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Abstract

The goal of the thesis is to develop a computational framework for simulating cardio-

vascular flows in patient-specific anatomies. The numerical method is based on the

curvilinear immersed method approach and is able to simulate pulsatile flow in complex

anatomical geometries, incorporates a novel, lumped-parameter kinematic model of the

left ventricle wall driven by electrical excitation, and can carry out fluid-structure in-

teraction simulations between the blood flow and implanted bi-leaflet mechanical heart

valves (BMHV). The ability of the method to resolve and illuminate the physics of

dynamically rich vortex phenomena is demonstrated by carrying out simulations of im-

pulsively driven flow through inclined nozzles and comparing the computed results with

experimental measurements. The method is subsequently applied to simulate: 1) vor-

tex formation and wall shear-stress dynamics inside an intracranial aneurysm; 2) the

hemodynamics of early diastolic filling in a patient-specific left ventricle (LV); and 3)

and fluid-structure interaction of a BMHV implanted in the aortic position of a patient-

specific LV/aorta configuration driven by electrical excitation of the LV wall motion. For

all cases the computed results yield new, clinically-relevant insights into the underlying

flow phenomena and underscore the potential of the numerical method as a powerful

tool for carrying out high-resolution simulations in patient-specific anatomic geome-

tries. Future work will focus on extending the fluid-structure interaction scheme to

simulate soft tissues and other medical devices, such as stents, bio-prosthetic tri-leaflet

and percutaneous heart valves.
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Chapter 1

Introduction

1.1 Motivation

Cardiovascular flow, as also referred as hemodynamics, is the flow of blood inside the

human circulatory system. This flow is important for human health because it trans-

ports nutrients and oxygen needed to supply tissues and organs. The cardiovascular

system consists of a vast arterial networks that connect all organs and tissue in the hu-

man body. Due to the diverse functionalities of each organ the properties and working

conditions of the blood vessels vary largely. In this thesis, we focus on two areas of the

cardiovascular system: the brain arteries and the left heart system.

Hemodynamic condition is an important external stimulus which highly affects the

cellular development [6] on the arterial wall surface. The most important indicator of

hemodynamic condition is the shear stress. The relationship between shear stress dis-

tribution and the cellular development [7] has been shown to be linked via the mechano-

transduction process [8]. Especially, the endothelial cells (EC), which cover the arterial

wall and are in direct contact with the blood flow, can change their responses with the

local flow conditions [6]. The long term interaction between the EC and the blood flow

results in the change of arterial wall thickness, structure and morphology. Therefore,

the responses of ECs play an important role in arterial wall remodeling [9], which is

directly linked to a variety of cardiovascular diseases. For example, low shear condi-

tion is now considered to be one of the reasons for endothelium cell dysfunction [10]

and arterial wall degeneration [11]. Many studies point out that cardiovascular disease
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might occur at regions with highly oscillating shear stress [12, 13]. In patients with

implanted medical devices ( e.x mechanical heart valves), it has been shown that med-

ical devices induce the hemodynamic to form complex flow patterns characterized by

fine scale flow structures and transition to turbulence. Such complex flow environment

is unnatural and widely believed to be the major culprit for the clinical complications

that arise following the implantation of such devices [14]. These findings stimulated a

large volume of research devoted to understanding the blood flow patterns in the human

arterial tree and quantifying the links between flow environment and disease pathways

[12, 13, 14, 15, 16].

The following sections of this chapter summary the recent development of the works

which contributes to the understanding of hemodynamic pattern inside the human or-

gans. The first part summarizes the current experimental techniques and the second

part is devoted for the computational methods of cardiovascular flow. Finally, the ob-

jective and outline of this thesis is presented in the last section.

1.2 Literature review

1.2.1 In− vivo and In− vitro studies

Due to the importance of cardiovascular flow, numerous efforts have been carried out in

the last two decades to accurately measure the flow inside organs and arteries [7]. One

set of techniques are in− vivo studies where measurements are carried out in patients

during clinical intervention. These measurements can be invasive (i.e directly employ

equipment inside the human body) or non-invasive (i.e ultilizing imaging technologies

such as ultrasound or Magnetic Resonance Imaging). On the other hand, the in− vitro
measurements are carried out in replicas of human organs and arteries by silicon or

plexiglass models reconstructed from human anatomy.

In−vivo measurements are commonly implemented in clinical practices when hemo-

dynamic conditions are measured in patients for diagnostic purposes. Pointwise mea-

surements of several hemodynamic quantities such as blood pressure, velocity can be

done via the implanted catheter inside the patient’s organ. Because of the nature of

direct measurement, this type of measurement can only be done during surgical oper-

ations [5, 17]. The non-invasive measurements such as ultrasound are now common in
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clinical practices where the anatomy and flow field can be measured along a line [18, 19]

or in a 2-D plane [20, 21, 22]. Three-dimensional flow field measurements have been

increasingly popular since the last decade due to the rapid advancement of medical

imaging technologies. The measurements in small branches of arteries [23] for the whole

human arteries tree are now possible and applicable for clinical use [24]. However, due

to the economic, technological and physiologic constraints in− vivo measurements are

still limited with relatively low temporal and spatial resolution. Although the resolu-

tion of such measurements has increasingly improved [25, 24] and they are now able

to capture the large scale flow structure [24], small scale flow structures have not been

captured well especially in the presence of medical devices [26].

To remedy such limitations, in − vitro measurements have been implemented in

replicas of human organ and arteries system[23] to attain high resolution measure-

ment data. Early attempts have been made in the past to quantify the hemodynamic

quantities such as flow structure, shear stress and pressure point-wisely [27, 28, 29] in

idealized geometries or anatomical geometry [30]. Recently many in-vitro studies have

focused on measurements in realistic geometries [31]. In the last decade, particle image

velocimetry techniques were employed to investigate basic flow patterns inside the com-

plex geometries in two-dimensional planes [32, 33, 34, 35]. For large deformable organs

(e.x the heart), simplified models [36, 37, 38, 39] have been used to investigate the basic

hemodynamic process occurring during its working function. The effects of implanted

medical devices [36, 37, 38, 39, 40] on the hemodynamic patterns are widely evaluated

by in − vitro measurements. Although flow in the models resembles largely the flow

characteristics inside the human organ, difficulties in reconstructing realistic boundary

conditions (i.e the wall compliant or downstream resistances) limits the use of in−vitro
measurements in patient-specific anatomies.

1.2.2 Computational studies

Development of parallel-computing power and Computational Fluid Dynamics (CFD)

have enabled in recent years the use of full three dimensional simulations in patient-

specific anatomies [41, 42, 43]. Given the complexity of cardiovascular flows in complex

geometries [42, 11, 44] the combination between high resolution simulation techniques
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and measurements data [23] is the only viable option to explore patient-specific hemo-

dynamics. The following section summarizes recent developments of numerical methods

to simulate cardiovascular flows and their applications in patient-specific simulations.

Numerical methods for cardiovascular flow

From a computational standpoint, hemodynamic simulation is a complex problem. Flow

inside arteries/organs does not only take place in a very complex geometry but also

within a domain whose its boundary is continuously changing with time due to the

interaction of blood flow with compliant vessel walls. Moreover, the interaction of med-

ical devices (e.g prosthetic heart valves) and blood flow further adds to the complexity

of the highly non-linear Fluid Structure Interaction (FSI) problem. Therefore, it is a

challenging problem and its solution requires addressing multiple numerical challenges.

Available models for simulating blood flow in the human circulatory system can be

broadly classified based on their spatial dimension and degree of sophistication into four

categories [45, 46]:

• Lumped and one-dimensional (1D) model

• Two-dimensional (2D) models

• Three-dimensional (3D) models with prescribed wall motion

• Three-dimensional models with coupled FSI simulation of blood flow and tissue

mechanics (3D-FSI)

1D models rely on a non-linear relation between the pressure and the blood flow

via an empirical, black box simulator [47, 48, 49, 50, 45, 51, 52]. Such models are

simple to use and can efficiently obtain the pressure and volume curve but they are

inherently incapable of providing the flow field inside the arteries or organ. 2D models

typically simulate idealized geometrical models [53, 54, 55]. Although these models

can incorporate more physics than their 1D counter-part, their extension to simulate

realistic flow in patient-specific geometries is difficult, if not impossible.

3D models employ a three-dimensional geometry, which can be idealized [56] or

anatomic [57], with the wall motion prescribed either through simple analytical functions

[56] or using patient-specific data [58, 59, 57]. In the latter category of 3D models
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[58, 59, 57], the patient-specific arterial wall kinematics is reconstructed directly from

in vivo MRI measurements. Such models can incorporate a high-degree of patient-

specific realism provided that imaging modalities of sufficient resolution are available to

accurately reconstruct the wall motion.

From the modeling sophistication standpoint 3D-FSI models [60, 61, 62, 63, 64,

65, 46, 66], are the most advanced as the organ/arterial wall is allowed to interact

with the blood flow in a fully coupled manner. Critical prerequisite for the success of

such models is the development of patient-specific constitutive models for the cardiac

tissue that not only account or the interaction of blood flow with the wall but also

for the interaction with surrounding organs [67]. These complexities require extensive

assumptions about the arterial/organ wall structure to enable fully-coupled blood-tissue

interaction simulations, which could compromise the physiologic realism of the resulting

models [63, 62, 64, 46].

The CFD techniques developed to solve flows in moving domains and fluid-structure

interaction in cardiovascular applications can be classified into two main types: fixed

mesh and moving mesh methods [68, 69, 70, 71, 72, 73, 74, 75]. Here we summarize the

development and key elements of each method:

Fixed mesh methods for cardiovascular flow first emerged in the 70’s when the

immersed boundary method (IBM) was introduced by Peskin for heart simulation

problems[76]. In this method, a fixed background mesh for the fluid solver is used

in the entire computational domain while the motion of solid immersed boundaries is

presented by including a force field in the right hand side of the Navier-Stokes equations.

The solid body is therefore implicitly removed from the computational domain. The

fluid solver only ”sees” its existence through the layer of near solid surface called ”im-

mersed nodes”(IB nodes). The added force is distributed via a discrete delta-function

over several grid nodes surrounding the solid surface and as a result the solid/fluid

interface is smeared across these grid points. Because of this inherent smearing fea-

ture, the original IB method is known as a diffused interface method, it is only first

order accurate in space, and requires adaptive mesh refinement to achieve higher ac-

curacy. Another fixed mesh method was used to simulate cardiovascular problem[69]

is the so-called fictitious domain method [77]. In this method, the kinematic condition

(matching velocity) between fluid and solid at the interface is imposed using a Lagrange
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multiplier. Similar to the original IB method, the fluid-solid interface is diffused across

several grid nodes making it difficult to accurately estimate the shear stress forces near

the wall. In order to solve the smearing of the interface problem a new class of IB meth-

ods called ”sharp interface IB methods”(SIB) [78], have recently been introduced. The

main distinction between SIB method and original IB method is the representation of

the interface. In SIB methods the interface is reconstructed and its velocity is directly

specified or ”forced”. Thus the most important part of SIB methods is the method used

to reconstruct the velocity field at the IB nodes. Recent works focus on the adaptive

mesh refinement techniques to enhance the local resolution near the wall [74].

Moving mesh methods employ a dynamic deforming mesh that conforms with and

remains attached to the solid surface at all times. In cardiovascular flows, Arbitrary

Lagrangian Eulerian formulation (ALE) is widely used to simulate compliant arteries

[79], aneurysms [80] and heart valves [81]. In this method, the interface between solid

and fluid is tracked by solving the elastodynamics equation of the structure. Because

the computational mesh deforms to conform with the moving interface, large structural

deformation can cause a severe distortion of the mesh. In such cases frequent remeshing

is required [81] leading to high computational cost of the simulation.

Hybrid fixed-moving mesh methods are active area of research where the combina-

tion of both types of methods leads to a more efficient flow solver. To circumvent

the high computational cost of the standard ALE method, the Coupled Momentum

Method(CMM) was introduced [82] in similar manner with fixed mesh idea by embed-

ding a body force into the right hand side of the Navier-Stokes equations. This force

is derived by assuming that the thickness and deformation of the wall are relatively

small, i.e a membrane approximation. In addition, the mesh is allowed to move within

a certain limit of deformation without remeshing. Because CMM does not solve the

solid equations explicitly it is more efficient than traditional ALE method in simulat-

ing deformable arterial tree problem. However this method cannot be applied in large

deformable organs such as the beating left ventricle.

Imaged-guided simulations

Recent advancement of non-invasive measurement techniques and numerical methods

gave rise to the emerging field of patient-specific modeling (PSM)[23]. This type
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of modeling is the combination of state-of-the-art numerical simulations and the in

vivo measurement data. PSM utilizes all individualized geometry information, such

as anatomical and ultrasound data from non-invasive imaging techniques (Magnetic

Resonance Imaging (MRI) or Computed Tomography (CT)), to calculate the hemody-

namic environment within the region of interest of the patient’s arterial tree [58, 59, 57].

Hemodynamics inside arteries and organs can now be simulated using patient-specific

data providing unique opportunities for disease diagnosis or treatment of individuals

[41, 42, 43, 11, 44]. Virtual surgery with different surgical scenarios could be tested

before the actual operation, thus, helping surgeons evaluate a wide range of options

prior to entering the operation room.

Understanding patient-specific hemodynamics, however, requires good quality anatom-

ical and wall kinematics data and high numerical resolution. The requirements limit

the wide-spread use of simulations as clinical research tool. For instance, the present

day scanning frequency per cardiac cycle (frames/s) of various imaging modalities is

technologically limited and thus the temporal interpolation between successive MRI

images must be used to reconstruct the arterial/organ wall motion over the cardiac

cycle [83, 58, 59, 57]. The accuracy of the resulting kinematics, and consequently the

clinical relevance of the 3D hemodynamic model, depends both on the accuracy of the

interpolation technique and the initial temporal resolution of the MRI images [46, 66].

In addition, for the most part most patient-specific simulations today employ relatively

coarse numerical resolution and can only resolve large-scale hemodynamic phenomena

[58, 46, 66]. Therefore, the development of a versatile and efficient numerical framework

for solving the patient-specific hemodynamic problems, especially problems involving

fluid-structure interaction with implanted medical devices, remains a frontier research

problem and is at the center of much of the ongoing research in the field today.

1.3 Thesis objectives and outlines

The objective of this work is to contribute toward the development of a powerful nu-

merical framework for modeling cardiovascular flows with implanted medical devices

in patient-specific configurations. The proposed computational framework builds on

previously developed numerical methods for flow over complex geometries and moving
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boundaries [1, 71] and non-linear FSI problems [72]. The framework can be applied to

understand hemodynamic phenomena in patient-specific cardiovascular anatomies and

yield clinically relevant insights. The specific objectives of this work are as follows:

1. Develop an efficient computational approach for simulating pulsatile flow in anatomic

geometries, including fluid structure interaction between the blood flow and im-

planted heart valve prosthesis

2. Validate the numerical method in a complex vortical flow driven impulsively

through inclined nozzles

3. Apply the computational framework to study and elucidate the hemodynamics of

intracranial aneurysms under pulsatile flow conditions

4. Develop and validate a cell-based kinematic model for animating the wall of a

patient-specific left ventricle anatomies as a function of a prescribed electrical

excitation stimulus

5. Investigate the hemodynamics of the human left ventricle during diastolic filling

with emphasis on vortex formation, instabilities and breakdown.

6. Apply the computational framework to calculate the hemodynamic environment

in an anatomic LV/aorta geometry with an implanted mechanical heart valve in

the aortic position

The thesis is comprised of eight chapters

• Chapter 2 presents the mathematical formulation of the fluid-structure interaction

problems in cardiovascular flow. It starts with presenting the Navier-Stokes equa-

tion for the blood flow and later introduces the governing equations for the solid

domain. Numerical methods and the flow solver are explained in detail. Finally,

numerical scheme for fluid-structure interaction is presented.

• Chapter 3 presents the solver validation study for the case of asymmetric vortex

ring formation through inclined nozzles, which as we will show, is relevant to sev-

eral cardiovascular flows. The simulation results are compared with experimental

data and analyzed to elucidate the three-dimensional dynamics of the flow.
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• Chapter 4 deals with the hemodynamics of intracranial aneurysms. By changing

the inflow waveform, the sensitivity of the aneurysm hemodynamic with the inflow

conditions are examined. A new non-dimensional parameter, which combines both

geometrical measures and the pulsatility of the inflow waveform, is proposed as an

index to predict the flow condition and wall shear stress dynamics in the aneurysm

dome.

• Chapter 5 presents the development of a kinematic model for the left ventricle.

The model is based on cell-based electro-physiologic approach. The model is of

lumped type and is driven by an electrical excitation signal.

• Chapter 6 addresses the left ventricular hemodynamics problem during diastolic

filling. Kinematics model for the left ventricle wall, which is developed in Chapter

5, is employed to animate the wall of an anatomic LV reconstructed from MRI

data. High resolution simulation is then carried out to elucidate the complex vor-

tex dynamics inside the left ventricular chamber during diastole. The sensitivity

of the left ventricular diastolic flow to the mitral orifice eccentricity is further

investigated and documented.

• Chapter 7 reports fluid-structure interaction simulations for a prosthetic mechan-

ical heart valve problem implanted in the aortic position of the LV/aorta anatomy

driven by the LV kinematic model developed in Chapter 5. The blood flow is sim-

ulated for an entire cardiac cycle including both diastole and systolic phases and

the kinematics of the valve leaflets are obtained in response to the electrical exci-

tation imposed on the LV wall. The fluid dynamics of the heart valve prosthesis

is discussed in details.

• Chapter 8 summarizes the work, presents major conclusions and proposes sugges-

tions for future work.



Chapter 2

Methodology

2.1 Problem statements

The anatomical geometry of the artery/organs is normally complex and thus special

simulation techniques are needed to treat this type of problems. In the current work,

the simulation of left heart hemodynamics is the most challenging problem for the mod-

eling standpoint and requires the development of sophisticated numerical algorithms.

Therefore, the left heart problem is chosen to demonstrate the numerical methods in

this chapter.

The left heart is physiologically divided into two main parts: the left ventricular

chamber (largely contractile chamber) and the aorta arch (mildly deformable tube). In

this work, the left atrium and the mitral valve are not considered. The left heart con-

sidered in this work (see Fig. 2.1) consists of the dynamically deforming left ventricle

and the aorta, which is assumed to be rigid and stationary in this work. A bi-leaflet me-

chanical heart valve prosthesis is implanted at the left ventricle outflow tract (LVOT).

The two leaflets of the heart valve open and close under the pulsatile pressure of the

beating left ventricle. Therefore, this problem involves the simulation of the flow in a

domain involving complex stationary (aorta) and dynamically deforming (LV) bound-

aries with immersed rigid bodies (BMHV leaflets) whose motion is driven by non-linear

fluid-structure interaction phenomena.

10
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In the current study, the whole computational domain is decomposed into two con-

secutive blocks based on the corresponding physiological characteristics. The left ven-

tricle block contains the left ventricular chamber with incoming flow from the mitral

orifice, this block contains only fluid domain with moving boundary of heart wall. The

left ventricle block is connected to the aorta block via the interfaces at the LVOT. In the

aorta block, the bi-leaflet mechanical heart valve contains two leaflets (solid domain)

embedded inside the aorta (fluid domain).

The fluid and solid domain are denoted as Ωf and Ωs, respectively (see Fig. 2.1).

The subscripts f and s will be used to indicate the fluid and solid domains, respectively,

throughout this thesis. The interface between the fluid and the solid domain is denoted

as Γ = ∂Ωf = ∂Ωs. The portions of the interface between the BMHV leaflet interface

and the blood flow is denoted as ΓFSI , since the motion of the leaflets is determined

via a coupled FSI algorithm in our model. The endocardium surface, the mitral inlet,

the aorta and the outlet of the descending aorta are denoted as ΓLV , Γinlet, Γaorta and

Γoutlet, respectively. Therefore, in the computational domain the interface Γ between

solid and fluid is given by Γ = ΓFSI
⋃

ΓLV
⋃

Γinlet
⋃

Γaorta
⋃

Γoutlet as shown in Fig.

2.1.

In the current model the motion of the aortic domain is neglected, Γaorta and Γoutlet,

as well the motion of the portion of the LV domain which is close to the mitral opening

Γinlet. All other parts of the boundary move either with prescribed motion or as the

result of coupled non-linear FSI. Γ can thus be expressed as follows: Γ = ΓM
⋃

Γs,

where ΓM is the moving portion of the boundary (= ΓFSI
⋃

ΓLV ) and ΓS is the portion

of the boundary that is held stationary (= Γinlet
⋃

Γaorta
⋃

Γoutlet).

The interface between the solid and the fluid domain is discretized using a set of

material points [1] i = 1, I with coordinates xi defining the interface Γ = Γ(xi). The

motion of material points that are part of ΓM are tracked in a Lagrangian manner by

solving the following equation:

vi =
dxi
dt

∀xi ∈ ΓM (2.1)

where vi is the velocity vector of the ith material point. Since the two portions, ΓFSI

and ΓLV , of ΓM move as a result of different physical processes, each one of them is

treated with different numerical techniques described below.
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Figure 2.1: The sketch depicts the left heart computational model and the partition
between the fluid and the solid domains. Γinlet and Γoutlet are the inlet and outlet of
the computational domain. Γaorta is the aortic portion of the domain where the no-slip
boundary condition is applied. ΓFSI is the interface between leaflets Ωs and the blood
flow Ωf , which is simulated via the fluid-structure interaction methodology. The ΓLV
represents the endocardium surface where the left ventricle beats. The kinematics of
ΓLV is simulated by the cell-based model as discussed in Chapter 5.

2.2 Governing equations and boundary conditions for fluid

domain Ωf

Blood is treated as an incompressible, Newtonian fluid with constant viscosity ν =

3.33 × 10−6 m2/s and specific weight ρf = 1050 kg/m3. These assumptions are

widely accepted for blood flow in the heart chamber [84]. The blood motion is governed

by the unsteady, three-dimensional Navier-Stokes equations:

∇ · u = 0 (2.2)

∂u

∂t
+∇ · (u⊗ u) = ∇ · τ



13

Where the stress tensor τ relates to the pressure p and strain rate ε via the Newtonian

stress-strain relation: τ = −pI + 2µε(u) and ε(u) = 1
2(∇u + (∇u)T ), µ = ρfν. The

notation ⊗ denotes the tensor product of two vectors.

The curvilinear immersed boundary (CURVIB) method [71] is employed in the cur-

rent work to solve the governing equations in arbitrarily complex geometries (see sub-

sequent section). In the CURVIB approach, Eqs. 2.2 are formulated in cartesian co-

ordinates and then transformed fully into generalized curvilinear coordinates using the

approach proposed by [71]. The CURVIB method is described in more detail in section

2.5.

To solve the Eqs. 2.2, boundary conditions must be specified on the solid/fluid in-

terface Γ. As seen in Fig. 2.1, Γ consists of solid surfaces that are either stationary

or moving as well as inflow and/or outflow boundaries resulting from truncating the

connection of the LV/aorta system, which is being simulated, from the rest of the car-

diovascular system. Depending on the characteristics of the boundary portion, different

strategies are implemented to reconstruct the boundary conditions.

At the mitral inlet Γinlet (see Fig. 2.1), the mitral valve , which is not included

in our simulation, is modeled by prescribing a physiologic, time-dependent blood flow

flux from the left atrium to the LV chamber as boundary condition Qm = Qm(t). The

mitral valve is thus assumed to be open at all times but the flux through it varies in

time in a manner that mimics the natural pattern during diastole [39, 58]. Any spatial

variability of the velocity profile at Γinlet is neglected and the flow is assumed to be

uniform at all times.

Outflow boundary conditions need to be imposed at the outflow of the aortic flow

track Γoutlet. The flux into the descending aorta Qa results from the difference between

the mitral flux Qm and the volume rate of change of the LV chamber. That is:

Qa(t) = Qm(t)− dV

dt
(2.3)

This condition needs to be specified at every instant in time for a well-posed incompress-

ible Navier-Stokes problem. For that, at every time-step the velocity field is obtained

at Γoutlet by assuming zero velocity gradient normal to the outflow boundary:

∂u

∂n
= 0 on Γoutlet (2.4)
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and subsequently correct the resulting velocity profile to satisfy Eq. 2.3 using uniform

correction.

Along the ΓLV portion of the boundary, the time-dependent LV wall motion, ob-

tained with the cell-activation method described in Chapter 5, is prescribed as input to

the simulation and used to drive the LV blood flow. The no-slip and no-flux boundary

conditions are imposed for the velocity field at the LV wall portion ΓLV as follows:

u(t) = v(t) on ΓLV (2.5)

Along the wall of the aorta domain, which as discussed above is treated as a fixed,

rigid boundary, the no-slip and no-flux boundary condition is prescribed by setting:

u(t) = 0 on Γaorta (2.6)

In our simulations the motion of the BMHV leaflets is driven by the beating left

ventricle and, thus, the velocity at the interface between the valve leaflets and the blood

flow (ΓFSI) needs to be obtained by a coupled FSI procedure. To find the motion of

the BMHV, it is necessary to evaluate the load (moment) applied on the surface of the

BMHV leaflets by the blood flow.

The fluid solver can be written as an operator that evaluate the load M of the fluid

exerting on the interface Γ depending on the boundary and initial conditions:

M = F(Γ, φ) (2.7)

2.3 Governing equations for solid domain Ωs

In the current work, the fluid-structure interaction between heart valve prosthesis and

blood flow induces the complex hemodynamic patterns to form in the aorta. The BMHV

(solid body) consists of two leaflets pivoting around their rotational axes under the

pulsatile loading of the blood flow. The two leaflets are attached via a hinge to a

circular housing implanted at the LV OT (see Fig. 2.1).

The motion of the two leaflets is rigid body rotation around their axes of rotation.

In the Cartesian coordinate (X,Y, Z) system shown in Fig. 2.2, the leaflets rotational

axes are parallel to X direction. φ is denoted as the opening angle of the leaflet, which
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Figure 2.2: A bi-leaflet mechanical heart valve consists of a housing and two leaflets.

can be used to express the position vector (x(X,Y, Z)) of a material point on the leaflet

as follows:

x− xc = R(φ)rc (2.8)

where xc(X,Yc, Zc) is the projection of the material point on the rotational axis, R(φ) is

the in-plane rotational matrix (see below), and rc is the radial distance to the rotational

axis thus: |rc| =
√

(Y − Yc)2 + (Z − Zc)2. For the specific BMHV used in the current

work, the maximum angle φmax = 580 (fully close) and the minimum angle is φmin = 50

(fully open). The in-plane (i.e X = const) rotational matrix R(φ) is defined as follows:

R(φ) =


1 0 0

0 cos(φ) − sin(φ)

0 sin(φ) cos(φ)

 (2.9)

The governing equation of the leaflet motion is obtained from the conservation of

angular momentum and can be written in terms of φ as follows:

I0
∂2φ

∂t2
= M0 (2.10)

Here I0 as the reduced moment of inertia, whis is calculated as:

I0 =
ρs
∫

Ωs
|rc|2dV

ρfD5
(2.11)
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where ρs and ρf are the specific weight of the solid and fluid, respectively. Finally, M0

is the moment coefficient:

M0 =
MX

ρfU2D3
(2.12)

where MX is the moment around the X axis found by integrating the fluid stress τ on

the interface ΓFSI

Mx =

∫
ΓFSI

rc × τdA (2.13)

Assuming that the position φ and angular velocity dφ/dt of the leaflet is known at

timestep n, it is necessary to find the position at n + 1 via Eq. 2.10. To solve Eq.

2.10, pseudo time stepping using 4τ [85] is used to find the angular velocity φ̇n+1 with

looping variable l:
φ̇l+1 − φ̇l

4τ
+

3φ̇l − 4φ̇n + φ̇n−1

24t
= Mn+1 (2.14)

After the angular velocity φ̇n+1 is found, the angle φ can be updated by midpoint

rule[86] as:

φn+1 = φn +4t φ̇
n + φ̇n+1

2
(2.15)

The structural solver therefore can be written as an operator estimating the position

vector x (and thus the angle φ) from the external load M and boundary conditions on

ΓFSI as follows:

φ = S(ΓFSI ,M) (2.16)

2.4 The Fluid-Structure Interaction algorithm to calculate

ΓFSI

The details of fluid-structure interaction algorithms are presented in [72] and thus only a

brief description of the method is discussed here. The kinematics of the leaflets of BMHV

is the result of the interaction between the blood flow dynamics in the LVOT and the

inertia of the leaflets. In our partition approach (Dirichlet-Neumann) FSI approach, the

load (M) is calculated from the fluid solver (F) and is prescribed as Neumann boundary

condition for the structure solver (S). The structural solver is then used to find the

position of the leaflets, which is prescribed as Dirichlet boundary conditions for the
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fluid solver. The kinematic condition requires the continuity of the interface between

solid and fluid (see Fig. 2.1):

Γs ≡ Γf ≡ ΓFSI (2.17)

Note that the solid/fluid boundary, which consists of the fluid-structure interaction

interface ΓFSI , is also a function of the leaflet angle φ. Therefore:

ΓFSI = Γ(φ) (2.18)

The dynamic condition requires the continuity of the stress at the interface:

τf = τs (2.19)

with no the slip condition on the interface ΓFSI :

vs = uf (2.20)

The governing equations for the fluid (F) and solid (S) parts presented in the previous

sections can now be combined and expressed in operator form as follows:

M = F(Γ(φ)) (2.21)

φ = S(Γ(φ),M) (2.22)

Note that the operators S and F change with time and are dependent on the initial and

boundary conditions imposed on the boundary Γ. Thus this system of equations can be

written in compact notation:

φ = S ◦ F(φ) (2.23)

where the operator ◦ denotes the transfer load at the interface ΓFSI from the fluid solver

to the solid solver and supply for the solid solver S = S(M). Therefore, the coupling

between the solid solver S and the fluid solver F is equivalent to finding the fixed point

of the operator S ◦ F.

Assuming that the leaflet angle φ is known at time step n−1, Eqn. 2.23 is solved to

obtain the leaflet angle at timestep n with the current boundary conditions on Γ via a

series of strong-coupling sub-iterations [72]. The Aitken non-linear relaxation technique

is used to accelerate convergence and enhance robustness [72, 87].
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l = 0

φ0 = φn−1

while |φl − φl−1| > tolerance do

l = l + 1

φ̃l+1 = S ◦ F(φl)

el = φ̃l+1 − φl

φl+1 = ωlφ̃l+1 + (1− ωl)φl

end while

φn = φl+1

Here the new guess φl+1 is found by one under-relaxed Richardson iteration of φ̃l+1 with

the relaxation factor calculated by Aitken accelerator [72, 87]:

∆el = el − el−1 (2.24)

ωl = −ωl−1 e
l−1

∆el
(2.25)

Note that in equation 2.25 the recursive nature of ωl enables the current guess φl+1

implicitly links to all previous sub-iterations. Since the first sub-iteration l = 1 the

previous residual e0 is not available, a pre-determined value of ω1 must be used. In this

case, ω1 is set to be 0.7. The stability criteria for ωl are discussed in [72].

2.5 Numerical discretization and integration

The numerical method for solving the governing equations combines the CURVIB

method with overset grids as shown in Fig. 2.1. The computational domain is de-

composed into two overlapping blocks. The first block contains the left ventricle. The

moving LV geometry is embedded in a stationary background curvilinear mesh, which

outlines but does not conform with the LV wall, and treated as a sharp-interface im-

mersed boundary using the CURVIB approach to effectively handle the large wall defor-

mation. The second block motion consists of the aortic arch, which is discretized with a

boundary fitted curvilinear mesh. The BMHV leaflets are embedded in the background

aorta mesh and treated as immersed boundaries via the CURVIB method. The over-

lapping interfaces of the LV and aorta sub-domains are ΓLVinterface and Γaortainterface, respec-

tively. The governing equations are solved in each sub-domain (see Fig. 2.1) using the
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sharp-interface curvilinear-immersed boundary (CURVIB) method of [71] (see below).

Tri-linear interpolation is used to reconstruct boundary conditions at each node on the

overlapping interface using the 8 grid points of the neighboring sub-domain surrounding

the node at the interface of the host sub-domain. The details of the overset-CURVIB

method can be found in [2].

2.5.1 Governing equations in generalized coordinate system

In Cartesian tensor notation, the equations 2.2 become:

∂ui
∂xi

= 0 (2.26)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

1

Re

∂ui
∂xj∂xj

xi (with i = 1, 2 and 3) indicates the direction x,y and z, respectively. Reynolds number

is denoted as Re while time, pressure and velocity component are denoted as t, p, ui.

With the observation that anatomical geometries of arteries are similar to curved and

twisted pipes we use generalized coordinates to facilitate grid generation and numerical

discretization. The flow solver is the hybrid staggered/non-staggered CURVIB approach

proposed in [71]. Let us denote a standard generalized coordinate system in 3 dimensions

as (ξα, ξβ, ξγ). By employing the partial transformation approach[71], the governing

equations (2.26) can be transformed in generalized curvilinear coordinates as follows:

∂

∂ξα
(
Uα

J
) = 0 (2.27)

∂ui
∂t

+ C(ui) +Gi(p)−
1

Re
D(ui) = 0 (2.28)

The convective C(ui), gradient Gi(p) and viscous D(ui) operators are:

C(ui) = J
∂

∂ξα
(
Uα

J
ui),

Gi(p) = J
∂

∂ξα
(
ξαi
J
p),

D(ui) = J
∂

∂ξα
(
gαβ

J

∂

∂ξβ
ui)

Here J is the Jacobian of the transformation J = ∂(ξα, ξβ, ξγ)/∂(x1, x2, x3). The met-

rics tensor gαβ = ξαj ξ
β
j defines the inner product in curvilinear system. Uα is the

contravariant velocity components of the flow. Uα = uiξ
α
i , ui = Uα

∂xi
∂ξα

.
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The above governing equations can also be formulated in terms of the contravariant

fluxes: Fα = Uα

J . The resulting formulation of the continuity and momentum equations

[71], read as follows:

∂F β

∂ξβ
= 0 (2.29)

∂F β

∂t
= −

ξβi
J

[C(ui)−
1

Re
D(ui)]−

ξβi
J
Gi(p) = −Rβ −

ξβi
J
Gi(p)

The momentum equation now can be rewritten as:

∂F β

∂t
= −Rβ − ξβi

∂

∂ξα
(
ξαi
J
p) (2.30)

Here Rβ is the sum of convective flux and the viscous flux:

Rβ = −
ξβi
J

[C(ui)−
1

Re
D(ui)] (2.31)

2.5.2 Hybrid staggered/non-staggered grid approach

In the CURVIB method [71], which employs the hybrid staggered-non-staggered grid

approach, the flux F β is stored at the surface center. The cartesian velocity ui and

the pressure are stored at the volume center. We denote the numbering in three direc-

tions of a curvilinear structured grid as m,n and l corresponding to direction α, β, γ,

respectively. The evolution of the contravariant flux F for a face number m + 1/2 in

the direction α, is therefore:

∂Fαm+1/2,n,l

∂t
= −Rαm+1/2,n,l −

[
ξαi
J
Gi(p)

]
m+1/2,n,l

(2.32)

Here the evolution of the flux Fαm+1/2,n,l at the surface center depends on the flux

−Rαm+1/2,n,l and the gradient operator G(·)m+1/2,n,l. Note that R and G are also eval-

uated at the surface center and thus the metrics (i.e quantities involving ξ) associated

with these operators must be calculated at the surface center correspondingly. To eval-

uate R, the convective C(ui) is first evaluated at the cell center is:[
ξαi
J
C(ui)

]
m,n,l

=

[
J
ξαi
J

∂(U
β

J ui)

∂ξβ

]
m,n,l

=

[
J
ξαi
J

∂(F βui)

∂ξβ

]
m,n,l
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We use the 2nd order accurate QUICK scheme for the convective flux in the direction

β at surface center n+ 1/2:[
F βui

]
m,n+1/2,l

= up

[
1

8
(−um,n+2,l

i − 2um,n+1,l
i + 3um,n,li ) + um,n+1,l

i

]
+ (2.33)

um

[
1

8
(−um,n−1,l

i − 2um,n,li + 3um,n+1,l
i ) + um,n,li

]
(2.34)

up =

[
F β

2
+ |F

β

2
|
]

(2.35)

um =

[
F β

2
− |F

β

2
|
]

(2.36)

(2.37)

The discrete evaluation of the convective term at the cell center is:[
C(ui)

J

]
m,n,l

≈
(Fαui)m+1/2,n,l − (Fαui)m−1/2,n,l

∆ξα
+ (2.38)

(F βui)m,n+1/2,l − (F βui)m,n−1/2,l

∆ξβ
+ (2.39)

(F γui)m,n,l+1/2 − (F γui)m,n,l−1/2

∆ξγ
(2.40)

The term is evaluated with along the geometrical metrics as in Eq. 2.33 to form the

full convective term. The value of the convective term at the surface center is then

calculated using interpolation method as discussed below.

The viscous flux D(ui) is also computed at the non-staggered grid m,n, l first using

three-point, second-order accurate, central differencing. The discrete value of the flux

contribution from direction α is evaluated as:[
J
∂

∂ξα
(
gαβ

J

∂ui
∂ξβ

)

]
m,n,l

≈
[
J

∆ξα

]
m,n,l

[(
gαβ

J

∂ui
∂ξβ

)
|m+1/2,n,l −

(
gαβ

J

∂ui
∂ξβ

)
|m−1/2,n,l

]
(2.41)

. Here the value of cartesian velocity ui is used from the non-staggered grid.

The gradient operator for the pressure p is evaluated discretely as:

[
ξαi
J
Gi(p)

]
m+1/2,n,l

=

J ξαi
J

∂(
ξβi
J p)

∂ξβ


m+1/2,n,l

≈

[
J
ξαi
J

ξβi
J

∂p

∂ξβ

]
m+1/2,n,l

(2.42)
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The pressure term in the current direction α is discretized using central differencing:

∂p

∂ξα
=

pm+1,n,l − pm,n,l
ξα

∂p

∂ξβ
=

pm+1,n+1,l − pm+1,n−1,l + pm,n+1,l − pm,n−1,l

4ξβ

∂p

∂ξγ
=

pm+1,n,l+1 − pm+1,n,l−1 + pm,n,l+1 − pm,n,l−1

4ξγ

(2.43)

2.5.3 Velocity reconstruction at the immersed boundary nodes

The velocity boundary conditions are reconstructed by the sharp interface immersed

boundary method of [1] for the closest grid points to the solid surface (immersed bound-

ary nodes). The main idea of the method is the reconstruction of the velocity compo-

nents at the IB nodes along the normal of the solid surface. In Fig. 2.4, the IB node is

denoted as b and the normal of the adjacent solid surface is denoted as n. The projec-

tion of point b on the solid surface along the direction n is denoted as a. The extension

of the normal crosses the adjacent fluid grid cell at c.

The value of the velocity components va at point a is found via interpolation among

three vertices of the triangular mesh (k = 1, 2 and 3), which defines the shape of the

solid surface:

va =

∑
k=1,3

vk
sk

 /

∑
k=1,3

1

sk

 (2.44)

With sk is the distance from point a to vertices k:

sk =
√

(xa − xk)2 + (ya − yk)2 + (za − zk)2 (2.45)

The velocity component at point c can be similarly obtained via interpolation of sur-

rounding fluid grid points. The velocity component at point b now can be

interpolated using the velocity components at point a and c. Assuming the velocity

component v varies in a quadratic manner along the normal n direction:

v(s) = C1s
2 + C2s+ C3 (2.46)

where s is the distance from point a (i.e sa = 0). To determine the values of C1, C2 and
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Figure 2.3: The interpolation scheme for interpolating the velocity components at the
immersed boundary nodes. This figure is taken from [1].

C3, boundary conditions are supplied:

v(0) = va = C3 (2.47)

v(sb) = C1s
2
b + C2sb + C3

v(sc) = C1s
2
c + C2sc + C3

(dv/ds)(sb) = 2C1sb + C2

The derivative dv/ds at point b is needed to close the system of equations. A linear

interpolation is used to calculate dv/ds:

r =
sb − sc
sa − sc

(dv/ds)sb = r
vb − va
sa − sb

+ (1− r)vc − vb
sb − sc

Solving the system of equations 2.47 gives the velocity components at point b.

2.5.4 Time integration and fractional step method

For time integration, a second-order accurate fractional step methodology is employed

[71] in this work. In this approach, the system (2.29) is solved using the projection
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method [88]. The main idea is first to seek an approximated solution F β∗ for the mo-

mentum equation independently of the mass conservation constraint. The subsequent

step is to project the approximate solution in the space of divergence free functionals

to get the final solution F β.

If the second order time accurate scheme is used, the first step (or momentum step)

in semi-discrete form can be described as:

∂F β∗
∂t

≈
3F β∗ − 4F βn + F βn−1

24t
= −Rβ(F β∗ )−

ξβi
J
Gi(p)

where n denotes the time step n of the numerical simulation. Thus the following non-

linear equation for F β∗ arises:

F β∗ = RHSβ(F β∗ , p) = {−Rβ(F β∗ )−
ξβi
J
Gi(p)}

24t
3

+
4F βn − F βn−1

3
(2.48)

The divergence free constraint is satisfied by correcting F∗ = F(Fα∗ , F
β
∗ , F

γ
∗ ) using

pressure field p which is obtained by solving the following Poisson equation for the

auxiliary pressure correction variable p?:

4p? =
3

24t
∇ · F∗ (2.49)

Finally, the solutions are updated for next the n+ 1 time step as follows:

Fn+1 = F∗ −
24t

3
∇p? (2.50)

pn+1 = pn + p?

2.5.5 Iterative methods for the non-linear momentum equation

As discussed above, in the momentum step (2.48) we solve the nonlinear system for the

flux F β∗ :

L(F β∗ ) = F β∗ −RHS(F β∗ ) = 0 (2.51)

There are several ways to solve this equation by iterative techniques including: fixed

point iteration and Newton methods. It is well known that fix point iteration has linear

convergence rate and4t is required to be small. Newton methods are promising because

they exhibit quadratic convergence rate and allow the use of large 4t.
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The Newton algorithm utilizes Taylor expansion around an initial guess F β0 :

L(F β0 + δ) ≈ L(F β0 ) +
∂L

∂F β∗

(
F β0

)
δ = 0 (2.52)

The algorithm can be written as finding the search direction δ by solving the equation:

ג =
∂L

∂F β∗

(
F β0

)
(2.53)

δג = −L(F β0 ) (2.54)

Finally, the flux is updated:

F β∗ = F β0 + δ (2.55)

Assuming we know the Jacobian ג we can use a Krylov method such as BiCGSTAB

or GMRES to solve the system to find the search direction δ. This method is called

Newton-Krylov method.

Because the Newton method does not requires ג to be exact, a class of “Inexact

Newton method“ was introduced[89]. There are two choices : i)using an explicit ap-

proximation of the Jacobian ג via an analytical method; and ii) using its approximation

obtained via a small numerical perturbation. In the case an explicit form of the Jaco-

bian is needed and analytical form is unavailable, the approximated Jacobian can be

estimated using Frechet’s derivative [89] by perturbation ε:

F)ג β∗ )v =
L(F β∗ + εv)− L(F β∗ )

ε
. (2.56)

Note that the Krylov methods to solve the linear equations do not need an explicit

formation of the Jacobian .ג The Alnordi process (such as in GMRES) needs only action

of the operator explicitly ∂L

∂Fβ∗
on vector v instead of forming explicitly ג when generating

the Krylov basis in Eq. 2.56. Thus the Jacobian ,ג in fact, does not need to be formed

explicitly. Therefore, this class of methods are attractive to solve complex non-linear

equations such as the momentum equation 2.48 where the Jacobian is difficult, if not

impossible, to be calculated analytically. These class of methods are called ”Jacobian

Free Newton Krylov” (JFNK) methods.

In this work, the Newton-Krylov methods are implemented via the Portable, Exten-

sible Toolkit for Scientific Computation (Petsc).
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2.6 Poisson solver

The Poisson equation arises in the auxillary pressure equation p? at the cell center m,n, l

can be written:

∆p? ≈

[
∂

∂ξα

[
J
ξαi
J

ξβi
J

∂p?

∂ξβ

]]
m,n,l

=

[
∂

∂ξα

[
gαβ

J

∂p?

∂ξβ

]]
m,n,l

(2.57)

The Laplacian is discretely approximated with the same manner in Eq. 2.43. For

example: [
∂

∂ξα

[
gαα

J

∂p?

∂ξα

]]
m,n,l

≈
[
gαα

J

]
m,n,l

∂p?

∂ξα |m+1/2,n,l − ∂p?

∂ξα |m−1/2,n,l

∆ξα

=

[
gαα

J

]
m,n,l

(p?m+1,n,l − p?m,n,l)− (p?m,n,l − p?m−1,n,l)

(∆ξα)2
(2.58)

[
∂

∂ξα

[
gαβ

J

∂p?

∂ξβ

]]
m,n,l

≈
[
gαβ

J

]
m,n,l

∂p?

∂ξβ
|m+1/2,n,l − ∂p?

∂ξβ
|m−1/2,n,l

∆ξα

where:

∂p?

∂ξβ
|m+1/2,n,l =

1

2

[
p?m+1,n+1,l − p?m+1,n−1,l

2∆ξβ
+
p?m,n+1,l − p?m,n−1,l
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The right-hand side of the equation (2.49) is the discrete divergence at the cell center

m,n, l:

∇ · F∗ =
F∗

α
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α
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+
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β
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β
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∆ξβ

F∗
γ
m,n,l+1/2 − F∗

γ
m,n,l−1/2

∆ξγ

(2.60)

In a regular domain, Poisson equation (2.49) can be solved effectively with Fast

Fourier Transform. However, in our case the domain is irregular due to the presence

of the IB nodes and Krylov subspace methods are the most suitable for the Poisson

equation. Of those, Conjugate-Gradient(CG) is the best candidate since the Laplacian

is a symmetric operator. However, the symmetry of the operator is not explicitly repre-

sented in our discretization form of the Laplacian due to the existence of IB nodes and it

is only recovered by an appropriate permutation. Because the problem involves moving

boundaries that type of permutation is expensive to explicitly update the solution every

time step. FGMRES[90] with multigrid preconditioner is the appropriate choice [71]

given its minimization characteristic. The implementation of this Poisson solver is done

via linear solver option of Petsc.



27

2.7 Domain decomposition

Since the whole domain is decomposed into sub-domains and the governing equations are

solved independently on each sub-domain, a reconstruction of the boundary conditions

is needed for the interfaces of the blocks. For the chimera grid layout, the interface

of two consecutive blocks are treated as the immersed interface. On the interface, the

reconstruction of the velocity components of the recipient block is done for each grid

point. The detail of the algorithm can be found in [2].

The first step in the reconstruction is to search the surrounding grid points of the

host block for each grid point on the interface. The point in a box algorithm is used

to searched for the host nodes. One grid point on the interface is considered inside the

surrounding 8 grid points of the host block if the vector connects six surfaces center

of the box has the same inward normal with the line connect point P and the surface

center:

dk = (p− pkmid)
rk1 × rk2
rk1 · rk2

> 0 (2.61)

Here index k stands for the face number, r1 and r2 are two corner vectors defining the

surface so that the resulting normal faces inward. pmid is the face center.

To reconstruct the boundary conditions on the interface, tri-linear interpolation

from surrounding 8 grid points are used to reconstruct the Cartesian velocity. Trilinear

interpolation is used to interpolate the Cartesian velocity of the second block on the

surface:

up = a1a2a3ui,j,k + (a1 − 1)a2a3ui+1,j,k + a1(a2 − 1)a3ui,j+1,k +

+a1a2(a3 − 1)ui,j,k+1 + (a1 − 1)(a2 − 1)a3ui+1,j+1,k + (a1 − 1)a2(a3 − 1)ui+1,j,k+1 +

a1(a2 − 1)(a3 − 1)ui,j+1,k+1 + (a1 − 1)(a2 − 1)(a3 − 1)ui+1,j+1,k+1

Here:

a1 =
d1

d1 + d2

a2 =
d3

d3 + d4

a3 =
d5

d5 + d6

(2.62)
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Figure 2.4: The searching algorithm and trilinear interpolation scheme for point p on
the interface of the recipient block. dk (k = 1, 6) is the distance from point p to the
surface kth. The point p1

mid is the center of face 1. Vectors r1
1, r

1
2 are the two vectors

defining the surface 1 and its inward surface normal. This figure is taken from [2].

The contravariant flux U is therefore reconstructed from those Cartesian vector com-

ponents. Note that such reconstruction does not conserve either the mass flux or the

momentum. Due to the incompressibility constraint, mass flux correction is needed to

attain fully convergence of the Poisson equation at the second step of the fractional step

method. There are variety of correction strategies, the uniform distribution correction

is used here:

Fα = (Fα)interpolation − δ
|dAα|
Aα

eα · n (2.63)

Here δ is the flux correction (imbalance). dAα is the local area of the cell surface in the

direction α while Aα is the sum of |dAα| over the whole interface. eα is the unit vector

along the curvilinear coordinate direction α. n is the unit normal of the interface.
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2.8 Load calculation

Load calculation is an important issue for fluid-structure interaction as discussed in

section 2.4. Note that equation 2.13 evaluates the load M to supply as boundary

conditions for the solid solver. This equation requires the estimation of the load the via

the stress tensor τ . In CURVIB method, the velocity components of the first grid node in

the vicinity of the solid boundary (Immersed Boundary nodes - IB nodes) are not solved

and thus the evaluation of the stress tensor τ is not straight forward. Moreover, the solid

body is partitioned as sub-domains and stored in the memory of several processors in

parallel computing environment. Therefore, the difficulty in obtaining the shear stress

distribution on the continuous solid surface naturally arises as it requires the assembling

process from all sub-domains. In the case of fluid-structure interaction problems, fast

evaluation of the load is vital for the efficiency of the method because the interaction

between solid and fluid solver requires load evaluation simultaneously. A naive approach

for such problem is to evaluate the stress tensor after all sub-domains complete their

work load of fluid-solver. However, it is the bottle-neck for the parallelism efficiency

because all processors must finish their job at the same time, probably a ”barrier” must

be constructed to have such effect.

To circumvent such problem, a divide-and-conquer algorithm is proposed in this

work. The main idea is to calculate the stress tensor τ independently on each sub-domain

and then assembling (pack/unpack) process via Message Passing Interface (MPI) is

needed to determine the final shear stress distribution on the solid surface.

Because the stress tensor is not readily available on the solid surface in the CURVIB,

the stress tensor is extrapolated to the solid surface using the surrounding fluid nodes

and IB nodes similar to the extrapolation of the velocity components [see 1, for details].

Thus procedure to calculate the shear stress can be described as follows:

• Calculate the shear stress tensor at all fluid nodes using second-order central

differencing

• Calculate the shear stress tensor at IB nodes using second-order one-sided differ-

encing

• Extrapolation stress tensor on the solid surface using linear interpolation along



30

the surface normal direction

In the assembling process, there are many possible IB nodes from different processors

might correspond to one solid surface element. An average of stress tensor is needed in

this case.



Chapter 3

The dynamics of vortex rings in

impulsively driven flow through

inclined nozzles

Vortex ring formation, instability and breakdown phenomena have been the subject of

intense research for many decades because they are ubiquitous in a wide range of natural

[see 91, 92, 16] and engineering flows [see 93, for a review]. In the cardiovascular system,

the formation of vortex ring in the left ventricle [15] plays an important role in measuring

cardiac healths of patients. The fluid mechanic properties of the vortex ring such as

formation time, propagation speed can be used to estimate the heart wall stiffness. The

role of the vortex ring formation is also important in pathological pathway of aneurysms

[94, 95, 35]. The dynamics of the vortex ring inside the aneurysm sac correlates well with

the temporal and spatial distribution of the wall shear stress and potentially control the

growth of the aneurysm.

The objective of this chapter is to demonstrate the ability of the numerical method

to accurately simulate and elucidate the dynamics of flows dominated by complex vortex

ring formation, instability and breakdown. The specific test case involves impulsively

driven flow through inclined nozzles, which was studied experimentally by [4, 3]. Such

flows are dominated by the formation of asymmetric and inclined vortex rings, which, as

we will show in the reminder of this thesis, are also ubiquitous in cardiovascular flows.

31
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3.1 Introduction

In the laboratory, vortex rings typically form by displacing a column of fluid from a

nozzle (or an orifice) into an ambient fluid. The most common configuration is the

piston-cylinder apparatus, which consists of a movable piston translating along the axis

of a cylindrical pipe [96]. As the piston advances forward, the azimuthal shear layer

that is created on the pipe wall rolls up when it reaches the exit to form a vortex

ring. When the nozzle geometry is axisymmetric, the so resulting vortex ring assumes

an axisymmetric donut-like shape with uniform distribution of vorticity around its cir-

cumference [96]. For asymmetric nozzle shapes, however, the resulting vortex ring is

three-dimensional and gives rise to intricate vortex topologies immediately downstream

of the nozzle [see 97, 98, 4, 99].

A large body of literature has been devoted to the study of the instability mecha-

nisms of axisymmetric vortex rings from circular nozzles [see 100, 101, 102, 103, 104].

The toroidal shape of a vortex ring in stagnant ambient fluid has been shown to initially

become unstable via the so-called Widnall instability [105], which is excited by unstable

azimuthal modes along the ring circumference[105]. These modes ultimately lead to

the growth of pairs of streamwise, rib-like vortices that are braided together with vortex

rings and greatly enhance the entrainment of ambient fluid into the jet [106, 98]. Com-

plex topological changes have also been shown to occur when a vortex ring interacts

with a solid wall [107, 108, 109] or other vortex rings [110, 111, 112]. For example,

the head-on collision of two identical vortex rings with opposite circulation [113] gives

rise to explosive dynamics of the vortex filaments (or Crow instability). The colliding

rings may break and then rejoin via a process known as vortex reconnection ultimately

leading to a drastically different vortex topology consisting of a multiple smaller rings

[113].

Non-axisymmetric vortex rings are encountered widely in most biological flows where

the effective ”nozzle” is rarely perfectly circular [92, 16, 114]. The near-field dynamics

of such flows is greatly impacted by the shape of the nozzle. In jet-propelled aquatic

swimming, for example, the shape of the nozzle exit has been shown to play an impor-

tant role in the pulsed jet efficiency [115]. Non-axisymmetric vortex rings have also

been exploited in many engineering applications as integral part of passive flow control
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strategies aimed at increasing scalar transport rates and mixing efficiency [see 116, for

example]. Two broad categories of nozzle shapes have been proposed in the literature

as means for generating non-axisymmetric vortex rings. The first category consists of

non-circular nozzles of elliptic, square or rectangular shape [117, 97, 99]. Such nozzles

have flat cross-section such that the streamwise location of the nozzle lip is the same for

all points at the exit. In contrast, the second category of nozzle shapes consists of the

so-called ”indeterminate-origin” (IO) nozzles [118]. As implied by their name, for IO

nozzles the streamwise location of the nozzle lip at the exit varies continously around

the azimuth. Commonly used IO nozzles, include inclined [119, 120], hybrid inclined

[121], stepped and sawtooth [122], notched [123, 124], and crown-shape [125, 126, 127]

nozzles.

The vortex dynamics of continuous jets from non-ciruclar, flat-exit nozzles have

been extensively studied in the past [98]. As in circular jets [106], the key instabil-

ity mechanism in such flows is attributed to the onset and interaction of two distinct

modes of coherent structures [98]: vortex rings [128] with concentrated azimuthal vor-

ticity, and streamwise rib vortices [106]. Experiments and numerical simulations have

further revealed a host of other complex phenomena induced by the inherent three-

dimensionality of such flows such as axis-switching, vortex pairing, and vortex ring

bifurcation [see 117, 97, 129, 99]. Collectively these complex flow phenomena give rise

to a highly three-dimensional flow that greatly enhances entrainment of ambient fluid

into the jet and promotes mixing [98]. Furthermore, vortex stretching of the stream-

wise rib vortices and non-linear coherent structure interactions enhance the production

of small-scale turbulence and augment further the jet’s mixing efficiency [98].

The study of flow phenomena in jets from IO nozzles is an active area of research as

many fundamental questions regarding the underlying instabilities and vorticity dynam-

ics remain unanswered. Near-field flow phenomena in such flows are greatly influenced

by the specific geometry of the nozzle. Several experimental studies have been reported

for pulsed flow through inclined nozzles [4, 130], which showed that a topologically

complex and highly three-dimensional vortex structure forms at the nozzle exit. By

reconstructing planar particle image velocimetry (PIV) measurements, Webster and

Longimre [4] concluded that the structure consists of an inclined primary vortex ring
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with non-uniform circulation and branched streamwise vortex tubes extending up-

stream into the nozzle [4]. The primary ring circulation is maximum and minimum at

the shortest and longest lips of the nozzle, respectively [4]. Both the circulation non-

uniformity of the primary ring and the strength of the streamwise vortex tubes were

reported to increase with nozzle exit incline angle [4]. Furthermore, while the primary

ring is initially parallel to the nozzle exit it gradually re-orients itself to eventually reside

on the plane that is perpendicular to the nozzle axis [4]. At later stages, the vortical

structure diverts its trajectory from the axial direction and slightly bends before it

breaks down into turbulence [4]. By analyzing in slow motion video recordings of dye

motion within the primary vortex ring, Lim [130] postulated the existence of circumfer-

ential flow along the vortex core. As described by Lim [130], the circumferential flow

appears to be directed from the location of minimum circulation (noted by Lim [130] as

region B and located near the longest lip) toward the location of maximum circulation

(noted by Lim [130] as region A and located close to the shortest lip). The fate and

structure of this circumferential flow when it reaches region B, however, is not entirely

clear since based on [130] description ”when the flow reaches B, it unexpectedly reverses

its direction, and thereafter interacts with the oncoming flow from A.” As discussed by

[130], this circumferential flow is a direct consequence of the non-axisymmetric roll-up

of the shear layer at the nozzle exit. Furthermore, this flow is believed to be ultimately

responsible for the breakdown of the primary vortex ring, which occurs when the so

induced circumferential variation of the strain rate is sufficiently large [130].

As noted above, the first attempt to elucidate the three-dimensional topology of the

vortical structure at the exit of inclined nozzles was reported by Webster and Long-

mire [4] who reconstructed the 3D structure from their 2D PIV data. In a very recent

study, Troolin and Longmire [3] employed a volumetric 3-component velocity measure-

ment technique (V3V) and were able to refine and further clarify the three-dimensional

topology of the vortical structure, which now appears to be far more intricate than

what was originally proposed in [4]. The so measured vortical structure during the

late stages of its formation is shown in Fig. 3.1, which is taken from [3]. Troolin and

Longmire [3] postulated that the resulting structure arises from the interactions of three

distinct vortex rings, denoted as Ring 1 (the primary vortex ring), Ring 2 and Ring 3

in Fig. 3.1. Troolin and Longmire [3] argued that the trailing streamwise vortex tubes
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(a) Side view (b) Bottom view

Figure 3.1: The three-dimensional vortex topology of impulsively driven flow through
an inclined nozzle at ReΓ = 2500 reconstructed from the volumetric measurements of
[3]. The vortical structure is visualized by the iso-surface of non-dimensional vorticity
magnitude |ω|D/U0 = 4.1. The thick line outlines the primary ring (Ring 1), the dashed
line outlines the stopping ring (Ring 2) and the line outlines the third ring (Ring 3) [3].

identified in [4] result not only from enhanced entrainment along the short cylinder

side (associated with Ring 3 in Fig. 3.1) but also from the stopping of the piston that

drives the original impulse (associated with the stopping vortex ring denoted as Ring 2

in Fig. 3.1). Another important finding reported in [3] is that the general topological

features of the resulting vortical structure as shown in Fig. 3.1 remain unchanged with

changing the nozzle incline angle. The experiments of Troolin and Longmire [3] shed

remarkable insights into the topological richness of pulsed jets from inclined nozzles

but further underscored the difficulties associated with attempting to understand the

topology of such intricate flow patterns and the mechanisms that led to this topology

based on experiments alone. For example, Troolin and Longmire [3] speculated that

the formation process of Ring 2 and 3 are decoupled from each other but this issue could

not be resolved conclusively due to the lack of experimental data inside the cylinder.

Therefore, the initial formation of the two secondary rings as well as their interactions

with the primary ring that give rise to the final topology shown in Fig. 3.1 are yet not

fully understood. The subsequent evolution of this intricate vortical structure, and the

onset of possible secondary instabilities that could lead to its breakdown are also not
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known.

In this paper we employ direct numerical simulations to study near-field phenomena

in laminar flows generated by a pulsed jet issuing through an inclined nozzle. The

objective of our work is to elucidate the physics of such flows with emphasis on three-

dimensional vortex dynamics, which are difficult to elucidate from experiments alone,

in order to help answer many of the previously identified questions that still remain

unresolved in the literature. As discussed above, such questions include, among others,

the details of the three-dimensional vortex dynamics and emerging topology in the

interior of the cylinder and immediate downstream of the nozzle, the onset and structure

of azimuthal flow in the interior of vortex rings, and the emergence of secondary vortex

instabilities downstream of the nozzle.

We employ the curvilinear immersed boundary (CURVIB) method [71], which is

ideally suited for handling the geometric complexity of IO nozzles and the motion of the

piston in the interior of the cylinder that drives the flow. The numerical simulations are

compared with the detailed experimental measurements of [4] and [3]. We show that our

simulations not only reproduce the planar PIVs measurements [4] with good accuracy

but also capture the topology of the three-dimensional flow structure downstream of the

nozzle obtained in the volumetric measurements [3]. Our computed results are further

analyzed to probe, for the first time, the dynamics of the flow in the interior of the

cylinder, reveal strikingly complex secondary and tertiary instabilities of the vortical

structure and elucidate the topology of the circumferential flow within the primary

vortex core that was previously identified in the flow visualization experiments [130].

The chapter is organized as follows. In section 4.2.2 we present the governing equa-

tions and briefly describe the numerical method. In sections 3.3 and 3.4 we introduce

the various nozzle geometries we study and present various computational and grid

related details. In section 3.5 we validate the numerical method by comparing our

computed results with the experimental data [4] and [3] both for flat (axisymmetric)

and inclined nozzles for two incline angles. In section 3.6 we discuss the details of

the three-dimensional topology of the flow for inclined nozzles and discuss our results

in relation to previous experimental findings [4, 130, 3]. In section 3.7, we discuss the

kinematics of the circumferential flow inside the core of the primary ring. Finally in

section 3.8 we summarize and discuss our findings and present the key conclusions of
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this chapter.

3.2 Governing equations and numerical method

We consider incompressible flow of a Newtonian fluid with density ρ and kinematic

viscosity ν driven impulsively through a cylindrical pipe with diameter D into a stagnant

ambient flow via a moving piston. The governing equations are the three-dimensional,

unsteady incompressible continuity and Navier-Stokes equations (Eqs. 2.2) as discussed

in Chapter 2.

The governing equations are solved using the sharp-interface curvilinear-immersed

boundary method (CURVIB) [see 1, 71, 72] as described in section 2.5 of Chapter 2. The

solid surfaces (the pipe walls, nozzle and piston surfaces in the present case) are treated

as sharp-interface, immersed boundaries in a background Cartesian or curvilinear mesh

and discretized with an unstructured triangular mesh (see Fig. 3.2). Boundary condi-

tions at background grid nodes in the immediate vicinity of an immersed boundary are

reconstructed by interpolating along the local normal to the boundary [1, 71].

3.3 Description of simulated test cases

All numerical simulations have been carried out in a flow domain that closely models the

experimental setup of [4]. The computational domain is a square tank of size 400 mm

× 400 mm × 760 mm in X,Y and Z directions, respectively (see Fig. 3.2 for definition

of coordinate directions). The tank is considered closed at the bottom and has four side

walls. The open surface is the tank top which is exterior to the pipe (see Fig. 3.2). The

geometry of the cylinder is identical to that used in the experiment of [4]. Namely, the

inner cylinder diameter is set equal to D = 72.8 mm while the thickness of the cylinder

wall is equal to A = 1.7 mm. The piston surface is flat and its diameter is equal to

the inner diameter of the nozzle, i.e. Dpiston = 72.8 mm. With reference to Fig. 3.2,

the initial (t = 0) location of the piston is marked as I while the piston stroke length

is denoted as L–i.e. the piston stops after it transverses a distance L from its initial

location.
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(a) Computational setup (b) Triangulated nozzle surface

Figure 3.2: Schematic illustrating: a) the nozzle geometry and the computational do-
main and background grid layout; and b) the unstructured triangular mesh used to
discretize the cylinder and nozzle surfaces. The background computational grid, shown
in (a), is uniform in the vicinity of the nozzle exit within the area marked by the thick
black line, and stretched toward the top, bottom and lateral boundaries of the domain.
The grid shown in (a) is obtained by coarsening one of the computational grids (Grid 2
in table 3.2) we use in our simulations for clarity. The specific nozzle geometry shown
in (b) corresponds to Case 3 (see table 4.1). The square outlined with a thick black
line in (a) marks the cross-section of the domain within which the flow phenomena of
interest in this work take place.
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The overall configuration is shown in Fig. 3.2. The same computational domain,

however, is used for all nozzles simulated in this work. That is, for each simulated case

we preserve exactly the same domain and only alter the nozzle shape marked with a

thick line square in Fig. 3.2.

To facilitate the discussion of the computed results in subsequent sections, it is nec-

essary to introduce a notation for describing the lip shape of the inclined nozzles. Fol-

lowing the notation used by [4], we introduce the cylindrical coordinate system (r, ψ, z)

to describe points on the nozzle surface as shown in Fig. 3.3, where r = D for all points

on the nozzle, ψ marks the circumferential location, and z marks the axial location mea-

sured from the coordinate origin O (see Fig. 3.2). Note that O is the common origin

of the nozzles (i.e z = 0 at O). The angle ψ is measured along the counter-clockwise

direction from ψ = 0, which coincides with the longest lip. The plane of symmetry

(y = 0) cuts through ψ = 0 and ψ = π (see Fig. 3.3).

Figure 3.3: The cylindrical coordinate system used for the inclined nozzles. ψ = 0 and
ψ = π mark the long and short lip locations, respectively.

The nozzle geometries we employ in our simulations are shown in Fig. 3.4 and

include: a circular nozzle (Case 1) and two inclined nozzles (Cases 2 and 3). The

inclined nozzles in Cases 2 and 3 are created as in the experiment of [4] by cutting the

cylindrical pipe along planes inclined at C = 260 and C = 450 relative to the nozzle axis,

respectively. In [4] these two nozzles were referred to as D/2 and D nozzles, respectively.
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The key parameters for each simulated case, including nozzle geometry parameters and

piston stroke details, are summarized in table 4.1.

(a) Case 1 (b) Case 2 (c) Case 3

Figure 3.4: The three nozzle exit types used in the simulations: a) Case 1 - Flat; b)
Case 2 - D/2 c) Case 3 -inclined D (see table 4.1 for definition of various parameters for
each case). In inclined nozzles, ψ = 0 and ψ = π mark the long and short lip locations,
respectively.

The motion of the piston is prescribed as translational motion along the Z direction.

The piston starts from the initial location z0 = −2D and is displaced a distance (stroke

length) L along the Z direction (see table 4.1 for the stroke length for each simulated

case). In all cases, the stopping location of the piston is located at distance D upstream

of the coordinate origin O. For all cases, the piston velocity profile U(t) used in our

simulations is reconstructed from the experimental measurements of [4] and it is shown

in Fig. 3.5.

Assuming that the piston starts its motion at t = 0 and stops moving at time t = T ,

we can calculate the stroke length L =
∫ T

0 U(t)dt from the piston velocity profile shown

in Fig. 3.5 by integrating the area under the curve and yields L
D = 1.01. Thus, the stroke

length ratio we use in the simulations is within 1% of the experimental value( LD = 1)

[4]. The characteristic velocity is chosen as the top-hat piston velocity U0 = 77 mm/s.

To estimate the Reynolds number based on the initial circulation Γ0 injected into

the primary vortex ring for all simulated cases, we employ the ”slug model” [102, 96] to

characterize the initial momentum thickness at the nozzle exit. The flow at the nozzle
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Case I
D

L
D

S
D

T
D C Nozzle exit

1 0.25 1 1 2.25 900 Flat

2 0.25 1 0.75 2.25 260 D/2-inclined
3 0.25 1 0.5 2.25 450 D-inclined

Table 3.1: Summary of geometrical parameters for the three simulated test cases. With
reference to Fig. 3.2, I is the initial position of the piston. S is the axial distance from
the stopping location of the piston to the shortest lip of the nozzle, T is the location
of the average nozzle exit lip along the cylinder centerline (it is also the distance from
origin O to the tank top along Z direction). C is the angle of the cutting plane to the
nozzle axis.

Figure 3.5: The piston velocity profile from the experimental data of [4]. This profile is
used to prescribe the nozzle velocity in all simulated cases.

exit is approximated as uniform with all vorticity concentrated in a thin layer close to

the pipe wall. The characteristic Reynolds number based on the initial circulation Γ0

is, thus, calculated for all cases as ReΓ = Γ0
ν ≈

U2
0 ·T
2ν ≈ 2800.

3.4 Computational details

As required by the CURVIB method, the immersed boundaries, namely the pipe, nozzle

and piston, are discretized with unstructured triangulated meshes as shown in Fig. 3.2b.

For all simulated cases, we use 8032 triangles to represent the flat piston surface. The

pipe and nozzle surfaces, on the other hand, are discretized with varying numbers of
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triangular elements for each case. The number of elements in Case 1, Case 2 and Case

3 are 16800, 21184 and 27058, respectively.

To examine the sensitivity of the computed solutions to mesh refinement, we employ

in this work three, successively finer, background computational grids denoted as Grids

1, 2, 3. The total number of grid nodes varies from 3 million in Grid 1 to 36 million

nodes in Grid 3 and the details of each grid are included in table 3.2. For all grids, a

fine mesh along all the three spatial directions is used to discretize a rectangular box

in the immediate vicinity of the nozzle exit, which is the region of interest in terms of

vortex dynamics in this work. This box is marked with a thick line in Fig. 3.2a and

covers the region [−0.5D : 0.5D] × [−0.5D : 0.5D] × [−0.5D : 1.0D] in X, Y and Z

directions, respectively. Within this area of interest, the grid spacing is uniform along

the spanwise directions X, Y and Z. Outside the region of interest, the grid lines

are stretched toward the lateral walls and the top and bottom boundaries using the

hyperbolic stretching function.

Grid Size ∆x
D

∆y
D

∆z
D

1 149× 149× 149 1.6× 10−2 1.6× 10−2 2.8× 10−2

2 225× 225× 257 1.2× 10−2 1.2× 10−2 1.2× 10−2

3 301× 301× 413 0.8× 10−2 0.8× 10−2 0.8× 10−2

Table 3.2: The computational grids used for the grid sensitivity study. ∆x, ∆y and
∆z are the grid spacing in X, Y and Z directions in the region of interest, respectively.
The grid is refined only within the region of interest marked with the thick black line
in Fig. 3.2.

The time is non-dimensionalized as t∗ = (t − t0)U0/D with t0 is the initial time

when the piston starts to accelerate. Since the stroke length is L = D the piston motion

starts from t∗ = 0 and stops at t∗ = 1. The non-dimensional time step used in this

study is 0.01 (associated with physical time step of 10 ms), unless noted otherwise.

No slip boundary conditions are applied on the lateral and bottom walls of the flow

domain and the surface of the cylinder and the piston. Since the piston surface area is

relatively small compared to the tank surface, the displaced volume of fluid from the

nozzle is negligible compared to the total tank volume (< 0.03 percent). Thus, the free

surface at the top boundary of the tank does not vary significantly over the simulated



43

interval. For that, we treat the free-surface boundary as an outflow boundary keeping

its location fixed in time and applying Neumann boundary conditions for the velocity

components at z = −2.25D.

3.5 Validation of the numerical method

In this section we validate the numerical method by simulating Cases 1, 2, and 3 (see

table 4.1 for details) and comparing the computed results with the experimental data of

[4]. We also carry out a grid sensitivity study for Case 2 to show that the spatial and

temporal resolution we employ to carry out all simulations reported later in this paper

is adequate for obtaining grid independent results. The comparisons between measured

and simulated flow fields are reported in terms of instantaneous vorticity fields in the

immediate vicinity of the nozzle.

3.5.1 Case 1: The axisymmetric nozzle

The computed results for this case are obtained on Grid 2 (see table 3.2 for details). The

calculated instantaneous out-of-plane vorticity field at a diametral plane is compared

with the measurements of Webster and Longmire (1998) in Fig. 3.6 at t∗ = 1.56, i.e.

after the piston has stopped moving. As seen in in Fig. 3.6, the simulations reveal the

presence of three clearly visible vortex rings, denoted as Rings 1, 2, and P.

Ring 1 is the primary vortex ring that was created at an earlier time as the vorticity

layer initially concentrated within the thin boundary layer generated on the cylinder

wall by the advancing piston rolled up at the exit of the nozzle. Ring 2 is the so-called

stopping ring, which has also been shown to form in previous experiments [102, 103, 131]

after the piston stops moving ( t∗ > 1) as a result of entrainment of ambient fluid into

the nozzle. The circulation of Ring 2 is opposite to that of Ring 1 [102]. As seen

in Fig. 3.6, the computed results are in excellent agreement with the measurements

of Webster and Longmire (1998) as well as other similar experimental data [102, 3].

The predicted strength of both Rings 1 and 2 and their core diameter and propagation

speed are essentially identical to the measurements of [4]. For example, the measured

and predicted locations of the Ring 1 core at t∗ = 1.56 are ( rD = ±0.7, zD = 0.49) and

( rD = ±0.7, zD = 0.49), respectively.
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(a) Measured (b) Computed

Figure 3.6: Comparison between a) measured [4] (left) and b) computed (right) out-of-
plane vorticity contours for the axisymmetric nozzle (Case 1) at t∗ = 1.56. The first
contour is ±5U0

D and the increment is 2.5U0
D . Dash lines indicate negative values. Ring 1

and 2 identify the primary and stopping rings, respectively. Ring P denotes the piston
ring, which is visible only in the simulations since no experimental data is available in
the interior of the cylinder.

The third vortex ring, Ring P in Fig. 3.6, forms in the interior of the cylinder

at the junction between the piston face and the pipe wall and consequently it is not

observed in the measurements [4], which only reported measurements outside of the

nozzle. The formation of a similar vortex ring in the flow generated by a piston moving

through a cylinder at the junction of the piston with the cylinder wall has been observed

experimentally, however, by Allen et al. [132]. As discussed by Allen et al. [132] the

formation of such a ring is due to the removal of the boundary layer forming on the

cylinder wall in front of the piston. As shown by Allen et al. [133], whether the piston

Ring P will be able to interact with the primary Ring 1 depends on the piston stopping

distance S (see Fig. 3.2 for the definition of S). More specifically, if S/D > 0.3, the

piston vortex stays well above the nozzle exit and does not interact with either the

stopping ring or the primary ring [133]. In our case, S/D ≥ 0.5D (see table 4.1) and

consequently the piston vortex should not be expected to affect the dynamics of the flow

at the nozzle exit. Furthermore, in our simulations Ring P is rather weak and is found

to always stay close to the piston surface (see Fig. 3.6b). This is consistent with and

can be explained by the low stroke length ratio L
D = 1 used in our simulations [133].
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3.5.2 Case 2: The D/2 inclined nozzle

Fig. 3.7 compares measured [4] and calculated out-of-plane vorticity contours plotted in

the y = 0 plane at three instants in time. The computed results for this case have been

obtained on Grid 2 (see table 3.2 for details). As seen in this figure, both simulations and

measurements show the formation and propagation of the inclined primary vortex ring

(Ring 1). For both the measured and simulated primary rings the circulation varies in

the azimuthal direction such that it is maximum and minimum at the shortest (ψ = π)

and longest (ψ = 0) nozzle lips, respectively. Furthermore, the calculated strength of

the two vortex cores of Ring 1 is in excellent agreement with the measurements. The

simulations also capture the growth of a small core of positive vorticity in the immediate

vicinity of the longest nozzle lip, which is also visible in the measurements. Finally,

the simulations reveal the presence of a well defined core of negative vorticity at the

shortest nozzle lip in the interior of the nozzle. This vortex core starts appearing first

shortly after the piston stops (t∗ = 1.03) and is seen to grow in size at later times

(t∗ = 1.56). As we will later discuss, this vortex core is the result of entrainment of

ambient fluid into the nozzle shortly after the piston stops moving. This feature of the

flow is naturally not observed in the experiments, which only reported results in the

exterior of the cylinder [4]. It is important to point out that both the interior vortex

core near the short lip and the small core of positive vorticity near the long lip are the

footprints on the plane of a very intricate three-dimensional vortical structure, which

will be discussed in detail later in this paper (see section 3.6).
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(a) t∗ = 0.71

(b) t∗ = 1.03

(c) t∗ = 1.56

Figure 3.7: Comparison between a) measured [4] (left) and b) computed (right) instan-
taneous non-dimensional, out-of-plane vorticity contours for the inclined nozzle case 2
at the symmetry plane (y = 0) during various instants in time. The first contour is
±5U0

D and the increment is 2.5U0
D . Dash lines indicate negative vorticity values. Ring

1 and 2 are the primary and secondary (stopping) rings. At t∗ = 1.56, Ring 2 is only
visible in the simulations because no experimental measurements are available in the
interior of the nozzle.
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The main discrepancy between the experiments and simulations is the propagation

speed of Ring 1 along the Z direction. In the simulations Ring 1 seems to propagate

somewhat slower than in the experiments. More specifically, at t∗ = 1.56 the respective

location of measured and computed positive core of Ring 1 are: ( rD = −0.66, zD = 0.25)

and ( rD = −0.66, zD = 0.24). These differences could be attributed to either inadequate

spatial and/or temporal resolution in the simulations or small discrepancies between

the actual piston velocity profile in the laboratory apparatus and that prescribed in the

simulations. We postulate that the later is the most likely culprit for the observed differ-

ences between experiments and simulations. Note that the piston velocity profile used

in the simulations is the averaged velocity profile of several experimental runs, which

could deviate slightly from the profile in a particular experimental run. Furthermore,

it has already been shown, at least for circular nozzles, that the piston velocity profile

plays an important role in the formation of Ring 1 [96]. Therefore, it is reasonable

to expect that differences between the average piston profile used in the simulations

and the profile of the specific experimental run during which were collected could very

well lead to the observed small differences between the measured and computed Ring 1

propagation speed.

To show that the computed results reported in Fig. 3.7 are independent of the

computational grid, we have carried out a systematic grid sensitivity study. Fig. 3.8

compares streamwise and transverse velocity profiles obtained on Grids 1, 2 and 3 (see

table 3.2 for details) at two streamwise locations (z = 0 and z = 0.5D) in the symmetry

plane at t∗ = 1.56. As seen, only the solution obtained on the coarsest grid (Grid 1)

exhibits visible discrepancies from those obtained on the two finer meshes. In partic-

ular, the solutions obtained on Grids 2 and 3 are indistinguishable to plotting scale.

Even though not shown herein due to space considerations, similar results are obtained

at other instants in time. The grid sensitivity study was carried out by keeping the

time increment constant and equal to ∆t = 0.01 for all grids. To investigate possible

sensitivity of the computed solutions to the size of the time step, we also carried out

simulations using ∆t = 0.005. We found that the two computed solutions, and in par-

ticular the propagation speed of Ring 1, were identical for both time steps. In summary,

our numerical sensitivity studies showed that Grid 2 with ∆t = 0.01 are adequate for

obtaining grid independent solutions and are used to obtain all subsequently reported



48

results.

(a) z = 0

(b) z = 0.5D

Figure 3.8: Streamwise (left) and transverse (right) instantaneous velocity profiles on
the plane of symmetry (y = 0) at two streamwise locations z = 0 and z = 0.5D
calculated on three different grid densities (see table 3.2 for details). All profiles are
shown at t∗ = 1.56.
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3.5.3 Case 3: The D inclined nozzle

Fig. 3.9 compares the measured (Webster and Longmire 1998) and computed instan-

taneous vorticity contours on the symmetry plane (y = 0) at t∗ = 2.62. The level of

agreement between experiments and simulations we obtain for this case is similar to that

for the previously reported Case 2. The simulations capture essentially all features of

the flow observed in the experiment. They further reveal the complex structure of the

flow in the interior of the nozzle, which could not be accessed by the PIV measurements.

It is worth noting that the entrainment of the ambient flow into the cylinder after the

piston stops moving is much stronger in this case than for Case 2. This entrainment

induces a large sweeping motion of fluid from ψ = π to ψ = 0, which is evident by the

strongly curved shape of the primary vortex core (Ring 1) observed both in the compu-

tational and experimental results in Fig. 3.9. Moreover, the entrainment is so strong in

this case that the interior core of negative vorticity (visible only in the computations)

is swept swiftly toward the other cylinder wall (ψ = 0).

(a) Measured (b) Computed

Figure 3.9: Comparison between a) measured [4] (left) and b) computed (right) instan-
taneous non-dimensional, out-of-plane vorticity contours for the inclined nozzle case 3
at the symmetry plane (y = 0) at t∗ = 2.62. The first contour is ±1U0

D and the incre-

ment is 1U0
D . Dash lines indicate negative vorticity values. Ring 1 and 2 are the primary

and secondary (stopping) rings. Ring 2 is only visible in the simulations because no
experimental measurements are available in the interior of the nozzle.
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3.6 3D vortex dynamics at the exit of inclined nozzles

In this section we analyze the three-dimensional structure of the flow for Case 2 with

emphasis on the dynamics of coherent structures and their interactions. The details of

Case 3 are not discussed since the underlying vortex dynamics is essentially similar to

those of Case 2. To facilitate the comparisons between the simulated three-dimensional

vortex topology with the V3V measurements [3], we visualize the three-dimensional flow

both in the interior of the cylinder and downstream of the nozzle using iso-surfaces of

vorticity magnitude (|ω|) with ω = ∇× u as was done in the experiment. In addition,

helicity density contours [134] (Hd = u · ω) and instantaneous streamlines are used to

further elucidate the flow structures.

The comparisons between planar PIV measurements [4] and numerical simulations

presented in Fig. 3.7 show that the flow at the exit of the nozzle is dominated by the

formation of an inclined ring with azimuthally non-uniform circulation. The corre-

sponding three-dimensional structure of this flow was originally postulated by [4] and

more recently clarified further by the V3V experiment [3] (see Fig. 3.1). As already

discussed above, an inherent limitation of these experimental studies is the lack of opti-

cal access in the interior of the cylinder, which prevented the comprehensive description

of the underlying vorticity dynamics. As seen in Fig. 3.7, for instance, shortly after

the piston stops the simulations reveal the formation of a new core of negative vorticity

in the interior of the nozzle along the short lip (ψ = π) as a result of entrainment of

ambient fluid. In what follows, we will show how this interior ring forms, elucidate its

interactions with the primary vortex ring (referred to hereafter as R1) and the interior

pipe wall, and show how such interactions ultimately lead to the breakdown of the entire

structure.
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(a) t∗ = 0.71

(b) t∗ = 1.03

(c) t∗ = 1.40

Figure 3.10: The three-dimensional topology and evolution of the vortical structure for
the inclined nozzle Case 2 during 0 ≤ t∗ ≤ 1.40 visualized by plotting the |ω|DU0

= 8.5 iso-
surface of non-dimensional vorticity magnitude colored with contours of non-dimensional
helicity density. The vorticity dynamics during this early stage is characterized by the
formation and interaction of the primary ring (R1) and the stopping ring (R2) (a-c).
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Fig. 3.10 shows a sequence of instantaneous snapshots of an iso-surface of vorticity

magnitude colored with contours of helicity density over the time interval 0.71 ≤ t∗ ≤
1.40. We select helicity density to color the vorticity iso-surface because this quantity

quantifies the three-dimensionality of the flow (for an axisymmetric vortex ring Hd = 0)

and also provides information about the relative sense of rotation of the various vortical

structures.

During the first phase of the evolution of the flow, which lasts for as long as the

piston is in motion (0 < t∗ < 1), vorticity from the boundary layer developing along

the interior cylindrical wall is continuously injected into the primary vortical structure,

denoted hereafter as R1, which forms at the nozzle exit as a result of the roll-up of

the shear layer. As seen in Fig. 3.10a, which shows the flow at t∗ = 0.71, R1 is

an asymmetric, donut-shaped structure with variable cross-sectional area such that the

maximum and minimum core diameters occur at the shortest (ψ = π) and longest

nozzle lips, respectively. R1 is initially oriented such that it is aligned with the nozzle

exit (the orientation of this ring is discussed in more detail later in this section) and

at this instant in time is connected via a vortex sheet with the interior cylindrical wall

boundary layer, which feeds it continuously with vorticity. During the piston motion,

helicity is continuously generated along the circumference of R1 as shown in Fig. 3.10a.

By definition, the presence of non-zero helicity density within a vortex ring implies that

there is a non-zero component of the velocity vector in the ring interior oriented along

the direction of the circumferential vorticity component. Since the circumferential

vorticity has constant sign along the ring circumference, the changing sign of helicity

at the plane of symmetry suggests that the circumferential flow within R1 changes sign

across this plane. Clearly, therefore, the helicity field shown in Fig. 3.10a implies that

the kinematics of the flow in the interior of R1 is complex. This important point will

be discussed in detail in a later section (see Fig. 3.16 below).

The second phase of the flow evolution starts when the piston comes to a stop (

t∗ = 1). Shortly thereafter, see Fig. 3.10b, the vortex sheet connecting R1 with the

interior wall boundary layer is interrupted at ψ = π as ambient flow starts getting

entrained into the cylinder along the short lip of the nozzle. As seen in Fig. 3.10b,

the intensity and size of R1 continue to increase. This is because in spite of the

entrainment-induced interruption of the vortex sheet at ψ = π the ring continues to
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remain attached to and fed by the interior cylinder wall boundary layer everywhere else

with the connecting vortex sheet now extending outside of the nozzle.

The entrainment of ambient fluid into the nozzle creates a shear layer that rolls

up inward at the nozzle lip to form another vortex ring, denoted as R2 in Fig. 3.10c.

The mechanism that leads to the formation of this ring is essentially identical to the

previously discussed stopping ring in the axisymmetric case (see Fig. 3.6). However,

due to the shape of the nozzle and the larger entrainment of fluid along the short lip,

the stopping ring (R2) in this case is inclined and asymmetric with varying vorticity

flux along its circumference. The resulting structure is clearly shown in Fig. 3.10c.

It consists of two inclined rings, rings R1 and R2, connected together into a V-like

shape by two twisted sheet-like vortical structures symmetrically located relative to the

symmetry plane. It is clear from the temporal sequence of the images shown in Figs.

3.10b and c that these twisted, sheet-like structures are the remnants of the continuous

vortex sheet that used to connect R1 with the cylinder wall boundary layer–to facilitate

our subsequent discussion we shall collectively refer to these two twisted vortex sheets

as vortical structures VS3. The sense of rotation of R2 is opposite to that of R1 and its

maximum and minimum core areas occur, as for R1, at ψ = π and ψ = 0, respectively.

Also similarly to R1, the structure of helicity contours on the surface of R2 suggests

the existence of circumferential flow along its core. An important characteristic of the

resulting intricate vortical structure, consisting of R1, R2 and VS3, is that near ψ = 0

the diameter of the R2 vortex core is significantly smaller than that of R1. In other

words the relative strength of the two rings varies greatly along the nozzle circumference

with R2 being significantly weaker than R1 near the long lip. This important feature

of the vortical structure that forms shortly after the piston has stopped moving as

well as the fact that the entire structure is being strained at different rates in various

regions due to the three-dimensionality of the flow play a key role in determining the

rich vorticity dynamics that ensue at later times.

The differential straining of R2 causes its upper portion (denoted as R2a) to be

stretched upward into the cylinder by the entrained flow along the short lip of the nozzle

while its lower portion (denoted as R2b), near the long lip, is advanced downward. To

clearly illustrate the rich topology of the three-dimensional vortical structure, we include

in Fig. 7.6 side-by-side two different perspectives of the flow at each instant in time.
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As seen in Fig. 7.6a, this differential stretching causes the initially planar R2 ring that

was located on a plane parallel to the nozzle exit (see Fig. 3.10c) to undergo three-

dimensional deformation bending such that it now resides on two planes at an angle:

its upper portion R2a (inside the cylinder) is now aligned along the vertical direction

(cylinder axis) while its lower portion R2b (exterior) is still roughly aligned with the

inclined nozzle lip. The so resulting deformed R2 structure is still connected with R1

via the two VS3 structures, which have now intensified and grown, presumably due to

the aforementioned differential stretching of the entire vortical structure, into a pair of

twisted vortex sheets. Furthermore, the R2b portion of the R2 core is seen to become

wavy as it interacts with the much stronger R1 core. The onset of this instability, which

will be discussed in more detail later in this section, is clearly visible in the bottom-up

view in Fig. 7.6a.
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(a) t∗ = 2.0

(b) t∗ = 2.2

Figure 3.11: The three-dimensional topology and evolution of the vortical structure
for the inclined nozzle Case 2 during 2.0 ≤ t∗ ≤ 2.62 visualized by plotting the |ω|DU0

=
8.5 iso-surface of non-dimensional vorticity magnitude colored with contours of non-
dimensional helicity density. Note that R1 and R2 are connected together with the
twisted vortex tubes VS3 (a). The interaction of the stronger R1 ring with the weaker
R2 ring near ψ = 0 gives rise to the wavy instability of the R2 core first observed in
(a), which ultimately lead to the growth of hairpin like structures wrapping around
the R1 core (d). We use lower case letters to identify either different portions of a
single structure (e.g. R2a and R2b denote the upper and lower portions of R2) or new
structures that emerged due to the splitting of an earlier structure (e.g. VS3a and
VS3b).
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(a) t∗ = 2.4

(b) t∗ = 2.62

Figure 7.6(Continued).
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While the key features of the basic vortical structure (comprised of the intercon-

nected structures R1, R2, and VS3) that emerged at t∗ = 2.0 remain the same as

time advances (see Fig. 7.6b-d), several important three-dimensional instabilities occur

and/or intensify giving rise to a progressively more intricate vortical structure. First,

the wavy instability that occurs along the R2b core near ψ = 0 grows rapidly in time.

The R2b core develops several bulges, which ultimately evolve into distinct secondary

structures such as the hairpin vortices that start wrapping around the R1 core near

ψ = 0 in Fig. 7.6b. The upper portion of R2 (or R2a) is seen to elongate upward and

intensify, as a result of vortex stretching, while it simultaneously advances in the lateral

direction toward the ψ = 0 portion of the cylinder wall. Furthermore, the two branches

of R2a are clearly seen in Figs. 7.6b-d to reconnect leading to the formation of a closed

vortex loop. Finally, the vortex topology in the region where R1 and R2 are connected

together by the VS3 structures is seen to become increasingly more complex. As seen

in the bottom-up view in Figs. 7.6c and d, the two initially continuous and twisted

vortex sheets (VS3) that joined the two rings together break apart evolving into two

pairs of vortex tubes, which from now on will be denoted as VS3a and VS3b. Moreover,

VS3b starts twisting around R1 near the ψ = π/2 and 3π/2 locations giving rise to the

distinct lamda-shaped vortex tube topologies observed in the bottom-up view in Fig.

7.6d.

It is evident from Fig. 7.6 that in spite of its rapidly growing topological complexity,

the entire vortical structure preserves, at least at early times (t∗ < 2.2), the symmetry

imposed by the geometry of the inclined nozzle. The first indication of symmetry

breaking is not observed up until t∗ = 2.2 near ψ = 0 and is the result of the previously

discussed instability of R2b core as it interacts with the stronger R1 core. The bulges

and subsequent secondary hairpin-like structures that grow along the now distorted R2b

core and start wrapping around the R1 core along the long lip of the nozzle are seen

in Figs. 7.6b to d to grow increasingly asymmetric with respect to the symmetry plane

(y = 0). The asymmetries become more pronounced in time and start propagating along

the ring circumference away from ψ = 0 as seen in Fig. 3.13, which shows the bottom-up

views of the vortical structure at t∗ = 2.8, 3.6 and 4. The helical disturbances along

the R2b core that originated near ψ = 0 are amplified rapidly and propagate along the

ring circumference, the secondary hairpin vortices get stretched and grow, and finally
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R2b gets entangled around and annihilated by the much stronger R1.

The instability growth and ultimate break up of R2b and its merging with R1

observed in Figs. 3.13a and 3.13b is, as we have already alluded to above, the result

of the interaction of two vortex rings of unequal strength. Kida et al. [111] were the

first to postulate that when vortex rings of unequal strength interact many interesting

phenomena will occur, including the wrapping of the weaker vortex tube around the

stronger one and vortex breaking due to the occurrence of three-dimensional instabilities.

Essentially these are exactly the phenomena we have uncovered by our simulations.

Furthermore, the growth of secondary structures, such as the hairpin vortices we observe

in Fig. 7.6a, have also been documented in previous vortex dynamics simulations.

Zabusky et al. [135], for instance, studied numerically the reconnection of two anti-

parallel linear vortex tubes with different circulation and found that hairpin secondary

structures play a role in the rapid reconnection of the two vortex cores as the weaker

tube gets entangled around the stronger one. Shelley et al. [136] observed that the

coexistence of two perturbed anti-parallel vortex tubes lead to the amplification of their

perturbations. The vortex tubes tend to collapse and secondary vortices are created

around the tubes. This process is very similar to the current situation since initially

R2b is nearly parallel with R1 near ψ = 0 and as the instability grows the R2b core

merges with R1. Moreover, Melander et al.[137] also pointed out that when small-scale

patches of vorticity exist in the vicinity of a large vortex core (such as the vorticity

blobs that are the remnants of R2b in our case), they tend to get entrained by and wrap

around the large vortex core. During this process, intense pockets of alternating sign

helicity density appear around the large core. Similar phenomena can be seen in Fig.

3.13a and b in the regions where the remnants of R2b are entrained into R1.
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(c) t∗ = 2.8

(d) t∗ = 3.6

(e) t∗ = 4.0

Figure 3.13: The three-dimensional topology and evolution of the vortical structure
for the inclined nozzle Case 2 during 2.8 ≤ t∗ ≤ 4 visualized as in Fig. 7.6. The
vorticity dynamics during this stage is characterized by the annihilation of R2 by R1
near ψ = 0 (a-c), the vertical stretching of R2 into the cylinder, its advancement toward
and ultimate collision with the interior cylinder wall at ψ = 0 (b-c). The collapse of
R2 when it impinges on the nozzle lip at ψ = 0 is accompanied by the formation of the
arch-like T4 vortical structure (b-c). We use lower case letters to identify either different
portions of a single structure (e.g. R2a and R2b denote the upper and lower portions
of R2) or new structures that emerged due to the splitting of an earlier structure (e.g.
VS3a and VS3b).
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An inherent limitation of the laboratory experiments of [4] and [3] is the lack of

optical access in the interior of the cylinder and, thus, the inability to quantify the

vortex dynamics inside the cylinder. Our simulations, therefore, provide for the first

time the complete picture of the flow including the intricate vortex-wall interactions

that occur inside the nozzle. The flow in this region is characterized by the dynamics of

the R2a vortex loop, which, as discussed above, is seen to get stretched upward by the

entrained flow while it simultaneously advances from the short lip toward the cylinder

wall at ψ = 0 (see Figs. 7.6 and 3.13a). The early evolution of this structure exhibits

similar dynamics as that of a stretched vortex ring under strain flow [138].

At t∗ = 3.6 (see Fig. 3.13b), the R2a structure has approached sufficiently close to

the cylinder wall to start interacting with it leading to the extraction of the observed

O-shaped pocket of near wall vorticity on the interior wall. At later times, and as

shown clearly in Fig. 3.14, the R2a ring first impinges on the inner cylinder surface at

ψ = 0 and then rebounds back away from the wall. This impingement and the ensuing

vortex/wall interaction leads to the generation of a new ring (denoted as R5 in Fig.

3.14) at the wall. Even though in our case the wall is concave and the impinging ring

is stretched vertically and of elliptical-like shape, the basic interaction with the wall

uncovered by our simulations appears to be similar to that described in [109] for the

case of an axisymmetric ring colliding with a flat stationary wall.

Another striking vortex-wall interaction occurs just outside the cylinder wall at

ψ = 0 where the advancing R2a ring gets interrupted by the cylinder wall. As first seen

in Fig. 3.13b, the two legs of R2 approach each other right at the nozzle lip and the

ring finally collapses. At this point, R2a detaches from the rest of the vortical structure

and is transformed into an isolated ring. The collapse of R2a at ψ = 0 is seen to induce

a new, arch-like secondary vortex (denoted as T4 in Fig. 3.13b and c and also seen at

later times in Fig. 3.14) that wraps around the original vortex tubes. The formation of

T4 is similar to what has been observed during the collapse of Lissajous-elliptic (LE)

vortex rings studied by [139]. During the collapse process, the initial high-aspect-ratio

LE ring breakups into two smaller rings when its own vortex tubes rejoin and at the

collapse location a secondary vortex, similar to T4, is formed [139].

It should be noted that the impingement of R2a on the cylinder wall has also been

captured in the V3V experiments of [3]. In the experiment, however, only the lower
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(a) t∗ = 4.6 (b) t∗ = 5.0 (c) t∗ = 5.6

Figure 3.14: The three-dimensional topology and evolution of the vortical structure for
the inclined nozzle Case 2 during 4.6 ≤ t∗ ≤ 5.6 visualized as in figure 7.6. The vorticity
dynamics during this stage is characterized by the rebound of R2a off the cylinder wall,
the formation of a secondary ring R5 due to the R2-wall interaction and the rapid
unravelling and break-up of the overall vortical structure due to twisting instabilities
and formation of secondary and tertiary vortical structures that originated at earlier
times.

part of R2a, which is outside the cylinder wall, is visible and is observed to advance

toward the tank bottom [see 3, Figs. 9 and 10]. The sweep of R2a through R1 has also

been previously indicated by the planar planar PIV measurements of [see 4, Fig. 16]

where double ring like structure appears outside of the cylinder. The intricate details

of the flow in the interior of the cylinder, however, such as the impingement of R2a on

and rebound from the wall, the formation of R5, and the collapse of R2 and formation

of vortex loop T4, are uncovered for the first time by our simulations.

Following the impingement of R2a on the wall the ensuing vortex-wall interactions,

R5 and T4 are rapidly annihilated by the stronger R2a and their remnant vorticity is

wrapped around R2a. The vortex tubes of VS3a and VS3b twist around each other

and the primary R1 ring rapidly looses structural coherency and breaks apart. During

the last stages of the break-up process, R1 is seen to exhibit core bursting leading to

the growth of smaller vortex loop filaments at ψ = π as shown in Fig. 3.14c. In

summary, the results presented in Figs. 3.10 to 3.14 clearly show that the overall

vortical structure becomes unstable and ultimately breaks apart via two key processes:
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1) the three-dimensional instability that emerges as the result of the interaction of the

two rings of unequal strength (R1 and R2b) along the long lip of the nozzle that leads

to the growth of secondary hairpin structures and the reconnection of the two rings;

and 2) the stretching of the upper portion of R2 (or R2a) inside the cylinder by the

entrained flow, its subsequent impingement on the cylinder wall at the long lip, and the

ensuing vortex-wall interactions.

An important feature of the flow that emerges from our simulations is that the

primary ring R1 exhibits self-induced re-orientation of its rotational axis. Up until

t∗ = 1, when the piston stops, R1 remains attached to and essentially aligned with

the nozzle exit as shown in Fig. 3.10a. At later times R1 starts detaching from the

nozzle exit propagating downstream but at the same time it begins to rotate downward

essentially pivoting around ψ = 0. To better illustrate the re-orientation of the axis of

R1 we plot in Fig. 3.15 several side views of the vortical structure showing how R1 begins

to rotate away from the short lip of the nozzle around the Y-axis. This re-orientation

of R1 agrees well with several other studies [119, 4, 120, 3]. As observed in Fig. 3.15,

however, the rate of rotation of R1 slows down and ultimately stops as its plane becomes

orthogonal to the Z-axis. The observed re-orientation of R1 in the present case is quite

different than the evolution of flat elliptic rings such as those analyzed in the works of

[140, 117]. In a flat elliptic ring, the initial vorticity distribution is uniform around the

circumference and it exhibits axis-switching oscillations with frequency depending on

the core size and internal structure of the core. In the current case, on the other hand,

the R1 core is not fully pinched-off and, as we showed previously, remains connected

initially to the pipe boundary layer and later to R2 via the VS3 structures. Moreover,

the vorticity distribution of R1 varies continuously along the circumference. We argue,

therefore, that because of these reasons the axis-switching phenomenon observed in flat

elliptic rings does not occur in the present case. Similar conclusions, regarding the lack

of axis-switching phenomena, have also been observed in experiments with square [141],

elliptic [97] and inclined [120] nozzle jets.

Although [4] conjectured the formation of R2 from planar PIV data, only the recent

V3V measurements of [3] confirmed conclusively its existence. The three-dimensional

structure at t∗ = 3.13 obtained from the experimental data of [3] has already been shown

in Fig. 3.1. [3] proposed a model consisting of the three distinct vortex rings identified
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(a) t∗ = 0.5 (b) t∗ = 1.03 (c) t∗ = 2.0

Figure 3.15: Visualization of the early stages of formation of the primary ring R1 for
Case 2 showing the gradual re-orientation and downstream bending of the ring. The
structure is visualized by plotting the non-dimensional vorticity magnitude iso-surface
|ω|D
U0

= 8.

in Fig. 3.1. Rings 1 and 2 are essentially the same as the corresponding R1 and R2

structures in our simulations. Our simulations (see Fig. 7.6) not only capture the

intricate details of the measured three-dimensional structure with remarkable accuracy

but also confirmed (see previous discussion) that R2 is the stopping ring created as

a result of flow entrainment into the nozzle after the piston stops, as also argued by

[3]. The simulations also reproduced what [3] referred to as the third vortex ring,

a structure which we have been referring to in our discussion as VS3. [3] argued

that this third ring is the result of flow entrainment at location ψ = π. However, our

simulations clarified that this third structure originates from the vortex sheet connecting

R1 with the interior pipe wall boundary, which at later time gets interrupted by flow

entrainment at ψ = π and ultimately evolves into a pair of vortex tubes connecting R1

and R2 together. In addition, our simulations provided new insights into the generation

and evolution of the vortical structure, elucidated the kinematics of the circumferential

flow within the core of the primary vortex ring, and identified the specific instabilities

that lead to destabilization of the vortical structure and its ultimate break up. Most

importantly, our simulations elucidated for the first time the rich vortex dynamics in

the interior of the pipe, which, as discussed above, are critical for understanding the

evolution of the entire vortical structure. Comparing Figs. 3.1 and 3.13a shows that

the only discrepancy between the experiments and the simulations is that the former
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do not capture the growth of the secondary hairpin structures around the core of R1.

This discrepancy, however, should be attributed to the spatial resolution of the V3V

technique, which may not be fine enough to capture such fine flow features.

3.7 The kinematics of the circumferential flow

As we have already discussed in the introduction, in his flow visualization experiments

[130] identified the presence of circumferential flow within the core of R1. The previously

discussed non-zero helicity density field along the core of R1 (see Fig. 7.6) implies that

such flow is indeed present. To visualize the structure and clarify its topology, we

plot in Fig. 3.16 three-dimensional instantaneous streamlines superimposed with the

iso-surface of vorticity magnitude identifying R1 at t∗ = 1.03. As seen in this figure,

the circumferential flow is symmetric with respect to the symmetry plane. The key

feature of the kinematics is a pair of diametrally opposite spiral saddle foci in the

instantaneous streamlines: one located at ψ = 0, denoted as SF-0, and the other at

ψ = π, as SF-π. SF-0 is an unstable saddle point where ambient flow is entrained

into the core of R1. The entrained flow is split along the unstable manifolds of SF-

π forming two streams that spiral away along the core of R1 toward ψ = π. The

two streams collide at SF-π, along its stable manifolds, and exit R1 into the ambient

flow. Therefore, the structure of the internal flow is consistent with and clarifies the

somewhat vague description provided by Lim [130]. As we discussed above, Lim states

that the flow is directed from the location of minimum circulation, which he identified

as point B (ψ = 0 in our notation), toward the location of maximum circulation, which

he identified as point A (ψ = π in our notation). Furthermore he states that ”when the

flow reaches B, it unexpectedly reverses its direction, and thereafter interacts with the

oncoming flow from A.” We postulate that what Lim describes with this statement is

essentially the complex topology of the flow at the stable spiral saddle focus SF-π where

the two streams collide and exit R1 spiralling outward into the ambient flow. Clearly

describing in more detail than this such complex topological features of the flow by

simply observing video recordings of dye motion, as Lim did, would be quite difficult.

To identify the mechanism that drives the circumferential flow along the core of

R1, we plot in Fig. 3.17 instantaneous pressure contours on the iso-surface of vorticity
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Figure 3.16: Instantaneous streamlines superimposed on the |ω|DU0
= 12 vorticity mag-

nitude iso-surface visualizing the kinematics of the azimuthal flow along the R1 core at
t∗ = 1.03 for case 3. SF-π and SF-0 marked the two spiral saddle foci at ψ = π and
ψ = 0, respectively.

used to visualized the ring. It is evident from this figure that the flow is driven by

the circumferential pressure gradient along the vortex core. As direct consequence

of the inclined nozzle geometry, the pressure at the short lip of the nozzle, where the

flow velocities are large due to entrainment into the nozzle, is reduced setting up a

circumferential pressure gradient that drives the flow from SF-0 to SF-π as seen in Fig.

3.17.

3.8 Conclusions

We carried out numerical simulations to study impulsively driven flow through an in-

clined nozzle in a piston-cylinder apparatus. Our work was motivated by a series of

experimental studies [4, 130, 3] which revealed intricate vortex dynamics at the nozzle

exit and complex kinematics within the core of the primary vortex ring. While these

experiments, and especially the recent V3V experiments [3], elucidated several aspects

of the underlying three-dimensional phenomena and flow structures, our work yielded

the first complete description and comprehensive understanding of the formation and
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(a) Pressure distribution (b) Circumferential flow direction

Figure 3.17: (a) Instantaneous pressure contours ( p
ρU2

0
) b)Instantaneous streamlines

visualizing the direction of the circumferential flow along the R1 core superimposed on
the |ω|U0

D = 18 iso-surface of vorticity magnitude for Case 2 at t∗ = 1.03.

subsequent breakdown of the vortical structures. Our simulations clarified the dynam-

ics and rich three-dimensional topology of the vortex structures in the vicinity of the

nozzle, identified important vortex-vortex and vortex-wall interactions that are respon-

sible for the observed phenomena, and provided the first glimpse into the flow structure

inside the cylinder, which has never been observed experimentally.

The simulations revealed three distinct stages of vortex dynamics. During the early

stage of the flow evolution, while the piston is still moving, an inclined vortex ring R1

forms at the exit of the nozzle. This ring is initially oriented such that it is parallel

to the nozzle exit and it is characterized by non-uniform core diameter and varying

vorticity distribution along the circumferential direction. A circumferential pressure

gradient is set up that drives a circumferential flow along the ring core from the long

lip toward the short lip of the nozzle. The circumferential flow is associated with two

spiral saddle foci at the short and long lips of the nozzle, respectively, through which

flow is entrained into and exits the vortex core.

The second stage of vortex dynamics commences following the stopping of the piston

with flow getting entrained into the cylinder along the short lip location leading to the

creation of the secondary vortex ring R2. The vortical structure that soon emerges after

the formation of the stopping ring R2 consists of the rings R1 and R2 connected in a
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V-like shape via two pairs of vortex tubes. The subsequent evolution of this intricate

structure is determined by the R1-R2 interaction in the exterior of the nozzle near the

short lip and the R2-wall interaction in the interior of the cylinder near the long lip. The

former interaction is determined by the fact that R2 is weaker than R1 and as a result

its core becomes wavy ultimately leading to the formation of hairpin-like structures

that wrap around the stronger R1 vortex core. In the interior of the cylinder, the upper

portion of R2 is stretched upward by the entrained flow and intensifies while at the

same time starts advancing toward the long-lip side of the interior wall of the cylinder.

The last stage of the flow evolution commences when the upper portion of R2 im-

pinges on the interior wall of the cylinder. The impingement process causes the ring to

collapse at the nozzle lip, splitting into two structures, and its interior to the cylinder

portion to rebound off the cylinder wall. These phenomena lead to the formation of

other secondary and tertiary vortex rings, which, along with the ongoing annihilation

of the lower portion of the R2 ring due to its interaction with the stronger R1 ring

outside of the cylinder near the short lip, cause the entire structure to unravel rapidly

and breakup.

A striking, albeit not surprising, finding of our work is that a number of fundamen-

tal vortex-vortex and vortex-wall interactions that have been documented in previous

numerical simulations of canonical vortical flows are all found to occur during the three

stages of flow evolution. These include, among others: the interaction of two vortex

tubes of unequal strength and the ultimate annihilation of the weaker tube [135]; the

polarization of helicity distribution along the core of the stronger vortex tube [137];

the impingement and subsequent rebound of a vortex ring on a solid wall [109] and

the emergence of secondary arch-like vortical structures at the point where an elliptical

vortex ring collapses [139]. Identifying these fundamental modes of vortex-vortex and

vortex-wall interactions is an important contribution of this work as it enables us to

clarify the specific mechanisms that govern the growth and subsequent breakdown of

vortical structures in impulsively driven flow through inclined nozzles.

Finally, the presence of two spiral saddle foci in the circumferential flow along the

core of the primary ring R1 as well as the overall complexity of the flow raise intriguing

possibilities about the richness of the Lagrangian dynamics of such flows. It is well

known, for instance, that material elements passing repeatedly through spiral saddle
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foci undergo intense stretching and folding, leading to sensitive dependence on initial

conditions via the mechanism discovered by [142]. These phenomena have been explored

in detail in stationary vortex breakdown bubbles [143] where they have been shown to

give rise to chaotic advection and effective stirring of Lagrangian tracers. Therefore,

future Lagrangian studies of impulsively driven flows through inclined nozzles could

prove to be especially fruitful and provide important insights into the ability of such

flows to enhance scalar mixing.



Chapter 4

The hemodynamics of

intracranial aneurysms

4.1 Introduction

Intracranial aneurysm is a disease in which the brain artery permanently becomes en-

larged. The diagnosis process of this disease is difficult for physicians and typically

it is identified accidentally. The increase in the aneurysm size poses a risk to brain

malfunction or even death. As aneurysm progresses to rupture, leading to subarach-

noid hemorrhage(SAH) with serious injuries to patients, normally a risky operation is

required [144]. There are many factors affecting rupture of an aneurysm. Of those,

hemodynamics is thought to play an important role in this process [94] because in-

tracranial aneurysm is frequently found in certain region of the circle of Willis where

the main brain arteries bifurcate and where complex flow patterns are to be expected.

Shear stress distribution and the cellular development [7] has long been considered

highly correlated through mechano-transduction process [8]. The endothelial cell (EC)

which contacts directly with blood flow can change its response with flow conditions [6].

The response of ECs to hemodynamic stresses can play an important role in arterial

wall remodeling[9] and studies show that human intracranial aneurysm tissue is under

extensive remodeling [145] with diminished collagen content [146] or even total absence

of internal elastic lamina [147]. These findings have led researchers to postulate [148, 94]

that the development of intracranial aneurysms is linked to spatial and temporal shear

69
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stress distribution. It has long been known that there is the relationship between low

shear stress and the increased risk for cardiovascular diseases [149, 150]. The geometrical

shape of saccular aneurysm resembles that of a 3D cavity, which creates low shear

conditions on the aneurysm dome surface as observed in many studies [11, 41, 42,

10]. Low shear condition is considered to be one of the reasons for endothelium cell

dysfunction [10] and arterial wall degeneration [11], which could ultimately progress to

aneurysm rupture. Furthermore, ECs are subjected to pulsatile conditions in human

carotid arteries causing the shear stress to oscillate over one cardiac cycle. Research [151,

152] with different temporal gradient magnitude of shear stress supportes the hypothesis

that cardiovascular disease might occur in regions with high intensity of oscillating shear

stress [12, 13]. Recent studies [153, 154] further confirmed the distinct response of human

ECs to different type of blood flow waveform. Hence understanding the relationship

between blood flow and shear waveform types could provide more information about

the disease development. However calculating shear stress distribution on the aneurysm

dome is challenging because it requires high resolution of velocity distribution. This

requirement poses difficulties for both experimental and computational techniques.

Early attempts to quantify the hemodynamic quantities, such as flow structure, shear

stress and pressure, inside aneurysm dome is employ by point-wise in-vitro measurement

techniques in simplified aneurysm geometry. A counterclockwise vortex is found in the

fundus through out the cardiac cycle. This structure impinges upon the aneurysm dome

and forms a pair of three dimensional counter-rotating vortices [27, 28]. Highest shear

stresses are found to occur near the distal lip of the aneurysm [29]. Anatomical geome-

tries reconstructed from autopsy studies [30] helped to confirm existence of a vortical

pattern, which is opposite to the sense of rotation of the flow in of the parent vessel.

Recently many vitro studies have focused on measurement of the wall shear stress in

more realistic aneurysm geometries [31] and they reveals the non-uniform distribution

of shear stress on the aneurysm dome. In the last decade, particle image velocimetry

techniques were employed to investigate basic flow pattern inside the complex geomet-

rical dome in some characteristic planes [32, 33, 34] indicating a strong 3D vortex at

the distal of the aneurysm sac. The presence of this vortex core creates differences in

spatial and temporal gradient of the wall shear stresses (WSS). The proximal wall of the

aneurysm has low WSS while larger gradients of WSS are seen at the distal wall [35].
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Figure 4.1: The formation of an aneurysm at the bifurcation of Common Carotid Artery
to Internal and External Carotid Artery. The geometry is reconstructed from Magnetic
Resonance Imaging of an individual. Data courtesy of Dr. Kallmes, Mayo Clinic.

Because of geometrical complexities of saccular aneurysms experimental techniques have

not been able to capture in detail flow characteristics in three dimensional space and

time simultaneously over the whole aneurysm dome.

Early attempts to simulate numerically hemodynamic quantities near the aneurysm

wall region employed simplified 2-D models [155, 156]. Advances in computing power

coupled with the emergence of non-invasive imaging techniques, such as Magnetic Res-

onance Imaging (MRI) or Computed Tomography (CT), gave rise to full three di-

mensional patient-specific image-based simulation in recent years. Three dimensional

aneurysm geometry is reconstructed from scanned images and CFD techniques are

extensively used to examine flow structure and shear stress distribution [41, 42, 43].
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Follow-up clinical studies in some cases were implemented [157] and statistical studies

in large set of patients [42, 11, 44] with various size, shapes and types of aneurysms were

carried out to link shear stress magnitude and the size of the impingement zone with

the risk of aneurysm rupture. Patient-specific simulations indicated the dominant effect

of geometry on aneurysm hemodynamics [11, 42]. But the mechanisms that give rise to

the flow structure inside the dome and its consequences on shear stress distribution on

the dome has yet studied in detail especially under pulsatile flow conditions. Note that

both computational and in vitro experimental works used typical healthy waveforms,

which are generally obtained from healthy subjects with no known cardiovascular dis-

eases [41, 42, 11] or idealized waveforms [35, 32, 158, 159, 43]. Waveform is thought to

play an important role in diagnosing the cardiovascular diseases [7, 160] but the current

clinical procedures do not require waveform to be measured during patient screening.

Because of the lack of clinical data patient-specific waveform are rarely used in recent

studies [157]. Furthermore, it is well-known that the blood flow in carotid arteries is

uni-directional in healthy subjects [161, 162]. However observations in patient carotid

arteries reveal that the waveforms can be very different from patient to patient due

to the pathological conditions [163, 164]. In other words, flow waveform reflects the

supplying vascular bed characteristics [163].

Although there have been various attempts to understand the flow structure inside

the intracranial aneurysm dome by in vitro experiments [27, 32, 30] and simulations

[42, 41], the underlying vortex formation mechanism is not understood precisely. In a

large study of aneurysm hemodynamics [42], aneurysm flows are proposed to be classified

into 4 types depending on the changing direction of incoming jet and vortex formation

process over one cardiac cycle. These types of flow are subsequently linked to the

risk of rupture. However only one waveform from a healthy subject was used in all

simulations and, therefore, it is necessary to further investigate the effect of waveform

on the hemodynamics of intracranial aneurysms. Waveform effect is studied in limited

cases with complex anatomical geometries [165, 159] that has multiple inlets and outlets

and thus it is difficult to quantify the effects.

In this chapter we seek to contribute via high-resolution numerical simulations to the

understanding of vortex formation in aneurysm dome, elucidate the effects of incoming

wave form, and quantify the effects of flow unsteadiness and vortex formation on the
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dynamics of the WSS on the aneurysm dome.

4.2 Vortex formation and wall shear stress dynamics in

side-wall aneurysms: The effect of flow wave form

4.2.1 Introduction

In addition to the details of the anatomic geometry, flow waveform is an important

measure of cerebrovascular health and normally used to diagnose cerebral disease [166].

Measurements in healthy human subjects [162, 167] reveal a large variation of waveforms

across subjects. In diseased subjects, waveforms exhibit an even wider variability [168].

Despite the fact that pulsatility effect of the waveform is thought to play an important

role in aneurysm rupture [169], its impact on aneurysm hemodynamics has yet to be

fully understood. Both the aforementioned computational and in vitro experimental

works used either idealized (non-physiologic) waveforms [32] or waveforms obtained

from healthy subjects with no known cardiovascular diseases [41, 42]. Patient-specific

waveform has been used only in some recent studies [157, 170] but the effect of waveform

variability on the hemodynamics has yet to be studied systematically.

This work is motivated by the need to systematically investigate the effects of flow

pulsatility on the hemodynamics in the dome and in particular to establish quantita-

tive links between flow pulsatility and WSS characteristics. We construct a sidewall

aneurysm model with an anatomic dome attached to the side of a curved artery and

carry out a series of high-resolution CFD simulations for a wide range of inflow wave-

forms. All associated non-dimensional parameters characterizing these waveforms are

selected to be within the human physiologic range. The underlying hypothesis of this

work is that the specific characteristics of the flow waveform determine vortex formation

mechanism inside the dome of saccular aneurysms, which in turn affects the temporal

and spatial characteristics of the WSS.

The remainder of this chapter is organized as follows. We begin by describing the

aneurysm geometry, discussing the various flow waveforms, and describing the details

of our numerical approach. Subsequently we present our results, discuss our findings

and present conclusions and recommendation for future work.
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4.2.2 Materials and methods

Reconstruction of anatomic geometry and waveform characteristics

The aneurysm dome geometry is obtained from available 3DRA data [10] of a rabbit

subject. The scanned images are processed by the commercial imaging software - Mimics

12.0. The entire surface is connected, smoothed out, and finally triangulated with 16434

elements. The geometry and definition of various key geometric parameters of the model

are shown in Fig. 4.2. Even though the specific geometry data is from an animal

model, the model dimensions and all associated non-dimensional geometric ratios (neck

width/depth ratio, parent vessel diameter/neck width ratio, etc.) are comparable to

those found in human intracranial aneurysms and the models used in previous studies

in the literature. For instance, our model is geometrically very similar to that used in the

experimental work of Canton et al. [171]. Furthermore, all non-dimensional parameters

that characterize the flow (e.g. Pulsatility Index, Reynolds number, Womersley number,

etc.) are selected to be within the human physiologic range as discussed below.

Typical waveforms we use in this work are shown in Fig. 4.3. We characterize

waveforms by employing parameters based on standard indicators, such as the peak

systolic velocity (PSV), the end diastolic velocity (EDV), the time-averaged velocity

over one cardiac cycle U , the resistance index (RI) and the pulsatility index (PI). The

instantaneous Reynolds number Re based on the instantaneous bulk velocity u(t) (the

ratio of the instantaneous flow rate to the area of the parent vessel), parent artery

diameter D and fluid kinematic viscosity ν can be defined as:

Re =
u(t) ·D

ν
(4.1)

Three characteristic Reynolds numbers can be established using the three relevant veloc-

ity scales: 1) the peak systolic Reynolds number Remax, 2) the time-averaged Reynolds

number Re and 3) the end diastolic Reynolds number Remin as follows:

Remax =
PSV ·D

ν
, Re =

U ·D
ν

, Remin =
EDV ·D

ν
(4.2)
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Figure 4.2: Aneurysm geometry and computational setup. Ha, Wa and Da are the
depth, neck width and parent artery diameter at the aneurysm neck respectively. Ha =
6.6mm, Wa = 6.3mm and Da = 3.6mm. Aneurysm aspect ratio (depth/neck width) is
1.05. D = 3mm is the diameter of parent artery at the inlet. Note that the proximal part
of the parent artery is kept unchanged while the distal part of parent artery is extruded
15 diameters (15 D) further downstream. The curvature ( 1

R) of proximal parent artery
varies between 0.04 mm−1 and 0.44 mm−1 and is 0.22 mm−1 at the proximal neck (R
is the radius of curvature).
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In this study the peak systolic Reynolds number varies from 375 to 800 while the

time-averaged Reynolds number range is from 58 to 621. This range of Reynolds number

is typically found in human cerebral arteries [12].

The standard Gosling’s PI and RI [172] are defined as follows:

PI =
PSV − EDV

U
, RI =

PSV − EDV
PSV

(4.3)

Note that the definition of PI and RI can be rewritten in term of above-mentioned

Reynolds numbers as follows:

PI =
Remax −Remin

Re
, RI =

Remax −Remin
Remax

(4.4)

The PI and RI therefore depend solely on the characteristic Reynolds numbers. In

healthy human subjects statistical data show that [167] the RI is a rather stable param-

eter while the PI can vary widely among individuals and within the arterial tree. For

instance, the PI in healthy individuals depends on the artery where it is measured and

could vary in the range 0.54− 2.8 [167]. In diseased subjects, on the other hand, the PI

can reach values as low as 0.2 [173] and as large as 10 [174]. In our work the PI varies

in the range 0.51− 9, which lies entirely in the human physiologic range.

The Womersley number α = D
2

√
2πf
ν (where, f is the frequency of the cardiac cycle)

is selected to vary within 3.3 to 4.8. This interval is centered around the standard human

physiological condition in the common carotid artery characterized by α = 4 [7].

In conclusion, all non-dimensional parameters (e.g., α, Re, Remax and PI) we select

to characterize a given flow waveform are varied within the physiologic range. The

approach we employ to construct the various waveforms is discussed in the subsequent

section.
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Figure 4.3: Flow waveform is plotted in terms of the instantaneous Reynolds number Re
during one cardiac cycle. The horizontal lines in the figure mark various characteristic
Reynolds numbers: a) Remax is the peak systolic Reynolds number; b)Re is the time-
averaged Reynolds number; and c) Remin is the end diastolic Reynolds number. For
the various parameters characterizing Case 1a (low PI) and Case 2a (high PI) see Table
4.1. The horizontal axis denotes time t over one cardiac cycle T.
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Derivation of simulated waveforms

Since our main objective is to quantify the effect of different waveform parameters on

aneurysm hemodynamics, we start by considering two baseline waveforms shown in Fig.

4.3: 1) Case 1a; and 2) Case 2a. The Case 1a waveform was constructed to match with a

typical human Middle Cerebral Artery (MCA) waveform reported in the literature [173].

The waveform governing parameters for this case are: α = 3.3, Re=291, Remax = 375

and PI = 0.51, all of which are within the range of values found in human subjects

as observed in previous in vivo and in vitro measurements [173, 175]. The waveform

for Case 2a is taken from published data measured in the right Internal Carotid Artery

(ICA) of a healthy human subject [42]. The corresponding parameters for this case are:

α = 4.8, Re=330, Remax = 800 and PI = 2.31. Cases 1a and 2a are representative of

waveforms with low and high PI, respectively.

Obviously in addition to differences in their respective PI, the waveforms for Cases

1a from Case 2a differ significantly with regard to their other defining parameters (α,

Re and Remax). Therefore, and in order to understand which of these parameters is

ultimately responsible for the drastically different hemodynamics we will document in

this work, we manipulate the two baseline cases to systematically vary the waveform

shape and governing parameters. The resulting waveforms are shown in Fig. 4.4. The

approach we use to obtain these waveforms is outlined as follows.

Let us define the instantaneous bulk velocity corresponding to a baseline waveform

as ub = ub(t). A scaled version of the baseline waveform can then be obtained using the

following linear scaling equation:

u(t) = [ub(t+ t0)− u0] γ + β (4.5)

where γ, β and u0 are scaling factors while t0 is a temporal shift. By definition, the

resulting waveform peak and average velocities are related to the corresponding base-

line values as follows: PSV = [PSVb − u0] γ + β and U =
[
U b − u0

]
γ + β. Note that

such scaling affects the waveform peak and average Reynolds numbers but does not

alter the Womersley number, which depends on the frequency of the cardiac cycle. The

non-dimensional governing parameters (α,Re, Remax and PI) of the so resulting wave-

forms are summarized in Table 4.1. For all cases these parameters are selected to vary

well within the human physiologic range to ensure that the conclusions we will derive
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from this work are relevant to situations that could be encountered in human sidewall

intracranial aneurysms. All waveforms are scaled and smoothed using MATLAB 7.0

(The MathWorks Inc.).

We carry out a first set of numerical experiments seeking to examine the impact of

the peak systolic Reynolds number while keeping the PI fixed. To accomplish this, we

scale the baseline case 1a with parameter γ to obtain case 1c, which has the same PI

but higher Remax (Remax = 375 and 800 for cases 1a and 1c, respectively) as seen in

Table 4.1. Note that both cases 1a and 1c have the same low PI=0.51.

Another numerical experiment is carried out to investigate the effect of the PI while

keeping Remax fixed. Starting from baseline case 1a, we subtract from it the quantity

u0 and then scale the resulting waveform with the coefficient γ to ensure that the

new waveform, case 1b in Table 4.1, has the same Remax value as the baseline case 1a

(Remax = 375) but much higher PI value. By applying the same procedure to waveform

1c we obtain waveform 1d (Remax = 800). Note that both cases 1b and 1d have the

same high PI=9.

We thus obtain two pairs of cases: a) Pair 1 (Case 1a and 1b) with Remax = 375

and b) Pair 2 (Case 1c and 1d) with Remax = 800. Each pair has the same peak systole

Reynolds number as shown in Table 4.1.

Finally, a third numerical experiment is carried out to evaluate the sensitivity of

the flow dynamics to small temporal perturbations of the waveform. We subtract u0

from case 2a and scale it to obtain case 2b, which has lower Remax and higher PI in

comparison to case 2a.
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(a) Type 1

(b) Type 2

Figure 4.4: Various waveforms used in the simulations plotted throughout one cardiac
cycle. Type 1 waveforms were obtained by appropriately scaling the same original
waveform-Case 1a. Waveform 1a is constructed following a typical waveform in Middle
Cerebral Artery. Waveform 2a is a typical waveform of a healthy subject in Internal
Carotid Artery. See Table 4.1 for the various parameters characterizing the various
waveforms shown in this figure. The horizontal axis denotes time t over one cardiac
cycle T.
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Computational setup

At the inflow boundary, we prescribe uniform velocity profile varying in time in accor-

dance with the prescribed flow waveform. All cases simulated in this work employ the

same uniform velocity profile approach at the inlet so that differences in the inflow con-

ditions are excluded as a possible parameter influencing the dome hemodynamics. At

the outflow boundary, Neumann-type boundary conditions are specified for the velocity

components. No-slip and no-flux conditions are prescribed at all artery wall boundaries,

which are considered rigid. In the carotid region it has been shown that small distensi-

ble and rigid models of artery yield flow patterns in close agreement to each other [79].

Therefore, and since the displacement of aneurysm wall is normally small [176], the

wall rigidity assumption we employ herein is reasonable. However, such an assumption

can affect the simulated flow patterns if the aneurysm is abnormally large with highly

elastic arterial walls. For such cases, wall compliance should be taken into account but

such an undertaking is beyond the scope of this work.

The computational details and grid convergence study

The whole cardiac cycle is divided into 1850 time steps. The computational grid (de-

noted as Grid 1) is a structured curvilinear mesh with 181× 181× 257 (approximately

8 million grid nodes) grid nodes, with approximately 4 million grid nodes placed inside

the aneurysm dome. The grid points are distributed uniformly in the transverse plane

(orthogonal to the main flow direction). In the streamwise direction, the grid points

are also distributed uniformly in the aneurysm dome area. The computational config-

uration is shown in Fig. 4.2. The outlet boundary being placed 15D downstream of

the aneurysm while the inlet boundary is located 12D upstream of the aneurysm. All

simulations are performed over three cardiac cycles to ensure the convergence of shear

stress and other hemodynamic quantities. All results reported later in this chapter have

been obtained on Grid 1 if otherwise noted.

We three computational grids to examine the grid sensitivity of the solutions : 1) a

coarse grid with 151 × 151 × 229 (total of 5 million grid nodes with 1.5 million nodes

in the dome) (denoted as Grid 0); a finer grid Grid 1 is of size 181 × 181 × 257 (ap-

proximately 8 million grid nodes, with approximately 4 million grid nodes placed inside
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Case Remax Re α PI An Mode

1a 375 291 3.3 0.51 0.89 C
1b 375 58 3.3 9 15.75 V
1c 800 621 4.8 0.51 0.89 C
1d 800 124 4.8 9 15.75 V

2a 800 330 4.8 2.31 4.03 V
2b 656 251 4.3 2.6 4.56 V

Table 4.1: Parameters characterizing various waveforms and flow patterns that emerge.
C and V denote the cavity and vortex ring modes, respectively. Italics identify the
original waveforms used to construct additional wave forms through scaling for each
case. Abbreviation: a)Remax: peak systolic Reynolds number, b)Re: Time-averaged
over one cardiac cycle Reynolds number, c)α: Womersley number, d)PI: Pulsatility
Index and e)An: Aneurysm Number.

the aneurysm dome); and 2) the finest grid with 201 × 201 × 277 (total of 11 million

grid points and 6 million nodes in the dome) (denoted as Grid 2). All three computa-

tions for the grid sensitivity study are carried out for case 2a, which is most challenging

from the computational standpoint as it involves the formation of a dynamic vortex

ring across the neck (see subsequent discussion in section 4.2.3). The computational

results obtained on grids Grid 0, Grid 1 and Grid 2 are compared with each other at

peak systole as shown in Fig. 4.5. Even though quantitative differences between the

three grids do exist, the overall hemodynamic patterns on all three grids are similar.

Quantitative comparisons show that the velocity profiles on the coarsest mesh (Grid 0)

deviate from the results obtained on Grid 1 by about 5% . The maximum value of

the WSS magnitude on Grid 0 is within 15% of the values obtained on Grid 1. The

corresponding deviations between the results obtained on Grid 1 and Grid 2 are 2% and

4% as shown in Fig. 4.6. The grid sensitivity analysis clearly establishes the fact that

Grid 1 is adequate for obtaining grid insensitive solutions.
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4.2.3 Results

Hemodynamics under baseline waveforms

We begin the presentation and discussion of the computed results by comparing the

hemodynamics resulting in the aneurysm dome when specifying the low and high PI

waveforms (cases 1a and 2a, respectively) at the inlet of the parent artery.

In Fig. 4.7 the instantaneous vorticity magnitude and velocity fields for the two cases

are compared side by side at the same instants during the simulated cardiac cycle. It

is evident from this figure that distinctly different vorticity dynamics are at work in

each case. For the low PI case the high velocity parent artery flow is delineated at all

instants in time from the recirculating flow in the dome by a clearly defined shear layer.

It is marked by a thin layer of high concentrated vorticity that spans the neck of the

aneurysm at all times. The shear layer emanates from the proximal end of the aneurysm

and attaches at the distal end. Significant unsteadiness is observed only at the distal

point of attachment. The attaching shear layer at this point is characterized by vorticity

fluctuations, which become more pronounced near peak systole. The unsteadiness of

the shear layer at the distal point of attachment appears to be an important mechanism

for entraining shear-layer vorticity into the dome–note that the unsteadiness of the flow

at the point of attachment will be quantified and discussed further later in this paper

(see Fig. 4.11 and related discussion).
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Figure 4.5: Comparison of non-dimensionalized vorticity magnitude field |ω| D

PSV
= 3

between Grid 0-5M ( dash line), Grid 1-8M (dash dot) and Grid 2-11M ( solid line)

in case 2a at peak systole on the plane is Y = 0. The first contour is 1
PSV

D
and the

increment is 1
PSV

D
. The flow is from left to right.
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Figure 4.6: The comparison of the non-dimensional shear stress |t|
ρPSV 2 on point A (see

Figure 4.11 for the location of the point) on the aneurysm dome with different grid
Grid 0, Grid 1, Grid 2.
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(a)

(b)

(c)

(d)

Figure 4.7: Instantaneous non-dimensional vorticity magnitude (|ω| with ~ω = curl ~v)
and in-plane velocity vector fields for the low PI case 1a (left column) and high PI case
2a (right column) on one representative plane. a) early systolic , b) peak systolic, c)
early diastolic, and d) late diastolic phase. Straight line in the inflow waveform inset
indicates zero flow line.
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Overall, for the low pulsatility case the flow in the aneurysm dome resembles that

of a driven cavity flow (we shall refer to this state as the cavity mode). However,

no quasi-stable shear layer is observed across the aneurysm neck for the high PI case

(see Fig. 4.7). Instead, the parent artery flow separates from the proximal wall near

the systolic peak and rolls up to form a vortex ring. The so formed vortical structure

entrains parent artery flow into the dome as it advances across the neck of the aneurysm.

It ultimately impinges on the distal wall and rapidly breaks down as the diastolic phase

begins. The impingement and subsequent breakdown of the vortex ring at the distal

end cause vorticity entrainment into the aneurysm along the distal wall and intense

unsteadiness of the flow in the dome (we shall refer to this state as the vortex-ring

mode).

The pulsatility effects

The results presented above point to the conclusion that the incoming wave form plays

a key role in determining the overall flow patterns and vortex formation mechanisms in

the aneurysm dome.

As we have already discussed, however, and as clearly seen in Fig. 4.3, the Case 1a

and 2a waveforms do not vary only insofar as their respective PI is concerned. There

are additional significant differences between the two waveforms with regard to the

Remax and Re as well as α. It is, therefore, reasonable to pose the question whether

the significant hemodynamic differences between Cases 1a and 2a documented in the

previous section are only due to the differences in the Womersley number, PI or if

Reynolds number effects are also important. To explore this question we carry out a

series of simulations using the various waveforms already discussed in section 4.2.2. The

vorticity dynamics (cavity vs. vortex-ring mode) obtained from such various waveforms

are summarized in Table 4.1.

We first focus on the peak Reynolds number effect. The waveforms for Cases 1c and

1d ( see Fig. 4.4) have the same peak Reynolds number, Remax = 800, but different

values for Re and PI. As seen in Fig. 4.8a, Case 1c is characterized by the cavity mode

while Case 1d is characterized by the vortex ring mode. Similarly, the vortex ring mode

is found in Case 1b (Fig. 4.8c) while the cavity mode emerges in Case 1a (already

discussed in Fig. 4.7)with the same Remax = 375. These results collectively suggest



88

that the peak systolic Reynolds number Remax of the incoming flow waveform does not

control the flow dynamics in the aneurysm dome.

Let us now examine the importance of the time-averaged Reynolds number Re as

a possible waveform parameter governing the dome hemodynamics. In all cases 1a, 1b,

1c, 1d, 2a and 2b, Re varies across one order of magnitude from 58 to 621. As is

evident by the results summarized in Table 4.1, the Re value of the incoming waveform

does not appear to correlate with and be an indicator of the flow patterns and vortex

formation mechanisms in the dome.

The insensitivity of dome hemodynamics to variations of the various waveform

Reynolds numbers (peak and average), at least within the range we examined, can also

be established by examining other simulated cases. For example, the vortex-ring mode

emerges in both Cases 1b (Remax = 375) and 2b (Remax = 800) as seen in Fig. 4.8c

and d. Although the inflow waveforms for these two cases are completely different, both

with regard to their respective peak and time-averaged Reynolds number values, their

respective vortex formation mechanism is quite similar. Furthermore, comparing Cases

1d and 2a (same Remax = 800 but different Re) we find the vortex ring mode in both.

The flow dynamics does not appear to be affected by the Womersley number α as

shown in Table 4.1. Case 1a exhibits the cavity mode while for case 1b the vortex-

ring mode emerges. Yet both cases have the same Womersley number value α = 3.3.

Juxtaposing the results for case 1c and 1b with α = 4.8 further reinforces this conclusion.
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(a) Case 1c - low PI (b) Case 1d - very high PI

(c) Case 1b - very high PI (d) Case 2b - high PI

Figure 4.8: Instantaneous non-dimensional vorticity magnitude (|ω| with ~ω = curl ~v)
and in-plane velocity vector fields for: a) the cavity mode in case 1c(left), b) the vortex
ring mode in case 1d(right), c) Case 1b(left) and d) case 2b (right) with shear-layer
separation from the proximal neck and vortex-ring formation. Straight line in the inflow
waveform inset indicates zero flow line.
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In brief, the results presented in this section make a strong case that the key wave-

form parameter that dictates flow patterns and vortex formation mechanism in the

aneurysm dome is the PI of the waveform. The cavity mode emerges consistently in

cases with low PI, e.g. Case 1a and 1c with PI=0.51, while the vortex ring mode appears

to emerge for cases with high PI, such as Cases 1b and 1d with PI=9. This conclusion

is further strengthened by the fact that Cases 2a and 2b, both with high PI of 2.31 and

2.6, respectively, exhibit the vortex ring mode as summarized in Table 4.1.

Inflow waveform and wall shear stress

The time-averaged WSS fields obtained for the various simulated cases are shown in

Fig. 4.9. A number of important features that are shared by all simulated cases (re-

gardless of the inflow waveform characteristics) are evident in this figure: 1) the highest

average WSS is found at the distal parent artery; 2) the aneurysm dome experiences

significantly lower WSS except at the distal wall near the flow impingement zone; and 3)

in general the distal neck region of aneurysm is exposed to higher values of time-average

WSS than its proximal counterpart.

To quantify the impact of flow waveform on the temporal dynamics of the WSS field,

we plot in Fig. 4.10 the oscillatory shear index (OSI) [177] distributions calculated from

the results of the various simulated cases. The definition of the OSI is based on the

integration of shear stress vector t over one cardiac cycle T [177]:

OSI = 0.5[1−
|
∫ T

0 tdτ |∫ T
0 |t|dτ

] (4.6)

As we observe in Fig. 4.10a, when the cavity mode emerges (case 1a and 1c) the

OSI levels are relatively low almost everywhere, which implies that the shear stress

vector does not appreciably alter its direction within the cardiac cycle. This finding is

consistent with the weak pulsatility of the incoming flow which, as we have previously

discussed, gives rise to a rather stable, quasi-stationary, flow throughout the cardiac

cycle. A rather different picture emerges, however, for waveforms for which the vortex

ring mode emerges. As seen in Figures 4.10b and c, extensive pockets of large OSI values

emerge along the aneurysm dome primarily along the proximal end and to a lesser degree

at the distal neck. This finding is again consistent with the very rich and highly dynamic
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state of the flow associated with the formation, transport and breakdown of the vortex

ring for waveforms with high PI. Another important finding that becomes evident from

Fig. 4.10 is the fact that for waveforms with high PI and retrograde flow at the diastolic

phase (cases 1b and 1d), the OSI on the parent artery wall is significantly higher than

that for waveforms with no retrograde flow.

The metrics we have used so far to quantify the effect of inflow waveform on the

WSS field involve quantities averaged over the cardiac cycle. Given the complexity and

highly dynamic nature of the flow, especially for high PI waveforms, it is also important

to probe the correlation between instantaneous WSS magnitude at various points on the

wall and the corresponding inflow waveform. The WSS time series (not shown) at points

located on the proximal and distal parent artery walls show broad similarity to their

respective inflow waveforms. In sharp contrast, the WSS time series on the aneurysm

dome differ largely from those at the parent artery and do not seem to correlate with

the inflow waveform. As shown in Figures 4.11, which show WSS time series at a point

on the distal dome wall, there is no apparent correlation between the respective inflow

waveform and the instantaneous WSS response at this point.
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(a) Case 1a - C mode

(b) Case 2a - V mode

(c) Case 1d - V mode (retrograde)

Figure 4.9: Time-averaged (over one cardiac cycle) values of non-dimensional wall shear

stress magnitude |t|
ρPSV 2 for different types of waveforms. Abbreviation C: Cavity mode,

V: Vortex ring mode
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(a) Case 1a - C mode

(b) Case 2a - V mode

(c) Case 1d - V mode (retrograde)

Figure 4.10: Oscillatory Shear Index (OSI) field, which is defined in Eq. 4.6, for different
types of waveforms. Abbreviation C: Cavity mode, V: Vortex ring mode
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It is important to point out that the OSI does not give the complete picture of

temporal variation of the shear stress. The OSI along the distal wall area in case 1c

(low PI) in Fig. 4.10 is low implying that the shear stress vector does not change

its direction much throughout the cardiac cycle. However, the WSS magnitude does

exhibit a far more complex pattern. It is seen in Fig. 4.11 that for inflow waveforms for

which the cavity mode emerges (Case 1c), the temporal variation of WSS magnitude

can exhibit high frequency oscillations and large temporal gradients near peak systole

(see time series for Case 1c). These phenomena are associated with and induced by

the previously discussed flapping of the shear layer at the distal point of attachment

near peak systole for the cavity mode. These results show that the WSS field is very

heterogenous and there are points on the wall where ECs could be exposed to high

temporal gradients of WSS.

4.2.4 Discussion

Shear stress patterns and flow structure

Two models have been proposed to explain the flow inside sidewall aneurysms: the

driven cavity model [178] and vortex core formation model [171]. In the former model,

as implied by its name, the hemodynamics inside the dome is decoupled from the par-

ent artery core flow and the dome flow resembles that of lid-driven cavity flow with

the fast moving parent artery flow playing the role of the moving rigid lid. On the

other hand, pulsatile inflow conditions have been shown to give rise to entirely different

flow dynamics. As observed in both experiments [32] and computations [179], as peak

systole is approached a counter-clock wise rotating vortex core is formed as the flow

enters the neck [33]. The center of vortex core has its own motion resulting from the

flow pulse [179]. This vortex core finally collides on and interacts with the distal wall

[180], entraining flow from the parent artery into the dome which ultimately exits the

aneurysm dome at the proximal neck [171]. This flow model is characterized by the

strong coupling of the parent artery and dome flows through vortex core formation and

propagation, flow entrainment inside the dome, and mixing of the parent artery flow

with the slow moving fluid in the dome [171, 34].

Our numerical simulations have shown that for inflow waveforms of sufficiently high
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Figure 4.11: Temporal distribution of non-dimensional shear stress magnitude at the
distal dome wall.The location of the point is marked in the inset, which also indicate
the average flow direction with a black arrow. The horizontal axis denotes time t over
one cardiac cycle T. Point A in the inset is on the distal dome wall.

PI, a vortex ring does form in our geometry. The ring formation starts from the proximal

neck as the shear layer rolls up near the systolic peak. A three-dimensional visualization

of this ring is shown for Cases 2b in Fig. 4.12 using the Q-criterion[181]. As shown in this

figure the vortex ring has an inclined main core that connects with the proximal parent

artery via trailing stream-wise vortical structures. From a fluid mechanics point of view,

the general mechanism for forming this ring is similar to that governing vortex ring

formation at the exit of a circular pipe driven by the impulsive motion of a cylindrical

piston with a large stroke length to diameter ratio (formation number) [182].

The inclined structure of the vortex ring as shown in Fig. 4.12 during its early

formation stage (early systole) is further reminiscent of vortex formation in impulsively

driven flow through inclined nozzles [4, 183]. The aneurysm cavity, which is attached
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to one side of the artery, creates a large geometrical asymmetry. At the proximal neck,

the pulsatile flow enters the aneurysm dome in a similar manner to the flow through

the inclined nozzles in Chapter 3. The upper portion of the proximal neck is equivalent

to the shorter lip of the nozzle exit in Chapter 3 where the flow roll-ups earliest during

the vortex ring formation.

It has been shown via dye visualization experiments that increasing the pulsatility of

the flow increases the complexity of the hemodynamics inside the dome during systole

[169]. Our computations confirm the experimental findings regarding the significance

of the PI of the incoming flow. Increasing the PI from 0.51 (case 1a and 1c) to 9 (case

1b and 1d) results in drastic changes in the dynamics of the flow and the mechanism of

vortex formation in the dome. At the low PI end, when the cavity mode emerges, the

vortex formation mechanism in the dome is similar to that in driven cavity flows. In

sharp contrast, for sufficiently high PI the vortex ring mode emerges due to the roll-up

of the shear layer emanating at the junction between the parent artery and proximal

neck (see Case 2a in Fig. 4.7). Note that the formation of the vortex ring occurs in a

very short period of time within the deceleration phase of systole.

The highest shear stress at the distal neck and low shear stress over the dome are

found (seen in Fig. 4.9), which agrees with previous observations [41]. We also observe

non-uniform and highly heterogeneous distribution of the wall shear stress over the

aneurysm dome as also found in in vitro measurements [31] and computational works

[157]. An important finding of our work is that the local hemodynamics of the flow

along the wall of the dome can be strongly affected by the inflow waveform. As shown

in Fig. 4.11, at the same points on the aneurysm dome the WSS waveforms can vary

widely, both qualitatively and quantitatively, depending on the inflow waveform. In

fact, the highly non-uniform WSS distribution is caused by the motion of the vortex

core inside the dome and its interaction with the dome wall, which induces differences

in spatial and temporal WSS gradients as observed in PIV experiment [35]. The role

of this vortex core is illustrated in Fig. 4.10c. Whenever a vortex ring is formed (high

PI cases), the structure of the WSS waveforms changes abruptly resulting in localized

high OSI along the aneurysm dome.

Previous work in a multiple inlet and outlet model [184, 170] has shown that the

temporal and spatial distributions of WSS depend strongly on the inflow waveform. Our
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Figure 4.12: Instantaneous vortical structures in the dome showing the inclined vortex
ring structures that forms for the waveform 2b. The vortical structure is visualized
using the Q-criterion.

work confirms further the role of inflow waveform and clearly shows that the PI is the

controlling parameter. Our results also show that the shear stress temporal variation

could locally exhibit high frequency oscillations and large temporal gradients as shown

in Fig. 4.11 for the low PI and high Remax scenario (Case 1c). This finding agrees

with [184] where the WSS is found to exhibit complex temporal patterns out of phase

with the inflow waveform. This is potentially an important observation with clinical

implications since the sensitivity of ECs to different frequency of WSS excitations has

recently been reported in [154].

The aneurysm number

Our results point to the conclusion that for a given aneurysm geometry there is a critical

PI of the incoming flow waveform at which the hemodynamics in the dome transitions
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from the quasi-stationary cavity mode to the highly dynamic vortex ring mode. Both the

cavity and vortex ring modes are the result of processes and/or instabilities associated

with the fate of the shear layer that emanates at the junction of the parent artery with

the proximal neck. For the former mode (cavity), this shear layer remains stable and

extends across the entire neck to attach at the distal end where it undergoes localized

flapping-type instabilities. The flow at the artery/neck interface in this case is simply

transported across the neck and acts as the equivalent of a moving rigid lid driving the

cavity-like flow inside the dome. The relevant time scale for this flow mode is the time

it takes for the parent artery flow to be transported across the neck. With reference

to Fig. 4.2, the transport time scale Tt can be estimated in terms of the mean velocity

over the cardiac cycle U and the width of the aneurysm neck Wa as follows:

Tt =
Wa

U
(4.7)

For the vortex ring mode, on the other hand, the parent-artery/proximal-neck shear

layer becomes unstable and rolls up to form a distinct vortex core as seen in Fig. 4.8.

Shear-layer roll-up and vortex formation under pulsatile flow conditions are thus the

fundamental processes in this case. The relevant time scale, therefore, is the time re-

quired for the shear layer roll-up to be completed and the vortex ring to form. Following

the work of [182], who analyzed vortex formation in the flow at the exit of a circular

pipe driven by a moving piston, the vortex formation time depends on the diameter of

the circular pipe and the average velocity of the piston, which characterizes the size of

the flow pulse. By adapting the definition in [182] to our case we propose the following

vortex formation time scale for aneurysm geometries:

Tv =
Da

PSV − EDV
=
Da

U
· 1

PI
(4.8)

In the above equation the size of the flow pulse is expressed in terms of the difference

between the flow waveform peak systolic velocity (PSV ) and the velocity at the end of

the diastolic phases (EDV ) and the definition of the PI (Equation 4.3) has been used

to eliminate PSV and EDV . We now argue that if for a given aneurysm geometry

and inflow waveform Tt < Tv then there is not enough time for the vortex ring to form

before the flow crosses the neck. As a result, the quasi-stationary cavity mode emerges.

If, on the other hand, Tt > Tv then the shear layer roll-up and vortex ring formation
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processes can be completed before the flow crosses the neck and the vortex-ring mode

emerges. Therefore, we propose the following non-dimensional number (dubbed as the

aneurysm number An) as a simple indicator of the type of hemodynamics across the

aneurysm neck:

An =
Tt
Tv

=
Wa

Da
PI (4.9)

By definition, for An < 1 the cavity mode emerges while for An > 1 the vortex ring

mode emerges. The critical PI for which the hemodynamics transitions occurs across

the neck can thus be determined by setting An = 1:

PIcrit =
Da

Wa
(4.10)

As a first test of this theory, we have included in Table 4.1 the values of An for all

simulated cases. As seen in the table, we find An < 1 for all cases for which the shear-

layer mode emerges while An > 1 for all vortex-ring cases. Naturally, more tests with

several aneurysm geometries and waveforms are needed before the validity of our theory

can be established with certainty.

Several indicators have been proposed in the past to predict aneurysm rupture.

Of those, the dome aspect ratio (the dome-depth/neck-width ratio) [185] is currently

considered the most appropriate indicator. To our knowledge the proposed aneurysm

number is the first parameter to include the characteristics of the incoming flow wave-

form in the prediction of the type of hemodynamics inside the dome. It is important

to point out, however, that the An does not include all the geometrical indicators of

aneurysms and only contains parameters that relate to the aneurysm neck. Therefore,

this number is suitable only for predicting local hemodynamics at the neck region. The

evolution of the hemodynamics inside the aneurysm dome, however, varies widely from

case to case and will certainly depend on other geometrical characteristics (e.g. the

aneurysm aspect ratio) of individual aneurysm and patient-specific waveform.

These limitations not withstanding, the aneurysm Number we have proposed and

the results we have presented in this paper point to the conclusion that the ratio of the

neck width and parent artery diameter is an important indicator as it determines the

critical PI value for the hemodynamic transition to occur across the neck (see Equation

4.10). For a specific patient the pulsatility is a relatively stable quantity, which depends
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on cardiovascular health of the patient, while the ratio
Wa

Da
reflects the aneurysm devel-

opment. Thus monitoring this ratio might be another appropriate geometrical measure

for guiding disease management and clinical intervention.

4.3 Conclusions

In this chapter, high resolution numerical simulations are carried out to systematically

investigate the effect of the incoming flow waveform on the hemodynamics and wall

shear-stress patterns of an anatomic sidewall intracranial aneurysm model.

Various wave forms are constructed by appropriately scaling a typical human wave-

form such that the waveform maximum and time-averaged Reynolds numbers, the Wom-

ersley number (α), and the Pulsatility Index (PI) are systematically varied within the

human physiologic range.

We show that the waveform PI is the key parameter that governs the vortex dynamics

across the aneurysm neck and the flow patterns within the dome. At low PI, the flow

in the dome is similar to a driven-cavity flow and is characterized by a quasi-stationary

shear layer that delineates the parent artery flow from the recirculating flow within the

dome. At high PI, on the other hand, the flow is dominated by vortex ring formation,

transport across the neck, and impingement and breakdown at the distal wall of the

aneurysm dome. We further show that the spatial and temporal characteristics of the

wall shear stress field on the aneurysm dome are strongly correlated with the vortex

dynamics across the neck.

We finally argue that the ratio between the characteristic time scale of transport by

the mean flow across the neck and the time scale of vortex ring formation can be used

to predict for a given sidewall aneurysm model the critical value of the waveform PI for

which the hemodynamics will transition from the cavity mode to the vortex ring mode.



Chapter 5

The kinematic model of the left

ventricle

Critical prerequisite for simulating the hemodynamics in a patient-specific left ventricle

is the development of a model for the motion of the ventricle wall during the cardiac cy-

cle. In this chapter we review previously proposed wall modeling strategies and present

a novel cell-based, lumped model that yields physiologic kinematics of the ventricular

wall in response to time-dependent electrical excitation. The model is validated by

comparing the ventricular kinematics it yields with available in− vivo data.

5.1 The left ventricular anatomy

The beating heart is the main pumping mechanism supplying oxygen and nutrients to

the whole body via the circulatory system. The physiological characteristics of the heart

are complex and involve multi-physic and multi-scale processes. In order to provide the

appropriate context for the left ventricular hemodynamic problem, we begin in this

section by providing a brief introduction to the anatomical structure of the heart and

the left ventricle.

The four chambers of the heart are grouped into the left heart system (left atrium

and ventricle) and right heart system (right atrium and ventricle) as shown in Fig.

5.1. In the right heart system, blood is collected at the right atrium from the inferior

and superior vena cava (low in oxygen) and pumped into right ventricle (RV) via the

101
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Figure 5.1: The anatomy a human left heart.
The image is downloaded from www.smmhc.adam.com

tricuspid valve. The RV then drives the blood through the pulmonic valve to the lung,

where it becomes saturated in oxygen. Subsequently, the oxygen-rich blood enters the

left heart system through the pulmonary veins, which drive the blood into the left

atrium (LA). During early diastole, the left ventricular suction actively (E-wave) opens

the mitral valve and draws the blood from the left atrium to the left ventricular chamber.

At late diastole, the left atrium contracts and empties any remaining blood into the left

ventricle. During systole, the LV contracts and pumps the blood through the aortic

valve to supply nutrients and oxygen to the whole body. The blood is then circulated

back to the superior and inferior vena cava to close the circulatory cycle. Note that the

left and right ventricles contract and expand simultaneously. Therefore, the pumping

of the blood from the left heart to the right heart and vice versa is indeed parallel.

The role of the heart valves here is to direct the blood flow so that the flow is
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unidirectional from the right heart to the left heart. There are four valves in the heart:

tricuspid, pulmonic, mitral and aortic valves as seen in Fig. 5.1. The morphology of

these native valves are complex depending on their physiological characteristics. The

hemodynamic role of the native valves is not examined in the current work. Instead

their effects are either modeled via appropriate boundary conditions or their function

is replaced with prosthetic mechanical valves as described in the subsequent chapters.

5.2 Left ventricular modeling

In spite of significant recent advances in imaging modalities for studying cardiac hemo-

dynamics [20, 186, 21], present-day in vivo measurement techniques can only resolve

large scale blood flow features [24]. Understanding flow patterns in the heart at physio-

logic conditions and scales sufficiently fine for establishing quantitatively links between

heart disease and patient-specific hemodynamics continues to remain a major research

challenge. This challenge becomes even more formidable when prosthetic heart valves

are implanted [26]. For instance, in vitro experiments with simplified models of the

left heart [36, 37, 38, 39] and fluid-structure interaction (FSI) computational studies in

straight [68, 69, 70, 40, 71, 72, 73, 74] and anatomic [75] aorta geometries have clearly

shown that at physiologic conditions the presence of a prosthetic heart valve gives rise

to complex flow patterns characterized by fine scale flow structures and transition to

turbulence. This complex and dynamically rich flow environment is widely believed to

be the major culprit for the clinical complications that arise following implantation of

valve prosthesis [14, 187]. Considering the resolution limitations of present-day in vivo

measurement techniques and the complexity of the underlying flow environment, high-

resolution numerical simulation appears to be the only viable option for advancing our

understanding of cardiac hemodynamics especially in the presence of prosthetic heart

valves. For computational algorithms, however, to yield clinically relevant results their

degree of realism needs to be drastically enhanced by incorporating into the modeling

framework multi-physics elements of cardiac function along with input from modern

imaging modalities and in vivo measurement techniques.

Critical prerequisite for simulating the hemodynamics of a beating left heart is the

development of a model for simulating the LV kinematics, which is dominated by the
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complex interaction of the blood flow with the compliant and continuously deforming

heart walls. Patient-specific simulation of the ensuing FSI problem from first principles

is a formidable task since total heart function emerges as the result of the coupled in-

teraction of the blood flow with a host of molecular, electrical and mechanical processes

that occur across a wide range of scales [84, 67]. At the cellular level contractile forces

that cause the heart muscle to move are generated as cells are repolarized or depolarized

by absorption or release of several ions (such as [Ca+], [Cl]−, [Na]+, [K]+ etc. , respec-

tively). The resulting electrical excitation wave propagates throughout the heart via a

fast conducting system known as the Purkinje fibres network [188]. Such cable-like con-

ducting system controls the myocardial activation sequence and is thus very important

for the emerging LV contraction [189]. At the tissue level, the heart wall is structured

into three main layers: the outermost epicardium; the myocardium; and the innermost

endocardium, which is in contact with the blood flow. The myocardium is significantly

thicker than two other layers and contributes most of the contractile forces. The my-

ocardial muscle fibers bind themselves into ”sheet-like” structures [190, 84], which are

laid on top of each other wrapping around the LV chamber from the base to the apex

and vice versa. At the organ level, the activation of cardiac cells also depends on the

oxygen transport through the system of coronary arteries. Therefore, simulation of the

whole heart organ continues to remain elusive as it would require a multi-physics simu-

lation framework spanning a variety of scales ranging from metabolism of cardiac cells

to the large scale fate transport (oxygen, ions .etc) in coronary arteries and the aorta

[191, 186, 67].

Available models for simulating blood flow in the heart can be broadly classified

based on their spatial dimension and degree of sophistication into four categories [45, 46]:

1) Lumped and one-dimensional (1D) model; 2) Two-dimensional (2D) models; 3)Three-

dimensional (3D) models with prescribed heart wall motion; and 4) Three-dimensional

models with coupled FSI simulation of blood flow and tissue mechanics (3D-FSI).

1D models rely on a non-linear relation between the LV pressure and the blood flow

via an empirical, black box simulator [47, 48, 49, 50, 45, 51]. Such models are simple

to use and can efficiently obtain the pressure and volume curve but they are inherently

incapable of providing the flow field inside the LV chamber.

2D models typically simulate idealized LV models [53, 54, 55]. Although these models
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can incorporate more physics than their 1D counter-part, their extension to simulate

realistic LV flow in patient-specific geometries is difficult, if not impossible.

3D models employ a three-dimensional LV geometry, which can be idealized [56] or

anatomic [57], with the wall motion prescribed either through simple analytical func-

tions [56] or using patient-specific data [58, 59, 57]. In the latter category of 3D models

[58, 59, 57], the patient-specific LV kinematics is reconstructed directly from in vivo

MRI measurements. Such models can incorporate a high-degree of patient-specific real-

ism provided that imaging modalities of sufficient resolution are available to accurately

reconstruct the wall motion. Since the present day scanning frequency per heart beat

(frames/s) is technologically limited, however, temporal interpolation between succes-

sive MRI images must be used to reconstruct the LV wall motion over the cardiac cycle

[83, 58, 59, 57]. Obviously the accuracy of the resulting kinematics, and consequently

the clinical relevance of the 3D hemodynamic model, depends both on the accuracy

of the interpolation technique and the initial temporal resolution of the MRI images.

The spatial resolution of MRI can also be a potential source of error and uncertainty

especially when subtle modes of the LV wall motion, such as twisting due to spiral fiber

contraction [46], are to be incorporated in the model. The reconstruction of such feature

ensures the fine scale structure of the flow be capture realistically.

From the modeling sophistication standpoint 3D-FSI models [60, 61, 62, 63, 64,

65, 46, 66], are the most advanced as the heart wall is allowed to interact with the

blood flow in a fully coupled manner. Critical prerequisite for the success of such

models is the development of patient-specific constitutive models for the cardiac tissue

that not only account or the interaction of blood flow with the heart wall but also

for the interaction of the heart with surrounding organs [67]. These complexities

require extensive assumptions on the heart wall structure and electrical activation [46]

to enable fully-coupled blood-tissue interaction simulations, which could compromise the

physiologic realism of the resulting models [63, 62, 64, 46]. The first attempt to develop

such a model was the pioneering work by Peskin and co-workers [192, 193] who assumed

that myocardial fibers are discretely distributed. In this model the heart was assumed to

be embedded in a periodic domain filled with fluid and the simulations were carried out

at conditions that were not physiologic [193]. More recent versions of this model have

been able to carry out simulations at higher cardiac volume flow rate [194, 195, 61, 74].
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Other 3D-FSI models have attempted to raise the degree of patient-specific modeling

realism by incorporating information acquired from non-invasive imaging modalities.

Such models have incorporated continuous fiber distribution into the wall model [46]

and even attempted to couple the electrical excitation with the tissue response [65, 67].

The main challenges confronting this class of models stem from the previously discussed

limitations in the resolution of imaging modalities as well as the extensive simplifying

assumptions that need to be incorporated in the FSI model.

In this chapter, a model of left ventricular kinematics is developed using cell-based

model activation methodology. The main purpose of the model is to provide the physi-

ologic left ventricular wall kinematics for the blood flow simulations in the subsequent

chapters. Moreover, the kinematic model can be use as an interpolation tool to gen-

erate the full kinematics of the left ventricle during one cardiac cycle from Magnetic

Resonance Imaging data. This interpolation strategy can gives physiologic kinematic

behaviors without involving the complex fluid-structure interaction of heart wall and

blood flow. Comparisons with available data are presented to demonstrate that the

method yields physiologic results and future extension and generalization of the method

are discussed.

5.3 A cell-based electrical activation model for the left

ventricle

5.3.1 The anatomic model

The anatomical left heart was reconstructed from MRI scanned images of a healthy

subject at the Cardiovascular Fluid Mechanics Laboratory - Georgia Institute of Tech-

nology. In Fig. 5.2 shows the anatomy of the left heart which consists of the left

ventricle connected the the left atrium. The ascending aorta supplies oxygenated blood

to the heart muscle itself via the left and right coronary arteries. The Common Carotid

Artery, brachiocephalic trunk and subcalvian artery supply the blood for the brain and

upper part of the body. The descending aorta bring blood to abdominal area and lower

part of the body.

In the next section, only the left ventricular chamber is consider movable. The aorta
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Figure 5.2: The anatomy of a human left heart. Abbreviations: LCA: Left coronary
artery, RCA: Right coronary artery, CCA: Common carotid artery, LVOT: Left ventricle
out-tract, LV: Left ventricle. Data courtesy of Professor Yoganathan, Georgia Institute
of Technology

is considered stationary since its motion is significantly smaller than the LV. The left

ventricle after geometrical processing by a commercial software Mimics 13.0 is shown in

Fig. 5.3.

5.3.2 Derivation of the kinematics model

In this section, a cell-based electric excitation model for reconstructing physiologic LV

wall kinematics is presented. The complexity of the model is selected to minimize the

number of parameters required for calibration [47, 48]. For that the heuristic approach

[196, 197] is adopted to develop a lumped model [48, 45], which, nevertheless, and as it is

subsequently shown, has sufficient sophistication to reproduce the essential physiologic

features of the LV wall motion.
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Figure 5.3: The left heart model reconstructed from MRI images includes the left ven-
tricle outflow tract (LVOT) and the left ventricular chamber. (r, θ, z) is the cylindrical
coordinate system defined for the LV with corresponding unit vectors ~ir, ~iθ,and ~iz. L
and DL are the lengths of the long and short LV axes, respectively.

The electric excitation model to be described below is applied to animate an anatom-

ical left heart geometry. The model is shown in Fig. 5.3 and its basic dimensions are

as follows: the long and short LV axes length are L = 80mm and DL = 47mm, respec-

tively; the diameter of the aorta at the LV OT is D = 26.7 mm; and the mitral annulus

diameter is DM = 37mm.

The main idea of the electric excitation model is to use calibration or measurements

from non-invasive modalities such as electrocardiography (ECG) to estimate and pre-

scribe the electrical activation sequence at the cellular level, expressed in terms of a

time-dependent transmembrane potential p(t). Note that the model does not simulate

the electrical activation process at a given cell but rather a large scale dynamics of

the electrical propagation front throughout the myocardium. The so obtained electrical
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excitation drives through the proposed model muscle deformation and animates the LV

wall. Such activation sequence depends on several factors, including the transport of

ions in the coronary arteries as well as the transmission of the electrical current in the

Purkinje network. Therefore, estimating the emergent p(t) form and incorporating in

the model corresponds to a lumped-modeling approach that reflects only the emergent

large scale dynamics of the heart wall. Nevertheless, p(t) is a parameter of the lumped

model, it can be calibrated to match with physiologic characteristics of the wall motion.

The model is based on the following assumptions: 1) Based on in-vivo measure-

ments [198, 199], which reports small longitudinal motion of the LV base and apex in

comparison to mid-ventricular region, the base and the apex of LV is assumed to be

stationary in the current work. 2) Only the endocardium is modeled as the wall sur-

face. The endocardium surface ΓLV (see Chapter 2 ) is discretized with an unstructured

grid with Je material nodes as shown in Fig. 5.4. Each material node j (j = 1, Je) is

assumed to represent one endocardium cell; and 3) The motion of the jth endocardium

cell to the cardiac electrical stimulation is assumed to be a function of a time-dependent

transmembrane potential p(t).

The instantaneous velocity vector of the jth endocardium cell (j ∈ ΓLV , see Chapter

2) can be expressed as follows:

vj(t) =
dxj

dt
= vrj (t)ir + vθj (t)iθ + vzj (t)iz (5.1)

where vrj , v
θ
j , and vzj are the radial, tangential and axial velocity components, respec-

tively, and ir, iθ, and iz are the corresponding unit vectors (see Fig. 5.3 for coordinate

definition). Starting from a known instantaneous configuration of the LV wall, i.e. all

position vectors xj for j∈ΓLV are known at the initial time t0, and assuming that the

velocity vector of each cell is known as a function of time, Eq. 5.1 can be readily inte-

grated in time for all material points j = 1, Je to update the shape of the LV wall at

the next instant in time. In what follows, a model is developed for the time dependent

velocity vector of each endocardium cell that ultimately relates the wall velocity to the

time-dependent transmembrane potential p(t).

To develop a mathematical model that couples electrical (p) and mechanical (vj) ac-

tivity of the heart, the existing electro-mechanical models (see [200], for a recent review)
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Figure 5.4: The moving LV model, discretized with the unstructured grid. The LV
wall motion is driven by the cell-activation model in section. The ”red” material point
denotes one material point on the LV surface.

is being considered. Following [200], the cardiac tissue mechanical stress can be decom-

posed as the sum of a passive and active component. The passive stress component is

the classical second Piola-Kirchoff tensor while the active stress Ta expresses the stress

that develops in the cardiac tissue during cellular depolarization. In the model pro-

posed by Nash and Panfilov [200], Ta is expressed as the function of the non-dimensional

transmembrane potential p via the following equation:

∂Ta
∂t

+ η(p)Ta = η(p)KTap (5.2)

η(p) = {
η0 for p < 0.05

10η0 for p ≥ 0.05

where KTa is a coefficient that controls the amplitude of the active stress response.

Equation 5.2 shows that the temporal variation of the active stress is governed by

a wave propagation in the medium excited by the transmembrane potential. Since

the instantaneous velocity of each endocardium material point is a function of both

the passive and active stress components, and inspired by the underlying wave-like
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electromechanical physical processes implied by Eq. 5.2, a simple model is proposed

that expresses the instantaneous velocity magnitude vj = |vj(t)| of each material point

as a function of a time-dependent, wave propagation component (G) (due to the active

stress) and a spatial component S (due to the passive stress) as follows:

vj(t) = G(xj, t)S(xj) (5.3)

The spatial distribution part of the stress is modeled as a power law [196] expressed in

the cylindrical coordinate system shown in Fig. 5.3. More specifically, S is assumed

to vary along the endocardium as a function of the radial (rj) and longitudinal (zj)

coordinates of each material point as follows:

S(xj) = S(rj , zj) = (
2rj
DL

)2(
zj
L

)1.5 (5.4)

The wave propagation component G in Eq. 5.3 can be thought of as the total

transmembrane current for each cardiac cell, which depends on p(t). To develop a

model for G, its spatial and temporal variation is assumed to be governed by FitzHugh-

Nagumo type models, which have previously been used successfully for modeling cardiac

tissues [200, 201, 202]. In its simplest form the FitzHugh-Nagumo model reads as follows

[203, 204, 202, 200]:

G = ∇ · (D∇p) (5.5)

∂p

∂t
= ∇ · (D∇p)− c1p(p− c0)(p− 1)− q

∂q

∂t
= b(p− dq)

where D is the media conductivity tensor, the parameters c1 and c0 are model-dependent

constants, q is the recovery variable, and b, d are recovery constants. To simulate the

excitation of the whole myocardium, one needs to solve the system of Eqs. 5.5 to get

the spatial distribution of the current G [200]. Since for a patient-specific case, the

conductivity D is not known in advance Eqs. 5.5 cannot be solved.

To circumvent this difficulty, a lumped modeling approach is employed by assum-

ing that the patient-specific transmembrane potential p(t) is somehow known, say it

can be measured in vivo via a modality like electrocardiography or it can be obtained

via patient-specific calibration. This assumption eliminates the need for solving the
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FitzHugh-Nagumo system of equations for each endocardium cell. However, the chal-

lenge of deriving a reasonable approximation for G as a function p still remains.

We note that the electrical excitation of a given cardiac cell, which is expressed in

terms of G, depends on processes that occur within the cell itself as well as the inter-

connections of the cell with neighboring cells via the Purkinje network [84]. Therefore,

a model for G(xj, t) is proposed as a product of a local, time-dependent part Ej(t),

which is a lumped model of processes in the given cardiac cell, and a wave-propagation

part S(xj, t), which accounts for interconnections between neighboring cardiac cells, as

follows:

G(xj, t) = Ej(t)S(xj, t) (5.6)

In the Eq. 5.6, Ej is assumed to be a function of the time-dependent potential pj ,

i.e. Ej(t) = E [pj(t)]. We assume that E has similar form with that of the current G

under equilibrium condition, denoted as Ge. Following [200], the equilibrium solution is

obtained from the FitzHugh-Nagumo system of equations by setting ∂p
∂t = 0 and ∂q

∂t = 0

in Eqs. 5.5. Doing so, the equilibrium solution for an isolated cell can be found as the

following expression for Ge:

Ge = c1p(p− c0)(p− 1) + q (5.7)

q =
p

d

Or:

Ge = c1p(p− c0)(p− 1) + c2p (5.8)

To account for transient effects in p(t) and q(t), Ej is expressed as a function of Ge but

also introduce exponential decay terms as follows:

Ej(t) = c1pj(t) [pj(t)− c0] [pj(t)− 1] +

c2 [pj(t)− 1] [1− exp(−c3pj(t))] (5.9)

where the functional pj(t) and the model constants c0,c1, c2 and c3 are selected as part of

the calibration of the model in the range reported in previous studies [204] (see below).

The S(xj, t) term, which models the large scale interconnection between cells, has

been observed in− vivo to be well described as a large scale mechanical wave [205, 206,
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207]. We thus propose to model S in Eq. 5.6 as a sine wave function [197, 206] with

scaling frequency factor fs and phase lag ϕ, as follows:

S(xj, t) = κ sin(2πfs
t

T
− zj
L

+ ϕ) (5.10)

where κ is a parameter of the model while T is the heart beat cycle. Note that the scaling

frequency factor is fs 6= 1 because the mechanical response wave does not have the same

frequency with the heart beat. In the model proposed by Eqs. 5.10, the mechanical

activation wave is assume to propagate only along the main LV axis (z direction).

However, it is possible to model the wave propagation along the LV circumference by

adding further parameters to the functional form of S.

Eqs. 5.3, 5.4, 5.6, 5.9, and 5.10 above complete the model for the instantaneous

velocity magnitude vj(t) of each endocardium cell. The final step before the three-

dimensional LV wall configuration can be updated in time by integrating Eq. 5.1 is to

define the three components of the velocity vector. To do so, an empirical approach is

employed for distributing the known velocity magnitude vj along the three cylindrical

coordinate directions as follows:

vrj (t) = αvj(t) (5.11)

vθj (t) = βvj(t)

vθj (t) = γvj(t)

where α,β and γ are parameters of the model satisfying α2 + β2 + γ2 = 1, which are

selected as described in the following section.

Calibration of the LV kinematic model

We calibrate the model parameters (i.e α, β, c0 etc.) and the functional form for p(t) to

ensure that the resulting temporal variation of the LV volume V = V (t), dV/dt, agrees

with reported values in the literature [62, 54].

We adjust the gross features of dV/dt through the specific functional p(t). In this

study, all endocardium material points j = 1, Je is assumed to have the same functional

form of p(t). During diastole, the shape of p(t) is assumed to have two distinct negative

peaks to mimic the ventricular relaxation (U wave) and the atrial contraction (P wave).

During systole, the LV contraction is simulated with a large positive peak in the variation

of p(t) (or the QRS complex ) [208]
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Name Systole Diastole

c0 1 1
c1 0.21 0.175
c2 0.011 0.011
c3 0.55 0.55
ts/T 0.87 0
fs 0.35 0.3
κ0 3.9 0.36
κ1 -0.2 0
ϕ -0.052 0.424
α 0.52 0.52
β 0.3 0.3
γ 0.8 0.8

Table 5.1: The non-dimensional parameters used in the left ventricular kinematic model.
Note that the left ventricular geometry is non-dimensionalized using the characteristic
length scale D0 = 29mm. c0, c1, c2, c3 are variables of the FitzHugh-Nagumo model.
ts is the starting time of S-wave and T is the cardiac cycle. f is the frequency of the
propagating wave front. κ is the scaling factor. α, β, γ are the distributing factors of
the velocity vector along radial, tangential and axial directions, respectively (see Eq.
5.11 for definition).

We fine-tune dV/dt by appropriately adjusting the parameter κ in Eq. 5.10. The

parameters c0, c1, c2, c3 that appear in Eq. 5.9 are calibrated around the values reported

in the literature for cardiac tissue [204]. The final step is to fine-tune the wall motion

by selecting the parameters α, β and γ used to define the components of the velocity

vector. These parameters are estimated based on the relative magnitude of the three

velocity components obtained from MRI measurements of the velocity of material points

on the heart wall [198]. The final values of the various calibrated model parameters are

summarized in Table 5.1 while the calibrated functional form for p(t) is shown in Fig.

6.3. We calibrate the LV kinematics so that the total regurgitant flow volume through

the BMHV is approximately 10ml according to the reported in the literature values for

St. Jude Regents valve [209].

The heart beat cycle T is chosen to correspond to a heart rate of 52 bpm, T = 1.15s.

The systolic rate ,fraction of the systole part over the cardiac cycle, is chosen to be 40%

as in the normal range [210]. The systolic rate is set by allocating the length of systolic

and diastolic activation period of p(t) correspondingly.
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Parameters Value

Heart rate 52 bpm
Systolic rate 40 %

End systolic volume 65 ml
End diastolic volume 118 ml

Stroke volume 53 ml
Ejection fraction 45%

Peak E-wave velocity 50 cm/s

Table 5.2: Global parameters of the LV kinematics calculated from the proposed cell-
activation based model.

5.3.3 Results

Left ventricle kinematics

To demonstrate that the emerging, large-scale LV wall kinematics resulting from the

proposed cell-based activation model is physiologic, major global LV kinematics param-

eters calculated from the model are summarized in Table 5.2. The most important

parameter during diastole is the E-wave velocity at the mitral orifice. In our case, the

E-wave peak velocity, which is estimated as the bulk velocity from the mitral inflow

wave from with mitral orifice diameter of Dorifice = 29mm reaches 50 cm/s. This

value is similar to measurements obtained from in vivo MRI data ( from 50 to 70 cm/s)

[211, 83, 57]. The variation of our patient-specific left ventricle volume over one cardiac

cycle (expansion during diastole and contraction during systole) is shown in Table 5.2.

Here, the Stroke Volume (SV) is the difference between the maximum volume (End Di-

astolic Volume) and minimum volume (End Systolic Volume). One important cardiac

index is the Ejection Fraction (the ratio SV / End Diastolic Volume) reaches values of

45 % as shown in Table 5.2, which lies in the range of a normal subject [212].

The instantaneous direction of the calculated endocardium wall velocity field is vi-

sualized in Fig. 5.5 in terms of instantaneous LV wall streamlines at several instants

during the cardiac cycle. The velocity field is given by Eq. 5.6 to 5.11 with the model

parameters summarized in Table 5.1. As seen in Fig. 5.5, the cell-activation model

produces endocardium surface motion that exhibits complex twisting motion as it re-

laxes in the clockwise direction (looking from the base) during diastole and contracts
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in the counter-clockwise direction during systole. These twisting patterns is consistent

with in vivo observations [84], in which the relative rotational of the apex to the base is

counter-clockwise during systole and clockwise during diastolic untwist (view from the

base).

To quantify the local deformation of the LV wall, the motion of one material point

is tracked (see Fig. 5.4 for its location) on the LV wall by plotting time series of the

three velocity components at this point in Fig. 5.6. During the rapid filling phase

(E-wave) the endocardium rapidly moves toward the apex as indicated by the large

positive spike in the longitudinal velocity (vzmax ≈ 8 cm/s). At the same time the

LV chamber expands at lower rate (vrmax ≈ 4 cm/s) and twists around the LV axis

(vθmax ≈ 2 cm/s). At systole, the wall motion exhibits radial, longitudinal and twisting

motions with velocities in the range of 3− 4 cm/s.

As shown in Fig. 5.6, the magnitude and direction of the velocity resulting from

our model exhibits wide variations from diastole to systole in a manner that closely

resembles in− vivo data reported in [198, 213]. During the rapid filling phase (E-wave)

the endocardium moves rapidly in good quantitative agreement with the MRI tissue

phase mapping data [199, 214], which report the radial expansion velocity in the range

of 4-5 cm/s and longitudinal velocity of 10 cm/s. At systole, the wall motion exhibits

radial, longitudinal and twisting motions with velocities of 3−4 cm/s also agreeing with

the reported values (3-5 cm/s) in the literature [199].

The calculated LV volume rate of change dV/dt during one cardiac cycle is shown in

Fig. 6.3. During diastole, the distinct early diastolic filling peak (E-wave) is separated

from the passive filling peak (A-wave) by a phase of very slow volume expansion, referred

to as diastasis. An important physiologic parameter is the ratio of the E- and A-waves

dV/dt peaks (E/A ratio). As shown in Fig. 6.3, the E/A ratio resulting from our model

is approximately 1.1,which is in good agreement with physiologic values [215, 216, 217].

In the systolic phase, the dV/dt resulting from our model becomes as low as−19ml/min

(see Fig. 6.3), which is well within physiologic values [209, 14]. At the end of the cardiac

cycle, and as seen in Fig. 6.3, the LV chamber exhibits a slightly expansion. This is due

to the fact that the flow in the ascending aorta exhibits slightly reverse regurgitant flow.

This behavior is entirely consistent what has been observed in vivo by [218, 219, 217].
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(a) E-wave (b) A-wave

(c) Systolic peak (d) Late systole

Figure 5.5: Calculated limiting streamlines on the endocardium surface at four instants
during the cycle illustrating the deformation of the LV wall from diastole to systole.
In each figure the red dot on the flow wave form identifies that corresponding instant
during the cardiac cycle.
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It is important to re-emphasize that the LV volume rate of change as well as all LV

kinematic parameters presented above are driven in our model by the transmembrane

potential p(t), which is also included in Fig. 6.3. Our main assumption is that p(t),

which is similar to surface potential obtained from surface ECG, implicitly reflects the

dynamics of the LV wall [208, 220, 207]. In this sense, p(t) constitutes of many individual

cardiac cell’s electrical activities. The variation of p(t) here is similar to ECG signal

where the electrical potential has the largest peak at systole (QRS complex of ECG) and

significant activities during E-wave (U wave of ECG) and A-wave (P wave of ECG) [208].

And p(t) thus reflects the action potential during depolarization and repolarization of

the whole heart wall. This large scale electrical activation process, which is measurable

in both systole and diastole by surface ECG is very different from activation of an

isolated cell, which is physiologically active at systole only [191, 220, 189]. Therefore,

our equivalent heart wall material (”endocardium cell”) conceptually not only exhibits

”contraction” during systole but also possesses the embedded characteristics of the

active suction during E-wave and passive filling during A-wave.

As shown in Fig. 5.6, the magnitude and direction of the velocity resulting from

our model exhibits wide variations from diastole to systole in a manner that closely

resembles in− vivo data reported in [198, 213]. During the rapid filling phase (E-wave)

the endocardium moves rapidly in good quantitative agreement with the MRI tissue

phase mapping data [199, 214], which report the radial expansion velocity in the range

of 4-5 cm/s and longitudinal velocity of 10 cm/s. At systole, the wall motion exhibits

radial, longitudinal and twisting motions with velocities of 3−4 cm/s also agreeing with

the reported values (3-5 cm/s) in the literature [199].

The calculated LV volume rate of change dV/dt during one cardiac cycle is shown in

Fig. 6.3. During diastole, the distinct early diastolic filling peak (E-wave) is separated

from the passive filling peak (A-wave) by a phase of very slow volume expansion, referred

to as diastasis. An important physiologic parameter is the ratio of the E- and A-waves

dV/dt peaks (E/A ratio). As shown in Fig. 6.3, the E/A ratio resulting from our model

is approximately 1.1,which is in good agreement with physiologic values [215, 216, 217].

In the systolic phase, the dV/dt resulting from our model becomes as low as−19ml/min

(see Fig. 6.3), which is well within physiologic values [209, 14]. At the end of the cardiac

cycle, and as seen in Fig. 6.3, the LV chamber exhibits a slightly expansion. This is due



119

Figure 5.6: Calculated time series of the three velocity components for the material
point shown in Fig. 5.4. The velocity components are obtained using Equations 5.1 to
5.11 and the parameters in Table 5.1.

to the fact that the flow in the ascending aorta exhibits slightly reverse regurgitant flow.

This behavior is entirely consistent what has been observed in vivo by [218, 219, 217].

It is important to re-emphasize that the LV volume rate of change as well as all LV

kinematic parameters presented above are driven in our model by the transmembrane

potential p(t), which is also included in Fig. 6.3. Our main assumption is that p(t),

which is similar to surface potential obtained from surface ECG, implicitly reflects the

dynamics of the LV wall [208, 220, 207]. In this sense, p(t) constitutes of many individual

cardiac cell’s electrical activities. The variation of p(t) here is similar to ECG signal

where the electrical potential has the largest peak at systole (QRS complex of ECG) and

significant activities during E-wave (U wave of ECG) and A-wave (P wave of ECG) [208].

And p(t) thus reflects the action potential during depolarization and repolarization of

the whole heart wall. This large scale electrical activation process, which is measurable
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Figure 5.7: The left ventricle volume rate of change dV
dt over one cardiac cycle resulting

from the cell-activation model. The LV kinematics is driven by the non-dimensional
potential p(t). There are two distinct positive E-wave and A-wave peaks separated by
the diastasis during diastole. The negative peak is the systolic peak.

in both systole and diastole by surface ECG is very different from activation of an

isolated cell, which is physiologically active at systole only [191, 220, 189]. Therefore,

our equivalent heart wall material (”endocardium cell”) conceptually not only exhibits

”contraction” during systole but also possesses the embedded characteristics of the

active suction during E-wave and passive filling during A-wave.

Finally, there are two important non-dimensional numbers, which control the large

scale intraventricular hemodynamics. Namely, the peak systolic Reynolds number

(Re) and the Womersley number (Wo). Using the aortic diameter D = 26.7 mm, peak

systolic bulk velocity U0 = 0.55 m/s and heart beat cycle T = 1.15s as the length,

velocity and time scales, these parameters and their values resulting from our model are
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given as follows:

Wo =

√
D2

Tν
≈ 13.6

ReD =
U0 ·D
ν

≈ 4383

Both of these values are well within the physiologic regime [211, 37].

5.4 Conclusions

In this chapter, the kinematic model of the left ventricle is developed for the patient-

specific anatomy using cell-based electrical activation methodology. The results pre-

sented in this section make a strong case that the cell-activation based model we have

developed in this work yields LV kinematics that are well within the physiologic range.

These include not only essentially all significant global LV parameters but also the

qualitative and quantitative variation of the endocardium velocity field throughout the

cardiac cycle.

We developed a novel cell-activation based model for simulating physiologic kine-

matics of the left ventricle. The model is inspired by cardiac electro-physiology and

gives rise to physiologic large-scale kinematics of the endocardium as a function of a

time-dependent transmembrane potential. We showed that the model not only sim-

ulates physiologic global LV parameters but also gives rise to large-scale contractile

mechanisms that can simulate the effect of fiber expansion, contraction and twist.

The time-dependent transmembrane potential that drives the LV wall motion in

our model is obtained in the present work through calibration to ensure physiologic LV

motion. An important feature of the model, however, is that this potential is a quantity

that can be measured in vivo, say via electrocardiography. In future extension of the

model, such measurements can be directly incorporated to develop a range of beating

LV models for both healthy and diseased hearts.



Chapter 6

Hemodynamics of the left

ventricle

6.1 Introduction

Diastolic dysfunction [221] is an important contributor to heart diseases and has been

studied extensively in the past. Recent advancements in non-invasive technologies have

enabled the use of imaging modalities for diagnosing left heart dysfunction [222, 24].

The main objective is to utilize such medical images to develop strategies for reliable

diagnosis of heart disease [15, 223, 224]. Critical prerequisite for achieving this objective

is to establish quantitative links between intraventricular flow patterns and cardiac

disease [15, 22, 20, 224].

Obtaining high resolution hemodynamic data from the medical images, however,

continues to remain a major research challenge [20, 186, 21] since the current in vivo

imaging techniques can only provide large scale features of the intraventricular flow [24].

This challenge becomes especially critical when prosthetic heart valves are implanted

[26]. In vitro experiments with simplified models [36, 37, 38, 39] have clearly shown that

at physiologic conditions the presence of a prosthetic heart valve gives rise to complex

flow patterns characterized by the fine scale flow structures. This flow environment

has been suggested to link with patient’s complications after the prosthetic valve im-

plantation [14]. The knowledge of this hemodynamic environment in patient-specific

anatomy is critical to improve the valve design and implantation procedure [75, 225].

122
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Integrating high-resolution numerical simulation with modern imaging modalities and

in vivo measurement techniques appears to be the only viable option for understanding

intraventricular hemodynamics.

In vivo measurements [25, 20, 21] have shown that the rotational direction of blood

flow inside the left ventricle during diastole is an important measure for the patient’s

cardiac health [22, 24]. The diastolic flow has been shown to be dominated by the evolu-

tion of the mitral vortex ring (MVR) [217, 15] during early diastolic filling. It is now well

understood that upon its formation the MVR evolves into a large asymmetrical vortical

structure at the end of diastole, which occupies almost the entire left ventricular (LV)

chamber [25, 57]. Various characteristics of the MVR have been shown to be linked with

different types of cardiac diseases [15, 22] and its formation, propagation speed, trajec-

tory and impingement on the heart wall have all been identified as clinically important

phenomena [15, 63, 46]. Therefore, understanding the three-dimensional structure of

the MVR is essential for analyzing and interpreting the flow patterns observed in−vivo.
In most previous studies [15, 20, 21, 22], the MVR is assumed to be of an axisym-

metric circular vortex ring. Recent in − vivo measurement [24], however, have shown

that the MVR deviates considerably from an axi-symmetric ring and is characterized

by continuous variation of its core size along its circumference. Furthermore, numerical

simulations [57, 46] have shown that the ring deforms and impinges on the posterior

wall before it breaks down into small scale structures. Recent work [183] on vortex

ring formation in impulsively-driven flows through inclined nozzles has shown that the

vortex ring forming in such cases exhibits similar circumferential core size variation as

the MVR but also evolves to become topologically complex with secondary vortex tubes

emerging and interacting with the primary vortical structure. Computational studies in

idealized LV chambers [56, 226] have also indicated that the MVR has a complex three-

dimensional structure with the presence of secondary trailing vortex tubes. The main

vortex ring has asymmetrical structure and its propagation speed varies continuously

along its circumference [56]. Patient-specific computational modeling [83, 58, 59, 57, 46],

which is based on integrating numerical modeling with non-invasive in vivo measure-

ments, has shown that the LV flow pattern is highly sensitive to the mitral inflow

condition. However, these studies have not indicated the determining factor for such
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sensitivity. Studies using idealized models of the left ventricle (LV) [227, 228] have sug-

gested that the mitral orifice eccentricity has a profound effect on the LV flow patterns.

In this chapter, the mitral orifice eccentricity is hypothesized to play an important role

in determining the rotational direction of the left ventricular flow.

In this chapter, the formation and breakdown of the mitral orifice vortex ring at phys-

iologic conditions during diastole is elucidated via numerical simulation. The lumped-

model of the LV wall motion developed in Chapter 5, is used to prescribe as the wall

boundary conditions for the high-resolution numerical simulations. Finally, the depen-

dence of the intraventricular flow patterns on the mitral orifice eccentricity is investi-

gated in the last part of the chapter.

6.2 Computational setup

The left ventricular anatomy

The anatomical left heart geometry is reconstructed from MRI scanned images of a

healthy subject as discussed in Chapter 5. The mitral valve, coronary and carotid

arteries as well as one part of the left atrium are removed from the original anatomy.

The final geometry comprises of the LV chamber and the aorta. Following suggestions

by [229] and [57] regarding the importance of the atrium geometry, we retain in the

model the lower part of the atrium as shown in Fig. 6.1a. To investigate the sensitivity

of the intraventricular flow on the mitral inflow we approximate the atrium geometry

as an eccentric circular cylinder with inner radius R1, outer radius R2, and distance e

between the centers of the inner and outer rings as shown in Fig. 6.1b. In this work,

we will vary e to investigate its impact on the emerging LV flow patterns.
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(a) Side view

(b) Top view

Figure 6.1: Side (a) and top (b) views of the left heart model reconstructed from MRI
images includes the left ventricle outflow tract (LVOT) and the left ventricular cham-
ber. (r, θ, z) is the cylindrical coordinate system defined for the LV with corresponding
unit vectors ~ir, ~iθ,and ~iz. L and DL are the lengths of the long and short LV axes,
respectively. The eccentricity of mitral orifice e is the distance between two centers of
the circles with inner radius R1 and outer radius R2. The value of e decreases as the
mitral orifice is located closer to the LVOT.
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As shown in Fig. 7.3a, the LV wall is embedded in a background curvilinear mesh

and treated as a moving sharp-interface immersed boundary using the CURVIB method

[71]. The heart beat cycle T is chosen to correspond to a heart rate of 52 bpm, T = 1.15s.

The simulation time step is ∆t = 0.426 ms, which corresponds to discretizing the cardiac

cycle with N = 2700 time steps.

All simulations reported herein are carried out with the same heart wall kinematics

resulting from the cell-activated model described in Chapter 5 and with identical mitral

inflow waveform (see Fig. 6.3). To investigate the effect of mitral inflow on the LV vor-

ticity dynamics we systematically vary the eccentricity e (see Fig. 6.1b) by considering

four cases: e = +0.13 (Case 1); e = +0.18 (Case 2); e = 0 (Case 3); and e = −0.15

(Case 4).

Boundary conditions

We prescribe the time-dependent blood flow flux from the left atrium to the LV chamber

as boundary condition at the mitral orifice Qm = Qm(t). By assuming uniform flow at

the mitral orifice, which mimics the natural pattern during diastole [39, 58], specifying

Qm(t) yields time-dependent boundary condition for the velocity field at the mitral

orifice. Since the simulations reported herein are carried out during diastole, the aortic

valve is kept fully closed by setting the flow rate through the aorta equal to zero at all

times.

Finally, the time-dependent LV wall motion is prescribed as input to the simulation

from the cell-activation model and is used drive the LV blood flow through the no-slip

and no-flux boundary conditions that are imposed for the velocity field at the LV wall.

6.3 Results and discussions

To investigate the sensitivity of the computed results to mesh refinement, we carried

out extensive grid sensitivity studies using four background grids (Grid 1,2,3 and 4)

with total grid nodes ranging from 275, 000 to 14 million grid nodes. The results of this

study is shown in Fig. 6.4 in a two-dimensional cross-section (x = 0) through center

plane of the LV. The comparison is done using the velocity component v and w. It is

found that the 2013 grid (approximately 8.1 million grid nodes) is adequate for grid

insensitive results and this grid size if used for all simulations presented herein as seen
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Figure 6.2: a) The moving LV model, discretized with the unstructured grid, immersed
in a background stationary curvilinear mesh as required by the CURVIB method. For
clarity, the 3D background grid is shown only on the symmetry plane (x = 0) of the mi-
tral orifice. At the mitral position, uniform pulsatile flow Qm(t) is specified as boundary
condition as the mitral valve is assumed to be fully open during diastole. The blood
flow is driven by the LV wall motion resulting from the cell-activation model. The aortic
valve is fully close during diastole.

Fig. 6.5.

The computed results for Case 1, are visualized in Fig. 6.6 by plotting instantaneous

contours of the out-of-plane vorticity component ωx on the x = 0 plane.

During the E-wave filling phase, the mitral vortex ring (E-MVR) forms and advances

into the LV chamber. The ring is marked by two asymmetric, counter-rotating vortex

cores, denoted as E1 and E2 in Fig. 6.6a, which are the footprints on the x = 0 plane

of the three-dimensional vortex ring shown in Fig. 7.6a (see below). Core E1 is larger

and is seen to advance into the LV chamber slightly faster than E2 causing the E-MVR

to be inclined toward the aortic side.

The asymmetry of the E-MVR becomes more pronounced during the deceleration

phase of the E-wave peak as it propagates toward the apex. As shown in Fig. 6.6b,
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Figure 6.3: The left ventricle volume rate of change dV
dt (solid line) over one cardiac cycle

resulting from the cell-activation model and the calibrated potential p(t) (dash line).
There are two distinct positive E-wave and A-wave peaks separated by the diastasis
during diastole. The negative peak is the systolic peak. The functional form of p(t) is
assumed to be the same for all endocardium cells.

core E1 continues to grow and advance faster than E2. At the end of diastasis, the E1

core occupies the central region of the LV chamber where it interacts with smaller-scale

negative vorticity generated by the subsequently discussed interaction of the E2 core

with the posterior wall (see Fig. 6.6b). At the end of diastole, the E1 core continuously

entrains and interacts with vorticity of opposite sign, but remains the most dominant

coherent flow feature setting up a clockwise rotational patterns directing the blood flow

into the Left Ventricle Outflow Tract (LVOT). The fate of the E2 core is markedly

different than that of the E1 core. At the end of diastasis, the E2 core impinges on

the moving posterior wall and begins to interact with wall generated vorticity. This

interaction leads to the subsequent breakdown of the E2 core into small scale structures

as clearly seen in Fig. 6.6c. Interestingly, the complex twisting motion of the endo-

cardium wall causes the boundary layer to separate and create an isolated vortex core,

denoted with L in Fig. 6.6b, near the apex.

After the A-wave passive filling, the blood flow rolls up again at the edge of mitral
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Figure 6.4: The grid sensitivity analysis in different grids - Grid 1, Grid 2, Grid 3 and
Grid 4 for the simulation Case 1. a) The two-dimensional streamlines denote the flow
pattern at the time t

T = 0.148 in the plane x = 0 (see Fig. 7.3 for definition). The
location of the profile section y = 0 is shown in the thick dash line.

orifice and creates the A-wave mitral vortex ring (A-MVR), which is marked by the

A1 and A2 vortex cores in Fig. 6.6c. Since the peak and the duration of A-wave

are significantly smaller than the E-wave, the A1 and A2 cores remain close to the

mitral orifice until the end of diastole. The flow pattern at the end of the diastole thus

exhibits clockwise rotational direction under the dominance of vortex E1 at the center

of LV chamber.

The three-dimensional structure of the intraventricular flow is depicted in Fig. 7.6,

which shows an instantaneous iso-surface of vorticity magnitude (|~ω|) at the same time

instants as those shown in Fig. 6.6.

During the diastolic phase the intraventricular flow is dominated by the filling of

blood flow from the left atrium into the left ventricular chamber. At initial phase of

the E-wave filling, we observe the existence of a large well-defined vortex ring formed at

the edge of the mitral orifice as seen in Fig. 7.6a. Since the mitral orifice has a circular
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(a) v component (b) w component

Figure 6.5: The grid sensitivity analysis in different grids - Grid 1 (61 × 61 × 61),
Grid 2 (101 × 101 × 101), Grid 3 (201 × 201 × 201) and Grid 4 (241 × 241 × 241) for
the simulation Case 1. a) The two-dimensional streamlines denote the flow pattern at
the time t

T = 0.148 in the plane x = 0 (see Fig. 7.3 for definition). The location of
the profile section y = 0 is shown in the thick dash line. b) The v-component c) the
w-component of the velocity vector u(u, v, w).

shape, the mitral vortex ring has the initial donut-shape vorticity distribution around

the main’s ring circumference. After the E-wave, this vortex ring is fully formed and

propagates toward the LV apex.

As seen in Fig. 7.6a, the E-MVR has a variable core diameter and begins to interact

with the basal geometry shortly after it forms. This interaction causes vorticity to be

extracted from the wall and induces the formation of secondary vortex tubes, denoted

as trailing vortex tubes, that grow from the wall and wrap around the primary ring

clearly on during diastole as shown in Fig. 7.6a.

The E-MVR is inclined at an angle to the mitral annulus as its two sides propagate at

different speeds into the LV chamber. The ring starts to propagate toward the posterior

wall. As shown in Figs. 7.6b, the second phase of the E-MVR evolution is characterized

by the stretching and elongation of the secondary vortex tubes, which, while remaining

attached to the wall, are seen to wrap around the core of the E-MVR giving rise to the

growth of twisting instabilities along the ring core. As the E-MVR advances toward the

apex, both the twisting of the secondary vortex tubes around the E-MVR core as well
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(a) E wave (b) A wave (c) End of diastole

Figure 6.6: The evolution of the mitral vortex ring during diastolic filling visualized
on the x = 0 plane (see Fig. 7.3 for definition) using the non-dimensional out-of-plane

vorticity contours |ωx|DU0
. a) The formation of the mitral vortex ring during E wave filling

creates two vortex cores E1 (clockwise) and E2 (counter-clockwise). b) The growth of
vortex core E1 and its interaction with the septum wall. The wall-induced vortex core
L separates from the heart wall. c) At the end of diastole, the growth of E1 dominates
the flow pattern inside the LV creating the overall flow rotates in clockwise direction.
The A-wave filling creates the formation of additional vortex cores A1 (clockwise) and
A2 (counter-clockwise).

as the twisting of the E-MVR core itself intensify as seen in Fig. 7.6c. The coherence

of the E-MVR is rapidly lost due to three-dimensional instabilities and its interaction

with the wall as seen in Fig. 7.6b. At the end of diastole and as seen in Fig. 7.6c, the

E-MVR impinges on the LV wall and begins to break down into small-scale structures

while the trailing secondary vortex tubes remain coherent. The same figure also shows

the formation of the A-wave vortex ring just downstream of the mitral orifice.

The simulated formation of the E-MVR shown in Fig. 6.6a agrees well with in vivo

measurements [21, 24, 217, 15] and other computational works [58, 59, 57, 46, 63, 62, 54,

60]. The results shown in Fig. 6.6b also confirm the interaction of the E1 core with the

septal wall and its redirection toward the posterior wall similar to other computational

works [58, 57] during diastasis. The three-dimensional deformation of the E-MVR,
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(a) E wave (b) End of diastasis (c) End of diastole

Figure 6.7: The three-dimensional evolution of the mitral vortex ring during diastolic
filling is visualized by the non-dimensional iso-surface of vorticity magnitude |~ω|DU0

= 6.
a) The formation of the mitral vortex ring during E wave filling (E-MVR). b) The
E-MVR is inclined toward the apex. Twisting instabilities develop around its circum-
ference. c) The breakup the E-MVR and the formation of the A-MVR.

which is bent toward the apex as seen in Fig. 7.6b, follows closely the what has been

observed in heathy subjects [58, 57, 46, 228].

Our result in Fig. 6.6 and Fig. 7.6 show that the breakdown of the E-MVR creates

a complex, seemingly chaotic flow structure in the center of the LV chamber dominated

by the interaction of the E1 vortex core with small scale vorticity. Such phenomena have

not been documented so far in the literature and underscore the need for highly-resolved

numerical simulations.

The topology of the E-MVR we observe in our simulations with the secondary vortex

tubes wrapping around its core has also been observed in previous numerical simulations

using idealized LV models [56]. In such models, the secondary vortex tubes extend

upstream of the mitral orifice and are orthogonal to the main LV axis. Our results are

consistent with the previous idealized study [56] and clearly show that the existence of

the secondary vortex tubes is the direct consequence of the interaction between the E-

MVR and the LV wall. These secondary tubes do not play a direct role in the E-MVR’s

break up during late diastole, which occurs when the E-MVR impinges on the LV wall.

Such structures, however, intensify the topological complexity of the E-MVR as tend to
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attenuate the twisting instabilities that grow around its circumference.

The three-dimensional topology of the E-MVR as emerging from our simulations

shares several common characteristics with that of a vortex ring emerging as the flow is

driven impulsively through a cylindrical nozzle with an inclined orifice into a stagnant

ambient fluid [183]. In Chapter 3, we have recently shown [183] that for such asymmetric

nozzle orifice, the vortex ring formation deviates considerably from that of a perfectly

circular ring. The perfect circular ring, which possesses a doughnut-shape vorticity core,

is stable along its propagation path. In asymmetric rings as in Chapter 3, however, the

flow is characterized by the growth of secondary vortex tubes due to wall-vortex and

vortex-vortex interaction. The wrapping of these tubes around the core of the primary

ring induces the growth of complex, twisting instability modes [183] around the main

vortex ring circumference. In the present case the orifice geometry is cylindrical and

symmetric but the surrounding LV chamber is three-dimensional. More specifically,

the flow from the mitral orifice near the aortic side has more space available to grow

and entrain fluid into the E-MVR as opposed to the flow near the opposite side of the

LV. This geometric asymmetry sets up a situation broadly similar to that observed in

inclined nozzles where entrainment is maximized near the short lip of the nozzle. As

shown in [183], the geometry induced asymmetry of the vortex ring from an inclined

nozzle is ultimately responsible for the growth of complex secondary structures and

twisting instability modes.

The deformation of the E-MVR documented in our simulations is also consistent

with other recent computational works [57] and in − vivo measurement [222]. Our

results in Fig. 7.6a-d show that the stretching and impingement of the MVR on the

posterior wall is the reason for setting up the clockwise rotating flow observed in−vivo.
Our simulations have also shown that the MVR exhibits twisting instabilities along its

core before it impinges on the LV wall. Its breakdown into a turbulent-like state, as

shown in Fig 7.6d, also agrees well with findings from idealized models of [56].

The effect of mitral orifice eccentricity

To examine the effects of mitral eccentricity on the LV hemodynamics, we compare in

Fig. 6.8 the calculated flow patterns at diastasis for Cases 1, 2, 3 and 4. The results

reveal a striking effect of the eccentricity on the E-MVR formation and clearly show

that the relative size of the E1 and E2 cores is highly sensitive to the value of e. For
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large positive values of e (Case 1 and 2), the E1 core has room to grow inside the LVOT

cavity and its growth rate and propagation speed are larger than the E2 core. For zero

and negative values of e (Cases 3 and 4), on the other hand, this trend is reversed.

The E2 core grows larger and moves faster than the E1 core and starts to dominate

the hemodynamics in the LV chamber as shown in Fig. 6.8c and d. In these cases, the

E-MVR is titled toward the posterior wall.

Because the mitral eccentricity e controls the asymmetrical growth of the E1 and E2

cores, it also impacts the overall sense of rotation of the intraventricular flow at the end

of diastole. As seen in Fig. 6.9, for Cases 1 and 2, when the positive-vorticity E1 core

dominates the flow, the intraventricular flow rotates in the clockwise direction while for

Cases 3 and 4, when the negative-vorticity E2 core is dominant, the flow rotates in the

opposite (counter-clockwise) direction.

The three-dimensional structures of the MVRs during their formations in four cases

are shown in Fig. 6.10. In Case 1 and 2 as shown in Fig. 6.10a and b, the MVR is

formed and propagates to the center of the LV chamber. The MVR structure remains

coherent before impinging on the heart wall. However, the formation of MVR in Case

3 and 4 is not complete and the vortex tube connects directly with the wall via the

”tornado-like” vortex as shown in Fig. 6.10c and d. In these two cases, the MVR twists

and collapses into itself at the end of E-wave. Such self-induced collapse continues to

evolve throughout the diastasis leading to the full breakup of the MVR. Therefore, the

breakup of the MVR in Case 3 and 4 is due to the self-induced evolution with minimum

interaction with the heart wall.

Clinical observations [20, 21] as well as studies in idealized models of the left ventricle

[228, 227] have suggested that deviation from this standard clockwise rotational flow

pattern might be an indicator of left heart dysfunction and disease. Therefore our

results in Fig. 6.9 suggest that the mitral valve prosthesis should be implanted as

close as possible to the posterior wall (high value of e) in order to maintain the normal

clockwise flow pattern [25].
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6.4 Conclusions

In this chapter, the formation of the MVR in patient-specific anatomy is studied using

direct numerical simulation. The lumped-model of the LV wall motion in Chapter 5

is prescribed as input to carry out high-resolution numerical simulations to elucidate

the formation and breakdown of the mitral orifice vortex ring at physiologic conditions.

The dependence of the intraventricular flow patterns on the mitral orifice eccentricity

is also examined as a demonstration of the current framework for clinical uses.

The simulation results reveal a complex, three-dimensional vortical structure con-

sisting of the main ring and pairs of secondary vortex tubes wrapping around the main

ring’s core. The trailing vortex tubes originate from the heart wall and stretch and twist

around the MVR’s circumference, inducing twisting instabilities to grow and propagate

along the ring’s circumference. The impingement of the MVR of the LV wall and its

subsequent breakup leads to a turbulent-like state at the end of diastole.

The evolution of the mitral vortex ring in this chapter is broadly similar to the

evolution of the asymmetric ring in Chapter 3. Due to the geometrical asymmetry, the

circulation varies along the ring’s circumference, which ultimately induces instability

growth and streamwise vortex tubes deformation. As shown above, the deformations of

the vortex tubes are under direct consequence of the geometrical perturbation (mitral

orifice).

The eccentricity of the mitral orifice is found to be the determining factor for the

dynamics of vortex formation and rotational flow patterns at the end of diastole. The

intraventricular flow is highly sensitive with the mitral orifice eccentricity. With a small

change of the eccentricity from positive values (Case 1 and 2) to negative value (Case

3 and 4), the evolution of the MVR exhibits a completely different pattern (case 3) or

even in the reversal direction (Case 4).

One important finding of this work is that we are able to replicate the pathologic

flow pattern (counter-clockwise rotating) [21] at the end of diastole by changing the

eccentricity of the mitral orifice. We show that the difference between healthy pattern

(clockwise) and pathologic (counter-clockwise) pattern is affected by the breakup of the

mitral vortex ring. In healthy cases, the mitral vortex ring propagates stably along

the LV axis during the E-wave before impinging on the LV wall. In contrast, the
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mitral vortex ring is broken down quickly near the mitral orifice in pathologic cases

before interacting with the heart wall. Therefore, we hypothesize that the self-induced

breakdown the the MVR can be quantified as an indicator for cardiac health.

In this chapter we focused only on the diastolic phase of the cardiac cycle and the

effects of the aortic valve will be discussed in the next chapter. Moreover the dynamics

of the mitral valve is not simulated and thus its effect on the overall LV flow patterns

is not considered. However, in − vivo data [211, 58, 24] suggest that such effect is

rather limited close to the mitral orifice and does not extend far from the mitral valve

tips. Therefore, the conclusions of our work can be useful for understanding the MVR

topology in− vivo and facilitating the interpretation of MRI imaging data.
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(a) Case 1 - e
D

= +0.13 (b) Case 2 - e
D

= +0.18

(c) Case 3 -e = 0. (d) Case 4 - e
D

= −0.15

Figure 6.8: Calculated instantaneous out-of-the-plane vorticity (ωx) contours on the
x = 0 plane for different mitral orifice eccentricity at the middle of diastasis. Vortex
core E1 dominates the flow pattern in Cases 1 and 2, vortex core E2 dominates the
intraventricular flow in Cases 3 and 4.
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(a) Case 1 - e
D

= +0.13 (b) Case 2 - e
D

= +0.18

(c) Case 3 -e = 0 (d) Case 4 - e
D

= −0.15

Figure 6.9: Calculated instantaneous streamlines on the x = 0 plane for different mitral
orifice eccentricity at the end of systole. The core LV flow rotates in the clockwise
direction for Cases 1 and 2 and in the counter-clockwise direction for Cases 3 and 4.
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(a) Case 1 - e
D

= +0.13 (b) Case 2 - e
D

= +0.18

(c) Case 3 -e = 0 (d) Case 4 - e
D

= −0.15

Figure 6.10: The three-dimensional evolution of the mitral vortex ring during diastolic
filling is visualized by the non-dimensional iso-surface of vorticity magnitude |~ω|DU0

= 6.
The mitral vortex ring is fully formed in Case 1 and 2 before impinging on the heart
wall. The vortex tubes immediately intertwine and collapse after E-wave in Case 3 and
4.



Chapter 7

Fluid-Structure Interaction of an

aortic mechanical heart valve

prosthesis in the left heart

7.1 Introduction

A large number of patients needs heart valve replacement every year worldwide due to

the failure of their native heart valves [14]. Implantation of heart valve prosthesis at

the left ventricle outflow tract (LVOT) is one of the most common procedures when the

native aortic tricuspid valve malfunctions (see Fig. 7.1). Due to its long durability, the

bi-leaflet mechanical heart valve (BMHV) is used in many cases [14]. The BMHV mainly

consists of two rigid leaflets pivoting around the hinge under the pulsatile pressure of the

left ventricle (see Fig. 7.2). It is now well understood that the simple design of BMHV

induces non-physiologic flow patterns to form at the aortic root due to the opening and

closing of the two leaflets. The flow even transitions to turbulence during systole in the

sinus region [40]. This flow environment has been suggested to be linked with patient

complications after the prosthetic valve implantation such as blood cloth formation or

hemolysis [230]. Therefore, understanding the hemodynamic environment induced by

the prosthetic valve is critical to improve the valve design and implantation procedure

[75, 231].

140
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Figure 7.1: An implanted bi-leaflet mechanical heart valve at the aortic position. The
image is downloaded from www.mayoclinic.org
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Figure 7.2: A typical design of a bi-leaflet mechanical heart valve with two leaflets
pivoting around the hinge. The image is downloaded from www.onxlti.com

Highly-resolved numerical simulations of the BMHV flow is a challenging task (see

[232] for review). The anatomical geometry and the low inertial of the leaflets are the

two obstacles to obtain convergence for the FSI simulations of the BMHV leaflets and

the blood flow[72]. Recent development of non-invasive measurement techniques have

enabled the simulation of the patient-specific left heart in the last decade [83, 58, 57, 46].

With only exception the work by Peskin and co-workers [194, 195], who simulated native

heart valves working inside the left ventricle, computational models have focused on the

left ventricular hemodynamics and neglected the presence of heart valves.

To the best of our knowledge, simulations of heart valve prosthesis ([see 232, for a

recent review]) have been thus far carried out in idealized straight aorta models [81, 233,

40, 72, 73, 74] or anatomic aorta models driven by an imposed flow wave form [231]. In

these studies [14, 40, 75, 225], the left ventricle of the heart was not considered. Instead,

the anatomic geometry included only the sinus, ascending and descending aorta. The

geometry upstream of the LVOT is replaced by the straight circular pipe attached with

the anatomic aorta. The flow distribution at the LVOT is normally assumed to be

known such as uniform or parabolic profile [75]. The leaflets open and close due to the

pulsatile inflow waveform prescribed at the inlet of the pipe and not the actual motion
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of the LV. To our knowledge, high resolution FSI simulation of an implanted heart valve

prosthesis in a patient-specific beating left heart under physiologic conditions has yet

to be reported in the literature.

Although the studies in a stand-alone aorta provided significant amount of details

for flow physics the question of valve performance under physiologic conditions and in

an anatomic left heart system has yet to be tackled. Recent evidences suggest that

the flow profile at the LVOT is highly affected by the left ventricle chamber’s presence

[64, 20, 21] during systole. Therefore the effect of the beating left ventricle must be

taken into account when the prosthetic valve hemodynamics is studied.

In this chapter, the computational model developed in this thesis is applied to carry

out the high-resolution simulations of patient-specific LV hemodynamics with a BMHV

(see Fig. 7.2) implanted in the aortic position. The lumped-parameter cell-based model

of the LV wall motion developed in Chapter 5 is used to prescribe the motion of the

anatomic LV system. The so prescribed LV wall motion drives the hemodynamics in

the LV/aorta domain and the ensuing motion of the implanted BMHV leaflets, which

is calculated via a coupled FSI approach. The rich hemodynamic environment inside a

patient-specific left ventricle as well as the aortic root induced by the motion of BMHV

leaflets is revealed for the first time.

7.2 Computational setup

The numerical methods to simulate the blood flow in the left heart problem are presented

in Chapter 2 and thus only brief description of the methods is discussed here. The

computational domain consist of two structured blocks: i) left ventricular block ii) aorta

block. The aorta blocks connects with the left ventricular block via the left ventricle

outflow tract (LV OT ) with its diameter D as shown in Figure 7.3. As the computational

techniques requirements, the aorta block is extruded along its longitudinal axis 0.55D

towards the left ventricle block. The representative cross-section of the aorta mesh is

shown in Fig. 7.3 in the inset. The total number of grid points in the left ventricle is of

size 161× 281× 161 and the aorta is of size 161× 161× 401.

As discussed in Chapter 2, the heart connects with the circulatory system via the

left atrium and the aorta, thus the left heart functions dependently on the working
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conditions of other organs in the system. To find an appropriate boundary conditions

for the current problem, it is required to find the blood flow flux at the left atrium and

the descending aorta. In the current study, the blood flow flux from the left atrium

to the LV chamber is prescribed at the mitral orifice (see figure 7.3). The flux at the

descending aorta results from the difference between mitral flux and the volume rate of

change of the LV chamber.

The time-dependent LV wall motion as described in Chapter 5 is prescribed as input

to the simulation from the cell-activation model and is used to drive the LV blood flow

through the no-slip and no-flux boundary conditions that are imposed for the velocity

field at the LV wall portion ΓLV . In other parts of the domain (Γaorta), no-slip and

no-flux conditions are prescribed at all solid boundaries.

The heart beat cycle T is chosen to correspond to a heart rate of 52 bpm, T = 1.15s.

The simulation time step is ∆t = 0.1074 ms, which corresponds to discretizing the

cardiac cycle with N = 10710 time steps.

The valve is chosen as St. Jude Regent 23mmm implanted in the cusp-noncusp plane

of the aortic root. The symmetric plane (x = 0) of the BMHV nearly goes through the

apex of the LV chamber (see Figure 7.3). The leaflet density of ρs = 1750kg/m3

(Polycarbonate) and fluid density of ρf = 1000kg/m3 in this case resulting I0 of 0.001(

see equation 2.10 for the definition of I0).
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Figure 7.3: a)The computational grid consists of two distinct blocks: the left ventricle
block and the aorta block. The left ventricular block is a structured grid of size 161×
281 × 161. For clarity, the 3D background grid is shown only on the symmetry plane
(x = 0) of the BMHV for every four grid line. The aorta block is a body fitted mesh
of size 161× 161× 401. For clarity, every one out of four grid points is shown. At the
mitral position, uniform pulsatile flow Qm(t) is specified as boundary condition and the
mitral valve is assumed to be fully open during diastole.
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7.3 Results and discussions

LV hemodynamics

During the diastolic phase the intraventricular flow is dominated by the rapid filling

of blood flow from the left atrium into the left ventricular chamber. The calculated

vortex dynamics during the filling phase is visualized in Fig. 7.4 by plotting out-of-

plane instantaneous vorticity contours on the vertical plane of symmetry of the BMHV

leaflets (x = 0 plane).

The initial flow structure is organized and laminar with the high velocity front

propagating impulsively downstream of the mitral orifice to create a mitral vortex ring

as seen in Fig. 7.4a. The asymmetric LV geometry induces the ring to evolve into an

inclined and asymmetric vortex ring. As clearly seen in Fig. 7.4a, a large vortex core

is formed near the LVOT cavity while the core near the posterior wall is significantly

smaller.

It should be noted that during the diastolic phase, the BMHV leaflets, while free

to move and interact through the FSI algorithm with the blood flow, remain closed

and stationary as seen in Fig. 7.4. There is, however, a small amount of leakage flow

near the edges of the leaflet as shown in Fig. 7.4a. The leakage flow forms because

when a BMHV is implanted the leaflets in the fully-closed position are not in complete

contact with the housing wall but instead a small gap exists between the edge of the

leaflet the aorta wall [230]. A small but intense jet ( periphery jet [230]) forms through

this gap region that dissipates quickly into the central region of the aortic valve. Our

results show that even though very small, this leakage flow interferes significantly with

the formation of the mitral vortex ring during diastole and causes the ring to break up

close to the mitral orifice as shown in Fig. 7.4a and b.

At the end of E-wave, the core of the mitral vortex ring has broken up into small

scale structures occupying the central region of the LV chamber (see Fig. 7.4b). Such

structures continue to propagate toward the posterior wall and the LV apex during

diastasis as seen in Fig. 7.4c. After the A-wave passive filling, the blood flow rolls up

again at the edge of the mitral orifice to create additional vortex cores. Since the peak

and the duration of A-wave are significantly smaller than the E-wave, these cores stay

close to the mitral orifice and do not propagate far into the LV chamber as shown in
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Fig. 7.4d. At the end of diastole, small scale structures fill up the entire LV chamber.

The large scale direction of the flow follows a clockwise rotational pattern, which directs

the blood flow into the Left Ventricle Outflow Tract (LVOT) as shown in Fig. 7.4d.

The systolic phase starts with the contraction of the left ventricle and the small scale

flow structures are ejected from the LV chamber into the aorta. During the opening

of the BMHV, the flow accelerates rapidly from the apex towards the septum wall and

across the valve as shown in Fig. 7.5a. Shear layers start to develop inside the LVOT

at the two side orifices, forming between the housing wall and the leaflets, as well as the

central orifice between the two leaflets as shown in Fig. 7.5b. It is important to note

that these shear layers and the associated roll-up of the flow downstream of the leaflets

are broadly similar to those observed in previous simulations and experiments with a

BMHV in a straight axi-symmetric aorta [40]. Our results do show, however, that in

the anatomic case the shear-layer formation is impacted by interactions with small-scale

flow structures that are advected by the accelerating systolic flow from the LV chamber

past the valve leaflets. Moreover, the flow is seen to separate from the housing area

near the upper leaflet causing a clearly defined shear layer of positive vorticity at peak

systole (see Fig. 7.5b).

As the LV continues to contract, the vortical structures shed from the valve leaflets

advance toward the aortic root and break up rapidly into a turbulent-like state past

peak systole as seen in 7.5c. At the end of systole, the LV slightly expands (see Fig.

6.3) and the aortic flow exhibits reverse flow. The retrograde flow from the aorta drives

the leaflets swiftly to the fully close position as shown in Fig. 7.5d. As seen in the

figure, the closing of the valve is asymmetric with the lower leaflet closing faster than

the upper one. In fact, the acceleration of the lower leaflet is sufficiently large to induce

a high speed leakage jet in the region between the leaflet edge and the aortic wall as

shown in Fig. 7.5d. This high speed jet penetrates back into the LV chamber as the

BMHV approaches fully close state as seen in Fig. 7.5d.



148

(a) E wave (b) Diastasis

(c) A wave (d) End diastole

Figure 7.4: The formation and breakup of mitral vortex rings during diastole: a) the
formation of mitral vortex ring after the E-wave; b) The breakup of the mitral vortex
ring in to small scales; c) the evolution of the intraventricular flow during diastasis; d)
The flow at the end of diastole. The flow is visualized using the out-of-plane vorticity
ωx on the symmetry plane of the BMHV (x = 0). The red dot in the inset shows the
time instance in the cardiac cycle. The upper and lower leaflet are denoted as leaflet 1
and 2, respectively.
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(a) Early systole (b) Peak systole

(c) Late systole (d) End systole

Figure 7.5: The ejection of blood flow from the left ventricle into the aorta visualized
by the out-of-plane vorticity ωx on the symmetry plane of the BMHV (x = 0): a) The
existence of coherent structures inside the left ventricular chamber at the beginning of
systole; b) The BMHV opens at the peak systole and induces the unstable shear layer to
form on the leaflet surfaces; c) The formation of three dimensional worm-like structures
inside the aortic root; d)As the BMHV closes, the leaflet 2 (lower) accelerates faster
than the leaflet 1 (upper). The closure of the BMHV induces leakage flow back into the
LV chamber. The red dot in the inset shows the time instance in the cardiac cycle.
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The formation of the mitral vortex ring during E-wave filling has been confirmed in

previous studies both in − vivo [217, 24] and computational studies [229, 58, 57, 46].

Our findings on the formation of the vortex ring at the mitral orifice during E-wave

agree well with in−vivo measurement [217, 234, 20, 24] and other computational works

[60, 58, 63, 62, 59, 57, 46]. Our result in Fig. 7.4a and Fig. 7.6a further show that

the vortex ring is highly asymmetrical with the vortex core at the anterior side (aortic

side) is larger than the posterior side. This feature agrees with recent three-dimensional

measurements from MRI data [24] where the mitral vortex is shown to be an inclined

vortex ring in healthy subjects.

The evolution of the mitral vortex ring in Figs. 7.4a-d is the result of both self-

deformation of the mitral vortex ring and its interaction with the left ventricular wall.

Moreover, our results in Fig. 7.4b and Fig. 7.6b suggest that the break up of the mitral

valve vortex ring is an important phenomenon since the so resulting small-scale flow

patterns dominate the flow field inside the LV chamber through out the subsequent

systolic phase. Finally, the large scale rotational direction of LV flow at the end of

diastole in Fig. 7.4d is consistent with in− vivo measurements in healthy subjects [25,

24], in which the asymmetrical evolution of the mitral vortex ring set up the clockwise

rotational pattern at the end of diastole.
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(a) E wave (b) End diastole

(c) Late systole (d) End systole

Figure 7.6: The convection of coherent structures inside the left ventricular chamber
into the aorta visualized by Q-criteria during systole. The left panel shows the whole
left heart system, the right panel shows the close-up view from the apex. The red dot
in the inset shows the time instance in the cardiac cycle.
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The three-dimensional structure of the intraventricular flow is visualized in Fig. 7.6

by plotting instantaneous iso-surface of Q-criteria [181] at four instances during the

cardiac cycle. The formation of the asymmetric, donut-shaped, mitral vortex ring at

the end of the E-wave filling is clearly evident in Fig. 7.6a. The mitral vortex ring is

initially inclined at an angle to the mitral annulus as its two sides propagate at different

speeds into the LV chamber. The coherence of mitral vortex ring is rapidly lost as it

breaks down into small scale structures due to three-dimensional instabilities and its

interaction with the LV wall as seen in Fig. 7.6b.

The three-dimensional structure of the flow during systole is visualized in Figs. 7.6c

and d. The existence of worm-like, coherent structures inside the LV chamber at the

beginning of systole is shown in Fig. 7.6c. These structures are circulated within the LV

by the clockwise rotational flow during early systole and subsequently ejected rapidly

toward the LVOT. As the LV contraction progresses, these structures are elongated and

stretched as they are transported through the LVOT past the two leaflets. At peak

systole, the flow downstream of the leaflets exhibits is explosive, small-scale dynamics

dynamics as the large-scale coherent structures break down into a turbulent-like state

filling the entire aortic root region (see Fig. 7.6c). After the BMHV closes fully, the

coherent structures inside the aorta dissipate quickly and the flow returns to rest at the

end of cardiac cycle as shown in Fig. 7.6d.

Our results in Fig. 7.6, for the first time, reveal the existence of the complex co-

herent structures at the LV OT during systole. Simulations with idealized left heart

[64] suggests that the complex geometry of the LV chamber and the curvature of the

aorta induce the flow to form a large scale three dimensional swirling flow [64]. These

large scale three-dimensional feature is further confirmed in in− vivo measurements in

healthy volunteer [24]. However, the formation of the small scale structures, which are

created during diastole as seen in Fig. 7.4b and Fig. 7.6b and convected out to the

LV OT during systole, has never been uncovered both experimentally and numerically

before. The existence of these small scale structures are important because they interact

with the upper leaflet as seen in Fig. 7.5b and affect the leaflet dynamics. Since the

leaflet dynamics control the three dimensional vortex shedding from the leaflet surface

and the housing as seen in Fig. 7.5b, controlling the small scale structures is important

for prosthetic heart valve design.
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The leaflet kinematics

The calculated kinematics of the BMHV leaflets are shown in Fig. 7.7 in terms of the

temporal variation of the angle of each leaflet φ. As seen in this figure, both the upper

(leaflet 1) and lower (leaflet 2) leaflets accelerate rapidly and almost simultaneously

during the opening phase, which is symmetric (in the sense that both leaflets open at

the same time) and lasts about 50-70 ms. Asymmetries in the motion of the two leaflets

are observed, however, as the leaflets reach the fully open position. In particular, and

as shown in the zoomed-in view of Fig. 7.7, leaflet 2 is clearly seen to decelerate faster

than leaflet 1. The zoomed-in view in Fig. 7.7 also shows that both leaflets rebound

slightly after they reach the fully opening position.

The BMHV remains fully open for about 400 ms and only starts to close when

significant reverse flow develops in the aorta. The closing phase occurs in about 80

ms. Unlike the opening phase, however, the closing is highly asymmetric with leaflet 2

closing faster than leaflet 1 (see Fig. 7.7). The large asymmetry of the leaflet kinematics

is due to the three-dimensional anatomic geometry but also the interaction of the highly

three-dimensional retrograde flow coming back into the left ventricle and the leaflets as

seen in Fig. 7.5d. Since most of the retrograde flow is directed toward the lower part

of the LV, leaflet 2 tends to close faster than leaflet 1.
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Figure 7.7: The kinematic (angle φ) of upper leaflet (1) and lower leaflet (2) over the
whole cardiac cycle. The difference of two leaflet motion is most significant near the
closing phase of the BMHV. The inset shows the definition of the opening angle φ with
fully open and fully close position.
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After reaching the fully close position, leaflet 2 rebounds significantly for about 40ms

before coming back to fully close position. This complex dynamic response of leaflet 2

is the main culprit for the high speed jet observed in Fig. 7.5d in the gap between the

edge of leaflet 2 and the housing area.

The calculated kinematics of the leaflets in our simulation exhibit similarities but

also significant differences with previous simulations in straight and anatomic aorta

geometries in which the valve motion is driven by a pulsatile wave form [73, 72, 231].

The large asymmetries during the closing phase found in our simulations are in stark

contrast with the symmetric leaflet motion documented in experiments and simulations

for a straight, axi-symmetric aorta geometry [40]. The delay in the opening of leaflet 2

observed in our simulations is similar to that observed in the simulations of [231] who

used an anatomic aorta with a prescribed wave form at the inlet of the aorta. The

leaflet rebound after the leaflets reach the fully open position has also been reported

previously in both idealized aorta [72] and anatomic geometries [231] and is consistent

with in − vitro experimental data of [40]. In summary, our results along with the

previous simulations of [225] clearly show that the anatomical geometry of the aorta

and the implantation orientation of the BMHV can significantly alter the flow dynamics

and the leaflet kinematics.

The intra-ventricular pressure gradient

The intraventricular pressure gradient is an important indicator of cardiac health [5].

In clinical practices, the spatial variability of the pressure gradient is measured by the

pressure drop between two points ∆PAB = PA−PB. To demonstrate the ability of our

model to simulate physiologic pressure gradients, we select three points to calculate the

pressure drops: Point 1 is located near the apex of the LV; Point 2 is in the mid-region of

the LV chamber; and Point 3 is in the LVOT. The locations of these points are depicted

in Fig. 2.1.

The calculated intraventricular pressure drops ∆P13 and ∆P23 are plotted as a func-

tion of time in Fig. 7.9. This figure shows that the formation and break up of the

mitral vortex rings during E- and A-wave filling induces significant pressure fluctuations

inside the LV chamber, leading to intraventricular pressure changes of about ±0.2 kPa

during diastole. As seen in in Fig. 7.9, these fluctuations clearly coincide with the

filling phase of E-wave and A-wave when a mitral vortex ring is formed and propagates
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Figure 7.8: A sample of intraventricular gradients obtained by catheterization in a
healthy subject. The instantaneous deep and sub-aortic left ventricular pressure (LVP)
are illustrated in the top panels, and their instantaneous difference is depicted in the
bottom panel. This figure is taken from [5]

.

toward the apex. The intraventricular pressure change at peak systole reaches +0.3 kPa

but this high value decays in about 200ms toward zero as shown in Fig. 7.9. When

the BMHV closes, a large negative spike is observed in Fig. 7.9 with a corresponding

pressure change of approximately −0.35 kPa. This spike is due to the formation of the

leakage jet induced by the valve closure, which causes retrograde flow from the aorta

back to the LV chamber as previously shown in Fig. 7.5d.

In− vivo [5] measurements uses catheter to measure the pressure drop between two

points inside the left ventricle (similar to locations of point 2 and 3 in our case) as shown

in Fig. 7.8. With both native mitral and aortic valves, the measured pressure drop has

been reported to reach approximately the peak of 5− 6mmHg (≈ +0.6kPa) [5, 17] at

systole. At the end of systole, the closure of the native aortic valve induces a distinct

pressure drop pike with probable maximum magnitude of 20mmHg (≈ 2.6kPa) [5].

During diastole, at the peak of E and A wave filling the pressure drop reaches roughly
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Figure 7.9: The intra-ventricular pressure drop between two points inside the left ven-
tricle over one cardiac cycle. The solid line denotes the pressure drop between point 1
and 3. The dash-dot-dot line denotes the pressure drop between point 2 and 3. The
pressure drop is defined as the difference between instantaneous pressure of Point A and
Point B or ∆PAB = PA − PB. The location of points 1, 2 and 3 are illustrated in Fig.
2.1.

1− 2mmHg (≈ 0.2kPa) [5].

In our simulation, the calculated temporal variation of the intraventricular pressure

gradient shown in Fig. 7.9 is broadly similar to in − vivo pressure measurements of

[5]. Although the pressure drop at peak systole in our case (+0.3 kPa) is lower than

the native valve case (≈ +0.6kPa) the two pressure histories exhibit the same trend

during systole. Moreover, the closure of the prosthetic valve in our simulation also

induces the sharp spike of the pressure drop in Fig. 7.9, which suggest the significant

role of aortic valve in left ventricular flow hemodynamics. The difference between the

two pressure gradients could be attributed to the difference between the two volunteers.
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Since the intraventricular pressure is a highly patient-specific parameter( depending on

the body size, shapes, gender etc.), the quantitative difference is expected between the

two pressure gradients.

7.4 Conclusions

The cell-based model of the LV wall motion developed in Chapter 5 was used to drive

the large-scale FSI between the blood flow and the leaflets of a BMHV implanted in

the aortic position. To our knowledge this is the first time that the motion of a valve

prosthesis is simulated in an anatomic LV/aorta model driven by a contracting ventricle

that responds to a time-dependent transmembrane potential.

Our results show that the implantation of the BMHV at the LVOT significantly

affect the intraventricular flow during diastole. Our simulations captured the formation

and break up of the mitral vortex ring during diastole and showed that the leakage

jet flow emanating from the gaps between the leaflet edges and the aortic wall can

disrupt and destabilize the LV flow during diastolic filling even when the valve is in

the fully closed position. In the same manner, our results show that the effect of the

left ventricle on the hemodynamics of the BMHV is significant during systole. Our

simulation shows that the flow separation exists in the upper housing region (leaflet 1)

as the flow accelerates through the LVOT at peak systole. Furthermore, our simulations

revealed the symmetric opening of the two leaflets and small asymmetric rebound as the

leaflets approach the fully open position. The valve closing phase, however, exhibits

highly asymmetric kinematics induced by the complexity of the anatomic geometry and

the three-dimensionality of the retrograde flow that enters the LV chamber from the

aorta. These results establish the fact that the role of the left ventricle on the BMHV

performance is significant and needs further studies.



Chapter 8

Summary and conclusions

8.0.1 Summary and conclusions

An efficient computational framework has been developed for simulating cardiovascular

flow with implanted heart valve prosthesis. The computational frame work is based on

the fluid solver with hybrid Cartesian/immersed boundary method of [1] and the curvi-

linear/immersed boundary method (CURVIB) of [71]. The Fluid-Structure Interaction

algorithm of [72] is used to simulate the interaction of heart valve prosthesis with the

blood flow. A novel kinematic model of the left ventricle is developed and prescribed as

the boundary conditions to simulate the hemodynamics inside the left heart system.

To validate the numerical method in complex vortical flows, numerical simulations

are carried out to investigate the vortex dynamics of laminar, impulsively driven flows

through inclined nozzles in a piston-cylinder apparatus in Chapter 3. Our simulations

are motivated by the need to provide a complete description of the intricate vortical

structures and governing mechanisms emerging in such flows as documented in the ex-

periments of [4] and [3]. The results show that the flow is dominated by the interaction

of two main vortical structures: the primary inclined vortex ring at the nozzle exit

and the secondary stopping ring that arises due to the entrainment of the flow into the

cylinder when the piston stops moving. These two structures are connected together

with pairs of vortex tubes, which evolve from the continuous vortex sheet initially con-

necting the primary vortex ring with the interior cylinder wall. In the exterior of the

nozzle the key mechanism responsible for the break up of the vortical structure is the

159
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interaction of the stronger inclined primary ring with the weaker stopping ring near the

longest lip of the nozzle. In the interior of the nozzle the dynamics is governed by the

axial stretching of the secondary ring and the ultimate impingement of this ring on the

interior cylinder. Our simulations also clarify the kinematics of the azimuthal flow along

the core of the primary vortex ring documented in the experiments by [130]. We show

that the azimuthal flow is characterized by a pair of two spiral saddle foci at the long

and short lips of the nozzle through which ambient flow enters and exits the primary

vortex core.

A systematical study on the effect of flow pulsatility (PI) on the hemodynamics of

sidewall intracranial aneurysm is carried out in Chapter 4. The simulation provides

a comprehensive flow structure inside an anatomic model of aneurysm. The results

show that the complexity of the flow structure is induced by the pulsatile condition

of the flow. The results further show that the waveform PI is the key parameter that

governs the vortex dynamics across the aneurysm neck and the flow patterns within

the dome. At low PI, the flow in the dome is similar to a driven-cavity flow and is

characterized by a quasi-stationary shear layer that delineates the parent artery flow

from the recirculating flow within the dome (cavity mode). At high PI, on the other

hand, the flow is dominated by vortex ring formation, transport across the neck, and

impingement and breakdown at the distal wall of the aneurysm dome. The spatial and

temporal characteristics of the wall shear stress field on the aneurysm dome is shown to

correlate strongly with the vortex dynamics across the neck. A non-dimensional group,

which is defined as the ratio between the characteristic time scale of transport by the

mean flow across the neck and the time scale of vortex ring formation, is suggested to

be used as an index to predict the transition from the cavity mode to the vortex ring

mode.

The kinematic model of a patient-specific left ventricle is developed in Chapter 5.

The geometry is reconstructed from Magnetic Resonance Imaging (MRI) data of a

healthy volunteer. The kinematic model is of lumped type and employs a cell-based,

FitzHugh-Nagumo framework to simulate the motion of the LV wall in response to

an electrical wavefront propagating along the heart wall. The emerging large-scale LV

wall motion exhibits complex contractile mechanisms that include contraction (twist)

and expansion (untwist). The kinematic model is shown to yield global LV motion
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parameters that are well within the physiologic range throughout the cardiac cycle.

The kinematic model can be used to reconstruct the heart wall kinematics from discrete

MRI images.

High resolution simulations of left ventricle (LV) hemodynamics in a patient-specific

anatomy is carried out in Chapter 6. By prescribing the (LV) kinematics developed in

Chapter 5 and the physiologic mitral valve waveform, numerical simulations are carried

out to investigate the intraventricular flow patterns during the diastolic filling. The

results show that the intraventricular flow is dominated by the formation and breakdown

of a vortex ring originating from the mitral orifice. The eccentricity of the mitral orifice

is found to be the determining factor controlling the dynamics of vortex formation and

rotational flow patterns at the end of diastole.

The formation of a vortex ring is found in both the aneurysmal flow (Chapter 4)

and intraventricular flow (Chapter 5). Our results show that the characteristics of

the vortex ring in complex and moving geometries such as human organ and arteries

are similar to the evolution of asymmetric vortex ring in Chapter 3. The vortex ring

is characterized by the variation of the vortex core along its circumference and the

development of secondary vortex tubes wrapping around the main vortex core. The

topological structure of the vortex ring seems to appear consistently in all asymmetrical

geometries in the current study.

The large-scale kinematic model of the left ventricle (LV) wall in Chapter 5 is used

to drive the fluid-structure interaction (FSI) between the ensuing blood flow and a me-

chanical heart valve prosthesis implanted in the aortic position of an anatomic LV/aorta

configuration. The FSI between the leaflets of the mechanical heart valve and the blood

flow, which is driven by the dynamic LV wall motion and mitral inflow, is simulated

using the curvilinear immersed boundary (CURVIB) method [71, 72] implemented in

conjunction with a domain decomposition approach. The computed results show that

the simulated flow patterns are in good qualitative agreement with in vivo observations.

The simulations also reveal complex kinematics of the valve leaflets, thus, underscor-

ing the need for patient-specific simulations of heart valve prosthesis and other cardiac

devices.
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8.0.2 Future work

Although the current solver is highly efficient to resolve the boundary layer with moving

organ/medical device, several phenomena require extremely high resolution to capture

correctly the dynamics (such as the periphery jet between the leaflet and the housing

part of the BMHV). In such cases, adaptive mesh refinement technique could be em-

ployed in the future work to capture such fine-scale structures. Moreover, the moving

mesh technique can be applied to simulate the mildly deformable arteries (the aorta

arch and adjacent arteries) and add further realism to the model. The kinematics of the

deforming mesh could be the result of fluid-structure interaction [82] between blood flow

and the arterial wall (i.e using constitutive tissue models) or imposed directly from MRI

data. Since obtaining the constitutive tissue models from non-invasive data alone could

potentially challenging, the combination between the two approaches via calibration

might yield optimal results.

The coupling between the solid solver and the fluid solver is the key factor for the

success of the current framework. However, fluid-structure interaction algorithm needs

further improvement to expand the numerical method in simulating deformable bodies.

Since the fixed-point iteration type (Aitken) does not perform efficiently in the case of

low mass (such as bio-prosthetic heart valve) and highly unsteady flow, other methods

(such as Newton methods [235] ) can be applied to further improve the FSI simulation

performance.

Several elements of the left ventricular kinematic model can be improved such as

electrical excitation and kinematic model for a material point on the heart wall. To

improve such aspects, the structure of the left ventricular such as the Purkinje fiber

network as well as the fiber orientation must be obtained from non-invasive modalities.

Ideally, a separate heart wall model [46, 67], which couples hyper-elastic solver with

the electrical excitation models, needs to be developed. To simulate the passive stress

component, a finite-element model for thick wall is most suitable for heart wall tissues

[46]. For the active stress component, ion channels (i.e [Ca+], [K+]) concentration

in the heart) must be solved or known via calibration. Such calibration is done by

matching the resulted heart wall deformation with the non-invasive data such as MRI.

Finally, the current computational framework could be coupled with one-dimensional or

lumped model of the whole circulatory system [52] to provide more realistic boundary
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conditions for the simulations. Simulation of the whole heart (left and right ventricles)

could be possible if all above components are developed and integrated with the current

framework.

The ultimate objective will be to develop a powerful computational framework for

simulating a range of heart valve prosthesis in patient-specific manner. To accomplish

that task, the hyper-elastic constitutive models might be developed to enable the simu-

lation of bio-prosthetic and trans-catheter heart valves. Moreover, an elastic model for

mildly deformable medical devices such as the deployed stents should be developed to

expand the framework’s capabilities in simulating interaction between blood flow and

the elastic devices. The challenging aspect of this problem potentially is the contact

condition between the stents and the deformable arterial wall. The simulation of whole

heart system might be required to achieve the accurate results. The coupling between

the current model and the multi-scale approach, which consider the deformation of

individual blood cells, can further extend the framework in assessing the effect of hemo-

dynamics to the cellular level in region of interest such as the gap flow of BMHV. These

type of simulations might require, however, billions of blood cells to acquire engineering

level of accuracy. Thus an highly efficient and scalable solver is required to achieve this

goal.
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