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Abstract

This thesis deals with three problems arising from branching random walks.

The first problem studies the leftmost path (compared with the leftmost particle)
of branching random walks. Let T denote a rooted b-ary tree and let {S,},er denote a
branching random walk indexed by the vertices of the tree, where the increments are i.i.d.
and possess a logarithmic moment generating function A(-). Let m, denote the mini-
mum of the variables S, over all vertices at the nth generation, denoted by D,,. Under
mild conditions, m,, /n converges almost surely to a constant, which for convenience may
be taken to be 0. With S, = max{S,, : w is on the geodesic connecting the root to v},

define L,, = min,ep, S,. We prove that Ln/nl/?’

converges almost surely to an explicit
constant [g.

The second problem studies the tightness of maxima (the displacement of the right-
most particle) of generalized branching random walks on the real line R that allow time
dependence and local dependence between siblings. At time n, F),(-) is used to denote
the distribution function of the maximum. Under appropriate tail assumptions on the
branching laws and offspring displacement distributions, we prove that F,,(-—Med(F},))
is tight in n. The main part of the argument is to demonstrate the exponential decay
of the right tail 1 — F,,(- — Med(F})).

The third problem studies the maximum of branching random walks in a class of
time inhomogeneous environments. Specifically, binary branching random walks with
Gaussian increments will be considered, where the variances of the increments change
over time macroscopically. We find the asymptotics of the maximum up to an Op(1)
(stochastically bounded) error, and focus on the following phenomena: the profile of the
variance matters, both to the leading (velocity) term and to the logarithmic correction

term, and the latter exhibits a phase transition.
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Chapter 1

Introduction

This thesis studies some properties of branching random walks (BRWs) in dimension
1. In Chapter 1, we introduce the model of branching random walks and other related
models, among which are branching Brownian motion (BBM), independent random
walks and random walks in random environments on trees. These different models are
introduced for the following reasons. The branching Brownian motion is a continuous
time version of branching random walk, so many methods to study these two models can
be borrowed from each other. Independent random walks can serve as a starting point in
understanding branching random walks and as a comparison benchmark. Specifically,
understanding the difference between BRWs and the model of independent random
walks is the key in studying the consistent minimum, see Chapter 2, and the maximum
of BRW in time inhomogeneous environment, see Chapter 4. The connection between
branching random walks and random walks in random environments on trees is less
obvious, and it is part of the background of the topic in Chapter 2.

Also in Chapter 1, we review some known results on the asymptotics and tightness
of the maximal displacement. A short and intuitive discussion is presented. We refer
the rigorous proofs to some existing papers and to Chapters 3 and 4. The methods
discussed in Chapter 1 will be modified and used in the following chapters.

In Chapter 2, we look at the consistent minima of branching random walks. Again
we start from independent random walks and a different result for independent random
walks. Understanding the difference leads us to the desired result on BRWs. Moment

methods and precise large deviation estimates are the main tools in this chapter.
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In Chapter 3, we switch to an analytic argument in order to study the tightness
of the maxima of a generalized class of branching random walks, generalizing some
results from [16]. By deriving a recursion from the tree structure and using a Lyapunov
function, we are able to prove the tightness of the maxima of branching random walks,
even when the environments are inhomogeneous with respect to time and particles have
interactions with their siblings.

In Chapter 4, we consider some simple models of branching random walks with two
different laws for the increments. With the help of the tightness result in Chapter 3,
we give an aymptotic expansion of the maxima, which is similar to but different from
the known result for the homogenous case reviewed in Chapter 1. More interesting
is that the results change when we switch the order of the laws of the increments.
These simple models offer insights into the more general time inhomogeneous branching

random walks.

1.1 Branching Random Walks and Related Models

As the name suggests, a BRW can be viewed as a system of particles performing random
walks while branching. We assume, in Chapters 1 and 2, that b > 2 is a deterministic

integer and that G(-) is a distribution function on R[]

Definition 1. A one dimensional Branching random walk can be described as fol-
lows. At time 0, a particle is located at 0. Suppose that, at time n, a particle v is
at location S,. At time n + 1, v dies and gives birth to b offspring. The b offspring
then move to their new locations {Sy+ Yy 1,. .., Sy + Yy b}, respectively, with increments
independently distributed according to G(-). Let D,, be the collection of all the particles
at time n and D = U, D,, the collection of all the particles at all time. Then, {Sy,}veD

forms a branching random walk indexed by the particles.

Note that the collection of random variables {Y} ; }yep 1<i<p are i.i.d. with a common
distribution G(-). This model and the results described below easily generalize to the
Galton-Watson setup, that is, we allow a random branching in the model (b is a random

variable with some appropriate distribution on Z.) For simplicity, we assume b to be

! The model under this assumption only involves time-homogeneous randomness G(-) from the

random walks. Branching random walks under different settings will be studied in Chapters 3 and 4.
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deterministic in Chapter 1, 2 and 4. The results reviewed in Chapter 1 were known
to hold for random b, and the results in Chapter 2 and 4 are believed to be true for
random b but haven’t been checked by the author.

There is another equivalent description of branching random walks via trees.

Definition 1°. A one dimensional Branching random walk can be constructed in
two steps. First, we construct a weighted tree. In particular, starting from a rooted
b-ary tree T = (V, E), where V is the set of vertices and E is the set of edges, we assign
i.i.d. G-distributed random variables X, to each edge e € E in the tree. Second, for
each vertex v € V, we assign a random variable S, by summing the random variables
on the edges along the geodesic from the root to v. Then {S,}yev forms a branching

random walk.

Remark {X.}.cp in Definition 1’ is the same set as {Y,;},ep,1<i<p in Definition
1 with different labeling. X, is understood as the weight of e, which accrues additively,
and 9, is the accumulated weight of the path from the root to v. If we interpret X,
as the displacement between the two vertices connected by e, then this fits Definition
of branching random walks with S, denoting the displacement of v with respect to the
root. If we interpret X, as the time needed to pass the edge e, then S, is the percolation
time to v from the root.

We introduce some more notation for later use. Let v € D,, denote a particle at
time n. v¥ denotes the ancestor of v at time k for 0 < k < n, and v < u means that u is
a descendent of v. For any u,v € D, u A v denotes the largest common ancestor of two
particles u and v, and uv denotes the edge connecting v and v if v and v are adjacent
(i.e., there is an edge connecting u and v).

For any fixed v € D,,, S, = Z;é X kpk+1 1s a random walk with increments dis-
tributed according to G(-). There are b™ particles at time n and therefore, for each n,
{Sy }vem,, is a collection of b" random walks with the same distribution. However, the
b" random walks are not independent, which makes the questions on branching random
walks less trivial and more interesting. In fact, for any particles v and v, S, and S, both
depend on Syny, the position of their largest common ancestor. Note that we can get
three independent copies of random walks from this description: Syay, Su — Suae and
Sy — Suav- This kind of independence makes it possible for us to carry out a probabilistic

analysis later in the thesis.
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It is natural to introduce a related model called independent random walks, where
the number of random walks grows exponentially with respect to the number of steps.
Specifically, recall that b > 2 is a deterministic integer and that G(-) is a distribution

function on R.

Definition 2. The model of independent random walks of length n is a collection

of b independent random walks of n steps {Sﬁ}zn:l:
SE=XFy Xk . 4 XF k=12, (1.1)
where all the random variables {Xf}izl,m,n; k=1, pn are i.i.d. with distribution G(-).

The number of independent random walks matches the number of particles of a
branching random walk at time n. But the model of independent random walks as-
sumes complete spatial independence. Not surprisingly, the independence makes many
results for independent random walks trivial, while the analysis of branching random
walks will be more involved, as the dependence between particles of branching random
walks puts additional constraints on the behavior of the walks. In order to prove results
on branching random walks, one can sometimes first guess (often hand-waving) analogs
for independent random walks, and then incorporate the difference between branch-
ing random walks and independent random walks. See Figure for a simulation
of branching random walks and independent random walks, and note their obviously
different behaviors.

We conclude this section with two more related models. The first is branching

Brownian motion, a continuous time analog of the branching random walk. E|

Definition 3. Branching Brownian motion is a system of particles performing
Brownian motion while branching. The system starts from one particle at location 0
at time 0. Life lengths for particles are independent exponential(1) random variables.
When a particle dies, it gives birth to b offspring. The offspring then follow b independent

Brownian paths starting from the position of their parent.

Sometimes there is great similarity between properties of branching random walks

and branching brownian motion. Methods can be borrowed from each other. See, for

1 Other continuous models are also studied, for example, for the branching OU process, see Englinder
[27], etc.



(a) Binary Branching Gaussian Random (b) 2'° Independent Gaussian Random
Walk Walks

Figure 1.1: Simulations of Branching Random Walks and Independent random Walks.

example, Bramson [14] and Addario-Berry and Reed [I]. But it is also worthwhile to
point out that some branching random walks do not always behave in a similar way as
the branching Brownian motion, even if random walks converge to Brownian motion
according to Donsker’s invariance principle. This is beyond the scope of this thesis, but
one can find more discussions in Bramson [15].

The other model we introduce is random walks in random environments on trees,

which can be defined as follows.

Definition 4. Given a b-ary tree T = (V, E) and i.i.d. random weights w = {pe}tecE
associated to each edge e € E, a random walk in random environment on T is a

time-homogeneous Markovian chain Y, taking values in V' with transition probabilities

Puv R —
Z#ﬂ:upuw"rl’ Zf v =1,
PY(Spt1 =0[Sp = u) = ma Z'f%:%
0, otherwise,

for each fixed choice of w. Here, for anyv € V, 0 denotes the parent of the node v.

Definition 1’ of branching random walks and Definition [4] of random walks in ran-
dom environments on trees both involve a tree with random weights associated to each

edge. However, the weights in Definition 1’ accrue additively. The weights in Definition
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[ roughly represent the probabilities of a walk following a particular edge, and thus
accrue multiplicatively if we calculate the probability of a walk following a path. Of
course, applying a logarithmic transformation, multiplication can easily be turned into
addition. This heuristic builds a non-rigorous connection between branching random
walks and random walks in random environments on a tree. This connection is part of

the background of Chapter 2. For more rigorous statements and proofs, we refer to Hu
and Shi [47].

1.2 Review of Known Results on Branching Random Walks

In the model of branching random walks, see Definition [l one interesting problem is
about the maximum (/) and minimum (m,,) of the displacement of particles at time

n, i.e., the displacement of the rightmost and leftmost particles at time nﬂ

M,, = max S, (1.2)
’UG]DTL
and
m, = min S,. (1.3)
’UG]Dn

The asymptotic behavior of the maximum M,, depends on the distribution of the
increments, G(-). In this section, instead of quoting all different known results on
M,, we focus on the following special one, through which we illustrate intuition and
methods relevant to this thesis. In what follows, for a random variable X, we write
Med(X) = sup{z : P(X < z) < 3} for the median of X. For simplicity, we deal with

the Gaussian case.

Theorem 1. In Definition |1}, let b = 2 and G(-) be a standard normal distribution.

Then the maximum M, satisfies the following.
(i) The sequence { M, — Med(My,)}, is tight;
(ii) Med(M,) = +/2log2n — ﬁ logn + O(1).

Hereinafter O(1) is a generic bounded number, i.e., there exists an R € R such that
O(1) € [-R,R].

3 The properties of maxima and minima are easily translated to each other by multiplying all the
increments by —1.
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This model is exactly the discrete time analog of branching Brownian motion. The
first result of this kind was shown for branching Brownian motion in Bramson [14].
Later, Addario-Berry and Reed [I] gave a more general condition on branching random
walks for such results to hold. In the rest of this section, we explain the heuristics for the
above theorem by comparing branching random walks with independent random walks,
see Definition We also present an approach using a recursion to prove tightness,

which will be generalized in Chapter 3.

1.2.1 Moment Methods

We postpone the argument for part (i) in Theorem [1| to the next subsection. In this
subsection, we will mainly explain the reason why one can expect part (ii) in Theorem
to be true (assuming part (i)). Let us begin with the following theorem for independent

random walks.

Theorem 1°. For the model of independent random walks in Definition[3, let b =2 and

G(-) be a standard normal distribution. Then the mazimum M) = max;._, Sk satisfies
(i) The sequence {M] — Med(M))}, is tight;
(it) Med(M]) = +/21log2n — 2\/T logn + O(1).

The proof of Theorem 1’ is easy because of the spatial independence of the model.
By Definition 2| {S*}2", is a collection of independent normal random variables with

mean zero and variance n. Thus,

2" 2
P(Mégx):HP(SE§$)2< \/% e 2ndy> .

2
Using the fact that (1 — x%)e_xQ/Q < [ e~ Tdy < %6_902/2 for x > 0, one can bound
P(M], < x) for large z, say = > 100/n, as

eXp(—ClefﬂflOgﬁ+(log2)n) < P(M,’l < x) < eXp(—Cgeiﬁilog ﬁ+(log2)n)’

where ¢; and ¢y are positive constants. If x = y/2log2n — #\/ng logn + y, then

2

_%_log7+(log2) (\/@)y‘f‘f(”vy),
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where, for each fixed y, f(n,y) — —log+/2log2 as n — oo. This indicates that the
sequence {M] — Med(M])},, is tight and

1
Med(M]) = /2log2n — ———
ed(My) BT Slog?

This proof does not generalize to a proof of Theorem [l| due to the dependence

logn + O(1).

between the walks in the BRW model. Therefore, we next describe, in the independent
random walks setup, an alternative proof based on moment methods, which does extend

to branching random walks. Namely, let

271,
ind __
Nmy - Z 1{S§>\/210g2n—ﬁ log n+y} (14)
k=1

be the number of random walks whose displacement are larger than /2 log 2n— ﬁ log n+

y at time n. Then, the first moment of N,i%j is

271
, 1
EN™ = P(S* > \/2log2n — ———1
ny ; ( n 0g 4N 92 210g2 Ogn+y)
1
= 2"P(S! > \/2log2n — ———1 ,
(S 082N~ s ogn +y)

from which we can deduce, using standard asymptotics of the normal distribution, that

there exist constants cg, ¢4 and c¢5 such that
cge” M < ENT’ZL; < cpe” Y, (1.5)

Using the independence of S¥ and S? for k = j, one can compute the second moment,

of Nétlyd as follows

271
ind\2 .
E(N;))" = Ekzl1{S§,S%>«/210g2n—2\/2110?10gn+y}
7.7:
2m 1
— P(SF, 87 > \/2log2n — ————1
271
1
P(Sk > \/2log2n — ———1
+; (S OB Ty SATog 2 ogn +y)

1
= 272" - 1) P(S! > \/2log2n — ————
( >(<n Velogtn— L

= (1-2"")(EN? + EN}". (1.6)

2
logn + y)) + EN}Z;I
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From (|L.5)), a first moment method (Chebyshev’s inequality) implies the upper bound,

ie.,

1
P(]\ITI1 > \/210g2n— m

which can be made as small as we wish by choosing y large enough. From (1.5) and
(1.6), a second moment method implies the lower bound, i.e.,

1
P(M!, > \/2log2n — ———

(M, OB T SaTog 2
(BN (BN

> - p -
= BN T -2 (BN + BN

logn+y) = P(N}:?j >1) < ENT"LT’L; < cse” Y,

logn+y) = P(N,ZZL; > 0)

which can be made as close to 1 as possible by choosing n large and y very negative (thus
ENrTyd is very large). This completes the proof of Theorem 1’ using moment methods.

To adapt the above argument to branching random walks, one needs to understand
the similarity and difference between the two models in Theorem [I] and Theorem 1°. If

we define

brw __
Ny = Z 1{sv>mn—ﬁlogn+y}7 (1.7)
veED,

the first moment ENg’:;” , by a similar estimate as , will go to oo as n — oo, failing
to obtain the right bound.

If we compare the results in Theorem [lfand Theorem 1’, both M,, and M] are linear
in n (with the same speed) in the leading order term, and the difference lies in the
second order correction. The similarity in the order n terms comes from the point of
view of large deviations. The difference comes from the different constraints along the
path. As roughly illustrated in Figure branching random walks typically do not
fluctuate to the right of the straight line leading to the maximum (see figure [L.2|a))
due to the intricate dependence of the particles, but independent random walks get
enough room on both sides to fluctuate at the intermediate times (see figure [1.2(b)).
This fluctuation difference is because, at any intermediate time, there are less random
walks in branching random walks than in independent random walks. For example, at
time n/2, there are 2"/2 walks (particles) in branching random walks, but there are 2"
walks in independent random walks.

We can modify the set in by taking account of the intermediate fluctuation

constraints, and prove Theorem (1] using a ballot theorem. We content ourselves with the
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(a) Branching Random Walk (b)  Independent Random
Walks

Figure 1.2: Typical path leading to the maximal displacement. Vertical direction: time;
horizontal direction: Space.

intuition in the above paragraph; more details can be found in the papers by Bramson
[14] and Addario-Berry and Reed [I]. Part of the rigorous proof will be repeated within
the argument in Chapter 4.

More importantly, we will apply similar ideas and methods, as discussed above, in

Chapter 2 and 4 to prove other facts concerning branching random walks.

1.2.2 Recursion

In this subsection, we discuss one method for proving part (i) of Theorem (1 There
are several different methods available to prove tightness, for example, there is a simple
argument by Dekking and Host [20] which can be used to prove tightness combined
with some probability estimates. The method relevant to this thesis is the one used in
Bramson and Zeitouni [16]. This method involves a recursion on F,(-), the distribution
of M,.

The continuous analog of the recursion is the well-known KPP (Kolmogorov-Petrovsky-
Piscounov) equation. Consider binary branching Brownian motion, see Deﬁnitionwith
b= 2. Let n(f) be the number of particles at time ¢ and let {x1(),...,Zy) )} be the

displacement of those particles, then the maximal displacement at time t is defined as
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MPpm = maxz(:t)l zp(t). The distribution of the maximum, u(t,z) = P(MP™ < x),
satisfies the initial value problem

1
ug(t, ) = gum(t, x) + u(u — 1),

u(0,7) = 1jg o) (2).

This is a special case of the KPP equation. The derivation can be found in Mckean

(1.8)

[64] and Bramson [14], and an analog for branching random walks will be presented
in the next paragraph. KPP equations have been and are still studied extensively in
the field of partial differential equations. A well-known characteristic of the solution
is the traveling wave phenomenon, that is, u(t,m(t) + ) — w(z) as t — oo for some
distribution function w(z) and some centering term m(t) = /2t — % logt 4+ O(1), as
was proved by Bramsom [14].

Let us come back to branching random walks. Recall that M,, is the maximum at
time n and F),(-) is its distribution. Let u and v be the two particles at time 1, then
My = max{yep, ., ucw} (Sw — Su) and My = maxgep, | v<w} (Sw — Sp) have the same
distribution as M,,. Thus

Fopi(z) = P(Mp <) = P(Sy + My <z,5 + M, <z)
= (P(Sy+M" < 2))*> = (GxFy(x))?,

where * means the usual convolution. We can then deduce a recursion on the tail
F,(z)=1-F(x) as

Fo(@)=1—(Gx(1—F)()’=1-(1-G*F,(2))° =Q (G Fu(x)), (1.9)

where Q(z) = 1 — (1 — z)? = 2z — 2®. Note that Fy(z) = 1(_c0)() since My = 0.
The idea to prove the tightness is that Fj, is never too flat for any n large, that is, for
fixed n € (0,1), there exist an € = €(n) > 0, an N and an M such that, if n > N and
Fo(x — M) <n, then F,(z — M) > (1 +€)F, ().

Intuitively, there are two operators in : the convolution and (). The convolution
has an effect of flattening F}, out, but the @ operator makes the curve steep again. To
capture the change of flatness, Bramson and Zeitouni employed a Lyapunov function

L(u)= sup Il(u;z), (1.10)
z:u(z)€(0,d0]
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where

l(u; 2) = log <u(1x)> + log, <1 ber— “(“;_M)L

Here, dp, b and €; are constants chosen to make the argument work, and u : R — [0, 1]
is a decreasing function with lim, , o u(x) = 1 and lim, oo u(x) = 0. With this
choice of the Lyapunov function, they showed that sup,, L(F},) < oo, which implied
that F,, cannot be too flat in the right tail. This, together with some other auxiliary
lemmas, easily showed that F), cannot be too flat in the left tail either. Thus, the family
{M,, — Med(M,)} is tight.

We will extend the argument above in Chapter 3 to handle the tightness of the
maximal displacement of branching random walks in random medium with local depen-

dences.

1.3 Summary of Results in This Thesis

With the intuition gained on the simplified BRW model from Section[I.2] we now explain
the results in the following three chapters and some of the heuristics in proving the
results. The three chapters are based on three papers (two of which, those from chapters
2 and 4, coauthored with Ofer Zeitouni), and can be read independently. A short
summary of the models and results, without detailed assumptions, is presented below.
We refer the details and precise statements to the introductions of the corresponding
chapters.

In Chapter 2, we study the consistent minimum of the BRW model defined in Def-
inition (1| and Definition . The minimum m,,, defined by , is the displacement
of the leftmost particle at time n. From Theorem [I] in Section [I.2] and the symmetry
between m,, and M,, as commented in footnote 3, we know that

. mn
lim — =¢, a.s.,
n—oo N

for some constant ¢. The consistent minimum describes the ‘leftmost’ path up to time

n. To characterize the ‘leftmost’ path, we define

. n
L,, = min max(S» — ck),
veD, k=0

which describes the maximal deviation along the ‘leftmost’ path from my for k < n.
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From the intuition on the path leading to m,, see Figure [[.2] for the path to M,,
for some intermediate level k, the particle on that path deviates (to the right) from the
leftmost particle (roughly at ck) by a relatively large distance (at least order nt/ 2). We
can find other paths, along which the maximal deviation from the leftmost particles
among all intermediate levels is smaller than that along the path leading to m,,. The
notation L, is the minimum of such maximal deviations, and the path achieving L,, is
the ‘leftmost’ path.
Regarding L,, we prove the following, by understanding the profile of the path
achieving L,, and then applying similar moment methods as in Section [I.2.1] to some

appropriate set of walks.

Theorem in Chapter 2. Under appropriate assumptions on G(-), we have

lim =1y, a.s.
n—00 n1/3 0

for some explicit constant ly.

In Chapter 3, we extend the tightness result (see part (i) in Theorem [1)) to a wider
class of branching random walks, where the increments of siblings may depend on each
other and the laws of the branching and increments may vary with respect to time.
Instead of the deterministic constant b and the unique distribution function G(-) in
Definition |1} we have a sequence of distributions {py i }n>0x>1 on Z4 and a sequence
of distributions {Gy, k(z1,...,2k) }n>0k>1 ON R*. A particle at time n independently
gives birth to k£ offspring with probability p, 1, and the increments of the k offspring
are distributed according to a joint distribution Gy, (x1,...,2) and independent of
everything else. For m < n, let M]" denote the maximum at time n of a BRW starting
from location 0 at time m, F'™(-) the distribution of M™ and F™(-) = 1—F™(-). Similar
to (1.9), we have a recursion on F*(-): for m < n,

= 1_mek/ H Fm+1 l’—yz» demJg(yl,...,yk). (111)

The tightness result follows from a modified analysis of the recursion (1.11)) based
on Bramson and Zeitouni [16], where they derived the tightness for the recursion ((1.9)).
The recursion (1.11)) can be reduced to recursive inequalities of simpler forms. The
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argument in Bramson and Zeitouni [16], which analyzed the recursion (|1.9) and its
pointwise nonlinearity, is adapted to study the recursive inequalities and to handle

some global nonlinearity. We prove

Theorem in Chapter 3. Assume that G, are tight, their marginal distributions have
uniform super-exponential decay right tails, py . have uniformly bounded support. Then,

under some additional technical assumptions, the sequence {M,, — Med(My,)}r, is tight.

In Chapter 4, we consider the maximal displacement of BRWs in certain time in-
homogeneous environments. Specifically, in Definition |1} b = 2 (binary branching), and
the increments are still independent but distributed as N(0,0%) before time n/2 and
N(0,032) after time n/2, if we consider the model up to time n. The maxima (also
denoted by M,,), re-centered by their medians, are still tight by the result from Chapter
3. Our goal is to characterize the mean of M, up to an O(1) error. The argument
depends on moment methods and analysis of the best profile leading the maximum. A
large deviation calculation provides a good hint on the difference between the optimal

profiles in the homogeneous and inhomogeneous environments. We obtain the following

Theorem in Chapter 4. The mazimum M, of the BRW in the time inhomogeneous

environment described above satisfies that the sequence { M, — Med(My)}, is tight and

g
Med(M,) = (\/2log 20.g)n — ﬁ\/%ﬁgﬂ logn + O(1)

for some oo and 3, which change with the different ordering of o? and o3 as follows:

. 2 2 /- . . U%+U% 1
(i) when of < 03 (increasing variances), oo = \/ —5= and B = 5;
(it) when o7 > 03 (decreasing variances), oog = 52 and 5 = 3.

The homogeneous case (07 = o3) corresponds to part (ii) in Theorem [Il An inter-

esting phenomenon here is: the profile of the environments matters, both in the leading
(velocity) term and in the logarithmic correction term, and the latter exhibits a phase

transition in the sense that the logarithmic term is discontinuous as 0% — o3.



Chapter 2

Consistently Minimal

Displacement of Branching
Random Walks

2.1 Introduction

Recall as in Chapter 1 that a branching random walk is a process describing a particle
performing random walk while branching. In this chapter, we consider the 1-dimensional
case as follows. At time 0, there is one particle at location 0. At time 1, the particle
splits into b particles (b € Z4 deterministic and b > 2 to avoid trivial cases), each of
which moves independently to a new position according to some distribution function
F(z). Then at time 2, each of the b particles splits again into b particles, which again
move independently according to the distribution function F'(x). The splitting and
moving continue at each integer time and are independent of each other. This procedure
produces a 1-dimensional branching random walk.

To describe the relation between particles, we associate to each particle a vertex
in a b-ary rooted tree T = {V, E'} with root o, where each vertex has b children; V is
the set of vertices in T and F is the set of edges in T. The root o is associated with
the original particle. The b children of a vertex v € V correspond to the b particles

from the splitting of the particle corresponding to v. In particular, the vertices whose

15
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distance from o is n, denoted by D,,, correspond to particles at time n. To describe
the displacement between particles, we assign i.i.d. random variables X, with common
distribution F'(z) to each edge e € E. (Throughout, we let e = uv denote the edge
e connecting two vertices u,v € V.) For each vertex v € V, we use |v| to denote its
distance from o and use v* to denote the ancestor of v in Dy, for any 0 < k < |v|. Then
the positions of particles at time n can be described by {S,|v € D, }, where for v € D,
Sy = I Xy,

The limiting behavior of the maximal displacement M,, = max,ep, S, or the min-
imal displacement m, = min,ep, Sy as n — oo has been extensively studied in the
literature (See in particular Bramson [14],[15], Addario-Berry and Reed [I], and refer-

ences therein.) Throughout this chapter, we assume that
Ee*Xe < 0o for some A < 0 and some A > 0. (2.1)

Then the Fenchel-Legendre transform of the log-moment generating function A(\) =
log Ee*Xe,

A (x) = igﬂ[;()\x —A(N)), (2.2)

is the large deviation rate function (see [2I, Ch. 1,2]) of a random walk with step
distribution F'(x). In addition to (2.1)), we also assume that, for some A_ < 0 and
A+ > 0 in the interior of {\ : A(\) < oo},

AN (Ax) — A(A+) = logb, (2.3)

which implies that A*(A’(A+)) = logb. These assumptions imply that

T M, Y T My
M = nh—>Holo = A (Ay) and m:= nh—>Holo = AN(A2) as.. (2.4)

See [1] for more details on ([2.4)).

The offset of the branching random walk is defined as the minimal deviation of the
path up to time n from the line leading to mn (roughly, the minimal position at time
n). Explicitly, set

L, = 51611101}1 I}ﬁ%{(SDk — mk). (2.5)

(See Figure for a pictorial description of L3.) Without loss of generality, subtracting

the deterministic constant A’(A_) from each increment {X.}, we can and will assume
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that
m=AMN(\_)=0. (2.6)
Under this assumption, (2.3) and (2.5)) simplify to
_A()‘—) = log ba ‘ )
L, = min max S,. 2.
" IR S %)

In the process of studying random walks in random environments on trees, Hu and

Figure 2.1: Figure for L3 when m=0 and b=2

Shi [&7] (2007) discovered that the offset has order n'/3 in the following sense: there
exist constants c1, co > 0 such that

. .. Ln i L,
< hnrglo]gf PV < hﬂsolip PRV < e9. (2.7)

They raised the question as to whether the limit of L, /nl/ 3 exists. In this note, we

answer this affirmatively and prove the following.

3 2,2
Theorem 2. Under assumption and and with lg = \3/ %, it holds that
a.s.

lim g
i /3 0

(2.8)
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In the expression for lg, A— < 0 by the definition and aé is the variance that
will be defined in .

The proof of the theorem is divided into two parts - the lower bound and the
upper bound . In Section 2, we review a result from Mogul’skii [66], which will
be the key estimate in our proof. In Section 3, we apply a first moment argument (with
some modification) in order to study the minimal positions for intermediate levels with
the restriction that the walks do not exceed In'/3 for some [ > 0 at all time. This yields
the lower bound for L,. In section 4, we apply a second moment argument to the lower
bound P(L,, < In'/3) for certain values of I. Compared with standard applications of
the second moment method in related problems, the analysis here requires the control
of second order terms in the large deviation estimates. Truncation of the tree is then
used to get independence and complete the proof of the upper bound.

The offset is determined by a competition between two terms: a displacement term
(whose cost is exponential in the displacement) and an entropy term (reflecting the
difficulty in keeping the walk confined in a narrow tube, and with cost proportional to
the exponent of the time divided by width squared; this is made precise in Theorem
. Roughly speaking, in a time interval of length At and displacement width Al, the

ClAlfcht/(Al)Q

cost is of the form e . One then sees that the optimum is achieved at Al

proportional to (At)Y/3. This gives the scaling on n'/3

to the displacement. In the
actual proof, when optimizing the cost, a certain curve s(t), see ([2.17]), emerges. The
curve s(t) reflects the location of the minimal position of intermediate levels, and plays

an important role also in the second moment computation, see a discussion in Section

251

2.2 An Auxiliary Estimate: the Absorption Problem for
Random Walk

We derive in this section some estimates for random walk with i.i.d. increments {X;};>1
distributed according to a law P with P((—oo,x]) = F(x) satisfying (2.1), (2.3)) and
(2.6). Define

Xo+Xi+---+X k k+1
= ot 1+, + Ak f0r7§t<i,k:0,1,...,n—1,
nl/3 n n

Sn(t)
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where Xy = 0. Note that due to (2.6, £X; > 0. Introduce the auxiliary law

dQ A_X1—-A(A)
e - - . 2.
p=¢ (2.9)

Under @, EgX; = 0. The variance of X; under @ is denoted by
op = EgX7. (2.10)

In the following estimates, fi(t) and f2(t), which may take the value oo, are right-
continuous and piecewise constant functions on [0,1]. Let G := {(¢,g(t)) € R? : 0 <
t <1, f1(t) < g(t) < fa(t)} be a region in R? bounded by the graphs of fi(t) and fa(t).

Assume also that G contains the graph of a continuous function.

Theorem 3. (Mogul’skii [66, Theorem 3]) Under the above assumptions,

7r20'2 p P
Q(Sn(-) € Q) = e~ 7 H2(G)n'/ 2o (m!/?) (2.11)

where .
1
Hy(G) = / —————dt. 2.12
=), mo-hor 212
In the following, we will need to control the dependence of the estimate (2.11)) on

the starting point.

Corollary 1. With notation and assumptions as in Theorem[3, for any € > 0, there is
a 0 > 0 such that, for any interval I C (f1(0), f2(0)) with length |I| <6, we have

2

02
sup Q(@ + Sn (1) € G) < e~ (Tz 2 Ha(@)=en!/ P o(n! /%) (2.13)

Proof Let I = (a,b) and G, := {(t,y) : 0 <t <1, fi(t) —x < y < fa(t) — x} be the
shift of G by x. Set G' = G, U Gy. We have

7T20'2 P P
sup Q(:v 4 Sn(') c G) = sup Q(Sn(‘) c Gac) < Q(Sn(-) c G’) — 2QHQ(G Ynl/340(n/3) .

zel zel

Since Hy(G') = fol (fQ(t)ifl(lltH(bia))th 1+ Hy(G) as |I| = (b — a) — 0 uniformly in the

position of I, the lemma is proved. O
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2.3 Lower Bound

Consider the branching random walk up to level n. In this and the next section, we

estimate the number of particles that stay constantly below In'/3, i.e.,

N} = Z Lis y<in/3 for k=0,1,..n}- (2.14)
veED,

In order to get a lower bound on the offset, we apply a first moment method with a
small modification: while it is natural to just calculate the first moment of N/, such a
computation ignores the constraint on the number of particles at level k imposed by the
tree structure. In particular, EN}, for branching random walks is the same as the one
for b independent random walks. An easy first and second moment argument shows
that the limit in is 0 for b™ independent random walks, and thus no useful upper
bound can be derived in this way.

To address this issue, we use a more delicate first moment argument. Namely, we
look at the vertices not only at level n but also at some intermediate levels. Divide the
interval [0, n] into 1/e equidistant levels, with 1/€ an integer. Define recursively, for any

>0,

so=0,wg =1+ 0;
2202 1 (2.15)

— Q — —
Sk—Skfl—WG, wk—l+5—8kf0rk—17...,

1/3 ;. will be interpreted as values such that the walks

For particles staying below In
between times ken and (k+1)en never go below (s, —&)n'/?, and wyn'/? will correspond
to the width of the window W}, = ((s — 6)n!/3,In'/?) that we allow between level ken
and (k + 1)en when considering those walks that do not go below (s, — §)n'/3 or go

above Inl/3.

Before calculating the first moment, consider the recursion (2.15)) for si. Rewrite it

as

7T20'2Q

T (10— s )2

This is an Euler’s approximation sequence for the solution of the following differential

Sp = Sk_1 (2.16)

equation
2 2

7TO'Q

s(t) = 22 (a—s(t)? 5(0)

=0, (2.17)
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where @« = [ + 0. The above initial value problem has the solution s*(t) = « +

3r202
\3/ — 55—t — 3. Here we find

such that s'(1) = lo.
For any [y < ly, we can choose § > 0 and [1 +9 < ly. In this case, sl1+5(1) >11+0 >
1

5 37r2crg2
—2X_

lo = (2.18)

l1. If we choose such /; and § in (2.15)), it is easy to check that the sequence {si}:i_,

will be greater than [; somewhere in the sequence. Define
K = min{k : s, > 1 }. (2.19)
For fixed v > 0 small enough, we can choose € small such that
Ke<1—n7. (2.20)

For £k < K — 1, let Z} denote the number of vertices v between level ken and
(k + 1)en with S, < (sx — 6)n'/3. Denote by Zx_; the number of vertices w between
level (K — 1)en and n with S, < (sx_1 — 6)n'/3. Denote by Z the number vertices
v € D,, whose associated walks stay in W between level ken and (k + 1)en for k < K
and then stay in Wx_1 up to level n. Explicitly,

Len]

Zo= > Lsycmsniioy

=1 veD;
(k4 1)en)
Z = Z Z 1{Sv<(sk76)n1/3, S, a€W; for jen<d<(j+1)en and j<k}> 0<k<K-1,
i=|ken]+1veD;
n
Zk-1= Z Z 1{:’>’v<(5K_1—(5)711/37 S,a€W; for jen<d<(j+1)en and j<K-1}>

i=|Ken]+1veD;

Z = E 1{Sud€Wj for jen<d<(j+1)en and j<K, S 4€Wk_1 for Ken<d<n}-
’UG]D)n

Observe that

=
L

Nh < Zr+ 7.

B
Il
o
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s =0
0 13
Il n
% 13

7777777777 SN En

Zl z

1/3
777777777777777 —‘szn Ren
13
————————————————————————— Sk-2 K-2)en
%2 13
————————————————————————— Sk-1 K-1)en
e *s nplie

Figure 2.2: The relation between Z;’s and si’s.

Using Theorem [3| we provide upper bounds for the first moment of Z; and Z.
Starting with Zj, we have

Len] len]
EZy = Z blEl{S¢<—§n1/3} = Z bZEQe—)PSrHA()\,)1{Si<_6n1/3}
len] len]
< > eA_énmEQl{SK—&nl/S} <> A-0nt? < A-onl/Po(nl/?)
=1 i=1

where we used the change of measure (2.9)) in the second equality, and (3’) and the fact
that A_ < 0 in the first inequality.

For 0 < k < K — 1, using again the change of measure (2.9)), we get

[(k+1)en]
_ 7
EZ, = Z b E1{5i<(sk—5)n1/3, Sq€W; for jen<d<(j+1)en and j<k}
i=|ken]+1
[(k+1)en]
_ —-A_S;
- Z EQe 1{Si<(sk—5)n1/3, SqeW; for jen<d<(j+1)en and j<k}
i=|ken|+1
[(k+1)en|
—A_(sp—6)nt/3
< e (o=0) Z EQ1{5i<(sk—5)n1/3, SqeW; for jen<d<(j+1)en and j<k}-

i=|ken|+1
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Therefore,
s [ (k+1)eni]
EZ, < e M(won Z Q(Sq € W for jen <d < (j+ 1)en and j < k)
i=|ken]+1

[(k+1)en] K1 7200 1/3 1/3

-5z ent/3+o(n

e—Af(Sk—5)nl/3 E e =0 2w? ( )
i=|ken|+1

2 2
_ _s\1/3_5k—-177Q _1/3 1/3
. A—(sp—0)n 7=0 32 en'/3+o(n )—e/\_5n1/3+0(n1/3)
- )

where with the choice of G = U?;é {lie, (j + 1)e) x W;/n'/3}U{[ke, 1] x (—00, 00)}
is applied in the first equality, and in the second.

The calculation of EZk_1 is almost the same as EZ; except that we replace the
summation limits above by (K — l)en + 1 and n and that we replace the k in the

summand by K — 1. Thus, we get the same upper bound for EZx_1,
EZkg 1 < A= on!Po(nl/?)
We estimate FZ similarly as follows. First, use the change of measure (2.9) to get

I n
EZ = bV"Elis,ew; for jen<d<(j+1)en and j<K, Sq€Wi_1, for Ken<d<n}
= F _Afsnl . . .
= Qe {Sq4eW; for jen<d<(j+1)en and j<K, SqeWgk_1, for Ken<d<n}

< —,\,lml/3E 1
> € QL{S4eW; for jen<d<(j+1)en and j<K, Sq€Wgk _1, for Ken<d<n}-

Then, applying 1) with G = Uf;ol e, (j + 1)e) x W;/n3 U{[Ke, 1| xWg_1/n'/3}
in the first equality, we get

—A_lint/3
EZ < e ! EQI{Sder for jen<d<(j+1)en and j<K, SgeWgk_1, for Ken<d<n}

(4
“A_lin!/B-K szQ en1/3—2w2 Q (1—Ke)nl/340(nl/3)
— e 7 K-—1
_ nl/340(nl/3
S e v 21% ( )7
. . . . . K_1 w02
where the last inequality is obtained by noting that Iy < Sx = —> .2 ﬁ € by
-

(2.19) and (2.15), and then recalling (2.20) and wx_1 < 1.




24
In conclusion, we proved that E(ZkK;O1 Zy+27) < e=ean'P+o(n!®) for some 0 < ¢3 <
7'('20'2
min{—A_4,y—5p%}. Since EkK:_Ol Zy, + Z is an integer valued random variable, we have
1
K—1 K—1 K-1
1/3 1/3
P Zi+2>0)=P(Y. Zu+2>1) < E(Y. Zp+ 2) < emeanP o),
k=0 k=0 k=0
By the Borel-Cantelli lemma, we have ZkK:_Ol Zr+ Z = 0 a.s. for all large n. So is
NU =0, which means that L, > Iin'/3 as. for all large n. Since I < ly is arbitrary,

we conclude that

.o L
hnrr_l)ngZlo a.s.. (2.21)

This completes the proof of the lower bound in Theorem

2.4 Upper Bound

2.4.1 A Second Moment Method Estimate

In this section, we consider any fixed Iy > lg. A second moment argument will provide
a lower bound for the probability that we can find at least one walk which stays in
the interval Wy between level ken and (k + 1)en for all k. A truncation (of the tree)
argument will complete the proof of the upper bound.

As a first step, consider the sequence {si} in with [y > [p. Then for any § > 0,

it is easy to see that s/2+9(¢) is increasing and convex for 0 < t < 1. Thus in the Euler’s

approximation (2.16)) of the initial value problem (2.17)),

s1 < s279(1) < s'2(1) < I, (2.22)

It follows from ([2.15]) that

1
wp >0 forall 0 <k< - —1. (2.23)
€

Define N’ as follows:

UGDn

We will apply second moment method to N'2. EN! is calculated the same way as FZ
11
in the previous section. But this time we consider G = {Uf_, W;/n'/3 x [je, (j+1)e)} U
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{(la = Alg,l2) x {1}} in (2.11) with Als — 0, so

lo n
ENH =0 El{SjGWk, for ken<j<(k-+1)en, k=0,...,2—1}

ye e

—A_Sn
- EQe 1{Sj€Wk, for ken<j<(k+1)en, k:O,,..,%—l}

1 4 #2062
g e(_A7l2_21§=01 2w§€)n1/3+0(n1/3). (2~24)
19 5242 N
From ([2.22) and the definition (2.15)) of sg, —A_ls — Zé:; %e > 0 and thus EN/2 —
k

0.
Therefore, we will be ready to apply the second moment method after the following

calculations:
E(N2)? =

E E : 1{Suj,S1’j€Wk, for ken<j<(k+1)en, k:O,...,%fl}
u,v€ED,,

n—1
- Z E Z 1{Suj7svj eEWy, for ken<j<(k+1)en, k:D,..,%—l}
h=0 U,UEDn
uAvEDy,

+EN-, (2.25)

In the last expression above, u A v is the largest common ancestor of v and v.
Write h = gen +r for 0 < ¢ < % —1and 0 < r < en. There are b>"~"~1(h — 1)
indices in the second sum in the right side of (2.25)). We estimate the probability for

one such pair to stay in Wx’s. In order to simplify the notation, define
p1(0,h,x) = P(S, € dz, S; € Wy, for ken < j < (k+1)enAh, k=0,...,q),

pa(h,x,n,y) = P(S, € dy, S; € Wy, for hVken <j < (k+1)en, k=gq,...,n|S, = x).

Similarly, define ¢1(0,h,z) and g2(h,z,n,y) to be the probability of the same events
under Q.
Then, we can write F(N*2)? as

n—1

2
E(N512)2 = ENTZLQ + szn_h_l(b - 1)/ </ p2(h>$ana y)dy> pl(O,h,.iU)dl'

h=0 Wy n



26
By a change of measure (2.9)), the above quantity is equal to

n—1 2
ENZ 4+ 0" b - 1)/ (/ eA‘(yz”(”h)A(A‘)qz(h,:r,my)dy)

h=0 Wq Whn

e AT HhAQS) o) (0, h, z)dx
n—1

< BNE+Y b—1 (—or_ta+Ar—(sg—8)n!/3

b
. /Wq < / sl y)dy>2 010, b, )da. (2.26)

We now provide an upper bound for the integral term in the right side of (2.26). We

/W (/nq2(h’x’n’y)dy>2m(0,h,x)dx

q

2
< sup / q2(h7$an7y)dy / ql(o,h,.’ﬂ)dl'
.’L'EWq n Wq

By Chapman-Kolmogorov equation, the last quantity in the above display can be rewrit-

have

ten as

2
sup / / qz (h,l‘, (Q+ 1)67’L, Z) q2 ((Q+ 1)6’/1, Z, M, y) dZdy / Q1(0,(]67'L,$)dll’),
n Wq+1 Wq

zeW,

which is equal to
q—1 73711/3_,'_0(“1/3)
k

2
sup / g2 (h,z, (q + 1)en, 2)g2((q + Ven, z,n, Wp)dz | e TSIy
€Wy JWoia

Letting U;I; = Wy41 be any covering of W1, then the above quantity is less than or

equal to

2 2252
= Yizy Sont/P+o(nl/?)
o, Z/ @bz (g + Den, 2)aa((g + Den, z,n, Wo)dz | e 024
zeWy = JI;
2w2Q ent/3o(nl/?)
k

2 e
< <Zsupq2((q+1)6n,z,n,Wn)> ¢

i zel;
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Due to (2.13), for any small ¢; > 0, we can choose a finite covering of {I;} and |[;| <

81n'/3 such that for each i,

1 7202

1
—(Cfs1 ot e—en)n/34o(nl/3)
SU}E) @((g+ Den, z,n,W,) < k=atl qu O .
zel;

After splitting Y27Z5 to Zq 0 Zf," o' in (2.26), we obtain the upper bound for F(N/2)?

as follows,

7122
E(N,?)
Vel on i h (s—8)n1/3— 50— 0@ 1/ gL 700 1/3 4 o(n1/3
S ng + Z 2+ Sqi ))TL —2_k=0 Qwi en — (Zk:zﬁ»l 2“’]% Efel)n +o(n )
Vel (Con tgtr (sy—8)nt/3—320-) "G /5 2! s e1)nt/340(nt/3)
< Y e R0 2} RO 2w . (2.27)
q=0
With the bounds for EN% (2.24) and E(N*2)? (2.27), we have
~ E’Nb 2 1
P(NTlLQ >0) = ( jll) 2 7202 12,2
E(N?)? 21/671 (A= (5q=8)+ 4 2p st e+2——2 e 2e1)nt/3+o0(nl/3)
=0 € k q
1 7202
— 2 >e (A=d— 62Q€—261)TL1/3+0(1’L1/3)
1e—1 (A= 54+ o2 e+2e1)nl/340(nl/3)
Zq:[} € q
_ e o) (2.28)

2 2
where €3 := —A_0 + ﬂ;Qe + 2¢1, and we use ([2.15) in the first equality and w, > § (see

(2.23])) in the last inequality. We can make €5 arbitrarily small by first choosing ¢ small

then choosing € and ¢; small. Therefore, we get

P(L, < I;n'/3) > P(N!2 > ) > ¢—c2n!/Ho(n!/?) (2.29)

2.4.2 A Truncation Argument

In view of the lower bound (2.29)), we truncate the tree at level |e3n!/3| = |2e3n'/3 /logb|
to get plean'’?] > 6262”1/3/ b independent branching random walks. We take care of the

path before and after level |e3n!/3| separately.
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Define L, similarly as Ly, for each branching random walk starting from v € D, 175,

ie., letting z = |egn!/3],

L’U — 3 z+n S . S ‘
" eptin,_ WAX(Se = S0)
Then
eqnl/3
P(L, > Iont/? for every v) = (1—P(L, < lgnl/i”))bt 4nl/3]
C (1 e ol
€ n1/3 o n1/3
< —e€2 +o( )’ (2'30)

when n is large. By the Borel-Cantelli lemma, the above double exponential guarantees

that almost surely for all large n, there exists a v € ]D)l-€3n1/3 [ such that
LY < lyn'/3. (2.31)

This is an upper bound for the deviation of paths after level |e3n!'/3|. We also need
to control the paths before that level, which is a standard large deviation computation.

Indeed, for g integer (later, we take ¢ = |e3n'/3]), set

q
Zg=2_ > Ns.zana)
k=1 'UG]D)k
Recall the definition for M in || Let Q' be defined by Cf% = eMXe=AA) | We have

q q
EZ; = ) VEligsomg =Y VEge H 01 ong
k=1 k=1

IN

q

k=1

Eqlis,>amq)

q
S Z bke—A+Mk+kA()\+)e—)\+Mq _ 6—)\+Mq+o(q)7
k=1
where, in the last equality, we use the definitions of M and A} (see (2.3) and (2.4))). It
follows that
P(Zy;>1) < EZ, < e~ M Matola),

Again by the Borel-Cantelli lemma, Zq = 0 for all large ¢ almost surely.
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Taking ¢ = |esn!/?] and combining with (2.31]), we obtain that

L, < Ln+[€3n1/3J < (l2 + 2M63)7’Ll/3

is true for all large n almost surely. That is,

n

L
limsup —= <ls +2Me3 a.s.
n—00 n1/3

Since €3 > 0 and l9 > [y are arbitrary, we conclude that

L
lim sup 1—73 <lp a.s. (2.32)
n—oo M
Together with (2.21f), this completes the proof of Theorem O

2.5 Concluding Remarks
2.5.1 The Curve s(t) of

We comment in this subsection on the curve s(t) of as a solution to an appropriate
variational principle. By the computation in Section 2, s(t)nl/ 3 denotes the minimal
possible position for vertices at level tn. However, in Section 3, it is not a priori clear
that s(¢) will be our best choice. To see why s(¢) must indeed be the best choice for the
upper bound argument, let us consider a general curve ¢(t) < Iy as the lower bound for

the region. Examining the second moment computation, we need

m?x{—gb(t) + /Ot (ZQ_(CWdu} <0

to make the argument work, where c is some constant. Define w(t) = la —¢(t) > 0. The

above condition is equivalent to

ly > mgx{w(t) —I—/O ﬁdu}

Therefore, the best (smallest) upper bound that we can hope is the result of the following

optimization problem

min max{w(t)—l—/o ﬁdu} (2.33)

w:(0,1)»Ry 1

The solution to this variational problem, denoted by w*(+), satisfies s(t) = lo — w*(t).
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2.5.2 (Generalizations

Since the approach in this chapter only uses first and second moment methods, it seems
to apply, under natural assumptions, to the situation where the b-ary tree is replaced by
a Galton-Watson tree whose offspring distribution possesses high enough exponential
moments. This is a question subject to further study. We do not pursue such an

extension here.
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Chapter 3

Tightness for Maxima of

Generalized Branching Random
Walks

3.1 Introduction

We study the maxima of a class of generalized branching random walks (GBRW),
which are governed by a family of branching rules {p, i }n>0>1 and displacement laws
{Ghk}n>0k>1. For this class, we assume that p, ; are nonnegative real numbers such
that > 72 pnk = 1and Y po; kppk < oo for each n > 0; G, 1, are distribution functions
on RF for each n and k. The GBRW is defined recursively as follows. In order to show
the genealogical relationships between particles, we will use the following hierarchical
field to label them. At time 0, a particle o = 1 is located at 0. Suppose that, at time
n,v=1lay...a, (o; € N) is a particle at location S,. At time n + 1, v dies and gives
birth to K, > 1 (random) offspring. We denote the offspring of v at generation n + 1
by {v1,...,vK,} and their locations by {S, + Xy1,..., Sy + Xy Kk, }, respectively. Let
D be the collection of all the particles at any time and D,, the ones alive at time n.
We consider the case where the random vectors {(Ky, Xy 1,..., Xy K, ) }vep indexed by

particles are independent and have distributions

P (Ky =k|v € Dy; Sy, u € Up_Dy) = pni (3.1)
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and

P(Xp1 <1, Xok, < vk, |v € Dps Ky = k3 Sy, u € Up_Dy)

=Gpr(Ti,...,2) forn=0,1,... and k=1,2,.... (3.2)

We are interested in the maximal displacement of particles at time n, i.e., M,, =
max,ep, Sy. Let F,(-) be the distribution function of M,, and set Fy,(-) = 1 — F,,(-).
Under some assumptions, we want to prove the tightness of the sequence of re-centered
distributions F, (- — Med(F,)), where Med(F,) is the median of F,. See Section[3.2]and
Section for two different sets of assumptions under which tightness can be proved.

From the previous description, our GBRW allows time dependence (through the
n parameter) and some local dependence (through the joint distribution Gy ). We
will review some of the existing literature on tightness and make some comparisons
with this paper. Dekking and Host [20] (1991) gave a short proof for tightness of
F, (- — Med(F),)) when the offspring displacements are all bounded above by a uniform
constant. Using moment arguments, Addario-Berry and Reed [I] (2009) proved that
M, — EM,, is exponentially tight when the offspring displacements are i.i.d. and satisfy
appropriate large deviation assumptions. By modifying the arguments in [I], [14] and
[20], it is possible (but not checked yet) to extend the tightness result to the case when
the offspring displacements are unbounded and have local dependence between siblings
but not time dependence. See [I7] (2010) for using this method to prove the tightness
of maxima of modified branching random walks derived from Gaussian free field.

Using a different approach, Bramson and Zeitouni [16] (2009) provided an analytic
method to prove tightness of the maximal displacement when, among other situations,
the offspring displacement distributions depend on time and satisfy certain tail condi-
tions; they assumed that the offspring displacements are i.i.d. and used a recursion
to derive their results. When the joint distribution is locally dependent, this recursion
(see below) loses some of its nice properties; we will therefore not be able to ap-
ply directly this approach. Rather, it needs to be modified to take advantage of some
recursion bounds, see below.

In order to find a recursion, one needs to look at GBRWs starting from particles
at some intermediate time. For any integer m and v = lag ..., € D,,, the process
{Su—Svlu=1ar...amP1...0k € Dypir, B € Nk =1,2,...} is a GBRW governed by
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branching rules {pp+m i tn>0k>1 and displacement laws {Gp4m i tn>0k>1. For n > m,

the maximal displacement (from S,) at time n — m is denoted by M?. {M?},ep,,

are i.i.d. random variables whose distribution is denoted by F™(-). Again set F/"'(-) =
1 — F(-). Note that Fu() = FO(-), Fu() = F() and F2() = 1gacoy ("),

One obtains a recursion regarding F"(-) by looking at the first generation of GBRWs

starting from particles at time m. For n > m,

mek/ l_IFWrl — 4)d" Gk (Y1, - - Uk)-

Following [16], we consider a recursion for F(-). For n > m, the above equation is

equivalent to

=1- me k/ H Fm+1 — yl)) dem,k(yl, e yk). (33)

Without loss of generality, for any fixed n,k > 0, we assume G, has identical

marginal distributions (all denoted by g, x(x)), i.e.,

gn,k(:r) = /k L dkilGn,k(yla ey Yi—1, Ty Y41, - 7yk) for any 1 S 1 S k. (34)
RE—

Otherwise, if not all the marginal distributions of G, 1, are the same, we can consider
G.1, defined by

- 1
Grp(®1,. .., 78) = i Z Gk (Tr(1)s - Tr(k))s
T TEP;

where Py, denotes all the permutations on {1,...,k}. Then én,k has identical marginal
distributions and recursion (3.3) is the same for G, ;, and Gnk

To apply an approach similar to [16], we introduce two functions
Qur(w)=1—(1—u)* and Qoi(u) =ku for 0<u<1. (3.5)

We will work with the following recursion inequalities derived from (3.3), instead of
(3.3)) itself.

Lemma 1. Assuming F™(x) satisfies the recursion (3.3)), then the following recursion

bounds hold, for n > m,

> Pmkgme * Que(Er T (@) < BN (@) <) Prokmk * Qi (Fr ) (), (3.6)
k=1 k=1
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where x is the convolution defined by f*g(x f f(x—y)dg(y) for any two functions

f(z) and g(x) whenever the integral makes sense.

Proof. ~ We begin by proving the upper bound in (3.6). Rewrite (3.3)) as

() = ;pvmk /}Rk ( H — E N (@ '))) d* G (Y1, -+ Ui)-

Using the inequality that 1 — Hizl(l —x;) < Zi:l x; for 0 < x; <1 and the fact that
Gm k(s ..,-) has the same marginal distributions g,, x(-), one obtains that the above

quantity is at most

mek:/ ZFm+1 yl d Gmk y1’~'-7yk mekz/ Fm+1(x_y)dgm,k(y)'

Together with the definition of Q2 , c.f. (3.5]), one obtains the upper bound in (3.6).
We next prove the lower bound in (3.6)). Applying Holder’s inequality to (3.3]), one
obtains that

0o k - 1/k
k=1 i=1

Again, since G, i(, ..., -) possesses the same marginal distributions gy, x(-), the right

side above equals
o0 k 1k
1_ %pmkg </}R (1= Fr (@ —y)" dgm,k(y)> :
= 100— kzlpmk (/}R (1— FEr (e —y)" dgm,k(y)>
- kzﬂpmjk </}R (1 — (1 - Fm iz - y))k) dgm,k(y)> :

Together with the definition of Q1 x, see (3.5]), one obtains the lower bound in (3.6). [

3.2 Assumptions and Statement of Result for Bounded

Branching.

In this section, we discuss the tightness property in the case where the offspring number

is uniformly bounded. To state our result, we need some assumptions both on the
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branching and displacement laws. We introduce assumptions concerning the branching

mechanism.

(B1) {pnk}n>0 possess a uniformly bounded support, i.e., there exists an integer kg > 1
such that p, =0 for all nif £ ¢ {1,...,ko}.

(B2) The mean offspring number is uniformly greater than 1 by some fixed constant,

i.e., there exists a real number mg > 1 such that infn{zl,z‘)zl kpp i} > mo.

We introduce the following assumptions on the displacement laws G, 5, for those n and
k such that p, , # 0.

(MT1) For some fixed €y < %log mo A 1, there exists an zg such that g, x(z9) > 1 — €
for all n and k, where g, () = 1 — g, k(). By shifting, we may and will assume
that xo = 0, that is, g, x(0) > 1 — €.

(MT?2) There exist a > 0 and My > 0 such that g, z(x + M) < e*aMgnJg(x) for all n, k
and M > My, x > 0.

(GT) For any 1 > 0, there exists a B > 0 such that G, x(B,...,B) > 1 —
and G ([~B,00)*) > 1 —n for all n and k. (With an abuse of notation,
Gp i is also used here as a function on measurable sets defined by G k(A) =
N d*Gp (21, .., 21) for A C RF. See for the definition of G, as a distri-

bution function on RF.)

Assumptions (MT1) and (MT2) are about the marginal distributions. (MT1) pre-
vents too much mass drifting to —oo, while (MT2) guarantees that the right tails of the
marginals decay at least exponentially. (GT) states the tightness of the joint distribu-
tion of the increments. Note that (MT1) is implied by (GT), however, we still state
(MT1) separately with notations to be used later in the proofs.

Now we are ready to state our main theorem.

Theorem 4. Under the above assumptions (B1), (B2), (MT2) and (GT), the family
of the recentered mazima distributions {Fy, (- — Med(Fy,))}n>0 is tight.

Theorem [4] is proved in Section with the proofs of some propositions deferred
to Section With an analysis of a Lyapunov function, we control the right tails
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of distributions F,, (- — Med(F},)). Then we use assumption (GT) together with the
right tail property to control the behavior of left tails of the distributions. Using a
similar approach, we can also prove a variation of Theorem [4] under slightly different

assumptions in Section

3.3 A Lyapunov Function, Main Induction and Proof of
Theorem [4

This section follows [16], with some minor revisions, in introducing a Lyapunov function.
Namely, for a choice of €1, b and M (to be determined later), we define the Lyapunov

function L(-) as

L(u) = sup l(u;x), (3.7)
{z:u(x)€ (0,51}
where ( )
1 ulr — M
l(u;z) =1 — 1 1 - . 3.8
o) =10 (5 ) 1w (100 = 6 ) &%)
Here (z)4+ =z V 0, and we take the convention that log0 = —oc.

As in [16], the heart of the proof is contained in the following proposition.

Proposition 1. Under assumptions (B1), (B2), (MT1) and (MT2), there is a choice
of €1, b and M such that sup,,<,, L(F}") < C for some finite number C > 0.

The proof of Proposition [I] will take the bulk of the chapter, and is detailed in
Section Before proving it, we discuss its consequences. As in [16, Corollary 2.8],
the same proof, using Proposition |1} yields the following

Corollary 2. Let the assumptions (B1), (B2), (MT1) and (MT2) hold. Then, there

exists 01 such that, for all m and m < n,

Fm(z) < 6y implies F™(x — M) > (1 + %)Fg@@:). (3.9)

This corollary gives the desired control over the behavior of the right tail of F™(-).

We next control the left tail. First, one obtains the following pointwise bounds for the

integral ((3.3)).
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Lemma 2. The assumption (GT) implies that, for any m > 0, there exists a B such
that

Qu(Fy ™) (x + B) —m < F'(x) < Qu(EF ) (@ — B) + 1, (3.10)

where Qm(u) =Y 12| Pmk (1 - (1- “)k)

Proof.  For any n; > 0, choose the B as in the assumption (GT). The upper bound is
obtained by only considering the integral over (—oo, B]¥ in (3.3).

%) k
El(z) <1-— mek/ H (1= EM e — 1) d* G (yrs - ).
h—1 (—00,B]k >
By the monotonicity of F™(-), the right side is less than

o0
- k
1= pmp (1= F7(z = B))" Gp(B,-- , B).
k=1
For any 71, choose B as in assumption (GT). Then Gy, x(B,---,B) > 1 —n1, and the

above quantity is less than or equal to

1= e (1= Bz — B) (1 — 1)
k=1

= QuE" ™)@ —B)+m Y pmik (1 F Yz - B))*
k=1

< Qu(F ) (z — B) +m,

proving the upper bound in (3.10f). To obtain the lower bound, first rewrite (3.3]) as

k

F™(z) = me,k/ (1 -1[a-Fr (= - yi))> "G (y1, - - Y)-
k=1 RF

i=1
By restricting the above integral to [~ B, 00)*, one has a lower bound on ™,

B2 Y b |
k=1 [

— B,

k
. (1 — H (1—Fri e — yz))> A" G (Y1, - - Yk)-

i=1

Since F"*1(z) is decreasing in @ and G, j; ([~ B, 00)F) > 1—mn as in assumption (GT),
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one has
- k
Er@) = > pk (1= (1= B @+ B)Y) G ([-B,00))
k=1
S = k
> D Pk (1 - (1= F Nz + B)) ) (1—m)
k=1
= k
= Qu(Er @+ B) = m > s (1= (1= B (@ + B))")
k=1
> Qu(Ey (@ + B) —m,
proving the lower bound in (3.10) and completing the proof of Lemma ]

Lemma almost verifies [16, Assumption 2.4], except that @, depends on m. How-
ever, with the assumption (B1), @,, satisfies [16, T1 and T2 in Definition 2.3] uniformly
in m. Namely, the family of strictly increasing functions @, : [0,1] — [0,1], with
Qm(0) =0 and Q,,(1) = 1, satisfies the following:

(T1) Qm(z) > x for all x € (0,1). For any § > 0, one can choose ¢5 = 1 + mg—o_l(S > 1
such that Q,,(x) > ¢sz for all x <1 — ¢ and all m.

(T2’) For each § € (0,1), there exists a nonnegative function gs(¢) — 0 as € \, 0 (for
example, choose gs(€) = % (%ﬁ)ko_l €) such that, for any m, if x > §
and Qn, (14 g5(e) 2) < 172, then Qn (1 + gs(€)) ) > (1 + €)Qun ().

To check the above two properties, one uses the strict convexity of 1 — (1 — z)* and its

monotonicity in k. Details are omitted here. From the above (T1’) and (T2’), one can

deduce the following lemma in exactly the same way as in [16, Lemma 2.10).

Lemma 3. Suppose that holds for all m < n under some choice of 61, M,e; > 0.
Also, suppose that assumption (B1) and hold. For fized ny € (0,1), there exist
a constant v = ~y(no) < 1 and a continuous function f(t) = fy,(t) : [0,1] — [0,1], with
F(t) =0 0, such that, for any e € (0,2=1), 5 € [6,m0] and large enough Ny = Ny (e),

70
the following holds. If M’ > M and, for any m < n, F™(x) > 61,

F'x — M) < (1+e)F"™(x) and F"(x — M) <n,

then
Ei(a + Ny = M) < (1+ f(e) B (@ — V)
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and

iz + Ny = M') <.

By iterating, the above lemma gives a connection between the left and right tail
behavior. That is, by applying Corollary [2| and Lemma several times as in [16, Proof
of Proposition 2.9], the same contrapositive argument proves: for fixed ng € (0,1), there
exist an éy = €9(no) > 0, an ng and an M such that, if n > ng and FS(I‘—M) < 1o, then
FO(x — M) > (14 &)F°(x). Recalling that F,(-) = FO(-), this will yield the following

tightness proposition.

Proposition 2. Suppose that (3.9) holds for all m < n under some choice of 61, M, e >
0. Also, suppose that assumption (B1) and (3.10) hold. Then, the family of recentered
mazima distributions {F, (- — Med(F},))}n>0 is tight.

We have proved Theorem [l under the assumption that Proposition [I]is true. There-

fore, it remains to show Proposition |1, which we do in the next section.

3.4 Analysis of Lyapunov Function and Proof of Proposi-
tion [1]

In this section we focus on proving Proposition |1} which is an analog of [16, Theorem
2.7]. The same idea works here: the exponential decay of g, will not bring much
mass from far away during a single recursion step. However, the exact approach in [16]
does not quite apply here. [16] deals separately with the nonlinearity and convolution
in a recursion equality. In our case, the recursion does not possess such a nice
form. Fortunately, we have the recursion inequalities . These bounds require one
to analyze the nonlinearity and convolution together. Throughout this section, all the
sums about k are from 1 to ko since assumption (B1) is assumed. We begin with some
properties of the two functions in . Q2,1 (u) = ku is simple, and the following simple

facts about Q1 j(u) will be used later on.

Lemma 4. There exists a ¢y = c1(ko) > 1 such that, for all1 <k <ky and 0 <u <1,

Q1 r(u) >u (3.11)
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and
ku — ciu® < Q1 k(u) < ku = Q2 1(u). (3.12)

Next, we state a choice of €1, b and M in the Lyapunov function under which
Proposition |1]is true. Throughout, we fix ko, mg, €9, My and a as in assumptions (B1),

(B2), (MT1) and (MT2). Next, we choose 0 < € < 145 small, b > 1 close to 1,

M > 100 big and an auxiliary variable 0 < xk < ﬁ small (used later to control the

flatness change) such that the following restrictions hold.

1
M > 4My and e *M/2 < (4kg)te*M/2 < 100" (3.13)
5/2,1/2logb—3/2
8(2ko)" e, <L (3.14)
(1 — €o)r3/2 2¢4
ko
1 o
c1 %ei/l gb < Z kpp . —mgo for all n; (3.15)
0 k=1
log myg K
> 2 —_— 1
5 (1 +e0) + 505 (3.16)
aM log
> 2 log(4ko)) — ——; 3.17
T61og = (€1 + €0 + log(4ko)) og b’ (3.17)
a__ 2log(tho) (3.18)

16logdb — M

The above conditions are compatible. In fact, thinking of k as 8 log b, one can choose

€1 and 3 small enough so that holds due to the choice of €y in assumption (MT1),

then one chooses a b close enough to 1 so that (3.14)), (3.15) and (3.18]) hold due to the

choice of my as in assumption (B2), and finally one chooses M large enough so that
(3.13) and (3.17)) hold.

With the choice of the above €1, b, M and k, we can now prove Proposition

Proof of Proposition[l. ~ Choose C' = log2. The conclusion sup,,<, L(F,") < C will

follow from the claim:

L(F™) > C implies that L(E™) > C for any m < n. (3.19)
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Suppose the conclusion is violated, then L(EF™) > C for some m < n. Iterating the claim
n —m times, one gets L(F") > C. However, L(F}}) = —oco because Fj}(z) = 11,0y (2).
This contradiction proves proposition (1} assuming claim (3.19)). ]

The claim (3.19)) follows from the following proposition because of (3.6)).

Proposition 3. Suppose that two non-increasing cadlag functions u,v : R — [0,1]
satisfy
k:o kO
> prege * Qui(u)(@) < v(@) <Y prgr * Qar(u)(x), (3.20)
k=1 k=1
where p, and gy satisfy the assumptions in Section as ppk and gy, and Q1 and
Qo satisfy Lemma[4. Then

L(v) > C implies that L(u) > C. (3.21)

In order to prove Proposition [3] a few observations, notation and lemmas are needed.
Starting from L(v) > C, one obtains, by definition (3.7]) of the Lyapunov function, that

there exists an 1 € R such that

and I(v;z1) > max{C, L(v) — %log mo}. (3.22)

N =

v(zy) <

By definition (3.8) of I(v;z), one obtains that v is small and flat at z; in the following

sense: (2)
v(xy
1 = 1 3.23
+ € (@) <l+e ( )
and
1
fo=v(x1) < (e1 — €)1/18%=C < — (3.24)

2
where z9 := x1 — M. Using the bounds (3.20)) and (3.23]), one gets that

k?o kO
> pege * Qui(u)(w2) < (1+€) Y prgr * Qap(u)(21), (3.25)
k=1 k=1

from which we will search for a flat segment in u(x) where u(x) is also small.
To control the value of u(x), we derive here some preliminary estimates of u(x) at

x1 and 2, which will be used later to control the value of u(z) at other places. For
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i = 1,2, first applying the Chebyshev inequality and then applying (3.20) and the fact
Jx(0) > 1 — ¢y from assumption (MT1), one gets

ko
> pkQui(u)(w) < Zpk_ /Qm —y)dgr(y)
k=1 I 1

<

= eov(mi). (3.26)

This, together with the lower bound (3.11)) on @ j, the definition (3.24]) of fo and the
definition (3.23)) of €, implies that

(o) < 12 (3:27)
and
u(za) < 11+€ fo. (3.28)
e

A finer estimate of u(x2) can be obtained and will be needed. First, using (3.26]) and
the lower bound (3.12) on Q) j, one gets

ko
<; kpy — cw(mg)) u(zg) < 11j_6€0 fo-

By combining the first estimate (3.28) of u(z2), the bound (3.24]) on fy and the restric-
tion (3.15]), the coefficient multiplying u(x2) on the left side of the last inequality is at

least

ko ko L4e
Z kpi — cru(xe) > Z kp, — c1 . fo

1
k=1 k=1
ko 1+e€
o
ko
1+6 l/logb
> Z kpr — c1—— T > myg
k=1
Therefore, we conclude that
1+e 1+4e€
<——fo=——F7—— . 3.29

To control the flatness of u(x), we define some more auxiliary variables and then

state some lemmas. The constants § = k(e; —€), € = e+6, €’ = e+20 and €®) = ¢+ 36
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are defined to monitor the flatness change. Note that ¢, ¢, €”, e® < ¢; because k < ﬁ.

We somewhat simplify the argument in [16]. Set

2ko
q=inf{y > M/2: u(xy —y) > (4ko)*u(zy —y)} (3.31)
and
if —q)” > (4k — Myy,
o {0 =07 2 W — g+ ¥) -
q— 5, otherwise,

where f(x)™ := limy_,,— f(y) is the left limit of f at . Intuitively, ¢ is used to denote
the first nonflatness place to the left of 1. When r < yg, r is used to denote a nonflat

interval, namely, it is easy to check that
u(zg —y) > (4dko)u(xy —y) for all y € (r,r+ M/2]. (3.33)

We can now state the following sequence of lemmas, whose proofs will be discussed

in the next subsection. The convention of

/fdg /fdg

for a,b € R will be made throughout the rest of the chapter.

Lemma 5. Assume that (3.24) and (3.25) hold. Then,

Zpk/ Q1k(u) (2 — y)dgr(y) < (1 +¢) Zpk;/ Q2,6 (u)(z1 — y)dgr(y). (3.34)

Lemma 6. If (3.24) and (3.34) are satisfied, then there exist some 1 < k < kg and 1’
such that

/ !

/ " e - y)dgely) < 1+ ) / " e - y)dguly). (3.35)

where v’ = r when v’ > M.

Lemma 7. Suppose (3.35|) holds. Then either

(a) u(za —y1) < (14 €N u(xy —yy) for some y1 <1’ AM, or



44
(b) w(xa — 1) < (14 €' — e /Yu(zy —y1) for some y1 € (M,7].

Lemma@ and Lemma are analogs of [16, Lemma 3.5, Proposition 3.2], respectively.
Equipped with lemma [7, we are ready to prove Proposition

Proof of Proposition[3 assuming Lemma[].  We will compare L(u) and L(v) using
and Lemma [7| As Lemma |7| suggests, two different cases will be discussed sepa-
rately.

Case (a). Assume u(xy —y1) < (1 + €®)u(x; — y;) for some y; < 7/ A M. Then,

(3.29) implies that

u(zy —y1) <wu(xe) < e )v(xl).

mo(l — €0
Therefore, it follows from the definition (3.8]) of I(u;z) that

v(z1) e — e
l(u, 21 — — (v, x > log ————— +log, ———
(u, 21 — 1) — (v, 21) 8 — g T8 e
mo(1 — €p)
> log e + log, (1 — 3k)
6K log myg
> 1 -2 - >
> logmo — 2(e1 + €o) logb =~ 2

where (3.16) guarantees the last inequality.
Case (b). Assume u(zy — 1) < (1 + €’ — 5eW/3)u(x; — y1) for some y; € (M, 7].

Then, the definition (3.32]) of r and (3.29)) imply that
1+4+e€

u(ay —y1) < (4ho) 2 M¥2y (2 — M/2) < (4ko)/MH2__Z = _y(zy).
mo(l — 60)
Therefore, it follows that
v(xy) €1 — € + e /8
l — —1 = log ————+1
(u,x1 — 1) = U(v, 21) S R p—
m()(]_ - 60) ay1/8
= s (11 o) (dko)2u /A72 logy (1 — 2r + e %)
2log(4k
> logmo —2(ep +€1) — 0%\(40)% — 2log(4ko)
log K + ay1/8
log b '

Rewrite the last term S?gglb as 16‘1&;1) + 16afé1gb, use y; > M in one summand and deduce
that the above quantity is at least

log k aM a 2log(4k
g i +un( _ g(4ko)
logb  16logb 16logb M

logmg — 2(eo + €1 + log(4ko)) +
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where (3.18) and (3.17)) guarantee the last inequality.
To wrap the argument up, both cases imply, by (3.8), (3.22) and C = log 2,

1 1
log Zl(u,xl—y1)20+§10gmoz—10g§7

u(z1 — Y1)
which implies that u(z1 — y1) < . Therefore, by the definition (3.7)) of L(u) and (3.22)
again,

1 1
L(u) > l(u,x1 —y1) > (v, 21) + ilogmo > L(v) + 1 logmg > L(v),

from which (3.21]) follows. Thus, the proof of Proposition [3|is complete. O

3.4.1 Proof of Lemmas

With the assumption (MT2), the proof of [16, Proposition 3.2] carries over (with some
change of notation) to the proof of Lemma [7| assuming Lemma @ So we only need to
prove Lemma@ and 5l (For completeness, we give the proof of Lemma in the appendix
of this chapter.) The proof of Lemma |§| will be presented first, and then the proof of

Lemma Bl

Proof of Lemma[l ~ When ¢ > M/2, we have u(xy —y) < (4ko)*u(z; — y) for y €
[M/2,q]. Thus, one obtains that, for any y < r < g,

u(ze —y) <u(ze —1) < (4k0)2r/M+2u(x2).

Since r < yo = élog %, one has, using (3.28)), that the above is at most
2 1oe 2k 2(4ko)?

(ahg) #1253 = 2RO
P

2k
d fo

Note that ﬁlog(élkzo) < % from (3.13). Applying the bound (3.24) on fy, the above

quantity is at most

2

237 log(4ko)
aM .
1—¢p 1—¢g ) fo

2(4ko)? 2k 01/2 B 8(2ko)5/2f&/2 8(2ko)%/2 (€ — €)1/2108b=3/2
l—e 62  (1—e)d3/2 (1 — eg)K3/2 '

Therefore, it follows from (3.14) that

1
u(zg —y) < 2—5 for any y <. (3.36)
C1
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This, combined with (3.12)), implies that, for any 1 < k < kg and y < rq,

Q1 x(u) (w2 —y) > ku(zs —y) — 1 (u(z —y))?

= hulzs —y)(1~ Lules — ) > kules )1 30).

Applying the above bound and the definition (3.5 of Q2 x(u) in the first inequality, and
(3.34) in the second, one has

SR kp [T (s — y)dgr(y
Sr kpr [T u(@n — y)dgi(y

)
)

< 11 Ek 10k 7 o Qui(u) (z2 — y)dGir(y) (3.37)
1—-350 Zk lpkf Q2,1 (u)(z1 — y)dGi(y)
1+¢€ "

< 5 <l+e

If the conclusion of the lemma does not hold, i.e., for all 1 < k < kg,
T ‘a
/ u(zy — y)dgr(y) > (1+ 6”)/ u(z1 — y)dgr(y),
— 00 —o0

one obtains a contradiction to (3.37). This completes the proof of Lemma |§| in case
q>M/2.
When ¢ = M /2 and u(xa—M/2) < 4dkgu(ze), with (3.28]), one still has, for y < r < g,

8ko fo

Using the bound (3.24]) on fy and (3.14)), the above is at most
_ \1/logb—1
8]{30(61 6) 5 < L(S
(1 —eg)k 2¢1

Thus, (3.36) holds. Repeating the argument below (3.36]), one gets Lemma [6] in this
case.
When g = M /2 but u(xy — M/2) > (4ko)u(xz), we truncate (3.34) before transform-

ing this case to the previous case. Define

= inf{y > 0: u(xy —y) > 4kou(z2)}.
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Then 0 < ' < M/2 and u(ze — 1') < 4kou(z2). By monotonicity of u, u(xe —y) >
dkou(z — y) for y € (1, r]. Therefore, for 1 < k < ko,

[ Qutu)ez =)o)~ (1+6) [ Qurtwar - n)ida)
> / u(z2 — y)dgr(y /kou x1 — y)dgr(y)
_ / " (ulea — ) — 2hou(zs — y)) dgr(y) > 0,

!

which, together with (3.34)), yields the truncated inequality

Zpk/_ Q1 k(u) (2 — y)dgr(y) < (1+¢) Zpk/_ Q2,6(w)(z1 — y)dgr(y)-

This is a analog of (3.34]) with r replaced by 7/, and u(z2 — ") < 4kou(x2). Replacing r
by ' in the argument starting from ([3.38]), one concludes the proof of Lemma |§| in all

cases. O

Proof of Lemmal[5. ~ The purpose of this lemma is to justify the flatness of the trun-
cated integral. That is, we want to prove that mass from faraway does not affect the
value of the integral in a significant way. This is almost guaranteed by the exponential

decay of g, x(-). However, we need to control the difference between Q1 x(u)(z2 — y)

and Q2 i (u)(r1 —y), using the lower bound (3.11)) on Q1 x(u) and the definition (3.5 of
Q2,1 (u). Two different cases will be presented separately.

Case (i). When r < yo, (3.33]) holds. Because of (3.25) and € < €, (3.34) will follow

from
| Quitie — o) = 14+) [ Quutwler - ) z0. (330
To prove , because of , it suffices to show that
/roo u(w2 — y)dgr(y) — 2ko /TOO u(z1 — y)dgg(y) = 0. (3-39)

We break the left side into 3 pieces. First, by (3.33),

1 [rM/2 r4+M/2
2/ u(ry — y)dgr(y) — 2%/ u(z1 — y)dgr(y)

r+M/2
-/ @u(@ ~ ) — 2kgu(ar — y>) dgu(y) = 0. (3.40)
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Second, because of assumption (MT2) (rapid decay of gi(-)) and (3.13)), one has

1 r+M/2 r+M
2/ u(z2 — y)dgr(y) — Qko/ u(r1 — y)dgr(y)
r r+M/2

1

4
1 . )

> (Z — 2koe” M/ 2Yu(zy — r)gi(r) > 0.

> —u(xg — 1r)gr(r) — 2kou(ze — r)gr(r + M/2) (3.41)

Third, again because of assumption (MT2) (rapid decay of gi(-)) and (3.13)), one has

/Oo u(.CCQ — y)dgk(y) — 2kg /Oo U(Crl - y)dgk(y)

+M/2 r+M

> /T:OM/Q u(zz — (y — M/2))dgi(y) — 2ko /TOO w(xy — y)dgr(y + M)

- / " s — y)dguly + MJ2) — 2k / Culer—p)dguy + M) (342)

A\

(1-— 2koe*“M/2) /OO u(xe — y)dgr(y + M/2) > 0

T

Summing (3.40)), (3.41) and (3.42)), one gets (3.397). Thus, (3.39)) is verified in case (i),
and (3.34) holds.
Case (ii). When r = g, (3.33)) may not be true. However, the difference between

the two sides of (3.34) is
ko . ko .
S [ Qutle - vdat) - 0 +)3 p [ Quetw)er - p)dgu(v)
k=1 - k=0 -

ko ko r
< Y prge* Qui(w)(z2) — 1+ €)D pi / Qo () (z1 — y)dgi(y).
k=1 k=1 o

Recall that ¢ = e+ . (3.25) implies that the above quantity is less than or equal to

ko ko r
(1+6) Y prgi * Qa(u)(@1) — (L+€) > pr / Qo (u) (21 — y)dgk(y)
k=1 k=1 o

ko 00 ko
= (1+¢) Zpk/ Q2. (u) (@1 — y)dgr(y) — 6Zpk9k * Qo (u)(x1).
=1 =1

T

Since r =y = L log %, the assumption (MT2) implies gi(r) < e %0 = %. Q21 (u) <

T a
ko, (3.20) and (3.24) yield that the above quantity again does not exceed
dfo

(]. + El)kOTkO - 6f0 S 0.
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So (3.34) is proved in case (ii). This completes the proof of the lemma. O

3.5 Tightness for Identical Marginals

In this section, we discuss the tightness problem in the case when all the marginal
distributions at the same level are the same, i.e., g, (-) = gn(-) does not depend on
the number of offspring. Compared with the assumptions made in Section we relax
the bounded support assumption (B1) on p, s, at the price of a uniform marginal

assumption on Gy, i, (see (MTO0’) below). Namely, we assume

(B1’) There exist positive real numbers mg and m; such that inf, {>"77 | kppr} > mo >
1 and sup,, > pey k*pn < m1.

(MTO’) gnk(-) = gn(:) for all &k > 1.

(MT1’) For some fixed ¢y < %log mo A 1, there exists an xy such that g, (z9) > 1 — ¢ for
all n, where g,(z) = 1 — gn(z). By shifting, we will assume that xo = 0, that is,
gn(O) >1—¢.

(MT2’) There exist a > 0 and My > 0 such that g,(z + M) < e=*Mg, () for all n and
M > My, z > 0.

(GT’) For any m; > 0, there exists a B > 0 such that G, x(B,...,B) > 1 — 1 and
gn(—B) >1—mn; for all n and k.

Then we still have the following tightness result.

Theorem 5. Under assumptions (B1’), (MT0’), (MT1’), (MT2’) and (GT’), the family
of the recentered maxima distribution {F, (- — Med(F,))} is tight.

Since the proof is similar to the proof of Theorem {4 we only give a sketch. The
argument is based on the following recursion inequality, another form of (3.6]) under the
assumption (MTO0’),

g * <me,kQ1,k(Fﬁn+l)> (z) < FM(x) < gm * (mekQQ,k(Fﬁ”H)) (z), (3.43)

k=1 k=1
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where Q1 and Qg are defined as (3.5)). Set

Qm,(1)(u) = me,le,k(u)a (3.44)

k=1

and -
Qun2)(1) = Y P Qai(w). (3.45)

k=1

Although the difference between @) ; and Q)2 increases as k increases, the weighted

functions @, (1) and @, (2 still behave nicely and possess an analog of Lemma

Lemma 8. Letting Qp, 1y and Q, (2) be defined as in (3.44) and (3.45)), respectively,
then it follows from assumption (B’) that

Qm7(1)<u) > u, (3.46)

and

Qum,(2) (1) — 2t < Qun (1) (1) < Q2 (u) < Vmyu. (3.47)

Lemma [5| relies on the facts that Q1 x(u) > v and Q2x(u) < kou, and Lemma |§|
relies on the fact that Qi x(u) > Qax(u) — ciu?. Therefore, with a modification of ¢
and r, we can prove analogs of those two lemmas due to the bounds in Lemma |8 An
analog of Proposition [3] then follows. Proposition [T]and Corollary [2| hold under the new
assumptions in this section.

Assumption (GT’) plays a role as (GT) in connecting the left and right tail behavior.
Specifically, it guarantees Lemma[2] Lemma [3]and Proposition 2] under the new settings.
Theorem [f] follows immediately as Theorem [4]

Appendix

This proof of Lemma [7| is almost the same as the proof of [16, Proposition 3.2] except

for different notations, so we give it here for completeness.

proof of Lemma[7 assuming Lemma[6 The lemma will be proved by contradiction. As-

sume that neither (a) nor (b) in lemma 7 holds, i.e.,

u(zy —y) > (14 B)u(zy —y) forall y <1’ AM, (a)



and

w(wy —y) > (14 €' — e/ u(zy —y) for all y e (M,r]. (b)

If " < M, then only (a) holds and it implies that

/ 7J

[t =) > 1+ €9) [ uter - o).

—0o0 —00

Since €®) = ¢’ + § > ¢, this is a contradiction to ([3.34). So we are done.

If ¥/ > M, then ' = r and (@) and (b) imply that

M

M
/ u(zs — y)dge(y) > (1 + ) / w(r — y)dguly)

—0oQ — 00
and

/T u(xy — y)dgr(y) > /T(l + € — 6B yu(zy — y)dg(y).

M M
Summing the above two inequality, one gets that

T

/ ' u(zy — y)dgr(y) > (1 +€") / u(z1 — y)dg(y)

—0o0 —0o0

+0 [/M u(z1 — y)dar(y) — /r e™/Su(zy — y)dgr(y)| -

—00 M
We claim that
M r
| utar = o) = [ eSuan - yag) 2o, (3.48)
—00 M
which will imply a contradiction of (3.34)) and complete the proof.
It thus remains to prove the claim (3.48]). The second integral on the left side of
(3.48) can be written as

. 0 IMAM
/ e/u(zy — y)dg(y) = Z/ eV Pu(wr —y)1{y<rydgr(y)-
M =1 IM

Since ¢ > r > M/2, one has u(ze — y) < (4ko)*u(z1 — y) for all y € [M/2,7], the last

quantity in the above display is less than or equal to

o0 IM+M
> /Z oM /B aM /S (1 220 (3 — M /2)dgy(y)
=1 vIM

< Z€alM/8+aM/8(4k0)2l+2u(fL‘1 _ M/Q)gk(lM)
=1



Using Assumption (MT2) and (3.13)), the above is again less than or equal to

ZealM/8+aM/8(4kO)21+2u(x1 o M/2)67a1M+aM/2gk(M/2)
=1

< iu(ml — M/2)gr(M/2).

But the last term does not exceed

M M
/ u(z1 — y)dgr(y) < / u(z1 — y)dge(y).

M/2 —00

So the proof of (3.48)) is complete. We are done with proving Lemma .
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Chapter 4

Branching Random Walks in
Time Inhomogeneous

Environments

4.1 Introduction

Branching random walks and their maxima have been studied mostly in space-time
homogeneous environments (deterministic or random). For work on the deterministic
homogeneous case of relevance to our study we refer to [14] and the recent [I] and [2].
For the random environment case, a sample of relevant papers is [36, 38, [46] [49] 58,
62, [69]. As is well documented in these references, under reasonable hypotheses, in the
homogeneous case the maximum grows linearly, with a logarithmic correction, and is
tight around its median.

Branching random walks are also studied under some space inhomogeneous environ-
ments. A sample of those papers are [10, 23] 28| 37, 43| [45], 53].

Recently, Bramson and Zeitouni [16] and Fang [30] showed that the maxima of
branching random walks, recentered around their median, are still tight in time inhomo-
geneous environments satisfying certain uniform regularity assumptions, in particular,
the laws of the increments can vary with respect to time and the walks may have some

local dependence. A natural question is to ask, in that situation, what is the asymptotic

53
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behavior of the maxima. Similar questions were discussed in the context of branching
Brownian motion using PDE techniques, see e.g. Nolen and Ryzhik [72], using the fact
that the distributions of the maxima satisfy the KPP equation whose solution exhibits
a traveling wave phenomenon.

In all these models, while the linear traveling speed of the maxima is a relatively
easy consequence of the large deviation principle, the evaluation of the second order
correction term, like the ones in Bramson [14] and Addario-Berry and Reed [1], is more
involved and requires a detailed analysis of the walks; to our knowledge, it has so far
only been performed in the time homogeneous case.

Our goal is to start exploring the time inhomogeneous setup. As we will detail
below, the situation, even in the simplest setting, is complex and, for example, the
order in which inhomogeneity presents itself matters, both in the leading term and in
the correction term.

In this chapter, in order to best describe the phenomenon discussed above, we focus
on the simplest case of binary branching random walks where the diffusivity of the
particles takes two distinct values as a function of time. It is a modified version of
Definition 1 in Chapter 1.

We now describe the setup in detail. For o > 0, let N(0,02) denote the normal
distributions with mean zero and variance o2. Let n be an integer, and let 07,05 > 0
be given. We start the system with one particle at location 0 at time 0. Suppose that
v is a particle at location S, at time k. Then v dies at time k£ + 1 and gives birth to two
particles v1 and v2, and each of the two offspring ({vi,i = 1,2}) moves independently
to a new location S,; with the increment S,; — .5, independent of S, and distributed as
N(0,0%) if k < n/2 and as N(0,03) if n/2 < k < n. Let D,, denote the collection of
all particles at time n. For a particle v € D,, and i < n, we let v’ denote the ith level
ancestor of v, that is the unique element of D; on the geodesic connecting v and the
root. We study the maximal displacement M, = max,ecp, Sy at time n, for n large. |I|

It will be clear that the analysis extends to a wide class of inhomogeneities with
finitely many values and ‘macroscopic’ change (similar to the description in the previous

paragraph), and to the Galton-Watson setup. A universal result that will allow for

! Since one can understand a branching random walk as a ‘competition’ between branching and

random walk, one may get similar results by fixing the variance and changing the branching rate with
respect to time.
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continuous change of the variances is more complicated, is expected to present different
correction terms, and is the subject of further study.

In order to describe the results in a concise way, we recall the notation Op(1) for
stochastically boundedness. That is, if a sequence of random variables R, satisfies
R, = Op(1), then, for any € > 0, there exists an M such that P(|R,| > M) < € for all
n.

An interesting feature of M, is that the asymptotic behavior depends on the order
relation between o7 and 3. That is, while

_ _ Oeff
M, = <\/2log2 C’eff) n ﬁim logn + Op(1) (4.1)

is true for some choice of oo and 3, o and (3 take different expressions for different or-
dering of o1 and o9. Note that (4.1)) is equivalent to that the sequence { M,,— Med(M,)},
is tight and

g
Med(My) = (v/210g2 oefg) n — 5\/#122 logn + O(1),

where the median of a random variable X is denoted by Med(X) = sup{z : P(X <

x) < %} In the following, we will use superscripts to distinguish different cases, see

7 and below.

A special and well-known case is when o1 = 09 = o, i.e., all the increments are i.i.d..

In that case, the maximal displacement is described as follows:

_ 3
Mn_ = (\/210g2 U)n— §ﬁ

the proof can be found in [I], and its analog for branching Brownian motion can be found

logn 4+ Op(1); (4.2)

in [14] using probabilistic techniques and [57] using PDE techniques. This homogeneous
case corresponds to (4.1) with Ooff =0 and = % In this chapter, we deal with the

extension to the inhomogeneous case. The main results are the following two theorems.

Theorem 6. When o3 < o5 (increasing variances), the mazimal displacement is

N
Ml = ( (02 +ag>1ogz> n— Y2 logn+ Op(1), (4.3)

2 2
which is of the form (4.1)) with oo = % and B = 3.
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Theorem 7. When o} > o3 (decreasing variances), the mazimal displacement is

Mt — v21og2(o1 + O'Q)n B 3(o1 + 02)
no 2 21/21og 2

which is of the form (4.1)) with oo = %202 and 3 = 3.

logn + Op(1), (4.4)

For comparison purpose, it is useful to introduce the model of 2" independent (inho-
mogeneous) random walks with centered independent Gaussian variables, with variance
profile as above. Denote by M" the maximal displacement at time 7 in this model.

Because of the complete independence, it can be easily shown that

2 2
. +
M = < (03 +03)log 2> n— 401170;; logn + Op(1) (4.5)

for all choices of o7 and o3. Thus, in this case, og = V(0?2 +032)/2 and § = 1/2. Thus,
the difference between M~ and M"! when 07 = o2 lies in the logarithmic correction.
As commented (for branching Brownian motion) in [14], the different correction is due
to the intrinsic dependence between particles coming from the branching structure in
branching random walks.

Another related quantity is the sub-maximum obtained by a greedy algorithm, which
only considers the maximum over all decendents of the maximal particle at time n/2.
Applying , we find that the output of such algorithm is

n 3 o0 n n 3 o9 n
V2log201— — S ——L _log — V2log 209~ — = —2_log — 1
< CBL0Iy T 9 2Tog 2 Og2> +( 08202y T 9 SaTog 2 OgQ) +0p(1)

v2log?2
= 08 2(01 +02)n— 3lo1 £ 03) logn + Op(1). (4.6)
2 2y/2log?2

Comparing (4.6)) with the theorems, we see that this algorithm yields the maximum

up to an Op(1) error in the case of decreasing variances (compare with (4.4))) but not
in the case of increasing variances (compare with (4.3))) or of homogeneous increments

(compare with (4.2)).

A few comparisons are now in order.

1. When the variances are increasing, M is asymptotically (up to Op(1) error)
the same as M which is exactly the same as the maximum of independent

2 2
. . . oi+to.
homogeneous random walks with effective variance —5-2.
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2. When the variances are decreasing, M;) shares the same asymptotic behavior with
the sub-maximum (4.6). In this case, a greedy strategy yields the approximate

maximuin.

3. With the same set of diffusivity constants {03,053} but different order, M) is
greater than M.

4. While the leading order terms in (4.2)), (4.3) and (4.4]) are continuous in o1 and o9
(they coincide upon setting o1 = 03), the logarithmic corrections exhibit a phase

transition phenomenon (they are not the same when we let o1 = 02).

We will prove Theorem [6]in Section [£.2]and Theorem [7]in Section[4.3] Before proving

the theorems, we state a tightness result.
Lemma 9. The sequences {M;, — Med(M;)},, and {My — Med(M;)},, are tight.

This lemma follows from Bramson and Zeitouni [16] or Fang [30]. One can write
down a similar recursion for the distribution of M,, to the one in those two papers,
except for different subscripts and superscripts. Since the argument there depends only
on one step of the recursion, it applies here directly without any change and leads to
the tightness result in the lemma.

A note on notation: throughout, we use C' to denote a generic positive constant,

possibly depending on o1 and o3, that may change from line to line.

4.2 Increasing Variances: o3 < 03

In this section, we prove Theorem [6] We begin in Subsection with a result on
the fluctuation of an inhomogeneous random walk. In the short Subsection [4.2.2] we
provide large-deviations based heuristics for our results. While it is not used in the
actual proof, it explains the leading term of the maximal displacement and gives hints

about the derivation of the logarithmic correction term. The actual proof of Theorem
[6] is provided in subsection
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4.2.1 Fluctuation of an Inhomogeneous Random Walk

Let
n/2

n—ZX—l- Z Y; (4.7)

i=n/2+1
be an inhomogeneous random walk, where X; ~ N(0,0%), Y; ~ N(0,03), and X; and
Y; are independent. Define

2
k
2012n$7 nggﬁa
(01 +05)5 2
Skn(z) = " (4.8)
012+02(k 5)33 ﬁ<l<:<n
Fropy o2 FE
and
cfk2/3, k<n/2,
frm = (4.9)

cr(n — k)23, n/2 <k<n.

As the following lemma says, conditioned on {S,, = z}, the path of the walk S,, follows

sk.n(2) with fluctuation less than or equal to fy ., at level k < n.

Lemma 10. There exists a constant C > 0 (independent of n) such that
P(Sn(k) € [Sk,n(sn) - fkma Sk,n(‘s’n) + fk,n] forall 0 <k < n|5n) >C,

where Sy (k) is the sum of the first k summands of Sy, i.e.,

k
Zxk, k< n/2,
ZX,H— Z Yy, n/2<k<n.
L k=n/2+1

Proof. Let S’kn = Sp(k) — skn(Sn). Then, similar to Brownian bridge, one can check
that S’kn are independent of S,,. To see this, first note that the covariance between S’kn
and S, is

Cov(Sk.n, Sn) = ESknSn — ESknESy, = ESkSn,

since £'S,, = 0 and Eg;m =0.
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For k <n/2,

~ o’k b o’k n/2 o’k -
Sk = (1 — n) Xi— Xi— Y;.
(03 +03)% 2 (02 +03)% Z (0% + 03) 2

i=1 i=n/2+1

N3

Expand SkmSn, take expectation, and then all terms vanish except for those containing

X? and Y2, Taking into account that EX? = 07 and EY;> = 03, one has

Cov(gkn,S ) = Egk S

n/2 n
o2 o2k
= (1- ) EX? — ok EX? - % EY?
( (0_1 + 02 % Z 01 + 02 zk;rl (o3 +02)% i%—i—l '
oik o2k o2k
= 1—1> k02—+(n/2—k)02—+(n/2)02
( (03 +03)3) 1 (01 +03)3 Lo (07 +03)3 ?
= 0. (4.10)

For n/2 < k < n, one can calculate Cov(gkm, Sp) = 0 similarly as follows. First,

k

2

o5(n —k)
2 n
1 2 i=n/2+1 i=k+1

; (=k) Ky, k)
S = 2 Sy, 4 22
g o e

Then, expanding S’kvnSn and taking expectation, one has

C’ov(gkn,S ) = ESknSn
n/2

k) 2, 02 — k) 2 ( U%(n— k) ) . 2
= EX; >, BY? - (1- 5 ) Y EY,
"1 + "2)% ; (o1 +03)% i=n/2+1 (o +03)3) L

2 2 2
2( k) 2 0'2(” k) < 0'2(”_]{3) > 2
= k) g2y k) 2 TR S ) (n—k
g I rrapg A 1 g ) (0
= 0

Therefore, Sk,n are independent of S,, since they are Gaussian. Using this indepen-

dence,

P(Sn(k) € [Skm(sn) - fk,m s,w(Sn) + fk,n] forall 0 <k < n|Sn)
= P(Sk,n € [_fk,m fk,n} for all 0 < k < n‘Sn)
= P(S’kn € [=fum, fun] forall 0 <k <n).
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By calculation similar to (4.10)), S’kn is a Gaussian sequence with mean zero and variance
(624+02)n—202k (63 402)n—203 (n—k)

ka%% for k <n/2and (n— k)ag( ! (ifﬂ;%)i ) for n/2 < k <n. The

above quantity is

n

1-— P(|§k,n| > frn, for some 0 <k <n)>1- ZP(|§;€,”| > frn)-
k=1
Using a standard Gaussian estimate, e.g. [25] Theorem 1.4], the above quantity is at

least,
2
o

n o0
Co _k €0 —c2c1k1/3
1—2 —e kclzl—QE —e I =C>0
k:l\/% k:l\/E

where ¢y, c1 are constants depending on o7 and o9, and C' > 0 can be realized by

choosing the constant cy large. This proves the lemma. O

4.2.2 Sample Path Large Deviation Heuristics

We explain (without giving a proof) what we expect for the order n term of M,T,
by giving a large deviation argument. The exact proof will be postponed to the next
subsection. Consider the same S, as defined in and a function ¢(t) defined on [0, 1]
with ¢(0) = 0. A sample path large deviation result, see [2I, Theorem 5.1.2], tells us
that the probability for S|, to be roughly ¢(r)n for 0 <r < s <1 is roughly e~"s(9)

where

1.(6) = /0 T AL(B(r))r, (4.11)

o(r) = d% (r), and Ay (z) = %, for 0 <r <1/2, and 2 for 1/2 <r < 1. A first
1

2
2071

moment argument would yield a necessary condition for a walk that roughly follows the

path ¢(r)n to exist among the branching random walks,

I;(¢) < slog2, forall 0<s<1. (4.12)
This is equivalent to
s 42
1
<b(g)drgslogl 0<s< -,
0 20’1 2
(4.13)

IN
®

IN
—_

19 s 12
g (Z)dr+/ 4 (g)drgslogl
0o 207 1 203

2

(NN
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Otherwise, if is violated for some sq, i.e., I5,(¢) > solog 2, there will be no path

following ¢(r)n to ¢(so)n, since the expected number of such paths is 257e="/s(?) =
e~ Us(@)=slog2)n  which decreases exponentially.

Our goal is then to maximize ¢(1) under the constraints . By Jensen’s in-

equality and convexity, one can prove that it is equivalent to maximizing ¢(1) subject

to

AU Ly, /) (6 - o(1/2)"

2 ) 2 2

<log?2. (4.14)
o7 2 o7 o
Note that the above argument does not necessarily require o3 < o3.

Under the assumption that 0 < o3, we can solve the optimization problem with

the optimal curve

2
2‘21; logi)s, 0<s< %
o] +o
¢(8) - 21 > 2 (415)
201+/log2 1 205+/log 2 1 1
-+ (s—=), =<s<1.
Viei+03)2 (et +o3) 27 2

If we plot this optimal curve and the suboptimal curve leading to as in Figure
it is easy to see that the ancestor at time n/2 of the actual maximum at time n is not
a maximum at time n/2, since % < \/W. A further rigorous calculation as
in the next subsection shows that, along the optimal curve , the branching random
walks have an exponential decay of correlation. Thus a fluctuation between n'/? and
n that is larger than the typical fluctuation of a random walk is admissible. This is
consistent with the naive observation from Figure This kind of behavior also occurs
in the independent random walks model, explaining why M, and M,ilnd have the same

asymptotical expansion up to an O(1) error, see (4.3) and (4.5]).

4.2.3 Proof of Theorem

With Lemma [10] and the observation from Section we can now provide a proof of
Theorem [6] applying the first and second moments method to the appropriate sets. In
the proof, we use S,, to denote the walk defined by (4.7) and Si to denote the sum of

the first £ summand in S,,.

\/ 0'2 0'2
Proof of Theorem [0 ~ Upper bound. Let a,, = \/(0% + 03)log2n — 4\/%2 logn. Let

Nin =D ep, 1{Sy>an+y} De the number of particles at time n whose displacements are
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n- ~

Figure 4.1: Dashed: maximum at time n of BRW starting from maximum at time n/2.
Solid: maximum at time n of BRW starting from time 0.

greater than a,, +y. Then
ENip,=2"P(Sp > an+y) < coe” @Y

where ¢y and c3 are constants independent of n and the last inequality is due to the fact

that S, ~ N(0, @n) So we have, by the Chebyshev’s inequality,
P(M} > a, +y) = P(N; > 1) < ENy,, < coe™ %Y. (4.16)

Therefore, this probability can be made as small as we wish by choosing a large y.
Lower bound. Consider the walks which are at s, € I, = [an,a, + 1] at time n

and follow s, (sy), defined by , at intermediate times with fluctuation bounded

by fin, defined by . Let I n(x) = [Skn(x) = fn, Skn(x) + frn] be the ‘admissible’

interval at time k given S,, = x, and let

Nop = Z 1{Sv€In,Svk€Ik,n(Sv) for all o<k<n}
veD,

be the number of such walks. By Lemma [10]
ENgp = 2°P(Sp € In, Su(k) € Ipn(Sy) for all 0 < k < n)
= 2"E(lys,cr,y P(Su(k) € Ixn(Sy) for all 0 < k < nlSy,))
2"CP(S, € I,) > ca. (4.17)

V
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Next, we bound the second moment ENZQ’n. By considering the location of any pair

v1,v9 € D, of particles at time n and at their common ancestor v; A v9, we have

2 _
ENy, =FE Z 1{5'%6]”, S(0,yi €1im (S, 07) for all o<j<n,i=1,2}
v1,v2€D,
n

- Z Z El{s,uielm S0,yi €1in(S(,,,1) for all 0<j<n,i=1,2}
k=0 v1,v2€D,
v1 Ava €Dy

n
Z Z P(Sy, € In, S,y € Ljn(S(p,)s) for all 0 < j <n)

k=0 v1,v2€Dy,
v1Ave €Dy

'P(SUQ - Svl/\vg S [1' - Sk,n($) - fk,na T — Sk,n(m) + fk,n]al‘ S In)a

IN

where we use the independence between Sy, — Sy, Av, and S(vl)j in the last inequality.

And the last expression (double sum) in the above display is

> 2K P(S € Iy Sulj) € Lin(Sy) for all 0 < j < n)
k=0
P(Sp = Su(k) € [# = $t0() = frm @ — Sk (%) + frn, v € L)

n

< ENy, Z 2" KP(S, — Su(k) € [ — spn(®) = fom, T — Skn(®) + fon),x € 1),
k=0

The above probabilities can be estimated separately when k < n/2 and n/2 < k < n.
For k <n/2, S, — Sp(k) ~ N(0, (0} 4+ 03) — ko?). Thus,
P(Sn - Sn(k) € [CU - Sk,n('x) - fk,na T — Sk,n(x) + fk,n]ax € In)
202k 2
1 (0~ Heg)on = fin)
exp | —
V7((0? + 03)n — 2ko?) P (02 + 02)n — 2ko?

< 2fk,n

202
—n+——skto(k
2 a%+0§ ( )

For n/2 < k <n, S, — Su(k) ~ N(0,(n — k)o2). Thus,

P(Sn - Sn(k) € [‘73 - Sk,n(l‘) - fk,nax - Sk,n(gc) =+ fk,n]vx € In)

202(n—k 2
< 2f SN exp [ — ((U%Qigg)ian . fk,n)
= 2m(n — k)os 2(n — k)o3

2
20‘2

— 2.3
< 92 91t

(n—k)+o(n—k)
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Therefore,
LB A Thror) O D (k) ro(n—k)
EN3, < ENy, | Y 271+ + > 2l < esENy,, (4.18)
k=0 k=n/2+1
2 2
o o b Aktolk) . :
where ¢5 =2 2 271172 . By the Cauchy-Schwartz inequality,
ENs,,)?
P(M]! > ay) > P(Nap > 0) > # > c4/c5 > 0. (4.19)
ENQ’n

The upper bound (4.16) and lower bound (4.19) imply that there exists a large

enough constant yg such that
+ €4
P(M, € [an,an + yo]) > %er > 0.
5

Lemma@tells us that the sequence { M, — Med(M;})},, is tight, so M} = a,, + O(1) a.s..
That completes the proof. ]

4.3 Decreasing Variances: o} > 03

We will again separate the proof of Theorem [7]into two parts, the lower bound and the
upper bound. Fortunately, we can apply (4.2)) directly to get a lower bound so that we
can avoid repeating the second moment argument. However, we do need to reproduce

(the first moment argument) part of the proof of (4.2)) in order to get an upper bound.

4.3.1 An Estimate for Brownian Bridge

Toward this end, we need the following analog of Bramson [14, Proposition 1’]. The
original proof in Bramson’s used the Gaussian density and reflection principle of con-
tinuous time Brownian motion, which also hold for the discrete time version. The proof
extends without much effort to yield the following estimate for the Brownian bridge

By, — %Bn, where B,, is a random walk with standard normal increments.
Lemma 11. Let
0 if s=0,n,
L(k) =4 100logk ifk=1,...,n/2,
100log(n — k) ifk=mn/2,...,n—1.
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Then, there exists a constant C' such that, for all y > 0,

C(1+ y)2‘

P(BH—EBnSL(k:)—i—yforOSkgn)§
n n

The coefficient 100 before log is chosen large enough to be suitable for later use, and

is not crucial in Lemma [T1l

4.3.2 Proof of Theorem [7]

Before proving the theorem, we discuss the equivalent optimization problems (4.13)) and

(4.14)) under our current setting o > o3. It can be solved by employing the optimal

curve

1
v/2log207s, 0<s<

_ 2’ 4.20
\/2log201§+ 210g202(s—§), §§s§1

If we plot the curve ¢(s) and the suboptimal curve leading to as in Figure
these two curves coincide with each other up to order n. Figure seems to indicate
that the maximum at time n for the branching random walk starting from time 0 comes
from the maximum at time n/2. As will be shown rigorously, if a particle at time n/2
is left significantly behind the maximum, its descendents will not be able to catch up
by time n. The difference between Figure and Figure explains the difference in

the logarithmic correction between Mg and Mﬁ .

Proof of Theorem[7]. Lower Bound. For each i = 1,2, the formula (4.2]) implies that

there exist y; (possibly negative) such that, for branching random walk at time n/2

with variance o2,

n 30; 1
P M v/2log?2 -——71 =

By considering a branching random Walk starting from a particle at time n/2, whose

location is greater than \/2log 2015 — 3 \/W log § +¥1, and applying the above display
with ¢ = 1 and 2,we know that
p <M$ - V2log 2(201 + 09) 3(o1 4 02)

— lo >
n 9210z 2 0g = +y1+y2>_

(4.21)

=
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n/2 - -«

Figure 4.2: Dash: both the optimal path to the maximum at time n and the path
leading to the maximum of BRW starting from the maximum at time n/2. Solid: the
path to the maximal (rightmost) descendent of a particle at time n/2 that is significantly
behind the maximum then.

Upper Bound. We will use a first moment argument to prove that there exists a
constant y (large enough) such that
V2log2 3 1
P (M > °8 (UI+U2)n— (01+U2)logﬁ—|—y < —.
2 24/2log 2 2 10
Similarly to the last argument in the proof of Theorem@ the upper bound (4.22)) and the

lower bound (4.21)), together with the tightness result from Lemma @ prove Theorem
So it remains to show (4.22)).

(4.22)

Toward this end, we define a polygonal line (piecewise linear curve) leading to
7v210g22w1+02)n _ 3lo1tos) log & as follows: for 1 < k <n/2,

2/3Tog 2
M) = " (/2log2oy ™ — — 3T _10g ™y,
= 02 &Ly T Alog2 82

and for n/24+1 <k <mn,

k—mn/2 n 302 n
M(k)=M(n/2 v20og209— — ————1og —).
(k) = M(n/2) + =5 =(V210g 2025 — o oees 1o 5)
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Note that glogn < logk for k < n. Also define

/

Y k=0,%,n,
y+2\/5;1(1)?10gk: 1 <k <n/4,
fk) = y+2ﬁ52"lgg log(2 —k) 2<k<%-1,
+ st log(k—%) §+1<k<i,
y+2\/210g210g( k) fF<ksn-l

We will use f(k) to denote the allowed offset (deviation) from M (k) in the following
argument.

The probability on the left side of (4.22)) is equal to
P(Jv € D,, such that S, > M(n) +y).

For each v € D,,, we define 7, = inf{k : S,x > M (k) + f(k)}; then (4.22) is implied by
ZP(EIU € D,, such that S, > M(n) +y, 7, = k) < 1/10. (4.23)
k=1

We will split the sum into four regimes: [1,n/4], [n/4,n/2], [n/2,3n/4] and [3n/4,n],
corresponding to the four parts of the definition of f(k). The sum over each regime,
corresponding to the events in the four pictures in Figure [£.3] can be made small. The
first two are the discrete analog of the upper bound argument in Bramson [14]. We will
present a complete proof for the first two cases, since the argument is not too long and
the argument (not only the result) is used in the latter two cases.

(i). When 1 < k < n/4, we have, by the Chebyshev’s inequality,

P(3v € D, such that S, > M(n) +y, 7, = k)
< P(3v € Dy, such that S, > M (k) + f(k) < E Y 1(s,>mm)+sk)}-

UE]Dk
The above expectation is less than or equal to
2
ko _ (Mk)+£(k)? k (\/2 log 201k + log k + y)
C2 . 202 < C2 exp | - \/W
Vk Vk 2ko?

\/07
< kP T, (4.24)
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(a) 1 ton/4 (b) n/4 to n/2

(¢) n/2 to 3n/4 (d) 3n/4 ton

Figure 4.3: Four small probability events. Dash line: M (k). Solid curve: M (k) + f(k).
Polygonal line: a random walk.

Summing these upper bounds over k € [1,n/4], we obtain that
n/4
ZP(EIU € D,, such that S, > M(n) +y,7, =k) < Ce
k=1

V2Iog2

Vel ka 32 (4.25)
The right side of the above inequality can be made as small as we WlSh, say at most
by choosing y large enough.

(ii). When n/4 < k < n/2, we again have, by Chebyshev’s inequality,

100’

P(3v € D,, such that S, > M(n) +y, 7, = k)
< P(3v € Dy, such that S, > M (k) + f(k), and S, < M (i) + f(i) for 1 <i < k)

< E Z 1{Sv>M(k)+f(k) and S,; <M(i)+f(i) for 1<i<k}

UE]Dk
Letting Sy be a copy of the random walks before time n/2, then the above expectation

is equal to
kP(Sy > M (k) + f(k), and S; < M(i) + f(i) for 1<i<k)
< 2P(S, > M(k) + f(k), and (S, —% < ( (i) — %f(/-c)) for 1< < k).
01
(4.26)
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J%(Si — %Sk) is a discrete Brownian bridge and is independent of Si. Because of this

independence, the above quantity is less than or equal to

B P(Sp > M(K) + f(k)) - P(Ull(Si _ %sk) < Lr) - %f(k)) for 1< i < k).

01

The first probability can be estimated similarly to (4.24]),

P(Sp > M(k) + f(k))

2
B Qex <\/210g20'1k‘ QW log k + QJT log(% — k) —i—y)
- Vi P 2ko?
_ \/ZTog3
< 02—’%(3 k)2 Y, (4.27)
To estimate the second probability, we first estimate Uil( f(@)— £ f(k)). It is less than
or equal to f( ) = 2\/W logi for i < k/2 < n/4, and, for k/2 <i < k, it is less
than or equal to
5 . ] ) Y 1
—1 2—i)— —————1 2—k)+=(1-—
2vaTogs 282 =)~y aas loe(n/2 = k) + (1= 1)
5 k—i y i
= ——— (1 2—1)—1 2—k 1 2—k =—(1--
s (lou(n/2 =) < tog(n/2 = )+ *ogto/2 - ) + L - )
k—1 Yy , Yy
1 ——logk — < 100log(k — .
2W<og( i) + 2 0g>+01_ og( z)—i—al
Therefore, applying Lemma we have
PlLsi—Lts) < Lire) = Lpr) for1<i<k
o1 'k o= o1 k -

< < (S; —ESk)<10010gz—|——for1<z<k/2 and —(S —%Sk)
01

100log(k — i) + - for k/2 <i < k) < C(1+y)?*/k, (4.28)
o1

where C' is independent of n, k£ and y.

By all the above estimates (4.26]), (4.27) and (4.28)),

n/2

_ v/2Tog3
Z P(3v € D,, such that S, > M(n)+y,7, = k) < C(1+19)% o ka 5/2,
k=n/4 k=1

(4.29)
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This can again be made as small as we wish, say at most by choosing y large

100 ’
enough.

(iii). When n/2 < k < 3n/4, we have

P(3v € D, such that S, > M(n) +y, 7, = k)
P(3v € Dg, such that S, > M (k) + f(k) and S,i < M%) + f(i) for 1 <i < n/2)

IN

IN

E Z 1{Sv>M(k)+f(k), and S; <M(i)+f(i) for 1<i<n/2}-
veDy,

The above expectation is, by conditioning on {S,n/2 = M(n) + z},

2 [ o > M) = M(0/2) + 1(6) ).

-P(S; — f()—%a: for 1 <i<n/2)-

/2 n/2
DS, o (M(n/2) + z)dz, (4.30)

where S and S’ are two copies of the random walks before and after time n/2, respec-
(w) is the density of S,, /5 ~ N(0, 01").

We then estimate the three factors of the integrand separately. The first one, which
is similar to , is bounded above by

tively, and pg

n/2

C _(M(k)fM(n/Q)Jer(k)fx)z
P(Sp_pnjp > M(k) = M(n/2) + f(k) —z) < TH/QS 2/
\/Qlog (y x)

< 9~ (k=n/2). _ =372,
(k%)
The second one, which is similar to (4.28]), is estimated using Lemma

P(S; — —= S0 < f(i) — %x for 1 <i<mn/2) <C(1+2y— )%/ n. (4.31)

n/2

The third one is simply the normal density

_ (M(n/2)5a)? Vo
ps,,(M(n/2) +2)=—=e "1 <C2"’pe” " (4.32)

Vn
Therefore, the integral term (4.30]) is no more than

s, _vzmrz, o (VIDRZ _ VIWEY),
C(k—n/2) / (1+42y — )% o2 o dr,
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_ J/olegs
which is less than or equal to C(1 +y)%e =1 Y(k —n/2)~3/2 since o9 < 0.

Summing these upper bounds together, we obtain that

3n/4 V2Tog2
S P(3v €Dy, such that S, > M(n) +y, 7 = k) < C(1+y)% o1 yz K32,
k=n/2

(4.33)

This can again be made as small as we wish, say at most by choosing y large

100 ’
enough.

(iv). When 3n/4 < k < n, we have

P(3v € D,, such that S, > M(n) +y, 7, = k)
P(3v € Dg, such that S, > M (k) + f(k), and S,i < M (i) + f(i) for 1 <i < k)

IN

IN

b Z 1{SU>M(k)+f( k), and S ; <M(i)+f(i), for 1<i<k}’
’UE]Dk

The above expectation is, by conditioning on {S,n/2 = M(n) + z},

2 [ PSiyn > M)~ MOv/2) + 10 -
S < M(i) — M(n/2) + f(i) — x, for n/2 <i <k)
P(S; — nL/zS"/z < fi) - %:c for 1 < <n/2)-ps,,(M(n/2) +z)de
where S and S’ are copies of the random walks before and after time n /2, respectively.
The second and third probabilities in the integral are already estimated in (4.31]
and (4.32)). It remains to bound the first probability. Similar to (4.26), it is bounded
above by

P( bonja > M(k) = M(n/2) + f(k) — 2,8 < M(i) — M(n/2) + f(i) -
for n/2 <i<k) < C(1+2y - e TEEC ) 52,

With these estimates, we obtain in this case, in the same way as in (iii), that

Z P(Fw € D, such that S, > M(n) +y,7, = k) < C(1+y)?e
k=3n/4

/2Tog2

ol Y Z L—5/2.

(4.34)
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1

This can again be made as small as we wish, say at most by choosing y large

100°
enough.
Summing (4.25)), (4.29), (4.33]) and (4.34)), then (4.23) and thus (4.22)) follow. This
concludes the proof of Theorem [7] O

4.4 Further Remarks

We state several immediate generalization and open questions related to binary branch-
ing random walks in time inhomogeneous environments where the diffusivity of the
particles takes more than two distinct values as a function of time and changes macro-
scopically.

Results involving finitely many monotone variances can be obtained similarly to the
results on two variances in the previous sections. Specifically, let & > 2 (constant) be
the number of inhomogeneities, {01‘2 > 0:4=1,...,k} be the set of variances and
{ti > 0:1=1,...,k}, satisfying Zle t; = 1, denote the portions of time when o?
governs the diffusivity. Consider binary branching random walk up to time n, where
the increments over the time interval [Zi;l tin, Zgzl tin) are N(0, 0]2) for 1 <j <k
When U% < U% < e < a,% are strictly increasing, by an argument similar to that in
Section the maximal displacement at time n, which behaves asymptotically like the

maximum for independent random walks with effective variance Zle tio?, is

k 1 Zl'f 1ti0'2
2(log 2 tio?n — =+ =" " logn + Op(1).
When 07 > 03 > - > a,% are strictly decreasing, by an argument similar to that in

Section the maximal displacement at time n, which behaves like the sub-maximum

chosen by the previous greedy strategy (see (4.6))), is

k k
3 lop’
\/210g2( E t,-ai)n— *(Z 7z)logn+0p(1).
— 2 — v2log?2

Results on other inhomogeneous environments are open and are subjects of further
study. We only discuss some of the non rigorous intuition in the rest of this section.
In the finitely many variances case, when {02-2 :i=1,...,k} are not monotone in

i, the analysis of maximal displacement could be case-by-case and a mixture of the
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previous monotone cases. The leading order term is surely a result of the optimization
problem from the large deviation. But, the second order term may depend on the
fluctuation constraints of the path leading to the maximum, as in the monotone case.
One could probably find hints on the fluctuation from the optimal curve solving .
In some segments, the path may behave like Brownian bridge (as in the decreasing
variances case), and in some segments, the path may behave like a random walk (as in
the increasing variances case).

In the case where the number of different variances increases as the time n increases,
analysis seems more challenging. A special case is when the variances are decreasing,
for example, at time 0 < ¢ < n the increment of the walk is N (0,0227”) with aﬁn =
2 —i/n. The heuristics (from the finitely many decreasing variances case) seem to
indicate that the path leading to the maximum at time n cannot be left ‘significantly’
behind the maxima at all intermediate levels. This path is a ‘rightmost’ path. From the
intuition of [31] and Chapter 2, if the allowed fluctuation is of order n® (o < 1/2), then
the correction term is of order n'=2%, instead of logn in (4.1). However, the allowed
fluctuation from the intermediate maxima, implicitly imposed by the variances, becomes
complicated as the difference between the consecutive variances decreases to zero. A

good understanding of this fluctuation may be a key to finding the correction term.
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