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APPLICATIONS OF COMPUTERIZED ADAPTIVE TESTING 

A BRIEF OVERVIEW OF ADAPTIVE TESTING 

JAMES R, McBRIDE 
U. S. Army Research Institute for the Behavioral and Social Sciences 

This symposium will present some recent developments in adaptive testing which 
have applications to several military testing problems. The purpose of this over
view is to provide a brief introduction to adaptive testing--what it is, what is 
needed to implement it, and why it is of interest. 

"Adaptive" testing is one of a number of terms used to describe a procedure 
whereby the test items that comprise an individual's test are selected during 
the test itself. Some of the other terms used interchangeably with adaptive testing 
include tailored testing, branched testing, programmed testing, and individualized 
testing. The term "adaptive" was chosen because these tests adapt themselves to 
the examinee; different persons answer rlifferent items, with the items chosen 
sequentially to suit the individual examinee's performance. 

Differential selection of test items may be accomplished in any number of 
ways. But, generally, in adaptive tests a more difficult item is administered 
following each correct answer, and an easier item following an incorrect one. Some 
methods of adaptive testing have been implemented in paper-and-pencil mode; for 
example, Lord's (1971) flexilevel adaptive test was designed specifically for 
paper-and-pencil administration. However, experience has shown that the instruc
tions for paper-and-pencil adaptive tests are too complex for some examinees to 
follow successfully (Weiss & Betz, 1973, p. 23) A more satisfactory mode of admin
istration is through use of an interactive computer terminal or similar device. 
Thus, Weiss (1976) chose to administer adaptive tests at a cathode-ray terminal 
(CRT); Bayroff, Ross and Fischl (1974) reported the Army's development of a 
computer-controlled slide projection terminal for adaptive testing; Waters (1977) 
designed and built a micro-processor terminal which directs the examinee through 
an adaptive sequence of test items read from a printed booklet. 

Item selection strategies. Because adaptive tests are quite different from 
conventional tests in which all examinees must answer the same set of test items, 
adaptive testing poses some new psychometric problems. One problem is how to 
choose successive items from the pool of available items. This problem can be 
solved through an item selection strategy, which defines a formalized rule for 
item choice. 

Numerous item selection strategies are possible. They vary from very simple 
two-branch rules to rules based on the optimization of rather complex mathematical 
functions (Weiss, 1974). Obviously, computerizing the item-selection process 
facilitates the use of the mathematical optimization procedures. 
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Scoring adaptive tests. Since different examinees take sets of test items 
which may differ in number, difficulty, and discriminating power, the traditional 
number correct score will not suffice to order people on most adaptive tests. Some 
scoring procedure is required which will consider not only how many items were 
answered correctly, but also which items were taken, and the pattern of right and 
wrong answers to those items. The. scoring procedures most widely used in adaptive 
testing are based on various formulations of latent trait theory (e.g., Birnbaum, 
1968; Lord, 1952, 1974; Rasch, 1960). All of these formulations provide statis
tical methods for locating examinees on a common scale, even though they responded 
to different sets of test items. 

Item response theory. Because of the unique characteristics of adaptive 
tests--tailoring each test to the individual and locating all examinees on a common 
scale despite the different items constituting each test--traditional test theory 
is inadequate for use in adaptive testing. "Latent trait" or "item response" 
theory (Lord, 1952, 1976) provides an adequate theoretical basis for the develop
ment of adaptive testing. 

Item response theory, also known as item characteristic curve theory, is a 
general term for theoretical formulations which account for examinees' responses 
to test items in terms of their status on an underlying attribute. In ability 
(or achievement) testing, the higher the attribute status, the larger is the 
probability of a correct response to any given item which measures the trait in 
question. Through appropriate scaling procedures, a response curve can be con
structed for every such test item. This item characteristic curve (ICC) expresses 
the probability of a correct response as a mathematical function of the scaled 
trait and the item characteristics. 

Every person can be characterized by his/her location on this scale. Every 
test item also has a location parameter (its threshold, or "difficulty") and 
perhaps its own rate parameter (proportional to the steepness of the ICC), analogous 
to its discriminating power. Some items also have a lower asymptote, or guessing 
parameter. 

Knowing which items a person has answered; the difficulty, discrimination, 
and guessing parameters of those items; and whether the answers were correct or 
incorrect permits the use of the statistical techniques of item response theory 
to estimate the examinee's ability. The resulting ability estimate is a "test 
score" of sorts which has an error component like any other observed score. Unlike 
classical test theory, item response theory makes no assumption that measurement 
errors are independent of "true score", which is appropriate because this central 
assumption of classical test theory is untenable (Lumsden, 1976). Whether ability 
is defined as "true score" or as location on a latent continuum, errors of measurement 
can vary at different levels of the trait, reflecting in part the discrepancy 
between examinee trait level and the difficulties of the test items. 

Information. Item response theory permits the evaluation of something closely 
akin to the standard error of measurement as a function of underlying ability, if 
the test item parameters are known. This is called the test information function 
(Birnbaum, 1968) which is inversely proportional to the standard error of estima
ting an examinee's location on the trait scale. If the information function of a 
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typical peaked conventional test (one whose items are all about equal in difficulty) 
were plotted, its test information function would likewise be peaked--very high 
over a narrow range of the trait, but diminishing in magnitude elsewhere. Such a 
test will discriminate very well over a narrow interval of the trait range; it will 
not discriminate as well outside that interval. The ability level at which the 
test information function is highest can be referred to as the test "center". 

The information function of a "rectangular" conventional test (one whose 
item difficulties are uniformly distributed over a wide range) is fairly flat, but 
low over a broad interval on the trait scale around the test center. This test 
would measure about equally well over a much wider range than the peaked test, 
but other things being equal, would not discriminate nearly as effectively as 
does the peaked test at its center. 

The design of conventional tests. A test measures best (most precisely) where 
its information function is highest (and hence its standard error is lowest). 
It is frequently desirable to have high measurement precision over most of the 
normal range of the attribute we seek to measure. This is tantamount to a high, 
flat information function. Conventional testing, however, presents a dilemma. A 
peaked test can be constructed which yields an information function with a high 
peak; or at the other extreme, a rectangular test can be built which has a low, 
flat information function. A test with a high, flat information function cannot 
be constructed for conventional test administration unless it is extremely long. 

This problem can be referred to as a "bandwidth-fidelity dilemma", with 
apologies to Cronbach (1961), who described a different "bandwidth-fidelity 
dilemma". The designer of a conventional test can construct it to have high 
"fidelity"--high precision, low measurement error--over a narrow range of ability; 
or to have a broad "bandwidth"--equiprecision of measurement over a wide range 
of ability, at the expense of fidelity. In designing a conventional test, there 
is a tradeoff between broad bandwidth and high fidelity; the designer cannot have 
both. 

Adaptive testing. Herein resides the most attractive feature of adaptive 
tests from a psychometric point of view: Because the test is adapted to the 
individual, the discrepancy between trait level and item difficulty can be made 
both small and fairly constant across the trait range. The result is a flat 
information function which is also generally high. Adaptive tests--and only 
adaptive tests--are capable of accurate, equiprecise measurement over a wide 
ability range. This should pay dividends in test reliability, criterion-related 
validity, and in the general utility of the test for a broad range of measurement 
and decision applications. 

A properly designed adaptive test will have higher reliability than a conven
tional test of the same length. As a corollary to that, an adaptive test can 
achieve a specified level of reliability in substantially fewer items than can a 
conventional test, thus permitting the measurement of additional attributes in 
the time saved. Both improved reliability and additional measurements should result 
in an increment in predictive validity over that obtained using conventional tests. 

In addition to the psychometric benefits accruing from the use of adaptive 
tests, there are psychological benefits to the examinees. Adaptive tests can have 
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positive effects on the test-taking motivation of examinees (Betz & Weiss, 1976b) 
and, for some testees, on their measured ability levels (Betz & Weiss, 1976a). 
By tailoring test difficulty to examinee ability, adaptive tests can reduce the 
effects of guessing among low-ability examinees and make any remaining effects 
relatively constant across ability levels. 

Summary 

This overview has presented a rather broad-brush introduction to adaptive 
testing. Hopefully, it has conveyed some conception of what adaptive testing 
is, of the rudiments of the test theory supporting it, and of the significant 
psychometric and psychological advantages that can accrue when a well-designed 
adaptive testing program is implemented in a mental-measurement setting. The 
four principal papers in this symposium will deal in more detail with some methods 
used in conjunction with adaptive testing, and with a variety of areas of appli
cation of adaptive tests which are relevant to the needs and problems of test 
users in the military. 



!$ 
i ESTIMATION OF LATENT TRAIT STATUS IN ADAPTIVE TESTING PROCEDURES 

JAMES B. SYMPSON 
University of Minnesota 

During the last few years, latent trait theory has become increasingly 
important as a theoretical foundation for the practice of psychological and 
educational assessment. This has been due to shortcomings inherent in classical 
test theory (Lumsden, 1976) and to recent developments in testing practice. In 
particular, when "adaptive" or "individualized" testing is desired, latent trait 
theory provides a particularly useful conceptual scheme for guiding test design and 
test scoring procedures. 

Latent trait theories are characterized by a mathematical model that relates 
the probability of occurrence of a particular response class (e.g., a "correct" 
response) in the presence of a particular stimulus (e.g., a test item) to a person's 
position on one or more metric dimensions. The graph of the function that relates 
probability of a particular response class to a person's status on these dimensions 
can be referred to as a response-characteristic surface. 

Both univariate and multivariate latent trait models have been proposed. The 
univariate models (e.g., Birnbaum, 1968; Bock, 1972; Lord, 1952; Rasch, 1960) 
assume that response probabilities are related to the relative positions of persons 
and stimuli on a single metric dimension. Multivariate models (e.g., Christoffer
son, 1975; Samejima, 1974) allow for the possibility of several latent dimensions. 

Latent Trait Theory and the Objectives of Measurement 

When they first encounter latent trait theory, many people question its 
practical utility. For example, they often ask, "Why should I bother with an 
approach to testing that involves inferred latent traits if what I'm really 
interested in is either predicting some criterion accurately or achieving content 
validity and implementing criterion-referenced measurement?" In order to motivate 
an interest in latent trait estimation procedures, it will be useful to discuss 
briefly the issues raised by this type of question. 

The "existence" of latent traits. The adoption of latent trait theory as a 
guide to test construction and test scoring does not require a belief in the 
"existence" of unobservable traits that control human behavior. Empirically, it is 
sufficient to inquire whether peoples' responses to test stimuli can be predicted 
accurately on the basis of such a model. The postulated dimensions of latent trait 
theory can be viewed as quantitative variables that are created by calibrating and 
scoring test items in a certain way. These variables can provide a convenient basis 
for designing testing procedures and may lead to increased predictive accuracy in 
scientific and practical applications. 

This research is supported by contract N00014-76-C-0243, NR150-382, with the 
Personnel and Training Research Programs, Office of Naval Research. 
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Measurement for criterion prediction. In many situations, tests are developed 
and applied with the sole intention of predicting performance on a criterion of 
interest. The introduction of intervening variables (latent traits) might seem 
unnecessary when one is only interested in obtaining a high degree of relationship 
between test scores and criteLion scores. However, estimates of latent trait status 
can themselves be viewed as a particular variety of test score. Such scores may or 
may not have higher predictive validity than more conventional test scores; this 
is an empirical question. But,even if predictive validity is not increased via the 
use of latent trait scores, it may still be advantageous to adopt a latent trait 
approach if the testing process can be made more efficient as a result '(e.g., through 
adaptive testing procedures). 

Moreover, test development for the purpose of criterion prediction is always 
based upon an implicit structural model. No one chooses items at random from all 
conceivable item domains. Test developers try out items with certain kinds of 
content and never consider using other kinds of content. They also attempt to 
generate items that have difficulty levels or endorsement rates (i.e., p-values) 
that are not too extreme in the population to be tested. This is done so that item
criterion correlations will not be unduly restricted. Such procedures suggest the 
existence of an implicit structural model. 

Trying certain types of items, and not others, implies that certain types of 
inter-person differences exist and are related to criterion performance, while 
others are not. More generally, any conceptual scheme for classifying test items 
implies a corresponding set of response variables that can be generated when the 
items are administered. In selecting items for criterion prediction the test 
developer indicates the response variables that are thought to be related to the 
criterion. 

A concern about item difficulties and endorsement rates implies that the 
probability of a given response to an item is a function of status on the relevant 
response variable(s). If such probabilities were not a function of status on the 
response variables, an item would have the same p-value in every conceivable popu
lation and there would be no need to match item difficulties to the population that 
is to be tested. 

A latent trait approach to test construction and scoring provides a formal 
vehicle for elaborating structural models and encourages the test developer to make 
structural assumptions explicit. When structural models are explicitly stated, 
they can serve to guide test construction efforts and aid in the interpretation of 
empirical results. 

Content validity and criterion-referenced measurement. The testing situation 
never constitutes the entire behavioral domain of interest. The implicit objective 
in pursuing content validity and in implementing criterion-referenced measurement 
is to make more accurate inferences about a person's potential for performance in a 
hypothetical task domain (Cronbach, 1971, p. 452; Glaser & Nitko, 1971, p. 653). 
This hypothetical task domain, though it is not observable in its entirety, is 
carefully defined in terms of performance objectives or item content. Test items 
are generated that represent the domain, and responses to these items are used as a 
basis for making inferences about domain performance. 
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Some individuals protest such a view and argue that in criterion-referenced 
measurement the test stimuli are the criterion tasks of interest and that no 
further task domain is intended or implied. However, unless all the tasks that are 
required on the job are included in the test, inferences are necessarily being made 
about a larger task domain from a sample of person-stimulus interactions drawn from 
the domain. 

What is the nature of the hypothetical task domain in achievement testing? 
Such task domains can be described in terms of a multidimensional structural model. 
Whenever test stimuli can be clustered with regard to common content or process 
and arranged in a learning hierarchy within each cluster, there is a definite 
possibility that a latent trait approach to achievement testing will be useful. 

Norm-referenced and criterion-referenced interpretations of test performance. 
In recent years, the distinction between norm-referenced and criterion-referenced 
measurement has been widely discussed. An important fact to keep in mind is that 
this distinction properly applies to the type of information available from test 
scores, not to test content or the testing procedure itself (Hambleton & Novick, 
1973, p. 162). This is important because estimates of latent trait status can 
provide information about both inter-person differences (norm-referenced interpre
tations) and intra-person response probabilities (criterion-referenced interpreta
tions) for tasks drawn from a task domain. 

An estimate of an individual's latent trait status can be converted to a 
centile rank or standard score relative to any norm group previously tested using 
the latent trait procedure. This same latent trait estimate, when considered in 
conjunction with the latent trait parameters of a test item (i.e., a task sample) 
that has been previously calibrated, allows generation of the probability of 
occurrence of a given response class (e.g., a "correct" response) in the presence 
of the item. (That is, one can determine the probability that a person will 
complete a given task successfully, even though the person has never attempted the 
task.) The fact that latent trait theory can provide both norm-referenced and 
criterion-referenced interpretations of test performance indicates that the current 
schism between psychological and educational testing may be narrowed considerably 
in the years to come. 

Estimating Latent Trait Status 

In order to exploit the wide range of potential applications of latent trait 
theory, it is necessary to understand procedures for estimating latent trait status 
of individual testees. Four methods for obtaining estimates of latent trait status 
are described below. In addition, it will be shown that the accuracy of such esti
mates can often be improved through the use of adaptive testing procedures. 

The latent trait model to be described is one in which only two response classes 
are considered, a keyed response and a non-keyed response, and the probability of 
occurrence of each response class is a function of a single latent dimension. This 
model might be applicable to a test that has been constructed to maximize internal 
consistency (Nunnally, 1967, pp. 254-268) and in which items are scored dichotomously. 
The model would not be suitable for tests that involve a multidimensional item 
structure, but the principles of latent trait estimation that are discussed can 
be generalized to such cases. 
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The Three-parameter Logistic Model 

This latent trait model has been investigated extensively by Birnbaum (1968). 
The function rule that relates probability of a keyed response to the parameters 
of the model is given in Equation 1. 

P (6) = c + (1-c )[1+exp(-1.7a (6-b ))r 1 [1] 
g g g g g 

The quantity Pg(6) is the probability of a keyed response to item g, with 

parameters a , b and c , by a person whose location on the latent trait con-g g g 
tinuum is given by the quantity 6 (theta). The exponential operator (exp) indi
cates that the quantity in parentheses is an exponent of the constant e~2.71828. 

Figure 1 shows 

6=+3.00 for an item 

a graph of the function P (6) in the interval from 6=-3.00 to 
g 

having a =2.0, b =0.0, and c =.00. This graph was generated 
g g g 

by evaluating P (6) 
g 

at 61 points along the theta continuum. The irregularities 

visible in Figure 1 result from rounding P (6) 
g 

to the nearest .02 for plotting 
purposes. 

Figure 1 
Response Characteristic Curve (a=2.0, b=O.O, c=.OO) 
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The item parameter c is 
g 

the value of P (6) when 6=-oo. It is the lower 

asymptote of P (6) and is usually 
g 

g 
conceived of as the probability of a keyed 
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response occurring "by chance" when 8=-oo. The item parameter bg is known as the 

item location parameter; it indicates the location on the latent trait continuum 
at which Pg(8) is equal to .5(1+cg). The item parameter ag is known as the item 

discrimination parameter. It is related to the slope of the response charac
teristic curve and in this model is equal to the reciprocal of the distance that 
one must move along the theta continuum in order to increase Pg(8) from .5(1+cg) 

to approximately (.8455(1-cg))+cg. Since ag=2.0 and cg=.OO in Figure 1, the 

distance between the locations on the theta continuum at which Pg(8)=.5 and 

Pg(8)~.84 is equal to 1/ag=.50 theta units. 

Figure 2 shows a response characteristic curve for an item havingag=1.0, 

bg=O.O, and cg=.OO. The reduced value of ag' relative to Figure 1, is reflected 

in the shallower slope of this graph and in the fact that the distance between 
the locations at which P (8)=.50 and P (8)~.84 is now equal to 1/a =1.00 theta g g g 

Figure 2 
Response Characteristic Curve (a=1.0, b=O.O, c=.OO) 
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units. A value of ag in the vicinity of 1.0 is typical of many test items. 

Values of ag below about .5 are indicative of "poor" items and values of ag 

above 2.0, while desirable in many applications, are not common. 
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Figure 3 shows a response characteristic curve for an item having a =1.0, 
g 

b =0.0, and c =.20. The value cg=.20 might be applicable to a multiple-choice 
g g 

test item that has five response alternatives. In accord with the definitions 
given above, b is equal to the location at which P (8)=.5(1+.2)=.60 and a is g g g 
equal to the reciprocal of the distance from the location at which Pg(8)=.60 to 

the location at which Pg(8)~(.8455(1-.2))+.2~.88. Note that one of the effects 

of a non-zero Cg is to reduce the slope of Pg(8) at all points along the theta 

continuum. 

Figure 3 
Response Characteristic Curve (a=1.0, b=O.O, c=.20) 
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Birnbaum (1968) has discussed the concept of "information" available in a 
test item. Birnbaum's item info~ation function is given in Equation 2. 

I(8~ ug) = [P;(8)] 2 /[Pg(8) Qg(8)] [2] 

In this equation, ug is the item response variabZe. It is equal to 1 when a 

keyed response is emitted and is equal to 0 otherwise. The quantity Qg(8) is 
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equal to l-Pg(8). The numerator of Equation 2 is the squared first derivative 

(i.e., the squared slope) of Pg(8) at a fixed value of 8. The denominator is 

the variance of the item response variable, ug, at a fixed value of 8. The 

quantity I(8,ug) is an index of the item's ability to discriminate people whose 

latent trait location equals 8 from people at nearby latent trait locations. 

In general, a steeper slope for Pg(8) implies greater discriminating power. 

As was noted earlier, high values of ag and low values of cg increase the slope 

of Pg(8) and, hence, the information available from an item. The variance of 

ug approaches zero at latent trait levels that are deviant from bg and reaches 

its maximum value at the latent trait level where Pg(8)=.5. Figure 4 shows a 

graph of the function I(8,ug) in the interval from 8=-3.00 to +3.00 for the item 

shown· in Figure 2, which has a =1.0, b =0.0, and c =.00. This graph was generated g g g 
by evaluating I(e,u ) at 61 points along the theta continuum and rounding the 

g 
obtained values to the nearest .02. 

Ill ... 
::> 

a 
:> 

2 

"' ;:: 
<1: 

~ 
~ 
~ 

the 

0 
0 -. 

I 
I 

0 I .,. I .. 
I 
I 

0 I 
co I .. 

I 
I 

0 I ... I .. 
I 
I 

0 I 

"' I .. 
I 
I 

0 I 

"' I .. 
I 
I 

0 I 

" I 

• I 
I 

0 I .., 
I .. 
I 
I 

0 I 

"' I 

• I 
I 

0 I - I 

Figure 4 
Information Curve for a Single Item (a=l.O, b=O.O, c=.OO) 
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Figure 4 shows that an item provides maximum information in the region of 
theta continuum where the item is located (i.e., near b) and relatively 
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little information at levels far below or far above bg. This result is consis

tent with intuitive impressions of item discriminating power. If, for example, 
an ability test item that was suitable for third graders (i.e., Pg(8) near .5 

among third graders) were administered to college students (in which group 
Pg(8)~1.0), all the college students would probably answer it correctly and 

no basis for discriminating among college students would exist. Note that in 
Figure 4 the information curve is symmetric about bg and attains a maximum 

value of approximately .72. 

Figure 5 shows an information curve for an item having ag=.85, bg=O.O, and 

cg=.OO. This curve, while still symmetric about bg, attains a lower maximum 

(approximately .52) and falls off more gradually on either side of bg than the 

curve in Figure 4. In fact, the item represented in Figure 5 provides slightly 
more information than the item represented in Figure 4 in the interval below 
8~-1.40 and in the interval above 8~1.40. However, the gain in these regions 
is slight compared to the information loss in the interval -1.40 <· 8 <· 1. 40. 

Figure 6 shows an information curve for an item having ag=1.0, bg=O.O, 

and cg=.20. This curve is not symmetric about bg. It attains its maximum 

value of about .SO near 8=.16. The curve falls off more rapidly on the left 
of 8=.16 than on the right. This reflects the fact that "chance" keyed res
ponses are more prevalent among people located below bg than among people located 

above bg. Such "lucky" responses contribute error to the estimation of latent 

trait status and reduce the amount of information available. Note that the 
information curve in Figure 6 is lower than the curve in Figure 5. Introducing 
the possibility of "lucky" keyed responses reduces the information available 
from an item just as if it were an item with lower ag, but with cg=.OO. 

Sequential Estimation in an Adaptive Test 

In order to demonstrate the sequential estimation of latent trait status 
in an adaptive test, a computer program was used to simulate the test responses 
of a person whose latent trait location is 8=+1.0. Twenty items having ag=1.0 

and cg=.20 were administered. The items' bg values changed as a function of 

responses generated during the simulated test. Table 1 summarizes the results 
of this 20-item test. 

The first column in Table 1 contains item numbers in the 20-item series 
(g=1,2, ... ,20). The second column contains the bg values of the items 

administered. The difficulty of the first item was b1=0 because this value 
approximates the mean latent trait score in any population of persons that is 
sampled to parameterize a set of test items. (An exception to this may be 
found in Wright and Panchapakesan's (1969) implementation of the Rasch model. 
They scale the latent trait metric such that the mean of the bg estimates is 
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Figure 5 
Information Curve for a Single Item (a=.85, b=O.O, c=.OO) 
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Figure 6 
Information Curve for a Single Item (a=l. 0, b=O.O, c=.20) 
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zero and the mean 8 estimate among persons is, in general, other than zero.) 
Following the first item, bg values either increase or decrease (in accordance 

with a procedure to be outlined below) depending on whether a keyed or non-keyed 
response was generated. The item response variable ug is shown in the third 
column of Table 1. 

Item 
No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Table 1 
Sequential Estimation of Latent Trait Status 

in a 20-Item Adaptive Test 

MAXL WBL SBAYES 
Diff. Resp. Est. Est. Est. 

0 1 5.49 1. 61 .38 
1.00 0 .36 -.85 .05 

0 1 .67 .18 .32 
.18 1 .89 .82 .53 
.82 1 1.16 1.25 .75 

1.25 0 .87 .72 .57 
.72 1 1.03 1.00 .74 

1.00 1 1.20 1. 21 .89 
1. 21 0 .99 .93 .74 

.93 1 1.12 1.10 .87 
1.10 0 .95 .89 .73 

.89 1 1.05 1.02 . 84 
1.02 0 .91 .85 .72 

.85 1 .99 .96 .82 

.96 1 1.07 1.05 .90 
1.05 0 .96 .92 .80 

.92 1 1.03 1.00 .88 
1.00 0 .93 .89 .79 

.89 1 .99 .96 .86 

.96 1 1.05 1.03 .92 

OBAYES 
Est. 

.38 

.04 

.31 

.54 

.78 

.56 

.75 

. 93 

.74 

.89 

.72 

.84 

.70 

.80 

.90 

.78 

.87 

.76 

.84 

.92 

Likelihood-based estimation. The last four columns of Table 1 contain four 
different estimates of latent trait status that were calculated after each item 
was administered. The fourth column of Table 1 contains maximum-likelihood 
estimates of 8. A maximum-likelihood estimate of 8 corresponds to the latent 
trait location at which the observed pattern of item responses has the maximum 
probability of occurrence. The probability of a set of item responses, given some 
fixed value of 8 and the item parameters, is obtained using the likelihood function 
given in Equation 3. 

[3] 

This equation assumes that the responses of a given person to different test items 
are independent of one another. The operator IT indicates that a serial product is 
to be taken over the test items administered up to that point (g=1,2, ... k). 
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After each item was administered, Equation 3 was evaluated at 101 equally 
spaced 8 values in the interval from 8=-5.00 to 8=+5.00 and the largest of the 101 
likelihood values was identified. Then, a quadratic function was fitted to this 
largest likelihood value and the two likelihoods adjacent to it. The value of 8 
corresponding to the maximum of the quadratic function was used as the "MAXL" 
estimate. Under most conditions, the estimate of 8 obtained in this manner is 
a good approximation to the estimate that would be obtained if more sophisticated 
methods of numerical analysis were used to search for a root of the log-likelihood 
function's first derivative. 

The interval between 8=-5.00 and 8=+5.00 will contain at least 96% of the 8 
estimates in any group that is used to parameterize test items. This is because 
latent trait item parameterization procedures scale the theta metric such that the 
mean 8 estimate equals zero and the standard deviation among the estimates is 1.0 
(again, the Rasch model provides an exception to this general result), and by 
virtue of Tchebycheff's inequality which states that the proportion of cases which 
fall more than S standard deviations from the mean cannot exceed (1/S 2

) in any 
distribution (Hays, 1973, p. 253). If the distribution of 8 estimates is peaked 
and unimodal, virtually all of the 8 estimates will be between -5.00 and +5.00. 
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Figure 7 
Relative Likelihood and Posterior Probability Curves After 1 Item 

. . . . . . 
• .. 

• 

• 

• 

0 
• •••• + (IJ . . . . 

'"' ·-. . ~ . . 
'"' . . . ~ . -. . . . "' . . . . 0 

• -. . . 
I "' • 0 

Figures 7, 8, and 9 show graphs of the data likelihood function in the 
interval from 8=-3.00 to 8=+3.00 following the administration of 1, 2, and 3 items, 
respectively. For plotting purposes, the raw likelihood values were expressed 
relative to the largest likelihood value in the interval 8=-5.00 to 8=+5.00 and 
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Figure 8 
Relative Likelihood and Posterior Probability Curves After 2 Items 
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Figure 9 
Relative Likelihood and Posterior Probability Curves After 3 Items 
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then rounded to the nearest .02. As can be seen in Equation 3, after one item is 
administered the likelihood function corresponds to either P1 (8) or Q1(8), depending 

on whether a keyed or non-keyed response is emitted (compare Figure 7 and Figure 3). 
The MAXL estimate after a "correct" answer to the first item is +5.49. Actually, 
since P (8) is strictly increasing in 8, the estimate should be 8=+oo, but a finite 

g 
estimate is certainly more reasonable. After an "incorrect" answer to the second 
item, with b2=1.00, the peak of the likelihood curve occurs near 8=+.36 (Figure 8). 

After the third item, the peak occurs near 8=.67 (Figure 9). 

"Weighted-by-likelihoods" (WBL) estimates of latent trait status appear in 
the fifth column of Table 1. The WBL estimates were obtained by taking a weighted 
average of 101 equally spaced 8 values in the interval from 8=-5.00 to 8=+5.00. 
The weights used were the data likelihoods at each 8 value. That is, 

WBL Est. = [E(L (8) 8)]/[E(L (8))] 
8 v 8 v 

[4] 

where 8 takes on the values -5.00, -4.90, ... , +5.00. The WBL estimate is influ
enced by the entire set of 101 likelihood values instead of just the maximum of 
the likelihood function. 

The MAXL and WBL estimates can differ considerably when only a few items have 
been administered, as can be seen in Table 1. Inspection of the relative likeli
hood curve in Figure 8 shows why these two estimators differ after two items have 
been administered. The WBL estimate is lower due to the fact that the left tail 
of the likelihood curve is high relative to the right tail. Table 1 also shows 
that the MAXL and WBL estimators become more similar as the number of items admin
istered increases. Since the WBL estimator has not been proposed previously,. 
future research is planned to study its characteristics. 

The procedure by which item b values were determined during the simulated 
g 

test now can be outlined. The general rule followed was: Let the next item have a 
difficulty level equal to the current value of the WBL estimator, except that in no 
case shall the new b value be more than 1.00 units from the immediately preceding 

g 
b 

g 
value. Thus, as can be seen in Table 1, item difficulties changed by 1.00 

until the third item had been administered and the WBL estimate was .18. After 
this, each item difficulty corresponded to the value of the WBL estimate following 
the preceding item. In actual practice, an item is seldom found with b exactly 

g 
equal to the current estimate of latent trait status. In such cases, an item that 
has b close to the desired value is selected for administration. g 

Bayesian estimation. Columns six and seven of Table 1 contain Bayesian 
estimates of latent trait status. Given a specified form for the continuous distri
bution of latent trait scores in a population (i.e., the prior probability density 
function of theta), the item parameters for the items administered, and a vector 
of item responses (u values), it is possible, in principle, to derive the 

g 
posterior probability density function of theta using the inverse probability rule 
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of Bayes (Hays, 1973, p. 819). In practice, it becomes difficult to obtain 
analytic expressions for the posterior theta distribution unless the prior distrib
ution and the data likelihood function take on certain restricted forms. To avoid 
such difficulties, the following approximate procedure can be used. 

First, the continuous prior density function of theta is approximated with a 
discrete probability distribution in which the probabilities are concentrated at 
101 equally spaced points along the theta continuum. Thus, for example, the area 
under the prior density curve between 8=-.05 and 8=+.05 is assigned to the point 
8=.00. This is done for 8=-5.00, -4.90, .•. , +5.00. Areas beyond 8=-5.05 and 
8=+5.05 are assigned to the points 8=-5.00 and 8=+5.00, respectively. (These 
extreme tail areas should be trivially small. If they are not, the region of 
the theta continuum in which the procedure is applied can be shifted or extended.) 
Next, data likelihoods are generated at the same 101 values of 8 using Equation 3. 
The prior probabilities, f(8), and the data likelihoods, L (8), are then entered 

v 
into into Equation 5 in order to determine the posterior probability of each given 
8 value. 

[5] 

The resulting 101 posterior probabilities provide a discrete approximation to 
the continuous posterior distribution of theta. Finally, the mean of the discrete 
posterior distribution is obtained with Equation 6 and this value is referred to 
as the "SBAYES" (simplified Bayesian) estimate at that stage of the testing 
procedure. 

SBAYES Est. = ~[P(8!v) 8] 
8 

[6] 

SBAYES estimates of 8 appear in column six of Table 1. Figures 7, 8, and 9 show 
three of the posterior probability distributions that were generated with the 
SBAYES procedure when the prior distribution of latent trait scores was specified 
to be a normal density function with zero mean and unit variance. The first three 
SBAYES estimates in Table 1 are the means of these discrete distributions. 

The "OBAYES" (Owen Bayesian) latent trait estimates that appear in column 
seven of Table 1 were obtained using a procedure described by Owen (1975). While 
Owen has described both a method for estimating latent trait status and a method 
for selecting test items, only his estimation procedure was used here. Owen intro
duced his procedure in the context of a three-parameter normal ogive latent trait 
model. The close similarity of this model to the logistic model given in Equation 1 
allows its application here. 

The OBAYES procedure has two drawbacks. First, it is limited to prior distri
butions that follow a normal density function. The SBAYES procedure described 
above can accept any type of prior distribution. Second, the OBAYES procedure is 
order dependent. That is, if a set of items is administered and the item responses 
are recorded, then the value of the OBAYES estimator will depend partly on the 
order in which the items are processed by the scoring procedure. The OBAYES proce
dure implicitly generates an updated prior distribution after each item is scored 
and then combines this new prior distribution with the likelihood function for the 
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response to the next item. This in itself would not make the OBAYES procedure 
order dependent but, in order to simplify the mathematics, Owen proceeded as if 
each updated prior distribution could be described by a normal density function. 
This approximation introduces a small amount of inaccuracy into the estimation 
process and makes the procedure order dependent. The SBAYES procedure does not 
utilize this type of approximation and is not order dependent. 

After administering a single item, SBAYES and OBAYES estimates generally agree 
to three decimal places when the initial prior distribution of 8 is a normal 
density function. Since the OBAYES estimate is optimal in this particular situa
tion, this level of agreement can be viewed as an indication that very little 
inaccuracy is introduced by the discrete approximations in the SBAYES procedure. 
When more than one item has been administered, or when the prior distribution 
specified for the SBAYES procedure is non-normal, the two estimation methods will 
not necessarily agree. 
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Figure 10 
Relative Likelihood and Posterior Probability Curves After 20 Items 
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Comparisons between likelihood-based and Bayesian estimates. Figure 10 shows 
the relative likelihood and posterior probability curves that resulted after 20 
items had been administered. The likelihood curve peaks near 8=1.05 and the 
posterior probability distribution has a mean of .92 (see Table 1). Both the 
likelihood curve and the posterior probability curve have shifted to the region of 
the theta continuum near 8=1.00, and both curves have become more peaked. In fact, 
as test length (k) approaches infinity, both of these curves approach a vertical 
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line (i.e~, a single-valued distribution) located at the value of 8 that is 
generating the item responses. 

Note in Table 1 that the Bayesian estimates of 8 tend to stay closer to 8=.00 
than the likelihood-based estimates throughout the testing process. This is 
because Bayesian estimators are "drawn toward" the high density region of the prior 
distribution. This is appropriate when one's objective is to minimize squared 
errors of estimation in the population specified by the prior distribution. 
Unfortunately, for tests of moderate length, a certain amount of bias at the tails 
of the theta distribution must be accepted in order to achieve this minimization 
(McBride & Weiss, 1976). 

For moderate k, the maximum-likelihood estimator can also be biased. However, 
for a given value of k and values of 8 deviant from the high density region of a 
peaked prior distribution, the maximum-likelihood estimator will tend to be less 
biased than the Bayesian estimator. The Bayesian estimator's bias can be reduced 
by increasing k as the estimate of 8 deviates from the high density region of the 
prior distribution. This can be done readily in an adaptive testing situation. 

An interesting relationship exists between the likelihood-based estimators 
and Bayesian estimators. If one applied the SBAYES estimation procedure and 
specified that the prior distribution of theta was rectangular in the inter-
val 8=-5.05 to 8=+5.05, then the SBAYES estimate of 8, as determined by Equation 
6, would be identical to the WBL estimator. Moreover, the MAXL estimate would 
closely approximate the mode of the Bayesian posterior probability distribution. 
Thus, all four types of latent trait estimators that have been presented here 
can be viewed as Bayesian estimators. The MAXL estimator is a Bayesian modal 
estimate of 8 when the implicit prior is restricted to a rectangular form, the 
WBL estimator is a least-squares estimate of 8 when the implicit prior is 
restricted to a rectangular form, and the OBAYES estimator is a least-squares 
estimate of 8 when the explicit prior is restricted to a normal form. The 
SBAYES procedure is the only one of the four methods that does not restrict 
the form of the prior distribution. By virtue of this flexibility, the SBAYES 
estimation procedure appears to be the most widely applicable of the four 
methods. 

Total Test Information 

Birnbaum (1968, p. 454) has defined the information function of a test as 

This function is the sum of the constituent item information functions and 
defines the maximum amount of information that can be extracted from a set 
of items. The amount of information actually extracted depends on how the 
items are scored. 

[7] 

Information in the adaptive test. Figure 11 shows a graph of the test 
information function for the 20 items administered in the simulated adaptive 
test. It was obtained by evaluating Equation 7 at 61 equally spaced points 
along the theta continuum in the interval from 8=-3.00 to 8=+3.00. This curve 
shows the maximum amount of information available from these items. The curve 
peaks near 8=1.00, thus indicating that this set of items provides maximum 
discrimination among individuals whose latent trait locations fall near 
8=1.00. The maximum value of the curve is about 9.00. 
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Figure 11 
Information Curve for 20-Item Adaptive Test 
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Information in two conventional tests. Figure 12 shows a graph of the test 
information function for a set of 20 items having a =1.0, c =.20, and b values g g g 
equally spaced in the interval from -3.00 to +3.00 (i.e., b ~-3.00, -2.68, -2.37, 

g 

;;! 
::> 

., +3.00). This would commonly be referred to as a "rectangular" distribution 
of item difficulties. This test provides a fairly uniform level of information 
across a broad range of the theta continuum. Unfortunately, the level of infor
mation is relatively low. The curve attains its maximum value of about 3.20 
in the interval -1.00 ~ 8 ~ 1.90. 

Figure 13 shows a graph of the test information function for a set of 20 
items having a =1.0, c =.20, and b =0.0 for all items. This is a "perfectly 

g g g 
peaked" test. The shape of this information curve is rather similar to the 
curve in Figure 11, but it is shifted to the left. The curve in Figure 13 
attains its maximum value of 9.80 near 8=.16. At 8=1.00, the value of this 
information curve is about 5.80. 

Figures 12 and 13 represent two rather idealized non-adaptive tests. Both 
of these tests deliver less information at 8=1.00 than the items selected by the 
adaptive testing procedure. What is the implication of this result? If, for 
some practical purpose, it were necessary to order a testee with 8~1.00 relative 
to other individuals falling at nearby 8 values, fewer errors would be made if 
8 estimates derived from the adaptive test's items were used than if estimates 
derived from either conventional test were used. 
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Figure 12 
Information Curve for 20-Item Rectangular Test (-3.0 < b < +3.0) 
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Figure 13 
20-ltem Peaked Test 
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Summary 

Several procedures for estimating latent trait status have been presented. 
It has also been suggested that adaptive testing procedures often can provide 
more accurate estimates of latent trait status than conventional tests. Though 
there is no necessary connection between latent trait theory and adaptive testing, 
there is a strong natural impetus toward their joint application. Latent trait 
theory provides adaptive testing with a coherent theoretical foundation. It is a 
guide to procedures for designing and scoring adaptive tests. On the other 
hand, adaptive testing offers the opportunity to take maximum advantage of the 
potentialities of latent trait theory. At this point in time, both a new type 
of test theory and a new type of testing technology are available. Their joint 
effect might possibly exceed the sum of the two parts. 



ADAPTIVE TESTING AND THE PROBLEM OF CLASSlFICATION 

C, DAVID VALE 
University of Minnesota 

Two basic goals in the use of ability tests are measurement and classification. 
When a test is used for measurement, the objective is to accurately determine where a 
testee's ability lies on the latent ability continuum. When a test is used for class
ification, the objective is to determine on which side of a cutting score (or between 
which cutting scores) a testee's ability lies. Such classification decisions should 
be made so as to minimize the errors of misclassification. Once a classification is 
made, there is no necessity for a more precise determination of an individual's 
ability level. 

This paper is concerned with the classification of abilities into discrete 
categories. The general goals of classification will be explicated and alternative 
means that may practically be used to achieve these goals will be presented and 
compared using monte carlo computer sim~lations. 

The Classification Problem 

Classification Errors and Utility Functions 

The goal of this classification is to determine, with a minimal probability of 
being in error, on which side of a cutting score or between which of several cutting 
scores, a testee's ability falls. There are two kinds of error probabilities that 
can be examined in making these classifications. One is the conditional probability 
of being in error (i.e., for a single testee or at a specific ability level); the 
other is the expected or unconditional probability of being in error across a group of 
testees. The conditional probability is a function of the test, the testee's ability 
level and the placement of the cutting score (for the moment, limiting the discussion 
to one cutting score). For a given test of fixed length, the probability of making an 
error of classification for a testee is usually high if the testee's ability level (8) 
is near a cutting score (8 ), and lower if the ability level is distant from the cut-

~ 

ting score. This conditional probability of misclassification [P(M\8)] is described 
by a function like that shown in Figure 14. 

The unconditional probability of misclassification for a group of testees 
[P(M)], is a function of the conditional reliability function and the distribution 
of abilities within the group under consideration. For a large group with 
abilities distributed N(O,l), this probability is given by Equation 8. 

P(M) =~-= P(M\8) ¢ (G) dG [8] 

In practical situations, it may be desirable to m1n1m1ze the quantity in 
Equation 8. This unconditional probability is a scalar quantity and as such can be 

This research is supported by contract N00014-76-C-0243, NRlS0-382, with the 
Personnel and Training Research Programs, Office of Naval Research. 
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minimized. A function such as the conditional probability function can only be 
minimized at a single point and this is typically of little practical value 
because theoretically, assuming a continuous distribution of ability, the proba
bility of anyone having an ability at that point is zero. 

Figure 14 
A Conditional Probability of Misclassification Curve 
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A more viable approach to making classification decisions is one that will, 
over a group of individuals, maximize some form of utility such as the quality of 
performance extracted from the work force. The unconditional probability of 
misclassification reflects errors of classification into categories along a latent 
continuum and it may be errors of classification along an observable success-failure 
continuum that are of interest. This possibility is important because two indi
viduals, one with an ability level slightly above a cutting score on the latent 
continuum and the other with ability slightly below the cutting point, probably 
have a trivial difference between their probabilities of success on a job. If 
both are classified above the cutting score, however, one will be considered a 
"hit" and the other a "miss" when classification occurs on the latent continuum. 
In order to assess the practical value (i.e., cost effectiveness) to an organiza
tion of an adaptive testing strategy, utility functions of 8 for each decision 
must be specified. As an example of such utility functions, consider the following: 
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For three classifications--low, middle, and high--three utility functions 
might be: 

ulow = .s 

u d. = ~(3.0(8+0.7)) me 1um 

uhigh = 2.0(~(3.0(8-0.7))) 

where ~(x) =JC: ~(t)dt 

[9] 

[10] 

[11] 

A practical situation in which these utility functions might arise is as 
follows: There are three jobs requiring an abil~ty, 8. One is so easy that almost 
anyone can do it but when performed satisfactorily, it is only .5 utility units of 

Figure 15 
Conditional Utilities for each of Three Decisions 

2 HIGH 

UTILITY 1 
MIDDLE 

.7 1.5 

value to the organization. A second job is fairly easy and 50% of people with 8 
above -.7 can perform it satisfactorily. Differences in ability near -.7 make 
greater changes in the probability of success than do differences around, say, 
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8=0.0. Ninety-eight percent of people with 8 above 0.0 will be successful on the 
job and additional increments in 8 are of little importance in predicting job 
success. Success in this job is worth one unit of value. A third job requires 
higher 8 to be successful, but is worth two units of value when performed satis
factorily. The utility functions defined by Equations 8, 9, and 10 result in the 
three utility curves presented in Figure 15. As can be seen, there is a clear 
reason for assigning high 8 people to the third job and lower 8 people to the 
second and first jobs. 

Test Design for Classification Problems 

Although it may be possible to determine that quantity (e.g., probability 
of misclassification or expected utility) which is to be minimized or maximized, 
it is difficult to design a test explicitly for that purpose. The goal of optimal 
test design can be approached practically via one of several approximation stra
tegies. Two general types of testing strategies that have been researched in the 
ability measurement domain are the conventional testing strategy and the adaptive 
testing strategy. In the former, test items are selected to best measure the 
abilities of members of a group, and the same test is given to everyone. In the 
latter, a test is tailored, during the testing process, to each individual's level of 
ability, and a different test may be given to each person. This permits higher 
measurement precision over most of the ability continuum than that attained with 
a conventional test. 

In the remainder of this paper, two forms of a conventional test and one form 
of an adaptive test will be compared. The conventional tests will be a unimodally 
peaked test with all item difficulties of one value and a bimodally peaked test 
(i.e., the simplest form of a multimodally peaked test) with difficulties of two 
values. As will be discussed later, these are, respectively, attempts to put 
items at a level where they best measure most people or at a level where people 
need to be measured best. The adaptive test to be compared will be Owen's (1975) 
Bayesian strategy. This strategy starts with some estimate of an individual's 
ability, chooses an appropriate item, administers the item, and forms a new 
estimate of the individual's ability. Using this estimate, it chooses the next 
item and continues this procedure until the end of the test. 

These strategies will be compared along the criteria previously discussed. 
Since utility functions are peculiar to an organization, the majority of the 
comparisons will be in.terms of misclassification probabilities. The utility 
functions presented above will, however, be discussed as examples in some later 
comparisons. 

Simulation Procedures 

The comparisons presented in this paper assume that classification decisions 
are made in the following way: 

1) A testing strategy selects a subset of items from a large pool of items; 

2) These items are then administered to a testee, and from his responses 
to those items an estimate of ability level is obtained; 
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3) The testee is then classified into that category which: 

a) in the case where probability of misclassification is of interest, 
is the one in which his estimated ability falls, or 

b) in the case where utility maximization is of interest, is the one 
which for his estimated ability predicts the highest utility. 

To simplify the analyses and interpretations, availability of an infinitely 
large item pool was assumed. This pool contained items of all difficulties with 
their discriminating powers fixed at a constant level. It was further assumed that 
these items could not be correctly answered by guessing. These assumptions reduced 
the problem of item selection to determining the difficulty of the next item to be 
administered in the adaptive test. Finally, to make a determination of the 
unconditional probability of misclassification possible, ability was assumed 
distributed N(O,l). 

Owen's (1975) Bayesian testing procedure requires a prior estimate of a 
testee's ability to administer and score a test. For all data presented in this 
paper, a fixed prior ability distribution which was N(O,l) was used for all testees. 
Owen's scoring procedure was used to score the conventional tests and again a N(O,l) 
prior was used. 

Generation of Misclassification Probabilities and Expected Utilities 

Conditional probability of .misclassification was calculated for each of 30 
values of 8 equally spaced between 8=-1.45 and 8=1.45. The simulation procedure 
followed that described by McBride and Weiss (1976) or Vale and Weiss (1975). 
Ten-item "tests" were administered to 200 "testees" at each of 30 points. The means 
and standard deviations of the ability estimates were calculated at each point, a 
normal distribution with these parameters was determined, and the proportion of 
that distribution falling outside the correct cutting score interval was taken as 
the probability of misclassification at that level of ability. These probabilities 
were then visually fitted into the smooth curves shown in the figures. 

To determine the unconditional probability of misclassification, ten-item 
"tests" were administered to 2,000 "testees" with ability levels randomly sampled 
from a N(O,l) population of ability levels (the same sample of 2000 ability levels 
was used for all comparisons). The predicted category for individuals was the 
score interval in which their ability estimate fell. The true category was the 
interval in which their true ability fell. An individual was considered misclass
ified if the predicted category was not the same as the true category. The number 
of misclassified individuals divided by 2000 was taken as the unconditional proba
bility of misclassification. 

Expected utility was determined by generating 2000 ability estimates following 
the same procedures used in the calculation of expected probability of misclassifi
cation. The optimal decision to make for an individual was taken as the decision 
corresponding to the utility function with the highest value at the estimated level 
of ability. The actual utility was the value of the utility function corresponding 
to the decision made, evaluated at the "testee's" true level of ability. The 
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expected utility was simply the mean of these 2000 actual utility values. These 
values are reported only in comparisons of tests in decisions involving more than 
one cutting score. 

Results 

A Single Cutting Score 

The simplest categorization situation to investigate is 
cutting score placed in the middle of the ability distribution 

conventional test for making this decision is one with all of 
b=O.O. Figure 16 shows curves representing standard error of 

Figure 16 

where there is one 
at 8 =0.0. The best 

c 
its items peaked at 
measurement functions 

Standard Error of Measurement Curves for Three Tests 
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(the reciprocal square root of the information functions) for three ten-item tests 
with a=2.0; a peaked conventional test with all items having h=O.O, an ideal 
adaptive test with all items having b=8, and a practical adaptive test with items 
having difficulties at the estimated ability level at each stage. The conventional 
test provides a low error level at 8=0.0, but higher error levels distant from that 
point. The ideal adaptive test provides the same low level of error at all ability 
levels but is unrealistic because in order to implement it, it is necessary to know 
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a testee's ability level before the test is administered. 
provides a standard error function lower than that of the 
ity levels distant from 8=0.0, but relatively higher near 

A practical adaptive test 
conventional test at abil-
8=0.0. 

Assuming errors of measurement at a level of 8 are distributed N(8, SEM2), the 
probability of misc1assifying an individual is given by Equation 12. 

1 - ¢ 

= 1- ¢[/1(8) (8 -8)2] 
c 

[12] 

where ec is the cutting score, and 1(8) is the test information 

function evaluated at e. 

It can be shown from Equation 12 that when 8 is fixed, P(MI8) is a monotonic c 
increasing function of the standard error of measurement. Thus, the ordering of the 
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Figure 17 
Conditional Probability of Misclassification, a=1.0 
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three testing strategies on P(Mj8) is the same as their ordering on conditional 
standard errors of measurement at any level of 8. It can then be seen from these 
curves that a practical adaptive test can provide a lower expected probability of 
misclassification if it approximates the ideal adaptive test. How well a given 
adaptive testing strategy approximates the ideal is, or course, an empirical 
question. 

Figure 17 presents the P(Mj8) curves for a ten-item conventional test, with 
difficulties peaked at b=O.O, and a ten-item Bayesian adaptive test, both with item 
discrimination fixed at a=l.O and both scored by Owen's method. The curves appear 
very similar, being high near the cutting point (indicating a high probability of 
making an error) and low distant from the cutting point. The conventional test 
allows somewhat better decisions for values of 8 nearer to the cutting score. The 
differences in the conditional probability of misclassification function yield a 
very small difference between unconditional probability of misclassification values 
for the two strategies, which were .120 for the conventional test and .122 for the 
Bayesian test. (Unconditional probabilities are shown in parentheses beside the 
legend in Figure 17 and successive figures.) 

Figure 18 
Conditional Probability of Misclassification, a=2.0 

.8 

.6 

----- CONVENTIONAL< .076) 

------- - AllAPTIVEL075J 

P(Mi8) .4 

.2 

0 L----+-----~~~---~------~+--~----~-------
-1. 5 -1.0 -.5 0 1.0 1.5 

8 

Figure 18 shows P(Mj8) curves for the same strategies with item discriminina
tions of a=2.0. The same general results were obtained, except that the differences 
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at values of 8 distant from the cutting score were more pronounced, and the range 
of superiority of the conventional test was smaller. Due to the N(O,l) shape of 
the ability distribution, however, small differences near the cutting point are as 
important in the determination of the expected probability of misclassification as 
large differences distant from the cutting point. Difference in expected probabil- ' 
ity was still very low (.076 versus .075). 

Figure 19 
Conditional Probability of Misclassification, a=3.0 
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Figure 19 shows curves for tests with high item discrimination (a=3.0). Again 
similar results were obtained and the difference in expected probability of mis
classification was still small (.052 versus .054). 

These results suggest that an adaptive test makes classification decisions 
about as well as a conventional test in this simple case where a conventional test 
should perform better in comparison to an adaptive test. However, it should be 
noted that the conventional test was superior to the adaptive test in an increas
ingly narrower range of e with increasing item discriminations. 

More than One Cutting Score 

Design of conventional tests is more complicated, however, when the cutting 
scores deviate from the center of the ability distribution. A given increase in 
information, which corresponds to a given decre~se in standard error, has its 
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greatest effect on the conditional probability of misclassification at ability 
levels near a cutting score. This suggests that items should be peaked at the 
cutting scores. But a given reduction in conditional probability of misclassifica
tion has its greatest effect on the expected probability of misclassification at 
levels of ability where most of the people are located. This, assuming e~N(O,l), 
suggests peaking the item difficulties at b=O.O. As a result, when the cutting 
score is at some value of 6 other than 0.0, the two suggestions are in conflict. 
The optimal point(s) to peak the difficulties will be some function of the location 
of the cutting scores, the discriminating powers of the items, and the underlying 
ability distribution. Determination of such an optimal design of a conventional 
test is beyond the scope of this paper. However, comparisons of some standard 
conventional test designs with an adaptive test will be informative. 

Figure 20 
Conditional Probability of Misclassification, a=l.O 
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Assume that there are two cutting scores, one at 6 =-.7 and the other at 6 =.7, 
c c 

and that all errors of misclassification are equivalent in terms of importance. 
One classical approach to designing a conventional test involves peaking half of 
the items at each of the two cutting scores, where the fine distinctions need to be 
made; such a test can be referred to as a bimodal conventional test. Another 
approach is to peak all the items at b=O.O; this test can be called a unimodal 
conventional test. 
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Figures 20 through 22 present the conditional probabilities of misclassifica-· 
tion for ea<!h of the unimodal and bimodal conventional tests, and the Bayesian 
adaptive test, at three levels of item discrimination. Figure 20 shows the curves 
for the cas•~ when a=l.O. There; is little suggestion in Figure 20 as to which 
strategy is better. But an interesting discontinuity is observed for estimates 
from all testing strategies at the cut points. This characteristic is due to the 
fact that, for finite-length tests (which include 10-item tests like those used 
here), the t)wen's Bayesian score is biased (i.e., the expected value of the score 
at a given level of 8 is not 8). Specifically, in this case, the Bayesian score is 
biased in the vicinity of the cutting scores toward the center of the population 
ability distribution at 8=0.0. This causes more testees to be classified into the 
middle interval than would be by an unbiased score. The effect is that fewer errors 
of classific.ation are made for ability levels in the middle interval and more are 
made for individuals in the two extreme intervals. Comparing expected probabilit1.es 
of misclassification, the adaptive test yields the lowest probability (.197) and 
the bimodal conventional, the highest (.224). 

Figure 21 
Conditional Probability of Misclassification, a=2.0 
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It is difficult to say in this case, however, whether the adaptive test 
provides a l~Ner expected probability of misclassification because it makes better 
decisions or 'because it is conservative. The conservatism results in more classifi-
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cations errors in the extreme categories, and fewer errors at central ability 
levels where more individuals' ability levels lie. 

When a=2.0 (Figure 21), the unimodal conventional test shows pronounced 
discontinuity suggesting that scores are too extreme near the cutting points. The 
adaptive test provides the smallest conditional probabilities of misclassification 
over most of the ability range. It makes a few more errors in the extreme intervals 
than does the unimodal conventional test, but the unimodal test's superiority is 
offset by extreme error rates in the middle interval. In terms of expected proba
bilities of misclassification, the adaptive test is again superior [P(M)=.llO]. 
With an expected probability of misclassification of .126, the bimodal conventional 
test, its nearest competitor, is expected to make 1.15 times as many errors of 
classification. 

Figure 22 
Conditional Probability of Misclassification, a=3.0 
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When a=3.0, as shown in Figure 22, the same general results were obtained. 
The expected probability of misclassification for the bimodal conventional test 
(.085) was 1.18 times as large as that of the Bayesian adaptive test (.072). It 
should be noted, however, that items this discriminating are rare in practice. 
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Utility Comparisons 

It is tempting to take these values at this point and say that adaptive 
testing can greatly reduce overall errors of classification by up to 15 percent 
in a realistic classification situation. But, as was discussed earlier, the 
errors of classification presented thus far are based on a latent ability contin
uum rather than an observable success-failure continuum. Using the utility 
functions presented earlier and choosing the decision yielding the highest expected 
utility for. the estimate of ability, average utilities for the bimodal conventional 
test (the best conventional test in previous comparisons) and the Bayesian test 
were .808 and .820, respectively, using the items of a=l.O. For the same sample 
of abilities and a=2.0, the utilities were .831 and .849. With a=3.0, the values 
were .855 and .858. Whether these differences are practically significant depends 
on what these units of utility mean in a particular context. But such utilities 
(of which these are only an example) must ultimately be considered in determining 
the comparative values of conventional versus adaptive testing for classification 
decisions. 

Conclusions 

These results suggest that adaptive testing may offer important advantages 
to an organization involved in making classification (e.g., selection and place
ment) decisions. Specifically, the data show that while a conventional test 
classifies as well as an adaptive test when there is one cutting score at the 
middle of the ability distribution, an adaptive test will provide better categor
ization when there is more than one. The determination of the cost effectiveness 
of adaptive testing in an organization, however, will depend on the utility 
functions specified by the organization. 

I 



APPLICATIONS OF ITEM CHARACTERISTIC CURVE THEORY 
TO THE PROBLEM OF TEST BIAS 

STEVEN M. PINE 
University of Minnesota 

One of the most challenging and important issues facing test developers and 
users today is whether or not ability tests are biased against minority groups, and 
if so, how test bias can be reduced. In recent years, there has been considerable 
research activity concerned with the identification and reduction of bias and 
unfairness in various settings. For the most part, these efforts have been unsuc
cessful. One possible reason for this lack of progress is the fact that almost 
all the research on test bias and fairness has been based on classical test theory. 

In his recent review of test theory, Lumsden (1976) refers to the true score 
model of classical test theory as the "Model-T Theory" and suggests that classical 
test theory reflects a very restricted range of test behavior. For example, class
ical test theory emphasizes group-oriented measurement; but group-oriented measure
ment is likely to be unproductive if tests are to be relevant to individuals of 
varied backgrounds. Consequently, it is unlikely that this approach will be useful 
in resolving problems as complex as those involved in test bias. 

Bias in testing is caused by the failure of tests to take into account a 
number of important variables in their construction, administration, and scoring 
(Angoff, 1975; Green, 1976; Pine & Weiss, 1976; Sattler, 1974). These variables 
include individual differences in motivation, ethnic background and related 
variables. 

Tests based on classical test theory may ignore certain types of individual 
differences because they are constructed using item statistics which can be expected 
to vary between population subgroups, and because they require all testees to take 
identical test items. If progress is to be made in this critical research area, a 
test theory that permits the testing process to be adapted or tailored to individ
uals is needed. This capability now exists in the form of item characteristic 
curve theory, coupled with the technology of adaptive test administration. 

An Item Response Model of Bias 

Item characteristic curve theory. Recently, a new test theory called "item 
characteristic curve (or latent trait) theory," specifically designed for the 
measurement of individuals, has emerged. Item characteristic curve theory (Lord & 
Novick, 1968) is based on the idea that the responses which individuals make to a 
given ability test item are determined by their ability on one or more underlying 
dimensions (latent traits), and the parameters of the test items, i.e., their 
difficulty, discriminating power, and probability of being guessed correctly by 
chance. This idea is expressed mathematically by the Item Characteristic Curve (ICC) 
which gives the probability that a testee with a given ability level on the 
underlying dimension will correctly answer a given test item. 

This research is supported by contract N00014-76-C-0244, NR No. 150-383, with the 
Personnel and Training Research Programs, Office of Naval Research. 
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The ICC curves and their associated item parameters are the building blocks 
of this new test theory. Once item parameters are determined for each test item, 
they can be used to describe how individuals at a given ability level are likely 
to perform on each item. ICC theory allows probabilistic statements to be made 
about the ability level of testees regardless of their subgroup membership or which 
subset of items they have been administered. This property provides a means for 
creating tests which can be adapted to individual testees since it is no longer 
necessary that identical items be administered to every testee, thus making ICC 
theory potentially valuable for developing less biased tests. Furthermore, the 
bias-reducing potential of ICC theory is not tied to its use with any particular 
testing strategy, although the greatest benPfits can be expected when it is used 
in conjunction with adaptive testing (Pine & Weiss, 1977; Weiss, 1974). 

Definition of item bias. A test item aan be considered to be unbiased if aZZ 
individuaZs having the same underZying abiZity ZeveZ have an equaZ probabiZity of 
aorreatZy answering the item, regardZess of their subgroup membership. 

As indicated, the ICC gives the probability of correctly answering an item at 
a given ability level. Therefore, the above definition of an unbiased item is 
equivalent to requiring that a test item have the same ICC for all subgroups. 
Since an ICC is described by its difficulty, discrimination and guessing parameters, 
this is also equivalent to requiring that the values of these parameters be invar
iant within a linear transformation from subgroup to subgroup. The linear trans
formation assumption is necessary to account for the fact that subgroups in which 
the parameters are calculated may have ability distributions with different means 
and variances. 

Applying the Model to Detect Test Bias 

The following discussion is restricted to tests that consist entirely of 
homogeneous items. Homogeneity implies that the items measure essentially one 
ability dimension. This definition allows for the possibility that a homogeneous 
set of items may measure one or more extraneous dimensions in addition to the single 
primary dimension which the test is purported to measure. For instance, test items 
intended to measure vocabulary ability may inadvertently also measure several 
cultural variables. Although the present discussion is restricted to homogeneous 
items, the concepts developed here could in principle be extended to the multidi
mensional case. 

It is also assumed here that test items fit an underlying response model for 
all subgroups. This model is the function which specifies the shape of the ICC 
curve and indicates, at each ability level, the probability that an individual 
at that level will correctly answer the administered item. This constraint is not 
as limiting as it may appear to be, since one can empirically test the fit of the 
item data to the assumed response model and eliminate those items that do not fit 
prior to carrying out any of the analyses described here. 

Given the above restrictions, the first step in investigating whether a set 
of items is biased is to screen out those items which do not fit the underlying 
response model. Most of the existing computer programs for estimating item response 
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parameters (e.g., Urry, 1974a; Wingersky & Lord, 1973) reject items that do not 
fit the assumed model as a matter of course. Therefore, with these programs, it 
can be assumed that all items for which parameter values are available fit the 
response model. 

The next step is to demonstrate that these items are homogeneous, i.e., the 
same trait accounts for the major portion of underlying variance in each subgroup's 
inter-item correlation matrix. If they are homogeneous, Lord and Novick (1968, 
pp. 359-360) have shown that their item response parameters will be invariant 
(within a linear transformation) across subgroups. According to the definitions 
given earlier, invariant test items are unbiased. Therefore, a sufficient method 
for demonstrating that a set of test items is unbiased is first to factor analyze 
the matrix of inter-item correlation coefficients within each of two or more sub
groups and demonstrate that the same single factor accounts for the major portion 
of variance in each subgroup's matrix, and then show that this is the factor that 
the test was intended to measure. 

Figure 23 
Item Bias Shown as a Perpendicular Distance 

in a Scatter Plot of Subgroup Item Difficulties 

Item Difficulty Parameters 
Majority Subgroup 

A second approach for determining whether a set of test items is biased is 
also implicit in the work of Lord and Novick. If the same dimension underlies a set 
of test items for a population of testees (which would, therefore, make the items 
unbiased), the item parameters for any two subgroups in the population should have 
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a linear relationship (Lord & Novick, 1968, p. 380). This condition can be tested 
directly by plotting the discrimination (a), difficulty (b), or guessing (c) para
meters of a set of items derived from one subgroup against those from another and 
and testing for linearity. A plot of this type, based on the item response diffi
culty parameters for a 10-item test, is shown in Figure 23. If factor analysis 
indicates that a single dimension underlies a set of items, the presence of a linear 
relation between subgroups for ICC parameters is both a necessary and sufficient 
demonstration that these items are unbiased. 

In Figure 23, the perpendicular distance between each item and the best 
fitting line through all the points can be interpreted as the degree of item bias; 
the greater the distance, the more item bias is implied. By comparing the relative 
item parameter values between subgroups, it is possible to identify the specific 
test items which contribute the most to a non-linear relationship between subgroup 
parameters. In the language of analysis of variance, this non-linear relationship 
would be an item-by-group interaction. Plots similar to Figure 23 and related 
interpretations could also be made for item discrimination and guessing parameters. 

The degree-of-item-bias index illustrated in Figure 23 has several applica
tions. It could be used to screen out the most biased items during the construc
tion of a conventional test. Or, it could be used within an adaptiv~~ testing 
framework as an additional criterion for item selection. 

The assessment of item bias by plotting a scatter diagram of item parameters 
for one subgroup against another is not in itself new. A very similar method has 
been used at Educational Testing Service (ETS) for several years. The essential 
difference between the present method and the ETS method is that ETS uses item 
parameters based on classical test theory. It can be shown (Lord & Novick, 1968, 
p. 301) that classical item parameters will generally not be linearly related across 
subgroups of a population. This means that the test for bias using classical 
parameters can lead to an artifactual detection of bias. Furthermore, the diffi
culty parameter of classical test theory is confounded by level of discrimination 
and guessing effects (Urry, 1974b). Thus, if an item is relatively more difficult 
for one subgroup than another, it is not clear whether this is because the item 
varies only on difficulty, or whether this result is caused by differences in 
discrimination and/or guessing. The item parameters from ICC theory, on the other 
hand, provide relatively unconfounded measures of difficulty, discrimination, and 
guessing. Therefore, by plotting these parameters on separate graphs, it is 
possible to determine exactly why an item is biased. For instance, it may be that 
a given item is biased not because it is relatively more difficult for a minority 
subgroup, but because that subgroup is less effective at guessing. This kind of 
detailed analysis is impossible using classical item parameters. 

Another interesting consideration in the use of ICC versus classical item 
parameters is the fact that if classical item parameters are linearly related among 
subgroups, thereby implying an unbiased set of items, ICC parameters will of 
necessity not be linearly related and will, therefore, imply the presence of bias 
in these same items. This fact would seem to have particular relevance for the 
work of researchers such as Jensen (1975) who have concluded that tests are gener
ally not biased against Blacks based on the presence of a linear relationship 
between classical item parameters correlated across Black and White subgroups. 
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An example with real data. To demonstrate how these analyses might be used 
and interpreted, they have been applied to the difficulty parameter from 75 
multiple-choice vocabulary items administered in a racially mixed high school in 
Minneapolis. The sample sizes in this study were not optimal (58 Blacks, 
168 Whites), but the data provide a good example of the technique. 

First the homogeneity assumption was tested by factor analyzing the inter
item correlation matrices. A subset of 45 items was chosen and two tetrachoric 
intercorrelation matrices were calculated, one for the Black and one for the White 
subsamples. The matrices were then factor analyzed using the principal axis method; 
communalities were estimated using the highest off-diagonal entry for each item, 
and the factor solution was iterated until the estimated communalities stabilized. 
Eight factors were extracted from each matrix, in each case accounting for all of 
the estimated common variance. The eigenvalues from the two factor analyses are 
shown in Table 2. 

Table 2 
Eigenvalues from Factor Analyses of Black and White 

Subgroup Item-Intercorrelation Matrices 

Percent of 
Common Cumulative 

Subgroup Factor Eigenvalue Variance Percent 
Whites 

1 19.26 64.8 64.8 
2 2.32 7.8 72.7 
3 1.67 5.6 78.3 
4 1. 58 5.3 83.7 
5 1. 37 4.6 88.3 
6 1.20 4.1 92.4 
7 1.18 4.0 96.4 
8 1.08 3.6 100.0 

Blacks 
1 16.33 47.9 47.9 
2 3.70 10.9 58.7 
3 3.01 8.8 67.5 
4 2.64 7.7 75.3 
5 2.35 6.9 82.2 
6 2.26 6.6 88.8 
7 2.06 6.0 94.9 
8 1. 75 5.1 100.0 

For both the Black and the White data, the first eigenvalue was very large in 
comparison to the remaining eigenvalues, providing evidence supportive of the uni
dimensionality assumption. Furthermore, the items appear to be measuring the same 
dimension in both subgroups, since the coefficient of congruence (Rummel, 1970, 
P· 461) calculated between the 45 corresponding loadings for Factor 1 in the two 
subgroups was .97. It also seems reasonable to conclude, based on the pattern of 
loadings, that Factor 1 is measuring vocabulary ability. 
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The results of a further analysis of bias for these 75 items are shown in 
Figure 24. The scatter plot in Figure 24 is based on the estimated ICC difficulty 
parameter values calculated separately for the White and Black subsamples. 
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Figure 24 
Graphical Analysis of the Bias in 75 Multiple-Choice 
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The data plotted in Figure 24 show that almost all of the items are relatively 
more difficult for Blacks than for Whites. This is indicated by the fact that the 
dots representing the items tend to fall below the diagonal line. If the items were 
equally difficult for Blacks and Whites, the data points would fall on this line. 

However, the mere fact that the items are relatively more difficult for Blacks 
cannot necessarily be taken as an indication of bias, since bias in the test items 
is assessed by evaluating the degree of linearity in the plot. The Pearson product-
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moment correlation coefficient between the item parameter values for Blacks and 
Whites is r=.86, indicating a high degree of linear relationship. This is consis
tent with the results of the factor analysis and suggests that these vocabulary 
items, when taken as a group, are essentially unbiased. It is possible, however, 
that even though the items taken as a group are unbiased, one or more of the items 
taken individually might be biased. For instance, in these data, several items 
appear to have larger departures from the dotted line fitted through the item points 
in Figure 24. Of course, it is possible that these large departures may be due only 
to sampling error. To eliminate possible misinterpretations that would occur if 
this were the case, a technique is under development to establish confidence limits 
for the best fitting line. This technique will permit the identification, with 
some known degree of confidence, of biased items. 

Related Developments 

The material presented here is only one example of how item characteristic 
curve theory can potentially be applied to the problem of test bias. It is only 
a small part of the research related to test bias and unfairness currently underway 
at the University of Minnesota. 

Additional developments involve a method of correcting for bias in the ICC 
item parameters. Very briefly, this method consists of determining item parameter 
estimates that will depend only on the extent to which an item loads on the factor 
it is supposed to be measuring. In essence, this approach is based on the notion 
that to obtain unbiased test items, all that is necessary is to know how each test 
item behaves (i.e., what its parameters are) in the various subgroups which comprise 
our test population. Using the method now under development, bias in an item can 
be eliminated by correcting its parameter values to account for the degree of bias. 
Then, if the resulting ability estimates are based not on the total number of 
correct answers, but on some function of the corrected item parameter values, the 
resulting ability estimates will be unbiased. 

This method for correcting item bias is now being studied by computer simu
lation techniques. In this way, the bias-corrected item parameter values can be 
directly compared to the known, true item parameter values. If the results of 
these studies are favorable, the technique will permit the reduction or elimination 
of the effects of item bias on ability test scores. 

Does this mean that we can now write the final chapter on test unfairness? 
Not at all! First, some may disagree that bias has been eliminated as long as 
differences exist in the mean test scores of various subgroups. Secondly, bias 
in the estimation of item parameters is only one source of possible unfairness in 
the testing process. A test can be unfair for a myriad of other reasons, including 
those attributable to elements in the testing environment, and to the psychometric 
properties of the procedure used to select and administer test items (Pine & Weiss, 
1977; Weiss, 1975). To explore the possible psychometric influences on test 
unfairness, a series of computer simulations designed to investigate how item 
characteristics interact with the choice of a testing strategy is currently in 
progress. Also in progress is a live computerized testing study designed to 
investigate how well some of the bias-reducing procedures described in this paper 
operate in a real test administration. This study will also investigate a compu
terized adaptive test designed explicitly to reduce bias in test scores. In addition, 
the study is designed to replicate a previous finding that computerized tests 
increase the test-taking motivation of minority testees (Betz & Weiss, 1976b; 
Weiss, 1976). 



APPLICATIONS OF ADAPTIVE TESTING IN 
MEASURING ACHIEVEMENT AND PERFORMANCE 

ISAAC I, BEJAR 
University of Minnesota 

The purpose of achievement testing is to locate individuals on an achievement 
scale. Usually, .to interpret achievement test scores, a transformation is applied 
to the scores which allows an interpretation in terms of the relative standing of 
an individual with respect to the norming group. In many instructional settings, 
this interpretation is not adequate and, as a result, instructional personnel 
have requested more concrete kinds of interpretation. Criterion-referenced 
testing, mastery testing and similar approaches have been developed to meet 
these needs. 

What is unique about criterion-referenced and mastery testing is that the 
items that constitute the test are sampled from a population of items which is 
isomorphic with the objectives of the instructional program in which achievement 
is to be measured (Shoemaker, 1975). Because of this, it is possible to inter
pret scores in terms of the specific areas of achievement that a student has 
mastered in relation to the objectives of the instructional program. 

Undoubtedly, this attention to content is bound to increase the quality 
of achievement test scores. However, the degree of improvement possible in 
achievement test scores using any approach to achievement test construction is 
limited by the nature of the test item. When typical multiple-choice test 
items are used, a very limited range of student performance is measured. The 
cognitive skills involved appear to be the processes of recall of information 
coupled with recognition of the correct answer, and the result is usually 
expressed as either "correct" or "incorrect". However, achievement or knowledge 
is seldom all or none, and proceeding as if it were, as in the typical "cor
rect-incorrect" multiple-choice achievement test, does not extract all the 
potential information about an individual's achievement level. This paper 
describes research concerned with the integration of testing procedures which 
·take partial information into account with methods of computerized adaptive 
achievement test administration, and discusses some implications of this re
search for performance testing. 

Partial Knowledge 

Background. Intuitively it seems clear that extracting partial knowledge 
from test responses should lead to better assessment of achievement. However, 
the research literature (e.g., Wang & Stanley, 1970) does not show consistent 

This research is supported by contract N00014-76-C-0627, NR 150-389, with the 
Personnel and Training Research Programs, Office of Naval Research. 
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increases in both reliability and validity when partial knowledge is taken 
into account. The results of the typical investigation (e.g., Hakstian & Kansup, 
1975) show that, while reliability is usually increased by taking partial know
ledge into account, the validity of the scores remains the same or even dimin
ishes. Such findings are usually interpreted as evidence against the useful
ness of the assessment of partial knowledge. However, a careful consideration 
of the problem suggests that something is amiss. One possible explanation is 
that the test and the criterion are not unidimensional. 

To illustrate, consider two tests, A and B, measuring a single construct. 
Test B can be referred to as the "criterion test"; the correlation between A 
and B will be referred to as the validity of Test A. Both Test A and Test B 
correlate .60 with the construct. This can be summarized as follows: 

Test 
A 

A=[·60] .60 B 
[13) 

Then the intertest correlation matrix can be expressed (Joreskog, 1971; Max
well, 1971) as Equation 14. 

L: = AA~ + '¥ 2 , [14] 

where '¥2 is a diagonal matrix of error variances. For the A in Equation 13, 
Equation 14 becomes, 

A 

L: = [; 60] 

A~ 

[.60 .60] 
.60 

M~ 

[
. 36 . 36] 
.36 .36 

AA~ 

[
1.00 

. 36 

+ '¥2 

. 36] 
1.00 

+ 

'¥2 

+ [
. 64 .00] 
. 00 . 64 

\j/2 

[
. 64 .oo-1 
• 00 . 64J 

[15] 

The off-diagonal element of AA~ 
diagonal elements are reliabilities. 
of .36 and the validity of Test A is 

is equal to the validity of A and the 
In this case both A and B have reliabilities 

. 36. 

Now, suppose Test A is administered under conditions that allow for par
tial knowledge and that, as a result, its correlation with the construct goes 
from .60 to .70. Following the same procedure shown in Equation 15, there
liability of Test A becomes .49 while that of Test B remains at .36. At the 
same time, the validity of Test A increases from .36 to .42. In short, when 
there is a single common factor underlying the responses to a criterion and a 
predictor, an increase in the reliability of the predictor will lead to an 
increase in its validity. This is not so when more than one factor is common. 
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To illustrate this, assume that Tests A and B, both administered conven
tionally, have in common a method factor <em), in addition to the construct, 
and that both correlate .40 with it. That is, 

ea em 

A = [-60 
. 60 

.4ol 

.4oJ 

Test 
A 
B [16] 

Assuming that the construct and the method factor are uncorrelated, the 
correlation matrix for Tests A and B, according to the model in Equation 14, 
is given by: 

l: 

A 
[-60 .40J = 
. 60 . 40 

M"' 
[·52 = 
.52 

= [1.00 
.52 

. 52] 

.52 

.szJ 
1.00 

A"' '¥2 

[-60 
• 40 

.60J 
• 40 + [-48 .oo .00] 

.48 

'¥2 

+ [- 48 .oo .00] 
.40 

In this case, the validity of Test A is .52. 

[17] 

Now, suppose that the same Test A is again administered under conditions 
that allow for the scoring of partial information and that, as a result of 
this, its correlation with the construct becomes .70. At the same time the 
correlation of Test A with the method factor drops from .40 to .20; i.e., A 
becomes: 

and 

e a 

A = [· 70 
.60 

M"' = [·53 .so 

e m 
. 20] 
. 40 

.sol 

.szj 

Test A (with partial knowledge) 
Test B [18] 

[19] 

Thus, as a result of introducing partial knowledge, the validity was reduced 
from .52 to .SO. However, it is clear that this seemingly disappointing re
sult is not inconsistent with the true improvement that occurred, namely an 
increase in the correlation of Test A with the construct. 

Although this example contains many assumptions, it seems that something 
similar occurs with real data. Hakstian and Kansup (1975) compared the validity 
of a verbal ability test administered under conventional and elimination scoring 
(Coombs, Millholland,& Womer, 1956) instructions. Validity was defined as the 
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correlation with school grades in language arts. This correlation was .49 under 
conventional administration and .39 under elimination scoring. However, the 
correlation with another verbal ability test was .59 under conventional scoring 
and .67 under elimination scoring. Thus, when validity is defined as the cor
relation with school grades, elimination scoring appears to be less valid; 
but when validity is defined as the correlation with another verbal ability 
score, elimination scoring is more valid. These results are not contradictory 
but simply provide evidence of the fact that performance on verbal ability 
tests measured either with multiple-choice or elimination items is explained 
by the same ability, whereas school grades on language arts do not depend ex
clusively on verbal ability. 

Advantages of using partial information. If methods for the assessment 
of partial knowledge are to yield improved test scores, the tests must be 
such that there will be an opportunity for partial knowledge to emerge. With 
few exceptions, most notably Coombs et al. (1956), the presence of partial 
knowledge is never tested. Some theoretical results suggest that when partial 
knowledge is allowed to emerge and is scored, dramatic improvements in test 
scores follow. 

To illustrate this, consider the information functions of two latent trait 
models. Information at a given point on the underlying trait is the reciprocal 
of the variance of the maximum likelihood estimator at that point. Therefore, 
the larger the information value, the more precise is the estimate of the lo
cation of an individual on the trait. One latent trait model studied was the 
two-parameter normal ogive (Lord.& Novick, 1968, Chap. 16) which is appro-
priate for dichotomous scoring. The other model was Samejima's (1969) graded 
response model, which is an extension of the two-parameter normal ogive model to 
polychotomous scoring. Information levels of the graded model can be considered 
to be the case when partial knowledge is taken into account, whereas the informa
tion provided by the dichotomous model is that provided when partial information 
is ignored. 

To simplify the comparison, the mean information for each model was com
puted, assuming that the underlying trait was normally distributed. In addi
tion, it was assumed that each test consisted of 60 items, each having the 
same item-trait correlation (r). The distribution of item difficulty in the 
dichotomous case can be described as a truncated normal distribution with a mean 
of 0.0 and maximum and minimum equal to 1/r and -1/r, respectively. The dis
tribution of difficulty of the highest category in the graded model was also a 
truncated normal distribution but with a mean of .40/r and maximum and minimum 
1/r and -.20/r. Within each graded item, the difficulty of each of the lower 
categories was set in such a way that the categories would be chosen by the 
same proportion of testees. The comparison assumes that there are five graded
response categories. This choice of difficulties approaches the optimal con
ditions for the two models. 

The ratio of the mean information for the graded model over that of the 
dichotomous model for several levels of test homogeneity is seen in Table 3. 
For example, at an item-trait correlation of r =.55 the ratio was 1.42. This 
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means that, on the average, the use of partial knowledge will be 42% more 
informative than if it is ignored. Note that this improvement, due to 
incorporating partial information into the scores, increased as the discrim
ination of the test increased. In other words, the better the test, the more 
it will benefit from adding partial knowledge. This is also true when reliability 
rather than information is used as the evaluative criterion (Bejar & Weiss, in 
press). 

Table 3 
Ratio of Mean Information of Graded to 

Dichotomous Model, as a Function of Item-Trait Correlation 

Item-Trait correlation 
.55 .63 .71 .77 .84 .95 

Ratio of mean information 1.42 1.43 1.48 1.52 1.58 1.90 

The advantages derived from taking partial knowledge into account can 
only materialize under the proper conditions. In the typical multiple-choice 
test item, even though partial knowledge influences which alternative is 
chosen, the response is scored as correct or incorrect. One way of allowing 
credit to be given for partial knowledge is to instruct testees to segregate 
alternatives into different categories. Coombs' (1956) procedure is an in
stance of the approach where the categories are "correct" and "incorrect". 
Other categories are possible, though; e.g., verbal items may be classified 
as "synonyms", "antonyms", or "neither". 

Computerized Testing 

Recording and scoring responses to non-dichotomous test items is not, 
however, convenient with paper-and-pencil test administration. One obvious 
use of interactive computers, therefore, is to handle the recording and 
scoring of responses to non-dichotomous achievement test items. But, as 
previous presentations in this report suggest, the computer can also be used 
to adapt or tailor the test to each individual. 

These presentations (and indeed most of the research in computerized 
adaptive testing) have been oriented toward ability measurement. In 
achievement testing, it is possible to distinguish between two kinds of 
adaptive test administration: One involves adapting the length of the test; 
in the other, the difficulty of the test is adapted. 

Adapting the length of the test to the individual is appropriate in 
instructional settings where each individual is allowed as much time as is 
necessary to complete a given unit of instruction. Under those conditions, 
individual differences with respect to knowledge are minimized and it becomes 
profitable to adapt the length of the test rather than its difficulty. The 
research of Ferguson (1970) is an example of this type of adaptive testing. 
In his system, an individual is tested until he is classified into a non
mastery or mastery category. The statistical basis of this system is Wald's 
sequential likelihood ratio test. Ferguson's model assumes that the dif
ficulty and discrimination of all items are the same. It is not known how 
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sensitive the procedure is with respect to violation of these assumptions. 
Thus, research addressed to this question is needed. It would also be 
desirable to study the possibility of relaxing the model to allow for unequal 
item difficulties and discriminations as well as allowing for polychotomous 
responses. 

Although self-paced instruction has many advantages, limited resources 
often do not permit its full implementation. As a result, the sample under 
instruction will likely be heterogeneous with respect to achievement. Sim
ilarly, if a test is intended to measure retention of achievement or levels 
of achievement acquired prior to instruction, there will be wide variation in 
levels of performance. Under these conditions, adapting the test to an 
individual's level of achievement will be more efficient than the conventional 
non-adaptive procedure. 

Most of the research on adaptive testing has been done in the context 
of dichotomous response models. The exceptions are to be found in the work 
of Bayroff, Thomas, and Anderson (1960), Wood (1971), and Samejima (1976). 
One of the major aims of the achievement/performance testing research at 
the University of Minnesota is to combine the advantages of partial knowledge 
scoring and adaptive testing. Bayroff et al. (1960) seem to be the only 
researchers who have actually implemented an adaptive testing strategy using 
non-dichotomous items. Essentially what they did was to branch an individual 
according to the correctness of the alternative chosen. Although they used 
a polychotomous item for the first item only, this can be readily extended 
to include all items. Other branching rules are possible. Wood (1971) sug
gested that the optimal branching rule will administer as the next item the 
most discriminating of those items with a midpoint of adjacent categories 
closest to the individual's current estimated achievement. Samejima (1976) 
implemented a simulation on live data of a similar procedure, which she 
referred to as tailoring the dichotomization of the item to the individual. 
She noted substantial improvements by comparing the plot of scores based on 
a uniform dichotomization and tailored dichotomization against the scores 
based on the polychotomous responses. 

Summary and Conclusions 

Two recent developments in test theory hold promise for the improvement 
of achievement test scores. In combination, adapting the test to the indi
vidual and simultaneously extracting more information from each response by 
recording partial knowledge should result in greater improvements in achievement 
test scores than either taken alone. The use of non-dichotomous item formats, 
now made possible by the administration of achievement test items on interactive 
computers, should result in achievement tests which more accurately measure 
what a student has learned as a result of instruction. 

Although the use of polychotomous models in the measurement of partial 
knowledge has been emphasized here, it is clear that these models have much 
to offer in performance testing as well. Fitzpatrick and Morrison (1970) 
define a performance test as "one in which some criterion situation is 
simulated to a much greater degree than represented by the usual paper-and-
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pencil test." Unlike paper-and-pencil tests, performance tests are relatively 
expensive and it is this cost consideration that highlights the necessity 
for extracting as much information as possible from a testee's set of re
sponses. Polychotomous response models make this feasible. The use of 
interactive computers also has much to offer in the area of performance testing, 
for computerized test administration can make it possible to represent simulated 
situations conveniently and economically. Additional savings are likely by 
testing individuals only on those skills which match the individual's level 
of training. 

In short, it seems that coupling polychotomous response model theory with 
interactive computer administration of tests is likely to result in more 
accurate and, in the long run, more economical assessments of achievement and 
performance. 
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A COMPARISON OF INFORMATION FUNCTIONS OF MULTIPLE-CHOICE 
AND FREE-RESPONSE VocABULARY ITEMS 

The multiple-choice item format used by most group tests of mental ability 
allows testees to obtain correct answers by guessing when they do not know the 
correct answer. This adds error variance to test scores or, in terms of modern 
test theory (see Lord & Novick, 1968, chaps. 16-20), decreases the amount of 
information that the item provides about ability levels. 

Several attempts have been made to eliminate guessing by making its effects 
less attractive: Formula scoring (i.e.~ correction for guessing) subtracts 
points for items answered incorrectly, making the expected gain from guessing 
negligible; confidence weighting and probabilistic responding strategies 
typically use Reproducing Scoring Systems (Shuford, Albert, & Massengill, 1966) 
which cause testees' subjective test scores (i.e.~ the score they think they 
will get) to be maximized when they answer honestly. Another scoring technique 
attempts to eliminate the effects of guessing by simply not scoring those items 
on which a testee is likely to guess (Waller, 1974). These approaches and 
others have been reviewed by Bejar (1975). 

The research reported here was an attempt to eliminate the effects of 
guessing by making it virtually impossible to obtain a correct answer to a 
question solely by guessing. This was done by administering items in a free
response format in which testees were required to generate their own response 
instead of choosing from several alternatives that are provided. To be practical 
as a group testing approach (i.e.~ as an alternative to multiple-choice items), 
these items had to be administered and scored by a computer. 

The question of interest guiding this research was, therefore: Will the 
information gained due to the elimination of guessing using the free-response 
format be greater than the information lost due to inefficiencies in the machine
scoring algorithm? Inefficiencies refer to things such as a higher probability 
of errors in responses (e.g.~ typing errors) due to the more complex format, and 
the need to group responses into categories because they are too numerous to 
handle individually. 

The answer to this question is obviously dependent on the domain of ability 
being tested. There is practically no inefficiency in the scoring of free
response numerical items; thus, these items do not provide an interesting area 
of study. Vocabulary items, in which the responses are English words, provide 
a more interesting area of study because information will be lost due to 
misspelling, categorization, etc. The objective of this study was, therefore, 
to determine if a machine-scoring algorithm could be implemented to extract more 
information out of free-response vocabulary items than was obtained from those 
administered in a multiple-choice format. 

Method 

Purpose 

This study involved a comparison of vocabulary test items administered in a 
free-response format with similar vocabulary items administered in a multiple-choice 
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format in terms of the amount of information each provided regarding a testee's 
level of ability. Toward that end, 20 five-alternative multiple-choice items 
were randomly sampled from a 36-item conventional test with rectangularly 
distributed item difficulties used as part of another study. These items were 
obtained from Educational Testing Service and had been used in their SCAT and 
STEP tests; the items had thus been carefully analyzed and were good multiple
choice items. The stem words from these items provided the stems for 20 
free-response items. In the free-response items, testees were asked to respond 
with a synonym rather than indicating their choice of multiple-choice alternative. 

Testees 

In order to provide data from which to calibrate these items and thus deter
mine their information functions, testees were recruited from two sections of 
an introductory psychology class at the University of Minnesota consisting pri
marily of sophomores from the College of Liberal Arts. Test items were presented 
to testees via cathode ray terminals (CRTs) interfaced to a Hewlett-Packard 9600E 
real-time minicomputer system. Items were displayed at a rate of 960 characters 
per second (almost instantaneously) beginning, typically, less than a second after 
the testee's response to the previous item. Testees could skip items by typing 
in a "?" as their response if they did not know the answer and chose not to guess. 

Tests 

Both the 20-item free-response test and the 20-item multiple-choice test 
were administered to all students. In all cases, the free-response test was 
administered first (following other multiple-choice items which were independent 
of those used in this study) followed immediately by the multiple-choice test 
imbedded in the 36-item test. The multiple-choice test was administered second 
to avoid providing the testees with alternatives to use in the free-response 
test (since all the free-response items were present as stems in the multiple
choice test). 

At the beginning of the free-response test, each testee was given the 
following instructions on the CRT: 

No~ you are going to be given some vocabulary test questions ~hich 
are different from those you've ans~ered so far. These questions ~ill 
not require you to choose the correct response from a set of alternatives. 
Instead~ you are to type in a one-~ord response. The computer ~ill present 
a ~ord or phrase and you are to respond by typing~ on the keyboard~ the 
single ~ord that is most alike in meaning to that ~ord or phrase. 

For example~ the computer might present the ~ord "~eaUhy"~ foUo~ed 
by a question mark. If you thought the ~ord most similar to "~eaUhy" 
was "rich"~ you ~ould respond by typing the ~ord "rich" after the question 
mark. 

When the ~ord "~eaUhy" appears~ type in the ~ord "rich" after the 
question mark to sh07.J that you understand the instructions. If you do not 
understand the instructions~ type in a question mark. Remember that you 
must al~ays press the return key ~hen you have finished typing in your 
response. 
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WEALTHY 

? 

If testees failed to enter the word "rich", they were given instructions 
to call the proctor for assistance. Otherwise, the following message was 
presented: 

Now you are ready to take this part of the test. If you do not 
know the answer to a question, type in a question mark to skip that question. 

Type in "Go" to start the test. 

At the end of the free-response test, the following transition back to 
more multiple-choice items was made: 

Thank you. That was the last question of that type. Now, for the 
last part of today's test we are going to give you some more multiple-choice 
vocabulary questions. Some of these questions will contain the same words 
you encountered in the section you just finished. These questions are being 
repeated so that we can compare how well you do when we don't provide the 
alternatives. When answering these questions, choose the best alternative 
from the five available even if none of these alternatives seem as good as 
your own response. 

Type in "Go" to start this section of the test. 

Following the 36-item multiple-choice test, other testing continued. 

Analysis of Free Responses 

Data were collected from 660 testees. More than 60 formally different 
responses (i.e., words that were not exactly the same) were obtained for each 
of the 20 free-response stems. Due to computer-program limitations, these 
raw responses were reduced to the 60 most frequent responses. To complete the 
analysis, this number had to be further reduced--immediately to nine categories 
and ultimately to six (again because of program limitations). 

The many different responses generated by the testees consisted of four 
distinct types: 1) frequent responses, both correct and incorrect; 2) misspell
ings of the frequently used words; 3) variations on the roots of these words 
(e.g., "loyal" and "loyalty"); and 4) infrequent responses not included in Type 
2 or 3. To reduce the number of categories, all responses were first ranked in 
order of their frequency. Then the most frequent response and other formally 
similar responses (i.e., composed of a similar string of letters) were grouped 
into a category, using a formal similarity detection technique based on 
Alberga's (1967) "algorithm 25" with the recommended threshhold of .12. This 
algorithm and threshhold proved best, out of a field of 65 in a simulation 
by Alberga, for recognizing misspellings of target words. Visual inspection of 
the present data suggested that this technique did indeed recognize misspelled 
words. In this study, the technique was used to detect both misspellings and 
variations of roots. The Fortran IV subroutine used is included in Appendix A. 
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Response clustering continued until eight formally similar clusters (usually 
including one "omit" category) had been identified. A final "other" category, 
containing all other responses, completed the nine categories manageable by the 
programs used at this point in the analysis. 

These nine categories were then clustered on the basis of judged semantic 
similarity in an attempt to have at least 30 responses in each category (a number 
arbitrarily chosen as a minimum for acceptable calibration of the category). 
Words that were semantically very similar were clustered; infrequently used and 
definitely incorrect words, when present, were clustered with the "omit" category; 
infrequent responses not semantically similar to any of the other categories and 
not completely incorrect were clustered with the "other" category. The nine 
initial categories and their ultimate classifications are presented in Appendix 
Table B-1. -

An attempt was made to semantically cluster the alternatives of the multiple
choice items, but no semantic similarity was found. Alternatives were thus 
either allowed to stand alone if their frequency of endorsement was high enough 
or were grouped into an "other" category if it was not. The multiple-choice 
alternatives and their ultimate classifications are presented in Appendix 
Table B-2. 

Item Calibration 

The item responses thus categorized were then calibrated according to Bock's 
(1972) polychotomous logistic model using the program LOGOG (Kolakowski & Bock, 
1973). Bock's program yields two parameters, a and c, for each response category 
of each test item. It should be noted that the a and c parameters have 
different interpretations than the a and c parameters usually calculated in item 
characteristic curve theory (e.g.~ Lord & Novick, 1968). 

Let i and J index the 
(P .) of a testee endorsing 

J 

I 
z ·; L: z· 

P. = e J e '~-
J i=1 

where 

z. c. + a.e 
'/- '/- '/-

I=J categories of a given item. The probability 
category j as a function of ability (8) is: 

[ 1] 

[ 2] 

and a. and c. represent the parameters corresponding to category i of the item. 
'/- 1, 

The parameters a. and c., and the function ezi might be psychologically 
'/- '1-

z. 
interpreted as follows: e '~- can be thought of as the attractiveness of response 

z. 
alternative (or category) i of the item as perceived byfue testee. As e '~- gets 
larger, category i becomes more attractive to the testee. But in deciding which 
alternative to endorse, the testee must also consider the attractiveness of the 
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other response alternatives for that item. Thus, according to the model, the 
testee's probability of endorsing a category (Equation 1) is equal to the 
attractiveness of a given category divided by the sum of the attractiveness of 

all the categories. The function, e2 i, is a monotonic increasing function of 
z., and 

'/_, 

ability 

z. is either a monotonic increasing or monotonic decreasing function of 
'/_, 

(8) depending on the sign of the parameter a. (Equation 2). As a. 
'/_, '/_, 

increases in absolute value, a given change in ability is associated with a 
larger change in attractiveness. Thus, a. may be thought of as an index of 

'/_, 

category discriminating power. If a. is positive, attractiveness increases 
'/_, 

with increasing ability. ci can be interpreted as an attractiveness-biasing 

parameter. As a category's c parameter increases, the attractiveness of the 
category gets larger at all levels of ability. When 8=0, the attractiveness 
of the categories is ranked in order of their c parameters. 

Calculation of Information 

Using the category parameters obtained from the item calibration, item 
information was calculated from Samejima's (1969, chap. 6) general equations. 
The first and second derivatives of the probability function are given by: 

and 

p~ 
J 

'dP ./'d8 
J 

z· Iz· Iz·2 = [e J • E e 1-(a.-a.)] I ( E e 'L-) 
i=1 J '/_, i=1 

[3] 

z I z· I z· I 
e j[( E e 'L-)( E e 1-(a~-a~))- 2( E e2 i(a.-a.)) 

i=1 i=1 J '/_, i=1 J '/_, 

I I 
( .E e

2
iai)]/( .E e 2 i) 3 

1.-=1 1-=1 
[4] 

The information provided about ability by an item as a function of ability 
I(8) is then given by Equation 5 where: 

J 
I(8) = E (P~ 2 /P.-P~~) 

j=1 J J J 
[ 5] 

Item information values were calculated from Equation 5 for each multiple
choice item and each free-response item at 25 points along the ability continuum 
between 8=-3 to 8=+3. For each response format at each of the 25 ability levels, 
information values for each of the items were added together to yield a test 
information value, and a smoothed curve was passed through these values to yield 
the two test information functions. 

Results 

Item Parameters 

The item parameters, a and c, along with chi-square goodness-of-fit statis
tics are shown in Table 1 (free-response) and Table 2 (multiple-choice). Free-



Table 1 
Parameters and Tests of Fit of Free-Response Items 

Item a c x2 df p Item a c x2 df p 

1 .733 .329 47.02 40 .21 11 1.025 .782 73.91 24 <.01 
-.396 -. 710 -1.503 -2.085 

.268 .298 .518 1.243 
-.278 -.184 -.440 .060 
-.364 -.278 12 1.098 .189 27.76 24 .27 

.037 .546 -1.501 .728 
2 .795 1.048 49.54 40 .15 .497 -.654 

-1.135 -1.023 -.094 -.263 
.568 -.252 13 .917 -.205 37.82 32 .23 
.077 -.280 -1.098 -.883 
.050 -.357 .552 -.510 

-.355 .864 -.240 .640 
3 .347 1.685 19.78 24 .71 -.133 .958 

-.813 -1.302 14 1.140 -.326 41.03 32 .14 
.398 -. 737 -1.050 -.256 
.068 .353 -.912 -.699 

4 .690 .678 31.33 24 .15 .654 .125 
.228 -.088 .168 1.157 

-.611 -.558 15 1.016 -.126 32.30 24 .12 I 
-.307 -.032 -.987 .903 (j\ 

5 .514 1. 730 29.86 40 .88 -.112 -.615 
I 

-1.675 -2.339 .083 -.162 
.219 .251 16 .845 -.462 47.45 40 .20 
.465 .223 -1.188 -1.072 
.181 -.475 .615 .677 
.296 .608 .144 .398 

6 .483 -.651 23.40 32 .86 -.273 .021 
-.544 .104 -.142 .439 

.160 .398 17 -.006 -.153 35.98 32 .29 

.371 -.762 .045 -.541 
-.469 .911 .586 .757 

7 .314 .904 21.10 32 .93 -.740 -.772 
-1.165 -.477 .us .709 

.557 -.264 18 1.047 -1.261 28.99 24 .22 

.190 -.314 -1.360 1.576 

.103 .150 .737 -1.200 
8 1.086 1.489 20.96 16 .18 -.425 .886 

-.946 -. 723 19 .785 1.365 51.68 32 .02 
-.140 -.767 -2.197 -3.252 

9 1.501 1. 397 13.11 16 .67 .434 1.143 
-1.438 -1.133 .260 .223 
-.064 -.264 .718 .521 

10 .299 .304 25.18 32 .so 20 .736 -1.210 22.19 24 .57 
-1.476 -.804 -.442 1. 754 

.350 -.063 -.423 -.676 

.857 .066 .128 .132 
-.030 .497 



Table 2 
Parameters and Tests of Fit for Hultiple-Choice Items 

Item a c x2 df p Item a c x2 df p 

1 .140 1.225 10.75 8 .22 13 .969 1.888 28.78 32 .63 
-.140 -1.225 .282 -.209 

2 .839 2.528 5.41 8 .71 -.113 -.173 
-.839 -2.528 -.263 -.469 

3 1.100 2.133 2.50 8 .96 -.875 -1.037 
-1.100 -2.133 14 .957 1.863 26.31 32 .75 

4 .792 1. 387 13.00 8 .11 .013 -.183 
-. 792 -1.387 -.010 -.096 

5 .819 1.606 3.82 8 .87 .067 .194 
-.819 -1.606 -1.028 -1.778 

6 .700 2.083 19.73 16 .23 15 .753 1.560 43.14 32 .09 
-.280 -1.831 .003 .147 
-.419 -.252 .010 -. 773 

7 .719 1. 762 17.48 16 .36 -.208 -.936 
-.094 -. 770 -.559 .002 I 

'--! 

-.626 -.993 16 .714 1.329 19.99 16 .22 I 

8 1.416 2.579 12.28 24 .98 -.124 .111 
-.501 -.821 -.590 -1.441 
-.437 -.521 17 .580 .587 29.19 16 .02 
-.478 -1.238 -.392 -.282 

9 1.346 2.376 4.25 16 >.99 -.187 -.305 
-.669 -.653 18 15.440 12.777 * 32 <.01 
-.677 -1.722 -1.739 9.512 

10 .952 1.827 7.93 16 . 95 -.067 9.589 
-.443 -1.145 -15.685 16.010 
-.510 -.682 2.051 -47.887 

11 1.362 2.126 15.27 24 .91 19 .761 -.154 47.71 16 <.01 
-.626 -.859 -.224 1.260 
-.075 -.353 -.537 -1.107 
-.661 -.914 20 .584 .186 89.60 40 <.01 

12 1.530 1.602 47.07 32 .05 .930 .158 
-.271 -.749 -.199 -.334 

.094 .543 -.617 -.991 
-.813 -1.118 -.332 .447 
-.540 -.276 -.367 .554 

* Value overflowed program format; X2 > 10 6 
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response items 11 and 19 (Table 1) showed lack of fit with the logistic model 
significant at p<.OS, but the other items exhibited no significant lack of fit. 
Multiple-choice items 12, 17, 18, 19, and 20 (Table 2) showed significant lack 
of fit with the model. This lack of fit is probably an effect of guessing, 
which Bock's model assumes does not occur. Although testees were given the 
opportunity to omit items, it is likely that some guessed anyway; items 17 
through 20 were the most difficult items and thus most likely to elicit guessing 
behavior. Item 18 showed profound lack of fit and had extremely unrealistic 
item parameters in the multiple-choice format. It was therefore excluded from 
further analyses in both the multiple-choice and free-response formats. 

Information 

Smoothed test information functions for both the multiple-choice and free
response tests are shown in Figure 1. Test information values for both tests 
are included in Appendix Table B-3. 

Figure 1 
Test Information Functions for Two 19-Item Tests 

10 

8 

6 

I 
4 

2 

0 

-3 -2 -1 0 1 2 

ABILITY LEVEL (8) 

F . 1 shows that both tests were too easy for the population to which 
~gure . 1 . f t' t 

th were applied in this study because they provided max~ma ~n orma ~on a 
ab~~t 8=1.5; assuming 8 distributed normally with a mean of zero and a standard 
deviation of 1.0, the test information function should have peaked at 8=0 to 
provide the highest reliability coefficient. 

3 
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But more importantly, Figure 1 shows that while items administered in the 
two response formats provided equivalent amounts of information near ability 
levels where the information function peaked, the free-response items yielded 
more information at the higher ability levels. Simply removing the effects of 
guessing should result in increased information at low-ability levels rather 
than at high ones because the effects of guessing are greater at low-ability 
levels (see Figure 20.4.2 in Lord & Novick, 1968). But the free-response 
format involves a recall task (rather than a recognition task as in the multiple
choice test format), and this probably made the items more difficult, thus 
shifting the information function to the right. 

These information functions should be viewed further in light of the ease 
of construction of the two types of items. The multiple-choice items were 
undoubtedly written by professional item writers at ETS, selected for their 
ability to discriminate ability levels, and were designed with well-functioning 
distractors. Beyond selection of the stems (which, in this study, were fixed 
by the multiple-choice items), the 20 free-response items required only a 
few minutes of computer time to score and about one hour to develop. With 
further research, designed to develop guidelines for selection of good stems, 
good free-response vocabulary items would be much easier to produce than are 
multiple-choice items. 

Conclusions 

This study has shown that vocabulary items presented in a free-response 
format can provide more information than similar items presented in a multiple
choice format. There are two probable sources of this superiority. First, 
obtaining a correct answer by guessing is not possible using the free-response 
format,and information lost, due to the uncertainty about whether testees 
answered correctly because they knew the answer or because they guessed, is 
recovered. Secondly, more latitude in degree of correctness is present in 
free-response items than is typically present in multiple-choice items and a 
testee's degree of partial knowledge is easier to assess. These advantages 
apparently overshadowed any deficiencies present in the machine-scoring 
algorithm used in this study. 

This research was designed as a demonstration that the free-response format 
scored by a computer is more informative than the multiple-choice format. It 
was not a far-reaching comparison with all other potential response formats. 
Future research should compare free-response items with other formats such as 
a confidence-weighting format or a probabilistic format. It should also compare 
them with multiple-choice items having more alternatives and/or wrong alternatives 
graded in difficulty rather than all completely incorrect. (Although scored as if 
they were gradable in this study, the alternatives of the items used were not 
designed to be graded in difficulty.) Future research should also investigate 
the effects of various techniques of semantic clustering and detection of formal 
similarity. The techniques used in this study were probably not optimal for 
extracting maximal information from the free-response items (i.e.~ the clustering 
and similarity detection were clinical in nature and were not explicitly 
designed to extract maximum information from the items), and better techniques 
should produce results even more favorable to the free-response format. 
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APPENDIX A 

A Fortran Subroutine for Assessing 
the Formal Similarity of Two Words 

(from Alberga, 1967) 

SULP.Qil'TINE MATCH <I Ti•l<G,I TEST,rJTf.lhG,NT, SIM'Jt,L) 
Cif"EN~I0N ITf,P.G<NTf,P.G>,ITEST<NT>,C0lN<2U,2U>,lC0L<20> 

C R0UTINE DETERMINES SIMILAHlTY bET\>!EEN T1J0 I.JOP.LS 
C ACC0P.DING T0 i1LG0P.ITHM 25 EEP0HTEL I:~ I-ILLEIIG.H, 1967, 
C CQlf"M1lNIC.HTI0NS 0F ACM. 
C PARAMETERS 
C I TAP.G McRAY CQlNTAIIJING TAL GET W0EL - 0NE Cn1-1P.1-1CTE.fi ?EI. 
C C0MPUTEH \J0P.C, 1\lGliT JUSTIFIED, ZI:.L0 FlLLH 
C I TE~T hP.RiiY C0NTidNING TEST \H!lLL 
C NTAf.G NlfMbEE 0F Cti1-1!'.1-1CTELS I;J Tr.hGET WCLL 
C NT NUMi.;EH 0F Chi,P.~>CTEES lN TEST \·H!ll\L 
C S l M'J.HL P. E TtffiNEf SIMILARITY 'JAL UE 
c 
10 rc 20 I=1.20 

IC0L<I>=O 
C0 20 J= I, 20 
C0IN<I,J>=O.O 

20 COfJTI:J'}E 
C=NTAFG 
T=~·JT 

C riLL C0INCIC::::JCE M1-1TP.IX HITH P.00F \:EIGriTS 
100 [2 110 l=l,rJTI.FG 

LPI 110 J=I,NT 
IF <ITAPG<ll ,fJE. ITEST<J» GO TO 110 
Cl ST=ALS< FL0!.T< I-1 > /( C-1 .(J) -FLZI-IT<J-1) /( T-1 .(J)) 

C~IN< I ,J) =I .0-r:I ST 
110 C0tJ'rlNllf 
C SELECT ELEMEtJTS t1CC2Jf([lNG T0 SLYC 1-1LG:ilhi Trii1 
200 L0 230 I=1.~JT.,PG 

"'!"F.~'T= -1.0 
L0C=O 
[0 210 J=I,NT 
IF <C0IIJ<l,J) .LT. 1'EST .0L· IC0L<J> ,£(,1. I) G0 T0 21U 
TI::5T=COI:J< I ,J) 
L0C=J 

210 C0NTI~·J!'E 

IF <L0C .GT. O> IC0L<L0()=J 
[0 220 J=l .~JT 
IF <J • EC .. LOC> G0 TO 2C:O 
C0HJ<I,J>=O.O 

220 C0:JTINt'E 
230 C01JTINl'E 
C S~!V i•CCO! fi iJG T0 STP.IIJG i.LG0fel TriM 

S!lt"=O .0 
J= 1 

300 PFE:'!=O .o 
IF <J .cr. NT> GO T0 400 
C0 310 1=1,rJTi'•FG 
IF <C0IN<l,J) .GT· 0.0) G0 T0 320 

310 C0l·JTINUE 
J=J+ I 
G0 T0 300 

320 Pf,E'J=PHE'!+C0I~J<I,J> 

S 1'1'' = 5 tJM +Pf. E'! 
J=J+ I 
I=I+1 
IF <I .GT· ~JTAPG .0P.· J .GT· NT .or .. C0lN<L,J> ·LEo UoU) G0 T0 3UU 
GO TPI 320 

C tWl'MJ\LlZE StTM FOH SIMlLi>P.lTY '!hLUE 
400 CC~JTl:JtlE 

H1/\X =:J TA!": G 
IF (~!T .GT· IM!;X) lMkX=NT 
X t1f,X = l ~~i\X 
S I t1'!f,L= SUM/ ( 0. 5* ( XMnX «XM!IX +XMf,X) ) 
P ET1fl'N 
EN[ 
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APPENDIX B 

Table B-1 
Categories and Classifications for each of Twentx Free-ResEonse Items 

Item 
Cate ory 

No. Stem 2 3 4 5 6 

TOLERABLE bearable (no response) acceptable patient standable (other) 
okay understand withstand 

2 ALLEGIANCE loyalty (no response) support faithfulness patriotism honor 
pledge alliance (other) 

3 CATASTROPHE disaster (no response) accident crisis 
terrible tragedy mess 

chaos 
(other J 

4 DIMINISH lessen fade end (other) 
decrease reduce disappear 
shrink smaller 

5 IMMACULATE clean (no response J perfect pure neat (other) 
spotless huge holy 

6 CHRONIC recurring (no response J constant lasting (other) 
habitual serious always persistent 

HOMAGE respect (no response) tribute praise (other) 
honor allegiance worship 

adoration 

8 FLOG whip (no response) punish 
beat mistake (other) 
lash 
spank 
flagellate 

9 ABHOR hate (no response) fear 
detest stick hide 
dislike (other) 
shun 

10 IMPEDE interfere (no response J stop block (other) 
hinder obstruct 
delay preven-t 

11 REPRI!1AND scold (no response) punish (other) 
admonish demand discipline 
reprove correct 

12 ADAGE saying (no response) story (other) 
proverb addition cliche 

phrase 
tale 

13 ACCLAIM praise (no response) fame announce (other! 
recognition pronounce 

honor 
state 

14 QUALM doubt (no response) fight fear (other! 
misgiving argument worry 
reservation 

15 ORB sphere (no response) circle (other) 
ball eye round 
globe path 

16 ALLOT allocate (no response) distribute give allow (other) 

assign divide 
ration 

17 ACKNOWLEDGE respond (no response J recognize understand (other) 
answer accept notice know 

18 MOLLIFY pacify (no response) soothe subdue 
calm change comfort (other) 

quiet 

19 SEDATE calm (no response J drug sleep (other) 

quiet tranquilize relax 
peaceful 

20 PECUNIARY monetary (no response) peculiar (other) 
financial small strange 

picky different 
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Table B-2 
Categories and Classifications for each of Twenty Multiple-Choice Items 

Item 
Cate or 

No. Stem 

TOLERABLE bearable free 
flexible 
open-minded 
inferior 
(no response J 

2 ALLEGIANCE loyalty reading 
legibility 
protection 
fighting unit 
(no :response) 

CATASTROPHE calamity celebration 
charity 
termination 
prophecy 
(no respon.st> J 

4 DIMINISH lessen flatten 
default 
undermine 
finish 
(no response:) 

IMMACULATE spotless fashionable 
distinguished 
tardy 
powerless 
(no response) 

CHRONIC constant cowardly weak 
recorded grouchy 

(no resp0nEC ,' 

7 HOMAGE reverence abode baseness 
food 
manhood 
(no response) 

8 FLOG beat stun tread (nc· 1"€S"['::rY.SL) 

bother 
soak 

9 ABHOR detest frighten (nc response;' 
accept 
urge 
release 

10 IMPEDE obstruct summon betray 
go by foot 
interrogate 
(no response) 

11 REPRIMAND rebuke refer to higher recall by demand repeatedly 
authority contrary send back 

order (no response J 

12 ADAGE proverb later years custom mental weakness (no 1'CSilC'nE," ' 

normal condition 

13 ACCLAIM applaud flaunt indemnify elect denounce 
(no rest,"'':.~,-' 

14 QUALM misgiving feeling of state of rest shudder duty 
shame (r:~ resp,:J"1F.~ ' 

15 ORB sphere scepter dome track (no resrartst~ l 

spur 

16 ALLOT assign permit increase 
spend 
seclude 
(no resronse) 

17 ACICWIILEDGE admit understand learn slowly 
examine with 

care 
approve of 
(no l'esponse) 

18 MOLLIFY appease accomodate indemnify revise 
pamper (no respor.se J 

19 SEDATE dignified asleep seated 
old-fashioned 
frail 
!no response) 

20 PECUNIARY monetary miserly destitute frequent unusual (nc rest::>:se) 
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Table B-3 
Test Information Values for 19-Item 

Free-Response and Multiple-Choice Tests 

Theta 
-3.00 
-2.7S 
-2.SO 
-2.2S 
-2.00 
-1. 7S 
-l.SO 
-1.2S 
-1.00 
-.7S 
-.so 
-.2S 

0 
.2S 
.so 
.7S 

1.00 
1.2S 
l.SO 
1. 7S 
2.00 
2.2S 
2.SO 
2.7S 
3.00 

Free 
Response 

3.S91 
4.637 
S.843 
6.99S 
7.78S 
8.073 
8.039 
7.926 
7. 776 
7.497 
7.0S6 
6.S20 
S.948 
S.344 
4. 718 
4.108 
3.SS6 
3.081 
2.681 
2.346 
2.063 
1.819 
1.607 
1.420 
1.2S4 

Multiple 
Choice 
3.977 
4.828 
s. 771 
6.73S 
7.S80 
8.1Sl 
8.342 
8.127 
7.SS2 
6. 723 
s. 772 
4.816 
3.928 
3.1Sl 
2.S04 
1.986 
l.S83 
1.274 
1.039 

.8S8 

.718 

.607 

.Sl6 

.441 

.376 
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AccURACY OF PERCEIVED TEST-ITEM DIFFICULTIES 

Conventional ability tests require all testees to answer the same set of 
test items. Because testees differ in ability level, however, tests of this 
kind may potentially create differential psychological environments for testees 
of different ability levels. A test which is appropriately difficult for a 
testee of average ability may be perceived by less able individuals as being 
much too difficult, and such perceptions may lead these testees to approach the 
task with anxiety and forbearance. On the other hand, individuals with higher 
than average abilities may find the task a simple or even pleasant one. 
Clearly, the psychological environment of a testee may vary greatly depending 
on the individual's perception of the task. 

Adaptive tests are designed such that each testee receives items which are 
psychometrically appropriate for his/her ability level (Lord, 1970; Weiss, 1974; 
Weiss & Betz, 1973). For example, items in such tests may be chosen so that 
each testee, regardless of ability level, will have approximately a fifty-percent 
chance of answering the item correctly (e.g., Lord, 1970). The adaptive test 
may thus reduce the differential psychological environments arising from the 
administration of a fixed set of items to persons of differing ability levels, 
and may thereby improve the performance of low-ability students. In fact, 
under certain conditions, adaptive testing has been shown to be more motivating 
for low-ability testees (Betz & Weiss, 1976b) and to result in higher ability 
estimates (Betz & Weiss, 1976a). 

Holtzman (1970) points out the potential importance of psychological factors 
in the estimation of an individual's ability: 

It may be important to investigate the interaction of personality 
and situational factors with tailored testing. The motivational impact 
on the student when he discovers that most of the items are at a certain 
level of difficulty (or uncertainty) is unknown. The optimal level 
(or mixture of levels) for a given student will not be derived from test 
theory alone; information about student anxiety and motivation may also 
be relevant. (p. 199). 

Whether adaptive tests can actually reduce the differential psychological 
effects due to the administration of an inappropriately easy or difficult set 
of test items depends largely on whether testees can accurately perceive the 
difficulties of the items administered. Little research has dealt directly 
with the question of item-difficulty perception. 

Munz and Jacobs (1971) asked introductory psychology students to scale 
multiple-choice examination questions on the subjective difficulty an introduc
tory psychology student would experience in reaching a solution to a particular 
test question. Thurstone's methods of equal-appearing intervals was used to 
derive difficulty scale values for the individual items. These scale values 
correlated positively but moderately (r=.52) with traditional proportion-correct 
difficulty indices based on the subsequent administration of those items to 
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other introductory psychology students. However, Munz and Jacobs mad~ no 
attempt to determine the accuracy with which individuals perceived item diffi
culties relative to their own levels of ability. Further, these results may 
be generalized only to other achievement-testing situations where students have 
been exposed to the material and have made an attempt to familiarize themselves 
with it. 

Bratfisch, Dornic, and Borg (1972) asked individuals to estimate the 
subjective difficulty of items from sets A, B, D, and E of Raven's Standard 
Progressive Matrices. The items were first administered conventionally, in the 
order of their "objective" difficulty as assessed by determining the proportion 
of correct responses in a norming sample. Following this, the items were 
presented in random order and estimates of their subjective difficulties were 
obtained through a magnitude estimation procedure. The Spearman rank-order 
correlation between the subjective difficulties of the items and the order of 
their initial administration (i.e., their ranked "objective" difficulty) was 
positive and high (rs=.90). Unfortunately, the effect of the items' prior 

administration in the order of their objective difficulty cannot be determined. 

In another study by the same authors (Bratfisch, Borg & Dornic, 1972), 
testees were administered numerical-reasoning, spatial-ability, or verbal
comprehension items in the order of "objective" difficulty of the items in the 
tests. Immediately after attempting to answer each item in the conventional 
manner, the testees rated the item's difficulty on a nine-point scale where 
1 corresponded to a "very, very easy" item and 9 corresponded to a "very, very 
hard" item. The Spearman correlations between order of administration and 
perceived difficulty for the numerical-reasoning, spatial-ability, and verbal
comprehension tests were .97, .92, and .92, respectively. Unfortunately, in 
both studies by these authors, the subjective difficulties were not explicitly 
related to the testees' perceptions of an item's appropriateness to their 
ability levels. More importantly, in both studies, it is impossible to separate 
the effect of item difficulty from that of order of administration. 

The present study was designed to determine whether or not testees can 
perceive the difficulties of ability test items relative to their levels of 
ability and, if so, to investigate the accuracy of these perceptions for 
individual items. Additionally, the study was designed to determine the level 
of item difficulty perceived by testees as being appropriate for their ability. 

Method 

Test Construction 

Two 41-item conventional tests were designed which had a large range of 
differences between the difficulties of successive items. Items for the tests 
were chosen from a pool of five-alternative, multiple-choice vocabulary items 
on the basis of their normal-ogive difficulty (b) and discrimination (a) 
parameters (Lord & Novick, 1968). One of the tests was designed to be adminis
tered to a group of relatively low-ability college students. The other test 
was designed to be administered to a group of relatively higher ability students. 
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The item parameter estimates were based initially on data reported by 
McBride and Weiss (1974), derived from samples of University of Minnesota 
undergraduates. These parameter estimates were revised using a pr?cedure 
essentially the same as that described by Jensema (1976). Appendix A 
describes the process of developing the revised item parameters. The difficulty 
and discrimination parameters for each test item are shown in Appendix Table B-1. 

The low- and high-ability tests had a mean difficulty of b=-2.190 and 
b=-.488, respectively. Mean discrimination values for the low- and high-ability 
tests were a=1.117 and a=1.501, respectively. 

Procedure 

Subjects. Two groups of undergraduate students participated in this study. 
The first group consisted of 119 students from psychology classes in the 
University of Minnesota's General College (GC) who were tested in the winter 
of 1975. The second group, tested in the spring of 1975, consisted of 185 
students from an introductory psychology class in the University's College of 
Liberal Arts (CLA). All students were volunteers who received points toward 
their final course grades for participation in the experiment. GC students 
typically perform more poorly on ability and aptitude tests than do CLA 
students; for the purposes of this study, the GC students will therefore be 
designated as the "low-ability" group while the CLA students will be referred 
to as the "high-ability" group. 

Test administration. All students were tested at individual cathode-ray 
terminals (CRTs) connected to a Hewlett-Packard 9600E real-time computer system. 
Instructional screens similar to those described by DeWitt and Weiss (1974, 
pp. 36-53) explained the operation of the CRTs before the actual testing was 
begun. In addition, a proctor was present in the testing room to provide 
assistance in the operation of the equipment. 

Each student answered 41 multiple-choice vocabulary test items. The 
first six test items presented were identical for testees in a given ability 
group. These items, whose difficulties reflected the difficulty range of the 
test, served to familiarize the students with the range of difficulties they 
would subsequently encounter. The remaining 35 items in each test were presented 
in four different orders of administration to minimize the effect that the order 
of item presentation might have on perceived item difficulty. Testees were 
sequentially assigned to one of the four conditions. Although the same 
procedure was followed in both ability groups, the items differed between 
groups. Appendix Table B-1 shows the order of item administration in each of 
the four conditions for each ability group. 

Prior to the administration of the test, the students were informed that 
they would have as much time as they needed to complete the task. During the 
test, items were presented on the CRT screen and students responded by typing 
the number corresponding to the chosen alternative for each five-alternative 
multiple-choice item. Immediately after responding to an item, each student 
was asked to indicate the item's perceived difficulty by entering a difficulty 
code selected from the following list: 
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A. Much too easy for you 
B. Somewhat too easy for you 
C. Just about right for you 
D. Somewhat too hard for you 
E. Much too hard for you. 

The testee's response was then checked by the computer to ensure that one of 
the five alternatives had been chosen, and these data were stored with the 
item-response data for later analysis. 

Design 

The study was designed to investigate three different aspects of itemr 
difficulty perception. The initial phase was designed to determine whether or 
not testees could accurately perceive the difficulty of ability-test items. 
The second phase was concerned with whether or not a testee's ability level 
was related to the perception of the relative difficulty of a given item; 
that is, how accurate an individual's perceptions were, relative to his/her 
ability level. The third phase of the analysis attempted to determine the 
relative item difficulty which was perceived by the testee as being about 
right for his/her ability level. 

Accuracy of Difficulty Perceptions 

Method of Analysis 

Difficulty perception model! An individual's perception of an item's 
difficulty can be thought of as the signed distance between the person's 
ability level and the item's difficulty level in a Euclidean ability/difficulty 
space. This perception will be denoted by 

p 

d . . = L: w. (x. -x. ) 
~J p=l JP JP ~p 

where d .. is the perceived difficulty of item j for person i 
~J 

[1] 

x. is the difficulty of item j along ability/difficulty dimension p 
JP 

x. is the ability of person i along ability/difficulty dimension p 
~p 

w. is the weight of item j along dimension p 
JP 

P is the number of dimensions in the ability/difficulty space. 

Thus, in this model, the difficulty of an item for a given person is defined 
as the weighted sum of the signed distances between the location of the item 
and the location of the person along P ability/difficulty dimensions. For the 
present analysis, numerical values of d .. were assigned to each alternative on 

~J 

1Appreciation for the development of this model is expressed to Mark Davison, 
Assistant Professor of Educational Psychology, University of Minnesota. 
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the rating scale. 
-1, 0, +1, and +2, 

The values assigned to alternatives A through E were -2, 
respectively. Thus, d .. increased as the perceived difficulty 

1.-J 
of an i tern increased, and d. . was 

1.-J 
a testee as "just about right for 

equal to zero when an item was perceived by 

[me]." 

The use of a model such as that in Equation 1 is advantageous for several 
reasons. Using the difficulty ratings alone, estimates of individual ability 
levels and item difficulties can be derived on a common metric. In addition, 
the general, multidimensional form of the model may be particularly useful in 
describing difficulty perceptions on multi-ability test batteries or other 
such multi-trait instruments. 

Note that P in the model corresponds to the number of dimensions in the 
space. If the item difficulty ratings are unidimensional, P will equal 1 and 
d .. can be expressed more simply as 

1.-J 

d .. 
1.-J 

w .(x .-x .) . 
J J 1.,. 

[2] 

Further, if the items are assigned unit weights, the expression in Equation 2 
becomes 

d .. =(x .-x .) . 
1.-J J 1.,. 

[3] 

If the model and the assumption of unidimensionality are appropriate and 
the average ability level within a group of testees is arbitrarily set at zero, 
a least squares estimate of a single item's difficulty (xj) is found to be 

N 
A 1 'I' d xJ.=N '-' .. 

i=1 1.-J 
[4] 

where N is the number of persons rating the item. Thus, an estimate of an 
item's difficulty is simply the average difficulty rating assigned to that 
item by the individual being tested. 

Similarly, a least squares estimate of xi' the ability level of person i, is 

x. 
1.,. 

1 n 
2:: 

n . 1 J= 

n 
d .. + l 2:: 

1.-J n . 1 
J= 

A x. 
J 

[5] 

where n is the number of items adminstered. An estimate of an individual's 
ability level is thus the average difficulty rating he/she assigns to a set of 
items plus the average item-difficulty in that set. 

Accuracy of ratings-based estimates. The estimates of item difficulties 
and individual ability levels described by Equations 4 and 5 are based solely 
on the testees' ratings of relative item difficulties. In order to determine 
the appropriateness or accuracy of these perceptions, the ratings-based esti
mates of item difficulties and students' abilities were compared to more conven
tional estimates based on the correctness/incorrectness of the testees' conven
tional responses to the test items. 



The ratings-based estimates of item difficulty were correlated with the 
proportion of persons in the present study identifying the correct response 
alternative and also with the normal-ogive estimates of item difficulty (b.) 

J 
based on the item-calibration described in Appendix A. The ratings-based 
estimates of student ability were correlated with traditional number-correct 
scores and maximum-likelihood ability estimates (Betz & Weiss, 1976a) 
based on the normal-ogive parameters of the items. 

Dimensionality of difficulty perceptions. In order to use the simple, uni
dimensional form of the difficulty-perception model described above, the uni
dimensionality of the difficulty ratings must be demonstrated. Because there is 
no definitive test of unidimensionality, an indirect evaluation was necessary. 
McBride and Weiss (1974) suggested four criteria which, if met, constitute sufficient 
evidence of unidimensionality in item-response data. According to the criteria 
suggested, confirmatory evidence of unidimensionality is present when: 1) the first 
common factor of the matrix of inter-item correlations is a general factor account
ing for a large proportion of the common variance and on which all variables load 
highly; 2) the second and subsequent factors account for much smaller and 
essentially equal proportions of the common variance; 3) the item loRdings on 
the first factor are either all positive or all negative; and 4) none of the above 
criteria are satisfied by the analysis of a similar correlation matrix constructed 
from computer-generated random data. Although these criteria were suggested in 
the context of the analysis of item-response data, they are equally applicable 
to the analysis of the difficulty ratings. 

Accordingly, a 4lx41 matrix of product-moment inter-item correlations 
among the difficulty ratings was factor analyzed for each ability group. 
Communalities for each item were estimated by the squared multiple correlati0n 
of that item with all others in the matrix. Factors were extracted by the 
principal axes procedure and the resulting communalities were substituted 
for the prior communality estimates. This procedure continued in an iterative 
fashion until the differences between the two communality estimates were 
negligible. 

Results 

Dimensionality of difficulty perceptions. Evidence of the dimensionality 
of the difficulty ratings is shown in Figures la and lb. These figures show 
the first ten eigenvalues of the inter-item correlation matrix based on the 
difficulty ratings for the low- and high-ability groups, respectively. In both 
figures, the eigenvalues from the analysis of the ratings are represented by a 
solid line, while the dashed line shows those resulting from an analysis of 
comparable, computer-generated random data. 

In both ability groups, the first factor of the real data extracted by 
far the largest amount of variance, while the second factor extracted only 
slightly more variance than did subsequent factors. The first factors extracted 
from the random data, on the other hand, accounted for little more variance 
than other random-data factors. The amount of variance extracted by the second 
and subsequent factors in the real data was similar to that extracted by the 
second and subsequent factors in the random data. 
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Figure 1 
Factor Contributions as a Function of Factor Number for 

the Difficulty Ratings and for Comparable Random Data 

1 

(a.) Low-ability Group 

Difficulty Data 

6 
Factor Number 

7 

(b.) High-ability Group 

Difficulty Data 

8 

Random Data 

l_ __ _;1::::;2::::~::~~::~~~~6~~~7~~~8~~~9~~~l~O Random Data 

Factor Number 
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Table 1 lists the loadings of the items from each test on the first three 
factors extracted from the matrix of inter-item correlations of difficulty 
ratings for that test. Each of the items loaded positively on the first 
factor from that test's data, and the first factor loadings were generally high. 
These data therefore suggest the existence of a "general" factor. Also shown 
in Table 1 are the loadings for the first three factors from the comparable 
random data for each group. For these latter data, the first factor was 
bipolar for both groups; i.e., positive and negative loadings occurred as 
frequently on the first factor as on Factors 2 and 3. In the real data, such 
bipolarity occurred only on the second and subsequent factors. These results 
therefore suggest that for both ability groups, the difficulty ratings may 
be characterized as being unidimensional. 

Accuracy of ratings-based estimates. Because the difficulty perceptions 
appeared to be unidimensional, the difficulty ratings were used in conjunction 
with Equations 4 and 5 to calculate ratings-based estimates of item difficulty 
(x.) and testee ability (x.). The estimates of item difficulties, based solely 

J 1.-

on the difficulty ratings, are shown in Table 2. Table 2 also shows proportion 
correct (p.) and normal-ogive (b.) item-difficulty estimates for each item. 

J J 

In the low-ability group, estimates of item difficulty derived from the 
difficulty perceptions were highly related to proportion-correct and normal
ogive item-difficulty estimates; Pearson product-moment correlations were 
r=-.86 and r=.80, respectively. The relationships between the ratings-based 
difficulty estimates and the estimates based on conventional responses to the 
items were similarly high for items in the high-ability group, with respective 
Pearson product-moment correlations of r=-.94 and r=.85. 

Appendix Table B-2 shows, for each testee, number-correct scores (n.) 
A 'l-

and maximum likelihood estimates of the testee's ability level (8.) based on 
?.-

his/her conventional responses to the items and the corresponding ability 
estimates based on the difficulty perceptions (x.). The Pearson product-moment 

?.-

correlations of the ratings-based ability estimates with the corresponding 
number-correct scores and with maximum likelihood ability estimates were 
r=.55 and r=.56, respectively, for testees in the low-ability group. For persons 
in the high-ability group, comparable correlations were r=.63 and r=.59, 
respectively. 

Difficulty Perceptions of Individual Items 

The second phase of the analysis assessed the relationship between the 
ability levels of testees and the perceived difficulty of a given item. As an 
individual's ability level increases relative to the difficulty level of an 
item, the item should be perceived by the individual as being relatively less 
difficult. As student ability levels decrease in comparison to an item's 
difficulty, the item should appear to the testees as being relatively more 
difficult. Thus, the difficulty rating assigned by a testee to an individual 
item should be dependent upon the discrepancy between the testee's ability 
level and the item's difficulty. 



Table 1 
Item Loadings on the First Three F;tctors for the 

Difficulty-Perception Data and for Comparable Random Data 

Low-Ability Group - High-Ability Group 

Difficulty-Perception Data - Random Data Difficulty~Perception Data Random Data 

Item Factor Factor Item Factor Factor 
Reference Reference 
Number 1 2 3 1 2 3 Number 1 2 3 1 2 3 

2 .73 -.11 -.12 .02 -.11 -.06 2 .62 -.27 .01 .08 -.03 -.05 
4 .81 -.34 .07 .43 -.13 -.01 7 .60 -.38 -.16 .32 .07 .25 
7 .53 -.28 .06 .13 .20 .29 14 .55 -.43 .04 .04 .01 .22 

14 .73 -.20 .21 .17 .14 -.19 18 .33 -.04 -.26 .12 -.00 -.14 
18 .75 -.23 .09 -.36 .OS -.01 19 .47 -.21 .17 -.36 -.09 -.00 
19 .55 -.20 -.18 .32 .22 .02 23 .68 -.35 .09 .19 .14 -.03 
20 .39 -.18 -.01 -.25 -.04 .12 24 .57 -.32 .14 -.14 .02 .06 
23 .73 -.08 .OS -.01 -.05 .24 39 .so -.12 -.11 .02 .OS .12 
24 .67 -.27 -.10 -.12 .24 .24 44 .61 -.09 .15 -.03 .24 .16 
29 .76 -.22 -.01 .15 .32 .16 51 .so -.03 -.19 . 21 .22 -.35 
41 .76 -.28 .15 .27 -.27 .21 56 .65 .13 .11 .21 -.20 -.02 
44 .61 .23 -.28 -.27 -.00 -.11 64 .61 -.42 .13 -.35 -.10 -.08 
51 .63 .08 .08 . 11 .38 -.16 68 .60 -.15 .19 .10 .25 .08 
55 .69 -.16 -.09 .14 -.22 -.15 77 .68 -.29 .09 .16 -.30 .10 
56 .39 . 31 -.19 .15 -.16 . 17 86 .57 -.17 -.33 .15 .08 -.30 I 
62 .63 -.27 -.17 -.09 -.13 -.03 91 .58 .12 .01 -.23 -.13 .27 1.0 

64 .73 -.34 .25 .41 -.18 .12 104 .55 .06 -.25 .30 -.06 .19 I 

68 .61 -.29 .37 -.14 -.02 .14 108 .65 -.21 .03 -.16 -.04 .16 
72 .69 -.27 .23 -.14 -.17 .18 111 .51 .27 -.08 -.03 .14 .20 
77 .70 .OS -.11 .20 -.13 .07 114 .64 .27 -.14 .07 -.07 .15 
78 .74 -.11 -.19 .03 -.16 -.38 115 .42 .25 -.19 .15 -.22 .21 
86 .62 .23 -.15 .09 -.23 .15 120 .62 -.10 .04 .19 -.18 .17 
89 .67 .17 -.15 .02 .20 .27 137 .49 .24 .03 .04 .25 .01 
91 .46 .36 .01 .19 -.10 .32 145 .63 . 17 -.21 .11 -.12 -.06 

108 .68 .02 -.15 .10 .09 .22 147 .49 .14 .24 .07 -.10 -.23 
111 .53 .51 -.16 -.17 .19 .14 154 .55 .08 .04 -.21 .29 -.04 
114 .57 .48 .00 .24 -.07 .06 162 .64 .41 -.08 .13 .18 .13 
141 .61 .11 .02 -.26 -. 12 . 17 167 .46 .21 .18 -.19 .04 .02 
145 .62 .09 -.07 .09 . 21 -.04 174 .43 .09 .11 .09 -.01 .12 
154 .59 .36 -.16 .09 .51 .17 182 .66 -.43 .14 .03 .40 -.21 
162 .33 .47 .25 -.12 .06 .09 188 .54 .28 .21 -.02 .19 .24 
174 .30 .so . 10 -.18 .21 .15 191 .59 -.03 -.10 -.22 .07 .08 
182 .71 -.20 . 19 -.15 .13 .29 217 .43 .39 .10 -.12 .28 .22 
188 .41 .43 .22 .09 .13 .27 253 .17 .34 .34 .03 .13 .04 
191 .67 .03 -.37 .26 .04 .11 302 .52 .35 .19 .24 .02 .00 
192 .58 .25 -.08 -.01 .32 -.13 319 .49 .35 -.11 -.03 .07 -.00 
198 .76 -.08 -.04 .25 -.17 .18 337 .52 .18 .07 .33 -.03 .00 
302 .32 .25 .36 -.00 -.05 .25 359 .34 .16 .43 -.02 -.08 -.18 
337 .32 .24 .09 -.42 -.29 .32 375 .30 .44 .21 -.18 -.17 -.13 
375 .26 .59 .18 .05 .28 -.16 383 .47 .10 -.09 .OS -.09 -.24 
651 . 39 .46 .31 . 12 .12 .02 514 .so .04 -.42 .12 .29 .OS 



-10-

Table 2 
Least-Squares Item Difficulty Estimates Based on the 

Difficulty Perceptions (x.) and Corresponding Proportion-Correct 
J 

(p.) 
J 

and Normal-Ogive (b.) 
J 

Item Difficulty Indices 

Low-Ability Group High-Ability Group 

Item Item 
Reference x. P· b. Reference x. P· b. 

Number J J J Number J J J 

2 -.58 .99 -3.81 2 -.89 • 97 -3.81 
4 -.79 .99 -5.56 7 -1.11 .98 -2.32 
7 -.96 .97 -2.32 14 -1.10 .96 -2.46 

14 -.80 .97 -2.46 18 -.60 .94 -4.24 
18 -.59 .94 -4.24 19 -.95 .91 -3.81 
19 -.83 . 91 -3.81 23 -.97 .99 -3.86 
20 -1.51 .96 -5.76 24 -1.15 .99 -2.37 
23 -.58 .89 -3.86 39 -.45 .90 -3.63 
24 -.83 .99 -2.37 44 -.32 .88 -1.41 
29 -.59 .96 -5.52 51 -.09 . 75 -1.04 
41 -.71 .89 -6.45 56 .39 .47 .13 
44 .06 .76 -1.41 64 -1.29 .99 -2.36 
51 .18 .57 -1.04 68 -.26 .98 -2.48 
55 -.65 .94 -4.95 77 -.75 .94 -3.60 
56 .57 . 32 .13 86 -.24 .82 -1.19 
62 -.94 .99 -4.95 91 -.17 .66 -.20 
64 -.97 .97 -2.36 104 .72 .47 .OS 
68 -.68 .92 -2.48 108 -.36 .75 -1. 16 
72 -. 72 .97 -6.13 111 .72 .34 .94 
77 -.29 .79 -3.60 114 .80 .28 .96 
78 -.55 .92 -4.84 115 1. 23 . 16 2.02 
86 .21 .59 -1. 19 120 -. 35 .37 1. 46 
89 .01 .78 -2.49 137 1.10 .48 -.06 
91 .08 .56 -.20 145 .40 .48 .09 

108 -.20 .57 -1.16 147 . 17 .30 1.47 
111 .74 .19 .94 154 .07 .59 -.12 
114 .83 .16 .96 162 1.09 .21 1.24 
141 -.05 .61 -1.21 16 7 .67 . 41 2.16 
145 . 16 .47 .09 174 .84 .30 1.45 
154 .22 .42 -.12 182 -1.01 .99 -3.83 
162 1. 12 .11 1. 24 188 . 91 .47 -.04 
174 .84 .18 1.45 191 -.30 .89 -1.26 
182 -. 71 .97 -3.83 217 .97 .28 1. 38 
188 1.09 . 31 -.04 253 1.06 .29 1.44 
191 -.16 .76 -1.26 302 .90 .51 .85 
192 .36 .89 -6.52 319 1.09 .21 2.14 
198 -.51 .94 -2.50 337 • 61 .42 1.18 

302 • 93 .58 .85 359 .59 .16 2.07 

337 . 76 .41 1.18 375 1.36 . 31 .93 
375 1.34 .22 .93 383 .94 .34 1.52 
651 .84 .31 .89 514 .63 .43 1. 74 
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Table 3 
Correlations of Difficulty Ratings 

with Ability-Level/Item-Difficulty Discrepancy 
(r) and Dichotomized Item Scores (rb. ) 

1-S 

Low-Ability Group High-Ability Group 

Item Reference r rbis Item Reference r I'b. 
Number Number 1.-8 

2 -.39 -.19 2 -.31 -1.00 
4 -.27 -.67 7 -.44 -.58 
7 -.31 -.30 14 -.33 -.36 

14 -.27 -.28 18 -.21 -.60 
18 -.34 -.24 19 -.28 -.88 
19 -.26 -. 78 23 -.38 -.67 
20 -.28 -.57 24 -.22 -.07 
23 -.37 -.58 39 -.30 -.73 
24 -.27 -.30 44 -.25 -.34 
29 -.40 -1.00 51 -.39 -.55 
41 -.34 -.10 56 -.38 -.75 
44 -.49 -.51 64 -.27 .07 
51 -.49 -.69 68 -.21 .20 
55 -.30 -.30 77 -.36 -.56 
56 -.40 -.67 86 -.49 -.66 
62 -.26 -.75 91 -.44 -.63 
64 -.25 -.15 104 -.44 -.69 
68 -.17 .20 108 -.41 -.49 
72 -.24 -.73 111 -.38 -.47 
77 -.39 -.47 114 -.42 -.41 
78 -.56 -.05 115 -.29 -.56 
86 -.56 -.66 120 -. 31 -.33 
89 -.49 -.85 137 -.28 -.61 
91 -.34 -.23 145 -.41 -.48 

108 -.43 -.40 147 -.13 -.22 
111 -.43 -.32 154 -.33 -.38 
114 -.43 -.47 162 -.49 -. 72 
141 -.41 -.48 167 -.23 -.33 
145 -.37 -.16 174 -.18 -.18 
154 -.51 -.62 182 -.30 .22 
162 -.21 -.23 188 -.48 -.65 
174 -.23 -.22 191 -.41 -.60 
182 -.27 -. 30 217 -.23 -.39 
188 -.28 -.50 253 .11 -.20 
191 -.44 -.52 302 -.31 -.43 
192 -.40 -.25 319 -.41 -.61 
178 -.35 -. 76 337 -.39 -.49 
302 -.03 -.37 359 -.01 .14 
337 -.19 -.44 375 -.15 -.33 
375 -.10 -.06 383 -.36 -.40 
651 -.18 -.30 514 -.50 -.45 
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Method of Analysis 

The normal-ogive testing model permits the estimation of individual ability 
levels and item difficulty levels on a common metric. Thus, an estimate of the 
discrepancy between an individual's ability level and an item's difficulty is 
8.-b., where 8. represents the ability level of person i,and b. represents the 
~ J ~ J 

difficulty of item j. 

To asses~ the relationship between the ability-level/item-difficulty 
discrepancy (e.-b.) and the testee's difficulty perception for a single item 

~ J 
(d .. ), the Pearson product-moment correlation (r) between S.-b. and d .. was 

~J ~ J ~J 
computed for each item. Because the estimate of e. and the estimate of b. 

~ J 
are fallible and because it is possible that testees' perceptions are more 
directly related to whether or not they can answer the item correctly than to 
e.-b., the biserial correlation (rb.) between the testees' item scores 
~ J ~s 

(0 if incorrect, 1 if correct) and their difficulty perceptions was also computed. 

Results 

A 

Table 3 shows the correlations of the e.-b. discrepancy and the difficulty 
~ J 

ratings, d .. , for items on both tests. The median correlations were -.34 for 
~J 

the low-ability group and -.33 for the high-ability group. Correlations 
ranged from -.56 to -.03 for the low-ability group and from -.50 to -.11 for 
the high-ability group. 

Table 3 also shows the biserial correlations of the item scores and the 
difficulty ratings for each test item. The median biserial correlations were 
-.40 and -.48 for the low- and high-ability groups, respectively. These 
correlations ranged from -1.00 to .20 for the low-ability group and from -1.00 
to .22 for the high-ability group. 

Perceptions of Appropriate Item Difficulty 

Adaptive testing procedures generally tailor a test such that item diffi
culty parameters are somewhat near the estimated ability level for a given 
testee, i.e., so that e.-b. approaches zero. Although these items may be 

~ ,] 
"about right" in difficulty from a psychometric standpoint, they may not be 
"about right" from the individual testee's point of view. The third phase of 
the analysis was designed to determine the testee-ability/item-difficulty 
discrepancy for an item which was perceived by the testee as being "just about 
right " for hiin/her. 

Method of Analysis 
A 

For each test item, an average e.-b. was computed for those persons giving 
~ J 

the item rating of "C", indicating that they perceived the difficulty of the 
item as "just about right 11 for them. 
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Results 
A 

Table 4 shows the average G.-b. discrepancy of subjects assigning "C" to the item 
1.-- J 

for each of the items on the two tests. It is obvious from the data in Table 4 that 
the "about r>ight" perceptions differ greatly from item to item. 

Positive values of these mean discrepancies indicate that an item was 
perceived as "about r>ight" when the difficulty level of the item (b.) was, on 

A J 
on the average, below the testees' estimated ability level (8.). For the low-

"-
ability group, 28 of the 41 items had positive mean discrepancies; these 
discrepancies ranged from .34 to 5.77. For the high-ability group, 20 of the 
41 items had positive mean discrepancies, ranging from .14 to 4.04. 

Negative values indicate a judgment of "about right" for items which are 
above a testee's ability level. For the low-ability group, these ranged from 
-.31 to -2.04. For the high-ability group, the range was -.06 to -2.44. 

The average signed mean discrepancy was 1.358 for the low-ability testees 
and .2899 for the high-ability testees. These averages are somewhat ambiguous 
because differing numbers of testees contributed to the computation of means 
for individual items. The overall mean discrepancies judged to be "about 
r>ight", weighted by the number of persons upon which each item mean was based, 
were 1.703 and .466 for the low- and high-ability groups, respectively. 

Discussion 

Least squares estimates of item difficulties, based on the difficulty 
ratings assigned to the items and the unidimensional difficulty-perception 
model, were closely related to difficulty indices based on conventional 
responses to the items. Thus, students were able to accurately perceive 
the relative difficulties of a set of test items. There was some suggestion 
in the data that high-ability testees perceived item difficulties relatively 
more accurately than did low-ability testees. 

Similarly, ratings-based ability estimates corresponded relatively well 
with more traditional ability estimates. Because these ratings-based ability 
estimates were essentially an average of the difficulty ratings assigned to the 
items, the positive -correlations between these estimates and, for instance, 
the number-correct scores indicate that as ability levels increased, the items 
were rated as being relatively less difficult, on the average. 

The correlations between the ratings-based ability estimates and the number
correct scores also indicate that testees can, with a fair degree of accuracy, 
perceive how well they have performed on an ability test. The correlations of 
.55 for the low-ability group suggests that students in this group were slightly 
less able to perceive their ability levels as assessed by number-correct scores 
than were testees in the high-ability group, where number-correct scores and 
ratings-based ability estimates correlated .63. In general, however, the 
magnitude of the relationships between the difficulty ratings and objective 
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Table 4 
Mean Signed Discrepancy by Item Between Testee Ability and 

A 

Item Difficulty (0.-b.) 
1.- J 

for Students Rating 

an Item "Just About Right for [me]," for Two Ability Groups 

Low-Abilit~ GrauE High-Ability GrauE 
Item Item 

Reference Mean Number of Reference Mean Number of 
Number Discrepancy Students Number Discrepancy Students 

2 2.87 so 2 3.38 60 
4 4.63 48 7 1.52 47 
7 1.24 36 14 1.68 51 

14 1.47 46 18 4.04 58 
18 3.37 53 19 3.29 39 
19 2.73 42 23 3.16 61 
20 4.03 8 24 1.85 43 
23 2.97 54 39 3.29 76 
24 1.44 46 44 1.15 101 
29 4.54 so 51 .79 90 
41 5.54 49 56 -.06 59 
44 .75 52 64 1.77 34 
51 .36 49 68 2.01 82 
55 3.94 60 77 2.96 76 
56 -.75 35 86 .77 60 
62 4.00 38 91 -.29 73 
64 1. 37 39 104 .14 32 
68 1.46 53 108 .85 78 
72 5.13 42 111 -.88 48 
77 2.66 60 114 -.87 48 
78 3.88 62 115 -1.85 11 
86 .61 37 120 -1.92 88 
89 1.69 51 137 .42 31 
91 -.82 53 145 -.26 77 

108 .34 54 147 -1.80 84 
111 -1.49 32 154 -.15 95 
114 -1.25 32 162 -.75 26 
141 .so 55 167 -2.44 51 
145 -.73 43 174 -1.37 46 
154 -.59 63 182 3.16 55 
162 -1.45 14 188 .29 32 
174 -2.04 26 191 .94 73 
182 2.90 61 217 -1.31 38 
188 -.31 14 253 -1.99 27 
191 .46 49 302 -.96 40 
192 s. 77 47 319 -1.59 29 
198 1.59 57 337 -1.29 63 
302 -1.22 20 359 -2.35 42 
337 -1.66 35 375 -.62 15 
375 -1.37 11 383 -1.20 49 
651 -1.59 29 514 -1.64 56 

Mean 1.36 .29 
S.D. 2.26 1.84 
Weighted Mean 1. 70 .47 
S.D. 2.28 2.05 



-15-

estimates of item difficulty and between the ratings and estimates of testees' 
abilities indicates that testee perceptions of test difficulty and their 
test performance are, at least generally, accurate. 

The second phase of the analysis showed that for an individual item, 
however, there was relatively little relationship between testee perceptions 
of item difficulty and testee-ability/item-difficulty discrepancies or the item 
scores. The median proportions of variance accounted for by the linear rela
tionship between the e.-b. discrepancy and the difficulty perceptions (r 2

) 
1- J 

were only .12 and .11 for the two ability groups. The median proportions of 
variance accounted for by the relationship between th~ dichotomized item scores 
and the difficulty perceptions rb2 • were .16 and .23 for the two groups. 

1-S 

In these latter data, however, there again seems to be a difference in favor of 
the high-ability group in that their difficulty perceptions were more highly 
related to their test behavior. 

The finding most relevant for the design of ability-testing procedures was 
that items which were judged by the testees to be "about right" in difficulty 
were not necessarily "about right" from a psychometric point of view. These data, 
in fact, show that testees perceived items that were somewhat below their ability 
levels as being, on the average, about right for persons of their ability level. 
In the case of the low-ability students, the items perceived as appropriate had, 
on the average, normal-ogive difficulty parameters which were over 1.5 standard 
deviations below the testees' maximum likelihood ability estimates. The high
ability students judged items as "about right" if, on the average, they were 
about one-half standard deviation below their ability levels. Low-ability 
students tended to judge items as "about right" in difficulty when the items 
were below their ability levels; the high-ability students divided their "about 
right" judgements equally between items which were psychometrically too easy and 
those which were psychometrically too difficult. 

Conclusions 

These data show that students' perceptions of the relative difficulties of 
a set of ability test items are quite accurate, but that their perceptions of 
the difficulties of individual ability-test items are only moderately accurate. 
The data also suggest that the ability level of the testee has some effect on 
difficulty perceptions. Ability level also is related to the accuracy of 
perception of a testee's own test score. Thus, testees of different ability 
levels seem to encounter a different psychological environment when interacting 
with an ability test. This conclusion is further supported by the students' 
perceptions of the items which are "about right" for their ability levels. 

The psychometric and the psychological effects of adapting an ability test 
to a level where the testee perceives the test difficulty as "about right" 
should be studied. Adaptive testing strategies usually tailor a test such that 
the estimated difficulty of each item administered is close to the current 
estimate of an individual's ability level. In adapting a test to ensure that 
item difficulties are psychometrically optimal, these strategies may also, in 
effect, be tailoring the test so that all of the items are perceived by testees 
as being too difficult for persons of their ability level. The psychological 
effects of such a procedure should be investigated more fully. 
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APPENDIX A 

Item Calibration Procedures 

Initial Item Parameter Estimates 

The item parameterization procedures that were used assumed a normal-ogive 
latent trait model and the existence of a bivariate-normal joint-distribution 
of 8 (levels of the latent ability) and x (the continuous variable assumed to 
underlie the dichotomous item responses). Given these assumptions, discrimina
tion (a) and difficulty (b) parameters may be defined by Equations 6 and 7, 

a. 
J 

Pex.f\11-(Pex.)z 
J J 

[6] 

yj/Pex. 
J 

b. 
J 

[7] 

where Pex. is the correlation between individuals' ability levels (e) and their 
J 

scores (x) on item j. 

y. is the z-score above which lies the proportion of testees in the pop
J 

ulation knowing the correct answer to item j (Lord & Novick, 1968). 

In order to estimate Pej' the biserial correlation (rj) between testees' 

ability levels and their dichotomized item scores was found by first estimating 
the point-biserial correlation (r.) between ability levels and dichotomous item 

J 
scores by Equation 8, based on data reported by McBride and Weiss (1974), 

r. = ex - x) \lcp.)(1-p.)/s 
J + - J J X 

[8] 

where x+ is the mean number-correct score of persons correctly answering item j, 

x is the mean number-correct score of persons incorrectly answering item j, 

p. is the proportion of persons correctly answering item j, 
J 

s is the standard deviation of number-correct scores for the total 
X 

group answering item j. 

The biserial coefficient was then computed using the transformation in Equation 9, 

r. 
J 

r. v'cr .) o-r.) 
J J J 

¢[z .] 
J 

[ 9] 
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where z . is the z-score above which lies the proportion of testees in the 
J norming sample correctly answering item j (p.), 

J 

¢[z.] is the density of a normal probability density function at z .. 
J J 

Because a testee could answer an item correctly simply by random guessing 
on these 5-alternative, multiple-choice items, a guessing parameter (c) was 
defined for each item by Equation 10. 

c .=1/n. 
J J 

[10] 

where n. is the number of response alternatives on item J·. 
J 

In order to account for guessing when the initial a and b parameters used 
to construct the tests described in this report were derived, the estimate of 
Pe (r.) computed in Equation 9 was modified according to Equation 11, 

xj J 

r~=r ./(1-c .) . 
J J J 

[11] 

The estimate of Pex. resulting from Equation 11 (r~) was restricted to 
J J 

the interval from -1.0 to +1.0 and used, along with z. (as an estimate of y.), 
J J . 

to calculate values of a and b for each item using Equations 6 and 7. The 
resulting values of a. were then restricted to the interval from -3.0 to +3.0. 

J 
The restrictions on P~ and a. thus affected both the values of the a and b 

J J 
parameters but the effects of the restrictions were not necessarily consistent. 

Revised Item Parameter Estimates 

The item parameter estimates derived from the above procedures were used 
to select items for the tests administered in this study. In the time interval 
between the construction of the tests and the analysis of the data, it became 
apparent that certain revisions to these item parameter estimates were necessary 
for each item. Thes~ revised estimates were computed for all 569 items in the 
pool from which items for this study were selected. 

In computing the revised estimates of a and b used to analyze the present 
data, the proportion of testees who actually knew the correct answer to an item 
(p~) was estimated from the proportion of testees in the population who actually 

J 
answered the item correctly (p.) and the estimate of c., using Equation 12, 

J J 

p~= (p.-c.)/(1-c.). 
J J J J [12] 



-20-

An estimate of p 
8 

suggested x. by Urry (1975) was then computed by Equation 13, 
J 

r. \l(p .) {1-p.) 
J .1 J [13] 
(1-c .) tjl[z~] 

J J 

where z~ is the z-score above which lies the proportion of testees in the sample 
J who were estimated to actually know the answer to item j (p:), 

J 

~[z~] is the density of normal probability density function at z~. 
J J 

This estimate of p
8 

was then used, along with p~ as an estimate of y., 
X. J ~ 

J 
in Equations 6 and 7 to calculate the revised a and b parameters. If p.<c._, 

J J 
If \ 2rj\>.9486833, 2rj was set equal to .9486833 Pj was set equal to .001. 

with the appropriate sign. 
-3.0 to +3.0 and influenced 

This restricted the a-values to the interval from 
the b-values through Equation 7. 

This latter procedure2 differs from that suggested by Jensema (1976) only 
in that Jensema chose to remove each item from the computation of the test 
score estimating 8 during the computation of that item's parameters. For test 
scores based on large numbers of items, the effects of this exclusion should be 
negligible. 

Comparison of Original and Revised Item Parameters 

For items in the pool with b parameters between ±3.0, Figure A-1 presents 
the bivariate plot of the original and the revised b parameters. As Figure A-1 
shows, the revised b estimates were closely related to the original b-values 
(Pearson product-moment r=.98). The bivariate plot of original and revised 
a-values is shown in Figure A-2. As this figure shows, the revised a-values 
were not as closely related to the original a-values (Pearson product-moment 
r=.74) as were the revised b-values. 

To determine the effects of the revised item parameters on ability estimates 
computed using those parameters, maximum likelihood ability estimates were 
computed using both sets of item parameters for the 185 CLA students involved 
in this study. The bivariate plot of the two sets of maximum likelihood ability 
estimates is shown in Figure A-3. The resulting Pearson product-moment corre
lation of .96 indicated that the ability estimates did not differ greatly depending 
on whether the original or revised normal-ogive item-parameter estimates were 
used. This high correlation suggests that essentially the same conclusions 
would be drawn in this study from the use of either the original set of item 
parameters or the revised set of parameter estimates based on Urry's (1975) 
correction procedure. 

2 These procedures were suggested by James B. Sympson of the University of 
Minnesota. 
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APPENDIX B 

Table B-1 
Order of Administration and Normal Ogive Discrimination (a) and 

Difficulty (b) Parameters for Items on Tests for the Low- and High-Ability Groups 

Low-Ability Group High-Ability GrouE 
Item Reference Item Seguence Item Parameters Item Reference Item Seguence Item Parameters 

Number A B c D a b Number A B c D a b 

2 11 32 37 16 .517 -3.810 2 41 7 27 21 .517 -3.810 
4 24 24 10 38 . 397 -5.561 7 39 8 26 22 3.000 -2.324 
7 3 3 3 3 3.000 -2.324 14 22 26 8 40 2.208 -2.461 

14 40 9 25 23 2.208 -2.461 18 1 1 1 1 .483 -4.241 
18 41 7 27 21 .483 -4.241 19 28 20 14 34 .710 -3.808 
19 16 37 32 11 .710 -3.808 23 18 39 30 9 .713 -3.862 
20 1 1 1 1 .381 -5.764 24 30 18 16 32 1. 749 -2.366 
23 22 26 8 40 .713 -3.862 39 5 5 5 5 .347 -3.625 
24 13 34 35 14 1. 749 -2.366 44 32 16 18 30 1.145 -1.412 
29 25 23 11 37 .323 -5.521 51 27 21 13 35 1.432 -1 .043 
41 7 28 41 20 .272 -6.450 56 34 14 20 28 1.109 .135 
44 15 36 33 12 1.145 -1.412 64 23 25 9 39 3.000 -2.363 
51 34 14 20 28 1.432 -1.043 68 15 36 33 12 1.014 -2.479 
55 29 19 15 33 .288 -4.953 77 10 31 38 17 .442 -3.602 
56 17 38 31 10 1.109 .135 86 7 28 41 20 .887 -1. 189 
62 18 39 30 9 .426 -4.952 91 25 23 11 37 1.132 - .197 
64 39 8 26 22 3.000 -2.363 104 3 3 3 3 .944 .050 
68 6 6 6 6 1.014 -2.479 108 8 29 40 19 .536 -1.155 
72 5 5 5 5 .274 -6. 134 111 33 15 19 29 .822 . 936 
77 32 16 18 30 .442 -3.602 114 36 12 22 26 3.000 .960 
78 9 30 39 18 .437 -4.843 115 2 2 2 2 3.000 2.023 
86 23 25 9 39 .887 -1. 189 120 38 10 24 24 3.000 1.464 
89 35 13 21 27 . 721 -2.493 137 6 6 6 6 .499 - .056 
91 30 18 16 32 1.132 - .197 145 3: 13 21 27 . 791 .086 

108 33 15 19 29 .536 -1.155 147 17 38 31 10 .825 1.469 
111 19 40 29 8 .822 .936 154 26 22 12 36 .872 - .124 
114 8 29 40 19 3.000 .960 162 31 17 17 31 3.000 1. 245 
141 38 10 24 24 .478 -1.208 167 24 24 10 16 .416 2.155 
145 10 31 38 17 . 791 .086 174 16 37 32 11 3.000 1.455 
154 31 17 17 31 .872 - .124 182 11 32 37 16 .703 -3.833 
162 37 11 23 25 3.000 1. 245 188 21 27 7 41 .970 - .036 
174 36 12 22 26 3.000 1.455 191 37 11 23 25 1. 749 -1.257 
182 21 27 7 41 .703 -3.833 217 12 33 36 15 1. 249 1. 384 
188 26 22 12 36 .970 - .036 253 14 35 34 13 2.321 1. 443 
191 12 33 36 15 1. 749 -1.257 302 19 40 29 8 .845 . 846 
192 20 41 28 7 .267 -6.518 319 40 9 25 23 3.000 2.138 
198 14 35 34 13 .801 -2.503 337 9 30 39 18 3.000 1. 181 
302 2 2 2 2 .845 .846 359 29 19 15 33 3.000 2.066 
337 4 4 4 4 3.000 1.181 375 20 41 28 7 .832 . 934 
375 27 21 13 35 .832 .934 383 13 34 35 14 2. 111 l. 518 
651 28 10 14 34 1. 087 .885 514 4 3 4 4 1.158 1 . 7 41 
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Table B-2 

Least-Squares Estimates of Testee Ability based on the Difficulty Perceptions <J\l 
with Corresponding Number-Correct Scores (ni) and Maximum Likelihood Ability Estimates (8i) 

Low-Ability Group (N=116) High-Ability Group (N=185) 

. r_,. n. e_. "' "· e . :r. n. e. x. "· A. x. Y:. 
~ "'i 1. 1. 1. ~ ~ 1. '" ." '- 1. " 

.30 30 -.12 .08 27 -1.35 .22 28 .25 -.66 22 -.83 .05 28 . 17 
1.00 40 1.80 .08 27 -.96 .36 24 -.56 . 34 18 -1 .12 . 51 29 .99 
-.17 19 -2.13 -.36 19 -2.57 -.34 21 -.37 -.98 12 -1.80 -.30 24 -.02 
-.26 28 -1.54 1.10 34 .01 -.05 20 -1.92 .41 24 .00 -.32 25 -.28 

.32 28 -1.20 -.29 28 -.51 -.78 18 -1.03 .46 26 .51 .36 28 -.01 

.42 31 -.01 1. 37 39 1.41 -.64 20 -.46 -.22 22 -.14 -.03 21 -.15 
-44 21 -1.93 .08 29 -1.17 -.08 23 -1.05 -. 71 21 -1.11 .02 18 -.95 

-.24 29 -1.04 .56 27 -.92 .14 29 .43 1. 31 31 1.13 .05 25 -1.50 
-.41 26 -1.43 -.53 29 -.69 -. 17 19 -.91 -.25 25 -.00 -.49 25 -.56 
-.19 31 -.27 -.14 27 -.92 -.15 27 .51 -.22 17 -1.83 -.54 18 -. 76 
1.08 32 -1.04 1. 27 34 .00 .39 22 -.68 -.32 24 -.35 .07 19 -1.18 
-.14 27 -.84 -.41 29 -.95 .63 27 -.01 -.47 18 -1.68 .24 17 -1.13 
-.51 24 -1.79 -.34 27 -.44 -.56 20 -.90 -.27 23 -1.40 -.22 30 .30 

.17 30 -.39 1.49 34 .18 . 17 17 -1.21 -.20 17 -1.20 -.88 20 -1.11 
-.58 28 -1.17 -.12 24 -1.75 . 61 25 -.04 . 39 25 .01 .02 22 -.96 
-.24 31 -.14 .37 31 -.25 -.32 22 -.76 .70 28 .00 -.12 23 -.82 
-.14 30 -.53 -.19 28 -1.09 -.12 28 .45 .36 27 .10 . 19 28 .oo 

.13 25 -1.41 -.17 26 -1.99 -.27 17 -1.86 -1.12 24 -.41 .92 24 -.04 
-.14 32 .01 -.12 37 .92 -.25 22 -.13 . 12 25 -.42 .02 17 -.97 
-.31 24 -1.75 .17 32 -.01 -.20 21 -1.06 -.20 21 -.43 -.76 20 -.71 
-.09 31 -.45 1.13 35 .36 .19 28 -.24 .10 33 1.42 .51 36 1. 31 

. 13 31 -.24 -.41 29 -1.03 -. 37 16 -1.55 ... 93 18 -1.13 .97 30 1.00 
1.03 40 1. 47 .10 28 -1.45 .29 30 .20 .78 29 . 95 .44 30 .64 
-.39 23 -1.93 -.63 21 -2.31 1. 36 37 1. 85 .34 26 .12 -.03 15 -1.45 
-.09 31 -. 76 -.29 27 -. 97 -.39 23 -.63 -.49 22 -.25 . 34 21 -.53 
1.13 34 .01 -1.44 15 -2.53 .14 18 -2.78 -.20 29 .58 .70 25 .00 

. 37 29 -.12 -.26 32 -.01 -.00 35 1.41 -.10 28 .05 -.56 16 -1.19 
-.68 27 -1.08 -.46 29 -1.01 1. 83 39 1. 96 .56 21 -1.23 -1.05 17 -2.13 
-.80 23 -1.93 -.02 23 -1.88 -.27 21 -.68 .95 32 1.20 1.00 33 1. 30 
-.56 28 -.93 -.09 30 -.21 .29 25 -.01 .19 28 .99 .49 ?7 -.01 
-.14 27 -.85 .10 32 -.21 -.73 19 -1.27 1.02 39 2.19 -.66 19 -.92 
-.14 23 -1.78 -.34 29 -.81 -.17 21 -.99 .05 22 -.56 -1.03 19 -.87 

.13 32 -.31 .15 29 -.88 -.61 22 -.59 .46 21 -.32 . 36 24 -. 17 
-.36 28 -1.80 -.02 28 -.so .34 20 -1.52 .39 27 .14 -.30 25 -.64 
1. 20 34 .01 -.31 33 .01 .58 37 1.90 .46 30 1. 17 -.95 21 -.92 
-.29 29 -. 60 -.12 25 -1.27 . 34 36 1.77 .34 37 1.61 .02 29 .89 
-.22 30 -.62 1. 25 36 . 78 -.49 23 -.67 .14 24 -.81 -.17 23 .00 

.15 30 -.44 -.70 33 -.83 -.39 23 -.33 -.81 22 -.61 -.03 26 -.00 
-.75 22 -1.82 .17 28 -.94 -.22 17 -1.66 .07 26 -.41 .56 24 -.49 

.74 29 -.22 -1.78 23 -1.85 .22 20 -. 79 -.03 19 -1.36 -. 71 24 -.52 

.03 30 -.46 -.29 30 -.33 -.56 18 -1.13 . 2 7 29 .28 -.61 21 -.36 

.47 29 -.28 .86 33 .12 -.05 29 1.02 -.76 22 -. 79 .10 23 -.I 7 
-.29 26 -2.26 1.03 31 -.15 -.25 22 -.71 1.41 34 1. 22 . 31 28 -.23 
-.05 31 -.68 .71 32 -.11 -.32 20 -.80 . 14 38 2.28 .29 ?" .18 .! 

-.07 25 -I. 31 -.24 28 -1.23 1.02 34 1.46 -.00 32 1. 37 -.25 19 -1.99 
. 74 31 -.31 .13 25 -1.17 .14 30 .17 -.27 26 -.22 1. 34 37 2.07 

-1.12 29 -.37 -.78 24 -1.73 .02 20 -.49 -.37 30 .99 -.08 28 .87 
.15 29 -.35 -.75 25 -1.43 -.66 20 -.65 -.73 17 -1.44 .02 18 -1.11 
.20 26 -1.36 -.05 31 -1.13 . 17 29 .48 -.05 19 -.73 -.20 21 -.60 
.59 31 -.01 .4 7 25 -I. 63 .58 34 1.43 -.20 24 -.41 .10 27 -.13 

-.56 21 -2.34 -.17 32 -.00 -.81 10 -2.55 -.59 18 -1.30 .39 18 -1.06 
-.51 39 1. 25 -.46 25 -2.00 -.17 23 -.48 .27 35 1. 50 . 14 IS -2.04 

.17 18 -2.28 .98 36 1.00 -.39 19 -.94 .68 35 1. 50 -.03 26 -.00 
-.44 30 -.20 . 17 30 -.41 -.20 29 .10 . I 7 31 1.05 .29 24 -.42 
-.36 33 .10 -.24 31 -.20 .56 40 2.49 -.54 19 -. 77 -.64 23 -.19 
-.78 24 -1.70 .27 34 .00 .02 27 -.00 . 73 30 1.01 .12 25 -.48 

.13 27 -1.14 -.51 32 -.75 -.54 24 .14 .44 35 1. 07 .07 28 . 93 
-.24 21 -1.97 .08 21 -2.00 -.10 29 . 75 -.42 24 -.49 .07 27 .20 

.58 26 -.23 -.20 23 -. 39 -. 12 23 -.08 
-.54 20 -.45 .41 19 -1.33 -.42 20 -.72 
-.56 17 -I. 70 . 51 24 . 12 -.10 23 -. 89 

.19 35 1. 90 1.19 30 1.33 
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A RAPID ITEM-SEARCH PROCEDURE FOR BAYESIAN ADAPTIVE TESTING 

In recent years, a number of strategies for administering adaptive tests 
have been developed. Among the more elegant of these is the strategy developed 
by Owen (1969, 1975). This strategy is based on a statistical model developed 
from Bayes' theorem (Phillips, 1973) and modern test theory (Lord & Novick, 1968). 
At the beginning of test administration under this strategy, an initial estimate 
of the testee's ability is needed. This is operationalized as a mean (reflect
ing the test administrator's estimate of a testee's ability level) and a 
variance (reflecting the confidence the administrator places on the estimate) 
of a normal-shaped prior ability distribution. In the absence of any prior 
information about the testee, the prior distribution may be simply the 
distribution of ability in the population from which the testee was sampled. 

During the course of testing, the goal of Owen's strategy is to refine the 
initial ability estimate. Given the prior distribution, this goal is approached 
by choosing as the first item to administer the item in a pool of items that 
is expected to best refine the ability estimate. Having administered this item, 
a new ability estimate is calculated from the prior ability distribution and the 
item response. This posterior distribution then becomes a new prior distribution, 
and the process of item selection, administration, and scoring is repeated. The 
process continues until either a certain degree of refinement is attained or a 
pre-specified number of itemshavebeen administered. 

Because of the complicated calculations required as each item is administered, 
Owen's Bayesian adaptive testing strategy must be administered by computer. 
However, the amount of calculation required between items is still great enough 
that substantial time delays may occur between items. This is due partially 
to the calculations required to refine the ability estimate after each item is 
administered. But to a much greater extent, it is due to the inefficient 
procedure suggested by Owen for finding the most appropriate item to administer. 
Since Owen's item-search procedure works best with large item pools (Urry, 1971), 
and because the time it requires increases with increasing item-pool size, 
the search time required to select the appropriate item at any stage will be 
large for properly constituted item pools. Although delays between item admin
istrations will have no direct effect on the psychometric properties of the 
procedure, they might well introduce undesirable psychological effects on test 
scores (e.g., Betz & Weiss, 1976a, 1976b). 

This paper reviews the conceptual and mathematical bases of Owen's item
search procedure and proposes a more efficient and much faster technique that 
is particularly useful with large item pools. 

Owen's Original Procedure 

At each stage of the testing process, Owen's strategy seeks to administer 
that item which minimizes the expected variance of the posterior ability distri
bution. This may be accomplished by minimizing what Owen refers to as the beta 
(S) function. 



-2-

Where i indexes an item, let: 

a. - normal ogive discrimination index of item t-, 
"t 

b. - normal ogive difficulty index of item i, 
"t 

c. - probability of a correct response due to random 
"t guessing on item i, 

~0 _ mean of the hypothesized normal prior ability distribution, 

a2 
- variance of the hypothesized normal prior ability distribution, 

0 

and 

Then: 

x- 1 = ~(1-ERFN(D}), 

ERFN(x) = ~-~x 
0 

-t2 dt 
e 

[1] 

[2] 

[ 3] 

ai' bi, ci' ~0 , and a~. When searching 

for an item, the prior distribution and, thus, ~0 and a~, are constant. For 

convenience, c. is also usually assumed to be constant. Therefore, when searching 
"t 

B. is a function of five variables: 
"t 

for an item to administer, B. is a function of only a. and b .. 
"t "t "t 

Figure 1 is a plot of the values of the beta function for 313 items from a 
real item pool plotted as a function of a and b with ~ , a 2 and c respectively 

0 0 

fixed at 0, 1, and .2. Given a finite pool of items such as this, Owen suggested 
calculating the beta value for each item and choosing the item for which that 
value was a m1n1mum. This amounts to (symbolically) generating a plot like that 
shown in Figure 1, and choosing the item corresponding to the lowest dot. 

With a pool of 500 items, Owen's search procedure may require over five 
seconds of computer time for each item selected on a relatively sophisticated 
minicomputer. This is equivalent to over five minutes of computer time just to 
select items for a 60-item test. In a simulation study such as that reported by 
McBride and Weiss (1976), selecting items for the 15,000 simulated subjects 
needed to calculate one information curve would take over two weeks of computer 
time if a real item pool were used. Obviously, some refinement in the search 
procedure would be welcome, for use in both live-testing studies and computer 
simulation studies with real item pools. 

A More Efficient Search Procedure 

Conceptualization 

In Figure 1, it may be noted that the low dots (i.e., items) appear in one 
area of the plot and that the dots get higher as a function of the distance from 
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Figure 1 
Beta Values of 313 Test Items with~ =0 a 2 =1.0, and c=.2 

0 , 0 

8 

b -3.0 
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that area. If Figure 1 is viewed as a continuous plot of the beta function, 
for every value of a, there is one value,M,of b for which B is minimum. B appears 
to be a monotonic increasing function of lb-Mj, and a monotonic decreasing 
function of a. These observations can be combined to create a more efficient 
item-search strategy. 

The best item for minimizing beta will be a highly discriminating item with 
difficulty of b=M. Therefore, an efficient item search should begin at the 
point where b=M and a is at the upper bound of item discrimination in the pool. 
The search could then proceed by first evaluating items close to that point and 
then working outward, while keeping track of the beta value of the best item 
yet found. The search should end when no item in the area of the plot yet 
unsearched could possibly have a lower beta value than the currently best item. 

The point at which no possibly better items remain can be determined, 
conceptually at least, by plotting an iso-beta contour (a curve described by the 
intersection of a plane parallel to the a-b plane with the beta surface, like 
the curve shown in Figure 2) through the currently best item. All points within 
the curve have lower beta values than any points outside the curve. Therefore, 
when all the area inside the curve has been searched, no better items will be 
found. 

Unfortunately, a digital computer is not equipped to handle this conceptual 
graphic search very well, so a discrete approximation must be implemented. This 
is accomplished by blocking the a x b item-pool plot into rectangles and searching 
the rectangles one at a time. Figure 2 shows an item pool plot so divided with 
each block numbered for ease of reference. 

Example 

The search procedure was implemented in the blocked item pool shown in 
Figure 2. With~~ a2 ~ and c defined as before, when M was evaluated at a=2.8 

0 0 

(the a-value of the most discriminating item in this pool), M=-.274; thus, the 
search began in block 3, which contained two items, the better item having a beta 
value of .440. The conceptual iso-beta contour is plotted through this item in 
Figure 2. The boundary values of beta at b=-1.0 with a=2.8 and 2.4 were evalu
ated, and it was determined that all lower blocks in row 1 (blocks 1 and 2) fell 
outside the iso-beta contour and thus were not searched. The upper boundaries of 
block 3 were then evaluated and block 4 was searched. No better items were 
found in block 4. The upper boundaries of block 4 were evaluated, and it was 
determined that no higher blocks in row 1 could contain better items, so they 
were not searched. 

Next, a new value of M, with a fixed at 2.4, was calculated to be -.280, 
and block 9 was searched but no better items were found. The upper boundary of 
block 8, at b=-1.0, and the lower boundary of block 10, at b=O.O, were evaluated. 
These boundaries were both outside the iso-beta contour and therefore, no more 
blocks in this row were searched. A new value of M was calculated at a=2.0 
and the beta at that point was found to be .453, a value higher than that of 
the currently best item. Since this was the minimum value of beta that could 
be obtained with items of a=2.0 or less, the remainder of the item pool was 
not searched. In all, three of the 36 blocks were searched. 
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Figure 2 
A Blocked Item Pool 
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Mathematics Necessary for the Procedure 

M is found by setting the first partial derivative of B with respect to b 
equal to zero for the given value of a. 

Let: 

F=(l-c) - 1 (l+a - 2a- 2 ) 
0 

H=[c+(l-c)K- 1 ]e
202

. 

Then: 

f . d d 2 F . For 1xe a, c, an a , 1s a constant. 
0 

an 1 

ab = Y2(a-2 + 

Expanding and rearranging: 

(
4DeD

2 

+ 
1 

) + -
1
- (c-1)) , 

Vn (1-K- 1 ) Vn 

which is equal to zero if and only if 

Therefore: 

Q=([c+(l-c)K- 1 ](4Def'
2 

+ 
1 

_ ) +~ ~ (c-1)) 
Vn (1-K 1) yTI 

is equal to zero. 

[5] 

[6] 

[7] 

[8] 

[9] 

[10] 

[ 11] 

[12] 

[13] 
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as The root of Q at which ab = 0 and B is a minimum can easily be found using 

the Newton-Raphson iteration. The derivation of Q needed in the procedure is 
given below. 

Let: S=(c + (1-c)K- 1
) 

1 
Q=ST + y'7f (c-1) 

aQ =saT + TM
ab ab ab 

aT 
'db = 

Block Size 

[14] 

{15] 

[16] 

[17] 

[18] 

[19] 

Using (~-c) as the initial value of b, the Newton-Raphson procedure typi-
a 

cally converges to t.b<. 01 in two cycles and to M< . 0001 in four. The precision 
needed is dependent on the size of blocks used. With block widths of 0.5b and 
0.3a, no deficit in performance was noted (as would be evidenced by the rapid 
search prodecure choosing an item different from the one chosen by the full 
search procedure) when a convergence criterion as crude as 6b<.1 was used. The 
danger in using a crude estimate of M is that the search may stop a row too soon 
and miss a good item. If a few misses could be tolerated, some time would be 
saved by accepting as the minimum beta for a level of a that value of B obtained 
when evaluated at b=~0-c. For research purposes, this may not be tolerable, 
however, and the value of beta at b=M must be determined. 

The equations necessary to determine the optimal size and spacing of the 
blocks in the a x b grid have not been developed. Conceptually, it seems that-~ 
given a pool of items and some assumptions about the distribution of ability 
in the testee population--there should be an optimal size for each block to 
minimize the required search time. But in the absence of the mathematically 
optimal solution, there are two relevant considerations. First, each block 
will require additional computer memory. Furthermore, the procedure requires 
an amount of computer time slightly greater than that required to evaluate 
one item in order to determine whether a block could conceivably contain a 
better item. 
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Timing Comparisons in Three Item Pools 

For timing comparisons reported below, grids of two levels of resolution 
were used. For a small item pool containing 200 items, a 48-block grid (six 
levels of a and eight levels of b) was used. For two larger item pools contain
ing 313 and 580 items, a 96-block grid (eight levels of a and twelve levels of b) 
was used. These sizes were chosen somewhat arbitrarily. An optimal grid size 
should produce comparisons more favorable to the partial search technique. 

Table 1 shows timing statistics for both Owen's full search technique and 
the rapid search technique in three item pools. The basic item pool from which 
these items (actually item statistics) were drawn was a real pool of 569 items 
(McBride & Weiss, 1974). The 313-item pool consisted of those items with b-values 
between ±3.0 and a-values between 0.4 and 2.8. To evaluate the relative efficiency 
of the two search techniques for a current project using a 200-item pool, 200 
items were randomly sampled from the 313. The 580-item pool contains the item 
statistics obtained from the 313-item pool and 267 additional sets of item 
statistics obtained from an earlier calibration of the same items. These three 
pools are shown in blocked form in the Appendix. 

Table 1 
Timing Statistics for Two Search Procedures 

No. 
Items 

200 
313 
580 

Grid 
Size 

a b 

0.4 0.75 
0.3 0.50 
0.3 0.50 

Average Search 
Time per Test 
Full Rapid 

3.195 
5.118 
9. 705 

1.071 
.976 

1. 020 

*Time per item in microseconds 

Rapid as 
Percent 
of Full 

33.526 
19.080 
10.512 

Time per 
Evaluation 
(Full Search) 

574* 
571* 
572* 

Item 
Equivalent 

76.932 
71.404 
73.947 

Columns three and four of Table 1 show time in seconds required by a Control 
Data Corporation 6400 computer, using the two procedures, to select 30 items. 
These items were selected during a computer simulation of the Bayesian test (see 
McBride and Weiss, 1976 for details of the simulation procedure). For each time 
value shown in Table 1, 100 testees were simulated, sampling ability levels from a 
normal distribution with mean of zero and standard deviation of 1.0. Table 1 
shows the average search time required by Owen's full search procedure and the 
rapid search procedure to administer a thirty-item test to each simulated testee. 
Column six in Table 1 shows the percentage of time taken by the rapid search 
procedure relative to the full search procedure. With a relatively small pool 
(200 items) to search and a rough grid (6x8), the rapid search technique was 
three times faster than the full search procedure. With a larger pool (580 items) 
and a finer grid (8xl2), the rapid search was almost ten times as fast. 
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Another way 
by comparing the 

of comparing the relative efficiency of the two procedures is 
relative sizes of pools that can be searched in a given time. 

Let: 

I -
J -
E -
T -
t -

the 
the 
the 
the 
the 

number of items to be administered 
number of items in the pool 
number of item evaluations performed 
time spent in selecting the I items 
time required to evaluate one item 

Since at each stage of the test, one item is eliminated and thus not eval
uated in further searches: 

and 

E=J+(J-1)+(J-2)+ ··· +(J-(I-1)) 

(I-1) 
=IJ- l 1-

i=1 

=IJ- I(I-1) 
2 

t=T/E 

[20] 

[21] 

The time to evaluate one item in the full search procedures, t, should 
be constant across item pools of varying sizes, and, as shown in column seven of 
Table 1, is nearly constant with a median of 572 microseconds. 

Substituting and rearranging: 

J=T/(ti)+ I; 1 [22] 

Using .000572 for t, 3 for I, and the time values of column five in Table 1 
(i.e., the time taken by the rapid search procedure) forT results in the values 
shown in column eight, the size of the item pool that could have been searched 
using the full search procedure in the amount of time taken by the rapid search 
to effectively search the entire pool. Although the values are crude because 
of the non-optimal block sizes used, it appears from column eight that by using 
the rapid search procedure, an item pool of up to about 600 items can be searched 
in the amount of time required by the full search procedure to search a pool of 
about 80 items. Since 80 items are probably too few to allow the Bayesian 
procedure to perform well with a 30-item test, this means that if time is avail
able to administer a Bayesian test, then a relatively large item pool can be 
used without increasing computer time, if the rapid search procedure is imple
mented. Since the fidelity of Owen's procedure is a function of the number of 
items available from which to choose, given a fixed testing time, the rapid 
search procedure will result in higher test validites if a large item pool is 
available. 
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Conclusions 

Data presented suggest that the proposed rapid search procedure can accom
plish the task performed by Owen's full search procedure as well as the full 
search procedure in as little as ten percent of the time when used with item 
pools of typical size. There are two practical needs for this time saving: In 
live testing, when four subjects are being tested by a minicomputer, a five
second item search time can result in a presentation latency of up to 20 
seconds when all testees respond at once or close to each other. This may be 
sufficient time for a testee to get bored and lose interest in the test. In 
computer simulations of testing, two weeks is too long to wait for one informa
tion curve. Three days (a weekend) for two is tolerable. 

Three areas of future research related to Bayesian item pool search 
techniques are open. First, relative to the rapid search technique, several 
relationships between a, b, and 8 were assumed but not proved. Although the 
relationships seem appropriate, rigorous proofs would be welcome. Second, a 
method for determination of the optimal grid size as a function of the item pool 
and an assumed prior ability distribution was not developed. This could further 
speed up the rapid search procedure. Finally, the degradation in performance of 
the Bayesian testing strategy using a simpler item evaluation technique should 
be evaluated. It is possible that simply choosing items of the appropriate 
difficulty would provide nearly as efficient a test with much less computer 
time being required. 
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CALIBRATION OF AN ITEM PooL FOR THE 

ADAPTIVE MEASUREMENT OF AcHIEVEMENT 

The majority of research in adaptive testing to date has been con
cerned with ability testing (Weiss, 1973, 1976). Very little adaptive test
ing research has addressed itself to the unique problems of achievement 
measurement (Weiss, 1973, pp. 40-41). Although frequently treated as if they 
are highly similar in approach (e.g., English, Reckase, & Patience, 1977), 
the adaptive measurement of ability and achievement can present quite differ
ent problems. These differences arise, in part, from the different kinds of 
item pools which are available for the measurement of ability vs. achievement. 

In the measurement of ability, the test constructor defines the nature 
of the item pool. Once the ability domain is specified, large numbers of test 
items can be generated; and the item pool can be defined to have whatever 
characteristics are deemed by the test constructor to be psychometrically 
desirable. Thus, ability tests can be designed to be unidimensional by 
eliminating from the item pool those items which measure extraneous dimensions. 
Similarly, if an item pool is being developed for adaptive testing, the 
ability test constructor can construct a unidimensional pool which consists 
of items with a wide range of difficulties and high discriminations (e.g., 
McBride & Weiss, 1974). Based on the availability of such a pool, there is 
little question of the applicability of such unidimensional models as those 
from latent trait theory (e.g., Lord & Novick, 1968) or the strategies of 
adaptive testing which have been designed to measure individual differences 
within a unidimensional framework (Weiss, 1974). 

In most practical achievement testing settings, however, test construc
tors do not have the freedom to contruct the kinds of ideal item pools that 
are possible in ability measurement. In the achievement testing environment, 
where the purpose is to measure what students have learned as a result of 
some instructional exposure, the nature and extent of an item pool is largely 
dictated by the content covered in the course. Thus, a course might convey 
information on a variety of topics which are part of the larger content 
area defining the course but are not so highly correlated with each other 
that they can be considered to be one dimension. Similarly, because these 
separable content areas may be limited in scope, it may not be possible for 
the test constructor to generate large numbers of test items in each content 
area or to generate a pool of items large enough to meet the requirements 
of some adaptive testing strategies. 

Since adaptive testing in the ability domain has been shown to have 
considerable promise (Lord, 1977; Urry, 1977; Weiss, 1976), it is appropriate 
to determine whether it will be similarly useful in applications to the unique 
problems of achievement measurement. However, because of the differences 
in the characteristics of the item pools, it is necessary first to examine 
typical pools of achievement test items; in this way it can be determined 
whether they can meet the criteria necessary for the implementation of 
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currently available adaptive testing models or whether new models will be 
required to implement the adaptive measurement of achievement. This report 
is addressed to that question. 

Alternative Psychometric Bases for Adaptive Testing 

There are three general psychometric models on which the adaptive 
measurement of achievement can be based: classical test theory (Gulliksen, 
1950), order theory (Cliff, 1975, 1976), and item characteristic curve (ICC) 
theory (Lord, 1974). 

Classical test theory. In general, classical test theory cannot provide 
an adequate psychometric framework for an adaptive achievement testing 
system. The objective of an adaptive testing system is to individualize the 
test for each testee by selecting test items on the basis of the testee's 
responses to previously administered items. As a result, different testees 
respond to different items. Since classical test theory uses as its scoring 
system the total number of correct answers to test items, testees of different 
levels of achievement will be indistinguishable from one another if their 
adaptive tests are scored in this way. 

The only method that classical test theory has at its command for 
dealing with an incomplete response matrix is multiple-matrix sampling (Lord 
& Novick, 1968). However, although this technique is designed to estimate 
the mean achievement level of persons in a group, it cannot efficiently 
estimate an individual's achievement score (Lord, 1977). Furthermore, matrix 
sampling assumes that each individual in the sample takes a goup of items 
selected at random from the pool. This assumption runs counter to the 
philosophy of adaptive testing in which the objective is to select items for 
each testee in a deliberately non-random manner. 

Order theory. One method to circumvent the problems caused by different 
persons completing different test items is called order theory (Cliff, 1975, 
1976). This theory is based on the formation of a triangular matrix which 
orders individuals using their responses to some subset of items from an item 
pool. One assumption of order theory is that all items are Guttman items, 
i.e., items which are perfectly discriminating. However, although this 
assumption will yield greatly reduced test lengths, it is doubtful that 
Guttman items will appear in typical achievement testing situations. By basing 
its procedures on Guttman items, order theory also makes very strong assump
tions about unidimensionality--considerably stronger than those made by either 
classical test theory or ICC theory. Order theory as a general system for 
the measurement of individual differences is quite new, and many of its basic 
problems and procedures have yet to be adequately articulated. Perhaps 
at a later date it will become a useful system for the adaptive measurement 
of achievement. 

Item characteristic curve theory. Item characteristic curve (ICC) theory or 
item response theory, which has been used to provide a psychometric basis 
for the adaptive measurement of ability (e.g., Lord, 1976; McBride & Weiss, 
1974; Urry, 1976; Vale & Weiss, 1975a,b), may also provide an appropriate 
model for the adaptive measurement of achievement. 
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Two properties of ICC theory are especially relevant in this context. 
First, ICC theory provides a means for obtaining scores on the same metric 
for persons who have completed different test items. As indicated earlier, 
this is an essential requirement for adaptive tests. Second, under the assumptions 
of ICC theory, the resulting score metric is invariant with respect to 
population. Thus, if a set of data from a given group of testees can be 
shown to meet the assumptions of ICC theory, it is possible to score all 
individuals on the same equal interval scale regardless of the subgroup of 
the population to which they belong. 

With these two advantageous properties, ICC theory provides the promise 
of measurement which is not dependent upon either the set of test items a 
person has answered or his/her population subgroup membership. There is, in 
addition, a third advantage of ICC theory: it provides a flexible psychometric 
framework for the development of criterion-referenced achievement tests. As 
Hambleton & Cook (1977) note, there is likely to be a great degree of homogeneity 
among items covering a single criterion-referenced instructional objective. 
As a result of this homogeneity, the basic assumption of unidimensionality 
required by ICC models is very likely to be satisfied. 

Because of the degree of articulation of ICC theory and the development 
of means for its implementation, it appears to be a viable approach to the 
adaptive measurement of achievement. Furthermore, it is possible to test 
the fit of a set of data to the theory prior to its use for the development 
of an adaptive testing system. 

Objective 

Within the context of a practical achievement testing problem, this 
report is concerned with the applicability of ICC theory to the measurement 
of achievement. Specifically, its purpose is to 1) evaluate the fit of the 
item characteristic curve model to items on a multiple-choice achievement 
test; 2) investigate the dimensionality of an achievement test item pool with 
respect to the unidimensionality assumption of latent trait theory; and 3) 
determine whether the item parameters of ICC theory, within the context of an 
achievement test, are invariant across different subgroups from a population. 

The Achievement Measurement Context 

The Course and Examination Procedures 

This study used data from Biology 1-011, an introductory biology course 
open to all students at the University of Minnesota. Both majors and non
majors in the natural sciences enroll in this course. Biology l-Oll is 
offered every quarter. Quarterly enrollment ranges from 1000 to 1500 students, 
with the fall quarter tending to have the highest number of students. 
Students are generally freshmen, but a substantial number of sophomores and 
a few juniors and seniors enroll in the course. The sexes are about equally 
represented. According to the course staff, there seem to be no important 
changes in the demographic composition of the student body from quarter to 
quarter. Instruction in the course is by means of videotaped lectures which 
are shown on closed circuit television. The lectures do not change from 
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quarter to quarter but are revised every two years. In addition to the 
lectures, there is a compulsory laboratory. 

Students are given two midquarter examinations and a final examination 
each quarter. All examinations use multiple-choice items. The first mid
quarter examination includes 55 questions and each student is required to 
answer only 50 of them. It covers the areas of 1) chemistry, 2) the cell, 
and 3) energy. The second midquarter examination also includes 55 questions, 
of which 50 must be answered. It covers two additional content areas: 
4) genetics and 5) reproduction and embryology. The final examination 
includes 110 items, of which only 100 must be answered. It covers the five 
previous content areas plus two additional ones: 6) ecology and 7) evolution. 

Content Area 
Number 

1 
2 
3 
4 
5 

6 
7 

The Item Poo Z. 

Table 1 
Content Areas and Item Number Ranges 

Content 

Chemistry 
The Cell 
Energy 
Heredity/Genetics 
Reproduction and 

Embryology 
Ecology 
Evolution 

Item Numbers 

3000-3200 
3201-3400 
3401-3600 
3601-3800 

3801-4000 
4001-4200 
4201-4400 

The basic item pool for this study consisted of item responses on the 
two midquarter examinations and the final examination for winter and spring 
quarters of 1976. Items were classified by content areas; items in each 
content area were assigned numbers within the range shown in Table 1. 

Table 2 
Number of Items in the Item Pool by Test and Content Area 

Content Area 
Test 1 2 3 4 5 6 7 Total 

Wl 21 22 12 55 
Sl 19 25 11 55 
W2 36 19 55 
S2 2 35 18 55 
WF 9 14 7 18 9 28 25 110 
SF 9 12 6 17 11 30 25 110 

Total 60 73 36 106 57 58 50 440 --------------------------------------------------------------------
Unique 53 60 33 101 48 52 47 394 
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Table 2 shows the number of items in the item pool by source and content 
area. In the first column of Table 2, the letters S and W refer to spring 
and winter quarters, while 1, 2, and F refer to the test from which the items 
were taken: the first midquarter, the second midquarter, and the final 
examination, respectively. Since some of the items were repeated between 
the two quarters, Table 2 also shows the number of unique items in each 
content area. The repeated items were used to test the invariance assumption 
of ICC theory across population subsamples. 

Table 3 shows the number of unique items obtained from each of the exams 
and the average number of testees who answered each of these items in the 
tests used for calibration of the item pool. 

Test 

Wl 
Sl 
W2 
S2 
WF 
SF 

Table 3 
Number of Unique Items and Average 

Number of Testees for Each Test 
Number of 

Unique Items 

48 
46 
52 
48 
99 

101 

Average Number 
of Testees 

998 
838 
934 
760 
888 
638 

The initial goal of these analyses was to form two item pools for later 
adaptive testing research. Each of these pools was to be designed for use 
with one of the midquarter examinations. The dimensionality analyses reported 
below are thus confined to these midquarter item pools. The applicability 
analyses and the invariance analyses, however, utilized items from the final 
examinations. 

Applicability of the ICC Model 

An initial question to be answered in the use of ICC theory in a multi
content achievement test is whether application of the procedures of the 
unidimensional ICC model to such test items would yield estimates of item 
parameters which would be useful for adaptive testing. Since adaptive 
tests function best when items span a wide range of difficulties and have 
relatively high discriminating power (Urry, 1976; Vale & Weiss, 1975b), 
it is possible that typical achievement test items might not meet even 
these minimal requirements. For example, it is possible that because of the 
varying content in the item pool, item discriminations would be so low as 
to indicate a great deal of heterogeneity in the test items. Therefore, the 
first set of analyses of the item pool involved the determination of item 
parameter estimates for each item in the pool and the examination of the 
resulting estimates with regard to their utility for the construction of 
adaptive tests. 
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The ICC Model 

Because the items were multiple-choice, a three-parameter ICC model 
for dichotomous item responses was appropriate. This model has been described 
in detail by Hambleton & Cook, 1977; Lord & Novick, 1968, Ch. 17; and McBride 
& Weiss, 1974. The model assumes that the item characteristic curve for an 
item can be completely described by three parameters: a, the discriminating 
power of the item, which is proportional to the maximum slope of the ICC at 
its point of inflection; b, the item difficulty, which specifies the location 
on the underlying trait continuum at the point of inflection of the ICC; and 
c, the "guessing" parameter, which is the probability of a correct response 
to the item for a testee of infinitely low trait level and is sometimes 
described as the probability of a correct response by random guessing. 

Estimation of Item PaPametePs 

PPoceduPe. The process of estimating item parameters in ICC test 
theory is essentially a curve-fitting procedure. An item characteristic 
curve is fit for each item based on the item responses of a group of testees. 
Because "best fit" may be defined in several ways, there are different 
estimation procedures (see Hambleton & Cook, 1977, p. 89). The procedure 
used here was based on a logistic ICC model using a minimum x2 definition 
of fit, as operationalized in Urry's ESTEM program (see Urry, 1976, p. 99). 

As defined by Urry, the best-fitting curve is the one that minimizes 
the criterion 

[ 1 ] 

where P. 
J 

the number of testees at score J, who correctly answer item g, 

n. 
J 

r· ( ") g J 

the number of testees who obtain a score of j 3 

is the expected proportion of correct responses to item g3 

among those with a score of j 3 

m is the number of items in the test. 

Urry's computing algorithm consists of two stages. During the first stage, 
for a given item the procedure increments the value of c (the guessing. 
parameter) from .02 to .30. At each increment, values of a and b cons1stent 
with care found. That is, several trial ICC's are generated. Then, fo~ each 
of these trial ICC's, Equation 1 is computed. The parameters correspond1ng 
to the equation that yield a minimum value of x2 are taken as initial estimates. 
These estimates are refined by a method known as ancillary estimation, 
which was developed by Fisher (1950). They are refined further 
at the second stage, which is identical to the first, except that a Bayes 
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modal estimate of trait level (Samejima, 1969) is used as the metric, 
rather than the standarized raw scores used in the first stage. 

Evaluation of the estimation procedure. The accuracy and efficiency 
of the ESTEM program has been tested in computer simulations with synthetic 
data (Gugel, Schmidt & Urry, 1976; Urry, 1976), using sample sizes ranging 
from 500 to 3000 and test lengths ranging from 50 to 100 items. In these 
studies two criteria have been used in evaluating the estimates yielded by 
the program. The first evaluative criterion was the root mean square (RMSE) 
which was defined as 

RMSE 
n " 
~ (a 
~ g 

g=l n 

k a ) 2 

g 

th 
where a is an estimated parameter value for the g item, 

g 

a is the known parameter value from which the synthetic data were 
g 

generated, 

n is the number of items. 

[ 2 ] 

Their second evaluative criterion was simply the Pearson product-moment 
correlation between the estimated parameter value and the known parameter 
value. 

Root mean square error is a measure of the discrepancy between the value 
of the parameter estimate and the numerical value of the generating parameter; 
it includes both sampling fluctuations and bias. Its usefulness is limited 
to comparing estimates of the same parameter across different situations 
since it is scale dependent. The correlation coefficient, on the other hand, 
is scale free and can be used in intra- as well as inter-parameter comparisons. 

The simulation studies by Gugel, Schmidt, & Urry (1976) provide some 
data with which to evaluate the applicability of ESTEM's item parameter 
estimation procedures for the data base available in the present study 
(i.e., testee groups of between 600 and 1,000 persons and test lengths of 
50 or 100 items). Table 4 shows results from the simulation studies of a 
50-item test for 500 and 1,000 simulated testees. 

Table 4 
RMSE and Correlation of Estimate and Parameter Values for the 

a, b and c Parameters for 50 Items and Two Sample Sizes 
[From Gugel, Schmidt and Urry (1976)] 

RMSE Correlation 
N a b c a b c 

500 .472 .259 .077 .780 .989 .454 
1000 .326 .209 . 078 .908 .990 . 492 
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As Table 4 shows, for a 50-item test (similar to the midquarter 
examinations used in this study) more accurate estimates of the parameters 
were generally obtained with the larger group of simulated testees. For 
example, the RMSE values for the final estimates of the a parameter were 
.472 for N=500 and .326 for N=l,OOO. The corresponding correlations were 
.780 and .908. The improved accuracy of estimation as N increased occurred 
for the b and c parameters as well. It should be noted, however, that for 
50-item tests for the two sample sizes the b parameter is very accurately 
estimated regardless of sample size, the a parameter is fairly well estimated, 
and the c parameter is poorly estimated (r=.454 and .492). 

Table 5 shows the results of the Gugel et al. simulation study corr
esponding to the maximum sample size used in the present study (N=l,OOO). 
The test lengths in Table 5 vary from 50 to 100 to reflect the lengths of 
the midquarter and final examinations used here. As Table 5 shows, for a 
fixed number of persons, increases in the number of items do not generally 
result in more accurate parameter estimates. For the b parameter, which 
is very accurately estimated with 1,000 cases, the accuracy improves from 
r=.990 to .996. The c parameter, which is poorly estimated at N=l,OOO, shows 
increases from r=.492 to .627. For the a parameter there is no clear trend 
in the correlations, with the highest accuracy at 50 items (r=.908) and the 
lowest at 60 items (r=.842). The results for the three parameters, using the 
RMSE criterion, show no clear trends either. 

Table 5 
RMSE and Correlation of Estimate and Parameter Values for 

Parameters a~ b and c for a Sample Size of 1000 at Three Test Lengths 
[From Gugel, Schmidt and Urry (1976)] 

Number of RMSE Correlation 
Items a b c a b c 

50 
60 
80 
100 

.326 

.322 

.261 

.240 

.209 

.144 

.166 

.162 

.078 

.062 

.073 

.062 

.908 

.842 

.879 

.863 

.990 

.995 

.993 

.996 

.492 

.558 

.550 

.627 

The results from Table 4, together with those from Table 5, show that with 
the numbers of testees and numbers of items used in this study, the b para
meter (item difficulty) is very accurately estimated, while the a (discrimin
ation) and c (guessing) parameters are less well estimated by this procedure. 

Criteria for excluding items. Urry's item calibration program does not 
report ICC item parameters for an item if the calculated parameters meet 
any of the following criteria: 

1. a less than .80 
2. b less than -4.00 or greater than 4.00 
3. c greater than .30. 

These rejection criteria are applied to the items only in the first phase 
of the calibration procedure. The final parameters of the items that are not 
excluded in the first phase are allowed to vary unrestrained in the second 
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phase of calibration. Those items that were rejected in the first phase of 
the program were excluded from further analyses. 

Results 

Excluded items. Table 6 shows the number and percentage of items in 
each content area which did not meet the criteria specified by Urry's 
calibration program. Of the 394 unique (i.e., non-repeated) items in the 
pool, 85 (or 22%) met one or more of Urry's exclusionary criteria. The 
percentage of items lost by content area varied from 9% for content area 3 
(energy) to 33% for content area 6 (ecology). Almost without exception, the 
items which were excluded by the calibration program had very low point
biserial correlations with total score. This indicates that most of the 
rejected items were excluded because of low estimates of the a parameter 
for these items. 

Number of 

Test 

Wl 
Sl 
W2 
S2 
WF 
SF 

Total 

Percent of 
Unique Items 

Items Lost 
by Test 

1 2 

8 5 
4 4 

1 
1 2 
2 2 

16 13 

30 22 

Table 6 
in the Calibration Process 

and Content Area 

Content Area 
3 4 5 6 7 Total 

2 15 
1 9 

5 6 11 
4 3 8 
2 1 4 4 14 
2 3 13 6 28 

3 13 13 17 10 85 

9 13 27 33 21 22 

Item pool characteristics. ICC item parameter estimates for all the 
items in the pool which survived the calibration procedure are shown in 
Appendix Table A, along with the sources from which they were taken. Table 7 
shows the mean, standard deviation (S.D.), and range of values for each ICC 
parameter estimated for the items in each content area. The final line in 
Table 7 contains the same statistics, computed for the 309 items in the 
final pool. 

As Table 7 shows, the mean discrimination (a) within content areas 
varied from 1.09 to 1.32. The lowest a values were .63 and the highest was 
4.68. The difficulties within content areas were generally centered 
around zero, with the exception of content area 3, which had items of relative
ly high average difficulty (b=.92). The item difficulties within content 
areas ranged from about -1.75 to about 2.50, with some differences among content 
areas. The c parameters for these four-choice items averaged between .24 and 
.34 and ranged from .00 to .65. 
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Table 7 
Mean, Standard Deviation, and Range of Item Parameter Estimates 

by Content Area for Total Item Pool 

Content Area Total 
Parameter Item 

and Statistic 1 2 3 4 5 6 7 Pool 

Number of Items 38 47 29 87 36 35 37 309 

a (discrimination) 
Mean 1. 20 1. 23 1. 32 1.17 1. 26 1.09 1.16 1.20 
S.D. .35 .60 .80 .41 .60 .39 • 36 .50 
Low 2.40 3.54 4.68 3.66 3.88 2. 03 2.22 4.68 
High . 75 . 67 . 65 . 63 . 73 . 63 . 63 • 63 

b (difficulty) 
Mean -.24 .06 . 92 .17 .15 -.46 .13 .10 
S.D. 1.03 1.26 1.06 1.15 1.18 1.29 1.28 1.22 
Low 2.48 2.49 3.02 3.21 2.62 2.55 2.70 3.21 
High -1.76 -1.77 -1.56 -1.80 -1.74 -1.88 -1.69 -1.88 

c (guessing) 
Mean .28 . 25 .34 .32 .32 .24 .29 .29 
S.D. .09 .09 .13 .12 .14 .11 .12 .12 
Low .51 .44 . 60 . 65 . 64 .47 .58 .65 
High .14 .00 .00 .12 .06 .11 .11 .00 

Urry (1977) has suggested the following guidelines, developed through a 
series of simulation studies (Urry, 1971, 1977), to assure that an adaptive 
testing item pool will improve the quality of ability measurement: 

1. The a parameters of the items in the pool should exceed .80. 
2. The b parameters of the items should be widely and evenly distributed 

from -2.00 to +2.00. 
3. The c parameters of the items should be less than .30. 
4. There should be at least 100 items in the pool. 

As the data in Table A show, less than 12% of the items fell below .80 
for the a parameter. Table 7 shows that the average estimate of the a 
parameter was above 1.00 for all content areas and 1.20 across all items in 
the pool. Thus, the vast majority of the items in this achievement test pool 
meet Urry's minimum criterion of a=.80. 

The b parameter estimates in this pool show the wide range suggested in 
the guidelines, except for a slight deficiency of easy items. With the 
exception of content area 3 and, to some extent, content area 6, the mean 
values of b were near zero; and the standard deviations were over 1.0. 
For the total pool mean b was .10, and the range of b's was -1.88 to 3.21. 

The c parameter estimates averaged .29, narrowly meeting Urry's guide
lines; the c parameters of 140 items failed to meet the .30 cutoff. This 
failure was probably caused in part by the inherent instability of the c 
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parameter estimates, in part by the use of four alternative multiple-choice 
items (in which a correct response could be achieved by random guessing with 
p=.25), and in part by the requirement that a student omit five items from 
each test. The total parameterized item pool consisted of 309 items drawn 
from an initial pool of 394 unique items. 

Midquarter subpooZs. The total item pool described above was used for 
the creation of two smaller pools. One pool (MQl) included all of the items 
from the first three content areas covered in the course; the other pool 
(MQ2) included all items from the fourth and fifth content areas covered. 
These two subpools were also evaluated using Urry's criteria for adaptive 
testing item pools. 

Table 8 
Distribution of a and e Parameters for Select2d Ranges of 

the b Parameter for Items in Each of Two Midguarter Sub-Pools 
a ~ 

Range of b No. of Range Range 
Pool · Low High Items Nean S.D. Low High Mean S.D. Low High 
MQl 

-1.77 -1.50 8 1. 20 .61 . 79 2.67 . 31 .13 .17 .56 
-1.49 -1.00 15 1.15 .41 .77 2.40 . 2 7 .11 .14 .51 
-.99 -.50 15 1. 23 .29 .80 1. 81 .24 .08 .16 .41 
-. !f9 .00 15 1. 32 . 56 .65 2.31 .25 .08 .12 . 39 

. 01 . 50 20 1. 09 .29 . 66 1. 66 .27 . 09 .13 . 54 

.51 1. 00 14 1.14 . 30 .71 l. 72 . 33 . 09 .12 .45 
1. 01 1. 50 9 1. 76 1. 18 . 89 4.68 . 35 .17 .00 .60 
1. 51 2.00 6 1. 32 1. 10 .68 3.84 .25 .14 .00 .38 
2.01 3.02 12 1. 28 .70 .67 2. 77 . 35 .09 .17 . 52 

Total -1.77 3.02 114 1. 24 . 59 .65 4.68 .28 .11 .06 . 60 
-----------------------------------------------------------------------------------
MQ2 

-1.80 -1.50 8 1. 21 . 31 .81 1. 58 .33 .15 .21 .65 
-1.49 -1.00 13 1.17 .26 . 79 1. 53 .26 .16 .14 .64 
-.99 -.50 22 1. 21 .27 . 82 1. 79 . 27 .13 .13 .60 
-.49 .00 20 .95 .27 .63 1. 53 . 31 .12 .12 .53 

.01 . 50 13 1. 15 .23 .78 1. 57 . 33 .11 .12 .56 

.51 1. 00 19 1.18 . 33 . 65 1. 90 . 31 . 08 .19 .47 
1. 01 1. 50 13 1. 04 . 31 .68 1. 69 .37 .08 .24 .48 
1. 51 2.00 6 1.72 1.21 .89 3.88 . 31 .16 .06 .53 
2.01 2.50 5 1. 71 1.16 .81 3.36 . 37 .11 .24 .52 
2.51 3.21 4 1. 66 .54 .95 2.11 .52 .13 . 39 .65 

Total -1.80 3.21 123 1.19 .47 .63 3.88 . 32 .13 . 06 .65 

Table 8 shows the distributions of the three ICC parameters for the two 
testing pools. As the "Total" lines in Table 8 show, discrimination para
meters (a) for the two pools varied from .65 to 4.68 for MQl (114 items) 
and from .63 to 3.88 for MQ2 (123 items) with means of a=l.24 and 1.19, 
respectively. In the MQl pool 13% of the items had a values less than .80; 
in the MQ2 pool only 11% w~re below this value. The b parameters were centered 
around 0.0 for each pool (b=.l8 and .16) and ranged from -1.77 to 3.02 for MQl 
and -1.80 to 3.21 for MQ2. Mean c parameters were .28 and .32, respectively. 
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Table 8 shows that, in accordance with Urry's recommendations, these 
pools had difficulties which were generally rectangularly distributed, at 
least in the range of b=-1.50 to +1.50. There was a lack of easy items in 
both pools (b<l.50), and the MQ2 pool had relatively fewer difficult items 
(b>l.50) than did the MQl pool. Table 8 also reveals a tendency for the 
higher difficulty items to also have higher discriminations. A positive 
correlation between item difficulties and discriminations was also reported 
in the context of ability measurement by McBride & Weiss (1974) and Lord 
(1975). There was no general tendency in these data for the c parameters 
to covary with difficulty level, with the exception that highest average 
values of c tended to occur for the most difficult items. 

Similar to the total item pool, however, these subpools generally 
met Urry's recommendations for adaptive testing item pools. Each pool 
included more than 100 items, most items had discrimination values greater 
than .80, item difficulties were reasonably rectangularly distributed and 
wide-ranging, and typical c values were not unreasonably high. 

Conclusions 

It is apparent from these data that a three-parameter ICC model is 
applicable to college classroom achievement test items. Almost 80% 
of the items in the initial pool obtained parameter estimates in usable 
ranges. The resulting calibrated pool of items, as well as two subpools, 
met general recommendations for the construction of adaptive testing item 
pools in the ability testing domain. The subpools deviated somewhat from 
these criteria in terms of a lack of very easy and very difficult items, 
as well as in c parameters which were slightly higher than desirable. 
Whether these high c parameters are a result of unstable estimates, unique 
characteristics of the achievement testing pool, or the testing instructions 
is unknown. Further research in other achievement testing contexts will 
be necessary to answer this question. 

Dimensionality of the Item Pool 

Traditionally, the hypothesis that a single factor accounts for per
formance on a set of test items has been investigated by examining the 
dimensionality of the matrix of inter-item tetrachoric correlations by 
factor analytic methods (e.g., Indow & Samejima, 1966; McBride & Weiss, 1974; 
Prestwood & Weiss, 1977). However, factor analyses of such matrices will, 
on occasion, result in more than one factor when only one dimension is present 
in the data. 

Bock and Lieberman (1970), for example, fitted a two-parameter normal 
ogive model to a unidimensional set of five test items. The fit of the model 
(and, therefore, unidimensionality) was tested by comparing the observed and 
predicted response frequency of every possible response vector. By this 
test the unidimensional model was found to fit very well. However, factor 
analysis of the inter-item tetrachoric correlation matrix rejected the 
hypothesis of a single factor. 
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Apparently, in the Bock and Lieberman data unidimensionality was not 
evident in the factor analysis because of problems introduced by computation 
of the tetrachoric correlation coefficient. Thus, in computing such a 
matrix, irregularities may be introduced which prevent unidimensionality from 
emerging, even if it is present in the data. In the present study, there
fore,the factor analysis was supplemented by additional analyses to further 
examine the unidimensionality of the data. 

Factor Analysis 

Method. The factor analytic approach was used with two of the tests 
available: the first midquarter administered in winter (Wl) and the second 
midquarter administered in spring (S2). The first step of the analysis was 
to compute a 55x55 matrix of inter-item correlations. The tetrachoric routine 
in the Statistical Package for the Social Sciences (SPSS; Nie, Hull, Jenkins, 
Steinbrenner, & Bent, 1970) was used. Since students were instructed to 
answer only 50 of the 55 questions, there was considerable non-systematic 
missing data. The program was instructed to compute a correlation between 
any two test items, excluding cases for which the responses to one or both 
items were missing (i.e., "pairwise deletion"). Since items were probably 
omitted on a non-random basis, an unknown amount of bias may have been 
introduced as a result of this procedure. 

The resulting correlation matrices were factor analyzed by the principal 
axis method. The initial communality estimate for each item was chosen 
to be the largest off-diagonal correlation. These estimates were then iter
ated (with a limit of 25 iterations) until the difference between communality 
estimates on two successive iterations was negligible. The correlation 
matrices for the two tests with iterated communalities are shown in 
Appendix Table B. 

Following the procedures suggested by Horn (1965) and used by McBride and 
Weiss (1974) and Prestwood and Weiss (1977) to determine the number of 
factors in the real data matrix, a matrix of random data for 55 variables and 
1,000 hypothetical testees was generated. These random data were inter
correlated and factor analyzed employing the same procedures as for the 
two real data matrices. The eigenvalues from the random data were used to 
compare with those of the real data in order to determine the number of 
factors in the real data. 

Predictions about the factor structure to be obtained if the data are 
unidimensional can be made in a manner parallel to that used by McBride and 
Weiss (1974). In this instance, the predictions to be made are as follows: 

1. The first factor extracted from each of the real data sets should 
be a general unipolar factor; the random data set should not exhibit 
this factor. 

2. All factors, other than the first factor, from each of the real data 
sets should be of approximately equal magnitude and should be 
bipolar (that is, they should have as many negative loadings as 
positive loadings). 

3. All factors extracted from the real data, except for the first factors, 
should be indistinguishable from the factors extracted from the 
random data. 
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Results. Figure 1 shows the factor contribution (eigenvalue) plots 
for the two sets of real data and the random data. From this figure it 
can be seen that both real data sets included a relatively strong first 
factor and that all of the remaining factors had low factor contributions 
restricted to a narrow range. It is also clear that the random data set lack
ed the strong first factor evident in the real data. Finally, all of the 
factors extracted from the real data, with the exception of the first factor, 
had factor contributions that were very similar in magnitude to the factor 
contributions of the factors extracted from the random data. The factor 
contribution data show that in the Wl data there was clearly one factor; in 
the W2 data there was a very strong first factor and a suggestion of two or 
three very weak secondary factors. 

Figure 1 
Eigenvalues for Wl data, S2 Data and Comparable Random Data 
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The first factor extracted from the Wl data accounted for 23.3% of the 
total variance in the 55 items with a factor contribution of 12.8; the first 
factor from the S2 data accounted for 24.4% of the total variance with a 
factor contribution of 13.4. No other factor extracted from either the real 
data or the random data accounted for more than 4.5% of the total variance 
of the test items. 



-15-

Table 9 reports the factor loadings from each of the three data sets 
for the first four factors extracted from each matrix. The first factor 
obtained from each of the two real data sets had a large number of loadings 
which were higher than those in the random data; all these high loadings 
were unipolar. The first factor obtained from the random data was weak 
and bipolar. The second, third, and fourth factors obtained from all data 
sets were weak bipolar factors. Although the second factor from Wl had 
a factor contribution (1.96) indistinguishable from the corresponding factor 
(1.98) of the random data, it had two loadings which were higher in absolute 
value than those of the random data. Factor 2 from S2, which had a factor 
contribution (2.49) slightly higher than that of the random data (1.98), 
had three loadings greater than the highest in the random data. For 
factors 3 and 4 the factor contributions for the Wl data (1.81 and 1.75, 
respectively) were lower than for those of the random data (1.90 and 1.83); 
for the S2 data the corresponding factor contributions were higher (2.24 
and 2.22). None of the loadings of the Wl factors 3 and 4 exceeded the high
est loading in the random data, while two of the S2 loadings on factor 3 
and one loading on factor 4 exceeded the corresponding random data loadings 
in absolute value. 

These results suggest that factors 2, 3, and 4 from S2 and Wl are similar 
to factors of random data and, in all probability, represent trivial factors. 
In general, then, these results tend to support the existence of a single 
major factor in these achievement test data. 

Equality of ICC's Based on Content Areas and Total Test 

Rationale. In addition to implying that there is one factor in the item 
responses, the assumption of unidimensionality implies that ICC's will be 
linearly related across samples of items from the same domain of content. 
One way to examine this assumption is to compare the ICC's based on the total 
set of 55 items within a given midquarter with the ICC's computed within 
the content areas comprising that midquarter. If the total test measures a 
single dimension, parameterization of items within content areas should 
result in ICC parameters which are highly correlated with those obtained 
across all content areas. If this result is not found, it can be concluded 
that the content area is measuring a dimension which is not predominant in 
the total set of items and that the test items are not unidimensional. 

A more stringent criterion for unidimensionality is that the item para
meter estimates for items parameterized within a content area should be 
numerically the same as the parameter estimates obtained for those same 
items when all the content areas are calibrated together. This is equivalent 
to saying that the metric defined by items in a given content area is inter
changeable with the metric defined by all the items. This criterion of 
unidimensionality implies that 1) the regression of the two sets of parameter 
estimates should be linear; 2) the slope of the regression line should be 
1.0 within sampling error; and 3) the intercept of the regression line 
should be 0.0. 

Method. Using Urry's ESTEM item calibration program, ICC item parameter 
estimates were computed within each content area for each of the four mid
quarter examinations. Item parameter estimates within content areas (shown 
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Table 9 
Unrotated Factor Loadings for the First Four Factors of 

Wl Data, 52 Data and ComEarable Random (Ran) Data 

Factor 1 Factor 2 Factor 3 Factor 4 
Item Wl 52 Ran Wl 52 Ran \-11 52 Ran Wl 52 Ran 

1 .27 .46 -.06 .13 .10 .07 -.09 .09 .OS -.09 -.04 -.06 
2 .43 .43 . 39 .12 .OS .02 .13 .07 .10 .02 .06 .00 
3 .48 .37 -.28 -.40 -.08 -.09 .OS .04 .28 -.03 -.06 -.10 
4 .so .48 -.02 -.01 .OS .16 -.17 -.07 .17 -.03 -.10 .00 
5 .43 .53 .14 -.36 .12 .20 .09 .08 -.18 -.17 -.23 -.14 
6 .26 .59 -.11 -.15 .08 . 08 .16 -.12 .13 .04 -.11 -.12 
7 .58 .06 .oo -.02 -.09 .11 .11 -.12 -.01 .00 -.08 -.20 
8 . 58 .53 -.09 .08 .13 -.05 -.12 -.06 .01 -.03 .14 -.14 
9 .51 .55 .06 -.07 .09 .07 -.18 -.12 .26 .12 -.42 -.03 

10 .63 .61 .04 .02 .08 .04 -.23 .03 .19 -.11 -.70 -.01 
11 . 55 -.04 .08 .02 -.13 .03 .00 -.37 .03 .07 -.25 -.OS 
12 .55 .so .00 .OS .23 .00 .OS -.04 .08 .16 -.14 .00 
13 .54 .53 .12 -.02 . 27 . 20 -.17 .09 .16 -.23 .07 .00 
14 .48 . 17 .12 -.48 .18 .06 -.31 -.19 .12 .03 .10 .10 
15 .22 .45 .13 .14 .17 -.12 -.02 -.04 .06 .04 -.08 -.02 
16 .28 .47 -.16 -.01 .25 .OS -.08 .09 .17 .03 .11 .07 
17 .47 .55 .24 .09 . 32 -.01 -.03 -.04 -.09 .09 .04 .06 
18 .66 .66 .06 .10 .27 -.18 .07 .11 -.03 .OS -.02 -.06 
19 .58 .59 -.02 . 08 .25 -.27 -.09 -.12 -.09 -.11 .03 .08 
20 .28 .so -.03 .10 .21 .00 .19 .04 .09 .16 .10 .17 
21 .33 . 51 -.15 -.03 . 35 .09 -.13 -.21 -.02 .17 .07 .02 
22 .41 .46 .04 .17 .27 .14 -.19 -.03 -.02 .10 .12 -.10 
23 .41 .50 .06 .22 -.02 .25 -.01 -.01 -.01 -.16 -.18 -.18 
24 .37 .49 -.06 .12 -.14 .01 .06 .03 .os -.08 .07 .06 
25 .38 .40 -.03 -.13 .00 .17 .07 .00 .11 -.13 .24 -.10 
26 .54 .49 -.13 -.26 -.04 .08 -.17 -.08 .03 .29 .27 .02 

27 .59 .15 -.30 -.14 .08 .14 .20 .11 -.08 -.20 .07 .26 

28 .59 .46 .oo . 04 .14 -.13 .19 -.04 .24 . 21 -.11 -.11 

29 . 34 .35 .27 . 15 .07 -.15 .22 .13 -.01 .08 .22 . 34 

30 .49 .62 -.04 .02 .03 -.02 .10 -.08 -.06 -.23 .03 .02 

31 .so .64 .02 -.08 -.07 .09 -.28 -.20 .09 -.15 .16 .14 

32 .65 . 32 .21 .05 -.02 -.10 .03 -.07 -.02 .17 . .13 .06 

33 .38 . 34 -.18 .13 .10 -.19 -.12 .14 .08 -.24 .25 .06 

34 .64 .64 .04 -.05 -.12 .16 .10 .14 -.03 -.15 .14 .01 

35 .44 .63 .15 .22 -.09 -.13 -.19 .13 .15 .10 .03 • 21 

36 . 34 .46 .15 .18 -.07 .11 -.08 .10 -.04 -.28 .18 .17 

37 .66 .47 -.07 -.07 -.30 -.20 .08 .12 .06 .02 .24 -.02 

38 .46 .47 .07 -.09 .08 -.10 .11 .14 -.03 .03 -.09 .07 

39 .28 . 19 -.09 .07 -.04 -.38 -.08 .01 .02 .02 -.09 .04 

40 .49 .65 .12 -.06 -.13 .20 .44 -.04 -.01 -.12 .06 .04 

41 .47 .55 .00 -.16 -.10 -.04 .02 . 02 .19 -.OS -.10 .12 

42 .30 .49 .04 .07 -.08 .11 .12 -.22 -.06 .07 -.16 . 02 

43 .49 . 56 -.03 -.27 -.08 .08 .16 .08 -.04 -.17 .14 -.30 

44 .63 .56 -.06 .16 -.54 -.12 -.03 -.65 .42 .13 -.08 -.27 

45 .57 . 32 -.04 .07 .13 .12 .00 .19 -.26 .10 .22 .04 

46 .68 .37 .42 .13 -.05 -.08 .00 -.28 -.03 .04 .16 -.06 

47 . 32 . 36 -.07 -.03 -.08 -.06 .06 .07 .03 .08 .03 .28 

48 .27 . 38 .21 -.17 -.02 -.01 -.23 .03 -.10 .25 -.14 -.18 

49 .27 . 32 .13 .02 -.06 -. 34 .10 -.31 -.08 .22 -.18 -.29 

so .so .53 . 35 .11 .06 -.04 -.11 -.14 .15 -. 20 -.16 .oo 
51 .08 .55 .02 .12 -.46 .28 .04 -.48 .23 -.02 -.16 .21 

52 .40 .60 -.21 .20 -.36 .02 -.09 -.38 -.07 -.11 .00 -.05 

53 .42 .59 -.17 .27 -.52 -.14 .06 -.37 -.14 .06 .07 .11 

54 .52 .48 -.08 -.07 -.18 .03 .18 -.02 -.36 .10 .11 -.06 

55 .37 .47 .07 -.03 -.12 .13 .04 -.06 .03 .26 .17 .08 

Factor 
Contribution 12.84 13.44 2.11 1.96 2.49 1. 98 1.81 2.24 1.90 1. 75 2.22 1. 83 
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in Appendix Table C) were then correlated with those determined earlier 
using all the items in each examination. Item parameter estimates for content 
area ICC's and total test ICC's were correlated for the a and b parameters 
separately and within each examination. The significance of linear and 
polynomial trends was also tested in these data using program BMD02V from 
the Biomedical Computer Program Package (Dixon, 1975). In addition, the 
slope and intercept of the regression lines were determined and tested for 
statistical significance. Because the c parameter was poorly estimated by 
Urry's program with the numbers of testees and items available in this study, 
these analyses were confined to the a and b parameters. 

Results. Fifty-one items were rejected, using the criteria in Urry's 
calibration program. Approximately half were excluded by the program in 
both the total test calibration and the content area calibration. Only one 
item was excluded in the content area calibration that was not excluded in 
the total test calibration. 

Table 10 shows the Pearson product-moment correlations of the a para
meter estimates for the content areas and the total test. It also shows the 
significance levels of the first through fourth degree polynomials in the 
prediction of the a parameter estimates for items in each content area by 
the total test a parameters. Correlations varied from .18 to .95. These 
linear trends were statistically significant (p$.05) in 7 of 10 instances. 
As Table 10 and Appendix Table D show, non-linear quadratic trends were 
significant in only two instances; none of the cubic and quartic trends 
were statistically significant. In test Sl there was no significant relation
ship between the two sets of parameters for content area 3; it was the only 
content area which did not exhibit a significant trend in one of the two 
quarters. 

Table 10 
Product-Homent Correlations and Level of Significance for Polynomial 
Trends in the Prediction of Content Area a Parameter Estimates From 

Total Test a Parameter Estimates for Four Tests 
Content No. of Significance of Polynomial Trends 

Test Area Items r Linear Quadratic Cubic Quartic 
Wl 

1 13 .69 p::;.oo5 NS* NS NS 
2 18 .77 .001 NS NS NS 
3 10 .24 NS . 05 NS NS 

SJ 
1 12 . 43 NS . OS NS NS 
2 14 .72 .005 NS NS NS 
3 9 .18 NS NS NS NS 

W2 
4 31 . 93 .001 NS NS NS 
5 11 .86 .001 NS NS NS 

S2 
4 30 • 95 .001 NS NS NS 
5 12 .74 . 01 NS NS NS 

* NS indicates that the polynomial was not statistically significant 
at the .OS level. Significance was determined by the use of an 
F-statistic. The sums of squares used for calculating the F-value 
are shown in Appendix Table D. 
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Table 11 shows the correlations and tests of polynomial trends for the 
b parameter. These correlations ranged from .86 to .99; all but two were 
.94 or above. Table 11 and Appendix Table E show that the linear trends for 
all 10 instances were significant at the p~.001 level. None of the non-linear 
trends were statistically significant. 

Table 11 
Product-Moment Correlations and Level of Significance for Polynomial 
Trends in the Prediction of Content Area b Parameter Estimates From 

Total Test b Parameter Estimates for Four Tests 

Content No. of Significance of Polynomial Trends 
Test Area Items r Linear Quadratic Cubic Quartic 

Wl 1 13 .99 .001 NS* NS NS 
2 17 .94 .001 NS NS NS 
3 10 .95 .001 NS NS NS 

Sl 1 12 .98 .001 NS NS NS 
2 14 .99 .001 NS NS NS 
3 9 .91 .001 NS NS NS 

W2 4 31 .97 .001 NS NS NS 
5 11 .98 .001 NS NS NS 

S2 4 30 .99 .001 NS NS NS 
5 12 .86 .001 NS NS NS 

* NS indicates that the polynomial was not statistically significant 
at the .05 level. Significance was determined by the use of an F
statistic. The sums of squares used for calculating the F-value 
are shown in Appendix Table E. 

The data in Tables 10 and 11 show that the relationship between the 
ICC item parameters computed within content areas and those computed when 
the items were embedded within the total test were linear for the b para
meter and primarily linear for the a parameter. The data from the spring 
quarter tests tended not to fit the predictions as well as that from the 
winter quarter tests, since there was no significant relationship in the 
a parameter data for content area Sl. This is the same content area which 
also had one of the lowest correlations in the b parameter data. 

Strong inferences concerning the unidimensionality assumption can be 
drawn from an examination of the slope and intercept of the regressions of 
the content area and total test ICC parameters. These data are shown in 
Table 12. The results for the slope of the a (discrimination) parameter were 
in accordance with the prediction of slope of 1.0 in only one instance. 
The intercept of the a parameter exceeded twice its standard error in only 
three of the ten instances. 

For the b parameter, Table 12 shows that the slope of the regression 
line deviated significantly from its predicted value in content area 3 for 
Wl and Sl and content area 1 for Wl; the remainder of the slopes did not 
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Table 12 
Slopes and Intercepts and Their Standard Errors (S.E.) for the 
Bivariate Regression of Content Area Item Parameters and Total 

Test Item Parameters 

Slope Intercept Test and 
Content 

Area 
No. of 
Items Slope S.E. 

1 
Pred. Int. S. E. 2 Pred. 

--------------------~-i~!~~~!~!~~~!~~L-~~~~~~~~~------------------------
wl 

1 
2 
3 

Sl 
1 
2 
3 

W2 
4 
5 

S2 
4 
5 

13 
15 

8 

12 
14 

7 

29 
19 

30 
12 

.54 

.56 

.20 

.13 

.77 

.15 

.82 

.51 

.37 

.22 

.17 

.11 

.22 

. 09 

.21 

.23 

.07 

.10 

.15 

. 06 

N 
N 
N 

N 
y 

N 

N 
N 

N 
N 

.43 

.14 

.67 

. 83 
-.16 

.76 

.12 

.31 

. 63 

.66 

.30 

.19 

.40 

.15 

.36 

.47 

.09 

.17 

.19 

.10 

y 
y 
y 

N 
y 
y 

y 
y 

N 
N 

________________________ £_i~!~~!~~~~~L-~~~~~~~~~-----------------------
wl 

1 
2 
3 

Sl 
1 
2 
3 

W2 
4 
5 

S2 
4 
5 

13 
15 

8 

12 
14 

7 

29 
19 

30 
12 

.94 
1. 08 

.73 

1. 03 
• 93 
• 72 

.97 

. 97 

1. 05 
.77 

. 03 

.06 

. 08 

. 07 

. 04 

.12 

.05 

. 06 

. 07 

.14 

N 
y 

N 

y 
y 

N 

y 
y 

y 
y 

.00 
-.41 

.46 

-.16 
-.31 

.11 

-.07 
. 01 

.06 
-.21 

. 03 

.09 

.13 

. 08 

. 06 

.20 

.06 

. 07 

. 07 

.13 

y 

N 
N 

y 

N 
y 

y 
y 

y 
y 

1
Y indicates that the value of the slope was as predicted, i.e., did not 
differ from the predicted value of 1.0 by more than twice its standard 
error; N otherwise. 

2Y indicates that the value of the intercept was as predicted, i.e., did 
not differ from the predicted value of 0.0 by more than twice its stan
dard error; N otherwise. 
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differ from 1.0 by more than twice their standard errors. The intercepts 
for the b parameter deviated significantly from zero for content areas 2 
and 3 in Wl and content area 2 in W2. There were no deviations from the 
predicted values for either slope or intercept of the b parameters for the 
second examination (W2 or S2). 

Conclusions 

The factor analysis strongly supported the belief that only one real 
factor was present in each of the two tests analyzed. Every other factor 
fell at or near the level of the factors extracted by the same methods from 
random data and had loadings which were largely similar to those in the 
random data. 

The analysis of the ICC parameters estimated in the context of the total 
test and individual content areas also lent credence to the hypothesis of 
unidimensionality. Although there were some deviations from predicted 
relationships, content area estimates were primarily linearly related to 
total test parameter estimates. The regression slopes and intercepts 
tended to follow the predicted patterns, particularly for the b parameter. 
For the a parameter the slope of the regression did not generally follow 
the predicted pattern, but the results were generally in accord with the 
predictions for the intercept of the regressions. 

Thus, even though there were some deviations from strict unidimen
sionality, the two types of evidence indicate that the assumption of essential 
unidimensionality is valid·. 

Sampling Invariance of Item Parameter Estimates 

According to Lord and Novick (1968, p. 380), ICC item parameter estimates 
determined in tvJO subgroups are invariant if : 

1. the regression of the b parameter estimates for two population sub
groups is linear with a slope equal to o1 (8)/o2(8), where o1 (8) and 

2. 

a (8) are the standard deviations of 8 in 
2 

the two population sub-

groups, and the intercept is equal to the difference in the mean ability 
level between the two groups 
the regression for the a parameter 
a zero intercept, and the slope is 

estimates is also linear and has 
equal to o

1
(8)/o

2
(8). 

Similar predictions could be made for the c parameter. However, similar to 
the previous analyses, these analyses of sampling invariance were confined to 
the a and b parameters and were not applied to the c parameter. 

Method 

In the two quarters used for item calibration, 46 items were administered 
to two different groups of students. Since these items were administered to 
different groups in the context of different tests, a comparison of the para
meters obtained from the two calibrations of these items will serve as a strong 
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test of the invariance of the item parameters. If invariance is observed, 
it can be interpreted as additional evidence for the applicability of ICC 
theory in an achievement measurement setting. 

Of the 46 items which had been administered to two groups of students, 
25 items were used by the sampling invariance analysis. Items were included 
in the analysis if they had been administered at the same point in the course 
during both quarters (e.g., items administered at Wl and Sl or WF and SF 
were used, whereas an item administered at Wl and SF was not used). 

For each item administered, item parameter estimates were obtained in each 
of the samples within the context of the calibration of the total set of 
items. Parameter estimates obtained from the second administrations were 
regressed on those obtained from the first administration; bhese regressions 
were tested for polynomial trends. In addition, the slopes and intercepts 
of the regression equations were compared with predicted values. 

Item 
Number 

3002 
3034 
3038 
3201 
3206 
3216 
3218 
3229 
3237 
3241 
3243 

. 3414 
3612 
3651 
3812 
3909 
4005 
4006 
4025 
4026 
4036 
4044 
4203 
4229 
4238 

Note. 

Table 13 
Parameter Estimates for Items Used 
in Study of Sampling Invariance 

First Administration Second Administration 
Parameter Parameter 

Test a b Test a b 

WF .82 .13 SF .87 .12 
Wl 1. 01 .37 Sl .85 -.29 
Wl 1. 58 -.56 Sl 1.20 -1.06 
Wl 1.07 -1.34 Sl .85 -1.74 
Wl .74 1. 51 Sl . 75 1.57 
Wl 1.27 -.62 Sl 1.17 -.60 
Wl .82 .58 Sl .80 .34 
Wl Sl 
WF 1. 54 -.37 SF 1. 58 -.11 
Wl 1.12 2.48 Sl . 91 2.09 
Wl Sl 
Wl .88 2.29 Sl 1.40 1. 96 
WF SF 1.12 .75 
W2 .81 2.27 S2 . 95 2.31 
W2 . 74 -.66 S2 .82 -.63 
W2 1.34 .77 S2 .90 1.12 
WF SF 1.28 2.76 
WF . 84 -.59 SF 1. 05 -.19 
WF SF 
WF SF 
WF 1. 24 -.61 SF . 95 -1.30 
WF .80 -.12 SF .80 -.60 
WF SF 
WF 1. 36 -.45 SF 1. 64 -.92 
WF .83 1. 54 SF .83 1.47 

Blank item parameters indicate that the item 
was rejected by the parameterization program. 
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Results 

The items used in this phase of the analysis and their parameter 
estimates are shown in Table 13; these items had a fairly representative 
range of a and b values and included items from each content area. Of the 
25 items available, seven were rejected by Urry's exclusionary criteria in 
one of the two groups. Five of these items were rejected at both calibrations. 

Figure 2 shows a plot of the a parameter estimates obtained for the 18 
items for which parameter estimates were available both quarters; results of 
the linearity test are in Table 14. As Figure 2 shows, the slope of the 
linear regression line was .61 with a standard error of .19. The predicted 
value of the slope of the linear regression was .97, based on the ratio of 
the standard deviations of the total test e estimates obtained in the winter 
and spring quarter data. Thus, the slope did not deviate from its predicted 
value by more than twice its standard error. The intercept of the regression 
line was .38 with a standard error of .21; it, too, did not deviate from its 
predicted value (0.0) by more than twice its standard error. 

Figure 2 
Plot of a Parameters of Items Calibrated Twice 
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R 
A • 
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I 
0 • N • .90 • • • • • • . 80 • • • 
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The data shown in Table 14 indicate that the regression of the two sets 
of parameter estimates was linear. The Pearson product-moment r of .63 was 
statistically significant at p:.oos; none of the curvilinear trends was 
statistically significant. 

Table 14 
Product-Moment Correlations and Level of Significance of the Con
tribution of Each Term of a Fourth Degree Polynomial Expression to 
the Prediction of the a and b Parameter Estimates Obtained During 
Spring Quarter Testing from Those Obtained During Winter Quarter 

Test in 

Significance of Polynomial 
Parameter r Linear Quadratic Cubic Quartic 

* 

a 
b 

.63 

.96 
.005 
.001 

NS* 
NS 

NS 
NS 

NS 
NS 

NS signifies that significance level of p=.05 was not attained. 

Figure 3 shows the bivariate plot of the b parameter estimates for the 
data from the two quarters. The linear regression line fitted to these points 
had a slope of 1.02 with a standard error of .07. Thus, it did not differ 
from its predicted value of .97 by more than twice its standard error. The 
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p 

R 

N 
G 

A 
D 
M 
I 
N 
I 
s 
T 
R 
A 
T 
I 
0 
N 

Figure 3 
Plot of b Parameters of Items Calibrated Twice 

WINTER ADMINISTRATION 



-24-

mean differences in e estimates obtained from the winter and spring groups 
was -.09. The intercept of the regression in Figure 3 was -.18 with a standard 
error of .08. Thus, the observed slope for the b parameters did not differ 
from the predicted slope by more than twice its standard error. 

As shown in Table 14, the linear correlation between the two sets of 
parameter estimates was .96, which was highly significant; none of the 
non-linear trends was statistically significant. 

Conclusions 

These results strongly support the invariance characteristics of the 
a and b ICC parameters across subgroups from the same population. Results 
for both parameters showed linear relationships between the parameter 
estimates derived in two samples of persons, when the items were in the 
context of different subsets of items in each sample. In addition, the 
results from the linear regression met the strong criteria of sampling in
variance predicted by the ICC model. These results strongly support the 
application of the ICC a and b parameter estimates in an achievement testing 
context. 

Conclusions 

Answers can now be given to the questions which guided this research: 

1. Do achievement test item pools permit calibPation by ICC models and 
Pesult in an item pool suitable foP adaptive testing? 

Of the 394 unique items, 309 survived ICC calibration procedures to 
form a total pool of wide-ranging difficulty with moderate to high 
discriminations. Except for the high values of the c parameter, 
this pool met and exceeded reasonable standards set for an item pool 
for use in adaptive testing. The two midquarter examination subpools 
also were suitable for adaptive testing. The two pools contained 
114 and 123 items with mean a-values of 1.24 and 1.19, respectively. 
Difficulty (b) parameter values were relatively rectangularly dis
tributed in the range of -1.75 to about +1.75; items were also 
available with b values as high as 3.21. However, there was a lack 
of items in the very low difficulty range. 

2. APe Pesponses to achievement test items Peasonably unidimensional? 

Both the factor analytic study and the study of item parameter 
estimates for content areas and the total test support the uni
dimensionality assumption. There was some indication that deviations 
from unidimensionality existed in the data, but they appeared to be 
minor compared to the major factor in the data. 

3. Do item paPameteP estimates Pemain invaPiant acPoss samples? 

Both the a and b parameters were consistently estimated across two 
samples. Both met strong criteria of invariance in terms of linearity 



-25-

of the estimates and predicted values of the regression slopes and 
intercepts. These results are particularly meaningful, considering 
that the items studied appeared in the two tests in the context of 
other items which were not generally the same in both groups of 
students. 

The primary results of these studies indicate that ICC theory can be 
applied to a classroom achievement test item pool. This is an extension of 
the application of ICC theory, which has been primarily limited to ability 
testing until now. If these results replicate in other areas of the achieve
ment testing domain, it will be possible to link ICC theory with computerized 
adaptive test administration. This combination will yield a more thorough 
and efficient system for measuring achievement and for evaluating the 
effectiveness of training programs. 
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APPENDIX: SUPPLE}ffiNTARY TABLES 

Table A 

===-------=-~-~--------~~--~-g..~--~~ Item Parameter Est!~~t-~~-~I_)_!_erns i:=n==::t:_:he=F::::i:=n:.:a::':lc:P::::o:::o:_,1============ 

Item I tern Item 
~umber ~ b c Test 
~30oo~-- 124 -"s"'2---'3o-,6- IIF 3254 

Number Q~~~b~~C~~~T=es=to_ 
228 -17 27 SF 

N~:~:~r~~~g~l9~--~~~2~;~~3~-T~~~,~~'-
3002 82 I 3 14 \IF 3255 114 -72 26 SF 3647 79 1114 37 1<2 
3003 96 -176 34 51 3256 231 -33 26 SF 3648 159 -96 33 52 
3005 141 II 39 Sl 3257 98 -102 25 I<F 3649 132 11 22 SF 
3006 77 -37 33 SF 3258 124 81 36 WF 3651 95 231 52 52 
3008 96 -175 18 Sl 3259 69 -41 20 51 3653 83 -51 33 SF 
3011 132 -86 20 Wl 3260 71 84 28 s 1 3654 151 84 21 W2 
3012 75 80 38 SF 3402 83 244 36 Ill 3655 137 -90 60 WF 
3013 100 -97 39 S1 3403 99 !8 19 1<1 3656 63 -31 34 W2 
3014 86 -124 14 Sl 3404 65 -29 35 WF 3657 81 -174 34 W2 
3017 99 -58 16 \IF 3405 140 55 32 I<F 3658 125 32 38 52 
1018 89 !25 45 Sl 3406 131 248 52 SF 3659 137 67 29 52 
3019 131 29 29 WF 3407 !02 241 29 S1 3660 78 -39 14 52 
3020 123 -128 17 Sl 3408 251 105 31 SF 3661 190 68 32 WF 
3021 196 -49 21 WF 3409 468 123 00 Sl 3662 154 93 27 HF 
3022 101 -48 30 SF 3410 130 134 31 W1 3663 69 -17 JJ W2 
3023 240 -115 36 SF 3411 
3027 167 -138 40 SF 3412 
3028 112 -126 51 SF 3413 
3029 113 -150 28 WF 3414 
3031 147 -33 39 I.Jl 3415 
3032 77 -106 27 WI 3417 
3033 154 244 36 hfl )~19 

3034 101 37 28 WI 3420 
3035 90 68 28 S0 342] 
3036 92 -118 16 Sl 3422 
3038 171 -93 21 \IF 3423 
3039 112 12 I• WF 3425 
30.\l 151 23 37 Ill 3.\26 
3042 115 37 27 WI 3427 
3044 87 -1.\2 15 Sl 3428 
3045 102 248 27 Sl 3429 
1046 118 2.:. 22 1n 34 30 
3047 116 44 29 \"' 3431 
3048 135 66 31 Ill 3432 
3049 115 -71 18 Ill 3433 
3050 112 35 18 Sl 3601 
3051 129 21 28 Sl 3602 
3201 107 -!34 23 Wl 3603 
3202 181 -99 21 Ill 3605 
3204 11.\ !66 J6 Sl 1606 
3205 125 -153 19 Sl 3607 
1206 74 lSI 11 \il 3608 
3207 70 46 28 Iii' 3609 
3208 76 -16 12 WF 1610 

136 123 99 WF 
112 19 54 SF 
140 76 37 Sl 

88 229 32 Ill 
85 -9h 4! Ill 

267 302 56 Sf 
123 148 25 Ill 

68 162 38 Wl 
11 7 1 !5 52 S2 
!47 ISO 60 S2 

66 16 27 \IF 
ll6 17 23 S2 
68 07 22 s·> 
92 151 26 112 

40 90 -156 
125 
115 

70 
1 72 
l 35 
104 
109 
12! 
122 

71 
lJR 
104 

124 
- JO 

28 
67 
86 

127 
-137 

5h 
57 

09 
-78 

78. 1H 
80 -113 

28 
29 
20 
45 
30 
38 
49 
33 
]~ 

3209 277 229 29 Sl 3611 122 \9 
75 

-174 

l.\ 
3 7 
16 
4] 
].\ 

32 
32!0 104 -122 40 Sl 3612 112 
3211 88 OJ ll \!I 1613 86 
3213 93 52 40 \II' 3614 79 46 

47 
l J 
19 

3664 lll 16G 
3665 ll9 54 
3666 68 141 
366~ 97 -87 
3669 8! 227 
3670 80 111 
3671 151 -14 
3672 !57 -80 
3673 !51 111 
J674 172 63 
3675 121 40 
3676 89 151 
3679 121 -94 
3680 133 -101 
3681 !OJ 154 
3682 133 -72 
3683 85 -lll 
3684 86 -?5 
3685 !19 -10i 
3686 126 -88 
3690 )36 2 36 
3692 !53 -!28 
3693 Ill 
1695 !09 
3696 68 
3697 156 
J69R 21 l 
J700 84 
3 701 82 
380 l 80 
J804 9 5 
3805 2 50 
1806 15 7 

-24 
-173 

-35 
321 
2R2 

85 
-15 
-17 
142 
2 38 

48 

22 
30 
14 
42 
35 
26 
15 
31 
26 
28 
25 
1 7 
16 
36 
34 
15 
14 
16 
29 
24 
36 

21 
2! 
65 
62 
30 
42 
45 
45 
38 
36 

32!4 112 03 23 Sl 3615 169 117 29 \12 3807 !52 -110 17 
3215 159 -82 23 \IF 3616 86 62 25 f!2 JSOR 99 -!00 30 
3216 127 -62 18 hl 3617 79 -Ill I!. \12 3809 127 -61 53 
32!7 106 -48 14 Sl J6lH 64 -05 15 \,'F 1Hl0 92 220 27 
12!8 82 58 12 Iii 3620 204 297 65 \12 38!1 ll 5 22 56 
3219 123 62 21 Ill 362! 92 -09 11 li2 3812 82 -63 13 
3220 179 -OJ 26 \IF 3622 95 253 42 sr 3813 120 -97 17 
322! 125 -52 17 Ill' 3623 131 -100 18 S:' 3814 126 -32 38 
3224 RO -50 27 Sl 3624 80 ·-19 12 \if' 3815 95 58 38 
3226 109 -98 20 1n 3625 98 166 39 1!2 1819 76 53 42 
3228 67 249 31 Iii 3626 65 52 25 \'f 1820 92 38 12 
3230 90 87 41 h'F 3627 103 107 4S SF JH31 90 -92 43 
323!. 354 173 00 Ill 1628 98 51 27 \1] 3823 !00 -07 53 
1235 115 -!40 28 Sl 1629 Ill -OJ 37 Ill 3825 !09 -118 34 
3236 126 -120 ll SF 3630 70 -24 43 Sl 3827 87 135 46 
1237 154 -37 18 \IF 3631 !5J -18 18 Sl 3821 388 196 06 
3238 82 -106 21 Sl 3632 12.1 27 17 Sl 3832 99 -174 32 
3239 !04 -111 21 \IF 3613 94 -08 40 Sl 1901 !55 262 19 
3240 98 -28 !5 \11 3634 179 -58 30 \IF 3902 73 149 29 
3241 91 209 17 Sl 3635 117 66 44 Sl 3903 121 -43 31 
3242 94 240 41 SF 3636 124 -63 27 SF 3904 145 158 28 
3244 135 -44 23 Sl 3637 129 -73 28 Sl 3905 98 35 20 
1745 134 -96 21 W1 3638 !3.'> -154 21 52 3906 87 -66 14 
3246 110 -72 28 SF 1639 147 -180 40 W2 3907 143 -108 64 
3247 82 242 1,] Sl 1640 14J -69 39 52 3908 115 07 31 
3249 91 -169 17 Sl 364! 120 -65 22 S2 3909 134 77 38 
3250 91 194 29 Ill 3642 Ill Ill 24 WF 3910 158 -159 21 
3251 260 239 44 SF 3641 140 -50 25 W2 1912 95 70 19 

W2 
52 
W2 
H2 
W2 
W2 
\12 
52 
52 
W2 
SF 
52 
1<2 
SF 
\.JF 
W2 
S2 
h'2 
SF 
52 
SF 
SF 
112 
W2 
\n 
liZ 
52 
S2 
S2 
\{F 

SF 
1<2 
W? 
\IF 
SF 
W2 
SF 
52 
52 
\IF 
l-.'2 
SF 
52 
52 
WF 
SF 
112 
\IF 
S2 
h'F 
W2 
1<2 
SF 
W2 
52 
SF 
W2 
W2 
1<2 
S2 

Item 
Number 

3913 
3914 
3915 
3916 
4001 
4002 
4003 
4004 
4006 
4007 
4009 
4010 
4011 
4012 
4013 
4015 
4016 
4019 
4020 
4022 
4027 
4028 
4029 
4030 
4031 
4032 
4033 
4036 
4037 
4039 
4042 
4043 
4044 
4046 
4047 
4048 
4049 
4050 
4051 
4201 
4202 
4204 
4205 
4207 
4208 
4209 
4210 
42ll 
4214 
4216 
4217 
4218 
4219 
4220 
4221 
4222 
4223 
4224 
422 5 
4226 
4227 
4228 
4229 
4230 
42 31 
42 34 
4235 
42 37 
4238 
4239 
4240 
4242 
424 3 
4244 
4245 
4246 

0: k 
131 -131 

98 -39 
108 -61 
139 114 
147 -114 

78 -153 
70 -129 

139 -56 
84 -59 
81 -150 
84 -54 
88 -182 
90 -46 

125 -157 
176 -188 
203 -162 

70 44 
105 -20 

91 -113 
81 -174 

136 -65 
63 -52 

191 -128 
115 -4 3 

89 -110 
160 255 

90 223 
95 -130 

145 137 
91 -112 
66 -14 

187 245 
80 -12 

127 -28 
82 -171 
84 163 

135 -158 
86 197 
84 -110 

152 260 
128 !53 
104 75 

70 82 
103 05 

63 -75 
100 71 

96 -64 
169 263 
154 -101 

97 11 
138 52 
102 6 7 
118 269 
105 -133 
134 270 
190 05 
101 -08 
133 -66 
131 -59 

79 -107 
119 59 
222 105 
164 -92 

99 -152 
87 -169 

13 7 -2 3 
86 95 
65 04 
83 14 7 
82 -142 

!54 -01 
100 -65 

91 -153 
73 -77 

!30 -158 
140 143 

c 
19 
16 
16 
47 
13 
12 
11 
26 
16 
42 
31 
23 
14 
14 
16 
12 
30 
31 
14 
13 
28 
34 
12 
14 
15 
47 
38 
17 
42 
12 
33 
39 
38 
16 
31 
31 
23 
36 
15 
58 
37 
41 
33 
39 
32 
41 
14 
35 
20 
25 
38 
24 
36 
18 
54 
23 
14 
27 
26 
ll 
41 
38 
17 
13 
20 
39 
20 
36 
43 
11 
35 
13 
18 
17 
22 
45 

Test 

52 
52 
52 
SF 
WF 
WF 
WF 
WF 
WF 
WF 
WF 
WF 
SF 
WF 
WF 
WF 
WF 
SF 
WF 
WF 
WF 
IVF 
WF 
WF 
SF 
WF 
SF 
SF 
SF 
I<F 
SF 
WF 
WF 
SF 
SF 
SF 
SF 
SF 
SF 
I<F 
WF 
WF 
WF 
SF 
WF 
WF 
SF 
WF 
SF 
\IF 
SF 
SF 
WF 
SF 
SF 
SF 
SF 
SF 
SF 
SF 
WF 
WF 
SF 
WF 
SF 
SF 
WF 
WF 
SF 
WF 
WF 
WF 
SF 
SF 
SF 
SF 
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Table B 
Tetrachoric Correlation Matrices for Itef'ls in Wl and S2 Tests 

Item 
s4 ~~ 

....Jt..._ 
Item 1 2 3 4 5 6 7 8 9 lU 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 /,4 45 46 47 48 49 so 51 52 53 WI 52 

1 26 -00 08 23 06 21 16 14 26 10 16 13 13 17 04 03 25 19 09 -04 17 OS 15 11 10 14 09 13 20 18 11 04 09 OS 07 02 OS 20 14 27 07 02 04 14 -02 15 11 14 15 27 40 11 19 25 15 12 2 23 19 20 15 16 22 18 20 25 33 19 20 04 23 12 20 38 29 22 OS 16 28 18 21 20 26 38 12 25 22 11 28 19 16 29 26 17 22 14 31 24 22 28 32 If 09 12 15 OS 12 14 14 17 38 39 11 
3 26 24 21 31 13 36 19 16 34 38 19 33 47 -02 09 14 33 30 20 29 16 14 31 19 46 30 25 16 15 29 30 07 40 11 09 23 27 01 38 32 18 31 21 21 23 01 10 OS 23 -12 10 10 25 16 47 36 
4 14 15 20 18 07 33 38 32 40 25 26 31 34 16 09 21 45 33 13 25 22 15 13 15 28 35 30 09 19 30 27 19 21 34 22 38 13 07 20 26 13 33 31 30 19 10 12 15 27 12 22 22 18 13 45 42 
5 23 20 12 27 18 33 22 17 27 13 34 18 46 08 08 12 19 20 04 08 19 19 13 19 28 36 38 07 22 21 24 11 32 -02 16 41 16 07 27 22 19 39 21 14 22 16 04 04 25 -02 16 -01 20 13 46 48 
6 40 24 26 42 41 23 19 15 13 13 03 09 19 06 07 16 24 15 02 12 08 04 -01 10 12 18 12 06 14 10 19 12 08 04 02 15 07 10 29 23 18 19 07 11 15 15 07 11 04 -01 03 15 27 16 29 43 
7 -07 11 -03 -03 08 16 37 34 33 32 26 33 06 09 15 22 40 29 19 31 29 18 21 24 34 34 38 24 34 26 38 26 09 35 20 14 33 25 23 36 33 34 35 19 09 12 30 -10 28 25 30 28 40 22 31 22 
8 22 20 13 19 15 40 -03 39 50 31 33 37 29 04 15 26 43 34 12 24 26 22 26 25 21, 32 31 21 17 26 32 22 32 34 21 35 15 12 34 24 14 20 31 35 41 20 17 04 32 07 25 31 32 16 so 46 
9 24 19 36 32 36 26 08 27 53 24 38 28 30 08 19 27 33 27 12 24 26 01 12 13 26 23 25 08 25 23 32 22 25 19 15 35 24 15 18 21 14 34 37 28 26 25 29 09 22 -01 19 20 31 21 53 74 

10 26 32 28 40 49 35 09 24 74 36 31 39 28 07 23 31 40 37 08 20 32 27 21 24 36 31 31 17 31 32 34 30 43 37 32 34 19 12 21 27 22 35 38 24 37 21 13 18 35 OS 28 20 26 23 53 74 
11 04 00 00 02 07 -02 -12 -05 06 06 36 27 41 19 20 19 33 29 20 18 32 22 19 22 17 30 32 26 18 30 35 17 39 30 14 29 18 19 33 20 18 26 32 27 33 21 21 15 30 OS 25 33 36 17 40 43 
12 33 12 04 27 37 37 08 46 38 43 -07 21 25 13 10 36 34 26 23 17 25 25 22 19 28 34 47 19 24 20 46 20 36 21 16 34 29 22 25 24 15 17 38 31 33 10 14 19 17 06 21 24 28 26 47 46 
13 30 17 13 26 37 37 01 31 28 14 -04 42 27 12 17 30 27 38 03 OB 18 28 23 22 28 32 29 10 34 42 30 28 37 22 27 34 30 18 23 34 08 17 27 28 32 30 14 11 35 -03 26 21 23 18 42 44 
14 -05 -04 11 06 12 04 01 13 10 03 -15 21 07 22 24 27 19 30 05 29 03 10 -02 25 33 35 14 05 08 42 26 20 28 23 -02 37 21 22 17 30 -02 17 30 24 32 09 23 14 25 06 13 02 28 15 47 24 
15 10 17 18 16 29 27 06 35 29 33 07 28 39 04 06 01 14 20 09 05 18 06 08 -11 04 06 22 OS 14 lJ 15 06 10 13 11 27 04 04 14 12 18 02 20 07 15 10 04 04 12 10 15 18 08 03 27 41 
16 24 27 10 11 37 32 -08 38 17 19 -09 29 37 08 20 02 24 17 04 OS 20 08. 11 09 19 07 08 16 11 14 16 20 07 07 07 24 14 13 14 09 OS 21 28 21 18 07 03 14 26 02 09 OS 14 21 28 51 
17 31 lJ 18 31 36 39 07 30 31 33 -os 36 40 20 26 36 39 29 23 21 22 18 18 19 14 25 28 14 20 20 27 22 36 23 13 34 24 18 16 20 14 16 37 33 29 13 15 22 24 06 21 19 23 18 39 43 
18 40 37 14 30 34 26 07 37 43 51 -11 41 44 18 33 51 39 45 21 23 32 28 18 23 40 41 38 24 31 30 47 23 39 18 25 41 23 19 39 30 20 28 51 38 43 12 08 25 25 13 31 20 31 23 51 51 I 
19 25 25 21 27 22 37 00 36 31 33 -06 29 31 16 36 40 42 46 15 24 24 32 13 24 35 28 25 12 27 23 42 26 41 23 26 42 25 18 25 25 17 27 41 25 23 10 04 15 39 02 34 27 23 16 45 46 N 
20 33 30 13 26 32 26 -08 42 20 19 -01 42 43 17 22 25 24 41 33 01 09 05 14 01 17 11 21 1) 12 07 24 07 16 06 06 19 12 06 12 07 10 20 29 15 20 12 -06 11 11 14 12 14 20 16 29 43 \C 
21 25 22 20 24 28 33 00 29 37 31 -19 37 37 24 '·1 27 34 30 39 32 17 15 16 08 03 14 22 11 OS 14 26 11 14 19 -01 19 13 11 OS 21 16 06 29 25 15 14 15 09 10 -09 18 18 10 09 31 42 I 
22 25 29 15 20 30 34 -04 21 25 23 -06 09 25 18 24 20 37 39 32 23 42 37 08 15 33 13 18 13 10 23 28 22 21 20 12 24 15 12 02 14 23 10 30 27 33 14 14 OS 22 01 18 15 15 18 37 42 
23 19 22 22 27 21 34 07 41 36 35 07 30 18 12 24 22 32 26 37 25 22 19 22 06 04 27 24 14 23 17 25 23 23 17 25 30 26 25 19 21 11 19 26 21 29 04 12 18 25 06 27 20 08 09 37 39 
24 16 31 17 26 27 27 -10 26 31 24 -07 10 18 04 19 20 18 33 32 14 20 17 26 23 18 21 21 22 12 23 26 25 25 18 14 26 21 13 20 15 10 11 20 20 32 11 11 03 27 OS 12 23 24 04 32 38 
25 19 20 16 17 17 14 07 24 17 04 -09 14 29 14 21 12 27 15 25 23 28 23 22 30 25 33 14 16 19 20 26 22 30 10 06 26 24 07 23 18 04 26 20 24 25 14 02 -04 15 09 IS 14 26 17 33 33 
26 19 16 17 27 19 26 -01 30 17 03 -06 24 33 11 23 27 21 30 26 25 20 24 25 29 28 16 39 09 19 36 42 10 35 19 10 39 36 18 08 17 10 33 27 31 49 14 45 20 14 11 19 23 23 30 49 40 
27 20 19 16 08 -01 -03 -05 15 01 12 03 09 13 -03 -02 02 14 16 07 20 06 17 10 -03 04 21 35 22 34 29 35 19 45 18 24 40 25 13 38 35 19 43 38 39 38 16 11 24 26 02 23 19 31 13 45 27 
28 15 33 16 21 18 41 -01 30 38 43 OS 32 31 00 31 26 33 35 38 29 21 16 29 15 12 10 -27 22 26 25 49 13 33 23 19 46 36 15 25 28 19 24 40 35 40 27 11 17 17 15 19 26 31 31 49 43 
29 19 20 11 20 20 07 05 21 08 13 -11 18 15 17 16 15 30 34 15 20 32 13 17 19 20 17 11 28 19 07 21 22 19 17 -07 27 15 OS 32 16 16 04 31 18 29 17 01 12 19 11 19 16 20 20 32 38 
30 23 27 14 33 33 41 -06 40 30 35 -01 32 41 04 29 16 43 36 25 29 32 35 34 34 21 29 10 37 12 Jl 40 26 40 18 23 36 40 14 25 26 02 40 39 19 30 13 14 03 31 04 15 22 27 11 40 60 
31 21 21 23 32 33 29 OS 41 26 22 -03 29 34 14 32 28 37 36 36 31 40 27 39 29 27 40 06 22 25 60 29 29 27 27 26 35 16 18 10 25 14 23 29 30 38 17 15 05 26 01 21 13 21 10 42 60 
32 24 22 07 12 22 23 OS 13 06 11 -09 14 18 -12 OS 13 24 14 17 13 22 21 18 15 18 25 -01 10 20 32 31 19 45 37 18 52 30 21 24 26 10 23 44 35 47 20 17 23 34 13 27 20 38 31 52 32 
33 19 28 21 14 15 11 -02 25 16 -02 -01 09 20 09 10 15 13 19 35 29 16 14 06 16 16 15 08 24 23 22 18 11 35 14 16 25 15 17 09 12 OS 24 27 18 23 04 -01 -OS 22 10 20 20 12 12 35 35 
34 32 39 26 26 22 29 01 34 30 32 03 14 24 13 24 25 34 28 35 29 25 33 30 35 29 39 14 32 29 41 48 20 27 27 21 40 29 19 42 30 14 35 35 41 48 19 15 09 28 09 23 28 30 19 48 so 
35 33 14 29 33 31 43 -02 23 26 37 06 25 28 10 27 32 35 40 29 29 27 30 39 35 19 33 04 26 20 47 40 18 32 so 20 19 11 13 28 17 09 12 24 29 31 09 28 11 23 -01 21 44 23 23 44 55 
36 12 26 18 24 17 30 09 25 27 18 -09 20 24 07 13 29 27 39 22 24 19 09 12 33 25 29 06 22 19 23 24 21 26 34 32 13 20 12 17 17 12 20 10 22 24 07 09 04 33 12 20 18 15 09 33 39 
37 11 20 11 24 10 28 08 30 14 07 03 23 12 02 26 16 27 21 25 21 08 10 08 35 21 35 02 14 22 24 29 22 14 35 29 37 26 11 36 29 22 36 37 29 44 27 15 23 42 02 19 27 36 29 52 58 
38 25 26 18 21 31 30 02 22 17 33 02 19 32 07 28 26 28 37 40 27 23 16 26 23 16 09 13 08 13 23 26 07 22 31 33 18 20 22 18 30 13 29 24 29 35 16 16 11 15 07 11 20 37 18 40 40 
39 01 06 02 16 11 04 -01 07 11 27 01 -11 -01 -05 12 OS 00 09 20 02 17 14 20 1) 07 14 06 02 -03 09 13 08 00 15 11 10 14 21 13 09 06 07 23 12 12 07 13 10 18 -03 14 16. 15 10 25 27 
40 35 27 29 40 24 33 -03 31 33 40 -01 27 31 07 22 30 35 37 26 35 26 31 29 33 38 14 15 22 44 46 24 22 45 37 26 28 29 13 20 18 31 30 26 34 17 02 19 22 -01 06 28 36 11 42 50 18 41 25 09 26 30 30 39 01 27 33 42 -07 12 31 OS 23 20 19 33 39 19 25 22 35 29 13 29 19 06 15 33 37 16 13 29 39 23 34 36 22 39 17 30 27 26 31 20 24 11 20 01 19 15 26 18 35 44 
42 27 10 16 21 38 31 03 21 26 41 -01 15 33 14 18 19 26 29 23 21 11 22 29 30 18 17 14 09 01 22 18 13 07 45 36 13 18 31 26 38 38 14 25 08 22 09 09 07 17 00 10 19 18 11 31 50 
43 22 20 20 27 25 35 -02 27 16 21 -08 26 17 19 12 30 37 44 25 19 24 24 29 19 26 26 19 28 26 34 35 10 27 42 39 25 27 23 12 so 33 41 15 27 26 26 16 12 20 03 16 18 29 17 43 so 
44 21 15 32 10 37 15 03 22 15 39 43 31 32 -22 15 13 04 29 03 24 01 08 33 30 25 13 03 23 38 31 31 15 17 47 55 33 60 31 09 38 38 so 44 34 54 18 20 19 41 06 26 21 28 27 54 58 
45 17 07 10 13 17 06 08 17 08 13 -10 07 30 16 12 19 16 26 22 19 20 33 04 15 25 20 13 03 21 16 14 02 17 25 20 10 24 10 08 32 12 30 21 14 49 30 21 23 31 00 19 36 33 17 49 46 
46 13 22 21 18 13 18 01 16 14 12 05 14 16 03 14 20 20 28 17 20 20 25 08 12 18 09 -00 19 18 23 14 05 22 20 26 31 23 15 04 20 16 10 22 48 46 09 18 20 38 ·12 35 29 38 18 54 48 
47 09 17 15 12 19 15 -00 08 18 13 -04 10 19 -05 27 19 23 20 31 06 12 14 21 24 08 18 -03 12 00 24 15 20 15 29 20 28 21 25 01 18 30 19 17 20 17 34 16 09 10 02 19 13 16 23 30 37 
48 23 04 06 20 26 21 04 19 29 44 OS 11 14 11 21 14 14 26 27 13 11 13 18 17 18 22 -03 18 06 27 29 26 17 32 19 23 15 25 15 26 18 22 -oo 25 13 14 37 08 09 -07 -07 06 15 13 45 44 
49 27 29 12 13 29 21 08 08 25 27 24 27 17 01 11 30 14 32 12 12 01 -04 26 26 14 22 14 06 09 10 04 -10 07 19 04 15 21 17 -06 16 08 24 20 39 10 22 19 08 16 02 02 13 21 19 25 39 
so 23 22 21 30 37 37 07 22 35 46 -09 19 20 07 28 17 34 35 37 28 27 26 25 21 15 31 08 18 08 39 34 13 11 24 32 11 20 35 08 33 44 20 34 17 23 10 17 21 14 02 21 16 23 15 42 46 
51 26 11 23 24 29 38 22 24 32 37 -13 28 17 15 20 01 14 21 30 23 21 11 30 24 18 23 09 19 06 33 43 16 01 27 35 18 24 17 -00 43 27 27 27 28 02 07 21 20 25 35 09 -04 06 03 15 84 
52 23 31 21 22 26 29 11 29 42 29 -06 25 17 19 26 20 25 29 30 25 26 19 29 28 25 38 -03 28 10 39 48 19 11 36 34 24 40 18 20 46 30 22 36 32 04 16 19 18 07 37 70 22 22 05 35 70 
53 23 25 27 31 19 38 15 25 31 23 -13 19 20 10 17 25 16 23 27 20 18 13 23 38 23 29 00 26 16 33 46 18 09 35 28 26 36 17 08 49 34 18 35 41 09 26 29 23 07 26 83 69 30 10 44 84 
54 21 23 19 18 18 27 06 32 23 29 -03 23 23 -03 14 21 12 31 19 23 14 23 25 31 20 28 07 23 23 25 32 15 21 38 39 27 33 19 -03 31 31 18 29 28 18 18 09 04 12 26 34 37 43 24 38 43 
55 13 24 04 14 30 21 -06 32 17 24 -11 16 15 00 18 29 23 30 22 14 23 27 22 34 23 38 03 21 22 28 41 16 22 29 30 26 31 23 13 32 16 21 32 27 06 20 21 14 08 18 42 30 30 28 31 42 

Note. Correlations above the diagonal are from Wl. Correlations below the diagonal are from 52. Communalities (h 2
) are final iterated values. 



Table C 
ICC a, & and c Item Parameter Estimates Within Content Areas for Items from Wl 1 W2 1 51 and 52 

Content Item Parameter Estimate Content Item Parameter Estimate Con tf'n t I tern Parameter Estimate Content I tern Parameter Estimate 
_Test Area tlo. a ______ /;_ -- c Test Area No. a. _..ll c Test Area t!o. a b. c: Test Area No. a I!_ (' 

W1 1 W2 4 Sl 1 52 4 
3033 2. 38 2.66 .63 3657 .87 -l. 67 . 38 :or4 I. 35 -.85 .24 3618 .98 .13 .41 
3032 l. 29 -1.04 . 35 37 83 .94 - 1.. 22 .18 3051 2.21 . 2 7 .35 3684 1.05 -.75 .22 
3046 1. 39 .20 .26 3641 l. 32 -. 74 . 17 3044 1.13 -1. 19 .23 3608 1. 30 -.66 .24 
3031 l. 59 -.51 .40 3663 . 72 -.10 . 36 3005 l. 65 -.11 .33 3648 1.89 -1.08 . 32 
3041 2.04 . 16 .38 3fil,2 1.06 l. 17 .26 3050 2.28 .69 . 39 3632 l. 39 .16 . 36 
301,2 1. 4 7 . 37 .31 3640 !. 42 -.67 .40 3045 3.00 2.70 .65 3638 1. 70 -1.42 . 34 
304 7 2. 11 . 39 .31 3624 .86 -. 14 . 14 3003 I. 4 7 -1.66 . 32 3603 1. 29 .41 .28 
3000 1. 76 .37 . 3 7 36il'i 1. 2 5 -.98 . 18 3020 I . 61 -1.09 .27 3611 l. 34 .26 .29 
3048 l. 32 .68 .36 3006 .77 -.27 .l'l 3013 1. 39 -1.12 .29 3700 .99 .84 .33 
3049 1. 39 -.67 . 30 !hll ]. 49 -. 23 .22 3036 ]. 31 -.51 .42 3701 .77 -.61 . 34 
3034 1. 1,5 .62 . 41 3h65 ]. 45 .62 .:>8 300R ]. 40 -1. J4 .26 3673 1. 34 l. 01 .28 
3033 2.28 -.66 . 12 3669 l. 05 2.27 .50 3018 .80 ]. 02 .42 3631 1. 73 -.86 .28 
3011 l. 88 -. 7 p, .35 367 5 ]. 30 .48 . 3l S1 2 3623 1.54 .74 . 32 

i·Jl 2 3hil0 l. 59 -.85 . 21 3249 1. 28 -l. 31 . 26 3628 1.17 .46 . 2 7 
3234 2. 53 3.01 . 59 369'i ]. 23 -!. 31 . 12 'l24 7 2. 31 2. 3 7 .74 3615 1. 74 1.12 . 30 
3250 .99 2.36 .41 Jh94 0.00 0.00 o.oo 3241 l. 51 2.74 .50 3660 .99 -.34 .20 
3206 l. 07 l. 81 . 38 3h9h .83 -.51 . 1!1 3244 1. 79 -.28 . 32 3614 . 66 . 3 3 .38 
3216 1. 96 -.23 . 39 3h10 .9R -1.10 . 1 7 3205 l. 72 -1.29 . 28 3617 .99 -.99 .23 
3218 1. 24 1.19 . 1,0 1654 l. 9R .83 .26 3214 I. 91. .28 . 3 7 3601 1.08 l. 30 .41 
3230 l. 47 2.46 .62 1h20 1.92 2.83 .66 3209 2.63 2.93 .72 3658 l. 31 .36 .40 
3238 1. 39 -.76 . 30 Jh6il 1.16 -. 74 . I 7 3210 1. 74 -1.31 .28 3690 3. 31 2.38 • 32 I 
3236 1. 35 .03 .46 3672 l. 88 -. 7 2 .lH 3235 l. 97 -l. :'4 .26 3651 1. 23 2.09 . 56 VJ 
3219 2. 23 .96 . 4 3 3630 .68 -.52 .3P. 321 7 1. 66 .01 . 35 3659 1. 37 .62 . 29 0 

3240 l. 54 . 39 .46 3697 l. 90 2.53 .63 3252 !.00 -1.64 .40 3674 1.66 .66 .213 I 

3241 2.18 2.62 .48 J69S 2.27 c.45 . 60 3259 .95 .28 .1.2 3622 1.08 2.48 .46 
3202 2.15 -.66 .44 1609 .89 .18 .43 3260 l. 24 l. 33 . 51 3625 .79 l. 53 . 33 
3201 1. 74 -.94 .36 3646 1. 211 .89 . 3 7 3224 l. 14 -.07 . 42 3605 1. 23 . 30 .30 
3228 1. 27 2.78 . 54 3656 .67 -.40 . 32 S1 3 3679 1. 42 -.89 .27 
3211 1.48 .63 . 1.3 3613 l. )] -1.62 .27 3431 !. 34 .03 . 39 3666 . 70 1.21 .27 
3227 .97 -1.04 . 37 3602 l. 15 -1.29 . 54 3428 3. 35 -1.46 .58 3626 .66 .94 .36 
3245 2.07 -.80 • 32 3670 . 78 l. 03 . 33 3433 !. 57 .66 .41 S2 5 

Wl 3 W2 5 3413 2.22 .60 . 52 3812 .95 -.25 . 28 
3419 2.20 1. 49 .42 3H27 .93 .98 .1,4 3409 2. 1,6 2.91 . 71 3820 1. 30 .52 .26 
3403 2. 77 .06 . 29 3810 1. 61 2.33 . 52 3429 2.85 .92 . 33 3813 1. 47 -.87 .27 
3425 4.03 -.49 o.oo 3806 2. 28 .30 • ]I, 3426 2.28 -.05 .49 3832 1. 75 -1.51 . 38 
3414 1.64 1. 98 .47 3815 1. 4 7 .56 .44 )1,27 1. 97 1. 70 .51 3814 1.47 -.67 .33 
3402 1.68 2.17 .55 3807 3.01 -1.04 .18 3407 1. 43 2.88 . 56 3801 .92 -1.01 .25 
3420 .94 1.10 .43 3910 2.47 -1.4 7 .I,) 3821 1.13 -1.52 .31 
3423 1. 26 .27 . 38 3902 .92 1. 74 .40 3912 1. 41 1.02 . 41 
3415 4.13 -2.27 .12 3903 1. 31 -.62 .29 3913 2.41 -1.05 .25 
3410 2.00 l. 36 .48 3905 1.69 .71 .41 3914 1. 79 -.07 . 30 
3406 l. 4 7 2.35 .53 3909 1. 79 .76 .43 3915. 2.53 -.33 .24 

3908 1.69 .14 .39 3906 1.08 -.53 .21 
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Table D 
Sum of Squares and Degrees of Freedom Accounted for by Each of the First Four Terms in the 

Polynomial Expression Used to Predict Content-Based 4 Parameter Estimates from Total 
Test-Based 4 Parameter Estimates for each Content Area Included in Each of Four Tests 

Content Area 
1 2 3 4 5 

Test Source of Variation df ss df ss df ss df ss df ss 
Wl 

Linear Term 1 .83 1 3.80 1 .61 
Quadratic Term 1 .02 1 1.02 1 2.91 
Cubic Term l .32 1 .08 1 .02 
Quartic Term 1 .14 1 .23 1 1. 29 
Deviation from Linearity 8 .43 13 1.03 5 6.17 
Total 12 1. 75 17 6.18 9 11.03 

1n 
Linear Term 1 5.87 1 3.01 
Quadratic Term 1 .02 1 .03 
Cubic Term 1 .00 1 .09 
Quartic Term 1 .00 1 .13 
Deviation from Linearity 25 .86 6 .79 
Total 29 6.67 10 4.05 

Sl 
Linear Term l .72 l 1. 64 l .11 
Quadratic Term 1 1.01 1 .18 1 .01 
Cubic Term 1 .03 1 .12 l .17 
Quartic Term l .20 l .00 1 .01 
Deviation from Linearity 7 1.92 9 1.20 4 3.30 
Total 11 3.89 l3 3.14 8 3.59 

52 
Linear Term l 6.76 1 1.68 
Quadratic Term l .01 1 .11 
Cubic Term l .01 l .12 
Quartic Term 1 .02 l .71 
Deviation from Linearity 25 .65 7 .41 
Total 29 7.44 11 3.03 

Table E 
Sum of Squares and Degrees of Freedom Accounted for by Each of the First Four Terms in the 

Polynomial Expression Used to Predict Content-Based b Parameter Estimates froM Total 
Test-Based b Parameter Estimates for Each Content Area Included in Each of Four Tests 

Content Area 
1 2 3 4 5 -----

Test Source of Variation df ss df ss df ss df ss df ss 
Wl 

Linear Term 1 11.33 l 30.43 16.70 
Quadratic Term 1 .02 1 .16 1 .77 
Cubic Term 1 .01 1 .84 1 .01 
Quartic Term 1 .00 1 .16 1 .04 
Deviation from Linearity 8 .10 l3 2.94 5 .95 
Total 12 11.47 17 34.51 9 18.47 

H2 
Linear Term 1 41.96 1 12.36 
Quadratic Term 1 .18 1 .02 
Cubic Term l .58 1 .oo 
Quartic Term 1 .01 1 .02 
Deviation from Linearity 25 2.34 6 .39 
Total 29 45.12 10 12.80 

51 
Linear Term l 16.69 1 31.74 1 13.25 
Quadratic Term 1 .09 1 .08 1 .19 
Cubic Term 1 .05 1 .07 1 .22 
Quartic Term 1 .00 1 .03 1 .10 
Deviation from Linearity 7 .60 9 .56 4 2.22 
Total 11 17.43 l3 32.48 8 15.98 

52 
Linear Term 1 29.69 1 4.74 
Quadratic Term 1 .01 1 .10 
Cubic Term 1 .00 1 .10 
Quartic Term 1 .01 1 .04 
Deviation from Linearity 25 .61 7 1.44 
Total 24 30.32 11 6.t.l 
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AN ADAPTIVE TESTING STRATEGY FOR AcHIEVEMENT TEsT BATTERIES 

Modern test theory (latent trait theory) has provided the framework for 
a growing body of research in ability measurement through adaptive testing. 
Weiss and Betz (1973) have presented a comprehensive review of adaptive testing 
which suggested that adaptive testing can considerably reduce testing time, 
while concurrently yielding scores of higher reliability and validity than those 
yielded by conventional tests. During the past several years, a number of 
studies have been published which were concerned with applications of diff
erent adaptive testing strategies in the ability domain (e.g., Betz & Weiss, 
1974, 1975; Larkin & Weiss, 1974, 1975; Lord, 1977; McBride & Weiss, 1976; 
Urry, 1977; Vale & Weiss, 1975). Each of these studies, as well as all the pre
vious research in adaptive testing (Weiss & Betz, 1973), has been concerned with 
tests which covered only a single content area. Thus, all of the branching pro
cedures implemented for the adaptive selection of items to be administered to 
a testee have been designed exclusively for intra-test branching. That is, items 
were selected within a single, presumably unidimensional, content area. 

Recent studies (e.g., Bejar, Weiss, & Gialluca, 1977; Bejar, Weiss, & Kingsbury, 
1977) have demonstrated that unidimensional approaches to intra-test adaptive 
testing are useful for measurement in the achievement domain. Frequently, 
however, achievement tests span several content areas. Consequently, in many 
cases the assumption of a single dimension may not be appropriate. For these 
kinds of achievement tests, or for achievement test batteries covering a number 
of separable content areas for which separate scores are required, none of the 
existing adaptive strategies described by Weiss (1974) are directly applicable. 

There are two reasons why many of the adaptive testing strategies developed 
for single-content area abilit~ tests may not be appropriate for achievement 
tests which cover several content areas. The first reason is that although the 
unidimensional branching models can be applied to separate content areas, they 
are not designed to take into account the information available between content 
areas. The second, and more practical, reason is that it might not be possible 
to generate relatively large numbers of items, such as those required for n1any 
adaptive testing strategies, within one content area in an achievement test. 
Urry (1977) has suggested that item pools to be used in adaptive testing with 
Owen's (1975) Bayesian testing strategy should include a minimum of 100 items 
to measure one dimension. Although there are no firm guidelines for other 
adaptive testing strategies, it is evident that they will function best with 
large item pools. Thus, application of these strategies to an achievement test 
battery of five subtests would require the test constructor to assemble 500 
items with good psychometric qualities. Frequently, this is not possible. 
Consequently, in the application of adaptive testing to the unique problems in 
the measurement of achievement, an important research issue is the identification 
of adaptive testing strategies which make efficient use of existing item pools, 
rather than requiring the re-design of test item pools to meet the requirements 
of specific adaptive testing strategies. 
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The present paper describes an adaptive testing strategy which can be 
used in achievement tests with relatively small numbers of items. The strategy 
is designed for achievement test batteries or achievement tests with multiple 
content areas. It incorporates both intra-subtest branching and inter-subtest 
branching in order to efficiently adapt the test battery to each individual 
testee. The adaptive testing strategy is applied to a test battery and evaluated 
in terms of: 

1. The reduction in number of items administered, 
2. Correlations of ability estimates with those derived from conventional 

administration of the test battery, and 
3. The effects of adaptive administration on the psychometric information 

in the test scores. 

METHOD 

Purpose 

The purpose of this study was to develop and evaluate an efficient and 
generalizable adaptive testing strategy for an achievement test battery com
prised of a number of subtests. The adaptive testing strategy developed is 
designed to operate within a fixed item pool containing a relatively small number 
of items for each subtest. Real data simulation techniques (Weiss & Betz, 1973, 
pp. 11-12) were used. That is, the adaptive testing strategy was applied to 
item response data obtained from the administration of an achievement test battery 
which had been previously administered conventionally by paper-and-pencil. 
Results for the conventional testing strategy were compared with those for the 
adaptive testing strategy in terms of both test information and test length. 

Procedure 

Test Items and Subjects 

Achievement test data were provided by the Personnel and Training Evaluation 
Program (PTEP) of the Naval Guided Missile School at Dam Neck, Virginia. 1 

These data were from a systems achievement test (SAT Fl7603) battery administered 
to 365 fire control technicians. The test battery included twelve subtests, each 
covering knowledge areas for different equipment or subject matter. Table 1 
shows the content and number of items in each subtest. The test battery was 
administered in one booklet containing 232 items. The number of items per sub
test ranged from 10 to 32; all of the items were multiple-choice with four 
response choices. The data provided by PTEP consisted of an identification 
number for each testee, the testee's number correct score on each of the twelve 
subtests, and correct-incorrect item responses for each of the 232 items. 

Item Parameterization 

Items were parameterized using Urry's ESTEM computer program (see Urry, 
1976, p. 99) for latent trait item parameterization employing the three-para
meter normal ogive model. This program provided estimates of the item discrim
ination (a), item difficulty (b), and guessing (c) parameters. The items for 

1Data were generously supplied by Lieutenant Commander Lee J. Walker of PTEP. 
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Table 1 
Number of Items in Each Subtest 

Subtest Content 

A Fire control system casualty 

B 

c 

D 

E 
F 

G 

H 
I 

J 
K 
L 

Total 

procedures 
Optical alignment group 
Control console and power 
subsystem 
Platform positioning equip
ment 
Multiplexed equipment 
Digital control computer and 
software 
Digital control computer-
operator interface 
Magnetic disk file 
Digital control computer--
missile interface 
Guidance and guidance testing 
MTRE HKG HOD3 
Spare guidance temperature 
monitor 

No. of 
Items 

10 
10 

18 

22 
18 

18 

14 
12 

24 
29 
32 

25 
232 

each subtest were parameterized independently of items in other subtests. 

Urry's item parameterization program calculates item parameter estimates 
using a two-phase procedure. In the first phase, initial item parameter 
estimates are determined for all items. However, item parameters are not re
ported for an item if one or more of the following conditions holds: 1) a<.80, 
2) b>-4.00, 3) b>4.00, or 4) c>.30. In the second phase, item parameters are 
recomputed for all items which are not excluded by the criteria applied in 
the first phase. In this phase, item parameter estimates are reported without 
restrictions (e.g., c may be greater than .30 for some items in the second phase) 
for all items not excluded in the first phase. 

Adaptive Testing Strategy 

The adaptive testing procedure was developed in order to reduce to a min
imum the number of items administered to each individual with as little impact 
as possible upon the measurement characteristics of the test battery. Both 
intra-subtest adaptive branching and inter-subtest adaptive branching were used 
in the development of the procedure. 

Intra-Subtest Branching 

Item selection. The basic concept for intra-subtest adaptive branching 
was that the order in which the items were to be administered was to be dependent 
upon values of the item information curve as defined by Birnbaum (1968). For 
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each item in each subtest, item information values were computed using 
Equation 1 (Birnbaum, 1968, p. 462): 

where 

I (8) 
g 

D 1.7; this is the scaling factor which max1m1zes agreement between 
the normal ogive and logistic latent trait models; 

L (8) =a (8-b ); 
g g g 

W the logistic probability density function; 

I!' the cumul.ative logistic distribution function; 

[1] 

and values for the parameters a ~ b ~ and c ~ were derived for each of the 
g g g 

g items in a subtest from the results of the item parameterization phase. 

The information values for each item, I (8), were computed for values of e 
g 

ranging from -3.0 to +3.0 in steps of .2 for each item in each subtest. 

Items were selected within a subtest for each testee by computing the value 
of all item information curves at the current estimated achievement level (e) 
for that testee using Equation 1. The item selected for administration was the 
item which had the highest information value at the testee's current level of 
S. Once an item was administered to a testee, it was eliminated from the sub
test pool of available items for that testee. 

Estimation of e. Owen's (1975) Bayesian scoring procedure was used for 
this simulation study. This scoring procedure provides an achievement level 
estimate (G) after each mth test item is administered. The procedure begins 
with a prior estimate of emand its variance (o!). For the first item of the 

first subtest administered (m=l), these were 0.00 and 1.00, respectively. An 
item is administered and scored asAcorrect (1) or incorrect (0). For a correct 
response, the revised estimate of 8 is determined by Equation 2, 

A 

em+l E(8jl) [2] 

and its variance by Equation 3, 

o~1 = var(e jl) [3] 
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A 

For an incorrect response, the revised estimate of 8 is determined by Equation 4, 

E(8 I 0) 
A 

8 
m - (~ 1 + 

a2 
g 

) ( .<l!i£l) 
cr~ <I>(D) 

and its variance by Equation 5, 

var(8IO) 02 1 _ ( ¢(D) )(mr + D ) 
m 1 + _1_ <I>(D) 

a202 
g m 

In Equations 2 through 5 (adapted from Owen, 1975, p. 353) 

¢(D) is the normal probability density function, 

<l>(D) is the cumulative normal distribution function, 

A 

b - 8 
D g_ m 

~ 1 02 -+ a2 m 
g 

A 

a ~ b and c are the item parameter estimates. 
g g g 

A 

[ 4] 

[ 5] 

[6] 

[7] 

The updated estimates of 8 from either Equations 2 or 4, along with their associated 
variances, are used as the prior estimates of S for the selection of the next test 
item, which is based on the maximum information rule described above. The next 
item is administered; and a new value of § is determined, which is then used to 
select the next item. This procedure is repeated until a termination criterion 
is reached. 

TePmination cPitePia. Two criteria were used in determining when administ
ration of items within a subtest should be stopped: 1) when all of the remain
ing items provided less than a pre-determined small amount of information; or 2) 
when the within-subtest item pool was exhausted. Testing was terminated for a 
given testee at the first occurrence of one of these criteria within a given sub
test. In applying the first criterion, two arbitrarily small values of infor
mation were studied; testing was terminated when there was no item available 
which provided an Lnfornwtion value greater than .01 or .001 at a given testee's 
current level of e. 
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Figure 1 diagramatically summarizes the intra-subtest branching procedure. 
Appendix A gives an illustration of this procedure, using six items from Subtest 1. 

Figure 1 
Intra-subtest Branching Scheme 

CHOOSE INITIAL S AND 
MINIMUM INFORMATION FOR 

TERMINATION 

SELECT ITEM (NOT 
PREVIOUSLY ADMINISTERED) 

PROVIDING GREATEST 
INFORMATION AT S 

A 

UPDATE 8 

Inter-Subtest Branching 

ADMINISTER AND 
SCORE ITEM 

NO BRANCH 
TO NEXT 
SUB TEST 

Subtest ordering. The order of administration for the various subtests 
was chosen to take maximum advantage of the intercorrelations among them, thereby 
utilizing the redundant information in previously administered subtests. This 
was accomplished through linear multiple regression. First, the number correct 
subtest scores for the twelve subtests were intercorrelated, and the highest 
bivariate correlation was chosen from the intercorrelation matrix. One of these 
two subtests was arbitrarily designated to be administered first; the other was 
designated to be administered second. 

Multiple correlations were then computed using the subtests previously 
designated first and second as predictor variables. Each of the ten remaining 
subtests, in turn, was designated as the criterion variable. Of these ten sub
tests, the one which had the highest multiple correlation with the first and 
second subtests was designated as the third subtest. This procedure was repeated 
to select the fourth subtest for the adaptive administration, computing multiple 
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correlations with the first three subtests as pred~ctor variables and each 
of the remaining nine subtests, in turn, as the criterion variable. That sub
test having the highest multiple correlation with the first three subtests was 
selected as the fourth subtest to be administered. By adding one subtest to the 
predictor set at each subsequent stage, this procedure was continued until all 
twelve subtests were ordered. 

As a result of this procedure, the order in which the subtests were admin
istered was the same for all testees. However, the selection of items within 
each subtest and the order in which those items were administered varied with 
testees as a function of the amount of item information provided at the testee's 
current achievement estimate. 

Differential subtest entry points. An important feature of the adaptive 
testing strategy implemented in this study was that after the first subtest, 
each testee's entry points for the second and subsequent subtests were differ
entially determined. For the first subtest, each testee's achievement level 
was assumed to be 8=0.00. That is, having no previous information on which to 
base an estimate of the testee's achievement level, the initial item chosen from 
the first subtest for administration was the item which provided the most infor
mation for an estimated achievement level at the mean of the e distribution. 
Thus, all testees began the first subtest with the same test item. 

The entry point into the item pool for the second subtest was determined 
from both the examinee's e at the end of the first subtest and the bivar~ate 
regression of scores from Subtest 1 on Subtesl- 2. This regression equation was 
based not only on scores for the items administered adaptively, but also on the 
correlations derived from number correct scores for all items in each of the 
subtests. The first item to be administered for a testee in the second subtest 
was determined from information provided by evaluating Equation 8. 

A 

8
2E 

where 
A 

8
2E 

A 

81 

is 

is 
of 

[8] 

A 

the first 8 used for selection of the first test item in Subtest 2, 

the final § for a testee at completion of the adaptive administration 
items in Subtest 1, 

B12 is the biv~1iate regression coefficient for the regression of Subtest 2 
on Subtest 1, and 

A is the regression constant. 
A 

The entry achievement level estimate, 8
2
E,computed as §m by Equations 2 

and 4.was used for selecting the first item to be administered in Subtest 2. 
The variance of this estimate (0

2 in Equations 3 and 5) was determined by 
m 

Equation 9, which is the formula for the squared standard error of estimate 
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in bivariate regression (adapted from Glass & Stanley, 1970, p. 143): 

2 .s e 
[9] 

where the subscripts 1 and 2 represent the first and second subtests. 

Determination of the entry point for the third and subsequent 
merely a generalization of the method used for the second subtest. 
achievement level estimates from Subtest 1 (e

1
) and Subtest 2 (e

2
) 

subtests was 
The testee's 

were entered in-

to the multiple regression equation for predicting Subtest 3 scores from scores 
on Subtests 1 and 2. This generated an estimated subtest score for an individual 
(eE

3
),which was used as the initial prior achievement level estimate (em) for intra-

subtest branching in Subtest 3. The squared standard error of estimate from the 
multiple regression of Subtests 1 and 2 on Subtest 3 was used as the initial prior 
variance (o 2

) of the Bayesian achievement level estimate for Subtest 3. Figure 2 
m 

illustrates this differential entry point procedure. 

Figure 2 
Estimation of Initial Achievement Level Estimate for Subtest 3 

2 

1 

-1 

-2 

From the Multiple Regression of Subtest 1 (G
1

) and Subtest 2 

.. 

-2 -1 0 1 
t 

Regression Line 

2 

812 Blel + B2G2 +A 
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The inter-subtest branching regression procedure was used for entry into 
each of the remaining subtests. Each subsequent regression equation was 
based on the achievement estimates from each of the previously administered sub
tests. A testee's achievement level estimates for each subtest, based on the 
multiple regression of all previous subtests on a new subtest, was used as the 
initial Bayesian prior § for intra-subtest branching within that subtest. Item 
selection and scoring within subsequent subtests was then based on the intra
subtest branching procedures described earlier. 

Conventional Test 

A conventional test was used for comparison with the adaptive testing strategy. 
The subtests were administered in the same order for both the conventional and 
adaptive strategies. In the conventional strategy, all items within each sub
test were administered sequentially, so that all testees took the same items in 
the same order. Hence, there was no differential entry for the conventional 
strategy. In addition, all testees completed all items, which is typical in 
conventional testing. 

In order to facilitate comparison of results with the adaptive strategy, 
Bayesian scoring was employed for the conventional test. A mean of 0.0 and a 
variance of 1.0 were used as the initial prior achievement estimate of the 
Bayesian score for each subtest. 

Data Analysis 

The basic question examined in this study was whether the number of items 
administered could be reduced through adaptive testing without significantly 
changing the characteristics of the test scores. The effects of reducing the 
number of items by the adaptive testing item selection procedure were evaluated 
by means of both a correlational analysis and an information analysis. 

Correlation Analysis 

Early research comparing single test adaptive testing strategies with 
conventional testing strategies (See Betz & Weiss, 1973, 1974; Larkin & Weiss, 
1974, 1975; Vale & Weiss, 1975; Weiss, 1973) demonstrated that adaptive tests 
resulted in test scores highly correlated with conventional test scores, even 
though the adaptive tests required substantially fewer items. Consequently, in 
the present study Pearson product-moment correlations were computed between sub
test achievement level estimates (§) from the conventional and adaptive testing 
procedures in order to examine the extent of the relationship between the scores. 
These were computed separately for each of the twelve subtests. High correla
tions between the scores would suggest that the tests ranked the examinees in 
a similar order along the achievement continuum. 

Information Analysis 

Information analyses were conducted in order to compare the adaptive and 
conventional testing strategies as a function of achieve~ent levels. Test in
formation values for different testing strategies at different levels on the 
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achievement continuum provide an indication of their relative degree of precision 
of measurement (Birnbaum, 1968). 

Estimated test information curves were generated separately for each subtest 
for both conventional and adaptive testing strategies. In the conventional test
ing strategy, an examinee's subtest information value was computed by summing 
the item information values at the examinee's final estimated achievement level 
(S) for that subtest. An estimated information curve was plotted for the total 
group of examinees from their individual achievement level estimates and corres
ponding information values. For a conventional test this is equivalent to com
puting the test information function using the item parameters a, b, and c, as 
suggested by Birnbaum (1968, pp. 454-464). 

Estimated subtest information curves were generated similarly for the 
adaptive testing strategy. The estimated value of test information was computed 
at each testee's final achievement estimate for the subtest by summing the infor
mation values at that e for the particular subset of items administered to that 
testee. Thus, for both adaptive and conventional testing, each test information 
value was computed at the final value of e for the subtest, based on the infor
mation provided by the items actually administered. 

RESULTS 

Prelimina!Y Results 

Item parameterization. Table 2 presents means and standard deviations 
for estimates of the latent trait item discrimination (a), difficulty (b), and 
guessing (c) parameters for the ~tems in the twelve subtests. Complete distri
butions of individual item parameter estimates by subtest are shown in Appendix 
Table B-1. 

Table 2 
Means and Standard Deviations of Normal Ogive Item Discrimination (a), 

Difficulty (b), and Guessing (c) Parameters for 12 Subtests 

Number of Items 
Avail- Parame- a b c 

Sub test able terized Mean S.D. Mean S.D. Mean S.D. 

A 10 10 1. 90 . 62 .06 1. 03 .52 .11 
B 10 10 2.12 . 86 . 31 1. 29 .53 .18 
c 18 15 1. 80 . 56 .54 1. 30 . 55 .08 
D 22 19 1. 60 .60 .43 1. 28 .47 . 08 
E 18 17 1. 57 . 65 .74 1. 32 . 47 .10 
F 18 18 1.58 .43 1.19 1. 45 .56 .09 
G 14 13 1. 98 .94 1. 20 1. 26 . 52 .18 
H 12 12 2.12 .90 .84 1.10 .43 .10 
I 24 22 1.49 . 59 . 88 1. 36 .43 .10 
J 29 23 1. 66 .57 1. 28 1.12 .44 .14 
K 32 24 1.48 .61 .91 1. 39 .43 .14 
L 25 18 1. 73 .58 1.44 1. 34 .52 .17 
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From the total item pool of 232 items, item paran1eter estimates were 
obtained for 201 items (87%). Several of the subtests (A, B, F, H) did not 
lose any items in the calibration process; the largest loss (28% of the original 
number of items) occurred for Subtest L. 

}fuan item discrimination (a) ranged from 1.48 for Subtest K to 2.12 for 
Subtest H, while mean item difficulty ranged from .06 for Subtest A to 1.44 
for Subtest L. Mean estimates for the c parameters of these four-alternative 
multiple choice items were relatively high, ranging from a low of .43 to a high 
of .56. 

Subtest ordering. Table 3 shows the product-moment intercorrelations among 
subtest scores for the twelve content area subtests used to determine the order 
in which the subtests would be administered in the adaptive test. The highest 
bivariate correlation (.53) was between content areas C and K, which were desig
nated Subtest 1 and Subtest 2, respectively. 

Table 3 
Intercorrelations Among Content Area Scores 

A B c D E F G H I J K 

B 31 
c 40 37 
D 36 40 46 
E 37 37 48 38 
F 30 26 36 39 38 
G 30 38 41 36 46 35 
H 25 29 29 28 35 30 36 
I 23 33 42 48 47 45 41 28 
J 19 35 27 33 28 33 33 27 40 
K 42 33 53 39 41 30 37 28 35 27 
L 27 27 22 14 29 16 27 26 26 31 26 

Note. Decimal points omitted. 

Table 4 contains the multiple correlations for each subtest predicted from 
all previous subtests and shows the ordering of subtests based on the multiple 
correlations. The second column of Table 4 shows the order sequence numbers 
for the tests, based on their ordering by the multiple correlation procedure. 
These order sequence numbers are used throughout the remainder of this report to 
identify the subtests. The multiple correlations reported in Table 4 ranged from 
a low of .22, for predicting the score on Subtest L (12) from the score on Sub
test C (1), to a high of .57, for predicting performance on Subtest D (5) from 
performance on the best weighted linear combination of Subtests C, K, E, I 
(1,2,3,4). 

The inter-subtest multiple correlations shown in Table 4 were not high 
enough to justify applying a unidimensional adaptive testing strategy model 
across subtests; instead, a multi-subtest branching strategy was developed and 
implemented as a more appropriate procedure for this achievement test battery. 
Appendix Table B-2 shows the raw score regression weights for the regression 
~quations used in determining differential entry level achievement estimates, 
8E, for each subtest subsequent to the first. 
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Table 4 
MultiJ2le Correlations Among Ordered Subtests 

Criterion Predictor Subtest 
Sub test Order c K E I D G F A B J H 

c 1 
K 2 53 
E 3 48 51 a 
I 4 42 45 53 
D 5 46 49 52 57 
G 6 41 45 52 55 55 
F 7 36 38 44 51 53 53 
A 8 40 47 49 49 51 52 52 
B 9 37 40 44 46 49 51 51 52 
J 10 27 31 34 43 45 46 47 47 so 
H 11 29 32 39 40 41 44 45 45 46 46 
L 12 22 27 33 35 35 36 37 39 41 44 45 

Note. Decimal points omitted. 

a 
Value for ~-CK' the multiple correlation of Subtest E,predicted from 

Subtests C and K. 

Comparison of Ada~tive and Conventional Tests 

Test length. The number of items administered under both the adaptive and 
conventional test strategies is summarized in Table 5. Appendix Table B-3 pro
vides the frequency distribution of number of items administered by the adaptive 
testing strategy for each of the twelve subtests, and Table B-4 gives this fre
quency distribution for all subtests combined. 

Table 5 
Number of Items Administered in 12 AdaEtive and Conventional Subtests 

Ada.Etive Test 
Conventional Range Percent 

Sub test Test Mean S.D. Mjn Max Reduction a 

1 15 8.73 1. 86 4 13 41.8 
2 24 14.12 2.90 4 20 41.2 
3 17 9.87 3.38 2 17 41.9 
4 22 12.57 4.60 2 22 42.9 
5 19 11.55 3.58 1 18 39.2 
6 13 4. 70 2.10 1 12 63.8 
7 18 7.44 3. 21 1 15 58. 7 
8 10 7.07 1. 71 1 10 29.3 
9 10 6.44 1.72 1 9 35.6 

10 23 8.42 5.54 1 22 63.4 
11 12 5.52 2.97 1 12 54.0 
12 18 5.41 3.20 1 15 69.9 

Mean 16.75 8.49 3.06 1. 67 15.42 49.3 
Test Battery 201 101.84 24.08 27 153 49.3 

a Computed by the formula 100-[(Mean number of items in adaptive test/mean 
number of items in conventional test)xlOO] 
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The data in Table 5 show substantial reductions in test length as a result 
of the adaptive testing strategy. For Subtest 1, 15 items were administered 
by the conventional procedure while from 4 to 13 items were administered by 
the adaptive procedure. Fifty percent of the group answered between 7 and 10 
items (see Table B-3). The mean number of items administered by the adaptive 
strategy in Subtest 1 was 8.73,which represents a 41.8% reduction from the number 
of items required by the conventional test. 

Similar results were observed for the other subtests. Reduction of number 
of items required by the adaptive test varied from a low of 29.3% for Subtest 
8 to a high of 69.9% for Subtest 12, in which a mean of 5.41 items was admini
stered by the adaptive strategy. In Subtest 12, between 3 and 7 items were 
administered to 50% of the testees in the adaptive strategy as compared to 18 
items for each testee in the conventional test. Subtest 12 had the highest 
percent reduction. In all probability, this was attributable to the increased 
accuracy of the test entry point from the multiple regression of the scores on 
the eleven prior subtests. 

It is interesting to note that for Subtests 5 through 12, the m1n1mum number 
of items administered by the adaptive procedure was one. Table B-3 shows that 
for several of these subtests, a relatively substantial number of testees was 
administered only one item, i.e., almost 10% of the total group for Subtests 6, 
ll,and 12. The minimum number of items administered by the adaptive strategy 
was less for tests later in the adaptive testing sequence. This probably re
sulted from the increased use of prior test information for determining the 
initial item to be administered. 

Although minimum numbers of items were administered at relatively high fre
quencies by the adaptive strategy, the maximum numbers of items were administered 
to very few testees (Table B-3). For Subtests 3, 4, 8, and 11 the maximum number 
of items administered by the adaptive strategy was the same as that administered 
by the conventional test; frequencies associated with these maximums were 2, 1, 
5, and 1, respectively. For the remaining eight subtests, none of the testees 
received the same number of items in the adaptive tests as they did in the con
ventional test. 

The conventional test battery consisted of 201 items administered to all 
testees. The average number of items administered by the adaptive strategy 
(see Table 5) was 101.84, representing a 49.3% reduction in number of items 
administered. The median number of items administered was 103 (see Table B-4), 
indicating a ·slight negative skew to the distribution. Fifty percent of the 
testees received between 86 and 119 items in the adaptive battery, representing 
reductions of 57.2% to 40.8% for half of the testees. As Table B-4 shows, none 
of the testees required all the items in the adaptive administration. The 
longest adaptive battery administered required 153 items for one testee, repre
senting a 23.9% reduction in test length; the shortest adaptive battery for one 
testee required only 27 items, representing a test length reduction of 86.6%. 

Correlation Analysis 

Table 6 shows the Pearso~ product-moment correlation of the Bayesian 
achievement level estimates (8) for the conventional and adaptive testing stra
tegies. Eleven of the twelve correlations were greater than .90. The highest 
correlations were .98 for Subtests 2 and 8; the lowest was . 74 for Subtest 6. 
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Table 6 
Correlation (r) of Bayesian Achievement Level Estimates (S) 

For the Adaptive and Conventional Testing Strategies by Subtest 
and Cronbach's Alpha Coefficient for the Conventional Subtests 

No. 
Sub test Items 

1 15 
2 24 
3 17 
4 22 
5 19 
6 13 
7 18 
8 10 
9 10 

10 23 
11 12 
12 18 

r 

.91 

.98 

.96 

.97 

.93 

.74 

.90 

.98 

.95 

.92 

.91 

.94 

Cronbach's 
Alpha 

.57 
• 69 
.54 
• 65 
.59 
.44 
.so 
.56 
. 39 
.61 
. 51 
.40 

The items contributing to the Bayesian subtest achievement level estimates 
in the adaptive test were a subset of those used in the conventional test. 
Thus, to some extent, the magnitudes of the correlations in Table 6 were a 
function of this part-whole relationship. This is supported by a comparison 
with the Alpha internal consistency estimates for the conventional subtests 
shown in Table 6. If there were no part-whole relationship, the correlations 
between the achievement level estimates would be restricted by the internal con
sistencies. However, all the correlations were substantially higher than the 
Alpha values. 

If the magnitude of the correlations of the two achievement estimates were 
primarily determined by the part-whole relationship attributable to common items, 
the number of items administered in a subtest would bear a strong relationship 
to these correlations. This was not generally the case: One of the two highest 
correlations (1>=. 98) was observed for Sub test 8, which had only 10 items in the 
conventional test, while Subtest 9, which also had 10 items, had an r=.95. 
Although Subtest 8 had the smallest peroentage reduction attributable to the 
adaptive administration, 20.3% (see Table 5), Subtest 9 had a 45.6% reduction; 
and Subtest 2 (r=.98) had a 41.7% reduction. Subtest 6, which had the lowest 
r (.74),had a 63.8% reduction attributable to adaptive testing; but the highest 
percent reduction (69.9%) was observed for Subtest 12, for which an r=.94 was 
observed between the adaptive and conventional achievement estimates. Thus, 
these data suggest that the magnitudes of the correlations shown in Table 6 
were not a direct function of either the number of items in the conventional 
tests or the internal consistency of those tests. 

Information Analysis 

Termination criterion .001. The first termination criterion investigated was 
termination of adaptive testing when no unadministered item providing an inform
ation value greater than .001 remained in the item pool for the subtest. Using 
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this termination criterion with a possible 15 parameterized items in Subtest 1, 
the mean number of items administered in the subtest was 10.55. The smallest 
number of items administered was five items for six testees; the largest number 
administered was 15 items for one testee. Of the 165 testees 4.9% were admin
istered 10 items. 

A 

Adaptive test mean information values [I(8)] at intervals of estimated 
achievement (e) corresponding to test termination criteria of .001 and .01 are 
shown in Table 7. The range of estimated achievment levels was essentially the 
same for both criteria, although four testees obtained 8 values in the interval 
2.41 to 2.60 for the .001 case. These were outside the range of S values 
obtained in the .01 case. 

For 9 of the 14 intervals in which at least 10 testees were represented for 
both termination criteria, no significant differences were observed in mean 
information values. Significantly higher mean informatio~ values were observed 
for the .001 termination criterion in three intervals of 8: 0.21 to 0.40, 
0.41 to 0.60, and 0.61 to 0.80. For the remaining two intervals in which 
significant differences were observed, higher mean information was observed for 
the .01 termination criterion. However, the differences in mean information 
were small, with the largest mean difference in information .12 in the 0.21 
to 0.40 interval of e. 

The strong similarity of the profiles resulting from the two termination 
criteria for Subtest 1 and the lack of any general trend in direction of the 
significant differences suggested that little was to be gained by use of the 
more stringent .001 termination criterion. Therefore, the remainder of the 
analyses were conducted with the .OJ termination criterion. 

Termination criterion .01. Appendix Tables B-5 through B-16 include 
mean raw values of estimated information [I(S)J at intervals of e for the 
adaptive and conventional tests for ordered Subtests 1 through 12. These 
values are based on mean information in test items actually administered to each 
testee, using the testee's 8 at the txrmination of each subtest. Information 
was computed at intervals of .02 for 8 ranging from +3.0 to -3.0. The values 
in these tables were smoothed for plotting by the method of moving averages, 
averaging across three contiguous values with non-zero frequencies in order to 
reduce fluctuations in the mean information values resulting from differing fre
quencies and/or small frequencies in the intervals of S (McNemar, 1969, p. 8). 

Figure 3 shows a plot of the smoothed information values for Subtest 1; 
the smoothed values for the last subtest administered, Subtest 12 ,are shown 
in Figure 4. Appendix Figures C-1 through C-10 are plots of smoothed inform
ation values for the remaining subtests. For Subtest 1 the shape of the 
information curve for the adaptive test, as shown in Figure 3, was very similar 
to that for the conventional test. The largest differences in smoothed inform
ation values occurredat S=-1.4, where the adaptive test's smoothed information 
value was 2.54 and that of the conventional test was 2.47, and at §=1.3, where 
the conventional test's information value was 1. 70 and that of the adaptive 
test was 1.93. 
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Table 7 
A 

Adaptive Te~t Mean Information Values [1(8)] at Estimated 
Achievement Levels (8) for Termination Criteria of .001 and .01 for Subtest 1 

Termination Termination Mean Difference 
A Criterion .001 Criterion .01 [ 1. oo1 <e)- 1 . 01 <e) 1 8 Interval 

A A 

Min Max N I(8) S.D. N 1(8) S.D. t df 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 0 0 
-2.39 -2.20 0 0 
-2.19 -2.00 0 0 
-1.99 -1.80 0 0 
-1.79 -1.60 10 .63 .24 11 .70 • 29 -.60 19 
-1.59 -1.40 19 1.72 .38 22 1. 85 .40 -1.06 39 
-1.39 -1.20 22 2. 76 .18 21 2.87 .04 -2. 74*)'( 41 
-1.19 -1.00 29 2.88 . 04 23 2.86 .04 1. 79 50 
-0.99 -0.80 25 2.89 .07 25 2.86 .06 1. 63 48 
-0.79 -0.60 36 3.41 .22 33 3.36 . 24 .90 67 
-0.59 -0.40 21 4.19 . 09 21 4.15 .15 1. OS 40 
-0.39 -0.20 33 4.20 .11 31 4.21 .11 -.36 62 
-0.19 0.00 27 3. 72 .19 27 3. 72 .19 .00 52 

0.01 0.20 27 3.10 .18 35 3.02 .21 1. 58 60 
0.21 0.40 38 2.55 .12 26 2.43 .09 4.33** 62 
0.41 0.60 28 2.23 . 09 42 2.17 .04 3.80** 68 
0.61 0.80 23 1. 97 .06 14 1. 90 .00 4.34** 35 
0.81 1.00 12 1. 81 .05 10 1. 85 .00 -2.52)~ 20 
1. 01 1. 20 5 1. 74 . 00 13 1. 74 .00 
1. 21 1. 40 6 1. 86 .05 0 
1. 41 1. 60 0 11 2.19 . 00 
1. 61 1. 80 4 2.34 .00 
1. 81 2.00 0 
2.01 2.20 0 
2.21 2.40 0 0 
2.41 2.60 0 2 5.23 . 32 
2.61 2.80 0 0 
2.81 3.00 0 0 

'i< p<.05 
*";~ p<.Ol 

Since mean information values were available for both adaptive and 
conventional tests for intervals of §, it was possible to test the statis
tical significance of the difference in mean estimated information between 
the adaptive and conventional strategies. This was done by computing t 
ratios based on the raw information values in Tables B-5 through B-16 for 
each § interval containing at least ten testees in both the adaptive and con
ventional strategies. Computed t-ratios were based on an independent 
groups t-test. Although the same testees were used in determining informa
tion values for the two testing strategies, a repeated measures t-test could 
not be used since the same testees did not necessarily fall into the same 
interval of 8 on both the adaptive and conventional tests. 
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Figure 3 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 1 

... , Adaptive Test 

-----Conventional Test 

-2 -1 0 1 2 

Estimated Achievement (§) 

Contrasts on mean raw information values provided by the adaptive and 
conventional testing strategies for Subtest 1 (see Table B-5) showed significant 
t ratios (p<.Ol) for the § intervals -1.39 to -1.00 and 0.41 to 1.00. The 
adaptive test ~rovided significantly higher mean information than the conventional 
test over the 8 intervals -1.39 to -1.20 and 0.81 to 1.00; the conventional 
test provided significantly higher mean information than the adaptive test for 
the intervals -1.19 to -1.00 and 0.41 to 0.80. For the remaining 8 intervals, 
there were no statistically significant differences in mean information. 

Similar information curves from the two testing strategies are shown for 
Subtest 12 in Figure 4. Throughout the common range of §, the two curves were 
very similar in shape; however, where relatively large differences in information 
occurred, the differences favored the conventional test. The major exception 
was at 8=1.5, where the difference favored the adaptive test. For Subtest 12, 
the adaptive test provided e values in a wider range, with 46 of 365 testees 
obtaining 8 values less than -1.8 on the adaptive test; none of the testees 
obtained e values less than -1.8 on the conventional test. 

Contrasts on mean raw information values provided by the adaptive and 
conventional testing strategies for Subtest 12 (see Table B-16) showed one 
significant t ratio (p<.05) for the 8 interval -.99 to -.80. In that interval 
the adaptive test provided significantly higher mean information than the con
ventional test. For the remaining 8 intervals, there were no statistically 
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Figure 4 
Smoothed Information Cur'JPS for 

Adaptive and Conventional Tests for Subtest 12 
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significant differences between the estimated information values from the adap
tive and conventional testing strategies for Subtest 12. 

As shown in Tables B-6 through B-15 for Subtests 2 through 11, the overall 
trend was that there were few significant differences between the estimated 
information values at all § intervals where t-tests were computed. The 
largest number of § intervals for which statistically significant differences 
in estimated information values were obtained was 6 of a possible 14 contrasts 
for Subtest 1 (Table B-5); for that subtest two of the differences favored 
the adaptive test and four favored the conventional test. Two of the subtests 
(3 and 10) showed no statistically significant differences in mean estimated 
information values between conventional and adaptive testing. The general lack 
of differences in the information curves is reflected in the plots of smoothed 
information values for Subtests 2 through 11 shown in Appendix Figures C-1 
through C-10. 

Discussion 

This paper has presented an adaptive testing strategy designed for use 
with the achievement test batteries covering multiple content areas. One goal 
of the strategy was to select and administer items within a subtest as a 
function of the amount of information provided by each item at each testee's 
current estimated achievement level. A second goal was to use redundant inform
ation between and among subtests, by predicting a testee's performance on subsequent 
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subtests based on performance on previous subtests, to determine appropriate 
differential entry points in adaptive branching between subtests. It was 
hypothesized that attaining these goals in the design of an adaptive testing 
strategy would result in considerable reduction in the number of items adminis
tered to each testee, while sacrificing little, if any• test information corn
pared to that obtainable by administering the entire test battery conventionally. 
Thus, the focus of this adaptive testing strategy is utilization of an existing 
item pool for an achievement test battery to efficiently measure or estimate 
each testee's achievement level. 

Applicability of the ICC Model 

In order to implement the adaptive testing strategy, it is necessary to 
first obtain item parameters using the item characteristic curve (ICC) model. 
These parameters are then used to compute an information curve for each test 
item. The item information curves are used, in turn, in the process of intra
test branching. 

The calibration of the achievement test items used in this study by the 
ICC model permits an opportunity to determine the applicability of that model 
to achievement test data. Bejar, Weiss, and Kingsbury (1977) specifically 
evaluated the applicability of the model to a college classroom achievement test. 
They found that 78% of the 309 items they studied yielded ICC item parameter 
estimates. In the present study, 87% of the items submitted to Urry's (1976) 
calibration procedure resulted in item parameter estimates acceptable by Urry's 
criteria. 

Items were calibrated within content areas in the present study, while in 
the Bejar et al. study, calibration was in the context of the total set of items. 
Nevertheless, both studies showed that the achievement test items analyzed had 
sufficiently high discrimination parameters to be useful in adaptive testing. 
In the present study, the mean discrimination (a) of all the test items was 
1.69; the corresponding value in the Bejar et al. study was 1.20. There 
was, however, a substantial difference in the c (guessing) parameter between 
the two studies. Although both studies used multiple-choice items with four 
alternative answers, the mean value of the c parameter in the Bejar et al. 
study was .29; the mean value obtained in the present study was .48. 

There are at least two possible explanations for the higher c parameter 
estimates in the present study. The first, and more likely, explanation is that 
the c parameter is poorly estimated by Urry's program with the sample sizes 
and numbers of items used in the present study. As Gugel, Schmidt, and Urry 
(1976) show, the c parameter is very poorly estimated by Urry's calibration 
program for a minimum of 50 items and 500 persons. Consequently, when c 
parameters are estimated from data on as few as 10 items from 365 persons 
(as in the present study), it is likely that there is a wide discrepency between 
the c parameter estimates and their true values. Thus, the high values of the 
c parameter observed in the present study may have resulted from inadequacies 
of the parameter estimation procedure. 

A second possible explanation for the high c values is that some of the 
distractors in these four-choice items do not operate effectively as distractors. 
If this were the case, a testee with an "infinitely low level of 8" would be 
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able to eliminate one or more distractors and still randomly choose between the 
remaining answers. This is contrary to the concept of the testee with an 
"infinitely low value of 6" used to interpret the a parameter. Nevertheless, 
the possibility exists that if the elements of the set of distractors are not 
all on the same achievement dimension,high values of a may be found in real test 
data. 

Intra-Subtest Branching 

The intra-subtest item selection procedure utilized in this study is a 
variation of the maximum likelihood strategies of adaptive testing (see Weiss, 
1974, pp. 62-66). Maximum likelihood adaptive testing strategies typically 
combine maximum likelihood scoring with selection of items based on maximum item 
information at the testee.'s current value of §. The present strategy differs 
in that Bayesian scoring was used in place of maximum likelihood scoring; the 
maximum information item selection rule was used as in maximum likelihood adap
tive testing. 

In developing the intra-subtest branching scheme, consideration was given 
to using maximum likelihood procedures for scoring the items. However, given 
the requirement in maximum likelihood scoring of one correct item response and 
one incorrect item response before a § can be generated, it was determined to be 
unfeasible. Hence, the Bayesian scoring approach was used so that prior infor
mation could influence subsequent achievement level estimates with as few as one 
item administered. 

In general, the use of maximum likelihood scoring and Bayesian scoring on 
the same data will not give numerically identical results. Although scores 
obtained from the two scoring methods are likely to be highly correlated, the 
Bayesian scoring method will result in scores which have a restricted range 
(Lord, 1976). This results from the fact that Owen's (1975) Bayesian scoring 
routine assumes a normal prior distribution of 6 in the population; the result 
is 8 estimates which are regressed toward the mean. The effect is a lack of 8 
estimates at the high and low ends of the distribution. 

This restriction in range can affect the present branching strategy for 
testees whose true achievement levels are very high or very low. If there are 
items which provide information only at the extremes of the distribution (i.e., 
very difficult or very easy items of very high discrimination), it is possible 
that the regressed 8 estimate from the Bayesian strategy will terminate testing 
too soon. 

Future research should address itself to ways of eliminating the effects 
of regressed Bayesian 6 estimates. One possible modification of the testing 
strategy would be to use Bayesian scoring only when a maximum-likelihood stra
tegy is not feasible, i.e., after one item has been administered or when all 
items are answered correctly or incorrectly. When these conditions do not occur, 
maximum likelihood scoring could then be used. Another possibility would be to 
use a Bayesian scoring procedure throughout the adaptive test administration; 
at the termination of item administration within a subtest, estimated achieve
ment scores could then be re-computed using maximum likelihood scoring. If 
continued testing were relevant, additional items would be administered and 
scored by maximum likelihood until additional items provided no further infor
mation. 
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Inter-Subtest Branching 

The procedure for determining entry points into later tests in the adaptive 
sequence from the data obtained from earlier tests was based on a linear multiple 
regression of previously administered subtest scores. In order to implement 
this procedure, however, it was necessary to order the twelve subtests to obtain 
the relevant regression equations. The subtests were ordered by a procedure 
based on stepwise regression of subtest number correct scores, beginning with 
the highest correlation in the matrix. 

Further research is necessary to determine an optimal and generalizable 
procedure for ordering a set of subtests for adaptive administration in an 
achievement test battery. The procedure used in this study may be sub-optimal 
for several reasons. First, it was based on subtest number correct scores, 
which are, in themselves, sub-optimal; thus, an ordering of subtests based on 
methods of subtest scoring which utilize more information about the items and/ 
or testees might result in a correlation matrix with different values. This 
might yield a different ordering of subtests. 

Second, the regression procedure used might lead to sub-optimal test entry 
points because regression estimates tend to underestimate extreme scores. When 
used with more optimal scoring methods (e.g., maximum likelihood scoring), this 
characteristic might require the administration of additional and unnecessary 
test items in order to mitigate the effects of inappropriate choice of initial 
items. Third, inappropriate ordering of tests might also result from the ten
dency of stepwise procedures to capitalize on characteristics of the data which 
are unique to a given sample. Thus, a relevant question for future research on 
procedures for subtest ordering is: given application of the same subtest 
ordering procedure, whether or not different subsamples from the same population 
will result in the same subtest ordering when measured by the same test battery. 

The important question t0 be answered regarding the problem of inter-subtest 
branching is whether or not different test ordering procedures result in different 
orderings of subtests. If the answer were affirmative, the next question would 
be what effect ordering procedures would have both on the number of items admin
istered and on the measurement characteristics of the resultant achievement 
estimates. The necessity to order subtests in a test battery for adaptive 
administration occurs only when all the intercorrelations among the subtests are 
neither zero nor 1.0. When the subtests intercorrelate zero with each other, 
there is no redundant information in scores on one subtest which will be useful 
in selecting the initial item for subsequent subtests. At the other extreme, 
if all subtests intercorrelate perfectly with each other, the information obtained 
from one is completely redundant with that obtained from any other; and no further 
testing is necessary. 

There is one other situation in which it may not be necessary to order the 
subtests for adaptive administration of a test battery. This would occur when 
all the subtests in the battery have equal correlations with each other. In 
this case the multiple correlations of each subtest with every other subtest 
would be equal, and each subtest would provide an equal amount of redundant in
formation. 
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There are other procedures for ordering subtests which need to be inves
tigated. For example, subtests might be ordered in terms of the number of items 
or their reliabilities. If subtests were ordered by number of items, it would 
seem logical to administer the shorter tests first, based on the assu1nption that 
as differential entry points become more accurate due to additional redundant 
information, the longer subtests would be more useful later in the battery. 
When ordering tests by their reliabilities, it would seem appropriate to admin
ister the more highly reliable subtests first: More accurate redundant infor
mation would thus be obtained for selecting entry items for later tests in the 
adaptive sequence. It should be noted, however, that these two criteria for 
subtest ordering may conflict with each other, since subtest reliabilities tend 
to be higher for longer tests. 

All subtest ordering procedures discussed thus far result in a standard 
ordering of subtests for all testees. However, if the philosophy of adaptive 
test administration were applied to the subtest ordering problem, it would imply 
that the order of subtest administration should vary for individual testees. 
At this stage of research in multidimensional adaptive testing, it is not clear 
how such an individualized inter-subtest adaptive procedure would be implemented. 
It would seem that, to some extent, adaptive subtest selection would be based 
on the level of test information in the multivariate test space at the indivi
dual's levels of § upon completion of previous subtests in a battery. However. 
specific details for the implementation of such a procedure, as well as compar
isons with alternative procedures, will have to await future research. 

CONCLUSIONS 

The real-data simulation study in this report has supported previous research 
which demonstrated that a typical achievement test can yield estimates of item 
difficulty and discrimination parameters useful for adaptive testing. Thus, the 
applicability of item characteristic curve theory to the measurement of achieve
ment has been further corroborated. 

An important concern for adaptive testing using achievement test batteries 
is whether or not a unidimensional model can be applied across subtests. The 
inter-subtest multiple correlations obtained in the present study were not con
sidered high enough to warrant the application of a unidimensional model across 
subtests. Instead, a multi-content branching scheme was deemed appropriate for 
this achievement test battery. 

The results of this study have shown that by using this achievement test 
battery, the amount of information extracted by adaptive testing closely approx
imated that for conventional testing. The number of incidences of significant 
differences between the information curves for the conventional and adaptive 
strategies was minimal, and there were no significant differences in the majority 
of the information values for the two testing strategies in each of the twelve 
subtests. Given these results, an obvious question regarding the administration 
of achievement test batteries is: If a computer terminal is available for test 
administration, why should test time be spent administering those test items 
which do not add to the precision of measurement on the test battery? 
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The adaptive testing strategy described in this report provides methods 
for intra-subtest and inter-subtest branching which exclude the administration 
of unnecessary items. The data indicate that on this achievement test 
battery the length of the battery can be reduced by 50% for the typical 
testee. In no case was it necessary to administer in the adaptive battery 
all of the items included in the conventional tests. Therefore, adaptive 
testing can reduce the time spent in testing; the time saved could then 
be used by the testees for other activities, such as additional instruction. 
It is also possible that adaptive achievement testing might have positive 
psychological advantages (e.g., Betz & Weiss, 1976).providing further 
beneficial effects on the psychometric characteristics of test scores. 
At the least, reduced testing time might result in more favorable attitudes 
of the testees toward the testing process. 

In the adaptive testing strategy implemented in this study, test length 
is a direct function of the termination criterion employed. Testing was 
terminated within a subtest when none of the remaining items had a 
corresponding level of item information greater than .01 (.001 for Subtest 1) 
at the testee's current estimated achievement level; this value was arbitrarily 
chosen. More research is needed to determine optimal termination criteria. 

That the information curves resulting from the adaptive and conventional 
strategies were found to be highly correspondent was to be expected from 
the way in which items were selected (based on item information) for the 
adaptive strategy. However, because of the inapplicability of maximum 
likelihood scoring in the early stages of item administration within a 
subtest, additional research is needed to develop and evaluate optimal 
procedures for item scoring. In addition, further research is needed for 
identification and evaluation of optimal procedures to order subtests for 
inter-subtest branching. 

One additional finding from the present study was that the adaptive testing 
strategy consistently provided a wider range of achievement estimates than 
did the conventional strategy, using the same method for estimating e. 
Weiss (1973) predicted that this would occur in adaptive testing. The major 
implication of this finding is that adaptive testing can provide more 
discriminating measurement in the upper and lower extremes of the 
achievement continuum. 

This study has demonstrated that an adaptive testing strategy, designed 
specifically for achievement test batteries, can substantially reduce the 
number of items administered in all subtests of the battery without reducing 
the precision of subtest scores. The strategy appears to be generalizable; 
it should be applicable to a variety of test batteries in which there is 
a fixed and relatively small subset of items for each subtest. Further 
research is needed to evaluate the performance of this adaptive testing 
strategy in other test batteries and in live testing situations. In 
addition, research is needed to modify the adaptive testing strategy to 
identify optimal procedures for the complete individualized administration 
of an achievement test battery. 
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APPENDIX A 

Illustration of Intra-Subtest Adaptive Branching 

The essential characteristics of the adaptive testing strategy employed 
in this study have been described in previous sections. However, to understand 
the method more completely, it is helpful to see the results of its application 
with an actual testee. 

Figure A-1 shows estimated item information curves for six items from 
Subtest 1. (There are a total of 15 items in Subtest 1 from which only six 
were chosen to simplify the illustration.) The height of the information curve 
at a given achievement level indicates the amount of information provided by the 
item. Most of the items are fairly "peaked"; that is, they provide information 
over a relatively narrow range of the achievement continuum. While the infor
mation curves overlap to some degree, different items provide different amounts 
of information at a given point on the achievement continuum. The guiding 
principle for the adaptive procedure is to administer the item which provides 
the moat information at the current achievement estimate. 

Figure A-1 
Estimated Item Information Curves for Six Items from Test 1 
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For a testee beginning Subtest l, the initial achievement estimate was 
S=O (this varied by individual for subsequent subtests); this is shown by the 
vertical dashed line in Figure A-1. Of the six items in the example, only 
three items had essentially non-zero information values at §=O; these values, 
shown by the horizontal dotted lines in Figure A-l,were .90 for item 5, .48 
for item 15,and .04 for item 12. Applying the rule that th~ item selected is 
the one which provides the most information at the current 8, item 5 wouln be 
selected for administration. 
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A 

Figure A-2 shows the revised value of 8=.46 derived from the Bayesian 
scoring routine, assuming that a correct answer was given to item 5. The in
formation curve for item 5, which was already administered, is not shown in 
Figure A-2. At the new value of e, only items 15 and 12 provide non-zero 
values of information. Since item 15 has an information value of .54 and item 
12 has a value of .20, item 15 is selected as the second item to be administered 
to this testee. 

Figure A-2 
Estimated Item Information Curves for Five Items from Test 1 

2.0 

4 

1.5 

1.0 

0.5 

0.0 

Achievement Level 

A 

Assuming that the testee had correctly answered item 15, theAvalue of e 
increased to .92; this is shown in Figure A-3. At that value of 8, item 12 
provides .22 information and item 10 provides .02 information. Item 12 is 
thus administered next. Assuming that item 12 was answered incorrectly, the 
e decreased to .62, which is plotted in Figure A-4. The figure shows that of 
the three items remaining, none provides any information at the current level 
of §. Thus, there is no need for administering additional items from Subtest 1, 
and testing in that subtest is terminated. The achievement level estimate of 
e =.62 is taken as the testee's score on Subtest 1, since it is based on all 
i!ems providing more than non-trivial amounts of information about that testee's 
achievement level. For inter-test bra~ching, 8

1
=.62 is used in the regression 

equation to determine the entry point e estimate for selecting the first item 
to be administered in Subtest 2. 
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Figure A-3 
Estimated Item Information Curves for Four Items from Test 1 
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Figure A-4 
Estimated Item Information Curves for Three Items from Test 1 
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APPENDIX B 

Supplementary Tables 

Table B-1 
Normal Ogive Item Discrimination (a), Difficulty (b) and Guessing (c) Parameter 

Estimates for the Twelve Subtests 

Subtest Subtest Subtest Subtest Subtest 
and Item a b c and Item a b r> and Item a b " and Item a b c and Item a b c 
Subtest A Subtest D (continued) Subtest F (continued) Subtest I (condnue~d) Subtest K (continued) 

1 2.22 1.80 .70 8 --- --- --- 14 1.97 -.41 .59 15 1.18 -.56 .31 8 
2 1.76 -.06 .53 9 1.52 2.15 .53 15 1.00 2.78 .48 16 .90 2.00 .49 9 
3 2.57 -1.13 .54 10 .97 -.55 .39 16 2.11 3.05 .71 17 1.65 -.82 .39 10 
4 .88 .59 .48 11 1.69 -1.13 .48 17 1.24 2.78 .44 18 1.89 .12 .43 11 
5 3.01 -.52 . 30 12 1.94 1.08 .52 1R 1. 74 2. 74 .49 19 1.08 . 76 .53 12 
6 1.29 -.51 .51 13 1.39 .15 .51 Subtest G 20 1.64 -.58 .37 13 
7 1.52 1.69 .65 14 --- --- --- I 3.61 -1.29 .46 21 1.23 -.97 .34 14 
8 2.14 -.87 .54 15 1.57 -1.37 .52 2 --- --- --- 22 1.69 .42 .41 15 
9 1.93 .29 .so 16 1.07 .37 .49 3 1.75 1.71 .66 23 2.00 -.97 .42 16 

10 1.64 -.04 .47 17 --- --- --- 4 1.87 1.42 .64 24 3.50 2.30 .29 17 
Subtest B 18 2.10 -1.09 .59 ~ 1.19 .II .59 Subtest J 18 

1 3.02 1.63 .71 19 1.15 .44 .49 n 1.35 .27 .61 1 1.78 2.30 .34 19 
2 1.48 -.62 .36 20 1.14 1.95 .39 7 1.67 .08 .63 2 2.04 -.03 .54 20 
3 3.62 -1.65 .18 21 1.29 .55 .50 8 1.24 2.38 .47 3 1.23 .93 .61 21 
4 1.66 .04 .54 22 1.72 -1.34 .53 9 4.30 1.83 0.00 4 2.94 -1.29 .77 22 
5 2.44 -.80 .46 Subtest E 10 1.89 .25 .64 5 --- --- --- 23 
6 1.28 .24 .53 I 2.13 .62 .49 11 !.23 2.60 .17 6 1.37 .24 .45 24 
7 2.86 2.94 .86 2 1.20 . 76 . 31 12 1.84 .91 .62 7 1.32 1.97 .34 25 
8 .90 .58 .50 3 1.05 1.78 .47 13 2.17 2.91 .49 8 1.71 -.20 .57 26 
9 2.09 .14 .54 4 .98 .R2 .49 14 1.61 2.44 .52 9 1.86 2.45 .21 27 

10 1.81 .64 .58 5 1.51 -.48 .38 Subtcst H 10 1.13 1.80 .39 28 
Subtest C 6 1.42 .43 .64 I 2.00 -.08 .41 11 1.18 2.40 .33 29 

1 .98 2.55 .46 7 1.25 2.65 .42 2 1.87 1.38 .45 12 1.51 1.48 .39 30 
2 --- --- --- 8 --- --- --- 3 3.12 -.98 .65 13 2.47 2.44 .33 31 
3 2.20 -.56 .48 9 1.59 -.71 .41 4 2.61 1.42 .37 14 1.05 1.15 .47 32 

.97 2.75 

1.21 1.83 
2.00 -.05 
2.36 -.66 

. 88 .06 

1.67 

1. 37 
.75 

1.12 
1. 72 

.73 
1. 28 
2.74 

1.66 
2.36 
1. 33 

.79 

.85 

.18 

2.80 
.44 

-.42 
-1.00 

.49 
2.68 

.34 

-.18 
-.82 
3.00 

.91 
2.30 

4 2.87 -1.37 .57 10 2.03 1.97 .59 S 3.34 -.95 .53 15 --- --- --- Subtest L 
5 2.26 -.43 .43 11 .9R 1.48 .51 6 2.01 .74 .38 16 1.94 -.68 .64 1 
6 1.68 -. 73 .51 12 1.09 -.68 . 37 7 2.55 .48 . 36 17 1.62 1.55 .40 2 
7 --- --- --- 13 1.98 -.64 .47 8 3.41 2.62 .54 18 --- --- --- 3 
8 --- --- --- 14 3.60 2.48 .34 9 .94 2.08 .37 19 2.66 2.12 .18 4 
9 1.35 .48 .61 15 1.36 -1.37 .46 10 .86 1.11 .32 20 1.25 .99 .59 5 

10 2.14 1.52 .58 16 1.78 -.33 .40 11 1.65 .78 .45 21 1.00 2.51 .37 6 
11 1.83 -1.28 .52 17 1.05 . 75 .so 12 1.06 1.52 .35 22 1.21 1.32 .55 7 
12 1.23 .82 .54 18 1.76 2.96 .70 Subtest I 23 1.92 1.37 .41 8 
13 1.06 . 75 .52 Subtest F 1 1.39 1.22 .34 24 1.64 .03 .54 9 
14 2.17 2.50 .66 1 1.55 .18 .66 2 1.00 1.44 .25 25 .88 1.87 .37 10 
15 1.51 .01 .so 2 1.30 -.35 .57 3 1.89 1.72 .43 26 --- --- --- 11 
16 1.78 1.58 .70 3 1.42 2.43 .51 4 .77 1.15 .44 27 --- --- --- 12 
17 1.36 .21 .51 4 1.24 -.02 .55 5 --- --- --- 28 --- --- --- 13 
18 2.57 2.08 .62 5 1.76 -1.07 .53 6 1.44 -.28 .35 29 2.52 2.65 .33 14 

Subtest D 6 1.62 .53 .55 7 1.11 2.25 .51 Subtest K 15 
1 .94 .80 .47 7 1. 78 2.61 .67 8 1.29 3.06 .57 1 1. 75 -1.36 .61 16 
2 1.40 .49 .51 8 .99 1.07 .40 9 1.04 -.32 .49 2 2.11 1.87 .46 17 
3 3.36 2.06 .33 9 1.27 1.98 .53 10 1.49 3.09 .64 3 --- --- --- 18 
4 1.03 2.59 .30 10 2. 74 -1.05 .59 11 --- --- --- 4 1.06 .17 .47 19 
5 1.67 -.20 .52 11 1.85 .68 . 70 12 2.06 .47 .44 5 . 79 1.34 .43 20 
6 1.92 -.36 .52 12 1.24 2. 75 .53 13 1.68 3.16 .59 6 2.42 2. 71 .57 21 
7 2.51 2.26 .42 13 1.66 .82 .55 14 .89 .73 .41 7 1.55 2.44 .so 22 

23 

Note. Dashed lines indicate that an item was rejected in the first phase of the item parameterization procedure. 
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. 87 
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2.01 
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2.09 

.75 
-.32 
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3.11 
-.35 

-1.01 
2.59 

.01 
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2.99 
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2.59 
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Table B-2 
Raw Score Regression Weights (B) for Regression Equations 

Used to Determine Differential Entry ?oints in Inter-Subtest Branching 
Ordered Ordered Sub test 
Sub test 1 2 3 4 5 6 7 8 9 10 11 12 

2 .53 .00 
3 .38 .14 3.97 
4 .29 .10 .43 4.44 
5 .27 .09 .09 .24 4.97 
6 .10 .06 .20 .10 .06 . 85 
7 . 08 .02 .12 .18 .12 .12 2.38 
8 .09 .10 .10 -.05 .09 .04 . 08 1. 55 
9 .05 .02 .07 .02 .10 .13 . 00 . 08 1. 70 
10 -.03 .05 -.01 .20 .09 .16 .16 -.03 .36 4.05 
11 .16 . 02 .10 .00 .03 .16 .09 .06 .10 .06 .25 
12 -.01 -.04 .09 .08 -.13 .07 -.07 .23 .14 .15 .14 6.13 

Note. Regression constants (A) are on the main diagonal. 

Table B-3 
Frequency of Number of Items Administered by the Adaptive Testing 

Strategy and Number of Items in the Conventional Subtest (*) for 
Each of the Twelve Subtests (N=365 Testees) 

No. of Items Sub test 
Administered 1 2 3 4 5 6 7 8 9 10 11 12 

1 0 0 0 0 1 37 9 11 6 8 33 30 

2 0 0 2 12 6 21 30 3 5 36 17 44 

3 0 0 8 7 9 41 12 4 37 29 70 40 

4 10 2 11 7 2 39 19 3 14 28 45 67 

5 29 8 9 6 9 120 38 41 7 18 37 27 

6 8 5 73 7 13 43 38 29 22 73 31 29 

7 108 0 20 19 23 36 21 62 191 28 18 33 

8 127 14 10 28 24 18 24 186 82 8 21 25 

9 18 6 7 18 15 4 55 21 1 8 58 35 

10 8 12 10 16 13 2 83 5* 0* 16 17 11 

11 2 12 75 13 15 1 10 11 17 10 

12 0 2 42 11 13 3 10 13 1* 1 

13 0* 33 58 26 81 0* 5 4 3 

14 24 26 29 85 6 19 7 

15 147 7 51 38 5 16 3 

16 55 5 36 15 0 4 0 

17 32 2* 35 2 0 9 0 

18 10 31 1 0* 11 0* 

19 1 11 0* 6 

20 2 0 11 

21 0 1 8 

22 0 1* 1 

23 0 0* 

24 0* 

Note. 25th and 75th percentiles are underlined. 
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Table B-4 
Frequency and Cumulative Percent of Total Number of Items Administered by 

the AdaEtive Testing Strategy Across all 12 Subtests (N=365 Testees) 
No. Cum No. Cum No. Cum 

Items Freg. Pet. Items Freg. Pet. Items Freg. Pet. 

27 1 1 85 8 24 117 1 72 
41 1 1 86 6 25 118 5 73 
42 1 1 87 1 25 119 8 75 
44 3 2 88 5 27 120 3 76 
47 3 2 89 4 28 121 3 77 
51 3 3 90 8 30 122 2 78 
52 3 4 91 2 31 123 4 79 
54 1 4 92 4 32 124 6 80 
55 2 5 93 5 33 125 4 81 
57 2 5 94 6 35 126 4 82 
58 1 6 95 7 37 127 9 85 
59 3 7 96 5 38 128 6 87 
60 2 7 97 4 39 129 5 88 
61 2 8 98 8 41 130 5 89 
65 3 8 99 7 43 131 2 90 
66 4 10 100 5 45 132 4 91 
68 1 10 101 8 47 133 4 92 
69 2 10 102 4 48 134 2 93 
70 4 12 103 6 50 135 3 93 
71 2 12 104 4 51 136 3 94 
72 1 12 105 6 52 137 1 95 
73 1 13 106 8 55 138 2 95 
74 4 14 107 2 55 139 5 96 
75 2 14 108 11 58 141 2 97 
76 5 16 109 11 61 142 2 98 
77 1 16 110 6 63 144 2 98 
78 3 17 111 6 64 145 2 99 
79 2 17 112 8 67 146 1 99 
80 5 19 113 6 68 147 1 99 
81 1 19 114 4 69 148 1 99 
82 2 19 115 4 70 149 1 99 
83 4 21 116 4 72 153 1 100 
84 3 2] 
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Table B-5 
Adaptive and Conventional Test Mean Information Values [i{E~)] 

and Mean Difference in Information and t Values 
at Estimated Achievement Levels ce) for Subtest 1 

"' 8 Interval AdaEtive Test Conventional Test Mean Difference 
"' "' [I dh-I ce) 1 Min Max N I (8) SD N I (8) SD t df 

a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 0 0 
-2.39 -2.20 0 0 
-2.19 -2.00 0 0 
-1.99 -1.80 0 0 
-1.79 -1.60 11 . 70 .29 14 .64 .23 -.06 -.58 23 
-1.59 -1.40 22 1. 85 .40 23 1. 83 • 35 -.02 -.18 43 
-1.39 -1.20 21 2.87 . 04 25 2.73 .18 -.14 -3.49** 44 
-1.19 -1.00 23 2.86 .04 20 2.89 .03 . 03 2.75** 41 
-0.99 -0.80 25 2.86 .06 28 2.89 .06 .03 1.82 51 
-0. 79 -0.60 33. 3.36 .24 37 3.38 .19 .02 . 39 68 
·-0. 59 -0.40 21 4.15 .15 19 4.15 .16 .00 .00 38 
-0.39 -0.20 31 4.21 .11 24 4.26 . 06 .05 2.01 53 
-0.19 0.00 27 3. 72 .19 32 3.75 .23 .03 .54 57 

0.01 0. 20 35 3.02 .21 30 3.04 .21 .02 .38 63 
0.21 o. t~o 26 2.1+3 . 09 31 2.50 .12 . 07 2.45* 55 
0.41 0.60 42 2.17 . 04 29 2.23 .08 .06 4.17** 69 

0.61 0.80 14 1. 90 . 00 27 1. 96 .07 . 06 3.19** 39 

0.81 1. ()0 10 1. 85 .00 10 1.81 . 04 -.04 -3.16** 18 

1. 01 1. 20 13 1. 74 .00 7 1. 74 .01 .00 
1. 21 1. 40 0 6 1. 85 .01 
1. 41 1. 60 11 2.10 .00 3 2.13 .00 -.06 
1. 61 l. 80 0 
1. 81 2.00 0 
2.01 2.20 0 
2.21 2.40 0 
2.41 2.60 0 
2.61 2.80 0 
2.81 3.00 0 

*p:s.o5 
**p~.01 



-33-

Table B-6 "' Adaptive and Conventional Test Mean Information Values [I(8)] and Mean Difference 
"' in Information and t Values at Estimated Achievement Levels {82 for Subtest 2 

"' 8 Interval AdaEtive Test Conventional Test Mean Difference 

Min Max N I (B) S.D. N I (B) S.D. [I (Eh-I (e) l t df 
a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 2 .00 .00 0 
-2.39 -2.20 16 .00 .00 0 
-2.19 -2.00 20 .01 .01 0 
-1.99 -1.80 9 .03 .02 0 
-1.79 -1.60 7 .16 .16 58 .32 .07 .16 
-1.59 -1.40 1 1. 85 0 
-1.39 -1.20 20 3.50 . 37 0 
-1.19 -1.00 40 3.14 .64 0 
-0.99 -0.80 40 1.60 .42 12 1.32 .20 -.28 -2.22* 50 
-0.79 -0.60 29 .76 .36 30 .68 .15 -.08 -1.12 57 
-0.59 -0.40 31 . 45 .01 49 .44 .07 -.01 -. 79 78 
-0.39 -0.20 33 .58 .08 58 .63 .07 .05 3.11** 89 
-0.19 0.00 50 .42 .53 80 .36 . 46 -.06 -.68 128 
0.01 0.20 11 1.44 .12 12 1. 24 .40 -.20 -1.59 21 
0.21 0.40 16 1. 82 .05 13 1. 81 .06 -.01 -.49 27 
0.41 0.60 15 1.91 .01 23 1. 91 .01 .00 .00 36 
0.61 0.80 5 1. 88 .01 6 1.88 .02 .00 
0.81 1.00 2 1.82 .01 1 1.84 .02 
1.01 1. 20 0 0 
1. 21 1. 40 2 1. 73 2.44 4 2.64 . 41 .91 
1. 41 1. 60 1 .00 12 6.76 1.50 6.76 
1.61 1.80 1 .00 3 11.56 3.08 11.56 
1. 81 2.00 1 .00 1 15.13 15.13 
2.01 2.20 0 2 8.58 2.82 
2.21 2.40 0 1 3.44 
2.41 2.60 1 2.55 0 
2.61 2.80 0 0 
2.81 3.00 0 0 

* p<.05 
** p<.Ol 
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Table B-7 
"' Adaptive and Conventional Test Mean Information Values [I(8)] a~d Mean Difference 

in Information and t Values at Estimated Achievement Levels ~8} for Subtest 3 

8 Interval AdaEtive Test Conventional Test Mean Difference 
"' "' "' "' Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df 

a c c a 

-3.00 -2.80 0 
-2.79 -2.60 0 
-2.59 -2.40 0 
-2.39 -2.20 12 .00 .00 
-2.19 -2.00 10 .02 .01 
-1.99 -1.80 27 .04 .02 
-1.79 -1.60 17 .14 .05 1 .25 
-1.59 -1.40 19 .49 .17 12 .48 .13 -.01 -.17 29 
-1.39 -1.20 17 1.03 .24 32 1.14 .24 .11 1.53 47 
-1.19 -1.00 36 2.05 • 28 31 1.97 .27 -.08 -1.19 65 
-0.99 -0.80 15 2.37 .66 28 2.59 .05 .22 1.77 41 
-0.79 -0.60 42 2.47 .06 40 2.44 .08 -.03 -1.93 80 
-0.59 -0.40 21 2.12 .49 30 2.22 .04 .10 1.12 49 
-0.39 -0.20 26 2.16 .01 33 2.16 .01 .00 .00 57 
-0.19 0.00 42 .66 .99 79 . 89 1.06 .23 1.16 119 
0.01 0.20 15 2.00 .55 26 1.98 .58 -.02 -.11 39 
0.21 0.40 9 2.28 .05 18 2.28 .05 .00 .00 25 
0.41 0.60 16 2.52 .05 15 2.48 .06 -.04 -2.02 29 
0.61 0.80 4 2.60 .02 5 2.65 .02 .05 
0.81 1.00 5 2.08 1.16 6 2.55 • 07 .47 
1.01 1. 20 7 2.29 .12 3 2.28 .06 -.01 
1. 21 1.40 6 1.86 .11 3 1.83 .09 -.03 
1. 41 1.60 5 1. 22 .69 0 
1. 61 1.80 1 .00 1 .00 .00 
1. 81 2.00 1 .00 0 
2.01 2.20 0 0 
2.21 2.40 0 0 
2.41 2.60 0 0 
2.61 2.80 0 0 
2.81 3.00 1 .00 0 
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Table B-8 
"' Adaptive and Conventional Test Mean Information Values [I (8) ] and Mean Difference 

in Information and t Values at Estimated Achievement Levels <e) for Subtest 4 

"' 8 Interval AdaEtive Test Conventional Test Mean Difference 
"' "' "' "' Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df 

a c c a 

-3.00 -2.80 0 
-2.79 -2.60 0 
-2.59 -2.40 0 
-2.39 -2.20 1 .00 
-2.19 -2.00 6 .01 .00 
-1.99 -1.80 17 .03 .02 
-1.79 -1.60 12 .17 .07 3 .21 .06 .04 
-1.59 -1.40 18 .44 .13 12 .49 .16 .05 .94 28 
-1.39 -1.20 25 1.37 . 37 20 1. 38 .32 .01 .10 43 
-1.19 -1.00 25 2.59 .37 29 2.61 .31 .02 .22 52 
-0.99 -0.80 14 3.87 .41 24 3.63 .36 -.24 -1.88 36 
-0.79 -0.60 23 5.08 1.26 33 5.06 .42 -.02 -.09 54 
-0.59 -0.40 22 6.31 .11 24 6.30 .08 -.01 -.36 44 
-0.39 -0.20 21 5.39 1.30 17 5. 70 .32 .31 .96 36 
-0.19 0.00 57 1. 72 2.04 81 1.58 1. 99 -.14 -.40 136 
0.01 0.20 22 3.21 .24 33 3.17 .59 -.04 -.30 53 
0. 21 0.40 6 2.58 .10 10 2.49 .00 -.09 
0.41 0.60 29 2.19 .14 23 2.20 .14 .01 .26 50 
0.61 0.80 20 1.57 .14 23 1.71 .15 .14 3.15** 41 
0.81 1.00 15 1.31 .09 14 1.41 .01 .10 4.13** 27 
1.01 1. 20 5 .84 .04 18 1.00 .00 .16 
1.21 1.40 10 .78 .01 0 
1.41 1.60 3 . 85 .07 0 
1.61 1. 80 1 .oo 0 
1. 81 2.00 2 .00 .00 0 
2.01 2.20 1 .00 0 
2.21 2.40 0 0 
2.41 2.60 0 0 
2.61 2.80 0 0 
2.81 3.00 0 0 

** p<.Ol 
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Table B-9 
Adaptive and Conventional Test Mean Information Values [I(B)] and Mean Difference 

in Information and t Values at Estimated Achievement Levels {B} for Subtest 5 
A 

8 Interval AdaEtive Test Conventional Test Mean Difference 
A A A A 

Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df 
a c c a 

-3.00 -2.80 0 
-2.79 -2.60 0 
-2.59 -2.40 6 .01 .00 
-2.39 -2.20 4 .07 .05 
-2.19 -2.00 9 . 27 .09 
-1.99 -1.80 7 3.31 .79 21 3.48 .69 .17 
-1.79 -1.60 6 5.39 2.66 10 4.98 .38 -.41 
-1.59 -1.40 8 5.64 .62 0 
-1.39 -1.20 13 3.50 .62 8 2.56 .24 -.94 
-1.19 -1.00 26 2.04 .11 18 2.02 .11 -.02 -.59 42 
-0.99 -0.80 38 2.22 .14 25 2.19 .16 -.03 -.79 61 
-0.79 -0.60 25 2.61 .07 33 2.64 .06 .03 1. 76 56 
-0.59 -0.40 33 2.50 .45 29 2.59 .08 .09 1.06 60 
-0.39 -0.20 34 2.40 .03 31 2.40 .03 .00 .00 63 
-0.19 0.00 60 1.19 .06 87 1. 20 1. 26 .01 .06 145 

0.01 0.20 21 2. 77 .08 25 2.15 1.10 -.62 -2.57** 44 
0.21 0.40 14 2.68 .77 27 2.89 .01 .21 1.31 39 
0.41 0.60 10 2.48 .80 16 2. 77 .09 .29 1.45 24 
0.61 0.80 17 2.39 .10 16 2.14 .01 -.25 -9.94** 16 
0.81 1.00 2 1.89 .13 0 
1.01 1. 20 6 1.34 .07 18 1. 59 .02 . 25 
1. 21 1. 40 8 1.20 .01 0 
1.41 1.60 4 1.27 .03 0 
1. 61 1. 80 0 0 
1. 81 2.00 1 .oo 0 
2.01 2.20 1 .00 1 .oo .00 
2.21 2.40 1 .00 0 
2.41 2.60 0 0 
2.61 2.80 0 0 
2.81 3.00 1 .00 0 

** p<.Ol 
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Table B-10 A 

Adaptive and Conventional Test Mean Information Values [I(8)] and Mean Difference 
A 

in Information and t Values at Estimated Achievement Levels (8) for Subtest 6 
A 

8 Interval AdaEtive Test Conventional Test Mean Difference 
A A A A 

Hin Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 4 .00 .00 0 
-2.39 -2.20 10 .00 .00 0 
-2.19 -2.00 10 .00 .00 0 
-1.99 -1.80 21 .02 .01 0 
-1.79 -1.60 21 .11 .03 4 .15 .03 .04 
-1.59 -1.40 19 .39 .13 32 .38 .11 -.01 -.29 49 
-1.39 -1.20 35 .83 .11 6 .94 .16 .11 
-1.19 -1.00 31 1.10 . 02 26 1.11 .01 .01 2.32* 55 
-0.99 -0.80 16 1. 08 . 01 32 1.09 .01 .01 3.27** 46 
-0.79 -0.60 16 1. 21 .05 26 1. 26 . 06 .05 2.79** 40 
-0.59 -0.40 43 1.55 .11 42 1.57 .15 .02 .70 83 
-0.39 -0.20 8 1. 78 .74 35 2.10 .19 .32 
-0.19 0.00 52 1.08 1. 22 75 .99 1.33 -.09 -.39 125 

0.01 0.20 18 2.73 . 99 20 2.93 .69 .20 .73 36 
0.21 0.40 11 3.01 .07 26 3.01 .07 .00 .00 35 
0.41 0.60 10 2.51 . 89 14 2.59 .75 .08 .24 22 
0.61 0.80 11 2.65 .03 10 2.67 .03 .02 1.53 19 
0.81 1.00 4 2.96 .18 7 2.94 .15 -.02 
1. 01 1. 20 4 3.60 .37 1 3.52 -.08 
1. 21 1.40 2 4.57 .63 3 4.55 .41 -.02 
1.41 1.60 1 5.70 4 5.78 .31 .08 
1. 61 1.80 3 6.54 .25 0 
1. 81 2.00 2 8.10 .29 0 
2.01 2.20 1 .00 0 
2.21 2.40 1 .oo 0 
2.41 2.60 1 .oo 0 
2.61 2.80 0 1 10.57 
2.81 3.00 0 0 

* p<.05 
** p<.Ol 
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Table B-11 
A 

Adaptive and Conventional Test Mean Information Values [! (8)] and Mean Difference 
A 

in Information and t Values at Estimated Achievement Levels (8) for Subtest 7 
A 

8 Interval AdaEtive Test Conventional Test Mean Difference 
A A A A 

Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df 
a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 0 0 
-2.39 -2.20 9 .00 • 00 0 
-2.19 -2.00 31 .00 .oo 0 
-1.99 -1.80 18 .00 .oo 0 
-1.79 -1.60 6 .01 .01 0 
-1.59 -1.40 19 .09 .07 14 .09 .01 .00 .00 31 
-1.39 -1.20 15 .80 . 29 35 • 62 .20 -.18 -2.54* 48 
-1.19 -1.00 34 2.42 .71 38 2.14 .39 -.28 -2.10 70 
-0.99 -0.80 26 4.15 .21 0 
-0.79 -0.60 24 3.15 .40 35 3.42 .39 .27 2.59* 57 
-0.59 -0.40 47 2.12 .29 32 2.13 • 33 .01 .14 77 

-0.39 -0.20 17 1. 55 .04 43 1.55 .04 .00 .00 58 
-0.19 o.oo 40 1.00 4.01 90 . 78 .86 -.22 -.50 128 

0.01 0.20 9 2.28 .19 21 2.17 .57 -.11 -.56 28 
0.21 0.40 16 2.95 .85 11 3.33 .32 .38 1.41 25 
0.41 0.60 10 4.53 .26 16 4.56 • 20 .03 .33 24 
0.61 0.80 8 4.32 1. 74 12 4.94 .03 .62 
0.81 1.00 9 4.22 1.59 6 4.67 .03 .45 
1.01 1. 20 2 4.67 .03 4 4.66 .04 -.01 
1. 21 1.40 2 5.23 .02 2 5.27 .10 .04 
1. 41 1.60 5 5.28 .10 2 5.29 .10 .01 
1. 61 1. 80 1 4.30 0 
1. 81 2.00 2 2.96 .61 2 3.55 .00 .59 
2.01 2.20 1 2.40 1 1. 87 
2.21 2.40 1 .00 0 
2.41 2.60 1 .00 0 
2.61 2.80 1 . 00 0 
2.81 3.00 1 2.19 0 

* p<.OS 
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Table B-12 
A 

Adaptive and Conventional Test Mean Information Values [I(O)] aQd Mean Difference 
in Information and t Values at Estimated Achievement Levels (8) for Subtest 8 

A 

8 Interval AdaEtive Test Conventional Test Mean Difference 
A A A A 

Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df 
a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 0 0 
-2.39 -2.20 8 .oo .00 0 
-2.19 -2.00 9 .00 .00 1 .00 
-1.99 -1.80 19 .00 .oo 0 
-1.79 -1.60 32 .01 .01 0 
-1.59 -1.40 61 .03 .01 4 .05 .01 .02 
-1.39 -1.20 17 .11 .04 26 .14 .03 .03 2.81** 41 
-1.19 -1.00 38 .31 .05 29 .29 .07 -.02 -1.36 65 
-0.99 -0.80 26 • 54 .08 43 . 54 .08 .00 .00 67 
-0.79 -0.60 25 .89 .09 59 .84 .10 -.05 -2.16 82 
-0.59 -0.40 10 1. 26 .16 34 1.26 .15 .oo .oo 42 
-0.39 -0.20 18 1. 76 .12 37 1. 72 .13 -.04 -1.10 53 
-0.19 0.00 41 .58 .92 70 .63 . 97 .05 . 27 109 

0.01 0.20 10 2.08 .73 26 2.24 .46 .16 .79 34 
0.21 0.40 13 2.56 .07 10 2.67 .08 .11 3.51** 21 
0.41 0.60 3 1.88 1.62 11 2.83 .04 .95 
0.61 0.80 7 2.78 .07 2 2.82 .06 .04 
0.81 1.00 6 1. 74 1.35 6 2.58 .10 .84 
1.01 1. 20 3 2.27 .06 4 2.35 .05 .08 
1.21 1.40 0 2 2.18 .01 
1.41 1.60 2 2.23 .16 1 2.18 .05 
1.61 1.80 1 4.35 0 
1. 81 2.00 1 .00 0 
2.01 2.20 1 9. 71 0 
2.21 2.40 0 0 
2.41 2.60 1 .oo 0 
2.61 2.80 1 .00 0 
2.81 3.00 1 .00 0 

** p<.Ol 
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Table B-13 A 

Adaptive and Conventional Test Mean Information Values [I(9)] and Mean Difference 
A 

in Information and t Values at Estimated Achievement Levels ~9} for Subtest 9 

~ Interval AdaEtive Test Conventional Test Mean Difference 
"' "' "' A 

Min Max N I (9) S.D. N I (9) S.D. [I (9)-I (9)] t df 
a c c a 

-3.00 -2.80 0 
-2.79 -2.60 0 
-2.59 -2.40 0 
-2.39 -2.20 0 
-2.19 -2.00 1 .00 
-1.99 -1.80 0 
-1.79 -1.60 12 .64 .34 14 .64 .23 .00 .oo 24 
-1.59 -1.40 22 1.85 .40 23 1.83 • 35 -.02 -.18 43 
-1.39 -1.20 20 2.86 .04 24 2.73 .18 -.13 -3.16** 42 
-1.19 -1.00 24 2.74 .59 20 2.89 .03 .15 1.13 42 
-0.99 -0.80 25 2.86 .06 28 2.89 .06 .03 1.82 51 
-0.79 -0.60 31 3.35 .24 34 3.39 .20 .04 .73 63 
-0.59 -0.40 20 4.14 .15 18 4.14 .16 .00 .oo 36 
-0.39 -0.20 29 4.21 .11 22 4.25 .07 .04 1.49 49 
-0.19 0.00 50 1.67 1.87 75 1.36 1.83 -.31 -.92 123 
0.01 0.20 30 3.03 .21 27 2.90 .62 -.13 -1.08 55 
0.21 0.40 22 2.32 .53 24 2.50 .12 .18 1.62 44 
0.41 0.60 33 2.17 .04 23 2.23 .08 .06 3.70** 54 
0.61 0.80 9 1.69 .63 19 1.97 • 07 .28 
0.81 1.00 8 1.85 .oo 5 1.82 .05 -.03 
1.01 1. 20 7 1.49 .66 4 1. 74 .00 .25 
1.21 1.40 0 2 1.85 .02 
1. 41 1.60 6 2.19 .00 2 2.13 .00 -.06 
1.61 1. 80 0 
1. 81 2.00 2 .00 .00 
2.01 2.20 0 
2.21 2.40 0 
2.41 2.60 0 
2.61 2.80 1 .00 
2.81 3.00 2 .00 .00 

** p<.Ol 
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Table B-14 
Adaptive and Conventional Test Mean Information Values [I(e)J and Mean Difference 

A 

in Information and t Values at Estimated Achievement Levels (~) for Subtest 10 
A 

8 Interval Ada:etive Test Conventional Test Mean Difference 

I (§) 
A 

[I (S)-I (e) J Min Max N S.D. N I (8) S.D. t df a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 0 0 
-2.39 -2.20 1 .00 0 
-2.19 -2.00 0 0 
-1.99 -1.80 11 .21 .08 3 .30 .03 .09 
-1.79 -1.60 11 .51 .15 11 0 47 .09 -.04 -. 76 20 
-1.59 -1.40 15 0 87 .28 8 1.18 .17 .31 
-1.39 -1.20 21 2.07 .32 16 1.89 0 29 -.18 -1.76 35 
-1.19 -1.00 15 3.39 .54 19 3.25 .51 -.14 -. 78 32 
-0.99 -0.80 21 4.84 1. 20 28 5.23 .66 0 39 1.45 47 
-0.79 -0.60 24 6.79 .29 21 6.94 .25 .15 1.85 43 
-0.59 -0.40 26 7.25 .04 29 7.24 .04 -.01 -.93 53 
-0.39 -0.20 30 7.09 .04 32 7.07 .04 -.02 -1.97 60 
-0.19 0.00 65 4.02 3.64 83 3.24 3.64 -. 78 -1.29 146 

0.01 0.20 22 8.05 0 27 28 7.43 2.12 -.62 -1.36 48 
0.21 0.40 21 8.56 .05 23 8.59 .06 0 03 1. 79 42 
0.41 0.60 15 7.02 1.98 14 7.68 .44 .66 1. 22 27 
0.61 0.80 20 5.61 .65 18 5.66 .64 .05 0 24 36 
0.81 1.00 10 3.89 .48 15 3.88 0 46 -.01 -.05 23 
0.01 1. 20 11 2.69 .20 11 2.09 1.05 -.60 -1.86 20 
1.21 1.40 10 1. 94 0 69 3 2.14 .06 .20 
1.41 1.60 2 2.14 .11 3 2.08 .01 -.06 
1.61 1.80 1 0 30 
1.81 2.00 0 
2.01 2.20 0 
2.21 2.40 0 
2.41 2.60 0 
2.61 2.80 0 
2.81 3.00 3 .00 .00 
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Table B-15 
A 

Adaptive and Conventional Test Mean Information Values [I(6)] and Mean Difference 
in Information and t Values at Estimated Achievement Levels ~e~ for Subtest 11 

A 

6 Interval Ada;etive Test Conventional Test Mean Difference 
A A A A 

Min Max N I (6) S.D. N I (6) S.D. [I (6)-I (6)] t df 
a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 2 .04 .oo 0 
-2.39 -2.20 4 .03 .03 0 
-2.19 -2.00 16 .13 .03 0 
-1.99 -1.80 11 • 25 .05 0 
-1.79 -1.60 14 .44 .15 0 
-1.59 -1.40 21 .74 .09 6 .76 .08 .02 
-1.39 -1.20 22 1. 67 . 29 18 1.13 .12 -.54 -7.39** 38 
-1.19 -1.00 36 1.69 .22 31 1.91 .13 .22 4.88** 65 
-0.99 -0.80 22 2.61 • 28 34 2.69 .30 .08 1.00 54 
-0.79 -0.60 25 3.40 .74 52 3.57 • 27 .17 1.47 75 
-0.59 -0.40 33 4.15 .12 32 4.23 .09 .08 3.03** 63 
-0.39 -0.20 25 4.27 .06 50 4.28 .06 .01 .68 73 
-0.19 0.00 54 1.89 1.95 63 1.10 1. 75 -. 79 -2.31* 115 

0.01 0.20 19 3.30 . 59 32 3.09 1.02 -.21 -.82 49 
0.21 0.40 12 3.19 .01 16 3.20 .02 .01 1.59 26 
0.41 0.60 11 3.30 .05 11 3.27 .05 -.03 -1.41 20 
0.61 0.80 8 2.95 1.19 11 3.39 .02 .44 
0.81 1.00 9 3.18 .09 1 3.33 .15 
1.01 1. 20 1 .00 2 2.67 .04 2.67 
1.21 1.40 3 2.13 .03 2 2.28 .12 .15 
1.41 1.60 2 1.98 .01 1 2.00 .02 
1.61 1.80 1 2.00 0 
1. 81 2.00 0 1 2.06 
2.01 2.20 1 2. 71 0 
2.21 2.40 0 0 
2.41 2.60 0 0 
2.61 2.80 0 0 
2.81 3.00 0 0 

* p<.05 
** p<.Ol 
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Table B-16 
"' Adaptive and Conventional Test Mean Information Values [I(8)] and Mean Difference 

in Information and t Values at Estimated Achievement Levels ~~~ for Subtest 11 
"' 8 Interval Ada;Etive Test Conventional Test Mean Difference 

"' "' "' "' Min Max N I (8) S.D. N I (8) S.D. [I (8)-I (8)] t df a c c a 

-3.00 -2.80 0 0 
-2.79 -2.60 0 0 
-2.59 -2.40 11 .11 .32 0 
-2.39 -2.20 7 .04 .01 0 
-2.19 -2.00 15 • 06 .03 0 
-1.99 -1.80 13 • 20 .04 0 
-1.79 -1.60 12 .41 . 07 1 .53 
-1.59 -1.40 15 .88 .28 10 .95 .17 .07 .71 23 
-1.39 -1.20 23 1. 73 • 24 21 1. 81 . 26 .08 1.06 42 
-1.19 -1.00 23 2.63 .67 24 2.81 .32 .18 1.18 45 
-0.99 -0.80 17 4.04 .24 31 3.86 .28 -.18 -2.24* 46 
-0.79 -0.60 27 4.57 .14 32 4.56 .12 -.01 -.30 57 
-0.59 -0.40 33 4.64 • 83 44 4.80 .01 .16 1. 28 75 
-0.39 -0.20 23 4.75 .02 35 4.76 .02 .01 1.86 56 
-0.19 0.00 49 2.07 2.37 80 2.03 2.37 -.04 -.09 127 
0.01 0.20 19 4.97 .09 24 4.36 1.69 -.61 -1.57 41 
0.21 0.40 16 5.23 .05 16 5.23 .06 .oo .oo 30 
0.41 0.60 10 5.25 .05 12 5.27 .04 .02 1.04 20 
0.61 0.80 11 4.84 .17 10 4.89 .15 .05 .71 19 
0.81 1.00 10 3.35 1.77 9 4.29 .16 .94 
1.01 1.20 4 3.73 .04 7 3.60 .09 -.13 
1.21 1.40 7 2.89 1.28 5 3.36 .05 .47 
1.41 1.60 4 3.30 .00 1 3.32 .02 
1.61 1.80 1 3.32 0 
1.81 2.00 1 3.69 0 
2.01 2.20 0 0 
2.21 2.40 0 1 6.66 
2.41 2.60 ., 6.67 0 L 

2.61 2.80 0 0 
2.81 3.00 0 ~ 2.26 ..!. 

* p<.05 
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APPENDIX C 

Supplementary Figures 

Figure C-1 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 2 
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Figure C-3 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 4 
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Figure C-4 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 5 
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Figure C-5 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 6 
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Figure C-6 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 7 
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Figure C-7 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 8 
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Figure C-8 
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Smoothed Information Curves for 
Adaptive and Conventional Tests for Subtest 9 
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Figure C-9 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 10 
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Figure C-10 
Smoothed Information Curves for 

Adaptive and Conventional Tests for Subtest 11 
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AN INFORMATION COMPARISON OF CONVENTIONAL AND ADAPTIVE 
TESTS IN THE MEASUREMENT OF CLASSROOM ACHIEVEMENT 

Achievement testing consists of mapping an individual's proficiency level 
onto an observable indicator of proficiency. This mapping is accomplished by 
means of a testing procedure. Two of the characteristics defining a testing 
procedure (Sympson, 1975) are the nature of the items in the test and the way 
in which the test items are administered. Both of these characteristics are 
potentially important factors in determining how accurately the observable in
dicator will reflect the individual's underlying proficiency level. 

Given an item type, there are basically two ways of administering a test 
--individually or in groups. In group testing everyone answers the same set 
of test items; in individualized or adaptive testing everyone receives a 
different set of items, and the difficulty of a test is dynamically tailored 
to the ability level of the testee. The psychometric advantages and disadvan
tages of these two modes of administration have been the subject of research 
in recent years (Weiss, 1976; Weiss & Betz, 1973). Results of this research 
suggest that adaptive testing is superior to group (conventional) testing in 
terms of precision of measurement (McBride & Weiss, 1976; Vale & Weiss, 1975b; 
Weiss, 1976), test-taking motivation (Betz & Weiss, 1976), and potential to 
eliminate bias (Pine & Weiss, 1976). 

Virtually all of this research is based on ability measurement rather 
than achievement measurement. The question which arises, therefore, is whether 
or not similar benefits would accrue in achievement testing. Since achievement 
testing can be conceptualized in several ways (Green, 1974), however, a general 
answer to this question may not be possible. For example, mastery testing 
(Block, 1971) is an approach to achievement testing which is currently receiv
ing attention from both practitioners and theoreticians. The purpose of 
mastery testing is to classify individuals into ·two states: mastery and non
mastery. Because of the instructional philosophy behind mastery testing, there 
is likely to be a lack of variability in performance at the time of testing on 
a given instructional unit; and as a result, it becomes profitable to tailor 
the length of a test rather than its difficulty. Ferguson (1969) has demon
strated the feasibility of implementing such a testing system. 

However, when instruction is likely to result in substantial variation 
with respect to achievement in the population being tested, the procedures 
for adaptive ability testing become relevant for achievement testing, provided 
that the same response models which apply in ability testing are also appli
cable in the measurement of achievement. In a previous report Bejar, Weiss, 
and Kingsbury (1977) established the plausibility of that assumption in a 
college instructional setting. The purpose of this study is to investigate in 
that same setting the performance of an adaptive testing model designed for 
ability measurement in comparison to classroom examinations covering the same 
course content. 
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Comparing testing procedures is difficult (Sympson, 1975) since diff
erent procedures usually differ in more than one respect. Comparisons 
between testing procedures are further complicated by the criteria for 
evaluation (Weiss & Betz, 1973). Reliability and correlational indices 
h~ve been used to compare testing procedures in many live data investiga
t1ons (e.g., Betz & Weiss, 1975;·Vale & Weiss, 1975a) and in some simula
tion investigations (e.g., Jensema, 1976, pp. 82-89). Such comparisons are 
less than optimal. By summarizing all the data in one single value, 
important information is likely to be lost (Samejima, 1977). 

A more appropriate evaluative criterion for comparing testing procedures 
is psychometric information. Unlike reliability and correlational indices, 
information is an index of the precision of measurement at all levels of the 
trait being measured. Information functions are particularly useful in 
comparing test models analytically. Bejar (1975) used information functions 
to compare the dichotomous, graded, and continuous response models; Hambleton 
and Traub (1971) used them to compare several logistic test models. Because 
the comparison was among models in these cases, the use of information func
tions was appropriate. 

The comparison of the same model under two modes of administration 
(conventional and adaptive) is of interest in research on adaptive testing. 
In this research (e.g., McBride & Weiss, 1976; Vale & Weiss, 1975a) informa
tion functions have been computed by monte carlo procedures. The relative 
efficiency of the two modes of test administration has then been determined 
by the ratio of the information functions. The results of such comparisons, 
however, are theoretical predictions which should be verified empirically. 

Research comparing conventional and adaptive testing,using information 
as the evaluation criterion, has been based almost exclusively on monte 
carlo simulated data. These simulation studies suggest that adaptive test-
ing yields more precise scores than conventional testing; they are not entirely 
generalizable, however, since they are based on data that fit the model 
perfectly. There has been only one study based on data from live testees 
which used information as an evaluative criterion (Brown & Weiss, 1977)~ 
however, it was a real-data simulation study (Weiss & Betz, 1973, pp. 11-12) 
which did not involve the actual adaptive administration of test items to 
testees. 

Purpose 

The major aim of the present investigation was to compare an adaptive 
achievement test to a conventionally-administered classroom test, using 
information as the evaluative criteria. In contrast to previous investiga
tions, the measure of information used was derived from live test admin
istration of both the adaptive and conventional tests. Because classroom 
examinations are seldom designed to be psychometrically optimal, the adaptive 
test was also compared to an improved conventional test which was constructed 
from the same item pool. In addition, the data provided an opportunity to 
study the effects of expansion of the adaptive test item pool on its informa
tion characteristics. 
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Method 

Data for this study were obtained from students enrolled in a large 
introductory Biology course at the University of Minnesota (see Bejar et al, 
1977). Two midquarter examinations and a final examination are administered 
in the course. Although each midquarter examination covers several content 
areas, a single dimension has been shown to account for performance on the 
examinations (Bejar et al, 1977). In addition to the classroom examinations, 
volunteers completed two computer-administered adaptive tests which covered 
the same content as the midquarter examinations. The data analyzed for each 
student consisted of scores on the two classroom midquarter examinations and 
the corresponding scores on the first and second midquarter adaptive tests. 
The results are based on a comparison of the levels of information associated 
with these scores. 

Subjects 

Volunteers were recruited during the fall and winter quarters of the 
1976-77 academic year. Each quarter an information sheet was distributed to 
all the students in the class which invited them to participate in the 
research project. For participating in the first midquarter adaptive test, 
participants received one point which was to be added to their course grade; 
and for participating in the second midquarter adaptive test, they received 
two points. During fall quarter 394 students participated in the first mid
quarter adaptive testing and 386 participated in the second midquarter 
adaptive testing; during winter quarter the corresponding numbers were 317 
and 349, respectively. 

Procedure 

For both the first and second midquarter administrations, the volunteer 
students were given three tests in the following order: 1) an adaptive verbal 
ability test, 2) the multiple-choice adaptive biology test based on the 
content covered in the classroom midquarter examinations, and 3) a test con
sisting of specially designed biology items. In the present report, only the 
data from the adaptive biology tests were analyzed. 

The three tests were administered by means of cathode ray terminals 
(CRT) connected to a Hewlett-Packard real-time computer system. Instruc
tional screens explaining the operation of the equipment were presented prior 
to testing (DeWitt & Weiss, 1974). A proctor was present in the testing 
room at all times to assist students with the equipment. Each test item was 
presented separately at the rate of 960 characters per second on the CRT 
screen. Students responded by pressing the key corresponding to the chosen 
alternative. During the fall quarter administration, feedback was provided 
after each response, i.e., each student was informed whether or not he/she 
had answered each test item correctly. During the winter quarter administra
tion, immediate feedback was not provided. There were no time limits imposed 
on any of the tests. At the completion of testing, students received a 
printed report which listed questions answered incorrectly and provided the 
correct answers. 
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Adaptive Test 

Item pools. The development of the item pools used in this study has 
been described by Bejar et al., 1977. The answer sheets for two midquarter 
examinations from two previous academic quarters were used as raw data for 
obtaining the item parameters-- discrimination (a), difficulty (b), and 
guessing (c) -- of the item characteristic curves for the items. From the 
fall quarter administration 114'items were available, which covered the 
contents of the first classroom test; the pool for the second test contained 
112 items. 1 From the winter administration 44 items were added to the first 
test pool,and 49 were added to the second test pool. There was thus a 
total of 158 items in the first test item pool and 161 in the second test 
pool. 

To construct item pools which could be used for administration of 
stradaptive tests (Vale & Weiss, 1975a,b; Weiss, 1973), each of the two pools 
was structured by forming nine strata of increasing difficulty. Mean stratum 
difficulties were chosen so that there would be approximately the same number 
of items per stratum. Within each stratum the items were ordered in terms 
of their discriminations unless it resulted in items covering the same 
content area appearing consecutively. Appendix Tables A and B show the nine 
strata into which the first and second test item pools were structured. 

Effects of expanding the item pool. In a conventional test the distri
bution of item parameters will determine the characteristics of scores derived 
from that test. Similarly, in adaptive testing the characteristics of the 
items in the item pool should influence the characteristics of the scores. 
The theoretical research on this question (Jensema, 1976, pp. 82-89), 
however, suggests that improving the item pool has little effect on precision 
of measurement. 

The question of improving the item pool in adaptive testing was examined 
by Jensema, using a simulation study with Owen's (1975) Bayesian adaptive 
strategy. Two kinds of pools were studied: one in which a=l.O and c=.25 
for all items and one in which a=2.0 and c=.20. The distribution of b's 
within the two pools was the same. Jensema's conclusion,that improving the item 
pool has no effect on the accuracy of estimating 8, is counter-intuitive. One 
potential problem with Jensema's study is that the dependent variable used 

~ 

was the correlation of e and e, which may not be sufficiently sensitive to 
detect changes in precision. Furthermore, the composition of the pools used 
by Jensema were atypical,since all the items were assumed to have the same 
discrimination. Consequently, his results lack generalizability. 

The present data permit a more realistic assessment of the effects of 
item pool characteristics on the precision of adaptive test scores. Speci
fically, the response vector information functions computed for both adaptive 
tests in the winter data were based on an enlarged version of the fall item 
pool. The items that were added to both pools consisted of those items 
administered in the fall classroom test for which it was possible to obtain 
item parameter estimates. 

1Bejar et al. (1977),reported that the second midquarter item pool contained 
123 items; the 112-item pool resulted from the removal of 11 items which were 
administered in a special format as the third test. 
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Table 1 shows the mean and standard deviation of item parameter estimates 
for both fall item pools and the same statistics for the items added to form 
the winter pool. For the first test the mean of the added items was 
somewhat lower than the items in the fall pool. For the second test the 
added items were, on the average, slightly more discriminating. In terms of 
difficulty, the added items in the first test pool were, on the average, 
.10 easier. In the second test pool, the added items were only .02 easier. 
Appendix Tables A and B show that the added items were well distributed across 
the nine strata of the stradaptive test pools. In addition, within strata, 
the new items were well distributed in their order of administration. Average 
stratum discriminations were higher for the improved (winter) pool for only 
three of the nine strata in the Test 1 pool (Table A) and six of the nine 
strata in the Test 2 pool (Table B). In no case were the differences in mean 
discrimination very large. 

Table 1 
Mean and Standard Deviation of Item Parameter Estimates for Fall Item 

Pool and for Items Added to Winter Item Pool for Adaptive Tests 1 and 2 

a b c 
Test and Pool Number Mean S.D. Mean S.D. Mean S.D. 

Test 1 
Items in Fall 

Item Pool 114 1.21 .46 .18 1. 22 .25 .09 
Items Added 

for Winter 44 1.15 .37 . 08 1.12 .30 .06 
Test 2 

Items in Fall 
Item Pool 112 1.20 .40 .16 1.16 .27 . 09 

Items Added 
for Winter 49 1. 22 .40 .14 1.23 .29 . 07 

Implementation. One of the advantages of the stradaptive testing 
strategy is that prior information can be used to select the stratum from 
which the first item is administered. In this study the entry point was 
selected by the student; at the beginning of each stradaptive test students 
were asked to state their grade-point-average (GPA) by selecting one of nine 
equally-spaced GPA intervals from 2.00 to 4.00 (DeWitt & Weiss, 1974, p. 49). 
On the assumption that overall GPA was related to biology achievement levels, 
students with the highest GPAs began the stradaptive test with an item at the most 
difficult stratum (Stratum 9), while those with the lowest GPA began with an 
item at the least difficult stratum (Stratum 1). 

A variable criterion was used to terminate testing on the stradaptive 
test. After a student answered five items in a stratum, if he/she answered 
20% or fewer correctly, testing was terminated. If testing was not terminated 
by this criterion after 50 items had been administered, no further items 
were administered. 

The branching strategy used in the stradaptive test was: 1) if the 
current item was answered incorrectly or skipped, to administer the next 
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unadministered item from the next easier stratum, or 2) if the current item 
was answered correctly, to administer the next unadministered item from the 
next more difficult stratum. 

Conventional Tests 

Classroom tests. The class~oom examinations each quarter included 55 
items, which the course staff selected by a combination of pedagogical 
criteria and procedures from traditional test theory. Their aim in 
constructing these tests was to produce a "good" test for purposes of course 
grading. Students were instructed to answer 50 items of their choice. For 
purposes of this research, however, the tests were shorter than 50 items, since 
item parameter estimates were not available for some of the items. 

The item parameter estimates for the items in Fall Tests 1 and 2 (Fl and 
F2) are in Appendix Table C; those for Winter Tests 1 and 2 (Wl and W2) 
are in Appendix Table D. 

Improved tests. A major problem in comparing testing procedures is that 
their inherently dissimilar characteristics frequently make equitable 
comparisons difficult. The problem can be alleviated by allowing each strategy 
to function optimally while equating the testing procedures on relevant 
characteristics. The classroom exams were not expected to be psychometrically 
optimal; therefore, it was necessary to compare the stradaptive tests with 
an improved conventional test drawn from the same item pool. The winter 
item pool contained all the items available; therefore, only the 
winter data were used in the construction of the improved conventional 
tests. 

The improved conventional test was designed to use the most discriminat
ing items in the item pool in order to measure individual differences in 
the range of course achievement within which differential grades would be 
assigned. That is, it was assumed that below a given level of "passing" the 
course, further differentiations among students were unnecessary; above that 
level, it was desirable to differentiate as accurately as possible among the 
students in order to assign differential grades. To permit a psychometrically 
meaningful comparison with the adaptive test, the improved conventional tests 
were also designed to be equivalent to the adaptive test in terms of levels 
of item discrimination and number of items administered. 

A comparison of the mean discriminations for the original winter quarter 
classroom tests with the item pools used for the stradaptive test showed that 
the mean for the stradaptive pool was a=l.l9 for the Wl item pool and a=l.21 
for the W2 item pool. Mean discriminations for the winter classroom tests 
were 1.09 and 1.14, respectively. The comparison between the item discrimina
tions of the two testing strategies is complicated, however, by the way items 
are selected for administration in the stradaptive test. Since the items in 
each stratum in the stradaptive pool were ordered by their discriminations 
and the branching strategy is designed to administer the earlier items in the 
strata first, the mean discrimination of the stradaptive item pools will be 
lower than the mean discrimination of items administered in most stradaptive 
tests. 
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To provide a fair comparison between the adaptive and the conventional 
tests, it would be necessary to construct a conventional test "matching" the 
item discriminations in the adaptive test. This is difficult to implement, 
however, since the discriminations in each administration of the adaptive 
test will differ. Instead, the improved conventional tests were designed to 
provide a comparison which would not favor the adaptive test in terms of 
mean item discrimination. 

The improved conventional tests for each of the two midquarters were 
constructed by selecting the items which appeared first in the strata of the 
stradaptive pool; these were generally the most discriminating items in the 
strata. The number of items selected was based on the overall mean test 
length for the stradaptive test. The items which were ordered first in the 
top seven strata of the stradaptive tests were selected to constitute the 
improved conventional tests. Only seven strata were used rather than nine, 
so that the improved conventional test would be somewhat;peaked. Its 
precision would thus be concentrated in the range of achievement most relevant 
for instructional decisions. The improved conventional tests consisted of 
24 items each for both the first and second tests administered in the winter 
quarter; they were based on a stradaptive test with a maximum of 30 items 
which had a mean test length of approximately 24 items. 

The item parameters for the items constituting the two improved conven
tional tests are shown in Appendix Table E. The first 21 items comprise the 
first three items in Strata 3 through 9 for both tests. In the improved 
conventional tests the last four items were the fourth items in Strata 7 
through 9. These items had mean discrimination values of 1.73 and 1.76, 
respectively, for the two midquarter examinations; for the stradaptive pools 
the mean discriminations were 1.19 and 1.21. 

Because of the way the stradaptive item pool is structured and the way 
stradaptive test items are selected, the mean discrimination of the improved 
conventional test would be equal to or greater than that of any stradaptive 
test. The mean discrimination of the two testing procedures would be equal 
solely for a testee whose stradaptive test response record included only the 
items in the improved conventional test. For any testee whose responses on 
the stradaptive test required administration of items farther down the strata 
than those used by the improved conventional test, the mean discrimination 
would be lower than that of the conventional test. Since the majority of 
stradaptive response records utilize items beyond the third item in the strata, 
the stradaptive tests generally would use items of lower average discrimination 
than would the improved conventional test. 

Scoring 

All tests were scored by maximum likelihood estimation, specifying 
Birnbaum's (1968) three-parameter logistic model as the response model. The 
item parameter estimates were edited by the scoring program so that the 
maximum value of the discrimination parameter (a) was set to 2.5, the maximum 
absolute value of the difficulty parameter (b) was set to 3.00, and the 
maximum value of the guessing parameter (c) was set to .35. In estimating 
achievement levels,omitted items were not scored as incorrect; they were 
merely ignored. 
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InfoY'171ation 

Definitions. Equation 1 gives the test information function of a test 
consisting of n items in relation to the logarithm of the likelihood function 
of response pattern v (see Samejima, 1969): 

[1] 

where Lv(8) is the likelihood function, and 

v is the pattern of correct/incorrect responses to a set of test items. 
That is, information is the (negative) expected value of the second deriva·
tive of the log likelihood function. "Psychometric information," defined in 
this way, is identical to Fisher's concept of information (cf. Edwards, 1971). 

In this study the comparison between the conventional and adaptive tests 
was based on observed information functions. These were computed from the 
item responses given by each testee. The observed value of information, as 
opposed to the expected value, is the value of the second derivative of the 
log-likelihood function at a testee's estimated value of 8. That is, 

[2] 

Equation 2 defines the response vector counterpart of Samejima's (1969, Ch. 6) 
item response information function which she has called the response pattern 
infoY'171ation function (Samejima, 1973). 

For the 3-parameter-logistic model, I(e) is given by 

where D = 1. 7 
a 

g 
the estimate of the discriminating power of the item 

[3] 

c 
g 

the estimate of the lower asymptote of the item characteristic curve 

X 
g 

b 
g 

u 
g 

Da (8-b ) 
g g 

the estimate of the difficulty of the item 

jl if item is answered correctly 
\0 if item is answered incorrectly. 

It is clear from Equation 3 that for a single item, I(S) takes one of two 
values, namely 

' if u g 
1 [4] 



D2a2eXg 
J ce) = _ _....g __ 

U [l+eXg)2 

Equation 4 occurs with probability P 

Equation 5 occurs with probability Q 

value of I (G) (i.e., I (B)), is 
ug g 

D2a2eXg 
= _ _.g,___ 

b+exgf 

-9-

ifu 
g = 0 [5] 

= c + (1-c )[l+e-xg]- 1 , while 
g g 

= 1- P (8). Thus the expected 
g 

[6] 

"' which is the usu~l item information function evaluated at 8 (see Birnbaum, 
1968, Eq. 20.4.20). The sum of the I (§) across all items administered in 

"' "' g 
a test at a given value of 8 is I(8), which is the theoretical test informa-
tion function based on estimated values of 8. Brown and Weiss (1977)used the 
evaluation and summation of item response information functions by Equation 6 
at an estimated value of e in their live-data simulation study to obtain 
estimated information curves· their ~'s, however, were based on a Bayesian , 
scoring routine. 

-:+ "' "' Both 1(8) and I(8) depend on the item parameter estimates a, b, and c. 
However, I(§) is one step further removed from the data, since it does not 
allow the observed response pattern of correct and incorrect response to 
dictate its value, whereas I(e) does. In theory I(S) may be considered an 
estimate of I(e), which is easily obtained during the estimation of 8 by the 
Newton-Raphson procedure, requiring both the first and second derivative of 
the log-likelihood function. The value of the se~o~d derivative of the 
log-likelihood function at the last iteration is 1(8). 

Computation. Using the maximum likelihood scores computed for each 
testee on the conventional and adaptive tests, information was computed 
for each testee during the scoring process by evaluating the second derivative 
of the log-likelihood function at the final estimated value of 8, based on 
test items actually administered. The response vector information curves 
for a given testing strategy were then obtained by grouping students on their 
estimated achievement (S) in intervals of .20 from -2.00 to +2.00. The mean 
response vector information f~r students within a given interval of 8 was 
assigned to the midpoint of that interval. All information values presented 
below have been multiplied by 1/2.89. 

Comparison. No studies have been reported which utilized the item . 
response pattern information function [J(~)] computed from live-testing data· 
therefore,it was appropriate to compare the results of computing informatio~ 
by this method with the information curves derived from the sum of the 
item ~nformation functions. The computation of test information curves from 
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Figure 1 
Observed and Theoretical Test Information Functions for Test Fl 
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Figure 2 
Observed and Theeretical Test Information Functions for Test F2 
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the sum of item information curves assumes that real testees respond to items 
in the test in accordance with the item characteristic curve (ICC) model. 
On the other hand, computing information curves using Equation 3 from the 
item response pattern of real testees will likely include some error, since 
all testees do not respond strictly in accordance with the model. A compar
ison of the two information curves derived from the same set of item responses 
was,therefore,useful to evaluate the applied usefulness of response pattern 
information functions, as well as to indicate whether or not the responses of 
the students to this achievement test were widely discrepant from the ICC 
model. 

Consequently, test information curves were computed from the sum of the 
item information functions (Equation 6) and from the response pattern informa
tion functions (Equation 3),using the responses to the conventional test for 
each of the four midquarter examinations. 

Results 

Test Information Versus Response Pattern Information 

Figures 1 through 4 show for the four classroom biology examinations 
the test information curves computed from 1) the sum of the item information, 
i.e., the theoretical test information function [I(S)]; and 2) the response 
pattern information curves, i.e., the observed test information function 
[J(S)]. Data for the test information functions are in Appendix Table F; 
data for the response pattern information functions are in Tables 2 and 3. 

The data for fal! 2uarter (Figures 1 and 2) show that item response 
pattern information [I(8)] consistently underestimated the theoretical 
curve derived by summing the item information functions [I(~)]. The 
difference was fairly consistent throughout the e range, although for the 
first test (Fl), the discrepancy diminished at the lower end of the 8 
continuum, where 8 < -1.40. For both sets of data the largest differences 
appeared to be at the point of highest information; the magnitude of 
differences decreased with decreasing information levels. 

The winter data (Figures 3 and 4) exhibited the same general pattern of 
results. It can be seen from Figures 3 and 4 that J(e) again underestimated 
the value of the theoretical test information function. In the first test 
(Wl) there was a marked decrease in the discrepancy between the two curves 
for those values of 8 less than about -1.25; in the second test (W2) data the 
two curves were closest together at values of 8 less than 1.50. The winter 
data, however, did not fully support the tendency for the two curves to be 
farthest apart at the point of highest information; this tendency occurred 
in the W2 data, but not the Wl data. 

There were thus three trends common across all four examinations: 

1. The observed (response pattern) curve was always an underestimate 
of the theoretical (test) information curve; 

2. The differences between the two information curves tended to 
diminish, and in some cases disappear, at low levels of 8; and 

3. There was a fairly constant difference between the two information 
curves throughout the range of e above -1.00. 
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Figure 3 
Observed and Theoretical Test Information Functions for Test Wl 
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Figure 4 
Observed and Theoretical Test Information Functions for Test W2 
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Adaptive Test Versus Classroom Test 

First tests. Table 2 shows the values of observed information 
(response pattern information) from the first classroom and adaptive tests 
for fall (Fl) and winter (loll). The results are plotted in Figures 5 and 
6, which show that for both fall and winter the adaptive test yielded a 
substantiallyAhigher amount of information at all levels of achievement 
greater than 9=-1.5. Because the adaptive test was shorter, on the average, 
this is particularly significant. 
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Figure 5 
Observed Information Functions for Fl Classroom 

and Adaptive Tests 
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As previously indicated, the number of items was not fixed for the 
adaptive test. Although the maximum test length for the adaptive test was 
50 items, Table 2 shows that on the average students were terminated 
after 27.2 items in Test Fl and ~fter 31.6 items in Test tV!. Excluding 
students at the extremes of the e distribution (where the stradaptive test 
would tend to terminate prematurely because suitable items were not available 
in the pool), the range of mean number of items to termination on the 
stradaptive test was 18.9 to 32.5 for Test Fl and 25.9 to 41.1 for Test Wl. 
On the other hand, the mean information values for the classroom test were 
based on an average of 35 items for Test Fl and 40.5 items for Test Wl. 
(Although the actual classroom test was 50 items long, there were items 
for which no item parameter estimates were available.) 

Thus, even though the adaptive test on the average was about eight 
items shorter, i~ yielded a much more precise estimate of achievement. 
For example, at e=.7A(and .9) the Fl classroom test had maximum information 
of 2.90, whereas at 9=.7 the adaptive test had maximum information of 5.07. 



Table 2 
" " Number of Te~tees, Mean Number of Items,and Mean Observed Information [I(8)] 

for Intervals of 8 for First Adaptive and Classroom Tests from Fall and Winter Quarters 

" 
Fall Test 1 (Fl) Winter Test 1 (Wl) 

8 No. Testees No. Items Information No. Testees No. Items Information 
MidEoint AdaE Class AdaE Class Ada:e Class AdaE Class AdaE Class Adap Class 

-1.9 5 5 16.8 35.4 1.15 1.03 2 9 27.5 40.4 2.94 1. 83 
-1.7 8 24 26 .. 6 35.1 2.06 1.48 8 14 32.2 40.5 2.43 2.50 
-1.5 13 26 26.3 34.8 2.70 1.77 15 16 28.8 40.6 3.73 2.92 
-1.3 15 47 30.8 34.7 3.68 1. 88 12 31 34.4 40.8 4.64 3.55 
-1.1 14 41 24.5 34.8 3.65 1. 99 17 41 34.3 40.7 4.57 3.80 
-.9 16 60 31.9 34.9 4.10 2.27 12 64 29.8 40.8 4.63 3.73 
-.7 18 53 31.4 34.6 4.50 2.29 20 69 26.1 40.5 4.37 3.68 
-.5 19 63 28.6 34.8 4.90 2.26 21 69 33.5 40.6 5.35 3.37 1 ,_. 
-.3 33 81 22.2 34.8 4.78 2.36 26 72 25.9 40.5 5.36 3.20 .j::o-

1 
-.1 22 64 23.5 35.1 4.74 2.37 24 86 31.2 40.5 5.91 2.94 

.1 31 68 25.5 35.0 4.47 2.34 24 83 35.3 40.4 6.13 2.98 

.3 32 83 29.0 34.8 4.78 2.48 17 86 30.8 40.3 5.42 2.90 

. 5 21 68 32.5 35.3 5.05 2.87 16 76 32.1 40.5 5.30 2.78 

. 7 16 88 31.3 34.9 5.07 2.90 19 68 30.3 40.3 5.54 2.75 

. 9 17 . 61 30.0 35.0 5.50 2.90 20 52 36.6 40.6 6.32 2.45 
1.1 17 59 29.1 35.0 5. 77 2.63 13 54 37.0 40.5 6.74 2.12 
1.3 12 49 22.6 35.4 5.26 2.46 10 33 30.8 40.6 5.79 1. 78 
1.5 10 40 18.9 35.5 4.55 2.05 8 26 41.1 40.5 6.46 1.83 
1.7 10 44 29.2 35.3 4.51 1. 81 4 27 30.7 40.6 5.52 1.44 
1.9 1 20 10.0 35.2 4.43 1.54 4 23 13.2 40.4 4.16 1.30 

Total 330 1,044 292 999 
Mean 27.2 35.0 4.53 2.36 31.6 40.5 5.28 2.89 
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Figure 6 
Observed Information Functions for Wl Classroom 

and Adaptive Tests 
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The ratio of information values at 8=.7 was 1.75. This means that for the 
conventio~al test to be equal in precision to the adaptive test at that 
level of 8, it would have to be increased in length by about 75%. This 
would result in a conventional test of 61 items in order to achieve the 
same quality of measurement as a stradaptive test with a mean of 31.3 items. 

A The stradaptive test achieved its highest level of information (5.77) 
at 8=1.1 with an axerage of 29.1 items; the information provided by the 
classroom test at 8=1.1 was 2. 63. The ratio of 2.19 indicates that at 

A 

this level of 8 the classroom test would require 77 items to measure as 
well as the 29.1-item average adaptive test. 

Similar results were observed for the Wl data. At the point where 
the classroom test was most informative, B=-1.3, the adaptive test was 
more informative by a factor of 4.64/3.55=1.31 with, on the average, 6.4 
fewer items. Thus, at that level of e the classroom test would require 
53 items to measure as precisely as the average 34-item stradaptive test. 
At the point where the adaptive test was most informative, e=l.l, the 
improvement factor was 6.74/2.12=3.18. The classroom test,therefore, 
would require 129 items to measure as precisely as the 37-item adaptive 
test. Thus, even when comparisons were made at the point of maximum 
information for the classroom test, the adaptive test was more efficient 
in terms of information per item. When the comparison was made at the 
point of maximum information for the adaptive test, the discrepancy in 
efficiency for the two testing procedures was even greater. 



Table 3 
Number of Testees, Mean Number of Items,and Mean Observed Information [I(§)] 

for Intervals of e for Second Adaptive and Classroom Tests from Fall and Winter Quarters 

Fall Test 2 (F2) Winter Test 2 (W2) 
8 No. Testees Mean No. Items Information No. Testees Mean No. Items Information 

Midpoint Adap Class Adap Class Adap Class Adap Class Adap Class Adap Class 

-1.9 
-1.7 
-1.5 
-1.3 
-1.1 
-.9 
-.7 
-.5 
-.3 
-.1 

.1 

.3 

.5 
• 7 
.9 

1.1 
1.3 
1.5 
1.7 
1.9 

Total 
Mean 

6 
13 

7 
14 
23 
24 
17 
21 
22 
35 
29 
22 
21 
27 
16 
14 
24 

5 
6 
3 

349 

10 
23 
33 
26 
29 
45 
64 
62 
84 
97 
94 

101 
90 
70 
71 
57 
51 
45 
27 
20 

1,099 

26.8 
24.7 
34.1 
34.5 
33.8 
34.2 
32.7 
24.3 
29.9 
27.6 
26.7 
32.7 
37.6 
35.4 
28.7 
30.7 
37.8 
34.8 
36.6 
50.0 

31.7 

37.0 
37.1 
36.8 
37.5 
36.8 
37.0 
37.1 
36.8 
37.2 
37.4 
37.2 
37.2 
37.3 
37.4 
37.7 
37.8 
37.6 
37.6 
37.6 
37.9 

37.3 

1.90 
2.55 
3.45 
3.63 
4.09 
4.23 
4.83 
2.69 
3.26 
3.19 
3.11 
3.82 
4.24 
4.44 
3.87 
4.13 
4.69 
4.32 
4.75 
6.35 

1.14 
1.34 
1. 79 
2.13 
2.50 
2. 77 
2.97 
3.53 
3.60 
3.82 
3.76 
3.66 
3.49 
3.15 
2.86 
2.56 
2.45 
2.36 
2.04 
1.66 

3.79 3.06 

1 
3 
9 
9 

15 
13 
29 
22 
20 
36 
34 
26 
29 
15 
17 
16 
14 
18 

6 
2 

334 

8 
10 
21 
29 
38 
41 
50 
68 
83 
75 
76 
63 
76 
62 
56 
58 
60 
59 
40 
16 

989 

17.0 
34.0 
30.4 
29.8 
27.6 
37.7 
33.9 
38.4 
27.2 
25.8 
28.2 
27.0 
33.4 
35.8 
34.1 
35.6 
39.4 
38.0 
30.1 
50.0 

40.3 
39.7 
40.0 
39.9 
40.2 
40.5 
40.2 
40.5 
40.3 
40.0 
40.2 
40.3 
40.6 
40.5 
40.1 
40.5 
40.4 
40.6 
40.8 
40.6 

32.0 40.3 

1.99 
2.02 
3.41 
3.88 
3.91 
4.52 
4.88 
4.91 
4.88 
4.08 
4.80 
4.41 
5.21 
5.86 
5.08 
4.76 
4.51 
4.74 
4.44 
5.68 

2.29 
2.57 
3.05 
3.11 
3.09 
2.98 
2.99 
2.98 
3.17 
2.98 
2.98 
2.88 
2.76 
2.67 
2.56 
2.96 
3.27 
3.78 
3.85 
3.35 

4.64 3.03 

I ...... 
0\ 
I 
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Second tests. Table 3 shows the number of testees, the mean number 
A 

of items, and the mean information as a function of 9 for the second 
classroom and adaptive tests administered during fall (F2) and winter 
(W2). Estimated information curves are plotted for these tests in 
Figures 7 and 8. Figure 7 shows that for the F2 data, the adaptive 
test was generally superior to the classroom test. In the interval from 
A A 

e=-.50 to 8=.20., however, the classroom test yielded higher levels of 
information. 
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Figure 7 
Observed Information Functions for F2 Classroom 

and Adaptive Tests 
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Figure 8 shows the results for W2. For all 8 values greater than 
-1.5,the information provided by the adaptive test was substantially 
higher than that of the classroom test; this was similar to the findings 
for Fl and Wl. The adaptive test thus provided better measurement through
out the e range in three of the four tests. 

There are two explanations for the adaptive test providing less 
information than the conventional test for the F2 data in a narrow range 
around the mean of the 8 distribution. First, as Appendix Table C shows, 
the F2 classroom test was a considerably more peaked test than the Fl, 
Wl, and W2 classroom tests. Peaked tests tend to have peaked information 
functions (Lord, 1970), since they concentrate all their measurement 
efficiency near one point on the e continuum. 

A more important explanation, however, is seen in Table 3. In the 
range of e=-.5 to .10, the mean adaptive test length was substantially 
below the mean clas~room test length. Dividing the information at each 
of these values of e by their corresponding test length indicates that 
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Figure 8 
Observed Information Functions for W2 Classroom 

and Adaptive Tests 
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the mean information per item was higher for the adaptive test than for 
the classroom test. For example, at 6=-.5 the mean information per item 
was .11 for the adaptive test and .09 for the classroom test. Thus, while 
observed mean information was lower for the adaptive F2 data, this was 
merely an artifact and was attributable to the termination rule employed 

"' in the test, which resulted in very short tests in the e range of -.5 to 
.20. 

Summary. The results from both test administrations show that when 
d~fferences in test length were taken into account, the adaptive tests 
yielded substantially more precise estimates of achievement than any of 
the conventional tests at all levels of achievement. The results, 
summarized in Table 4, were equally favorable to adaptive testing when 
all e levels were combined. As shown in Table 4, .the information across 
levels of e for the Fl data was 4.53 for the adaptive test and 2.36 for 
the classroom test with test lengths of 27.2 and 35.0 items,respectively. 
The information ratio of 1.92 in favor of the adaptive test implies that 
the classroom test would require 67 items in order to measure as precisely 
as the average 27-item adaptive test. The results for the other three 
tests (Wl, F2, and W2) also showed the overall superiority of the adaptive 
test while reducing test length. The smallest improvement was for the F2 
data; the ratio of mean information for the F2 test was 1.24 in favor of 
the adaptive test, implying that the conventional test would require 46 
items to measure as well as an average 32-item adaptive test. This 
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Table 4 
Mean Information and Mean Test Length for Fall 

and Winter Adaptive and Classroom Tests 

Mean Information Mean Test Length 

Test Adap. Class. Ratio a Adap. Class. Difference 

Fl 4.53 2.36 1.92 27.2 35.0 7.8 
Wl 5.28 2.89 1.83 31.6 40.5 8.9 
F2 3.79 3.06 1.24 31.7 37.3 5.6 
W2 4.64 3.03 1.53 32.0 40.3 8.3 

a Adaptive divided by Classroom 
b Classroom minus Adaptive 

b 

represents a reduction of 30% in classroom test length attributable to 
adaptive testing,while achieving equivalent average precision with the 
peaked classroom test. 

Adaptive Versus Improved Conventional Test 

Test Wl. Since the improved conventional test was not actually 
administered, it was not possible to compute its response vector information 
function. Instead, mean values of the test (theoretical) information 
function were computed at 20 levels of e using Equation 6. The obtained 
values are in Appendix Table G, which also shows the mean values of 
response pattern information for the adaptive Wl test, rescored using 
maximum test lengths of 40, 30, and 20 items. Based on the data in 
Table G, Figure 9 shows the corresponding response pattern information 
curves for the stradaptive test at 20- and 30-item maximum lengths and the 
test information curves for the improved conventional test. 

As Figure 9 shows, test information for the improved conventional test 
was very low for the low levels of achievement. Since there were no items 
in this test with difficulties less than b=-.65, this was to be expected. 
The significant comparison between the two testing strategies is for e 
values greater than approximately -.40, as indicated by the vertical dashed 
line in Figure 9. Within this range, both the adaptive tests had maximum 
information at ~=1.10, while the information curve for the improved conventional 
test was almost at its peak. The mean response vector information for the 
20-item maximum length adaptive test at ~=1.10 was 4.78; the corresponding 
value of information for the improved conventional test was 4.52. This 
represents a 6% increase in information, with an average decrease of 5 items. 
A more sig~ificant comparison can be made with the 30-item maximum adaptive 
test, since, on the average, it was 24 items long and therefore the same 
length as the improved conventional test. Throughout the range of §, as 
well as in the range in which the improved conventional test was designed to 
function optimally, the value of response vector information for the 30-item 
maximum adaptive test was substantially higher than that for the improved 
conventional test (see Figure 9). Specifically, at §=1.3, where the improved 
conventional test had the highest information, the 30-item maximum adaptive 
test had at least 7% more information. At that specific value of §, the 
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Figure 9 
Mean Information as a Function of Estimated Achievement 
Level for Improved Conventional Test and Adaptive Test 

at Two Test Lengths for Wl Tests 
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mean test length for the stradaptive test was 22.8 items, or 1.2 items shorter 
than the improved conventional test. The improved conventional test would 
then require 25.7 items in order to measure as precisely as the average 
22.8-item adaptive test. Thus, with test length and average item discriminations 
equal, the adaptive process resulted in measurement of higher precision. 

Test W2. Appendix Table H shows the values of the theoretical test 
information functions for the improved conventional test, as well as the 
mean values of response vector information for the adaptive test rescored 
with maximum lengths of 40, 30, and 20 items. The information curves based 
on these data for the conventional test and for the 20- and 30-item adaptive 
test are plotted in Figure 10. 

The information for the improved conventional test was again very low 
for e<-1.00 (see Figure 10), because of the way in which items were selected; 
the lowest difficulty level for an item in the conventional test was b=-.61. 
For S values in the range providing an equitable comparison of the two testing 
procedures, the information values for the improved conventional test were 
higher than those for the adaptive test with a maximum length of 20 items, 
for S>.20. However, the mean number of items for the adaptive test at these 
levels of e was always less than 20, or four to eight items shorter than 
that of the improved conventional test. 
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Figure 10 
Mean Information as a Function of Estimated Achievement 
Level for Improved Conventional Test and Adaptive Test 

at Two Test Lengths for W2 Tests 
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The comparison of the information curves for the 24-item conventional 
test with that of the maximum 30-item adaptive test provided a comparison 
of the two testing procedures which is equated for mean number of items, 
since under these conditions an average of 24 items was administered in 
the adaptive test. In the relevant range of §, the adaptive test provided 
generally higher levels of information, except at §=.3 and § =1.1, where 
information provided by the conventional test was slightly higher, and at 

.§=1.3,where both testing procedures provided equal levels of information 
(see Figure 10). The adaptive test administered two fewer items, on the 
average, at §=.3 than the improved conventional test; at the other two 
value~ of § the number of items administered was the same. 

Summ~. The comparisons between the improved conventional tests and 
the adaptive tests showed that 1) improved adaptive tests provided higher 
levels of information with fewer items than the conventional test and 
2) adaptive tests provided generally higher levels of information with 
approximately th~ same mean number of items. The comparisons were based 
on tests with comparable values of item discriminations, although the 
discriminations in the improved conventional test were generally higher than 
the mean discriminations of the adaptive tests. One additional factor 
further influenced these comparisons in favor of the conventional test: 
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data on which the comparisons were based were the theoretical information 
functions for the conventional test and the observed (response vector) 
information functions for the adaptive test. As Figures 1 to 4 show, 
the theoretical information values consistently over-estimated the observed 
information values. Thus, the information values for the conventional tests 
are probably higher than they would be had they been computed from the 
response vectors of actual testees. As a result, it can be concluded that 
when adaptive and conventional tests are matched in terms of test length 
and average item discriminations, the adaptive test results in consistently 
higher levels of information. The improvement in precision resulting 
from adaptive testing is a function of the process of selecting test items 
appropriately matched to the testee's estimated level of achievement. 

Effect of Expanding the Item Pool 

First tests. The response vector information curves for Tests Fl 
and Wl are in Figures 1 and 3, respectively; mean information values are 
in Table 2. As Table 2 shows, however, mean test lengths, as well as 
mean information for the two tests differed. Both mean test length and 
mean information were higher for the Wl tests which utilized the enlarged 
item pool. Consequently, a direct comparison between the two information 
curves would be confounded by test length. 
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To determine whether or not there had been an improvement in information 
beyond that attributable to increased test length, the mean response pattern 
information at each level of 8 was divided by the corresponding mean test 
length. These data are shown in Appendix Table I and the resulting curves 
are plotted in Figure 11. The two curves differed very little until the 
point at which S=.lO. Thereafter and until the point at which ~=.70, the 
winter data provided slightly more information. After this point the winter 
pool failed to provide levels of information as high as those of the fall 
pool. In terms of overall information, however, there was no increase in 
mean information from fall to winter. 

Second tests. 
fall and winter are 
in Figures 2 and 4. 
for mean test length 
Appendix Table I. 

Mean values of response vector information for the 
shown in Table 3, and information curves are plotted 
Figure 12 shows the two information curves equated 
at each interval of e; numerical values are in 

Figure 12 
Mean Information Divided by Mean Number of Items 
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The winter pool provided higher levels of information than the 
fall pool at almost levels of 8 (see Figure 12). The differences were 
particularly large in the interval 8=-.5 to ©=1.10. The mean response 
vector information values equated for test length across all levels of 
~ for fall and winter were .12 and .15, respectively; their ratio was 
1.25, which represented a 25% increase in information attributable to the 
expanded item pool with test length held constant. 
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Summa!Y· These results show the expected outcome. That is, the 
improvement in precision of measurement as a function of enlarging the item 
pool depends on the nature of the items added to the pool. For the first 
tests, the additional items were slightly less discriminating than the items 
already in the pool; therefore, using the enlarged winter quarter pool did 
not provide precision of measurement which was appreciably better. For 
the second tests, however, the items added to form the winter pool were, 
on the average, slightly more discriminating than the items already in the 
pool. Scores derived from the enlarged winter item pool were thus more 
precise than those from fall. 

Summary and Conclusions 

This report compared the information provided by typical classroom 
achievement tests and improved conventional tests with levels of information 
provided by adaptive achievement tests measuring the same course material. 
The evaluation criterion was response pattern information, a measure of 
information which can be used with data obtained from live test administration. 
A comparison of results from the computation of response pattern information 
with theoretical test information indicated that the response pattern 
information levels were consistently lower than the test information levels 
for a given set of items. Presumably, this was because testees were not 
responding exactly as predicted by the item characteristic curve model. 
However, the shapes of the information curves provided by the two methods 
of computing information were very similar. This suggests that response 
pattern information is useful as a substitute for the theoretical test 
information function; it is easily computed as part of the maximum 
likelihood scoring procedure,and it reflects the characteristics of live 
testing data (a characteristic which is useful in empirical research). 

As expected, the adaptive testing of classroom achievement yielded 
substantially more precise estimates of achievement than the conventional 
classroom achievement tests. This improvement was evident in several 
tests; it was reflected globally, as well as at all levels of achievement, 
when test length was taken into account. However, the results indicated 
that the degree of improvement of the adaptive test over the conventional 
classroom test depended upon the psychometric characteristics of the 
conventional test. For example, the comparison of the Fl classroom test 
with the Fl adaptive test showed a large advantage in favor of the adaptive 
test, since the items in the classroom test were well distributed through
out the range of achievement. On the other hand, at some levels of e 
the F2 classroom test provided higher levels of information than the 
stradaptive test. In terms of mean information per item, however, the 
stradaptive test was still superior to the classroom test. 

This finding serves to illustrate the possibility that within a 
restricted range of 8, a conventional test can provide higher levels of 
information than an adaptive test unless certain precautions are taken 
in the administration of the adaptive test. One such precaution would 
be not to administer too few items. That is, in some circumstances the 
termination rule used in the stradaptive test should be modified to insure 
administration of a minimum number of items. A better solution, however, 
would be to continue testing until a pre-specified level of information is 
reached for every individual (Samejima, 1977). A positive byproduct of this 
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solution would be to insure a high and horizontal information function for the 
adaptive test, i.e., equal precision of measurement at all levels of achievement. 

On the other hand, these data also reflect the dilemma encountered in 
the construction of fixed-length conventional tests. Such tests can be 
peaked so that the item difficulties are concentrated in a given region of 8; 
the result will be a test providing high levels of information in a 
restricted range of 8 and low levels elsewhere. Alternatively, the fixed 
number of items can be distributed in difficulty over the range of 8 
(as in the Fl test used in this study); the result is a horizontal, but 
low, information function. The test constructor cannot construct a 
conventional achievement test with an information function which is both 
high and flat, unless an inordinate number of test items is administered. 
Adaptive testing, however, provides a ready solution to this problem, 
which is confronted whenever there is considerable variability among students 
in degrees of achievement resulting from instruction. 

Because the classroom tests had not been constructed to be psycho
metrically optimal, the information provided by the stradaptive tests 
was compared to that provided by improved conventional tests which were 
derived from the stradaptive tests' item pools. The improved conventional 
tests consisted of items with discriminations at least as high as, and 
typically higher than, those in the adaptive tests and were the same length 
as the adaptive tests. No response pattern information function was 
associated with the improved conventional test, since it had not actually 
been administered. The test information function associated with the 
improved conventional test was, therefore, compared to the response pattern 
information function associated with the stradaptive test, at maximum 
test lengths of 30 and 20 items. Results indicated that the adaptive test 
yielded generally higher levels of information than the improved 
conventional test. 

These findings indicate that adaptive testing not only was superior 
to typical achievement classroom tests, but also was superior to a conventional 
test which was designed to make best use of the same item pool to measure 
individual differences in achievement levels within a specified range. 
The adaptive test both provided scores of higher precision and reduced the 
number of items administered. The conclusion derived from comparison with 
the improved conventional test is conservative, since response vector 
information in the present data consistently underestimated test information. 
In other words, had the improved conventional test been administered and 
its response pattern information computed, the adaptive test with a maximum 
length of 20 items would, in all probability, have been found to be 
substantially more informative. 

Contrary to previous research (Jensema, 1975), it was found that an 
expanded item pool can improve the precision of measurement of scores derived 
from it by adaptive testing. Jensema's findings were based on a situation 
in which the items added to the pool were identical,with respect to all 
three ICC parameters, to the items already in the pool. The results of 
the present study indicate that even when the added items were only slightly 
more discriminating, the addition of new items to the adaptive testing pool 
had a fairly substantial effect, globally, as well as at most levels of 
achievement, on the precision of measurement of scores derived from the pool. 
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This investigation has thus shown adaptive achievement testing to 
be a feasible approach to the measurement of achievement; compared to 
conventional tests, adaptive achievement testing yields considerably 
more precise estimates of achievement, even when conventional tests are 
designed to take maximum advantage of the items in the pool. In order 
to exploit the advantages of adaptive achievement testing to its fullest, 
however, it will be necessary to build a closer psychometric interface 
between instruction and testing. Reduction in testing time by means of 
adaptive testing is meaningless if the result is solely early dismissal 
from examinations. Rather, what is needed is to lin~ adaptive testing 
with an adaptive instructional context, so that reductions in testing time 
can be used in increased instructional activity. 

Atkinson (1976) has described several examples of adaptive computer
based instruction. These systems are adaptive not only because they 
sequence instruction differently for each student, but also because they 
differentially allot instructional time to students in order to maximize 
specified objectives. Differentially allotting instructional time will, 
in all probability, preserve individual differences in achievement. 

This approach to testing and instruction contrasts with the current 
emphasis on mastery learning and testing (Block, 1971). Mastery testing, 
along with related approaches, is based on the conception that if instructional 
time is long enough, every student will attain the same degree of achievement .. 
Although this may be true in principle, an increasing amount of research 
suggests that individual differences persevere even when instructional 
time is allowed to vary (Cronbach & Snow, 1977). The implications for 
instruction and measurement are obvious: An unequivocally useful system of 
adaptive instruction and achievement testing must be able to consider 
individual differences rather than attempt to create student homogeneity. 
It seems that adaptive testing can meet that challenge. 
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APPENDIX 

Table A 
Item Number, Discrimination (a), Difficulty (b), and Guessing (c) 

Parameters for Items in the Midquarter 1 StradaEtive Item Pool 
Item a b c a b c a b c 
Stratum 9 Stratum 6 Stratum 3 1 con t, 
(15 items) (19 items) 3215 1. 59 -.82 .23 
3209 2.50 2.29 .29 3047 1. 66 .44 .29 3011 1. 32 -.86 .20 
3417 2.50 3.00 .35 3079* 1. 61 .27 .35 3435* . 83 -.61 .35 
3033 1. 54 2.44 .35 3213 .93 .52 .35 3216 1.27 -.62 .18 
3440* 1. 52 2.00 .30 3041 1.51 .23 .35 3054* 1. 29 -.93 .31 
3251 2.50 2.39 .35 3062* 1.47 .43 .30 3221 1. 25 -.52 .17 
3406 1.31 2.48 .35 3405 1.40 .55 .32 3049 1.15 -. 71 .18 
3045 1. 02 2.48 .27 3445* 1.19 .44 .34 3255 1.14 -.72 .26 
3242 .94 2.40 .35 3218 .82 .58 .12 3067* 1.07 -. 76 .21 
3407 1. 02 2.41 .29 3019 1.31 .29 .29 3246 1.10 -. 72 .28 
3263* .99 2.29 .35 3207 .70 .46 .28 3022 1.01 -.48 .30 
3241 .91 2.09 .17 3431 .70 .28 .34 3272* 1.06 -.81 .35 
3414 .88 2.29 .32 3000 1. 24 .52 .35 3017 .99 -.58 .16 
3402 .83 2.44 .35 3046 1.18 .24 .22 3076* . 94 -.73 .21 
3247 .82 2.42 .35 3042 1.15 .37 .27 3224 .80 -.50 .37 
3228 .67 2.49 .31 3050 1.13 .35 .18 

Mean (F) 1. 26 -.65 .20 
Mean (F) 1. 34 2.43 .32 3066 1.05 .53 .31 Mean*(W) 1. 22 -. 68 .22 3034 1. 01 .37 .28 Mean*(W) 1.33 2.39 .32 3262 .81 .47 .35 Stratum 2 
Stratum 8 3438 .70 .21 .27 (20 items) 
(20 items) Mean (F) 1.13 .40 .28 3023 2.40 -1.15 .35 
3409 2.50 1. 28 .00 3202 1.81 -.99 .21 
3234 2.50 1. 73 .00 Mean*(W) 1.14 .40 .29 

3415 .85 -.96 .35 
3018 .89 1. 25 .35 Stratum 5 3245 1.34 -.96 .21 
3204 1.14 1. 66 .35 (15 items) 3236 1. 26 -1.20 .33 
3422 1. 47 1. 50 .35 3282* 2.06 -.02 .35 3020 1. 23 -1.28 .17 
3411 1.36 1. 23 .35 3220 1. 79 -.03 .26 3028 1.12 -1.26 .35 
3250 . 91 1. 94 .29 3005 1.43 .11 .35 3226 1. 09 -.98 .20 
3206 .74 1. 51 .21 3425 1. 36 .17 .23 3210 1. 04 -1.22 .35 
3410 1.30 1. 34 .31 3053 1.12 .12 .00 3239 1. 04 -1.13 .21 
3429 1. 25 1.24 .28 3214 1.12 .03 .23 3013 1. 00 -.97 .35 
3419 1.23 1.48 .25 3412 1.12 .19 .35 3267* 1. 02 -1.22 .23 
3421 1.17 1.15 .35 3051 1. 29 .21 .28 3257 . 98 -1.02 .25 
3436* 1.12 1. 59 .35 3279* .99 .01 .28 3070* .95 -1.28 .22 
3271* .95 1. 32 .30 3403 .99 .18 .19 3036 .92 -1.18 .16 
3061* .95 1. 57 .30 3069* .88 -.01 .35 3014 .86 -1.24 .14 
3427 . 92 1. 51 .26 3211 .88 .01 .13 3060* .86 -1.31 .29 
3449* .91 1. 26 .14 3002 .82 .13 .14 3274* .85 -1.05 .26 
3063* .91 1. 51 .35 3426 .68 .07 .22 3238 . 82 -1.06 .21 
3074* .84 1. 79 .35 3423 .66 .16 .27 3032 .77 -1.06 .27 
3420 . 68 1. 62 .35 Mean (F) 1.11 .11 .22 Mean (F) 1.16 -1.10 . 26 
Mean (F) 1. 29 1.46 .26 Mean*(W) 1.15 .09 .24 Mean*(W) 1.11 -1.13 .26 
Mean*(W) 1.19 1.47 .27 

Stratum 1 Stratum 4 
Stratum 7 (13 items) (17 items) 
(20 items) 3256 2.31 -.33 .26 3077* 2.50 -1.39 .20 
3408 2.50 1. 05 .31 3430 1.15 -.30 .29 3027 1. 67 -1.38 .35 
3437 1..95 .66 .28 3031 1.47 -.33 .35 3443* 1. 07 -1.64 .35 
3258 1. 24 .81 .35 3254 3.38 -.17 .22 3249 . 91 -1.69 .17 
3432 1.72 .67 .35 3237 1. 54 -.37 .18 3428 .90 -1.56 .35 
3048 1. 35 .66 .33 3404 .65 -.29 .35 3073* 1.43 -1.57 .31 
3413 1. 40 .76 .35 3244 1. 35 -.44 .23 3205 1. 25 -1.53 .19 
3448* 1.40 .73 .30 3058* 1.05 -.43 .35 3078* 1.24 -1.65 .35 
3439* 1.36 . 64 .32 3240 .98 -. 28 .15 3057* 1. 20 -1.35 .26 
3219 1. 23 . 62 .21 3268* .97 -.28 .18 3065* 1.17 -1.66 .35 
3072* 1. 02 . 65 .32 3208 .76 -.16 .12 3235 1.15 -1.40 .28 
3277* 1.00 1. 04 .35 3006 .77 -.37 .33 3029 1.13 -1.50 .28 
3035 .90 .68 .28 3259 .69 -.41 .20 3201 1. 07 -1.34 .23 
3433 1. 35 .86 .30 3008 .96 -1.75 .18 
3447* 1.18 . 93 .32 Mean (F) 1. 27 -.31 .25 3252 .79 -1.77 .35 
3064* . 94 .86 .24 Mean*(W) 1. 23 -.32 .25 3003 .96 -1.76 .34 
3230 .90 . 87 .35 Stratum 3 3044 .87 -1.42 .15 
3444* .88 .78 .35 (19 items) Mean (F) 1. 06 -1.55 .26 
3012 . 75 .80 .35 3021 1. 96 -.49 .21 Mean*(W) 1.19 -1.55 .28 
3260 .71 .84 .28 3217 1. 06 -.48 .14 
3056* .71 .89 .26 3052 1.71 -.93 .00 

Mean (F) 1. 28 .78 .31 3055* 1.71 -.65 .24 

Mean*(W) 1.22 .79 .31 

!iQ.tg. Items with asterisks are those which were added to the pool Winter quarter. All 
other items were in the pool both Fall and Winter quarters. 
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Table B 
Item Number, Discrimination (a}, Difficulty (b), and Guessing (a} 
Parameters for Items in the Midguarter 2 StradaEtive Item Pool 

Item a b a Item a b a Item a b a 
Stratum 9 Stratum 6 Stratum 3 
(18 items) (20 items) (17 items) 
3831 2.50 1. 96 .06 3707* 1. 75 .ss .31 3634 1. 79 -.58 .30 
3690 2.50 2.36 .24 3746* 1. 59 .43 .30 3739* 1. 68 -.61 .35 
3833* 2.50 2.85 .35 3806 1. 57 .48 .35 3809 1. 27 -.61 .35 
3904 2.45 1.48 .28 3925* 1.14 .48 .35 3924* 1.13 -.79 .18 
3805 2.50 2.38 .35 3658 1.24 .32 .35 3672 1. 57 -.80 .15 
3698 2.11 2.82 .35 3905 . 98 .35 .20 3737* 1.41 -.66 .34 
3901 1. 55 2. 62 .35 3738* 1. 34 .40 .35 3915 1.08 -.61 .16 
3835* 1. 21 2.28 .35 3605 1. 22 .57 .34 3640 1. 43 -.69 .35 
3620 2.04 2.97 .35 3815 .95 .58 .35 3906 ,87 -.66 .14 
3697 1. 56 3.00 .35 3611 1. 22 .39 .32 3812 .82 -.63 .13 
3810 . 92 2.20 .27 3675 1. 21 .40 .28 3682 1. 33 -.72 .34 
3664 1.11 1. 60 .35 3820 .92 .38 .12 3637 1. 29 -. 73 .28 
3625 .98 1. 66 .35 3665 1.19 .54 .22 3636 1.24 -.63 .27 
3622 .95 2.53 .35 3709* 1.19 .30 .35 3641 1. 20 -.65 .22 
3841* .87 2.13 .35 3724* 1.14 .37 .30 3711* 1. OS -.56 .35 
3651 .95 2.30 .35 3819 .76 .53 .35 3608 1.04 -. 78 .16 
3728* .91 2.55 .35 3918* .66 .35 .23 3705* ,87 -.58 .14 
3712* .75 1. 64 .30 3614 .79 .46 .35 

3923* .63 .38 .31 Mean (F) 1. 24 -.67 .24 
Mean (F) 1. 70 2.31 .31 3626 .65 .52 .25 Mean*(W) 1.25 -.66 .25 
Mean*(W) 1. 58 2.30 .32 

Mean (F) 1.06 .46 .29 Stratum 2 
Stratum 8 Mean*(W) 1.11 .44 .30 (20 items) 
(18 items) 3735* 1. 63 -.94 .35 
3615 1. 69 1.17 .29 Stratum 5 3648 1. 59 -.96 .33 
3916 1. 39 1.14 .35 (15 items) 3807 1. 52 -1.10 .17 
3673 1. 51 1.11 .31 3742* 1.89 .27 .35 3907 1.43 -1.08 .35 
3804 . 95 1.42 .35 3745* 1.58 -.07 .20 3704* 1. 39 -1.13 . .23 
3733* 1. 24 1. 40 .35 3720* 1.45 .26 .29 3655 1. 37 -.90 .35 
3719* 1.18 1. 08 .31 3607 1. 38 ,09 .35 3813 1. 20 -.97 .17 
3921* .91 1. 23 .29 3811 1.15 .22 .35 3919* 1.30 -.98 .21 
3827 .87 1.35 .35 3908 1.15 . 07 .31 3680 1. 33 -1.01 .16 
3716* 1.14 1.14 .27 3649 1. 32 .11 .22 3808 .99 -1.00 .30 
3642 1.11 1.11 .24 3632 1. 23 .27 .35 3686 1. 26 -.88 .29 
3902 . 73 1.49 .29 3718* 1. 22 .16 .33 3721* 1. 23 -1.20 .22 
3627 1.03 1.07 .35 3629 1.11 -.03 .35 3821 .90 -.92 .35 
3681 1. 03 1. 54 .35 3732* .96 -.01 .35 3679 1.21 -.94 .17 
3676 .89 1. 51 .25 3633 .94 -.08 .35 3685 1.19 -1.01 .16 
3644 .88 1. 25 .35 3609 .78 .18 .35 3668 . 97 -.87 .14 
3717* .83 1. 25 .35 3730* .75 .01 .10 3684 .86 -.85 .14 
3670 .80 1.11 .35 3618 .64 -.05 .00 3703* .83 -1.16 .21 
3647 .79 1.14 .35 3617 .79 -1.11 .14 

Mean (F) 1. 08 .09 .29 3713* .75 -1.18 .33 
Mean (F) 1. OS 1. 26 .32 Mean*(W) 1.17 . 09 .28 
Mean*(W} 1. OS 1. 25 .32 Mean (F) 1.19 -.97 .23 

Stratum 4 Mean*(W) 1.19 -1.01 .24 
Stratum 7 (19 items) 
(15 items) 3744* 1.94 -.35 .30 Stratum 1 
3743* 2.14 .68 .32 3708* 1. 62 -.20 .16 (19 items) 
3661 1. 90 .68 .32 3631 1. 53 :-.18 .35 3741* 1. 63 -1.56 .35 
3674 1.72 .63 .26 3814 1.26 -.32 .35 3910 1. 58 -1.59 .21 
3909 1. 34 .77 .35 3903 1. 21 -.43 .31 3692 1. 53 -1.28 .35 
3662 1. 54 .93 .27 3671 1.51 -.14 .26 3825 1. 09 -1.38 .34 
3654 1. 51 . 84 .21 3701 .82 -.15 .35 3639 1.47 -1.80 .35 
3669 1.45 . 70 .32 3643 1. 40 -.so .25 3638 1.35 -1.54 .21 
3623 1.42 .74 .31 3914 .98 -.39 .16 3913 1.31 -1.31 .19 
3912 .95 .70 .19 3693 1.13 -.24 .24 3837* 1. 09 -1.59 .25 
3734* .89 .96 .35 3725* 1. 09 -.52 .24 3715* 1.16 -1.63 .26 
3700 .84 .85 .30 3710* 1.02 -.33 .30 3920* 1.12 -1.34 .23 
3659 1.37 .67 .29 3653 .83 -.51 .33 3842* 1.01 -1.55 .35 
3635 1.17 .66 .35 3660 .78 -.39 .14 3695 1. 09 -1.73 .22 
3612 1.12 .75 .35 3922* .64 -. 26 .30 3731* 1. OS -1.67 .35 
3616 .86 .62 .25 3606 .71 -.22 .14 3832 .99 -1.74 .32 

3663 .69 -.17 .33 3838* .99 -1.68 .35 
Mean (F) 1. 32 .73 .29 3696 . 68 -.35 .00 3613 .86 -1.74 .33 
Mean*(W) 1.35 .75 . 30 3656 .63 -.31 .34 3683 .85 -1.31 .14 

3657 .81 -1.74 .35 
Mean(F) 1. 01 -.31 .25 3610 .80 -1.33 .14 
Mean*(W) 1. 08 -.31 .26 

Mean (F) 1.14 -1.54 .26 
Mean*(W) 1.15 -1.55 .28 

Note. Items with asterisks are those which were added to the pool Winter quarter. All other 
items were in the pool both Fall and Winter quarters. 
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Table C 
, Item Discrimination (a), Difficulty (b), and Guessing 

. (c) Parameters for Classroom Tests Fl and F2 : 

Fl F2 
Item No. a b c Item No. a b c 

3060 .86 -1.31 .29 3922 . 64 -.26 .30 
3067 1.07 -.76 .21 3904 2.45 1. 58 .28 
3065 1.17 -1.66 .35 3918 .66 .35 .23 
3056 .71 .89 .26 3921 .91 1. 23 .29 
3063 .91 1. 51 .35 3919 1.30 -.98 .21 
3073 1.43 -1.57 .31 3920 1.12 -1.34 .23 
3058 1.05 -.43 .35 3923 . 63 .38 .31 
3274 .85 -1. OS .26 3924 1.13 -.79 .18 
3271 . 95 1.32 .30 3801 .80 -.17 .35 
3055 1.71 -.65 .24 3841 .87 2.13 .35 
3072 1.02 . 65 .32 3838 • 99 -1.68 .35 
3057 1.20 -1.35 .26 3833 2.50 2.85 .35 
3064 . 94 .86 . 24 3837 1.09 -1.59 .25 
3069 .88 -.01 .35 3835 1. 21 2.28 .35 
3054 1. 29 -.93 .31 3641 1. 20 -.65 . 22 
3066 1.05 . 53 .31 3708 1. 62 -.20 .16 
3268 . 97 -.28 .18 3718 1. 22 .16 .33 
3267 1. 02 -1.22 .23 3728 .91 2.55 .35 
3272 1.06 -.81 .35 3665 1.19 .54 .22 
3070 . 95 -1.28 .22 3730 . 75 .01 .10 
3008 .96 -1.75 .18 3719 1.18 1. 08 .31 
3019 1. 31 .29 .29 3705 .87 -.58 .14 
3062 1. 47 .43 .30 3713 .75 -1.18 .33 
3061 .95 1. 57 .30 3703 . 83 -1.16 .21 
3262 .81 .47 .35 3709 1.19 .30 .35 
3263 .99 2.29 .35 3707 1. 75 .55 .31 
3447 1.18 . 93 .32 3721 1.23 -1.20 .22 
3443 1. 07 -1.64 .35 3717 . 83 1. 25 .35 
3438 . 70 .21 .27 3715 1.16 -1.63 .26 
3448 1. 40 .73 .30 3716 1.14 1.14 .27 
3435 .83 -.61 .35 3720 1.45 .26 .29 
3439 1.36 .64 .32 3744 1. 94 -.35 .30 
3436 1.12 1. 59 .35 3745 1.58 -.07 .20 
3449 .91 1. 26 .14 3746 1.59 .43 .30 
3440 1. 52 2.00 .30 3711 1.05 -.56 .35 
3437 1. 95 . 66 .28 3710 1.02 -.33 .30 
3427 . 92 1. 51 .26 3724 1.14 .37 .30 
3445 1.19 .44 .34 3725 1. 09 -.52 .24 
3444 .88 . 78 .35 3731 1.05 -1.67 .35 

3712 .75 1. 64 .30 
3704 1.39 -1.13 .23 

Mean 1. 09 .11 .29 Mean 1.17 . 07 .28 
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Table D 
Item Discrimination (a), Difficulty (b), and Guessing 

; (c) Parameters for Classroom Tests Wl and W2 

Wl W2 
Item No. a b c Item No. a b c 

3287 .85 -1.28 .13 3750 .93 -1.79 .34 
3292 .68 1.39 .35 3926 .93 -1.56 .16 
3219 1.23 .62 .21 3845 1.71 .26 .29 
3290 1.16 -.57 .20 3763 1.23 1. 95 .28 
3214 1.12 .03 .23 3762 1.97 -1.56 .17 
3268 .97 -.28 .18 3772 .74 -.84 .35 
3289 1.14 -1.45 .35 3759 .99 -.14 .21 
3293 .96 -1.30 .14 3768 1.11 -1.55 .17 
3291 • 65 .52 .35 3756 1.10 -.21 .28 
3249 .91 -1.69 .17 3749 1.05 -1.77 .22 
3083 1.05 -.90 .13 3757 1.18 -1.60 .18 
3090 1.48 -1.65 .18 3755 1.03 -.12 .16 
3054 1. 29 -.93 .31 3747 1.11 -1.69 .18 
3084 1.22 -1.06 .15 3753 .91 -.55 .17 
3092 .98 -.65 .15 3654 1.51 .84 .21 
3082 1.05 2.27 .35 3673 1.51 1.11 .31 
3011 1.32 -.86 .20 3716 1.14 1.14 .27 
3095 .79 -1.20 .12 3700 .84 .85 .30 
3085 1.16 -1.81 .35 3773 1. 69 1. 62 .27 
3423 .66 .16 .27 3748 .85 1.31 .35 
3453 1.19 .48 .22 3766 1.12 1.41 .35 
3456 1.03 2. 71 .35 3760 1.28 -1.58 .18 
3454 1.10 2.66 .35 3758 .89 -1.45 .15 
3460 1. 99 1.59 .34 3703 .83 -1.16 .21 
3452 .75 1. 98 .31 3853 1.05 .12 .17 
3406 1.31 2.48 .35 3854 1.03 -.19 .31 
3461 .94 1.51 .35 3852 .69 -1.78 .35 
3457 .90 1.87 .28 3850 .89 1.83 .35 
3459 .84 -.29 .26 3851 .76 .18 .23 
3407 1.02 2.41 .29 3752 1.24 -.50 .19 
3458 1.46 -1.10 .15 3769 1.15 -.39 .16 
3432 1. 72 . 67 .35 3751 • 80 1. 91 .35 
3455 .96 -.61 .31 3770 2.50 1. 73 .00 
3420 .68 1. 62 .35 3622 .95 2.53 .35 
3433 1.35 .86 .30 3761 .84 1. 27 .32 
3412 1.12 .19 .35 3767 1.02 -.04 .30 
3462 1.31 -1.03 .17 3930 1.21 -.44 .35 
3285 .79 -.60 .11 3904 2.45 1. 58 .28 
3294 .76 -.68 .19 3918 .66 .35 • 23 
3041 1.51 . 23 .35 3903 1.21 -.43 . 31 
3091 1.64 .58 .30 3928 1.00 .65 .35 
3089 .92 -.37 .30 3929 .96 -1.76 .22 
3093 .75 -.94 .11 3813 1.20 -.97 .17 
3096 1.48 -1.48 .16 3927 1.01 -1.34 .16 
3086 • 74 -.67 .35 

Mean 1.09 .08 • 25 Mean 1.14 -.06 .25 



Table E 
Item Discrimination (a), Difficulty (b), and Guessing (c) Parameter Estimates for 

Items in the ImEroved Conventional Tests Derived from the Item Pools for Tests Wl and W2 
Wl W2 

Item Number a b c Item Number a b c 

3209 2.50 2.29 .29 3831 2.50 1. 96 .06 
3417 2.67 3.00 .35 3690 2.50 2.36 .24 
3033 1.54 2.44 .35 3833 2.50 2.85 .35 
3440 1. 52 2.00 .30 3904 2.45 1. 58 .28 
3409 2.50 1.28 .00 3615 1.69 1.17 .29 
3234 2.50 1. 73 .00 3916 1. 39 1.14 .35 
3018 . 89 1. 25 .35 3673 1. 51 1.11 .31 
3204 1.14 1.66 .35 3804 .95 1.42 .35 
3408 2.50 1.05 .31 3743 2.14 .68 .32 
3437 1. 95 .66 .28 3661 1. 90 . 68 . 32 
3258 1.24 .81 .35 3674 1.72 . 63 .26 
3432 1.72 .67 .35 3909 1.34 .77 .35 I 

3047 1. 66 .44 .29 3707 1. 75 .55 .31 w 
~ 

3079 1. 61 .27 .35 3746 1. 59 .43 .30 I 

3213 .93 . 52 .35 3806 1. 57 .48 .35 
3282 2.06 -.02 .35 3742 1.89 .27 .35 
3220 1. 79 -.03 .26 3745 1.58 -.07 .20 
3005 1.43 .11 .35 3720 1.45 .26 .29 
3256 2.31 -.33 .26 3744 1. 94 -.35 .30 
3430 1.15 -.30 .29 3708 1. 62 -.20 .16 
3031 1.47 -.33 .35 3631 1.53 -.18 .35 
3021 1.96 -.49 .21 3634 1. 79 -.58 .30 
3217 1.06 -.48 .14 3739 1. 68 -.61 .35 
3055 1. 71 -.65 .24 3809 1. 27 -.61 .35 

Mean 1. 74 .73 .28 Mean 1. 76 .66 .30 
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Table F 
Theoretical Test Information Values for First and 

Second Classroom Tests for Fall and Winter Quarters 
§ Test 1 Test 2 

MidEoint Fall Winter Fall Winter 

-1.90 l.ll 1.89 1.13 2.26 
-1.70 1.46 2.55 1.54 2.86 
-1.50 1.80 3.18 1.97 3.26 
-1.30 2.09 3.70 2.39 3.41 
-1.10 2.33 4.04 2. 77 3.41 
-.90 2.52 4.16 3.11 3.37 
-.70 2.64 4.09 3.47 3.38 
-.50 2.66 3.89 3.86 3.40 
-.30 2.63 3.67 4.18 3.42 
-.10 2.66 3.49 4.33 3.42 

.10 2.83 3.42 4.31 3.39 

.30 3.13 3.41 4.18 3.33 

.50 3.46 3.40 3.94 3.23 

.70 3.63 3.28 3.57 3.15 

.90 3.55 3.00 3.13 3.15 
1.10 3.25 2.66 2.74 3.35 
1. 30 2.89 2.38 2.56 3.87 
1.50 2.56 2.20 2.54 4.57 
1. 70 2.28 2.04 2.37 4.79 
1.90 1.93 1.84 1.96 4.13 



Table G 
" Mean Test Length and Mean Value of Information at Intervals of 8 for 24-Item 

ImEroved Conventional Test and AdaEtive Test Rescored at Three Maximum Test Lengths for Test WI 
Improved AdaEtive Test 

Conventional 40 Items Maximum 30 Items Maximum 20 Items Maximum 
"' e Test Mean Mean Mean Mean He an Mean 

Mid~oint Information No. Items Information No. Items Information No. Items Information 

-1.9 .03 31.3 2.41 27.6 2.41 19.0 1.20 
-1.7 .07 29.6 2.19 26.5 1.88 18.8 2.05 
-1.5 .15 26.6 3.51 22.8 3.13 15.0 2.74 
-1.3 .31 32.5 3.97 25.9 3.19 18.9 3.10 
-1.1 .61 28.5 4.44 22.7 4.14 16.9 3.44 
-.9 1.12 28.2 4.55 24.5 4.41 17.7 3.82 
-. 7 1.89 23.4 4.27 21.8 3.89 17.3 3.31 I 

-.5 2.76 29.8 4.70 23.3 4.35 17.4 4.13 w 
0\ 

-.3 3.46 24.4 5.18 21.4 4.81 17.4 4.22 I 

-.1 3.77 28.3 5.54 24.8 5.01 18.3 4.28 
.1 3. 77 28.1 5.12 24.2 5.03 18.6 4.07 
.3 3.65 29.9 5.74 24.0 4.85 18.0 4.07 
.5 3.61 28.4 5.21 26.0 5.00 19.4 4.17 
.7 3.76 30.2 5.37 26.0 4.91 19.4 4.18 
.9 4.13 29.5 5.63 25.7 5.20 19.3 4.53 

1.1 4.52 30.1 6.13 25.9 5.73 19.0 4.78 
1.3 4.55 29.8 5.70 22.8 4.88 18.8 4.74 
1.5 4.17 33.6 5.79 25.5 4.90 18.4 4.17 
1.7 3.65 28.6 5.04 24.7 4.61 16.6 3.86 
1.9 3.07 18.6 4.61 18.8 4.29 16.6 3.61 

Mean 2.65 28.4 4.93 24.1 4.49 18.1 3.94 



Table H 
Mean Test Length and Mean Value of Information at Intervals of e for 24-Item 

Improved Conventional Test and Adaptive Test Rescored at Three Maximum Test Lengths for Test W2 

Improved AdaEtive Test 
A Conventional 40 Items Maximum 30 Items Maximum 20 Items Maximum 
e Test Mean Mean Mean Mean Mean Mean 

MidEoint Information No. Items Information No. Items Information No. Items Information 

-1.9 .01 17.0 1. 99 23.5 1. 70 17.0 1. 99 
-1.7 .03 34.5 2.68 27.6 2.45 20.0 1.59 
-1.5 .10 26.7 2.91 22.2 2. 77 17.0 2.50 
-1.3 .23 24.8 3.64 23.9 3.45 19.0 2. 77 
-1.1 .51 24.4 3.48 19.0 2.99 16.4 2.90 
-.9 .98 33.7 4.32 26.8 3.73 18.9 3.16 
-.7 1. 64 32.1 4.45 26.6 4.23 19.2 3.66 I ....., 
-.5 2.34 32.0 4.49 26.3 4.36 19.2 3.39 ....... 

I 
-.3 2.90 25.9 4.55 22.6 4.12 17.8 3.54 
-.1 3.28 22.9 3.85 21.1 3.70 18.3 3.45 

.1 3.61 26.1 4.64 23.2 4.16 17.9 3.94 

.3 4.03 26.0 4.14 22.0 3.90 18.5 3.59 

.5 4.44 29.5 4.94 25.4 4.72 19.0 3.91 

.7 4.57 31.7 5.60 27.0 5.01 19.1 3.94 

.9 4.27 29.4 4. 71 24.2 4.41 18.1 3.72 
1.1 3.74 30.6 4.12 24.2 3.50 18.4 2.71 
1.3 3.35 30.1 3.85 24.3 3.35 17.6 2.95 
1.5 3.26 30.2 4.11 24.0 3.35 17.6 2.80 
1.7 3.29 31.4 4.33 22.0 4.02 15.5 2.48 
1.9 3.18 40.0 4.10 30.0 4.58 20.0 3.46 

Mean 2.49 28.6 4.31 24.0 3.96 18.3 3.41 
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Table I 
Mean Information Divided by Mean Number of Items 

"' at Levels of a for the AdaEtive Tests 

a AdaEtive Test 1 AdaEtive Test 2 
MidEoint Fall Winter Fall Winter 

-1.9 .07 .11 .07 .12 
-1.7 .08 .08 .10 .06 
-1.5 .10 .13 .10 .11 
-1.3 .12 .13 .11 .13 
-1.1 .15 .13 .12 .14 
-.9 .13 .16 .12 .12 
-. 7 .14 .17 .15 .14 
-.5 .17 .16 .11 .13 
-.3 .22 .21 .11 .18 
-.1 .20 .19 .12 .16 

.1 .18 .17 .12 .17 

.3 .16 .18 .12 .16 

.5 .16 .17 .11 .16 

.7 .16 .18 .13 .16 
• 9 .18 .17 .13 .15 

1.1 .20 .18 .13 .13 
1.3 .23 .19 .12 .11 
1.5 .24 .16 .12 .12 
1.7 .15 .18 .13 .11 
1.9 .44 .32 .13 .11 

Mean .17 .17 .12 .15 
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