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Abstract 

 This case study explored the impact of a standards-based mathematics and 

pedagogy class on preservice elementary teachers’ beliefs and conceptual subject matter 

knowledge of linear functions. The framework for the standards-based mathematics and 

pedagogy class in this study involved the National Council of Teachers of Mathematics 

Standards, the Lesh Translation Model, building algebra through the elementary grades, 

social constructivism, and research on childrens' mathematical thinking from the Rational 

Number Project. The rich description of the mathematics and pedagogy class in this study 

provides relevant information for properly structuring mathematics content classes to 

prepare elementary teachers to be able to help all students learn mathematics.  

 Overall, the preservice teachers demonstrated the most developed understanding 

in the realistic, language, symbolic, and concrete representations; while the pictorial 

representation was often not as fully developed. They also showed the ability to provide 

reasoning and justification for their mathematical ideas.  

 The preservice teachers’ beliefs about the teaching and learning of mathematics 

became more inline with standards-based learning environments. The preservice teachers 

were especially impacted by the Rational Number Project research on fraction division 

and fraction multiplication to see the benefit of having conceptual understanding of 

concepts in different representations. However, there were a few areas where the 

preservice teachers showed little evidence of beliefs: that the teacher should let children 

do most of the thinking in a mathematics class and that mathematics is a web of 

interrelated concepts and procedures.  
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Chapter 1 
 

Introduction 
 
 Many stakeholders in education have debated what is most important for 

preparing new teachers to allow them to have success throughout their teaching career. 

The National Council of Teachers of Mathematics (NCTM, 2000) Principles and 

Standards for School Mathematics document outlines content and essential teaching 

practices for K-12 mathematics that have served as the framework for effective ways to 

structure mathematics classroom environments. These standards-based learning 

environments, based on reasoning and sense making, communication, real world 

relevance, cooperative learning, problem solving, connections, and an integration of 

technology have been widely accepted as an important structure for equitable and 

effective mathematics classrooms. (Ross, McDougall, Hogaboam-Gray, & LeSage, 2003; 

Jacobs, Hiebert, Givvin, Hollingsworth, Garnier,  & Wearne, 2006). However, research 

has shown that many teachers teach in a traditional manner (Ball, 1990; Cuban, 1993; 

Manoucheri & Goodman, 1998; Philipp, 2007; Putnam & Borko, 2000; Steele, 2001) that 

leads to less than desired results for different student outcomes (Bridges, 1986; Darling-

Hammond, Wei, Andree, Richardson, & Orphanos, 2009). It is imperative to determine 

how to prepare future teachers in a way that is consistent with the vision of the NCTM 

standards document. This study investigates the impact that a standards-based 

mathematics class has on preservice teachers’ beliefs about mathematics and 

mathematical subject matter knowledge. Preservice teachers’ beliefs about mathematics 
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and mathematical subject matter knowledge are two main factors that can be influenced 

in a mathematics content course. 

 The rationale for this study focuses on the need for robust mathematics teaching 

and learning in the elementary grades and the importance of standards-based learning 

environments, elementary teachers’ beliefs about mathematics, and mathematical content 

knowledge. Following the relevant literature on these topics is a description of the setting 

of the study and the purpose of the study. Finally, the research question is given along 

with a description of the data that was collected to answer this question.  

Relevant Literature 

 In many ways the early school years lay a framework and foundation for student 

success. Elementary teachers play a large role in the success of students, so properly 

preparing preservice elementary teachers is of great importance. “Though not yet 

universally recognized, the preparation, induction, and professional development of 

teachers is the core issue for educational reform” (Darling-Hammond, 1995, p.10).  

 Studies have shown that U.S. elementary teachers are lacking in mathematical 

knowledge and are uncomfortable teaching mathematics (Ball, Lubienski, & Mewborn, 

2001). Subject matter knowledge is significant because, “limited subject matter 

knowledge restricts a teacher’s capacity to promote conceptual learning among students” 

(Ma, 1999, p. 36). Ma (1999) found that even expert American elementary teachers did 

not seem to have a thorough knowledge of the mathematics taught in elementary school. 

Probably as a result of this, “elementary school children in the United States are not 

developing acceptable levels of mathematical proficiency” (Philipp, Ambrose, Lamb, 
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Sowder, Schapelle, & Sowder, 2007, p.439). This is in part because the school 

mathematics experiences of many American students have been uninspiring, and 

intellectually and emotionally damaging (Ball et al., 2001).  

 Many elementary mathematics classes are traditional. The format for these classes 

follows a typical structure of the teacher showing and explaining examples and the 

students then practicing what they have been shown. Mathematics can be seen then as an 

arbitrary set of rules and procedures to be memorized. Traditional mathematics classes 

can portray a view that the teacher or the textbook is the source for authority, some 

people cannot do mathematics, and that mathematics is not used much in the real world 

(Ball et al., 2001).  

 Teacher beliefs are of great importance for understanding mathematics teaching 

and learning (Philipp, 2007). A focus on teachers’ beliefs is based on the assumption that 

beliefs are the best indicators of the decisions that individuals make throughout their lives 

(Bandura, 1986; Dewey, 1933; Nisbett & Ross, 1980; Pajares, 1992). There is evidence 

that teachers’ beliefs about mathematics impact their teaching of mathematics (Hart, 

2002; Philipp, 2007; Steele, 1994). Teachers that see mathematics as having a single 

agreed upon method that students must learn may not value or allow students to share 

their strategies or develop their mathematical knowledge through exploration. Also, if 

teachers are uncomfortable with a subject or believe they cannot teach mathematics they 

may focus less time on it and impart negative feelings about the subject to their students 

(Ma, 1999). This makes elementary teachers’ mathematical content knowledge and 

beliefs crucial for preparing quality teachers.  
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 Standards-Based Learning Environments. 

 Standards-based learning environments are based on recommendations by the 

National Council of Teachers of Mathematics (NCTM, 2000) which include the 

importance of multiple strategies and ideas, problem solving, discovery and conjecture, 

communication, sharing ideas, building on others ideas, connections, the importance of 

reasoning and sense making, and that everyone is capable of doing mathematics. The 

Principles and Standards for School Mathematics states that “students must learn 

mathematics with understanding, actively building new knowledge from experience and  

prior knowledge” (NCTM, 2000, p.20). The Common Core Standards (2010) also echo 

these ideas with their standards for mathematical practice. A few examples of the eight 

mathematical practices that teachers should develop in students include the ability to 

make sense of problems and persevere in solving them, construct viable arguments and 

critique the reasoning of others, and model with mathematics. The type of teaching 

required for standards-based learning environments is much more demanding for teachers 

but conveys the power of mathematics and allows access to mathematics for all.  

 One impediment to successful implementation is that many teachers experience 

traditional mathematics instruction based on procedural skills in their education 

(Spielman & Lloyd, 2004). Philipp (2007) notes that “even expert instructors grapple 

with the difficulties of developing and maintaining a view of teaching as more than 

telling” (p.280). However, reform-oriented environments can offer fruitful learning 

opportunities for preservice teachers to learn about standards-based mathematics and 

pedagogy (Speilman & Lloyd, 2004).  
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 In order to teach in a standards-based learning environment teachers need to be 

open to teach based on the recommendations of the NCTM standards and have robust 

content knowledge to respond to student ideas. This type of teaching is far more 

demanding of teachers than traditional instruction (Simon, 1995). A view of teacher 

knowledge that encompasses this demand includes content knowledge, curriculum 

knowledge, pedagogical knowledge, understanding of children’s thinking within content 

domain, knowledge about how ideas can be represented, and how to assess understanding 

(NCTM, 2000). Teachers need to have beliefs that are aligned with social constructivism, 

high expectations for all students, the importance of classroom community, cooperative 

learning, and mathematical real world relevance (Fuson, 2003).  

 Elementary Teachers’ Beliefs. 

  Philipp (2007) notes that “the construct of belief is of great interest to those 

attempting to understand mathematics teaching and learning” (p. 265). This is in large 

part because beliefs influence perception by acting as a lens through which people 

perceive the world (Benbow, 1995; Grant, Hiebert & Wearne, 1998; Lortie, 1975; 

Pajares, 1992). Beliefs can be thought of as dispositions toward action. They are context 

specific and can be held with varying intensities (Ambrose, Clement, Philipp, & Chauvot, 

2004). In total, beliefs are “psychologically held understandings, premises, or 

propositions about the world that are thought to be true” (Philipp, 2007, p. 259).  

 Preservice elementary teachers have pre-existing beliefs about social, political, 

and historical contexts of schools (Liston & Zeichner, 1991) as well as the teaching and 

learning of mathematics (Ambrose, 2004). These beliefs are developed from different 
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sources, but a main contributor is the preservice elementary teachers own schooling 

experience (Goodman, 1988; Lortie, 1975). These beliefs can affect how preservice 

elementary teachers will teach mathematics and structure their classrooms.   

 How can preservice elementary teachers’ mathematical beliefs become more 

connected with standards-based learning environments? Teacher educators should 

consider ways to build on rather than tear down pre-existing beliefs (Ambrose, 2004). 

Through different experiences preservice teachers beliefs can go through the process of 

accommodation (Ambrose; 2004; Soto-Johnson, Iiams, Oberg, Boshmans, & 

Hoffmeister, 2008) in which beliefs are reorganized, reinterpreted, and reconstructed. 

These experiences can include emotion-packed vivid experiences, reflection, and being in 

a positive community that values standards-based learning environments (Ambrose, 

2004).  

 It is important to recognize that there is no simple fix for teachers’ beliefs to 

become more associated with standards-based learning environments, and various 

experiences are needed over time for this to occur (Ambrose, 2004). “Teacher educators 

and professional developers must better understand not only what beliefs teachers hold 

but also how they hold them, because the ways that teachers hold their beliefs affect the 

extent to which existing beliefs can be challenged” (Philipp, 2007, p. 281). Because of 

this, it is important that teacher education programs assess their effectiveness of how well 

they nurture beliefs that are consistent with their philosophy of teaching and learning 

(Hart, 2002). Other reasons why it is important to understand the beliefs of preservice 

teachers are that beliefs influence knowledge acquisition and interpretation and self-
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efficacy beliefs might be the strongest predictors of motivation and behavior (Pajares, 

1992). If teacher educators wait until methods classes to assess and realign beliefs it may 

be too late, as the process should begin in mathematics content courses (Ambrose, 2004).  

 Elementary Teachers’ Content Knowledge. 

 No one will question that what a teacher knows has an important influence on a 

classroom. However, no consensus exists on what that knowledge should be. One 

problem is there is an insufficient understanding of the mathematical knowledge it takes 

to teach well. There have been numerous research studies on mathematics teachers’ 

knowledge and beliefs, but few articles have focused on how teachers’ mathematical 

knowledge affects their instruction (Ball, Lubienski, & Mewborn, 2001). One view is that 

teachers’ practice is more closely related to beliefs about mathematics content than to 

beliefs about mathematics pedagogy (Raymond, 1997). Teachers’ comfort level with 

mathematics and what they think it means to be able to do mathematics can affect what 

happens in a classroom. 

 This is important because preservice teachers often underestimate the importance 

of subject matter in teaching (Ambrose, 2004). In general there are not high levels of 

mathematical competency among most American adults. Studies have shown that U.S. 

elementary teachers as well are lacking in mathematical knowledge (Ball et al., 2001) 

that hinders what students learn. When preservice teachers take a mathematics content 

course in a standards-based learning environment it may help them to develop the 

understanding of the complexity of the mathematical content knowledge needed for 

teaching.  
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 One view of the complexity of Elementary Teachers’ Mathematical Content 

Knowledge (ETMCK) is that it should be deep, connected, and conceptual (Ball et al., 

2001). The terms deep, connected, and conceptual allow for different interpretations. A 

good definition of connected is that “learning a mathematical topic is never isolated from 

learning other topics…It is a package, rather than a sequence, of knowledge” (Ma, 1999, 

p. 17). Teachers that have clear connected mappings of mathematical concepts can help 

students make similar connections. Deep knowledge entails breadth and depth of 

mathematical knowledge. Teaching in a standards-based learning environment requires 

that teachers have deep and conceptual knowledge of subject matter.  

Setting 

 This study investigates a standards-based mathematics and pedagogy class for 

preservice elementary teachers at a large midwestern public university. The class is a 

three-credit class that met twice a week for eighty minutes. The mathematics and 

pedagogy class focused on the content of algebraic functions and number and numeration 

(See Appendix A for the course syllabus).  

  The mathematics and pedagogy class is a combination of the Number and 

Numeration and Functions and Proportionality courses described in Cramer (2004). The 

class was designed based on the NCTM standards and to have students demonstrate 

understanding through multiple representations-pictorial, symbolic, language, concrete, 

and realistic. The class was designed to be in depth on a small number of topics, 

incorporate quality problem solving activities, communication, reasoning, real world 

connections, and an integration of technology. 
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The Purpose of the Study  

 Standards-based learning environments allow all students to have access to 

mathematics, the ability to share their knowledge, and build on others knowledge. 

Students’ early years of mathematics classes are crucial to their mathematical identity. 

Students who fall behind in mathematics in the elementary grades often struggle to catch 

up and can begin to think they cannot do mathematics. However, for various reasons 

standards-based learning environments have too often not been fully implemented into 

mathematics classrooms. 

 Preservice elementary teachers’ beliefs about mathematics and their content 

knowledge affects their future practice, the structure of their mathematics classroom, and 

the beliefs about mathematics that are developed by their students. It is vital to assess 

how to best prepare future teachers to teach in a manner that will show students the 

power of mathematics and empower them to achieve success.  

 The purpose of this study is to determine the impact of a standards-based 

mathematics and pedagogy class for preservice teachers. This study investigated the 

degree to which the standards-based class aligned preservice teachers’ beliefs about 

teaching and learning mathematics with those articulated by the NCTM standards. 

Preservice teachers’ beliefs about what mathematics is and how capable they are of doing 

and teaching mathematics affects their acquisition of content knowledge. The study also 

investigated what conceptual knowledge of linearity, measured with the Lesh Translation 

Model, preservice teachers demonstrated while completing the algebra unit of the 

standards-based class.  
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 The Lesh Translation Model (Figure 1) was originally designed to represent 

understanding of conceptual mathematical knowledge and was used in this study in this 

way. It consists of five categories of representation: (1) Representation through realistic, 

real-world, or experienced contexts, (2) Symbolic representation, (3) Language 

representation, (4) Pictorial representation, and (5) Representation with manipulatives 

(concrete, hands-on models). The translation model emphasizes that the understanding of 

concepts lies in the ability of students to represent concepts through the five different 

categories of representation, as well as the ability to translate between and within 

representations (Lesh & Doerr, 2003). Teachers need to be able to have conceptual 

understanding of concepts in this way in order to plan their lesson activities and structure 

their learning environments so that their students have opportunities to understand 

concepts in the different representational forms and translate form one form to another.  

 
Figure 1. The Lesh Translation Model 
 

 A focus on algebraic functions was used in the class to prepare the preservice 

teachers to effectively teach algebraic ideas in the elementary grades. Several research 
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studies and articles have extolled the importance of developing algebraic thinking 

throughout elementary school (Bastable & Schifter, 2003; Blanton & Kaput, 2004; 

Carpenter, Franke, & Levi, 2003; Carpenter, Levi, Franke, & Zeringue, 2005; Cai, 1998; 

Willoughby, 1997). This is becoming an increasingly important focus in the elementary 

grades in Minnesota, especially as eighth grade students are expected to master linear 

functions. Elementary teachers must have conceptual content knowledge of linear 

functions in order to begin to develop this type of thinking with their students.  

Research Questions 

 One research question with two parts will be examined in this study. 

What is the impact of a standards-based mathematics and pedagogy class on preservice 

elementary teachers’ beliefs and subject matter knowledge? 

a. How are preservice teachers' beliefs aligned with the vision of teaching and 

learning of mathematics as stated in the NCTM Standards? How do their beliefs 

change through participation in a mathematics course that reflects the NCTM 

process standards and content from the algebra and number and numeration 

strands? 

b. What mathematical conceptual knowledge of linear functions in the form of 

different representations and translations between and within representations do 

preservice elementary teachers demonstrate while completing the algebra unit of 

the class? 

 To answer these questions, a case study methodology was employed to study a 

standards-based mathematics and pedagogy class for preservice elementary teachers. A 
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pre and post online beliefs survey was used to determine if the preservice teachers beliefs 

became more connected with the standards-based vision. Interviews were conducted at 

the beginning and end of the mathematics class to further probe preservice teachers’ 

beliefs about teaching and learning mathematics and the experiences that have shaped 

their beliefs. Student blog posts after selected class activities were used to further show 

any change in beliefs that occurred as a result of class activities. In order to assess 

conceptual knowledge of linear functions work from several activities spread out over the 

algebra unit of the standards-based class were collected and analyzed by looking for 

different representations and translations between and within representations.  

Organization of the Study 

 This study is organized into five chapters. Chapter I presented an introduction. 

Chapter II presents the theoretical framework for this study and reviews significant 

literature related to elementary teachers’ beliefs and content knowledge. Chapter III 

describes the research methodology in detail. Chapter IV presents analysis of data and 

findings. Chapter V includes conclusions, implications, limitations, and recommendations 

for future research.  
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Chapter 2  

Review of the Literature 

 Current reform efforts and Standards documents (NCTM, 1991; NCTM, 2000) 

have called for mathematics classes to be taught with a focus on problem solving, 

reasoning and proof, communication, connections, and representations. However, many 

mathematics classes are taught in a traditional manner (Phillip, 2007) that may be one 

reason why elementary school children are not developing adequate levels of 

mathematical knowledge (Phillip et al., 2007). Since mathematical knowledge is an 

essential life skill for students to be critical thinkers and serves as a gatekeeper for 

graduation from high school and college, it is imperative to determine how to prepare 

future teachers so that they implement mathematics in a standards-based learning 

environment. The purpose of this study is to investigate the impact of a standards-based 

mathematics class on preservice elementary teachers’ mathematical conceptual 

knowledge and beliefs about mathematics. 

 The proper development of teachers is a complex endeavor that involves many 

interacting factors. Figure 2 is a model of this complexity that shows seven main foci that 

affect the process of learning to teach. In a mathematics content class, two main factors 

can be focused on for preparing future teachers: beliefs about mathematics and content 

knowledge. The four arrows around the center demonstrate that what teachers know 

about teaching is constantly being reorganized, reworked, and reinterpreted based on 

fitting new experiences into existing schema (Cobb, 2000). The spiral in the center shows 
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that learning to teach is a process that requires life-long learning and dedication to the 

profession.  

 
Figure 2. Complexity of Learning How to Teach 
 
 Much of the real experience and development of a teacher occurs when they are in 

the classroom and participating in teaching themselves. However, proper preparation is 

necessary for teachers to be able to adjust to the demands of teaching and still teach in a 

manner that they envisioned before entering the classroom. For many reasons, new 

teachers do not always teach in the manner that they had planned. Over time, though, 

beliefs and content knowledge can be important aspects that determine what is 

accomplished in a mathematics classroom and how a teacher teaches.  

 The other aspects of Figure 2 all contribute as well to learning how to teach. 

Collaboration, support, and reflection are also important to begin to develop and are 

highlighted even more when prospective teachers take over a classroom. The 

environment or context refers to prospective teachers’ background and experiences in life 

that have shaped who they are and what they believe. The environment and context also 
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refers to the school setting for practicing teachers. Uncertainty and artistry are both 

related to the demands of teaching. Uncertainty relates to the need for a teacher to be 

responsive to the many demands of teaching and respond to them in appropriate ways 

that empower and protect students. Artistry and learn by doing involve a teacher learning 

about each student’s strengths and weaknesses and developing robust content knowledge 

to respond to students’ mathematical needs as well as assisting in the development of 

emotional and social needs.  

 This study focuses on the two main aspects that can be addressed in an 

undergraduate mathematics class for teacher preparation programs: content knowledge 

and beliefs. These aspects of learning to teach are related. There is evidence that teachers’ 

beliefs about mathematics impact their teaching of mathematics (Hart, 2002; Philipp, 

2007; Steele, 1994). Beliefs also influence knowledge acquisition and interpretation 

(Pajares, 1992). If teachers are uncomfortable with a subject or believe they cannot teach 

mathematics, they may focus less time on it and impart negative feelings about the 

subject to their students. In this way, content knowledge influences teachers’ beliefs 

about mathematics teaching and learning and feelings of self-efficacy (Gresham, 2008).  

 This chapter reviews the theories and prior research on mathematical content 

knowledge and teachers’ beliefs. The theoretical framework for the standards-based 

mathematics and pedagogy class will be described with a rationale for its development. 

Also, the rationale for measuring elementary teachers’ mathematical content knowledge 

of linear functions with a mathematical modeling activity will be described. The literature 

is organized in the following sections: (1) Theoretical framework, (2) Elementary 
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Teachers’ Beliefs, (3) Elementary Teachers’ Mathematical Content Knowledge 

(ETMCK), (4) Linear functions, and (5) Model-Eliciting Activities.  

Theoretical framework  

 The mathematics and pedagogy class was carefully designed based on several big 

ideas that will be described in this section. The theoretical framework for the standards-

based mathematics and pedagogy class is based on social constructivism, standards-based 

learning environments, the Lesh Translation Model, and developing algebraic thinking 

through the elementary grades. The class was designed to be in depth on a small number 

of topics, incorporate communication, reasoning, real world connections, and integration 

of technology through quality problem solving activities.  

 Social constructivism. 

 A social constructivist view of mathematics focuses on mathematics as an 

ongoing social, reflective, fluid and dynamical process that is shaped by experiences with 

others and culture. Discussions can occur between students and the teacher that involve 

explanations of thinking, mathematical reasoning, and respect of others.  

 Social constructivism has developed from the work of different theorists including 

Piaget and Vygotsky. Piaget described an individual cognitive constructivist approach, 

while Vygotsky focused more on a collaborative and social constructivist approach based 

on experiences and culture (Kieran, 1994; Piaget, 1970; Vygotsky, 1978). The social 

constructivist view is based on the idea that “we construct our knowledge of our world 

from our perceptions and experiences, which are themselves mediated through our 

previous knowledge. Learning is the process by which human beings adapt to their 
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experiential world” (Simon, 1995, p. 115). However, individual students’ activities and 

classroom mathematical practices cannot be accounted for adequately except in relation 

to each other (Cobb, 2000).  

 A balance between individual work, small group work, and whole class 

discussion is important. There should be adequate amounts of time for students to share 

their ideas and strategies and build on the work of other students. Powerful mathematics 

can occur through guided discovery, meaningful applications, and problem solving. Safe 

and supportive classroom learning environments are essential to encourage the 

development of diverse and creative problem solving processes in students (Goldin, 

1990).   

 The standards-based mathematics and pedagogy class is structured so that 

activities allow preservice teachers to socially construct their knowledge. Preservice 

teachers work in groups on activities and then share their ideas with the whole class. 

Many of the class activities follow a launch, explore, and summarize structure. The 

launch portion of the lesson involves an overview of the activity or a short attention-

getting activity to increase engagement. In the explore phase, preservice teachers work in 

groups on an activity to explore different mathematical ideas with a focus on developing 

their own strategies and ideas. The summarize portion of the lesson involves groups 

sharing their ideas, discussing how they are similar and different, and deciding whether 

explanations and reasoning that are provided are mathematically acceptable. The 

instructor acts primarily as a facilitator during this time.  
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 Standards-based learning environments. 

 Standards-based learning environments have been built on the work of social 

constructivism and address the art of teaching. Teaching is a complex endeavor with no 

easy recipes for getting all students to learn (Graham & Fennell, 2001). “Teachers bring 

their own experiences based on race, class, gender, and culture, and these are both 

resource and liability in relating to students” (Ball & Cohen, 1999, p. 403). Teachers need 

to learn how to investigate what students are doing and thinking, and how instruction has 

been understood. The ability to learn how to pose questions to learn more about students’ 

ideas and understandings is essential for teachers (Ball & Cohen, 1999). This complex 

view of teaching is incorporated in standards-based learning environments. Students and 

teachers have differing backgrounds, experiences, and support outside of school. Through 

class discussions facilitated by the teacher, students socially construct their knowledge 

and come to appreciate multiple solutions and viewpoints.  

 The National Council of Teachers of Mathematics (2000) provides 

recommendations for standards-based learning environments. They suggest six principles 

for school mathematics: (a) equity - high expectations and strong support for all students, 

(b) curriculum – a coherent curriculum well-articulated across grade levels, (c) teaching – 

teachers who understand what students know, need to learn, and then challenge and 

support them to learn it well, (d) learning –students must learn mathematics with 

understanding that actively builds new knowledge from experience and prior knowledge, 

(e) assessment – assessments support learning and provide useful information to both 

teachers and students, and (f) technology –technology influences the mathematics taught 
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and enhances students' learning. NCTM (2000) also describes five process standards for 

school mathematics: (a) problem solving – develop multiple strategies to build new 

knowledge, (b) reasoning and proof – make and test conjectures, (c) communication – 

analyze the mathematical thinking of others and effectively communicate mathematical 

understanding, (d) connections – connect within and between mathematical topics and 

other subjects, and (e) representations – demonstrate conceptual understanding through 

translations of representations. These principles and process standards provide teachers 

with a framework for standards-based learning environments.  

 The reforms called for by NCTM push for teachers to learn a kind of teaching 

different from that of prevailing practice, and implementing standards-based learning 

environments is not always easy. Often the structure of schooling, class sizes, available 

resources, and the responsibilities of teaching can make teachers revert to more 

traditional classroom environments. However, the benefits of standards-based learning 

environments are too important because they help students realize the power and 

relevance of mathematics. “If young people are to become powerful citizens with full 

control over their lives then they need to be able to reason mathematically—to think 

logically, compare numbers, analyze evidence, and reason with numbers” (Boaler, 2008, 

p.7). In a standards-based learning environment, mathematical knowledge is not just held 

by the teacher or the textbook but by everyone in the classroom. The teacher and students 

collaboratively construct knowledge and determine what are acceptable mathematical 

explanations. This can show to students that “mathematics is not a spectator sport!” 

(Crosswhite, Dossey, & Frye, 1989, p.518).  
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 Mathematics in a standards-based learning environment involves cooperative 

learning as opposed to competitive learning. Since all people have knowledge to share, 

students can achieve the most in a class when the learning is done cooperatively. 

Cooperative learning is often a recommendation to promote equity (Esmonde, 2009). 

Cooperative learning allows for all students to be competent participants in classroom 

activities and also to explain their thinking and construct their knowledge (Esmonde, 

2009).  

 Teaching in a standards-based learning environment is an art form. Teachers must 

know how to respond to student ideas, select activities that allow for multiple 

representations, and have knowledge of student misconceptions and capabilities. 

Teachers should know what they are doing, why they are doing it, and when to do it. 

They can then instill this knowledge in students as well (Ma, 1999).  

 When teacher educators model mathematics teaching in a standards-based 

learning environment, preservice teachers are more likely to see the importance of 

multiple strategies and ideas, problem solving, conjecture, communication, connections, 

the importance of reasoning and sense making, and that everyone is capable of doing 

mathematics (Gresham, 2008). In this way, preservice teachers will see the power of 

mathematics. 

 Lesh Translation Model. 

 In order to teach effectively, teachers must have knowledge of how to understand 

concepts in different representations so that they can structure activities for students to 

develop this same conceptual understanding. NCTM (2000) emphasizes the importance 
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of having students learn mathematics through pictures, real world problems, 

manipulatives, language, and written symbols. When students translate between 

representations, it can demonstrate conceptual understanding and improve retention of 

concepts through having knowledge that is connected.  

 The benefit of understanding concepts in different representations has a history of 

development from different theorists. Dienes’ theory of active learning describes how 

students can learn mathematics through concrete materials (Dienes, 1960) and in general, 

the use of concrete materials has a long history in elementary and middle school. Bruner 

(1966) felt that students could achieve mastery in mathematics through representational 

fluency in which students can operate intuitively between the enactive, iconic, and 

symbolic forms of representation. Cramer & Post (1995) observed with Rational Number 

Project lessons that the use of manipulatives fostered student discussions, which aided 

their translations to and from their verbal representations. These ideas contributed to the 

development of the Lesh Translation Model (Figure 1).  

 The Lesh Translation Model served as a guide for developing the mathematics 

and pedagogy class activities. The activities were structured so that students would work 

with different representations of concepts and translate between these representations in 

different ways. Some activities start with real world examples, some with pictures or 

graphs, some with equations or tables, some with having students discuss relevant 

concept questions, and some with concrete hands-on manipulatives. The questions and 

activities enable students to move from one representation to another to facilitate 

conceptual understanding. An alternative model has also been described for mathematics 
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curriculum that adds graphs, tables, and equations on top of the five representations listed 

(Kaput, 1987). Graphs, tables, and equations are emphasized in the class activities for 

students to describe and compare different functions. 

 Building algebra through the elementary grades. 

 Algebraic thinking and reasoning are essential for students to develop at a young 

age. “Developing the foundations for algebraic reasoning in the elementary grades can be 

accomplished through activities that encourage children to move beyond numerical 

reasoning to more general reasoning about relationships, quantity, and ways of notating 

and symbolizing” (Yackel, 1997, p. 279). Several studies and articles have shown that 

students are capable of this type of thinking in the elementary grades (Bastable & 

Schifter, 2003; Blanton & Kaput, 2002; Carpenter, Franke, & Levi, 2003; Schliemann, 

Lara-Roth, & Goodrow, 2001; Willoughby, 1997). 

 There are two main ways to implement algebra in the elementary grades that have 

some overlap: a functional approach and an arithmetic approach. A functional approach 

focuses on modeling, pattern finding, and mathematical relationships (Yackel, 1997). 

There is a large amount of literature about students discovering patterns and 

mathematical relationships as they manipulate all kinds of materials. Generalizing grows 

out of recognition of patterns and relationships and an analysis of these relationships 

(Curcio & Schwartz, 1997). Blanton and Kaput (2004) describe a study involving urban 

elementary students and how they develop and express functions. Data was analyzed by 

looking at the different forms of representations that students used. They concluded that 
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pattern finding should extend beyond single variable data sets in elementary curricula to 

include functional thinking as well. 

 The use of symbols in generalizing arithmetic operations is another important way 

to develop algebraic ideas in the elementary grades. This conceptual understanding 

should begin to develop early on because when arithmetic procedures are taught without 

understanding, the power of mathematics is not on display. Research has shown that 

students are missing the relational understanding of the equal sign in that students often 

only equate the left side of the equation with the first number on the right side (Carpenter, 

Franke, Levi, 2003; Herscovics & Linchevski, 1994). “The artificial separation of 

arithmetic and algebra deprives students of powerful ways of thinking about mathematics 

in the early grades and makes it more difficult for them to learn algebra in the later 

grades” (Carpenter, Franke, & Levi, 2003, p. 1). Students should see that the procedures 

they use to solve equations and simplify equations in algebra are based on the same 

properties of number that they have used in arithmetic. Recommendations for how to do 

this involve using symbols to generalize from students’ pattern recognition and 

developing relational thinking with the equal sign through a variety of open number 

sentences, true/false number sentences, and encouraging students to make conjectures 

(Carpenter et al., 2003). Similarly, Fuji (2003) recommends that generalizable numerical 

expressions can assist students in developing algebraic generalizations long before they 

learn algebraic notation. 

 Minnesota is currently requiring students to master linear functions by the end of 

8th grade. The Minnesota state academic standards in mathematics were developed to 
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encourage students to develop algebraic thinking through the elementary grades with 

both a functional and arithmetic approach. Table 1 shows the development of algebraic 

thinking through a functional approach and Table 2 shows the development of algebraic 

thinking through an arithmetic approach (Minnesota Department of Education, 2007). 
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Table 1.  

Progression of a functional approach to algebraic thinking 
Minnesota Academic Standards in Mathematics 

Algebra: Relationships and Functions 
K 1 2 3 

Recognize, create, 
complete, and extend 
patterns 
 
K.2.1.1 Identify, create, 
complete, and extend 
simple patterns using 
shape, color, size, 
number, sounds and 
movements. Patterns 
may be repeating, 
growing or shrinking, 
such as ABB, ABB, 
ABB, or  

Recognize and create 
patterns, use rules to 
describe patterns. 
 
1.2.1.1 Create simple 
patterns using objects, 
pictures, numbers and 
rules. Identify possible 
rules to complete or 
extend patterns. Patterns 
may be repeating, 
growing or shrinking. 
Calculators can be used 
to create and explore 
patterns.  

Recognize, create, 
describe, and use 
patterns and rules to 
solve real-world and 
mathematical 
problems. 
 
2.2.1.1 Identify, create 
and describe simple 
number patterns 
involving repeated 
addition or subtraction, 
skip counting and arrays 
of objects such as 
counters or tiles. Use 
patterns to solve 
problems in various 
contexts.  

Use single-operation 
input-output rules to 
represent patterns and 
relationships and to 
solve real-world and 
mathematical 
problems.  
 
3.2.1.1 Create, describe, 
and apply single-
operation input-output 
rules involving addition, 
subtraction and 
multiplication to solve 
problems in various 
contexts. 

4 5 6  
Use input-output rules, 
tables and charts to 
represent patterns and 
relationships and to 
solve real-world and 
mathematical 
problems. 
 
4.2.1.1 Create and use 
input-output rules 
involving addition, 
subtraction, 
multiplication and 
division to solve 
problems in various 
contexts. Record the 
inputs and outputs in a 
chart or table.  

Recognize and 
represent patterns of 
change; use patterns, 
tables, graphs and 
rules to solve real-
world and 
mathematical 
problems. 
 
5.2.1.1 Create and use 
rules, tables, 
spreadsheets and graphs 
to describe patterns of 
change and solve 
problems. 
5.2.1.2 Use a rule or 
table to represent 
ordered pairs of positive 
integers and graph these 
ordered pairs on a 
coordinate system.  

Recognize and 
represent relationships 
between varying 
quantities; translate 
from one 
representation to 
another; use patterns, 
tables, graphs and 
rules to solve real-
world and 
mathematical 
problems.  
6.2.1.1 Understand that 
a variable can be used to 
represent a quantity that 
can change, often in a 
relationship to another 
changing quantity. Use 
variables in various 
contexts. 
6.2.1.2 Represent the 
relationship between 
two varying quantities 
with function rules, 
graphs and tables; 
translate between any 
two of these 
representations.  

 

! 
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Table 2.  

Progression of an arithmetic approach to algebraic thinking 
Minnesota Academic Standards in Mathematics 

Algebra: Equations and Inequalities 
1 2 3 

Use number sentences involving 
addition and subtraction basic 
facts to represent and solve 
real-world and mathematical 
problems; create real-world 
situations corresponding to 
number sentences 
 
1.2.2.1 Represent real-world 
situations involving addition and 
subtraction basic facts, using 
objects and number sentences.  
1.2.2.2 Determine if equations 
involving addition and 
subtraction are true.  
1.2.2.3 Use number sense and 
models of addition and 
subtraction, such as objects and 
number lines, to identify the 
missing number in an equation 
such as:  

2 + 4 = ! 
3 + ! = 7 

                   5 = ! – 3. 
1.2.2.4 Use addition or 
subtraction basic facts to 
represent a given problem 
situation using a number 
sentence.  

Use number sentences involving 
addition, subtraction and 
unknowns to represent and 
solve real-world and 
mathematical problems; create 
real-world situations 
corresponding to number 
sentences. 
 
2.2.2.1 Understand how to 
interpret number sentences 
involving addition, subtraction 
and unknowns represented by 
letters. Use objects and number 
lines and create real-world 
situations to represent number 
sentences.  
2.2.2.2 Use number sentences 
involving addition, subtraction, 
and unknowns to represent given 
problem situations. Use number 
sense and properties of addition 
and subtraction to find values for 
the unknowns that make the 
number sentences true.  

Use number sentences involving 
multiplication and division 
basic facts and unknowns to 
represent and solve real-world 
and mathematical problems; 
create real-world situations 
corresponding to number 
sentences. 
 
3.2.2.1 Understand how to 
interpret number sentences 
involving multiplication and 
division basic facts and 
unknowns. Create real-world 
situations to represent number 
sentences.  
 
3.2.2.2 Use multiplication and 
division basic facts to represent a 
given problem situation using a 
number sentence. Use number 
sense and multiplication and 
division basic facts to find values 
for the unknowns that make the 
number sentences true.  
 
 
 

4 5 6 
Use number sentences involving 
multiplication, division and 
unknowns to represent and 
solve real-world and 
mathematical problems; create 
real-world situations 
corresponding to number 
sentences. 
 
4.2.2.1 Understand how to 
interpret number sentences 
involving multiplication, division 
and unknowns. Use real-world 
situations involving 
multiplication or division to 
represent number sentences.  

Understand and interpret 
equations and inequalities 
involving variables and whole 
numbers, and use them to 
represent and solve real-world 
and mathematical problems. 
 
5.2.3.1 Determine whether an 
equation or inequality involving a 
variable is true or false for a 
given value of the variable.  
5.2.3.2 Represent real-world 
situations using equations and 
inequalities involving variables. 
Create real-world situations 
corresponding to equations and 

Understand and interpret 
equations and inequalities 
involving variables and positive 
rational numbers. Use 
equations and inequalities to 
represent real-world and 
mathematical problems; use the 
idea of maintaining equality to 
solve equations. Interpret 
solutions in the original context. 
 
6.2.3.1 Represent real-world or 
mathematical situations using 
equations and inequalities 
involving variables and positive 
rational numbers.  
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4.2.2.2 Use multiplication, 
division and unknowns to 
represent a given problem 
situation using a number 
sentence. Use number sense, 
properties of multiplication, and 
the relationship between 
multiplication and division to find 
values for the unknowns that 
make the number sentences true. 

inequalities.  
5.2.3.3 Evaluate expressions and 
solve equations involving 
variables when values for the 
variables are given.  
 
 
 

6.2.3.2 Solve equations involving 
positive rational numbers using 
number sense, properties of 
arithmetic and the idea of 
maintaining equality on both 
sides of the equation. Interpret a 
solution in the original context 
and assess the reasonableness of 
results.  
 
 

 
 The standards-based mathematics and pedagogy class is designed to show the 

preservice teachers how both approaches can be developed in the elementary grades. The 

class sessions devoted to functions involve the development of algebraic ideas from the 

elementary grades through high school. Activities have preservice teachers recognize and 

extend patterns, use rules to describe patterns, and use patterns, tables, graphs, and rules 

to solve real world problems.  

 A class session also focuses on ideas connected to those posed by Carpenter et al. 

(2003) related to arithmetic in that students should see that the procedures they use to 

solve and simplify equations in algebra are based on the same properties of number that 

they have used in arithmetic. “Developing mathematical thinking in the elementary 

grades puts students on a path to learning mathematics with understanding so that algebra 

is a gateway to opportunity, not a gate that blocks their way” (Carpenter et al., 2003, p. 

6).  

 In summary the theoretical framework for the standards-based mathematics and 

pedagogy class is based on social constructivism, standards-based learning environments, 

the Lesh Translation Model, and building algebra through the elementary grades. In 

addition, technology in the form of websites, geometer’s sketchpad, green globs, 
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graphing calculators, and other resources are infused in the lessons when appropriate. 

Also, research on children’s thinking from work done with the Rational Number Project 

(Cramer et al., 2010;Wyberg et al., 2011) is incorporated in the class activities for the 

preservice elementary teachers to see the importance of different representations and to 

show effective learning trajectories for teaching certain concepts. In total, class activities 

are designed for the preservice teachers to see the benefit of a properly structured 

mathematics class and to have beliefs aligned with this mathematics class structure. 

Elementary Teacher’s Beliefs 
 
 The topic of teachers’ beliefs has gained increased interest since the 1990s 

(Phillip, 2007). The perspective of focusing on teachers’ beliefs is based on the 

assumption that beliefs are the best indicators of the decisions that individuals make 

throughout their lives (Bandura, 1986; Pajares, 1992). Preservice elementary teachers 

enter teacher education programs with preconceived beliefs and attitudes about various 

aspects of mathematics that they formed as students (Goodman, 1998; Lortie, 1975; 

Lubinski & Otto, 2004). However, what has been called the apprenticeship of observation 

is not likely to reveal the complexities of teaching (Lortie, 1975). Beliefs that have been 

formed over time since elementary school can be difficult to change (Pajares, 1992). 

 Cooney, Shealy, & Arvlod (1998) suggest that a better understanding of what 

teacher educators provide to preservice teachers and the effect these activities have on 

preservice teachers’ beliefs systems needs to be developed. They state that many 

preservice teachers do not share the belief that mathematics is a social-constructivist 

process. “If the teaching of mathematics is to change, then teachers’ conceptions about 
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mathematics and mathematics teaching and learning must change first” (Steele, 1994, 

p.1). It is important for teacher educators to understand not only what beliefs teachers 

hold but also how they have been constructed over time in order to determine the extent 

to which existing beliefs can be challenged (Phillip, 2007). 

 This section on elementary teachers’ beliefs is organized into four parts. First 

beliefs will be defined. Then beliefs will be discussed in more detail as dispositions 

toward action. Literature involving changing teachers’ beliefs will be discussed next and 

finally the connections between beliefs and content knowledge.  

 Definition of beliefs. 

 There are four main parts of life where teachers’ beliefs are formed or 

reorganized: experience as a student in K-12, university courses and teacher education 

classes, student teaching, and teaching independently (Britzman, 1991). It is important to 

focus on how teachers’ beliefs are formed at each of these stages. Beliefs will be defined 

as “psychologically held understandings, premises, or propositions about the world that 

are thought to be true” (Philipp, 2007, p. 259). In other words, beliefs are a filter through 

which new phenomena are interpreted (Pajares, 1992). Beliefs can be held with different 

intensities (Rokeach, 1968), develop slowly over time (Thompson, 1992), and are 

affected by culture (Thompson, 1992). Beliefs are also context specific (Cooney et al., 

1998) and cannot be directly observed or measured but must be inferred from what 

people say, intend, and do (Pajares, 1992). 
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 Beliefs as disposition towards action. 

 One of the main reasons for studying beliefs is that they can be viewed as 

disposition towards action (Ambrose, et al., 2004; Pajares, 1992). “There is substantial 

evidence that teachers’ beliefs about mathematics impact their teaching of mathematics” 

(Hart, 2002, p. 4). Teachers are constantly faced with uncertain situations that they are 

asked to interpret. Some of these challenging situations require quick thinking, where 

teachers’ beliefs often compel them to act in certain ways (Ambrose, et al., 2004).  

 While beliefs are the best indicator for decisions people will make in the long 

term, for various reasons, teachers’ beliefs may not match their practice. Kennedy (2005) 

describes reasons why calls for reforms in education have not worked, including teachers 

need more knowledge or guidance to alter their practices and the circumstances of 

teaching keep teachers from altering their practices. Some of these circumstances may 

include time constraints, lack of resources, standardized tests, the context or the 

environment a teacher is working in, and students’ behavior. It is suggested that 

researchers assume that inconsistencies in beliefs do not exist and attempt to better 

understand teachers’ beliefs systems and the circumstances surrounding them that might 

cause beliefs and practices to not match (Phillip, 2007).  

 Several studies have looked at preservice elementary teachers’ beliefs about the 

teaching and learning of mathematics. Gresham (2008) based their study of mathematics 

anxiety in preservice elementary mathematics teachers on the fact that teachers with high 

levels of mathematics anxiety tend to use traditional teaching practices. These teachers 

then tend to pass on their negative beliefs about mathematics to their students.  
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 In another study of a convenience sample comparing American and Turkish 

preservice elementary teachers, mathematics anxiety and self-concept was explored. 

American preservice teachers had significantly higher anxiety scores and Turkish 

preservice teachers had significantly higher self-concept scores. The researchers stated 

that there is a positive correlation between mathematics self-concept and student 

achievement and suggest that more research needs to be done on how preservice teachers 

experience and affective variables influence their attitudes towards mathematics (Isiksal 

et al., 2009).  

 A case study of a beginning elementary school teacher’s beliefs and teaching 

practices found that the teacher’s practice was more closely related to her beliefs about 

mathematics content than to her beliefs about mathematics pedagogy. Her beliefs about 

mathematics content were highly influenced by her experiences as a student. It is 

suggested that when beginning teachers are faced with the constraints of an actual 

classroom they tend to implement more traditional instruction than they had intended 

(Raymond, 1997).  

 As teachers gain more experience, their beliefs about the teaching and learning of 

mathematics can be more directly related to their practice. Collopy (2003) found that the 

elementary mathematics curriculum Investigations, which emphasizes hands-on materials 

and communication, supported the classroom practices of a teacher that had beliefs inline 

with the curriculum.  

 Overall, it is important to assess preservice elementary teachers’ beliefs about the 

teaching and learning of mathematics in order to determine if teacher education programs 
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are effective at instilling values that are more closely aligned with empowering students 

through powerful and relevant mathematics learning. If teacher education programs are 

not doing this successfully, then they need to consider how they can restructure their 

classes in order to change preservice teachers’ beliefs about mathematics.  

 Changing beliefs. 

 Teacher education programs and classes should be carefully structured to give 

students a range of experiences that demonstrate the complexity of teaching. Preservice 

elementary teachers enter teacher education programs with a variety of beliefs about 

mathematics that are influenced by their experiences as students (Ambrose, 2004). In 

general, “mathematics educators generally agree on what beliefs are; we now face a 

greater challenge than defining beliefs: how to change teachers’ beliefs” (Philipp, 2007, 

p. 309). It has been recommended that changing beliefs should involve putting teachers in 

situations where their beliefs are caused to be reorganized or reinterpreted through the 

process of accommodation (Pajares, 1992; Soto-Johnson et al., 2008). Several studies 

have explored change of beliefs with preservice elementary teachers and describe various 

avenues for changing beliefs.   

 One of the early exploratory studies on preservice elementary teachers beliefs 

used Likert scale items to assess teachers’ beliefs when entering an education program, 

after two content courses, and after a methods class. Overall, students entering the 

program had neutral beliefs related to mathematics, as well as after the two content 

courses. After the methods course students had slightly more positive beliefs about 
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mathematics. However, in this study there is no mention of how the content courses and 

method course were structured or organized (Collier, 1972).  

 A study involving an early teaching experience explored changing the beliefs of 

preservice elementary teachers. The framework that beliefs and practice are not linearly 

or causally related but are interactive in nature was used. One class of 25 students 

participated in a specifically designed early field experience that was intended to 

encourage reflection and teaching skills. The study involved mathematical belief 

inventories, observations, analysis of lesson plans, and selected interviews. The findings 

showed that the preservice teachers beliefs about pedagogy changed, but not about 

mathematics (Benbo, 1995).  

 A more recent study compared two sections of a mathematics course for 

preservice elementary teachers where one section was more traditional and the other was 

more reformed based. After the conclusion of the class the preservice teachers in the 

reformed based class placed more importance on group work and discussions and less on 

teacher lectures. In the more traditional section there was little change in the preservice 

teachers’ beliefs that mathematics should involve practice instead of exploration 

(Spielman & Lloyd, 2004).  

 Reflection assignments were used to change beliefs in a study involving five 

universities. The study focused specifically on trying to change preservice elementary 

teachers’ beliefs by having the students read Liping Ma’s book (1999), Knowing and 

Teaching Elementary Mathematics. The authors mention that the content courses were 

standards-based mathematics. However, little information is given about the courses, and 
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it is mentioned that each universities’ course had differences. The study involved pre and 

post reflection writing assignments and the authors found that students were only just 

beginning to understand what a standards-based mathematics classroom means (Soto-

Johnson et al., 2008).  

 A seminal study that was done with practicing elementary teachers provides more 

information about factors that contribute to teachers’ change in beliefs. This study looked 

at changes in teacher beliefs and instruction of 21 primary grade teachers over a four-year 

period in which the teachers participated in a Cognitively Guided Instruction (CGI) 

teacher development program. The researchers suggest that many factors contribute to 

teachers’ change in beliefs, but in this study the two most critical seemed to be that the 

teachers learned about research-based models of children’s thinking and then used the 

models in their classroom (Fennema et al., 1996).  

 The final study to be described was part of the Integrating Mathematics and 

Pedagogy (IMAP) project and focused on changing beliefs of preservice elementary 

school teachers through small group teaching experiences. In this study preservice 

teachers taught students about fractions as part of their mathematics content course. By 

the end of the semester all preservice teachers believed in the importance of multiple 

solution strategies. This study provided evidence that when preservice teachers work 

intimately with children, the experience has intensity from which beliefs can grow. The 

author suggests that building upon preservice teachers existing beliefs is a gradual 

process (Ambrose, 2004).  
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 In summary, researchers have found several avenues for changing preservice 

teachers beliefs while recognizing that many experiences are necessary over time for 

change in beliefs to take place. Change in beliefs can occur from emotion-packed vivid 

experiences (Ambrose, 2004; Pajares, 1992), when preservice teachers are immersed in a 

community that values certain beliefs through the process of cultural transmission 

(Ambrose, 2004; Pajares, 1992), through reflection and conversation with colleagues 

(Ambrose, 2004; Benbow, 1995; Grant et al., 1998; Soto-Johnson, et al., 2008), from 

observation of reformed instruction (Grant et al., 1998; Spielman & Lloyd, 2004), and 

through learning about research-based models of children’s thinking (Fennema et al., 

1996).  

 Beliefs and content knowledge. 

 Teachers’ beliefs and their content knowledge are interconnected in many ways 

that make measuring or changing them more complex. A broad term for the combination 

of beliefs and content knowledge is teachers’ conceptions and it has been suggested that 

knowledge can be thought of as a belief with certainty. For many students the beliefs or 

feelings that they have about mathematics are as important as the knowledge they hold 

(Philipp, 2007). A focus on beliefs and content knowledge is important because research 

has found that beliefs influence and interfere with mathematical knowledge acquisition 

and learning (Ambrose, 2004; Pajares, 1992). If teachers’ beliefs are inline with reformed 

practices then they will still need more knowledge or guidance to alter their practices 

(Kennedy, 2005).  

 



 

    36 

Elementary Teacher’s Content Knowledge  

 In general there are not high levels of mathematical competency among most 

American adults. Studies have shown that U.S. elementary teachers as well are lacking in 

mathematical knowledge. They are less confident and successful in the area of rational 

numbers than in whole numbers and tend to over generalize whole number ideas to 

rational number ideas (Ball et al., 2001).   

 Elementary teachers in the U.S. have a difficult task of having to master content 

in several subjects. However, preservice teachers often underestimate the importance of 

subject matter knowledge for their teaching (Ambrose, 2004). If teachers are 

uncomfortable with a subject they may focus less time on it and impart negative feelings 

about the subject to their students. And “limited subject matter knowledge restricts a 

teacher’s capacity to promote conceptual learning among students” (Ma, 1999, p. 36).  

 Teachers’ uncertainty about mathematical concepts can transfer to their students. 

For example, in a study by Groth and Bergner (2006) with 48 preservice elementary and 

middle school teachers, none of the participants were found to have a profound 

understanding of measures of central tendency. When asked to describe how the mean, 

median, and mode are different, only three participants wrote about how to decide 

whether mean, median, or mode is more appropriate to use in different situations.  

 Even expert American teachers did not seem to have a thorough knowledge of the 

mathematics taught in elementary school in a comparative study of U.S. and Chinese 

elementary teachers. When 23 U.S. elementary teachers were asked how would you 

explain two digit subtraction to students and what would they need to understand before 
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they could do it; 83% of the teachers focused on the procedure of computation, compared 

to only 14% of Chinese teachers. U.S. teachers described using manipulatives but many 

gave incorrect explanations on how to use the manipulatives. 61% of U.S. teachers could 

not explain place value concepts for multiplication of three digit numbers. Only 43% of 

U.S. teachers were able to get a correct solution for a problem involving division of two 

fractions. Teachers tried to remember a procedure but were not sure if they were doing it 

right. The impression is that in the U.S. there has been a focus on a teacher’s capacity to 

teach but an inadequate emphasis on content knowledge (Ma, 1999). Overall, U.S. 

teachers behaved more like laypeople when presented with mathematics problems while 

Chinese teachers incorporated more rigor, discussion, and justification for their ideas. 

Chinese teachers had more coherent knowledge while U.S. teachers’ knowledge was 

fragmented. An old saying repeated often by Chinese teachers that guides their teaching 

is, “Know how, and also know why” (Ma, 1999).  

 There have been a limited number of studies that have focused on teachers’ 

mathematical knowledge and students’ gains in math achievement, but it appears that 

they are positively related. In a study of 700 elementary teachers and 3,000 students, 

teachers’ mathematical knowledge was significantly related to student achievement in 

both first and third grades after controlling for different covariates. (Hill, et al., 2005). To 

increase achievement there is a need for increased mathematical knowledge for 

elementary teachers. This is not necessarily an easy task. Compounding the situation is 

that preservice elementary teachers have the highest level of mathematics anxiety of all 
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college majors (Rule et al., 2007). They often are unsure of their ability to do and teach 

mathematics.   

 These preservice elementary teachers come to develop math anxiety because of 

experiencing failure or a dislike of mathematics in their school experience. Mathematics 

is misrepresented when the elegance and power of mathematics are not exposed. If 

mathematics is seen as just procedural than many believe that they cannot do or need 

mathematics. Teachers are simply seen as transmitters of fixed knowledge, which makes 

students believe that they are just not mathematically inclined (Ball et al., 2001).  

 Definition of content knowledge. 

 No one will question that what a teacher knows has an important influence on a 

classroom. However, no consensus exists on what that knowledge should be. One 

problem is there is an insufficient understanding of the mathematical knowledge it takes 

to teach well. However, a crucial part of reforming mathematics teaching is knowledge of 

children’s mathematical thinking (Fennema, et al., 1996). “This more complex approach 

to teaching requires not only that teachers have a deep knowledge of subject matter and a 

wide repertoire of teaching strategies, but also that they have intimate knowledge of 

students’ growth, experience, learning styles, and development” (Darling-Hammond, 

1995, p.13).  

 Many differing views of mathematical content knowledge have been based on 

Shulman’s (1986) work. He suggests that there are three kinds of content knowledge: 

subject matter content, pedagogical content, and curricular knowledge. Subject matter 

content involves knowing concepts and being able to explain the rationale behind them to 
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make them comprehensible to others. Pedagogical knowledge involves having knowledge 

of different activities, being able to explain ideas in different ways, knowing the most 

useful forms of representations to have students work with, and knowing what students 

will struggle with and find easy. Curriculum knowledge involves knowledge of the full 

range of resources, materials, and technology that can be incorporated in a lesson.  

 Hill, Ball, & Schilling (2008) have built on Shulman’s work to further 

conceptualize subject matter knowledge. They have proposed two strands, common 

content knowledge and specialized content knowledge, that lie outside Shulman’s 

conceptualization of pedagogical content knowledge. Common content knowledge is 

knowledge of mathematics that is common to teachers and how it is used in other 

professions. Specialized content knowledge includes teachers’ knowledge of “how to 

accurately represent mathematical ideas, provide mathematical explanations for common 

rules and procedures, and examine and understand unusual solution methods to 

problems” (p. 378).  

 Profound Understanding of Fundamental Mathematics (PUFM) is another notion 

of mathematical content knowledge. It involves connectedness, multiple perspectives, 

basic ideas, and longitudinal coherence (Ma, 1999). Teachers that can answer the 

following questions about a topic are beginning to develop PUFM. “What is the concept 

connected with the topic? What are the difficult points of teaching the concept? What are 

the important points of teaching the concept? And what are the errors and confusions that 

students tend to have when learning this topic?” (Ma, 1999, p. 133). 
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 A widely agreed upon view of mathematical content knowledge is that it consists 

of conceptual and procedural knowledge. Hiebert and Lefevre (1986) define conceptual 

knowledge as a “connected web of knowledge, a network in which the linking 

relationships are as prominent as the discrete pieces of information” (p.3). Conceptual 

knowledge involves having knowledge that is connected.  

 What does elementary teachers’ mathematical content knowledge affect? 

 What a teacher believes and knows influences what happens in a classroom.  A 

classroom can have a community feel or an authoritarian atmosphere. Elementary 

teachers’ mathematical content knowledge affects their pedagogy, planning, 

communication, and student achievement and beliefs (Ball et al., 2001; Hill et al., 2005).  

Teachers need to know what things students will find interesting and what representations 

are most useful for a topic (Ball et al., 2001).  

 Content knowledge affects what activities take place in a classroom. Teachers 

should be flexible in their instructional styles based on the content and student needs 

(Gresham, 2008; Shulman, 1987). To teach properly involves comprehension, which is to 

understand a concept in several ways and how it connects to other concepts. Excellence 

in teaching involves an understanding of the knowledge base of teaching, the sources for 

this knowledge, and the complexities of good pedagogy (Shulman, 1987). Teachers with 

less content knowledge might not be able to reach all students. Teachers need to make 

sure that they maintain high expectations, rigorous lessons, and multiple entry points for 

concepts for all students. Children who have low skill levels in math would likely catch 
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up over time if they enjoyed the same instructional resources as their more skilled peers 

(Crosnoe et al., 2010).   

 Elementary teachers’ mathematical content knowledge can also affect what type 

of communication happens in class. The language that teachers use is extremely 

important for student understanding and to prevent misconceptions. Figuring out where a 

student has gone wrong, explaining content at a student’s level of understanding, and 

using mathematical representations takes mathematical reasoning (Ball et al., 2005). If 

students are having a problem with a question Chinese teachers with PUFM lead a class 

discussion on what they should do and why they should do it and the interactions allow 

ideas to be sufficiently developed. Chinese teachers with PUFM acquired their 

knowledge from colleagues, learning math from students, learning math by doing 

problems, teaching, teaching different grades, and studying teaching materials intensively 

(Ma, 1999).   

 Elementary teachers mathematical content knowledge is also affected by 

mathematical anxiety. Math anxiety of teachers can affect their student’s attitudes and 

beliefs about math and can cause their students to develop math anxiety. “Children 

incorporate parents’ and teachers’ evaluations into their own self-judgments during the 

early elementary school years” (Tiedemann, 2000, p.144). If teachers portray a negative 

view of math this will affect how students view math. Teachers with math anxiety spend 

less time on planning for math activities and less time on math. This could lead to the fact 

that there is a positive correlation between mathematics self-concept and mathematics 
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achievement (Isiksal et al., 2009). The more comfortable teachers are with mathematics 

the more time they will be willingly to spend on developing quality lessons.  

 What should elementary teachers’ mathematical content knowledge be and 

how can this be achieved? 

 There is room for improvement in U.S. elementary teachers’ mathematical 

content knowledge. Content knowledge of teachers affects many parts of how a class 

functions. What should elementary teachers’ mathematical content knowledge consist of 

though? What are the most important mathematical ideas for elementary teachers to know 

to increase their students’ achievement? Shulman (1987) has suggested a foundation built 

on comprehension and reasoning, transformation, and reflection. Likewise, 

Fenstermacher believes “the goal of teacher education… is not to indoctrinate or train 

teachers to behave in prescribed ways, but to educate teachers to reason soundly about 

their teaching as well as to perform skillfully” (Shulman, p.13).    

 With a similar philosophy, Cramer (2004) developed classes for preservice and 

current elementary teachers based on the NCTM standards and the Lesh Translation 

Model. The courses were designed to be in depth on a small number of topics and 

incorporate quality problem solving activities. In each activity, teachers are asked to 

describe their solution processes and reasoning. 

 There is a high degree of math phobia in preservice teachers taking this course, 

which makes it important for a teacher to be patient and non-judgmental to create a safe 

environment. This safe environment is accomplished by using concrete models early on 

as well as realistic problems and group work. The instructor advocates for preservice 
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teachers when the content becomes difficult and is flexible and non-judgmental. 

Mathematics should involve real world problems that involve data collection, work in 

small groups, questions being posed for learners to construct knowledge, emphasis on 

oral and written language, connections in mathematics topics, and an integration of 

technology (Cramer, 2004). 

 When students are enrolled in classes that use discovery based instruction, the 

initially least skilled children can improve their achievement to lessen the gap between 

their peers as long as they did not have conflicts with their teachers (Crosnoe et al., 

2010). Conflict can occur when students are frustrated with mathematics and feel that 

they cannot be successful. Chinese teachers in Ma’s (1999) study provided quality 

descriptions of how students can be active constructors of their own knowledge and enjoy 

mathematics. Using manipulatives helps students develop their mathematical 

understanding. However, teachers need to help make connections between the 

manipulatives and the mathematical ideas explicit to students.  This can be done by 

leading a discussion after using manipulatives, which demands a great deal of breadth 

and depth in a teacher’s subject matter knowledge. The discussion can involve students 

reporting, displaying, and explaining. Chinese teachers had many different ways to 

explain problems to help ensure that they could guide students’ learning. Chinese 

elementary teachers do have some advantages over U.S elementary teachers. They teach 

just one subject and have more prep time and collaboration time with other teachers. 

Chinese textbook manuals focus on important questions for teachers to consider before 

teaching a lesson. What is the concept connected with the topic? What are the difficult 
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points of teaching the concept? What are the important points of teaching the concept? 

What are the errors and confusions that students tend to have when learning this topic? 

Thinking about these questions will enable teachers to be capable of acting and enacting 

in response to a variety of situations (Ma, 1999).   

 When teachers have opportunities to plan and collaborate, it can lead to increased 

content knowledge and increased student achievement. Forty first grade teachers 

volunteered for a study where twenty were randomly assigned to a month long workshop 

in which they studied a research based analysis of students’ development of problem 

solving skills in addition and subtraction. No specific instructional ideas were told to the 

teachers. Twenty first grade teachers served as a control group and participated in four 

hours of workshops focused on non-routine problem solving. Experimental teachers 

taught problem solving more, encouraged it more in their students, listened more to 

student explanations, and knew more about their student’s problem solving processes 

(Carpenter et al., 1989).    

 Further showing the benefits of collaboration, an NSF-funded three-year study of 

five school districts in Virginia investigated the work and effect of elementary 

mathematics coaches for grades 3 to 5. Elementary mathematics coaches are becoming 

more common and allow for collaboration and discussion. Elementary mathematics 

coaches had a significant positive impact on student achievement over time, especially in 

grades 3 and 5. This effect only emerged after a coach had gained experience in the 

position. For grade four, only the teachers with a high level of engagement with a coach 

showed positive achievement benefits (Campbell & Malkus, 2009).   
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 Linear functions content knowledge and algebraic thinking. 

 Elementary teachers content knowledge of linear functions is essential for 

beginning to develop elementary students’ algebraic thinking. New requirements in 

Minnesota for 8th grade students to understand linear functions necessitate the 

foundations of linear functions being developed in the early grades. Elementary teachers 

can develop algebraic thinking that is based on relational thinking (Carpenter, et al., 

2003) and functional thinking (Blanton & Kaput, 2004) in their students.  

 The teaching of algebra in the past has often been symbol manipulations with 

short application problems at the end with an emphasis on repetition (Kaput, 1995). 

Research conducted during the first half of the 20th century focused on solving various 

kinds of linear equations and the errors that first year algebra students make in applying 

algorithms. Since the 1970s research has focused on the meaning students make of 

algebra and how to make algebra learning meaningful for students. “Reformist algebra 

programs tend to give a great deal of weight to functions, to various ways of representing 

functional situations, and to the solution of “real-world” problems by methods other than 

manual symbolic manipulation, such as technology-supported methods” (Kieran, 2007, p. 

709).  

 Many studies have been done related to how students work with algebraic ideas in 

the middle school and high school grades. A large-scale study involving 2,000 Australian 

students (age 11 to 15) found that students with low metalinquistic scores also have low 

achievement in algebra (MacGregor & Price, 1999). In another study of six classes of 7th 

and 8th graders at three schools that compared a treatment group of students that used a 
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functional and representations based approach to learning algebra versus a traditional 

approach, the treatment group of students, including the ELL (English Language 

Learners), could more flexibly represent concepts in various ways. (Brenner, Mayer, 

Moseley, Brar, Durian, Smith, et al., 1997). An approach to teaching algebra that 

incorporates developing students’ understanding in different representations, including 

linguistic, is essential.  

 In studies involving high school students, the time spent in working with multiple 

representations has been found to be crucial for students’ learning (Kieran, 2007). Most 

of the approaches to algebra that make use of multiple representations are related to 

functional approaches. It is suggested that three factors allow for a functional approach to 

the teaching and learning of algebra: the potential to produce numerical tables, the need 

to use general expressions for the data in the tables, and the possibility of obtaining a 

wide variety of corresponding graphs (Kieran & Yerushalmy, 2004).  

 Schwartz and Hershkowitz (1999) investigated 9th graders learning of the concept 

of mathematical function in an environment that included problem situations, graphing 

calculators, and flexible use of representations. They claimed that beginning each class 

with an open-ended problem and small group work helped to lead to higher levels of 

mathematical reasoning. Similarly, Yackel & Cobb (1996) found that an open-ended 

problem to begin a class followed by a whole class discussion lead to higher levels of 

mathematical reasoning and conceptual change.  

 Various studies have found that students have difficulty in working with or 

translating between representations when working with algebraic ideas. Students have 
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difficulty generating equations or using symbolic representations with word problems 

(Kieran, 2007; Koedinger & Nathan, 2004; Yerushalmy & Sternberg, 2001). Koedinger 

& Nathan (2004) suggest that students first need experiences of translating between 

representations including real world situations before a large emphasis on symbols. 

Different technologies including graphing calculators are also suggested to increase 

students’ ability to translate between representations (Lobato, Ellis, & Munoz, 2003; 

Kieran, 2007).  

 More research is needed on how students come to develop symbolic 

understanding and fluency related to algebraic functions. Current word-problem solving 

as it is set up may not be the most productive route to the generation of equations, 

particularly with younger students. There is evidence that few sixth graders in the U.S. 

are actually called upon to engage in symbolic work. The role of word problems in 

algebra instruction remains somewhat problematic (Kieran, 2007). Overall, 

understanding the origins of misunderstandings is necessary for improving the teaching 

and learning of algebra (MacGregor & Stacey, 1997).  

Model-Eliciting Activities (MEAs) 

 Since the mid 1990s there has been a shift towards an interest in modeling 

activities. “Some would argue (e.g., Freudenthal, 1983) that modeling is the primary 

reason for studying algebra” (Kaput, 1995, p. 78). The term modeling has been 

interpreted in many different ways however from word problems to more complex 

situations (Kieran, 2007). English (2003) provides a notion of the way modeling is 

thought of with Model-Eliciting Activities (MEAs); that modeling shifts students from 
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finding a solution to a particular problem to creating a system of relationships that are 

generalizable and reusable.  

 MEAs are structured activities that have the potential to meet many of the 

challenges and recommendations described in the review of the algebra research. MEAs 

incorporate reading comprehension, writing, teamwork, and communication so that 

students can develop these valuable skills while developing their mathematical 

knowledge. Model-Eliciting Activities are realistic, interdisciplinary, team-based, non-

routine problems (Chamberlin & Moon, 2005). Here, model does not mean ideal, but that 

students develop construct, describe, or explain mathematical systems. A “model is a 

system for describing or designing some other system for some specific purpose” (Lesh, 

2010, p. 18). 

 MEAs are a natural curriculum extension of the Lesh Translation Model in that 

they allow students to demonstrate their knowledge in different ways. Solution processes 

in MEAs often involve shifting back and forth among a variety of relevant 

representations. The goal of MEAs is to have students develop models that are powerful, 

sharable, and reusable (Lesh, 2010).  

 MEAs allow researchers and teachers to observe students’ development of 

conceptual models as they go through the cycle of express, test, and revise with their 

solutions. They have also become a tool that could help both instructors and researchers 

become more observant and sensitive to the design of situations that engage learners in 

productive mathematical thinking (Lesh & Doerr, 2003). 

 Problem solving with MEAs is a “goal directed activity which requires the 
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problem solver to make significant adaptations to beginning interpretations of givens, 

goals, and possible solution processes” (Lesh & Zawojewski, 2007, p. 319). To change 

student’s thinking it is important to first engage student’s thinking. Many MEAs involve 

students in a flow experience (positive feelings and engagement) and students’ work with 

MEAs has been shown to lead to greater achievement and longer retention (Lesh, 

Carmona, & Moore, 2009).  

 Many fields use models including finance, business, engineering, and agriculture. 

MEAs attempt to highlight the importance of continually adapting and socially 

constructing integrated subject matter. MEAs are designed explicitly to focus on 

mathematical ideas and abilities that are needed for success beyond school in this 

technology-based age of information. With technology advancing there are many more 

complex systems in the world and the people that can make sense of these systems will 

be more successful (Lesh & Doerr, 2003).  

 “One of the research-tested advantages of this introduction of a variety of 

representations in technology-supported environments is that such approaches are 

enabling traditionally unsuccessful students to gain access to the problem-solving aspects 

of algebra” (Kieran, 2007, p. 728). However, more research needs to be done on how 

students move from pattern recognition, to tables, to graphs, and to equations (Kieran, 

2007).  

Summary 

 There are many different and interconnected factors that must be considered to 

prepare teachers to implement NCTM’s vision of mathematics teaching and learning. 
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Teacher education programs should strive to help preservice teachers become teachers 

that are committed to improving their mathematics content knowledge and who strive to 

have their beliefs and practices inline with recommendations given by NCTM to ensure 

that all students can succeed. In this way preservice teachers can view mathematics 

teaching as “not simply an extant body of facts and theories, but a living, experimental, 

processual, flexible, creative, compilation of insights, memories, information, 

associations, articulations that go into resourcing on-the-spot teacher decision-making 

and action” (Britzman, 1991, p. 51).  

 Preservice elementary teachers’ beliefs about the teaching and learning of 

mathematics are important to explore, because they are a lens for how the world and the 

mathematics classroom is viewed. Preservice elementary teachers care about children and 

Philipp et al. (2007) recommend that by incorporating research on children’s thinking 

into mathematics teacher education courses then the preservice teachers will care more 

about their own mathematical content knowledge.  

 Teachers in traditional mathematics classes tend to give students a lot of 

information, while teachers in standards-based classes choose to draw information out of 

students through questioning and giving students chances for justification of their ideas 

(Boaler, 2003). Students early on begin to form ideas related to their identity and 

mathematical identity. It is imperative to structure mathematics classes in a way that 

empowers students to do powerful mathematics and allows them to be successful.  

 Generalization and formalization are intrinsic features of mathematical activity. 

“How much could the mathematics of the pre-high school grades be enriched, deepened 
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and made more coherent if, at every turn, questions of generality and extension were 

raised and pursued” (Kaput, 1995, p. 79). A long-term reform is needed for the full 

integration of the development of many forms of algebraic reasoning across all grades. In 

order for this to occur, preservice elementary teachers need to be prepared to teach in 

standards-based learning environments with beliefs inline with mathematics that involves 

reasoning, justification, communication, connections, problem solving and technology 

infused lessons. Teaching in this manner is more demanding and requires robust 

conceptual content knowledge.  

 The following chapter describes the research methodology for this study that 

explored preservice elementary teachers’ beliefs about mathematics and content 

knowledge of linear functions. 
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Chapter 3 

Research Methodology 

 Philipp et al. (2007) noted that elementary students in the United States are not 

developing adequate levels of mathematical understanding. Many of the mathematics 

classes in elementary school are traditional and do not convey the power of mathematics 

to students. Often they are uninspiring and emotionally damaging (Ball et al., 2001). 

Mathematics classes that are structured in a standards-based learning environment can 

show students that mathematics involves cooperative learning, reasoning and conjecture, 

communication, problem solving, and can demonstrate the power of mathematical 

thinking for students’ lives. For this type of learning to take place it is important for 

preservice teachers to have beliefs aligned with these views and also robust conceptual 

content knowledge.  

 This research case study was conducted to determine the impact of a standards-

based mathematics and pedagogy class. The research (a) determined preservice 

elementary teachers’ beliefs about mathematics, (b) ascertained the effect of a standards-

based mathematics and pedagogy class on aligning preservice elementary teachers’ 

beliefs with a standards-based view and (c) assessed preservice elementary teachers’ 

conceptual content knowledge of linear functions. The purpose of a case study is to 

gather comprehensive, systematic, and in-depth information about each case of interest 

(Patton, 2002). The unit of analysis in this study was a single class of preservice 

elementary teachers. The research questions for this study are: 
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What is the impact of a standards-based mathematics and pedagogy class on preservice 

elementary teachers’ beliefs and subject matter knowledge? 

(a) How are preservice teachers' beliefs aligned with the vision of teaching and 

learning of mathematics as stated in the NCTM Standards? How do their beliefs 

change through participation in a mathematics course that reflects the NCTM 

process standards and content from the algebra and number and numeration 

strands? 

(b) What mathematical conceptual knowledge of linear functions in the form of 

different representations and translations between and within representations do 

preservice elementary teachers demonstrate while completing the algebra unit of 

the class? 

 The purpose of this chapter is to delineate the procedures used to determine the 

impact of the standards-based mathematics and pedagogy class on preservice teachers’ 

beliefs and conceptual content knowledge. The participants, setting, and data sources will 

be described first. Then the data collection instruments and procedures will be described. 

Finally, how the data was analyzed will be discussed.  

Participants 

 Purposeful sampling was used for selecting the participants. Patton (2002) 

provides support for this sampling method. “The logic and power of purposeful sampling 

lie in selecting information-rich cases for study in depth” (p.230). The preservice 

elementary teachers were selected based on their enrollment in the standards-based 

mathematics and pedagogy class during the 2011 fall semester. One class of thirty 
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preservice elementary teachers, twenty-six women and four men, comprised the sample. 

Of these thirty preservice teachers, a subset of six preservice teachers was selected to be 

interviewed as part of the study. The process for their selection will be described in a 

following section. For most of the preservice elementary teachers their only mathematics 

class since high school was college algebra.  

 The instructor for the class was an associate professor in mathematics education. 

She had designed the original four-credit course ten years ago and reworked the course 

into a three credit course during the summer of 2011.  

Setting 

 The setting for this study is a large Midwestern public university. The class is a 

three-credit class that met twice a week for eighty minutes. The mathematics and 

pedagogy class focused on the content of algebraic functions and number and numeration 

(See Appendix A for the course syllabus). Students worked in groups in class and had 

homework assignments to practice and apply what was learned in class.  

  The mathematics class is a combination of the Number and Numeration and 

Functions and Proportionality courses described in Cramer (2004). The functions and 

proportionality portion of the class is organized around the exploration of linear, 

quadratic, and exponential functions through multiple representations. The preservice 

teachers then use their knowledge of functions, especially linear functions to understand 

the characteristics of proportional situations. The number and numeration portion of the 

class has preservice teachers explore different numeration systems (e.g. Egyptians, 

Chinese, Mayans) in order to better understand the Hindu-Arabic numeration system that 
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is used in the United States. The preservice teachers then work through activities that 

explore different types of numbers starting with whole numbers, then integers, rational 

numbers and decimals, and finally irrational numbers. The class was designed based on 

the NCTM standards and the Lesh Translation Model. The class was designed to be in 

depth on a small number of topics, incorporate quality problem solving activities, 

communication, reasoning, real world connections, and an integration of technology. 

Data sources 

 Multiple data sources were used to answer the stated research question. The data 

that was collected for this study is broken down by which sources were used to answer 

subquestion 1a and 1b below (See Table 3). Each data source will be described in more 

detail in the following section. 

What is the impact of a standards-based mathematics and pedagogy class on 

preservice elementary teachers’ beliefs and subject matter knowledge? 

Table 3.  

Data Sources Used for Each Research Subquestion 
Research subquestion Data sources 

1a. How are preservice teachers' beliefs 
aligned with the vision of teaching and 
learning of mathematics as stated in the 
NCTM Standards at the start of the 
course? How do their beliefs change 
through participation in a mathematics 
course that reflects the NCTM process 
standards and content from the algebra 
and number and numeration strands? 

• a pre-post online beliefs instrument, 
• preservice teachers’ reflections on 

class activities,  
• interviews, & 
• classroom observations. 

1b. What mathematical conceptual 
knowledge of linear functions in the form 
of different representations and 
translations between and within 
representations do preservice elementary 
teachers demonstrate while completing 
the algebra unit of the class? 

• preservice teachers’ samples of 
work,  

• audio recordings of preservice 
teachers’ work on an MEA, & 

• researcher field notes. 
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Data collection instruments and procedures  

 Integrating Mathematics and Pedagogy (IMAP) online beliefs survey. 

 The IMAP (2004) online beliefs survey was completed by participants one week 

before the start of class and completed again one week before the completion of the class. 

There are seven segments in the survey: four on the domain of whole number, two are in 

the domain of fractions, and one is a more general teaching segment (Ambrose, Clement, 

Philipp, & Chauvot, 2004).   

 The IMAP survey was developed as part of a National Science Foundation grant 

by researchers at San Diego State University in part because of the limitations of Likert 

surveys to measure beliefs. The IMAP survey was designed for both practicing and 

prospective teachers and is based on four characteristics of beliefs: (1) beliefs influence 

perception; (2) beliefs are viewed as drawing one toward a position, or at least, 

predisposing one in a particular direction; (3) beliefs are not all or nothing entities; and 

(4) beliefs tend to be context specific. The IMAP belief survey has been piloted, tested, 

and used in several previous studies to demonstrate reliability and validity (Philipp et al., 

2007). 

 In order to establish validity and reliability, the survey and accompanying rubrics 

for scoring responses were developed over a two-year period. A recursive cycle of 

development was used that included designing segments, piloting them, analyzing 

preservice teachers’ responses to the segments, revising the segments, and piloting them 

again. Overall, five versions of the survey were piloted on seven occasions with a total of 
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159 preservice teachers. Interviews with preservice teachers were used as well to see if 

their responses were similar to their written work (IMAP, 2004).  

 Rubrics for scoring the survey were developed while piloting the survey through 

characterizing preservice teachers’ responses to the survey as those that provided the 

most evidence of the belief to those that provided the least evidence. The scoring rubrics 

were created with the understanding that beliefs can be held with different intensities 

(Rokeach, 1968). Items were added and deleted from the survey to better elicit the beliefs 

to be assessed through this process. After the research team refined a rubric and 

developed a scoring system, then they individually tried to score additional responses to 

ensure that all team members were scoring similarly. Refinements were made to the 

rubric during this process (IMAP, 2004).  

 Eighteen mathematics educators at other institutions from different parts of the 

United States completed and commented on the survey to establish validity. The research 

team coded their answers to the survey and their scores converged on the highest scores. 

The mathematics educators believed the test to be a valid measure (IMAP, 2004).  

Table 4 describes the seven beliefs that are measured by the survey (Ambrose et al., 

2004, p.59). 
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Table 4.  

Beliefs Measured by the IMAP Survey  
Beliefs About Mathematics 
Belief 1. Mathematics, including school mathematics, is a web of interrelated concepts 
and procedures.  
Beliefs About Knowing/Learning Mathematics 
Belief 2. One’s knowledge of how to apply mathematical procedures does not necessarily 
go with understanding the underlying concepts. That is, students or adults may know a 
procedure they do not understand. 
Belief 3. Understanding mathematical concepts is more powerful and more generative 
than remembering mathematical procedures. 
Belief 4. If students learn mathematical concepts before they learn procedures, they are 
more likely to understand the procedures when they learn them. If they learn the 
procedures first, they are less likely ever to learn the concepts.  
Beliefs About Children’s [Students’] Doing and Learning Mathematics 
Belief 5. Children can solve problems in novel ways before being taught how to solve 
such problems. Children in primary grades generally understand more mathematics and 
have more flexible solution strategies than their teachers, or even their parents, expect. 
Belief 6. The ways children think about mathematics are generally different from the 
ways adults would expect them to think about mathematics. For example, real-world 
contexts support children’s initial thinking whereas symbols do not. 
Belief 7. During interactions related to the learning of mathematics, the teacher should 
allow the children to do as much of the thinking as possible.  
  

 The beliefs measured by the IMAP survey focus on mathematical connections, 

conceptual understanding, and empowering students to generate and share their own 

strategies. The beliefs focus on student-centered learning and that children are capable of 

developing powerful mathematical ideas in properly structured contexts.  

 The seven beliefs connect nicely to the views put forth in the NCTM process 

standards and those strived to be developed during the standards-based mathematics and 

pedagogy class (Table 5). While every belief is not connected to all five NCTM process 

standards, overall the five process standards are adequately connected to the beliefs 

measured by the survey. 
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Table 5.  

IMAP Beliefs Connections to NCTM Process Standards 
 IMAP belief number 

NCTM Process Standards #1 #2 #3 #4 #5 #6 #7 

Problem Solving  X X X X X X 

Reasoning and Proof  X X X X X X 

Communication     X X X 

Connections X  X X  X  

Representation X  X   X  

 

 For example, IMAP belief number 5 is connected with NCTM process standards 

of problem solving, reasoning and proof, and communication. Multiple solution strategies 

are valued with the belief that children can solve problems in novel ways before being 

taught how to solve such problems. Reasoning and proof is valued in that children would 

have to make and test conjectures as they develop their solution strategies. A belief in the 

importance of students being able to effectively communicate mathematics is connected 

in that children will have the chance to explain their novel solution strategies.  

 Overall, the beliefs that the survey measures focus on students developing their 

understanding and building on students’ solution strategies to develop conceptual 

understanding before moving to procedures. The beliefs also emphasize that mathematics 

is a web of interrelated concepts and procedures, the importance of learning mathematics 

in different representations, and for students to relate their understanding to the big ideas 

of mathematics. Also, it is emphasized that students can construct this knowledge socially 

in a class that emphasizes reasoning, conjectures, and justification. 



 

    60 

 Interview protocol. 
 
 In order to further explore the beliefs about mathematics and how they are revised 

after taking the mathematics and pedagogy class six single interviews were conducted 

during the first week and during the last week of the class. The interviews explored 

beliefs about the teaching and learning of mathematics that were not directly measured by 

the IMAP beliefs survey.  

 The six preservice teachers were selected based on low, medium, and high beliefs 

scores as measured by the IMAP online beliefs survey. Twenty-six of the thirty 

preservice teachers agreed to be interviewed. The seven beliefs scores on the preservice 

teachers’ IMAP surveys were added together to determine those in the class with low, 

medium, and high evidence of beliefs. The maximum total beliefs score on the survey is 

twenty-four and the highest score in the class was eighteen. Of the six preservice teachers 

who were interviewed, the two for high evidence of beliefs had total scores of eighteen 

and fifteen, the two for medium evidence of beliefs had total scores of ten and nine, and 

the two for low evidence of beliefs both had total scores of three.   

 The semi-structured interview protocol consisted of four primary questions. 

1. What is mathematics?  

2. Who is good at mathematics?  

3. What is the role of the mathematics teacher? (Smith, 1996)  

4. What experiences do you feel have shaped your beliefs about the teaching and 

learning of mathematics?  

Tied into question three was the question, how should mathematics be taught? 
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 Reflection questions. 

 At four points in the class, preservice teachers completed reflections of how their 

beliefs about the teaching and learning of mathematics have changed as a result of class 

activities. The class activities were the painted cube problem, the Big Foot MEA, and 

activities focused on fraction multiplication and fraction division. The preservice teachers 

posted their responses to a class Moodle website. The four reflection prompts are 

provided below (see Appendix C for the painted cube problem and Appendix B for the 

Big Foot MEA). The class activities on fraction multiplication and division are based on 

research done by the Rational Number Project. The Rational Number Project’s work with 

fraction operations focuses on the effective sequencing of manipulative models and 

allowing children to work with concepts in different representations (Cramer, Wyberg, & 

Leavitt, 2009).  

Reflection 1: After the painted cube problem 
1) As a future teacher, what do you see as useful in the way this activity was 

structured and taught? 
2) Did this activity change how you think about mathematics or how you might 

teach mathematics? 
 
Reflection 2: After the Big Foot MEA 
1) What mathematical concepts and skills did you use in this activity? 
2) Did this activity change how you think about mathematics or how you might 

teach mathematics? 
 
Reflection 3: After class activities on fraction multiplication and fraction division 
1) How would you know if students understood fraction multiplication and 

fraction division?  
2) Did this activity change how you think about mathematics or how you might 

teach mathematics? 
 
Reflection 4: After the last class before the final test 
1) How has this class changed how you think about mathematics or how you 

might teach mathematics?  
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 Classroom observation protocol. 

 In order to determine if the mathematics and pedagogy class was being taught in a 

standards-based learning environment, four class sessions were observed by the 

researcher using a modified observation protocol from the Wisconsin Longitudinal Study 

(Romberg & Shaffer, 2003). The observations were spread out during the semester with 

two during the first month, one during the second, and one during the third month of the 

class. The observation protocol from the Wisconsin Longitudinal study that was used was 

modified by Tarr, Reys, Reys, & Chavez (2008) in their large scale study of the impact of 

middle-grades mathematics curricula and the classroom learning environment on student 

achievement. The protocol has a rubric (on a scale of 1 to 3) that shows how each of the 

following five classroom events were evident during each class observation:  

1. The enacted lesson provided opportunities for students to make conjectures about 

mathematical ideas.  

2. The enacted lesson fostered the development of conceptual understanding.  

3. Students explained their responses or solution strategies. 

4. Multiple perspectives/strategies were encouraged and valued. 

5. The teacher valued students’ statements about mathematics and used them to 

build discussion or work toward shared understanding for the class (p. 258). 

 MEA data.  

  The Big Foot MEA has been used in previous research to investigate students’ 

reasoning with concepts related to proportionality (Lesh & Doerr, 2003; Lesh & Harel, 

2003). The researcher modified the context of the Big Foot MEA, while keeping the 



 

    63 

general structure of the problem. Table 6 contains information about the MEA as well as 

the problem statement that students are given. Table 7 describes the science, technology, 

engineering, and mathematics connections that may be present in this MEA.  

Table 6.  

Big Foot MEA Problem Statement and Data 
Key question: How do you develop a method for finding how big someone is when the 
only information you have is a copy of their footprint? 
Main Strands: Measurement, Algebra, Problem Solving, and Communication. 
Connections: Life Science and Forensics. 
Problem Statement 

The Northern Minnesota Bigfoot Society would like your help to make a “HOW TO” 

TOOLKIT; a step-by-step procedure, they can use to figure out how big people are by 

looking at their footprints. Your toolkit should work for footprints like the one that is 

shown on the next page, but it also should work for other footprints. 

 
Table 7.  

STEM Connections in the Bigfoot MEA 
MEA Science Technology Engineering  Mathematics 
Big Foot Observation and 

inference 
 
Measurement 
 
Science as a way of 
knowing 

Graphing calculators (t) 
 
Development of Forensic 
science tools (T) 

Design process Ratios 
Proportions 
Line of best fit 
Scatter plots 
Plotting points 
Estimation 
Measurement 
Sampling methods 
Outliers 
Sample Size 
Measures of center 

Note: (t) means a narrow version of technology that focuses on digital or electronic technologies. Big T or a broad view of technology 
is a focus on the development and improvement of products or processes that help make humans more productive.  
 
 In order to see how groups progressed to their final solution, audio recordings of 

each group were collected as well as written work. The groups’ final solutions, as well as 

their written work throughout the problem, were collected. Every time groups moved to a 

new strategy or idea, they would take a new sheet of paper and note the time on the 

paper. This way it was possible to see how the students’ work and ideas progressed. If 
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groups returned to an earlier idea, they would still use a new sheet of paper and note the 

time. The researcher took field notes while groups were working, focused on any 

representations that groups demonstrated while working through the problem.  

 Preservice teachers’ work on course activities. 

 In addition to the preservice teachers’ work on the MEA, work from several other 

class activities was collected. The work included reflections on three course objectives 

and work from two in-class activities. One of the in-class activities was the painted cube 

problem and the other activity involved real world problems related to linear functions 

(see Appendix C for more information). The three course objectives the preservice 

teachers’ demonstrated understanding of through writing are provided below. 

1. Students will be able to describe connections among tables, graphs, and algebraic 

expressions for linear, quadratic and exponential functions, noting differences 

among the three types of functions. 

2. Students will be able to describe the meaning for slope using realistic contexts 

and graphs of linear functions. 

3. Student will be able to list the mathematical characteristics of proportional 

situations and to use them to differentiate proportional from non-proportional 

situations. 

 Procedure: training on instruments. 

 The IMAP online beliefs survey has practice scoring guides that are included in 

the design document. The researcher went through the practice guides to become 

comfortable with the use of the rubrics. The interview questions were piloted with one 
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preservice elementary teacher and two graduate students during the summer of 2011 in 

order to develop follow up probing questions. The researcher performed classroom 

observations and was trained using a structured protocol for a mathematics and science 

teacher professional development training. While the protocol was not the same one used 

in this study, the researcher gained valuable experience in conducting classroom 

observations. The Big Foot MEA was used in the mathematics and pedagogy class during 

the spring 2011 semester.   

 Positionality. 

 Much of the researchers own educational experience involved traditional 

mathematics instruction. The researcher taught high school mathematics for four years in 

different educational settings. During the first year of the researcher’s teaching 

experience the researcher had notions of teaching in a standards-based way, but due to 

the adjustments of being a new teacher taught in a more traditional manner. However, 

each year of teaching the researcher strived to teach in a more standards-based learning 

environment and became more successful at accomplishing this through accumulating 

more resources, experiences, and through interactions with other educators. The 

researcher’s beliefs about the teaching and learning of mathematics are related with those 

espoused by the NCTM standards. The researcher taught the mathematics and pedagogy 

class during the Fall 2010, Spring 2011, and Fall 2011 semesters. The researcher has 

strived to teach in a standards-based learning environment and attempts to continually 

reflect on how to be more effective at this.  
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 Timeline. 

 The data focused on content knowledge was collected during the algebra unit of 

the standards-based mathematics and pedagogy class. Both individual and group samples 

of work were collected to demonstrate the conceptual knowledge that the preservice 

elementary teachers’ held of linear functions. The data for the preservice elementary 

teachers’ beliefs was collected throughout the class. Figure 3 summarizes the data that 

was collected and the times when this occurred. 

 

 
Figure 3. Data Collection Timeline 
 

Research design and data analysis 

 A case study design was used. The case was the single class of preservice teachers 

in the standards-based mathematics and pedagogy class. The researcher conducted the 

interviews and observations, while a professor of mathematics education taught the class. 

Rubrics and descriptive statistics were used to analyze the data from the IMAP online 

beliefs survey. Interview data and preservice teachers’ reflections were analyzed by the 
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using the constant comparative method (Corbin & Strauss, 2008). For the six preservice 

teachers who were interviewed, a rubric was used to describe their beliefs of the role of 

the mathematics teacher. The data from the preservice teachers’ work on class activities 

was analyzed using the Lesh Translation Model as a framework. 

 IMAP online beliefs survey. 

 The IMAP online beliefs survey uses rubrics to determine belief scores. There are 

17 rubrics associated with the seven beliefs, with two or three rubrics for each belief. (For 

survey questions and a summary description of each rubric, see Appendix D). Each rubric 

contains sample student responses for each coding and a description of the type of 

responses that will fit each coding. An example rubric is provided in Figure 4. This rubric 

is for one of the two segments of belief four. The question presents five students’ 

solutions for solving the addition problem 149 + 286. One student, Carlos, uses the 

traditional algorithm. The other four students, Henry, Elliott, Sarah, and Maria use their 

own invented strategies. The question asks if you were a teacher of these students which 

of these solutions would you want to share with the whole class and why. A follow up 

question asks the order in which the solutions should be presented. A response scored 0 

indicates that the respondent shows no evidence of the belief. In general, the rubric scales 

range from 3 to 5 points. The more complicated sections resulted in a wider range of 

scores (IMAP, 2004).   
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Figure 4. Coding Rubric Descriptions for Segment Three of Belief 4 
 

 The scores used in this instrument are ordinal; because of this, a belief rubric is 

used after the initial coding is done with the section rubrics to determine overall scores 

for each belief. Each section is scored first. Since each belief has two or three sections, a 

second rubric is then used to determine the overall belief score for each belief. Figure 5 

has an example of one of the belief rubrics for the segment rubrics (IMAP, 2004).  
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Belief 4: If students learn mathematical concepts before they learn procedures, they are 
more likely to understand the procedures when they learn them. If they learn the 
procedures first, they are less likely ever to learn the concepts.  
Figure 5. Belief 4 Rubric for the two Segment Rubrics 

 To illustrate this system, a participant’s responses that were scored a zero for 

segment 3 and a two for segment 9, resulting in a belief score of 1 will be discussed.  

Segment three was described above about which student strategies should be shared for a 

multidigit addition problem. Segment 9 has the participants watch a short video clip of a 

child being taught how to solve a fraction division problem by using the standard invert 

and multiply algorithm. The participants are asked to write their reactions to the video 

clip and then predict if the child could solve a similar problem three days later. The 

participants then watch a short video clip of the same child unsuccessfully trying to solve 
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a fraction division problem three days later and comment on how to help this child learn 

division of fractions.  

 Table 8 provides a participant’s responses for the two segments of belief 4. For 

segment 3, choosing to share Carlos’s strategy first results in a code of zero because this 

provides no evidence in the belief that if students learn procedures first, they are less 

likely to ever learn the concepts. The responses provide for segment 9 were coded a 2 

because there was indication that children should have access to manipulatives or story 

problems in addition to explaining why the algorithm works. However, the response does 

not indicate that these methods should come before the algorithm is taught.  

Table 8.  

Sample Participant’s Responses for Belief 4 Segments. 
Segment Response 

3 “First would be Carlos, because his is the traditional and quick way of 
solving a multidigit addition problem.” 

9 After first video clip- “I do not think that the child understands much about 
fractions.  
After the second video clip- “Explain why we solve the problem using this 
algorithm and also explain to the child different ways of doing the same 
problem. For example using manipulatives or story problems.” 

 

 Overall, the participant is given a belief score of one because only weak evidence 

is shown in belief 4 that students who learn concepts before procedures are more likely to 

understand the procedures when they learn them. Using the belief rubrics provided in the 

IMAP belief manual each participant that completed the full survey was given a single 

score for each of the seven beliefs. Pre and post test scores for each belief of the 

preservice teachers in this study were compared using descriptive statistics (IMAP, 

2004). 
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 Interview transcripts. 
 
 The interview transcripts were used to further explore the degree to which the 

preservice teachers’ beliefs became inline with those related to the NCTM standards. The 

interview questions were used as the main categories for which descriptions of the 

preservice teachers’ responses were written. The main themes that appeared for each 

question were used to determine the preservice teachers’ beliefs on the teaching and 

learning of mathematics.  

 Each individual transcript was analyzed first by using open coding, before 

comparing across interviews. The first set of interviews was analyzed before the second 

interviews were conducted at the end of the mathematics and pedagogy class. This served 

to help focus the second interviews and allowed additional questions to be asked that 

were developed from the analysis. The second interview transcripts were analyzed in a 

similar process as the first transcripts. Finally, the first and second transcripts were 

compared by looking for how the preservice teacher beliefs’ were reorganized or 

changed.  

 The preservice teachers’ beliefs about the role of the mathematics teacher were 

categorized based on a modified form of the rubric developed by Roehrig & Luft (2007). 

There were five categories ranging from teacher-focused to more student-centered 

beliefs: (1) traditional (2) instructive (3) transitional (4) emerging constructivist and (5) 

experienced constructivist. Emerging and experienced constructivist beliefs focus more 

on standards-based learning environments, while traditional and instructive beliefs 

correspond to more teacher-focused beliefs.  
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 Reflection Prompts. 

 The four reflection prompts that were completed by the preservice elementary 

teachers were used to help explain what class activities were most impactful at changing 

or reorganizing the preservice elementary teachers’ beliefs. Open coding and axial coding 

were used to create the categories that emerged from the data to analyze the impact of the 

class activities on the preservice teachers’ beliefs (Corbin & Strauss, 2008).  

 Standards-based observation protocol. 

 The observation protocol scores were combined in a similar manner as Tarr et al. 

(2008) used in their study. For each of the five classroom events, an overall code (High, 

Medium, or Low) was given based on data from four observations. Individual scores (1, 

2, or 3) for each event from each observation were summed to determine whether each 

event was characterized as High (9 or greater), Medium (7 or 8), or Low (6 or less). Then 

each event was coded in the following manner based on the total from the four 

observations: High = 2, Medium = 1, and Low = 0. The five event codes of high, 

medium, or low were summed to yield a composite score ranging from 0 to 10, an 

interval scale. In this regard, 0 essentially represents an absence of a standards-based 

learning environment. The composite score was used to classify the degree of a 

standards-based learning environment in the mathematics and pedagogy classroom into 

three categories: High (7 or greater), Medium Moderate (3 to 6), and Low (2 or less).  

 Preservice elementary teachers’ samples of class work. 
 
 A large part of students’ elementary mathematics experience is developing the 

experiences and knowledge base for algebraic thinking. Students’ work with functions 
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and relational thinking that can guide arithmetic ideas to algebra are essential for success 

in high school mathematics and beyond. The samples of class work were used to assess 

the preservice elementary teachers’ conceptual knowledge of linear functions in the form 

of representations and translations between and within representations.  

 The preservice elementary teachers’ work included transcripts from their audio 

recordings while working on the Bigfoot MEA, their written work from the Bigfoot 

MEA, researcher field notes from the Bigfoot MEA, two in-class activities, and 

reflections on course objectives. The reflections on course objectives were individual 

assignments while the other samples of work were done in groups. 

 Each data source was analyzed first by coding for evidence of the five 

representations: realistic, symbolic, concrete, language, and pictorial. Realistic 

representations involve real world contexts in problems or when the preservice teachers 

draw on their own life experiences to make sense of concepts. Symbolic representations 

involve tables, equations, conversions, ratios, proportions, and symbolic manipulation. 

Concrete representations involve manipulatives and hands-on physical models to 

represent concepts. Language representations involve verbal or written communication 

that is used to describe mathematical concepts. Pictorial representations involve graphs, 

showing the slope on a linear graph, and showing the growth in a table.  

 Next, each data source was analyzed and compared by looking for any 

translations between representations. Each individual or group work sample was looked 

at separately first and then the analysis shifted to compare across groups or individuals. 

Researcher field notes of class activities that focused on linear functions were also used 
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to show evidence of when students used the knowledge learned in class activities in their 

work. Memos were used throughout the analysis process (Corbin & Strauss, 2008).  

 Figure 6 displays a summary of the overall design and rationale of the study. This 

conceptual framework is based on the notion that beliefs and conceptual subject matter 

content knowledge are interrelated. Beliefs influence knowledge acquisition and the way 

content knowledge is structured influences beliefs. Triangulation for the data collection 

strategies is displayed for the preservice elementary teachers’ beliefs and conceptual 

subject matter content knowledge. The arrows in the middle show how the fidelity of the 

standards-based mathematics class was assessed. All of the data analysis methods led to 

the results, final implications, findings, and conclusions for this case study of the impact 

of the standards-based mathematics and pedagogy class for preservice elementary 

teachers that will be discussed in the following two chapters.  
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Figure 6. Conceptual Framework 
  

 The following chapter describes the data analysis and results of this study of the 

impact of the mathematics and pedagogy class on preservice teachers’ beliefs about 

mathematics and conceptual subject matter.  
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Chapter 4 

Data Analysis and Results 
 

 This study was conducted to determine the impact of a standards-based 

mathematics and pedagogy class on preservice teachers’ conceptual subject matter 

knowledge of linear functions and beliefs about the teaching and learning of 

mathematics. Both qualitative and quantitative methods were used to collect and analyze 

data.  

 This chapter reports the results of the analysis and is divided into three main 

sections. The first section of the chapter describes the content knowledge of linear 

functions that the preservice teachers demonstrated throughout the algebra unit. The 

second section discusses the beliefs about mathematics that the preservice teachers held 

at the beginning of the semester. Finally, in the third section the degree to which the class 

was taught in a standards-based way and the change in beliefs about the teaching and 

learning of mathematics that was evident from the beginning to the conclusion of the 

class will be discussed.  

What mathematical conceptual knowledge of linear functions in the form of 

different representations and translations between and within representations do 

preservice elementary teachers demonstrate while completing the algebra unit of the 

class? 

 This section will report the conceptual knowledge of linear functions that was 

demonstrated through the preservice teachers’ work. The preservice teachers’ work that 

was analyzed involved a pre and post individual reflection on three course objectives, 
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group work on the painted cube problem (Appendix C), group work on real world linear 

functions problems (Appendix C), and group work and audio recordings from the Bigfoot 

MEA (Appendix B). The preservice teachers’ work for each assignment or activity will 

be discussed first by each representation, then the translations between representations, 

then the translations within representations, and finally a summary of the conceptual 

knowledge that was demonstrated. In general, the preservice teachers showed a 

progression of more developed conceptual understanding of linear functions in the form 

of different representations and translations between and within representations from the 

beginning to the end of the algebra unit.  

 Initial reflections on course objectives. 
  
 As a whole, at the beginning of the course the preservice teachers demonstrated 

limited conceptual knowledge of linear functions. The first day of the class the preservice 

teachers were given about fifteen minutes to reflect on three course objectives to show 

their current understanding. Thirty preservice teachers completed the reflections and the 

reflections were analyzed by looking for evidence of the five representations from the 

Lesh Translation model.  

Course objectives for reflection assignment: 

1. Students will be able to describe connections among tables, graphs, and algebraic 

expressions for linear, quadratic and exponential functions, noting differences 

among the three types of functions. 

2. Students will be able to describe the meaning for slope using realistic contexts 

and graphs of linear functions. 
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3. Student will be able to list the mathematical characteristics of proportional 

situations and to use them to differentiate proportional from non-proportional 

situations. 

 Some of the preservice teachers showed partial understanding of linear functions 

in their reflections on the first and second course objectives. However, eight of the 

preservice teachers stated that they did not remember anything about linear functions or 

needed a refresher. Four other preservice teachers said that they were comfortable with 

the objectives listed but did not provide any further explanation. To discuss the 

conceptual knowledge that was shown each representation will be discussed individually 

and then the translations between representations that were evident will be discussed. 

 Pictorial. 

  Eight of the preservice teachers included an example graph of a line with two of 

the preservice teachers also showing how the slope could be found from the graph.  

 Concrete.  

 There were no concrete representations that were evident from the reflections.  

 Language.  

 Linear functions were described in various ways with the most common emphasis 

being on slope. Table 9 lists the responses and the number of preservice teachers that 

included each response.  
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Table 9.  

Language Representations of Linear Functions 
Language representation Number of responses 

Slope described as rise over run 17 
Linear functions look like a line 5 
Slope described as a rate 3 
Slope described as a constant rate 2 
Y-intercept is where the line crosses the y-axis 2 
Y-intercept described as a starting point 1 
A table shows each point of a linear function 1 
 
 Seventeen preservice teachers described slope as rise over run. However, only 

two of the preservice teachers provided further explanation of what this means. One 

response indicated that “rise means how many movements up and run is over from one 

point to the next.” This explanation could be clearer and does not demonstrate complete 

understanding. Another response described that “a large slope would reach a higher point 

in a shorter amount of time.” The y-intercept was referenced in only a few of the 

responses.  

 Realistic.  

 There were three incidences of realistic representations to explain slope. The 

realistic contexts used were a ladder against a wall, stairs, and the constant growth of a 

corn crop.  

 Symbolic.  

 The symbolic representations of linear functions focused on different ways of 

showing how to calculate slope and providing the equation of a linear function. Table 10 

lists the different responses and the number of preservice teachers for each response.  
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Table 10.  

Symbolic Representations of Linear Functions 
Symbolic representation Number of responses 

y = mx + b 17 

! 

y2 " y1
x2 " x1

 2 

The y-intercept is b 2 

! 

change in y
change in x

 1 

 The symbolic representations showed that many students knew the equation of a 

linear function, but only a few could give a symbolic representation of slope. Some 

misconceptions were evident as well in that two responses described slope as the change 

in x over the change in y, one response described slope as b in the linear equation, and 

one response described slope as .   

 Translations between representations.  

 Two of the preservice teachers demonstrated the ability to translate between 

language, symbolic, and pictorial representations in their response. Figure 7 shows the 

two responses.  

 
 

Figure 7. Translation Between Language, Symbolic, and Pictorial Representations 

 Both of the preservice teachers gave the symbolic representation for a specific 

slope as well as an example line for a pictorial representation. The graph on the right side 

includes a conceptual pictorial representation of how slope can be thought of as rise over 

run. This is evident in the graph on the left but is not explicitly shown. However, while 

! 

"b
2a
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the points (0,0) and (2,3) are correct, the point on this graph with the x-coordinate of 3 

does not match up with the correct y-coordinate of 4.5 based on the given equation. 

Language representations are used on the left side to explain the symbolic linear equation 

and on the right side to give a slope formula of rise over run. 

 Three additional preservice teachers described that concepts can be seen in 

different representations. Two preservice teachers described that slope can be seen in a 

table, graph, or an equation. One preservice teacher described that linear functions are a 

straight line and also described the requirements for a function to pass the vertical line 

test. “This means when putting values from a linear function into a table, there will be no 

duplicate x-values.”  

 Proportionality. 

 Reflections on the third objective revealed that the preservice teachers were 

lacking in conceptual content knowledge of proportional situations. Only the 

representation of language appeared in the preservice teachers responses and there were 

no translations between or within representations. Eighteen of the reflections included 

statements that the preservice teachers did not remember what proportionality was or did 

not have any current understanding about the objective. In addition, three of the 

reflections for this objective were left blank.  

 Language.  

 Different ways were used to describe proportional situations that demonstrated 

only limited understanding. One preservice teacher indicated that they knew “the general 

idea of what a proportion is,” but provided no further explanation. Another response 
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stated that a proportion was two equal ratios. A third response described proportional 

situations as “in the same format and amount.” Two preservice teachers indicated that 

fractions, percents, and ratios were proportional situations. Other responses included a 

reference to story problems, solving a one-step equation, an example ratio of boys to 

girls, and inequality symbols. In total, none of the preservice teachers demonstrated 

robust conceptual understanding of proportionality.  

 In summary, the preservice teachers demonstrated limited understanding of linear 

functions at the beginning of the course. There were no translations within 

representations evident from the reflections. Figure 8 has a visual representation of the 

preservice teachers’ conceptual knowledge of linear functions and proportionality. A 

fully developed model of conceptual understanding would look like the complete Lesh 

Translation Model with each representation having four arrows to the other 

representations and one arrow back to itself. 

 
 
 
 
 
 

 
 

 
 

 
 
 

 
 

Linear Functions 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Proportionality 
Figure 8. Preservice Teachers’ Conceptual Understanding at the Start of the Course 

Pictorial 

Realistic 

Language Symbolic 
Language 
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 In Figure 8 the dotted lines around each circle represent the degree of conceptual 

understanding of linear functions for each representation. More dots or dashes indicates 

less conceptual understanding. The same is true for the arrows to represent the 

translations between and within representations. Table 11 has an explanation of the 

different ways the dashes are used in Figure 8. This summary figure will be used the 

same way in the upcoming preservice teachers’ samples of work as well.  

Table 11. 

Explanation of Dashes to Show the Degree of Conceptual Understanding. 

Type of line Explanation 
 Conceptual understanding shown by all students and is fully 

developed.  
 Conceptual understanding shown by all but one group or 

one to five students. 
 Conceptual understanding shown by half of the students or 

groups. 
 Some forms of the representation may not be shown.  

 Conceptual understanding shown by about ! of the students 
or groups 
Some forms of the representation may not be shown.  

 Conceptual understanding shown by only one group or 1 to 
5 students. 
Some forms of the representation may not be shown.  

 
 Painted cube problem. 

 The preservice teachers completed the painted cube problem (Appendix C) in 

groups of four or five as an in-class activity on the third class period of the semester. 

Each of the seven groups was given blocks to build the cubes and investigated how many 

unit cubes would have 3 faces, 2 faces, 1 face, or 0 faces painted if the entire cube was 

dipped into a bucket of paint and then removed. This activity allows students to work 

with ideas related to cubic and quadratic functions, but the work with linear functions (3 
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faces and 2 faces) will be solely focused on. There was a whole class discussion about 

what students figured out while working on the activity before the work was collected. 

Overall the representations of symbolic, language, and realistic were most evident in the 

groups’ written work.  

 Symbolic.  

 Every group was able to fill in the table correctly and also come up with correct 

equations for the 3 faces and 2 faces painted columns. Figure 9 has an example of one of 

the groups filled in tables. Five of the groups went up to an 8x8x8 cube, one group to a 

6x6x6, and one to a 5x5x5 cube.  

 
Figure 9. Painted Cube Problem Example of a Group’s Filled-in Table 
 
 All seven groups came up with y = 8 for the equation of the 3 faces painted. For 

the 2 faces painted two groups had y =12x – 24, four groups had y = 12(x – 2), and one 

group had both equations.  

 Language.  

 Representations of language were evident in the description of the number of unit 

cubes with 3 faces and 2 faces being described as linear relationships. One group made a 

generalization that there “are always 8 corners” on cubes of any dimension and the other 
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six groups stated this as the number of cubes with 3 faces painted is always 8. Three 

groups stated that there are always 8 corners and 12 edges. There were four groups that 

described the growth in the 2 faces column as multiples of 12 or increasing by 12. Three 

groups described the growth and then also stated what type of function it was. For 

example, “there is a linear equation going up by 12 at a constant rate.” 

 Realistic. 

 The realistic representation of unit cubes having certain sides being painted is 

built into the table provided with columns labeled with 3, 2, 1, or 0 faces painted and 

there was one other occurrence of a realistic representation. Six groups referenced the 

number of faces of the unit cubes that would be painted in their descriptions of 

generalizations that they could make from the table.  

 Concrete. 

 The concrete representation involved information related to the blocks used in the 

activity or the characteristics of the cubes that were built. Three groups noticed that for 

any sized cube there are always 8 corners and 12 edges. One group noticed that there are 

always 8 corners.  

 Pictorial. 

 There were only a few pictorial representations. Two groups provided graphs of 

what y = 8 and y =12(x – 2) would look like. One other group (see Figure 10) showed 
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how the growth was occurring in the table for the 2 faces painted column. 

 

Figure 10. Pictorial Representation of Growth  

 Translations between representations. 

 While the most occurrences of a translation between representations were four, 

every group showed at least one translation in their written work. Realistic, language, and 

symbolic appeared most frequently in the translations. Table 12 has a summary of the 

different translations 

 

Table 12.  
Summary of Translations Between Representations for the Painted Cube Problem 

Translation Example Number of 
occurrences 

Realistic-
Language 

“3 faces & 2 faces painted grow at a constant rate 
making them linear” 

4 

Symbolic-
language 

y = 12(x-2) linear  
Increased by 12 every time 

2 

Symbolic-
Realistic-
Language-
Concrete 

“There are always 8 for 3 faces painted and there are 
always 8 corners, 12 edges, and 6 faces.” 

1 

Realistic- 
symbolic-
pictorial-
symbolic 

Figure 15 that is provide above is an example of the 
realistic context of faces of unit cubes being painted 
provided in the table, then the table filled in is 
symbolic, then showing the growth in the 2 faces 
painted column is pictorial, and finally the equation 
being given is another form of symbolic.  

1 
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Realistic- 
Language-
symbolic 

The equation for 3 faces is y = 8 1 

Symbolic-
pictorial-
language 

 

1 

Symbolic-
pictorial 

 

1 

 
 Translations within representations. 

 The preservice teachers’ work showed translations within the symbolic 

representation. All seven groups translated between the symbolic representation of the 

table to the symbolic representation for the equations of the 2 faces painted and the 3 

faces painted column. One group translated within the symbolic representation by 

providing two equations as well with y = 12x – 24 and y = 12(x – 2). 

 In summary, while students were able to demonstrate understanding of linear 

functions in symbolic, realistic, and language representations, the use of concrete and 

pictorial representations was limited. More groups could have had graphs of the functions 

and also showed the growth in the tables. While, the translation between the concrete and 

symbolic was missing in the written work it was verbally described in the whole class 

discussion. This representation can be a powerful way to develop a formula based on the 

characteristics of the corners and edges of the cubes. Preservice teachers could notice that 

there are 12 edges on every cube. For a 3x3x3 cube, there is one unit cube that is on each 

edge. For a 4x4x4 cube there are two unit cubes on each edge. The (x – 2) in the formula 

is used to adjust for the number of unit cubes on each edge and the times 12 is used to 
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multiply by the number of edges. Figure 11 has a summary of the conceptual 

understanding of linear functions demonstrated in the painted cube problem. 

 
 

 
 

 
 
 
 

 
 

 
 
 
 

 
Linear Functions 

Figure 11. Preservice Teachers’ Conceptual Understanding From the Painted Cube 
Problem 

 For only the third day of class the representations shown did demonstrate partial 

understanding of linear functions. There were no misconceptions that appeared in the 

preservice teachers’ written work and all the work was correct. However, more groups 

could have shown conceptual understanding in different representations and translations.  

 Real world linear functions problems. 

 The preservice teachers explored real world linear functions in eight groups on the 

sixth day of class. There was one group of two preservice teachers and the other seven 

groups had three or four preservice teachers. Each group worked on three of the seven 

real world problems (See Appendix C for the problems). The real world contexts 

included a theatre production, DVD company, t-shirts for a school walkathon, convention 

scheduling, selling cakes at a county fair, constant population growth, and applying for 

Concrete 

Symbolic 

Pictorial 

Language 

Realistic 
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jobs. Each of the problems but one was broken up into parts with multiple questions. 

Some of the questions asked the preservice teachers to answer the question using a 

specific representation, which helped to facilitate the translations between 

representations. Overall, the preservice teachers demonstrated conceptual knowledge of 

linear functions through fluency in many translations between representations. Each 

representation will be discussed separately and then the translations between and within 

representations. 

 Pictorial. 

 The pictorial representations involved graphs of linear functions and showing how 

the y-values changed in a table (Table 13). There were ten occurrences when a group 

made a graph of one or multiple linear functions using the graphing calculator and four 

occurrences when a graph was sketched by hand. There was one occurrence when a 

group showed how the y-values changed in a table. 

 

Table 13.  

Pictorial Representation Examples From Real World Linear Functions Problems 
Graph of linear function 
Example: 
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Growth in a table 

 
 

 Symbolic. 

 There were a variety of symbolic representations with the most frequent being the 

slope-intercept form of a linear equation. Algebraic solutions to linear equations, tables, 

the slope formula, and the intersection point of two lines were also shown. Table 14 has a 

summary of the number of occurrences of the different symbolic representations. 

Table 14.  
Occurrences of Symbolic Representations: Real World Linear Functions Problems 

Symbolic representation Number of 
occurrences 

Developed the slope-intercept form of a linear equation 39 
Used the table on the graphing calculator 17 
Wrote out the table by hand 9 
Plugged a number in for x and algebraically solved for y 7 
Plugged a number in for y and algebraically solved for x 7 
Wrote out the intersection point of two lines 6 
Set a linear equation equal to zero and solved for x 5 
Set two linear equations equal to each other and solved for x 2 
Used the slope formula 2 
Plugged in a point in two equations to check if it works in both equations 1 

 Language. 

 There were a variety of language representations and many were also tied to a 

realistic representation as well. The preservice teachers explained the meanings of slope 

and y-intercept in a realistic context, described solutions based on the realistic context to 
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make decisions, and described how to use the graphing calculator’s graph feature. 

Examples of these are provided in Table 15 along with the other language representations 

that occurred.  

Table 15.  

Occurrence of Language Representations: Real World Linear Functions Problems 
Language representation Number of 

occurrences 
Described the slope and y-intercept in a realistic context. 
Example 
P = 705x + 198  
“The slope is 705. It is the rate of change in the population, so it means 
the population increases by 705 each year. The y-intercept is where the 
population started at in 1996.” 

14 

Described the solution to a solved equation in a context. 
Example 
“After selling 10 cakes, Pillsbury has broke even. Therefore, Pillsbury 
must sell more than 10 cakes to make a profit.” 

5 

Described how to use the graph of 3 lines to estimate when one job 
would pay more than the other two jobs. 
Example 
“Depends on the hours worked. The graph that is ‘on top’ or reaching the 
highest point is the best offer for x number of hours worked.” 

4 

Explained which job would pay more for different amounts of hours 
worked. 
Example:  
“Because offer 3 has the steepest slope, offer three is the best for the 
long run, even though $150 is deducted. However, offer 2 has the 
smallest growth rate, but the $75 y-intercept provides for the most 
money in the short term.” 

3 

Described the graph of a linear equation. 
Example: 
“y = 6x is a steeper graph and increases faster. y = 3x + 75 is more 
gradual.” 

2 

Described how to use a graph and a y-value to find the corresponding x-
value on a line. 
Example: 
“You could use the graph to solve this problem by finding y =314 on the 
graph and seeing where x is.” 

2 

Described how to use a graph and a x-value to find the corresponding y-
value on a line. 

2 

Described which company is cheaper for different quantities of t-shirts 
ordered. 
Example: 
“They are the same at x =25. Thus if you are going to buy more than 25 

2 
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shirts you should use You Draw It/We Print it. If you buy less than 25 
you should use One Size Fits All.” 
Described slope as rise over run. 1 
Described how to solve for y by plugging in for x in an equation. 1 
 

 Realistic. 

 Realistic representations were embedded into every problem, and the preservice 

teachers described their answers to the questions in the context of these realistic 

situations. Several of the realistic representations from the language section appear here 

as realistic representations as well (Table 16). The unique realistic representations 

included explaining the meaning of the x and y variables in a context and describing the 

intersection point of the cost and revenue equations as the break even point.  

Table 16.  
Occurrences of Realistic Representations: Real World Linear Functions Problems  

Realistic representation Number of 
occurrences 

Described the slope and y-intercept in a realistic context. 14 
Described the solution to a solved equation in a context. 5 
Explained which job would pay more for different amounts of hours 
worked. 

4 

Described which company is cheaper for different quantities of t-shirts 
ordered. 

2 

Described the intersection point of a cost and revenue equation as the 
break even point. 
Example: 
“(20, 300). This means at 20 DVDs the company will break even.” 

2 

Explained the meaning of the x and y variables in a context. 
Example: 
“I used the equation 4x + 50 = y. (x) represents the number of people, so 
4 (58 people) + 50 = total cost.” 

1 

 
 Concrete. 

 There were no concrete representations that occurred in this activity.   
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 Translations between representations. 

 Each individual problem that the groups worked on was used to see how the 

preservice teachers translated between representations while working through the 

problem. Each of the seven problems began with an explanation that involved a 

symbolic, language, and realistic representation. One example problem will be shown to 

demonstrate how the translations were coded for one group (Table 17) and then a 

summary will be given of the translations that occurred. Overall, the preservice teachers 

demonstrated fluency with linear functions through translating between representations. 

Table 17.  

Example Coding of Translations Between Representations 
3) The students in Ms Chang’s class decided to order T-shirts that advertise their school’s 
walkathon. Missy obtains two different quotes for the cost of the shirts. 
 
One size Fits All charges $6.00 per shirt. 
You Draw It/ We Print It charges $75 plus $3 per shirt. 

Question Group’s response Representation coding 
3(a) For each 
company, write an 
equation Missy could 
use to calculate the 
cost of any number of 
shirts. 

C = 6x (One Size Fits All) 
 
C = 3x +75 (You Draw It/ We Print It) 

Symbolic and realistic 

3(b) On the same set 
of axes, graph both 
equations. Describe 
the graphs. 

(The preservice teachers graphed the 
equations using the graphing 
calculator.) 

(The light parts of the graph above 
were erased by the preservice teacher 
and can be ignored.) 

Pictorial 
 
 
 
Pictorial, Symbolic, and 
Realistic 
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One Size Fits All has a slope of 6. 
This means that y grows by 6 as x 
grows by 1 or the rise is 6 and the run 
is 1. For You Draw It, the slope is 3 
with a y-intercept of 75. Thus, Y 
grows by 3 as x grows by 1, or the rise 
is 3 and the run is 1.  

Realistic, Language, 
and Symbolic 

3(c) Where on the 
graph are the prices 
the same? How does 
this influence your 
decision as to which 
company to buy 
shirts? 

The same at x = 25 
 
Thus if you are going to buy more 
than 25 shirts you should use You 
Draw It/We Print It. If you buy less 
than 25 you should use One Size Fits 
All.  

Language and 
Symbolic 
 
Language, Symbolic, 
and Realistic 

3(d) Use the graphing 
calculator’s tables to 
find the point in 
which costs are the 
same. 

(The preservice teachers used the 
table on the graphing calculator) 
 
Based upon the tables, the costs are 
the same at 25 shirts: $150.  

Symbolic 
 
 
Language, Symbolic, 
and Realistic 

3(e) Describe an 
algebraic solution to 
finding the point in 
which costs are the 
same.  

6x = 3x +75 
3x = 75 
x = 25 
 
Set the two equations equal to each 
and solve.  

Symbolic 
 
 
 
Language 

 
 There was a variety of ways that the preservice teachers demonstrated the ability 

to translate through representations. Some translations occurred simultaneously and are 

listed together in alphabetical order. The first letter of each of the five representations are 

used for abbreviations and the dash symbol represents when there was a translation 

between representation (Table 18). 

Table 18.  
Translations Between Representations: Real World Linear Functions Problems  

Problem 
number 

Translations Number of 
occurrences 

1 S-LR-S 1 
1 S-LR-S-S-S 1 
2 S-P-S-S-S-S 1 
2 S-P-S-LR-S-S-L-S-LR 1 
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2 S-P-S-LR-S-S-L-S 1 
3 S-P-L-S-LR-S-S 1 
3 RS-P-PRS-LRS-LS-LRS-S-LRS-S-L 1 
4 S-S-L-P-LR-S-LR-S-L 1 
5 LR-S-S-LR 1 
5 LS-S-P-LR 1 
5 S-S-LR 4 
6 S-S-S-L-S-L 1 
6 S-S-S-S-S-LR-S-S-LR 1 
6 S-S-S-S-LR-S-S-LR 1 
6 S-S-S-S-LR-S-P-LR 1 
6 S-P-S-S 1 
7 S-LR-P-LR-S-RS-LR 1 
7 S-LR-P-LR-S-S-P 1 
7 S-LR-P-LR-S-RS-P 1 
7 S-LR-P-LR-S-S-LR 1 

Note: C=Concrete, P=Pictorial, L=Language, R=Realistic, S=Symbolic 

 The different translations showed some patterns that occurred across the 

problems. The majority of the problems involved starting with a symbolic representation 

and ending with a language or language and realistic representation. This was in part due 

to the structure of what was asked in the questions. Each group of preservice teachers 

completed all three of the problems that they were given except one group who only 

finished one and a half problems. This half problem appears as the last translation listed 

for problem 6.  

 Translations within representations. 

 Translations within representations occurred within the symbolic, realistic, and 

pictorial representations to varying degrees. There were twenty-seven occasions when a 

translation within symbolic representations occurred. The translations involved moving 

from tables made by hand or on the calculator to equations, plugging in values for x or y, 

and solving equations. Translations within realistic representations occurred when groups 
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moved to a different problem and still demonstrated understanding of linear functions. 

There was only one translation within a pictorial representation and this occurred when 

moving from a graph on the calculator to a graph by hand.  

 In summary, the preservice teachers demonstrated conceptual understanding of 

linear functions through a variety of representations and demonstrated the ability to 

translate between representations (Figure 12). There were a few questions where the 

preservice teachers could have demonstrated more complete understanding of the 

language and pictorial representations. For a few questions, the preservice teachers 

provided an answer without an explanation. Also, some explanations would have been 

clearer if a graph had been sketched and used to help illustrate what was being written. 

The concrete representation was not evident in this activity and was not necessary to 

demonstrate understanding based on how the activity was structured. However, in total 

there was conceptual understanding demonstrated of different representations and 

translations within and between representations of linear functions by almost all of the 

groups of preservice teachers.  
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Linear Functions 
Figure 12. Preservice Teachers’ Conceptual Understanding from the Real World 
Problems 
 
 In the preservice teachers’ work there was one only one mistake or 

misconception. For problem 5, one group subtracted the dollar amount 6.50 from 4.50 

and wrote 2.50. The group still proceeded with the problem and showed understanding 

although they used the wrong dollar amount. 

 Bigfoot MEA. 

 The Bigfoot MEA was completed by the preservice teachers in groups on the 

tenth class period of the semester. There were seven groups total with two groups of five 

and five groups of four. The Bigfoot MEA (Appendix B) has students develop a solution 

that can be used to determine how big someone is by using their footprints. The 

preservice teachers came up with a solution for a specific set of footprints that may have 

belonged to the legendary creature Bigfoot and described in general a procedure to be 

Symbolic 

Pictorial 

Language 

Realistic 
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used for any footprints. Overall, the preservice teachers demonstrated conceptual 

understanding of linear functions in the Bigfoot MEA through translations within and 

between representations with only the pictorial representation not demonstrated by all 

groups. Pictorial representations were used by four of the seven groups and translations 

within pictorial representations were not evident.  

 The format of this activity followed a progression used in most MEAs. The 

preservice teachers individually read an opening article that described information from 

their client, The Northern Minnesota Bigfoot Society, and about how a tracker uses 

footprints. The preservice teachers then answered three questions related to the readings 

and there was a class discussion related to what clues footprints might provide and other 

things that trackers might use besides footprints. The preservice teachers then worked in 

their groups to answer the problem. Materials were available for the groups to use in their 

work including rulers, meter sticks, string, scissors, graph paper, and laptops. After 

groups developed their solutions, each group shared their ideas and then time was given 

for groups to revise their ideas. Finally, a short overview of MEAs was discussed with 

the preservice teachers along with the science, engineering, and technology that was 

incorporated in the activity.  

 A summary of each group’s final solution is presented in Table 19. Groups had 

initial ideas that eventually went away through discussion or were refined. These ideas 

included looking at the ratio of feet length to feet width, using weight, using Bigfoot’s 

foot width, using a linear regression equation with height as the independent variable and 
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foot length as the dependent variable, using a linear regression equation with height and 

foot lengths that did not have much variation, and using wingspan related to foot length.  

Table 19.  

Groups’ Final Ideas on the Bigfoot MEA 
Group Final idea 
1 Calculated ratios of height to foot length for each group member and then 

averaged the ratios. Then multiplied this by Bigfoot’s foot length.  
2 Calculated the ratios of height to foot length for each group member, estimated 

that the ratios were all close to 6, and then multiplied 6 by Bigfoot’s foot length.  
3 Used the average human foot length to height ratio of 15 to 100 found on an 

internet website to set up a proportion with Bigfoot’s foot length. Noted that a 
larger sample size is needed to be able to use a regression line.  

4 Used the average human foot length to height ratio of 15 to 100 found on an 
internet website to set up a proportion with Bigfoot’s foot length. Also, took the 
average of each group member’s foot length and divided it by the average of 
each group member’s height to get an equation. This answer was close to the 
ratio from the internet. 

 
5 Calculated ratios of height to foot length for each group member, averaged the 

ratios, and then multiplied this by Bigfoot’s foot length.  
6 Used each group member’s foot length and height and entered this into the 

graphing calculator to find a linear regression equation; then plugged in 
Bigfoot’s foot length into the equation. 

7 Used all but one group member’s foot length and height and entered this into 
the graphing calculator to find a linear regression equation. One group 
member’s data was not used because the group felt the data looked closer to 
being linear without it. They then plugged in Bigfoot’s foot length into the 
equation. They noted that ideally you would want to get height and foot lengths 
of a sample of a couple hundred people.  

 

 Group 3’s progression of ideas will be shown to illustrate the development of 

solutions that occurred in the groups. For the representative parts of the group’s work that 

will be used, the representations that were evident will be highlighted as well. Table 20 

has a summary of group 3’s progression of ideas.  
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Table 20.  

Group 3’s Progression of Ideas in the Bigfoot MEA 
Progression of ideas Representations  

“I think a solution might be if there is a correlation between your foot 
and the size of your body. I am thinking that if we measure our feet 
and put it relative to our height were going to find that correlation.” 

Language and 
Realistic 

“Should we do width as well?” Language and 
Realistic 

“I don’t know if we have the sample size to do this.” Language and 
Realistic 

(The group decides to measure Bigfoot’s footprint length and 
measures their feet length. Then they share this and their height.) 
 
“So Bigfoot is 15 and 6/8 inches.”  
“I am 63 inches tall with 10 inch feet.” 

Concrete and 
Realistic 
 
Language, 
Realistic, and 
Symbolic 

(The group looks at how the 
x and y data are changing and 
talks about not using one data 
point.) 
 
 
 
 

“If we throw out yours (63 inch height and 10 inch feet length) that 
would be a line. You are such an outlier. Remember that word you are 
more than two standard deviations away.” 

Language, 
Realistic, and 
Symbolic 
 
 
 
 
 
Language and 
Realistic 

“So, I put it into my calculator and got y = .186x + 64.7” 
(all four data points were used to get this equation) 

Language, and 
Symbolic 

“Well these three points are linear.” (Looking at the scatterplot on the 
graphing calculator.) 

Language and 
Pictorial 

(The group decides to plug in Bigfoot’s foot length into the equation.)  

 

 
Symbolic, 
Language, and 
Realistic 

“It doesn’t really make sense.” (The height seems too short.) Language and 
Realistic 

“That is the thing we do not have a big enough sample size.” 
“And look how close we are all together.” (Looking at the table.) 
“We could use someone else’s data.” 

Language, 
Realistic, and 
Symbolic 
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(The group gets height and foot 
length measurements from another 
group.) 

Language, 
Realistic, and 
Symbolic 

(All eight data points are used to get a regression equation) 
y = -.578x + 70.9  

Symbolic 

“So, again we need a bigger sample size.” 
 
 
“I think it is because they are so close together. It is almost a straight 
line across.” 

Language and 
Realistic 
 
Pictorial and 
Language 

(The group decides to use one group member’s height and foot length 
to set up a proportion with Bigfoot’s foot length to find an estimate of 
Bigfoot’s height.)  

Language, 
Realistic, and 
Symbolic 

(After hearing other groups share their idea, the group decides to use 
an idea from another group to set up a proportion using 15 over 100 
and Bigfoot’s foot length.) 
“Human foot is 15% of height.” 

Language, 
Realistic, and 
Symbolic 

 
 In total the group demonstrated conceptual understanding in different 

representations, translations between and within representations, and were able to 

develop a solution to meet the needs of the client. Initially, if the group had not used the 

point that they called an outlier they might have been okay with the estimate of Bigfoot’s 

height that the linear regression would have provided of 7 feet and 1.7 inches. They 

recognized though that a larger sample size was needed to get a more accurate prediction. 

When the group used all eight data points they checked what the scatterplot looked like 

and saw that it was not linear besides giving an estimate of Big Foot’s height that seemed 

too low to be realistic. In the end, they decided on a solution that used a much larger 

sample size to see on average what the ratio of foot length to height is for humans. The 
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following is a summary of representations that were evident from the Bigfoot MEA and 

then the translations between and within representations will be discussed.  

 Pictorial. 

 Pictorial representations were used by four groups and involved using a 

scatterplot on the graphing calculator to decide if a relationship was somewhat linear. 

One group also looked up a video of Bigfoot to have more information about what he 

looks like and how he walks.  

 Realistic. 

 There were a variety of realistic representations including various body parts and 

real world situations related to feet including ballerina’s feet, clown shoes, and Shaquille 

O’Neal’s shoes. Table 21 has a summary of the realistic representations and how many 

groups they appeared in. Throughout the activity the conversations involved the context 

of the problem and the best way to solve the problem based on prior knowledge and 

experiences.  

Table 21.  

Number of Groups with Each Realistic Representation: Bigfoot MEA 
Realistic Representation Number of Groups 

Each group member shared his or her heights. 7 
Found the length of Bigfoot’s footprint. 7 
Discussed their solution, the height of Bigfoot. 7 
Each group member shared his or her foot length. 7 
Suggested looking at the ratio of height to foot length. 6 
Described conversions from inches to feet for height. 6 
Discussed how to measure their feet (shoes on or off, where to measure). 5 
Shoe size was suggested to be used, but then was not used. 3 
Described the ratio of height to foot size. 
Example:  

 

3 

Suggested using Google to generate ideas. 3 
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Described how to use Bigfoot’s foot length with an equation or a ratio. 3 
People vary. It is not always the case that if you are taller you have bigger 
feet.  

2 

Discussed how to measure Bigfoot’s footprint. 2 
Described how to set up a proportion with average foot length, average 
height, and Bigfoot’s foot length. 

2 

Described how to set up a proportion with one person’s height and foot 
length. 

2 

Suggested finding the average human ratio of height to foot length. 1 
Suggested to look at the width of group’s feet. 1 
Each group member shared his or her foot width. 1 
Found the width of Bigfoot’s footprint. 1 
Each group member shared his or her hand length. 1 
One group member shared their forearm length and shoulder length. 1 
Discussed how foot length relates to forearm length and upper arm length. 1 
One group member described personal experience of knowing that 
wingspan is not always the same as height. 

1 

Stated that their solution method only works for humans. 1 
Wanted to combine average human height to foot ratio with the average 
gorilla height to foot ratio.  

1 

Foot length is 15% of height on average. 1 
Scatterplot has to be linear because feet cannot grow exponentially.  1 
Suggested using a stride length. 1 
Suggested using a proportion with foot length and width. 1 
Suggested using weight to help find a solution. 1 
Some measurements could have been more precise. 1 
A better estimate would be possible if a sample of a couple hundred 
peoples’ height and foot lengths could be taken.  

1 

Described why the line of best fit gave a bad or unrealistic estimate. The 
group’s heights and foot lengths were too similar. 

1 

 

 Language. 

 The language representations occurred throughout the activity and overlap with 

the realistic representations (Table 22). All of the realistic representations in Table 21 

above are also language representations as well. Just the language representations that are 

not also realistic representations will be summarized in this section.  
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Table 22.  

Number of Groups with Each Language Representation: Bigfoot MEA 
Language Representation Number of Groups 

The sample size is too small to do this. 
Example: 
“So, again we need a bigger sample size." 

2 

Described an outlier as “more than 2 standard deviations away.” 1 
Did not use one height and foot length because it was described as an 
outlier. 
“If we throw out yours (63 inch height and 10 inch feet length) that would 
be a line. You are such an outlier.” 

1 

Graph should be linear. 
“It is going to be linear too.”  
“That is a good guess lets put that down. It might be linear.” 

1 

Our solution makes sense because we found the scale factor. 1 
 

 Symbolic. 

 The symbolic representations occurred when groups wrote out different 

measurements, calculated averages, calculated ratios, wrote a linear regression equation, 

did algebraic manipulation, and converted a foot length written as a decimal to inches. 

Table 23 has a summary of the number of groups that used each symbolic representation. 

Table 23.  

Number of Groups with each Symbolic Representation: Bigfoot MEA 
Symbolic Representation Number of Groups 

Made a table with height and foot lengths 7 
Wrote out Bigfoot’s foot length  7 
Plugged Bigfoot’s foot length into an equation, proportion, or multiplied 
it by a number 

7 

Wrote a linear regression equation from the graphing calculator 3 
Plugged a group member’s foot length into a linear regression equation to 
see if the prediction is close to the actual height 

2 

Wrote a linear regression equation with height as the independent variable 
and foot length as the dependent variable  

2 

Calculated the average foot lengths and heights of group members 2 
Calculated ratios of height to foot length for each group member 2 
Wrote each group member’s foot widths  1 
Calculated the ratio of foot length to width 1 
Averaged the ratios of height over foot length 1 
Found an estimate of ratios 1 
Converted a foot length as a decimal to inches 1 
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 Concrete. 

 There were different concrete representations that were used by groups in this 

activity that were essential to developing a solution for this problem. Every group used 

the footprint of Bigfoot, used their own body parts, and used a meter, ruler, or string to 

help them collect measurements. Table 24 has a summary of the concrete representations. 

Table 24.  

Number of groups with each concrete representation: Bigfoot MEA 
Concrete Representation Number of Groups 

Used a ruler, meter stick, or string to measure 7 
Measured Bigfoot’s footprint 7 
Measured group members’ body parts 7 
 
 Translations between representations. 

 Throughout the activity groups demonstrated the ability to translate between 

representations in a number of ways. Every group translated between the representations 

of concrete, realistic, language, and symbolic in different orders and combinations. Four 

of the groups translated between pictorial representations to concrete, language, and 

symbolic representations. Table 25 has a summary of the translations between 

representations that occurred. The representations occurred in all possible directions for 

each translation but are listed in alphabetical order using the first letter of the 

representation for the sake of brevity.  

Table 25.  
Translations Between Representations and Examples: Bigfoot MEA 
Translation Description and Example(s) 

LR 
(7 groups) 

This translation involved discussing how to measure body parts, describing 
Bigfoot’s footprint, and other real world situations related to feet. 
Example: “We could look a ratio of height to feet length.” 
Example: “This will only work if Bigfoot is human.”  
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LRS 
(7 groups) 

This translation involved creating a table of measurements with units, 
symbolic manipulation with units or description, sharing body 
measurements with units, or explaining a solution process. 
Example: “What we ended up doing is we divided our height by the length of our 
feet and found them to be around 6. So we just took the bigfoot times 6.” 
 
Example: 

  
CLRS 

(7 groups) 
This translation involved using body parts or Bigfoot’s foot to make 
measurements and then describing the measurements with units.  
Example: “You can do your foot times 4 and this is your footprint and a half or 1/3 
is what we said, but then you also need to figure out how big your hands are 
compared to your feet, because your hands also play a role because it is fingertip 
to fingertip.” 
Example: (after measuring feet) “My foot is 10 inches long.” 

LS 
(7 groups) 

This translation involved a description without a context of symbolic work. 
Example: Linear regression line: y = -.578x + 70.9 
Example: “If we throw out yours, that would be a line then. 60 (height) and 9 (foot 
length) and 69 (height) and 10 (foot length). You are such an outlier.” 

CLPRS 
(3 groups) 

This translation occurred when groups described what they had done to 
solve the problem. 
Example: “We first found our own data and measured the height with the foot size 
and then made the foot size our x and the height our y and we found the linear 
regression line and found it was not accurate. So we tried to get more data to 
enlarge our sample size, which still really did not help. So if we were to use our 
linear regression line he would have been about 6 feet tall or 61 inches which is 
not at all feasible so then I set up a proportion to my own height and foot size, 
because I am 5 foot 6 and have 8 inch feet which is pretty average. So using that I 
found that he was 9 feet and 7 inches, but I like the other one (solution idea) better 
with the 15 to 100.” 

LPR 
(1 group) 

This translation involved watching and discussing a short video found on 
the internet on how Bigfoot walked.  

Note: C=Concrete, P=Pictorial, L=Language, R=Realistic, S=Symbolic 

 Translations within representations. 

 Translations within representations occurred in the symbolic, realistic, concrete, 

and language representations for all groups. The translations within symbolic 
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representations occurred between a table of measurements, equations, ratios, plugging in 

for x and solving for y in an equation, conversions of units, and calculating averages. The 

translations within realistic representations occurred between measuring body parts, 

measuring Bigfoot’s footprint, and discussing shoes. The translations within concrete 

representations occurred between different body parts and the Bigfoot footprint. The 

translations within language representations occurred between discussing graphs, giving 

measurements, describing possible ideas, assessing the feasibility of a solution, and 

generating alternative solutions. 

 In summary, all of the groups were able to progress through the activity and work 

towards a solution that met the needs of the client. Through discussion the groups were 

able to move away from unproductive ideas and towards an understanding of how to 

come up with an estimate for the height of Bigfoot. All groups demonstrated the ability to 

show conceptual understanding of linear functions through different representations and 

translations between and within representations. Figure 13 has a graphical summary of 

the conceptual understanding from the Bigfoot MEA.  
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Figure 13. Preservice Teachers’ Conceptual Understanding from Bigfoot MEA 

 Reflections on course objectives. 

 The preservice teachers handed in their reflections on three course objectives on 

the day of the algebra unit test on the twelfth class period of the semester. This was an 

individual assignment that involved the same three course objectives that the preservice 

teachers had described their understanding on the first day of the semester. All thirty of 

the preservice teachers completed this assignment. Reflections on course objectives 1 and 

2 will be used first to describe the preservice teachers conceptual understanding of linear 

functions and then reflections on course objective 3 will be used for conceptual 

understanding of proportionality. The representations of pictorial, realistic, language, and  

symbolic were shown by all but a few preservice teachers; translations between and 

within these representations were evident as well. The concrete representation was shown 

by about a third of the preservice teachers and was lower partially due to the nature of the 

assignment being an out of class writing assignment.  

Concrete 

Symbolic 

Pictorial 

Language 

Realistic 
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Course objectives for reflection assignment 

1. Students will be able to describe connections among tables, graphs, and algebraic 

expressions for linear, quadratic and exponential functions, noting differences 

among the three types of functions. 

2. Students will be able to describe the meaning for slope using realistic contexts 

and graphs of linear functions. 

3. Student will be able to list the mathematical characteristics of proportional 

situations and to use them to differentiate proportional from non-proportional 

situations. 

 Pictorial. 

 Almost all of the preservice teachers displayed pictorial representations with 

linear graphs. Less frequent pictorial representations included showing the growth of the 

x and y variables in a table and showing rise and run with a right triangle on a graph. 

Table 26 has a summary of the pictorial representations that were evident from the 

reflections. 

 

Table 26.  

Pictorial Representations from the Linear Functions Course Objectives Reflections 
Pictorial Representation Number of 

preservice teachers 
Graph of a linear equation given 29 
Growth of the x and y variable shown in a table  
Example: 

 

18 
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Slope shown on a graph with the numerical distance of rise and run 
labeled as sides of a right triangle. 

 
 

16 

A linear scatterplot is given 3 
 

 Realistic. 

 There were a variety of realistic representations that were evident from the 

preservice teachers’ work. The majority of preservice teachers provided a realistic linear 

situation and then also explained what the slope and y-intercept meant in this realistic 

context. Table 27 has a summary of the realistic representations and a few examples of 

the variety of realistic contexts. 

Table 27. 
Realistic Representations from the Linear Functions Course Objectives Reflections 

Realistic Representation Number of 
preservice teachers 

Realistic linear situation described.  
Example contexts: cost of a taxi ride, movie theatre cost, Celsius and 
Fahrenheit conversion, car rental, and scissor cuts and number of pieces 
of string. 

28 

Explained the slope and y-intercept in a realistic context.  
Example: “We can derive the y intercept from this, since the baby starts at 
20 inches long, it should start at the y = 20 point on the line or (0,20).  

• We know this because at 0 weeks x=0 so y=20.” 
“We can also derive the slope right away as well; since the x values are 
weeks and we know that in every 4 weeks the baby grows 1 inch (until 
they reach 16 weeks old) we can say:  

! 

Change in y
Change in x

or Change in inches
Change in weeks

makes 1
4

"  

22 
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Explained what the x and y variable represent in a realistic context 4 
 
 Language. 

 A wide variety of language representations were used, often to explain the use or 

connection to other representations. The main explanations focused on slope and how to 

know if a relationship is linear based on different representations. Table 28 has a 

summary of the language representations that were evident. 

Table 28.  
Language Representations Evident from the Linear Functions  Course Objective Reflections 

Language Representation Number of 
preservice teachers 

Explained why a table is linear.  
Example: “As X increases by 1, Y increases by 3. In other words, the first 
difference of the Y-values shows constant addition of 3. Between 7 and 
10, the difference is 3, between 10 and 13 the difference is 3, etc. If there 
had been a square or different exponent in the equation, as X increased by 
1, Y would increase in a way that would not show constant additive 
growth.” 

30 

Described slope in multiple ways 
Example: “Slope is the steepness and direction of a line. If a skateboarder 
was going down a steep ramp the slope of that line is bigger than the 
slope of a less steep ramp.” “We can find this rate of change (the 
steepness of a ramp) using a graph or a table. For every two feet high the 
ramp increases by one foot long.” “The slope is the change in y over the 
change in x. In a linear equation y = mx + b, m is the slope, or rate of 
change.” 

29 

Described what a graph looks like and why it is linear 28 
Explained how to find slope from a linear equation 28 
Explained why an equation is linear 28 
Explained how to find slope from a table 27 
Explained how to find slope from a graph 
Example: “The slope can also be determined from a graph by creating a 
right triangle. They hypotenuse of the right triangle will be created on the 
straight line. The rise and run path form the right triangle. The distance 
between the y-values of the two points is the height of the triangle. The 
distance between the x-values is the length of the triangle.” 

26 

Explained what m and b represent in y = mx + b 25 
Explained how to get a linear equation from a table 
Example: (In a table the change in y and x –values are shown). “The rate 
of change: m =-2.5. The y-intercept is b = 30, when x = 0, y = ?. The 
equation: y = -2.5x +30.”  

17 
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Explained how to find slope from the slope formula 12 
Explained or gave an example of a concrete representation used in class 
(knots in a rope, geoboards, patterns of blocks, and rope length or scissor 
cuts and number of pieces of string) 
Example: “Pick’s Theorem is a linear function because it represents 
constant growth patterns. To see what this means, look at Pick’s Theorem 
table of values below. The following table shows the area of a shape on 
the geoboard in terms of the number of pegs on the shape’s boundary.” 

 

10 

Described how to use the slope and y-intercept from a graph to write a 
linear equation 

9 

Explained the slope and y-intercept in a realistic context and why it makes 
sense based on a concrete representation from class. (knots in a rope, 
patterns of blocks, and rope length or scissor cuts and number of pieces of 
string) 
Example: “From the picture you can see that the first train starts with an 
area of 5 blocks and 4 blocks are added each time. The blue block 
represents the extra 1 block that is added to the pattern of growing by 4 
blocks each time. You can explain the growth of this pattern with the 
function y =4x+1.” 

 

5 

Explained how to check if an equation works by plugging in a point 3 
Explained the point-slope form of a linear equation 1 
 

 Concrete. 

 Ten of the preservice teachers used a concrete representation as an example that 

was from in class activities. The concrete representations included cutting string, tying 

knots in rope, pattern blocks, and the use of geoboards.  
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 Symbolic. 

 Symbolic representations were evident from equations, tables, and slope 

calculations. Table 29 has a summary of the symbolic representations. 

Table 29.  

Symbolic Representations from the Linear Functions  Course Objective Reflections 
Symbolic Representation Number of 

preservice teachers 
Linear table given 30 
An example slope-intercept form of a linear equation given 29 
Numbers for a realistic context given 28 
y = mx + b  27 
Slope from a graph given  24 
Slope from a table given 22 
Slope figured out from two points 14 
Slope formula given 12 

! 

Change in y
Change in x

 11 

y =mx given as another form of a linear equation 3 

! 

"y
"x

 3 

Plugged in values for x and y to see if an equation works 3 
y – b = m(x-a)  1 
 

 Translations between representations. 

 There were a variety of translations between representations that occurred 

throughout the preservice teachers’ reflections. Every preservice teacher translated 

between the representations of language, symbolic, and pictorial in different orders and 

combinations. Table 30 has a summary of the translations between representations that 

occurred. The representations occurred in all possible directions for each translation but 

are listed in alphabetical order using the first letter of the representation for the sake of 

brevity.  
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Table 30.  
Translations Between Representations from the Linear Functions Course Objectives Reflections 
Translation 
(Number of 

students) 

Description and Example(s) 

LS 
(30)  

This translation involved describing how to find slope from a graph, table, 
equation, or the slope formula. It also involved describing a linear equation, the 
growth in a table, a linear graph, and how to plug in a point in an equation.  
Example: “The tables of linear functions show constant growth as x and y 
increase. The table below shows that as x increases by 1, y increases by 5. The 
linear function that represents this table is y=5x.” 
Example: “You can plug the x values into the formula y=2x-3 to get the 
corresponding y values:  y =2(-1) – 3 so y =-5” 
 

LP 
(29) 

This translation involved using language to describe a given graph.  
Example: “By looking at a line on a graph we can notice if the line slants up from 
left to right, the slope will be positive, and if the line slants down from left to 
right, the slope will be negative. The graph below slants up from left to right-
positive slope.” 

 
LPS 
(26) 

This translation involved describing an equation and a given graph, a given graph 
and its slope, or the growth shown in a table.  

LPRS 
(24) 

This involved translating between a realistic situation to an equation or table and 
to a graph or showing the growth in a table. It also involved describing the slope, 
graph, table, equation, or realistic situation.  
Example: “When taking a cab you pay a base fee for taking the cab (“b”) and a 
certain amount of money (“m”) for every mile traveled (“x”.) In this example, 
imagine that the base fee is $3.00 and you pay $0.60 for every mile traveled. In 
this equation, the slope is how much you pay each mile traveled so it means that 
the price increases by $0.60 for every mile traveled. The equation of this function 
would be y = 0.60x + 3.00.” 
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CLPRS 

(8) 
This translation involved an explanation of a graph or table of a realistic example 
that used concrete objects from class such as scissors, knots put in rope, patterns 
with blocks, and geoboards.  
Example: “The graph directly reflects the constant growth with 2 pieces to 1 cut 
that the table shows. The function shows that there is add one which makes sense 
because you start with one piece of string at 0 cuts, so this accounts for the +1 in 
2x +1 = y.” 
 

 
 

  

 Translations within representations. 

 The translations within representations included symbolic, language, pictorial, 

and realistic. Twenty-eight of the preservice teachers translated within symbolic 

representations from a table to an equation, an equation to a table, from points to slope, 

from a table to slope, and through algebraic manipulation or solutions. All of the 

preservice teachers translated within the language representation through explaining 

slope in different ways. Twenty of the preservice teachers translated within the pictorial 

representation from the growth in a table to the growth on a linear graph or from the 
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growth on a table to a linear graph. Sixteen of the preservice teachers translated within 

realistic representations by providing two or more realistic contexts to explain linear 

functions or slope.  

 In summary, all of the preservice teachers but a few demonstrated conceptual 

understanding of linear functions in the representations of pictorial, realistic, language, 

and symbolic with translations between these representations. All of the preservice 

teachers translated within the language representation, the majority translated within 

pictorial and symbolic, and a little more than half of the preservice teachers translated 

within the realistic representation. The concrete representation was not as evident for this 

assignment because it was based on the preservice teachers referencing in class activities 

with concrete representations. Figure 14 has a summary of the preservice teachers’ 

conceptual understanding on the first day of the semester and the last day of the algebra 

unit. While there is still some room for improvement for the entire class to demonstrate 

fully developed conceptual understanding, it shows a considerable increase in conceptual 

understanding especially in the area of translations between and within representations.  
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Linear Functions (Start of the algebra unit) 

 
 

 
 

 
 

 
 
 
 
 

 
 
Linear Functions (End of the algebra unit) 

Figure 14. Change in Linear Functions Conceptual Understanding 

 The preservice teachers did demonstrate a few inaccuracies in their reflections. 

One preservice teacher used a realistic example and stated that it had a y-intercept of 0 

when in fact it had a y-intercept of -2. One preservice teacher stated that the number of 

tickets sold would affect the steepness of the slope for the equation P = 7.50T - 1025 

where P was profit and T was the number of tickets sold. Another preservice teacher said 

that a y-intercept was increasing at a steady rate of one. While these are three 

misconceptions or mistakes, the vast majority of the preservice teachers’ reflections 

demonstrated conceptual understanding.  

 Proportionality. 

 Reflections on the third objective revealed that most of the preservice teachers 

demonstrated conceptual understanding of proportionality in the form of language, 

realistic, and symbolic representations with translations within and between these 

Pictorial 

Language Symbolic 

Realistic Realistic 

Pictorial 

Language 

Concrete 

Symbolic 
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representations. Pictorial representations and translations were evident in about half of 

the preservice teachers’ reflections. There were no concrete representations.  

 Pictorial. 

 The pictorial representations mainly involved graphs of proportional linear 

functions and examples of non-proportional graphs, showing the growth in a table, and 

showing the scale factor on a table. Table 31 has a summary of the pictorial 

representations that were evident.  

Table 31.  

Pictorial Representations from the Proportionality Course Objectives Reflections 
Pictorial Representation Number of 

preservice teachers 
Graph of a linear equation through the origin given  16 
Showed the scale factor works on a table  
Example: 

 

11 

Non-proportional graph given  7 
Showed the scale factor does not work on a table 5 
Showed the growth of the x and y variables in a table 3 
Rectangles drawn with length and width dimensions 2 
Slope shown on a graph with rise and run 1 
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 Realistic. 

 There were a variety of realistic proportional and non-proportional examples that 

the preservice teachers provided as well as slope and y-intercept being explained in 

context for the realistic representations. Table 32 has a summary of the realistic 

representation with some of the proportional and non-proportional examples.  

Table 32.  

Realistic Representations from the Proportionality Course Objectives Reflections 
Realistic Representation Number of 

preservice teachers 
Realistic proportional situation described.  
Example contexts: Running speed, miles to the gallon, lemonade mix, 
map scale, price per pizza, pies, similar shapes, money conversion, and 
velocity.   

25 

Realistic non-proportional situation described.  
Example: Telephone call charge, different items for sale when the more 
you buy the better deal you get, compound interest, amount of sleep and 
teeth lost, increasing amount of offices as the number of floors increase.  

22 

Slope and y-intercept explained in a realistic context.  5 
 

 Concrete. 

 There were no occurrences of concrete representations. 

 Language. 

 All of the preservice teachers demonstrated the representation of language to 

describe the characteristics of proportional situations and most of the preservice teachers 

used examples as well to highlight these characteristics. Table 33 has a summary of the 

preservice teachers’ language representations from the reflections.  
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Table 33.  

Language Representations from the Proportionality Course Objectives Reflections 
Language Representation Number of 

preservice teachers 
Described at least four of the five characteristics of proportional situations 
listed below.   
Example:  
“1. The graph is linear through (0,0).  
2. The y-intercept is 0 so the rule is always written in the form y = mx. 
3. In a table the scale factor works.  
4. When comparing x and y all the ratios simplify to the same thing. 
5. A unit rate can be used. The unit rate is the same as the slope of the line 
and the rate pair in the table.” 

30 

Explained how all characteristics of proportional situations are met with a 
realistic example.  

 
Proportionality Checklist: 
       " The graph is linear through (0,0) 
       "  Rule is y = 48.8x 
       "  Scale factor works: 5x2 = 10, 244x2 =488; 10x1.5 =15, 488x1.5=732 
       "  X-Y ratio same for all values: 244/5 = 48.8; 488/10=48.8; 732/15=48.8 
       "  48.8 is the unit rate, slope, and X-Y ratio.  

22 

Explained which of the characteristics of proportional situations are met 
in a nonproportional realistic example 

18 

Gave a list of examples of proportional situations 5 
Explained how all of the characteristics of proportional situations are met 
with an example.  

4 

Explained why a realistic example is not proportional based on explaining 
why one or two of the characteristics were not met.  

5 

Explained which of the characteristics of proportional situations are met 
in a nonproportional example. 

3 

Explained based on some of the characteristics of proportional situations 
how a realistic example is proportional.  

3 

Explained how the standard cross product algorithm works.  3 
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 Symbolic. 

 The symbolic representations involved the y = mx equation, equivalent ratios, 

numbers used in realistic examples, tables, y-intercepts, and unit rates. Table 34 has a 

summary of the symbolic representations that were evident.  

Table 34.  

Symbolic Representations from the Proportionality Course Objective Reflections 
Symbolic Representation Number of 

preservice teachers 
The y-intercept for proportional equations is 0 or the point (0,0). 27 
Proportional situations have the equation y = mx 25 
Numbers given in a realistic situation 
Example: “A farmer calculates that out of every 50 seeds of potatoes that 
she plants, she harvests 40 potatoes. If she wants to harvest 3600 potatoes, 
how many seeds must she plant?” 

24 

Table given 22 
A specific equation is given for a proportional situation. 21 
Ratios of x/y and y/x are given to show the two constants of 
proportionality.  
Example:

! 

2
3

=
4
6

=
6
9

= .6  and 3
2

=
6
4

=
9
6

= 1.5  

19 

Unit rate is given 16 
Slope intercept form of an equation given with the y-intercept not equal to 
0 for a nonproportional example.  

14 

Ratios of x/y and y/x are given to show the ratios are not equal for 
different values of x and y in an nonproportional example  

14 

Slope shown as  

! 

"y
"x

 1 

 

 Translations between representations. 

 The majority of the preservice teachers demonstrated translations between 

language, symbolic, realistic, and pictorial representations. Table 35 has a summary of 

the translations between representations and the number of students that demonstrated 

each translation. The representations are listed in alphabetical order by first letter, but the 

translations occurred in different orders and directions as well.  
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Table 35.  
Translations Between Representations from the Proportionality Course Objectives Reflections 
Translation 
(Number of 

students) 

Description and Example(s) 

LS 
(30) 

This translation involved the description of the characteristics of proportional 
situations.  
Example: 
“1. The graph is linear through (0,0).  
2. The y-intercept is 0 so the rule is always written in the form y = mx. 
3. In a table the scale factor works.  
4. When comparing x and y all the ratios simplify to the same thing. 
5. A unit rate can be used. The unit rate is the same as the slope of the line and the 
rate pair in the table.” 

LRS 
(27)  

This translation involved the description of a realistic example and why it was or 
was not proportional based on the characteristics of proportional situations.  
Example: 
Monica earns $125 commission for each car she sells. What is her commission on 
12 cars? How many cars did she sell to earn $1,000? 
The equation for this problem would be y =125x. This equation is linear. 
Looking at the equation and graph on my calculator the y-intercept is (0,0). 
All fractions reduce to be equal.

! 

1
125

=
2
250

=
3
375

 

The slope and the unit rate is 125. 
This problem is proportional.  

LPS 
(15) 

This translation involved describing a scale factor shown on a table, describing 
the slope and y-intercept shown on a graph, or describing the growth in a table.  
Example: 

 
LP 
(14)  

This translation involved the description of a graph as proportional.  
Example: 

 
“The graph is linear and goes through the origin.” 
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LPRS 
(7) 

This translation involved describing a realistic situation and then describing the 
scale factor shown in the table or describing a graph.   
Example: 

 
Proportionality Checklist: 
       " The graph is linear through (0,0) 
       "  Rule is y = 48.8x 
       "  Scale factor works: 5x2 = 10, 244x2 =488; 10x1.5 =15, 488x1.5=732 
       "  X-Y ratio same for all values: 244/5 = 48.8; 488/10=48.8; 732/15=48.8 
       "  48.8 is the unit rate, slope, and X-Y ratio.  

 

 Translations within representations. 

 The preservice teachers translated within language, realistic, symbolic, and 

pictorial representations in their reflections. All of the preservice teachers translated 

within the language representations by describing characteristics of proportional 

situations. Twenty-three preservice teachers gave multiple realistic proportional and non-

proportional situations. Twenty-one preservice teachers translated within the symbolic 

representation by translating from an equation to a table, a table to an equation, a table to 

unit rates, or in showing that ratios were equivalent. Eleven preservice teachers translated 

within the pictorial representation by showing a proportional graph and showing the scale 

factor works in a table.  

 In summary, the majority of the preservice teachers demonstrated conceptual 

understanding of proportionality with representations and translations of the 

representations of language, symbolic, and realistic. Pictorial representations and 

translations were evident in a little more than half of the preservice teachers work. Figure 
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15 has a summary of the change in conceptual understanding of proportionality that was 

demonstrated by the preservice teachers. Some of the preservice teachers could have 

included graphs of the proportional and nonproportional examples that they used and also 

shown the scale factor in a table. The concrete representation was difficult to demonstrate 

because this was an out of class written assignment. However, the preservice teachers 

made a considerable increase in their conceptual understanding of proportionality from 

the start of the algebra unit to the end.  

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 

Proportionality (Start of the algebra unit) 

 
 

 
 
 
 
 

 
 

 

 
 

 
 
 
Proportionality (End of the algebra unit) 

Figure 15. Change in Conceptual Understanding of Proportionality 

How are preservice teachers' beliefs aligned with the vision of teaching and learning 

of mathematics as stated in the NCTM Standards?  

 In order to ascertain if the preservice teachers’ beliefs were aligned at the start of 

the class with the views put forth by the NCTM standards, the pre-class IMAP online 

beliefs survey and the pre-interviews with six of the preservice teachers were analyzed. 

Language 
Symbolic 

Pictorial 

Language 

Realistic 
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The main results of the analysis of the data were that most of the preservice teachers did 

not show evidence of the belief of teaching mathematics in standards-based way. The 

interview data instead showed evidence that the preservice teachers believed that the 

teaching of mathematics should be more closely tied to teacher-centered instruction and 

that this belief was developed from the apprenticeship of observation. 

 IMAP online survey. 

 Overall, the results of the survey demonstrated that, at the beginning of the class, 

the preservice teachers were lacking in the belief that mathematics should be taught in a 

standards-based learning environment. There was some evidence of the beliefs that 

children think about mathematics different from adults and that children can solve 

problems in novel ways before being taught. However, the results of the survey showed 

little evidence of the belief of understanding concepts before learning procedures and that 

the teacher should allow children do as much of the thinking as possible in a mathematics 

class.   

 The IMAP survey asks questions situated in various contexts that include example 

student work and explanations, videos of children solving problems, and ranking example 

problems based on how difficult they would be for children. Rubrics are provided that 

describe how to code the preservice teachers’ responses for each segment of the survey. 

Two or three segments are used for each of the seven beliefs measured by the survey (see 

Appendix D for the survey questions and summary descriptions of the rubrics). 

 The pre-IMAP online beliefs survey was completed one week before the first day 

of class. Two of the preservice teachers did not complete the survey. An additional two 
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preservice teachers had trouble viewing the videos in the survey. This resulted in only 

two beliefs scores being able to be given for these two preservice teachers. Table 36 has 

the results for the survey.  

Table 36.  

IMAP Pre-Class Survey Results 
Belief No 

evidence 
n (%) 

Weak 
evidence 

n (%) 

Evidence 
 

n (%) 

Strong 
evidence 

n (%) 
1. Mathematics is a web of interrelated concepts 
and procedures (and school mathematics should 
be too).  

8 (29%) 11 (39%) 5 (18%) 4 (14%) 

2. One’s knowledge of how to apply 
mathematical procedures does not necessarily go 
with understanding of the underlying concepts. 

12 (43%) 13 (46%) 1 (4%) 2 (7%) 

3. Understanding mathematical concepts is more 
powerful and more generative than remembering 
mathematical procedures. 

11 (42%) 9 (35%) 3 (12%) 3 (12%) 

4. If students learn mathematical concepts before 
they learn procedures, they are more likely to 
understand the procedures when they learn them. 
If they learn procedures first, they are less likely 
ever to learn the concepts.  

12 (46%) 5 (19%) 8 (31%) 1 (4%) 

5. Children can solve problems in novel ways 
before being taught how to solve such problems. 
Children in primary grades generally understand 
more mathematics and have more flexible 
solution strategies than adults expect.  

6 (23%) 8 (31%) 12 (46%) 0 (0%) 

6. The ways children think about mathematics 
are generally different from the ways adults 
would expect them to think about mathematics. 
For example, real-world contexts support 
children’s initial thinking whereas symbols do 
not. 

5 (19%) 10 (38%) 11 (42%) 0 (0%) 

7. During interactions related to the learning of 
mathematics, the teacher should allow the 
children to do as much of the thinking as 
possible.  

18 (69%) 7 (27%) 0 (0%) 1 (4%) 

Note. There are a total of 28 preservice teachers for beliefs 1 and 2 and 26 preservice teachers for the other 
beliefs. Due to rounding not all rows’ percents will add to 100.  
 
 For every belief except 5 and 6, at least sixty percent of preservice teachers were 

coded no evidence or weak evidence. Those who showed evidence of belief 5 felt that 

children can develop their own solution strategies and can solve problems with minimal 
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teacher instruction. Those who showed evidence of belief 6 felt that real-world contexts, 

manipulatives, and visuals can help support students’ learning. This belief emphasizes 

that children’s interpretations of mathematics are based on different representations and 

that work with solely symbols can be more difficult.  

 The largest percentage was the lack of evidence of belief 7. While 46% of the 

preservice teachers showed evidence of the belief that children can develop their own 

solution strategies, the lack of evidence that children should do as much of the thinking as 

possible seems to show a preference for traditional instruction. Only one preservice 

teacher showed evidence or strong evidence that children should do as much of the 

thinking as possible when learning mathematics.  

 Evidence or strong evidence of the belief in conceptual understanding of concepts 

did not occur often in beliefs two, three, and four. For belief 2, only eleven percent of the 

preservice teachers showed evidence that if a child knows procedures they may not 

understand the underlying concepts. This apparent focus on procedures as understanding 

also gives more support for the view that most of the preservice teachers initially are 

lacking a belief in a standards-based mathematics classroom.  

 Interviews. 

 Interviews were used to further explore the experiences that have helped to shape 

the preservice teachers’ beliefs about mathematics and the role of the mathematics 

teacher. The main themes that developed from the interviews were the effects of the 

apprenticeship of observation (Lortie, 1975), that the preservice teachers had doubts 

about elementary age students being able to learn mathematics in a standards-based 
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environment because they did not know what this would look like, and the desire to teach 

in a way to meet different learning styles. 

 Six preservice teachers were selected based on their IMAP scores and were 

interviewed the first week of class. The teachers were selected to have a range of beliefs 

about mathematics including two that showed the most evidence of beliefs, two students 

with middle evidence of beliefs, and two with low evidence of beliefs. Each preservice 

teacher’s responses will be discussed individually first and then a summary table will be 

provided. Table 37 has the beliefs scores for each of the preservice teachers and the range 

of possible scores for each belief. Pseudonyms were used to protect the identity of the 

participants.  

Table 37.  

Belief Scores for Interview Participants 
Preservice  
Teacher 

Belief 1 
(0-3) 

Belief 2 
(0-4) 

Belief 3 
(0-3) 

Belief 4 
(0-3) 

Belief 5 
(0-4) 

Beliefs 6 
(0-4) 

Belief 7 
(0-3) 

Maria (H) 2 1 2 3 2 3 0 
Natalie (H) 3 4 3 2 3 3 0 
Tom (M) 1 1 3 0 3 1 1 
Pia (M) 1 1 0 2 3 1 1 
April (L) 1 0 0 2 0 0 0 
Susan (L) 0 0 0 0 1 1 1 
Note. H is high, M is medium, and L is Low evidence 

 Maria. 

  Maria’s thoughts about the teaching and learning of mathematics have been 

influenced heavily by her own educational experiences. Throughout her education she 

saw that people have different learning styles, and she often needed to have her 

elementary teachers explain mathematics in a different way so she could understand. Her 

favorite teacher taught using direct instruction first, then gave individual work time, and 

finally used stations where students worked in groups to apply or practice what they had 
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learned. This is how she is envisioning teaching mathematics and thinks “me, us, you” is 

a good progression for how to teach mathematics. She has doubts about elementary 

students ability to develop their own strategies to solve problems in that “you never want 

to necessarily throw them into something.” She wants to use hands-on materials in her 

teaching.  

 Natalie. 

  Natalie described negative and positive school experiences that have helped to 

shape how she wants to teach mathematics. She learned through “just memorizing the 

numbers” in an AP physics class and then did not pass the AP exam, which has caused 

her to want to teach for understanding. Also, she felt that she only learned fractions 

procedurally. The first mathematics class she took that was different than typical direct 

instruction was an honors Algebra II class in which the teacher challenged students to 

develop their own strategies for solving problems. Initially, this frustrated her but by the 

end of the class she enjoyed the challenge. She does have doubts about whether 

elementary age students could do this type of problem solving. She stated, “this is what I 

am hoping to get out of this math class” because “I have not had enough math experience 

outside of my own math learning in the elementary school days.” She wants to be a 

facilitator and to challenge kids to think in different ways.  

 Tom. 

 Tom has been influenced by his passion for drama and musicals as well as an 

“outgoing and engaging” elementary school teacher that he had. This teacher taught 

students with direct instruction and then had students practice in groups. He felt that this 
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is how he would like the communication in his classroom to work in a “pyramid” trickle 

down style in which he teaches first and then those who understand “help all of the other 

students.” He stated that he loves being entertained while being taught and thinks it is 

important to “appeal to all of the different thinkers.” He expressed some doubts about 1st 

-3rd graders abilities to work in groups to generate their own solutions because they “may 

lose focus and just play with their friends.” He would like to incorporate skits to allow 

students to demonstrate their mathematical understanding.  

 Pia. 

 Pia enjoyed and did well in mathematics in elementary school when teachers 

taught with hands-on materials. However, she “wasn’t really given much of any hands-on 

stuff until 5th and 6th grade.” It was obvious to her that her 4th grade teacher did not like 

math, which negatively affected how she viewed math. She has a desire to teach with 

hands-on materials now because this helped her to learn. Pia wants to “guide the 

students” in her role as a mathematics teacher. She felt that it is important to give time for 

all students to share their strategies because this will “maybe give them another way to 

think about it.” However, she also mentioned that she would eventually try to give 

students the quickest or easiest way to solve a problem.  

 April. 

 April wants to teach in a way to introduce concepts in different forms. She stated, 

“showing pictures is good, doing manipulatives is good and doing the straightforward 

number and explanation.” She thinks it is important to do lots of examples and have 

students practice, because “it is easy for students to forget what they just learned in 
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math.” April recognized that in most math classes “the teachers are the ones doing all the 

work and students are quiet and taking notes.” She does not want to teach this way but 

recognizes that it is difficult to teach in a variety of ways. To accomplish this, she 

believes teachers need “to research a lot…understand students and their needs…and think 

about innovative ways to teach.” She said that she felt already that the standards-based 

math class is helping her to see how to incorporate different explanations and strategies. 

In 8th grade, she had a math teacher that only taught using algebra tiles and she and her 

classmates never understood how to do the math. She had to “reteach herself concepts 

when she got to high school.” In elementary school, she hated minute math because it 

hurt her self-esteem because she was not as good at it. She understands that there are 

timed standardized tests but, “when you are just learning the basics…how fast your going 

is the least important thing.” She enjoyed a high school mathematics class in which the 

teacher had students work cooperatively in groups.  

 Susan. 

 Susan felt teachers should be excited about mathematics when teaching and 

encourage different solution strategies. She was homeschooled by her mom until 10th 

grade and enjoyed the way that her mom taught concepts in different ways. When she 

enrolled in public high school, she no longer liked math because she had a teacher that 

lowered her confidence in her math ability by only letting students do math the one way 

he taught. “I had a teacher that just completely put me down as a student with my math 

ability and so I hate math now.” Susan believes that teachers beyond elementary grades 

can be more of a guide than elementary teachers. She believes that practice is important 
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in math in order to remember what you have learned. She enjoyed a college algebra class 

that she took because it incorporated a service-learning project, which made the 

mathematics that she learned relevant to her life.  

 Overall the teachers’ own educational experience was influential in how they are 

currently envisioning their own elementary classrooms. Table 38 has a summary of each 

preservice teachers responses to the interview questions. All of the preservice teachers 

had difficulties explaining what mathematics is and often could only describe it in broad 

terms like problem solving. Based on the teachers’ responses to all of the questions, they 

were coded based on their beliefs about the role of the mathematics teacher. Scores of 4 

and 5 are more student-centered, 3 is transitional, and 1 and 2 are more teacher centered. 

All six of the preservice teachers were categorized 2 or 3.  

Table 38.  

Summary of Interviews With Preservice Teachers 
Preservice 

teacher 
Influential 
experiences 

What is 
mathematics? 

Who is good at 
mathematics? 

Role of the 
teacher 

Roehrig & 
Luft (2007) 

Maria Apprenticeship 
of observation 

How people think 
about numbers 
through hands on 
work, 
communication, and 
written work 

“Anyone can do it if they are 
taught how to do it.” 
 
Depends on the topic or 
concept for who is good. 
 
Physicists, engineers, and 
bankers.  

(2) Instructive 

Natalie Apprenticeship 
of observation 

“The method of using 
numbers and 
calculating things in 
order to solve 
problems.” She 
emphasized 
understanding and 
not memorization. 

“Anyone can be good at it, if 
you work hard.”  
 
Those who enjoy it and it 
comes easily to.  

(3) Transitional 

Tom Apprenticeship 
of observation 
 

Student with a 
textbook, notebook, 
and pencil doing 

“All students can understand 
math to a certain degree if 
they get the right teaching” 

(2) Instructive 
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Drama and 
musicals 

mathematics 
problems. They could 
be developing new 
ways to get a 
solution.  

 
Those who can think in their 
heads fast.  
 
Creative students will not do 
as well in a traditional math 
class.  

Pia Apprenticeship 
of observation 

To “figure out how to 
solve a problem 
based on a set of 
instructions.” 
It can involve real 
world contexts.  

Anyone can be good at math. 
 
Someone who is disciplined, 
has different ways of solving 
problems, and can explain the 
concepts to someone else. 
 
Stereotypical answer is 
engineers, scientists, or 
chemists.  

(3) Transitional 

April  Apprenticeship 
of observation 
 
 

“A way to think of 
things through 
numbers and 
equations.” 
 
“You are almost 
constantly thinking 
about math.”  
 
Problem solving, 
critical thinking, and 
daily life.  

Everyone is good at something 
different- some doubt about all 
being able to master math. 
 
People that are persistent, hard 
working, can think in different 
ways, explain their thinking, 
and are open-minded.  

(3) Transitional 

Susan Apprenticeship 
of observation 
 
Family 

“Using numbers, 
trying to find a good 
answer to a problem, 
and problem 
solving.” 

All students are capable of 
doing math, but some may be 
better at different types of 
math for example abstract or 
concrete. 
 
People who are patient, are 
enthusiastic about math, and 
practice.  

(2) Instructive 

 

 In summary, at the beginning of the class, the preservice teachers as a whole 

demonstrated limited evidence of the belief in a standards-based learning environment for 

teaching mathematics. From the IMAP survey, the strongest evidence was that the 

preservice teachers believed that children think about mathematics differently than adults 

and can solve problems in novel ways before being taught. From the IMAP survey and 

interviews with the preservice teachers, there appeared to be doubt about the feasibility of 
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standards-based learning environments because the preservice teachers had not 

experienced this in their mathematics classes and did not know how it would be 

structured.  

How do the preservice teachers’ beliefs change through participation in a 

mathematics course that reflects the NCTM process standards and content from the 

algebra and number and numeration strands? 

 The results in this section are focused on the classroom observations that 

determined if the mathematics and pedagogy class was taught in a standards-based way, 

four reflection assignments the preservice teachers completed after class activities, post 

interviews with six preservice teachers, and the post IMAP survey. The results from the 

classroom observations will be discussed first to show that there was high evidence of a 

standards-based learning environment in the way the mathematics and pedagogy class 

was taught. The results from the other data sources showed that as the class progressed 

the preservice teachers showed greater evidence in the belief of teaching in a standards-

based learning environment that involves communication, connection, problem solving, 

reasoning and proof, representations, real world relevance, and building conceptual 

understanding for procedures. However, the majority of the preservice teachers at the end 

of the class still showed little or no evidence in the belief that children should do as much 

of the thinking as possible in a mathematics class.  

 Fidelity of implementation: standards-based learning environment. 

 Four classroom observations were conducted with a structured observation 

protocol to determine the degree to which the mathematics and pedagogy class was being 
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taught in a standards-based environment. The four classes that were observed were 

spread out over the semester. The five events below were given a score of 1, 2, or 3 based 

on each classroom observation with a higher score indicating being more inline with a 

standards-based environment.  

1. The enacted lesson provided opportunities for students to make conjectures about 

mathematical ideas.  

2. The enacted lesson fostered the development of conceptual understanding.  

3. Students explained their responses or solution strategies. 

4. Multiple perspectives/strategies were encouraged and valued. 

5. The teacher valued students’ statements about mathematics and used them to 

build discussion or work toward shared understanding for the class. 

 Examples from the first class session that was observed will be used to highlight 

how each event was scored. This class session focused on the use of concrete models to 

enable the preservice teachers to describe connections among tables, graphs, and 

algebraic rules for linear, quadratic, and exponential functions. The class session started 

with a whole class discussion to explore the patterns that the preservice teachers had 

found after collecting data from cutting string with different numbers of loops to see how 

many pieces would be made. The discussion also focused on the patterns the preservice 

teachers had found by looking at how area and perimeter were changing through different 

patterns of blocks. The preservice teachers then explored a peg game in groups to find the 

least amount of moves needed to win at the game for different numbers of pegs. The 
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object of the peg game is to interchange the yellow and white pegs by moving the pegs 

only according to the rules (Figure 16). 

 
Figure 16. Peg Game Rules 

 A whole class discussion occurred to summarize what the teachers discovered 

from this activity. Finally, the teachers investigated a paper folding activity in which they 

looked at the number of regions and area of these regions related to the number of folds. 

Table 39 has a summary of each event from the first class to explain why it was given a 

score of three. In total, each event from the four classroom observations was given a 

score of three.  

 

Table 39.  

Observation One Score Explanation  
Event Explanation 

1 
(Conjectures 

about 
mathematical 

ideas) 

The whole class period involved making conjectures related to 
patterns. The preservice teachers looked for patterns in tables after 
collecting data and made conjectures about equations through 
generalizations of their patterns. They also compared, contrasted, and 
made connections to problems that were done on the first day of class 
by discussing the growth of the tables and what the equations looked 
like. Students used their group members and the hands on objects to 
check the validity of conjectures.  
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2 
(Fostered the 

development of 
conceptual 

understanding) 

The focus of the lesson was on the preservice teachers being able to 
explain in their own words the differences in linear, quadratic, and 
exponential functions. The preservice teachers did this by 
investigating relationships and patterns in data they had collected 
from concrete objects. The teacher acted as a facilitator while the 
preservice teachers shared their ideas. The preservice teachers 
explained and experienced the different functions using concrete 
objects, tables, graphs, and rules.  

3 
(Explanations of 

solution 
strategies) 

The teacher almost always asked the preservice teachers to explain or 
justify their thinking and how they arrived at their idea with questions 
such as how did you think that through? Or tell us how you figured it 
out? 

4 
(Multiple 

perspectives 
encouraged and 

valued) 

The teacher on multiple occasions asked for any other patterns that 
students had seen or ways to come up with an equation. Even if the 
preservice teachers had an answer that worked, the teacher sought out 
additional ways of thinking about the problem or asked additional 
students to explain a similar idea with different words.  

5 
(Preservice 

teachers ideas 
used to build 
toward shared 
understanding) 

The preservice teachers’ comments were used throughout the class to 
build towards a shared class understanding. At the end of the class the 
teacher had students write in their own words, building on what 
others had shared, their understanding of the objectives for the class 
period.  

 
 Table 40 has a summary of the scores for the five events from the four class 

observations and the totals for each event. Based on the totals, each event was 

characterized as high (9 or greater), medium (7 or 8), or low (less than 6) evidence of a 

standards-based learning environment. Each of these characterizations was then given a 

score: high (2), medium (1), low (0). These five event codes, all scored high, were then 

summed up to give a total of 10. Based on the rubric of high (7 or greater), moderate (3 to 

6), or low (2 or less) the class was characterized as high evidence of standards-based 

learning environments.  
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Table 40.  

Summary of Events Scores from the Four Classroom Observations 
Observation Event one Event two Event three Event four Event five 

1 3 3 3 3 3 
2 3 3 3 3 3 
3 3 3 3 3 3 
4 3 3 3 3 3 

Event total 12 12 12 12 12 
Event 
characterization 

High (2) High (2) High (2) High (2) High (2) 

 The preservice teachers change in beliefs as a result of the standards-based 

instruction will now be described with the results from the reflection assignments. This 

section, as well as the following three reflection sections, will be organized using the 

reflection questions as subheadings. 

 Reflection assignment 1. 

 After the preservice teachers completed the painted cube problem (Appendix C) 

on the third day of class, they responded to two reflection questions. In the activity each 

of the groups was given blocks to build cubes of different dimensions and investigated 

how many unit cubes would have 3 faces, 2 faces, 1 face, or 0 faces painted if the entire 

cube was dipped into a bucket of paint and then removed. More than half of the 

preservice teachers stated that this activity changed their views on mathematics or how 

they might teach mathematics. The preservice teachers valued the ability to communicate 

in groups and to work with concepts in different representations.   

 As a future teacher, what do you see as useful in the way this activity was 

structured and taught? 

 Overall the preservice teachers felt the blocks, the ability to work in groups, and 

being able to make connections between the blocks and the tables to look for patterns 
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were the most useful aspects of how this activity was structured. There were other 

responses as well (Table 41) but were mentioned by four or less of the preservice 

teachers.  

Table 41.  

Preservice Teachers’ Responses on the Useful Aspects of the Painted Cube Problem 
Response Number of 

preservice teachers 
The blocks helped to visualize the problem and made the activity 
easier. 

30 

Group work allowed for concepts to be explained in different ways 
and to have others build on ideas. Group work was essential to 
solve this problem that would have been a struggle to do 
individually.  

17 

I liked being able to look for patterns and make connections 
between the cubes and the numbers in the table. 

13 

Lesson sequence of a whole group activity explanation, then small 
group time to explore, and finally a whole group share and 
summarize time was great. 

5 

It was fun 4 
Allowed for creativity 3 
Instructor helped only when needed 3 
The problem had different entry points and levels of difficulty 3 
The worksheet had the table structure setup already  2 
 
 The majority of responses valued the communication and representations built 

into this activity. An example of this is a preservice teacher that noted “some people 

focused on the physical representation of the cube to see patterns emerge, while some 

people looked more at the patterns in the numerical representation of the cube.” An 

example of the importance of communication was seen in that “if someone didn't 

understand how an answer was reached, other group members could explain it so that 

everyone understood how a solution was found.” 
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  Did this activity change how you might think about mathematics or how you 

might teach mathematics? 

 The responses to this question fell into one of three categories: changed the 

preservice teachers’ beliefs about mathematics or how it might be taught, reinforced their 

beliefs, or did not change his or her beliefs. The majority of responses involved a change 

in beliefs that involved similar comments for what the preservice teachers found useful in 

the way the activity was structured. There was only one preservice teacher who 

commented that this activity did not change or reinforce how they think about 

mathematics or how they might teach mathematics.  

 Eighteen of the preservice teachers discussed how this activity changed their view 

of the teaching and learning of mathematics and most of these responses focused on 

group collaboration and hands-on objects as things that the preservice teachers want to 

use now in their future classroom. The preservice teachers mentioned how important 

these two aspects were in order to successfully work through this activity. One preservice 

teacher commented, “This activity showed me that math isn’t necessarily about crunching 

numbers and using paper and pencils.” Four of the preservice teachers who talked about 

seeing the importance of group collaboration mentioned that they had not thought about 

math as something involving group work before. Table 42 has a summary of the 

preservice teachers’ responses for how this activity changed their view of the teaching 

and learning of mathematics. 
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Table 42.  

Preservice Teachers’ Changed View of Mathematics or the Teaching of Mathematics: 
Painted Cube Problem 
Summary of response Number of 

preservice 
teachers 

The activity showed me the importance of visuals or physical objects and 
collaborative group work. I want to incorporate these in my teaching. 

10 

I saw the importance of visuals to demonstrate concepts. 6 
I saw the importance of using materials and real life situations to promote 
deeper understanding. In my high school it was just about memorizing 
equations.  

1 

Opened my eyes to a new aspect of teaching math: exploration on a problem 
and then coming back together to share and build on others ideas.  

1 

 

 This activity reinforced eleven of the preservice teachers views on the teaching 

and learning of mathematics involving group work, using a variety of teaching methods, 

hands-on materials, and visuals. Table 43 has a summary of the responses for the 

preservice teachers who had their views reinforced and the one preservice teacher whose 

views were not changed after doing this activity.  

Table 43.  
Summary of Preservice Teachers Whose Views were Reinforced or Not Changed: 
Painted Cube Problem 
Summary of response Number of 

preservice 
teachers 

Reinforced the benefits of learning with visuals and hands-on materials.   5 
Reinforced the need for a variety of teaching methods and to make 
connections between the different methods. 

2 

This is the way I learned in elementary school and the way that I want to 
teach. 

2 

Reminded me of the importance of hands-on materials and students having 
the appropriate knowledge in order to solve problems. 

1 

It did not change my views. I find math difficult and still do, but it did 
reinforce that visuals are important. 

1 

This activity did not change my views on mathematics. 1 
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 Overall, the reflection from the painted cube activity showed that the preservice 

teachers’ beliefs about the teaching and learning of mathematics are becoming more 

inline with the NCTM process standards. There was clear indications that mathematical 

communication, problem solving, and the use of different representations to work with 

concepts were seen as valuable parts of the way the painted cube activity was structured. 

Connections between the cubes and the equations were mentioned by almost half of the 

preservice teachers. The process standard of reasoning and proof was not as evident in 

the responses of the preservice teachers.   

 Reflection assignment 2. 

 After the preservice teachers completed the Bigfoot MEA (Appendix B) on the 

tenth day of class, they responded to two reflection questions. In the Bigfoot MEA each 

of the groups was given a footprint that may have been from Bigfoot and had to come up 

with a height prediction for their client, the Northern Minnesota Bigfoot Society. The 

preservice teachers were able to make connections between different mathematical 

concepts and other subjects while working in groups on an open ended realistic engaging 

problem. The majority of the preservice teachers’ changed their views about mathematics 

and the teaching of mathematics to become more inline with NCTM’s process standards 

of communication, problem solving, reasoning, and connections.   

 What mathematical concepts and skills did you use in this activity? 

 Twenty-eight preservice teachers completed the reflection assignment and 

reported a wide variety of mathematical concepts and skills that they used. Table 44 has a 

summary of the concepts and skills that the preservice teachers identified as being used. 
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The mathematical concepts largely involved aspects of proportionality and linear 

functions in different representations.  

Table 44.  

Mathematical Concepts and Skills Identified as Being used in the Bigfoot MEA 
Mathematical concepts Mathematical skills 

• Proportions 
• Ratios 
• Measurement 
• Conversions between units 
• Operations  
• Proportionality  
• Linear functions 
• Lines of best fit 
• Scatterplot 
• Created tables 
• Sample size 
• Averages 
• Correlation 
• Interpreted tables, graphs, and data 
• Looked for relationships between 

variables 
• Unit rates 
• Solved equations 
• Scale factor 

• Data collection 
• Modeling 
• Reasoning 
• Functions on the graphing 

calculator 
• Critical thinking 
• Used measurement devices such as 

rulers or meter sticks 
• Real world connections 
• Brainstormed ideas 
• Assessed the reasonableness of 

solutions 
• Researched on the internet 

  
  Did this activity change how you think about mathematics or how you might 

teach mathematics? 

 Twenty-three of the preservice teachers felt that this activity changed how they 

view mathematics or how they might teach mathematics and the other five preservice 

teachers felt this activity reinforced their ideas. The preservice teachers felt that they 

would like to use a similar activity in their teaching because it was a real world 

application of math, integrated different subjects, was engaging, interactive, fun, and was 

open-ended with no one right answer. The activity also allowed for creativity, 

communication, group work, revision of solutions, and multiple solution strategies.  
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Table 45 has a summary of the preservice teachers whose views were changed. Most of 

the preservice teachers mentioned multiple ideas so similar comments were counted to 

show the number of preservice teachers whose views about math or teaching math were 

changed for each comment.  

Table 45.  

Changed View of Mathematics or the Teaching of Mathematics from the Bigfoot MEA 
Changed view of mathematics or the teaching of mathematics Number of 

Preservice Teachers 
Mathematics can involve problems with more than one right 
answer and can be open-ended  

9 

Saw the importance of collaborative work 8 
Math can involve engaging realistic real world applications  7 
I want to use these types of problems in my teaching 7 
There are many different ways to solve math problems and 
teachers need to be open to multiple solution strategies 

5 

Mathematics can involve integration of multiple subjects 5 
I now see how one problem can involve the integration of many 
different concepts 

4 

Applications of prior knowledge are important 2 
Math can involve creativity 2 
Math can be fun 2 
I liked how we had a choice of materials to use 2 
Brainstorming can help to solve math problems 2 
I liked that we had a chance to revise our work 2 
Mathematics can help students learn communication skills 1 
“This activity as well as this class in general has shown me the 
importance of children working to develop the skills to understand 
why a mathematical concept or idea works.” 

1 

“This proves how crucial it is to make sure my students understand 
smaller concepts in order to put them together to solve more 
challenging problems.”  

1 

Don’t assume students know what they are doing, I may have to 
push them in the right direction.  

1 

 
 The reflections from this question showed that the preservice teachers had new 

ideas and insights into what mathematics is and how to teach it. One of the preservice 

teachers stated that “when I think of math I mostly think of equations and more advanced 
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(pre-calc, calculus) math classes that I felt didn’t have a real world application.” She went 

on to state that she now sees how engaging and relevant mathematics can be. One 

preservice teacher did not seem to appreciate the open-ended aspect of the MEA and 

stated that he would teach this activity differently by having students focus just on ratios, 

“because it is applicable to many things in life and also very efficient once learned.”  

 Five of the preservice teachers commented that the Bigfoot MEA did not change 

their views but reinforced what they thought about mathematics and how they might 

teach mathematics (Table 46). One of the preservice teachers commented that she did not 

like the context of the Bigfoot MEA, but would like to use this type of activity in her 

teaching. Another preservice teacher said that she thought this type of activity would be 

good to use with elementary students because they like to know they are helping 

someone.  

Table 46.  

Reinforced View of Mathematics or the Teaching of Mathematics from the Bigfoot MEA 
Reinforced view of mathematics or the teaching of mathematics Number of 

Preservice Teachers 
Mathematics is fun, interactive, and realistic 3 
I hope to use these types of activities in my teaching 3 
Mathematics involves creativity 2 
Mathematics is not clear and simple 1 
Mathematics can be open-ended 1 
   

 The preservice teachers changed their views about mathematics and teaching 

mathematics to emphasize NCTM process standards of communication, problem solving, 

connections, and reasoning. Collaborative work was seen as important as well as multiple 

problem solving strategies. The preservice teachers emphasized the multiple 

mathematical concepts that were connected in this activity to come up with a solution as 
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well as the connections to different subjects. Reasoning was evident in the need to 

support answers because math can involve more than one right answer. Overall, most of 

the preservice teachers changed how they viewed mathematics or how they might teach 

mathematics after the Bigfoot activity.   

 Reflection assignment 3. 

 After the preservice teachers completed the class activities on fraction 

multiplication and fraction division on the twentieth and twenty-first day of class, they 

responded to two reflection questions. The activities focused on different representations 

and effective learning trajectories for teaching these concepts. Sixth grade children’s 

thinking from Rational Number Project research was used to demonstrate to the 

preservice teachers the types of thinking that students can display. The class period on 

fraction multiplication focused on story problems, patty paper, and number lines to model 

a fraction multiplied by a fraction, and chips to model a fraction multiplied by a whole 

number. Table 47 has a visual of 2/3 times ! modeled with patty paper and an example 

student’s work of 4/5 times 2/3 using a number line. The number line was first divided 

into thirds and the two thirds was used as the starting point. Then each of the thirds was 

divided into fifths in order to mark 4/5 of each of the thirds. The student was able to see 

that the answer was 8/15 by then noticing that the number line from 0 to 1 was divided 

into fifteenths (Wyberg, Whitney, Cramer, Monson, & Leavitt, 2011, p.291). 
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Table 47.  

Modeling Fraction Multiplication with Patty Paper and a Number Line 

 

Hannah hikes along the Nature Trail at Mud 
Lake. The trail is 2/3 of a mile. She hikes 
4/5 of the trail before she stops to take a 
picture of a hummingbird with her high-
speed camera. How many miles has she 
traveled before she stops? 
 

 

 

 The class period on fraction division focused on story problems, the use of 

pictures to form conceptual understanding and mental images, and fraction division 

written with common denominators based on the pictures. A measurement model for 

fraction division was used because it lends itself more naturally to drawing pictures. 

Table 48 has an example story problem that the preservice teachers worked on and an 

example picture from a 6th grader’s work (Cramer, Monson, Whitney, Leavitt, & 

Wyberg, 2010, p.342).  
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Table 48.  

Student Solution to Fraction Division Story Problem 
A scoop holds # cup. How many scoops of 
birdseed are needed to fill a bird feeder that 
holds 3 cups of bird seed?  
 
 
 

 
 
  The 6th grader’s picture shows the three cups of birdseed needed to fill the bird 

feeder. Then the student divided up each cup into fourths in order to mark off the number 

of scoops that held # of a cup. Based on the picture, the student has now shown that 3 

cups of bird seed is the same as 12/4 cup of bird seed. This could then lead to writing the 

division problem with common denominators as .  

 Incorporated in both fraction division and fraction multiplication were also 

estimation strategies and explanations to describe the use of the different representations. 

In their reflections the preservice teachers described the multiple methods based on 

different representations that students would show to demonstrate understanding of 

fraction multiplication and fraction division. 

 All but one of the preservice teachers stated that the class activities changed how 

they viewed mathematics or the teaching of mathematics by seeing the importance of not 

only knowing how to do a mathematics problem but also knowing why a solution method 

works. The majority of preservice teachers had only learned the standard procedures for 

solving multiplication and division of fractions and after the in class activities they came 

to realize why this focus solely on procedures was insufficient.  

 

! 

12
4

÷
3
4

= 4
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 How would you know if students understood fraction multiplication and 

fraction division? 

 In their responses, the preservice teachers focused on students being able to use 

multiple methods and specifically mentioned the different representations that were 

discussed in class. Table 49 has a summary of the twenty-seven preservice teachers’ who 

responded to this question. One preservice teacher was not in attendance for these two 

class sessions and two other preservice teachers did not complete this assignment. Of the 

twenty-five preservice teachers that mentioned multiple methods and representations that 

students could show understanding through, fourteen of the preservice teachers also in 

general mentioned verbal and visual explanations as a measure of understanding. Not 

every one of the preservice teachers mentioned all of the different methods, but every one 

of the twenty-five preservice teachers did mention several of the methods.  

 
Table 49.  
 
Summary of Preservice Teachers’ Responses for Understanding of Fraction Division and 
Multiplication 
Response category Number of 

Preservice Teachers 
If students can show understanding with multiple methods. 
Fraction multiplication: story problems, chips, pictures, number 
lines, patty paper, estimation, and explanations. 
Fraction Division: story problems, pictures, estimation, mental 
images, common denominator method for division of fractions, 
number sentences, and explanations. 

25 

Just doing the procedure is not enough and should be learned last. 
Example: “It has become apparent to me that does not mean you 
understand how to do it.” 
Example: “I thought I understood multiplication and division until 
asked why in this class. I found that I was merely taught the how 
to do it method, such as dividing is flipping the fraction and 
multiplying.” 

12 
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Example: “In my past, I was taught fractions only one way and the 
teacher ‘lectured’ it to us, so no one really participated or asked 
questions.” 
Be able to “read” a fraction multiplication or division problem  
Example:

! 

3
4
x 1
6

 can be thought of as # of 1/6  

Example: 

! 

3
4

÷
1
8

  How many times does 1/8 go into #?  

5 

If students can use pictures or drawings to explain the concepts.  2 
 
 Did this activity change how you think about mathematics or how you might 

teach mathematics? 

 All but one of the preservice teachers said that the class activities changed how 

they thought about mathematics or how they might teach mathematics. The preservice 

teacher that felt her views were not changed stated that the class activities reminded her 

why “it is so much more important to understand why/how you are doing something 

instead of just getting an answer.” Some of the preservice teachers struggled with 

learning fraction multiplication and fraction division conceptually for the first time. The 

preservice teachers had to overcome a focus on symbolic manipulation to eventually see 

the power of conceptual understanding. Table 50 has a summary of the responses of the 

twenty-six preservice teachers that answered this question.   

Table 50.  

Preservice Teachers Changed Views of Mathematics or the Teaching of Mathematics 
after the Fraction Division and Fraction Multiplication Class Activities 
Changed view of mathematics or the teaching of mathematics Number of 

Preservice Teachers 
I was able to see why fraction multiplication and fraction division 
works and understand it. 
Example: “I noticed that some people were very frustrated with 
these new ways of teaching and approaching multiplication and 
division of fractions because they were so used to algebraic 
equations that find the answer quick and easy. I found it liberating. 
I think I may finally understand fractions!” 

21 
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Example: “This activity was really mind opening to my own 
understanding of math and what I really know about fractions.” 
Example: “This activity majorly changed how I think about 
multiplication and fractions. I never used pictures or even really 
thought of fractions as real life situation.” 
Example: “Seeing how college students struggle with the concepts 
of dividing and multiplying fractions shows how little we learn 
about what these types of problems actually mean.” 
I only learned the algebraic rules when I was taught fraction 
multiplication and fraction division. 
Example: “I realized I really didn’t know what it meant to divide 
and multiply fractions.” 

16 

I saw the need for first using the methods learned in class and then 
going to the rule after students understand why it works.  

15 

I can see how the class activities could help all students be able to 
learn mathematics.  

10 

 
 In summary, the preservice teachers were powerfully impacted by the in class 

activities that went beyond procedural knowledge to show how conceptual knowledge 

can be developed to add meaning to the procedures. The preservice teachers were able to 

see examples from research for how a standards-based mathematics class can develop 

powerful understanding and mathematical reasoning in students. The class activities 

helped the preservice teachers see the need to go beyond procedural understanding.  

 In their reflections the preservice teacher made connections to all five NCTM 

process standards: communication, problem solving, reasoning, connections, and 

representations. Through the use of multiple methods to develop conceptual 

understanding including explanations and justification the preservice teachers saw the 

value in communicating mathematically, problem solving, and reasoning. The preservice 

teachers made connections between procedural knowledge and conceptual knowledge. 

The preservice teachers valued the different representations used in the class activities 

including the concrete representation of patty paper and chips, the pictorial 
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representations, the language representation of verbal and written communication to 

explain the problems, the realistic representations of the different story problems, and the 

symbolic representation. The preservice teachers were able to gain an improved 

understanding of the symbolic representation through the use of the other representations 

in the well-structured class activities.  

 Reflection assignment 4. 

 After the second to last day of class, the preservice teachers reflected on one 

question based on the whole semester. Twenty-nine of the preservice teachers completed 

the assignment. Table 51 has a summary of the preservice teachers responses to the 

question. The preservice teachers mentioned multiple things for how the mathematics and 

pedagogy class has impacted their views on the teaching and learning of mathematics. 

The main ideas focused on how the preservice teachers learned the importance of 

teaching for understanding, through different representations, multiple solutions, and had 

a better idea of what a standards-based mathematics class could look like.  

 How has this class changed how you think about mathematics or how you 

might teach mathematics?  

Table 51.  

Preservice Teachers Changed Views at the Conclusion of the Class 
Changed view of mathematics or the teaching of mathematics Number of 

Preservice Teachers 
I learned the importance of teaching why mathematics works in 
order for students to understand mathematical concepts. Math is 
much more than just steps or procedures.  
 
Example: “This class has taught me math in a more meaningful 
way than I have ever been taught math before.” 
Example: “I see how challenging it can be—not to DO the math 
problems—but to explain how they work and WHY it works.”  

27 
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Example: “Students will remember what they learned longer and 
be able to apply their knowledge to solve more complex 
problems.” 
Example: Teaching for meaning and teaching the reasoning behind 
the rules is what mathematics should be about.  
 
I have greater appreciation and see the benefits of the use of 
hands-on objects or manipulatives in math.  

13 

I am more comfortable in my own mathematics knowledge and am 
confident I can explain mathematical concepts. 

11 

Based on what I have learned in this class, I want to teach in a 
variety of different ways including pictures, stories, and 
manipulatives.  

11 

I learned mathematics traditionally. This class was much different 
from the way I learned mathematics.   
Example: “I realized just how poor of instruction I received when I 
was younger.”  
Example: “Math is different than I thought it was.”  

9 

I learned it is important to teach by building on students’ prior 
knowledge by letting students solve problems; then using their 
ideas to guide the class.  
 
Example: “This class has really changed my views on mathematics 
to a teacher standing lecturing to students to hav[ing] children 
work together to explore what is happening in each situation.” 
 
Example: It was frustrating at times because I was used to a 
teacher just giving steps to do math problems, but I came to see the 
benefit of having students learn this way starting an early age.  

8 

I learned that there are many different ways to solve a problem and 
these strategies should be valued.   

7 

I learned the benefit of group work to help students learn 
mathematics. 

5 

Real life contexts make math clearer by giving students something 
to relate to. 
 
Example: “Math is not so scary to me anymore now that I realize it 
all can be put into a real-life context.”  

4 

I learned importance of math for students’ lives. 
 
Example: “The foundation of math that I have to teach in 
elementary school lasts a life time hopefully, and it is my 
responsibility to build that foundation and to build it well.” 

1 
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 The preservice teachers made connections in their final reflections to the NCTM 

process standards of reasoning and proof, communication, problem solving, connections, 

and representations. Reasoning and proof was related to the preservice teachers desire to 

teach for understanding. Communication involved being able to explain mathematical 

concepts and procedures and to explain why they work. Connections were made between 

procedural and conceptual knowledge as well as to real world contexts and concepts 

being shown in other representations. Problem solving involved the focus on multiple 

solution strategies. Overall, every preservice teacher stated that this class has influenced 

how they will teach mathematics and their understanding of mathematics.  

 Post interviews. 
 
 Interviews were used to further explore how the preservice teachers’ beliefs 

changed as a result of the mathematics and pedagogy class. The six preservice teachers 

who were interviewed previously were interviewed the last week of class. For each 

interview the preservice teachers were given a summary sheet of their responses from the 

first interview to allow them to see what ideas they wanted to add to or change. The main 

themes that came out of the interviews were that the mathematics and pedagogy helped 

the preservice teachers to see the importance of conceptual understanding, being able to 

explain mathematical ideas, and that mathematics can involve multiple solution strategies 

and different representations. Each preservice teacher’s responses will be discussed 

individually first and then a summary table will be used to compare across interviews. 
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 Maria. 

 Maria shared that the mathematics and pedagogy class reinforced her beliefs 

about the teaching and learning of mathematics. She liked that the instructor taught 

problems in different ways including “pen and paper…using manipulatives…and 

showing us examples.” She also liked that the instructor used student input and ideas as a 

major part of the class. Maria felt that it shows understanding if a student can explain 

concepts to each other and it is often beneficial for students to hear an explanation from 

their peers, because “sometimes it is the same words but just coming from the student 

makes more sense.” Part of the class that stood out to Maria was the lessons on fraction 

multiplication and fraction division because prior to the class she “only knew the rule and 

did not know why it worked.” The activities helped her see the importance of building 

understanding and how real world contexts can help to visualize a problem. She believes 

that the teacher should not be seen as “an all-powerful supreme being” but should learn 

from the students as well. However, she felt that a teacher should hardly ever let students 

try to solve problems without teaching them first how to do it.  

 Natalie. 

 Natalie enjoyed the mathematics and pedagogy class and felt there were a few 

things in the way that the class was taught that she will incorporate in her teaching. 

Letting students share their ideas was a big part of the class and the instructor circulated 

around the room to make sure that everyone understood the concepts. Natalie felt that 

allowing elementary students to share their ideas is important because they “have really 

good ideas of how to manipulate things and some things come naturally.” Natalie was 
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able to see how the activities in a math class can be structured with real world relevance 

and hands-on objects to build understanding for numbers. She stated, “I really liked when 

we did the multiplication and division of fractions using the different materials, whether 

it was the number line or the patty paper…or drawing the pictures and having those 

different visuals to represent the concepts.” She may have learned math this way in 

elementary school but only remembers doing worksheets, so it was good to see examples 

of how math can be taught differently.  

 Tom. 

 Tom shared how the mathematics and pedagogy class and volunteer teaching that 

he did helped to change his views on the teaching of math. He enjoyed an activity in 

which the preservice teachers explored how to come up with the golden ratio. However, 

he felt that while the golden ratio had a real world application in the construction of the 

pyramids, he did not see “practicality in it” for current times. He felt that in general the 

instructor did a good job of guiding students and took the time to understand the 

preservice teachers’ ideas. Tom said, “she looked at what you were doing before she 

started explaining what to do next.” He felt the instructor “was nice and approachable” so 

that the preservice teachers felt comfortable sharing their ideas. He came to see how 

mathematics does not have to be a straight linear process and involve memorization. Tom 

especially felt the fraction multiplication and fraction division class activities were 

effective for showing how understanding can be developed. He also liked the Bigfoot 

activity because groups came up with a variety of answers, were engaged, and were able 

to be creative. He felt that elementary mathematics classes can allow students to create 
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their own knowledge and promote creativity. Through volunteer work at an elementary 

school during the semester he came to see how teachers have to be very aware “of how 

(students) were raised, how they grew up, their culture…you have to be so well rounded 

as a teacher to accommodate each one of them.” 

 Pia. 

 Pia shared how the mathematics and pedagogy class has shaped her beliefs about 

how to build understanding when teaching math. She felt that teachers “should push 

students to think about problems in different ways” and not just simply explain 

procedures for how to do math. Pia liked how the instructor did “a good job at making 

sure that everyone had understanding…through answering questions well and showing 

different strategies.” The class activities on fraction multiplication, fraction division, and 

addition and subtraction of integers showed Pia the benefits of building understanding 

before doing the standard algorithm. She felt that a good way to start a class “is to put a 

problem on the board and see how kids figure it out, (then) have them share their 

strategies.” Then the teacher can also share a few strategies that are important if students 

do not come up with them.   

 April. 

 April shared how the mathematics and pedagogy class “opened her eyes” to the 

number of different ways to teach concepts and the benefits of doing this. Before this 

class she would have taught “students the one rule that I learned.” From the class she saw 

specific examples of how understanding can be developed in other ways than equations. 

April felt the class activities on fractions were good examples of math and activities that 
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she will remember. She stated that she liked that the instructor emphasized the 

importance of thinking like your future students, because it can be “hard for us to put 

ourselves in that 4th grade brain.” April liked the class activity on modeling addition and 

subtraction of integers with chips but had a hard time understanding how to explain how 

to use the chips because she was “so used to thinking about the rules.” She liked how the 

class incorporated group work and that the instructor circulated around to each group to 

make sure that everyone understood the concepts.  

 Susan. 

 Susan discussed several aspects of the mathematics and pedagogy class that 

influenced her beliefs. She felt that an activity to teach addition and subtraction of 

integers that used red and yellow chips as negative and positive integers was a great 

example of what mathematics should be, because she “was able to touch it and see it at 

the same time.” She liked that the instructor valued multiple ideas and strategies and was 

willing to explore these ideas. She liked the hands-on activities including the use of patty 

paper to teach fraction multiplication. During a practicum experience, she used hands-on 

objects when working with students and was surprised “how helpful it was for them.” 

This class as well really showed her the benefit of using manipulatives, because she 

experienced how beneficial it was to her learning. Susan felt that it is important to not let 

students feel rushed in a math class but to take the necessary time to teach for 

understanding. Susan wants to teach fifth grade and knows she “is going to have to spend 

a lot of prep time with math” because unfortunately she does not feel anymore 

comfortable in her mathematical abilities after taking this class. She still dislikes math. 
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However, she mentioned she would try to collaborate with other teachers when she is a 

teacher, because it “was good to have a group of people to talk to when learning” in this 

class.  

 All six of the preservice teachers changed or add more specific detail to their 

responses from the first interview. Table 52 has a summary of the responses from both 

the pre and post interviews. The parts that in regular font are from the first interview and 

the italicized parts are new ideas from the second interview. The parts in parentheses are 

ideas from the first interview that the preservice teachers did not believe anymore. Maria, 

Tom, and Susan moved from instructive to transitional ratings on the role of the teacher. 

On the second interview they emphasized more how teachers can guide students by 

valuing multiple solution strategies, communication, and teaching concepts in different 

representations. April and Pia were still rated as transitional, but they did elaborate 

further on their ideas for how a teacher can guide students’ learning. Natalie moved from 

a transitional to an early constructivist rating because on the second interview she 

discussed the belief that elementary students can naturally develop their own solution 

ideas and that a teacher can use these to build conceptual understanding.   

Table 52.  

Summary of the Pre and Post Interviews  
Preservice 

teacher 
Influential 
experiences 

What is mathematics? Who is good at 
mathematics? 

Role of the 
teacher 

Roehrig & 
Luft (2007) 

Maria Apprenticeship 
of observation 
 
Mathematics 
and pedagogy 
class 
 

How people think about 
numbers through hands 
on work, 
communication, written 
work, and real world 
problems. The bigfoot 
MEA is a good example 
of this.  

“Anyone can do it if they 
are taught how to do it.” 
 
Depends on the topic or 
concept for who is good. 
 
Physicists, engineers, and 
bankers.  

(2) Instructive 
(3) Transitional 
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It can have multiple 
solution strategies but 
one right answer.  

Those who can apply it in 
their everyday life.  
 
“Those who can answer 
the questions, who get the 
right answers, and who 
can easily explain it.” 

Natalie Apprenticeship 
of observation 
 
Mathematics 
and pedagogy 
class 
 
 

(“The method of using 
numbers and calculating 
things in order to solve 
problems.”) 
 An emphasis on 
understanding and not 
memorization.  
 
Math can be more than 
just numbers by focusing 
on concepts using 
pictures and 
manipulatives to build 
understanding for the 
numbers.  
Class activities on 
fraction multiplication 
and division are good 
examples.  

“Anyone can be good at it, 
if you work hard.”  
 
Those who enjoy it and it 
comes easily to.  
 
Math comes more 
naturally to some people 
and may not take as much 
effort.  
 
People that can explain 
their understanding and 
teach others.  

(3) Transitional 
(4) Early 
Constructivist 

Tom Apprenticeship 
of observation 
 
Drama and 
musicals 
 
Mathematics 
and pedagogy 
class 
 
Volunteer 
teaching 

(Student with a textbook, 
notebook, and pencil 
doing mathematics 
problems.) They could 
be developing new ways 
to get a solution.  
 
Math can involve 
multiple solution 
strategies and 
exploration that is 
similar to science 
classes. It does not have 
to be just linear steps. 
Math involves real world 
applications and looking 
for patterns. Class 
activity on the golden 
ratio is a good example.  

“All students can 
understand math to a 
certain degree if they get 
the right teaching” 
 
Those who can think in 
their heads fast.  
 
Creative students will not 
do as well in a traditional 
math class.  
 
All students can be good at 
math. Thinking creatively 
and not being afraid to be 
wrong are important parts 
of math.  

(2) Instructive 
(3) Transitional  
 

Pia Apprenticeship 
of observation 
 
Mathematics 
and pedagogy 
class.  

To “figure out how to 
solve a problem based on 
a set of instructions.” 
This is still true but math 
can also involve 
developing your own 
solution strategy. 
 

Anyone can be good at 
math. 
 
Someone who is 
disciplined, has different 
ways of solving problems, 
is confident in their 
answers, and can explain 

(3) Transitional 
(3) Transitional 
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It can involve real world 
contexts, manipulatives, 
visuals, and building 
understanding for 
numbers. Class activities 
of fraction 
multiplication, fraction 
division, and addition 
and subtraction of 
integers are good 
examples of this.  

the concepts to someone 
else. 
 
Stereotypical answer is 
engineers, scientists, or 
chemists.  

April  Apprenticeship 
of observation 
 
Mathematics 
and pedagogy 
class 
 
 

“A way to think of 
things through numbers 
and equations.” 
 
“You are almost 
constantly thinking about 
math.”  
 
Math involves problem 
solving, critical thinking, 
daily life, pictures, 
manipulatives, and story 
problems. The class 
activities on fractions 
were given as good 
examples of math.  
 
 

Everyone is good at 
something different- some 
doubt about all being able 
to master math. Some 
people’s brains are wired 
where math comes easier.  
 
People that are persistent, 
hard working, can think in 
different ways, explain 
their thinking, and are 
open-minded. 
People that can understand 
concepts in different ways 
including explanations, 
equations, and 
manipulatives.  

(3) Transitional 
(3) Transitional 

Susan Apprenticeship 
of observation 
 
Family 
 
Mathematics 
and pedagogy 
class 

“Using numbers, trying 
to find a good answer to 
a problem, and problem 
solving.” 
 
Class activity of adding 
and subtracting integers 
with red and yellow 
chips. It was visual and 
hands-on.  
 
It involves 
communication and 
discussion of strategies.  

All students are capable of 
doing math, but some may 
be better at different types 
of math for example 
abstract or concrete. 
 
People who are patient, 
(are enthusiastic about 
math), practice, and are 
open to multiple ideas or 
strategies. 
 
Math comes more 
naturally to some people.  
 

(2) Instructive 
(3) Transitional 

 
 The mathematics and pedagogy class impacted the preservice teachers through 

providing specific examples of what the preservice teachers felt were properly structured 

mathematics activities. Three of the preservice teachers mentioned the activities on 

fraction multiplication and fraction division, two mentioned adding and subtracting 
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integers with chips, one the Bigfoot MEA, and one the golden ratio activity as good 

examples of mathematics. All of the preservice teachers felt that anyone can be good at 

mathematics, though they recognized that it comes easier to some people.  

 On the second interview the preservice teachers were able to show more evidence 

of the belief in standards-based learning environments that was a direct result of the 

mathematics and pedagogy class. Four of the preservice teachers specifically stated they 

liked that the instructor valued the preservice teachers ideas and made their ideas an 

integral part of the class. All of the preservice teachers mentioned understanding concepts 

in different representations and multiple solution strategies as ideas that they will use in 

their teaching. All of the preservice teachers discussed the importance of mathematical 

communication for students to demonstrate understanding and to teach other students. 

Through this communication they also discussed being able to reason and explain why 

mathematical ideas work. All of the preservice teachers but Susan discussed how 

mathematics has real world connections. However, an emphasis on connections between 

solution strategies and in general that mathematics concepts are connected was not 

discussed by any of the preservice teachers.  

 IMAP survey.  

 The post IMAP survey was completed the last week of the semester. Two of the 

preservice teachers did not complete the survey. Table 53 has a summary of the results 

for both the pre and post IMAP survey. The post survey results are in italics under the pre 

survey results for each belief. Overall, the preservice teachers showed greater evidence of 
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holding the seven beliefs measured by the IMAP survey, with the greatest increases for 

beliefs 2, 3, and 4.  

Table 53. 

IMAP Pre and Post-Class Survey Results 
Belief No 

evidence 
n (%) 

Weak 
evidence 

n (%) 

Evidence 
 

n (%) 

Strong 
evidence 

n (%) 
1. Mathematics is a web of interrelated concepts 
and procedures (and school mathematics should 
be too).  

8 (29%) 
4 (14%) 

11 (39%) 
9 (32%) 

5 (18%) 
6 (21%) 

4 (14%) 
9 (32%) 

2. One’s knowledge of how to apply 
mathematical procedures does not necessarily go 
with understanding of the underlying concepts. 

12 (43%) 
4 (14%) 

13 (46%) 
6 (21%) 

1 (4%) 
13 (46%) 

2 (7%) 
5 (18%) 

3. Understanding mathematical concepts is more 
powerful and more generative than remembering 
mathematical procedures. 

11 (42%) 
5 (19%) 

9 (35%) 
2 (7%) 

3 (12%) 
7 (26%) 

3 (12%) 
13 (48%) 

4. If students learn mathematical concepts before 
they learn procedures, they are more likely to 
understand the procedures when they learn them. 
If they learn procedures first, they are less likely 
ever to learn the concepts.  

12 (46%) 
3 (11%) 

5 (19%) 
4 (15%) 

8 (31%) 
9 (33%) 

1 (4%) 
11 (41%) 

5. Children can solve problems in novel ways 
before being taught how to solve such problems. 
Children in primary grades generally understand 
more mathematics and have more flexible 
solution strategies than adults expect.  

6 (23%) 
3 (11%) 

8 (31%) 
10 (37%) 

12 (46%) 
12 (44%) 

0 (0%) 
2 (7%) 

6. The ways children think about mathematics 
are generally different from the ways adults 
would expect them to think about mathematics. 
For example, real-world contexts support 
children’s initial thinking whereas symbols do 
not. 

5 (19%) 
1 (4%) 

10 (38%) 
8 (30%) 

11 (42%) 
12 (44%) 

0 (0%) 
6 (22%) 

7. During interactions related to the learning of 
mathematics, the teacher should allow the 
children to do as much of the thinking as 
possible.  

18 (69%) 
11 (41%) 

7 (27%) 
9 (33%) 

0 (0%) 
7 (26%) 

1 (4%) 
0 (0%) 

Note. For the pre survey there were a total of 28 preservice teachers for beliefs 1 and 2 and 26 preservice 
teachers for the other beliefs. For the post survey there were a total of 28 preservice teachers for beliefs 1 
and 2 and 27 preservice teachers for the other beliefs. Due to rounding not all rows’ percents will add to 
100.  
 
 The class as a whole showed greater evidence that they believed that it is 

important that students have conceptual understanding before learning standard 

algorithms (Figure 17). Sixty-four percent of the class showed evidence or strong 
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evidence of the belief that knowing how to do a procedure does not mean that students 

will necessarily understand why the procedure works. Seventy-four percent of the class 

showed evidence or strong evidence of the belief that understanding concepts leads to 

greater retention and increased ability to learn new mathematical ideas.  

  

 
Figure 17. Change in Beliefs 2, 3, and 4 

 There was greater evidence that the preservice teachers believed that mathematics 

involves connected concepts, that children will develop their own solution strategies, and 

that children should do as much of the thinking as possible in a mathematics class, but 

there was still room for improvement as close to half or more of the class showed no or 

weak evidence in beliefs 1,5, and 7 (Figure 18). On the survey the preservice teachers 
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showed that they valued multiple ways of solving mathematics problems but did not 

always emphasize the connections between the different strategies. Also, there was some 

doubt that children could come up with their own solution strategies and that children’s’ 

solutions and ideas could be used to drive a mathematics class. This was related to the 

idea that children should be allowed to try to solve new problems without being taught, 

but this should only be done sparingly because it could frustrate students. The preservice 

teachers that showed little or no evidence in belief 7 felt that students should be allowed 

to think on their own, but that the teacher would probably have to tell students the right 

way to do problems. These preservice teachers did not seem to focus on the importance 

of properly structuring a mathematics class in order for students to use their prior 

knowledge, other students, and manipulatives to develop solutions or ideas.  

 

 

 

 

 

 

 

 



 

    166 

  

 
Figure 18. Change in beliefs 1,5, and 7  

 However, overall the preservice teachers showed greater evidence of the seven 

beliefs on the post survey and their beliefs became more inline with the NCTM process 

standards. From belief 6, ninety-six percent of the preservice teachers showed at least 

some evidence in the belief that real world contexts allow students to visualize and 

support their mathematical thinking. From belief 1, eighty-six percent of the preservice 

teachers also showed at least some evidence in the belief that mathematics is a web of 

interrelated concepts. The preservice teachers mentioned the importance of promoting 

understanding through different representations to build understanding for procedures. 

Problem solving was emphasized in the focus on multiple solution strategies. 
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Associations to reasoning and proof and communication were made when the preservice 

teachers showed evidence in the importance of conceptual understanding and being able 

to explain mathematical ideas.  

 In summary, the standards-based mathematics and pedagogy class had a profound 

impact on the preservice teachers’ beliefs about the teaching and learning of 

mathematics. In each of the four reflection assignments the preservice teachers discussed 

how the in-class activities had changed or reinforced their views of mathematics and 

teaching mathematics to become more inline with standards-based learning environments 

including communication, connections, problem solving, reasoning and proof, 

representations, conceptual understanding, and real world relevance. The post class 

interviews further detailed the change in beliefs that were a result of the mathematics and 

pedagogy class especially the class activities on fraction division, fraction multiplication, 

the Bigfoot MEA, addition and subtraction of integers with chips, and the golden ratio. 

The post IMAP survey showed that the preservice teachers showed greater evidence of 

the belief in the importance of conceptual understanding, mathematical connections, that 

children think differently than adults, that children can develop their own solution 

strategies and that children should do as much of the thinking as possible in mathematics 

classes. One belief that the majority of the preservice teachers showed little or no 

evidence of was that mathematics classes can be focused on children developing solution 

strategies to problems without being first taught how to do them.  

 The following chapter presents the discussions, limitations, implications, and 

recommendations for future research. 
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Chapter 5 

 Discussion, Limitations, Implications, and Future Directions  
 
 Standards-based learning environments based on the National Council of 

Teachers of Mathematics (NCTM, 2000) Principles and Standards for School 

Mathematics document have served as a framework for effective structure of 

mathematics classroom environments. The main focus of standards-based learning 

environments is reasoning and sense making, representations, communication, real world 

relevance, connections, and problem solving. The Common Core Standard’s (2010) 

mathematical practices as well state the importance of reasoning and sense making, 

problem solving, and real world relevance through modeling. These Standards-based 

learning environments, when properly structured and implemented, enable all students to 

have access to mathematical content and the benefits that this brings. It is vital to 

determine how to prepare future teachers to teach in a way that is inline with standards-

based learning environments since research has shown that many teachers teach in a 

traditional manner (Ball, 1990; Philipp, 2007; Steele, 2001). Teachers’ beliefs are an 

important part of this preparation because there is evidence that teachers’ beliefs about 

mathematics impact their mathematics teaching (Hart, 2002; Philipp, 2007; Steele, 1994).  

 The purpose of this study was to investigate the impact of a standards-based 

mathematics and pedagogy class on preservice teachers’ mathematical content 

knowledge and beliefs about mathematics. The framework for the standards-based 

mathematics and pedagogy class involved the NCTM Standards, the Lesh Translation 
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model, building algebra through the elementary grades, social constructivism, research on 

children’s mathematical thinking, and technology infused lessons.   

 This chapter is organized into five parts. First, a brief summary and discussion of 

the results is provided. Second, limitations of the study are described. Third, implications 

from the study are discussed. Fourth, recommendations for future research will be 

discussed. Finally, a conclusion will be presented.  

Summary and discussion of the results. 

 Research question (a) 

 (a) How are preservice teachers' beliefs aligned with the vision of teaching and 

learning of mathematics as stated in the NCTM Standards? How do their beliefs 

change through participation in a mathematics course that reflects the NCTM 

process standards and content from the algebra and number and numeration 

strands? 

 Based on the pre-class Integrating Mathematics and Pedagogy (IMAP, 2004) 

online beliefs survey and interviews with six of the preservice teachers at the start of the 

class, the preservice teachers’ showed little evidence that they held beliefs of teaching 

and learning in a standards-based learning environment. There was some evidence that 

the preservice teachers believed that children think about mathematics differently than 

adults and can solve problems without being directly taught. However, the preservice 

teachers showed little evidence in the belief that learning mathematical concepts is more 

powerful than learning procedures and that the teacher should let children do as much of 

the thinking as possible in learning mathematics. The results from the interviews gave 
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some rationale for the lack of evidence of standards-based beliefs. The six preservice 

teachers expressed doubts about elementary age students being able to learn mathematics 

in a standards-based environment because they did not know what this would look like in 

practice. The preservice teachers had mostly learned math traditionally in their own 

educational experience. All six of the preservice teachers though had a desire to teach in a 

way to meet different learning styles.  

 Two ways to change beliefs are through immersion in a community that values 

certain beliefs (Ambrose, 2004; Pajares, 1992) and from observation of reformed 

instruction (Grant et al., 1998; Spielman & Lloyd, 2004). Through the mathematics and 

pedagogy class the instructor sought to give the preservice teachers a positive and 

powerful mathematical experience that would serve to demonstrate to the preservice 

teachers how to implement a standards-based learning environment and the benefits of 

structuring mathematics classes in this way.  

  From classroom observations done with a structured observation protocol it was 

determined that the mathematics and pedagogy class was taught with high evidence of a 

standards-based learning environment. The instructor structured the class so that the 

preservice teachers made conjectures from patterns, made connections between problems 

done in class, offered multiple strategies and explanations, and focused on conceptual 

understanding through reasoning, justification, and communication.  

 Data that was collected throughout the class showed that the preservice teachers’ 

beliefs became more connected with those espoused by the NCTM standards in the areas 

of communication, problem solving, representations, reasoning and proof, and 
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connections. The preservice teachers completed three reflections after three class 

activities and a fourth reflection at the conclusion of the class. The last week of class the 

preservice teachers also completed the IMAP survey and six preservice teachers were 

interviewed to further explore the change in beliefs that were a result of the mathematics 

and pedagogy class. Table 54 has a summary of the change in beliefs that occurred 

throughout the semester. 

 
 
Table 54.  

Summary of Preservice Teachers’ Change in Beliefs  
Data source Summary 
Reflection 1- 
Painted cube 
problem 

• The preservice teachers valued the ability to work in groups, the 
blocks, and being able to make connections between the blocks 
and the tables to look for patterns. 

• Nineteen preservice teachers described that this activity changed 
their views on mathematics or teaching mathematics to be more 
inline with the NCTM process standards of communication, 
problem solving, connections, and representations.  

Reflection 2 - 
Bigfoot MEA 

• The preservice teachers used a variety of mathematical concepts 
and skills related to proportionality, linear functions, modeling, 
measurement, and statistics.  

• Twenty-three of the preservice teachers described how this activity 
changed how they view mathematics or the teaching of 
mathematics to become more inline with the NCTM process 
standards of communication, problem solving, connections, and 
reasoning.  

Reflection 3 - 
Fraction 
multiplication 
and division 

• The majority of preservice teachers had only learned the standard 
procedures for solving multiplication and division of fractions and 
after the in class activities they came to realize why this focus 
solely on procedures was insufficient.  

• All of the preservice teachers except one described how these 
activities changed their beliefs and the responses emphasized all 
five NCTM process standards. 

Reflection 4- 
End of class 
reflection 

• Almost all of the preservice teachers stated they learned the 
importance of teaching for understanding through different 
representations and multiple solutions. Through their responses 
they showed that they had a better idea of what a standards-based 
mathematics class could look like.  
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• Twenty-seven preservice teachers shared they learned the 
importance of teaching why mathematics works by focusing on 
conceptual understanding.  

• Eight preservice teachers mentioned how this class changed their 
views to believe that mathematics instruction should build on 
students’ prior knowledge by having students solve problems prior 
to being instructed on how to do them.  

Post IMAP 
survey 

• The preservice teachers showed greater evidence of holding the 
seven beliefs measured by the survey, with the greatest increases 
for beliefs 2, 3, and 4 that focused on the importance of developing 
conceptual understanding.  

2. One’s knowledge of how to apply mathematical procedures does not necessarily 
go with understanding of the underlying concepts. 
3. Understanding mathematical concepts is more powerful and more generative 
than remembering mathematical procedures. 
4. If students learn mathematical concepts before they learn procedures, they are 
more likely to understand the procedures when they learn them. If they learn 
procedures first, they are less likely ever to learn the concepts.  
• Ninety-six percent of the preservice teachers showed at least some 

evidence in the belief that real world contexts allow students to 
visualize and support their mathematical thinking.  

• Eighty-nine percent of the preservice teachers showed at least 
some evidence in the belief that children can solve problems in 
novel ways before being taught how to solve them. However, 
seventy-four percent of the preservice teachers showed no or weak 
evidence in the belief that teachers should allow students to do as 
much as the thinking as possible in a math class. 

Post interviews • The preservice teachers showed a greater desire to teach in a 
standards-based learning environment and had a greater 
understanding of what this would entail.  

• The mathematics and pedagogy helped the preservice teachers to 
see the importance of conceptual understanding, be able to explain 
mathematical ideas, and recognize that mathematics can involve 
multiple solution strategies and different representations. 

• The preservice teachers discussed the importance of mathematical 
communication for students to demonstrate understanding and to 
teach other students.  

• All but one of the pre-service teachers discussed that mathematics 
has real world relevance. However, the importance of making 
connections between solution strategies and how mathematics 
concepts are connected was not discussed by any of the preservice 
teachers.  
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 The results from the data showed that the preservice teachers showed more 

evidence in beliefs related to the NCTM process standards. In the reflections the 

preservice teachers emphasized the importance of mathematical connections between 

representations and also between other subjects. The preservice teachers felt that they 

would like to use a similar activity to the Bigfoot MEA in their teaching because it was a 

real world application of math, integrated different subjects, was engaging, interactive, 

fun, and was open ended with no one right answer. In all the data sources, the preservice 

teachers shared how they have come to believe that an integral part of a math class is to 

have students discuss their mathematical ideas and explain their thinking. The class 

activities on fraction multiplication and fraction division especially had a profound 

impact on the preservice teachers’ belief in reasoning and proof. They came to realize the 

importance of conceptual understanding and being able to explain why mathematical 

procedures work. Problem solving was discussed with a focus on the importance of 

valuing and encouraging multiple solution strategies. The use of different representations 

was seen as a powerful way to ensure that all students can understand mathematical 

ideas.   

 While studies have looked at changing preservice elementary teachers’ beliefs 

about mathematics (Ambrose, 2004; Benbo, 1995; Collier, 1972; Soto-Johnson et al., 

2008; Spielman & Lloyd, 2004); none of these studies provided rich description of the 

mathematics content class or methods class that was part of the study. This case study 

research adds to the literature on changing preservice elementary teachers’ beliefs 

through the rich description in detail of the standards-based mathematics content course. 
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This study also shows the powerful impact of this class structure on changing the 

preservice teachers’ beliefs about mathematics. However, similar to the findings of Soto-

Johnson et al. (2008) in their study of five standards-based mathematics content classes, 

preservice elementary teachers will not learn everything about standards-based 

mathematics classes from one content class. While the preservice teachers’ beliefs 

became more connected with standards-based learning environments, there were a few 

areas where the preservice teachers showed little or no evidence of change in beliefs.  

 The results on the post IMAP survey showed that the majority of the preservice 

teachers showed little or no evidence in the belief that the teacher should allow children 

to do most of the thinking in a mathematics class. One question for this belief had the 

preservice teachers watch a video in which a teacher basically told a student how to solve 

a real world division problem using blocks. Then the preservice teachers described 

strengths and weaknesses of the teaching and if they thought the child could have solved 

the problem with less help. The majority of the preservice teachers felt that the teacher 

did a good job guiding the child and that the student could probably not have solved the 

problem with less help. However, if the teacher had given the student the blocks first and 

given him more time to answer the question he probably could have solved it by himself 

or with less help (Ambrose et al., 2004). The interviews and the IMAP survey showed 

that the preservice teachers were unclear how often students could be given new 

problems to solve without being instructed on how to solve them first. Close to half of the 

preservice teachers felt that students should only try to solve new problems without being 

taught as a challenge or to assess understanding. They felt that the teacher would have to 
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guide students to show them the right way. These preservice teachers were still not 

convinced or needed more ideas on how students can construct their own knowledge in 

properly structured contexts. The methods classes that the preservice teachers will take 

later in their program may help change these beliefs.  

 Also, while the preservice teachers valued different solution strategies close to 

half of the preservice teachers showed little or no evidence in the belief that mathematics 

is a web of interrelated concepts and procedures on the IMAP survey. One of the 

questions on the IMAP survey presents five different student solutions for how to solve a 

three-digit addition problem. The preservice teachers described that they wanted to share 

these different solution strategies in their future classrooms, but close to half did not 

discuss the importance of making connections between the solution strategies when 

describing what order they would like to share the solution strategies. In the post 

interviews, the preservice teachers described the importance of students being able to 

explain their thinking and teaching in a variety of different representations but did not 

describe the importance of making connections between the different representations or 

solution strategies.   

 Research question (b)  

(b)What mathematical conceptual knowledge of linear functions in the form of 

different representations and translations between and within representations do 

preservice elementary teachers demonstrate while completing the algebra unit of 

the class? 
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 The preservice teachers demonstrated an increase in conceptual understanding of 

linear functions that progressed towards greater understanding throughout the algebra 

unit of the mathematics and pedagogy class. Conceptual understanding of linear functions 

was investigated by looking at the preservice teachers’ work for representations –

symbolic, realistic, pictorial, concrete, and language – and translations within and 

between representations. The preservice teachers completed individual reflections on 

three course objectives. One objective focused on explaining linear, quadratic, and 

exponential functions with tables, graphs and equations. The other two objectives focused 

on slope and proportional and nonproportional situations. Group work from in class 

activities was also analyzed and involved the painted cube problem (Appendix C), real 

world linear functions problems (Appendix C), and the Bigfoot MEA (Appendix B).  

 Initially, the preservice teachers demonstrated limited understanding of linear 

functions and proportionality from the reflections on the course objectives on the first day 

of the semester. Only four of the preservice teachers showed some understanding of 

proportionality through a written description that focused on ratios. For the two 

objectives related to linear functions, the symbolic representation was the most prevalent 

with about half of the preservice teachers showing some conceptual understanding of the 

slope-intercept form of linear equations and different ways to calculate slope. Only four 

preservice teachers demonstrated the realistic and pictorial representations and the 

language representation was fully developed by only about a fourth of the class. There 

were no translations within representations and only two of the preservice teachers 
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demonstrated the ability to translate between language, symbolic, and pictorial 

representations.  

 The reflections on the same three course objectives at the end of the algebra unit 

showed much more fully developed conceptual understanding in the five representations 

and translations within and between representations. The preservice teachers 

demonstrated the ability to describe realistic representations of linear functions and 

proportional situations. The pictorial representations involved graphs of linear functions 

and proportional situations, showing the growth in tables, showing the scale factor in 

tables, and showing the slope on a graph. The symbolic representations involved finding 

slope in different ways, numbers given in a realistic situation, tables, equations, ratios, 

unit rates, and plugging in points to an equation. The concrete representations involved 

referencing concrete representations that were used in class. The language representations 

involved explaining why a table, graph or equation is linear, describing slope in multiple 

ways, describing characteristics of proportional situations, and explaining why situations 

are proportional or nonproportional.  

 The painted cube problem was done as an in-class group activity on the third day 

of the semester and the preservice teachers demonstrated slightly more conceptual 

understanding than in the first reflections on course objectives. While all five 

representations were evident from the preservice teachers’ work, only work in the 

symbolic representation showed understanding from all groups. The only translation 

within representation was within symbolic representations. The concrete representations 
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were not as evident from the written work, though all groups used the unit cubes to build 

cubes of different dimensions in order to complete the activity.  

 The real world linear functions problems was done as an in-class group activity 

on the sixth day of class and showed improved understanding from the painted cube 

problem. All of the groups showed conceptual understanding of realistic and symbolic 

representations and translations between these representations. Pictorial and language 

representations as well were evident in the majority of the groups’ work. The concrete 

representation was not structured into this activity.  

 The Bigfoot MEA was done as an in-class group activity on the tenth class period 

of twelve class periods of the algebra unit. Each group was audio recorded while working 

on this activity as well as having their written work analyzed. The preservice teachers 

demonstrated almost completely developed conceptual understanding. Only the pictorial 

representation and translations between and within this representation were not shown by 

all groups. All of the groups demonstrated the ability to use their content knowledge of 

linear functions to develop a solution to an open-ended problem that met the needs of 

their client, The Northern Minnesota Bigfoot Society.  

 While not every preservice teacher demonstrated fully developed conceptual 

understanding in the activities, the class as a whole showed considerably more well 

developed conceptual content knowledge of linear functions and proportionality than at 

the beginning of the course. This is a valuable finding from this study, because in 

previous research Ma (1999) found that Chinese elementary teachers incorporated more 

rigor, discussion, and justification for their ideas than U.S. elementary teachers. The 
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Chinese teachers also had more coherent content knowledge while the U.S. teachers’ 

knowledge was more fragmented. The preservice teachers in this study showed that they 

could demonstrate conceptual connected content knowledge through different 

representations and use these representations to provide reasoning and justification for 

mathematical concepts. The preservice teachers would also have further opportunities to 

develop their content knowledge in another mathematics and pedagogy content class and 

a methods class that is a part of their program.  

 Figure 19 has a summary of the progression of conceptual knowledge of linear 

functions and proportionality that was shown by the preservice teachers. The complete 

Lesh Translation model is provided in the middle of the first row to show what fully 

developed conceptual understanding would look like. The middle of the figure has a key 

that explains what the different types of lines mean for each representation and 

translation between and within representations.  
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Figure 19. Preservice Teachers’ Development of Conceptual Understanding 

 Overall, the preservice teachers demonstrated the most developed understanding 

in the realistic, language, and symbolic representations while the pictorial representation 

was often not as fully developed. The preservice teachers could have used the pictorial 

representation more often to illustrate explanations and to translate from other 

representations. Graphs of linear and proportional functions could have been used more 
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often as well as showing the growth in a table, showing the slope on a graph, and 

showing the scale factor in a table. The concrete representation was not structured into 

the real world linear functions problems and the concrete representation was not 

necessary to demonstrate understanding in the written reflection assignments. The 

preservice teachers did demonstrate understanding in the concrete representation in the 

Bigfoot MEA when working with body parts and the sample Bigfoot footprint; they also 

used the unit cubes effectively in the painted cube problem.  

 Limitations 

 Since this study was a case study of a single class, generalizability is limited. The 

results may not be the same with a different instructor teaching with the same material. 

Also, the researcher did all the codings of the preservice teachers’ data so there was no 

inter-rater reliability. In addition, the researcher was teaching another section of the 

standards-based mathematics and pedagogy class during the semester the data was 

collected.  

 However, the study did demonstrate the benefits of a standards-based learning 

environment and quality aspects that can be incorporated into a mathematics and 

pedagogy class for preservice elementary teachers. The rich description in this study 

showed the benefits of a focus on representations and translations between and within 

representations. A focus on communication, reasoning, problem solving, connections, 

reflection, and real world problems also helped to make the preservice teachers’ beliefs 

more aligned with standards-based learning environments.  
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Implications 

 Ambrose (2004) noted that if teacher educators wait until methods classes to 

assess and realign preservice teachers’ beliefs with those espoused by teacher education 

programs, it is probably too late. It is important to make certain that preservice 

elementary teachers have beliefs that are inline with standards-based learning 

environments to ensure all students have access to mathematics and the benefits that this 

brings. The rich description of the impact of this mathematics and pedagogy class 

provides useful information for mathematics teacher educators on how to properly 

structure their mathematics content or mathematics and pedagogy courses. The main 

implications from this study are the concept of symbolic saturation, the benefits of 

discussing research based models of children’s thinking, the complexity of learning to 

teach in a standards-based learning environment, the importance of collaboration when 

teaching, and the value of using model-eliciting activities.   

 At the beginning of the semester the preservice teachers’ content knowledge and 

beliefs about mathematics showed a focus of mathematics as mainly involving work with 

symbols. This content knowledge and beliefs about mathematics developed from the 

preservice teachers own schooling experiences. Teacher educators should be aware that 

this concept of symbolic saturation is something that has to be overcome to properly 

prepare teachers.  

 The way the mathematics and pedagogy class was intentionally structured 

according to the Lesh Translation Model proved to be an effective method for the 

preservice teachers to develop conceptual content knowledge in different representations 
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and beliefs about mathematics that are more inline with standards-based learning 

environments. Mathematical symbols and procedures can be abstract concepts that can be 

difficult to understand if the focus is solely on the symbolic representation. In the 

elementary grades especially, it is vital to have students develop conceptual 

understanding in different representations and translations between and within to help 

give meaning to abstract symbols. In emphasizing that mathematics involves language, 

manipulatives, realistic contexts, pictures, and symbols, preservice teachers can convey a 

more robust understanding of what mathematics is to their future students.  

 This study showed the benefits of using research-based models of children’s 

thinking for changing the preservice teachers’ beliefs. The class activities on fraction 

division and fraction multiplication provided a powerful experience for the preservice 

teachers to see the importance of developing conceptual understanding. For many of the 

preservice teachers these class activities were memorable as they found they never really 

understood these mathematical concepts. Similarly, it has been found that emotion-

packed vivid experiences can change beliefs (Ambrose, 2004; Pajares, 1992). In 

mathematics content courses and methods classes it is important that research-based 

models of children’s thinking are used for preservice teachers to see the need for 

conceptual content knowledge and for their beliefs to become inline with standards-based 

learning environments.  

 While the preservice teachers beliefs became more aligned with standards-based 

learning environments, this study showed the complexity of learning how to teach 

mathematics in this way. The majority of the preservice teachers still showed little or no 
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evidence of the belief that during mathematics classes children should do as much of the 

thinking as possible and that mathematics can routinely involve children in solving new 

problems prior to instruction. Since beliefs are context specific (Cooney et al., 1998), the 

preservice teachers may have seen the possibility of a math lesson that focuses on 

students’ invented solutions and ideas for a few mathematical concepts, but did not know 

how often this could be done with other mathematical concepts.  

 This directly relates to the idea that beliefs and knowledge are interconnected 

(Kennedy, 2005) and can influence each other (Pajares, 1992). As the preservice 

teachers’ conceptual content knowledge of specific mathematical concepts became more 

developed they came to believe more in standards-based learning environments in 

elementary grades mathematics classes. For example, in the third reflection assignment 

all but a few of the preservice teachers stated that they actually understood fraction 

multiplication and fraction division and also indicated a desire to teach in a way to 

develop this understanding in their students.  

 The preservice teachers progressed to a more developed conceptual understanding 

of linear functions throughout the course and the group interactions played an integral 

part. In the reflections and interviews the preservice teachers mentioned the benefit of 

being able to work in groups to hear other explanations and to be able to solve more 

difficult problems than they would have been able to alone. Communication is an integral 

part of standards-based learning environments and the preservice teachers showed 

evidence of this belief.  
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 It is essential as well that teachers continue to collaborate with other teachers in 

their first years of teaching and throughout their teaching careers. This cannot only 

support their beliefs about mathematics but also their content knowledge for effectively 

developing conceptual understanding in their students. Mentors, team planning, math 

coaches (Campbell & Malkus, 2009), professional development (Carpenter et al., 1989), 

and professional learning communities can all encourage and foster collaboration. While 

the mathematics and pedagogy class incorporated group work, an increased inclusion of 

structured cooperative learning may have lead to increased conceptual content knowledge 

as it has been shown to increase student achievement (Johnson, Johnson, & Smith, 2007).  

 In this study the preservice teachers demonstrated the ability to apply their 

knowledge using the Common Core mathematical practice of modeling. The preservice 

teachers were able to work together in their groups to develop solutions to an open-ended 

realistic STEM activity, the Bigfoot MEA and they expressed interest in teaching with 

these types of activities. Modeling activities can integrate multiple subjects and provide 

students with real world problem solving experiences. This is essential for the elementary 

grades as many elementary teachers teach all of the subjects. This type of teaching can 

make learning more connected and engaging for students.  

  The conceptual understanding in different representations that were structured 

into the activities in this study can also provide recommendations for middle school and 

high school mathematics. Various studies have found that middle and high school 

students have difficulty in working with or translating between representations when 

working with algebraic ideas. Students have difficulty generating equations or using 
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symbolic representations with word problems (Kieran, 2007; Koedinger & Nathan, 2004; 

Yerushalmy & Sternberg, 2001). Koedinger & Nathan (2004) suggest that students first 

need experiences of translating between representations including real world situations 

before a large emphasis is put on symbolic manipulation. Different technologies 

including graphing calculators are also suggested to increase students’ ability to translate 

between representations (Lobato, Ellis, & Munoz, 2003; Kieran, 2007). The activities in 

this study had the preservice work with graphing calculators and multiple representations 

to provide meaning for the symbolic representation and could be used with middle and 

high school students to develop understanding of proportionality and linearity. 

Recommendations for Future Research 

 There are several areas of future research that can build on this study or relate to 

this study. Future research could focus on a longitudinal study of beliefs and content 

knowledge, research on the inclusion of observations of standards-based instruction in 

elementary classrooms as part of the mathematics and pedagogy class, the inclusion of 

more integrated STEM modeling activities, and research on how preservice teachers’ 

pedagogical content knowledge develops.  

 A future study could explore the development of preservice teachers’ beliefs and 

content knowledge before, during, and after the mathematics content classes, methods 

classes, student teaching experience, and in their first years of teaching. This longitudinal 

study could provide valuable insights into the interacting factors that help or prevent 

teachers from teaching in a standards-based way. A longitudinal study could also look at 
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how effective the preservice teachers are at developing their students’ algebraic thinking 

related to linear functions in their first years of teaching.  

 Future research could focus on preservice teachers observing elementary teachers 

that have shown they teach in a standards-based learning environment while taking a 

mathematics and pedagogy class. The data on the preservice teachers’ beliefs at the start 

of the semester showed that few had experienced or observed standards-based 

mathematics instruction. Observations of standards-based instruction in elementary 

grades may help more preservice teachers’ to see how elementary students can do most of 

the thinking in a mathematics class and that teachers can build lessons on students’ 

thinking. Other alternatives to classroom observations that could be included for future 

research would be articles that describe elementary classroom examples of standards-

based instruction or videos of examples of standards-based instruction in the elementary 

grades.  

 The area of modeling is an interesting area for future research in elementary 

teacher preparation. Future research could focus on how preservice teachers apply their 

content knowledge in integrated STEM model-eliciting activities (MEAs) that 

incorporate reading and writing. In this study, sharing research on children’s thinking of 

mathematics was a powerful experience for the preservice teachers. Similarly, future 

research could focus on the impact of research-based models of elementary students’ 

thinking on modeling activities. Since many elementary teachers have to teach all of the 

subjects, a natural approach to teaching mathematics is with MEAs.   
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 While this study focused on content knowledge, future research could be done on 

how preservice teachers’ pedagogical content knowledge develops as well. The 

preservice teachers in this study were beginning to realize the complexity of teaching. 

Teaching in a standards-based learning environment is difficult, as teachers need to have 

knowledge of student thinking, effective lesson sequences, good examples, and student 

capabilities and misconceptions. Since beliefs and content knowledge are interconnected, 

the preservice teachers may have been lacking the pedagogical content knowledge 

needed to believe in some aspects of standards-based learning environments.  

Conclusion 

 In order for all students to have access to mathematics and the life opportunities 

that mathematical knowledge brings it is vital for teachers to teach mathematics with a 

focus on problem solving, reasoning and proof, communication, connections, 

representations, real world relevancy, modeling, and equity. A firm foundation and 

enjoyment of mathematics is essential for students in the elementary grades. Teaching in 

a standards-based learning environment is a complex endeavor that requires teachers to 

have well-developed content knowledge and standards-based beliefs about the teaching 

and learning of mathematics. There was still room for improvement in conceptual 

understanding of linear functions and beliefs that are inline with standards-based learning 

environments for the preservice teachers in this study. However, the preservice teachers’ 

conceptual content knowledge became more fully developed and their beliefs about 

mathematics became more inline with standards-based learning environments in order to 

help them effectively teach in a standards-based way. It is the goal that through future 
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development and training, the preservice teachers can develop mathematical thinking in 

their future elementary students so that algebra is a gateway to opportunity and not a gate 

that blocks their students’ way.  
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Appendix A: Course Syllabus 
 

MTHE 3101: Mathematics and Pedagogy for 
 Elementary Teachers: Course 1 (3 credits) 

Fall, 2011 
 

  
 
 
Class time: Monday and Wednesday: 1:25 – 2:45 
 
 
 
Course Goals: 
The course is designed to deepen math content knowledge of K-6 licensure students 
within an environment that models the pedagogy future teachers are expected to 
implement.  In this integrated content and methods class, students will learn mathematics 
within an environment that involves problem solving, connections, communication, 
reasoning and representation. Students will use a variety of tools to learn mathematics 
including different types of calculators and laptop computers featuring a variety of 
software to support mathematics learning. 
 
Part I of the course will focus on algebra topics, in particular, linear, quadratic, 
and exponential functions.  Part II of the course will trace the historical 
development of our numeration system.  Students will explore the historical 
development of these sets of numbers: natural numbers, integers, rational 
numbers, and irrational numbers. Students will use content from Part I as tools for 
exploring our number system.  
 
Course Objectives: 
 

1.  Students will develop skills needed to be a reflective practitioner by 
participating in class activities that ask students to reflect on content learned and 
their beliefs about teaching and learning mathematics. 
 
2.  Students will be able to represent concrete and real world examples for three 
types of functions (linear, quadratic and exponential) using tables, coordinate 
graphs, verbal rules and algebraic expressions, and use these representations to 
solve problems. 
 
3.  Students will be able to describe connections among tables, graphs, and 
algebraic rules for linear, quadratic and exponential functions, noting differences 
among the three types of functions.  
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4.  Students will be able to describe the meaning for slope using realistic contexts 
and graphs of linear functions. 

 
5.  Students will be able to describe connections among slope, y-intercept and the 
algebraic rule and use these connections to graph linear functions or discover the 
function rule. 

 
6.  Students will be able to list the mathematical characteristics of proportional 
situations and to use them to differentiate proportional from non-proportional 
situations. 

 
7.  Students will be able to give examples of mathematical situations that are 
proportional including probability situations. 

 
8.  Students will deepen their understanding of our numeration system by 
tracing the historical development of ancient numeration systems and by 
identifying characteristics of ancient numeration systems that exist within 
ours. 

 
9.  Students will deepen their understanding of the natural numbers by 
exploring examples of how these numbers are used in number theory. 

 
10. Students will deepen their understanding of fractions and decimals by 
exploring models for these numbers as well as different interpretations for 
fractions. 

 
11. Student will deepen their understanding of integers by developing models 
for the operations and using models to solve contextual problems. 

 
12.  Students will develop a deeper understanding of irrational numbers by 
exploring historical problems involving these numbers. 

 
Course Assignments 

 
(1) Complete weekly homework assignments.  They are included in the course 
packet.  Syllabus shows due date for each homework assignment.  
 
(2) Quizzes:  In addition to larger exams at the end of the algebra unit and 
number & numeration unit, you will have 3 quizzes covering smaller amounts of 
content.  See the chart for quiz dates. 
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(3) Reflection Activities 
 

A. Mathematical Reflections- due on 10/17. Document your growth in the 
algebra strand by communicating your understanding of the following course 
objectives: 3, 4, and 6.  The objectives are noted below: 

 
3. Students will be able to describe connections among tables, graphs, and algebraic 
rules for linear, quadratic and exponential functions, noting differences among the 
three types of functions. 
 
Be sure to compare the tables, graphs, and rules of the three different functions to explain 
how they are different by noting the characteristics of each function. Give an example of how 
you know a table, graph, and equation is linear, exponential, and quadratic.  
 
4. Students will be able to describe the meaning for slope using realistic contexts and 
graphs of linear functions. 
 
Show how to find the slope from a table, graph, equation, and from the slope formula. Use a 
real world example and describe the meaning of the slope. Show the slope of the real world 
example in the graph, table, and equation.  
 
6. Student will be able to list the mathematical characteristics of proportional situations 
and to use them to differentiate proportional from non-proportional situations. 
 
List the four characteristics of proportional situations. Give examples of proportional and 
non-proportional situations. For proportional situations explain how the situation meets the 
four characteristics. For non-proportional situations explain why the characteristics are not 
meet.  

 
B. Pre and Post Online Beliefs survey.   
You are asked to complete an online beliefs survey before the class starts 
on Sept.7th. You will need to do this online belief survey again on 
December 7.  As beliefs are not considered “right or wrong”, you will only 
have to complete the survey to receive full credit for this assignment. 
  
C. Class blog. 
Four homework assignments will involve responding to reflection 
questions using the Moodle site set up for this class.  Instructions for this 
will be provided in class.  Again as reflections are not “right or wrong” 
you will only have to post on the blogs to receive full credit for the 
assignment.  Thoughtful reflections showing your growth as a reflective 
practitioner are expected.   

 
(4) Complete an in-class test on the goals for algebra component  
    of the course on 10/17.  You may use your algebra reflections on the  
    test. 
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(5) Numeration Project Due 10/31 
 

(I) Create your own numeration system for each of these five different 
systems studied in class. See handout for more details.  You may complete 
this with a partner.  
 
1. Simple grouping system 
2. Multiplicative, unciphered 
3. Multiplicative, ciphered 
4. Positional, ciphered, no zero 
5. Positional, ciphered, zero. 
Explain why each system you created exemplifies the particular system.  

 
(6) Complete the in-class test on content covering Number and  
    Numeration content on 12/14.   You may bring in one sheet of notes    
    (both sides). 
 
Grading  

 
Blogs   10 points 
Pre/post survey   10 points 
Quizzes   45 points 
Algebra Exam                  90 points 
Number Exam                      90 points 
HOMEWORK   60 points 
NUMERATION PROJECT I   15  points 
ALGEBRA Reflection        40 points 
ATTENDANCE/Participation   40 points (LOSE 5 POINTS PER MISSED CLASS) 
 
A  =   > 375  points   D+ =  280 – 287 points 
A-  =  360 – 374 points   D   =  260 – 279 points 
B+  =  355 – 359 points   D-  =  240 – 259 points 
B   =  340 – 354 points   F    =  < 240 points 
B-  =  328 – 339 points 
C+  =  320 – 327 points 
C   =  300 – 319 points 
C-  =  288 – 298 points 

 
Academic dishonesty: academic dishonesty in any portion of the academic work for a course shall be 
grounds for awarding a grade of F or N for the entire course. 
 
I -- (Incomplete) Assigned at the discretion of the instructor when, due to extraordinary circumstances, e.g., 
hospitalization, a student is prevented from completing the work of the course on time. Requires a written 
agreement between instructor and student. 
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Class Schedule 
 

Class 
Date 

Topic 
 

Homework 
Due Date 

9/7 Concrete Models for linear functions  

9/12 Concrete Models for linear, quadratic and 
exponential functions 

1 

9/14 Exponential functions; the cube problem 2 
 

9/19 Science contexts for linear, quadratic and 
exponential functions 

3 
Blog #1 

9/21 Quiz #1  
Exploring linear functions; Slope and Y-
Intercept 

4 

9/26 Real world contexts for linear functions, 
slope, y-intercept 

5 

9/28 Fitting Line to Data 
 

6 

10/3 Introduction to Proportionality 
 

7 

10/5 Math examples for proportionality 8 

10/10 Model Eliciting Activity 9 
 

10/12 Review Day Blog #2 

10/17 Algebra Reflections due 
Algebra Exam 
 

none 

10/19 Numeration Systems 
 

none 

10/24 Numeration Systems 
 

10 

10/26 Numeration Systems none 

10/31 Numeration Project I due 
Natural Numbers: Figurate Numbers 

Only the 
project 

11/2 Natural Numbers: Figurate Numbers 11 

11/7 Quiz # 2 
Integers: Addition and Subtraction models 

12 

11/9 Fraction Number Sense 13 

11/14 Fraction Multiplication 14 
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11/16 Fraction division  15 

11/21 Decimal fraction connection; repeating 
decimals 

16 
Blog #3 

11/23 No Class Thanksgiving Break  

11/28 Quiz # 3 
Pythagorean Theorem 
 

17 

11/30 Irrational Numbers 18 

12/5 Problems with $ and the Golden Ratio 19 

12/7 Irrational numbers continued - Fibonacci 
sequence 

20 
 

12/12 Number and Numeration review Online 
survey 

12/14 Number and Numeration Exam Blog #4 

 
STUDENTS ARE EXPECTED TO PARTICIPATE IN COOPERATIVE GROUPS 
DURING CLASS.  WORKING WITH EACH OTHER AND LEARNING FROM 
EACH OTHER ARE IMPORTANT COMPONENTS OF THIS COURSE. 
 
PLEASE, NO TEXTING DURING CLASS.  HOMEWORK SHOULD BE 
COMPLETED OUTSIDE OF CLASS.  KEEP THE CROSSWORD PUZZLES FOR 
ANOTHER TIME. 
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Relationship between this class and Conceptual Framework 
 

Conceptual Framework for P-12 Professional Education Programs 
The central themes of the Conceptual Framework are: 
Promoting inquiry, research, and reflection; 
Honoring the diversity of our communities and learners; and 
Fostering a commitment to lifelong learning and professional development. 
This course involves students in inquiry learning; students work in cooperative groups to optimize 
communication among learners.  Students are asked to reflect on their own learning and to consider how 
learning mathematics will impact their teaching of mathematics. 
 
Course Description 
The course is designed to deepen math content knowledge of K-6 licensure students within an environment 
that models the pedagogy future teachers are expected to implement.  In this integrated content and 
methods class, students will learn mathematics within an environment that involves problem solving, 
connections, communication, reasoning and representation. Students will use a variety of tools to learn 
mathematics including different types of calculators and laptop computers featuring a variety of software to 
support mathematics learning. 
 
This course covers topics from algebra, proportionality, number and numeration. 
 
Standards for External Review  
State Rule: 8710.3200 subpart 3 C: 

1) Concepts of mathematical patterns, relations, and functions (class work; homework; quizzes 1 
and 2, algebra reflection; algebra test) 

o Identify and justify observed patterns 
o Generate patterns to demonstrate a variety of relationships 
o Relate patterns in one strand of mathematics to patterns across the discipline 

   
3) Concepts of Numerical Literacy: (class work; homework, Numeration project; numeration    
   test) 

o Possess number sense and be able to use numbers to quantify concepts in the 
students’ world 

o Understand a variety of computational procedures and how to use them in examining 
the reasonableness of students’ answers 

o Understand the concepts of number theory including divisibility, factors, multiples 
and prime numbers 

o Understand the relationships of integers and their properties that can be explored and 
generalized to other mathematical domains 

 
7) Mathematical processes (class work; algebra and numeration projects, homework) 

o Know how to reason mathematically, solve problems, and communicate effectively 
at different levels of formality 

o Understand the connections among mathematical concepts and procedures as well as 
their applications to the real world 

o Understand and apply problem solving, reasoning, communication and connections 
o Know how to integrate technological and non-technological tools with mathematics 

 
Technology 
Students will use graphing calculators, and spreadsheets to learn mathematics and for communicating their 
understanding of mathematics. 
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Diversity 
Through cooperative group work and team projects students will learn about each other and help form a 
community of learners. 
 
Evaluating Student Performance: 
 

A -- achievement that is outstanding relative to the level necessary to meet course requirements. 
B -- achievement that is significantly above the level necessary to meet course requirements. 
C -- achievement that meets the course requirements in every respect. 
D -- achievement that is worthy of credit even though it fails to meet fully the course 
requirements. 
S -- achievement that is satisfactory, which is equivalent to a C- or better (achievement required 
for an S is at the discretion of the instructor but may be no lower than a C-). 
---- 
F (or N) -- Represents failure (or no credit) and signifies that the work was either (1) completed 
but at a level of achievement that is not worthy of credit or (2) was not completed and there was 
no agreement between the instructor and the student that the student would be awarded an I (see 
also I)  
Academic dishonesty: academic dishonesty in any portion of the academic work for a course shall 
be grounds for awarding a grade of F or N for the entire course. 
I -- (Incomplete) Assigned at the discretion of the instructor when, due to extraordinary 
circumstances, e.g., hospitalization, a student is prevented from completing the work of the course 
on time. Requires a written agreement between instructor and student. 
----- 
For undergraduate courses, one credit is defined as equivalent to an average of three hours of 
learning effort per week (over a full semester) necessary for an average student to achieve an 
average grade in the course. For example, a student taking a three credit course that meets for 
three hours a week should expect to spend an additional six hours a week on coursework outside 
the classroom. 
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Appendix B: Big Foot MEA 
 

Bigfoot, also known as Sasquatch, is purportedly an ape-like creature that inhabits 

forests, mainly in the Pacific Northwest region of North America. In reports Bigfoot is 

described to range in height from 6 to 10 feet and weigh in excess of 500 pounds. The 

enormous footprints for which it is named have been as large as 24 inches (60 cm) long 

and 8 inches (20 cm) wide. A majority of scientists discount the existence of Bigfoot and 

consider it to be a combination of folklore, misidentification, and hoax rather than a 

legitimate animal. A small minority of accredited researchers such as Jane Goodall and 

Jeffrey Meldrum have expressed interest and possible belief in the creature. Bigfoot 

remains one of the most famous and controversial enduring legends.  

Bigfoot alive and living in northern Minnesota? 

The co-founders of the Northern Minnesota Bigfoot Society say, “100 percent yes.” They 
said they have received more than 75 reports of sightings, captured images, and Bigfoot 
prints in just three years. This is just one of the things the co-founders of the Northern 
Minnesota Bigfoot Society say confirms the fact, Bigfoot is out there. 

“I’m 110% convinced that it exists. There’s just too much evidence, too many people’s 
emotions showing when they recount their stories,” Bob Olson, a co-founder of the 
Northern Minnesota Bigfoot Society said.  “One lady cries when she recounts her story of 
how this thing stood up and looked at her. She felt it looked into her soul.” Since 2006, 
Olson and Don Sherman have received about 75 reports of similar Bigfoot sightings in 
Northern Minnesota, some of which have been captured on camera. The Northern 
Minnesota Bigfoot Society wants to try to have a more accurate description of Bigfoot. 
They have prints that they believe are accurate of Bigfoot’s feet.  

 
 

But can footprints really tell us anything about Big Foot? Here is some information 
on Tom Brown, an experienced tracker.  
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Expert Tracker Shares His Experiences 

 
Toms River, NJ- Native son and widely 
known tracker Tom Brown has had 
sixteen books published and currently 
trains others to be trackers at his tracker 
school.  Since 1978, people have come 
from all over the world to the Tracker 
School to learn the science and art of 
tracking from Tom and his highly 
trained staff.   
 Tom began his journey as a 
tracker at a young age.  While growing 
up in the Pine Barrens in eastern New 
Jersey, he spent many hours exploring 
the beauty and power of the natural 
world.  It was there he met Rick, who 
became his best friend and fellow nature 
explorer.  Rick introduced him to his 
grandfather, Stalking Wolf, an Apache 
tracker, who became Tom’s mentor.  He 
passed on his knowledge and skills to 
these two boys for many years. 

The hours Tom, Rick, and 
Stalking Wolf spent in the wilderness 
taught Tom to understand and respect 
nature.  One thing he learned about 
himself was his gift for tracking.  Tom 
spent hours tracking a number of 
animals and learning about them through 
quiet, detailed observation.  These hours 
spent learning to track gave Tom the 
ability to observe a track and make 
predictions about whom or what made it. 

As he followed tracks, he would 
notice the pattern they took and the 
depth of them.  These told a story about 
the animal’s behavior, for example a 
track that had a deeper toe indentation 
told Tom that the animal was running. 
Other clues that Tom would look for 

included the toeing marks, sideward 
ridges on the tracks, the length of the 
stride, and the size of the track.  Being 
able to read the tracks and know the 
story they told came after observing the 
animals in similar situations.     
 Tom and Rick learned even more 
about tracks as they observed how 
weather affected them. They spent many 
hours watching a track they had made to 
see the changes that occurred to it as it 
rained or from freezing and thawing.  
Different kinds of soil also had an 
impact on the track.   
 They became good not only at 
tracking animal footprints, but car tracks 
and human footprints also.  As young 
boys, they helped a local search party 
find a missing five year old in the 
woods.  The hours learning the art of 
tracking allowed these two boys to do 
with ease what a group of trained dogs 
and adults were unable to do.  

 Tom used this ability many 
times as an adult also to track down 
people.  The most notable incident for 
Tom was the time he found a mentally 
challenged adult who had been missing 
for a number of days.  This time helped 
Tom to realize that his gift had value for 
others.  In his book, The Tracker, Tom 
states, “he was there and alive and if my 
life ended in the next instant, all the 
years I had spent learning to track had 
been justified.” 
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Readiness Questions 
 

After reviewing the article, please answer the following questions. 
 
 
!" #$%&'()*+,'-./0'-//&1.23&,'024$&'5/0'$%6+'*,+7'&/'-237'&$+'72,%8)+7'%7*)&'/.'

/&$+.,'23'$2,',+%.($+,9'
 
 
 
 
 
2) What information besides footprints might Tom use as a tracker? 
 
 
 
 
3) What information about a person or animal might Tom infer by looking closely at 
the footprints? 
 
 
 
 

Problem Statement 

The Northern Minnesota Bigfoot Society would like your help to make a “HOW TO” 

TOOLKIT. A step by step procedure, they can use to figure out how big people are by 

looking at their footprints. Your toolkit should work for footprints like the one that is 

shown on the next page, but it also should work for other footprints.  
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Appendix C: Activities for Content Knowledge Data Collection 
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Using Tables, Rules and Graphs to 
Solve Problems 

 
 
1) The Pillsbury Park Players are putting on their summer stock performance of “A 
Midsummer Night’s Dream.” Tickets cost $8.50 each. The production costs for the show 
are $561. 
 
a) Write the functional relationship to find the profit given the cost of the tickets and 
production cost. 
 
 
 
 
b) Examine the rule. What part of the rule represents the cost of the tickets? 
production cost? 
 
 
 
 
c) How much profit would there be if they sold 250 tickets? Use the table on your 
graphing calculator to solve this problem. 
 
 
 
 
d) How many tickets did they sell if they made $510? $1020? $85? Use the table on the 
graphing calculator to solve this problem. 
 
 
 
 
 
 
 
 
e) What is the minimum number of tickets they need to sell to break even? 
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2) The Woodstock Blu-ray Company produces quality DVDs of live concerts. The 
company places an ad in a magazine once a year. The cost of the ad is $140. Each DVD 
costs $8 to make. The company sells each DVD for $15 

 
 

(a) At the end of the year, the accountant totaled the cost of producing DVDs and 
advertising for that year. What is the rule showing the relationship between cost for 
advertising and producing the DVDs and the number of DVDs produced? (total cost 
equation) 
 
 
 
 
(b) What is the rule showing the relationship between the amount of money taken in and 
the number of DVDs sold? 
 
 
 
 
 
(c) Graph the two rules on the same set of axes. Where on the graph is the point in which 
the company breaks even? Use the trace function to find the value of this point. You 
may want to change the window such that change in x = 1. 
 
 
 
 
 
(d) Verify that this point is the break even point by substituting the (x,y) point into each 
rule. What should happen if this is indeed the break even point? 
 
 
 
 
(e) Look at the table for these two rules. Where on the table is the break even point? 
 
 
 
 
(f) What is the rule to determine the profit? 
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3) The students in Ms Chang’s class decided to order T-shirts that advertise their school’s 
walkathon. Missy obtains two different quotes for the cost of the shirts. 
 
One size Fits All charges $6.00 per shirt. 
You Draw It/ We Print It charges $75 plus $3 per shirt. 
 
 
a) For each company, write an equation Missy could use to calculate the cost of any 
number of shirts. 
 
 
 
b) On the same set of axes, graph both equations. Describe the graphs. 
 
 
 
 
c) Where on the graph are the prices the same? How does this influence your decision as 
to which company to buy shirts? 
 
 
 
 
 
d) Use the graphing calculator’s tables to find the point in which costs are the same. 
 
 
 
 
 
 
 
e) Describe an algebraic solution to finding the point in which costs are the same.  
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4) A convention hall in Minneapolis costs $50.00 for room rental, and then $4.00 per 
box lunch. The “X” is the number of people who will have a box lunch and “Y” is the 
cost for the room rental and the lunches.  
 
 
a) Write a function rule for this relationship. 
 
 
 

 
b) Make a table showing the relationship between the number of people and the total 

cost. 
 
 
 
 

 
c) Describe patterns you see. 
 
 
 

 
d) Graph the relationship. Where on the graph is the cost per lunch represented? 

Where on the graph is the room rental represented? 
 
 
 
 

e) Answer the following questions: 
 

• If 58 people attended the convention hall and ate lunch, what would the final 
cost be? Describe how you solved the problem. 

 
 
 

• If the total cost was $314, how many people were served a box lunch? 
Describe how you could use the graph to solve this problem. 
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5.  J.J. Pilsbury bakes cakes and sells them at county fairs. His entry fee to sell his 
cakes at the Ramsey County fair is $40. He figures that it costs him $2.50 to make 
each cake. He plans on selling each cake for $6.50. How many cakes must he sell to 
make a profit?  [You choose: use a table, graph or rule solution strategy]. 
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6) Assume the growth of the population of Bugsville, USA was linear from 1996 to 2000, 
with a population of 198 in 1996 and a population of 3018 in 2000. 

 
a) Build a table showing the population for these years. Use P for population and Y for 
year. Let Y = 0 represent 1996. 

 
 
 
 

b) Write an equation for the population P of this community in terms of year. 
 
 
 
 
c) If the trend continues, what will the population be in 2010? Solve this problem in two 
different ways. 
 
 
 
 
 
 
 
 
d) What is the slope of the line for the equation in part b? Explain the practical meaning 
of the slope of this problem. 
 
 
 
 
e) If the trend continues, when will the population reach 7248 people? Solve this problem 
in two different ways. 
 
 
 
 
 
 
f) Explain the practical meaning of the y-intercept in this problem.  
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7) When Alicia and Jamal went to apply for restaurant jobs, they each found several 
different opportunities. 
 
Offer 1: Server at McDonalds 
 Pay is $6.00 per hour, with work uniforms provided free of charge. 
 
Offer 2: Server at Wendy’s 
 Pay is $4.25 per hour and includes $75 hiring bonus with the first week’s check. 
 Again, uniforms are provided.  
 
Offer 3: Host/Hostess 
 Pay is $6.75 per hour, but new clothes for this job is about $150. 
 
The question for both of them was which offer to take. Money that they would earn 
seemed the only factor, since all 3 places were close to their homes and all of the jobs 
were jobs they would enjoy. 
 
The parents of both had agreed to loan them the money for new clothes, but the loans had 
to be repaid as soon as possible. 
 
a. Write equations that will give the possible earnings under each plan as functions of the 
number of hours worked. How are the values in the story problem related to slope and y –
intercept? 
 
 
 
 
b. Use a computer or calculator to display graphs of all 3 relationships for time worked 
up to 250 hours. Is there always one best offer or does it depend on the number of hours 
worked? Explain how the graphs can be used to estimate the best offer for various 
amounts of time worked. 
 
 
 
 
c. Produce a table showing hours worked and earnings data for the three job offers. Use 
information from the graph to set the window so you can find the exact points that 
different jobs pay the best.  
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Appendix D: IMAP Survey and Summary Description of Rubrics for the Seven Beliefs 
 
There are 9 segments in the survey, with the first segment asking for name, email, and 
class. Some of the segments are used in multiple beliefs, but each belief would focus on a 
different aspect of what the participants wrote. The descriptions below are taken from the 
IMAP (2004) beliefs survey manual.  
 
Belief 1: Mathematics is a web of interrelated concepts and procedures (and school 
mathematics should be too). 

Segment 3.2 
3.2 If you were a teacher, which of the approaches would you like to see children share? 
Select “Yes” or “No” next to each student’ name. Explain your reasoning for each choice. 

 
 

 
 

Summary rubric description 
We operationalized this belief by thinking of a web of interrelated concepts and 
procedures as consisting of nodes and the connections among them. For this rubric, the 
nodes are the five strategies whereas statements about the relationships between 
strategies represent the connections between nodes. The number of strategies a 
respondent chooses to share is thus one factor in determining a respondent’s score. For 
example, if a respondent chooses to share two or fewer strategies, she receives the lowest 
score on the rubric, regardless of her explanations for wanting to share the strategies. We 
reasoned that even if a respondent makes a connection between two strategies, she still 
does not value the web-like nature of mathematics if she has chosen to share only two 
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strategies. Therefore, to receive higher scores on the rubric, respondents must choose to 
share three or more strategies. For example, to receive the second-highest score on the 
rubric, a respondent must choose to share either four or five strategies and must value all 
or most of them. Further, to receive the highest score on the rubric, a respondent must 
choose to share ALL the strategies, make comments to indicate that she values each 
strategy, and make at least one explicit connection among strategies. This last criterion 
(that a respondent makes an explicit connection among strategies) addresses the 
interrelationship between concepts and procedures (or the connections between the 
nodes). 
 
 
 
 

Segment 3.3 
3.3 Consider just the strategies on which you would focus in a unit on multidigit addition. 
Over a several-weeks’ unit, in which order would you focus on these strategies? (For 
each student strategy a respondent can select first, second, third, fourth, fifth, or I don’t 
want to share anymore strategies). Please explain your answer for the rankings.  
Summary rubric description 
Respondents are explicitly asked to select an order in which they would focus on 
strategies if they were to teach a place-value unit, and then they are asked to explain their 
order. Because they are asked to provide one explanation for their order (instead of 
explaining each strategy in turn), the item lends itself to writing about connections among 
and between strategies. So, if respondents make no connections between or among 
strategies, they receive the lowest possible score on this item. Furthermore, to receive the 
highest score on the item, a respondent must choose to share at least four strategies AND 
make at least two statements that explicitly connect the strategies with one another. We 
take these connecting statements as proxies for the respondent’s belief about the 
interrelatedness of concepts and procedures. 
 
We also look for conceptual statements made about the individual strategies to identify 
respondents who may recognize the conceptual benefits of a strategy but do not explicitly 
connect those strategies to other strategies. Respondents who have two such responses 
receive the middle score. Within this item, we score the web-like aspect of mathematics 
by examining the number of strategies on which the respondent chooses to focus while 
teaching the place-value unit. Although respondents could choose to share all five 
strategies and still receive the lowest score because of the lack of mathematical 
connections mentioned in their explanations, scores are capped based on the number of 
strategies selected. For example, if respondents choose to focus on one or two strategies, 
they receive the lowest score; if respondents choose to focus on exactly three strategies, 
they receive either the lowest or middle score; and if the respondents choose to focus on 
four or five strategies, their scores are based on their explanations. 
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Belief 2: One’s knowledge of how to apply mathematical procedures does not necessarily 
go with understanding of the underlying concepts. 

Segment 3 
3.4 Do you think that Carlos could make sense of and explain Sarah’s strategy? Why or 
why not? 
3.5 Do you think that Carlos could make sense of and explain Elliot’s strategy? Why or 
why not? 
Summary rubric description 
This item is set in the context of analyzing three students’ strategies for adding 149 plus 
286. Carlos uses the standard algorithm taught in the United States to solve the problem. 
Elliott uses an expanded algorithm: He first adds the hundreds, then the tens, and then the 
ones, before totaling the three partial sums. Sarah uses a compensating strategy in that 
she adds 150 and 200, then 80 more, then 6 more, and then subtracts 1, to make her sum 
equal to the sum of her original numbers, 149 +286. The respondents are asked whether 
Carlos could use and explain Elliott’s strategy (Item 3.4) and whether Carlos could use 
and explain Sarah’s strategy (Item 3.5). This item is presented to determine whether the 
respondent states that an individual may be able to perform a procedure (such as the 
standard addition algorithm) but may not understand the underlying mathematical 
concepts (such as the place-value concepts one must understand to appropriately use the 
expanded addition algorithm and the compensating strategy). 
 
The highest score on this rubric goes to respondents who recognize that Carlos may not 
be able to use Elliott’s or Sarah’s strategies, because Carlos may have only procedural 
knowledge, whereas the other two strategies require some understanding of the 
underlying place-value concepts. In contrast, the lowest score on this rubric goes to 
respondents who state that if Carlos can perform the standard algorithm, then he can 
likewise use the other two strategies. 
 
 
 

Segment 4 
4. Here are two approaches that children used to solve the problem 635-482. 

 
4.1 Does Lexi’s reasoning make sense to you? (Yes or No response) 
4.2 Does Ariana’s reasoning make sense to you? (Yes or No response) 
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4.3 Which child (Lexi or Ariana) shows the greater mathematical understanding? (Lexi or 
Ariana) Why? 
 
4.6 Of 10 students, how many do you think would choose Lexi’s approach? 
4.7 If 10 students used Lexi’s approach, how many do you think would be successful in 
solving the problem 700-573? Explain your thinking. 
 
4.8 Of 10 students, how many do you think would choose Ariana’s approach? 
4.9 If 10 students used Ariana’s approach, how many do you think would be successful in 
solving the problem 700-573? Explain your thinking. 
 
4.10 If you were the teacher, which approach would you prefer that your students use? 
Please explain your choice. 
Summary rubric description 
The focus of this rubric is on what the respondent states about Lexi’s work and whether 
Lexi understands what she is doing when she correctly executes the standard algorithm 
for subtraction. Respondents who note that she may not understand what she is doing are 
providing evidence of the belief. Some respondents note that Lexi’s way (the standard 
subtraction algorithm) is difficult to understand BUT, this realization is NOT equivalent 
to saying that when Lexi executes the algorithm correctly, she may not understand what 
she is doing. Coders, in initially using this rubric, often mistake comments about the 
difficulty of understanding the algorithm for evidence of this belief. 
 
Learning this rubric can be difficult, but once it is learned, coding is fairly easy and 
reliability should be relatively high. Contributing to the rubric’s difficulty is the fact that 
we did not ask directly, “Does Lexi understand what she is doing?” We avoided direct 
questions of this sort because we were assessing beliefs rather than knowledge. 
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Segment 8 
8.1 Place the following four problems in rank order of difficulty for children to 
understand, and explain your ordering (you may rank two or more items as being of equal 
difficulty). Note. Easiest =1 

 
(Respondents give a ranking of 1,2,3 or 4 for each question and are asked to explain their 
thinking for each question) 
8.2 Consider the last two choices (c and d) Which of these two items did you rank as 
easier for children to understand? (Item c is easier than item d, item d is easier than item 
c, or items c and d are equally difficult). Please explain your answer 
8.3 In a previous question, you were asked to rank the difficulty of 1/5 x 1/8. By 
understand, were you thinking of the ability to get the right answer? 
8.4 (If respondents answer yes) Were you also thinking of anything else? Please explain 
8.4 (If respondents answer no). About what were you thinking? Please explain 
Summary rubric description 
In Item 8.1, the respondents rank four fraction items, including “Understanding 1/5 X 
1/8,” in terms of their relative difficulties and explain their ranking. This rubric is based 
on Item 8.4, in which respondents are asked to respond to the question “In question 8.1, 
we asked you to rank the difficulty of understanding 1/5 x 1/8. By understand, were you 
thinking of the ability to get the right answer? [Select yes or no]. Please explain your 
response.” In the latter item, the respondents discuss what they think “to understand 
multiplication of fractions” means. We interpret their responses to the two items as 
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providing confirming or disconfirming evidence of this belief according to whether the 
respondents (a) consistently draw distinctions between understanding fraction 
multiplication and performing procedures (highest score) or (b) conclude that a student 
who can perform a procedure understands it (lowest score). Middle scores go to two 
types of respondents: (a) those who provide clear evidence of the belief in one item but 
disconfirming evidence of the belief in the other item (we consider that these respondents 
hold the belief, albeit fragilely; that is, although they provide evidence of the belief in one 
item, it is context- dependent in that they will provide disconfirming evidence of the 
belief on another item); (b) those who provide vague responses to both items so that 
determining whether these respondents provide confirming or disconfirming evidence of 
the belief is difficult. 
 
Respondents who receive the lowest score may fail to recognize that understanding 
fraction multiplication requires more than performing a procedure. Such respondents may 
view mathematics as following rules without reason. This response differs from the 
response of one who states that anyone who can perform the procedure of fraction 
multiplication must necessarily understand the underlying concepts of that procedure. In 
our scoring, however, we score both these types of responses 0.  
 
Belief 3: Understanding mathematical concepts is more powerful and more generative 
than remembering mathematical procedures. 

Segment 4 
(See segment 4 in belief 2) 

Summary rubric description 
This rubric is designed to assess whether the respondent believes that Ariana’s conceptual 
approach will be more generative than Lexi’s algorithmic approach. By a generative 
approach we mean one that is used with great success and gives rise to future conceptual 
development. One indicator of this belief, in our interpretation, is the success rate that 
respondents predict for the two approaches. Respondents who expect a higher success 
rate for those using Ariana’s approach are seen as providing some evidence of the belief. 
Another indicator of this belief is which strategies the respondent would like to have 
children in his or her classroom use. Those who would like Ariana’s approach used 
indicate that they perceive this to be a generative strategy. The respondent’s choice of the 
child having the greater understanding was used only to discriminate between the top two 
scores. 
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Segment 9 

9. (Respondents watch a video clip of a teacher instructing a child on how to solve 
fraction division problems by teaching the child the standard invert and multiply 
procedure) 
9.1 Please write your reaction to this videoclip. Did anything stand out for you? 
9.2 What do you think the child understands about division of fractions? 
9.3 Would you expect this child to be able to solve a similar problem on her own 3 days 
after this session took place? (Yes or No) Explain your answer. 
(Respondents watch a video clip of the child unsuccessfully attempting to solve a fraction 
division problem 3 days later). 
9.4 Comment on what happened in this video clip. 
9.5 How typical is this child? If 100 children had this experience, how many of them 
would be able to solve a similar problem 3 days later? Explain your choice. 
9.6 Provide suggestions about what the teacher might do so that more children would be 
able to solve a similar problem in the future. 
Summary rubric description 
The focus of this rubric is on what kind of instruction the respondent suggests so that 
more children will be successful with division of fractions in the future. Respondents who 
emphasize the role of practice do not provide evidence that they believe conceptual 
understanding is more generative than memorizing procedures. Those who note the 
difficulty of remembering what is not well understood provide evidence that they believe 
in the generativity of conceptual understanding. 
 
 
 
 
Belief 4: If students learn mathematical concepts before they learn procedures, they are 
more likely to understand the procedures when they learn them. If they learn the 
procedures first, they are less likely ever to learn the concepts. 

Segment  3.3 
(See segment 3.3 in belief 1) 

Summary rubric description 
This item was designed to assess respondents’ beliefs about whether children should 
learn concepts first so that the children are better able to understand standard algorithms 
when they learn them. Respondents are placed in the role of classroom teachers and are 
asked to select an order in which they would focus on particular strategies during a unit 
on multidigit addition. Respondents who choose to first teach the standard addition 
algorithm receive the lowest score, because they provide disconfirming evidence of this 
belief. Respondents who receive the highest score choose to teach the standard addition 
algorithm fourth or fifth and describe the conceptual progression they would want their 
students to experience prior to learning this procedure. These respondents explicitly 
mention that children should understand underlying concepts (such as place value) before 
they learn standard algorithms. 
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Segment 9 

(See segment 9 in belief 3) 
Summary rubric description 
This rubric focuses on the support that the respondent recommends the teacher provide to 
ensure that more children successfully solve fraction-division problems. In analyzing 
these responses, look for (a) the kind of support the teacher might supply and (b) the 
timing of this support. Respondents who suggest that the teacher supply an explanation 
provide weak evidence of this belief. Although they show interest in conceptual 
understanding, they are insensitive to the timing of conceptual development. Respondents 
who suggest that the teacher develop the concepts by using visual aids, manipulatives, or 
story problems provide evidence of this belief because they realize that more than an 
explanation will be required for children to understand this difficult concept. Those 
respondents who note that the teacher needs to supply the conceptual support before 
teaching the procedure are considered to provide strong evidence of the belief. They 
realize the importance of providing conceptual support, and they note the importance of 
the timing of this support. 
 
Belief 5: Children can solve problems in novel ways before being taught how to solve 
such problems. Children in primary grades generally understand more mathematics and 
have more flexible solution strategies than adults expect. 

Segment 2 
2 Read the following word problem: Leticia has 8 Pokemon cards. She gets some more 
for her birthday. Now she has 13 Pokemon cards. How many Pokemon cards did Leticia 
get for her birthday? 
2.1 Do you think that a typical first grader could solve this problem? NOTE: The problem 
could be read to the child. (Yes or No). 
2.2 If a friend of yours disagreed with you, what would you say to support your position? 
 
Here is another word problem. Again, read it and then determine whether a typical first 
grader could solve it. Miguel has 3 packs of gum. There are 5 sticks of gum in each pack. 
How many sticks of gum does Miguel have?  
2.3 Do you think that a typical first grader could solve this problem? NOTE: The problem 
could be read to the child. (Yes or No). 
2.4 If a friend of yours disagreed with you, what would you say to support your position? 
Summary rubric description 
Responses for this segment were often found to be ambiguous and difficult to code. 
Scores depend upon whether respondents are sensitive to children’s thinking and view 
children’s approaches as legitimate. Some respondents, however, provide little 
information on this subject. 
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Segment 5 
5. In mathematics classes you have taken what were your reactions when you were asked 
to solve a new kind of problem without the teacher’s showing you how to solve it? 
5.1 When you are a teacher, will you ever ask your students to solve a new kind of 
problem without first showing them how to solve it? (Yes or No). Please elaborate on 
your reasons. 
(If respondents answered yes to 5.1 they would answer this additional question too). 
5.2 How often will you ask your students to do this? 
Summary rubric description 
The focus of this rubric is faith in children’s thinking. Coders are expected to attend to 
whether respondents express confidence that children will be able to devise legitimate 
solution strategies when confronted with problems of types new to them. Responses that 
indicate doubt receive lower scores. 
 

Segment 7 
In this part of the survey, you will watch an interview with a child. The following 
problem is posed to the child: There are 20 kids going on a field trip. Four children fit in 
each car. How many cars do we need to take all 20 kids on the field trip? 
(The video shows the interviewer read the problem to the child. The child guesses 10 
cars. Then the interviewer tells the student to count out 20 blocks and then using these 
blocks to count out 4 blocks at a time. The interviewer then asks the child to count how 
many groups he made. The child is able to say 5 groups).  
7.1 Please write your reaction to the video clip. Did anything stand out for you? 
7.2 Identify the strengths of the teaching in this episode. 
7.3 Identify the weaknesses of the teaching in this episode. 
7.4 Do you think that the child could have solved the problem with less help? (No, 
Probably not, Probably yes, Yes) 
7.5 Please explain your choice 
Summary rubric description 
The question to keep in mind in scoring this rubric is “Does the respondent give evidence 
of thinking that children are capable of devising solutions for problems like this on their 
own?”  
 
 
Belief 6: The ways children think about mathematics are generally different from the 
ways adults would expect them to think about mathematics. For example, real-world 
contexts support children’s initial thinking whereas symbols do not. 

Segment 2 
(See segment 2 in belief 5) 

Summary rubric description 
Coders should focus on whether responses indicate sensitivity to children’s thinking, in 
particular, whether the respondents recognize that young children typically solve the first 
problem using manipulatives to add on and can solve the second problem by making 
three sets of five. Respondents who show insensitivity to children’s thinking in one 
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aspect of their responses and sensitivity in other aspects are considered to be providing 
weak evidence that they hold this belief whereas respondents who show sensitivity to 
children’s thinking throughout are considered to be providing strong evidence of holding 
this belief. 
 
Note. Coders developed a way of talking about the responses. They noted when they saw 
a glimmer of sensitivity to children’s thinking (for example, noting that the first problem 
was NOT a simple subtraction problem was a glimmer) and when they saw a negative, 
which was insensitivity to children’s thinking (“children will write an equation” was 
considered a negative). 
 
Note that this rubric does not assess the respondent’s holding of Belief 5 (concerning 
children’s abilities to devise solution strategies on their own) or of Belief 7 (concerning 
the amount of guidance provided by the teacher). The focus of this rubric is on whether 
the respondent recognizes that children’s interpretations of mathematics differ from 
adults’ interpretations. Some respondents discuss teaching approaches that are consistent 
with children’s thinking. Their scores are high on this rubric but low score on the rubric 
for this segment in assessing Belief 5. Other respondents explicitly describe how children 
would interpret the problem but doubt they will be able to solve it. Such responses also 
receive a high score on this rubric but a low score on the rubric for assessing Belief 5. 
 

Segment 8 
(See segment 8 in belief 2) 

Summary rubric description 
This item is designed to assess the belief that children think about mathematics in ways 
different from those adults might expect: Respondents are asked whether a word problem 
concerning fractional parts (without using fraction language or symbols) or a fraction 
comparison (using only symbols) is easier. Respondents select which of two problems 
would be easier for children to solve, the fraction comparison problem “Which is larger, 
1/5 or 1/8?” or a comparison problem set in a real-world context: “Who gets more of a 
candy bar, those sharing the bar among 5 or those sharing the bar among 8?” They are 
also asked to explain their responses. The extensive mathematics- education-research 
knowledge base indicates that, particularly initially, real-world contexts support 
children’s thinking whereas symbols do not. (Note that the real-world contexts should be 
relevant to the lives of the children solving the problems.) However, many adults 
remember having had unsuccessful or unpleasant experiences solving unrealistic or 
uninteresting word problems and so tend to believe that solving symbolic problems is 
easier for children than solving problems situated in real-world contexts. Respondents 
who receive the lowest score on this item state that the symbols are easier for children to 
understand and indicate a lack of appreciation for the real- world context. In contrast, 
respondents who receive the highest score not only state appreciation for the real-world 
context but also recognize that the symbols can be confusing for children. In the latter 
case, respondents often write that children might think that one eighth is bigger than one 
fifth because 8 is bigger than 5 (a misconception commonly held by children). 
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Segment 9 

(See segment 9 in belief 3) 
Summary rubric description 
In scoring responses for this segment, consider whether respondents suggest the use of 
representations other than symbols to teach division of fractions. Responses indicating 
that work with manipulatives or visuals should precede work with symbols are 
interpreted as providing strong evidence of this belief. Respondents who suggest that the 
teacher provide an explanation, more practice, or both are considered to provide no 
evidence of this belief. We interpret suggestions that symbols and other representations 
be taught simultaneously as some evidence of this belief. 
 
Belief 7: During interactions related to the learning of mathematics, the teacher should 
allow the children to do as much of the thinking as possible. 

Segment 5 
(See segment 5 in belief 5) 

Summary rubric description 
The segment was designed to measure (a) the respondents’ beliefs about the role of the 
teacher and (b) the degree to which respondents state they are willing to share the 
authority in the class with their students. Item 5.0, about the respondents’ personal 
experiences with problem solving, serves to stimulate their thinking. Responses to Item 
5.0 occasionally provide evidence about the belief, but coders should focus on answers to 
Items 5.1 and 5.2 because they tend to be more informative. In coding this segment, 
attend to how the respondents plan to use children’s thinking in their teaching. In coding, 
we asked ourselves, “Does the respondent indicate that the students’ approaches will be 
as legitimate as the teachers’ approaches?” We take as strong evidence for this belief 
indications that children’s thinking will be central to the respondent’s instruction. We 
infer a respondent’s plan to provide children with problem-solving opportunities but not 
use the children’s thinking in instruction as weak evidence of this belief. Such a 
respondent plans to allow students to do mathematical reasoning but will not use it as an 
integral part of instruction. A respondent who intends to use children’s thinking in 
instruction, but only infrequently, is considered to provide evidence of holding the belief. 
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Segment 7 
(See segment 7 in belief 5) 

Summary rubric description 
The focus in this rubric is on whether the respondent finds the teacher’s guidance to be 
excessive. She did not provide the child with an opportunity to devise a solution on his 
own. Instead she told him what to do for each step. Respondents who are considered to 
strongly hold the belief that teachers should allow children to do as much of the thinking 
as possible note in their initial reaction to the clip that the teacher should have given the 
child an opportunity to solve the problem for himself. Others express this view only after 
being asked to discuss the weaknesses in the teaching. Some respondents note that the 
teacher’s guidance is good and then note that it was excessive. These contradictory 
responses are interpreted as weak evidence of the belief. Some respondents find no 
weaknesses in the teaching at all, and some think that the teacher should do even more to 
help the child. 
 

 
 
 
 
 
 
 
 
 
 


