The fourth dataset is the Wine dataset, which contains 178

samples from three types of wines.

We also tested four high-dimensional biomedical datasets. The first dataset is a

bladder cancer arrayCGH dataset with 57 patient samples proposed by [54]. Among

the 57 samples, 31 of them had tumor grade G3 and 26 of them had lower tumor grade

than G3. It was generated with a HumanArray 2.0 array and consists of 2,385 probes.

Only probes from the first 22 chromosomes were used in the experiments, which ended

up with 2,308 probes for each profile. The second dataset is the breast cancer gene

expression profiles from [9]. It contains the expression profiles of 24,481 genes for 97

patient samples, among whom 51 patients had good prognosis and 46 patients had poor

prognosis. The third dataset is the lung cancer gene expression data from [77]. It
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Figure 4.4: Classification results on the four UCI datasets. The variances are plotted
as error bars.

contains the expression values of 22,283 genes from 58 tumor and 49 non-tumor tissues

(from 20 never smokers, 26 former smokers, and 28 current smokers). The fourth dataset

is another lung cancer gene expression data from [78]. It contains the expression profiles

of 22,283 genes for paired adjacent normal-tumor samples from 27 patients underwent

surgery for lung cancer, which add up to 54 samples for classification.

We randomly selected 1% samples as the training set for Iris flower dataset and

Yale Face dataset and run random trials of classification multiple times to report the

average accuracy for each method. Since the other six datasets are harder to classify,

50% samples were selected as the training set for the arrayCGH bladder cancer dataset

and 10% samples were selected as the training set for the reminaing five datasets in
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Figure 4.5: Classification results on the four biomedical datasets. The variances are
plotted as error bars.

each trial. On each dataset, we run 50 trials with different randomly selected training

sets. We also make sure there is at least one training point for each class in each trial.

The classification results on the UCI datasets and the biomedical datasets are re-

ported in Figure 4.4 and Figure 4.5, respectively. GLNP performed consistently better

than LNP with almost any choice of k in the experiments on all the datasets. The

lower variance of GLNP compared to other methods suggest that the performance of

GLNP is more stable. Another observation is that the performance of GLNP is not

very sensitive to parameter k as long as k is not too small. As GLNP interprets k as the

number of clusters in the data, it is expected that when k is smaller than the number

of classes, the performance of GLNP might not be as competitive in several cases. LNP
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(a) Iris k = 3 (b) Yale k = 3 (c) Glass k = 2

Figure 4.6: The cluster components F learned by GLNP on three datasets.

performed reasonably well on relatively noise-free datasets because the label of a sam-

ple can be reliably predicted by just checking its local neighbors. However, when the

noise in the data leads to wrong neighborhood relations as shown in the simulations,

the global information is necessary to achieve better performance. This explanation is

clearly illustrated by the results on the four biomedical datasets, where the performance

of GLNP is more significantly better than LNP. SIS performed best on Wine dataset.

However, SIS could not scale to Yale Faces and other biomedical datasets due to the

low scalability of its optimization. In addition, it is infeasible to run SIS on datasets

with a larger number of features than samples. Although LP performed well with the

optimal σs, it is not possible to estimate the optimal σs from data. The default σs

generated much worse results compared to the optimal σs.

To analyze the cluster components F learned by GLNP, we plot the components

learned from the Iris, Yale Faces and Glass datasets in Figure 4.6. The three datasets

were selected since they are less noisy and contain clearer cluster structures. k was

chosen to be the same as the number of classes in the datasets. It is clear that each

component represents one class in the three datasets. Figure 4.7(A) shows the conver-

gence property of GLNP. Since the convergence rates are similar in the datasets under

different choices of k, we plot the cost function in each iteration with k equal to the

number of classes on the four UCI datasets and the three gene expression datasets. In

all cases, GLNP converged well within less than 500 iterations, and the cost function

monotonically decreases after each iteration. We also tested subsets of Yale Face dataset

with different numbers of samples or features ranging from 100 to 1000 to report the

average run time of GLNP in Figure 4.7(B). The result shows that the run time of
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Figure 4.7: Convergence and run time of GLNP. (A) Convergence of GLNP on the
seven datasets (x-axis is in logarithmic scale); (B) Run time on Yale Face dataset with
different number of samples and features.

GLNP is approximately linear with the number of samples or features.

4.5 Discussions

In this thesis, we introduce the concept of global linear neighborhood and GLNP algo-

rithm for learning a similarity matrix used by label propagation. Compared with local

linear neighborhoods, global linear neighborhoods preserve the global structures among

the data points, and thus, constitute more robust and reliable similarity graphs for la-

bel propagation. The sparsity of the neighborhoods is implicitly enforced by learning k

cluster components, instead of choosing local neighbors. Thus, global linear neighbor-

hood and GLNP algorithm are fundamentally different from other existing approaches

for learning similarity graph for label propagation based on local neighborhood assump-

tion.

GLNP algorithm adopts a multiplicative update rule to find a nonnegative factor-

ization matrix of the global similarity matrix. The strategy is similar to nonnegative

matrix factorization and thus, scales reasonably well on large datasets. Empirically,

GLNP converges fast in all the experiments reported in this study (Figure 4.7(A)).

GLNP was also able to scale up on datasets with more than 10,000 samples (results not

shown). Thus, GLNP possesses better scalability compared with SIS.
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Neighborhood learning for label propagation is different from general metric learning

[79, 80] or covariance matrix learning by General Gaussian Models. For example, [81]

proposed a semi-supervised sparse metric learning algorithm by first performing affinity

propagation and then optimizing the sparse metric by alternating linearization. The

sparsity in their paper is defined on the metric instead of the affinity matrix. However,

the purpose of sparse graph representation learning is to learn the best sparse or com-

pressed graph that preserves the graph structure for effective label propagation. Thus,

the new graph needs to be non-negative, preferably highly connected and sparse or

low-rank. These properties might not be easily achieved by extending Gaussian models

because the learned covariance matrix cannot contain diagonal blocks and needs to be

sparse or low-rank. GLNP is also fundamentally different from the graph compression

approaches based on a preprocessing with clustering. For example, the authors in [82]

proposed to first find k cluster centers and then construct a local linear embedding of

data points by closest cluster centers. Both GLNP and [82] take product of embed-

ding matrix as graph matrix. However, in GLNP the embedding dimension k equals

to or is slightly larger than the number of classes, and the approach in [82] relies on

the clustering for the number of anchor points which is much larger than the number

of classes. In philosophy, GLNP is global embedding and the approach in [82] is still a

“local” embedding but by cluster centers. The sparsity is obtained by the low-rank em-

bedding for GLNP but by the nearest anchor points for the approach in [82]. Although

the clustering step was introduced to compress the data, it is in general a difficult and

unreliable preprocessing step, which requires another similarity measure between the

data points.

Although the multiplicative update rule assumes that the data is nonnegative, GLNP

can also handle data with both positive and negative values by using the additive update

rule with nonnegative constraints. Furthermore, by rescaling the data to be in a positive

interval, the faster multiplicative update rule can be applied and empirically, GLNP also

produced significantly better results on the rescaled datasets. Finally, it is not always

possible to find the corresponding similarity matrix (S) used to compute the global

linear neighborhoods, with the cluster components F . However, it is less a concern

since our focus is on finding a sparse global similarity matrix for label propagation to

improve classification performance.



Chapter 5

Sparse Group Selection on Fused

Lasso Components

In this chapter, we propose a latent feature model that couples sparse sample group

selection with fused lasso on CNV components to identify group-specific CNVs. As-

suming a given group structure on patient samples by clinical information, sparse group

selection on fused lasso (SGS-FL) identifies the optimal latent CNV components, each

of which is specific to the samples in one or several groups. The group selection for

each CNV component is determined dynamically by an adaptive algorithm to achieve

a desired sparsity.

5.1 Introduction

Array-based comparative genomic hybridization (ArrayCGH) measures the relative copy

number at thousands of locations by probes along the chromosome. For each test sam-

ple, the copy number data generated by arrayCGH experiments is generally a series of

log intensity ratios by comparing the intensity of the test sample to the intensity of the

reference sample at all probe locations. The values in the series are usually ordered

according to the physical locations of the corresponding probes along the chromosome.

One important task in arrayCGH data analysis is to identify the regions of the chro-

mosome where CNV events are observed. Since CNVs are usually caused by deletion

and duplication of relatively large regions of the genome, CNV events tend to occur in

83
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contiguous blocks instead of several small fragments. Thus, the intensities of adjacent

probes are usually correlated and the probes located in the same block of a CNV event

are expected to share the same or similar intensities.

Several change-point detection methods were proposed for single-sample analysis

[59, 83]. Since CNVs identified from one single sample might not be reliable, it is more

important to identify CNVs from multiple samples in the same cancer study set. Most

multi-sample analysis methods report CNVs that are shared by majority of samples in

the study. Since these methods ignore the differences in phenotypes among individual

samples, the identified CNVs contain both common CNVs and disease-specific CNVs.

The phenotype information can help to distinguish disease-specific CNVs from common

CNVs. However, it is a challenging problem to integrate phenotype information in

multi-sample CNV analysis.

5.2 Related Work

Since CNV data are series of log intensity ratios at the sampled locations (probes), the

adjacent probe locations are more likely to be associated in the same CNV event. For

single-sample CNV detection, fused lasso appears to be a promising model [84]. In the

fused lasso, L1-norm is used in the penalty term to smooth the data by encouraging

sparsity of the data and also the sparsity of the change points. Specifically, the method

finds the segmented series β by solving the optimization problem

β̂ = argmin
β

{∑
i

(yi − βi)2

}

subject to
∑

j |βj | ≤ s1 and
∑

j |βj−βj+1| ≤ s2, where yi is the log2 ratio measurement

of the ith probe and βi is the corresponding value after smoothing. Here, s1 controls

the overall sparsity of CNV regions (the number of nonzero values in β) and s2 controls

the number of CNV alterations (the number of change points between the adjacent

probes). By examining the non-zero values in β, CNVs can be identified for the sample.

The procedure is repeated for all the samples and the resulted segmented series are

aggregated to report the identified common CNVs.

For multi-sample CNV detection, all samples are analyzed simultaneously in one

optimization framework to identify the amplification or deletion regions shared across
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all samples. For example, for p copy-number profiles of length n, [85] and [86] proposed

the following optimization problem

min
U∈Rn×p

‖Y − U‖2 + λ

n−1∑
i=1

‖Ui+1,• − Ui,•‖ ,

where Y is the n×p CNV profile matrix, U is the de-noised segmentation approximating

Y and Ui,• is the ith row of U . A fast group least-angle regression (LARS) algorithm

can be applied to solve the optimization framework approximately to detect shared

change-points from the multiple CNV profiles. Since the change-points are detected

from all profiles in the framework, it is expected to be more accurate than detecting

change-points independently from each CNV profile.

Under the same motivation that CNVs are usually shared by multiple samples,

instead of approximating the profile matrix Y by a segmentation matrix of the same size,

another more advanced modeling is to detect the shared CNVs as latent fused features

by low-rank matrix factorization decomposed from Y . For example, the widely used

dimensionality reduction method principal component analysis (PCA) can decompose

Y into orthogonal principle components. The projection of Y to a low-dimensional

space obtains coefficients of the principle components to preserve the variance. The

idea of presenting the main information of data in a low-dimensional space is effective

in reducing noise in high-dimensional data. However, practically it is not feasible to

interpret the principle components as CNVs since the principle components cannot be

explained as CNV patterns without fusing the adjacent features with lasso.

More recently, a Fused Lasso Latent Feature Model (FLLat) was proposed by [87]

for detecting latent CNV components. FLLat took advantage of the shared information

among all samples and further identified some specific relationships between samples

on real breast cancer arrayCGH data. For the profile matrix Y with S samples and L

probes, FLLat decomposes it as a weighted sum of a fixed number of latent feature com-

ponents, which are smoothed by fused lasso. The corresponding optimization problem

for FLLat is

min
Γ,Θ

S∑
s=1

L∑
l=1

Yls − J∑
j=1

ΓljΘjs

2

+ λ1

J∑
j=1

L∑
l=1

|Γlj |+ λ2

J∑
j=1

L∑
l=2

|Γlj − Γl−1,j |

subject to
∑S

s=1 Θ2
js ≤ 1 for each j, where J is the number of latent features and Yls is
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the log intensity ratio of the lth probe for the sth sample. This model minimizes the

sum of the square errors as well as the fused lasso penalties on the latent feature Γ. It

is clear that the model does not assume any structure on the weights of the latent fused

lasso components Θ.

5.3 Method

5.3.1 Motivation

It is well acknowledged that there is often group-structured prior information on the

samples in cancer genomic datasets, which accounts for the heterogeneities among the

patients. For example, the samples can be grouped by different tumor grades or stages,

or by survival and metastatic status. The samples in each or some of the groups might

be associated with CNV components that are only associated with the samples in the

group(s). It is actually known that samples with different phenotypes also show different

frequencies of CNVs. For example, low and medium grade tumors of bladder cancer

generally contain few changes [55]. Thus, it is more biologically interesting to identify

CNV patterns for the samples under the group-structure given by prior information.

To achieve this objective, we propose sparse group selection on fused lasso components

(SGS-FL) for integrating group information on the fused lasso components. SGS-FL

assumes a group structure on the component coefficients and attempts to select only a

small number of groups for each component. SGS-FL also requires that the coefficients

of latent features to be non-negative for better distinguishing CNVs as regions with

amplifications or deletions. The outline of SGS-FL is given in Figure 5.1.

5.3.2 Notation

We denote the arrayCGH profiles on a chromosome as a m × n matrix Y where m is

the number of samples and n is the number of probes. Yij is the log2 intensity ratio

measured for the ith sample on the jth probe. Assume that the probes are ordered

by their positions on the chromosome. The objective is to decompose Y into a m×K
matrix X and a K×n matrix W such that 1

2 ‖Y −XW‖
2
F is minimized where K is the

number of the components of latent features. Here W are the components of the latent
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Figure 5.1: Outline of SGS-FL. The arrayCGH data is factorized into the coefficient

matrix and K CNV components. After the factorization, each CNV sample can be

reconstructed by the sum of the components weighted by the coefficients. The fused

lasso penalty on each component encourage the step-function pattern to model real

CNV events. The patient samples are divided into L groups. For each component, only

the samples in the selected groups will have nonzero weights. For example, only samples

in group 1 have nonzero weights for component 1 and only samples in group 1 and 2

have nonzero weights for component 3. The group selection enforces the sparseness of

the coefficients by groups.

features and X are the coefficients of the components for all samples. Each sample Yi,•

is reconstructed by the linear weighted sum of latent features
∑

kXik ·Wk,•. We further

assume that the m samples are categorized into L disjoint groups as G = {g1, g2, . . . , gL}
where gl ⊂ {1, 2, . . . ,m} is the set of indexes of all samples in the lth group.
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5.3.3 Regularization framework

We propose the following optimization problem to minimize reconstruction error and

fused lasso under the group selection constraints:

min
X,W

1

2
‖Y −XW‖2F + λ1

K∑
k=1

|Wk,•|+ λ2

K∑
k=1

n∑
j=2

|Wkj −Wk,j−1| (5.1)

subject to

blkXgl,k = 0 for l = 1, . . . , L and k = 1, . . . ,K

Xik ≥ 0 for i = 1, . . . ,m and k = 1, . . . ,K

m∑
i=1

X2
ik = 1 for k = 1, . . . ,K

where blk is a binary indicator variable of selecting the lth group for the kth latent

feature component and Xgl,k is a sub-vector of X•,k with indexes i ∈ gl. If the m

samples are divided into L strictly non-overlapping groups, X can be rearranged into a

matrix of L×K vectors as

X ′ =


Xg1,1 · · · Xg1,K

...
. . .

...

XgL,1 · · · XgL,K

 .

blk is introduced for group selection on each fused lasso component Wk,•. Specifically,

if blk = 1, all the coefficients of Xgl,k, the kth latent feature component from the lth

group, need to be 0; otherwise if blk = 0, the coefficients of Xgl,k can be any nonnegative

weights. In other words, group l is selected for component k if blk = 0. The blk acts as

a gating of the weights Xgl,k on the component Wk,• and Wk,• is only specific to the

samples in the selected groups (with blk = 0). In the optimization problem, blks are

chosen dynamically in each iteration of the optimization algorithm according to a fixed

global parameter r ∈ [0, 1].

5.3.4 Sparse group selection

Given the parameter r ∈ [0, 1] and the current weights and components, blks are de-

termined for each latent feature component separately. We first define variance factors
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v(k) = (Y −X•, 6=kW 6=k,•)W ′k,• where X•,6=k is the matrix after removing the kth column

from X and W 6=k,• is the matrix after removing the kth row from W . Each v(k) evalu-

ates the importance of the component Wk,• to the reconstruction error. The larger the

v(k), the more important the Wk,•. Then, the role of a group l to the component k is

evaluated as

γ
(k)
l =

∥∥∥v(k)
gl

∥∥∥√
|gl| ‖Wk,•‖2

(5.2)

where |gl| is the cardinality of gl and v
(k)
gl is the sub-vector of v(k) with indexes in gl.

The importance vector for group l is normalized by the size of group l and the 2-norm

of component Wk,•. Then, we can sort the L groups by γ
(k)
l such that γ

(k)
q1 ≥ γ

(k)
q2 ≥

· · · ≥ γ(k)
qL . Based on the ranking of the groups, blks are calculated by

bql,k =

{
0 if l = 1 or

∑l−1
s=1 γ

(k)
qs /

∑L
s=1 γ

(k)
qs < r

1 otherwise.
(5.3)

For each component Wk,•, at least one group is selected and additional groups are

selected based on their importance proportional to the total importance. More intuition

of group selection by the ranking of γ
(k)
ql and its connection to group lasso are discussed

in section 5.3.6.

5.3.5 Alternative optimization

Eqn. (5.1) can be solved with alternative optimization to get an empirical solution. We

alternate between fixing W and solving for X and vice versa until both W and X do

not change anymore in the iterations. The complete SGS-FL algorithm is described in

Algorithm 4. W is initialized with the first K principle components of Y computed by

PCA (line 1). Then, we solve X column by column given W (line 3-14) and solve W

row by row given X (line 15-19). The algorithm iterates until both X and W converge.

Specifically, for the kth column of X, we first compute {blk} as in Eqn. (5.3) (line 5-11),

and then update X•,k by solving the following sub-optimization problem on line 12:

min
X•,k

1

2
‖Y −XW‖2F (5.4)

subject to blkXgl,k = 0, Xik ≥ 0 and
∑m

i=1X
2
ik = 1. Eqn. (5.4) can be solved with

standard quadratic optimization techniques. This procedure is repeated iteratively for

each column of X until X does not change anymore. Similarly, for each row of W , we
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Algorithm 4 Sparse Group Selection on Fused Lasso components (SGS-FL)

Input: arrayCGH data Y ∈ Rm×n, the number of latent features K ∈ Z+, the group-

sparsity-controlling parameter r ∈ [0, 1], the parameters λ1, λ2 ∈ R+ for lasso and

fused lasso penalties.

Output: The non-negative coefficient matrix X ∈ Rm×K , the latent feature matrix

W ∈ RK×n.

1: Initialize W as the first K principle components of Y and X as 0.

2: repeat

3: repeat

4: for k = 1, . . . ,K do

5: v(k) ← (Y −X•, 6=kW 6=k,•)W ′k,•
6: for l = 1, . . . , L do

7: γ
(k)
l ←

∥∥∥v(k)gl

∥∥∥
√
|gl|‖Wk,•‖2

8: end for

9: for l = 1, . . . , L do

10: blk =

 0 if l = argmaxs γ
(k)
s or

∑
s∈{l′|γ(k)

l′ >γ
(k)
l }

γ
(k)
s /

∑L
s=1 γ

(k)
s < r

1 otherwise.

11: end for

12: X•,k ← argminX•,k
1
2 ‖Y −XW‖

2
F subject to blkXgl,k = 0, Xik ≥ 0 and∑m

i=1X
2
ik = 1

13: end for

14: until X does not change

15: repeat

16: for k = 1, . . . ,K do

17: Wk,• ← argminWk,•
1
2 ‖Y −XW‖

2
F + λ1|Wk,•|+ λ2

∑n
j=2 |Wkj −Wk,j−1|

18: end for

19: until W does not change

20: until X and W do not change

solve the sub-optimization problem to update Wk,•:

min
Wk,•

1

2
‖Y −XW‖2F + λ1|Wk,•|+ λ2

n∑
j=2

|Wkj −Wk,j−1|, (5.5)
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which is the fused lasso problem. We used the package provided by [88] in our imple-

mentation to solve Eqn. (5.5) on line 17.

5.3.6 Relation to group Lasso

[89] proposed a group sparsity regularization method to introduce the group-structured

prior knowledge for nonnegative matrix factorization. The objective function of their

approach is

min
W≥0,H≥0

1

2
‖Y −WH‖2F + α ‖W‖2F + β

B∑
b=1

∥∥∥H(b)
∥∥∥

1,q
(5.6)

where Y is the original data matrix and the coefficient matrix H is divided into B

groups as {H(1), · · · , H(B)} by prior knowledge. The motivation of the regularization

term on {H(b)} is that samples in the same group are expected to share the same sparsity

patterns in their latent factor representation. Eqn. (5.6) uses a global parameter β on

group lasso to enforce the group sparsity. However, it does not fit in the problem of

CNV detection since the magnitude of latent features (log ratio intensities) can be in

very different scales, and it is not possible to choose a global parameter suitable for all

the latent feature components. Moreover, Eqn. (5.6) does not include the fused lasso

penalty, which is necessary for the CNV problem.

Now we examine the following group lasso problem similar to Eqn. (5.6),

min
X•,k

1

2
‖Y −XW‖2F + γ

L∑
l=1

pl ‖Xgl,k‖2 ,

where pl =
√
|gl| is the weight of the lth group. Note that only X•,k are variables in

this problem and all other columns of X are fixed. For this non-overlapping group lasso

problem, there exists a γ
(k)
l for each group gl such that when γ ≥ γ

(k)
l , the optimal

solution for Xgl,k is zero; when γ < γ
(k)
l , the optimal solution for Xgl,k is nonzero [90]

and actually,

γ
(k)
l =

∥∥∥v(k)
gl

∥∥∥√
|gl| ‖Wk,•‖2

where v
(k)
gl is defined the same as in Eqn. (5.2). Thus, it is exactly the γ

(k)
l that we used

to compute {blk} in Eqn.(5.3).
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In summary, instead of using group lasso to get sparse X directly, SGS-FL first

applies the group lasso setting with the parameter r to adaptively determine {blk}.
Then, blks are used to compute whether Xgl,k should be zero or nonzero in the opti-

mization. Thus, r controls the sparsity of X through {blk}. Empirically, using r for

adaptive sparse group selection instead of solving a group lasso problem directly for a

fixed global parameter γ is more reliable and stable for CNV data analysis.

5.4 Simulation

In the simulation, we compare SGS-FL with FLLat on the performance of learning

the latent components and the coefficients from an artificial CNV dataset. We also

tested the effect of the group sparsity parameter r and evaluated the scalability and the

convergency characteristics of SGS-FL.

5.4.1 Data generation

We first generated simulated latent CNV components W and coefficients X with a

sparse group structure, and then constructed a CNV dataset Y = XW + Ξ, where Ξ

are i.i.d. Gaussian noises, as illustrated in Figure 5.2. The simulated arrayCGH dataset

contains 150 samples with 300 probes. There are 5 latent components, each of which

contains 4 independent events of copy number gain or loss, shown in Figure 5.2(A). The

150 samples are equally divided into 3 groups with 50 samples in each group and the

corresponding relation between the 3 groups and the 5 components is shown in Figure

5.2(B). The group prior is shown in Fig. 5.2(C). Errors are introduced in the prior

information as a certain percentage of misplaced samples in each group. As shown in

Fig. 5.2(C), each prior group contains samples from all the three true groups although

majority of the samples are from only one group. Given the W and X, the dataset

Y = XW + Ξ is shown in Fig. 5.2(D). Y is a very noisy dataset. k-means clustering

with k = 3 on the dataset results in error rate above 50%. The objective is to recover

W and X from the noisy data Y with SGS-FL and FLLat.
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Figure 5.2: Simulation data. (A) Each latent CNV component contains four randomly

generated copy number gains/losses. (B) The samples are divided into 3 groups of

equal size. The coefficients are nonzero only between a group and its corresponding

components. (C) Errors are introduced into the prior groups, i.e. a certain percentage

of samples are misplaced into the wrong group. (D) The noisy simulated CNV dataset.

There is no observable pattern although the data is constructed from the sample groups

and the latent CNV components.

5.4.2 Performance of recovering W and X

Bayesian Information Criterion (BIC) [87] is used to determine the hyper-parameters λ1

and λ2 for applying SGS-FL and FLLat. The group sparsity parameter r is set to 0.5.
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Figure 5.3: Performance of recovering the latent components and the weight coefficients
with SGS-FL and FLLat. (A) The learned coefficient matrices. (B) The learned la-
tent components. The red numbers above each component is the Pearson correlation
coefficient between the component and its corresponding original latent component.

Figure 5.3(A) shows the learned hidden components X. Clearly, the X learned by SGS-

FL preserves the group structure and is more similar to the original X, compared with

the X learned by FLLat. Guided by the prior group information, for each component

the coefficients are learned only for the samples in the selected groups. The coefficients

in the unselected groups are all zero. For example, for first latent component, only

group 1 and 3 are chosen. Figure 5.3(B) shows the learned latent components. SGS-

FL successfully recovered the 5 latent components with a lowest correlation 0.70 with

the original component, while FLLat detected two wrong latent components that are

completely different. In the FLLat method, the mistakes in the components can be

matched with the wrong weights in X: column 4 and column 5 in the X in Figure 5.3(A)

do not capture any group relations and thus, the corresponding components are derived

to support the wrong samples. On the contrary, the X learned by SGS-FL preserves

the group structures and the correct samples are used to derive the components. Note

that since we introduced noise in Y and errors in the prior group, the X by SGS-FL is

not perfectly sparse in the coefficients of the samples in the unselected groups.
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Figure 5.4: Accuracy of the learned X and W at different group sparsities. Different
group sparsity parameter r is tested. The x-axis is the Pearson correlation between the
learned X and the original X, and the y-axis is the correlation between the learned W
and the original W . Each star represents the accuracy of X and W , labeled by the
corresponding r parameter.

5.4.3 Controlling group sparsity by parameter r

Selecting appropriate group sparsity with r is important for the performance of SGS-FL.

We tested SGS-FL with different r ∈ [0, 1] with step size 0.05 and plot the accuracy

of the learned X and W by calculating the Pearson correlation with the original ones

in Figure 5.4. As expected that the group selection changes by steps (Eqn. 5.3) and

the performance of SGS-FL only changes when group selection changes. Thus, SGS-FL

performs the same in a certain range of r until reaching an increase or a decrease in the

number of selected groups. It is interesting that in the range r ∈ [0.45, 0.65], X and



96

10
2

10
3

10
4

10
5

10
0

10
1

10
2

10
3

size of samples

ru
nn

in
g 

tim
e(

s)

running time under different m

10
1

10
2

10
3

10
4

10
5

10
0

10
1

10
2

10
3

10
4

size of probes

ru
nn

in
g 

tim
e(

s)

running time under different n

(A) Running time

0 5 10 15 20 25 30 35
0

0.5

1

1.5

2

2.5
convergency of X

iteration #

no
rm

 o
f d

iff
er

en
ce

 o
f X

0 5 10 15 20 25 30 35
0

20

40

60

80

100

120
convergency of W

iteration #

no
rm

 o
f d

iff
er

en
ce

 o
f W

(B) Convergency

Figure 5.5: Running time and convergency of SGS-FL. (A) Running time under different
m (# of samples) and n (# of probes). (B) Convergency of X and W .

W are most accurately recovered, and when r is too small or too large, the correlations

are lower. This is consistent with our hypothesis: a small r leads to insufficient group

selection for the components and a large r may lead to unnecessary group selection and

thus an overly dense X that overfits Y . It is clear that in a reasonable range of sparsity,

SGS-FL performs well and SGS-FL also performs better than FLLat in most of the

choices of r.

5.4.4 Scalability and convergence

In real arrayCGH datasets, the number of probes can be as many as several millions. In

Figure 5.5, we analyze the running time and the convergency of SGS-FL on simulated

datasets of different sample sizes and different numbers of probes. In the left plot of
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Figure 5.5(A), we fixed the number of probes to be 300 and vary the sample size; in

the right plot, we fixed the sample size to be 150 and vary the number of probes. In

both cases, SGS-FL scales linearly with the log of the sizes. In Figure 5.5(B), SGS-FL

clearly converges within tens of iterations. The results suggest a good scalability to

large datasets by SGS-FL.

5.5 Experiments on Breast Cancer Data

To directly compare SGS-FL with FLLat, we followed the experiment setup in [87].

SGS-FL and FLLat were applied to chromosome 8 and 17 of a breast cancer arrayCGH

data from [91] to identify CNV regions for cancer relevance.

5.5.1 Breast cancer data

The breast cancer data contains profiles of 44 predominantly advanced primary breast

tumors with 241 mapped human genes from chromosome 8 and 382 mapped human

genes from chromosome 17. Among the 44 profiles, 5 are in tumor grade 1, 21 in grade

2 and 17 in grade 3. This prior clinical information was used in our model to define three

groups of samples. There is one additional sample missing the clinical information of

tumor grade which was also included in the study. Note that SGS-FL allows additional

samples that are not assigned to any group. The number of latent feature K was chosen

as the number of principle components that explain at least 80% variation of the data.

The hyper-parameters λ1 and λ2 were chosen by Bayesian Information Criterion (BIC)

suggested by [87]. The r parameter for SGS-FL was set to 0.5 to learn a coefficient

matrix with moderate sparsity.

5.5.2 Analysis of the coefficient matrices

We compare the coefficient matrices learned from FLLat and SGS-FL for chromosome

17 in Figure 5.6. The samples are ordered by tumor grade and the three groups are

separated by red horizontal lines. In the coefficient matrix learned by FLLat, there is

hardly any group structure of samples and the relation between the samples and the

latent features seems arbitrary. In other words, there is no subset of samples with similar

tumor grade by which a latent feature is shared. The coefficients learned by SGS-FL
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Figure 5.6: The coefficient matrices learned from the breast cancer data by FLLat and

SGS-FL. The sample profile missing the tumor grade information is put in the first row

and the other samples are ordered by tumor grade 1-3 from top to bottom. The groups

are separated by red horizontal lines. The K columns of X are sorted in descending

order by the magnitude of the corresponding latent features (i.e. ‖Wi,•‖2).

show clear group structures. When the coefficients are all zeros in one group, it implies

that the CNVs identified from the corresponding latent feature are not associated with

that group. For example, the first two latent features are only shared by the groups

of tumor grade 2 and 3; the third latent feature is only shared by the group of tumor

grade 3 and the last latent feature is only shared by the group of tumor grade 1. The
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Figure 5.7: Hierarchical clustering results of breast cancer samples. The samples are
labeled by their tumor grade, G1, G2 or G3.

submatrix of the last group is denser than those of the first and the second groups,

which implies that the samples with tumor grade 3 are sharing more CNVs than the

samples in the other two groups.

We also performed hierarchical clustering on the two coefficient matrices. Cosine

similarity was used as the similarity metric in the clustering to obtain similar clustering

results reported in [87]. The clustering results are shown in Figure 5.7. Since the tumor

grade information is incorporated in SGS-FL, the generated hierarchical structures are

more biologically meaningful. For example, there are three large clusters: the first

cluster contains samples with tumor grade 1 and 2, the second cluster contains samples
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with tumor grade 2 and 3, and the third cluster contains samples with tumor grade 3

except the additional sample missing the tumor grade information. Since tumor grade

2 is an intermediate state between tumor grade 1 and 3, it is reasonable to assume

that some samples with tumor grade 2 are more similar to samples with tumor grade

1 and some are more similar to samples with tumor grade 3. The results can be easily

explained by the coefficient matrix in Figure 5.6. The components can only be shared

by samples in group 1 and group 2, or by samples in group 2 and group 3, and never

shared by samples in group 1 and group 3. This result strongly support the hypothesis

that CNVs correlate with the tumor grade. The clustering result generated by FLLat

in Figure 5.7 and [87] also showed there are three distinct groups of samples. However,

it is not clear why these samples were clustered together since their tumor grades are

different.

5.5.3 Sample classification

To check whether the coefficient matrix X is also consistent with other clinical infor-

mation, we also designed a binary classification problem of separating samples into two

groups with another clinical variable ‘Tumor size’ (T1&T2 vs. T3&T4). Tumor grades

were used as prior group information by SGS-FL and the ‘Tumor size’ variable is the

target variable for classification. We run a leave-one-out cross-validation with k-nearest

neighbor (KNN) classifier on the coefficient matrices learned by PCA, FLLat and SGS-

FL from chromosome 8 and 17. The number of latent features are fixed to be the

number of principle components that explain 80% variance for all the three methods.

The classification accuracies by the three methods with different KNN parameters are

reported in Table 5.1. It is not surprising that PCA achieved the best performance

since PCA preserves the most variance of the data without constraints on obtaining in-

terpretable coefficients. Nevertheless, in the table the result by SGS-FL is comparable

to PCA and much better than the result by FLLat. It suggests that by using relevant

prior information, SGS-FL can obtain both interpretable CNV components and infor-

mative coefficients for classification. It is worth noting that if only the tumor grade

information is used by KNN in the leave-one-out cross-validation, the accuracy is 0.727

for any choice of k for the KNN classifier. This result further implies that the better

classification performance of SGS-FL is not solely due to the relevant prior information
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k=1 k=3 k=5 k=7

PCA 0.727 0.795 0.795 0.682
Chromosome 8 FLLat 0.659 0.659 0.614 0.636

SGS-FL 0.705 0.795 0.750 0.773

PCA 0.750 0.795 0.818 0.750
Chromosome 17 FLLat 0.591 0.682 0.659 0.750

SGS-FL 0.773 0.750 0.705 0.750

Tumor grade 0.727 0.727 0.727 0.727

Table 5.1: Classification accuracies in leave-one-out cross-validation with best results
for each method bold.

in tumor grade.

5.5.4 Analysis of CNV components

We next compared the latent features learned by FLLat and SGS-FL. We ranked the

identified probes by the sum of their magnitude in all latent features (i.e.
∑

k |Wkj |).
The probes without gene names were excluded in this analysis. We took the top-50

genes ranked by FLLat and SGS-FL, and plot their ranks in Figure 5.8. FLLat and

SGS-FL have consensus on the ranks of many of the genes. We focus on the genes which

have a difference larger than 3 in the ranks by the two methods. There are several

interesting examples. NGFR was demonstrated as a marker to identify myoepithelial

cells in preinvasive lesions and myoepithelial differentiation in breast carcinomas [92].

SPOP can mediate the Breast cancer metastasis suppressor 1 (BRMS1) and is important

for breast cancer progression [93]. PIP5K2B (PIP4K2B) is a known amplified gene in

breast cancer [94]. DLX4 (BP1) negatively regulates BRCA1 in sporadic breast cancer

[95]. NR1D1 is a survival factor for breast cancer [96]. ITGB4 is a prognostic marker for

breast cancer [97]. All the genes ranked better by SGS-FL seem to be relevant to breast

cancer. However, for the genes ranked higher by FLLat such as ZNF207, PCTP and

SCYA3L1, there is no literature suggesting associations between the genes and breast

cancer. Possibly, these genes might be involved in some frequent CNVs instead of CNVs

specific to breast cancer.

Finally, we also compared the ranking of the known cancer genes in Cancer Gene
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Figure 5.8: Top ranked 50 genes by FLLat and SGS-FL on chromosome 17. Green

denotes ‘gain’ status and red denotes ‘loss’ status. Genes with most different ranks by

FLLat and SGS-FL are label by their gene symbols.

Census1 on chromosome 8 and 17 in Figure 5.9. Overall, most of the known cancer

genes were ranked better by SGS-FL. The result implies that the identified CNVs by

SGS-FL are more likely to be associated with breast cancer.

1 http://www.sanger.ac.uk/genetics/CGP/Census/

http://www.sanger.ac.uk/genetics/CGP/Census/
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Figure 5.9: Ranking of known cancer genes on chromosome 8 and 17. Green denotes
‘gain’ status and red denotes ‘loss’ status. On average, SGS-FL ranked the cancer genes
on chromosome 8 and 17 better than FLLat.

5.6 Experiments on Bladder Cancer Data

We also applied SGS-FL and FLLat to test a bladder cancer arrayCGH data from [55] to

identify CNVs relevant to bladder cancer. This dataset contains 38 urothelial carcinomas

with whole-genome tiling resolution array-CGH and high density expression profiling.

We still used tumor grade as the prior information to separate samples into 3 groups

{G1,G2,G3} and set r = 0.5 for SGS-FL. The parameters k, λ1 and λ2 were selected

in the same way as in the previous experiment. [55] reported genomic amplifications

of 47 genes at regions 2p25, 6p22 and 8q22 in “Additional file 4”, so we focused our

study on these chromosomes. There are 1938 probes on chromosome 2; 1801 probes on

chromosome 6; and 1091 probes on chromosome 8. 33 of the 47 genes are annotated

in the dataset. Both FLLat and SGS-FL identified the 33 known amplified genes and

ranked them in the top 100 probes. We also compared the methods with the näıve

approach which ranks the genes simply based on the sum of their magnitude in the

original data (i.e.
∑

i |Yij |). The 33 genes and their corresponding ranks are listed in

Table 5.2. Among the 33 genes, SGS-FL has higher or equal ranks on 21 of them.

Compared with FLLat, SGS-FL ranked 16 genes better and 6 genes worse. The result

suggests that the prior information in tumor grade helps rank the cancer relevant CNVs

higher. Compared with the näıve method, SGS-FL ranked 25 genes better and 7 genes
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Chromosome Gene Näıve FLLat SGS-FL

2

CPSF3 3 1 1

ADAM17 3 1 1

YWHAQ 3 1 1

TAF1B 8 4 4

UNQ5830 13 5 5

KLF11 1 5 5

RRM2 1 8 8

6

CAP2 53 59 52

FAM8A1 28 61 53

NUP153 28 61 53

KIF13A 28 62 54

NHLRC1 79 66 58

AOF1 117 67 59

DEK 117 67 59

IBRDC2 117 67 59

ID4 66 31 30

OACT1 23 13 14

E2F3 10 1 1

CDKAL1 3 3 3

SOX4 20 16 16

PRL 15 22 22

8

COX6C 65 49 45

POLR2K 69 51 47

SPAG1 69 51 47

RNF19 69 51 47

MGC39715 76 53 49

NCALD 6 7 37

RRM2B 52 10 39

ODF1 138 63 71

KLF10 185 64 76

FLJ45248 162 65 77

ATP6V1C1 46 58 35

BAALC 68 60 41

Table 5.2: Ranking of the 33 known amplified genes in the bladder cancer data. The

best rank of each gene is bold.
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worse. The result suggests that the learned latent features is more reliable than the

original data for identifying cancer relevant CNVs.

5.7 Conclusions

In general, discovering CNVs across multiple samples is more accurate than single sam-

ple analysis. To analyze multiple samples of probe series, it is important to consider

both the similarity and the heterogeneity among the samples. Existing methods such

as FLLat ignore the fact that patient samples with different phenotypes show different

frequencies and patterns of CNVs in their genotyping. These methods tend to miss

the CNVs specific to subsets of samples. To the best of our knowledge, SGS-FL is the

first model that considers the prior information on sample groups in CNV identification.

SGS-FL constructs a latent feature model to identify CNVs and learn the sample groups

sharing the CNVs simultaneously by integrating fused lasso to smooth CNV patterns

and adaptive sparse group selection to identify the group specificity of the CNVs. The

simulations and experiments on real cancer arrayCGH datasets suggest that with the

relevant sample group information, SGS-FL can more accurately identify cancer rele-

vant CNV regions and a more informative representation of CNV data as coefficients

on the CNV components.



Chapter 6

Conclusion and Discussion

6.1 Conclusion

Finding associations between CNVs and human diseases has been a hot topic in Bioin-

formatics since the role of CNVs in human disease was first revealed. The development

of new techniques such as arrayCGH made it possible to detect genomic copy number

variations at a high resolution level. Numerous arrayCGH datasets and methods were

proposed aiming to identify CNVs that are associated with diseases. However, there are

still several challenges as described in section 1.1, which make general machine learning

methods or statistical approaches fail on these datasets. Several models have been pro-

posed in this thesis to address these challenges and improve the performance of sample

classification and CNV identification on arrayCGH datasets.

First, we proposed HyperPrior to incorporate biological prior knowledge into predic-

tive models for data integration. We applied HyperPrior to test two arrayCGH datasets

and two gene expression datasets for both cancer classification and biomarker identifica-

tion. On all the datasets, HyperPrior achieved competitive classification performance,

compared with SVMs and the other baselines utilizing the same prior knowledge. Hyper-

Prior also identified several discriminative regions on chromosomes and discriminative

subnetworks in the PPI, both of which contain cancerrelated genomic elements. Our

results suggest that HyperPrior is promising in utilizing biological prior knowledge to

achieve better classification performance and more biologically interpretable findings in

gene expression and arrayCGH data.

106



107

Then, we proposed an alignment based framework for integrated sample classifi-

cation and cross-dataset CNV analysis. The probe alignment kernel and the multiple

probe alignment algorithm were experimented to integrate three bladder cancer datasets

as well as artificial datasets. In the experiments, by integrating arrayCGH samples from

multiple datasets, the probe alignment kernel used with support vector machines sig-

nificantly improved patient sample classification accuracy over other baseline kernels.

The experiments also demonstrated that the multiple probe alignment algorithm can

find common DNA aberrations that cannot be identified with the standard interpola-

tion method. Furthermore, the multiple probe alignment algorithm also identified many

known bladder cancer DNA aberrations containing four known bladder cancer genes,

three of which cannot be detected by interpolation.

We also proposed GLNP as a general algorithm to learn a low-rank graph and per-

form more accurate label prorogation for sample classification. Large scale simulations

and experiments on UCI datasets and high-dimensional datasets (arrayCGH and gene

expression datasets) showed that label propagation based on global linear neighborhoods

captures the global cluster structures better and achieved more accurate classification

results. The experiment results suggested that GLNP is a promising semi-supervised

learning algorithm for sample classification problems on arrayCGH datasets.

Finally, we proposed SGS-FL to integrate phenotype information to identify disease-

associated CNVs from arrayCGH datasets. SGS-FL is a latent feature model designed to

identify group(phenotype)-specific CNVs instead of common CNVs. Simulation results

show that SGS-FL can more accurately identify the latent CNV components when

there is a reliable underlying group structure in the samples. In the experiments on

arrayCGH breast cancer and bladder cancer datasets, SGS-FL detected CNV regions

that are more relevant to cancer, and provided latent feature weights that can be used

for better sample classification.

In summary, all models proposed in this thesis showed promising results in both

simulations and experiments on real arrayCGH datasets. Algorithms implemented for

these models also provide computational tools for oncologists to discover more disease-

relevant CNV candidates in various studies of human disease.
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6.2 Future Work

The models proposed in this thesis can be improved in several ways. We will discuss

each model separately in the following subsections.

6.2.1 HyperPrior algorithm

For the HyperPrior algorithm, the incidence matrix H has to be nonnegative. Thus

for each feature with both positive and negative values, HyperPrior has to use two

hyperedges to encode that feature. This might cause scalability problems on some high-

resolution arrayCGH datasets or next-generation sequencing data. However, defining

hyperedges based on the sign of feature values is just one way to model the data with

a hypergraph. Actually, the relation between the original features and the hyperedges

can be more general. As we have already discussed in Chapter 2, HyperPrior can be

explained as a relaxed wrapper-feature-selection method. Thus we can define each hy-

peredge based on multiple features in the original data as long as it is meaningful. For

example, one possible way is to use pathways to define hyperedges and the relations

between the pathways are used as prior knowledge. We believe if we properly define bi-

ologically relevant hyperedges, much less number of hyperedges are necessary to encode

high-dimensional biomedical data, and HyperPrior will be scalable to next-generation

sequencing data.

In the thesis, we have shown HyperPrior worked well with the prior knowledge we

defined. It will be interesting to also try other types of prior knowledge. For example,

we can use the gene expression value to define the prior knowledge on the corresponding

probes in arrayCGH data.

6.2.2 Probe alignment kernel

For the probe alignment kernel, one limitation is that the defined scoring function is

not guaranteed to output a positive semi-definite matrix. Thus a small positive value

has to be added to the diagonal to make it a valid kernel. However, this small positive

value is not known until the alignment score from all pairs of samples are computed and

it might not be efficient for large scoring matrices. To solve this problem, we may try

the methods proposed in [98, 99], which propose to train SVM with indefinite kernels.
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Another possible extension is to distinguish regions with different probe density

(gene-rich vs. non-coding) with different normalization for further improvement of clas-

sification or common CNV detection. The scoring function can also be different in

gene-rich regions and non-coding regions since the alignment in gene-rich regions is

expected to be more biologically significant. Although it will introduce additional com-

plexity to the model, the alignment results might be more biologically relevant if the

alignment kernel is designed in a sophisticated way.

Last but not least, segmentation methods such as [100] are also widely used to detect

the actual CNV intervals in each probe series. These segmentation methods output CNV

intervals of very different lengths for each sample. Integrating these segmentation results

is more challenging than integrating probe series since both the number of intervals and

the length of intervals can vary very much among all samples. However, we believe

the idea of alignment kernel can still be used to develop a new alignment approach to

compare CNV intervals. It will be promising to combine segmentation approaches with

alignment to get more interesting results.

6.2.3 GLNP algorithm

In GLNP algorithm, the low-rank graph is learned from data in an unsupervised manner

and then label prorogation is performed for semi-supervised learning. However, it can

be easily extended to perform semi-supervised learning directly as in [101]. Suppose

there are m samples and ml of them are used for training. We need to predict the labels

for the remaining mu = m−ml samples. Let Yl be the labels for training set, Yu be the

labels to predict and Y =

[
Yl

Yu

]
. Then, the low-rank graph and the labels on the test

set can be learned from

minQ(F, Yu) =
1− α

2

∥∥X − FF TX∥∥2

F
+
α

2

∥∥Y − FF TY ∥∥2

F

subject to Fij ≥ 0 where α is a parameter between 0 and 1. It can be solved similarly

with multiplicative update rule.

Another possible better model to learn a low-rank graph is

minQ(F ) =
∥∥X − (FF T − I)X

∥∥2

F
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subject to Fij ≥ 0 and
∑

j F
2
ij = 1. The low-rank graph learned from this model should

be more suitable for label prorogation. However, this optimization problem is harder

since it requires each row of F to be normalized.

Last, the multiplicative update rule requires the data to be nonnegative. If we want

to use GLNP to handle data with both positive and negative values, we can use the

additive update rule with nonnegative constraints. However, more efficient optimization

techniques based on gradient descent may be required to get better solutions in real

problems.

6.2.4 SGS-FL model

Identifying CNVs from multiple samples is expected to be more accurate than from

single sample since it helps to remove false positives caused by the noise in the data.

However, if only CNVs from all samples are reported, we may only get common CNVs

while still missing disease-specific CNVs. By considering both the similarity and the

heterogeneity among the samples, SGS-FL identified cancer relevant CNV regions more

accurately in experiments in the thesis. However, tumor grade of patients is just one

type of prior knowledge we can use. The next step is to investigate different types of

clinical information to find what prior knowledge is more helpful in identifying disease-

specific CNVs.

In fused lasso model, λ1 and λ2 control the number of identified CNVs. The same

λ1 and λ2 were used in SGS-FL for all latent components. Since it is more reasonable

to assume both the number of CNVs and the length of CNVs can vary for each latent

component, it is important to derive a better parameter tuning method to generate

informative CNVs in all latent components.
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