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Item Response Theory Models and Spurious
Interaction Effects in Factorial ANOVA Designs
Susan E. Embretson

University of Kansas

In many psychological experiments, interaction
effects in factorial analysis of variance (ANOVA)
designs are often estimated using total scores derived
from classical test theory. However, interaction effects
can be reduced or eliminated by nonlinear monotonic
transformations of a dependent variable. Although
cross-over interactions cannot be eliminated by trans-
formations, the meaningfulness of other interactions
hinges on achieving a measurement scale level for
which nonlinear transformations are inappropriate (i.e.,
at least interval scale level). Classical total test scores
do not provide interval level measurement according to
contemporary item response theory (IRT). Nevertheless,
rarely are IRT models applied to achieve more optimal
measurement properties and hence more meaningful

interaction effects. This paper provides several condi-
tions under which interaction effects that are estimated
from classical total scores, rather than IRT trait scores,
can be misleading. Using derived asymptotic expecta-
tions from an IRT model, interaction effects of zero on
the IRT trait scale were often not estimated as zero
from the total score scale. Further, when nonzero inter-
actions were specified on the IRT trait scale, the esti-
mated interaction effects were biased inward when
estimated from the total score scale. Test difficulty
level determined both the direction and the magnitude
of the biased interaction effects. Index terms: facto-
rial designs, interaction effects, interval measurement,
item response theory, level of measurement, measure-
ment scales, statistical inference.

Interaction effects are quite important in psychological research. A prototypic design for psychological
experiments is crossing treatment conditions with a context variable (e.g., Siegler, 1981). The context
variable may define groups that differ in either the particulars of the treatment administration (e.g., setting,
duration, mode) or some individual status variable (e.g., demographics, prior experience, or standing on
some theoretical construct). In many theoretical studies, the context by treatment interaction effect reflects
the major research hypothesis. For example, in lifèspan psychology, the interaction of training or task
presentation conditions with age is interpreted as support for qualitative changes in development (e.g.,
Burke & Light, 1981; Salthouse & Mitchell, 1989). In applied settings, the relative impact of different
programs on populations defined by gender, socioeconomic status, prior instruction, learning style, or
learning attitudes often is a primary focus of research (e.g., Snow, 1988).

However, it is well known that the level of measurement for the dependent variable influences interac-
tion effects (e.g., Tukey, 1949). Nonlinear transformations of the dependent variable can eliminate (or
create) ordinal interactions in analysis of variance (ANOVA) factorial designs. Therefore, for example, the
treatment effect that appears relatively larger in one group than in another, as defined by the context vari-
able, may disappear by rescaling the data. Davison & Sharma (1990) demonstrated how a factorial ANOVA
can provide a mixture of appropriate and inappropriate inferences about a latent variable when the statis-
tics are applied to a monotonically related observed variable. In their analysis, the latent variable was
assumed to be measurable at the interval scale level, but the observed variable was not. Davison and
Sharma proved that interaction effects are directly influenced by the measurement scale for the observed
variable, but that main effects are indirectly influenced. 

_____________________
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Unfortunately, the effect of measurement scales on ANOVA interactions is largely ignored in psychologi-
cal research. Total test scores, calculated as unweighted across tasks or items, are often used as a
dependent variable. Classical test theory (CTT) often is used to justify the scaling of such data. If, in fact,
CTT yields interval scales, the results on interaction effects would be trustworthy nonlinear trans-
formations would be inappropriate.

However, in the view of contemporary test theory, classical total scores provide only ordinal level
(e.g., Fischer, 1995). As elaborated below, item response theory (IRT) models provide more
theoretically justifiable scaling for several reasons. With the one-parameter logistic IRT model, total score
is monotonically, but not linearly, to trait level (0). In more complex IRT models, total score is
not even monotonically to 0.

Although IRT models are commonplace in large-scale testing programs, rarely are they applied to sub-
stantively oriented psychological experiments that involve multiple group comparisons. However, two
recent studies (Embretson, 1991, 1994; ~~~~~mll ~ DeLaney, 1985) the potential importance of
IRT scaling in estimating and evaluating group differences. In studies, the IRT model was assumed to
be appropriate but, similar to typical psychological experiments, the statistical comparisons were based on
total scores (or their linear transformations).

T~~x~r~ll ~ DeLaney (1985) demonstrated how group comparisons on an observed variable are influ-
enced by test difficulty level. Assuming equal latent variable means in two groups, they showed that
unequal group variances and inappropriate test difficulty levels lead to spurious mean differences on the
observed variable.

Embretson (1991, 1994) conducted IRT simulation studies that demonstrated how inappropriate infer-
ences result from the total score scale. Although no interaction of context and treatment existed on the 0
scale, substantial interactions were estimated from the total score scale. Further, and significantly, the
relative appropriateness of the test difficulty level for the various groups influenced both the magnitude of
the interaction and the direction of the effect (i.e., for which context the treatments were most effective).
However, no formal development of the test difficulty effect was presented in these studies.

Purpose

IRT models are appropriate for many dependent variables in psychological research. What is the inferen-
tial cost of not applying them when appropriate? This paper examines how estimates of interaction effects
are influenced by using the total score scale, rather than using an appropriate IRT 0 scale. A formal devel-
opment is presented to relate the IRT model parameters to expectations for population parameters that are
calculated from the total score scale. That is, from this development, total score means and variances (as
required for estimating ANOVA interactions) may be anticipated for various hypothetical states (i.e., pat-
terns of means across the groups) on the IRT 0 scale. The expectations then are used to show how varying
conditions on 0 (i.e., magnitude of context and treatment main effects) and varying methodological condi-
tions (test difficulty level and test length) influence the interaction effect that is estimated from total scores.
Because interpreting the findings depends on the theoretical superiority of IRT scaling over the classical
total score scale, the measurement properties of each scale are briefly reviewed.

e~s~~e ~~~ of CTT Versus IRT

CTT fails to achieve three desirable measurement properties that are achieved with IRT models: ( 1 ) item and
person parameters that are invariant (within a linear transformation), (2) interval scale trait level measure-
ment, and (3) measurement of items and persons on a common scale. A variety of textbooks show how the
first property, invariant item and person parameters, is not met in CTT (see 1-I~rrnblet~n, Swaminathan, &
Rogers, 1991 for a clear demonstration). The cTr item difficulties and discriminations depend on the popula-
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tion that is tested, but the person’s score depends on the properties of the items that are administered.
The second property, interval level measurement, is not achieved by CTT partly because the person

parameters are not invariant across items. Item properties influence several aspects of score distributions,
including skew, kurtosis, and the constancy of measurement error, as well as means and variances (Gulliksen,
1950, p. 365). Thus, because the relative distances between persons on classical total scores depend on
item properties only, ordinal measurement is achieved, at best, in CTT. In contrast, the 0 scale in iRT models
does not depend on item difficulties because item properties are included within the model to adjust the 0
estimates accordingly.

The third property, placing items and persons on a common scale, is not achieved in CTT because the
observed score model (of true and error scores) does not include item parameters. Thus, in CTT item diffi-
culties are not directly linked to trait level. In contrast, IRT models do place items and persons on a common
scale because item difficulty and 0 have additive effects on item response probabilities. That is, increasing
the 0 level has identical effects as dccrcasin~ item difficulty by the same amount.

Additive person and item parameters, particularly in the one-parameter logistic model (Rasch, 1960),
are sometimes regarded as reaching the important property of additive conjoint effects in fundamental
measurement (see Andrich, 1988). In fact, the fundamental measurement principle of additive decomposi-
tion as a numerical basis for score comparisons can be shown to yield all three desirable measurement
properties- common scale measurement, interval level measurement, and invariant parameters (Embretson
& DeBoeck, 1994).

Thus, several optimal measurement properties are not achieved in CTT. In contrast, IRT models, particu-
larly the Rasch model, do achieve desirable measurement properties, including interval scale measurement.
Furthermore, IRT models are more basic than CT7; the cut indexes for a particular group may be derived from
IRT model parameters (e.g., Lord & Novick, 1968). This property is used in the expectations below.

Expectations for Total Score Distributions From an T Model

’T&reg; relate ANOVA group contrasts based on total scores to contrasts based on IRT Os, it is necessary to

develop some asymptotic expectations for total score distributions from IRT model specifications. Then,
given some specified hypothetical state on 0 (i.e., group distributions, including a particular pattern of
mean differences) and some methodological conditions, expectations for group contrasts based on total
score can be given.

Lord (1980) presented derivations for CTT indexes as expectations from an IRT model. Because the IRT
model is probabilistic, a distribution of total scores, ~(X I9), may be expected for each 0. The distribution of
total scores at 0 is given by a generalized binomial distribution, such that the probability of success can
vary across items. Summing over r for the R possible response patterns that can yield total score X, the
distribution of total scores at 0 is

where Q(0) is the probability that a person at 0 correctly answers item i as given from an IRT model and xi,
indicates whether item ~s correctly or incorrectly answered in response pattern r.

Lord (1980) noted that the mean of Equation 1 for a person with 8~ is the expected total score, E(Xj). The
mean of Equation 1 its given by the sum of the expectation of positive item responses:

The variance of total scores for person j with 8j is
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I

To generalize the expectations to population statistics, as required for factorial ANOVA designs, a distribu-
tion for the latent variable f(O) must be specified. An expectation for the mean, as in Equation 2, can be
accomplished by integrating over 6:

Similarly, the variance expectation in Equation 3 also may be generalized to a population by integrating
over 8:

The first term in Equation 5 reflects the error variance of total score at 0j, and the second term reflects the
deviations of the expected value of X at 8j from the population mean.

To relate these expectations to some hypothetical true states for multiple group means on 8, a computer
program was written. Given that ~(9.) is obtained from an IRT model and, for convenience, that/(6) is a
normal distribution, the integrals in Equations 4 and 5 may be approximated by Gauss-Hermite quadrature.
The program MULTIQUAD was written to compute item response probabilities for lfl(0j) and to evaluate the
integrals in Equations 4 and 5. Note that Equations 4 and 5 may be evaluated for any distribution; thus, the
derivation is not restricted to the normal distribution.

Implications for Interaction Contrasts in Factorial ANOVA Designs
Method

Contrast effects were estimated in a factorial design from the asymptotic total score means and vari-
ances calculated from Equations 4 and 5 by MULTIQUAD for various hypothetical states on the IRT e scale.
For all hypothetical states, the Rasch model was specified as the IRT model and 0 was the Rasch person
parameter. However, the hypothetical states varied in the pattern of group differences that were specified
on 0. Furthermore, several levels of test difficulty and test length also were specified for each hypothetical
state because the expectations in Equations 4 and 5 depend on the items in the test.

Design. Interaction contrasts were studied in a 2 (context) x 2 (condition) factorial ANOVA for fixed
effects. The ANOVA design is shown in Table 1, where g is an indicator for group. Although for conve-
nience only two levels of conditions are given (treatment and control) and two levels of context (low group
and high group), comparable effects could be shown for larger designs.

Three orthogonal contrasts were specified for two main effects and an interaction. If ?,kg is the coeffi-
cient for group g (see values in Table 1) on contrast k, the context contrast is y&reg;1 with coefficient vector

11 = {-,5, -,5, ,S,,5}; the condition contrast is ~2 with coefficient vector ~2 &reg; {-.5,-.S, .5, .5 } and the
interaction contrast is ~3 with coefficient vector ~,3 = { 19-l,-l,1 }.

Hypothetical state specifications. The hypothetical states for 0 consisted of several combinations of

Table 1
Factorial ANOVA Design for Expectations
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context, treatment, and interaction contrast values on the 0 scale. 0 was assumed normally distributed with
a variance of 1.0 within each group. Four levels of the context contrast were specified on the 0 scale: W, =
{0.0, .5,1.0,1.5}. The marginal mean of the control condition for the treatment factor was specified as 0.0
(i.e., ~..1= 0.0). Thus, the pairs of control group means for low and high context, respectively, were (0.0,0.0),,
(&reg;.25, e~5)9 (-.5,.5), and (-.75, .75).

The treatment contrast values depended on the specified value of the interaction effect on the 0 scale.
For hypothetical states with no interaction effect, four levels were specified for the treatment contrast: W2
:::: {O,O,,5, to, 1.5 }, For the hypothetical states with an interaction effect, the value of the treatment contrast
depended on the interaction. Four levels were specified for the interaction contrast: ~3 = {-1,-,5, ,5,1},
The difference between treatment and control in the uneffected context was specified as 0.0; thus, the
difference in the effected context equals the value of the interaction contrast. For negative values of ~3,
given the contrast coefficients Â3 above, the treatment is effective only in the low context. For positive
values of y&reg;3, the treatment is effective only in the high context.

Procedure. For all comparisons, expectations for total score were from Equations 4 and 5
for varying levels of test length and test difficulty with P(O) given by the Rasch model (Rasch, 1960, p.
168, Eq. l.l). Four test lengths were specified (10,15,30, and 60 items) to represent the various test lengths
that are observed in experimental studies. Four levels of test difficulty were specified (-.75, 0.0, .75, L50)
for an easy, moderate, difficult, and very difficult test, respectively.

Item difficulties within a test were specified as an inverse normal transformation of uniformly spaced
probabilities. That is,

where

bi is item difficulty,
~a is the number of items, and

4$~~ is the inverse normal transformation.
This transformation is similar to a conventional test design because an approximately normal test informa-
tion function and a mean item difficulty of 0 is produced. The four levels of test difficulty were obtained by
adding a constant to b;o
An index of test inappropriateness was calculated to relate the results to test difficulty in these plots.

Test inappropriateness was calculated by the difference between mean item difficulty and mean trait level
across groups:

Because both bs and Os were normally distributed, the difference between test difficulty level and the grand
mean for 0 reflects test inappropriateness. A negative value indicates that the test is relatively more appro-
priate for the low context group; a positive value indicates that the test is relatively more appropriate for
the high context group.

Results

Interaction effects of zero, Figure I the results for hypothetical interactions of 0 for the 15-
item test. In Figure la, the observed value of the interaction contrast is plotted by the test inappropriateness
index. Because the 0 interaction effect is 0 in these hypothetical states, any estimated interaction effect is
erroneous. Figure la plots the observed values of the interaction contrast by test bias for No Context Effect,
three levels of Context Effect, and No Treatment Effect. Figure la shows that the observed interaction was
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Figure 1
Total Score Interaction Effect and Pooled Variance by Test Inappropriateness When IRT Interaction is Zero

either positive or negative, depending on the direction of the test inappropriateness index. That is, the
treatment appeared more effective (positive interaction values) in the high context (context = .5, 1.0, or 1.5)
if the test inappropriateness index was positive. Similarly, the treatment appeared more effective in the low
context (i.~., negative interaction values) if the test inappropriateness index was negative. Only under the
special conditions of either No Context Effect or No Treatment Effect, was the observed interaction con-
trast equal to 0.

Figure lb shows the impact of test inappropriateness on the pooled variance, which, corrected for degrees
of freedom, estimates the mean square error in factorial ANOVAS. Figure Ib shows that the more extreme the
test inappropriateness index, the smaller the pooled variance. The results showed that with an inappropriate
test, the variance was restricted for one or more groups, consequently lowering the pooled variance estimate.
An estimator of an effect is statistically biased if the expected difference between the parameter and the

estimator is not 0. Strictly speaking, the results shown in Figures la and lb are not relevant to bias because
the estimators (from total scores) are derived from distributions with different variances than the parameter
(the 0 scale). To examine bias, standardized interaction contrast values were computed by dividing ~3 by
the square root of the pooled variance. Because the contrast is standardized for variability, it provides an
estimate of the interaction effect that can be compared to the 0 scale that is fixed to a variance of 1.

Figure 2 shows the relationship between the standardized interaction contrast and the test inappropriate-
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ness index, plotted by level of treatment and context effect. The data in Figure 2 shows that the estimated
interaction effect increases with the treatment effect. If the treatment effect was specified as 0 in the hypo-
thetical true state, the observed interaction contrast was estimated as 0, regardless of test inappropriateness
as shown in Figure 2a. However, when a treatment effect existed in the specified hypothetical state, in-
creasing bias was observed, with the low groups producing negative bias and the high groups producing
positive bias in Figures 2b, 2c, and 2d. The interaction contrasts were appropriately estimated as 0 only in
two conditions: (1) the test inappropriateness level was 0, or (2) the hypothetical true context effect was 0.

The analyses were repeated at each test length. Test length had no influence on the relationship of the
various design facets to the value of the interaction contrast. However, very slight differences were ob-
served in the magnitudes of the standardized interaction contrast. Longer tests yielded slightly more ex-
treme values for the interaction contrast.

Nonzero interaction eff °~c~,s. Test inappropriateness was calculated somewhat differently for the nonzero
interaction effects than for the zero interaction effects. The means from the No Effect Context should not
enter into the test inappropriateness index because equal treatment and control distributions were specified in
the No Effect Context. However, for the contexts with effects, test difficulty level can influence the differ-
ences between treatment and control means. Thus, the test inappropriateness index was computed as test
difficulty minus the marginal mean for the context groups with effects. The test inappropriateness index has
positive values if the test is too difficult and negative values if the test is too easy for the contexts with effects.

Figure 3 shows that the observed interaction contrast had U-shaped relationships to test inappropriateness
for all nonzero levels of the hypothetical interaction effect. The observed interaction contrast was highest
when the test was appropriate for the groups with context effects (i.e., the test inappropriateness index equaled
0). Otherwise, the observed interaction contrast became less extreme as the test was more inappropriate.

The impact of test inappropriateness on the pooled variance was also estimated. The test inappropriate-
ness index was defined in the same way as the 0 interaction case because all four groups enter into the

pooled variance (and hence, the mean square error). Because the plot was nearly identical to Figure lb, it is
not presented here.

To assess the magnitude of bias, Figure 4 shows the relationship of the estimated interaction contrast (from
the standardized interaction) to the hypothetical 0 interaction across various hypothetical states. Figures 4a-
4d differ in test difficulty level. Within each figure, the interaction effects are plotted by the level of the
context effect. For reference, a perfect relationship between the estimated interaction and the hypothetical
interaction also is shown. The estimated interaction effect was generally biased inward, yielding less extreme
values than the hypothetical interaction effect. The relative level of inward bias depended on the specific test
difficulty and the context effect.

For example, on the easy test (Figure 4a), when the treatment was more effective for the low context (i.e.,
negative hypothetical interactions), the standardized interaction contrast provided the least biased estimate
for hypothetical states with larger context effects. When the treatment was effective for the high context (i.e.,
positive hypothetical interactions), the standardized interaction provided the least biased estimate for the sets
with smaller context effects. This reversed impact for context at positive versus negative hypothetical interac-
tions is readily explained by considering the role of test inappropriateness. When the treatment was effective
only for the low context group, the easy test was most appropriate for low control group means, which
occurred with a large context effect. When the treatment was effective only for the high context, the easy test
was least inappropriate for low control means, which occurred with a small context effect.

Similar effects are shown in Figures 4b-4d. Interestingly, in the case of the very difficult test (Figure
4d), the hypothetical interaction was actually overestimated for hypothetical effects that favored the high
context group. When a test is very difficult, the pooled variances will be small., especially for the low context.
Hence, the standardization will result in overestimation.
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Figure 3
Total Score Interaction Contrast by Test Inappropriateness and Level of IRT Interaction

All analyses for the nonzero interactions were repeated on the 10-item, 30-item, and 60-item tests. The
same pattern of results was obtained. To compare across test lengths, the mean value of the standardized
interaction contrast was plotted across test lengths for each level of interaction in Figure 5. The results indi-
cated that the standardized interaction contrast did not converge to the hypothetical value with increasing test
length.

Discussion

This paper was concerned with the inferential cost of applying a weak measurement model when a strong
model is appropriate. In particular, the analyses investigated what happens if interaction contrasts are com-
puted from classical total scores when an IRT model is theoretically and empirically appropriate for the data.
The results suggest that when no interaction effects exist on the true latent variable, spurious interaction
effects can be readily observed from the total score scale. Further, when interaction effects do exist, they will
be underestimated.

In the current study, several hypothetical states were specified in which the latent variable was a parameter
in a theoretically appropriate IRT model. When the interaction effect was specified as 0 on the 0 scale, interac-
tion contrasts computed from total scores yielded spurious results under most conditions. That is, the interac-
tion contrast was appropriately estimated as 0 from total scores only under special conditions: (1) the context
effect was 0 on the 0 scale, (2) the treatment effect was 0 on the 0 scale, or (3) test difficulty level was equally
appropriate for both context groups. If test difficulty level favored either context group, spurious interaction
effects were observed. Larger context or treatment effects yielded greater spurious effects. Further, both the
direction and the magnitude of bias depended on test inappropriateness. The treatment appeared effective in
the context for which the test was most appropriate even though no treatment effect existed on the IRT 0 scale.
The interaction contrast became increasingly biased as the test became increasingly inappropriate.

These results suggest that spurious interaction effects will be observed from the total score scale under
many practical conditions in which a context effect exists. Although selecting optimally appropriate tests
would appear to be a solution, usually this is not feasible in practice. Because the magnitude of both the
context effect and the treatment effect influence test inappropriateness, it is generally impossible to anticipate
the effects sufficiently well to select the most appropriate test difficulty level.

When the interactions were not 0 on the 0 scale, test difficulty level influenced estimates of the interaction
contrast effect when computed from total scores. The maximum value of the interaction contrast was ob-
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Figures
Standardized Interaction Effect by Test Length for Levels of IRT Interaction Effects

tained if test difficulty level was optimal for detecting the effect. Otherwise, the absolute value of the interac-
tion contrast decreased as test difficulty differed from the optimal level. Further, results on the standardized
interaction contrast, which may be compared to the latent variable interaction, indicated increasing inward
bias as the test difficulty level was increasingly inappropriate. In fact, inward bias was observed even if no
context effect was specified.

Test length had little effect for either zero or nonzero interactions. The impact of the specified conditions
on the observed interaction effect was nearly identical over different test lengths. Thus, longer tests will not
correct for the spurious results that are obtained from the total score scale.

The current results are based only on the Rasch model. It is sometimes maintained that the Rasch model is
too restrictive and does not fit real test data sufficiently well. However, even if a more complex IRT model is
required to fit the data, the total score scale would not provide a relatively better metric. In fact, if item
discrimination parameters are required to obtain fit, total score is not even monotonically related to the IRT 8
parameters. The IRT trait score, even for equal total scores, would depend on which items were answered
correctly.

Failing to apply an appropriate measurement model can be costly. Although substantive researchers rarely
consider the issue of measurement models in interpreting results from factorial designs, IRT models are now
widely available, theoretically justifiable, and empirically appropriate for many measurement situations. Per-
haps one obstacle to applying IRT models, when they are appropriate, has been that the advantages resulting
from the additional effort are unclear. The current results irnply th~t assuring inferences to a latent variable is
a clear advantage to applying IRT models to substantive research.
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