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Abstract

Tests of Big Bang Nucleosynthesis and early universe cosmology require precision

measurements for helium abundance determinations. However, accurate determination

of the primordial helium abundance from observations of metal poor H II regions is

constrained by both systematic and statistical uncertainties.

This work first builds upon previous efforts by providing an updated and extended

program in evaluating these errors. Of primary significance, procedural consistency is

achieved by integrating the hydrogen based reddening correction with the helium based

abundance calculation, and therefore, solving for all physical parameters simultaneously.

Next, the constructed physical environment is expanded to include neutral hydrogen

collisional emission. Similarly, model accuracy is improved through new atomic data

for helium recombination and collisional emission. In addition to these enhancements,

particular emphasis is placed on investigating a degeneracy between the solutions for

density and temperature and its impact on the helium abundance determination.

Second, this work introduces Markov Chain Monte Carlo (MCMC) methods to effi-

ciently explore the parameter space and determine the helium abundance, the physical

parameters, and the uncertainties derived from the observations. The MCMC method is

shown to be superior to previous implementations in that it is not affected by biases due

to non-physical parameter space. Furthermore, frequentist analyses prove successful in

the parameter determinations, with likelihood plots illustrating degeneracies, asymme-

tries, and limits of the determination.

To better reduce the statistical uncertainty, and continue to better characterize the

systematic uncertainty, in its third and final stage, this work applies MCMC methods

to a large recent dataset. To improve the reliability of the determination, a high quality

dataset is needed. As a clear measure of the quality of the physical solution, a χ2

analysis proves instrumental in the selection of data compatible with the theoretical

model. Additional cuts are explored, identifying biases and statistical outliers, and as a

result, the final selected dataset gains in reliability and exhibits improved consistency.

The inclusion of more observations shows promise for further reducing the uncertainty,

but more high quality spectra are required.
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Chapter 1

Introduction and Background

Within the last century the Universe has been discovered to be expanding [1, 2] and

permeated with very cool background radiation (T0 = 2.7260 K) [3, 4]. Evolving back in

time, the early Universe was hot and dense [5] and passed through a brief epoch where

nuclear reactions built up complex nuclei [6, 7].

Big Bang Nucleosynthesis (BBN) provides us with a unique window into this early

Universe. Occurring during the period 3 to 20 minutes after the Big Bang (redshifts

of order 1010), BBN predicts the primordial abundances of the light elements [8–10].

With the WMAP determination of the baryon density of the Universe [11, 12], standard

BBN (SBBN - with three neutrino flavors) has become a zero-parameter theory [13, 14],

leading to relatively precise predictions of the light element abundances of D, 3He, 4He,

and 7Li [14–23]. In addition to lending itself to scrutiny by comparing the predictions

of BBN with observations, the resulting abundances are of significant scientific value in

constraining the content and interactions of the Universe during BBN [24–26]. These

constraints, however, generally require precise determinations of the light element abun-

dances, particularly in the case of 4He, where to be significant determinations with an

uncertainty of less than 1% are necessary. The difficulties in obtaining this precision for
4He is the focus of this thesis.

The primordial abundances of D, 3He, 4He, and 7Li, are all determined by η, the

baryon-to-photon ratio. This is because the reaction rates are proportional to the baryon

density. At high energies, equilibrium is maintained as the nuclear reactions,

n + e+ ↔ p + ν̄e,

1
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n + νe ↔ p + e−,

n ↔ p + e− + ν̄e,

proceed equally in either direction, but as the temperature drops due to the expansion of

the Universe, only neutron decay continues. More precisely, decoupling occurs when the

reaction rate Γ ∼ n〈σv〉 ∼ T 5

M4
weak

is of order of the Hubble expansion rate H ∼ T 2

Mplank
,

which yields T ≈ 0.8 MeV . In equilibrium, the proton and neutron densities both

scale as (mT )
3
2 e−

m
T . Therefore, the ratio is fixed at this so-called “freeze-out” value

determined by the difference in nucleon mass and the above freeze-out temperature,

except for subsequent neutron decays, nn
np

≈ e
−△m

T ≈ 1
6 . The building of heavier elements

begins with deuterium, but cannot proceed until the density of disassociating photons

has decreased sufficiently, occurring when Γproduction ∼ nB〈σv〉 equals Γdestruction ∼
nγ〈σv〉e−

BD
T (BD is the deuterium binding energy). This gives e−

BD
T ∼ nB

nγ
= η ≈ 10−10,

or solving for T , T = 0.1 MeV . Due to neutron decay, the neutron to proton ratio has

decreased to 1
7 during this period lasting a couple minutes (t[s]T2[MeV] = 1.32). Now,

a host of nuclear reactions begin building up larger mass number elements. The most

important reactions are,

D + D → p + 3H,

D + D → γ + 4He,

D + 3H → n + 4He,

D + D → n + 3He,

3He + 3He → 2p + 4He,

3He + D → p + 4He.

Due to the absence of a stable nucleus with mass number 5, the primary production

stops with 4He, and allows for the calculation of a crude estimate of the primordial

helium abundance mass fraction (Yp) based upon the assumption that all of the neutrons

end up in 4He:

nHe

nH
=

1
2nn

np − nn
=

1
2
nn
np

1− nn
np

, (1.1)

Yp =
4nHe

nH + 4nHe
=

2nn
np

1 + nn
np

=
2
7
8
7

= 0.25. (1.2)

The dependence of Y on η can now be seen. Our calculation of Yp above depends

only on nn
np

, but its value of 1/7, rather than 1/6, was determined by the delay before
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deuterium production began. That time, being proportional to the inverse of the pho-

ton temperature, is itself proportional to Log(η). Therefore, a larger observed helium

abundance today implies a larger baryon-to-photon ratio. η affects the production of D,

3He, and 7Li more strongly. Larger η means faster conversion of D and 3He to higher

nuclei, so their abundance is decreased. The small amount of 7Li produced increases at

low η and at high η. At lower η, there are less protons to destroy 7Li; while at higher η,

7Be production is enhanced, with subsequent beta decay then converting this beryllium

to lithium.

The concordance between BBN and observations of the cosmic microwave back-

ground (CMB) temperature anisotropies is predominantly due to the agreement be-

tween the BBN predicted primordial value of D/H compared with determinations made

from observations of high redshift quasar absorption systems. The CMB power spec-

trum provides a high precision measurement of the baryon density or, equivalently, the

baryon-to-photon ratio, η (primarily through the first and second acoustic peak heights).

Using the 7-year WMAP value of ΩBh
2 = 0.02249+0.00056

−0.00057 or η = (6.19 ± 0.15) × 10−10

[12], one expects D/H = (2.52 ± 0.17) × 10−5 [22], which should be compared with

(2.82 ± 0.21) × 10−5 [27, 28, and references therein]. On the other hand, 7Li is pre-

dicted to be substantially higher [22, 29] than determinations of 7Li abundances in the

outer layers of halo dwarf stars. This places extra emphasis on the determination of the

primordial helium abundance, Yp.

As a result of the logarithmic relationship between η and Yp, any meaningful test of

the theory requires a determination of Yp to an accuracy of . 1%. For comparison, the

SBBN calculation of Cyburt et al. [22], assuming the WMAP η and a neutron mean life

of 885.7 ± 0.8 s [30], yields Yp = 0.2487 ± 0.0002, a relative uncertainty of only 0.08%.

Being relatively chemically unevolved, low metallicity H II regions in dwarf galaxies

can be used to provide a measure of Yp. Since metallicity only increases with age,

these galaxies can be used to fit the helium abundance versus metallicity and, therefore,

allows one to extrapolate back to very low values of O/H (used here as a surrogate

for metallicity) corresponding to the primordial helium abundance [31]. However, after

more than three decades of work in determining Yp using this method, the measurements

frequently have not agreed with each other and until recently, post-WMAP, have not

been in accordance with the WMAP value (see figure 1.1).
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Figure 1.1: Recent historical progression of the primordial helium mass fraction over
the previous decade and comparison to the WMAP result with the values given in
date progression labeled as: PSTE92 [32], ITL94 [33], OSS97 [34], ITL97 [35], IT98
[36], ICFGGT99 [37], PPR00 [38], TI02 [39], PPL02 [40], LPPC03 [41], WMAP03 [42],
IT04 [43], OS04 [44], WMAP06 [45], ITS07 [46], PLP07 [47], WMAP08 [11], IT10
[48], WMAP10 [12], respectively. A general increase in the primordial abundance is
apparent. Note that, historically, the error bars are typically small relative to the
differences between studies and with WMAP in particular.
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The quoted errors in the extragalactic determination of Yp have historically been

very small in comparison to the range in the results (see figure 1.1). The early deter-

minations of Yp focused on statistical errors in the measured helium line fluxes and,

as a result, underestimated the error. Ideally, the target quantity, the helium to hy-

drogen ratio (y+ = n(He II)
n(H II) ) in extragalactic H II regions, would directly follow from

an observed helium to hydrogen emission line ratio. However, as a result of interstellar

reddening, underlying stellar absorption, optical depth, and collisional corrections, the

actual determination of y+ is complicated, and the true uncertainty can be large. In-

terstellar reddening occurs as the photons are scattered by dust on their journey. Being

a wavelength dependent process, each line is affected differently. The stellar continuum

juxtaposes absorption features under nebular emission lines. The H II region itself can

absorb some of the emitted photons as well. Finally, the total emission fluxes are due

to both recombination and collisional excitation. In the case of the hydrogen emission,

only the small fraction of recently recombined neutral atoms can contribute to collisional

emission. Unfortunately, these confounding processes can not be directly measured. In

addition, the temperature, which determines the physical rates, cannot be determined

directly and independently unless it is assumed to be perfectly uniform throughout the

H II region. Our ignorance of these physical model parameters will necessarily inhibit

the determination of y+ and therefore correspond to potentially large increases in the

error on that determination. The error on Yp also varies widely due to sample sizes.

The error on the intercept, Yp, will shrink with increasing number of regression points;

however, poor quality spectra do not allow for a robust estimation of the systematic

effects listed above. Therefore, this work focuses on a reduced number of “high quality”

spectra of extragalactic objects.

In improving the primordial helium abundance determination, this thesis will in-

vestigate and quantify these systematic effects, the uncertainty they introduce, and is

organized as follows:

• Chapter 2 updates, extends, and integrates the physical model of the H II re-

gion emission. These include incorporating improved atomic data, combining the

helium and hydrogen calculations, and introducing neutral hydrogen hydrogen

collisional emission. Each enhancement is investigated sequentially, and model

degeneracies are investigated.
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• In chapter 3, Markov Chain Monte Carlo is introduced. The resulting statistical

analysis is more efficient, transparent, and rigorous, with the uncertainty reflecting

the confidence in the model and measurements.

• In chapter 4, Markov Chain Monte Carlo is employed to select a robust sample

from an expanded dataset. A larger, more reliable sample yields gains in the

determination of the primordial helium abundance.

• Finally, chapter 5 discusses the main conclusions of the analysis as well as avenues

for future improvements.

The work presented in this thesis is based on previous publications by the author in

[49], [50], and [51].



Chapter 2

Model Improvements and

Self-Consistent Analysis

2.1 Introduction

Previous work by Olive & Skillman [52, 44, hereafter, OS01 & OS04, respectively],

following the “self-consistent” methods of Izotov, Thuan, & Lipovetsky [33] in deter-

mining the electron density (used for the collisional correction) and Peimbert, Peimbert,

& Ruiz [38] in determining the electron temperature (used for the helium emissivities),

addressed some of the systematic effects encountered in determining nebular helium

abundances by solving for physical conditions via a minimization of the differences be-

tween the values of y+ calculated from each of six helium lines. The χ2 minimization

was accomplished by a down-hill simplex algorithm. Monte Carlo simulations over the

input fluxes were used to measure the statistical variance with the ultimate effect of

further increasing the total uncertainty.

This chapter explores further refinements to the approach of OS01 & OS04 with the

goals of improving accuracy and removing assumptions. First, there now exist improve-

ments to the atomic data (Porter, Ferland, & MacAdam [53], hereafter, PFM) that can

be incorporated (e.g., Izotov, Thuan, & Stasińska [46], Peimbert, Luridiana, & Peimbert

[47], hereafter, ITS07 & PLP07, respectively). Second, previously, the flux ratios of the

hydrogen lines were used to solve for reddening and underlying hydrogen absorption,

7
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while the flux ratios of the helium lines were used to solve for density, temperature, un-

derlying helium absorption, helium self-absorption, and the helium abundance. There

is no need to solve for these two sets of parameters separately, and doing so artificially

suppresses any potential degeneracies between them. Thus, here we explore the effects

of combining two separate “self-consistent” approaches into one. Third, the previous

work assumed identical values of equivalent width of underlying absorption for all H I

or He I emission lines, regardless of wavelength, and here we investigate the effects of a

wavelength dependence in the underlying stellar absorption [e.g., ITS07 46]. Fourth, we

study the effects of correcting for the collisional emission from neutral hydrogen [e.g.,

54–56, 41]. The second change, the integration of the hydrogen and helium, is a calcula-

tional procedure modification, while the other three are improvements in the modeling

of the physical processes that impact the observed hydrogen and helium emission lines.

Detailing the incorporation of these four effects and investigation of their impact is

the primary aim of this chapter and is discussed in §2.2-2.6. In §2.7, we discuss the

importance of ionization correction factors. Section 2.8 presents a new determination

of the primordial helium abundance resulting from the reprocessing of the observations

studied in OS04, with comparison to those results and the results reported in ITS07 and

PLP07. Section 2.9 summarizes the broad findings and the effects of the enhancements.

2.2 Determining y+

As described in OS01, six measured helium emission line fluxes (λ3889, 4026, 4471, 5876,

6678, and 7065) relative to Hβ ( F (λ)
F (Hβ)) and their equivalent widths (W (λ)) are used to

determine the helium abundance [52]. Corrections are made for reddening, underlying

absorption, collisional enhancement, and radiative transfer:

y+ =
F (λ)

F (Hβ)

E(Hβ)

E(λ)

W (λ)+aHe

W (λ)

W (Hβ)+aH
W (Hβ)

1

fτ (λ)

1

1 + C
R
(λ)

10f(λ)C(Hβ), (2.1)

where E(Hβ)
E(λ) is the emissivity ratio of Hβ to the helium line. In the approach of OS01

& OS04 [52, 44], the reddening relative to Hβ (C(Hβ)) and underlying hydrogen ab-

sorption (aH) are determined separately by Monte Carlo over three hydrogen line ratios
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(Hα
Hβ

, Hγ
Hβ

, and Hδ
Hβ

).1 The optical depth function fτ , and collisional to recombination

emission ratio C
R

are both temperature and density dependent (the emissivities are also

temperature dependent). Therefore, the physical parameters needed for the corrections

are electron density (ne), underlying helium absorption (aHe, corrected for in terms of

equivalent width), optical depth (τ), and temperature (T). The parameters are deter-

mined simultaneously with the abundance by minimizing χ2, defined as the weighted

difference between each helium line’s abundance and the average. This minimization is

performed for each realization in a Monte Carlo over the input helium line fluxes and

equivalent widths.

An important result of the Monte Carlo analysis was the discovery of degeneracies

in the sense that the fit parameters were not always independently constrained (OS01

& OS04 [52, 44]). In particular, the temperature and density exhibited a trade-off

whereby increasing the temperature while decreasing the density would leave the χ2

relatively unchanged. The reason for this can be seen in the form of the emissivities

(see §2.3). Four of the lines show similar exponential dependencies on temperature and

density. As a result, the abundance from these lines shifts correspondingly for changes

in temperature and density.

To demonstrate the importance of the degeneracy between temperature and den-

sity, characteristic model parameters and a helium abundance were chosen and used to

generate synthetic flux data. χ2 was then calculated keeping the abundance and all of

the traditional fit parameters fixed except for the density and temperature. The impact

of trading the density against the temperature can be clearly seen in figure 2.1 which

illustrates a well-constrained quotient of density and temperature but a △χ2 = 2.3

boundary corresponding to the 68.3 % CL area of the joint variation of temperature

and density spanning a temperature range of 5500 K, a density range of 275 cm−3, and

an abundance variation of 10%. The individual 68.3% CL ranges of T and ne are found

using the χ2 = 1 contour. The shallow, extended minimum results in a large range of

best fit parameters for the density and temperature upon the Monte Carlo perturba-

tion, and the abundance gains a much larger uncertainty (see figure 2.2 below). Only

by solving for these two parameters simultaneously can this degeneracy be discovered.

1 The reddening coefficients, f(λ), are calculated from the extinction fits of Cardelli, Clayton, &

Mathis [57] using R = 3.1 (R = A(V )
E(B−V )

) [58].
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Figure 2.1: A plot of the derived helium abundance as a function of the tempera-
ture and density for a synthetically generated spectrum (other parameters held fixed).
Impressed on this diagram is a contour plot of χ2 versus density and temperature for
the same spectrum. The synthetic model uses ne = 100 cm−3, aHe = 1.0 Å, τ = 1.0,
T = 18, 000 K, and y+ = 0.08. The extension of the χ2 = 2.3 contour with a strong neg-
ative correlation highlights the degeneracy between density and temperature (note that
for synthetic data χ2

min = 0.0). That the χ2 and abundance contours are nearly per-
pendicular demonstrates the impact of the degeneracy on the abundance determination
(±5%).
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Figure 2.2: Monte Carlo plot of 1000 solutions based upon synthetic data taken from
OS01. The synthetic model is for ne = 100 cm−3, aHe = 0.1 Å, τ = 0.1, and T = 18, 000
K. The solid circle with smaller error bars marks the original (direct) solution; while the
solid square with larger error bars marks the average of the Monte Carlo solutions. Upon
performing the Monte Carlo, the large range in density solutions (with a corresponding
large range in temperature solutions), gives a much larger density uncertainty, resulting
in a marked increase in the abundance uncertainty (1% to 3%).
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Note that the Monte Carlo solutions solve for a single value of the temperature. If the

temperature in the nebula is not uniform (as is expected from photoionization modeling)

then the hope is that the solved temperature represents some mean value. ITS07 argue

that temperature fluctuations should be small and, therefore, that the temperature

derived from the [O III] emission lines should be suitable for deriving helium abundances

[46]. They cite the Guseva et al. [59] study of Balmer and Paschen jump temperature

determinations in low-metallicity emission-line galaxies as supportive of nearly uniform

temperatures. However, PLP07 allow for temperature fluctuations in their analysis,

and find these fluctuations to be significant [47, 60][also, 61]. When ITS07 allow for

temperature departures from the [O III] temperature, via Monte Carlo modeling, a

majority of their objects return temperatures near 95% of the [O III] temperature, the

lower bound allowed by their code [46]. Esteban et al. [62] find evidence for temperature

fluctuations in extragalactic H II regions over a large range in metallicity. Given the

importance of the temperature-density degeneracy, understanding the correct physical

model for the temperature structure in the H II regions is clearly important.

The inclusion of wavelength dependent absorption, now aH(Hβ) and aHe(λ), and

neutral hydrogen collisional emission, C
R
(Hβ), will modify the helium to hydrogen ratio

as,

y+ =
F (λ)

F (Hβ)

E(Hβ)

E(λ)

W (λ)+aHe(λ)
W (λ)

W (Hβ)+aH (Hβ)
W (Hβ)

1

fτ (λ)

1 + C
R
(Hβ)

1 + C
R
(λ)

10f(λ)C(Hβ) . (2.2)

The wavelength dependent absorption is included in order to model variations in the

amount of stellar absorption and is represented by a relative coefficient for each line.

The neutral hydrogen collisional emission is included to account for the small population

of non-ionized hydrogen which can therefore undergo collisional emission. This process

is composed of the temperature dependent collisional excitation and the cascade of

downward transitions and requires the introduction of a new parameter, the neutral to

ionized hydrogen fraction, ξ. In OS04, this was assumed to be negligible [44]. Primarily,

the neutral hydrogen collisional emission corrects the hydrogen lines but through Hβ

shows up in the relative helium abundance. The integration of the hydrogen reddening

and helium abundance calculation is in principle accomplished by simply summing their

χ2 contributions and minimizing over the now expanded set of physical parameters (ne,
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aHe, τ , T, C(Hβ), aH , ξ) simultaneously. The combined χ2 is given by,

χ2 =
∑

λ

(XR(λ)−XT (λ))
2

σ(λ)2
+

∑

λ

(y+(λ)− ȳ)2

σ(λ)2
, (2.3)

where,

XR(λ) =
F (λ)

F (Hβ)

W (λ)+aH (λ)
W (λ)

W (Hβ)+aH (Hβ)
W (Hβ)

1 + C
R
(Hβ)

1 + C
R
(Hλ)

10f(λ)C(Hβ), (2.4)

ȳ =
∑

λ

y+(λ)

σ(λ)2
/
∑

λ

1

σ(λ)2
. (2.5)

XR represents the corrected hydrogen flux, XT the theoretical hydrogen emission, ȳ the

average helium abundance, and σ is calculated from the measured statistical error and

equivalent width error.

In our analysis below, we use the same dataset of H II regions as in OS04 [44] for

calculating y+ and extracting Yp. Those galaxies were chosen from the Izotov & Thuan

[36, IT98] sample with screening to minimize uncertainties in underlying absorption, to

select only low O/H systems, and to avoid contamination by Galactic Na I absorption.

In addition to those seven targets, NGC 346A [38], which was also examined in OS04

[44], and I Zw 18SE (ITS07 [46]) are analyzed. This allows for a comparison with each of

the five targets used in PLP07 [47]. All nine except NGC 346 are included in the recent

large sample of ITS07 [46]. The spectrum for Mrk 193 originally reported in Izotov,

Thuan, & Lipovetsky [33] and used in OS04 has been reanalyzed and the results of the

new analyses are reported in ITS07 [46]. Here we use the newly analyzed spectrum

for Mrk 193. We note that there are additional “high quality” targets in Izotov &

Thuan [43] which should be considered in future analysis; they are not included here to

facilitate the comparison with OS04 as noted above.

Each object is analyzed with the new corrections applied successively to the proce-

dure used in OS04 [44]. The analysis is conducted with the parameter space restricted to

physically meaningful values (e.g., the density is held positive), and Monte Carlo average

values and standard deviations are returned for the model parameters and abundance.

Reflecting a straightforward improvement in the atomic data and modeling, first the up-

dated emissivities are used in conjunction with separate hydrogen reddening and helium

abundance calculations. Next, the hydrogen and helium calculations are combined into
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one integrated calculation. The third change is to introduce a wavelength dependence

in the underlying absorption. Finally, the correction for neutral hydrogen collisional

emission is incorporated. In the following sections, each of these enhancements is first

discussed theoretically and then applied to the dataset.

2.3 Updated Emissivities

PFM have recently provided improved helium emissivity fits, as a function of tempera-

ture, and collisional contributions, as a function of temperature and density [53], based

upon the most recent atomic data [see 63]. They report broad agreement between these

emissivities and their plasma simulation code CLOUDY [64] of better than 0.03% within

the temperature range 5000 ≤ T ≤ 25, 000K. However, the abundance determination

also requires the Hβ emissivity. Though not in the scope of the published paper, R.

L. Porter (private communication), provided us with the Hβ emissivity in terms of the

published paper’s parameterization,

E(Hβ) = [−2.6584 × 105 − 1420.9 (ln T )2 + 35, 546 lnT +
6.5669 × 105

lnT
] T−1. (2.6)

In implementing these new emissivities the following difficulty was encountered dur-

ing χ2 minimization. As parameterized by PFM, the density dependence of the emis-

sivities weakens with increasing density [53], ultimately becoming negligible. While

this occurs at densities which are unreasonably high for our objects, the addition of the

temperature-density degeneracy can and does lead to densities that increase nearly with-

out bound. In practice, the Monte Carlo realizations were often found to tend to higher

densities that were unconstrained by the form of the emissivities (in a region beyond

their applicability). The resulting χ2 for these solutions decreased only marginally with

the large increase in density; so the result is effectively an equivalent solution but which

is not physical. Upon calculating the Monte Carlo average, even a small number of

solutions (< 1%) bias the returned values, especially the density, to an unacceptable de-

gree. The density dependence in the optical depth function, unchanged from OS04 [44],

disfavors ever increasing density but only if the optical depth itself does not approach

zero. Refitting the emissivities, with the collisional correction, to the form of Benjamin,

Skillman, & Smits [65, hereafter, BSS] avoids the pitfall while sacrificing less than 1%
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accuracy in the region of interest, 12, 000 ≤ T ≤ 20, 000K and 1 ≤ ne ≤ 300 cm−3,

and compares favorably with the BSS fit accuracy.2 Therefore, within the physically

applicable region for our objects, the emissivity values themselves are nearly identical

to those of PFM. At large densities however, the exponential dependence on the density

relegates ever increasing densities to ever increasing χ2. In effect, the re-parameterized

fit protects the χ2 minimization from unphysical solutions while retaining the numerical

accuracy in the physical region. Figures 2.3 & 2.4 below compare the BSS fits used in

OS04 [65, 44] with the new fits. The re-parameterized helium emissivities, including the

collisional correction and scaled to Hβ, are,3

Φλ =
E(Hβ)

E(λ)

1

1 + C
R
(λ)

, (2.7)

Φ3889 = 0.8779T−0.128−0.00041ne ,

Φ4026 = 4.233T 0.085−0.00012ne ,

Φ4471 = 2.021T 0.121−0.00020ne ,

Φ5876 = 0.754T 0.212−0.00051ne ,

Φ6678 = 2.639T 0.244−0.00054ne ,

Φ7065 = 5.903T−0.519/(1.462 − (0.127 − .00076ne + 0.000000255n2
e )T ). (2.8)

2.3.1 Hydrogen Emission

In addition to the updated helium emissivities, the theoretical hydrogen emission line

ratios taken from Hummer & Storey [66], were refit to incorporate the reported (very

weak) density dependence. In principle, this is included for consistency, but became of

particular interest in physically describing the impact of higher density so as to disfavor

non-physical solutions. The previous logarithmic form in temperature was retained and

employed for the density fit. The expanded equations are as follows (with table 2.1

listing the coefficients),

2 This is different from the approach taken in ITS07 where the BSS emissivities are divided by a
linear temperature dependent fit to the ratio of the BSS and PFM emissivities [46].

3 The parameterization is the same as in OS04 but the corresponding equations are labeled Fλ there
rather than Φλ [44].
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Figure 2.3: Comparison of the PFM emissivities, E(Hβ)
E(λ) , to those of BSS (at ne = 100

cm−3). The BSS fits are the dashed lines while the PFM fits are solid. The progression
is, left to right, top to bottom, by wavelength: λ3889, 4026, 4471, 5876, 6678, 7065.
The PFM emissivities plotted here are the refit equations of (2.8); on this plot, the
equations reported in PFM are within the line thickness of the refit equations.
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Figure 2.4: The PFM emissivities, E(Hβ)
E(λ) , plotted relative to those of BSS (at ne = 100

cm−3). The newer fits deviate from the old by a few percent, but the relative shifts are
clearly not the same for all six lines. The three strongest lines, λ4471, 5876, and 6678,
show similar behavior, but 4026 is opposite, and 3889 and 7065 cross the zero deviation
line.
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XT =
∑

ij

cij(log(T4))
i(log(D))j . (2.9)

Table 2.1: Coefficients for the hydrogen emissivities, cij

Line i↓ j→
0 1 2

Hα 0 2.87 -0.000813 -2.05E-5
1 -0.510 0.00443 3.15E-5
2 0.345 -0.00969 5.69E-5

Hγ 0 0.468 7.58E-6 2.19E-6
1 0.0281 -0.000101 -4.76E-6
2 -0.0106 0.000128 2.51E-6

Hδ 0 0.259 2.09E-9 2.56E-6
1 0.0207 -1.94E-6 -6.51E-6
2 -0.00770 4.58E-5 3.48E-6

2.3.2 Tracking the Effects

A comparison of the resulting He abundances using BSS and PFM is shown in figure

2.5. The updated emissivities, including the collisional correction, in general raise the

calculated abundance of helium. However, because the changes in different lines are

qualitatively different (again see figures 2.3 & 2.4), the update does not categorically

raise the abundance. For λ4471, 5876, and 6678, the Hβ to He emissivity is increased

rather uniformly (2-3%) across the relevant temperature range in comparison with those

of BSS. All three lines exhibit a gradual increase with temperature. The behavior of

λ4026 is similar except that the new emissivity is shifted to lower values. λ3889 is more

complicated in that the emissivity is reduced at low temperatures but is enhanced at T &

16,000 K. λ7065 is similar, though the enhancement begins at 13,000 K. Broadly, λ3889,

λ7065, and λ4471 track the BSS emissivities more closely (within ∼ 2%) than the other

three lines. Therefore, upon repeating the OS04 analysis with the new emissivities,

these lines will favor returning a similar abundance. The three strongest lines with

the smallest relative errors will produce a larger abundance, thus raising the average

abundance. Tension between the λ3889 and 7065 and λ4471, 5876, and 6678 abundances
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will decrease the temperature, thus lowering the average abundance slightly. The weak

λ4026 is shifted opposite to the three strongest lines, but still can have a significant

impact as described below.
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Figure 2.5: Abundance comparison for the target objects analyzed as in OS04 with the
BSS and PFM emissivities. The red thinner lines are for BSS with PFM given in thicker
black bars. The quoted primordial helium abundance, Yp, is based on a regression of
the seven objects of OS04 (i.e., I Zw 18SE and NGC 346 have not been used in the
regression). This sample is also used to produce the mean helium abundance, < Y >.

As anticipated, in most cases, the updated emissivities of PFM raise the abun-

dance (see figure 2.5 with Yp and the mean helium abundance of the sample by unit

mass, < Y >, listed to aid in comparison). This was observed by PLP07 and ITS07

[47, 46]. Though, on average, the abundance increases by ∼1%, three of the objects

actually exhibit slightly decreased helium abundances. The decreased abundances of
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SBS 940+544N and SBS 1159+545 can be explained by discrepant high λ4026 fluxes.

This has been demonstrated using synthetic data, and using the parameters from OS04

for these two objects [44], we estimate that λ4026 fluxes may be high by 15% and 10%

respectively. Note that the typical uncertainties in the equivalent widths of the λ4026

lines and the corrections for underlying absorption are both comparable in magnitude

to this suspected discrepancy.

Overall, in comparison to BSS, the PFM emissivities favor a compromise whereby

the temperature decreases and the average abundance increases. However, this effect

is not uniform and a discrepantly strong λ4026 can cause the abundance to decrease.

Thus, the regression performed on the seven objects4 of OS04 yields a slightly lower

intercept as indicated in figure 2.5. It is also worth noting that for all nine objects the

temperature decreases as expected. Since this temperature decrease mitigates the abun-

dance increase, calculations based on temperatures not determined simultaneously with

the abundance would exhibit a more pronounced abundance increase upon replacing the

BSS emissivities with those of PFM. Qualitatively very similar to BSS, the new emis-

sivities do not dramatically shift the abundances or their pattern. The more accurate

atomic data is a distinct improvement but is not the primary limitation in determining

the abundance.

2.4 Combined H and He

In OS01 & OS04 [52, 44], the spectra are analyzed in a two step approach. First the

hydrogen lines are used in conjunction with the temperature (as determined by [O III]

emission) to determine the reddening parameter and underlying hydrogen absorption.

These two corrections are then applied to the helium to Hβ input flux ratios. Subse-

quently, these corrected flux ratios are used to determine the density, helium absorption,

optical depth, and temperature simultaneously with the abundance. This separation is

natural as reddening is the dominant correction to the hydrogen emission lines. This

allows the helium spectra to be corrected for interstellar effects before resolving the

competing nebular emission and absorption effects on the helium lines. However, the

4 I Zw 18SE and NGC 346 do not pass the three cuts based on equivalent width, oxygen abundance,
and radial velocity as discussed in OS04 [44].
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independence of these calculations is artificially imposed and could impair the abun-

dance calculation. Since reddening impacts both the hydrogen and helium fluxes (and

in the same way), for self-consistency, it is best to be a minimization parameter for

both. Furthermore, even though the hydrogen emissivity ratios are only weakly tem-

perature dependent, the estimated electron temperature is as physically meaningful for

the hydrogen emission as for helium.

In order that the calculations be truly self-consistent, the hydrogen and helium

based calculations are combined into a single minimization. This has the advantage

of being sensitive to all degeneracies. Conceptually, the implementation of combining

the two calculations is straightforward. Nine line ratios are now input, and all seven

physical parameters (ne, aHe, τ , T, C(Hβ), aH , ξ) are determined simultaneously with

the abundance via a single minimization. Equation (2.3) explicitly gives this combined

χ2; though, for this section the neutral hydrogen collisional correction is not yet in-

cluded. The previously observed degeneracies provide a further impetus for integrating

the hydrogen line based reddening calculation with the actual abundance calculation.

The larger parameter space allows for new degeneracies but the additional calculational

effects could break them.

An important detail of this process is that the deblending of He(λ3889) and H8

can now be done consistently based upon the solution for reddening and temperature.

In the sequential analysis, He(λ3889) is deblended using a the hydrogen reddening

parameters and a fixed temperature. As a result, even though the helium lines are used

to determine the temperature, the He(λ3889) flux could not be adjusted to account

for this temperature change. This effect is very small since the H8/Hβ emissivity is

only very weakly temperature dependent ( F (H8)
F (Hβ) = 0.104 T 0.046

4 , from a fit to the data

of [66]). However, integration allows the blended input flux to be deblended during

the χ2 calculation using the solved hydrogen underlying absorption, reddening, and

temperature. In this way, the deblending itself affects the χ2 and therefore the relevant

parameter solutions. The He(λ3889)
Hβ

flux is calculated by correcting the blended input

for underlying absorption in H8, reddening the H8 intensity fraction, and subtracting

it,

F (3889)

F (Hβ)
=

F (3889 +H8)

F (Hβ)

W (3889) + aH(H8)

W (3889)
− 0.104 T 0.046

4 10−f(3889)C(Hβ) , (2.10)
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(the same fraction is also subtracted from the equivalent width). The error on this flux

is not decreased so as to take the most conservative approach. Also, the errors on the

equivalent widths, not being reported, are taken to be the larger of 10% or twice the

fractional error in the flux.

2.4.1 Investigating the Expanded Parameter Space

Though the theoretical grounds for integrating the helium and hydrogen χ2 minimiza-

tions are sound, this guarantees no practical benefit, and, in fact, the expansion of

Monte Carlo and parameter space is liable to more freedom for non-physical realiza-

tions. Synthetic testing provides some insight since the actual physical parameters are

known. Characteristic values are chosen and used with the model equations to generate

corresponding fluxes for all nine line ratios. For this analysis, ne = 100 cm−3, aHe =

1.0 Å, τ = 1.0, T = 18,000 K, C(Hβ) = 0.1, aH = 1.0 Å, and ξ = 1.0 x 10−4, were used

in conjunction with EW(Hβ) = 250 Å and y+ = 0.08. Flux errors of 2% were assumed.

The generating and solved parameters and abundances are listed in table 2.2.

Since the temperature and reddening are the only two parameters directly impact-

ing both the helium and hydrogen χ2, it might be expected that they would exhibit

marked differences upon moving from sequential to integrated analysis. Both do, and

their most strongly coupled parameters, the density and underlying hydrogen absorp-

tion do also. Integration improves the accuracy of the temperature marginally, but

with a significantly larger uncertainty due to the added temperature dependence of the

hydrogen lines. The reddening parameter, C(Hβ) is essentially unchanged. The less

Input Sequential Integrated

He+/H+ 0.08 0.08024 ± 0.00268 0.07995 ± 0.00324
Te 18,000 18,212 ± 1768 18,053 ± 3039
Ne 100.0 122.5 ± 123.4 166.4 ± 307.9
aHe 1.0 1.02 ± 0.08 1.01 ± 0.10
τ 1.0 0.93 ± 0.40 0.96 ± 0.60
C(Hβ) 0.1 0.095 ± 0.029 0.096 ± 0.027
aH 1.0 1.34 ± 1.40 1.19 ± 1.07

Table 2.2: Comparison of sequential and integrated analyses using synthetic data
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accurate density with accompanying larger uncertainty stems from the previously dis-

cussed temperature-density degeneracy. The more uncertain temperature leads to the

increased density uncertainty; while the non-linear nature of their trade-off biases the

returned density. The benefit of the more accurate parameters propagates to the abun-

dance determination, improving from 0.08024 ± 0.00268 to 0.07995 ± 0.00324 (99.7%

to 99.9%). The greater variance in the density and temperature, however, leads to an

increased error bar. Overall, the effect of combining the helium and hydrogen calcula-

tions, on well-behaved spectra, is weak. The most notable feature is the similarity in

the returned results, excepting a more pronounced effect of degeneracy in the density

and temperature uncertainty.

In the above synthetic analysis, both the sequential and integrated approaches

achieve a well-minimized hydrogen and helium χ2. However, in real data, because

the reddening and underlying hydrogen absorption both increase the flux ratio for the

wavelengths shorter than Hβ (and both decrease Hα
Hβ

), minimization on the hydrogen

lines alone may produce a relatively large χ2. Then upon integration, the combination

of the temperature dependent hydrogen emissivities, which were previously evaluated

at the fixed [O III] temperature, and the density-temperature degeneracy may lead

the derived temperature to deviate from the sequential value. The hydrogen χ2 exerts

new pressure upon the temperature, but the weak (logarithmic) temperature depen-

dence requires a large temperature adjustment. As a result, the temperature can slide

substantially to reduce the hydrogen χ2 while maintaining the helium χ2 by inversely

adjusting the density. The possibility for exactly this behavior is a primary example

of the necessity of accounting for systematic error via Monte Carlo in calculating the

abundance error.

2.4.2 Integrating the Dataset

The resulting changes in the helium abundance in our nine objects due to the integration

of the minimization procedure is shown in figure 2.6. As evidenced in the preceding

subsection, integration of the hydrogen and helium calculations could potentially yield

significant changes to the temperature or reddening; however, for all objects, except

one, the solved reddening was similar after integration to the result of OS04 [44]. The

reddening for NGC 346 decreased from the OS04 value of 0.174 to 0.156, which is a
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difference of about two sigma. This raises the helium abundance, as two of the three

strong He lines are redder than Hβ.

The temperature changed significantly post integration for the three most metal poor

objects (see figure 2.6). I Zw 18SE showed a temperature increase (10,700 to 17,300 K)

and a resulting increased abundance. This difference in temperature is significant, and

results in an increase in the helium abundance of about 1.5 sigma. Note, however, that

I Zw 18SE was not included in the original “high quality” dataset of OS04 because it

did not meet two of the criteria (EW(Hβ) and redshift [44]), so this is likely due more

to the quality of the spectrum and the looser constraint on the derived temperature.

Nonetheless, the newly derived temperature is much more in line with that expected

from the temperature derived from observations of the [O III] emission lines.

However, the derived temperatures for SBS 0335-052E and SBS 940+544N both

decreased significantly (16,200 to 10,700 K and 18,500 to 12,800 K respectively) and

showed corresponding helium abundance decreases. The newly derived temperatures

are significantly different from those indicated by the [O III] emission lines. The mag-

nitude of the effect on the abundance due to the temperature change for these three

objects is apparent in figure 2.6. As discussed above, these shifting temperatures re-

sult from the combination of the temperature dependent hydrogen emissivities with the

density-temperature degeneracy. Temperature changes allow the hydrogen χ2 another

degree of freedom for minimization, and the density compensates within the helium χ2.

This is supported by the fact that each of the above objects shows a larger contribution

to the total χ2 from the hydrogen lines than from the helium lines. Apart from incon-

sistency between the temperature and density used for the hydrogen based corrections,

integration would necessarily decrease the total χ2, in validation of the procedure. The

total χ2 of eight of nine objects does decrease (SBS 1159+545 increases from 1.35 to

1.70), but the large parameter variation witnessed is of concern. This provides further

evidence for the importance of addressing the temperature-density degeneracy.

2.5 Underlying Absorption and Wavelength Dependence

Stellar absorption underlying the helium emission lines has long been recognized as

potentially leading to underestimates of their measured fluxes. Dinerstein & Shields
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Figure 2.6: Abundance comparison for the target objects in the sequential and in-
tegrated analyses. The red thinner lines are for the sequential analysis (using PFM
emissivities and shown in figure 2.5) with the integrated values given in black thicker
bars. Again I Zw 18SE and NGC 346 are not used in calculating Yp or < Y >.
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[67], Izotov & Thuan [68], Skillman et al. [69] and OS01 [52] all demonstrated examples

of how failure to correct for underlying stellar absorption in the He I lines resulted in

underestimates of nebular helium abundances. However, correcting for the effects of

underlying He I absorption is not straightforward (see discussions in OS01 & ITS07 [52,

46]). In OS01, the simplest possible approach was suggested: namely, the assumption

that the equivalent widths of all of the He I absorption lines were identical and could be

obtained through the χ2 minimization for that value [52]. The assumption of identical

equivalent widths has merit since these lines are usually saturated in the stars that

are producing them, and so the main problem is to essentially find a scaling factor to

determine what fraction of the continuum is produced by the stars with these saturated

lines. An alternative method is to use model stellar photospheres to produce an estimate

of the relative strengths of the underlying absorption. In the second method, one needs

estimates of the ages and metallicities of the stars and, in addition, the fraction of the

continuum due to the stars. Note that the large equivalent widths of the Balmer lines

in the “high quality” sample indicate that a significant fraction of the continuum is

nebular, so the assumption of a purely stellar continuum is not entirely correct.

There is evidence for two significant departures from the simplest assumption of

identical equivalent widths of underlying He I absorption. First, observations of stars

indicate variations of order a factor of two between different He I lines, and this is also

seen in the model stellar atmospheres (see discussion in OS01 [52]). Second, different

populations of stars contribute differently to different parts of the spectrum (i.e., young

blue stars account for more of the blue continuum and older red stars account for more

of the red continuum). If the stellar populations in the galaxies observed were single

epoch bursts, then one could neglect the contributions to the continuum from different

aged stellar populations. However, it is becoming clear that the bursts of star formation

that give rise to the bright H II regions typically studied have durations of order 100

Myr or longer [70, and references therein]. Since the He I absorption lines are formed in

the bluer stars, the red continuum will have larger contributions from older populations,

and thus, the equivalent widths of the redder He I lines will be weaker than predicted

from models.

In order to investigate the possible limitations of assuming identical equivalent
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widths of underlying stellar He I absorption, with F. Rosales-Ortega (private communi-

cation) we constructed models of the emission from simple stellar populations using the

Violent Star Formation Legacy tool “SED@”5 . The code used the input models from

González Delgado et al. [71] and Martins et al. [72], and He I absorption line strengths

as a function of stellar population age were examined. We then derived relative equiva-

lent widths which were suitable over a large range of ages and these are presented here.

We also did this for the H I absorption lines, although the variation is much smaller.

The wavelength dependence of underlying absorption in terms of equivalent width

for the hydrogen lines is normalized to Hβ while He λ4471 is used for the helium lines.

Those normalization values then represent the varying physical model parameters, aH

and aHe,

a(Hα) = 0.942, a(Hβ) = 1.000, a(Hγ) = 0.959, a(Hδ) = 0.896, (2.11)

a(3889) = 1.400, a(4026) = 1.347, a(4471) = 1.000,

a(5876) = 0.874, a(6678) = 0.525, a(7065) = 0.400. (2.12)

The value at H8 is also needed to successfully deblend He(λ3889). A linear fit to the

four hydrogen values above provides a value of 0.882.

Our main goal here is to determine the relative importance of a secondary correction

to the assumption of identical equivalent widths for underlying absorption. Thus, the

precise choice of the wavelength dependence of the underlying absorption is not nearly

as important as an assessment of the effect. Most importantly, note that the underlying

absorption in the helium lines and the hydrogen lines scale independently. Thus, this

allows for different populations of stars to provide the underlying stellar absorption from

hydrogen and helium (and thus one less degree of dependence on modeling). Our goal

is to rely more on our understanding of the atomic physics of absorption line formation

and less on our understanding of stellar population synthesis. Typically, one expects

values of aH to be larger than values of aHe, and for some of our solutions, our derived

values of aHe are comparable to the derived values of aH (although usually in cases

where the underlying absorption is quite small). Nonetheless, this unexpected result is

a potential bias toward higher helium abundances.

5 SED@ can be found at: http://www.iaa.es/~mcs/sed@

http://www.iaa.es/~mcs/sed@
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Figure 2.7 shows the impact of assuming the wavelength dependent absorption given

above. When comparing individual objects, in most cases there is no significant effect on

the abundance. For most of the objects there is a very slight downward shift, presumably

due to smaller corrections to the λ5876 and λ6678 lines. Since this effect is only a small

correction to the underlying absorption which itself is relatively weak, the minor impact

is in agreement with expectations. Note that the impact is minor in large part due to

the selection of targets for the “high quality” sample. By requiring large emission line

equivalent widths for the targets, we ensure that this intrinsically uncertain correction

will be small.

Note that there are two objects where the difference caused by the new assumption

is noticeable: SBS 0335-052E and NGC 346. In the case of SBS 0335-052E, we note

that the solution changes with almost every small change in assumptions that we test.

This spectrum indicates a significant amount of self absorption in the helium lines,

and, for large values of self-absorption our model is very uncertain. For NGC 346,

the uncertainties are very small, so even small changes in assumptions have noticeable

effects on the solution.
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Figure 2.7: Abundance comparison for the target objects upon inclusion of wavelength
dependent absorption. The red thinner lines are for the integrated analysis (of figure
2.6) with the same analysis performed including wavelength dependent absorption given
in black thicker bars. As before, I Zw 18SE and NGC 346 are not used in calculating
Yp or < Y >.
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2.6 Neutral Hydrogen Collisional Emission

To correct the measured hydrogen fluxes for emission due to neutral hydrogen collisional

excitation, the relative amount of collisional to recombination emission for a given line

can be calculated as follows,

C

R
(λ) =

n(H I)(
∑

i K1→iBRi→j)BRj→2ne

n(H II)α+→jBRj→2ne
=

n(H I)

n(H II)

Keff

αeff
= ξ

Keff

αeff
, (2.13)

where K represents the collisional transition rate from the ground state to some level,

i, above the transition level of interest, j (j → 2 = λ). Downward transitions from

i occur with a variety of branching paths so BRi→j represents the relevant branching

fraction for transitioning ultimately to j. α is the effective recombination rate to level

j (α+→j = αeff with “+ → j” serving as an analogue to K1→i but for ionization

recombining to level j ). Keff is the sum over the excitation levels of the collisional

transition rate, K1→i, times the corresponding branching fraction, BRi→j. Given the

relative complexity of the definition of C
R
, it is useful to note that the electron density

and branching fraction from level j to 2 cancel, and we are left with the ratio of the

neutral hydrogen density, n(H I), to the ionized hydrogen density, n(H II), times a

collisional rate over a recombination rate. The ratio n(H I)
n(H II) is then defined as the

model parameter ξ which will be solved via the minimization.

As defined above, C
R

makes the simplifying but very accurate assumption, at these

temperatures and densities, that all of the neutral hydrogen is excited from the ground

state. The collisional rates are based on power law fits (ATB) to the effective collisional

strengths, Υ, reported in Anderson et al. [73] over the temperature range 5000 to 35,000

K. The effective collisional strength as defined below allows for more convenient fitting

due to its more gradual temperature dependence and is easily converted to the collisional

excitation rate via the accompanying rate formula,

Υij =

∫ ∞

0
Ω(i → j) exp(− ǫj

kBT
)d(

ǫj
kBT

), (2.14)

Ki→j =
2
√
παca20
ωi

√

IH
kBT

exp(−△Eij

kbT
)Υij , (2.15)

K1→i = 4.004 × 10−8

√

1

kBT
exp(

−13.6(1 − 1
i2
)

kbT
)Υ1i,
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with Ω, the collisional strength, related to the cross-section by Ωij =
2mǫiωi
π~2

σij(ǫi), ǫj is

the final outgoing electron energy, ǫi is the incident electron energy, IH = −13.6 eV the

ionization potential, a0 is the Bohr radius, and ωi = (2s+1)(2l+1) the statistical weight

of the level. The branching fractions are calculated directly from the Einstein transition

coefficients, and the effective recombination rate is fit from the case B data of Hummer

& Story (1987) for an electron density of 100 per cm3 and over the temperature range

10,000 to 30,000 K. Again a power law fit is chosen for simplicity and models well. In

theory, the collisional sum includes an infinite number of levels, but the probabilities

fall off rather quickly. For this work the sum excludes any terms contributing less than

1% for Hα, Hβ, and Hγ, giving the following contributions:

For Hα, 3s, 3p, 3d, 4s, 4d, and 4f are included;

For Hβ, 4s, 4p, 4d, 4f, 5s, 5d, 5f, and 5g;

For Hγ, 5s, 5p, 5d, 5f, and 5g;

Anderson et al. [73] only report values for collisions up to a principle quantum number

of 5; therefore, to calculate the contribution to Hδ, the equation for Hγ was used and

scaled by the appropriate energy level difference,

C

R
(δ) =

C

R
(γ) exp(

−13.6 eV ( 1
52 − 1

62 )

kBT
). (2.16)

Table 2.3 lists the coefficients for constructing
Keff

αeff
, the quantity that multiplies ξ

and provides the increasing collisional enhancement factor for increasing temperature

(T4 =
T
104

),
Keff

αeff
=

∑

i

ai exp(−
bi
T4

)T4
ci . (2.17)

As can be clearly seen in figure 2.8 below, the collisional excitation grows strongly with

temperature. This has the effect of leaving ξ poorly constrained at low temperature,

but potentially well constrained at high temperature due to its now significant effect

on the hydrogen χ2. The neutral hydrogen collisional correction has no direct effect

on the helium χ2; however, it will directly raise the abundance due to the decrease in

the normalizing Hβ flux. In this regard, when working with lower temperature objects

(like NGC 346) the program is vulnerable to producing non-physical results (very high

neutral fractions). Here we will analyze NGC 346 for demonstration purposes, but we

do not use NGC 346 in our final determination of the primordial helium abundance.
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Line Coefficient Terms

Hα a 0.4155 2.4965 2.4063 0.2914 0.3685 4.6426
b -14.80 -14.03 -14.03 -14.80 -14.80 -14.03
c 0.4209 0.5853 0.6187 0.6766 0.7076 0.7788

Hβ a 0.2384 0.6964 0.1991 0.1409 0.2201 1.9228 1.4845 2.8179
b -15.15 -14.80 -15.15 -15.15 -15.15 -14.80 -14.80 -14.80
c 0.3082 0.4978 0.6017 0.6765 0.7293 0.7535 0.7845 0.9352

Hγ a 0.3629 0.8351 2.0044 1.4757 2.7947
b -15.15 -15.15 -15.15 -15.15 -15.15
c 0.3598 0.6533 0.7281 0.7809 0.8582

Hδ a 0.3629 0.8351 2.0044 1.4757 2.7947
b -15.34 -15.34 -15.34 -15.34 -15.34
c 0.3598 0.6533 0.7281 0.7809 0.8582

Table 2.3: Coefficients for the neutral hydrogen collisional correction
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Figure 2.8: The collisional correction factor for four hydrogen emission lines due to
neutral hydrogen. The behavior is dominantly exponential with temperature, with,
as expected, larger corrections for the lower energy emission lines. Note that the en-
hancement will scale linearly with increasing the neutral to ionized hydrogen ratio, ξ (a
characteristic value of 10−4 is used for the plot).
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2.6.1 A Return to Integration

The effects of integrating the helium and hydrogen χ2 minimizations were already dis-

cussed in §2.4.1. However, apart from the general motivation of increased consistency,

the inclusion of the neutral hydrogen fraction provides a strong practical benefit. Again,

synthetic testing, with its known parameters, provides insight. The same generating pa-

rameters as in §2.4.1 are used with the addition of ξ = 1.0 x 10−4. The generating and

solved parameters and abundance are listed in table 2.4.

As before, the most significant changes are seen in the temperature, density, red-

dening, and underlying hydrogen absorption. Now, the addition of neutral hydrogen

requires solving three parameters (C(Hβ), aH , ξ) from the hydrogen lines alone if se-

quential analysis is used, but only two for integrated analysis (since the reddening affects

both the hydrogen and helium lines). This dramatically improves the reddening accu-

racy, 52% to 82%. The aforementioned similarity of wavelength behavior between the

reddening and hydrogen absorption again leads to corresponding improvement for the

hydrogen absorption. The much larger and more discrepant neutral hydrogen fraction,

with an especially increased uncertainty, is, on the surface, disconcerting. The increased

temperature uncertainty is the cause. As discussed in the previous section, at low tem-

peratures the neutral hydrogen collisional emission rate is greatly reduced permitting

a larger fraction of neutral hydrogen. Therefore, the introduction of lower temperature

solutions after integration leads to lower neutral hydrogen collisional emission rate which

is then compensated by a higher fraction of neutral hydrogen. The resulting correction

Input Sequential Integrated

He+/H+ 0.08 0.08375 ± 0.00502 0.08099 ± 0.00373
Te 18,000 17,138 ± 1812 17,505 ± 3103
Ne 100.0 141.9 ± 252.7 173.7 ± 311.4
aHe 1.0 1.16 ± 0.10 1.05 ± 0.10
τ 1.0 1.35 ± 0.42 1.15 ± 0.68
C(Hβ) 0.1 0.05 ± 0.05 0.08 ± 0.03
aH 1.0 2.16 ± 1.65 1.32 ± 1.10
ξ × 104 1.0 11.62 ± 12.22 60.65 ± 269.67

Table 2.4: Comparison of sequential and integrated analyses including neutral hydrogen
collisional emission using synthetic data
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is actually smaller for the integrated analysis (e.g., ξC
R
(Hβ) = 3.3% → 1.4%) such that

the neutral hydrogen correction is improved from the sequential to integrated analysis.

The full benefit of the more accurate solution is manifested in the abundance, improving

from 0.08375 ± 0.00502 to 0.08099 ± 0.00373 (95% to 99%).

To summarize, the use of the solved temperature in evaluating the hydrogen lines,

though necessary for consistency, exposes the neutral hydrogen fraction to the temperature-

density degeneracy, as evidenced by the uncertainty on the neutral hydrogen fraction.

Apart from this temperature feedback, however, integration clearly benefits the neutral

hydrogen solution as well as the other parameters. Primarily, the reddening, constrained

through the helium and hydrogen lines, is more precisely determined; therefore, the un-

derlying absorption and neutral hydrogen fraction are allowed less range in correcting

the hydrogen lines, and the abundance determination benefits.

2.6.2 The Dataset Analysis with the New Neutral Hydrogen Param-

eter

The introduction of the neutral hydrogen collisional emission complicates the abundance

determination. A three way degeneracy between electron density, temperature, and the

neutral hydrogen fraction emerges. These degeneracies are shown in figure 2.9, a plot

of the Monte Carlo results for ne, T , and ξ from 1000 MC realizations for NGC 346. As

one can see, the solutions map out a wide range for these parameter values.

Since the neutral hydrogen fraction multiplies K
α
directly, the neutral hydrogen frac-

tion can be increased to compensate for a decrease in the collisional to recombination

rate which is itself only temperature dependent. Furthermore the neutral hydrogen

collisional emission correction can have a surprisingly significant effect in raising the

abundance as evidenced in figure 2.10. Since the collisional correction for Hβ multi-

plies each helium line abundance, it multiplicatively raises the abundance but does not

change the value of the corresponding χ2. As a result, the abundance of all nine objects

increases as does the derived primordial helium mass fraction.
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Figure 2.9: Monte Carlo plots (1000 points) of density, temperature, and neutral
hydrogen fraction for NGC 346. The strong correlation between the three parameters
demonstrates the difficulty in solving for them independently.
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Figure 2.10: Abundance comparison for the target objects detailing the effect of the
neutral hydrogen collisional emission. The red thinner lines are for the integrated anal-
ysis including wavelength dependent absorption (of figure 2.7) with the same analysis
performed including neutral hydrogen collisional emission given in black thicker bars.
As before, I Zw 18SE and NGC 346 are not used in calculating Yp or < Y >.
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2.6.3 Comparing Implementations

The approach detailed above differs from the recent analogous additions to ITS07 and

PLP07 in several important ways. ITS07 vary the collisional contribution to Hα between

0 and 5% and take the collisional contribution to Hβ, and therefore to y+, to be 1
3 as large

[46]. The minimum of the reddening corrected helium χ2 (each minimized over ne, τ , and

T) is taken to be the solution. This method does not allow for a full sampling of possible

parameter values as we find in the MC analysis exhibited in figure 2.9. Regarding the

neutral hydrogen collisional emission, the key differences with this work are modeling

the relative collisional contributions to Hα and Hβ only in determining the reddening

and treating the collisional emission fraction in its entirety as a model parameter rather

than a neutral hydrogen fraction times a temperature dependent relative collisional

emission rate.

PLP07 create a photoionization model for each of their objects using CLOUDY

which calculates the collisional contributions to the hydrogen lines [47]. Their model

also makes use of the collisional strength data of Anderson et al. [73]. The reddening is

calculated from the corrected Hα and Hβ, and y+ is increased by the decrease in Hβ.

The primary differences with the neutral hydrogen emission of this work are, again,

correcting only Hα and Hβ in determining the reddening and the construction of a

photoionization model, in particular requiring the specification of ionizing radiation

and geometry of the region, to determine the neutral hydrogen collisional contribution.

These differences extend beyond the neutral hydrogen collisional contribution modeling

and determination. We emphasize that, here, in addition to the collisional contributions

to Hγ and Hδ, all six He lines, due to the combined hydrogen and helium calculations, are

included in determining the reddening as well. Furthermore, the integrated approach

utilizes the same temperature in determining the hydrogen recombination emission,

hydrogen collisional emission, and the helium emission.

Table 2.5 below details the relative collisional to recombination emission contribu-

tions, C
R
, for the objects analyzed here with the corresponding corrections of ITS07 and

PLP07 listed where available [46, 47]. Note that for this work C
R

is computed for each

Monte Carlo realization from the solved neutral hydrogen fraction, ξ, and temperature,

T, with the table listing the Monte Carlo average. The magnitude of the corrections

calculated for this work is in broad agreement with that found in ITS07 (for which
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the solved Hα correction is restricted to less than 0.05) and PLP07. The results for

individual objects, however, do not in general agree. The most notable disagreements

are for Haro 29 and NGC 2363A, where this work finds a much smaller correction than

either ITS07 or PLP07, and for Mrk 193, much larger than ITS07. Close agreement

is found for Hα for SBS 0335-052E with PLP07 and SBS 0940+544N, SBS 1159+545,

and SBS 1420+544 (only reported by ITS07). As evidenced by those last three objects,

the temperature dependent neutral hydrogen collisional contribution of Hβ relative to

Hα is always less than 1
3 , the value used by ITS07. PLP07 find this ratio of the Hβ to

Hα contribution always greater than this work but also always less than ITS07. Both

this work and PLP07 calculate relative corrections to the Hα emission in excess of the

5% limit imposed by ITS07 for several objects. Interestingly, our value for NGC 346

is close to four times larger than that value derived by PLP07, and the low tempera-

ture for that object puts it in a regime in which collisional contributions to the Balmer

lines are expected to be negligible. Our impression is that the minimization routine is

using the collisional correction as a free parameter to resolve an inconsistency in the

Balmer lines. Overall, the different neutral hydrogen emission models yield qualitatively

and quantitatively different results, but the variance and magnitude of the effect are in

accordance.
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C
R
(λ): Hα Hβ Hγ Hδ Hα Hβ Hα Hβ

Object This Analysis (Chapter 2) ITS07 PLP07a

I Zw 18SE 0.0070 ± 0.0089 0.0037 ± 0.0083 0.0030 ± 0.0083 0.0027 ± 0.0083 0.0186 0.0222 0.075 0.056
SBS 0335-052E 0.0881 ± 0.0607 0.0425 ± 0.0464 0.0334 ± 0.0488 0.0297 ± 0.0501 0.0033 0.0036 0.094 0.071
SBS 0940+544N 0.0545 ± 0.0323 0.0273 ± 0.0223 0.0217 ± 0.0237 0.0194 ± 0.0247 0.0499 0.0490 - -
SBS 1159+545 0.0542 ± 0.0342 0.0262 ± 0.0244 0.0205 ± 0.0259 0.0182 ± 0.0268 0.0492 0.0452 - -
SBS 1420+544 0.0579 ± 0.0373 0.0309 ± 0.0281 0.0249 ± 0.0293 0.0226 ± 0.0301 0.0497 0.0520 - -
Haro 29 0.0011 ± 0.0016 0.0006 ± 0.0015 0.0004 ± 0.0016 0.0004 ± 0.0016 0.0357 0.0426 0.034 0.021
Mrk 193 0.0442 ± 0.0400 0.0191 ± 0.0339 0.0145 ± 0.0348 0.0126 ± 0.0353 0.0013 0.0004 - -
NGC 2363A 0.0013 ± 0.0069 0.0005 ± 0.0069 0.0004 ± 0.0069 0.0004 ± 0.0069 0.0115 0.0156 0.038 0.028
NGC 346 0.0461 ± 0.0282 0.0193 ± 0.0164 0.0145 ± 0.0181 0.0125 ± 0.0191 - - 0.011 0.007
a In terms of the variable used in PLP07, xλ = I(λ)col

I(λ)tot
, C

R
(λ) = xλ

1−xλ

Table 2.5: Comparison of neutral hydrogen collisional contribution
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2.7 Ionization Correction Factors

If the ionized hydrogen is not spatially co-existent with the ionized helium, then a

correction needs to be made for this effect. This can happen for two different reasons.

If the ionizing radiation field lacks sufficient high energy photons, then some of the

helium will be neutral where the hydrogen is ionized. It is also possible that lower

energy ionizing photons will be preferentially captured by hydrogen atoms resulting

in regions where helium is ionized and hydrogen is not (this can occur at the edges

of 1-dimensional photoionization models of H II regions). Since neutral inclusions are

impossible to detect in spectra of unresolved H II regions, corrections for these effects

are inherently uncertain. Typically, photoionization models are used as a guideline for

the importance of this correction.

The consensus approach to dealing with neutral helium has been to observe objects

with spectra that indicate that the presence of neutral helium is highly unlikely. Based

on photoionization models, Pagel et al. [32] established a criterion to select only H II

regions with sufficiently hard radiation fields, and this method has been followed through

most investigations.

The reverse correction, dealing with the presence of neutral hydrogen, has been

discussed [74–76], but generally is not applied nor accounted for in the uncertainty.

ITS07, based on photoionization modeling, argue for the presence of neutral hydrogen

within the ionized helium. Their corrections are derived from the doubly ionized oxygen

abundance fraction, and, typically, are about 1%. Interestingly, Ballantyne et al. [75]

found that eliminating H II regions with relatively strong [O I] λ6300 emission resulted

in a decrease in the scatter in the helium abundances. They interpreted this as evidence

of neutral hydrogen within the ionized helium. It is also possible that the [O I] λ6300

emission is indicative of collisional excitation due to the presence of supernova remnants

[e.g., 77], and that the elevated λ6300 emission could simply be an indicator that the

nebula is not excited purely by photoionization; thus, the simple model used to derive

abundances is not appropriate.

In this regard, detections of collisionally excited Balmer emission are of interest.

If as much as 1% of the helium is co-existent with neutral hydrogen, then collisional

excitation of the lower Balmer emission lines would be important in that volume. To
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our knowledge, none of the studies of these ionization correction factors ever looked into

detecting the neutral hydrogen by looking at the collisionally excited Balmer emission.

Although it is beyond the scope of this work, we believe that this would be a worthwhile

pursuit. For the present, we estimate that the amplitude and the uncertainty in the

ionization correction are much smaller than the other factors discussed here.

2.8 Primordial Helium

Figures 2.5, 2.6, 2.7, and 2.10 summarize the results of each subsequent change or

addition of §2.2-2.6. Table 2.6 provides numerical results comparing OS04 [44] and

the analysis of this chapter with all of the changes and additions included. The helium

abundance and all seven parameters (except the neutral hydrogen fraction for OS04) are

listed. I Zw 18SE was not analyzed in OS04 and is therefore not listed. The cumulative

effect of the updated emissivities, integration, wavelength dependent absorption, and

neutral hydrogen collisional emission is to raise the abundance for seven of the eight

objects. SBS 1159+545 undergoes the previously mentioned decrease from the updated

emissivities but is then very stable. The abundance error increases for six of the eight

with Haro 29 and NGC 2363A stable after integration decreased their error. Mutual

objects with ITS07 and PLP07 allow for further comparison (see Table 2.7). Broadly, we

find lower temperatures, higher densities, and lower optical depths than ITS07. There

is no clear pattern with the helium abundance, though on average, it is higher. Our

derived densities are lower than those of PLP07 with correspondingly higher abundances.

The only object not in agreement is NGC 346. The solution for NGC 346 exhibits

susceptibility to large variance, relative to its small uncertainty.

Our primary interest is the primordial helium abundance (mass fraction), Yp. To

extrapolate back to a primordial value, the oxygen to hydrogen mass fraction, O/H,

calculated in OS04 [44], is used in conjunction with Y, the helium mass fraction, in-

cluding a correction for y++.6 The relevant values are listed in Table 2.8. Note that

we have adopted the values for O/H used in OS04 for the purpose of direct compari-

son. Thus, the O/H values, and their errors, are very similar to the values derived by

ITS07 [46], but the O/H values derived by PLP07 are larger and have larger error bars

6 This work takes Z = 20(O/H) such that Y = 4y(1−20(O/H))
1+4y
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[47]. To be fully self-consistent, one could argue that we should use the temperatures

and associated errors derived from the helium lines in deriving the O/H abundances.

This would generally result in larger values for O/H and significantly larger uncertain-

ties. However, our main goal here is to quantify the impact of the four methodological

changes in deriving the helium abundance. Nonetheless, one result of this study is that

the temperatures derived from the helium lines are, on average, lower than those de-

rived from the [O III] lines. This signature of temperature fluctuations implies that

the best estimates of oxygen abundances are not necessarily derived assuming uniform

temperatures for the ionized gas.

OS04 analyzed NGC 346 but did not include it in the regression because its more

evolved chemical nature invokes more error in assuming a linear relationship between y+

and O/H [44]. I Zw 18SE was not analyzed in OS04 both because of its low equivalent

width for Hβ (EW (Hβ) = 135 < 200Å) making it susceptible to large corrections

for underlying absorption and because of its radial velocity making it susceptible to

contamination by Galactic Na I absorption [44]. A linear regression of Y for the seven

targets of OS04 versus O/H yields,

Yp = 0.2561 ± 0.0108, (2.18)

with slope 9 ± 192 and χ2 = 2.0. This result is shown in figure 2.11. Given the large

uncertainty, this agrees well with the WMAP result of Yp = 0.2487 ± 0.0002 [12, 22].

OS04 found Yp = 0.2495 ± 0.0092 [44]. The increased intercept and error we find here

is directly attributable to y+ increasing for six targets and an uncertainty increase for

four. The slope is similar to thatfound in OS04 (54 ± 187) and still consistent with

zero.

Given the short baseline, a mean evaluation yields,

Yp = 0.2566 ± 0.0028, (2.19)

for seven which is very similar to the Bayesian result [78] of 0.2563 ± 0.0028. Note

that had we restricted the slope of Y versus O/H to be positive (as could be argued

on the basis of chemical evolution), we would obtain a smaller upper limit to Yp which

is then found to be 0.2561+0.0032
−0.0108 . As discussed in OS04 [44], some improvement in

the uncertainties could be obtained with more “high quality” data even over the short

baseline considered.
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Figure 2.11: Helium abundance (mass fraction) versus oxygen to hydrogen ratio re-
gression calculating the primordial helium abundance.
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Because of the large uncertainty in Y, equation (2.18) is in agreement with PLP07,

Yp = 0.2477± 0.0029 [47], using PFM, and ITS07, Yp = 0.2516± 0.0011 [46], using BSS

rescaled to PFM emissivities. The striking, larger error found here (as in OS04 [44]) in

comparison to PLP07 and ITS07 is attributable to use of an unrestricted Monte Carlo,

the application of all systematic corrections simultaneously, and a smaller population

of objects (than ITS07). I Zw 18SE is below the regression line and, being the lowest

metallicity point, it would lower the intercept and raise the slope. NGC 346 would

extend the O/H domain and decrease the uncertainty in both the intercept and slope.

Including only NGC 346 would slightly decrease the intercept to 0.2543± 0.0066 with a

slope of 46±87. If both regions are included, we would find, Yp = 0.2528±0.0060, with a

slope of 64±80. Note, again, that the main purpose of this chapter is to introduce a new

approach to systematic uncertainties in individual data points, and thus, investigating

a more optimal sample for determining Yp is saved for a later chapter (chapter 4).

As noted earlier, the inclusion of the neutral hydrogen collisional correction has

a large impact on the result. As seen in figure 2.10, the same seven object regression

performed using the analysis with ξ = 0 yields a lower intercept of, Yp = 0.2394±0.0083.

The differences between the results with and without the neutral hydrogen correction

highlights the dominance of systematic effects and, therefore, the necessity of quantifying

the full effect of the associated error.

Since the main goal of this chapter is an improved assessment of the errors on the

helium abundances derived from spectra of metal poor H II regions, it is useful to

compare the sizes of the error bars determined here with those determined from the

same spectra in other studies. Figure 2.12 shows the sizes of the total errors associated

with each helium abundance determination for all of the objects studied here. One

surprising result of this comparison is that the relative size of the errors is a strong

function of oxygen abundance for all studies. To our knowledge, this has never been

seen or discussed before. One possible explanation is that the most metal poor objects

with suitably bright H II regions are relatively rare, so that the quality of the spectra for

these objects may be lower. Note also that, typically, the errors that we derive for each

spectrum are larger than previously derived by others. The errors derived by ITS07 are

typically the smallest, and this is directly attributable to their method of deriving the

electron temperature which limits that value to a relatively small range [46]. PLP07
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derive electron temperatures in a similar method to ours, but do not include a Monte

Carlo analysis of the errors [47]. Thus, the errors of PLP07 are typically intermediate

to those of ITS07 and those presented here.
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Figure 2.12: A comparison of the calculated uncertainties on the individual data points
from three different studies OS04, ITS07, PLP07, and chapter 2 of this work. The
data points are ordered from lowest oxygen abundance to highest oxygen abundance.
Note the trend of decreasing uncertainty with increasing abundance. Typically, our
uncertainties are larger than other previous analyses of the same spectra.
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Object He+/H+ Te ne aHe τ C(Hβ) aH ξ × 104

OS04

SBS 0335-052E 0.0763 ± 0.0049 15,940 ± 2710 347 ± 942 0.1 ± 0.2 4.6 ± 0.9 0.121 ± 0.014 1.3 ± 1.9 -
SBS 0940+544N 0.0841 ± 0.0035 19,260 ± 2480 35 ± 140 0.1 ± 0.3 0.4 ± 0.4 0.048 ± 0.023 0.0 ± 1.4 -
SBS 1159+545 0.0838 ± 0.0031 19,330 ± 2100 75 ± 116 0.0 ± 0.1 0.5 ± 0.4 0.065 ± 0.016 0.2 ± 1.1 -
SBS 1420+544 0.0854 ± 0.0026 20,370 ± 1740 27 ± 83 0.12 ± 0.18 3.32 ± 0.35 0.16 ± 0.03 0.4 ± 0.9 -
Haro 29 0.0844 ± 0.0024 16,680 ± 890 33 ± 97 0.5 ± 0.2 0.4 ± 0.2 0.001 ± 0.004 2.7 ± 0.3 -
Mrk 193 0.0845 ± 0.0023 15,643 ± 1130 23 ± 95 0.37 ± 0.14 2.29 ± 0.35 0.254 ± 0.019 0.36 ± 0.51 -
NGC 2363A 0.0801 ± 0.0046 14,040 ± 1060 285 ± 343 0.35 ± 0.28 1.4 ± 0.4 0.117 ± 0.003 1.4 ± 0.3 -
NGC 346 0.0828 ± 0.0008 13,420 ± 280 2 ± 19 0.09 ± 0.09 0.01 ± 0.04 0.174 ± 0.008 0.0 ± 0.5 -

Re-Analysis

I Zw 18SE 0.0801 ± 0.0047 17,590 ± 2950 77 ± 277 0.42 ± 0.36 0.42 ± 0.56 0.001 ± 0.005 4.76 ± 0.82 8 ± 70
SBS 0335-052E 0.0854 ± 0.0064 15,820 ± 2400 121 ± 254 0.39 ± 0.31 5.32 ± 0.87 0.052 ± 0.045 1.82 ± 1.04 117 ± 262
SBS 0940+544N 0.0851 ± 0.0048 16,690 ± 2120 149 ± 277 0.09 ± 0.20 0.61 ± 0.56 0.000 ± 0.000a 0.03 ± 0.17 26 ± 33
SBS 1159+545 0.0833 ± 0.0039 16,180 ± 2320 325 ± 330 0.03 ± 0.06 0.39 ± 0.43 0.021 ± 0.023 0.59 ± 0.63 68 ± 152
SBS 1420+544 0.0894 ± 0.0039 20,210 ± 2700 83 ± 234 0.18 ± 0.16 2.89 ± 0.62 0.156 ± 0.028 0.02 ± 0.14 30 ± 200
Haro 29 0.0858 ± 0.0017 17,090 ± 670 37 ± 48 0.52 ± 0.15 0.13 ± 0.16 0.000 ± 0.000a 3.38 ± 0.24 0.2 ± 0.4
Mrk 193 0.0866 ± 0.0044 13,920 ± 2220 117 ± 320 0.45 ± 0.19 2.63 ± 0.78 0.213 ± 0.043 0.64 ± 0.74 1000 ± 8470
NGC 2363A 0.0833 ± 0.0024 13,580 ± 990 194 ± 203 0.46 ± 0.18 1.55 ± 0.34 0.117 ± 0.010 0.29 ± 0.44 5 ± 49
NGC 346 0.0878 ± 0.0017 12,850 ± 710 30 ± 70 0.37 ± 0.15 0.03 ± 0.09 0.132 ± 0.013 0.10 ± 0.28 359 ± 758
a Of the two objects with quoted C(Hβ)=0.000±0.000, the largest of the calculated values is C(Hβ)=0.00004±0.00031 (SBS 0940+544N).

Table 2.6: Comparison of physical conditions and He+/H+ abundance solutions
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Analysis Y Te ne τ C(Hβ) O/H

I Zw 18SE

ITS07 0.2485 ± 0.0081 18,100 ± 500 11 +76
−0 1.30 +0.00

−0.99 0.16 ± 0.01
0.2415 ± 0.0104 18,600 ± 600 132 +134

−75 0.42 +0.51
−0.25 0.15 ± 0.01

PLP07 0.2505 ± 0.0087 90 ± 80 0.06 ± 0.05 0.00 ± 0.02 0.22 ± 0.03
Ch. 2 0.2480 ± 0.0119 17,590 ± 2950 77 +277

−77 0.42 ± 0.56 0.00 ± 0.00 0.15 ± 0.01

SBS 0335-052E

ITS07 0.2551 ± 0.0083 19,100 ± 600 12 +42
−1 4.99 +0.01

−0.44 0.22 ± 0.01
0.2504 ± 0.0045 19,300 ± 400 127 +39

−60 4.67 +0.19
−0.17 0.22 ± 0.01

0.2476 ± 0.0064 19,700 ± 600 176 +51
−37 2.62 +0.15

−0.31 0.22 ± 0.01
0.2470 ± 0.0062 19,200 ± 600 325 +84

−33 3.17 +0.02
−0.63 0.23 ± 0.01

PLP07 0.2533 ± 0.0059 329 ± 61 2.56 ± 0.35 0.21 ± 0.02 0.33 ± 0.03
Ch. 2 0.2595 ± 0.0150 15,820 ± 2400 121 +254

−121 5.32 ± 0.87 0.05 ± 0.04 0.19 ± 0.01

SBS 0940+544N

ITS07 0.2543 ± 0.0079 19,400 ± 300 104 +79
−59 0.01 +0.50

−0.00 0.28 ± 0.01
0.2515 ± 0.0036 17,800 ± 500 10 +23

−0 0.25 +0.08
−0.16 0.35 ± 0.01

Ch. 2 0.2537 ± 0.0108 16,690 ± 2120 149 +277
−149 0.61 ± 0.56 0.00 ± 0.00 0.26 ± 0.01

SBS 1159+545

ITS07 0.2613 ± 0.0063 17,500 ± 400 77 +63
−42 0.55 +0.45

−0.24 0.35 ± 0.01
Ch. 2 0.2520 ± 0.0090 16,180 ± 2320 325 +330

−325 0.39 ± 0.43 0.02 ± 0.02 0.30 ± 0.01

SBS 1420+544

ITS07 0.2590 ± 0.0065 17,500 ± 500 91 +86
−52 3.63 +0.36

−0.27 0.58 ± 0.02
Ch. 2 0.2655 ± 0.0088 20,210 ± 2700 83 +234

−83 2.89 ± 0.62 0.16 ± 0.03 0.54 ± 0.01

Haro 29

ITS07 0.2546 ± 0.019 15,300 ± 900 12 +258
−1 0.61 +2.53

−0.34 0.68 ± 0.01
PLP07 0.2535 ± 0.0048 61 ± 50 1.28 ± 0.30 -0.01 ± 0.08 0.89 ± 0.10
Ch. 2 0.2575 ± 0.0045 17,090 ± 670 37 +48

−37 0.13 ± 0.16 0.00 ± 0.00 0.58 ± 0.01

Mrk 193

ITS07 0.2537 ± 0.0038 14,700 ± 100 11 +19
−1 2.97 +0.07

−0.38 0.86 ± 0.02
Ch. 2 0.2592 ± 0.0098 13,920 ± 2220 117 +320

−117 2.63 ± 0.78 0.21 ± 0.04 0.61 ± 0.02

NGC 2363A

ITS07 0.2558 ± 0.0032 14,900 ± 400 14 +73
−2 2.00 +0.00

−0.48 0.82 ± 0.02
0.2492 ± 0.0089 13,400 ± 300 13 +127

−2 0.01 +0.33
−0.00 0.85 ± 0.05

PLP07 0.2518 ± 0.0051 285 ± 92 1.04 ± 0.40 0.10 ± 0.02 1.07 ± 0.08
Ch. 2 0.2522 ± 0.0061 13,580 ± 990 194 +203

−194 1.55 ± 0.34 0.12 ± 0.01 0.69 ± 0.01

NGC 346

PLP07 0.2507 ± 0.0031 58 ± 33 0.10 ± 0.20 0.15 ± 0.01 1.35 ± 0.20
Ch. 2 0.2593 ± 0.0037 12,850 ± 710 30 +70

−30 0.03 ± 0.09 0.13 ± 0.01 1.02 ± 0.02

Table 2.7: Comparison with ITS07 & PLP07
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Object He+/H+ He++/H+ Y O/H × 104

I Zw 18SE 0.08008 ± 0.00469 0.0024 ± 0.0024 0.2480 ± 0.0119 0.15 ± 0.01
SBS 0335-052E 0.08536 ± 0.00644 0.0023 ± 0.0023 0.2595 ± 0.0150 0.19 ± 0.01
SBS 0940+544N 0.08506 ± 0.00484 0.0000 0.2537 ± 0.0108 0.26 ± 0.01
SBS 1159+545 0.08332 ± 0.00390 0.0010 ± 0.0010 0.2520 ± 0.0090 0.30 ± 0.01
SBS 1420+544 0.08939 ± 0.00393 0.0011 ± 0.0011 0.2655 ± 0.0088 0.54 ± 0.01
Haro 29 0.08576 ± 0.00174 0.0011 ± 0.0011 0.2575 ± 0.0045 0.58 ± 0.01
Mrk 193 0.08660 ± 0.00435 0.0010 ± 0.0010 0.2592 ± 0.0098 0.61 ± 0.02
NGC 2363A 0.08328 ± 0.00244 0.0012 ± 0.0012 0.2522 ± 0.0061 0.69 ± 0.01
NGC 346 0.08777 ± 0.00168 0.0000 0.2593 ± 0.0037 1.02 ± 0.02

Table 2.8: Primordial helium regression values
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2.9 Summary

The preceding work in OS01 & OS04 emphasized the importance of the systematic

uncertainties in calculating helium abundances and the need for Monte Carlo analysis.

Extending that work to allow for self-consistent analysis, reflecting the common tem-

perature and reddening parameters between the hydrogen and helium lines, does not

diminish the importance of the systematic uncertainties or the case for the larger errors

determined via Monte Carlo. In fact, the addition of the neutral hydrogen collisional

emission, introduced with a new physical parameter, the neutral hydrogen fraction, high-

lights that abundance errors may be even larger than previously thought. In addition to

the need for observations to constrain systematic uncertainty as much as possible, §2.3
& 2.4 both demonstrate the significant impact that relatively small systematic errors

in the observed fluxes, even of the weakest lines, can have on the helium abundance

determination. Clearly high quality spectra are critical for meaningful analysis.

Thus, it should be emphasized that even though the precision of the primordial

helium abundance is not increased, the benefit of the analysis improvements is precisely

in demonstrating the full effect of the systematic errors in restricting the abundance

determination.



Chapter 3

Markov Chain Monte Carlo and

Realistic Uncertainties

3.1 Introduction

The focus of this chapter is the exploration of a new technique based on a Markov Chain

Monte Carlo (MCMC) analysis and which departs from the “self-consistent” method of

OS04 [44] utilized in chapter 2. Rather than fitting the parametric inputs to a helium

abundance, the frequentist approach developed here builds a global likelihood function

for all parameters including the helium abundance.

As we will demonstrate, the MCMC method is statistically superior to previous

efforts, it is more direct and transparent, and it maintains efficiency. Of primary benefit,

the results are more rigorous: the solution remains unbiased by the procedure, the

uncertainty captures the confidence of the model and measurements, visualization of

the parameter space topology reveals the reliability of the determination, and spectra

failing to resolve their physical environments are identified.

Section 3.2 discusses the determination of parameter uncertainties and details the

differences in the approach approach of chapter 2 and this chapter. The utility of

Markov Chains and the computational implementation are described in §3.3. In §3.4,
we describe tests using synthetic data to illustrate the method and its utility, with

particular emphasis on secondary minima and the incorporation of a temperature prior.

MCMC is implemented in analyzing the same dataset as chapter 2 (from OS04 [44]) in

51
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§3.5, and, in §3.6, Yp is determined. Finally, §3.7 offers a discussion of the exploration

and results.

3.2 Parameter Simulation

The purpose of the Monte Carlo is to generate a set of parameters with their χ2 val-

ues. Improving upon the previous efforts, a new technique, MCMC (see §3.3), enables
simultaneous Monte Carlo over all model parameters including the He abundance. A

full frequentist sampling of the parameter space involving eight input parameters would

be computationally prohibitive. However, using MCMC allows one to judicially sample

regions of parameter space with relatively low χ2. In this way, we can construct the

likelihood function and determine the best fit point in the multidimensional parame-

ter space along with their associated uncertainties. Indeed, the uncertainties are the

primary focus of this thesis.

The Monte Carlo approach of OS04 [44] and chapter 2 took each set of measured

fluxes and built a Gaussian distributed dataset of fluxes based upon their measurement

uncertainty. For each of 1000 such datasets, a best-fit solution was found for the helium

abundance as well as the physical input parameters using the “self-consistent” method

which determines the set of input parameters with a χ2 based on the derived helium

abundance from each of six helium emission lines. The final result was computed from

the average and standard deviation of the set of solutions. Using the fluctuation of the

minimum is, however, not a direct measure of the χ2’s parameter dependence. Fur-

thermore, it is also not as robust as desired. Each solution was restricted to physically

meaningful parameter space (e.g., positive densities), potentially biasing the solution.

Additionally, as was manifested in §2.2 and will be discussed further in §3.4, χ2 functions

lacking a well-constrained temperature and density can produce unlikely high density

and low temperature solutions that greatly skew the results. Ultimately, these con-

siderations, tempered by the required computational efficiency, motivate this chapter’s

work.

The χ2 function defined here, and used for parameter fitting, is modified from that

used in previous work. Rather than defining y+ implicitly, as the average of six indi-

vidual line abundances, and minimizing the deviation between the lines, y+ is demoted
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to an input parameter, no different than the others (e.g., temperature and density). In-

stead, here, we use all of the input parameters (described below) and calculate synthetic

fluxes which are then compared to observed flux, weighted by the observed uncertainty,

allowing for a more standard definition of χ2,

χ2 =
∑

λ

( F (λ)
F (Hβ) −

F (λ)
F (Hβ)meas

)2

σ(λ)2
, (3.1)

where the He flux at each wavelength λ relative to the flux in Hβ is given by

F (λ)

F (Hβ)
= y+

E(λ)

E(Hβ)

W (Hβ)+aH (Hβ)
W (Hβ)

W (λ)+aHe(λ)
W (λ)

fτ (λ)
1 + C

R
(λ)

1 + C
R
(Hβ)

10−f(λ)C(Hβ). (3.2)

The χ2 in equation (3.1) runs over He and H lines, and the ratio of H fluxes is defined

analogously,

F (λ)

F (Hβ)
=

E(λ)

E(Hβ)

W (Hβ)+aH (Hβ)
W (Hβ)

W (λ)+aH (λ)
W (λ)

1 + C
R
(λ)

1 + C
R
(Hβ)

10−f(λ)C(Hβ). (3.3)

For the above flux equations, six measured helium emission line fluxes (λ3889, 4026,

4471, 5876, 6678, and 7065) and three hydrogen emission line fluxes (Hα, Hγ, Hδ),

each relative to Hβ ( F (λ)
F (Hβ)), along with their equivalent widths (W (λ)) are used. The

predicted model fluxes are calculated from an input value of y+ and emissivity ratio of

Hβ to the helium or hydrogen line, E(Hβ)
E(λ) , with corrections made for reddening (C(Hβ)),

underlying absorption (aH & aHe), collisional enhancement, and radiative transfer. The

optical depth function, fτ , and collisional to recombination emission ratio, C
R
, are both

temperature (T) and density (ne) dependent (the emissivities are also temperature de-

pendent). Additionally, the hydrogen collisional emission depends on the neutral to

ionized hydrogen ratio (ξ). Therefore, there are a total of eight model parameters (y+,

ne, aHe, τ , T, C(Hβ), aH , ξ). The physical model itself, the equations relating the abun-

dance and correction parameters to the flux, is unchanged from §2.2, and incorporates

all of the effects explored there (updated emissivities, wavelength dependent underlying

absorption, and neutral hydrogen collisional emission).

We note here that the equivalent width of an emission line is not independent of the

flux. Each flux is related to its equivalent width through the flux of the continuum at
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that wavelength, h(λ), as

F (λ) = W (λ)h(λ). (3.4)

As a result, if the model parameters generate a lower flux, the equivalent width should

be lowered correspondingly. The continuum flux is constrained to remain constant such

that the ratio h(λ)
h(Hβ) is determined from the measured flux ratio and equivalent widths,

h(λ)

h(Hβ)
=

F (λ)

F (Hβ)meas

W (Hβ)meas

W (λ)meas
. (3.5)

Equation (3.2) can therefore be rewritten to remove W (λ) entirely and solve for a

consistent emission line ratio to H(β). This yields a simplified He flux ratio,

F (λ)

F (Hβ)
= y+

E(λ)

E(Hβ)
fτ (λ)

1 + C
R
(λ)

1 + C
R
(Hβ)

10−f(λ)C(Hβ)W (Hβ) + aH(Hβ)

W (Hβ)
− aHe(λ)

W (Hβ)

h(λ)

h(Hβ)
,

(3.6)

and H flux ratio,

F (λ)

F (Hβ)
=

E(λ)

E(Hβ)

1 + C
R
(λ)

1 + C
R
(Hβ)

10−f(λ)C(Hβ)W (Hβ) + aH(Hβ)

W (Hβ)
− aH(λ)

W (Hβ)

h(λ)

h(Hβ)
. (3.7)

Because it is this ratio of fluxes that is calculated, W (Hβ) cannot be removed from

the equation. The treatment of this measured quantity (equivalent to the Hβ flux

measurement) will be discussed in the next section (§3.3). As a final point in this

discussion of the relationship between the flux and equivalent width of the emission lines,

it should be noted that the uncertainty on the flux, which scales the χ2, incorporates

the uncertainty of the continuum fitting (i.e. the uncertainty of h(λ)).

To reduce bias in the solutions, previously, the emissivities of PFM [53] were re-

fit with a stronger density dependence to protect the χ2 minimizations from running

away to unphysical regions of the parameter space (see §2.3). As mentioned above, the

method introduced in OS04 [44] and employed in chapter 2 was susceptible to the skew-

ing of the final average. Because at large densities the density dependence of the PFM

emissivities is negligible [53], extreme outliers with densities increasing nearly without

bound occurred, rendering the final result meaningless. Refitting the emissivities to

the form of BSS [65] rectified this behavior, while preserving the accuracy of the PFM

equations in the region of interest. However, the approach of introduced in this chapter,

direct Monte Carlo over the parameters, is not susceptible to the previously exhibited
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biasing. A poor constraint on the density will be manifested in the χ2 function. This

will affect the uncertainty in a transparent way, reflecting the quality of the determi-

nation. The solution, the minimum χ2, will be unaffected, and any degeneracy in the

solution, i.e., multiple local minima, will be apparent. As a result, the unmodified PFM

emissivities [53] are now used.

3.3 Markov Chain Monte Carlo

The Markov Chain Monte Carlo (MCMC) method is an algorithmic procedure for sam-

pling from a statistical distribution [79, 80]. Therefore, the sequence of points in the

parameter space reconstructs the target distribution, here the likelihood distribution

(L). The real value of MCMC is the judicious choice of sampling such that the density

of samples is greatest around the best-fit point and increasingly sparse in increasingly

unlikely regions in parameter space. As a result, computational time is not wasted in

exploring poor model solutions, while full exploration of complex topology is still fa-

cilitated. In brief, the algorithm is efficient, with computational time scaling roughly

linearly with the number of parameters. This is in sharp contrast to the exponential

growth in time cost encountered with gridding. For example, if only 100 points in each

parameter were taken, then for eight parameters, a total of (102)
8
evaluations would be

needed. Typically, the MCMC results of this work are based on 106 − 107 points.

CosmoMC1 is a freely available Fortran package for MCMC, designed originally

for WMAP parameter extraction, but easily modified for generic sampling. It allows

for a variety of sampling algorithms, but this work makes use of the classic, and widely

applicable, Metropolis-Hastings algorithm [80, 81]. We must also choose a proposal

function which is a distribution function determining the sizes of the steps to take in

each parameter. The most common choice, and the one used here, is an n-dimensional

Gaussian distribution, where n is the number of input parameters. For a symmetric

proposal function, with N points in the Markov chain:

1 http://cosmologist.info/cosmomc/

http://cosmologist.info/cosmomc/
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• Select an initial parameter vector, ~x0

• For i = 0 to N − 1:

1. Randomly choose ∆~x from a proposal function

2. ~xi+1 = ~xi +∆~x

3. r = L(xi+1)
L(xi)

4. Accept ~xi+1 with probability r (if r > 1, r = 1)

5. Otherwise ~xi+1 = ~xi

In effect, a Gaussian distributed random walk is used; whereby, points that are

of higher likelihood are always accepted, and points of lower likelihood are accepted

proportional to the ratio of the proposed to current likelihood. For this work, the

likelihood is simply,

L = exp(−χ2/2), (3.8)

with χ2 given by equation (3.1). After a ‘burn-in’ period, the points will generate a

Markov Chain converging to the target distribution. The most important tuning comes

in picking the proposal function step size, the Gaussian width. If this is too large, then

the acceptance fraction will be very small, and the points will be clumped with large

separations. If the width is too small, the exploration of the full distribution will be

very slow, and failure to explore all minima becomes of increasing concern. Roughly, a

proposal width similar to the target distribution width, for each parameter, is the most

efficient. Furthermore, proposal widths leading to an acceptance fraction of ∼25% have

been shown to be optimally efficient [82, 83]. Based on these two guidelines, iteration

using sample runs facilitates selection of effective proposal widths. A fairly broad range

of proposal widths will map the likelihood function fully. Similarly, since all points are

samples of the likelihood function, the results of this work are not directly sensitive to

‘burn-in’ cut-off choices, and all points are retained. In summary, the method is robust

and intuitive, with monitoring of the stability and smoothness of the likelihood results

guiding the practical concern of achieving sufficient sample density.

One complication in this analysis comes from the emission line equivalent width of

Hβ, W (Hβ). It is used in making the corrections for underlying absorption and is,

therefore, needed to calculate the predicted flux, even though it is itself a measured
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quantity. To treat this, W (Hβ) is encoded as a nuisance parameter. For each MCMC

point, a new Gaussian distributed equivalent width is chosen based upon the measured

value and error. A corresponding term is then also added into the χ2,

χ2
W =

(W (Hβ)−W (Hβ)meas)
2

σ(Hβ)2
. (3.9)

Finally, the use of priors is straightforward in this MCMC analysis. The restriction of

the parameters to physically meaningful values, such as densities greater than zero, just

means that proposal points in unphysical regions are automatically rejected. Additional

measurement information is incorporated directly into the likelihood in the form of an

additional χ2 contribution. For example, a temperature characterizing the H II region

and derived from other emission lines could be incorporated as,

L = exp(−χ2/2) exp(−(T − Tmeas)
2/2σ2). (3.10)

Consequently, points with temperatures diverging significantly from Tmeas would be

disfavored by their low likelihood, and the uncertainty on the best-fit temperature, and

potentially all other parameters, would be reduced.

3.4 Synthetic Exploration

3.4.1 Improved Analysis with MCMC

Synthetic data are useful to demonstrate the utility and simplicity of the MCMC analy-

sis. Synthetic helium and hydrogen fluxes were generated using characteristic parameter

values of y+ = 0.08, ne = 100 cm−3, aHe = 1.0 Å, τ = 0.2, T = 18,000 K, C(Hβ) = 0.1,

aH = 1.0 Å, and ξ = 1.0× 10−4. Flux errors were 1% for the hydrogen and 2% for the

helium lines with EW(Hβ) = 250 Å. Given the synthetic fluxes generated from these

input parameters, we can apply the MCMC routine to determine the likelihood func-

tion across our 8-dimensional parameter space. Figure 3.1 shows the 1D marginalized

likelihood for the helium abundance. Each point shown represents a minimization of

the χ2 function over variations of the other seven input parameters at a given (binned)

value of y+. As one can see, the χ2 distribution nicely reproduces the input value of y+

with the 68% CL range indicated by the dashed lines. Figures 3.2 & 3.3 show the other
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seven parameters. The 68% CL ranges for all of the parameters are collected in table

3.1.

Figure 3.1: χ2 versus abundance for synthetic data with model parameters, y+ = 0.08,
ne = 100 cm−3, aHe = 1.0 Å, τ = 0.2, T = 18, 000 K, C(Hβ) = 0.1, aH = 1.0 Å, and
ξ = 1.0× 10−4. The 68% confidence level is marked by the dashed lines (χ2

min = 0.0 for
synthetic data). The arrow denotes the input value.

The likelihood plots are revealing in several important ways. First, the similarities

between the abundance and temperature are not a coincidence (figures 3.1 & 3.2d). The

temperature is the most important parameter in determining y+ through the emissivity

equations (see, e.g., §2.2 & 2.3). Also, because of a degeneracy in the determination,

primarily between the temperature and the density (cf. §2.2), the temperature is not

well constrained and admits values 7,000 K below the input value at the 95% level.
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Figure 3.2: Similar to figure 3.1 with plots of χ2 versus density, helium absorption,
optical depth, and temperature.
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Figure 3.3: Similar to figure 3.1 with plots of χ2 versus reddening, hydrogen absorption,
and neutral hydrogen fraction.
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As shown in figure 3.4, there is a strong negative correlation between these parameters

which allows a large variation in their values without rapidly raising χ2. The 95% levels,

defined by the χ2 = 4 contour, allow densities reaching 1250 cm−3 and temperatures

ranging between 11,000 K and 22,000 K, and result in the abundances spanning 0.072

to 0.089.
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Figure 3.4: Contour plot of χ2 versus density and temperature for the same synthetic
model used in figures 3.1-3.3. Contours are ∆χ2 = {1, 2.3, 4, 6, 9}. The degeneracy
between the parameters limits the precision of their determination and, therefore, of
the helium abundance.

Second, the neutral to ionized hydrogen ratio (figure 3.3c) is unconstrained at large

values, exhibiting asymptotic behavior at χ2 = 4. The collisional relative to recombina-

tion contribution to the hydrogen emission depends exponentially on the temperature

(see §2.6), and as a result, the low temperatures arising out of the temperature-density
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trade-off permit nearly any value of the neutral hydrogen fraction, including unphysi-

cal ones. In the previous approach, this behavior lead to some of the flux perturbed

solutions with very large neutral hydrogen fractions. This greatly biases the final av-

eraged result, ξ = 27.24 × 10−4, away from the input value of 1.0 ×10−4 (table 3.1).

This biasing is exacerbated by the restriction of solutions to physical values, prohibiting

negative solutions within the dataset. Such restrictions are physically meaningful and

necessary but, because of the statistical approach, impact the final result detrimentally.

In less pronounced fashion than for the neutral hydrogen fraction, any parameter with

an unperturbed best-fit point near zero suffers from this effect in the analysis of chapter

2. The optical depth, τ , with a generating value of 0.2, exhibits this biasing clearly,

returning 0.42. For the singular solution of the new MCMC analysis, the restriction to

physical values is correct and carries no possibility of unintended bias.

The results based on the method of chapter 2 are also shown in table 3.1 and can be

directly compared with the current results based on MCMC. The Gaussian distributed

flux result reproduces the input helium abundance fairly well (y+ is 1.4% high which is

less than one third of the 4.3% uncertainty, see table 3.1). In contrast, using MCMC,

the final result for the abundance is that of the true minimum, and any asymmetry in

the likelihood impacts only the uncertainty. The same is true for the other parameters

as well.

Input Chapter 2 MCMC

He+/H+ 0.08 0.08108 ± 0.00341 0.07999 +0.00385
−0.00292

ne 100.0 147.8 ± 282.8 100.1 +175.4
−100.1

aHe 1.0 1.05 ± 0.09 1.00 +0.08
−0.06

τ 0.2 0.42 ± 0.41 0.20 +0.57
−0.20

Te 18,000 17,440 ± 2308 17,999 +2239
−2711

C(Hβ) 0.1 0.08 ± 0.03 0.10 +0.02
−0.03

aH 1.0 1.35 ± 0.84 1.00 +0.82
−0.64

ξ × 104 1.0 27.24 ± 187.27 0.98 +59.77
−0.98

Table 3.1: Comparison of Gaussian distributed fluxes and MCMC analyses using syn-
thetic data
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3.4.2 Degeneracies at Large Values of Optical Depth

An important feature emerges in synthetic testing at high optical depth. Using the same

generating values as in §3.4.1, except for τ = 2.0 instead of 0.2, results in a pronounced

second minimum in the helium abundance (see figure 3.5). For objects with significant

radiative transfer and relatively large errors on He λ3889, the parameter space contains

the flexibility to decrease τ abruptly from the best-fit value, at a correspondingly low

temperature, low abundance, and high density, to decrease χ2. Consequently, a second

minimum is found in the MCMC analysis.

The reason for this second minimum can be understood by examining figure 5 in

OS01 [52]. The He I λ7065 emission line has a strong dependence on density (it is

increased via collisional excitations from the meta-stable triplet 2s level). However,

at significant values of optical depth, the He I λ7065 emission line is also increased

by absorptions out of the meta-stable triplet 2s level which cascade down through this

emission line. Because the He I λ3889, is also increased by via collisional excitations from

the meta-stable triplet 2s level, but decreased by absorptions from that level, the two

lines can trade against each other, combined with the temperature-density degeneracy,

to form the second, non-physical, minimum.

In figure 3.5, the second local minimum is near y+ = 0.072, and correspondingly, T =

10,000 K, ne = 1500 cm−3, and τ = 0.75. Though it does not impact the 68% CL, it lies

well within the 95% CL limit (χ2=1.6). Results from the method of chapter 2 were in

fact susceptible to being skewed by secondary minima. Upon perturbation of the fluxes,

this lower minimum could become the best-fit point for some of the datasets. Then,

upon averaging, these outlier solutions bias the final result. As already discussed, the

MCMC solution is unaffected by asymmetries about the minimum; however, broad, deep

secondary minimum will greatly, and artificially, increase the calculated uncertainty.

Furthermore, for real data, the presence of a second local minimum, with a similar

χ2, raises doubts regarding which minimum represents the physical environment. The

object’s reliability is clearly decreased, but, in the following section (§3.4.3), the use of

an additional observation of the temperature via the [O III] emission lines to resolve

this ambiguity is discussed.

As in chapter 2, this chapter uses the radiative transfer calculations of Benjamin,

Skillman, & Smits [84] (first used in OS04 [44]). These fits assume a spherical nebula
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Figure 3.5: χ2 versus abundance for synthetic data with model parameters, y+ = 0.08,
ne = 100 cm−3, aHe = 1.0 Å, T = 18, 000 K, C(Hβ) = 0.1, aH = 1.0 Å, and ξ =
1.0 × 10−4. The only difference between the two sets is the value of the optical depth:
τ = 0.2 for the lighter, open squares and τ = 2.0 for the darker, solid circles. For the
latter, the 68% confidence level is marked by the dashed lines, and the input value is
denoted by the arrow. The larger optical depth allows a secondary minimum to develop
at low abundance. Such behavior highlights a deficiency in the model and mitigates the
reliability of galaxies exhibiting large optical depth.
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with uniform density and temperature and no systematic velocity gradients. However,

H II regions may be expanding – the original work of Robbins [85] models the regions

as expanding with a constant velocity gradient. Similarly, the effects of turbulence may

be more complicated than as incorporated. Any such deviations from the model will be

more pronounced at larger optical depth. Furthermore, He λ3889 is the primary line

in determining τ ; yet, it is blended with H8, decreasing its reliability. The combination

of these concerns, in addition to the emergence of the secondary minimum, motivate a

preference for objects with low optical depth.

3.4.3 Using T(O III) as a Conservative Prior

Adding an independent measurement of the temperature in the H II region has the

potential to weaken the temperature-density degeneracy. The [O III] λλ4363, 4959, and

5007 emission lines provide such and independent measurement, T(O III), associated

with the doubly ionized oxygen of the H II region. However, because the temperature

in the H II region is not expected to be perfectly uniform, the exponential sensitivity

to temperature of the [O III] emission lines biases the derived temperature to higher

than average values. Thus, T(O III) may not well characterize the average electron

temperature over the entire He II emission zone. The magnitude, and thus importance,

of this temperature difference is a matter of debate. Recent work by Peimbert, Peimbert,

& Luridiana [40] found that T(He II) was always less than T(O III), ranging between 6-

10% less (solved) and 3-11% less (photo-ionization models). However, from comparisons

of temperatures derived from the Balmer jump with temperatures derived from the

[O III] emission lines, Guseva et al. [59, 86] find no evidence for this temperature offset

from studies of low metallicity H II regions.

To use T(O III) directly as a measurement of the average temperature would break

the temperature-density degeneracy (with resulting very small uncertainties), but risks

biasing the derived values of helium abundance to artificially high values in the presence

of non-uniform temperatures. Instead, T(O III) can be viewed as a slightly biased

predictor of the average temperature in the H II region, and, therefore, it serves as a

consistency check to eliminate physically improbable low temperature solutions. The

goal then is to use T(O III) to constrain the solved temperature to physically meaningful

values, not to bias it. First, note that previously estimated differences (see above)
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between T(O III) and T(He II) are much larger than the calculated error on T(O III). As

a result, in incorporating T(O III) as a prior (equation 3.10), this work takes σ(TOIII) =

0.2 TOIII , a very weak constraint. Since this error is much greater than the estimated

maximum temperature difference of 11%, potential bias in the solution will be negligible,

while the employment of the available additional temperature diagnostic will better

isolate the physically relevant parameter space. In the case of likelihoods exhibiting

a second minimum with a very low corresponding temperature (as demonstrated in

§3.4.2), the T(O III) prior rigorously and definitively rules out the unphysical region.

As a result, the parameter errors are then well defined, and the solution is unambiguous.

Figure 3.6 illustrates the effect of using the conservative T(O III) prior on the syn-

thetic object’s likelihood. The low temperature local minimum is completely removed

by using the T(O III) measurement as a prior, even with the very gentle implemen-

tation chosen. As expected, due to the temperature-density degeneracy, the increased

constraint on temperature translates into a marked improvement in the derived density,

as is evidenced in figure 3.7. The only concern is the possibility of bias in the best-fit

solution. For this example, T(O III) was input as 19,000 K, 6% higher than T(He II).

Table 3.2 compares the minimum χ2 solution with and without the use of the prior. The

increased temperature leads to y+ = 0.0802 (at χ2 = 0.05), but this is only 0.3% high

compared with an uncertainty of nearly 5%. This demonstrates the insignificant solu-

tion bias introduced by an upward biased T(O III) prior. Additionally, the uncertainty

on y+ benefits from the prior, being reduced, as expected, by the better constrained

solution temperature. In effect, the inclusion of the [O III] temperature prior, via our

conservative implementation, produces a negligible bias, reforms parameter behavior,

and strengthens the determination of the solution.
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Figure 3.6: χ2 versus abundance for synthetic data with model parameters, y+ = 0.08,
ne = 100 cm−3, aHe = 1.0 Å, τ = 2.0, T = 18, 000 K, C(Hβ) = 0.1, aH = 1.0 Å,
and ξ = 1.0 × 10−4. The darker, solid circles are analyzed with T (O III) = 19, 000K
included as a prior, while the lighter, open squares do not include the prior. The 68%
confidence level is marked by the dashed lines, and the input value is denoted by the
arrow. Note that the minimum is not noticeably impacted by the prior.
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Figure 3.7: Contour plot of χ2 versus density and temperature for the same synthetic
model used in figure 3.6. Contours are ∆χ2 = {1, 2.3, 4, 6, 9}. The dramatic curtailing of
the density and temperature variance is due solely to the inclusion of the weak T(O III)
prior – with and without in the top and bottom panels, respectively.
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Input MCMC MCMC w/ Prior

T(O III) 19,000

He+/H+ 0.08 0.07999 +0.00433
−0.00285 0.08021 +0.00362

−0.00236

ne 100.0 100.2 +209.2
−100.2 89.5 +126.1

−89.5

aHe 1.0 1.00 +0.09
−0.05 1.00 +0.08

−0.05

τ 2.0 2.00 +0.57
−0.49 1.96 +0.54

−0.40

Te 18,000 17994 +2228
−2731 18,333 +1700

−2053

C(Hβ) 0.1 0.10 +0.02
−0.03 0.10 +0.01

−0.03

aH 1.0 1.00 +0.83
−0.59 1.01 +0.76

−0.59

ξ × 104 1.0 1.00 +61.50
−1.00 0.38 +46.49

−0.38

Table 3.2: Comparison of the effect of T(O III) prior using synthetic data

3.5 Application of MCMC to Real Observations

To illustrate the effect of using the MCMC method, we will calculate the resulting value

of the helium abundance y+, along with the other input parameters and their associated

uncertainties, for the seven galaxies from Izotov & Thuan [36] analyzed in OS04 [44]

and chapter 2. Additionally, NGC 346 [38] and I Zw 18SE [37] are also included, as in

chapter 2. The values of T(O III) used are taken from OS04 [44].

MCMC, with the T(O III) prior, was used to determine the likelihood function for

each of the nine objects. The best fit value of the input parameters and their uncer-

tainties are found from the likelihood function as described in section §3.4. Mrk 193,

SBS 1420+544, and SBS 0335-052E each exhibit a pronounced double minimum. As

expected from the synthetic testing in §3.4.2, these three objects have the largest optical
depths.

As an example of the degeneracies for the large optical depth regime, we examine

Mrk 193. Shown in figure 3.8, the T(O III) prior clearly distinguishes the physical from

the unphysical minimum. Before including the O III measurement, the two minima

are troublingly similar in their χ2 values, yet dramatically different in their physical

environment. The slightly higher minimum with χ2 = 4.3, has a lower abundance, lower

temperature, and higher density than the one with χ2 = 4.0. The parameter values of

the higher minimum are y+ = 0.07271, ne = 5675 cm−3, and T = 6,655 K. These

values of density and temperature are physically unreasonable. The lower minimum

has values, y+ = 0.08572, ne = 2 cm−3, and T = 14,017 K, which are certainly quite
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Figure 3.8: χ2 versus abundance for Mrk 193. The darker, solid circles are analyzed
with the T(O III) prior, while the lighter, open squares are without. The 68% confidence
level is marked. The prominent double minima, though similar in χ2, correspond to very
different temperatures and, therefore, are readily resolved by including the T(O III)
prior. The shift in the minimum is negligible in comparison to its uncertainty.
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reasonable. Although each minimum defines a 68% CL by itself, neither does so at the

95% CL. Therefore, even though the lower minimum is the physically relevant one, their

near equivalence in χ2 and poorly constrained uncertainty values would undermine the

reliability of this object. By including the [O III] temperature (TOIII = 15, 561 K),

the unphysical minimum is completely removed, and the galaxy produces a well-defined

solution: y+ = 0.08619, ne = 1 cm−3, and T = 15,226 K. This new minimum is shifted

0.5% higher, but this variance is insignificant in comparison with the overall uncertainty

of 5%. Unlike in the case of synthetic testing, the difference in the solutions with and

without the T(O III) prior is not a measure of the bias itself, but of an upper bound

on the bias. Here, the solution excluding the [O III] measurement is not necessarily

more accurate and, in fact, can be seen as less accurate due to its neglect of a relevant

observation and larger uncertainty.

The remaining six objects are much better behaved. Figure 3.9 exhibits the solution

for one of these, SBS 1159+545. For these objects the shapes of the likelihood plots are

similar to those found in the synthetic results of figures 3.1, 3.2, and 3.3, prior to the

inclusion of the [O III] prior. For SBS 1159+545, the T(O III) prior noticeably increases

the helium abundance found in the solution. This occurs primarily due to the higher

temperatures found when the prior is included (using the TOIII value of 18,600 K for

SBS 1159+545 raises the solution temperature, T, from 15,900 K to 17,100 K). Reas-

suringly, this large temperature difference only raises the abundance by 1% (0.08326 to

0.08416), compared with an uncertainty of 5%. As was previously mentioned in dis-

cussing Mrk 193, the solution with T(O III) is preferred because the added information

strengthens the physical determination and reliability, outweighing the small unwanted

bias.

Figure 3.10 is included to illustrate the importance of using the T(O III) prior

conservatively. Though figure 3.8 clearly shows the dramatic benefit of incorporating

the [O III] measurement, we chose a very conservative implementation. Had we used

a more strict T(O III) prior, any possible deviation between T(He II) and T(O III)

would have been washed out. Interestingly, three objects show He temperatures greater

than the T(O III) temperature, though they are all within 1σ of being equal. The

remainder of the objects do show lower He temperatures, as might be expected, and

it is significantly lower for several galaxies. Therefore, our weak prior still allows the
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solved temperature to reflect the physical environment defined by the helium emission.
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Figure 3.9: χ2 versus abundance for SBS 1159+545. The darker, solid circles are
analyzed with the T(O III) prior, while the lighter, open squares are without. The
68% confidence level marked. Very similar to synthetic data (figure 3.1), this object
is characteristic of well-behaved parameter determinations. The notable shift in the
minimum is due to a large difference in T(O III) and T(He II), but is still much less
than the uncertainty.

The results, best-fit solution and uncertainties, for the entire sample are presented

in table 3.3. These are compared with the results from chapter 2 (table 2.6) and are

found to be similar (differences of less than 1 σ) for the all of the objects. The most sig-

nificant difference in the helium abundance is for SBS 0335-052E, where the abundance

likelihood has a very broad, shallow bottom and a weak second minimum. As a result,

the previous solution for SBS 0335-052E was determined by an average of abundances
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Figure 3.10: Plot of the solved temperature versus T(O III). The lighter, thinner lines
show the temperatures given in chapter 2 (table 2.6), while our MCMC (utilizing the
T(O III) prior) temperatures are given in darker, thicker bars. The straight, dotted line
of slope one denotes equal solved and [O III] temperatures. Note the deviations from
this line exceeding the uncertainty, including two points at higher temperature.
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that spanned this large range in y+, including the weak secondary minimum with a low

abundance and temperature. Therefore, the new solution, consistent with the T(O III)

prior, is much higher. In the three cases with the largest shifts in helium abundance,

SBS 0335-052E, SBS 0940+544N, and NGC 2363A, the helium abundance increased

due to an increase in the temperature, which results from the use of the T(O III) prior.
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Object He+/H+ ne aHe τ Te T(OIII) C(Hβ) aH ξ × 104

Chapter 2 Analysis
I Zw 18SE 0.0801 ± 0.0047 77 ± 277 0.42 ± 0.36 0.42 ± 0.56 17,590 ± 2950 - 0.00 ± 0.01 4.76 ± 0.82 8 ± 70
SBS 0335-052E 0.0854 ± 0.0064 121 ± 254 0.39 ± 0.31 5.32 ± 0.87 15,820 ± 2400 - 0.05 ± 0.05 1.82 ± 1.04 117 ± 262
SBS 0940+544N 0.0851 ± 0.0048 149 ± 277 0.09 ± 0.20 0.61 ± 0.56 16,690 ± 2120 - 0.00 ± 0.00 0.03 ± 0.17 26 ± 33
SBS 1159+545 0.0833 ± 0.0039 325 ± 330 0.03 ± 0.06 0.39 ± 0.43 16,180 ± 2320 - 0.02 ± 0.02 0.59 ± 0.63 68 ± 152
SBS 1420+544 0.0894 ± 0.0039 83 ± 234 0.18 ± 0.16 2.89 ± 0.62 20,210 ± 2700 - 0.16 ± 0.03 0.02 ± 0.14 30 ± 200
Haro 29 0.0858 ± 0.0017 37 ± 48 0.52 ± 0.15 0.13 ± 0.16 17,090 ± 670 - 0.00 ± 0.00 3.38 ± 0.24 0.2 ± 0.4
Mrk 193 0.0866 ± 0.0044 117 ± 320 0.45 ± 0.19 2.63 ± 0.78 13,920 ± 2220 - 0.21 ± 0.04 0.64 ± 0.74 1000 ± 8470
NGC 2363A 0.0833 ± 0.0024 194 ± 203 0.46 ± 0.18 1.55 ± 0.34 13,580 ± 990 - 0.12 ± 0.01 0.29 ± 0.44 5 ± 49
NGC 346 0.0878 ± 0.0017 30 ± 70 0.37 ± 0.15 0.03 ± 0.09 12,850 ± 710 - 0.13 ± 0.01 0.10 ± 0.28 359 ± 758

MCMC Re-Analysis

I Zw 18SE 0.0810 +0.0032
−0.0054 1 +179

−1 0.35 +0.21
−0.24 0.38 +0.62

−0.38 18,360 +2050
−2410 19,180 0.00 +0.02

−0.00 5.01 +0.62
−0.89 0 +14

−0

SBS 0335-052E 0.0899 +0.0072
−0.0084 1 +130

−1 0.40 +0.22
−0.23 5.24 +0.64

−0.69 17,360 +1560
−1900 20,530 0.06 +0.06

−0.05 1.92 +1.13
−1.22 46 +123

−46

SBS 0940+544N 0.0875 +0.0049
−0.0050 70 +230

−70 0.00 +0.19
−0.00 0.66 +0.57

−0.66 17,520 +2110
−1960 20,200 0.00 +0.01

−0.00 0.00 +0.33
−0.00 30 +45

−23

SBS 1159+545 0.0842 +0.0041
−0.0033 213 +252

−138 0.00 +0.08
−0.00 0.18 +0.58

−0.18 17,100 +1960
−2490 18,580 0.04 +0.03

−0.04 0.40 +0.95
−0.40 22 +133

−22

SBS 1420+544 0.0906 +0.0044
−0.0050 52 +138

−52 0.15 +0.12
−0.15 3.13 +0.42

−0.66 19,180 +2400
−1450 17,850 0.15 +0.03

−0.02 0.00 +0.26
−0.00 13 +27

−13

Haro 29 0.0847 +0.0023
−0.0016 56 +61

−56 0.45 +0.11
−0.11 0.14 +0.25

−0.14 16,610 +930
−440 16,150 0.00 +0.00

−0.00 3.22 +0.20
−0.24 0 +1

−0

Mrk 193 0.0862 +0.0048
−0.0033 1 +137

−1 0.38 +0.12
−0.11 2.40 +0.70

−0.44 15,230 +1410
−2010 16,560 0.25 +0.02

−0.05 0.26 +0.78
−0.26 22 +357

−22

NGC 2363A 0.0847 +0.0020
−0.0030 73 +204

−73 0.50 +0.14
−0.15 1.71 +0.20

−0.29 14,260 +850
−1230 15,870 0.12 +0.01

−0.01 0.11 +0.30
−0.11 0 +25

−0

NGC 346 0.0880 +0.0013
−0.0018 15 +104

−15 0.27 +0.08
−0.08 0.00 +0.14

−0.00 12,930 +380
−1080 11,190 0.14 +0.01

−0.01 0.00 +0.17
−0.00 516 +1120

−204

Table 3.3: Comparison of physical conditions and He+/H+ abundance solutions
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3.6 Results of the MCMC Analysis

A comparison of the derived values of y+ presented in table 3.3 is plotted in figure

3.11. An important result of this comparison, between the analysis of chapter 2 and

the MCMC method, is that the uncertainties are very similar. Indeed, the maximum

uncertainty (the larger of the two asymmetric uncertainties) is larger but, in all cases,

is much less than 1 σ larger. On average, the maximum uncertainty increased by 17%.

That the uncertainties increased at all might be unexpected. Naively, one would

expect that the use of the conservative prior, which eliminates an unphysical minimum,

would result in a decrease in the uncertainty. However, the comparison between the

analysis in chapter 2 and the MCMC method with prior reveals that the previous

method inherently underestimated the errors. For example, for Mrk 193 (figure 3.8), the

available parameter space for the Monte Carlo analysis was much broader for the chapter

2 analysis, but the estimate of the uncertainty did not capture the true uncertainty.

Primarily, this is because the variance was calculated symmetrically about the mean,

not asymmetrically about the minimum, and because the method was not a rigorous

approach to exploring the parameter variation. The MCMC method yields an improved

statistical result and more accurately reflects the uncertainty of the helium abundance

determination.

The development of the new MCMC analysis technique is the primary goal of this

chapter. To aid in demonstrating the effect, we also calculate the primordial helium

abundance (mass fraction), Yp. A regression of Y, the helium mass fraction, versus

O/H, the oxygen to hydrogen mass fraction, is used to extrapolate to the primordial

value.2 As in chapter 2, for direct comparison, the O/H values are taken from OS04

[44]. The relevant values are listed in table 3.4.

NGC 346 is more chemically evolved, and I Zw 18SE has a low equivalent width of

Hβ, making it more sensitive to underlying absorption, and is a candidate for Galactic

Na I absorption due to its radial velocity. As a result, neither object was included in the

primary regression of chapter 2, and they will similarly be excluded here. This regression

yields Yp = 0.2609±0.0117, with slope -67 ± 214 and χ2 = 1.7. Note that dY/dZ is very

poorly determined and if we restrict the analysis to theoretically meaningful positive

2 This work takes Z = 20(O/H) such that Y = 4y(1−20(O/H))
1+4y
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Figure 3.11: Abundance comparison for the target objects as analyzed in chapter
2, using Gaussian distributed fluxes, and MCMC. The lighter, thinner lines are for
Gaussian fluxes, with MCMC given in thicker, darker bars. The quoted primordial
helium abundance, Yp, is based on a regression of the seven objects of chapter 2 (i.e.,
I Zw 18SE and NGC 346 have not been used in the regression). This sample is also
used to produce the mean helium abundance, < Y >.
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slopes, we find

Yp = 0.2573+0.0033
−0.0088, (3.11)

with a range in slopes from 0 to 149 and a χ2 of 1.8. Equation (3.11) agrees with the

WMAP value of Yp = 0.2487±0.0002 within 1σ [12, 22]. We do note, however, that the

two most recent measurements of the neutron mean life [87, 88] are significantly lower

than the accepted world average [30]. A drop in the mean life of about 6 s would result

in a lower BBN abundance by about 0.001 [89]. While, conservatively, it is premature

to claim a discrepancy in helium (because the systematic uncertainties are so large), if

real, it may hint towards new physics [90–92] or require an early astrophysical source

for helium [93]. In chapter 2, we determined Yp = 0.2561 ± 0.0108 (0.2561+0.0032
−0.0108 when

the slope is restricted to be positive); that these results agree so closely is not surprising

given that the datasets and physical models are identical.

As the O/H domain is very limited, a mean evaluation is justified and gives,

Yp = 0.2573 ± 0.0033. (3.12)

Inclusion of I Zw 18SE and NGC 346, the lowest and highest metallicity objects, re-

duces the intercept and error to Yp = 0.2549 ± 0.0066 with a slope of 45 ± 86. Much

of the improvement stems from the longer metallicity baseline but, therefore, also more

assumptions. It has always been our view that one well-measured object at high metal-

licity, which would fix dY/dZ, should not affect the uncertainties of measurements at

low metallicities if their uncertainties are large. The size of our overall uncertainty also

suffers from a low number of “high quality” measurements at low metallicity which

should be close to primordial. Nonetheless, this is the state of current data. Including

more “high quality” objects would clearly benefit the determination. This chapter has

focused on introducing a new statistical method, saving a revised sample for the next

chapter (chapter 4).
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Object He+/H+ He++/H+ Y O/H × 104

I Zw 18 0.08102 ± 0.00540 0.0024 ± 0.0024 0.2501 ± 0.0133 0.15 ± 0.01
SBS 0335-052 0.08991 ± 0.00843 0.0023 ± 0.0023 0.2694 ± 0.0187 0.19 ± 0.01
SBS 0940+544N 0.08750 ± 0.00498 0.0000 0.2591 ± 0.0109 0.26 ± 0.01
SBS 1159+545 0.08416 ± 0.00410 0.0010 ± 0.0010 0.2539 ± 0.0094 0.30 ± 0.01
SBS 1420+544 0.09058 ± 0.00498 0.0011 ± 0.0011 0.2680 ± 0.0109 0.54 ± 0.01
Haro 29 0.08472 ± 0.00225 0.0011 ± 0.0011 0.2552 ± 0.0055 0.58 ± 0.01
Mrk 193 0.08619 ± 0.00480 0.0011 ± 0.0011 0.2584 ± 0.0108 0.61 ± 0.02
NGC 2363A 0.08469 ± 0.00300 0.0012 ± 0.0012 0.2554 ± 0.0072 0.69 ± 0.01
NGC 346 0.08803 ± 0.00179 0.0000 0.2599 ± 0.0039 1.02 ± 0.02

Table 3.4: Primordial helium regression values

3.7 Summary

The primary result of this chapter is the demonstration of a statistically rigorous method

for determining the uncertainty of the helium abundance and model parameters. The use

of MCMC allows one to efficiently sample the parameter space so that the uncertainties

can be calculated directly from the change in χ2 as the parameters are varied from

the best-fit solution. Computationally, MCMC is efficient and straightforward. Beyond

the improvement in the approach itself, the constructed likelihood distributions for the

parameters are instructive in evaluating the quality of the object and illuminating the

sources of differences with previous analyses.

Particularly illustrative of the benefits of the likelihood approach is the discovery

of the increased degeneracy at large optical depth. With synthetic data, a second

minimum emerges as the optical depth increases. As this false minimum becomes more

significant, the reliability and quality of the object is undermined. In concordance with

this predicted effect, several galaxies, each with large optical depth, exhibit prominent

second minimums. However, a second benefit of the approach is the straightforward

incorporation and interpretation of priors. This allows the electron temperature defined

by the [O III] emission lines to be utilized to eliminate low temperature, unphysical

secondary minimums. Therefore, after taking the [O III] measurement into account,

large optical depth objects are well behaved. It also worthy of note that the prior

is used very conservatively. This ensures that the solved value of the temperature

primarily reflects the helium defined temperature, thus protecting the abundance from

any significant bias.
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Thus, the new MCMC method is a distinct improvement, resulting in a statistically

more accurate determination of the helium abundance, the physical parameters associ-

ated with the H II region, and their uncertainties. Nevertheless, we again find relatively

large uncertainties in the helium abundance determinations of individual low metallicity

H II regions. This, however, is an indication of the true uncertainty in the measurement

and the challenge posed.



Chapter 4

Screening for a High Quality

Sample

4.1 Introduction

This chapter deploys the improved model of chapter 2 and analysis of chapter 3 on a new,

expanded dataset. The small sample adopted from OS04 [44], and employed in chapters

2 & 3, has limited capacity to constrain the slope of He vs. O/H and contributes to

the large uncertainty on the determination of Yp. Since the publication of OS04, Izotov

et al. have continued making new observations of H II regions, significantly increasing

their dataset [43, 46]. This chapter makes use of that expanded dataset, aided by the

MCMC analysis, which is utilized in making quality cuts on the dataset. Included in

this process is the use of χ2 as a measure of goodness-of-fit between the model and

data. The new, more rigorously selected dataset holds the promise of an improved

determination of the primordial helium abundance.

Section 4.2 gives a broad overview of the ITS07 dataset, and in §4.3, the subsets of the
observations with and without the detection of He I λ4026 are compared. Subsequently,

further cuts on the dataset are investigated. First, providing an indication of the quality

of the fit, the χ2 of the best-fit solution is scrutinized in §4.4. Second, in §4.5, ill-

behaved points with unreliable determinations are exhibited and discussed. Third, §4.6
examines the distribution of the dataset in terms of model parameters used to correct for

systematic effects. After making cuts on the dataset, Yp is determined in §4.7. Finally,

81
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§4.8 offers a discussion of the results and their exploration.

4.2 The ITS07 Sample

This chapter analyzes the HeBCD sample of ITS [46]. The HeBCD sample consists of

93 different observations of 86 H II regions in 77 galaxies. As described in ITS07 [46],

the spectra were reduced and extracted using IRAF. The line flux errors are determined

from statistical counting uncertainty combined with an assumed standard star absolute

flux calibration error of 1%. In addition to the helium and hydrogen line flux ratios and

equivalent widths, this chapter makes use of T(O III) and O/H, as reported in ITS07

[46]. Corrected line fluxes and values for He I λ4026 were obtained from Y. Izotov

(private communication).
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Figure 4.1: Histogram of the HeBCD sample of ITS07 in terms of the oxygen to
hydrogen ratio, O/H.
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Figure 4.2: Histogram of the HeBCD sample of ITS07 in terms of the equivalent width
of Hβ, W(Hβ).
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To begin to characterize the sample, the distribution in O/H is shown in figure

4.1. As lower metallicities are more desirable for determining Yp, the ITS07 sample

targeted low metallicities [46]. Slightly more than half of the sample have O/H less

than the O/H = 9.2 × 10−5 limit imposed in OS04 [44]. For reference, the solar value

is O/H ⊙= (4.90 ± 0.02) × 10−4 [94]. In this chapter a hard cut-off on O/H is not

imposed. Instead, first the entire sample is analyzed, then screened for quality, and

the distribution of metallicities is examined only as a final step. Ideally, the density of

points along the metallicity baseline should be high enough to capture the uncertainty

in the solutions; as a result, any outliers will be excluded.

Figure 4.2 shows the sample’s distribution in W(Hβ). At lower values of W(Hβ)

the corrections for underlying absorption have a larger effect; as a result, OS04 only

used objects with W (Hβ) > 200 Å[44]. In this chapter, as with O/H, all objects are

analyzed and then investigated for reliability. In particular, the behavior of objects with

large underlying absorption corrections is examined. Furthermore, given the decreasing

signal-to-noise ratio of low equivalent width objects, in addition to their larger suscepti-

bility to systematic uncertainty introduced by the corrections for underlying absorption,

one could imagine identifying a threshold in W(Hβ) below which reliable solutions were

not possible. However, we found no such threshold. Some objects with relatively low

equivalent widths (W (Hβ) ∼ 100) proved to be reliable and showed similar solution

characteristics to higher W (Hβ) spectra.

4.3 The Importance of He I λ4026

For 23 of the 93 observations in the HeBCD sample, the weak line He I λ4026 is not

detected. These objects can still be analyzed as described in §3.2, with the helium χ2

composed of the sum of the remaining five He lines. To help evaluate the reliability of

these 23 objects, the impact of removing He I λ4026 is investigated in five H II regions.

These galaxies were chosen to sample a range of equivalent widths: SBS 0917+527,

HS 0924+3821, SBS 1152+579, Mrk 209, and SBS 0940+544 2, with W(Hβ) of 85.9,

114.2, 189.3, 224.1, and 241.1 Å, respectively. An eight parameter fit to yield the

minimum χ2 was performed and uncertainties were calculated from ∆χ2. The results

of this analysis are given in table 4.1. Note that without He I λ4026, the system is,
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in principle, no longer overdetermined; though due to degeneracies, a “perfect χ2 = 0”

is not found. The absolute and fractional differences between the results, when solved

with and without He I λ4026, are also given in table 4.1.

From table 4.1, we see that the most significant effect of removing He I λ4026 is

clearly, and not surprisingly, on the value of aHe, which increases by 0.23 Å, on average,

which is larger than the typical uncertainty in the solutions including He I λ4026. The

average fractional increase is 69%. The uncertainty on aHe also increases notably, with

the average uncertainty tripling. From table 4.1, it is clear that none of the other

determinations of physical conditions show a similar significant bias with the absence

of a He I λ4026 measurement1 .

Since the correction for underlying helium absorption translates linearly into the

helium abundance, as can be seen in equation (3.2), increases in the underlying helium

absorption directly lead to an increased y+, Table 4.1 shows an increase in y+ for all

five objects, with an average fractional increase of 4%. Clearly this is an unacceptable

bias when the ultimate goal is an uncertainty on the order of ∼ 1%.

This systematic bias is further demonstrated in figure 4.3, which shows the helium

abundances for all 93 objects. The set of 23 observations without He I λ4026 exhibits

bias toward higher values of y+, with a subset of these objects noticeably elevated

from the majority of the points with He I λ4026. A calculation of the mean for each

population underscores the shift; the mean abundance for the 70 objects with He I

λ4026 is < y+ >= 0.0867 ± 0.0056, while it is < y+ >= 0.0900 ± 0.0352 for the 23

without He I λ4026. The uncertainties reported with each < y+ > are the dispersions

of the sample. The seven-fold increase in dispersion for the sample without He I λ4026

demonstrates its unreliability.

1 While aH also shows a systematic increase when λ4026 is removed, the shift is small compared
with the original uncertainties.
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Object He+/H+ ne aHe τ Te C(Hβ) aH ξ × 104 χ2

Including He I λ4026

SBS 0917+527 0.0866 +0.0069
−0.0067 1 +196

−1 0.16 +0.13
−0.12 0.00 +0.59

−0.00 12,770 +1450
−1830 0.05 +0.05

−0.05 0.45 +0.65
−0.45 711 +5510

−711 1.2
HS 0924+3821 0.0851 +0.0052

−0.0049 92 +836
−92 0.35 +0.13

−0.12 0.21 +0.82
−0.21 11,600 +1480

−2190 0.16 +0.02
−0.05 2.29 +0.71

−0.52 0 +10050
−0 0.9

SBS 1152+579 0.0891 +0.0066
−0.0056 1 +130

−1 0.42 +0.15
−0.14 2.48 +0.75

−0.61 15,170 +1840
−2040 0.23 +0.04

−0.05 0.44 +0.81
−0.44 77 +498

−77 3.8
Mrk 209 0.0848 +0.0022

−0.0052 1 +293
−1 0.37 +0.11

−0.16 0.49 +0.41
−0.49 16,030 +1380

−2580 0.01 +0.02
−0.01 2.16 +0.95

−0.80 0 +59
−0 1.4

SBS 0940+544 2 0.0870 +0.0057
−0.0050 8 +131

−8 0.51 +0.18
−0.18 0.08 +0.64

−0.08 18,380 +1330
−2500 0.07 +0.03

−0.05 1.81 +1.34
−1.09 8 +74

−8 0.7

With He I λ4026 Removed

SBS 0917+527 0.0921 +0.0068
−0.0115 1 +167

−1 0.34 +0.24
−0.34 0.00 +0.54

−0.00 13,090 +1460
−1870 0.02 +0.07

−0.02 0.71 +0.39
−0.71 946 +4750

−946 1.0
HS 0924+3821 0.0869 +0.0124

−0.0058 65 +584
−65 0.51 +0.40

−0.25 0.04 +0.87
−0.04 12,090 +1700

−2220 0.16 +0.02
−0.09 2.28 +1.08

−0.51 0 +6330
−0 0.4

SBS 1152+579 0.0924 +0.0117
−0.0088 1 +119

−1 0.56 +0.39
−0.33 2.52 +0.64

−0.70 15,190 +2150
−2010 0.21 +0.06

−0.06 0.68 +1.09
−0.68 131 +512

−131 3.6
Mrk 209 0.0870 +0.0036

−0.0052 1 +178
−1 0.68 +0.29

−0.35 0.31 +0.50
−0.31 16,640 +1410

−2380 0.01 +0.02
−0.01 2.43 +0.71

−0.94 0 +38
−0 0.5

SBS 0940+544 2 0.0923 +0.0068
−0.0112 1 +120

−1 0.85 +0.48
−0.67 0.20 +0.56

−0.20 18,320 +1450
−2150 0.03 +0.06

−0.03 2.52 +1.30
−1.77 22 +94

−22 0.5

Absolute Difference with He I λ4026 Removed

SBS 0917+527 0.0054 0 0.18 0.00 321 -0.03 0.26 235 -
HS 0924+3821 0.0018 -27 0.16 -0.17 494 0.00 -0.01 0 -
SBS 1152+579 0.0034 0 0.14 0.04 16 -0.02 0.24 54 -
Mrk 209 0.0022 0 0.31 -0.18 616 0.00 0.27 0 -
SBS 0940+544 2 0.0053 0 0.34 0.12 -56 -0.04 0.71 14 -
Average 0.0036 -5 0.23 -0.04 278 -0.02 0.19 61 -

Fractional Difference with He I λ4026 Removed

SBS 0917+527 0.06 0.00 1.13 0.00 0.03 -0.60 0.58 0.33 -
HS 0924+3821 0.02 -0.29 0.46 -0.81 0.04 0.00 -0.20 0.00 -
SBS 1152+579 0.04 0.00 0.33 0.02 0.00 -0.09 0.55 0.70 -
Mrk 209 0.03 0.00 0.84 -0.37 0.04 0.00 0.13 0.00 -
SBS 0940+544 2 0.06 0.00 0.67 1.50 0.00 -0.57 0.39 1.75 -
Average 0.04 -0.06 0.69 0.07 0.02 -0.25 0.29 0.56 -

Table 4.1: Comparison of the solutions for five sample galaxies with and without the inclusion of the He I λ4026
observation. Units used in the table are: ne (cm−3), aHe and aH (Å), Te (K). Other quantities are dimensionless.
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Figure 4.3: Plot of the helium abundance versus O/H for the entire sample. The black
circles denote objects for which He I λ4026 is reported and was used to calculate χ2

and determine the best-fit solution, while the red squares mark objects for which He I
λ4026 is not reported and is, therefore, excluded from their analysis. An upward bias
in the value of y+ is apparent in the distribution of points lacking He I λ4026.

He I λ4026, being the weakest of the six helium lines used in our analysis, is the

most sensitive to underlying helium absorption. He I λ4026 also shows relatively weak

sensitivity to temperature, density (collisional enhancement), and optical depth, and

OS01 demonstrated its usefulness for the purpose of constraining underlying helium

absorption [52]. However, this also requires that the input spectrum is a very high

quality one. The addition of even weaker He I lines such as λ4922, λ7281, and λ4387 [e.g.,

38, 47], which are all singlet lines with low susceptibility to optical depth effects, could,

in principle, provide even stronger constraints on the effects of underlying absorption.

For this to be true, the spectra would need to be of much higher quality than is typically

obtained for this type of work.
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The analyses above indicate the importance of including the faint He I λ4026 emis-

sion line in analyses like ours where the underlying absorption is solved for in a minimiza-

tion. Solutions lacking it are prone to drifting to larger values of aHe and, consequently,

y+. As a result of the testing above, and the corresponding behavior manifested in

the population of objects without He I λ4026, these 23 objects without He I λ4026

detections are excluded from the subsequent analysis and results. A primary goal of

this work is to reduce systematic bias as much as possible, and the strongest constraint

upon aHe is provided by He I λ4026. As is evident in table 4.1, the benefit of an ac-

curate He I λ4026 measurement to determining the helium abundance should not be

underestimated, and thus, requiring it improves the reliability of the sample. Note that

the lack of λ4026 in other analyses does not automatically result in artificially higher

values of y+; however, not properly accounting for underlying helium absorption will

certainly affect the reliability of those results.

4.4 Using Chi-Squared as an Analysis Tool

After dropping the 23 objects without λ4026 measurements, 70 objects remain. Figure

4.4 shows the distribution of χ2 values for the solutions for these remaining 70 objects.

Clearly, not all solutions provide good fits to the data (as evidenced by relatively high

values of χ2). Fits with large χ2 may indicate a measurement discrepancy in the line

fluxes, an underestimation of the uncertainties, or the possibility that the model used to

derive abundances is inappropriate for the object under study. In either case, points with

large χ2 are not reliable, and thus, we exclude them from further analysis in determining

Yp. There are nine observed line ratios used to calculate χ2 and eight model parameters

fit to the data; thus, there is only one degree of freedom, modulo correlations2 . Here

we choose to cut the sample at a standard value of χ2 < 4, corresponding to a 95.45%

confidence level3 . This cut removes 45 observations, leaving 25 (figure 4.4). The

disappointing result that nearly two-thirds of the sample have solutions with such low

likelihoods (χ2 > 4) is troubling and warrants further investigation. At this point, we

cannot be certain whether this result is due to deficiencies in the model, the observations

2 Correlations between the parameters will increase the effective degrees of freedom.
3 We note that of the 23 objects lacking λ4026, nine had χ2 > 4 (though, as noted, in the absence of

degeneracies among the parameters, we should expect a χ2 of 0 by fitting 8 parameters to 8 observables.)
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and their errors, or both.

Since the number of objects with high values of χ2 is so large, in the following

sections, we will carry out parallel analyses in which we study the reduced sample of

25 objects and compare to the sample of 70. What we find is that a majority of the

solutions with high χ2 values also tend to have questionable values for different physical

parameters. In the end, we conclude that cutting the sample on χ2 is fully justified on

both theoretical and empirical grounds.
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Figure 4.4: Histogram of best-fit χ2 for the 70 observations with He I λ4026 reported.
25 observations have χ2 < 4 (95.45% confidence level).
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4.5 Investigating Problematic Points

Next, we further investigate the quality of the solutions for the 25 objects meeting the

95% confidence level. Clearly it makes sense to exclude non-physical or ambiguous so-

lutions even if those solutions have acceptable values of χ2. As was demonstrated in

chapter 3, one of the benefits of an MCMC analysis is that likelihood plots illuminate

deficiencies in an object’s solution, such as very weakly constrained parameters and

multiple minima. For example, the neutral to ionized hydrogen fraction, ξ is of par-

ticular concern. As was discovered in §2.6, and further investigated in §3.4.1, ξ is very

weakly constrained at relatively low temperatures (higher metallicity), and can admit

completely unphysical solutions for the relative amount of neutral hydrogen.

Figure 4.5 illustrates the difference between the well-constrained, physically realistic

solution of Mrk 209, and the unbounded solution of Mrk 35. For Mrk 35, the global

minimum has not yet been reached at a value of ξ = 100, which corresponds to 99%

of the hydrogen being neutral (ξ = 10−4 is a characteristic value for H II regions).

The best fit solutions with high neutral fraction are not consistent with classifying this

object as an H II region (or photo-ionized)! Observations that do not yield a physically

meaningful solution imply either model deficiencies or errors in the observed spectrum.

Thus, we implement a very conservative criterion that any object whose solution exceeds

ξ = 0.333 (25% neutral hydrogen) is excluded from further analysis. There are two

objects from the reduced sample of 25 with large neutral fractions that we exclude with

this cut, and thus, we go forward with a reduced sample of 23.

Figure 4.6 shows the distribution of values of ξ in the original sample of 70, prior

to the χ2 cut. Note that there are 19 solutions with ξ > 0.333 in this original sample,

17 of which have χ2 > 4. Overall, unrealistically large values of the neutral fraction

are indicative of low probability solutions. We also identify objects with ξ > 0.01, and

whose lower error bound does not encompass ξ = 0.001. These solutions are flagged for

special special consideration and will be discussed later. There are three such objects

in the reduced sample of 23 (seven before the χ2 cut).

Additionally, the likelihood plots of each object are inspected for ambiguous solu-

tions. Only two objects yielding uncertain solutions are found, both of which have very

large χ2. SBS 1420+544 exhibits a pronounced double minimum, the lower of which
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Figure 4.5: χ2 versus the neutral to ionized hydrogen fraction, ξ, for Mrk 35 and
Mrk 209. On the left, Mrk 35 exhibits an unphysical ξ in contrast to the well-determined
value for Mrk 209, shown on the right, with the 68% confidence level marked. Mrk 35’s
ξ likelihood plot corresponds to more than 99% of the hydrogen present being in the
neutral state, an unphysical model for an H II region.

corresponds to a very low temperature (∼10,000 K). Such behavior calls into question

the reliability of this object, and is particularly striking as it is the only object in the

dataset to exhibit this phenomenon. Examples of solutions with double minima were

discussed in §3.4.2 & 3.5. J0519+0007 is the only object to exhibit a likelihood for y+

which is not strongly parabolic about its minimum. Shown in figure 4.7, the abundance

is nearly unbounded for values greater than the minimum, and in fact, the values of y+

attained are larger than for any of the other objects. Mrk 209 is again provided for com-

parison to a normal, well-behaved abundance. The values of χ2 for SBS 1420+544 and

J0519+0007 – 15.7 (for the more physical minimum) and 18.3, respectively – provide a

strong sign of their unreliability. Similarly, it is interesting that both objects have large

optical depth values (4.3 & 5.6). Furthermore, J0519+0007 has a temperature much

lower than its O[III] temperature (12,800 K vs. 20,700 K) and an unphysically large

neutral hydrogen fraction (ξ=0.67).

After removing the objects with problematic solutions we have two samples. There

are 50 objects with well-defined solutions, and 23 of these have satisfactorily low values

of χ2.
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Figure 4.6: Histogram of the neutral hydrogen to total hydrogen fraction, ξ/(1 + ξ),
for the 70 observations with He I λ4026. The 25 with χ2 < 4 are over-plotted using
darker, cross-hatched bars.
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Figure 4.7: χ2 versus helium abundance (y+) for J0519+0007 and Mrk 209. On the left,
J0519+0007 exhibits a very weakly bounded y+ in contrast to the well-determined value
for Mrk 209, shown on the right, with the 68% confidence level marked. J0519+0007’s
y+ likelihood plot is symptomatic of an object whose determination fails on multiple
different physical grounds and is completely unreliable.

4.6 Looking for Model Outliers

With a dataset comprised of 23 observations, for which the model is a good fit and the

parameters are clearly determined, Yp can be extracted. However, the models used for

correcting for observed flux for optical depth and underlying absorption carry significant

systematic uncertainties. The effect of these systematic uncertainties can be minimized

by limiting the size of the corrections. Additionally, the solution temperature and the

O[III] temperature should be in relatively good agreement for the solution to make

sense. Here we search for anomalous values of all three physical parameters. We also

discuss the choice of a metallicity baseline.

4.6.1 Anomalously Large Values of Optical Depth

In §3.4.2, it was noted that high values of optical depth increase susceptibility to model

deficiencies. Namely, the radiative transfer calculations of Benjamin, Skillman, & Smits

[84] do not take into account any expansion, non-uniformity, or turbulence in the H II

region. A histogram showing the distribution of the optical depth in objects before and

after the χ2 < 4 cut is shown in figure 4.8. There are originally 3 potential outliers with
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τ > 4. Reassuringly though, the χ2 cut removes two of these. The remaining object is

flagged to ascertain the impact of questionable points on the regression.
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Figure 4.8: Histogram of the optical depth, τ , for the 50 well-defined solutions. The
23 with χ2 < 4 are over-plotted using darker, cross-hatched bars.

4.6.2 Anomalously Large Values of Underlying Absorption

Next, a similar investigation is performed for underlying absorption. Though §2.5 added

wavelength dependence to the modeling of underlying absorption, it is still a difficult

effect to accurately quantify. It was for this reason that OS04 only analyzed galaxies

with W (Hβ) > 200 Å, which minimizes the effect of underlying absorption [44]. The

histograms for aH and aHe are shown in figures 4.9 and 4.10, respectively. As one can

see, there are four potential outliers with aH > 6 Å and two with aHe > 1 Å. One of

the objects is anomalously high in both, and one is removed by the χ2 selection. Thus,

four objects are flagged for further analysis with acceptable values of χ2 but anomalous
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solution parameters.
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Figure 4.9: Histogram of the underlying hydrogen absorption, aH , for the 50 well-
defined solutions. The 23 with χ2 < 4 are over-plotted using darker, cross-hatched
bars.

4.6.3 Anomalous Values of Temperature

The comparison of the solution temperature and the O[III] temperature provides a final

physical parameter to investigate here. In this case, the issue is not one of outliers and

their model realizability, but the physical constraint on these two temperatures: they

should be close to one another, with T(O III) serving as a loose upper bound for T.

Note that T is very weakly constrained by T(O III), but primarily determined by the

helium lines (i.e., T∼T(He II); see §3.4.3 for further discussion).

Figure 4.11 shows the difference, ∆T = T (O III) − T , before and after the χ2

cut. Since, in the presence of temperature fluctuations, the O[III] temperature is biased
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Figure 4.10: Histogram of the underlying helium absorption, aHe, for the 50 well-
defined solutions. The 23 with χ2 < 4 are over-plotted using darker, cross-hatched
bars.
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toward higher values, T(He II) is estimated to be less than T(O III) by 3-11% (see

§3.4.3). Additionally, the uncertainties on T are very large, averaging ∼2000 K over

the set of 50 observations. As a result, there will be a spread in ∆T , including negative

values. However, the most extreme values for this difference, ∆T < −3000 K and

∆T > 5000 K are very unlikely results (as is the number of results with ∆T < 0 K).

Reinforcing the utility of the χ2 selection, the χ2 < 4 subset does not admit the extreme

values, and the distribution now reflects the physical expectation.
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Figure 4.11: Histogram of the difference in the O[III] temperature and solution tem-
perature, T4(O III)−T4, where T4 is in units of 104K, for the 50 well-defined solutions.
The 23 with χ2 < 4 are over-plotted using darker, cross-hatched bars. It is expected
that T(O III) should be greater than T, and that T should closely track T(O III). That
some values of T will be larger than T(O III) is a result of the combination of the close
relationship of their actual physical values and the relatively large uncertainty on T.
However, the most extreme values are not easily justified. As result, it is not surprising
that the χ2 cut removes most of them.
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4.6.4 Choosing a Baseline in Metallicity

The last criterion for dataset selection is the metallicity baseline. Extending the metal-

licity baseline to higher values increases the systematic uncertainty in the value of the

primordial helium abundance which is due to the assumption of a linear relationship

of He/H with chemical evolution. For this reason, a shorter metallicity baseline is pre-

ferred, but there is a trade-off between a metallicity cut and sample size. Clearly it is

not desirable to truncate the dataset significantly and thus lose precision on the deter-

mination of Yp. Figure 4.12 shows that both samples exhibit a reasonable coverage of

points up through O/H = 15.1× 10−5 and then a possible outlier at 18.1× 10−5. This

last point could have undue leverage on the regression if included and is therefore ex-

cluded. The exclusion of the largest metallicity point yields a final dataset of 22 objects

with well-defined solutions that are good fits to the data.

A summary of the cuts and flagged objects on the sample is presented in table

4.2. To emphasize the utility of the χ2 goodness-of-fit test, the sequence is provided

with χ2 < 4 applied first, as was presented in the above description, and after the

other criteria. The resulting final dataset is the same, but the effectiveness of χ2 for

identifying problematic solutions is apparent.
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Figure 4.12: Histogram of the oxygen to hydrogen ratio, O/H, for the 50 well-defined
solutions. The 23 with χ2 < 4 are over-plotted using darker, cross-hatched bars.
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Criterion χ2 < 4 First If χ2 < 4 Reserved
until Last

HeBCD (ITS07) 93 93

Cuts

He I λ4026 Not Detected 23/93 23/93
χ2 > 4 45/70 -
ξ > 0.333 2/25 19/70
Degenerate Solution 0/23 1/51

Subtotal: Well-Defined Solutions 23 50

Flagged

ξ > 0.01 3 7
τ > 4 1 3
aH > 6 Å 3 4
aHe > 1 Å 2 2
T (O III)− T < −3000 K 0 1
T (O III)− T > 5000 K 0 1

Subtotal: Unique Flagged 8 17

Cuts

O/H ≥ 15.2 × 10−5 1/23 1/50
χ2 > 4 - 27/49

Final Dataset 22 22
Flagged 8 8
Qualifying 14 14

Table 4.2: Breakdown of the cuts and flags on the sample. To better highlight the
behavior of the physical parameters and emphasize the role of χ2, each criterion is
tabulated for the case where the cut on χ2 is made first and the case where it is made
afterward.
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4.7 Results from the Final Dataset

The 22 objects for which the model is a good fit, which return physically meaningful

parameter solutions, and which provide a robust metallicity baseline for regression com-

prise the Final Dataset, which we use to determine Yp. Each of the objects, with the

results of their best-fit solutions and uncertainties, are presented in table 4.3. Figure

4.13 presents the derived y+ values as a function of O/H. The seven objects flagged for

large outlier values of τ , aH , aHe, and ξ are highlighted with different symbols in figure

4.13. These flagged data points show a possible systematic shift to larger values of y+;

the average value of y+ for the flagged objects is 9% higher than that of the unflagged

objects in the Final Dataset.
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Object He+/H+ ne aHe τ Te C(Hβ) aH ξ × 104 χ2

Final Dataset Not Flagged

I Zw 18SE 1 0.0811 +0.0046
−0.0068 4 +248

−4 0.29 +0.23
−0.24 0.43 +0.70

−0.43 18,190 +2500
−2960 0.01 +0.02

−0.01 3.80 +0.62
−0.69 0 +26

−0 0.5
SBS 0940+544 2 0.0870 +0.0057

−0.0050 8 +131
−8 0.51 +0.18

−0.18 0.08 +0.64
−0.08 18,380 +1330

−2500 0.07 +0.03
−0.05 1.81 +1.34

−1.09 8 +74
−8 0.7

Tol 65 0.0825 +0.0052
−0.0038 211 +305

−135 0.67 +0.11
−0.08 0.00 +0.47

−0.00 17,330 +1620
−2910 0.13 +0.02

−0.05 3.54 +0.82
−0.60 1 +137

−1 2.4
SBS 1415+437 (No. 2) 0.0861 +0.0029

−0.0063 5 +343
−5 0.54 +0.07

−0.12 1.16 +0.75
−1.16 15,440 +1910

−2320 0.00 +0.02
−0.00 3.48 +0.72

−0.72 0 +57
−0 1.9

HS 1442+4250 0.0830 +0.0064
−0.0068 1 +257

−1 0.46 +0.40
−0.38 0.29 +0.85

−0.29 14,880 +2180
−2650 0.03 +0.03

−0.03 0.00 +1.15
−0.00 127 +1550

−127 2.2
Mrk 209 0.0848 +0.0022

−0.0052 1 +293
−1 0.37 +0.11

−0.16 0.49 +0.41
−0.49 16,030 +1380

−2580 0.01 +0.02
−0.01 2.16 +0.95

−0.80 0 +59
−0 1.4

Mrk 71 (No. 1) 0.0871 +0.0058
−0.0057 93 +341

−93 0.60 +0.28
−0.25 1.75 +0.67

−0.83 14,170 +1860
−2090 0.09 +0.04

−0.05 1.13 +1.71
−1.13 132 +1270

−132 1.2
SBS 0917+527 0.0866 +0.0069

−0.0067 1 +196
−1 0.16 +0.13

−0.12 0.00 +0.59
−0.00 12,770 +1450

−1830 0.05 +0.05
−0.05 0.45 +0.65

−0.45 711 +5510
−711 1.2

SBS 1152+579 0.0891 +0.0066
−0.0056 1 +130

−1 0.42 +0.15
−0.14 2.48 +0.75

−0.61 15,170 +1840
−2040 0.23 +0.04

−0.05 0.44 +0.81
−0.44 77 +498

−77 3.8
SBS 1054+365 0.0921 +0.0038

−0.0085 1 +428
−1 0.49 +0.18

−0.24 0.51 +0.57
−0.51 12,040 +1720

−1620 0.00 +0.07
−0.00 2.87 +0.49

−1.04 2040 +5160
−2040 1.0

SBS 0926+606 0.0966 +0.0038
−0.0099 1 +296

−1 0.70 +0.13
−0.20 0.12 +0.61

−0.12 12,790 +1520
−1750 0.00 +0.07

−0.00 0.75 +0.33
−0.75 1460 +4470

−1460 0.7
SBS 1135+581 0.0854 +0.0038

−0.0034 468 +913
−468 0.44 +0.09

−0.08 0.00 +0.59
−0.00 11,270 +1880

−1660 0.10 +0.02
−0.03 3.42 +0.47

−0.54 0 +3160
−0 2.7

HS 0924+3821 0.0851 +0.0052
−0.0049 92 +836

−92 0.35 +0.13
−0.12 0.21 +0.82

−0.21 11,600 +1480
−2190 0.16 +0.02

−0.05 2.29 +0.71
−0.52 0 +10100

−0 0.9
UM 439 0.0906 +0.0125

−0.0078 185 +660
−185 0.01 +0.24

−0.01 3.29 +0.95
−1.01 14,580 +2040

−3290 0.20 +0.05
−0.07 0.57 +1.16

−0.57 218 +2980
−218 2.9

Final Dataset with Flags

SBS 0335-052E1 0.0863 +0.0080
−0.0081 4 +182

−4 0.24 +0.18
−0.20 4.96 +0.89

−1.01 18,120 +2330
−2680 0.09 +0.05

−0.06 1.51 +1.21
−1.25 17 +126

−17 0.9
HS 0122+0743 0.0996 +0.0072

−0.0092 1 +97
−1 1.40 +0.21

−0.23 0.55 +0.50
−0.55 18,070 +2270

−1790 0.06 +0.06
−0.06 4.34 +1.47

−1.57 38 +109
−38 1.1

UM 461 0.0932 +0.0043
−0.0120 1 +295

−1 0.90 +0.27
−0.35 2.07 +0.67

−0.97 18,340 +2110
−2850 0.00 +0.07

−0.00 7.72 +0.87
−1.94 28 +98

−28 1.5
HS 0811+4913 0.1004 +0.0042

−0.0117 26 +323
−26 1.39 +0.25

−0.46 0.99 +0.52
−0.99 14,850 +1750

−2070 0.01 +0.07
−0.01 9.13 +0.84

−2.89 396 +1370
−396 1.5

UM 238 0.0856 +0.0092
−0.0060 1150 +3700

−624 0.92 +0.62
−0.46 0.53 +0.98

−0.53 12911 +1950
−2770 0.24 +0.04

−0.08 13.21 +3.69
−2.19 178 +4280

−178 0.9
UGC 4483 0.0964 +0.0053

−0.0041 1 +113
−1 0.47 +0.09

−0.08 0.36 +0.56
−0.36 14,090 +1600

−1680 0.09 +0.03
−0.04 0.00 +0.54

−0.00 716 +2070
−525 2.2

SBS 1331+493 0.0906 +0.0051
−0.0065 138 +507

−138 0.23 +0.10
−0.13 0.97 +0.58

−0.97 12,910 +1940
−1570 0.00 +0.04

−0.00 0.29 +0.76
−0.29 1440 +3720

−1170 3.8
SBS 1533+574B 0.0957 +0.0203

−0.0133 401 +924
−401 0.46 +0.20

−0.20 1.53 +1.44
−1.32 12,620 +2750

−1460 0.27 +0.11
−0.10 2.56 +0.95

−1.03 2630 +3690
−2450 2.7

Table 4.3: Physical conditions and He+/H+ abundance solutions of Final Dataset
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Figure 4.13: Plot of y+ vs O/H for the 22 objects meeting the prescribed reliability
standards. The upward triangles signify points flagged for large outlier values in optical
depth or underlying absorption. The downward triangles signify points flagged for large
neutral hydrogen fractions.

The primary target of this work, the primordial helium abundance (mass fraction),

Yp, can now be calculated for several subsets of the final dataset. A regression of Y,

the helium mass fraction, versus O/H, the oxygen to hydrogen mass fraction, is used to

extrapolate to the primordial value4 . The O/H values are taken directly from ITS07

[46].

Because it minimizes confounding systematic effects, our preferred dataset is the

14 qualifying points. The relevant values for its regression are given in table 4.4. The

regression yields,

Yp = 0.2534 ± 0.0083, (4.1)

4 This work takes Z = 20(O/H) such that Y = 4y(1−20(O/H))
1+4y
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with a slope of 54 ± 102 and a χ2 of 2.9. The result is shown in figure 4.14. Note that

the expected value of χ2 for this dataset is ∼ 12, so the resultant χ2 is unexpectedly low.

This result for Yp agrees well with the WMAP value of Yp = 0.2487 ± 0.0002 [12, 22].

Chapter 3 determined Yp = 0.2609 ± 0.0117 (0.2573+0.0033
−0.0088 with the slope restricted to

be positive). Given their large uncertainties, these results are in agreement with the

newer result. The smaller uncertainty on the unconstrained fit is a direct result of the

increased sample size (doubling from 7 objects in chapters 2 & 3 to 14 here).

Because the uncertainty in the slope of the He regression is large, it will be difficult

to use this result to constrain models of chemical evolution. We do note however, that

simple models of galactic chemical evolution tend to predict dY/dZ values of order 1,

with higher values (of order 3) being possible when enriched winds are included [95, 96]

(our result corresponds to roughly dY/dZ = 2.7 ± 5.1). For comparison, studies of

Galactic dY/dZ also typically find between 1 and 3 [97–99].

As the O/H domain is limited, an estimate of Yp using the mean value is justified

and gives,

Yp = 0.2574 ± 0.0036. (4.2)

This is not significantly different from the result of the regression fit; however, the

uncertainty is decreased by more than a factor of two.

Including the flagged objects raises the intercept and reduces error to 0.2611±0.0067

with a slope of 0 ± 86. The reduced uncertainty is a result of the increased number

of points in the regression, and the possible systematic bias toward larger y+ within

the flagged dataset raises the intercept. OS04 restricted the metallicity baseline to

O/H = 9.2 × 10−5 [44]. Adopting the same metallicity cut with the dataset of this

chapter decreases the intercept substantially to 0.2465±0.0134 and produces a strongly

positive slope (though still consistent with 0) of 196 ± 230. Using all 93 observations

included in their HeBCD sample, ITS07 determined Yp = 0.2516 ± 0.0011 [46]. Their

much smaller uncertainty is achieved primarily though the use of the full sample of

observations. In a more recent analysis using their HeBCD sample, Izotov & Thuan

[48] find Yp = 0.2565±0.0010(stat.)±0.0050(syst.). Table 4.5 summarizes the calculated

regression Yp and slope, as well as the mean, < Y >, for several subsets of the Final

Dataset found in this chapter.
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Figure 4.14: Helium abundance (mass fraction) versus oxygen to hydrogen ratio re-
gression calculating the primordial helium abundance.

Object He+/H+ He++/H+ Y O/H × 105

I Zw 18SE 1 0.08112 ± 0.00680 0.0008 ± 0.0008 0.2467 ± 0.0155 1.5 ± 0.1
SBS 0940+544 2 0.08701 ± 0.00567 0.0005 ± 0.0005 0.2592 ± 0.0125 3.2 ± 0.1
Tol 65 0.08247 ± 0.00520 0.0011 ± 0.0011 0.2503 ± 0.0119 3.5 ± 0.1
SBS 1415+437 (No. 2) 0.08610 ± 0.00625 0.0000 0.2560 ± 0.0138 4.2 ± 0.1
HS 1442+4250 0.08295 ± 0.00676 0.0026 ± 0.0026 0.2547 ± 0.0161 4.4 ± 0.2
Mrk 209 0.08475 ± 0.00518 0.0010 ± 0.0010 0.2552 ± 0.0117 6.1 ± 0.1
Mrk 71 (No. 1) 0.08713 ± 0.00580 0.0008 ± 0.0008 0.2598 ± 0.0128 7.2 ± 0.2
SBS 0917+527 0.08664 ± 0.00686 0.0020 ± 0.0020 0.2613 ± 0.0155 7.4 ± 0.3
SBS 1152+579 0.08906 ± 0.00659 0.0012 ± 0.0012 0.2648 ± 0.0144 7.7 ± 0.2
SBS 1054+365 0.09214 ± 0.00850 0.0000 0.2688 ± 0.0181 9.6 ± 0.4
SBS 0926+606 0.09660 ± 0.00987 0.0008 ± 0.0008 0.2799 ± 0.0205 10.0 ± 0.4
SBS 1135+581 0.08538 ± 0.00382 0.0008 ± 0.0008 0.2558 ± 0.0086 11.7 ± 0.3
HS 0924+3821 0.08509 ± 0.00516 0.0000 0.2533 ± 0.0115 12.3 ± 0.5
UM 439 0.09064 ± 0.01247 0.0000 0.2654 ± 0.0268 12.3 ± 0.3

Table 4.4: Primordial helium regression values
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Dataset N Yp dY/d(O/H) < Y >

Qualifying 14 0.2534 ± 0.0083 54 ± 102 0.2574 ± 0.0036
Qualifying + Flagged, excluding ξ > 0.01 19 0.2580 ± 0.0074 16 ± 90 0.2592 ± 0.0034
Qualifying + ξ > 0.01 Flagged only 17 0.2598 ± 0.0074 0 ± 95 0.2598 ± 0.0032
Qualifying + All Flagged 22 0.2611 ± 0.0067 0 ± 86 0.2611 ± 0.0031
Qualifying, O/H < 9.2 × 10−5 9 0.2465 ± 0.0134 196 ± 230 0.2564 ± 0.0045

Table 4.5: Comparison of Yp for selected datasets

4.8 Summary

In this chapter, we have applied the MCMC method to a large sample of 93 objects, and

then carefully screened these objects to remove systematic bias, poor quality model fits,

and spurious physical results. In this process, the importance of He I λ4026 was once

again demonstrated. Data lacking this line were found to be susceptible to a systematic

increase in underlying helium absorption and a corresponding bias to larger abundances.

70 of 93 objects in the initial sample contain the λ4026 line, and were the subject of

our further analysis.

One of the benefits of the MCMC method is our ability to directly test the goodness-

of-fit for a particular set of solutions. While we are able to find a best fit solution almost

every object, there is no guarantee that that solution is actually a good (in a statistical

sense) description of the data. As the best fit solution (fitting nine observables with

eight parameters) is found by minimizing χ2, the resulting minimum χ2 is a direct

measure of the goodness-of-fit. Unfortunately, 45 of the 70 objects resulted in a χ2 per

degree of freedom > 4. In our quest for high quality and reliable 4He data, these data

were excluded from further analysis. On a positive note, the practical impact of the 95%

confidence level cut preferentially removed outlier parameter solutions. Indeed, only a

handful of objects surviving the χ2 were flagged as outliers.

The cumulative effect of the careful selection led to a dataset with 14 objects. How-

ever, the reliability of this Final Dataset has been methodically evaluated and is a

distinct improvement over the dataset employed in the preceding chapters (from OS04

[44]). Primarily due to this larger dataset, the precision of the resulting primordial

helium abundance is increased compared to preceding chapters (§2.8 & 3.6), even if not

to the level we hope to someday achieve. Furthermore, the concordance of the various

regression datasets incorporating flagged points underscores the robustness of the result
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and the improved quality of the dataset.

Thus, we have demonstrated the rigor and transparency of MCMC methods in

selecting the best available data to ultimately extract the primordial helium abundance.

It supports a stringent screening of candidate spectra, yielding a robust sample. The

fruit of these labors is an improved determination of the primordial helium abundance,

both in increased confidence in its accuracy and in a modest increase in its precision.



Chapter 5

Discussion and Future

Improvements

Because of its importance as a probe of Big Bang cosmology, the predictions of BBN

are under constant scrutiny from new observations. With the baryon-to-photon ratio

fixed by the WMAP determination of the baryon density, BBN leads to a distinct

set of predictions for the light element abundances. In testing the theory, accurate

and precise helium abundances are necessary as the BBN prediction is at the 0.1%

level. Unfortunately, helium abundance measurements from emission line fluxes carry

significant systematic uncertainties.

Chapter 2 focused on updating, expanding, and increasing self-consistency in the

physical model of the H II region’s helium and hydrogen emission. Hydrogen and

helium calculations were integrated, neutral hydrogen collisional excitation was added,

and the atomic data was updated. In characterizing the systematic uncertainties that

limit the precision of the helium abundance determination, parameter degeneracies were

investigated, in particular between density and temperature.

In chapter 3, we showed that one’s ability to accurately estimate the set of physical

parameters that are used to determine the helium abundance is greatly improved with

MCMC methods. The solution remains unbiased, the resulting uncertainty captures the

confidence of the model and measurements, and spectra failing to resolve their physical

environments are easily identified. A double minimum was observed to develop at high

108
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high optical depth, but the MCMC method allowed the transparent incorporation of a

temperature prior (from the O[III] lines) which removed the double minimum.

Applying the MCMC method to existing observations produced an improved dataset

in chapter 4. Observations for which He I λ4026 was not detected showed systematic

bias, chi-squared values identified poor fits between the observations and model, and the

set of parameter solutions was examined for outliers. The stringent screening yielded a

more robust sample, and due to the much larger starting dataset, the number of objects

qualifying for use in the final regression increased. Cumulatively, the primordial helium

abundance determination gained in accuracy and precision. However, though confidence

in the determination has been significantly advanced, higher precision is still required.

The most promising avenue for significant future improvement in the primordial

helium abundance determination lies with higher quality, high resolution spectra. De-

creased measurement uncertainties will clearly better constrain the solution and de-

crease systematic uncertainty. Beyond that straightforward benefit, there are a couple

of promising related paths.

Given higher resolution spectra, the emission line fluxes could be measured sep-

arately from the effects of underlying absorption. This is possible due to collisional

broadening of the stellar absorption lines, such that the emission line can be measured

relative to its local continuum. In other words, the absorption effect in the continuum

would be visible in depth and extent with a narrow emission line at the minimum.

As a result, the flux could be measured relative to the absorption feature rather than

the broader continuum. The underlying helium and hydrogen (through Hβ) lines both

directly impact the helium abundance determination. Furthermore, decreasing the num-

ber of solution parameters (by eliminating the parameters associated with underlying

absorption) will reduce degeneracies, producing better constrained parameters, and de-

crease the uncertainty. Therefore, an improvement in the abundance determination is

ensured. Typically, underlying Balmer absorption is much easier to detect in the spec-

trum of a metal poor H II region than underlying He I absorption, so starting with

eliminating the correction for underlying Balmer absorption is the most promising, but,

clearly, very high signal-to-noise spectra will be required.

Similarly, high signal-to-noise spectra open up the possibility of adding a weaker
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helium or hydrogen line to our analysis. Again, increasing the number of lines constrain-

ing the parameters would reduce degeneracies and decrease systematic uncertainty. In

particular, the use of an additional hydrogen line would benefit the neutral hydrogen

fraction, the least well-constrained parameter, and hydrogen absorption since those two

parameters are determined exclusively through the three hydrogen lines. The next

Balmer line, Hǫ (λ3970) is blended with [Ne III] (λ3967). The contribution of [Ne III]

λ3967 to Hǫ λ3970 could be corrected for by scaling from the stronger [Ne III] λ3868

line, or by observing at sufficiently higher spectral resolution in order to deblend the

two lines. This leaves the relatively very weak H9 (λ3835) and H10 (λ3798) as the

best candidates. Apart from improving the spectra, the neutral hydrogen collisional

correction for the weaker hydrogen lines can be easily improved from extended principal

quantum number collisional strengths.

The use of other emission lines which are sensitive to the density may also be useful

in reducing the uncertainty due to the degeneracy between density and temperature.

However, most candidates with the appropriate electronic structure are not the domi-

nant ionic species in metal-poor H II regions (e.g., [S II], [O II]). A possible exception

is the [Cl III] emission line pair λλ5518, 5538 [e.g., 62].

Finally, it is worth noting that model deficiencies may contribute to the large χ2

values observed in chapter 4, in which case any problems with the underlying physical

model would impact all systems, including those with acceptable values of χ2. Addi-

tionally, quantifying the correlations between the parameters for each object will further

refine the goodness-of-fit. As it becomes available, updated atomic data such as higher

order collisional corrections for neutral hydrogen, improved collisional excitation data,

and further refinements in the emissivities could still produce tangible gains in model

accuracy [e.g., 100]. Moreover, Luridiana et al. [101] have conducted an extensive in-

vestigation into “case D”. They argue that fluorescent enhancement of Balmer lines is

an important effect in the majority of H II regions. Taking into account these enhance-

ments from the non-ionizing radiation field to the H I emission, potentially in concert

with a more detailed model for He I radiative transfer, may yield significant corrections

to the predicted model fluxes and is worthy of further investigation.

In summary, the goal of this thesis is to determine the primordial helium abundance

as accurately and precisely as possible, while fully reflecting the challenge posed by the
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observational data and degeneracies between model parameters. Each stage of this work

has furthered that goal, and in the process, the physical model, statistical analysis, and

dataset employed have all been improved.

Starting with the model of the H II region’s emission, a self-consistent and com-

prehensive analysis was implemented, as is demanded by the sensitivity of the helium

abundance determination. Next, MCMC provided a statistically rigorous, transparent,

and efficient approach. Furthermore, the insights gained promoted selection of a ro-

bust dataset. Subsequently, the assembly of larger sample, screened for the reliability

of the model fit and parameter behavior, produced a more accurate and more precise

determination of the primordial helium abundance.

Nevertheless, relatively large uncertainties in the helium abundance determinations

of individual H II regions still persist. This, however, is an indication of the true un-

certainty in the measurement and propagating from the model. Therefore, the need

for higher quality spectra is clear. In particular, higher quality spectra offer further in-

creases in the sample and its reliability, while opening up avenues for reducing systematic

uncertainty. This will allow the improvements in the determination of the primordial

helium abundance accomplished in this work to be extended.
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[56] G. Stasińska and Y. I. Izotov, Astron. & Astroph. 378, 817 (2001)

arXiv:astro-ph/0109253.



116

[57] J. A. Cardelli, G. C. Clayton and J. S. Mathis, Astrophys. J. 345, 245 (1989).

[58] M. J. Seaton, Mon. Not. Roy. Astron. Soc. 187, 73 (1979).

[59] N. G. Guseva, Y. Izotov and T. X. Thuan, Astrophys. J. 644, 890 (2006)

[arXiv:astro-ph/0603134].

[60] M. Peimbert, Astrophys. J. 150, 825 (1967)

[61] G. Steigman, S. M. Viegas and R. Gruenwald, Astrophys. J. 490, 187 (1997)

arXiv:astro-ph/9704167.

[62] C. Esteban, F. Bresolin, M. Peimbert, J. Garcia-Rojas, A. Peimbert and

A. Mesa-Delgado, Astrophys. J. 700, 654 (2009) [arXiv:0905.2532 [astro-ph.CO]].

[63] R. L. Porter, R. P. Bauman, G. J. Ferland and K. B. MacAdam, Astrophys. J.

622, L73 (2005) [arXiv:astro-ph/0502224].

[64] G. J. Ferland, K. T. Korista, D. A. Verner, J. W. Ferguson, J. B. Kingdon and

E. M. Verner, Publ. Astron. Soc. Pac. 110, 761 (1998).

[65] R. A. Benjamin, E. D. Skillman and D. P. Smits, Astrophys. J. 514, 307 (1999)

[arXiv:astro-ph/9810087] (BSS).

[66] D. G. Hummer and P. J. Storey, Mon. Not. Roy. Astron. Soc. 224, 801 (1987).

[67] H. L. Dinerstein, and G. A. Shields, Astrophys. J. 311, 45 (1986).

[68] Y. I. Izotov and T. X. Thuan, Astrophys. J. 497, 227 (1998)

[69] E. D. Skillman, E. Terlevich and R. Terlevich, Spac. Sci. Rev. 84, 105 (1998)

[70] K. B. W. McQuinn, E. D. Skillman, J. M. Cannon, J. J. Dalcanton, A. Dolphin,

D. Stark and D. Weisz, Astrophys. J. 695, 561 (2009) [arXiv:0901.2361

[astro-ph.GA]].

[71] R. M. Gonzalez Delgado, M. Cervino, L. Pires Martins, C. Leitherer and

P. H. Hauschildt, Mon. Not. Roy. Astron. Soc. 357, 945 (2005)

[arXiv:astro-ph/0501204].



117

[72] L. P. Martins, R. M. Gonzalez Delgado, C. Leitherer, M. Cervino and

P. Hauschildt, Mon. Not. Roy. Astron. Soc. 358, 49 (2005)

[arXiv:astro-ph/0501225].

[73] H. Anderson, C. P. Ballance, N. R. Badnell and H. P. Summers, J. Phys. B: At.

Mol. Opt. Phys. 35, 1613 (2002).

[74] S. M. Viegas, R. Gruenwald and G. Steigman, Astrophys. J. 531, 813 (2000)

arXiv:astro-ph/9909213.

[75] D. R. Ballantyne, G. J. Ferland and P. G. Martin, Astrophys. J. 536, 773

(2000). arXiv:astro-ph/0002047.

[76] Gruenwald, R., Steigman, G., & Viegas, S. M. 2002, ApJ, 567, 931

[77] E. D. Skillman, Astrophys. J. 290, 449 (1985)

[78] C. J. Hogan, K. A. Olive and S. T. Scully, Astrophys. J. 489, L119 (1997)

arXiv:astro-ph/9705107.

[79] A. A. Markov, -, 15, 135 (1906)

[80] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller and E. Teller,

J. Chem. Phys. 21, 1087 (1953).

[81] W. K. Hastings, Biometrika 57, 97 (1970)

[82] K. M. Hanson and G. S. Cunningham, Proc. SPIE 3338, 371 (1998)

[83] A. Gelman, G. O. Roberts and W. R. Gilks, Bayesian Statistics 5, 599 (1996)

[84] R. A. Benjamin, E. D. Skillman and D. P. Smits, Astrophys. J. 569, 288 (2002)

[arXiv:astro-ph/0202227].

[85] R. R. Robbins, Astrophys. J. 151, 511 (1968)

[86] N. G. Guseva, Y. I. Izotov, P. Papaderos and K. J. Fricke,

arXiv:astro-ph/0701032.

[87] A. Serebrov et al., Phys. Lett. B 605, 72 (2005) [arXiv:nucl-ex/0408009].



118

[88] A. Pichlmaier, V. Varlamov, K. Schreckenbach and P. Geltenbort, Phys. Lett. B

693, 221 (2010).

[89] G. J. Mathews, T. Kajino and T. Shima, Phys. Rev. D 71, 021302 (2005)

[arXiv:astro-ph/0408523].

[90] J. Hamann, S. Hannestad, G. G. Raffelt, I. Tamborra and Y. Y. Y. Wong, Phys.

Rev. Lett. 105, 181301 (2010) [arXiv:1006.5276 [hep-ph]];

[91] L. M. Krauss, C. Lunardini and C. Smith, arXiv:1009.4666 [hep-ph];

[92] K. Nakayama, F. Takahashi and T. T. Yanagida, arXiv:1010.5693 [hep-ph].

[93] E. Vangioni, J. Silk, K. A. Olive and B. D. Fields, arXiv:1010.5726

[astro-ph.CO].

[94] M. Asplund, N. Grevesse, A. J. Sauval and P. Scott, Ann. Rev. Astron.

Astrophys. 47, 481 (2009) [arXiv:0909.0948 [astro-ph.SR]].

[95] L. S. Pilyugin, Astron. & Astrophys. 277, 42 (1993)

[96] B. D. Fields and K. A. Olive, Astrophys. J. 506, 177 (1998) [astro-ph/9803297].

[97] B. E. J. Pagel and L. Portinari, Mon. Not. Roy. Astron. Soc. 298, 747 (1998)

[astro-ph/9711332].

[98] L. Casagrande, C. Flynn, L. Portinari, L. Girardi and R. Jimenez, Mon. Not.

Roy. Astron. Soc. 382, 1516 (2007) [astro-ph/0703766].

[99] D. S. Balser, Astron. J. 132, 2326 (2006) [astro-ph/0608436].

[100] R. L. Porter, G. J. Ferland, K. B. MacAdam and P. J. Storey, Mon. Not. Roy.

Astron. Soc. 393, L36 (2009) arXiv:0811.1216 [astro-ph].

[101] V. Luridiana, S. Simon-Diaz, M. Cervino, R. G. Delgado, R. L. Porter and

G. J. Ferland, Astrophys. J. 691, 1712 (2009) [arXiv:0810.5556 [astro-ph]].


	Acknowledgements
	Dedication
	Abstract
	List of Tables
	List of Figures
	Introduction and Background
	Model Improvements and Self-Consistent Analysis
	Introduction
	Determining y+
	Updated Emissivities
	Hydrogen Emission
	Tracking the Effects

	Combined H and He
	Investigating the Expanded Parameter Space
	Integrating the Dataset

	Underlying Absorption and Wavelength Dependence
	Neutral Hydrogen Collisional Emission
	A Return to Integration
	The Dataset Analysis with the New Neutral Hydrogen Parameter
	Comparing Implementations

	Ionization Correction Factors
	Primordial Helium
	Summary

	Markov Chain Monte Carlo and Realistic Uncertainties
	Introduction
	Parameter Simulation
	Markov Chain Monte Carlo
	Synthetic Exploration
	Improved Analysis with MCMC
	Degeneracies at Large Values of Optical Depth
	Using T(O III) as a Conservative Prior

	Application of MCMC to Real Observations
	Results of the MCMC Analysis
	Summary

	Screening for a High Quality Sample
	Introduction
	The ITS07 Sample
	The Importance of He I 4026
	Using Chi-Squared as an Analysis Tool
	Investigating Problematic Points
	Looking for Model Outliers
	Anomalously Large Values of Optical Depth
	Anomalously Large Values of Underlying Absorption
	Anomalous Values of Temperature
	Choosing a Baseline in Metallicity

	Results from the Final Dataset
	Summary

	Discussion and Future Improvements
	References

