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Abstract

Phase behavior and micellization kinetics of diblock copolymer surfactants in se-

lective solvents influence many processes. We study the driving forces behind the

self-assembly of a diblock copolymer AB, consisting of a solvent-philic block (B) and

a solvent-phobic block (A), in selective solvents (S). We investigate this system using

self-consistent field theory (SCFT), which is a coarse-grained, approximate theory

with a proven track record for polymer mixtures. It discards the effects of fluctua-

tions.

Micellar transformations between spherical, cylindrical, and bilayer curvatures are

tracked in the dilute regime. We determine thermodynamic and structural properties

of these isolated aggregates such as the critical micelle concentration (CMC), the

critical micelle temperature (CMT), the solvent penetration of the core, and the core

radius of micellar morphologies within the context of SCFT.

We also investigate the morphological variation from ordered phases, found in the

concentrated regime, to isolated aggregates upon copolymer depletion. Depleting this

blend of surfactant causes these stable structures to swell and ultimately unbind. The

unbinding transition of the ordered phases is compared with the morphology trans-

formations observed in the dilute regime. We also delineate two phase coexistence

regions between ordered phases, and ordered phases and a solvent rich macrophase.

Furthermore, we quantify the effective interactions between the aggregates them-

selves. Intriguingly, for spherical micelles, the free energy of BCC, and FCC phases

can be described in terms of a single effective pair potential that depends on micellar

aggregation number, however, this aggregation number changes significantly with the

concentration and temperature.

The kinetic barriers to association and dissociation of diblock copolymers in vari-

ous selective solvents are calculated. We study the variation of these kinetic barriers

for both block copolymers in small molecule solvents and block copolymers in a ho-

mopolymer matrix. The kinetic barriers are found to be very sensitive to temperature

and surfactant concentration. They also become prohibitive except in a modest range

of temperature near the CMT, or in sufficiently highly supersaturated or subsatu-

rated solutions near the equilibrium CMC. The dependence of kinetic barriers upon
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the chain lengths and solvent quality is also studied.
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b = 6Å and χAB = 0.12. . . . . . . . . . . . . . . . . . . . . . . . . . 170

6.4 Volume fraction of the diblock copolymer at critical micelle concen-

tration CMC φCMC vs. χAB NA , for a diblock AB with fA = 1/2,

χAB NA = 24, NB = NAB = 200, v = 100Å
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CHAPTER 1

Introduction

Surfactants, which are surface active agents, assemble in solvents to give structures

in which a solvent-phobic (solvent hating) core is shielded by a solvent-philic (sol-

vent loving) corona. This field has been widely studied by experiments, theory, and

simulation techniques.4–15 In this thesis I will focus on the case of nonionic diblock

copolymer surfactants in a selective solvent. Here one of the two blocks of the di-

block copolymer has a solvent-phobic character, and the other has a solvent-philic

character.

A polymer is a large molecule made up of many small, chemical units, joined

together covalently. Most synthetic polymers are repetitive sequence of a single repeat

unit, and take the form (-A-A-A-). The basic unit of the sequence is called the
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‘structural unit’ or ‘monomer unit’, and the number of units is called the degree

of polymerization. A homopolymer consists of a single kind of repeat unit. Block

copolymers are made by joining homopolymers of two or more different types. The

diblock copolymer AB is two homopolymers joined together by a covalent bond, where

each homopolymer A and B represents a block.

Diblock copolymers in a selective solvent form isolated aggregates in the dilute

limit, and periodic phases in the concentrated limit. These morphological variations

were presented in a general review of the binary system of diblock copolymer AB

in a selective solvent S by Sadron and Gallot in 1973.4 Initial experimental work

concentrated on selective solvents rather than neutral ones. According to Shibayama

et al. 16 this may be partially because the scattering contrast between two coexisting

microphases is considerably smaller in neutral solvents than in selective ones. The

experimental techniques used to detect different periodic phases were small angle

x-ray scattering (SAXS) and electron micrography.

Sadron and Gallot4 split the isothermal phase diagram of a diblock copolymer AB

in a solvent S into three regions of interest as shown in Figure 1.1. The convention

used from here on is that block A represents the solvent-phobic block and block

B represents the solvent-philic block in the diblock copolymer AB. The first region

consists of a solution of diblock copolymers dissolved completely in solvent S. The

second region consists of aggregates forming micelles or aggregates with multiple

diblock copolymers, and the third region contains periodic structures. In region 3,

depending on the block composition of diblock copolymer AB and concentration of

diblock copolymer AB in selective solvent S any one of the phases: SFCC
A (face-centered
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Figure 1.1: Various morphologies found in a binary system of a diblock copolymer
AB in a selective solvent S.

cubic), SBCC
A (body-centered cubic), HA(hexagonal), GA(gyroid), L (lamellar), GB,

HB, and SBCC
B , are observed.3 Here the subscript denotes the monomer type of the

core for a particular phase. Sadron and Gallot concluded that the type of structure

of a given AB copolymer in a given solvent S is determined mainly by the ratio of the

volumes of the phase containing the insoluble sequence and the volume of the phase

including the solvent and the solvent-philic block, a fact which can be considered a

generalization of the law described in an earlier review by Molau.17

Polymers of different types are generally immiscible. Thus, in a melt of diblock

copolymer AB, the A blocks tend to cluster together as well as the B blocks, which

leads to the formation of a domain structure. The appearance of these domains is

called microphase separation. Illustrations of six diblock copolymer microstructures

are presented in Figure 1.2. The phase behavior of undiluted diblock copolymers is
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Figure 1.2: Various morphologies found in a AB diblock copolymer melt.

determined by three experimentally controllable factors: the overall degree of poly-

merization N , the composition fB (overall volume fraction of the B block), and

the Flory-Huggins interaction parameter χAB .18 The first two factors are regulated

through synthesis, whereas the magnitude of χAB is determined by the choice of the

A and B monomer pair.

Small enough values of χAB and N lead to entropic factors dominating the free

energy density and large enough values of the two parameters leads to enthalpic

factors dominating it. The entropic and enthalpic contributions to the free energy

scale as N−1 and χAB , respectively. Hence, the product χAB N dictates the state of

block copolymer phase behavior.

Self-consistent field theory (SCFT) is a technique used to study the morpholog-

ical variations in the binary system of AB/S. The first SCFT model was developed

by Helfand and Tagami19 to study the interface between two homopolymers. SCFT

approximates many chain system as a single chain system in a self consistently deter-
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Section 1.1. Summary

mined chemical potential field. The field approximates the interaction between the

chains. Helfand and Wasserman used a narrow interface approximation20 to study

lamellar20 and spherical microdomains21 in block copolymer melts, but limited the

theory to the strong segregation regime (χABN >> 10). Leibler22 studied the opposite

extreme which is the weak segregation regime (χAB N << 10) in diblock copolymer

melts. He used the random phase approximation (RPA), outlined by de Gennes,23

to find the limit of stability of an ordered phase. For a symmetric diblock copolymer

the order-disorder transition (ODT) was predicted to occur at χAB N ≈ 10.5.

1.1 Summary

A summary of literature for phase behavior in the dilute regime as well as in the con-

centration regime for a diblock copolymer in a solvent is provided in Chapter 2. The

description of two formulations of SCFT used in this study, introduction to micelle

thermodynamics, and the unbinding transition is provided in Chapter 3. Predictive

nature of SCFT aids us to systematically cover the parameter space over φAB , fB ,

χAS , χBS and χAB . We study the micellar aggregates bilayers, cylindrical micelles,

and spherical micelles in the dilute regime in Chapter 4. A detailed analysis of the

phase behavior of AB/S is presented in Chapter 5. Kinetics plays a crucial role in

AB/S system when the degree of segregation in the system is large or the compo-

nents AB and S are polymeric in nature. This leads to large timescales required

for equilibration. A SCFT study of micellization kinetics will be discussed later in

Chapter 6.
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CHAPTER 2

Literature Review

In this chapter, a background of previous research work of self-assembly in the di-

lute limit for AB in S is presented and a review of previous research work for the

concentrated limit of this binary system is also presented. An overview of previous

research work using theoretical techniques is presented before presenting an overview

of research work utilizing experimental techniques. A separate section is dedicated

to the transition between FCC and BCC periodic structures of diblock copolymers in

selective solvents. The background of previous research work concludes on the topic

of micellization kinetics for AB in small molecule solvent S.

6



Section 2.1. Isolated Aggregates: Theory

2.1 Isolated Aggregates: Theory

The addition of small amounts of diblock copolymer into a solution consisting of a

small molecule selective solvent induces self-assembly in the form of several different

morphologies.24,25 The diblock copolymer AB consisting of a solvent-phobic block A

and a solvent-philic block B is observed to self assemble into morphologies in which

the selective solvent partitions itself preferentially into the solvent-philic domains.

The solvent-phobic block segregates into a solvent poor core to reduce contact with

solvent. The driving force behind the formation of these morphologies is in general

described in terms of the interplay between three contributions to the free energy:

core chain stretching, inter chain corona repulsion, and the core/corona interfacial

tension. In general three different morphologies have been observed to form in dilute

solutions: bilayers (B), cylinders (C), and spheres (S). One can influence the transition

between these morphologies by varying the block composition,26 solvent selectivity,27

and length of the copolymer.26 Other properties of this binary system AB/S which

were determined through theoretical predictions are the critical micelle concentration,

and concentration profiles.

2.1.1 Polymeric Solvent: AB in B

In the dilute limit the diblock copolymer AB in a homopolymer matrix of B is found

to aggregate in the form of bilayers (B), cylindrical micelles (C), and spherical mi-

celles (S). The study of AB in B has influenced the study of diblock copolymers

in a small molecule selective solvent.28–36 For the binary system of diblock copoly-

mer AB/homopolymer B Leibler et al. 28 presented an analytic theory for spherical
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Section 2.1.1. Polymeric Solvent: AB in B

micelles. The free energy F of a single spherical micelle is expressed as a sum of

four individual contributions: core/corona interfacial tension γ, non-uniform stretch-

ing of the core chain, stretching of the corona chain, and entropy of mixing of the

homopolymer and the corona chain. It is expressed as:

F = 4πR2
coreγ + Fcore + Fcorona + Fmix. (2.1.1)

Only one block composition with AB diblock copolymer being symmetric was consid-

ered and incompressibility was imposed, which yielded simple relations for the radius

of the core block Rcore and the radius of the corona block Rcorona as a function of

the aggregation number M . Leibler et al. 28 assumed no penetration of the corona

or the core of the spherical micelle by the homopolymer, and did not take into ac-

count loss of entropy with the diblock copolymers being localized at the interface of

a spherical micelle. The authors utilized the model to determine the critical micelle

concentration for spherical micelles.

Initial studies were restricted to the study of critical micelle concentration (CMC)

and concentration profiles of spherical micelles. The CMC is the concentration above

which the formation of aggregates occurs at a certain temperature. Future scaling

theories after Leibler et al. 28 expressed the free energy of a spherical micelle as some

similar formulation of the contributions described above.29,31,36–39 The simplest of

them was derived by Leibler37 for the case of a dry brush, where the homopolymer

is long enough N
3/2
h > Ncorona such that it does not penetrate the corona. This

leads to Fmix = 0 in Equation (2.1.1), where Nh is the degree of polymerization of

the homopolymer B. The interfacial tension γ was taken to be the value derived by
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Section 2.1.1. Polymeric Solvent: AB in B

Helfand and Tagami40 as γ = (kT /b2)(χAB/6)1/2 expressed in terms monomer length

b and Flory-Huggins interaction parameter between monomers A and B χAB . The

Helfand and Tagami40 expression for γ was calculated for a flat interface in the limit

of infinitely long chains of two immiscible homopolymers. The contribution from

the core of a spherical micelle Fcore with the numerical pre-factor is determined by

Semenov41 using a strong stretching limit and is given by

1

kT
Fcore = (3/4)5/3(π4/3/20)M5/3N−1/3

core . (2.1.2)

The contribution from elastic corona stretching is estimated by determining the

stretching trajectory37,41,42 which yields

1

kT
Fcorona ∼

M

b2

∫ Rcore

R

dr
dr(n)

dn
. (2.1.3)

The incompressibility condition (4π/3)(R3 − R3
core) = MNcoronab

3 imposed on the

system yields the value of dr(n)/dn with n being the index of corona monomer, where

R is the radius of the micelle including the core and corona, and Rcore represents the

radius of the core of a spherical micelle. Finally, one arrives at the expression for

Fcorona as

1

kT
Fcorona =

1

2

(

3

4π

)2/3

M5/3N−1/3
core (f−1/3

core − 1). (2.1.4)

Micelle formation is preferred when the grand canonical free energy of a micelle

Φ = F − µM is negative, for a given chemical potential µ. The critical micelle

concentration is determined as the concentration at which Φ = F − µM = 0. The

equilibrium aggregation number of the spherical micelle is obtained by minimizing
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Section 2.1.1. Polymeric Solvent: AB in B

the grand canonical free energy Φ relative to the aggregation number M given by

∂(F/M)/∂M = 0. This yields the chemical potential at CMC to be

µCMC ∼ (χAB N)1/3f 4/9
core(αf

−1/3
core − 1), (2.1.5)

where α ≈ 1.74. The CMC is then given by

φCMC ∼ exp(µCMC − χAB Ncore). (2.1.6)

This simple analytical model of Leibler37 implemented for diblock copolymer AB

in homopolymer B for the dry brush condition can not be extended to the case of a

small molecule selective solvent. The reasons being: 1. The model does not account

for solvent penetration in the core of a spherical micelle, 2. The case of a dry brush

does not hold for the corona block as the cost of mixing goes down with the size of

the solvent, 3. the Helfand and Tagami expression for γ is no longer valid for this

case, and 4. the expression for the free energy of the core needs to take into account

the presence of solvent.

Whitmore and Noolandi29 extended the study performed by Leibler et al. 28 by

adding an extra term to the free energy due to localizing diblock copolymers to the

interface of a spherical micelle, and taking into consideration homopolymer penetrat-

ing the core. The authors looked at asymmetric block compositions of the diblock

copolymer as well. Whitmore and Noolandi compared the theoretical predictions

to experimental observations for the radius of the core Rcore dependence on the de-

gree of polymerization of the core block Ncore and the degree of polymerization of
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Section 2.1.1. Polymeric Solvent: AB in B

the corona block Ncorona. The experimental observations are obtained for the PS-

PB system studied using small angle neutron scattering (SANS) by Selb et al. .43

Whitmore and Noolandi arrived at −0.10 ≤ µ ≤ −0.07 and 0.68 ≤ ν ≤ 0.70 for

the relation Rcore ∼ Nµ
coronaN

ν
core, whereas the experimental study arrived at values

of −0.19 ≤ µ ≤ −0.14 and 0.75 ≤ ν ≤ 0.81. The CMC of the system is derived

using the analytical model and is found to scale as ∼ exp(−χAB Ncore) as predicted

by Leibler et al. 28 as well.

Mayes and Olvera de la Cruz31 extended the study performed by Leibler et al. 28

in order to estimate the transition line between isolated cylindrical (C) and spherical

(S) micellar aggregates. They incorporated the free energy contribution due to lo-

calization of joints of block copolymer at the interface of the spherical or cylindrical

micelle from the previous model. In order to apply Gaussian statistics in the blend

they restricted the parameter space they looked at to N/Nh < N1/2.23 This increases

the energy of mixing between the corona and the homopolymer and thus, ensuring

the corona is surrounded by itself more. The individual analytical contributions to

the free energy were calculated for both curvatures C, and S. The CMC is then de-

termined by minimizing the free energy of the system relative aggregation number

M , and the fraction of copolymers in the spherical and cylindrical micelles. They

determined the CMCs for both aggregate structures and found C to be preferred for

lower block compositions of the corona block, and lower values of N/Nh. The authors

noticed a transition from C to S when the corona block’s propensity to stretch in-

creases. The propensity to stretch increases as one starts reducing the block length

of the homopolymer and in effect start reducing the cost of entropy due to mixing
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Section 2.1.2. Small Molecule Solvent: AB in S

of the corona block with the homopolymer solvent. The core block is found to be

in a more relaxed state for the cylindrical micelles relative to the spherical micelles

simulated using this model due to the additional degree of freedom present in the

case of a cylindrical micelle. However, the authors themselves note due to neglecting

the effect of free energy contribution of ends of the cylinder the transition between C

and S is not exactly determined.

2.1.2 Small Molecule Solvent: AB in S

The most important difference between a polymeric solvent B and small molecule sol-

vent S is the propensity of the solvent S to penetrate the core of an aggregate structure

due to it’s smaller size. The analytic theory of Noolandi and Hong30 was used to de-

scribe a binary system of diblock copolymer and small molecule solvent which takes

into account solvent penetration of the core. It was developed independently around

the same time as the analytical model by Leibler et al. .28 Noolandi and Hong split

a spherical micelle into three different regions: core, corona, and pure solvent region.

The concentrations are assumed to be uniform in all the regions, except at the inter-

face of the spherical micelle where a a linear density profile across the interface of core

and corona blocks is assumed. This assumption was used to obtain a reasonably accu-

rate approximation for interfacial tension γ. The interfacial tension in the case of an

interface between a polymer and solvent is developed separately44 and is derived for

the case of AB in a small molecule selective solvent S. The authors did not determine

the CMC, and rather concentrated on estimating the radius of the core of the spherical

micelles. The free energy of the micelle is then expressed relative to the corresponding
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Section 2.1.2. Small Molecule Solvent: AB in S

free energy of the homogeneous random state. It is split into terms involving polymer

interaction energy (which excludes the interfacial tension part), combinatorial en-

tropy of solvent molecules, decrease in entropy of chains due to localization, decrease

in entropy due to either stretching or compression of the diblock copolymer, and from

the interfacial tension. The model predictions are compared with experimental ob-

servations made for the polystyrene(PS)-polybutadiene(PB)/n-heptane system using

SAXS by Plestil and Baldrian.45 The interaction parameters used to compare both

of them are χPS-PB = −0.169 + 123/T ≈ 0.24 and χPS-Heptane = −1.12 + 901/T ≈ 2.

χPB-Heptane was obtained by fitting the experimental data to give χPB-Heptane = 0.53.

The model correctly predicted changes in the radius of gyration, the degree of swelling

of the two blocks, and the aggregation number of the micelles. However, it is impor-

tant to note that the temperatures considered here range from 18 ◦C to 50 ◦C, which

is a small jump in order to notice any variation in the parameters mentioned earlier.

The radius of the core block is found to vary as ∼ N
2

3
core which concurs with scaling

arguments presented by de Gennes.23

Munch and Gast38 investigated the transition between bilayers and spherical ag-

gregates by implementing the analytic theory proposed by Leibler et al. 28 to selec-

tive solvents. They assumed an athermal solvent for the solvent-philic block B i.e.,

χBS = 0. These authors did not consider the cost of interaction between the blocks

A and B. The interfacial tension expression developed by Helfand and Tagami40 is

used, with the interaction parameter in the expression taken as the interaction pa-

rameter between the solvent-phobic block A and small molecule solvent S χAS to yield

γ = (kT /b2)(χAS/6)1/2. Even though the expression derived by Helfand and Tagami
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was derived for two infinitely long immiscible homopolymers. The theory was used to

study the variation of CMC relative to the ratio of the size of the polymer and solvent

size N/NS with 20 ≤ N/NS ≤ 50 being the considered range. The authors predict

the transition line between bilayer aggregates and spherical micelles using this model.

However, a trend observed by the authors where the aggregation number is found to

increase with a corresponding decrease in the solvent incompatibility of the core is

incorrect. Upon approaching the critical micelle temperature or reducing the solvent

selectivity the aggregation number is found to go down, and the solvent penetration

of the core is found to go up. The solvent is found to occupy almost half of the vol-

ume of the core of a spherical micelle, through our SCFT calculations in chapter 4 as

well as by experiments in different systems.46–53 The authors neglected the presence

of solvent in the core of the spherical micelle, which is a good approximation for a

polymeric solvent made by Leibler et al. .28 Their treatment of smaller size of the

solvent in this aspect and the extension from Leibler et al. ,28 which studied polymeric

constituents, is applied incorrectly.

Nagarajan and Ganesh54 developed an analytic theory for micellization of spher-

ical micelles followed by the work of Leibler et al. ,28 and Noolandi and Hong30

for a diblock copolymer AB in a selective solvent S. The major distinction of this

work is that they described micellization in terms of solvent-philic corona block as

well. The approach used by Nagarajan and Ganesh54 is motivated by the field of

small molecule surfactants. The free energy for this model is described in terms of

three major terms: the reference state, entropy of mixing of the multiple component

system, and the interaction energy which is expressed in terms of a Flory-Huggins
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interaction parameter. The last two terms in the free energy model are derived from

Flory-Huggins theory. The free energy is then minimized for a given total concentra-

tion of a diblock copolymer in the binary system AB/S. The authors do not take into

account solvent penetration of the core, and the interfacial tension is derived from the

Helfand and Tagami40 expression. The Helfand and Tagami expression is applicable

for a flat interface for a system of two infinitely long homopolymers. The authors

developed scaling relations for radius of the core, thickness of the corona shell, and

aggregation number of the spherical micelle in terms of Ncore and Ncorona using this

model.

2.1.3 Scaling Theory of Isolated Aggregates

All the studies described above assumed Gaussian statistics for the corona block.

This does not hold true for a sufficiently long corona blocks surrounded by a good

small molecule solvent. Incorporating a blob model,23 other theoretical studies42,55–57

paid closer attention to this characteristic in the binary system of AB/S. Daoud and

Cotton42 described the conformation of the corona block as well as it’s concentration

dependence of a star copolymer using a blob model.23 The blob model involves the size

of the correlation blob ξ(c) being dependent on the concentration of corona monomers

c. Depending on the solvent quality ν (ν = 3/5 for a good solvent and ν = 1/2 for

a Θ solvent) the blob size is found to vary as ξ ∼ c−ν/(3ν−1). Scaling analysis for the

star copolymer42 was performed where spherical symmetry is assumed for the blobs

of corona blocks. For a corona block tethered to spherical micelle it’s concentration

goes down with increasing distance from the center of the micelle r. Locally, at a
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distance r the chain behavior is assumed to be that of a single chain within ξ(r). The

blob size ξ(r) is found to increase with r as the concentration of the corona block

goes down with increasing r. The blob size can be expressed as a function of r and

the swelling parameter α(r) is calculated, where the corona block explores a space for

a blob at a distance r with blob size ξ(r): α(r) = ξ(r)/N (1/2)b. Daoud and Cotton

described three distinct regions for an isolated spherical micelle of a star copolymer:

1. a core region with a constant density, 2. a region where Gaussian statistics are

satisfied due to high enough concentration, and 3. a region where excluded volume

effects are prominent inside a blob. In order to study the semi-dilute solution or

the concentration above which spherical micelles of a star copolymer interact with

each other, the authors delineated two regimes based on a certain distance l from the

center of the micelle. For r < l it behaves like an isolated micelle, whereas for r > l

the behavior is found to be similar to that of linear chains where the size of the blobs

are independent of the number of branches of the star copolymer and dependent on

the local concentration.

Halperin55 developed a scaling theory to study the radius of a spherical micelle

with long corona blocks i.e., Ncorona >> Ncore. The author used the observation

that the spherical micelle should be structurally similar to colloidal particles coated

by grafted chains. The Daoud and Cotton42 treatment of micellar coronas in star

copolymers is used to study the structure of the spherical micelle. Instead of assuming

a constant concentration profile for the corona, as done by previous theoretical studies,

it is assumed to be a decreasing function of radial distance from the center of a

spherical micelle. The radii of the spherical micelle were found to scale as Rcore ∼
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N
3

5
coreb, and Rmicelle ∼ N

4

15
coreN

3

5
coronab. For the case of a crew-cut micelle (shorter corona

block, Ncore >> Ncorona), Halperin arrived at the relation Rcore ∼ N
2

3
coreb.

Birshtein and Zhulina56 have studied the binary system of diblock copolymers in

dilute solutions tethered to a flat, cylindrical, or a spherical interface using scaling

analysis. They took into consideration the free energy of the system as mentioned

earlier in Equation (2.1.1). The incorporation of correlation of polymer densities of the

corona into the scaling laws of corona chains tethered to the three types of interfaces

is a unique aspect of their study. The difference from the approach used by Leibler

et al. 28 is that the free energy of the corona Fcorona incorporates a corona profile

derived from the blob model.23,42 Zhulina et al. 57 extended this study and looked at

morphological transitions from bilayers → cylinders → spheres with exact numerical

coefficients for their earlier scaling predictions.56 In general, analytical expressions

for the aggregation number M , radius of the core Rcore, and thickness of the corona

shell Lcorona are derived as well as the free energy of each of the three competing

morphologies. The authors notice the crossover between these three morphologies

going from B → C → S with increasing Ncorona occurs when Lcorona/Rcore ∼ 1 in the

equilibrium morphology. Upon increasing the block length of the corona block they

notice a shift to the spherical morphology because of the increasing propensity of the

corona chains to stretch away from each other.

Two numerical prefactors are introduced which take into consideration excluded

volume effect in a good solvent and three body interactions in a Θ solvent for the

theory proposed by Zhulina et al. .57 These two numerical prefactors, which are depen-

dent on the corona monomer and solvent type, are obtained by fitting experimental
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data through their corresponding theoretical predictions. The sizes of the core and

corona determined experimentally are used to determine the numerical prefactors

involved in Fcorona.
57–59 Jensen et al. ,59 who studied a PEP-PEO mixture of wa-

ter/ethanol, emphasized the importance of varying more than one system parameter

in experiments in order to obtain a consistent set of numerical prefactors involved

in Fcorona. They arrived at different numerical prefactors for different mixtures of

water/ethanol in order to obtain a better fit for the corona profiles and used the same

numerical prefactors for a particular mixture of water/ethanol irrespective of different

morphologies, C and S, the authors observed. To contrast with the study conducted

by Lund et al. 58 where the authors used different numerical factors for cylindrical

and spherical micelles. The numerical factors should be independent of morphology

and the approach followed by Jensen et al. seems correct in order to compare the

experimental results with the theoretical predictions. The main drawback of the the-

ory is the exact estimation of the numerical factors involved in the free energy of the

corona Fcorona.

The SCFT method implemented by us does not take into account the correlations

of the corona block for semi-dilute solutions, which the blob model is used to describe

using a scaling argument. However, when you consider the expansion factor α where

α =
Rg

Rg,0

. (2.1.7)

Here Rg represents the radius of gyration and Rg,0 represents the unperturbed dimen-

sions with Rg,0 ∼ N1/2b or ν = 1/2 for the Θ solvent. In the case of scaling theory the

exponent ν is taken as either ν = 1/2 for a Θ solvent or ν = 3/5 for a good solvent.
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The good solvent regime is achieved in the limit of α >> 1 and the Gaussian limit is

true for α = 1. Using a simple scaling argument60 by considering the osmotic drive

to swell and entropic drive to coil up we can express α as

f(α) ∝ b3

v
B(T )N

1

2 , (2.1.8)

where B(T ) = (1/2−χ). The case considered in this study corresponds to the degree

of polymerization of the diblock copolymer being = 100. In this case the corona

block degree of polymerization < 100. For the case of a Θ solvent B(T ) = 0, in which

case SCFT is appropriate. For the case of the good solvent considered here χ = 0.4

B(T ) = 0.1, N = 100 which yields B(T )N1/2 ≈ 1, where N represents the degree of

polymerization of the corona block. The exponent ν = 3/5 is achieved either when

N is large or (1/2 − χ) is large. Hence, we expect the exponent ν to be somewhere

in between the range of 1/2 ≤ ν ≤ 3/5 and maybe ν being closer to 1/2 because of

the smaller degree of polymerization considered with B(T ) = 0.1. Whereas, scaling

theory exponent ν can take only two values, either ν = 1/2 or ν = 3/5. SCFT

has an added advantage due to its predictive nature using which we can explore the

parameter space for the AB/S system very systematically. Even though there are

drawbacks to SCFT we expect most of the results to be at least qualitatively correct.

2.1.4 SCFT Studies of Isolated Aggregates

Scheutjens and Leermakers studied the formation of spherical micelles of block copoly-

mers in aqueous solutions in a series of articles61–64 They extended the lattice for-
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mulation of SCFT developed by Scheutjens and Fleer65 by incorporating a rotational

isomeric state scheme for linear as well as branched copolymers.61 This extended

theory was used to capture systems having a lower critical solution temperature. A

pure lattice formulation of SCFT65 could not have captured this behavior. Micelle

formation was studied using a thermodynamic description62 which involved a transla-

tionally restricted excess free energy. This excess free energy is used to determine the

critical micelle volume fraction. First, they looked at small molecule surfactant sys-

tems of the form A12B3.
63 The interaction parameters used to determine the critical

micelle volume fraction are derived from solubility data and known CMC values. The

following set was used in the article: χAS = 1.6, χBS = −0.5, and χAB = 1.5, where S

represents a small molecule solvent. Stability domains for the formation of micelles

are also delineated from the excess free energy of micelle formation which was plotted

vs. the aggregation number. The domains are split into three regions: micelles, an

unstable region, and vesicles.32,62 Utilizing the same model, Leermakers et al. 64 stud-

ied the variation in the corona profile by varying the interaction of the solvent and

corona block from χBS = 0 to χBS = 0.5 with χAB = 0.5 and χAS = 2.0, as well as

calculated the critical micelle volume fractions for all the parameters considered. The

maximum pile up of the corona monomer volume fraction at the interface the authors

notice is of the order of ∼ 0.3, which is low for a selective solvent with χAS = 2.0.

This model is used to study the interplay between cylindrical and spherical aggre-

gate structures in the dilute limit by Linse66 for pluronic (EOnPOmEOn) copolymers

in aqueous solutions. For pluronics in aqueous solutions micelles are found to form

upon increasing temperature as water becomes a poor solvent for PPO. This effect
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of temperature on the interaction parameters as well as concentration dependence of

the interaction parameters were taken into account in this model. Linse noticed the

transformation from isolated spherical micelles to isolated cylindrical micelles leads

to ∼ 10% reduction for the PEO corona block,66 which agrees with theoretical and

experimental observations where corona stretching leads to preference towards iso-

lated spherical micelles over isolated cylindrical micelles. In a separate study Linse67

determined CMCs, aggregation number, and concentration profiles for spherical mi-

celles formed by pluronics in aqueous solutions. The CMCs calculated theoretically

were found to be at least an order of magnitude higher than the CMCs estimated

using surface tension measurements by Linse and Malmsten.68

Patricia et al. 32 implemented the lattice formulation of SCFT developed by

Scheutjens and Fleer65 to study the partition coefficient of naphthalene dependence

on the block length of PPO for pluronic (EOnPOmEOn) and tetronic block copoly-

mers and compared them with experimental observations. Naphthalene is an organic

compound and has very low solubility in water and hence partitions itself preferen-

tially into PPO domains. The CMC of linear pluronic polymers was found to be

lower than that of tetronic polymers having the same overall molecular weight and

composition.32 Patricia et al. 69 calculated the critical micelle volume fractions as

well as the enthalpy of mixing ∆Hm and ∆Sm for EO30PO61EO30 in aqueous solu-

tions. However, the studies carried out by Patricia et al. 32,69 only looked at spherical

micelles and did not look at other isolated aggregates such as bilayers and cylinders.

Greenall et al. 36,39 studied the micelle formation for the binary system of a diblock

copolymer AB in homopolymer B using continuum formulation of SCFT and com-
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pared with experimental results of Kinning et al. 70 carried out for poly(styrene)(PS)-

poly(butadiene)PB in PS. In the first article39 the authors studied micelle formation

and compared it with experimental data as well as analytic theory proposed by Leibler

et al. .28 They found that SCFT overestimates the radius by 20-30%, whereas for the

CMC, the agreement worsens as the core block increases in length. The authors

speculated that this could be due to kinetic effects in the system. Three data points

of CMC obtained using experimental techniques were used to compare with SCFT

calculations. In their second article Greenall et al. 36 investigated the transitions be-

tween B, C and S in the same system. The reason for the transition from a spherical

to a cylinder to a bilayer structure is given as the swelling of the corona block which

is offset by increase in the core radius. This was noted by studying the concentration

profiles of the spherical curvature. Their SCFT calculations also predict that the

CMC increases when the homopolymer weight increases. This increases the cost of

mixing for the corona and the solvent thereby reducing the stretching of the corona

block. Reduction in stretching in the corona block leads to the transformation from

a spherical micelle to a cylindrical micelle and finally to a bilayer.36

Zhou and Shi71 implemented SCFT for AB in B in the grand canonical ensemble

to study the transitions between B, C, and S as well as study the micellar dimensions

Rcore and Rcorona of different micellar structures. Zhou and Shi71 noticed a transition

from B → C → S upon increasing the length of the corona block as noted previously

by other studies.

SCFT is also used to study the micellization behavior of diblock copolymers in

small molecule selective solvents by Yuan et al. .72 The enthalpy change and Gibbs
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free energy change upon micellization compare favorably with previous experimental

studies for the PS-PI in n-hexadecane system.

2.2 Periodic Phases: Theory and Simulations

In the concentrated limit of diblock copolymer AB in a selective solvent S periodic

phases are observed.3,4 The phase behavior of an AB diblock copolymer melt is, to

a good approximation, determined by the product χAB N , and the composition of

the molecule fB , where N is the degree of polymerization of the diblock copolymer

and fB is the volume fraction of the B block.73 The addition of a selective solvent

adds more dimensions to the phase portrait which can be characterized by the volume

fraction of the solvent φS or 1 − φAB , as well as the interaction parameters χAS and

χBS . The selective solvent partitions itself preferentially into one microdomain which

leads to a shift in the phase boundaries relative to the diblock copolymer melt phase

diagram.

Firstly, the case of neutral solvent diluting an interface between two immiscible

homopolymers was first studied theoretically using the dilution approximation by

Helfand and Tagami.19 The approximation involved an interaction parameter called

χeff , which takes into consideration the screening due to the neutral solvent species

at the interface. Neutral solvent is characterized by the condition χAS ≈ χBS . For

a neutral solvent it was suggested that for a given volume fraction of the copolymer

φAB behaves equivalently to a neat diblock copolymer melt with χAB replaced by χeff ,

where

χeff = φAB χAB . (2.2.1)
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Fredrickson and Leibler74 studied the dilution approximation of a non-selective,

good solvent added to a diblock copolymer melt. Two regimes, the weak segregation

limit and the semi-dilute regime are analyzed. Concentrated mixtures were modeled

using the standard fluctuation-corrected theory of Fredrickson and Helfand,75 and

semi-dilute mixtures were treated by supplementing this with the blob model.23 Ac-

cording to their model, two phase coexistence regions will be too small to have any

experimental significance, and the location of the order-disorder transition (ODT)

will follow the dilution approximation in the concentrated regime but not in the

semi-dilute regime.

Olvera de la Cruz76 and Fredrickson and Leibler74 predicted ODT to scale as

(φ1.59
AB χABN )ODT = F (fB) in the semi-dilute regime, and (φABχABN )ODT = F (fB) for

concentrated solutions in the limit φAB → 1, where N is the degree of polymerization

of the diblock copolymer and F (0.5) ≈ 21, and is a weak function of fB in the range

0.4 ≤ fB ≤ 0.6.22

Whitmore et al. 77,78 used SCFT to examine concentrated solutions in the strong

segregation regime with a good neutral solvent. They found that the dilution ap-

proximation was valid for such cases, and that in particular follow the predicted

dependence of the order-order transitions (OOTs) on φAB , consistent with experi-

mental results.2,79 The limitations of the dilution approximation were further studied

by Naughton and Matsen80 using SCFT. They concluded that the dilution approxi-

mation requires the solvent quality to be good to prevent macrophase separation of

the solvent from the copolymer. They also observed stronger segregation regime be-

tween the two polymers leads to stronger inhomogeneities in the solvent composition,
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which leads to failure of the dilution approximation.

Hong and Noolandi44,81,82 published a series of articles on phase equilibria of binary

systems containing homopolymers/small molecule solvents, block copolymers/small

molecule solvents, and block copolymers/homopolymers. They showed the existence

of eutectic points, similar to those studied in metallurgy, in the calculated phase

diagrams. Their first article44 concentrated on the homopolymer/small molecule sol-

vent system, which was extended to study diblock copolymer/small molecule solvent

system. SCFT is represented in the form of a functional integral and the free en-

ergy is minimized by the saddle function method for an incompressible system with

a fixed number of species of each component in the system. Binodals, concentration

profiles, and interfacial tension are determined for the homopolymer/small molecule

solvent system. In their second81 and third articles82 the authors implemented the

theory developed earlier to the weak segregation limit for block copolymer/neutral

small molecule solvent and block copolymer/homopolymer binary systems. They

generated phase diagrams consisting of solvent rich homogeneous phase, polymer rich

homogeneous phase, and periodic lamellar phase.

Matsen,33 and Janert et al. 34,35 calculated phase diagrams of block copolymer and

homopolymer mixtures using SCFT. They found that homopolymers with comparable

length to the diblock copolymer swelled the microstructure to a large extent while

addition of very short homopolymers induced disordered solution, attributed to a

higher mixing entropy for these shorter homopolymers. An unbinding transition for

homopolymer lengths comparable to the diblock copolymer is shown in the phase

diagrams33–35 where the spacing of the interface between microdomains diverges to
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infinity.

The phase behavior of pluronic block copolymers in aqueous solutions are de-

termined separately using a continuum model and a lattice model65 of SCFT by

Noolandi et al. .83 Water becomes increasingly a poor solvent for PEO and PPO as

one increases the temperature, which is taken into account in both formulations of

SCFT.83 The phase diagrams are found to be similar for both models except that

the lattice formulation does not work well for small chains which are found to ag-

gregate into micellar structures by experiments and the continuum model.83,84 The

agreement with experiments85 is qualitatively good, but two phase regions found in

experiments between periodic phases is not present for the theoretical phase portraits.

Svensson et al. 86,87 studied the binary system of pluronics/water86 and ternary sys-

tem of pluronics/water/oil87 using the lattice model described by Noolandi et al.

.83 Two block compositions are considered, one with a majority of EO and another

with a minority of EO, in order to obtain the whole range of periodic phases in

the phase portraits for the binary system where experimental observations are com-

pared with theoretical predictions.86 For both systems the authors found that at low

concentration block copolymers form micelles consisting of a core dominated by the

hydrophobic PPO surrounded by a water swollen PEO-rich corona. Whereas, at high

polymer concentration lyotropic liquid crystalline phases are found, which are in the

weakly segregated regime.86,87 Large two phase regions are predicted for the case of

the binary system,86 but not for the ternary system.87

Huang and Lodge88,89 utilized SCFT to study the phase behavior and variation

of domain size for the AB/S system. In their first article88 they used RPA to gen-
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erate spinodals of the disordered phase, and used SCFT to generate OOTs between

homogeneous phase, L, hexagonal cylinders, and BCC spheres with a core of the

solvent-philic block B or the solvent-phobic block A. They did not consider the Gy-

roid phase. They considered only neutral solvents and slightly selective solvents with

χAS = 0.6 and χBS = 0.4. The dilution approximation is found to hold true for

the neutral solvent. The increase in selectivity of the solvent is found to increase the

area of periodic phases in the phase portraits as seen for lamellar phases for slightly

selective solvents by Banaszak and Whitmore.78 Their analysis did not consider the

regime in which isolated aggregates are expected. In the second article,89 domain

size d and concentration profiles of the lamellar phase with interaction parameters

and structural parameters similar to those used in experiments of Hanley for PS-PI

in dialkyl phthalates are presented. They noticed the variation of the exponent α

where d ∼ φα
AB to go from -0.20 to 0.31 when you start reducing the selectivity of the

solvent from χAS = 1 to a neutral solvent.

Suo et al. 90 studied the phase behavior of block copolymer AB in a selective

solvent S using a continuum model of SCFT. They generated phase diagrams for

concentrations φAB > 0.2, and in a few cases φAB > 0.1. They do not notice

any large two phase regions between periodic phases with solvent-phobic core except

for the gyroid phase, where it is replaced by two phase coexistence of lamellar and

hexagonal phase. The phase diagrams are dominated by periodic phases with core

consisting of the solvent-phobic block. They do not notice “compound” micelles or

micelles with solvent-philic core coexisting with a solvent rich homogeneous phase as

observed by Zhang and Eisenberg24 using experimental techniques.
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Here we have developed a real space implementation of SCFT to relate micellar

aggregate morphologies in the dilute regime to periodic phases present at higher

concentrations of the diblock copolymer. This has not been pursued before. The

presence of large two phase regions for periodic phases with solvent-phobic core block

and presence of large two phase regions between a solvent rich homogeneous phase

and periodic phases with solvent-philic corona block are also unique features observed

by us. These results are presented in later chapters.

2.3 Isolated Aggregates: Experimental Studies

In this section a description of experimental results in the dilute limit of diblock

copolymer AB in a selective solvent S is presented first which is followed by a dis-

cussion of phase behavior of block copolymer solutions. Transition between bilay-

ers, cylindrical micelles, and spherical micelles have been observed in various sys-

tems.24,25,57,91

Eisenberg and coworkers24,26,27,92,93 studied PS-poly(acrylic acid)(PAA) in aque-

ous solutions as well as non-polar solvents where they report the transition between

bilayers, cylinders and spheres by utilizing transmission electron microscopy(TEM).

The authors recognized the fact that the experiments have been performed well be-

low glass transition temperature of PS and hence, expect the system to be in a

non-equilibrium state as the organic solvent used to facilitate dissolution of PS-PAA

in water is removed from the system. The transition from bilayers to cylindrical mi-

celles to spherical micelles was found to occur upon increasing the block composition

of the corona block.26 Zhang and Eisenberg noticed a new morphology in the dilute
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limit in the form of “compound” micelles which have a solvent-philic core.92

The interplay between different morphologies B, C, and S is studied in ternary

systems of PS-PAA/dioxane/water by Shen and Eisenberg using TEM and turbidity

measurements.93 Turbidity measurements93 show that transformation between the

morphologies occurs in a matter of minutes. The reversibility of transformations

make the authors conclude the system to be in equilibrium.93 The jumps in turbidity

were used as a sign of morphology transformation, and TEM was used to confirm the

observation. For a particular block composition upon increasing the water content the

authors noticed a transformation from dissolved block copolymers → S → C → B.

There are large two phase coexistence regimes noticed between regions of S and C as

well as B and C on the morphology diagrams in the plane of block copolymer wt%

vs. water wt % as well as for dioxane wt % vs. water wt%. Shen and Eisenberg26

found vesicle formation to be favored over open bilayers for short chain lengths and

at low values of water wt% in the system.

Bates and coworkers25,94–96 utilized cryo-TEM and SAXS measurements to study

these multiple morphologies in the dilute system for PB-PEO in water. Won et al. 94

found the formation of giant worm like micelles for < 5% by weight of PB-PEO. In a

later article Won et al. 95 determined transitions between B, C, and S for PB-PEO,

poly(ethyl ethylene) PEE-PEO, and PEO-PEE-PEO in aqueous solutions using cryo-

TEM in the plane of Ncore vs. fEO. Large two phase coexistence regions are found for

B and C as well C and S morphologies which is a common occurrence in other systems

as well.86,91 Jain and Bates25 extended the study to higher molecular weight of block

copolymers of the diblock copolymer PB-PEO in aqueous solutions, where they found
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the aforementioned morphologies. In addition a new morphology the network phase

was found to occur between bilayers and cylinders. A phase portrait is determined

using cryo-TEM and SAXS for PB-PEO in water in the plane of weight fraction of

PEO in the diblock copolymer vs. concentration of the diblock copolymer in the

binary system.96 In this phase portrait they show the complete transformation from

an aggregate morphology such as B, C, and S to ordered phases found in the pure

diblock copolymer limit.

Lodge and coworkers91 studied the formation of multiple morphologies in dilute

solutions of diblock copolymer poly(styrene)-poly(isoprene)(PS-PI) in dialkyl phtha-

late.91 The sequence of three basic structures - spherical micelles, cylindrical micelles

and vesicles was observed as the volume fraction of the solvophilic block is decreased

in all of these experimental studies. The study by Bang et al. 91 involved studying one

block composition (a minority of the styrene block) of PS-PI in dialkyl phthalates. By

varying the type of alkyl chains in the solvent they influenced solvent selectivity and

studied different morphologies in binary mixtures of dibutyl phthalate and diethyl

phthalate as well as in diethyl phthalate and dimethyl phthalate. TEM and SAXS

data were utilized to determine the type of morphology and noticed a transformation

from S → C → B → phase separation upon increasing selectivity of the solvent.

LaRue and coworkers studied micelle formation of PS-PI in n-heptane.53,57,97

LaRue et al. noticed the formation of wormlike micelles and found the size of these

micelles to go down with increase in temperature utilizing light scattering and atomic

force microscopy (AFM).97 The transformation from B → C → S with increasing

length of corona block is observed.57 The structural properties of the micelles, aggre-
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gation number and radii, are determined using static light scattering, dynamic light

scattering, SAXS, and small angle neutron scattering (SANS).57

2.3.1 Estimates of CMC

The critical micelle concentration is the concentration at which either one of the

morphologies B, C, and S are first observed. The volume fraction φCMC is gener-

ally represented as φCAC to take into consideration bilayers and micelles, where CAC

represents the critical aggregation concentration. φCAC is theoretically predicted to

be a function of both the interaction parameter between the solvent S and the core

(made up of solvophobic block A) of an aggregate χAS and core block length NA of

the form φCAC ∼ exp(−χAS NA ) for χAS >> 1. 28,29 Earlier theoretical estimates of

φCAC have been performed for block copolymer/homopolymer blends where the size

of the polymers leads to very low solubility of solvent in the core relative to small

molecule solvents. In the case of experimental studies of diblock copolymers in small

molecule selective solvents φCAC was found to have a change in variation, relative to

core block length NA , as one increases NA . φCAC dependence on NA was found to go

from φCAC ∼ N−1
A dependence to φCAC ∼ N

−1/3
A .98–103

Eisenberg and coworkers104–106 studied the critical micelle concentration for PS-

poly(sodium acrylate) (PANa) diblock copolymers in organic as well as aqueous so-

lutions. In a review paper by Moffitt et al. ,106 the CACs of various linear block

copolymers in organic as well as aqueous systems are discussed. They also condense

results of other CAC calculations on a master plot of CAC vs. core block length

for organic and aqueous solvents. The techniques used to determine the CAC are
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fluorescence, osmometry, viscometry, and static light scattering. Khougaz et al. 98

determined aggregation number and CAC of PS-PANa and PS-PAA in organic sol-

vents. They noticed a weak dependence of CAC on core block length of the form

∼ N
−1/3
A . All the previous results are put in perspective with regards to weaker de-

pendence of φCAC on NA . Similar weaker dependence of φCAC on NA is reported for

PS-PMMA(polymethylmethacralate) in ionic solvents by Mok et al. .107

The weaker dependence of φCAC on NA is reported by Booth and coworkers as

well.100–103 Booth and coworkers studied the association behavior in dilute aqueous

solution of block copoly(oxyalkylene)s in which hydrophilic PEO is combined with

hydrophobic polymer. Three kinds of linear block copolymers are studied, i.e. copoly-

mers of type EmAn, EmAnEm and AnEmAn, where E denotes a PEO unit, A denotes

a hydrophobic oxyalkylene unit. Three kinds of hydrophobic oxyalkylene chains are

used with the notation: P as oxypropylene, B as oxybutylene, and S as oxyphenyethy-

lene. The measure of hydrophobicity of the oxyalkylene group increases with number

of carbon atoms. The authors renormalized block lengths of oxyalkylene blocks in

the ratio of 1:2:6108 for P:B:S, respectively. This transformation helped them to col-

late all the CAC values, for different oxyalkylene blocks, into one master plot. In

essence, the authors plotted CAC values relative to χAS NA on a master plot for all

types of oxyalkylene molecules. They noticed a variation in slope at a certain value

of renormalized block length for the different types of block copolymers as well as

architectures they studied. Unimolecular micellization was attributed to a sudden

change in the slope of CAC relative to renormalized block length. By unimolecular

micellization they imply the diblock copolymers are kinetically trapped in the form
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of single surfactant molecules as described by Sadron and Gallot,4 and Chu.109 SCFT

studies have been suggested by the authors to resolve this issue. The measurements

were expected to be equilibrium measurements by the authors because of the Tg being

low for the hydrophobic blocks. Booth and coworkers100–103 also studied the enthalpy

of micellization using temperature dependence of CAC. Kelarakis et al. 99 found that

the CAC variation of EmAn type of diblock copolymers relative to temperature to be

close to athermal behavior.

This behavior is explained by the formation of unimolecular micelle where core

block A exists in a tightly coiled state. The presence of unimolecular micelle is

attributed to almost negligible change in the enthalpy of micellization for the diblock

copolymers which results in negligible cost of transferring unimolecular micelle to a

multi-molecular micelle. The same behavior for enthalpy of micellization is shown by

Booth and coworkers as well.100–103

2.3.2 Estimates of CMT

In some systems, micellization can be induced or suppressed by changing temperature,

and micelles first appear at a critical micelle temperature (CMT). Experimental tech-

niques used to estimate the CMT have included dynamic light scattering (DLS)3,52,89

and small angle neutron scattering (SANS).46–52 In particular, two systems have been

studied extensively. Pluronics (PEO-PPO-PEO) in aqueous solutions46–51 was stud-

ied using SANS, and PS-PI in dialkyl phthalates3,52,89 was studied using DLS and

SANS. The two systems are distinct because CMT is found upon cooling in the case

of pluronics, as water is a good solvent for PPO below 288 K, and CMT is found upon
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heating in the case of PS-PI in dialkyl phthalates, as in this case solvent selectivity

decreases with increase in temperature. DLS measurements are used to determine the

CMT and SANS measurements are used to determine details of the micellar structure

such as aggregation number M , volume fraction of solvent in the core of a micelle

φcore-solvent, and core radius Rcore . The consistent general trends presented in the

literature, upon approaching the CMT from a micellar aggregate, are that the ag-

gregation number M decreases, the solvent increasingly penetrates the core, and the

core radius of the micelle goes down.46–52

2.4 Periodic Phases: Experimental Studies

Pioneering experimental studies of block copolymer solutions in neutral and selec-

tive solvent systems from the concentrated to the dilute limit were carried out by

Hashimoto and coworkers.16,110–114 The authors fit their data of domain spacing for

different concentration regimes in terms of power law expressions of volume fraction of

the diblock copolymer φAB and temperature T . The experimental results were com-

pared with theoretical predictions of domain spacings made by Hong and Noolandi.115

The first two articles110,111 concentrated on the PS-PB block copolymer in a selec-

tive solvent (n-tetradecane) that is a good solvent for PB but a poor solvent for

PS. The rest of the articles in the series concentrated on the behavior of the PS-PB

block copolymers and PS-PI (polyisoprene) diblock copolymers in neutral solvents

toluene and dioctyl phthalate (DOP).2,16 Microdomain structure in these solutions

was investigated by small-angle X-ray scattering (SAXS).

In their first article, Shibayama et al.110 showed a transition from a periodic lattice
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of spheres to isolated spherical micelles on increasing the temperature of the system.

Upon further increase in temperature the isolated spheres were found to melt into

a homogeneous solvent rich phase. The variation of the domain spacing (D) with

respect to the concentration of the diblock copolymer φAB was studied by Shibayama

et al..16 In a wide composition window they found D ∼ φ
1/3
AB. However, they noticed

a decrease in the domain spacing with an increase in the concentration of the diblock

copolymer in the high-concentration regime, φAB & 0.7. The authors found this last

observation to be counter intuitive, because they expected an increase in the domain

size when the segregation power increases with decrease in amount of neutral solvent

in the binary system. The authors hypothesized that the observation was due to

the slow kinetics in the high concentration regime, whereas the lower concentrations

are thermodynamically controlled and attain equilibrium within the timescale of the

measurements. The behavior in the higher concentration regimes was further studied

in their future work.113,114

In their next article Hashimoto et al.112 studied the dependence of the domain

spacing D on temperature T , concentration of the diblock copolymer φAB , and the

degree of polymerization of the diblock copolymer N . The authors plotted a master

curve as a function of (φAB /T ) to look at the temperature dependence. Combining

the results from their earlier studies116 (D ≈ N
2

3 ) they obtained a scaling relation,

D ≈ N
2

3

(

φAB

T

)
1

3

(2.4.1)

for the ordered state (lamellar microdomains) where the microdomains exist in solu-

tion.
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Lodge et al.2 tested the accuracy of the dilution approximation in block copoly-

mer solutions. They studied PS-PI diblock copolymers with toluene and DOP as

the neutral solvents and poly(ethylenepropylene-b-ethylethylene) (PEP-PEE) diblock

copolymers with squalene as the neutral solvent. The authors calculated the ODT

(φODT) for varying volume fractions of the diblock copolymers. They considered

nearly symmetric diblock copolymers, which exhibit a transition between the lamel-

lar and disordered states. The transition is detected using static birefringence.

Lodge et al. found that the results for PEP-PEE system are much closer to the

dilution approximation, whereas in PS-PI system there is no concentration regime in

which the dilution approximation is applicable. The authors noted that because PEP-

PEE has a much smaller χAB than PS-PI, the values of N (degree of polymerization

of the diblocks) are considerably greater; hence, chain stretching and fluctuations in

the diblock concentration should be diminished. The non-universality of the scaling

of φODT with respect to χAB N was made evident.2

Hanley and Lodge117 studied the phase behavior of SI block copolymer in the

neutral solvent DOP. They found that χODT scales as φ−1.4
AB and the χOOT scales as

φ−1. This implies the failure of the dilution approximation for ODT, but success

in predicting the OOT. The authors, suggest that the shortcomings of the mean

field theory might cancel each other out when comparing the free energies of the

ordered phases. The scaling of domain spacings with respect to φAB and χAB was

determined. The results are that the domain spacing scales as ∼ φ
1

3

ABχ
α
AB, with

α ≈ 0.3. The scaling were found to match with the results obtained by Hashimoto

and coworkers16,112 and SCFT calculations by Whitmore and Noolandi.77
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2.4.1 Pluronics in Aqueous Solutions

Phase behavior of block copolymers in a selective solvent is widely studied for pluron-

ics in aqueous solutions.46,86,118–120 Mortensen and Pedersen46 constructed tempera-

ture vs. concentration phase diagram for a particular pluronic block composition of

EO25PO40EO25 in water determined using SANS. For a particular concentration, with

increasing temperature or increasing selectivity of the solvent they found transforma-

tion between morphologies to go from S → C → B.46 Wanka et al. 118 determined

phase diagram in the temperature vs. concentration plane for a range of pluronic

block compositions in a detailed study that used several experimental techniques.

Surface tension measurements, DSC, light scattering and SANS were used to study

the micellization transformation from a dissolved state of pluronics in water. DSC,

and polarization microscopy was used to detect the periodic phases in the phase space.

The authors noticed a transformation from S → C → B for a certain composition

of the pluronic block copolymer with increasing temperature. The same transforma-

tion was also observed upon decreasing the corona length or the length of the EO

block. Large two-phase coexistence regions were noticed between the cubic, hexago-

nal, and lamellar phases. Alexandridis et al. 119 and Svensson et al. 86 also noticed

the formation of periodic phases upon increasing the concentration of pluronic in

aqueous solutions using 1H-NMR and SAXS. Alexandridis120 utilizing SAXS deter-

mined periodic phases of pluronic block copolymers in formamide and determined the

phase transformation from SBCC
A → HA → GA → L, where A represents the core block

monomer PO in this case, with increasing concentration of the block copolymer for

a particular block composition. The periodic phase transformation represents all the
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different types of periodic phases one can expect for a pure diblock copolymer melt

with the majority component in the block copolymer being the solvent-philic block.

2.4.2 PA-PEO in Aqueous Solutions

Other experimental studies involving polymeric amphiphiles polyalkane (PA)-PEO

in aqueous systems have been carried out by Bates and coworkers25,95,96,121 over the

complete concentration regime of the diblock, i.e. from φAB = 0.01 to φAB = 1.

In contrast to pluronics, the PA systems considered here show a much higher degree

of hydrophobic character than PPO. Hajduk et al. 121 studied the phase behavior

of pure poly(ethylethylene) (PEE)-PEO diblock with 0.29 < fEO < 0.72. Phase

diagrams were generated for solutions using SAXS with temperature as the y-axis

and wt% polymer on the x-axis. The phase behavior was shown to be driven by

solvent partitioning itself favorably into EO domains. The authors found that the

gyroid phase is restricted to regions close to pure diblock copolymer melt. In the

dilute regime they noticed large two phase coexistence region between L and HAin

regions where one would expect GAto be present.

Jain et al. 96 constructed a similar phase diagram for PB-PEO in water and

found the network phase (which resembles a network morphology (N)) to be stable

over a large region. They found the morphology to coexist with water in the at

low concentrations of the diblock copolymer. They noticed SBCC
B → HB → L → N

→ HA → SFCC
A with decreasing concentration of the diblock copolymer in the binary

system. The most striking observation was the formation ‘Y-junctions’, which assem-

ble into a dense three dimensional network morphology. The authors noted that the
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closest structural analogue to the N phase is the ordered network morphology the

gyroid phase. They noticed that the tendency to form threefold branches extends to

all levels of hydration, but with long range order frustrated in the presence of large

amount of water in the dilute limit. However, they did not rule out the possibility

that the N phase might be an extraordinary metastable state as the kinetics in the

system is very slow.122

2.4.3 PS-PI in Dialkyl Phthalates

Lodge and coworkers studied the phase behavior of the diblock copolymer PS-PI in

solvent thoroughly with solvents of varying degrees of selectivity. They considered

toluene2 and DOP2,79,89,117 as the neutral solvents. The experimental techniques used

to determine the order-disorder transition (ODT) and order-order transition (OOT)

were SAXS, rheological measurements, and static birefringence. Static birefringence

was used to find the boundaries between birefringent phases (lamellar and cylindri-

cal) and non-birefringent phases (cubic, gyroid, and disordered). The appearance

(or disappearance) of birefringence is used to determine the phase boundaries. The

experimental protocol, following Balsara et al.,123 consisted of measuring the depo-

larized transmitted intensity from a HeNe laser, during a sequence of incremental

increases in temperature.

Lodge and coworkers3,89,117 also studied how the phase behavior of PS-PI diblock

copolymer in dialkyl phthalate solutions depends on the concentration of the diblock,

solvent selectivity, and block composition of PS-PI for the selective solvents case.

The solvent quality was varied by using solvents with different alkyl groups with
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the longer alkyl groups having lower solvent selectivity towards styrene monomer.

They qualitatively compared their results with SCFT calculations.78,88 The authors

found in the concentrated regime,3 the phase boundaries tend to curve depending on

how the solvent partitions itself in the micro-domains of styrene and isoprene. The

more selective the solvent gets, more of the area in the phase portraits is covered

by phases having solvent-phobic isoprene core in order to reduce contact between

isoprene and the solvent. Lodge and coworkers observed phase transformations from

SBCC
A → HA → GA → L → GB → HB → SBCC

B , where A represents the solvent-phobic

block PI and B the solvent-philic block PS. The GAphase is found to be replaced by

two phase coexistence between L and HAas the solvent segregation increases either

with decreasing temperature or increasing fraction of the solvent. Large regions of

SFCC
A were found in the dilute limit.

2.4.4 Phase Behavior in Ionic Solvents

In recent years phase behavior of block copolymers in ionic solvents have also been

explored.124–129 Ionic solvents have desirable properties such as a wide accessible liq-

uid range as high as 300 ◦C, low vapor pressure, thermally stable up to 200 ◦C,

and are relatively cheap.130 The phase behavior of PS-PEO and PB-PEO in 1-ethyl-

3-methylimidazolium bis(trifluoromethylsulfonyl)imide ([EMI][TFSI]) and phase be-

havior of PB-PEO in 1-butyl-3-methylimidazolium hexafluorophosphate ([BMI][PF6])

was studied by Simone and Lodge.125,126 The phase behavior of PB-PEO was studied

in [EMI][TFSI] and [BMI][PF6] in the plane of wt% of PB-PEO vs. fEO by utilizing

SAXS and cryo-TEM.125 Phase behavior similar to that described earlier for different

40



Section 2.5. FCC to BCC Transition

diblock copolymers in selective solvents was found for these binary systems. Segalman

and coworkers127,128 studied the phase behavior of PS-poly(2-vinylpyridine)(P2VP)

in imidazolium bis(trifluoromethane)sulfonamide ([Im][TFSI]) in the plane wt% of

PS-P2VP vs. fS utilizing SAXS and optical transmission characterization, which also

showed similar phase behavior.

2.5 FCC to BCC Transition

The interplay between isolated spherical micelles and two spherical phases SFCC
A and

SBCC
A in the dilute limit3,52,89,131–141 has been widely studied. Starting with pioneering

studies of this morphological transition by McConnell and Gast.131–135 McConnell

and Gast studied PS-PI in decane. They looked at the transition from a disordered

solution of spherical micelles to an ordered structure, which can either be a face-

centered cubic (FCC) lattice or a body-centered cubic (BCC) lattice. They concluded

that the thickness of the corona layer determined the transition. If the corona was

layer was thick or “hairy” the spherical micellar suspension would crystallize onto

a BCC lattice and if the corona layer was thin or “crew-cut” it would crystallize

onto a FCC lattice.131–135 Small angle neutron scattering (SANS), small angle x-ray

scattering (SAXS), and dynamic light scattering (DLS) were used by the authors to

study the structural properties of these solutions.

Also, the authors determined the transition between FCC and BCC lattices us-

ing a liquid-state theory.134 The liquid-state theory required pair-wise interactions

between spherical micelles as an input. Gast and coworkers estimated pair-wise in-

teractions using a self-consistent field theory calculation of brushes tethered to a flat
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surface interacting with each other.132,133,135 The SCFT calculations were used under

the assumption that the radius of the spherical micelle was much larger than the

distance between interacting micellar aggregates. The structure factor from SANS

measurements compare favorably with the results obtained using SCFT calculations,

which validated their SCFT calculations.

Hamley and coworkers studied the same phase transitions for poly(oxyethylene)-

poly(oxybutylene) (POE-POB) in aqueous solutions.136–138 They also noticed a tran-

sition from a BCC lattice to a FCC lattice upon reducing the length of the corona

block.136–138 Furthermore, they noticed a large two phase region between periodic

spherical lattices and a periodic hexagonal lattice.137 Even for shorter corona block

lengths, Hamley and coworkers noticed a transformation from a FCC lattice to a BCC

lattice upon increasing the concentration of the diblock copolymer POE-POB.

Lodge and coworkers52,139–141 payed close attention to how the spherical micellar

aggregates condense onto a lattice and what drives them to choose a FCC lattice or

a BCC lattice. They studied PS-PI in several different dialkyl phthalate solvents.

Structural properties were determined using SANS measurements. In particular, the

authors determined the aggregation number M of the spherical micellar aggregates,

and correlated M to interaction between these spherical micellar aggregates. They

concluded that decreasing M leads to dilution of the corona brush and hence, leads

to a softer micellar potential leading to the formation of BCC phase.140 Lodge and

coworkers also studied the transition between FCC and BCC lattices with varying

concentration of PS-PI in DBP as well.3,52,89

Grason142 proposed a mean field model in order to describe condensation of spher-
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ical micelles onto a periodic structure of either FCC or BCC for the binary system

of AB/S. Grason implemented the model developed by Zhulina57 for determining

competing terms in the free energy for an individual micelle, and used a pair-wise

potential developed by Likos et al. 143 in order capture the interactions between in-

dividual spherical micelles. BCC is found to be stable when entropic factors ( low

φAB , and high T ) or long range inter-micellar potential ( high φAB ) dominates. The

aggregation number is found to initially increase with increasing volume fraction of

diblock copolymer AB φAB and found to achieve a maximum before dropping down

with increasing φAB . This follows the re-entrant BCC transition where upon increas-

ing φAB one notices the transition from a homogeneous solution → BCC → FCC

→ BCC for the phase map generated using this model. This process leads to fission

of the spherical micelles thereby reducing the aggregation number with increasing

φAB . Grason also showed upon changing the character of the diblock copolymer

from “hairy” to “crew-cut” leads to an increase in the presence of FCC phase in the

morphology diagrams. However, the assumption that there is no small molecule sol-

vent penetration in the core of micelles limits the model as it is known through SANS

measurements that the solvent penetrates the core of micellar aggregates significantly.

Grason did not consider other competing periodic structures in his study as well.

Suo et al. 90 used continuum formulation of SCFT in order to determine which

spherical periodic phase, FCC or BCC, is stable over a particular concentration range.

They split the free energy contributions into interactions between diblock copolymer

AB and solvent S, blocks A and B, and translational entropy of the solvent. They

observed the interaction between AB and S to drive the transition. However, their
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analysis was limited. This is due to absence of any information regarding structural

properties of isolated spherical micellar aggregates. The studies presented above

studied both, the isolated spherical aggregates and periodic phases SBCC
A and SFCC

A .

Here we utilize real space implementation of SCFT to study isolated spherical

micellar aggregates. The periodic formulation of SCFT is used to study swollen BCC

and FCC phases to understand this transition in a binary system of AB/S. Simulating

isolated aggregates gives us information about aggregation number and radius of the

spherical micelles. Combining this with results for SFCC
A and SBCC

A , one can obtain the

pair-wise interactions between micelles as they assemble on a spherical lattice. The

aggregation number of the spherical aggregates on SFCC
A and SBCC

A can also be obtained.

The results of this analysis are presented later in Section 5.5.

2.6 Micellization Kinetics: Experimental studies

Kinetics plays a crucial role in the binary system AB/S when the degree of segregation

in the system is large, or the components AB and S are polymeric in nature which leads

to large time scales required for equilibration. In this section I provide a summary of

previous research work on micellization kinetics pursued through experiments.

In their pioneering work, Hashimoto and coworkers113,114 noticed a hysteresis in

mixtures of block copolymers in selective solvents. In the concentrated regime of di-

block copolymers, domain sizes were found to differ at a particular temperature upon

heating and cooling. This was seen for both for the lamellar and spherical periodic

phases of a PS-PI surfactant in a non-selective solvent dioctyl phthalate(DOP) or

toluene.
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Correspondingly, in the dilute regime, light-scattering stop flow measurements

have been used to study micellar association and dissociation of diblock copolymers by

Bednar et al. .144 The difference in scattering power between single block copolymers

dissolved in solution (unimers) and micelles is large, which makes this technique

very useful in the study of block copolymer micellization. The authors studied PS-

PB diblock copolymer and PS-PB-PS triblock copolymer in a mixture of dioxane and

heptane. Micellar association and dissociation is studied by analyzing the exponential

decay in the intensity. Using a double exponential of the form I(t) = a1e
t

τ1 +a2e
t

τ2 +a3,

where τ1 and τ2 represent two relaxation times, which possibly do not correspond to

real relaxation processes. The mean value of τ1 and τ2 is then taken as the relaxation

times for either association or dissociation timescales depending on whether one is

forming or dissolving micelles. The two timescales determined by the authors were

found to be of the same order of magnitude.

A similar procedure for estimating the time scales of association and dissociation

has been used in several articles145–148 in press, for a variety of block copolymers

in selective solvents. Mattice and coworkers145,149 studied the micellization kinetics

for PS-poly(oxyethylene)(POE) in mixture of water/ethanol with these flouroscence

techniques and DLS. This micellar system has a glassy core, with PS having a high

Tg = 105 ◦C. They find τ1 and τ2 to be of the same order of magnitude. It is however

important to note that the kinetics are essentially frozen due to the glassy PS core of

the micelles.

Michels et al. 150 studied two Pluronic triblock copolymers of the form EOn −

POm − EOn, with m > n for one case and m < n for the other, in aqueous solu-
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tions. According to previous measurements118 they expect the cost of dissolving PO

in water to be lower than dissolving PS in water, and observe that the CMC of this

system varies over 3 orders of magnitude,151 through a temperature range of 20 ◦C.

This behavior made it an excellent system to study the dynamics of micelle forma-

tion and dissolution. Micellar dynamics were measured using an ultrasonic relaxation

and intensity measurement corresponding to a temperature jump. Two relaxation

timescales are observed where they associate the faster process with unimer inser-

tion/expulsion, and the slower process to micelle fusion and fission. The first one

is associated with micelle formation while the second is important for the system to

achieve equilibrium micelle size.

Eisenberg and coworkers152,153 have studied some kinetic aspects of morphology

transformations in the dilute limit for PS-PAA in mixtures of dioxane/water152 and

dimethylformamide (DMF)/water.153 PS is strongly hydrophobic and these mixtures

are often kinetically trapped. A mixture of solvents with a small concentration of

water < 10% was varied to influence the kinetic barrier and study the relaxation

kinetics. In their first article,152 turbidity measurements (by measuring the optical

density of transmitted light) coupled with TEM were employed to study the kinetics of

the rod to vesicle transformation at room temperature. These turbidity measurements

are fit with exponentials describing relaxation on two timescales, as described earlier.

They found the fast and slow process timescales to differ by a factor of 4 rather than

an order of magnitude as seen from these other micellization studies. They describe

the mechanism for the rod to vesicle transformation as a two step process, a first

fast step of the rod-lamella transition followed by the relatively slower process of the
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lamellae to vesicles transformation.

In their second study, Zhang and Eisenberg153 analyzed the kinetics of morphology

transformation between spherical micelles, cylindrical micelles, and vesicles for PS-

PAA in DMF/water mixture using TEM for two preparation procedures. The first

one involved dissolving the diblock copolymer in DMF and then adding small amount

of water, whereas the second one involved dissolving the diblock copolymer directly

in a mixture of DMF/water. The structures were frozen after 5 days of mixing by

the addition of more water to the system, and finally DMF is removed from the

mixture using dialysis. A 5.5 wt% water concentration mixture was found to change

morphology in a matter of minutes, whereas the case of 8.5 wt% water concentration

mixture the authors observed that it took days to notice a morphological transition.

With the direct dissolution method thermodynamics were credited to dictate the

morphology even for high water content, as opposed to the case of water addition

where the system appeared to be kinetically frozen. The authors hypothesize the

high concentration of unimers reduce the barrier to micelle formation in the direct

dissolution method.

Along similar lines, Jain and Bates122 observed the non-ergodic mixing behavior

of blends of various block lengths of PB-PEO in water with two preparation schemes.

The experimental technique used to determine the morphologies was primarily cryo-

TEM, and the morphologies were observed over time. They prepare one way by

mixing the diblocks of different block compositions before dissolving them in water,

and separately by adding each block copolymer individually to water. By comparing

these two schemes they found no unimer exchange to occur, and observed frozen
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morphologies for PB-PEO in water. This can be expected because of a high degree

of hydrophobic character of PB.

Meli and Lodge have studied diblock copolymer PB-PEO in the ionic solvents

[EMI][TFSI] and [BMI][TFSI].154,155 Using DLS and cryo-TEM the observed the re-

laxation of micellar size at high temperatures (> 120 ◦C), studied from three different

preparation procedures.154 All the preparation procedures yielded a wide range of

hydrodynamic radii. Annealing temperatures 120 ◦C < T < 180 ◦C are used, which

yielded the same final size for a particular temperature and preparation protocol.

Another experimental technique used to study micelle dynamics is time-resolved

small angled neutron scattering (SANS), developed by Willner et al. .156 They in-

vestigated kinetics of system of poly(ethylene-alt-propylene) (PEP)-PEO/DMF by

exploiting the large difference in the scattering lengths of protonated and deuter-

ated species. Since the glass transition temperature of PEP is very low (−56 ◦C)

compared to that of PS (105 ◦C), this copolymer is ideal for eliminating the influ-

ence of glassy dynamics. The authors used a double exponential fit of the form

I(t) = a1 e
t

τ1 + a2 e
t

τ2 + a3 as discussed before. In this case, they noticed that the two

relaxation times to differ by two orders of magnitude (if not by at least one order of

magnitude), and thus, predict presence of two different mechanisms for the formation

or dissolution of micelles. They hypothesize the faster process corresponds to unimer

exchange and were unable to attribute the slower process to a physical mechanism.

This technique of time-resolved SANS was also used by Lund and coworkers,157–160

and they further investigate micellization kinetics of PEP-PEO/DMF system. Two

studies157,158 investigate star copolymers of PEP-PEO in a solvent mixture of wa-
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ter/DMF. The micellar interfacial tension is tuned by varying concentration of DMF

in the system. Water has been found to have an interfacial tension five times higher

relative to DMF so that higher water content is expected to slow kinetics exchange

of the surfactant. The authors noticed the kinetics to be frozen when the solvent is

pure water but also found observable kinetics when they added moderate amounts

of DMF to the system. In a separate study utilizing synchroton x-ray scattering,

the authors160 were able to describe the micellization process in the system with an

elemental kinetics process driven by unimer insertion and expulsion.

Iyama and Nose161 utilized time-resolved static and dynamic light scattering to

analyze the association processes of micelle formation. In this investigation, the

aggregation number was found to initially increase but then begin to decrease over

time at a certain temperature. The authors also noticed the formation of cylindrical

micelles, which then evolves to a vesicle morphology on heating to a unimer state

which was then quenched from a higher temperature to room temperature. The

cylindrical morphology was however not found on cooling slowly to room temperature

from above the critical micelle temperature. This morphology at room temperature

was found to be path dependent.

2.7 Summary and Perspective

A summary of literature for the phase behavior in the dilute regime as well as in the

concentration regime has been provided here. The behavior in these two regimes are

intertwined and a comprehensive theoretical study is missing. Using two formulations

of SCFT we simulate the micellar aggregates B, C, and S in the dilute regime, and
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periodic phases in the concentrated regime.

A real space implementation of SCFT is used to determine the states of aggre-

gation i.e., regions where B, C, and S are stable. This method is used to determine

the critical aggregation concentration (CAC) and the critical micelle temperature

(CMT). A SCFT method to estimate CMT has not been pursued before. The solvent

selectivity χAS required to completely collapse the corona brush at the interface is

also investigated. The analysis of isolated aggregates is presented in chapter 4.

We notice unique features in phase diagrams by combining two formulations of

SCFT over the complete concentration regime 0 ≤ φAB ≤ 1. We systematically sweep

through the phase cube encompassing fB , χAS , and φAB to determine the stable

ordered phases. In this phase cube, the network morphology25 should occur between

B and C transition. Another goal is to determine if the gyroid phase GAcoexists with

the solvent rich homogeneous phase. Suo et al. 90 have studied the phase behavior

of AB/S, but their analysis is found lacking in certain areas. They do not consider

the morphology variation of isolated aggregates B, C, and S. This behavior should

be intertwined with the phase behavior in the concentrated regime. The periodic

phases are found to require higher degree of numerical accuracy in the dilute limit.

The number of basis functions (described in the next chapter) required to generate

accurate calculations is almost five times of those used by Suo et al. .90 The accuracy in

our case is verified by comparing independent calculations obtained from the periodic

and real space implementations of SCFT. They do not notice any two phase regions

between periodic phases in the dilute limit, whereas we observe otherwise. We have

also considered solvent selectivities which are 50% higher.
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Also, we describe the region of low φAB and low fB , where we expect the periodic

phases with solvent-philic core to coexist with pure solvent. A theoretical study of this

region is missing. RPA and Flory-Huggins theory are used to gain further insight into

the phase behavior of AB/S. By combining results obtained from the dilute regime

and the concentrated regime, we analyze the FCC to BCC transition in the dilute

limit.
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CHAPTER 3

Self-Consistent Field Theory

In the remainder of this thesis, SCFT is used to simulate both isolated aggregates and

periodic phases in solutions of AB diblock copolymers in a selective solvent S. In this

chapter, I review the SCFT formalism and discuss our numerical implementation of

the theory. A general introduction of micelle thermodynamics with a corresponding

implementation in the real space formulation of SCFT is discussed, which is used to

determine morphologies in the dilute limit. Finally, the unbinding transition noticed

in blends of AB and homopolymer B is studied for the binary system of AB in small

molecule solvent S by combining results from two different formulations of SCFT.
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3.1 Notation

The nomenclature used throughout the thesis is that A represents the solvent phobic

block of the diblock copolymer, B represents the solvent philic block, and S represents

a small molecule selective solvent. The Flory-Huggins interaction parameters between

these species are represented by χAB , χAS , and χBS . In most of this thesis, I will be

concerned with a binary system containing an AB diblock copolymer in small molecule

solvent S. The degree of polymerization of the diblock copolymer is represented by N ,

which is defined as the ratio of the volume of the copolymer to a reference volume ν.

In general, the volume of the small molecule solvent is given by NSν. By convention,

the reference volume in this system is taken to be equal to the solvent volume, taking

NS = 1, so that N is the ratio of the polymer volume to the solvent volume. The

block composition of the diblock is given by fB , which is the volume fraction of the

solvent philic block B within the diblock copolymer AB.

We consider a binary system containing MAB copolymer molecules and MS solvent

molecules in a total volume V . Let

φ̄AB =
(

ν
V

)

MABN (3.1.1)

φ̄S =
(

ν
V

)

MSNS (3.1.2)

denote the average volume fractions of AB copolymer and solvent in this system,

respectively.
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In an incompressible system we have

MABNν +NSMSν = V. (3.1.3)

The Gibbs free energy G for this binary system can be expressed as a function of

pressure P and MAB, for which

∂G(P,MAB)

∂MAB
= ∆µ. (3.1.4)

In the above equation ∆µ represents the exchange chemical potential, which is defined

as

∆µ ≡ µAB − N

NS

µS. (3.1.5)

Correspondingly, the total Helmholtz free energy for an incompressible system (δV =

0) under constant pressure (δP = 0) can be expressed as a function of volume V and

MAB. This is given by

∂F (V,MAB)

∂MAB

∣

∣

∣

∣

V

= ∆µ. (3.1.6)

Let f denote the corresponding Helmholtz free energy per monomer, which satisfies

∂f

∂φAB

=
1

N

∂F

∂MAB

(3.1.7)

=
1

N
∆µ. (3.1.8)
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3.2 Self-Consistent Field Theory

SCFT is based on exact treatment of the statistical mechanics of individual molecules

in a self-consistently determined set of chemical potential fields. The required infor-

mation about the statistics of the AB diblock copolymer in the systems of interest

is given by a statistical weight qAB(r, n). This quantity is proportional to the con-

strained partition function of a subchain containing monomers 0 to n of a diblock

copolymer with a degree of polymerization N , when monomer n is constrained to

point r, in a specific set of chemical potential field.

The function qAB(r, n) satisfies a modified diffusion equation (MDE)

∂qAB(r, n)

∂n
= −

[

−bα(n)
2

6
∇2 + ωα(n)(r)

]

qAB(r, n) (3.2.1)

with an initial condition qAB(r, 0) = 1 for all r. Here, bα is the statistical segment

length, ωα(r) is the chemical potential field for α monomers, divided by kT . The

quantity α(n) is the type index for monomer n, which is equal to A within A block and

B within the B block of the copolymer. An analogous function qAB
†(r, n) is defined for

the subchain containing monomers n to N . The function qAB
†(r, n) satisfies a similar

diffusion equation with the left hand side multiplied by −1, with a final condition

qAB
†(r, N) = 1.

The chemical potential field ωα(r) expressed on a per monomer basis in units of

kT is given by

ωα(r) =
∑

β

χαβφβ(r) + ξ(r) (3.2.2)
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where χαβ is the Flory-Huggins interaction parameter for binary interaction between

α and β monomers, for which χαβ = χβα. By convention, χαα = χββ = 0. The form

of interaction considered here is same as the one used in Flory-Huggins theory. The

local volume fractions of α monomers, which can either be A or B or S, is represented

by φα(r). The field ξ(r) is a Lagrange multiplier field, which is chosen to satisfy the

incompressibility constraint
∑

α

φα(r) = 1. (3.2.3)

The local volume fraction φA(r) of A monomers that are part of an AB diblock

copolymer is given by

φA(r) =
φ̄AB

QAB

∫ fAN

0

dn

N
qAB(r, n)qAB

†(r, n). (3.2.4)

Here, φ̄AB is the average volume fraction defined in Equation (3.1.2) and QAB is

unconstrained partition function defined by an integral

QAB ≡ 1

V

∫

dr qAB(r, N). (3.2.5)

The n in integral from Equation (3.2.4) is constrained to blocks of monomer type β

by the Kronecker δ function δβ,α(n).

For the binary system of diblock copolymer AB in homopolymer B considered in

Chapter 6 the corresponding qB can be calculated by setting fA = 0 in the equa-

tions presented above. Once qB is determined we estimate the contribution from the

homopolymer to φB(r) using Equation (3.2.4) with fA = 0.

The small molecule solvent can be considered as a special case of polymeric species

56



Section 3.2. Self-Consistent Field Theory

in which the Laplacian ∇2 is neglected in the MDE presented in Equation (3.2.1), as

a result of the small size of the solvent. In this case, statistical weight q is a function

of r alone, and is given (for an arbitrary reference volume) by the Boltzmann factor

qS(r) = exp (−NSωS(r)). The volume fraction of solvent is then

φS(r) =
φ̄S

QS
exp (−NSωS(r)), (3.2.6)

where

qS(r) = exp (−ωS(r)). (3.2.7)

The unconstrained partition function of the solvent QS is given by

QS ≡ 1

V

∫

dr exp (−NSωS(r)). (3.2.8)

As already noted, by convention, we take the reference volume equal to the solvent

volume, thus yielding NS = 1.

The chemical potential of the AB copolymer is related to average volume fraction

φ̄AB and QAB through:

µAB = kT ln

(

φ̄AB

QAB

)

. (3.2.9)

Similarly,

µS = kT ln

(

φ̄S

QS

)

(3.2.10)

is the chemical potential for the small molecule solvent.

Self-consistent field theory may be formulated in either the canonical or grand

canonical ensemble. In the canonical ensemble we explicitly specify a value for the

57



Section 3.2. Self-Consistent Field Theory

average volume fraction φ̄i for each molecule type i, where i denotes AB or S. In

grand-canonical ensemble, we instead specify values for the chemical potential µi for

each species. To formulate SCFT calculation in grand-canonical ensemble, we use

Equations (3.2.9) and (3.2.10) to calculate for the ratios φ̄AB/QAB and φ̄S/QS that

appear as prefactors in Equations (3.2.4) and (3.2.6) for the local volume fractions.

This is accomplished by simply making the replacement

φ̄i/Qi → eµi/kT (3.2.11)

in these two equations.

To study the phase behavior, one must compare free energies of competing struc-

tures. The total Helmholtz free energy F of a simulation volume is given in SCFT

by

F

kT
= MAB ln

(

φ̄AB

eQAB

)

+MS ln

(

φ̄S

eQS

)

+
1

2

∑

α,β

χαβ

∫

dr φα (r)φβ (r) −
∑

α

∫

dr ωα (r)φα (r) (3.2.12)

where α and β are of the monomer type A, B, or S. The grand canonical free energy

Φ is given by the definition

Φ = F − µABMAB − µSMS. (3.2.13)

The pressure P of a macroscopically homogeneous system related to Φ by the ther-

modynamic identity Φ = −PV .
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3.3 Stress in SCFT

When using SCFT to treat periodic phases, the equilibrium structure must minimize

the free energy per volume with respect to variations in dimensions of the periodic unit

cell, corresponding to a stress free crystal. The code used by our group for periodic

phases uses a method that was implemented by Tyler162,163 to calculate derivatives

of the Helmholtz free energy, and to find the unit cell dimensions for which these

derivatives vanish.

The unit cell for any periodic structure can be characterized by a set of indepen-

dent parameters, where the number of parameters depends upon the crystal system

e.g., length of any one edge of a cubic system, or three independent lengths for an

orthorhombic crystal. In a periodic structure characterized by d independent param-

eters, denoted by θi with i = 1, . . . , d, we require that

∂F

∂θi
= 0 (3.3.1)

for all i. The general expression for the stress for an incompressible melt of multi-block

copolymers was derived by Tyler and Morse162,163 as

1

kT

∂F

∂θi
= −MAB

∂ lnQ

∂θi
. (3.3.2)

A straightforward generalization to the case of a binary mixture of copolymer and

solvent of interest here yields

1

kT

∂F

∂θi

= −MAB
∂ lnQAB

∂θi

−MS
∂ lnQS

∂θi

. (3.3.3)
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It is straightforward to show, however, by considering the expressions given by Tyler

and Morse for ∂ lnQ/∂θi for chain molecules, that

∂ lnQS

∂θi
= 0 (3.3.4)

in the special case of a point-like solvent species. As a result, the stress is given

by the contribution arising from the polymeric species alone, which gives the same

contribution per polymer molecule as that used by Tyler and Morse.

3.4 Numerical Implementations

SCFT has been implemented in two types of formulations. The first formulation of

SCFT is implemented in real space and the governing equations are solved numer-

ically utilizing a pure Newton Raphson method. This formulation is used to study

the isolated dilute morphologies B, C, and S in a binary system consisting of AB/S.

The second one is a periodic formulation of SCFT (PSCF), where a particular pe-

riodic lattice is represented in the form of basis functions using the pseudo-spectral

method implemented by Qin and Morse.164 Both implementations are discussed in

the following subsections.

3.4.1 Real Space Implementation

The real space formulation of SCFT is used to study isolated aggregate structures

present in the form of spheres, cylinders, and bilayers. One needs to obtain the

statistical weights qAB(r, n) and qS(r, n) from which the thermodynamic properties of
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each morphology can be obtained. The statistical weight for the species AB and S are

determined by numerically solving the MDE, presented earlier in Equation (3.2.1), in

real space using the Crank-Nicolson scheme with mirror boundary conditions. From

the initial omega field we determine the statistical weights qAB(r, n) and qS(r, n) ,

using which the concentration profiles and thermodynamic properties of the system

can be determined. After solving the MDE a Newton-Raphson iteration scheme

is used to self-consistently determine the final solution according to certain criteria

described later.

Utilizing the initial condition qAB(r, 0) = 1 for all r and zero flux boundary con-

dition we calculate the values of qAB(r, n) for values n > 0 using the Crank-Nicolson

scheme. Upon comparison with a diffusion equation, this translates to constructing

the concentration profile by utilizing the relation between the concentration at a given

time t and at time t−∆t given the initial concentration profile at t = 0. In the MDE

monomer index n can be considered similar to time t in the diffusion equation. The

Crank-Nicolson scheme is an implicit method where in order to determine the sta-

tistical weight of monomer n along the diblock copolymer AB a system of algebraic

equations have to be solved numerically. The individual values of the qAB(r, n) at

each value of r and n are related to each other by

qAB(r, n+ 1) = qAB(r, n) +
∆n

2
[K(r, n+ 1) +K(r, n)] , (3.4.1)

where K(r, n) represents the right hand side of the modified diffusion equation (3.2.1),

in which the Laplacian is discretized using a central difference scheme in r. The

algebraic problem is tridiagonal in nature, or the solution of qAB(r, n) for the index
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n and a particular r is implicitly dependent on its values at indices n − 1, n, and

n+ 1. This tridiagonal matrix is solved numerically using a LAPACK routine whose

convergence scales as O(N/ds), where ds is the step size for discretization along the

contour of the diblock copolymer AB. A similar procedure is used to obtain value

of qS(r, n) or value of qB(r, n) depending on whether the binary system is AB/S or

AB/B.

Once the MDE has been solved, the residual is calculated and if it is not within

the specified tolerance, a Newton-Raphson scheme is used to satisfy the tolerance.

The residual comprises two criteria. The first one is incompressibility imposed by the

Lagrange multiplier field ξ(r) and the second one is related to the chemical potential

fields ωα(r) =
∑

β χαβφβ(r)+ ξ(r). ξ(r) is calculated using the equation for chemical

potential field of monomer A ωA(r) , i.e. ξ(r) =
∑

β χAβφβ(r) − ωA(r). The size

of the residual matrix is Nmonomer ∗ Ngrid, where Nmonomer represents the number of

monomers and Ngrid represents the grid size, as the constraints have to be satisfied for

each monomer at each grid point. The incompressibility constraint is implemented

in the corresponding row of ωA(r) in the residual vector as the condition ωA(r) =
∑

β χAβφβ(r) + ξ(r) is already satisfied in the calculation of ξ(r). The residual R,

where monomer A contributes to row 1 of the residual, for a particular grid point n
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can be calculated from the following relations

ξ(n) = ωA(n) −
∑

β

χAβφβ(n) (3.4.2)

R(1) =
∑

α

φα(n) − 1 (3.4.3)

R(γ) = ωγ(n) −
∑

β

χγβφβ(n) − ξ(n) (3.4.4)

where γ, which ranges from from 2 to Nmonomer, represents contributions to the resid-

ual from the rest of monomers other than A. The chemical potential fields are tweaked

after each iteration till the required tolerance is achieved.

If the sufficient tolerance is not achieved for iteration step i, for the next itera-

tion chemical potential fields and the Lagrange multiplier field represented by X are

updated according to the Newton-Raphson method by

X i+1
α = X i

α − J i
αβ

−1
Rβ , (3.4.5)

where the matrix J represents the Jacobian J i
αβ ≡ (∂Ri

α/∂X
i
β). The iterations are

continued till the residual goes to zero with the required tolerance. One needs to

calculate the inverse of Jacobian J i
αβ

−1
for each iteration step i in this formulation of

SCFT and is the most time consuming step of the simulation.

The definition of the residual involves a subtlety as the concentration profiles

calculated using the canonical ensemble are invariant under constant shifts of the

Lagrangian field ξ(r). Hence, in the canonical ensemble one has to specify a reference

value of ξ(r) but in the case of the grand canonical ensemble, where one specifies the
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chemical potential µi for each specie i, it automatically results in a reference value

for the Lagrange field ξ(r). Thus, in the canonical ensemble the number of degrees

of freedom is reduced by the number of monomers Nmonomer as a homogeneous shift

in the omega fields leads to the same final solution of the concentration profiles of

each monomer, which results in an infinite number of possible solutions. This issue

is overcome by enforcing the Lagrange field at the last grid point M to be zero i.e.,

ξ(M) = 0.

3.4.2 Pseudo-Spectral Method

Matsen and Schick165 developed a spectral method in order to solve the MDE which

involved symmetry adapted basis functions, and successfully simulated the three di-

mensional BCC sphere and gyroid phases. The governing MDE is reduced to the

form of

∂qAB(r, n)

∂n
= −HABqAB(r, n) , (3.4.6)

where HAB corresponds to the operator

[

−bα(n)
2

6
∇2 + ωα(n)(r)

]

. (3.4.7)

The solution for the MDE in their case is obtained by propagating from the initial

condition of qAB(r, 0) = 1 for a given set of chemical potentials for each monomer

ωα(n)(r) through the relation

qAB(r, n+ δn) = exp(−HAB∆n)qAB(r, n) . (3.4.8)
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The time taken to solve the MDE is found to scale as ∼M3, where M is the number

of symmetry adapted basis functions used to resolve the space group of the peri-

odic phase. In comparison, the pseudo-spectral formulation developed by Rasmussen

and Kalosakas166 scales as MNgrid log(Ngrid), where M is the number of grid points

involved in the discretization of the contour variable s and Ngrid is the number of

grid points for spatial discretization. The pseudo-spectral formalism has been imple-

mented by Qin and Morse164 and a more detailed description of this method can be

found in Qin’s thesis.164 Here we summarize the pseudo-spectral formalism used to

simulate periodic phases.

The propagator in this case is complicated to evaluate as ωα(r, n) is diagonal in

real space and ∇2 is diagonal in reciprocal space. In the case of the pseudo-spectral

formalism the propagator exp(−HAB) is given by the approximation166

qAB(r, n+ ∆n)

≃ exp

(

−Nωα(r, n)

2
dn

)

exp

(

Nb2∇2

6
dn

)

exp

(

−Nωα(r, n)

2
dn

)

qAB(r, n) .

In the pseudo-spectral algorithm the ωα(r, n) operating on qAB(r, n) is calculated in

real space and ∇2qAB(r, n) is calculated in Fourier space with the help of fast Fourier

transforms.

Iteration scheme with Broyden’s Method

A set of symmetry adapted basis functions which capture the symmetry of the par-

ticular space group are generated in order to calculate the residual. The generation
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of symmetry adapted basis functions is implemented for the spectral formalism by

Tyler and Morse,162 and for the pseudo-spectral formalism was extended by Qin and

Morse164 in our group. One needs to specify a reference state for the canonical en-

semble as mentioned previously for the real space formulation of SCFT. In the case

of PSCF, the Lagrange field of the homogeneous component of PSCF is set to zero

ξ (G = 0) = 0 in order to take care of homogeneous shifts in ξ(r) yielding the same

solution. For the grand canonical ensemble the Lagrange field ξ (r) is uniquely deter-

mined for each grid point or basis function.

Once the MDE has been solved for the periodic phases the solution has to be

iterated to get the required tolerance under the constraints mentioned earlier for the

real space formulation of SCFT. For the case of PSCF same convention is used to

generate the residual, however there are extra terms in the residual incorporating

stress or minimization of free energy relative to lattice parameters of the unit cell θi.

The additional term in the residual is represented by

R =
∂F

∂θi

, (3.4.9)

with i being the number of number of independent lattice parameters for the periodic

lattice.

The residual generated is minimized using a quasi-Newton-Raphson method called

the Broyden’s method implemented by Qin and Morse.164 This method reduces the

simulation time by generating the Jacobian only once at the start of the iteration

algorithm instead of generating a completely new Jacobian for each iteration step

in a pure Newton-Raphson implementation. Broyden’s method starts with a rough
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estimate of the Jacobian and improves the estimate of the Jacobian as the number

of iterations go up. This speeds up the calculation as one does not have to calculate

the Jacobian at each iterative step.

SCFT calculations are carried out at constant φAB as well as at constant fB for

different phases. In the canonical ensemble, the phase having the lowest Helmholtz

free energy F in a particular region of the phase diagram is determined to be the

stable phase in that region. In the grand canonical ensemble, the grand canonical

free energy Φ is a function of chemical potential of the diblock copolymer µAB, and

chemical potential of the solvent µS. In order to compare the free energies between

candidate phases, the chemical potential of the solvent is set to zero, µS = 0. This

aids in condensing the values of Φ for different phases in a single plot relative to the

exchange chemical potential ∆µ = µAB−NµS. This procedure is carried out by taking

into account that SCFT predictions for volume fraction fields and the Helmholtz free

energy are invariant under a spatially homogeneous shift of the Lagrange multiplier

field.167 The chemical potentials at which Φ of both phases cross is the chemical

potential for phase coexistence from which we calculate the two phase coexistence

boundaries.

3.5 Numerical Accuracy

Numerical accuracy plays an important role in any simulation technique. Here, I

describe the accuracy limits of the pseudo-spectral method and compare it with the

spectral method. Also, I discuss accuracy issues related to SCFT calculations of

strongly selective solvents later on in this section.
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Figure 3.1: The error, ∆FG difference in Helmholtz free energy of gyroid phase (G)
with respect to an accurate calculation, relative to the number of basis functions M
for a value of χAB N = 30. The error is tracked along the metastable hexagonal (H)/
lamellar (L) phase boundary and is divided by ∆FG − ∆FL. The data for spectral
method with Anderson mixing is obtained from the article by Matsen.1

3.5.1 Pseudo-Spectral vs. Spectral Algorithms

Here we compare the accuracy of the pseudo-spectral method with Broyden’s method

with the spectral formulation of SCFT combined with Anderson mixing implemented

by Matsen.1 In Figure 3.1 these two different formulations of SCFT are compared for

a diblock copolymer AB melt. This figure represents the variation of the inaccuracy

or the error, ∆FG which is the difference in Helmholtz free energy of gyroid phase

(G) with respect to an accurate calculation, relative to the number of basis functions

M for a value of χAB N = 30. The error is measured relative to a highly accurate

gyroid phase (G) calculation carried out with M ≈ 3000 and error tolerance for the

PSCF simulation of < 10−8 for the pseudo-spectral method. This error is tracked

along the metastable hexagonal ( H )/ lamellar ( L ) phase boundary, where H and L
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have the same Helmholtz free energy. The error, ∆FG, is divided by ∆FG − ∆FL as

it approximates the relative error in the width of the gyroid channel.

The pseudo-spectral method with Broyden’s competes favorably relative to the

spectral formulation used by Matsen.1 The rate of convergence, which is the slope of

lines in Figure 3.1, is found to be similar for both schemes of SCFT.

3.5.2 Accuracy Issues in Selective Solvent

In order to simulate any periodic phase accurately one requires enough number of grid

points to discretize the interface between the core block A and the selective solvent

S. If the number of grid points in the interface are low, or equivalently the resolution

of interface is low this will lead to numerical errors in the thermodynamic properties

of the system. Hence, the dependence of interfacial width is studied relative to the

interaction parameter χAS . The concentration profiles of a lamellar phase can be

used to study the numerical cost of simulating three dimensional periodic phases

such as face-centered cubic SFCC
A , body centered cubic SBCC

A , and gyroid GA. The

assumption in this case is that the interfacial width for a particular χAS is similar

in a lamellar phase, hexagonal phase HA, gyroid phase GA, spherical FCC SFCC
A and

spherical BCC SBCC
A . The ratio of the domain size d and the interfacial width w

relative to the solvent selectivity will give a qualitative estimate of why simulations

at higher values of χAS are numerically intractable for phases with three dimensional

symmetry.

The concentration profiles of the lamellar phase for φAB = 0.5 and fB = 0.5 is

studied here. These parameters are chosen right at the center of the parameter space
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in a fB vs. φAB cut of the phase cube encompassing fB , φAB , and χAS . The definition

of interfacial width w used here is presented in Figure 3.2.

r

φ 
(r

)

w

B

A

S

Figure 3.2: Definition of interfacial width w is shown here. Volume fraction φ of
monomers A, B, and S is plotted against position r. The dashed line represents the
linear fit of φB(r) close where φA(r), and φB(r) intersect each other.

Interfacial width w is calculated by fitting a line for the concentration of solvent-

philic monomer B at the intersection of volume fraction monomers A, and B. This

line is represented by the dashed line in Figure 3.2 with the assumption being that the

concentration profile at the interface to be wedge-shaped for various concentration

profiles at different χAS . The dotted lines represent the maximum and minimum in

the concentration of solvent philic monomer B. The distance between where the linear

fit intersects the maximum and the minimum in concentration of B is defined as the

interfacial width w.

The ratio of domain size d relative to interfacial width w is calculated and is

presented in Figure 3.3 for a lamellar phase with φAB = 0.5, fB = 0.5, χBS = 0.4,
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Figure 3.3: The ratio of the domain size d relative to the interfacial width w for a
lamellar phase at φAB = 0.5 and fB = 0.5 is shown here. The calculations are carried
out using a periodic formulation of SCFT and the parameters used are N = 100,
χBS = 0.4, χAB = 0.2, and bA/bB = 1. The values of d/w is normalized relative to
the value at χAS = 0.75 which yields a value of d/w = 1 for χAS = 0.75.

and χAB = 0.2. The values of d/w is normalized relative to the value at χAS = 0.75,

which yields d/w = 1 for χAS = 0.75. The ratio of d relative to w is about an order of

magnitude larger for χAS = 4 relative to the value of d/w at χAS = 0.75 as seen from

Figure 3.3. Similarly, the value of d/w at χAS = 2 and χAS = 12 are about six times

and eighteen times larger respectively, the value of d/w at χAS = 0.75. The number

of basis functions needed to resolve an interface is proportional to the value of (d/w)n

for an n-dimensional phase. Let us assume the number of basis functions needed to

resolve the interface for χAS = 0.75 be N0.75. Hence, we can reasonably expect the

number of basis functions required to resolve the interface for values of χAS being 2,

4, 8, and 12 require basis functions (6N0.75)
n, (10N0.75)

n, (17N0.75)
n, and (18N0.75)

n,

respectively, for an n-dimensional phase. This analysis gives us an idea about why it is
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tough to simulate the three dimensional phases SFCC
A , SBCC

A , and GAwhen the solvent

selectivity χAS is taken to be χAS = 1.5 or higher. At this value of χAS one would

require around ∼ 50N3
0.75 basis functions to resolve a phase with three dimensional

symmetry. This is prohibitive due to the upper limit on the memory available on the

MSI cluster Calhoun as well as the iteration and MDE solver in the PSCF code slows

down considerably because of the large number of basis functions required. Thus, we

restrict the highest value of χAS to χAS = 1.3 for the current PSCF code for all the

three dimensional periodic phases presented later on.

3.6 Isolated Aggregates

The selective nature of the solvent causes the copolymers to form aggregate structures,

with core as solvent-phobic block A, in order to avoid unfavorable contact between A

and the small molecule selective solvent S. Diblock copolymers in selective solvents

form three kinds of aggregate structures: bilayers (B), cylinders (C), and spheres (S).

The stable curvature out of the three is determined by using the real space formulation

of SCFT. The competition between the three morphologies B, C, and S is studied

relative to the solvent selectivity χAS and good solvent characteristic χBS for this

two-component system in the next chapter.

For a system of a diblock copolymer AB in a solvent S, we consider a spherical

simulation cell of radius R, locating a single micelle at the center. In order to overcome

finite size effects the concentration outside the region of the micelle should decay to

a constant value, one which coexists with the micelle at the center. This balance

is determined by the condition of equal chemical potentials for the two coexisting

72



Section 3.6. Isolated Aggregates

phases.

From such a simulation, an excess Helmholtz free energy F ex can be defined as

the difference between the total Helmholtz free energy of the simulation cell with

one micelle and that of a homogeneous system of the same volume and chemical

potentials for all species as those in the matrix region of the micelle simulation. The

excess free energy that we obtain by this method is an excess Helmholtz free energy,

but for systems with equal pressures, inside and outside the micelle, this is also equal

to the corresponding excess Gibbs free energy. The difference in free energy of two

systems with the same total volume and the same bulk pressure is the same free

energy excess. Similarly, an excess number of molecules Mi for each species may be

defined as the number difference of molecules of species i in the simulation with one

micelle and that of a corresponding homogeneous system. We will refer to Mi as the

aggregation number for species i, and use M ≡ {MAB,MS} as shorthand for the set of

relevant aggregation numbers. Generally, MAB > 0 for the surfactant AB, butMS < 0

(remember it is an excess and is defined relative to the corresponding homogeneous

system) for the matrix solvent S. Let µm
i (M) denote the equilibrium chemical potential

of species i for a micelle with specified values for Mi. These chemical potentials also

describe the coexisting homogeneous solution background for the SCFT simulation.

The excess grand-canonical free energy is given by the difference

Φex(µm) = F ex(M) −
∑

i

µm
i (M)Mi, (3.6.1)
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and obeys the identity

Mi =
∂Φex(µm)

∂µm
i

. (3.6.2)

In an incompressible system, the excess aggregation numbers must satisfy the con-

straint

0 = MABNAB +MSNS. (3.6.3)

This is simply a statement of the fact that the systems of equal volume with and

without the micelle must contain the same total number of monomers. The incom-

pressibility condition is used to express Φex (see Equation (3.6.1)) in terms of the

exchange chemical potential ∆µ (see Equation (3.1.5)) as

Φex = F ex − ∆µM ex
AB. (3.6.4)

Utilizing the above definitions, the stable structure is determined by calculating

the critical aggregation concentration. The critical aggregation concentration (CAC)

is the concentration above which the diblock copolymers start to aggregate in the

form of B, C, and S. For a particular aggregate structure the definition used is the

point at which the grand canonical excess free energy goes to zero,168 i.e.,

Φex = 0. (3.6.5)

This occurs when the free energies of an isolated aggregate and that of a homogeneous

mixture become equal, or above the concentration at which Φex(T,∆µ) = 0.

To study the morphology transformation between B, C, and S using SCFT, one
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must calculate excess grand canonical free energies of the isolated aggregates involved

as described earlier by Chang and Morse.168 The grand canonical free energy of iso-

lated aggregates Φ at a specified set of chemical potentials and a specified number

density ρm of nearly mono-disperse micelles can be expressed as

Φ

V
= −P h(T, µ) + ρm[Φex(T, µ) + kT ln(

ρm

eρ0
m

)]. (3.6.6)

Here P h is the pressure of a hypothetical homogeneous phase at a specified set of

chemical potentials, determined using Flory-Huggins theory.167 Φex(T, µ) is the ex-

trapolated excess grand canonical free energy of a hypothetical micellar solution with

a standard micellar concentration ρ0
m. Ignoring the translational entropy of micelles,

which is represented by the logarithmic term in Equation (3.6.6), and considering

an isolated micelle then the equation reduces to Φ = −P h(T, µ)V + Φex(T, µ), as

ρm = V −1 for a single aggregate in a simulation cell of volume V .

The point at which Φ/V and P h cross over is where Φex = 0 and the concentration

of AB at which it occurs yields the CAC. From SCFT calculations we arrive at the

volume fraction at CAC φCAC , and the CAC will be represented as a volume fraction

φCAC from here on.

The volume fraction of AB φAB is varied while maintaining a constant block length,

with constant degree of polymerization of AB N and block composition of solvent-

philic block B fB . For each isolated aggregate structure the exchange chemical

potential at the CAC ∆µCAC is determined using the canonical or the grand canonical

ensemble. The morphology having the lowest ∆µCAC is determined as the stable

structure for a particular fB . The exchange chemical potential ∆µCAC and CAC are
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directly proportional to each other and thus, the isolated aggregate structure with

lower ∆µCAC will have a lower CAC.

A typical calculation for a cylindrical micellar aggregate with a block composition

of fB = 0.26 and N = 100 is shown in Figure 3.4. Similar procedure yields φCAC for

the other competing aggregates (spherical micelles and bilayers) by determining the

exchange chemical potential ∆µ for both curvatures. The morphology having a lower

φCAC will be the stable structure for that particular fB .
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Figure 3.4: Volume fraction of the diblock AB for a cylindrical aggregate at the CAC
φCAC plotted vs. the selectivity of the solvent χAS . The calculation was carried out
for AB/S system with fB = 0.26, N = 100, χBS = 0.4, χAB = 0.2, and bA/bB = 1.

3.7 Swollen Ordered Phases

The ordered phases lamellar L, hexagonal phase HA, body-centered cubic phase SBCC
A ,

and face-centered cubic phase SFCC
A swell indefinitely upon dilution. Here the subscript

represents type of the core block monomer, and A is the solvent-phobic block. Upon
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diluting a pure diblock copolymer AB with solvent S eventually leads to a phenomenon

called unbinding, where isolated aggregates are observed as addition of solvent to a

pure diblock copolymer melt leads to divergence of the domain spacing d→∞ due to

S preferentially partitioning itself into domains of the solvent-philic block B. L phase

unbinds to bilayers (B), HAunbinds to cylindrical micellar aggregates (C) and the

spherical phases SBCC
A and SFCC

A unbind to spherical micellar aggregates (S).
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Figure 3.5: Variation of Helmholtz free energy per monomer f with respect to the
concentration of the diblock AB φAB . The simulation is carried out for a diblock in a
Θ solvent χBS = 0.5 with lamellar symmetry. The parameters used for the simulation
being χAS = 1, χAB = 0.2, N = 100, fB = 0.4, and bA/bB = 1. The dotted line
represents a linear fit in the dilute limit, and the slope of the linear fit corresponds
to the constant exchange chemical potential at φCAC i.e., slope = ∆µCAC .

The phenomenon of unbinding is described for a lamellar phase L with fB = 0.4

in a theta (Θ) solvent by plotting the Helmholtz free energy per monomer f vs.

volume fraction of AB φAB in Figure 3.5. The vanishing interaction between individual

bilayers is evident as the system maintains a constant slope or a constant exchange

chemical potential ∆µCAC calculated with φAB = φCAC in the dilute limit. The
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exchange chemical potential represents the cost of removing a single copolymer from

a sea of dissolved copolymers AB in solvent S with chemical potentials µAB and

µS , respectively. The concentration of copolymers dissolved in the solvent remains

constant at φCAC for φAB ≥ φCAC and the rest of diblock copolymers φAB − φCAC

are present in the form of isolated aggregates in the dilute limit. This implies, for a

system of isolated aggregates having any volume fraction of copolymers above φCAC

the cost of removing the copolymers from the solvent remains pinned at ∆µCAC .

In the case of a moderately selective solvent χAS ≈ 1, φCAC is ≈ 10−8 which is

extremely low as seen from data presented in Figure 3.4. Hence, in the dilute limit one

can expect the formation of aggregates in the AB/S even at very low volume fractions

of φAB for moderately selective solvents. This morphological transformation can also

be seen by a simple scaling argument presented by de Gennes,23 where the cost of

dissolving a homopolymer of A in solvent S is found to scale as ∼ exp(−χAS NA ),

where NA is the length of homopolymer A.

In swollen ordered phases there is no interaction between individual aggregates

arranged on an ordered lattice. This is due to the exchange chemical potential ∆µ is

constant in this regime at ∆µCAC . The free energy on a per monomer basis of this

dilute phase fdil is then given by

fdil = fCAC +
1

N
∆µCAC ( φAB − φCAC ). (3.7.1)

Notice the constant slope ∆µCAC in the plot of f vs. φAB in Figure 3.5, which can

also be calculated from Equations (3.1.6) and (3.1.7). In the above equation, the

Helmholtz free energy of the homogeneous phase is represented by fCAC. We are
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considering the case where φAB > φCAC , and expect the volume fraction of dissolved

AB to be φCAC . The intercept in Figure 3.6 is given by fCAC − φCAC ∆µCAC . Note

that we have considered the reference volume to be the volume occupied by a single

solvent molecule which leads to NS = 1.
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Figure 3.6: The unbinding transition is demonstrated in Figures (a) and (b). The
Helmholtz free energy per monomer f is linearly dependent on φAB , as shown earlier
in Figure 3.5, and the linear dependent part fdil , presented in Equation (3.7.1), is
subtracted from f in order to make the unbinding transition clear. In Figure (a)
fdil is calculated using ∆µCAC of the spherical micellar aggregates and in Figure (b)
fdil is calculated using ∆µCAC of bilayers. The simulation is carried out for a diblock
in a Θ solvent χBS = 0.5. The parameters being χAS = 1, χAB = 0.2, N = 100, and
bA/bB = 1.

The Helmholtz free energy per monomer of aggregates fdil is used to determine

the unbinding transition with the help of Helmholtz free energy per monomer of a

periodic phase determined using PSCF. The point where the interactions between the

individual bilayers B, cylindrical micellar aggregates C, or spherical micellar aggre-

gates S in the periodic phases becomes non-existent is where one enters the regime of

isolated aggregates B, C, or S. This transition from a concentrated periodic regime

φAB ∼ 1, where one expects periodic phases to exist, to a dilute regime φAB << 1,
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where one expects isolated aggregates to exist, is termed as the unbinding transition.

The absence of interaction between individual micellar aggregates or bilayers leads

to the linear dependence of fdil on φAB with the slope proportional to the exchange

chemical potential at CAC ∆µCAC . Figures 3.6 (a) and (b) show that the periodic

phases unbind continuously to their corresponding isolated aggregates counterparts.

The core of the periodic structure determines the type of transition as one moves to-

wards to the dilute regime upon the addition of solvent. One will expect an unbinding

transition for phases having a solvent-philic corona or a solvent-phobic core.

In order to determine the unbinding transition for phases L, HA, SBCC
A , and

SFCC
A the free energy of an aggregate morphology fdil is subtracted from the Helmholtz

free energy f of the respective periodic phases. The point at which the Helmholtz free

energy f of a periodic phase is equal to that of the corresponding isolated aggregate

phase fdil is when the periodic phases transition into isolated aggregate phases. When

the free energy difference f − fdil = 0 the periodic phases are highly swollen and can

be described in terms of isolated aggregates. Figure 3.6 shows the lamellar phase in

(b) unbinds at a higher value of volume fraction of AB φAB than the spherical phases

presented in (a).

For even lower values of solvent-philic block composition fB , we expect two-phase

coexistence between a solvent-rich phase and a periodic structure with φAB ∼ 1 with

a solvent-phobic corona as the ordered phase can not swell indefinitely. This would

lead to two-phase coexistence regimes between a homogeneous solvent-rich phase and

a periodic phase with B block as the core. In the case of Figure 3.7 the subtraction

of fdil from f helps delineate the two phase coexistence for fB = 0.16 between the
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Figure 3.7: This figure shows the tendency of a diblock copolymer AB with low block
composition of the solvent-philic block fB = 0.16 to macro phase separate into two
phases. The simulation is carried out for a diblock in a Θ solvent χBS = 0.5. The
parameters being χAS = 1, χAB = 0.2, N = 100, and bA/bB = 1.

disordered phase and the ordered phase HB, as well as two-phase coexistence between

HBand SBCC
B . ∆µCAC of the bilayer phase is used to calculate fdil with φAB = φCAC

and the line f − fdil = 0 in Figure 3.7 represents the common tangent construction

with f − fdil = 0 representing the solvent rich homogeneous phase.

The phenomenon of unbinding can be captured by keeping track of the variation

in the exchange chemical potential ∆µ as a periodic phase begins to swell. The

∆µ obtained for the periodic phases should tend towards the ∆µCAC obtained for

their respective isolated aggregates counterparts for a particular block composition

fB . The aforementioned behavior is observed in all the periodic phases which can

swell as seen in Figure 3.8, which are for the same parameters presented for fB =

0.41 in Figure 3.6 (a). In the spherical case, the ∆µ obtained from periodic FCC

and BCC lattices tend to the spherical micellar aggregate ∆µCAC as both SFCC
A and
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Figure 3.8: Comparison of SCFT calculations of isolated spherical and cylindrical
micellar aggregates with their periodic swollen counterparts HA, SBCC

A , and SFCC
A .

The symbol dashed line represents results from the real space formulation of SCFT
and other lines represents results from periodic formulation of SCFT. The calculation
was carried out for AB/S system with fB = 0.41, N = 100, χAS = 1.0, χBS = 0.5,
χAB = 0.2, and bA/bB = 1.

SBCC
A lattices are indistinguishable when their lattice parameters begin to diverge.

The agreement shown for the PSCF calculations with the real space formulation

SCFT calculations, as seen in Figures 3.5, 3.6, and 3.8, demonstrates the accuracy of

calculations performed using PSCF down to dilute solutions of AB even for φAB ≈

0.05.

3.8 RPA Formalism

The random phase approximation (RPA) is a mean field theory used to determine the

correlation functions for the concentration fluctuations in polymeric solutions. Con-

sider the AB/S system with dimensionless number densities given for each monomer
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as φA(r) , φB(r) , and φS(r) at a certain position r. The fluctuations of these number

densities δφA(r) , δφB(r) , and δφS(r) are characterized by the structure factor S(r, T )

which is a three by three matrix. A symbol represented in bold corresponds to a vec-

tor, and a symbol represented in bold and underlined corresponds to a matrix in this

section. Each element of the matrix is:

Sij(r − r′, T ) = 〈δφi(r)δφj(r
′)〉 , (3.8.1)

where i and j represent any one of the monomers A, B, or S. An incompressibility

condition is imposed, which yields δφA(r) + δφB(r) + δφS(r) = 0.

RPA is used to calculate the spinodal or the stability limit of the homogeneous

solution for AB/S. The spinodal calculated using RPA corresponds to divergence of

the structure factor S(q, T ). The structure factor is inversely proportional to the

second derivative ∂2f/∂φ2
AB of the free energy f . Hence, the spinodal is obtained

when S(q∗, T ) →∞, which occurs at some critical wave vector of modulus q∗.

This divergence of S(q, T ) is calculated by determining the divergence of the re-

sponse function R(q, T ), which is related to S(q, T ) through

S(q, T ) = kT R(q, T ). (3.8.2)

R(q, T ) for a multi-block copolymer was determined by Cochran et al. .169 We use

the same method to determine the response function for the diblock copolymer for

AB/S.

For a certain temperature, let φ(r) denote the column vector consisting of dimen-
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sionless number densities for each monomer as φA(r) , φB(r) , and φS(r) . Define an

order parameter ψi(r) = 〈φi(r) − 〈φi(r)〉〉. The linear response of ψ(r) to an external

chemical potential µe(r) for a non-interacting ideal gas of chains can be expressed in

terms of the response function R(r − r′)22 as

ψ(r) = −
∫

dr′R(r − r′)µe(r). (3.8.3)

The interactions are expressed at mean-field level with the use of an effective potential

µeff(r). The domain is shifted to q space or the Fourier domain as R(q) is directly

related to the light scattering intensity. The order parameter can be expressed as

ψ(q) = R(q)µeff(r). (3.8.4)

µeff(r) is expressed in terms of the interaction potential kT χψ(q), and the Lagrange

multiplier field ξ. It is given by

µeff(q) = µe(q) + kT χψ(q) + ξ. (3.8.5)

The Lagrange multiplier field is introduced to enforce incompressibility. ξ has

the form λǫ, where λ is a scalar quantity and ǫ is a column vector [1, 1, 1]T. λ is

determined from the incompressibility constraint δφA(r) +δφB(r) +δφS(r) = 0. This

yields

λ = −
ǫTR

(

µe + kT χφ
)

ǫTRǫ
. (3.8.6)
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Inserting the value of λ into Equation (3.8.4) for any temperature T , we obtain

ψ(q, T ) = −
(

(

R̃
0
(q, T )

)−1

+ kT χ(T )

)−1

µe(q). (3.8.7)

Here, R̃
0
(q, T ) represents the response function of an incompressible melt with χ(T )

being a null matrix. It is given by R̃
0
(q, T ) = R̃(q, T )(I−(ǫǫTR̃(q, T )))/(ǫTR̃(q, T )ǫ).

By comparing Equations (3.8.4) and (3.8.7) Cochran et al. 169 arrived at the response

function as

R̃(q, T ) =

(

(

R̃
0
(q, T )

)−1

+ kT χ(T )

)−1

. (3.8.8)

Using the relation between R̃(q, T ) and S̃(q, T ) presented earlier in Equation (3.8.2)

to yield

S̃(q, T ) =

(

(

S̃
0
(q, T )

)−1

+ χ(T )

)−1

. (3.8.9)

In our RPA algorithm we determine
(

S̃
0
(q, T )

)−1

+ χ(T ). This matrix has to be

singular or the determinant must be zero so that S̃(q, T ) diverges. This condition is

determined by calculating the value of q∗ that yields an eigenvalue of zero. This leads

to the second derivative of free energy being zero.

In order to obtain the spinodal, we first estimate the structure factor by calculating

S̃
0
(q, T ). This requires the calculation of the structure factor of non-interacting

Gaussian chains for each block of AB. This is obtained from expressions given by

Cochran et al. 169 for the diblock AB. For the solvent S, we treated it as a point

particle with qRg → 0 yielding

Sii(q) =
φ̄SNS

v
, (3.8.10)
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where φ̄S is the average volume fraction of the solvent, NS is the size of the solvent

S, and v is the reference volume.

After enforcing incompressibility
(

S̃
0
(q, T )

)−1

is determined with χ(T ) being a

null matrix. The interaction potential matrix χ(T ) is added in order to calculate

S̃(q, T ), and the eigenvalues are determined in a sweep of q. The value of q∗ is

determined when the eigenvalue of
(

S̃
0
(q, T )

)−1

+ χ(T ) is zero.

Upon imposing incompressibility the structure factor matrix S̃(q, T ) is singular

in nature. One of the eigenvectors x0 is a vector of the form [1, 1, 1]T. This yields
(

S̃(q, T )
)−1

x0 = Bx0, which diverges as B →∞ due to incompressibility. The

eigenvalue related to incompressibility is neglected during the calculation of q∗.

3.9 Flory-Huggins Theory

The Flory-Huggins theory of homogeneous mixtures is a special case of SCFT, which

can be recovered by using SCFT to calculate the free energy of homogeneous phase.

Some aspects of both phase behavior and self-assembly in the systems of interest can

be understood by considering an appropriate form of Flory-Huggins.

In Chapter 5, we consider the phase behavior of non-dilute solutions of AB diblock

copolymers in selective solvent. Flory-Huggins theory can describe parts of the phase

diagram in which the system phase separates into two homogeneous phases. This

behavior is expected for copolymers containing a very small solvent-philic block, since

the copolymer becomes a solvent-phobic homopolymer in the limit fB → 0 of a

vanishingly small solvent-philic block.

The Helmholtz or Gibbs free energy of mixing per monomer for a homogeneous
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solution of AB diblock copolymer in solvent S may be written as a sum

f

kT
= φS ln(φS ) +

φAB

N
ln(φAB ) + χeffφAB φS (3.9.1)

in which

χeff ≡ χAS fA + χBS fB − χAB fA fB (3.9.2)

is an effective interaction parameter that takes into account interactions among all

three monomer types. The limit of stability with respect to phase separation into

homogeneous phases (the Flory-Huggins spinodal) is given by using χeff in the classical

Flory-Huggins expression for the spinodal

χeff( φAB ) =
1

2

(

1

φAB N
+

1

φS

)

. (3.9.3)

The critical point occurs at a composition

φc
AB =

1√
N + 1

, (3.9.4)

exactly as in a solution of homopolymer in poor solvent. In Chapter 5, we present

phase portraits for systems with fixed values for the χ parameters and overall chain

length N , but variable values of fB and φAB, in the fB - φAB plane. The above

expressions can be solved for fB to locate the critical point in this plane.

A somewhat different form of Flory-Huggins theory is used in Section 4.2 as a

highly simplified theory of micellization. There, we consider an approximation in

which micellization is treated as coexistence of two phases, one of which represents

87



Section 3.10. Summary

the core of the micelle and the other of which represents the solvent-rich phase outside

of each micelle.

3.10 Summary

In this chapter we have described the two formulations of SCFT used in the study

of phase behavior of the binary system of AB/S. The numerical accuracy of PSCF

is compared with a spectral formulation with Anderson mixing developed by Mat-

sen.1 The rate of convergence of both schemes are found to be similar. An analysis

of the ratio of the domain size relative to the interfacial width points to PSCF sim-

ulation becoming intractable for values of χAS > 1.5. An introduction to micelle

thermodynamics is provided with the procedure to estimate φCAC , and the unbinding

transformation noticed in AB/B blends is found to occur in AB/S system as well.

The unbinding transition is studied by combining both formulations of SCFT, with

PSCF being found to be accurate even for low volume fractions of diblock copolymer

AB φAB ≈ 0.05. From independent SCFT calculations using both formulations

of SCFT we test the numerical accuracy of our approach. To obtain numerically

accurate calculations in the dilute regime (φAB . 0.3) using PSCF, the number of

basis functions required are at least 5 times larger than those used by Suo et al. .90

Utilizing both formulations of SCFT we study how the morphological transitions of

isolated aggregates are intertwined with phase transitions of the ordered phases which

has not been studied before.

RPA is a powerful tool to estimate the stability domains of the disordered phase.

The spinodals generated by RPA, with the information of critical wave vector of
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modulus q∗, adds further insight to the phase diagrams generated using SCFT.

We have implemented a wide array of tools to systematically study the phase be-

havior of the binary system of AB/S. Real space formulation of SCFT is used to study

morphology transformations between isolated aggregates, a pseudo-spectral formula-

tion of SCFT is used to simulate ordered phases, and spinodals for the disordered

phase are generated using RPA. The real space formulation of SCFT is also used to

study micellization kinetics of AB/S later in Chapter 6.
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CHAPTER 4

Self-Assembly in Dilute Solution

In this chapter, I use SCFT to study equilibrium properties of isolated aggregates

in dilute solutions of diblock copolymers in a small-molecule solvent. Section 4.1 ex-

amines the regions of stability of spherical micelle, cylindrical micelle and bilayer ag-

gregate in systems with varying copolymer composition and varying solvent-polymer

interaction parameters. Section 4.2 presents a highly simplified model of micellization

that is useful for interpreting subsequent results. Section 4.3 examines how the criti-

cal aggregation concentration (CAC) depends upon the length of the solvent-phobic

block and the solvent selectivity. Section 4.4 discusses the penetration of solvent into

the micelle core. In Section 4.5, I discuss the dependence of micelle size on solvent

selectivity, and show how SCFT can be used to identify a critical value of the solvent-
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core interaction required to form micelles, corresponding to the experimental critical

micelle temperature (CMT). Section 4.6 discusses how changes in solvent selectivity

change the structure of the solvent-philic corona. All of the SCFT results presented

in this chapter were obtained using the real space implementation of SCFT discussed

in Section 3.4. Cartesian, cylindrical and spherical coordinate systems are used to

describe bilayers, cylindrical micelles, and spherical micelles, respectively.

Throughout this chapter, as elsewhere in this thesis, we use a subscript S to denote

solvent, A to denote the solvent-phobic (core) block, and B to denote the solvent-philic

(or corona) block of the diblock copolymer. The model studied here is controlled by 5

independent chemical parameters: three Flory-Huggins interaction parameters, χAB ,

χAS , χBS , the volume fraction fB of the corona block and the diblock copolymer

length N . We use a convention in which the volume of a solvent molecule is taken to

be the reference volume used to define the interaction parameters. The parameter N

is thus more precisely described as the ratio of polymer volume to solvent volume.

This full parameter space is too large to be exhaustively studied. To reduce the

problem to a more manageable size, we focus in this and following chapters primarily

on systems in which χBS is usually assigned a value χBS = 0.4 that is typical of

many a polymer in good solvent.170 Much of the data shown in this chapter uses a

fixed chain length of N = 100 and a fixed value χAB = 0.2, giving χAB N = 20.

For longer chain lengths, the value of χAB N is maintained at a constant value of

χAB N = 20. This choice yields copolymers that would be modestly segregated in

the absence of solvent in the case of nearly symmetric diblock copolymers. We focus

in this chapter primarily upon how behavior varies with changes in the interaction

91



Section 4.1. Spheres, Cylinders and Bilayers

χAS between the solvent and solvent-phobic block, which is the driving force for the

formation of aggregates, and on the volume fraction fB of the solvent-philic block.

4.1 Spheres, Cylinders and Bilayers

SCFT can be used to locate transitions between regions in which spherical micelles

(S), cylindrical micelles (S), and bilayers (B) are stable in dilute solution, as discussed

in Section 3.6. For each set of values for the chemical parameters (of the interaction

parameters, fB and N), we calculate values of the CAC for each type of aggregate,

and identify the most stable state as the one with the lowest CAC.

1 1.5 2 2.5 3
χ

AS

0.2

0.25

0.3

0.35

0.4

f B

S

C

B

Figure 4.1: Regions of stability of bilayer B, cylinder C, and spherical S morphologies
for dilute solutions of diblock copolymer AB in selective solvent S for various block
compositions fB plotted vs. the interaction parameter χAS that controls solvent selec-
tivity. The other parameters used for these simulations are χBS = 0.4, χAB = 0.2,
and N = 100. The dashed line represents the critical value of χAS , corresponding to
the experimental critical micelle temperature, below which no aggregates form.

Figure 4.1 shows the resulting regions of stability of spherical (S), cylindrical (C)
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Section 4.1. Spheres, Cylinders and Bilayers

and bilayer (B) aggregates in systems with varying values of fB = 0.2 - 0.4 (corona

block fraction) and χAS but fixed values of χBS = 0.4, N = 100 and χAB = 0.2. A few

trends are immediately obvious. The B → C and C → S transitions occur at much

lower values of fB in a selective solvent than in the neat diblock copolymer. In a pure

diblock copolymer, the bilayer (lamellar) phase would be centered around at fB = 0.5,

and the relevant HAhexagonal cylinder and SBCC
A BCC sphere phases would occur at

fB > 0.5. This shift to smaller values of fB in solvent compared to neat copolymer is

an easily understandable result of the asymmetry induced by selective swelling of the

solvent-philic corona block. We also note, however, that the boundaries shift to lower

values of fB as χAS decreases (decreasing solvent selectivity), with a particularly

sharp downward shift in the region of modestly selective solvent between χAS = 0.5

(Θ solvent for A) and χAS = 1.

For each value of fB , there is a minimum value of χAS below which no aggregates

can form. This critical value, which corresponds to the experimental critical micelle

temperature, is shown by a dashed line in the figure. The C → S transition exhibit

a particularly sharp downward shift near the CMT, yielding a much larger region of

stability for spheres and a shrunken region of stability for cylinders near the CMT.

Figure 4.2 shows the dependence of the B → C and C → S transitions upon the

solvent-corona interaction parameter χBS over a range of values that range from a

unusually good solvent (χBS = 0.2) to a Θ solvent (χBS = 0.5), for systems with

χAS = 1.0, N = 100 and χAB = 0.2. Both boundaries shift to lower values of fB with

increasing solvent quality, or decreasing χBS . This shift is presumably a result of

the increased stretching of the corona blocks with increasing solvent quality, which
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Section 4.2. A Minimal Model of Micellization

tends to favor structures with a larger interfacial curvature in order to increase the

space available to the corona block. The results obtained for transitions between pe-

riodic lamellar and cylindrical phases in the dilute limit match the B → C transitions

observed in Figure 4.2.
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Figure 4.2: The regions of stability of bilayer B, cylinder C, and spherical S morpholo-
gies for dilute solutions of diblock copolymer AB in selective solvent S , in the plane
of copolymer composition fB plotted vs. good solvent characteristic χBS . The pa-
rameters considered for the simulation are χAS = 1, χAB = 0.2, N = 100, and ν = 1.
The transitions between lamellar and cylindrical periodic phases are determined us-
ing PSCF. The two formulations of SCFT, PSCF and real space implementation of
SCFT (1 d code) show good agreement.

4.2 A Minimal Model of Micellization

Subsequent sections of this chapter present SCFT predictions for how the critical

aggregation concentration (CAC) and micelle structure for spherical micelles vary

with χAS and other parameters, for spherical micelles. Most of these results shown
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Section 4.2. A Minimal Model of Micellization

later are for systems with modest values of χAS , 0.5 < χAS < 3.0, for which there

can be significant solvent penetration of the core. Earlier work on simple models

of micellization (discussed in Chapter 2) have tended to ignore this effect. Before

discussing our numerical results it is thus useful to consider a highly simplified analytic

treatment of micellization that allows for solvent penetration into the micelle core.

The simplest possible view of micellization is as a kind of two-phase coexistence,

between a polymer-rich phase that represents the core of a micelle and solvent-rich

phase that represents the solvent outside of each micelle. The conditions for coexis-

tence requires that we equate the chemical potentials of the solvent and the polymer

species in these two phases. In what follows, we approximate these chemical poten-

tials with a simple variant of Flory-Huggins theory. The model can be used to obtain

simple predictions for the volume fraction of solvent in the micelle core, and for φCAC ,

which we identify with the volume fraction of copolymer dissolved in the solvent-rich

phase.

The solvent-philic block of a copolymer is immersed in a solvent-rich phase,

whether the copolymer is incorporated into a micelle (in which case this block forms

part of the micelle corona) or dissolved as a free molecule in the surrounding sol-

vent. To simplify the theory as much as possible, we thus ignore the corona block,

and approximate the chemical potentials for both components by those of a mix-

ture of solvent with a homopolymer of length NA = fA N equal to the length the

solvent-phobic block of the copolymer.

Let φA and ψA represent the volume fractions of polymer in the solvent-rich and

polymer-rich phases of this hypothetical two-phase system, respectively. Let φS =
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Section 4.2. A Minimal Model of Micellization

1 − φA and ψS = 1 − ψA represent the corresponding solvent volume fractions. By

using Flory-Huggins expressions for the chemical potentials of both components, we

obtain the coexistence conditions

χASNAφ
2
S − (NA − 1)φS + ln(φA) = χASNAψ

2
S − (NA − 1)ψS + ln(ψA) (4.2.1)

χASφ
2
A + (1 − 1

NA
)φA + ln(φS) = χASψ

2
A + (1 − 1

NA
)ψA + ln(ψS). (4.2.2)

We hereafter focus on the limit NA ≫ 1, in which we can ignore the terms propor-

tional to 1/NA in Equation (4.2.2) and the terms that are independent of NA in

Equation (4.2.1). In the limit φA ≪ 1 of a very low volume fraction of polymer in

the solvent-rich phase (low φCAC ), we may set the left side of Equation (4.2.2) to

zero (thus setting the solvent chemical potential to that of pure solvent). We obtain

a nonlinear equation

0 ≃ χASψ
2
A + ψA + ln(ψS), (4.2.3)

for the volume fraction ψS of solvent in the micelle core as a function of χAS . In the

same limit, the above model yields a critical aggregation concentration

φCAC = ψA exp (−f(χAS )NA) , (4.2.4)

where

f(χAS ) = χAS ψ
2
S − 1 − ψS. (4.2.5)

In the limit χAS ≫ 1 in which S is a non-solvent for A, these results reduce to
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Section 4.3. Critical Aggregation Concentration

ψS ≃ exp (−χAS) and

lim
χAS≫1

φCAC ≃ exp [−(χAS − 1)NA] . (4.2.6)

For modest values of χAS , Eq. (4.2.4) suggests that lnφCAC should decrease approx-

imately linearly with chain length, but with a pre-factor f(χAS ) that is not a simple

linear function of χAS , and that (for small molecule solvents) is effected by solvent

penetration into the core.

4.3 Critical Aggregation Concentration

Figure 4.3 shows numerical SCFT predictions for the variation of lnφCAC plotted vs.

the solvent selectivity χAS for cylindrical micelles in systems with fixed chain length

N = 100 and composition fB = 0.26, for fixed χBS = 0.4 and χAS = 0.2. The critical

concentration drops dramatically as χAS is increased. As expected, lnφCAC decreases

as roughly −χAS NA for sufficiently strongly selective solvent, χAS > 2. A weaker

dependence on χAS is seen for more weakly selective solvents, with 0.5 < χAS < 2,

which allow significant penetration of solvent into the core.

The dotted line shows the prediction of the highly simplified theory developed in

Section 4.2. This theory underestimates the absolute magnitude of φCAC by several

orders of magnitude. It does, however, yield reasonably good predictions for the χAS

dependence of lnφCAC , as characterized by the slope in the plot of lnφCAC vs. χAS .

This success suggests that the change in slope is predominantly a result of a shift in

copolymer chemical potential caused by solvent penetration into the core.
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Figure 4.3: CAC (in volume fraction) of the diblock AB for a cylindrical aggregate
is plotted vs. the selectivity of the solvent χAS . This data was presented earlier in
Figure 3.4 (a). The dotted line represents an analytical expression (4.2.4) derived from
Flory-Huggins theory mentioned in the text. The dashed line shows an exponential
decrease φAB ∼ exp (−χAS NA ). The calculation is carried out for fB = 0.26,
N = 100, χBS = 0.4, and χAB = 0.2.

In the case of a polymeric solvent S, φCAC is found to scale as ∼ exp (−χAS NA ),

where NA is the core block length. The basis behind this scaling is that, χAS NA

represents the enthalpic cost of dissolving the solvent phobic block A in solvent S.

However, the variation of φCAC for a small molecule solvent S is found to be φCAC ∼

exp (−(αχAS − β)NA ) where α → 1 and β → 1 gradually as one approaches the

limit of χAS >> 1 (not shown).

Figure 4.4 shows SCFT predictions for the dependence of φCAC on the core block

length for systems with a fixed value of χAS = 1. The results shown there are

for spherical micelles with fB = 0.35, χBS = 0.4, χAB = 0.2, over a range of

values of N . The dashed line in this figure shows a fit of the results to a function

φCAC ∝ exp(−fNA ), with f = 0.19. This result confirms that, even for relatively
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Figure 4.4: φCAC for the binary system AB/S is plotted vs. the core chain length
NA . The parameters used for the calculation are fB = 0.35, χAS = 1.0, χBS = 0.4,
χAB = 0.2, and ν = 1. The dotted line represents an analytical expression (4.2.4)
derived from Flory-Huggins theory mentioned in the text. The dashed line represents
a fit of the form φCAC ∼ exp (−fNA ) with f = 0.19.

small value of χAS , lnφCAC decreases as −f(χAS )N , with an almost perfectly linear

dependence on N , as suggested by (4.2.4).

The simplified theory of Section 4.2, using Equations (4.2.2) and (4.2.5), predicts

a value of f = 0.22 for χAS = 1, in reasonable agreement with Figure 4.4. It thus

appears that this simple Flory-Huggins theory can provide a reasonable quantitative

estimate of the slope f = d lnφCAC /dNA at modest values of χAS , but not for the

absolute magnitude of φCAC .

In the example shown in Figure 4.4, the solvent volume fraction in the core of the

micelle varies from 0.34 for NA = 65 to 0.32 for NA = 260. As discussed in more

detail below, the solvent penetration does not vary much with NA , and is mainly

dependent on the value of χAS . The solubility of copolymer in solvent, or φCAC ,
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instead varies over 15 orders of magnitude when NA is increased from NA = 50 to

NA = 260.

4.4 Core Composition

0 50 100 150

r (Å)
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Figure 4.5: Volume fractions of A and B segments for a spherical micelle with fB =
0.35, N = 100, χAS = 1, χBS = 0.4. Distances are calculating using statistical
segment lengths bA = 6Å, and bB = 6Å.

Figure 4.5 shows an example of the volume fraction profiles of A (core) and B

(corona) monomers for a spherical micelle as functions of distance from the center of

the micelle. In this and all subsequent plots of micelle structure we show the structure

of a micelle that coexists with a concentration φCAC of dissolved unimers, as would

be true whenever the total polymer concentration exceeds φCAC . In this example,

the core-block volume fraction φA(r) exhibits a reasonably well defined central region

in which the volume fractions of core and solvent are almost constant, and in which

the volume fraction of the corona block is negligible. This is surrounded by a narrow
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interfacial region in which all three components intermix, outside of which there is a

corona region containing solvent and B segments but almost no A segments, and a

surrounding phase of nearly pure solvent.

The dashed lines in this figure show how we define a volume fraction φcore
A for

A segments in the micelle core, and a corresponding core radius Rcore. The volume

fraction φcore
A is simply defined be the value of φA(r) at r = 0, the center of the

micelle. In this example φcore
A = 0.66. The corresponding volume fraction of solvent

at the center of the micelle is thus approximately 0.34. We define a corresponding

core radius Rcore, also shown by the dashed line, by requiring that φcore
A times the

volume 4πR3
core/3 of a sphere of radius Rcore equals the integrated excess volume of

A segments in the micelle, or

4

3
πR3

coreφ
core
A = M ex NA v, (4.4.1)

where M ex is the excess number of polymers in the micelle, which we refer to as the

aggregation number. The dependence of M ex and Rcore upon the degree of solvent

selectivity is analyzed in Section 4.5.

Figure 4.6 shows how the volume fraction φA(r) of A segments varies with changes

in χAS . Note that as χAS (solvent selectivity) decreases: (i) the volume fraction φcore
A

decreases, (ii) the core radius decreases, and (iii) the core interface becomes broader.

We define a critical value of χAS , or CMT, in the next section as the value at which

the aggregation number extrapolates to zero. For this system, the apparent CMT

occurs at χAS = 0.72. Over the range of values of χAS shown here, we can identify

the core of the micelle with the region in which φA(r) is nearly constant. Very close
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Figure 4.6: Volume fractions of A segments vs. radius for spherical micelle for several
values of χAS . All other parameters are the same as in Figure 4.5: fB = 0.35,
N = 100, χAS = 1, χBS = 0.4, and bA = bB = 6Å.

to the CMT, we expect the interfacial region to begin penetrating to the center of the

micelle, due to the steady decrease in core radius and the increase in interfacial width,

and thus destroy the distinction between the micelle core and interfacial regions. We

have, however, thus far been unable to obtain converged solutions to SCFT in this

critical regime of very small, weakly segregated micelles.

Figure 4.7 shows how the volume fraction φcore
A of solvent-phobic A monomers at

the micelle center varies with changes in χAS , for micelles with the same value for all

other parameters as those used in Figure 4.6. The vertical dashed line is our estimate

of the critical value of χAS below which no micelles exist. The solvent penetration

φcore
S can be obtained from the incompressibility condition φcore

S = 1 − φcore
A , because

the volume fraction of B segments is negligible in the center of the core.

The dot-dashed line in Figure 4.7 shows the prediction of the Flory-Huggins theory
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Figure 4.7: Dependence of volume fraction of the core block φcore
A at the center of a

spherical micelle on solvent selectivity χAS , for micelles with χBS = 0.4, χAB = 0.2,
andN = 100. Notice significant penetration of the core by the small molecule selective
solvent as χAS approaches its CMT value. Dash-dotted line is the prediction from a
simple Flory-Huggins theory, Equation (4.2.2).

for φcore
A , as given by Equation (4.2.2). This simple analytic theory yields nearly

perfect agreement with SCFT results for the core composition. The penetration of

solvent into the core can thus be adequately understood by treating the core (for this

purpose) as a homogeneous phase with a solvent chemical potential equal to that of

the surrounding solvent. The deviations of the chains from random walk statistics

thus appears to have almost no effect upon the local solvent solvent chemical potential,

though it certainly certainly does effect the polymer chemical potential and CAC.
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4.5 Micelle Size and Critical Micelle Temperature

Experiments on systems with weakly selective solvents have shown the existence of a

critical micelle temperature (CMT) that divide temperatures for which aggregates are

observed from temperatures at which surfactants dissolve as a single molecule. The

micelle aggregation number has been observed to decrease rapidly with decreasing

degree of selectivity near the CMT, both for pluronics in water,46–51 and for PS-PI

in dialkyl phthalates.52 In this section, we study how M varies with χAS in SCFT

near the CMT, and propose an operational definition of the CMT as the value of

χAS , or temperature, at which M extrapolates to zero. The aggregation number of a

micelle is simply the excess number of polymer molecules M ex
AB, as defined in Chapter

3, which we hereafter denote by M .

Figure 4.8 shows SCFT results for the aggregation number M as a function of χAS

for micelles with fB = 0.35 and N = 100 and the same values for other parameters

as those used in previous plots. Figure 4.9 shows a corresponding plot for “hairy”

micelles with fB = 0.60. The reference volume used in all calculations in this section

is ν = 118 Å
3
, which is approximately the volume of a four-carbon repeat unit. As in

other plots of structural properties of equilibrium micelles, the value of M is defined

here for equilibrium micelles that coexist with a unimer concentration φCAC .

We see that M varies nearly linearly with χAS , and seems to extrapolate to zero

at a reasonably well defined value of χAS = χCMT
AS . We determine a value for χCMT

AS

by fitting M vs. χAS to a second order polynomial and extrapolating to zero. For

the crew-cut micelles shown in Figure 4.8, we obtain χCMT
AS = 0.73.

We define an effective core radius Rcore in Equation 4.4.1 as a simple function
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Figure 4.8: Variation of micelle aggregation number M vs. solvent selectivity χAS for
fB = 0.35 and N = 100. The point at which extrapolation of M extrapolates to
zero, indicated by the dashed line, goes to zero is identified as the critical micelle
temperature (CMT). The simulation is carried out with χBS = 0.4, χAB = 0.2,
and N = 100, with statistical segment lengths of 6 Å for both monomer types. The

reference volume of 118Å
3
.

Rcore ∝ MNA /φ
core
A . Because M extrapolates to zero at the CMT, either φcore

A or

Rcore, or both, must extrapolate to zero at the CMT. We showed in Section 4.4 that

φcore
A is rather well described by Flory-Huggins theory. We actually know that this

is true only over the range of value of χAS for which we have been able to obtain

converged SCFT solutions for micelles, which corresponds approximately to the range

of values in which there exists a well defined core region. If we extrapolate the Flory-

Huggins solution down to the estimated CMT, however, the extrapolated value of the

φcore
A remains nonzero at the CMT. Since the core composition and core radius are

related to M by Equation (4.4.1), and since M extrapolates to zero at the CMT, this

implies that Rcore must extrapolate to zero at the CMT.

Figure 4.10 shows the calculated core volume vs. χAS for crew-cut micelles, with

105



Section 4.5. Micelle Size and Critical Micelle Temperature

0.6 0.8 1 1.2
χ

AS

0

20

40

60

80

M

CMT

Figure 4.9: Variation ofM vs. solvent selectivity χAS for a hairy micelle, with fB = 0.6
and N = 100. All other parameters are the same as in Figure 4.8.

fB = 0.35. Figure 4.11 shows the corresponding behavior of the actual radius. As

suggested by the above argument, the core volume extrapolates to zero at the CMT,

with a slope that seems to increase rapidly with decreasing χAS near the CMT.

Figure 4.12 shows how the core radius varies with changes in overall chain length

at fixed values of the interaction parameters and other parameters (corresponding to

fixed temperature), for a sequence of diblock copolymers with a fixed composition

fB = 0.35, using χAS = 1. Simple random walk statistics would yield Rcore ∝

NA
1/2. The strong stretching theory with a fixed interfacial tension yields Rcore ∝

NA
2/3. Both more detailed theories and experiments43,45,171 have previously yielded

exponents slightly greater than 1/2. The dotted line shows a power law fit Rcore ∝

NA
0.58 with an exponent in the expected range.

Figure 4.13 shows the dependence of aggregation number M vs. χAS − χCMT
AS

for chains of two compositions (fB = 0.35 and fB = 0.6) and several chain lengths.
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Figure 4.10: The variation of R3
core plotted vs. the solvent selectivity for crew-cut

micelles with fB = 0.35, N = 100, χBS = 0.4, and χAB = 0.2.

0.8 1 1.2 1.4 1.6 1.8 2
χ

AS

0

25

50

75

R
co

re
 (

Å
)

CMT

Figure 4.11: The radius of the core of a micelle Rcore plotted vs. χAS for the same
parameters as in Figure 4.10.
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Figure 4.12: Micelle core radius Rcore vs. core block length NA for crew-cut micelles
with fB = 0.35 and variable N , at fixed values of all other parameters. These
simulations use χAS = 1, χBS = 0.4, χAB = 0.2, N = 100, bA = 6Å, and bB = 6Å.

For all the chain lengths, the value of χAB N is maintained at a constant value of

χAB N = 20. Other parameters are the same as in previous figures. The tendency of

chains with long core blocks to have higher aggregation numbers is partly a simple

geometrical effect: If we assumed that the micelle core scales with core block length

as NA
1/2 (random walk statistics), and the core composition depends primarily upon

χAS , almost independent of chain length, we would predict an aggregation number

M ∝ R3
core/vNA φ

core
A that varies with NA at each value of χAS as

M ∼ N
1/2
A . (4.5.1)

Motivated by this simple scaling argument, we rescale the y-axis in Figure 4.13 to

M/N
1/2
A , and present the results in Figure 4.14. The chain lengths for each block

composition are found to nearly collapse onto a master curve, except for the shortest
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Figure 4.13: Variation of M for crew-cut (fB = 0.35) and hairy (fB = 0.6) spherical
micelles with different chain lengths plotted vs. the difference χAS - χCMT

AS , where
χCMT

AS is the critical value of χAS at the CMT for each chain. Solid lines are used for
chains with fB = 0.35 and dash-dotted line for chains with fB = 0.6.
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Figure 4.14: Dependence of M/N
1/2
A on χAS − χCMT

AS for crew-cut (fB = 0.35) and
hairy (fB = 0.6) spherical micelles, for several chain lengths. The solid line represents
the case of fB = 0.35, and the dash-dot line represents the case of fB = 0.6. The data
presented here is the same data set presented in Figure 4.13, and the arrow indicates
the direction of increasing chain length of AB N .
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chain N = 50 for fB = 0.35. Interestingly, however, the crew-cut and hairy micelles

do not collapse onto the same master curve. Recall that we used the length NA of

the solvophobic block to rescale the y-axis, because we assumed that the core radius

is determined primarily by the length of the core block. The fact that different

compositions fall on different master curves thus implies that this assumption is false,

and that the core radius actually depends significantly upon the length of the corona

block. The fact that smaller values of M/NA
1/2 are obtained for hairy micelles

(fB = 0.6) implies that the core radius decreases with increasing corona block length.

This suggests that the stretching of the corona chains plays a significant role in

determining the micelle size near the CMT, and that corona stretching free energy

increases significantly with increasing corona block length over this range of values of

fB .

Consider a mixture of homopolymer A and solvent S, this binary system is found

to phase separate at a value of χAS = 1/2 (Θ temperature) for an infinitely long

homopolymer A. We condense the minimum value of χAS required to form micelles

χCMT
AS relative to core block length NA for different chain lengths with fB = 0.35 and

fB = 0.6 in Figure 4.15. The y-axis is rescaled to χCMT
AS − 1/2, and the x-axis is

represented as N
−1/2
A so that the point (0, 0) on the plot represents the Θ temperature.

Both block compositions are found to approach the Θ temperature with increasing

NA . The hairy micelle requires a slightly higher value of χAS in order to form micelles

relative to the crew-cut micelle with the same NA . This behavior presumably must

arise from the longer corona block of the hairy micelle.

The behavior of M with respect to χAS , and χCMT
AS dependence on the core chain
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Figure 4.15: Variation of χCMT
AS for spherical micelles with fB = 0.35 (solid line) and

fB = 0.6 (dash-dot line) for different values of core block length NA . The x-axis and
y-axis are normalized so that the point (0, 0) represents the Θ temperature for an
infinitely long homopolymer of A.

length NA show contrasting behaviors. The behavior M/N
1/2
A is found to be strongly

dependent on the corona block composition. Whereas, the behavior of χCMT
AS is found

to depend strongly only on the core chain length, and is almost independent of the

corona chain length.

4.6 Corona Structure

The dependence of corona concentration profiles on solvent selectivity χAS is studied

in this section. Won et al. 172 studied the corona profile of PB-PEO in water for

spherical and cylindrical micelles using SANS. They observed the solvated corona

brush to collapse at the interface. To study this behavior we determine the value

of solvent selectivity χAS required to completely collapse the solvated brush at the
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interface. To obtain this value of χAS , the concentration profile of the brush in a

lamellar phase is studied relative to χAS . The other interaction parameters are fixed

at χBS = 0.4 and χAB = 0.2, with the degree of polymerization of the polymer being

N = 100 relative to the size of the solvent.
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Figure 4.16: The volume fraction φB(r) of the corona monomer B for various values of
solvent selectivity χAS . The parameters used for the simulation are N = 100, ν = 1,
φAB = 0.5, fB = 0.5, χBS = 0.4, and χAB = 0.2. The calculations are carried out using
a periodic formulation of SCFT.

The concentration profiles of the corona block B while varying the solvent selec-

tivity χAS is presented in Figure 4.16. The amount of solvent which penetrates the

solvent phobic A domain is directly proportional to exp(−χAS ). The unfavorable

contact between A and S is reduced when the corona block starts piling up at the

interface. Upon varying the interaction parameter between the core and the solvent

χAS from 1 to 12 the corona brush collapses slowly or one needs a very high value of

χAS > 12 in order to collapse the corona brush completely at the interface.

Won et al. 172 noticed collapse of the brush with φB ≈ 0.6 at the interface. We
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determined the solvent selectivity should be χAS ∼ 6 to achieve φB ≈ 0.6 at the

interface. This value of χAS is almost twice the value for the PB-water (≈ 3.5) inter-

action parameter reported by Won et al. .172 Even for χAS = 12 we notice that the

solvated brush does not collapse completely at the interface. Hence, we expect the

corona to be well solvated, and do not expect collapse of the brush for the interaction

parameters (χAS ≤ 3) considered in our study.

Leermakers et al. 64 studied the variation of corona profiles for a diblock of the

form A50B200 by varying the interaction of the solvent and corona block from χBS = 0

to χBS = 0.5 with χAB = 0.5, and χAS = 2.0. In their case, the authors notice similar

corona profiles with maximum for the corona profile being below φB < 0.35 for the

case of χAS = 2.0.

4.7 Conclusions

This chapter presented SCFT predictions of the stability and structure of several

types of isolated aggregates in dilute solution, over a wide range of parameters.

Predictions of the domains of stability of bilayer (B), cylinder (S), and spherical

(S) aggregates are given in Section 4.1. Transitions from bilayer to cylinder (B → C)

and from cylinder to sphere (C → S) can be driven by a corresponding increase in

volume fraction fB of the solvophilic block, by a corresponding increase in the quality

of the solvent for this block (decreases in χBS ), or by a corresponding increase in sol-

vent selectivity (increases in χAS ). Quantitative predictions for these morphological

boundaries have been given for one chain length (N = 100).

Sections 4.3-4.4 examine how φCAC (the solubility of polymers in solvent) and
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the solubility of solvent in the micelle core vary with changes in the degree of solvent

selectivity. We find that SCFT predictions for the extent of solvent penetration into

the core are extremely well matched by a simple variant of Flory-Huggins theory,

described in 4.2, that describes the core as a macroscopic phase that coexists with a

phase of nearly pure solvent. The extent of solvent penetration is almost independent

of chain length and other parameters, but depends on χAS . SCFT predictions for the

CAC are well approximated by a function of the form

φCAC ∝ e−f(χAS )NA , (4.7.1)

where NA is the length of the solvophobic block and f(χAS ) is a nonlinear function of

χAS . In the more heavily studied case of AB diblock copolymers in a B homopolymer

matrix, the function f(χAS ) is very nearly equal to χAB , giving a critical aggregation

concentration φCAC ∝ exp(−χABNA). In this case, the argument of the exponential is

simply equal to the change in standard state free energy associated with transferring

the A block of the block copolymer from a core of nearly pure A into a matrix

of nearly pure B. For the case of a modestly selective small molecule solvent, the

minimal model of Section 4.2 yields a value for f(χAS )NA that basically is equal to

the corresponding chemical potential difference for a process that transfers the NA

block from a core region that contains a significant amount of solvent into a region of

nearly pure solvent. This minimal model also seems to provide a reasonably accurate

estimate of the slope d lnφCAC /dNA . This underestimates the absolute magnitude of

φCAC by several orders of magnitude, however, because it completely neglects the free

energies arising from the solvent-phobic / solvent-philic interface and chain stretching
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free energies in a micelle.

The core radius for micelles in slightly selective solvent appears to scale almost

as NA
1/2 with changes in chain length at fixed composition fB , as expected for the

unperturbed random walk statistics. A comparison of results for crew-cut and hairy-

micelles also suggests, however, that the core radius is sensitive to the length of the

corona block as well as the length of the core block, and decreases with increasing

corona block length. The nature and origin of this dependence on the corona block

length deserves more careful study than it has been given here.

The critical value χCMT
AS is found to approach the χCMT

AS = 1/2 in the limitNA → ∞,

and appears to depend on NA as

χCMT
AS − 0.5 ∝ NA

−1/2, (4.7.2)

reminiscent of the dependence of the critical value of χ in a polymer solution. Inter-

estingly, χCMT
AS −0.5 seems to be almost independent of the length of the corona block.

We do not yet have any simple physical argument for this empirical observation.

For sufficiently strongly selective solvents (such as water), SCFT calculations show

that the base of the solvophilic corona can partially “collapse” in order to shield the

solvent-phobic core from the solvent, as suggested by Won et al. .172 In the extreme

case, the corona can contain a narrow inner region with a very high concentration of

B segments, with a structure of “loops” similar to that of a dense adsorbed layer, and

an outer brush of extended tails. We find, however, that this phenomena becomes

pronounced for polymers of length N = 100 in a typical good solvent only for very

large values of χAS , χAS > 5 − 10.
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CHAPTER 5

Phase Behavior

In this chapter, I present a study of the phase behavior of non-dilute solutions of

an AB diblock copolymer in a small molecule selective solvent S. Free energies and

structures for various periodic ordered phases have been calculated using the pseudo-

spectral implementation of SCFT described in Chapter 2.

Notation in this chapter is the same as in previous chapters: A represents the

solvent-phobic block and B the solvent-philic block of the copolymer. The region of

parameter space examined here is similar to that examined in the previous chapter.

I focus primarily on the effects of changes in the value of the interaction parameter

χAS between the solvent and solvent-phobic block, and of the copolymer composition

fB . Most of the systems studied here have a fixed chain length of N = 100, and fixed
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values χBS = 0.4 and χAB = 0.2 for the remaining two interaction parameters.

Some aspects of the phase behavior can be anticipated by qualitative arguments.

The phase behavior is known in several limits. In the limit φAB → 1, we must

recover the phase behavior of a pure diblock copolymer. For χAB > 10.5, this in-

cludes a well-known sequence of ordered phases. For a non-selective good solvent

(χAS = χBS < 0.5), the SCFT phase behavior is reasonably well described by the

dilution approximation, which predicts a phase diagram similar to that of a pure

diblock copolymer with an effective interaction parameter χAS φAB . For a selec-

tive solvent (χAS > 0.5 and χBS < 0.5), in the limit fB → 0, we must recover

the phase behavior of a A homopolymer in a poor solvent. When χAS exceeds a

critical value slightly larger than 0.5, this binary system exhibits phase coexistence

between polymer-rich and polymer-poor homogeneous phases. In the opposite limit

fB → 1, with χBS < 0.5, we expect a homogeneous solution of B homopolymer in

solvent. For intermediate values of fB , and sufficiently strongly selective solvent, it

is possible for lamellar phase and the ordered sphere and cylinder phases in which

the solvent-phobic A block forms the core domain to swell indefinitely upon addition

of solvent, forming structures of essentially isolated spheres or cylinders surrounded

by solvent. We thus expect SCFT to predict unbinding transitions for these phases

upon decreasing φAB , in which the characteristic length scale of the periodic structure

diverges as the volume fraction approaches a very low critical concentration. When

SCFT predicts such an unbinding transition, an ordered phase is found to unbind to

their corresponding isolated aggregate, where the critical aggregation concentration

(CAC) is the minimum concentration required to form an isolated aggregate. We do
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not, however, expect the inverted sphere cylinder, and gyroid phases, in which the

solvent-philic block forms the “core” domain, to swell more than a limited amount

upon addition of solvent. Instead, one might foresee that these phases can accommo-

date only a modest amount of solvent before expelling excess solvent into a coexisting

solvent-rich phase, and should thus exhibit broad regions of two-phase coexistence.

The numerical calculations presented here include all of these phenomena, as well as

several others, and show how they fit together into a comprehensive picture.

The remainder of the chapter is organized as follows: Section 5.1 examines the re-

gions of stability of the disordered phase, which are determined using the RPA. These

stability limits provide a useful rough guide to the phase diagram. Section 5.2 presents

phase portraits for systems with varying copolymer composition fB and copolymer

volume fraction, for several different sets of values of the interaction parameters, with

different values of χAS . Section 5.3 presents phase portraits for several systems with

fixed block lengths (fixed N and fB ) as functions of χAS and φAB for systems with

several different values of copolymer composition. The resulting phase portraits are

qualitatively similar to the temperature-composition phase diagrams obtained exper-

imentally for copolymers of different composition. Section 5.5 focuses on the FCC

and BCC lattices of spherical micelles, and shows how SCFT can be used to quantify

pair-wise interactions between micelles in these phases.

5.1 RPA Spinodals

The regions of local stability of the disordered homogeneous phase can be easily

determined using the random phase approximation (RPA). RPA calculations of the
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spinodal (stability) limits for AB diblock copolymers in S have been given previously

by Huang and Lodge,88 who showed that these stability limits provide a useful rough

guide to the phase diagram. Following these authors, we begin by presenting results

for the RPA limits of stability as context for the phase portraits shown in subsequent

sections.

The RPA spinodal (stability) limit is a line or surface in parameter space along

which a homogeneous system becomes unstable to the growth of infinitesimal com-

position fluctuations with some wavenumber q∗. Parts of the spinodal surface along

which q∗ 6= 0 generally correspond to order-disorder transitions, along which the sys-

tem undergoes a transition from a homogeneous phase to an ordered phase with a

finite characteristic length scale. For the systems of interest here, parts of the spin-

odal surface along which q∗ = 0 usually correspond either to regions of two-phase

coexistence or to unbinding transitions. In the results presented here, we distinguish

between these two types of instability. Huang and Lodge did not distinguish these

two cases.

Figure 5.1 shows limits of stability of the disordered phase for several values of

χAS , for systems with N = 100, χAB = 0.2, and χBS = 0.4. This choice of parameters

yields χAB N = 20, which ensures the appearance of periodic phases in the pure

diblock limit (φAB = 1). Along the line fB = 0, corresponding to a homopolymer in

solvent, we expect the polymer and solvent S to exhibit macrophase separation into

two homogeneous phases when χAS exceeds a critical value. The critical value for the

chain length N = 100 used here is χAS = 0.605.

For the lowest value of χAS shown in this figure, χAS = 0.7, the limit of stability
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Figure 5.1: Spinodal curves of the disordered phase for AB in S calculated using RPA
for various values of χAS , for systems with χBS = 0.4, χAB = 0.2, and N = 100.
The star points (*) represent the critical values of φAB and fB arrived at using the
Flory-Huggins theory for coexistence between homogeneous phases.

line has two U-shaped branches: One branch, at high values of φAB , encloses a

region of concentrated ordered phases, and terminates at φAB = 1 at the limits of

stability of the homogeneous phase of pure diblock copolymer. The instability occurs

at a wavenumber q∗ 6= 0 everywhere along this branch (as indicated by a solid line),

corresponding to an order-disorder transition. The second branch, which occurs at

much lower values of φAB and fB , terminates at fB = 0 at the Flory-Huggins spinodal

for the phase separation of A homopolymer and solvent. At very low values of fB , the

instability occurs at q∗ = 0 (dashed line) along both sides of the loop, corresponding

to an instability to phase separation into two homogeneous phases. At higher values

of fB , however, the instability occurs at q∗ 6= 0 along the polymer-rich phase side of

the loop but at q∗ = 0 along the solvent-rich side.

Upon increasing χAS only slightly, to χAS = 0.75 the areas enclosed by these two
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Figure 5.2: Spinodal curves of the disordered phase for AB in S calculated using RPA
for various values of χAB with χAS = 1.25, χBS = 0.45, and N = 100.

spinodal lines merge. Thereafter, the resulting topology remains unchanged as χAS

is increased to χAS = 1.0, and beyond. For values of χAS = 0.75 and greater, the

limits of stability contain two long segments with an instability at q∗ 6= 0, and a long

nearly vertical segment at low values of φAB along which the instability occurs at

q∗ = 0. We show in what follows that an unbinding transition occurs near parts of

this q∗ = 0 instability at low values of φAB .

The asterisks in Figure 5.1 show the critical values of φAB and fB calculated using

a Flory-Huggins theory for phase separation of AB copolymer in S into homogeneous

polymer-rich and solvent-rich phases. Interestingly, the q∗ = 0 and q∗ 6= 0 parts of

the spinodal lines always meet rather close to this point. The spinodal lines shown

here, however, are not the same as the spinodals of this Flory-Huggins theory, except

in the limit fB = 0.

Figure 5.2 shows how the spinodal lines vary with changes in χAB , at a fixed
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Figure 5.3: Spinodal curves of the disordered phase for AB in S calculated using RPA
for various values of χBS with χAS = 0.75, χAB = 0.2, and N = 100.

value of χAS = 1.25. The other parameters have constant values of N = 100 and

χBS = 0.45. In this figure χAB is varied from 0 to 0.12, causing χAB N to vary from

χAB N = 0 to χAB N = 12. The ODT for a pure diblock copolymer melt is found to

occur at a value of χAB N = 10.5 for fB = 0.5. Hence, for values of χAB N < 10.5

the disordered phase is stable phase for all compositions at φAB = 1, while ordered

phases appear for χAB N > 10.5 . Even for χAB N < 10.5, however, most of the

region enclosed by this spinodal line corresponds to regions in which ordered phases

are stable. Microphase separation can thus be induced in solutions even for very

low values of χAB N by solvent selectivity. Note that the spinodal lines are almost

independent of χAB in the dilute limit.

Figure 5.3 show the dependence of the RPA spinodals upon the parameter χBS ,

which controls how “good” a solvent S is for the B block. Other parameters have fixed

values of N = 100, χAB = 0.2, and χAS = 0.75. The value of χAS = 0.75 is very close
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to the value at which the unstable regions were found to merge in Figure 5.1. Here,

we see that this phenomena can be modified somewhat by changing χBS . The value

of χAS at which the two unstable regions merge decreases with increasing solvent

quality, or decreasing χBS .

5.2 Constant Interaction Parameters: fB vs. φAB

In this section we describe phase portraits in the block composition fB vs. the diblock

volume fraction φAB plane for a sequence of systems with fixed interaction parameters

and fixed overall chain length N . Results obtained in the previous chapter for isolated

aggregates in the dilute limit are also compared to results obtained for highly swollen

periodic phases.

Figures 5.4, 5.5, and 5.6 show phase portraits for a sequence of systems with

increasing values of χAS , with all other parameters held fixed. Throughout this

sequence N = 100, χAB = 0.2, and χBS = 0.4. The values of χAS = 0.7, 0.75,

and 1.0, as well as the values of other parameters, are the same as those used for the

spinodal curves shown in Figure 5.1. Note that the overall shape of the boundaries

between disordered phases and ordered or two-phase regions is well anticipated by

the RPA spinodal curves: Figure 5.4 shows a homogeneous phase everywhere outside

of two pockets whose shapes and positions are similar to those shown in Figure 5.1

for the same value of χAS . For higher values of χAS , these two regions merge, and

the size of the ordered regions steadily expands with increasing χAS .

In Figure 5.4, there is a concentration region that extends to φAB = 1 in which

we observe the usual sequence of ordered phases for a pure diblock copolymer melt,
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Figure 5.4: Phase diagram for AB in S in the fB v/s φAB plane with χAS = 0.7,
χBS = 0.4, χAB = 0.2, and N = 100.
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N = 100.
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Figure 5.6: Phase portrait of AB in S with χAS = 1, χBS = 0.4, χAB = 0.2, and
N = 100. The double dot dash line represents the line where spherical micelles at
the CAC fill space on a FCC lattice.

from SBCC
A → HA → GA → L → GB → HB → SBCC

B . Here and hereafter, we use the

subscript to denote the type of monomer in the core of each structure in the cor-

responding neat diblock copolymer phase. The transition around the boundary of

this region is an order-disorder transition between a disordered phase and a periodic

phase with a finite period, rather than an unbinding transition. For small values of

fB , there is instead a wide region of two phase coexistence between a polymer-rich

homogeneous macrophase and a solvent-rich homogeneous phase. This coexistence

region can be described by the Flory-Huggins theory. The only unexpected feature in

Figure 5.4 is the appearance of a pocket of ordered phases close to the critical point

of the Flory-Huggins theory that describes phase separation into two homogeneous

phases. Expanded versions of this region are presented in Figures 5.10 and 5.11. The

phase behavior in this region is discussed in more detail later.
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Figure 5.5 shows the two distinct phase regions, seen in Figure 5.4, merge as

χAS is increased from χAS = 0.7 to χAS = 0.75. RPA spinodals predicted merging

of both phase regions earlier in Figure 5.1. In Figure 5.5 and subsequent phase

portraits, dashed horizontal lines represent the values of fB at which we predict

transitions between bilayers, cylindrical micelles, and spherical micelles in the limit

of infinite dilution. Note that, upon decreasing φAB the order-order transition from

SFCC
A → HAand HA → L approach the corresponding transitions between different

types of isolated aggregates in dilute solution: The SFCC
A → HAtransition tends to

the transition between isolated spherical and cylindrical micelles, and the HA → L

transition tends to the crossover between isolated cylinders and bilayers. The region

of stability of highly swollen lamellar, hexagonal and spherical periodic faces thus

match the regions in which bilayers, cylindrical micelles, and spherical micelles are

predicted to be stable in dilute solution. The lamellar L, hexagonal HAand spherical

SFCC
A phases thus undergo unbinding transitions, in which the domain size increases

without bound as a result of dilution, as discussed in Chapter 3.

Figure 5.6 shows phase portrait for χAS = 1.0. The region of ordered phases in

the plot increases and is dominated by phases with core block A. The regions of two

phase coexistence regimes between SFCC
A and HA, SBCC

A and HA, and HAand L are also

expanded. As for χAS = 0.75, the ordered SFCC
A , HAand L phases swell indefinitely,

and extrapolate to the known regions of stability of spherical, cylindrical, and bilayer

aggregates in dilute solution.

We notice the unbinding transition to occur at a higher value of φAB for a higher

value of χAS . This transition for χAS = 0.75 (see Figure 5.5) is found to occur at
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φAB ≈ 0.1, whereas the same transition for χAS = 1 (see Figure 5.6) is found to occur

at φAB ≈ 0.2. We explain this by tracking the domain size of the ordered phases.

Domain size is directly proportional to selectivity of the solvent χAS . The increase

in χAS corresponds to an increase in domain size for the same value of φAB . Hence,

we expect the transition of the ordered phases to isolated aggregate morphologies to

occur at a higher value of φAB when you increase the value of χAS .

For lower values of fB in Figure 5.6, the inverted phases HBand SBCC
B are found to

coexist with a solvent-rich (nearly pure solvent) homogeneous phase. These two-phase

regions cover a wide range of concentration, but exist only within a very narrow range

of values of fB , 0.12 < fB < 0.16. This phase coexistence is a natural consequence of

the inability of ordered phases HBand SBCC
B to absorb more than a limited amount of

solvent into their solvent-philic, B-rich core domains before beginning to expel excess

solvent. Zhang and Eisenberg24 referred to such inverted structures as “compound

micelles”.

In all the phase portraits presented earlier and in the future, SFCC
A is found in

the dilute limit irrespective of the corona block length, or composition. In order to

describe the phase transition from SFCC
A → SBCC

A , with increasing φAB , the double

dot-dashed line in the phase portraits are calculated. This line corresponds to the

point at which a spherical micelle at the CAC, with a volume Ωm, completely occupies

the volume on a FCC lattice with a lattice parameter a. This condition can also be

expressed as the volume fraction of the spherical micelles on a FCC lattice φmicelle is
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equal to 1, or

φmicelle =
4Ωm

a3
(5.2.1)

= 1. (5.2.2)

The volume occupied by a single micelle Ωm is calculated using Ωm = (4/3)πr3
CAC, and

we describe how we determine rCAC in Section 5.5. The point at which φmicelle = 1 is

close to the SFCC
A → SBCC

A transition on the phase portraits, but does not quantitatively

match the SFCC
A → SBCC

A transition.

Figures 5.7, 5.8 and 5.9 examine the effect of changes in several parameters that

were not varied in Figs. 5.4, 5.5, and 5.6. Figure 5.7 describes the phase behavior

for a system with χAS = 1 in a theta solvent (χAS = 0.5) rather than the modestly

good solvent (χAS = 0.4) used in previous figures. Figure 5.8 shows a phase portrait

for systems with χAS = 0.75 but for somewhat longer chains, of N = 150. Figure 5.9

shows a phase portrait for a system with a reduced value of χAB = 0.08, for which the

product χAB N = 8 is lower than the critical value of 10.5 necessary to form ordered

phases for a pure diblock copolymer melt.

Upon comparing Figures 5.6 and 5.7 we see that effect of increasing χAS from

0.4 (good solvent) to 0.5 (theta solvent) upon the phase portrait is quite subtle. We

expect the decrease in solvent quality to cause a slight decrease in the extent of

chain swelling for the solvent-philic B blocks. Their is a slight decrease in the area

of the spherical phases. Identical behavior is observed for the crossovers of isolated

aggregates as well. The transitions from S → C → B occurs at higher fB in Figure 5.7
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Figure 5.7: Phase portrait for AB in S with χAS = 1.0 in a Θ solvent, χBS = 0.5. All
parameters other than χBS are the same as those in Fig. 5.6.

than the crossover values of fB predicted in Figure 5.6. The change in solvent quality

leads to the disappearance of the the gyroid phase at a lower value of φAB , as one

approaches the C → B transition. The domain size of the GAphase starts going up

rapidly at the point at which it is replaced by phase coexistence of L and HAfor the

values of χAS 0.75 and 1 studied in Figures 5.5, 5.6, 5.7 and 5.8.

Upon comparing Figure 5.8 and 5.5, we see that the effect of increasing overall

chain length, at fixed values of all other parameters, is similar to that of increasing

χAS : The ordered phases occupy a somewhat larger region in Figure 5.8 then in

Figure 5.5. Some of the two-phase regions between ordered phases also become more

evident.

All the phase portraits presented till now have had χAB N = 20. This value

of χAB N leads to ordered phases being present for a pure diblock copolymer melt.

In Figure 5.9, we consider a value of χAB = 0.08, or χAB N = 8. This leads to a
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Figure 5.8: Phase portrait for AB in S with χAS = 0.75, χBS = 0.4, χAB = 0.2, and
N = 150. The only difference from the parameters used in Figure 5.5 is the increase
in N from 100 to 150

disordered phase for a pure diblock copolymer melt. The other interaction parameters

are χAS = 1.25, and χBS = 0.45. The rest of the parameters are unchanged. From

Figure 5.9 we notice that other than the pure diblock limit being disordered, the

phase behavior is similar to previous phase diagrams presented in Figures 5.5, 5.6, 5.7

and 5.8. We notice the unbinding transition of the periodic phases, where the order-

order transitions tends to the crossover of isolated aggregates. For the range of block

composition 0.2 < fB < 0.14, upon dilution of the diblock copolymer AB, we

notice the formation of two phase regions of a solvent-rich macrophase coexisting

with periodic phases having the solvent-philic block as the core. In the regime of

concentrated diblock copolymer φAB ∼ 1, there is a clear order-disorder transition

observed for the ordered phases. The phase behavior in Figure 5.9 is purely driven

by the selectivity of solvent χAS . Hence, we observe ordered structures for the binary
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Figure 5.9: Phase diagram for AB in S with χAS = 1.25, χBS = 0.45, χAB = 0.08,
and N = 100. The double dot dash line represents the line where spherical micelles
at CAC fill space on a FCC lattice.

system of AB/S even when the pure diblock copolymer exists in a disordered state.

We now consider the pocket of ordered phases found near the Flory-Huggins crit-

ical point for the weakly-selective solvent shown in Figure 5.10. This pocket occurs

near the top of wide region of two phase coexistence between homogeneous polymer-

rich and polymer-poor phases, near the expected critical point. The discovery of

a pocket of ordered phases here was a surprise to us. In retrospect, however, the

presence of such a pocket could be foreseen by comparing the binodal predicted by

Flory-Huggins theory to the RPA spinodal and to the unbinding curve that we cal-

culate for the lamellar phase. These features are presented in Figure 5.11. At low

values of fB the Flory-Huggins binodal lies outside both the the RPA spinodal on

the polymer-rich side and outside both the spinodal and the lamellar unbinding (or

CAC) on the solvent-rich side. Near the Flory-Huggins critical point, however, the
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Figure 5.10: A zoomed in region of the phase diagram for AB in S in the fB v/s
φAB plane with χAS = 0.7, χBS = 0.4, χAB = 0.2, and N = 100. The phase behavior
near the line in this figure that separates the ordered phases from the wide two phase
region is not shown in detail, and must have a more complicated topology than that
shown here (which violates the Gibbs rule if taken literally). Data points represented
by ∗ are extrapolations of trends observed.
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Figure 5.11: The RPA spinodal, the Flory-Huggins binodal, and the CAC for the
bilayer morphology for the same parameters considered in Figure 5.10.
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RPA spinodal crosses the FH binodal on the polymer-rich side of the phase dome, at

fB = 0.183, and the unbinding/CAC line crosses the Flory-Huggins binodal at a very

similar value of fB = 0.181. The crossover between CAC of bilayers and the Flory-

Huggins binodal is indistinguishable in Figure 5.11, and is studied in more detail in

Figures 5.12 (a) and 5.12 (b).
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Figure 5.12: The Helmholtz free energy plotted vs. φAB to show the two different
transformations occurring in plots a) fB = 0.18 and b) fB = 0.19 for χAS = 0.7.
Macrophase separation is preferred for fB = 0.18 as the double tangent line between
the two disordered phases is lower than the unbinding line, whereas it is the other
way around for fB = 0.19.

The effect of the crossing of the unbinding/CAC line and the Flory-Huggins bin-

odal line upon the free energy is shown in Figure 5.12. Figures 5.12 (a) and 5.12

(b) show the Helmholtz free energy per monomer of the L and Dis phases plotted

vs. φAB . The corresponding free energy of the bilayer aggregates fdil at the CAC is

subtracted from free energies of both phases to allow us to show the differences in

an expanded scale. As a result of this subtraction, the lamellar free energy is always

horizontal near the unbinding transition, by construction. In these figures, the solid

circle corresponds to the CAC for the bilayer morphology, and the ∗ represents the
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spinodal point calculated using the RPA. The binodal is determined by drawing a

line (not shown) between the two minima of the disordered phase free energy, which

corresponds to the solvent-rich and polymer-rich homogeneous macrophases. If we

draw an imaginary double tangent between these two minima in Figure 5.12, we find

that the double tangent is lower than the lamellar free energy for all fB < 0.181,

including the value fB = 0.18 shown on the left, but the lamellar free energy density

is lower than the double tangent line for the case of all fB > 0.181, including the

value fB = 0.19 shown on the right.

For fB > 0.181, the phase transition between ordered and disordered phases on the

solvent-rich side of this pocket is thus an unbinding transition, along which the period

of a very weakly-segregated ordered phase diverges. The relevant ordered phase is

HAat higher values of fB and lamellar at lower values. Along the polymer-rich side

of the phase diagram, the transition between an ordered and disordered phase seems,

to within our numerical accuracy, to closely follow the calculated RPA spinodal,

and thus be either a continuous transition or an extraordinarily weakly first order

transition. Plots of the evolution of the composition profile seem to show a second-

order transition to a phase with a finite periodicity for all fB > 0.183 along this

phase boundary. In the narrow range of composition 0.181 < fB < 0.183, we believe

that there must be a sequence of two phase regions connecting different ordered and

disordered phases, in which some of the ordered-phases must end at eutectic points,

but we have not tried to accurately map this out, because it is rather complicated

behavior involving extraordinarily small differences in free energy that exists over

a very small range of values of fB . Our use of simple horizontal straight line to
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separate the ordered phases from the region of Flory-Huggins two-phase separation

should thus not be taken literally, since it flagrantly violates the Gibbs phase rule

(by implying the coexistence of 5 phases in a binary system): It simply represents a

narrow sequence of complex phase behavior that we have not attempted to resolve.

5.3 Constant Block Lengths: χAS vs. φAB

Phase portraits are calculated for constant block lengths fB N and fA N for the

χAS vs. φAB plane. The range of values considered for χAS ranges from χAS = 0.4,

which makes the solvent non-selective or neutral, to χAS = 1.3, which makes the

solvent selective. The same phase is present throughout for all values of χAS for

φAB = 1 for all phase portraits presented in this section.
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Figure 5.13: Simulating the phase portrait of AB in S with fB = 0.60, N = 100,
χBS = 0.4, and χAB = 0.2. The double dot dash line represents the line where
spherical micelles at the CAC fill space on a FCC lattice.

Figure 5.13 shows the phase portrait for a block composition of fB = 0.60 and

135



Section 5.3. Constant Block Lengths: χAS vs. φAB

N = 100. The spherical phase SFCC
A is the stable ordered phase in the dilute limit,

which unbinds to the isolated spherical micelles (S) morphology. This transformation

to S is always preceded by SFCC
A and never by SBCC

A in Figure 5.13. Even though the

spheres are “hairy” (fB > 0.5), in which case SBCC
A is expected to be the stable ordered

phase,131,135,137,138,140 we notice the transition SBCC
A → SFCC

A to occur before the spher-

ical periodic phases transforms into isolated spherical micelles. SCFT predictions are

found to differ with the mean field study carried out by Grason,142 in which case the

author predicted transitions from SBCC
A → SFCC

A → SBCC
A with decreasing concentration

of AB. The model used by Grason assumes no penetration of solvent in the core which

is not the case as seen from SCFT predictions presented earlier in Chapter 4 as well

as from experimental studies.50,52 The unbinding transition occurs at higher values

of φAB for larger values of χAS , which is also the same behavior shown by the phase

transition between SFCC
A and SBCC

A . There is a small but noticeable two phase region

between SBCC
A and HAat higher χAS . Other phases found in Figure 5.13 vary from

L → GA → HA → SBCC
A → SFCC

A upon decreasing the concentration of AB. The area

occupied by the ordered phases goes down as the solvent selectivity is reduced i.e.,

the value of χAS is reduced. We determined the critical value of χAS , defined as

χCMT
AS earlier in Chapter 4, to be χCMT

AS = 0.82, and is represented by ∗ on the y-axis

in Figure 5.13. We notice a rapid change in phase behavior for values of χAS below

0.82 in Figure 5.13.

In Figure 5.14 we present the phase portrait for fB = 0.35 and N = 100. Upon

reducing the corona block composition to fB = 0.35 the spheres are crew-cut in

nature due to shorter length of the corona block. Hence, we expect SFCC
A to occupy
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Figure 5.14: Simulating the phase portrait of AB in S with fB = 0.35, N = 100,
χBS = 0.4, and χAB = 0.2. The dotted line represents constant volume fraction
of φAB = 0.17 along which the aggregation number M of spherical micelles on the
spherical lattices of SFCC

A and SBCC
A is studied, which is presented in Section 5.5.

more area in the phase portrait relative to the phase portrait of fB = 0.60. The

transition from SBCC
A to SFCC

A is observed in experimental studies131,135,137,138,140 when

one starts reducing the corona block length or corona block composition. That is the

case as seen in figure 5.14 where SBCC
A is reduced to a small pocket close to the order

disorder transition. However, SCFT predicts SBCC
A to transform itself into SFCC

A as one

increases the concentration of solvent even for fB = 0.60. SFCC
A is found to always

precede the spherical micellar regime be it for a hairy corona or a crew-cut corona.

The stable isolated aggregate morphology is found to be isolated spherical micelles in

Figure 5.14.

I observe large regions of two phase coexistence between HA, and SFCC
A as well as

between HAand GA, and also between GAand L in Figure 5.14. These two phase

regions are filled with solid lines to differentiate them with single phase regions in
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Figure 5.14. The two phase region between ordered phases grows with increasing

χAS . This corresponds well to the phase portraits described for constant solvent

selectivity χAS where we notice no two phase regions for χAS = 0.7, presented in

Figure 5.4, but large two phase regions for χAS = 1, presented in Figure 5.6.

The phase at φAB = 1 is independent of χAS , and is always GBfor this block

composition. Decreasing concentration of AB induces phase transition from GB → L

→ HA → SFCC
A for high values of χAS , whereas for low values of χAS we notice the

phase transition from GB → HB → SBCC
B → Dis. The critical value of χAS where these

phase transformations change is calculated as χCMT
AS = 0.73, and is represented by ∗

on the y-axis in Figure 5.14.

Phase portrait for block composition of fB = 0.26 and N = 100 is presented in

Figure 5.15. In this case HAdominates the dilute regime φAB << 1 and HBdominates

the concentrated regime φAB ∼ 1. At high solvent selectivity χAS > 0.8 we

notice phase transitions to go from HB → GB → L → ((L + GA) → GA → (GA+

HA)) or L + HA → HA, whereas for χAS < 0.7 we notice phase transitions to go from

HB → SBCC
B → Dis. The gyroid phase GAis observed to vanish with increasing solvent

selectivity. GAis replaced by a large two phase coexistence region between L, and

HA. This two phase region is filled with solid lines to differentiate them with single

phase regions in Figure 5.15. Experiments conducted by Lodge et al. .3,89 for PS-PI

in dialkyl phthalates also predicted this behavior.

A small pocket of SFCC
A is observed close to the order-disorder transition in the

dilute limit. The two phase coexistence between HAand SFCC
A is found to tend towards

the crossover between isolated aggregates C and S. The dashed line in Figure 5.15
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Figure 5.15: Simulating the phase portrait of AB in S with fB = 0.26, N = 100,
χBS = 0.4, and χAB = 0.2.

represents the unbinding transition. Notice that even for small block composition of

B fB = 0.26, where we expect periodic phases with solvent-philic core B to dominate

the phase portrait for a pure diblock copolymer melt, instead this phase portrait is

dominated by ordered phases with solvent-phobic core block A.

Figure 5.16 represents the phase portrait for block composition of fB = 0.19 and

N = 100. In this case the dilute regime is dominated by the lamellar phase and

the concentrated regime is dominated by the disordered phase. The lamellar phase

unbinds into bilayers at low concentrations of the diblock. Decreasing concentration

of AB induces phase transition from SBCC
B → HB → HB+ GB → GB → GB+ L → L.

There is noticeable two phase region between L and GA. This two phase region is

filled with solid lines to differentiate them with single phase regions in Figure 5.16.

It is the first in the series of phase portraits where we do not notice the presence

of the ordered phase with core of solvent-phobic block A SFCC
A , SBCC

A , HA, and GA,
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Figure 5.16: Simulating the phase portrait of AB in S with fB = 0.19, N = 100,
χBS = 0.4, and χAB = 0.2.

and absence of ordered phase in the φAB = 1 limit. One needs to drive down the block

composition so that you do not notice any phase with solvent-phobic block A in the

core. This phase portrait is another example, refer to Figure 5.9 for an example in

the fB vs. φAB plane presented earlier, where solvent selectivity χAS drives the phase

behavior for a diblock copolymer which is disordered in its pure form.

5.4 Comparison to Experiment: PS-PI in DBP

The phase behavior of the binary system AB/S has been studied in various sys-

tems.3,27,87,96 Here, we attempt to compare SCFT predictions to one of the experi-

mental phase portraits of PS-PI in dibutyl phthalate (DBP) as presented by Lodge

and coworkers3 with DBP as the selective solvent in Figure 5.18. DBP has a prefer-

ence for styrene monomer. The choice of χ parameters, statistical segment lengths,

140



Section 5.4. Comparison to Experiment: PS-PI in DBP

and volume of the solvent are determined from literature for the aforementioned

system. The interaction parameter between styrene and isoprene blocks has been ob-

tained from Lodge et al. ,2 where order-disorder transition (ODT) values for nearly

symmetric lamellar forming PS-PI melts and PS-PI in neutral solvents were used to

generate a master curve. The plot was then used to determine the value of χSI as:

χSI =
33

T
− 0.0228 (5.4.1)

with the reference volume as the styrene segment volume. Using Equation (5.4.1), we

arrive at an ODT for SI(15-13) diblock copolymer melt as 280 ◦C, whereas, Lodge et

al. 3 determined it to be 230 ◦C. This deviation from Equation (5.4.1) is evident in

Figure 5.17, where the data point for SI(15-13) is shown by ∗. The deviation is found

to be of the order of 15-20 % to the value of ODT obtained using the master curve.

The ODT values for other pure nearly symmetric diblock copolymer melts173–175 are

also found to deviate from the master curve (solid line in Figure 5.17) presented in

Equation (5.4.1).

Literature values for the interaction parameter χS-DBP were not found. It is deter-

mined using the empirical formula χS-DBP = 0.34 + (V/RT )(δS − δDBP)2 mentioned

in the book Polymer Chemistry by Hiemenz and Lodge.60 The solubility parameters

were obtained from the polymer handbook.176 However, the solubility parameters of

PS and DBP are very close to each other thus yielding χS-DBP = 0.34. In the SCFT

simulations the solvent (DBP) volume was used as the reference volume.

The interaction parameter between isoprene and DBP had been determined by

Hanley and Lodge.177 It is estimated by determining the ratio of peak intensities for
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Figure 5.17: ODT of pure symmetric diblock copolymer melt of SI determined from
various studies plotted in the same plot as the master curve presented in Equa-
tion (5.4.1). The data has been obtained from for lamellar forming SI solutions and
melts.2

protonated and deutrated solvent for the lamellar phase, and comparing values of

the ratio to SCFT estimates. The interaction parameter χI-DBP is used as the fitting

parameter for the fitting the ratio using SCFT. The other interaction parameters

were fixed at values of χSI = 0.08 and χS-DBP = 0.3. Two different coefficients for

1/T term for χI-DBP are reported in the text determined for two different PS-PI

block compositions. The average of the coefficients is considered for the purpose of

this section thereby using χI-DBP = 451/T − 0.56. The reference volume used to

calculate this interaction parameter is not mentioned in the thesis. The reference

volume for this interaction parameter is taken as the DBP molecular volume from a

fitting procedure we used. At φAB = 0.7, we determine the ODT for a lamellar phase

calculated using SCFT for this reference volume is closer to the ODT reported in the

article.3 Whereas, with styrene reference volume the ODT obtained using SCFT was
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Figure 5.18: Phase portrait of polystyrene(PS)-polyisoprene(PI)(15-13) in dibutyl
phthalate (DBP) which has been experimentally studied by Lodge and coworkers.3

found to differ by a larger margin with respect to the ODT reported in the article.3

The density of PS is mentioned as 1.05 g/mL and that of DBP is mentioned as

1.043 g/mL.3 This gives us the ratio of monomer volumes as:

νDBP

νPS
=
MDBP

MPS

1.05

1.043
= 2.69, (5.4.2)

where MDBP and MPS are the molecular weights of DBP and styrene respectively.

The degree of polymerization for PS-PI is 285 with a reference volume as the styrene

monomer volume.3 The degree of polymerization with the solvent reference volume

is 285/2.69 = 106. The ratio of statistical segment lengths60 between PS and PI is

6.7/6.5 which has been approximated to 1.
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Figure 5.19: Simulating the phase portrait of polystyrene(PS)-polyisoprene(PI)(15-
13) in dibutyl phthalate (DBP) which has been experimentally studied by Lodge and
coworkers.3

The periodic phases show similar phase behavior as seen in the experimental plot

(see Figure 5.18) with phase transitions: L → GA → HA → SBCC
A , upon dilution. We

notice two phase coexistence regions for HAand SBCC
A , but barely noticeable in the

case of other ordered phases. The ODT and critical micelle temperature (CMT) are

found to match well in the case of experiments3,52,89 where the CMT is calculated

at φAB = 0.01 and φAB = 0.02, and compared with ODT at φAB ∼ 0.2. CMT

and ODT are similar in the range of 0.01 < φAB < 0.2 according SCFT calculations

presented in Figure 5.19.

The ODT at φAB = 1 is off by 50 ◦C relative to the experimental phase portrait

in Figure 5.19. This corresponds to the deviation presented in Figure 5.17. The

SCFT simulation predicts ODTs for 0.2 < φAB < 1 to be much higher than those

observed by the Lodge and coworkers,3 which might be because of discrepancy in
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the value of χPI-DBP interaction parameter used in simulation yielding a higher ODT.

We expect SCFT to predict a higher ODT78,80 than the ODT determined for block

copolymer in solutions using experimental techniques.2 Interaction parameters used

in the calculation are also a source of the discrepancy.

5.5 Micelle Interactions in Spherical Phases

The interplay between the two spherical phases SFCC
A and SBCC

A in the dilute limit has

been widely studied through experiments.3,52,89,131,132,134–141 In this section I present a

study of interactions between spherical micelles on FCC and BCC spherical lattices.

This is studied using a combination of the periodic formulation of SCFT as well as

the real space implementation of SCFT. Using the periodic formulation of the SCFT

I calculate the nearest neighbor distance between spheres dnn in SFCC
A and SBCC

A as well

as the excess aggregation number M ex of the spherical aggregates on the lattices of

SFCC
A and SBCC

A . I determined the aggregation number of the spherical aggregate at

CAC MCAC , and the size of the spherical aggregate at CAC represented by its radius

rCAC using the real space implementation of SCFT.

The excess aggregation number M ex is defined as

M ex =
(

φAB − φCAC
) a3

kNν
. (5.5.1)

The volume fraction of copolymers present in the form of spherical aggregates on lat-

tices SFCC
A and SBCC

A is proportional to
(

φAB − φCAC
)

, as φCAC is the volume fraction

of copolymers dissolved in the solution. We expect the rest of the copolymers to be
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Figure 5.20: Variation of the aggregation number M ex along a constant volume
fraction of AB φAB = 0.17, FCC represented by solid black line and BCC represented
by dashed lines, with fB = 0.35, χBS = 0.4, χAB = 0.2, N = 100, ν = 1, bA = bB = 6Å,

and reference volume is taken as 118Å
3
. The aggregation number for FCC, and BCC

are indistinguishable in this case. The dash dot line represents the aggregation number
MCAC at φCAC and the dotted line represents the critical micelle temperature(CMT).

present in the form of spherical aggregates arranged on a cubic lattice with a volume

of a3. The factor a3/kNν converts the volume fraction into an aggregation number.

Here a represents the domain size of the cubic lattice and k represents the number

of spherical aggregates present in lattices of SFCC
A and SBCC

A . The number of spherical

aggregates in SFCC
A lattice is k = 4, and in a SBCC

A lattice is k = 2.

In Figure 5.20, the variation of M ex relative to the solvent selectivity χAS along

a constant volume fraction line φAB = 0.17, which is the dotted line in Figure 5.14

is presented. Another point to note is that only χAS is varied and χBS , and χAB are

kept constant so the assumption of χAB and χBS being constant in this temperature

range is made in order to calculate the CMT.
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The parameters used in the simulation are fB = 0.35, N = 100, χBS = 0.4, and

χAB = 0.2. The statistical segment length of both monomers A, and B is taken as

6Å, and the reference volume is set at ν = 118Å
3
. The aggregation numbers for both

phases SFCC
A , and SBCC

A are indistinguishable on the plot. Hence, the phase transition

between SFCC
A and SBCC

A is not due to the differing values of M ex for SFCC
A and SBCC

A . In

Figure 5.20, M ex approaches MCAC as one increases the solvent selectivity χAS . This

corresponds to the phenomena where unbinding occurs at a higher values of φAB as

one increases the values of χAS .

M ex can also be represented relative to the aggregation number of the spherical

micellar aggregate at the CAC MCAC for particular block composition fB . It is given

by

M ex

MCAC
=

(

φAB − φCAC
)

(φAB
′ − φAB

free)

a3

kVa
(5.5.2)

where φ
′

AB is the volume fraction of the diblock copolymer in the simulation cell, φfree
AB

is the volume fraction of the diblock copolymer dissolved in the solution, and Va is the

volume of the simulation cell for the spherical micelle. The difference
(

φ
′

AB − φfree
AB

)

gives the amount of diblock copolymer in the spherical micellar aggregate.

Utilizing the definition of M ex presented in Equation (5.5.2), I would like to study

dependence of M ex on the concentration or volume fraction of the diblock copolymer

in the system. MCAC is constant for a particular block composition fB considered

here and will be represented by MCAC for the constant value of fB considered from

here on. In Figure 5.21, the variation of M ex /MCAC relative to φAB for the good

solvent case where χBS = 0.4, and fB = 0.5 is presented. We observe the aggregation

number for φAB < 0.05 is same as the value of aggregation number at φCAC ≈ 10−6.
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Figure 5.21: Aggregation number M ex , normalized relative to the aggregation number
at φCAC , vs. the volume fraction of the diblock copolymer φAB in the periodic phases
FCC and BCC for fB = 0.5 for the good solvent with χBS = 0.4, χAS = 1, χAB = 0.2,
and N = 100

Once again, M ex is almost indistinguishable for both the spherical phases SFCC
A , and

SBCC
A . An important feature of figure 5.21 is that M ex or the aggregation number of

the spherical aggregates in the cubic lattices of SFCC
A , and SBCC

A is not the same as

MCAC for φAB > 0.1. M ex approaches MCAC as one gets closer to this volume fraction

at which both SFCC
A , and SBCC

A unbind to form isolated spherical micelles.

We predict a monotonic increase in M ex with increasing φAB from Figure 5.21,

whereas the aggregation number determined by Grason142 was found to have a maxi-

mum for a certain value of φAB . The model used by Grason is a mean field analytical

model with a corresponding assumption that the selective solvent does not penetrate

the core of an aggregate. Especially for a small molecule solvent the assumption

of no presence of solvent in the core of a spherical micellar aggregate hardly holds

true. Significant solvent presence in the core was shown previously in Figure 4.7 in
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page 103 as well as observed through experiments.49,52 SCFT predicts, for the set of

parameters considered here, significant solvent presence φS ≈ 0.3 present in the core

of aggregates.
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Figure 5.22: Figure (a) represents the definition of rCAC . rCAC is the value of r at
which the volume fraction φB(r) − φfree

B = 0.02, where φfree
B is the volume fraction of

dissolved monomer of B in the solvent. Figure (b) represents the nearest neighbor
distance dnn, normalized relative to the radius of a micelle at CAC, vs. volume fraction
of the diblock φAB for the periodic phases FCC and BCC with fB = 0.6 for a good
solvent with χBS = 0.4, χAS = 1, χAB = 0.2, and N = 100.

The aggregation number M ex is found to be indistinguishable for both spherical

phases SFCC
A and SBCC

A , even though they have different coordination number (number

of nearest neighbors), and different nearest neighbor distances, which is presented in

Figure 5.22. We denote the nearest neighbor distance as dnn. This behavior is found

for the variation relative to both the solvent selectivity as well as different volume

fractions of the diblock copolymer AB.

The interaction between the spherical aggregates on SFCC
A , and SBCC

A lattices is

described in terms of a pair potential. The assumption here is that the major contri-
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bution of interactions comes from the nearest neighbors on the lattice. The nearest

neighbor distance for SFCC
A , and SBCC

A are given by

dFCC
nn =

a√
2

(5.5.3)

dBCC
nn =

√
3a

2
. (5.5.4)

The definition of rCAC is dependent on convention. The radius of the spherical ag-

gregate at CAC rCAC is defined as the distance from the center of the aggregate at

which the excess volume fraction of the corona or solvent philic block of the copoly-

mer is φB(r) = 0.02, when φB(r) is corrected for amount of B monomer dissolved in

the solvent S. The definition of rCAC is presented in Figure 5.22 (a). In Figure 5.22

(b) the variation of dnn with respect to φAB is presented. The parameters used to

calculate dnn are fB = 0.6, N = 100, χBS = 0.4, χAS = 1, and χAB = 0.2. We

find that dnn does not vary much in the region where φAB > 0.2, but suddenly starts

increasing around φAB ≈ 0.2 which represents the onset of unbinding transition from

a periodic phase, either SFCC
A or SBCC

A , to an isolated spherical micellar morphology.

Another key feature in Figure 5.22 is that dnn for the SFCC
A phase is greater than dnn

for the SBCC
A phase.

The ratio of M ex /MCAC earlier presented relative to φAB in Figure 5.21 is pre-

sented in Figure 5.23 relative to dnn/rCAC . Figure 5.23 reiterates the behavior of

M ex → MCAC as the spherical phases starts to unbind or as the nearest neighbor dis-

tance dnn between the spherical aggregates on the lattices of SFCC
A , and SBCC

A increases.

The nearest neighbor distance is large enough for dnn/rCAC > 2.5 due to which the
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Figure 5.23: Aggregation number M ex normalized relative to the aggregation number
at CAC versus nearest neighbor distance dnn in periodic phases of FCC and BCC with
fB = 0.5 for the good solvent with χBS = 0.4, χAS = 1, χAB = 0.2, and N = 100.

aggregation number of the spherical aggregates on SFCC
A and SBCC

A lattices are same

as MCAC. This implies that the spherical aggregates on periodic lattices of SFCC
A or

SBCC
A can be treated as isolated spherical micellar aggregates in the regime where

dnn/rCAC > 2.5. The aggregation number of spherical aggregates on the lattices of

SFCC
A , and SBCC

A is found to vary with dnn or φAB as well as with solvent selectivity

χAS .

A pair-wise interaction potential Fpair between the nearest neighbors in each lattice

is used to quantify the interaction between the nearest neighbors on lattices of SFCC
A ,

and SBCC
A . The interaction energy between the spherical aggregates Fint is dependent

on the coordination number z, or the number of nearest neighbors for each lattice.

Fint is then represented in the form of pair-wise potential between nearest neighbors

through the Equation (5.5.5). Here the factor 1/2 comes about in order to avoid
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double counting of a pair of nearest neighbors. Fpair and Fint are related through the

expression

Fint =
1

2
zFpair . (5.5.5)

In essence Fint is the excess Helmholtz free energy described relative to isolated spher-

ical micelles at φCAC . Fint is given by

Fint =
Ωm

ν

[(

f − fCAC
)

− ∆µCAC
(

φ− φCAC
)]

(5.5.6)

where Ωm = a3/k is the volume occupied by each micelle on a lattice with a lattice

parameter a, ν is the volume occupied by each monomer or a solvent molecule. The

dependence of Fpair on the nearest neighbor distance dnn is presented in Figure 5.24.
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Figure 5.24: Energy of interaction per bond Fpair /kT versus dnn, normalized relative
to the radius at the CAC, for the spherical phases FCC and BCC for fB = 0.5 for the
good solvent with χBS = 0.4, χAS = 1, χAB = 0.2, N = 100, and ν = 1. The dashed
black lines represent the BCC phase and solid black lines the FCC phase. The lines
on the left represent spherical phases with a constant aggregation number of MCAC.
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Fpair has also been calculated by maintaining a constant M ex ≡ MCAC , to distin-

guish from the calculations where M ex varies with dnn or φAB . In order to maintain

constant M ex = MCAC , I calculate the lattice spacing a in each spherical phase to

achieve the desired aggregation number. This can be determined simply by inverting

the relation used to calculate M ex in equation (5.5.2), which then yields

a =

(

(

φ
′ − φfree

)

kVm

(φ− φCAC )

)
1

3

. (5.5.7)

The pair-wise interaction Fpair is found to be similar for SFCC
A and SBCC

A for both

variable aggregation number as well as constant aggregation number. This behavior

is similar to that noticed for excess aggregation number MCAC relative to φAB , where

even though SFCC
A and SBCC

A have different coordination numbers and dnn their aggre-

gation numbers are indistinguishable. The pair-wise interaction potential Fpair for

variable M ex is found be stiffer than for the Fpair with a constant aggregation number

of MCAC . This behavior is due to larger M ex or larger size of spherical aggregates on

the lattice for variable M ex relative to M ex = MCAC .

Upon approaching the dilute limit both the phases tend to the same exchange

chemical potential ∆µCAC , shown in Figure 3.8 in page 82, which should be the

case as the spherical micelles are so farther apart that it does not matter if they are

arranged on FCC lattice or a BCC lattice. This behavior is noticeable in the variation

of M ex and Fpair relative to dnn presented in figures 5.23 and 5.24, respectively.
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5.6 Conclusions

Phase behavior is analyzed in the phase cube with solvent selectivity χAS , block

composition fB , and volume fraction of the diblock φAB as the varying parameters.

The periodic phases with a solvent-phobic core are found to swell, whereas the ones

with the solvent-philic core tend to macrophase separate in the dilute regime as they

can not swell indefinitely. I also relate the order-order transition lines between the

periodic phases which can swell to the transformations of their respective isolated

aggregate morphologies in the dilute limit. The transition between SFCC
A and HA, and

HAand L tends to the transition between spherical and cylindrical aggregates, and

cylindrical and bilayer aggregates, respectively.

For the case of constant solvent selectivity or fB vs. φAB plane RPA theory is

used to analyze the binary system. Flory-Huggins theory is used to calculate the

critical values of fB and φAB , and also the binodals of homogeneous phases. RPA

theory is used to determine the spinodal of the disordered phase, and the value of

critical wave vector modulus q∗ yields additional information of the order-disorder

transition. If q∗ 6= 0 implies the order-disorder transition is preceded by the presence

of a periodic phase, and q∗ = 0 might indicate the presence of isolated aggregate

morphologies prior to disorder transition from an ordered phase. The critical value

of φAB derived from Flory-Huggins theory, and the critical point derived from RPA

do not vary much relative to values of χAS , or χAB in the fB vs. φAB plane. RPA also

hints towards two different regions of phase behavior present in the fB vs. φAB plane.

There is a region of phases related to the macrophase separation between a pure

solvent and pure homopolymer A, which is solvent-phobic, close to fB = 0, and the
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second region arising from the periodic phases in the pure diblock limit φAB = 1.

Upon increasing the value of χAS one finds these two phase regions merge as solvent

selectivity χAS drives periodic phase formation over larger area in the plane of constant

solvent selectivity χAS . RPA is also used to study the variation of spinodal relative

to either interaction parameter between the blocks of the diblock copolymer χAB or

the good solvent characteristic χBS .

Phase portraits for constant solvent selectivity χAS or fB vs. φAB plane are deter-

mined using SCFT. There are two detached phase regions found for χAS = 0.70.

One of them corresponds to phase behavior of pure diblock copolymer melt, and the

other corresponds to macrophase separation between homopolymer of solvent-phobic

block A and solvent S. I notice ordered phases are stable close to the critical point of

macrophase separation. This observation has never been made before using SCFT.

The two detached phase regions are found to merge at a certain value of χAS in the

range 0.70 < χAS < 0.75 for the parameters considered in the simulations.

For the periodic regime one notices large two phase coexistence regimes present

between the ordered phases as we decrease the volume fraction of the diblock φAB in

the system. The gyroid phase GAis replaced by two phase coexistence regimes be-

tween L and HAclose to the unbinding transition, and approach the crossover between

isolated aggregate morphologies B and C. I predict wide phase coexistence regimes

between SFCC
A and HAas well as SBCC

A and HA. The transformation of the spherical pe-

riodic phases SFCC
A and SBCC

A to isolated spherical micelles is always preceded by SFCC
A .

For small block composition of B block fB and in the dilute limit a two phase region

with a solvent-rich disordered macrophase and a polymer-rich disordered macrophase
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is found.

Periodic phases with solvent-philic core are found to macrophase separate upon

dilution in coexistence with a solvent-rich phase. The inability of the periodic phases

with a core of solvent-philic block to swell indefinitely causes them to macrophase

separate with a solvent-rich phase. The “compound micelles” noticed by Zhang and

Eisenberg24,92 with the solvent-philic block at the core are found in this regime to

coexist with a solvent rich macrophase in aqueous solutions of polystyrene-poly(acrylic

acid).

Selectivity of the solvent tends to drive phases with A as core to dominate the

phase portraits. Solvent S partitions itself preferentially into solvent-philic B domains

leading to this behavior. This is seen in cuts of phase portraits at constant fB as well

as at constant χAS . The periodic phases noticed for the pure diblock limit is controlled

by χABN . For a solvent selective enough, I notice a large region of the phase portrait

where ordered phases are found to be stable, even though the diblock copolymer is

disordered in its pure form (φAB = 1). The parameter regime considered in this

chapter are for selective solvents and thus, χAS drives the phase behavior in the phase

portraits presented.

We can comment on the solubility of S in AB or AB in S by studying the two

phase region in the region of fB ∼ 0. The solubility of the small molecule selective

solvent is much higher than the solubility of the diblock copolymer in the solvent S.

This distinction is due to the relatively smaller size of the solvent, which is also found

to play a major role in the kinetics of micellization discussed in the next chapter.

For the case of constant block length or the plane χAS vs. φAB even for low block
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compositions fB = 0.26 and chain length N = 100 we notice the phase portrait

to be dominated by phases with solvent-phobic block A as the core. The ordered

phase SFCC
A is stable in the dilute regime even for block composition as low as fB =

0.26, which is generally found for a majority B block composition in a pure diblock

copolymer melt. For high solvent selectivity and dilute solutions of diblock copolymer

one notices large two phase regions between periodic phases. The gyroid phase GAis

found to be replaced by two phase coexistence between L and HAupon increasing the

selectivity of the solvent. The lower limit of χAS considered is the neutral solvent,

where the phase behavior can be described using the dilution approximation.

SCFT is used to simulate a phase portrait determined by Lodge and coworkers3

for PS-PI in DBP. SCFT predicts the phase transformations correctly. However, the

agreement is found to be of a more qualitative nature rather than quantitative nature.

This deviation might be due the inability to obtain accurate interaction parameters

as well as the effect of fluctuations which is disregarded in the coarse grained theory

of SCFT.

The interplay between the spherical periodic phases SFCC
A , and SBCC

A with spherical

micellar aggregates is studied by combining real space implementation of SCFT as well

as its periodic counterpart. The aggregation numbers of spherical micelles are found

to be almost indistinguishable on FCC and BCC lattices. Whereas, they are found

to differ from the value of aggregation number of these isolated spherical micelles

found at φCAC with varying χAS and volume fraction of the diblock copolymer. This

observation is striking even though FCC lattice and BCC lattice have different lattice

parameters as well as different coordination numbers, but spherical micelles on these
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lattices end up having indistinguishable aggregation numbers.

Pair-wise interactions between micelles are calculated and found to be similar

for both lattices. Once again this observation is striking given the fact that FCC

and BCC lattices are found to have different lattice parameters as well as different

coordination numbers. This pair-wise interactions can be utilized in Monte-Carlo

simulations, because of the prediction of the pair-wise interaction being independent

of the type of lattice. This attribute can be used to develop more realistic models of

interactions between spherical micelles.

We notice the transition between SFCC
A , and SBCC

A to occur close to a point where

the spherical aggregates to fill space on a FCC lattice. We predict the transformation

from SFCC
A → SBCC

A to be driven by the concentration of AB in the system. Increasing

the concentration of AB leads to spherical micelle micelles to condense onto a FCC

lattice, and the point at which the spherical aggregates fills space on a SFCC
A lattice is

close to SFCC
A → SBCC

A transformation.

There has been a previous study on the phase behavior of AB/S using SCFT by

Suo et al. .90 Our motivation here has been to do a comprehensive study of the system

from φAB = 0 to φAB = 1, which includes isolated aggregates found in the dilute limit.

This has not been clearly studied by Suo et al. .90 Also, they have not considered the

possibility of phase coexistence between the solvent rich homogeneous macrophase

and ordered phases with solvent-philic core block. Their analysis of the transition

between spherical ordered phases SFCC
A and SBCC

A is limited, and they do not correlate

the phase transition with the structural properties of isolated spherical micelles.
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CHAPTER 6

Kinetics of Micellization

Small molecule surfactants178 and polymeric surfactants24,91 are similar in many ways,

and show similar morphological trends in solution. The kinetics of micellar aggre-

gation is, however, often much slower for polymeric surfactants. Typical small sur-

factants form aggregates in the microsecond/millisecond range.179 The corresponding

time scale for polymeric surfactant systems cover a wide range, but are often much

longer than experimentally accessible time scales.156,158,180 Slow kinetics for polymeric

systems is generally attributed to a high degree of incompatibility between the core

block and the solvent or a high glass transition temperature of the core block.

Figure 6.1 depicts two different types of dynamical processes that are relevant to

the formation and dissolution of micelles in solution. Stepwise growth, shown on the
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Figure 6.1: The two dynamical processes involved in kinetics of micellization.

left, is a comparatively fast process in which the number of molecules in a micelle can

increase by one by absorbing a molecule from a reservoir of free surfactant molecules

(unimers) dissolved in the surrounding solvent, or decrease by one by expelling one

molecule into the surrounding solvent. These processes change the aggregation num-

bers of individual micelles, and allow exchange of molecules between micelles, but do

not change the total number of micelles in a solution. Association and dissociation

are slower processes that can create or destroy an entire micelle, shown on the right

in Figure 6.1. We are primarily interested in this chapter in estimating timescales for

spontaneous micelle association and dissociation.

Several theoretical studies have examined the dynamics of micelle association and

dissociation. The classic treatment of Aniansson and Wall181,182 assumes that associa-

tion and dissociation occurs via stepwise growth. These authors, and most subsequent

workers, assumed that micelle association and dissociation occur as the result of a

random series of steps, in which the elementary step is the exchange of an individual

surfactant molecule between a micelle and a coexisting gas of unimers. Here and here-

after, we refer to single surfactant molecules dissolved in solvent as unimers. Halperin

and Alexander183 and Nyrkova and Semenov184 have subsequently considered fission
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and fusion as alternative mechanisms, but also concluded that the stepwise growth

mechanism normally dominates the rate of micelle association in polymeric systems,

even when this process is very slow.

The theory of micelle association by stepwise growth is, in many ways, similar to

the classical theory of nucleation and growth of a liquid droplet from a supersaturated

vapor or solution. The main difference, of course, is the presence of a preferred size for

micelles, which prevents micelles (unlike nuclei that appear during phase separation)

to grow to only a finite size. In both theories, the size of an aggregate is assumed to

undergo a biased random walk in a free energy landscape that is given by the free

energy G(M) as a function of an aggregation number M (i.e., the number of molecules

in a micelle). The rate of micelle association is controlled by diffusion over barrier

in this free energy landscape. Nyrkova and Semenov184 stripped away some of the

mathematical complexity of the original presentation by Aniansson and Wall to give

a particularly clear description of micelle association and dissociation as an activated

process analogous to nucleation. These authors were also the first to emphasize the

fact that the relevant free energy barriers depend strongly on unimer concentration,

and to explore some of the expected consequences of this fact.

The most important input to any quantitative theory of the micellization kinetics

is thus a prediction of the free energy G(M) of a micelle as a function of the degree

of micellar aggregation M . Simple scaling theories for G(M) been used to study

dynamical processes in micellar solutions by Halperin and Alexander,183 for diblock

copolymers in strongly selective solvent, and by Semenov,185 for diblock copolymers

in polymeric matrix. For diblock copolymer surfactants in a polymeric matrix or
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a small molecule solvent, we expect self-consistent field theory (SCFT) to provide

rather accurate estimates of the barriers to micelle association and dissociation. The

first such estimates were given by Semenov185 for a polymeric matrix, who used

a simple strong segregation theory (SST) to calculate these barriers at the critical

micelle concentration (CMC). It was clear from Semenov’s results that these barriers

are quite large for typical polymeric systems. SST is expected to be quantitatively

accurate, however, only for very strongly segregated micelles, with χN ≫ 10.

The main goal of this chapter is to present a theory that is based upon the use of

numerical SCFT to calculate the required free energy landscape for diblock copoly-

mer surfactants in selective solvent. We consider both diblock copolymer in small

molecule selective solvent and AB diblock copolymer in a matrix of homopolymer B.

Quantitative estimates of rates of micelle dissociation and association are obtained

from a theory that is based on Kramer’s theory of activated processes, which allows

us to estimate pre-exponential factors as well as free energy barriers.

We do not explicitly consider the possible role of fission or fusion here, but note

that the free energy as a function of aggregation number that we calculate here would

be required as an input to any of the more detailed analysis of these processes.

Recent experiments on a block copolymer in an ionic solvent, Meli et al. 154,155

have measured a decrease in both the average micelle size and polydispersity in a sys-

tem that they have also shown to have a negligible rate of unimer exchange between

micelles. This indicates an important role for some other aggregation mechanism.

Mattice and coworkers,186,187 and Dormidontova188 have predicted that micelle fu-

sion and fission can play a dominant role in micelle formation in solutions of strongly
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amphiphilic polymeric surfactants. Mattice and coworkers used a Monte Carlo simu-

lation employing two mechanisms: unimer insertion and expulsion, and micelle fusion

and fission. They concluded micelle fusion and fission can dominate at high surfactant

concentrations while unimer insertion and expulsion dominates for higher solvent se-

lectivities. Dormidontova used scaling arguments to conclude that the micelle fusion

mechanism depends on both the concentration of diblock copolymers as well as the

aggregation number distribution of spherical micelles. Dormidontova’s analysis has

been criticized by Nyrkova and Semenov,184 who concluded instead that the barrier

to nearly equilibrium sized micelles by the fusion of two sub-critical micelles is always

larger than the barrier to stepwise growth. Pool and Bolhuis189 have shown in simu-

lations that sufficiently large micelles (larger than the equilibrium size at the CMC)

can also be unstable to fission. Fission of large micelles does not seem to be ruled

out by the arguments of Nyrkova and Semenov, and might well play a role in the

phenomena observed by Meli et al. . We do not explicitly consider the possible role

of fission or fusion here, but note that the free energy as a function of aggregation

number that we calculate here would be required as an input to any of the more

detailed analysis of these processes.

6.1 Equilibrium Micellization

In this section I describe the model used to determine equilibrium properties of mi-

cellar solution. Consider a system of total volume V that contains micelles of various

sizes and a low concentration of dissolved surfactant molecules (“unimers”). Let

Nm (M) be the total number of micelles that contain exactly M surfactants, and let
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cm (M) = Nm (M)/V be the corresponding concentration of such micelles. N1 is the

number of free unimers, and c1 ≡ N1 /V .

The total Gibbs free energy of such a dilute solution (defined relative to that of

pure solvent) is approximately

G = N1 µ1 +
∞
∑

M=2

Nm (M)µm(M), (6.1.1)

where µm(M) and µ1 are the chemical potentials for micelles of size M and dissolved

unimers, respectively. In a dilute solution, these are given by

µm(M) = Gm (M) + kT ln(cm (M)/c0m ) (6.1.2)

µ1 (M) = G1 + kT ln(c1 /c
0
1 ). (6.1.3)

In these expressions, Gm (M), for M > 1, and G1 ≡ Gm (1) are standard state free

energies for micelles of size M > 1 and unimers (M = 1). They are defined relative

to unspecified standard state concentrations c0m and c01 .

The equilibrium concentration of micelles of size M may be obtained by minimiz-

ing the above free energy subject to a constraint on the total number of copolymer

molecules, or (equivalently) by imposing the reaction equilibrium condition,

µm(M) = µ1 M. (6.1.4)

164



Section 6.1. Equilibrium Micellization

The resulting micelle concentrations may be written as

cm (M) = c0m e
−∆G (M,c1 )/kT , (6.1.5)

where

∆G (M, c1 ) ≡ Gm (M) − µ1 M, (6.1.6)

is a grand-canonical chemical potential for the formation of a single micelle of size

M .

Figure 6.2 shows the typical shape of the function ∆G(M) vs. aggregation number

M for a micelle-forming system at concentrations near the critical micelle concentra-

tion (CMC). The curve has a minimum at a nonzero aggregation number Me , which

corresponds to the most probable equilibrium micelle. The equilibrium distribution

given above is peaked around Me , but includes a distribution of sizes.

M

∆G
(M

)

0 M
e

M
a

∆G
d

∆G
e

∆G
a

Figure 6.2: Schematic of ∆G (M) vs. M for a micelle forming system at a concentra-
tion c very slightly below the CMC. Symbols are defined in the text.
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A useful simplified description of equilibrium micellization in systems withMe ≫ 1

may be obtained by simply ignoring the translational entropy of the micelles. This

simplification approximates µm(M) as the internal free energy Gm (M), ignoring the

logarithmic dependence of µm(M) on cm (M) while retaining the logarithmic depen-

dence of µ1 on c1 . The equilibrium state of the resulting theory is obtained by

minimizing the approximate free energy G ≃ ∑

M Nm (M)Gm (M) + N1 µ1 . This

yields a sharp micellization transition when the total concentration c of the surfac-

tant reaches a critical concentration cc at which ∆Ge (cc ) = 0. It predicts that no

micelles are formed for c < cc , and upon increasing concentration to c1 > cc mono-

disperse micelles of size Me coexists with the constant unimer concentration c1 = cc .

This simplified picture becomes more accurate as Me increases, and is adequate for

describing many aspects of micellization in polymer systems with Me ∼ 102 − 103.

Allowing for micelle entropy modifies this picture by creating a distribution of

micelle sizes peaked around Me , and by slightly rounding the onset of micellization.

The width of the equilibrium distribution cm (M) may be estimated by approximating

exp(−∆G (M, c1 )/kT ) as a Gaussian peaked at M = Me . This yields a standard

deviation

σe ≡ 〈(M −Me )2〉1/2 =

[

1

kT

∂2∆G (M, c1 )

∂M2

]−1/2

, (6.1.7)

and a total micelle concentration (micelles per volume)

cm =
√

2πσe c
0
m e

−∆Ge /kT . (6.1.8)

The apparent sharpness of the micelle transition in systems with Me ≫ 1 is a
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result of the extreme sensitivity of ∆Ge (c1 )/kT to changes in c1 . If we approximate

∆G (M) as a continuous function of M , it is straightforward to show that

1

kT

d∆Ge (c1 )

d ln(c1 )
= −Me . (6.1.9)

For values of c1 near the CMC, the concentration of micelles thus changes by a factor

of e when ln(c1 ) changes by 1/Me . As a result, the sharp micelle transition predicted

by the simplified theory is actually “smeared” over a fractional concentration range

∆c1 /c1 ∼ 1/M that is typically of order one percent.

Because the onset of micellization is a rapid crossover, rather than a true phase

transition, the definition of the CMC is in part a matter of convention. One conve-

nient definition adopted here is that the equilibrium CMC is the equilibrium unimer

concentration c1 for which half of the available copolymer is in micelles, or for which

c1 = cm Me , (6.1.10)

where Me is the average micelle size.

The concentration cc was defined above, for mathematical convenience, as the

point at which ∆Ge = 0. The ratio of cc to the actual CMC, as defined by Eq.

(6.1.10), depends on the value chosen for the micelle standard concentration c0m ,

since this choice also effects the numerical values of Gm (M) and ∆G (M). To remove

the explicit dependence of some of our expressions upon c0m , it is convenient to adopt

a convention in which c0m is chosen to be the CMC, as defined above. In a Gaussian
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approximation for cm (M), this this convention yields

c0m = cc /(
√

2πσe Me ), (6.1.11)

where cc is the experimental CMC, and Me and σe are the average and standard

deviation of M at the CMC. The right hand side of Eq. (6.1.11) is equal to the total

number concentration of micelles at the CMC. The requirement that ∆G (Me ) = 0 is

true at the CMC if and only if one chooses the standard concentration c0m to be equal

to the concentration of micelles at the CMC.

6.2 Free Energy Barriers

The overall goal of this chapter is to predict the rates of spontaneous micelle forma-

tion (association) and dissolution (dissociation). As described earlier, Aniansson and

Wall181,182 and most others183,184 assume that micelle association and dissociation

occur primarily by stepwise processes, via the insertion and expulsion of individual

surfactant molecules (“unimers”).

Following this methodology, our resulting kinetic theory is closely analogous to

the classical theory of vapor phase nucleation. The most important difference is that

there is a finite preferred micelle size Me , which results in some crucial differences.

Micelle formation is an activated process that we expect to occur at a rate (micelles

created per volume per unit time)

Ra (c1 ) ≃ Ra0 e−∆Ga /kT , (6.2.1)
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with a concentration-dependent activation barrier ∆Ga (c1 ) and a (thus far unspec-

ified) prefactor Ra0 (c1 ). Once formed, micelles can spontaneously dissociate via a

sequence of elementary reactions at a rate (per unit time)

Rd (c1 ) ≃ Rd0 e
−∆Gd /kT , (6.2.2)

with an activation barrier ∆Gd(c1) and a prefactor Rd0(c1). Detailed balance requires

that

Ra = Rd cm , (6.2.3)

for any unimer concentration c1 , and cm (c1 ) is the corresponding equilibrium number

concentration of micelles.

The activation barrier for association and dissociation are determined from plots

of ∆G (M) vs M . ∆G (M) has a maximum at a significantly smaller aggregation

number Ma as seen from Figure 6.2 in Page 165. In what follows, we use

∆Ge (c1 ) ≡ ∆G (Me , c1 )

∆Ga (c1 ) ≡ ∆G (Ma , c1 ) (6.2.4)

to denote the minimum and maximum values of ∆G(M, c1), respectively, at a specified

unimer concentration c1 .

The difference between secondary minima and maxima of ∆G (M) is defined as

∆Gd (c1 ) ≡ ∆Ga (c1 ) − ∆Ge(c1 ), (6.2.5)
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as indicated in Figure 6.2. In the kinetic theory, the free energies ∆Ga (c1 ) and

∆Gd (c1 ) act as barriers to micelle association and dissociation, respectively.

We show that in Section 6.5 that the prefactor Rd0 is proportional to both the

unimer concentration c1 and the unimer diffusivity D1 ,

Rd0 ∼ c1 D1 R/σeσa. (6.2.6)

In this expression, R is the micelle radius, σe is the width of the equilibrium distri-

bution (the width of the maximum in exp(−∆G(M, c1 )/kT ) near Me), and σa is the

width of the minimum well in exp(−∆G(M, c1 )/kT ) near Ma.
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Figure 6.3: Example of how the SCFT excess free energy ∆G(M) varies with changes
in unimer concentration c1 near the CMC. Here, cc is the concentration of the diblock
copolymer at which ∆Ge = 0, which is very close to experimental CMC. These
calculations were carried out for a system fB = 1/2, χAB NA = 24, N = NB = 400,

v = 100Å
3

and b = 6Å and χAB = 0.12.

Figure 6.3 shows ∆G(M, c1 ) for a diblock copolymer AB in a matrix of homopoly-

mer B, and how it is affected by changes in unimer concentration c1. Resulting changes
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in ∆Ga (c1 ) and ∆Gd (c1 ) can be seen. The barriers ∆Ga (c1 ) and ∆Gd (c1 ) are equal

when c1 = cc , where (by definition) ∆Ge (c1 ) = 0. In the following, this barrier is

represented at cc for either reaction as

∆Gc = ∆Ga (cc ) = ∆Gd (cc ). (6.2.7)

It should be clear from Figure 6.3 that the association barrier ∆Ga (c1 ) decreases

with either increasing µ1 or c1 , while ∆Gd (c1 ) rapidly increases with increasing c1 .

In subsaturated solutions, with c1 < cc , we thus have ∆Ga > ∆Gd , while the reverse

is true in supersaturated solutions with c1 > cc , for which ∆Ga < ∆Gd .

The dependence of ∆Ga (c1 ) and ∆Gd (c1 ) upon unimer concentration can be ob-

tained by calculating their derivatives with respect to µ1 or ln c1 . It is straightforward

to show that

1

kT

d∆Ga (c1 )

d ln(c1 )
= −Ma , (6.2.8)

1

kT

d∆Gd (c1 )

d ln(c1 )
= Me −Ma . (6.2.9)

These identities immediately tell us that for large micelles, with Me ≫ 1 and Ma ≫ 1,

∆Ga (c1 )/kT is a very rapidly decreasing function of c1 , and that ∆Gd (c1 )/kT is

a very rapidly increasing function of c1 . They also imply that ∆Gd must vary much

more rapidly with concentration than ∆Ga , simply because Me is usually signifi-

cantly larger than Ma : SCFT calculations for nearly symmetric diblock copolymers

in homopolymer matrix of B yield Me /Ma ∼ 8 at the CMC for a wide range of

parameters. This corresponds to an equilibrium core radius that is about the twice
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Figure 6.4: Volume fraction of the diblock copolymer at critical micelle concentration
CMC φCMC vs. χAB NA , for a diblock AB with fA = 1/2, χAB NA = 24, NB =

NAB = 200, v = 100Å
3

and b = 6Å. The dashed line represents values which scale as
∼ e−χAB NA .

that of the activated state.

The prefactor in the rate of association or dissociation is directly proportional

to the concentration of free surfactant. Consider the case c > cc , in which under

thermodynamic equilibrium c1 is pinned at cc . From Chapter 4 we know that cc ∼

exp(−χAS NA ). Hence, there are two competing exponential dependences, one from

cc and another from ∆Gc .

There are potential situations that arise where cc is high but ∆Gc might limit the

rates of association or dissociation. Or, possibly cc is low and the solubility of the

diblock copolymer limits the rates of association or dissociation. Consequently, when

studying experimental observations involving surfactants with a wide range of solu-

bilities, or block copolymer surfactants that involve a range of core block molecular

weights, it is useful to distinguish four possible situations:
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(1) Unimer solution: In this case, sufficiently weak surfactants, or short copoly-

mers, do not form micelles. As a rule of thumb, we may expect to see micelles of AB

copolymers form in an B matrix only if the pure diblock copolymer material at the

same temperature would form an ordered phase. The variation of volume fraction at

the CMC as calculated for a simple polymer blend, is presented in Figure 6.4 relative

to χAB NA for the diblock copolymer AB in B homopolymer. This Figure 6.4 gives

the amount of free copolymers we expect to be present in the system at equilibrium.

(2) Equilibrium micellar solution: For surfactants that are somewhat less soluble,

or for fairly long copolymers, there may exist a range of experimental parameters and

core block molecular lengths for which micelles form. In these systems, the barrier to

creation or destruction at the CMC remains small enough for micelles to be created

and destroyed over experimentally observable timescales. This is the only case in

which it possible to observe a reversible CMC.

(3) Partially equilibrated micellar solution: A solution where the exchange of

molecules between micelles, or micelles and the unimer solution remains reasonably

rapid, but in which the barriers to creation and destruction of entire micelles at the

CMC become so large that creation and destruction become unobservably slow at the

CMC. In this case, the distribution of micelle sizes can change by unimer exchange,

but the total number concentration of micelles cannot.

(4) Frozen micelles : In systems with negligible unimer solubility and/or glassy

micelle cores, the rate of exchange of unimers between micelles can become negligible.

The dynamical model of stepwise growth and shrinkage used here is only relevant

in cases 2 and 3 (fully or partially equilibrated micellar solutions). In case 1, there
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are no micelles, and in case 4 the system is in a kinetically frozen state. It seems

likely that most experiments on micelle-forming block copolymer surfactants in a

homopolymer or a small molecule solvent matrix involve either frozen or partially

equilibrated micelles.

Partial equilibration was first emphasized by Nyrkova and Semenov.184 In the true

equilibrium state of a micellar solution, the unimer concentration is that of the CMC

concentration. A system will generally not be able to reach this state, even when the

exchange of individual monomers remains rapid, if the barriers to the association and

dissociation of whole micelles are large at the CMC, i.e., if ∆Gc /kT ≫ 1. This does

not mean, however, that micelles can never be created or destroyed in such systems.

Because the barriers ∆Ga (c1 ) and ∆Gd (c1 ) are sensitive to c1 , micelle association

may proceed rapidly at unimer concentrations sufficiently far above the CMC, and

micelle dissociation at concentrations somewhat below the CMC, even when both

reactions are suppressed near the CMC. If the unimer concentration in such a system

ever reaches a range near the CMC in which both association and dissociation are

suppressed while unimer exchange remains rapid, the distribution of micelle sizes will

continue to evolve without changing the total number concentration of micelles. The

distribution of micelle sizes in such a system will thereafter evolve towards a state that

minimizes the free energy subject to a constraint on the total number concentration

of micelles. Over time, this is expected to yield a relatively narrow distribution in

which the average aggregation number is history dependent and generally different

from its equilibrium value.

Nyrkova and Semenov184 have characterized this situation by defining two kinet-
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ically controlled concentrations ca (τ) and cd (τ) for partially equilibrated systems

conducted over a timescale τ . These define a concentration range near the CMC in

which both reactions are suppressed. The “association concentration” ca (τ) is the

concentration above which micelle association occurs with a characteristic timescale

less than the experiment time τ , and below which the association rate is unobserv-

able. Nyrkova and Semenov refer to ca (τ) as the “apparent CMC”. The “dissociation

concentration” cd (τ) is the concentration below which micelles dissociate with a life-

time less than τ , and above which their is no observable dissociation. Exact values

of cc and cd do, of course, depend upon the choice of experimental timescale τ , but

only logarithmically, because the underlying reaction rates are exponentially sensitive

functions of concentration.

6.2.1 SCFT Methodology

In previous sections we have described equilibrium micellization, and also a kinetic

theory in terms of free energy barriers. Here we would like to describe how these

free energy barriers are obtained using SCFT. The goal here ultimately is to obtain

kinetic information of the system by using equilibrium SCFT calculations to describe

the activation barriers. The theory described below is applicable for any size of solvent

i.e., S can either be a homopolymer or a small molecule solvent.

The excess Helmholtz free energy Gm has been defined earlier in section 3.6

from chapter 3. Here, we use Mi to represent the excess number of molecules for

each species i. We will refer to Mi as the aggregation number for species i, and use

M ≡ {MAB,MS} as shorthand for the set of relevant aggregation numbers. Generally,
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MAB > 0 for the surfactant AB, but MS < 0 for the matrix solvent S. Let µm
i (M)

denote the equilibrium chemical potential of species i for a micelle with specified

values for Mi. These chemical potentials also describe the coexisting homogeneous

solution background for the SCFT simulation. The equilibrium CMC occurs at a

surfactant composition cc for which Φm = 0 was earlier described in Section 3.6 from

Chapter 3.

The goal here is to estimate the rate at which a micelle of size M forms sponta-

neously from a homogeneous solution which contain a small amount of AB surfactant

dissolved in S. Let µi denote the chemical potential of species i in this parent solution.

In order to estimate the micellization rate, an estimate of the free energy ∆G (M,µ)

is required to create a micelle with any specified set of aggregation numbers M from

a solution with a specified set of chemical potentials µ = {µAB, µS}. The free energy

of micelle formation can be thought of as a reaction free energy where M diblock

copolymers from a sea of unimers at chemical potential µ combine to form a micelle

with aggregation number M . The free energy for this hypothetical process may be

approximated as a sum

∆G (M,µ) = Gm (M) −
∑

i

µiMi, (6.2.10)

where Gm (M) will be acquired from the SCFT Helmholtz free energy for a micelle

of a specified size.

The excess free energy that we obtain by this method is an excess Helmholtz free

energy, but for systems with equal pressures, inside and outside the micelle, this is

also equal to the corresponding excess Gibbs free energy. The difference in free energy
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of two systems with the same total volume and the same bulk pressure is the same

free energy excess.

The procedure described above is similar to that used in previous SCFT studies of

the barrier to nucleation in polymer blends by Wang and coworkers.190,191 Each SCFT

simulation contains a micelle surrounded by a larger homopolymer rich region with

a low concentration of dissolved copolymer unimers. The concentration of unimers

in the surrounding solution is related to the size of the micelle: Micelles of different

sizes yield different values for the copolymer chemical potential, and thus coexist with

bulk solutions of different concentrations.

The quantity Gm (M) is different from the grand-canonical free energy Φm because

the chemical potential µi used here is the chemical potential of species i in the parent

solution, rather than the chemical potential µm(M) for a micelle of the specified

size. In general, a micelle of arbitrary size and composition can not coexist in local

equilibrium with a parent solution of specified composition. The chemical potentials

in this definition of ∆G are thus fixed parameters characteristic of the parent solution,

rather than functions of the micelle size.

Because ∆G is a function of both M and µ, one can ask for what values of M for

which ∆G is extremal. The extrema of ∆G with respect to M at fixed µ, or a certain

concentration of AB in the parent solution, must satisfy the requirement

0 =
∂∆G

∂Mi
= µm

i (M) − µi, (6.2.11)

for each component i. The extrema of ∆G have different physical interpretations

depending on whether or not they are minima. A minimum of ∆G with MAB > 0
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corresponds to the lowest free energy micelle in the parent solution. This optimal

micelle is precisely what is calculated from SCFT simulations with the specified values

of µm
i . Grand-canonical SCFT theory thus automatically finds the optimal values of

M . Extrema of ∆Gwith respect to M that are maxima or saddle-points correspond

to barriers that must be overcome in order to form a micelle. These barriers control

the rate of spontaneous micelle formation.

One can thus construct a plot of ∆G vs. M for for any specified value of the

exchange chemical potential (or composition) of the parent solution. For a parent

solution with a composition near the CMC, we may expect this curve to contain

a minimum at the optimal micelle size and a maximum at a much lower value of

M . This maximum is the barrier to formation of a micelle from that solution. The

minimum corresponds to the value of M that we would obtain from a grand canonical

simulation at the same chemical potential, and yields a formation free energy ∆G that,

at the minimum, equals the excess grand-canonical free energy Φm. For the value of

∆µ at the CMC, we thus expect to find ∆G = 0 at this minimum, as Φm = 0 is the

condition for determining the CMC for a system under equilibrium.

To generate the desired curve, one must first run a series of SCFT simulations

of micelles of different sizes, and tabulate values of Gm , M and ∆µ for each set of

conditions. It is necessary to trace a stable trajectory of the SCFT solution from the

equilibrium micelle size all the way down to the smaller size that corresponds to the

top of the barrier, which corresponds to the critical micelle size.
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6.3 Polymeric Solvent: AB in B

In this section we calculate the barriers for association and dissociation of micelles

using SCFT. We consider the blend of AB surfactant with a homopolymer solvent B.

In subsequent subsections we compare our SCFT predictions with strong-segregation

theory.

6.3.1 Strong Segregation Theory

In this section predictions of the strong-segregation theory (SST)37,185 is employed

as a basis of comparison for the SCFT calculations which are detailed below. This

theory can not be readily extended to the case of a small molecule selective solvent

as discussed earlier in Chapter 2 so comparisons with AB/B blend are not possible.

The micelle is split into two regions: the core, and the corona. Rcore is the core radius

and Rm is regarded as the micelle radius. Enforcing the incompressibility constraint

leads to a relation between the aggregation number of the micelle M and Rcore which

is

MNAv =
4π

3
R3

core, (6.3.1)

where v is the monomer reference volume. The block composition of the core block

(monomer A) may be written as ratio of the volume occupied by the core and the

total micelle volume

fA =

(

Rcore

Rm

)3

. (6.3.2)

We follow a variant of SST used by Leibler which was employed to study a dry

brush. In this system, the solvent, which is a B homopolymer, does not penetrate the
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corona.37 This assumption is retained here. The internal free energy of a spherical

micelle (Helmholtz or Gibbs) is given by a sum

Gm = Fcore + Fcorona + 4πR2
coreγ, (6.3.3)

where, γ =
√

χAB /6 b/v is the interfacial tension, and

Fcore =
3π2

80
M

R2
core

NB b2
,

Fcorona =
1

2
(1 − f

1/3
A )M

R2
core

NB b2
, (6.3.4)

are the core and corona stretching free energies, respectively . So, all the contributions

to the free energy are either due to molecular stretching or interfacial tension. The

CMC may be obtained by minimizing the excess free energy

∆G (M,∆µ) = Gm (M) − ∆µM, (6.3.5)

with respect to the aggregation number of the micelle M by adjusting ∆µ. As before,

a single exchange chemical potential ∆µ determines the composition of this system,

which is same as the exchange chemical potential of AB aggregated in the micelle at

the CMC. It is, at the CMC, found to be

∆µ = C(fA)(χAB NA )1/3, (6.3.6)

where C(fA) = (4π/3)4/3(1 + 3π2

40
− f

1/3
A ).
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The barrier at the CMC ∆Gc , which is given by the maxima of ∆G in (6.3.5)

relative to M , is calculated numerically. At the CMC of a system with fA = 1/2 (the

case studied most extensively for AB in a polymeric solvent B) we find the following

scaling for the barrier,

∆Gc

kT
= 0.4783 N̄A

1

2 (χAB NA )
5

6 . (6.3.7)

Since the SST yields results that are simply power laws in χAB NA , it cannot predict

a minimum value of χAB NA below which micelles are not stable.

6.3.2 Nondimensionalization

The barrier and the aggregation number obtained using SCFT can be expressed in

terms of nondimensionalized variables. It is straightforward to show for the case of

homopolymer solvent B that non-dimensionalizing all lengths in the SCFT equations

in terms of the end-to-end length of the A block L ≡
√
NA b,

190 yields expressions

for the excess quantities M and Gm (M) that must exhibit a parameter dependence

of the form

Gm (M) = kT N̄A
1/2Ĝ(χAB NA , fA , α), (6.3.8)

M = N̄A
1/2M̂(χAB NA , fA , α). (6.3.9)

Here, α = NB/N where NB is the degree of polymerization of homopolymer B, and

N̄A ≡ NA b
6/v2. (6.3.10)
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The quantities, Ĝ and M̂ are dimensionless functions that can only be determined

through a solution of the SCFT equations. The values of µ1 /kT and the unimer

volume fraction at the CMC are simple functions of χAB NA , fA and α alone, and

independent of N̄A . The above relations for Gm (M) and M hold true for a small

molecule solvent as well, in which case α is given by α = NS/N . Later in the chapter,

we find ∆Gc to be sensitive to the value of α. Earlier in Chapter 4, we found that

micellar aggregation number M is dependent on the solvent-philic block composition

fB for the small molecule solvent S.

The dependence of Gm (M) upon N̄A in equation (6.3.8) implies that the barrier

height ∆Gc obtained at a given value of χABN (or a given degree of unimer solubility)

will be higher for an polymeric system with a low value of χAB and larger NA than for

a system with a larger χAB but smaller NA . We may expect much larger micellization

barriers for hydrocarbon polymers in a hydrocarbon matrix than comparable barriers

in small molecule surfactants in water, even for pairs of systems with similar unimer

solubilities.

Spherical micelles are also not stable at any copolymer concentration below a

minimum value of χAB NA . The values of cc that we calculate here as a function of

χAB NA as a line of points in a plane of copolymer concentration vs. χAB NA along

which SCFT predicts a vanishing free energy for an isolated spherically symmetric

“defect” in an otherwise homogeneous system. This line of micellar defects terminates

at a minimum value of χABNA at which the CMC reaches 100 % copolymer, which we

will denote by (χABNA )∗. The behavior of ∆Gc (χABNA ) near this termination point

is expected to be somewhat different for symmetric and asymmetric copolymers.
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In the special case of a symmetric diblock copolymer, SCFT predicts a continuous

(second order) order-disorder transition (ODT) for the pure copolymer at χAB N =

10.5 or (equivalently) χAB NA = 5.25. Near this critical point, all of the ordered

phases become very weakly segregated, and have increasingly similar free energies.

Similarly, we expect both the equilibrium micelle and the critical micelle (if both

solutions exist down to this point) to become progressively more diffusive and more

similar in free energy near this point. For symmetric copolymers, we thus expect the

SCFT prediction for the free energy barrier ∆Gc to vanish continuously as (χABNA )

approaches (χAB NA )∗ = 5.25 from above.

Our expectations are informed by a previous study by Wang et al.192 which con-

sidered isolated, spherically symmetric micelle-like solutions to the SCFT equations

in one-component melts of asymmetric diblock copolymers. These authors found

that the SCFT excess free energy for “micelles” in the melt vanishes at a critical

value of χAB NA that is slightly above the value predicted by SCFT for a transi-

tion to an ordered phase of spheres. (The differences reflect the fact that the phases

of ordered spheres are stabilized by weakly attractive interactions between nearby

micelles). This critical value corresponds to the value at which the CMC that is cal-

culated here for a binary system reaches 100 % copolymer. It appears that (χABNA )∗

depends only weakly on composition: For a copolymer with fA = 0.1, Wang et al.

find (χAB NA )∗ = 4.76, vs. (χAB NA )∗ = 5.25 for a symmetric copolymer. For highly

asymmetric copolymers, however, Wang et al. also found that core of the micelle

remains well-segregated when its excess free energy vanishes, and that the barriers to

dissociation and association remain nonzero at this point. One thus expects that in
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a two-component system, ∆Gc must remain nonzero as the CMC approaches 100 %

copolymer, or as χAB NA approaches (χAB NA )∗ from above.

6.3.3 SCFT Results

In this section, we present SCFT results for micelles containing copolymers with an

A core block of length NA in a B homopolymer solvent of length NB = 2NA .

We focus primarily on symmetric copolymers (fA = 1/2) but also present some

results for fA = 1/4. Throughout this section, the values of v and b used are

v = 100Å
3

and b = 6Å. In all but one figure (Figure 6.12), we use the incompatibility

χAB = 0.12. These parameter values are fairly typical for rather strongly interacting

pair of hydrocarbons, for copolymers with molecular weights of 104 −105 g/mol. The

calculated barrier heights below would be even larger over the same range of values

of χAB NA if a smaller value for χAB is chosen with correspondingly larger values of

NA or N (and fA = 1/2).

Figure 6.5 shows the calculated free energy excess ∆G (M) at c1 = cc for several

symmetric copolymers with χAB = 0.12 and χAB NA = 12, 24, and 36. The barrier

∆Gc is found to be in the range of 50 kT < ∆Gc < 300 kT for these three

different lengths of AB surfactant. These barriers are significant. Figure 6.6 shows

the calculated core block volume fraction φA(r) of the “critical” micelle (M = Ma )

at the CMC for these blends. The core radius of the equilibrium micelle at the CMC,

M = Me , is approximately twice that of the corresponding critical micelle. The

systems shown in this figure are all in the intermediate segregation regime, for which

φA(r) reaches nearly unity within the core. For χAB NA ≤ 8 (not shown) the core
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Figure 6.5: Predictions of numerical SCFT for ∆G (M) vs. M at c1 = cc for
symmetric copolymers (fA = 1/2) with χAB = 0.12 and NA = 100 (χAB NA = 12),
NA = 200 (χAB NA = 24), and NA = 300 (χAB NA = 36). All systems in this and

all subsequent figures have v = 100Å
3
, and b = 6Å.

radius for the critical nucleus becomes comparable to the interfacial width, and the

core becomes less strongly segregated.

The SST and SCFT predictions for ∆G (M) are compared in Figure 6.7. A

simple classical Gibbs nucleation theory also provides a similar estimate of Ma , and

it is also shown. The cost increase of ∆G for large aggregates M > Me is clear

from SST: it is the interfacial energy that initiates the nucleation of a micelle and

a secondary minima arises which balances these terms (see Equation 6.3.3). The

cost of stretching of the core and corona blocks then increases upon adding more

unimers for M > Me . A comparison of SST and SCFT indicates that SST is

somewhat accurate throughout the intermediate segregation regime, and all trends

are qualitatively reasonable. However, significant quantitative discrepancies exist

over the entire range shown. One important theoretical distinction is that SCFT
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Figure 6.6: Volume fraction φA(r) of A monomers vs. radial coordinate r for the
activated state, with M = Ma , at c1 = cc for each of the three systems considered
in Figure 6.5.

also predicts a nonzero minimum value of χAB NA below which micelles never form,

and the absence of any such minimum value in SST. The strengths of SST lie in its

qualitative explanation of the molecular origins of coexisting physical aggregates.

Figure 6.8 shows both numerical SCFT and SST results for the barrier ∆Gc at

the CMC vs. χAB NA , for chains of variable length with a fixed incompatibility

χAB = 0.12. SCFT results are shown for two series of copolymers with fA = 1/2

and fA = 1/4. SST predictions are also shown, but only for fA = 1/2. Predictions

for symmetric (fA = 1/2) and asymmetric (fA = 1/4) copolymers with equal core

block lengths are quite similar, though the corona block lengths differ by a factor of

3. The most notable result is the large absolute magnitude of the barriers, which are

of order 100 kT over most of the range shown here. The SCFT prediction for ∆Gc

falls to less than 10-15 kT , as would be required to obtain measurable rates of micelle
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Figure 6.7: Comparison of SCFT and SST predictions for ∆G (M, c1 ) at the CMC,

for a diblock AB with fA = 1/2, χAB NA = 24, NB = NAB = 400, v = 100Å
3

and
b = 6Å. The line marked nucleation theory is obtained by simply neglecting the core
and corona stretching energies in the SST, which yields an expression for ∆G (M) of
the same form as that used in classical Gibbs theory of nucleation.

association and dissociation, only for χAB NA < 8. For symmetric copolymers at the

lowest value shown, χAB NA = 6, we find a CMC of 6 % copolymer and a barrier

of approximately 7 kT . No results for ∆Gc ( χAB NA ) are shown for lower values of

χAB NA due to weak saddle point convergence for the critical micelle in this weak

segregation regime. In this regime, fluctuations are likely to dominate and complicate

the picture as well.

The activation barrier ∆Gc (χABNA), for symmetric copolymers seems to extrapo-

late to zero at a value somewhere near the bulk ODT of χABNA = 5.25 for symmetric

copolymers. This is consistent with our hypothesis in this regime presented earlier.

We also find, that the barriers for symmetric and strongly asymmetric copolymers

are almost indistinguishable provided their core block lengths have the same length.
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Figure 6.8: Activation barrier ∆Gc at the CMC vs. χAB NA , as predicted by SCFT

and SST. All calculations use parameters v = 100Å
3
, b = 6Å and χAB = 0.12 over a

range of chain lengths. SCFT results are show for fA = 1/2 (thick line) and fA = 1/4
(dash dot). SST predictions are shown only for fA = 1/2. The dot on the horizontal
axis marks the critical point χAB NA = 5.25 of a symmetric diblock copolymer melt.

These results are thus consistent with the idea that the barrier for asymmetric copoly-

mers decreases continuously to zero with decreasing χAB NA , which is not what one

would expect on theoretical grounds.

Figure 6.9 shows radial profiles of the core block monomer A for spherical micelles

for AB in B is studied close to the ODT of AB melt. The polymeric solvent B does

not penetrate the core drastically as χAB NA approaches ODT. Even for χAB NA

values as low as χAB NA = 6 we notice the spherical micelle to be well segregated

from the polymeric matrix of B. Earlier in Chapter 4, we noticed for the case of small

molecule solvent S to penetrate the core of a micelle much more significantly than

the homopolymer B.

Figure 6.10 shows an example of how the barriers ∆Ga ( c1 ) and ∆Gd ( c1 ) for
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Figure 6.9: Variation of the radial profile of the core monomer A φcore
A (r) for a sym-

metric block copolymer (fB =0.50, N = 200) in homopolymer B (NB = 200) as both
approach order-disorder transition (ODT). ODT for the case of AB in B is found to
occur at χAB NB = 5.25.

symmetric copolymers vary with the unimer concentration c1 . It was shown ear-

lier the variation of ∆Ga and ∆Gd are coupled to the aggregation numbers Ma and

Me through the equations (6.2.8) and (6.2.9). The variation of the aggregation num-

bers Ma and Me with respect to c1 are presented in figure 6.11. As Me > Ma , ∆Gd is

much more sensitive to c1 than ∆Ga . The difference in slopes at c1 = cc is given by

the ratio Me /Ma − 1 ≃ 7. Note that dissociation barrier ∆Gd (c1 ) vanishes entirely

below a nonzero critical concentration that is surprisingly close to the CMC: in the

example shown here, ∆Gd = 0 for a concentration of c1 ≃ 0.7cc . The association

barrier ∆Ga , however, never entirely vanishes, and only slowly approaches zero with

increasing c1 .

The persistence of the non-zero association barrier at concentrations c1 ≫ cc

is a result of the large slope of the function Gm (M) for small values of M . At
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Figure 6.10: Dependence of activation barrier ∆Ga ( c1 ) and dissolution barrier
∆Gd ( c1 ) upon unimer concentration c1 for a system with fA = 1/2, χAB NA = 24,

NA = 200, NB = 400, v = 100Å
3

and b = 6Å and χ = 0.12.

concentrations c1 ≫ cc , Ma is driven to values much lower than its value at the

CMC. The behavior seen in this regime can be understood by using the context

of SST calculation. In this, Gm (M) is dominated for very small values of M by

the contribution to the excess free energy from the interfacial tension 4πR2
coreγ. We

expect that this will hold for micelles for which the core radius Rcore is much smaller

than that of the critical size at the CMC but is yet still larger than the intrinsic

width of the interface between core and corona materials. This behavior of small

micelles appears in both the classical theory of nucleation and the strong stretching

theory of diblock copolymer micelles, and reasonably approximates to the SCFT

results shown here. Because M ∝ R3
core, and the interfacial contribution to the free

energy scales as Gm ∝ γR2
core, we find Gm (M) ∝ M2/3. The unimer concentration

is ∂Gm (M)/∂M = µ1 , which, at the barrier yields, Ma
−1/3 = µ1 . The association
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Figure 6.11: Aggregation number at the secondary minima of ∆GMe vs. the unimer
concentration c1/cc , for a diblock AB with fA = 1/2, χABNA = 24, NB = NAB = 400,

v = 100Å
3

and b = 6Å.

barrier can then be written as

∆Ga (c1 ) ∼ [µ1 − µc ]−2 ∝ [ln(c1 /cc )]−2, (6.3.11)

and this approaches zero only logarithmically with c1 . In systems with ∆Gc ≫ kT ,

this behavior yields a value ca that can be several orders of magnitude larger than

cc , but a value of cd that is only slightly less than cc .

Figure 6.12 shows an example of how the concentrations ca (τ) and cd (τ) vary with

χAB NA for systems with large barriers, ∆Gc ≫ kT , at the CMC. For simplicity, ca

and cd are defined here as the concentrations at which the barriers fall to fixed values

of ∆Ga ( c1 ) = 15kT and ∆Gd ( c1 ) = 15kT , rather than specifying a corresponding

timescale. As already noted, the dissociation concentration is never more than a few
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tens of percent below the equilibrium cc over the range of values of χAB NA studied

here, but ca can exceed cc by several orders of magnitude.
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Figure 6.12: Plot of variation of the threshold concentration ca and dissolution barrier
concentration cd with respect to χNB , for a series of systems with f = 1/2, χ = 0.24,

v = 100Å
3

and b = 6Å.

It is also worth noting that the dependence of ca /cc on χABNA is actually weaker

than the exponential dependence of cc on χABNA . The absolute magnitude of ca (τ)

for any fixed timescale τ (or corresponding barrier height ∆Ga ) actually decreases

with increasing χAB NA , though somewhat less strongly than cc . It is thus certainly

possible (and probably common in practice) to obtain an initial concentration c1 ≫ ca

in a dilute solution of strongly insoluble copolymers.

6.4 Small Molecule Solvent: AB in S

The micelle kinetics of diblock AB in a small molecule solvent S is studied in this

section. The reference volume used in SCFT calculations here is set to the molecular
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volume of solvent. Two block compositions of spherical micelles are considered, the

first one representing a crew-cut micelle, with fB = 0.35, and another representing a

hairy micelle, with fB = 0.60. In all of the following the calculations χAB N = 20,

and the solvent volume and bond length are v = 118Å
3

and b = 6Å, respectively.
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Figure 6.13: ∆G calculated for various values of solvent selectivity χAS for (a) a crew-
cut spherical micelle with fB = 0.35, and (b) a hairy spherical micelle with fB = 0.60.
The calculation was carried out for AB/S system with N = 100, χBS = 0.4, and
χAB = 0.2.

The free energy of formation for micelles at the critical micelle concentration ∆G is

presented for the crew-cut micelle (fB = 0.35) and for the hairy micelle (fB = 0.60)

in Figure 6.13 (a) and (b), respectively. The degree of polymerization of the diblock

is N = 100, and the solvent prefers the B block with χBS = 0.4. Note that the hairy

micelle requires a higher degree of selectivity in order to attain similar barrier height

as in the case of the crew-cut micelle of equal overall chain length. This behavior

is due to the difference in block composition which results in a smaller Rcore for the

hairy micelle. The barriers for association ∆Ga , as previously shown for AB in B,

are found to scale as ∼ γR2
core which is higher for the case of crew-cut micelle as it
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has a larger exposed micellar area. In general for a wide range of solvent selectivity

χAS , for both kinds of micelle, the barrier to micelle formation in AB/S is roughly

10 kT . It is significant to note the contrast with the polymeric solvent in Figure 6.5

from Section 6.3 where the barriers are around 100 kT .
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Figure 6.14: Volume fractions φA(r) and φB(r) of A and B monomers respectively,
for the (a) activated state and (b) at the CMC, relative to the radial coordinate r for
various values of core and corona block lengths for a crew-cut spherical micelle with
fB = 0.35. The calculation was carried out for AB/S system with N = NA + NB ,
χAS = 1.0, χBS = 0.4, and χAB = 0.1.

The volume fraction profiles of the core φA(r), and the corona φB(r) for the

activated state and at the critical micelle concentration of the crew-cut micelle are

presented in Figure 6.14 (a) and Figure 6.14 (b), respectively.

In Figure 6.15 we present the dependence of ∆G(M) on the interaction parameter

χBS for both block compositions, fB = 0.35 and fB = 0.60. A decreasing value

of χBS causes the corona block to stretch more into the solvent domain. This still

does not explain the behavior of the ∆Gc increasing with decrease in the value of

χBS for a particular fB , while other parameters maintained at the same value. The
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behavior should be related more to interfacial cost (∼ γR2
core) as ∆Ga , or maxima

of ∆G , is mainly dominated by it for smaller values of M as discussed previously.

As M decreases, correspondingly the barrier ∆Gc goes down. Upon plotting the

concentration profiles (not shown) at M = Ma we notice that Rcore is lower for

a lower value of χBS . Hence, lower value of χBS leads to lower barrier to micelle

formation or dissolution at cc .
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Figure 6.15: ∆G calculated for various values of good solvent interaction parameter
χBS for (a) crew-cut micelle with fB = 0.35 and (b) hairy spherical micelle with
fB = 0.60. The calculation was carried out for AB/S system with N = 200, ν = 1,
χAS = 1.0, and χAB = 0.1.

The dependence of ∆Gc on the solvent selectivity χAS is studied in Figure 6.16.

The x-axis is normalized relative to the the interaction parameter at critical micelle

temperature χCMT
AS in order to display different block compositions and block lengths

onto a master plot. Longer chain lengths give rise to larger barriers for a particular

block composition, and the rate of increase of the barriers with χAS is also higher for

longer chain lengths. The barriers are still moderate when compared with barriers

for AB in polymeric solvent. The polymeric solvent yields barriers which are of the
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Figure 6.16: Variation of ∆Gc for a crew-cut spherical micelle (fB =0.35, solid line)
and a hairy spherical micelle (fB =0.6, dash-dot line) for various degrees of polymer-
ization N of the diblock copolymer AB relative to solvent selectivity χAS normalized
relative to its’ value at critical micelle temperature(CMT).

order of ∼ 100kT presented in Figure 6.8.

The dependence of ∆Gc on the ratio of the solvent size relative to diblock copoly-

mer size is studied by tracking the radial profiles of the core block monomer A. In

the case of small molecule solvent S, the solvent is found to penetrate the core of

a spherical micelle to a much higher degree than in the case of the solvent being

homopolymer B as seen from Figures 6.9 and 6.17. ∆Gc is the maxima for ∆G when

c1 = cc , which implies the cost of interface goes up dramatically in comparison to

to the free energy contribution from entropy of mixing of the solvent with increasing

size of the solvent.

The variation of ∆Ga , and ∆Gd for the crew-cut micelle fB = 0.35 and the hairy

micelle fB = 0.60 is presented in Figures 6.18 and 6.19, respectively. When c1 = cc ,

the barrier to formation of micelles ∆Ga and barrier to dissolve a micelle ∆Gd are
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Figure 6.17: Variation of the radial profile of the core monomer A φcore
A (r) for a

crew-cut spherical micelle (fB =0.35, N = 200) at cc as it approaches critical micelle
temperature (CMT). CMT for this case is found to occur at χAS NA = 85.

equal ∆Ga = ∆Gd . The two block compositions are compared for a similar degree of

segregation with the product of solvent selectivity χAS and core block length NA. For

the crew-cut micelle fB = 0.35 we consider a value of χASNA = 130, and for the hairy

micelle fB = 0.6 we consider a value of χAS NA = 120. The barrier to formation of

micelles ∆Ga is found to go down much slower for c1 > cc than the barrier to dissolve

a micelle ∆Gd for c1 < cc . In order to achieve observable association one needs to

go above at least an order of magnitude of cc for both block compositions of micelles.

In the case of a polymeric solvent observable association is observed at c1 about at

least a few orders of magnitude above cc as seen in Figure 6.10 from Section 6.3. This

difference in behavior stems from the value of ∆Gc being an order of magnitude larger

for the polymeric solvent with respect to that of the small molecule solvent case.

The barrier to dissolve a micelle is extremely sensitive to c1 and goes to zero at

few 10s of percent below cc for both block compositions. The barrier to dissolve a
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Figure 6.18: ∆Ga and ∆Gd calculated for various values of unimer concentration c1 for
a crew-cut spherical micelle with fB = 0.35. The calculation was carried out for AB/S
system with N = 200, ν = 1, χAS = 1.0, χBS = 0.4, and χAB = 0.1.

micelle ∆Gd goes to zero at c1 = 0.7cc for the crew-cut micelle fB = 0.35 presented in

Figure 6.18, and ∆Gd = 0 at c1 = 0.6cc for the hairy micelle fB = 0.60 presented in

Figure 6.19. This behavior of vanishing ∆Gd almost remains independent of the ratio

of block polymer size to solvent size when you notice that ∆Gd = 0 at c1 = 0.7cc for

the polymeric solvent presented in Figure 6.10 from Section 6.3. This is an important

observation as other kinetic parameters show a remarkable sensitivity to the ratio of

block copolymer size and solvent size.

The persistence of a non-zero association barrier at concentrations c1 ≫ cc is a

result of the large slope of the free energy of micelle Gm (M) for small values of M

as seen previously in the case of AB in B. This leads to ∆Ga approaching zero only

logarithmically with c1 . In systems with ∆Gc ≫ kT , this behavior yields a value ca

that can be several orders of magnitude larger than cc , but a value of cd that is only
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Figure 6.19: ∆Ga and ∆Gd calculated for various values of unimer concentration c1 for
a hairy spherical micelle with fB = 0.60. The calculation was carried out for AB/S
system with N = 200, ν = 1, χAS = 1.5, χBS = 0.4, and χAB = 0.1.

slightly less than cc .

Figure 6.20 shows an example of how the concentrations ca (τ) and cd (τ) vary

with χAS in systems with large barriers, ∆Gc ≫ kT , at the CMC. For simplicity, ca

and cd are defined here as the concentrations at which the barriers fall to fixed values

of ∆Ga (c1 ) = 10kT and ∆Gd (c1 ) = 10kT , rather than specifying a corresponding

timescale. As already noted, the dissociation concentration is never more than a few

tens of percent below the equilibrium cc over the range of values of χAS NA studied

here, but ca can exceed cc by several orders of magnitude.
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Figure 6.20: Plot of variation of the threshold concentration ca and dissolution barrier
concentration cd for a block composition of AB of fB = 0.35 and N = 200 with
different degrees of solvent selectivity χAS plotted relative to χAS normalized relative
to its’ value at CMT.

6.5 Kinetic Theory

In this section, a more quantitative theory of micellar association and dissociation

rates is presented. This is a necessary precursor to estimate values for the pre-

exponential factors of the expressions for reaction rates given in Section 6.2. The

treatment of association and dissociation is based on a dynamical model of changes

in aggregation number M , which is regarded as a diffusive process. The analysis is

based on Kramers’ theory193 for diffusion over a barrier.

For simplicity, the elementary reactions in which a single molecule is inserted

into or expelled from a micelle are assumed to be limited only by the rates of unimer

diffusion in the surrounding matrix. This approximation should yield an upper bound

on the true reaction rates, and one which could be reduced either by the existence of
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a barrier to insertion, or by slow dynamics within the core.

6.5.1 Kramers’ Theory

In this section, we present, a stochastic model that describes random changes in

the aggregation number M . The aggregation number M is assumed to change by

a random sequence of elementary reactions that add or remove individual molecules

diffusively.

Treating M as a continuous variable allows random fluctuations to be described

by a diffusive process. This is possible if the elementary free energy difference

∆µ(M) ≡ Gm (M + 1) −Gm (M) − µ1 ,

≃ ∂∆G (M)

∂M
(6.5.1)

is smaller than kT in the parameter range of interest. SCFT calculations, presented

is Sections 6.3 and 6.4, suggest that this condition is typically satisfied for the range

of parameters considered here for all but very smallest values of M . Because SCFT

is not only most reliable for larger aggregates, but also not applicable to aggregates

with only a few molecules, the focus is on the calculation of the dissociation rate Rd .

An estimate of this rate is sensitive only to the accuracy of our model for ∆G(M)

for the range Ma < M < Me . Given an expression for Rd , one may then use the

detailed balance condition to calculate Ra .

We consider a probability distribution P (M, t) of micellar aggregates size M which
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diffuses in time. It obeys a conservation equation

∂P (M, t)

∂t
= −∂J(M, t)

∂M
, (6.5.2)

where J(M, t) is a probability flux given by

J = DK

(

− 1

kT

∂∆G

∂M
P − ∂P

∂M

)

. (6.5.3)

Here, DK (M) is an effective one-dimensional diffusivity, which can in general depend

upon M . This parameter DK (M) is derived in terms of the diffusivity of free unimers

in the next subsection, but it can be treated arbitrarily here. In equilibrium, there is

no flux J(M, t) = 0 for all M , and P (M, t) ∝ exp(−∆G (M)/kT ).

The dissociation rate may be calculated by considering steady-state dynamics with

a small flux J < 0 that is independent of both M and t. To define a steady-state,

an absorbing boundary condition is introduced at a cutoff M = a with a < Ma ,

which removes micelles from the ensemble when they shrink to a sub-critical size. To

compensate for this removal of micelles at M = a, one must assume that micelles are

somehow also introduced into the system at a low rate, with initial sizes comparable

to or greater than Me . For small enough flux J , it can be safely assumed that the

distribution of P (M, t) is insensitive to the details of how micelles are injected into the

system for M near Me , since these new micelles will quickly explore an equilibrium

ensemble of sizes, and take much longer to diffuse over the barrier.
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The 1D flux J(M, t) of Eq. (6.5.3) satisfies the relation

Je∆G /kT

DK

= − ∂

∂M

(

e∆G /kT P
)

. (6.5.4)

To calculate J , both sides of the above equation are integrated from M = a to

an arbitrary value b ∼ Me , setting P (a) = 0 and approximating J as a constant.

We additionally assume that the normalized probability distribution P (M) for a

micelle with size M ≈ Me can be given by the normalized equilibrium distribution

P (M) ≃ exp(−∆G (M)/kT )/Q. The normalization is

Q ≡
∫

dM e−∆G (M)/kT , (6.5.5)

which is the grand-canonical partition function for a single micelle. With these as-

sumptions, one finds

1

J
= Q

∫

dM
e∆G (M)/kT

DK (M)
. (6.5.6)

Since P (M) is a normalized probability distribution, in this approximation i.e.,
∫

dMP (M) = 1, the flux J is exactly equal to the rate of dissociation Rd for a

single micelle, it’s inverse lifetime. Taking the distribution exp(∆G (M)/kT ), in

Equation (6.5.6) as a Gaussian of width σa centered around Ma , approximate DK(M)

by its value atMa, and set J = Rd, we find a simple approximation for the dissociation

rate

1

Rd
≃ Q

√
2πσa e

∆Ga /kT

DK (Ma )
. (6.5.7)

Similarly choosing to approximate the single micelle partition function
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Section 6.5.2. “Diffusion” of Micelle Size

exp(−∆G (M)/kT ) (remember ∆Ge = ∆Ga − ∆Gd ) as a Gaussian of width σe

peaked around Me then yields

Rd ≃ DK (Ma )

2πσa σe
e−∆Gd /kT . (6.5.8)

The creation rate Ra may then be obtained from from Rd using the conditions of

detailed balance (6.2.3). Writing the equilibrium concentration of micelles with a

similar Gaussian approximation as cm = c0m
∫

dM exp(−∆G (M)/kT ) = c0mQ yields

a simple expression for the association rate

Ra ≃ DK (Ma )√
2πσa

c0m e−∆Ga /kT . (6.5.9)

The rate depends on c0m , the standard state micelle concentration used to define

Gm (M). Also, cm ( Ma ) = c0m exp(−∆Ga /kT ) is the equilibrium number concen-

tration. None of the above expressions rely on our proposed use of the equilibrium

concentration of micelles at the CMC as a standard state.

6.5.2 “Diffusion” of Micelle Size

In this subsection, we derive the effective diffusivity constant DK in terms of physical

properties such as the unimer diffusivity. This is carried out by calculating the average

rate d〈M〉/dt at which a micelle with a known initial size grows or shrinks due to the

diffusion of unimers into or out of the micelle. In the 1D Fokker-Planck equation, the

micellar growth rate is given by average value d〈M〉/dt for a system with an initial

micellar distribution that is mono-disperse, or P (M ′) = δ(M ′−M), one that initially
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is tightly localized around a value M . The drift velocity is

d〈M〉
dt

= −DK (M)

kT
∆µ(M), (6.5.10)

where ∆µ(M) is the thermodynamic driving force for the elementary reaction M →

M + 1, and DK (M)/kT is a generalized micelle size mobility.

This average growth rate d〈M〉/dt for a micelle of size M can predicted by relating

the rate of diffusion of unimers into or out of a micelle with the mobility expression

of Equation (6.5.10). For a micelle of size M in contact with a reservoir of unimers of

macroscopic concentration c1, we treat the micelle as a simple sphere of effective radius

R surrounded by a reservoir of quasi-static concentration c1 (r). This varies with

distance from the micelle center, and the gradients in c1 (r) create a net diffusive flux

of unimers into or out of the micelle. The boundary condition at the micelle surface

r = R is fixed by the assumption that adsorption and desorption is rapid enough to

maintain the reaction equilibrium between the micelle and the gas of monomers. This

assumption is

∂Gm (M)

∂M
= µ1 (r), (6.5.11)

where µ1 (r) is the local unimer chemical potential associated with the concentration

c1 (r). An assumption of quasi-steady state diffusion with a monomer diffusivity D1 ,

paired with the above boundary condition, yields a concentration profile

c1 (r)

c1 (∞)
= 1 + (e(∆µ(M)/kT ) − 1)

R

r
. (6.5.12)
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The total diffusive flux is given by

d〈M〉
dt

= 4πD1 Rc1 (∞)[e∆µ(M)/kT − 1]. (6.5.13)

In the limit ∆µ ≪ kT , we may treat M as a continuous variable, and

d〈M〉
dt

≃ 4πD1Rc1 ∆µ, (6.5.14)

where c1 = c1 (∞) is the unimer concentration far from the micelle. By comparing

Equations (6.5.10) and (6.5.14) we find

DK (M) = 4πD1 Rc1 , (6.5.15)

where c1 is the macroscopic unimer concentration and R(M) is an effective unimer

capture radius for a micelle of size M .

Taken literally, the above approximations obviously ignore the existence of barriers

for the adsorption or desorption of unimers. The effects of these local barriers can

be mimicked, however, by choosing the effective capture radius R to be somewhat

smaller than would otherwise be appropriate. If R is interpreted as the micelle core

radius and, that of the junction point between A and B blocks, ignores the fact that

unimers can be irreversibly “captured” by a micelle when the end of the core block

wanders sufficiently far into the core. The capture radius R should thus be understood

to be an effective radius of encapsulation, and one that discards the details of how

unimers move in the proximity of the micelle.
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6.5.3 Characteristic Timescales

In order to connect this formalism to experiment, it is convenient to express the

association and dissociation rates in terms of two corresponding timescales τd and

τa . They are defined as

τd =
1

Rd

, τa =
c1

Me Ra

. (6.5.16)

The association time τa is interpreted as the time it takes the current unimer concen-

tration c1 to be consumed into micelles if the current micelle creation rate continues.

τd is simply the micelle dissociation lifetime, and it is independent of the unimer

concentration and equilibrium micelle size. By combining the above definitions with

definition (6.1.10) of the experimental CMC, it follows that τd and τa must be equal

at the CMC (though for this to be the case, CMC must be chosen to satisfy ∆Ge = 0

at the CMC).

The kinetic theory thus yields the timescales

τd = τd0 e
∆Gd (c1 )/kT , τa = τa0 e

∆Ga (c1 )/kT , (6.5.17)

with prefactors

τd0 =
σa σe

2D1 Rc1
, (6.5.18)

τa0 =
σa

2
√

2πD1 RMe c0m
. (6.5.19)

Here, D1 is the tracer diffusivity of a unimer in the solvent, R is the micelle radius,
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defined as an effective micellar “capture” radius of a copolymer in the Smoluchowski

theory for diffusion controlled reactions. The widths σe and σa are dispersions of the

equilibrium micelle distribution and the barrier. Specifically, σa is the width of the

peak in the function exp(∆G (M)/kT ) near the maximum in ∆G (M) at M = Ma .

The explicit dependence of the above expression for τa0 upon the standard state

concentration c0m is a result of the fact that Ra is inversely proportional to the

number concentration cm (Ma ) = c0m exp(−∆Ga (c1 )/kT ) of micelles of size Ma ,

expressed in terms of c0m . If the convention (6.1.11) is adopted for c0m , so that the

CMC corresponds exactly to the concentration cc at which ∆Ge = 0, then

τa0 =
σa σe

2D1 Rcc
, (6.5.20)

where σe is the equilibrium polydispersity at the CMC, and cc is the experimental

CMC. With this convention, it is clear that τa and τd are indeed equal at the CMC.

The fact that the prefactor τa0 does not depend upon the unimer concentration c1 ,

while τd0 does, is a result of the way that τa is defined: the prefactors of the underlying

rates Ra and Rd are both proportional to c1 , but the timescale τa = c1 /Me Ra is

that required to consume all of the available unimers into an aggregate, resulting in

a rate independent of c1 .

The result for how τd depends on c1 , D1 and R appears to be consistent with

the conclusions of Nyrkova and Semenov,184 though this similarity is obscured by a

superficial difference. Nyrkova and Semenov introduced the notion of an entropic

barrier representing the cost of adding and removing a unimer from a micelle. By

their arguments, the free energy cost of localizing a free surfactant in a volume of
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roughly the micelle size R3, necessary to insert it into a micelle, results in adding an

additional free energy

∆G = −kT ln(c1 R
3) (6.5.21)

to the barriers ∆Ga (c1 ) and ∆Gd (c1 ). This is given in their equation (32). Nyrkova

and Semenov’s discussion of this barrier stated explicitly that they were being careless

about what volume should multiply c1 inside the logarithm, but their reasoning

makes it clear that this factor should be order the micelle volume R3, as derived

in Equation (6.5.21). This additional free energy resulted in a characteristic time

τ0 = R2/D1Me , in their equation (26), one that is also independent of c1 . Combining

Nyrkova and Semenov’s definition of τ0, including this entropic barrier results in an

expression for τd and τa with the same dependence on D1 , c1 , and R as that obtained

here.

In a system with large barriers to association and dissociation, the amount of time

it takes to establish a partial equilibrium distribution of micelle sizes is roughly

τe ∼
σ2

e

DK
∼ σ2

e

D1 c1 R
. (6.5.22)

This is the time required for an aggregate with an aggregation number M to diffusively

explore a range of values with width σe. This is always comparable to the prefactor

τd0 in the expression for τd , without the exponential term. Near the CMC, the time

to establish local equilibrium is thus always much shorter than τd or τa.

Here, we would like to estimate a “typical” order of magnitude for the prefactors

τd0 and τa0 for a diblock copolymer near the CMC in a polymeric matrix. This
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is difficult for polymeric systems because both D1 and cc can vary enormously for

different polymers. The diffusivities of hydrocarbon polymers of modest molecular

weight (M ∼ 104 − 105) at temperatures well away from the glass transition often

fall with a wide range D1 ∼ 10−13 − 10−9 cm2/sec. The CMC can, of course, vary

even more, and can also become astronomically small. To obtain a simple estimate

for comparison, consider a system with a relatively high CMC of cc = c1 = 10+17

cm−3, which corresponds surfactant volume fraction of 10−3 for a diblock copolymer

with N = 102 and a monomer reference volume of v = 100Å
3
. Using typical values

of M ≃ 200, σe ≃ 20, σa ≃ 10 and R = 10 nm, one then obtains a range of values

τd0 ≃ 10−4 − 100 sec (6.5.23)

at the CMC for systems with D1 ∼ 10−13−10−9 cm2/sec. Because τd0 varies inversely

with concentration, however, this timescale can become many orders of magnitude

larger for strongly amphiphilic surfactants.

The estimate given in Equation (6.5.23) suggests that it may be difficult to find

diblock copolymer system that can reach true equilibrium at the CMC. The lower

end of the above range would allow for micelle dissociation at timescales somewhat

less than the typical experimental time of order 104 seconds (a few hours), but only if

the barrier for micelle formation at the CMC is less than about 10 kT . This estimate

also suggests that it would be relatively easy to find model systems that can establish

partial equilibrium via unimer exchange. In the next section, we present estimates of

timescales for polymeric surfactants in a polymeric matrix as well as for polymeric

surfactants in a small molecule solvent.
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6.6 Estimates of Timescales
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Figure 6.21: Plot of variation of the prefactor for dissociation timescale τd0 (plot (a))
and dissociation timescale τd (plot (b)) relative to solvent selectivity χAS normalized
relative to its’ value at critical micelle temperature(CMT) for AB/S. A crew-cut
spherical micelle (fB =0.35) is considered for various chain lengths N of AB with
χBS = 0.4 and χAB N = 20. The color scheme used here is: violet for N = 50, blue
for N = 100, green for N = 200, and red for N = 400.

Once we have the information regarding barriers to association and dissociation

at the CMC, we can then estimate the rates of these processes using the theory for

kinetics presented earlier. The rate of dissociation Rd for a system under thermody-

namic equilibrium, which will have a unimer concentration of c1 = cc , is derived as

Rd = Rd0 exp(−∆Gc ). The timescale for dissociation is given by τd = R−1
d , where

τd0 = R−1
d0 with τd0 representing the prefactor for the dissociation timescale τd . It

was earlier presented in Equation (6.5.18) that τd0 is a function of c1 which in the

case of thermodynamic equilibrium is given by c1 = cc . This yields the expression

τd0 = σa σe /( 2D1Rcc ), where σa and σe are the widths of the equilibrium micelle

distribution and of the barrier. Using typical values of σa = 10, σe = 20, R = 10 nm,
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and using cc values obtained for each value of χAS for different degrees of polymeriza-

tion of AB we arrive at the variation of τd0 which is presented in Figure 6.21(a) for AB

in small molecule solvent S. Similar calculation for the a polymeric solvent B is pre-

sented in Figure 6.22. Typical values of tracer diffusivity used are D1 ∼ 10−7 cm2s−1

for small molecule solvents176 and D1 ∼ 10−10cm2s−1 for the polymeric solvents.194,195

Once the prefactors of the dissociation rate have been calculated we can di-

rectly calculate the timescale of dissociation τd = R−1
d which is related to τd0 and

∆Gc through the relation τd = τd0 exp( ∆Gc ) for c1 = cc , or thermodynamic

equilibrium. The sensitivity of ∆Gc to the solvent size is found to be high as seen

from Figures 6.8 and 6.16 presented earlier. The timescales required for dissocia-

tion for a typical diblock copolymer in a polymeric solvent is much higher than the

timescales required for a diblock copolymer AB in S. The tracer diffusivity is taken as

D1 ∼ 10−7cm2s−1 for S, which is true for most of the small molecule solvents however,

it can be as low as D1 ∼ 10−12 cm2s−1 in some cases.176 The disparate behavior of

∆Gc as well as lower tracer diffusivity of diblock copolymer in a polymeric matrix,

which is taken as D1 ∼ 10−10 cm2s−1 for AB in B, leads to much longer timescales for

AB/B system than in the AB/S system.

To analyze which one of the two, the prefactor τd0 or the barrier ∆Gc , drives

the change in timescale of dissociation relative to χAS for small molecule solvent

S we study the plots of τd0 (see Figure 6.21 (a)) and τd (see Figure 6.21 (b)). The

contribution of τd0 and exp( ∆Gc ) are found to be of the same order of magnitude

from these plots. This implies that the timescales are driven equally by solubility of

diblock copolymer in the solution as well as the barriers to form or dissolve a micelle.
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Figure 6.22: Plot of variation of the prefactor for dissociation timescale τd0 and dis-
sociation timescale τd relative to χABNA normalized relative to its’ value at ODT for
AB/B. The case of polymeric solvent B with N = NB = 200 is considered here.

Another way to interpret the behavior if a diblock copolymer has significant solubility

in a particular small molecule solvent this will automatically lead to small barriers to

formation or dissolution of micelles.

A similar analysis for the case of polymeric solvent, presented in Figure 6.22, yields

a different conclusion. We found the dissociation timescale τd to be dominated by the

value of exp( ∆Gc ), as τd0 is at least an order of magnitude lower than exp( ∆Gc ).

Hence, in the case of the polymeric solvent ∆Gc is found to drive the exponential

increase in timescales. The presence of partially equilibrated systems is a distinct

possibility for the case of polymeric solvent.
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6.7 Conclusions

SCFT calculations are used to predict barriers for micelle association and dissociation

for a diblock AB in a small molecule solvent as well as in a polymeric solvent. The

calculations yield large barriers to micelle association and dissociation at the CMC

for both kind of solvents away from the CMT in the case of small molecule selective

solvents or away from the ODT in the case of AB in a B homopolymer matrix.

The barrier for association and dissociation is found to increase rapidly as one

increases the size of the solvent relative to the size of the diblock copolymer AB.

The radial profiles close to the CMT and ODT, for the case of polymeric solvent B,

point that the solvent penetration goes down due to larger size of the solvent, and in

essence the micelles are found to have a larger core size as well. This thereby increases

the cost of the interfacial free energy and thus, contributing to disparate free energy

barriers for these two systems.

Typical values of timescales for the dissociation process using the stepwise growth

mechanism are presented at the CMC. The dissociation timescale is a function of

the CMC and ∆Gc . Once again disparate sizes of solvents considered here describe

distinct behaviors. For the small molecule solvent case, cc , which is directly propor-

tional to τd0 , and ∆Gc , which contributes to τd through exp(∆Gc ), are found to have

similar order of magnitude contributions to the dissociation timescales. Whereas, in

the case of polymeric matrix it is found that the timescale is mainly driven by the

value of ∆Gc . This leads us to hypothesize existence of parameter regimes where

partially equilibrated system for a polymeric solvent can be observed.

Gibbs nucleation theory as well as SST are used to make quantitative comparisons
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to SCFT predictions. Analytic theory helps us put in perspective different contribu-

tions to the free energy made by core stretching, corona stretching, and the cost of

interface. The free energy of formation for micelles of smaller size are found to be

dominated mainly by the free energy contribution of the interface.

In the case of diblock copolymer AB in a small molecule selective solvent S, barriers

are also calculated for two kinds of spherical micelles one with a majority of the

solvent-philic block fB = 0.60 and the other a minority of the solvent-philic block

with fB = 0.35. Various chain lengths for these two block compositions as well as

various values of interaction parameter χBS are considered. The order of magnitude

of the barriers at CMC for both block compositions are similar however, the slope of

the barriers at the CMC for hairy micelle with fB = 0.60 is found to be lower than

that of the crew-cut micelle with fB = 0.35 for the same block copolymer degree

of polymerization N . The barriers at the CMC are also found to go down as one

decreases the value of χBS for the hairy micelle as well as the crew-cut micelle.

Even though SCFT predicts large barriers at the CMC one can influence the

barrier height by varying the unimer concentration. The barriers to form or dissolve

a micelle are found to be extremely sensitive to c1 . We can drive down the dissolution

barrier by decreasing c1 below cc whereas, in order to drive down the barrier to form

a micelle we have to increase c1 above cc . The sensitivity to unimer concentration

is particularly striking in the case of dissociation, irrespective of the system being

AB in homopolymer B or AB in small molecule solvent S. Polymeric micelles can

dissociate rapidly if the unimer concentration c1 drops below an apparent dissociation

concentration cd that, in the parameter regime studied here, is generally only a few
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tens of percent below the CMC. To contrast, the behavior of barriers at the CMC

is found to be very sensitive to the ratio of block copolymer size to the solvent size

whereas cd is found to be independent of this ratio. Independent of the magnitude

of ∆Gc , the apparent concentration ca is found to exceed the CMC by few orders of

magnitude.
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CHAPTER 7

Summary

We have studied the driving forces behind aggregate assembly in a blend of diblock

copolymers AB, consisting of a solvent-philic block (B) and a solvent-phobic block

(A), in a solvent S. Structural assembly in this blend is largely propelled by the

selective incompatibility of the solvent, which prefers to associate with the B-block

and isolate the the A-blocks into aggregates. The aggregate morphologies which result

are determined by a balance of the molecular structure of the copolymer and its overall

content in the blend. We have analyzed the phase behavior and micellization kinetics

of this system using self-consistent field theory (SCFT). In this chapter we summarize

some of the critical insights obtained from this study.

Chapter 3, described the two formulations of SCFT essential for a full investigation
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of the phase behavior of the binary AB/S blend. Notably, the unbinding transitions

first reported for blends of AB in homopolymer B by Matsen33 are also observed in

this analogous system of AB in S as well. By analyzing results from the real space

implementation of SCFT and the pseudo-spectral implementation of SCFT we have

independently verified that the ordered phases can be studied with a high degree of

numerical accuracy even for low volume fractions of diblock copolymer AB in solvent

S. The numerical accuracy of the pseudo-spectral formulation of SCFT used in this

study is found to have very similar rate of convergence as the spectral formulation

with Anderson mixing developed by Matsen.1

In Chapter 4 we investigated different micelle geometries subject to the solvent

selectivity χAS and good solvent characteristic χBS for a wide range of block compo-

sitions. The sequence of morphologies: bilayers → cylindrical micelles → spherical

micelles is found to occur with an increasing corona block composition (B), and this

agrees well with previous experimental and theoretical studies. Some thermodynamic

properties of AB/S have also been determined. The first is the critical aggregation

concentration which is notably found to have a weaker dependence on χAS and core

block length NA than that of polymeric blends which scale as φCAC ∼ exp(−χASNA ).

This behavior is ultimately a result of ample solvent penetration in the micellar cores.

A larger CAC is required in this blend for the moderately selective solvents studied

here. Secondly, we found a minimum threshold χAS (CMT) in order for isolated ag-

gregate formation. From this, a simple estimation for the CMT using SCFT was

developed. This estimation of the CMT offers a quick and reliable method, and is a

novel use of SCFT. The value of CMT is also found to be largely dependent on the
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core block length alone. The radius of the core and the aggregation number both

approach zero as χAS approaches the CMT. Whereas, the core is well segregated, or

it has significant amount of core block present in the core.

Chapter 5 is dedicated to the phase behavior of the binary blend for the phase

cube of χAS , block composition fB , and volume fraction of the diblock φAB . The

order-order transition lines of the periodic phases were found to swell to isolated ag-

gregate morphologies in the dilute limit. Some periodic phases, those with a core of

solvent-philic block (B), could not swell indefinitely. In these cases, dilution causes

macrophase separation, and coexistence with a solvent rich phase. We also observe a

small pocket of ordered phases close to the critical point of the blend which typically

separates into a solvent-rich homogeneous macrophase and polymer rich homoge-

neous macrophase. This is an altogether novel, but expected, feature in the phase

portraits for AB/S. We also notice some fairly significant coexistence regimes between

spherically ordered and hexagonally ordered mesophases, which have a core rich in

solvent-phobic block (A). We also employ SCFT to investigate a phase portrait de-

termined by Lodge and coworkers3 for PS-PI in DBP and found semi-quantitative

agreement for this blend. Deviations might be explained by the inability to obtain

accurate interaction parameters, but also by the neglect of fluctuations in SCFT,

which may be particularly significant close to the order-disorder transitions.

The interplay between the spherically ordered phases SFCC
A and SBCC

A with their

spherical micellar counterparts is studied with two different formulations of SCFT.

The aggregation numbers of individual spherical aggregates are found to be almost

indistinguishable on FCC and BCC lattices. They are both, however, found to differ
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from those of isolated spherical micelles. This is a striking observation. FCC and

and BCC lattices have different lattice parameters and coordination numbers, but

the aggregates on these lattices are indistinguishable. Pair-wise interactions between

these spherical aggregates are determined, and they are found to be similar for both

lattices. These pair-wise interactions could be utilized in Monte-Carlo simulations,

because of their lattice independence. More realistic models of interactions between

spherical micelles may be possible with these aggregate interactions. We also no-

tice the transition between SFCC
A and SBCC

A which occurs close to the point where the

spherical aggregates grow to fill the interstitial space on the FCC lattice. We thus

predict the transformation from SFCC
A → SBCC

A to be driven by the concentration of AB

surfactant in the system. A further increase in the concentration of the copolymer

AB condenses the aggregates onto an FCC lattice.

The barriers for micelle association and dissociation for the same diblock copoly-

mer AB and small molecule solvent blend are predicted in Chapter 6. Polymeric

solvents are also considered. Our principal conclusion in this investigation is that so-

lutions containing polymeric micelles of hydrocarbon polymers are rarely, if ever, able

to reach thermodynamic equilibrium, except close to the CMT or ODT, and should

generally not exhibit a reversible micellization transition. This is notable, because

of a possible explanation for the relatively constant aggregation number found over

a wide temperature range, except close to the CMT for SEP diblocks in squalene

as studied by Choi, Bates, and Lodge.196 Consider the case of SI diblocks in DEP,52

where the authors found the aggregation number to decrease as the system approaches

it’s CMT over a wide temperature range. The barrier also increases rapidly as one
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increases the size of the solvent relative to the size of the diblock copolymer AB.

Radial profiles close to the CMT and ODT indicate that, for the case of a polymeric

solvent B, core solvent penetration goes down with a larger solvent size. Micelles are

also found to have a larger core size as well for these solvents. This increases the

interfacial free energy cost and contributes to the disparate free energies of small and

large solvent blends. This effect of interfacial tension dominating the kinetics was

studied by Lund and coworkers,157–160 in PEP-PEO water/DMF mixtures, and they

found that increasing the interfacial tension led to frozen micellar systems.

Even though SCFT predicts some remarkably large barriers at the CMC, one

can influence the barrier height by varying the free surfactant concentration. The

barriers to form or dissolve a micelle are extremely sensitive to the free surfactant

concentration c1 . This sensitivity is particularly striking in the case of dissociation,

irrespective of the system the AB surfactant being in a homopolymer B matrix or a

small solvent S. Zhang and Eisenberg153 have observed morphological transformations

in PS-PAA dioxane/water mixtures even in highly segregated mixtures which had

greater free surfactant content.

Surfactants in a polymeric matrix have a dissociation timescale, that is very long,

driven by the substantial kinetic barriers. This leads us to expect a parameter regime

that describes a partially equilibrated system, but only for a polymeric solvent, and

not the small molecule solvent. Partial equilibrium is a state where we expect the

distribution of of micelle sizes to change by unimer exchange, but at a fixed total

number concentration of micelles.

We have considered different states of aggregation in the dilute regime under
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equilibrium conditions earlier in Chapter 4. The analysis of micellization kinetics

presented here for spherical micelles can clearly be extended to other aggregate struc-

tures of cylinders and bilayers using similar methods. This is a research direction

which could be pursued in future.
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