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Robust Dual Scaling with Tukey’s Biweight
John Sachs

Hong Kong

Use of the method of reciprocal biweighted means
(MBM) for dealing with the outlier problem in dual scal-
ing compared favorably with other robust estimation
procedures, such as the method of trimmed reciprocal
averages (MTA). Like the MTA, the MBM was easy to
implement and it converged to a stable point when a
two-step estimation procedure was used. One advantage
of the MBM over the MTA was that it afforded greater
control in fine tuning the final solution. Empirical re-
sults for four datasets, some containing multiple outli-
ers, are presented. Index terms: biweight, dual scaling,
outliers, reciprocal averages, robust estimation, Tukey ’s
biweight.

Dual scaling is a technique for the analysis of cat-
egorical (non-numerical, qualitative) data (Nishisato,
1979, 1980, 19~ l, 1988). This technique also has
been called correspondence analysis (Greenacre,
1984), the method of reciprocal averages (Horst,
1935), optimal scaling (Bock, 1960), and Guttman
weighting (Guttman, 1941 ).

Essentially, dual scaling involves finding weights
for rows and columns of two-dimensional categori-
cal data tables (such as contingency tables or response
pattern tables) that maximize ~uttm~r~9s ( 1941 ) cri-
terion of internal consistency. Under the criterion of
internal consistency, weights are found for columns
(rows) so that scores within rows (columns) are as
similar as possible and that scores between rows (col-
umns) are as different as possible. That is, these op-
timal column (row) weights minimize the within row
(column) sum of squares (SSW) and maximize the
between row (column) sum of squares (SSb) relative
to the total sum of squares (Sst) for the table. There-
fore, the dual scaling weights maximize the squared
correlation ratio eta-squared (~2) (Nishisato, 1980)

and are optimal in the sense that no other set of
weights can result in a larger 92 . This formulation of
dual scaling is referred to as the one-way analysis of
variance (ANOVA) formulation. An important char-
acteristic of dual scaling illustrated by this formula-
tion is the property of duality, which means that it
does not matter whether row weights or column
weights are found first because both result in the same
maximized value of 112 (Nishisato, 1980).

The dual scaling weights that maximize r¡2 also
maximize the generalized Kuder-Richardson reli-
ability (ex) for multiple-choice data (Nishisato,
1980). The relationship between a and q given by
Lord (195 8) is

where is the number of items. Detailed mathemati-
cal presentations of dual scaling can be found in
Nishisato (1980, 1981, 1988).
An important theoretical and applied issue re-

garding dual scaling weights is the effect of outli-
ers on these weights and how methods for dealing
with such outliers affect the optimal solution ob-
tained. Nishisato (1987) characterizes outliers in
dual scaling as those observations that result in
spuriously large or small item-total correlations
and item ss, spurious interitem correlations, and
extreme item option weights (too large or too
small).

The issue of outliers also has been an important
problem in related areas such as principal compo-
nents analysis, in which the data are continuous.
Jolliffe (19~69 pp. 195-197) summarized research
on robust estimation of principal components, which
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used among other methods, replacement of
weighted means in singular value decomposition
with medians, weighted trimmed means, or other
robust measures of location. Ammann (1993) and
Verboon (1994) also addressed issues of robust es-
timation in principal components analysis.

In dual scaling, Nishisato (1984, 1987) showed
the detrimental effects of outliers on the scaling
weights and proposed the following robust quan-
tification methods for dealing with the problem:
(1) the method of reciprocal medians (MRM); (2)
alternating the MRA and the MRM; (3) the method
of trimmed reciprocal averages (MTA), in which
the means are replaced with a trimmed mean; (4)
the method of generalized forced classification;
and (5) the method of projecting onto a subspace.
Methods 1 and 2 proved less than optimal and
Methods 3, 4, and 5 were promising. However,
Methods 4 and 5, although providing results simi-
lar to Method 3, were more computationally de-
manding than Method 3. Therefore, the MTA
(Method 3) proposed by Nishisato (1987) is a very
practical and computationally simple robust
method for dealing with the outlier problem in dual
scaling.

However, the trimmed mean is only one type of
robust location estimator known as L estimators

(Hempel, 1974; Hogg, 1979; Huber, 1972); the me-
dian, Winsorized means, and Tukey’s trimean are
other examples of L estimators. L estimators are
weighted linear combinations of the ordered obser-
vations. A disadvantage of an L estimator such as
the a-trimmed mean, where a indicates the percent-
age of trim from each end of the ordered observa-

tions, is that the trimmed observations are given 0
weight, and those observations retained are given the
same weight. This is the case regardless of the influ-
ence the retained observations have on the location
estimate.

Another class of robust location estimators,
called M estimators (Huber, 1972), are more effi-
cient than L estimators. M estimators weight ob-
servations by the inverse of their influence on thc
estimate of location. That is, extreme observations
that have a detrimental influence on the estimate
of location are given less weight than those with

less detrimental influence.

Tukey’s Biweight

One such M estimator is Tukey’s biweight
(Mosteller & Tukey, 1977), which is defined as:

where
N is the number of observations;
i indicates the ith observation, where i=1,

2, ..., N; and
the weight, YT;., is given by

and Z,, the distance of an observation xi from an

estimate of location, is given by

where
x* indicates some robust location estimate such

as the median,
S indicates a robust measure of spread such as

the interquartile range, and
k is a multiplicative factor usually fixed at 3

(Mosteller & Tukey, 1977).
Thus, very extreme observations are given 0 weight,
and the weight given to other observations is ad-
justed to reflect their influence. The biweight esti-
mate can be iterated so that the initial estimate is

substituted for x* and the process is repeated until
the difference between Xb(j+1) and .~6~~~ is some pre-
specified difference (e.g., .001).

Because the biweight is sensitive to an obser-
vation’s influence, adjusts the weight to reflect this
influence, and is easy to compute, it is an ideal candi-
date for computing robust dual scaling weights.
The purpose of this study, therefore, was to inves-
tigate the characteristics of the biweighted dual
scaling solution and to compare these results with
the META.
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Method

Following Nishisato (1984, 1987) for the MRM,
the row weights,y;, are the median of the responses
weighted by xj in row i (i = 19 2, ..., r; where a° is the
number of rows), and the column weights, Xi, are
the median of the responses weighted by yi in col-
umnj (j = 1, 2, ..., c; where c is the number of col-
umns). To obtain the biweight results, the median
operation above is replaced by the biweight opera-
tion. The biweighted mean is found from Equations
3-5, using the median for x* and the interquartile
range for S in Equation 5. After each iteration, the
origins and units of the row weights, yi, and col-
umn weights, xj, are adjusted following Nishisato
(1984). This method is referred to here as the
method of biweighted means (MBM).

Although the MRA always converges to a stable
point (see Nishisato, 1980, pp. 60-61) for arbitrary
(nonidentical) starting weights (row or column), this
is not true of the MRM (Nishisato, 1984). A pilot
study conducted using the MBM showed that it con-
verged for most datasets, but there was some oscil-
lation for k < 3. By specifying a less stringent
convergence criterion, such as .01, this oscillation
often was eliminated. Of greater concern was the
fact that the choice of initial starting weights some-
times gave slightly different results. Nishisato
(1984) reported a similar effect with the MRM.

To obviate this problem, a two-step procedure
was used. The constant k in Equation 5 was set to
an arbitrarily high value (99). This gave each ob-
servation in Equation 3 the same weight of 1 so
that the biweighted mean was identical to the mean
or average. Therefore, the MBM was identical to the
MRA in Step I of the two-step procedure, and the
optimal weights were obtained. These optimal
weights were used as initial weights in Step 2, where
k was fixed to values ranging from 1.5 to 5 (values
in this range were found effective in a pilot study).
Nishisato (1984) suggested using this same two-
step procedure for dealing with the problem of ini-
tial weights and the problem of oscillation with the
MRM.

To evaluate the effectiveness of each method in

dealing with outliers, the following summary mea-

sures that are used frequently in evaluating dual
scaling solutions (Nishisato, 1980) were computed:
(1) the item-total correlations (product-moment
correlations between the optimal item scores and
the optimal person scores), (2) the item ss, and (3)
~2e Although the internal. consistency reliability
coefficient, a, can be obtained directly from Equa-
tion 2, it is also reported, following standard prac-
tice in reporting dual scaling results (Nishisato,
1980). The product-moment correlations were used
as criteria for evaluating the solutions by examin-
ing their contribution to the maximized 112, which
is equal to the average of the squared correlations
between item scores and the total scores,

Therefore, 0; indicates which items contribute the
most or least to the total score. Because the item ss
for the weighted responses of item) is proportional
to 0;’ it also indicates how important an item is to
the total scores in dual scaling.

Data

Four datasets were used. The first dataset was re-

ported in Nishisato (1987). It served as a baseline
for comparison with previous research on robust tech-
niques for quantifying categorical data. The other
three datasets were simulated. The three simulated
datasets contained more than one outlier. Some of
these outliers did not appear in the context of other

outliers. Only when other more obvious outliers were
removed did the detrimental effects of these other
outliers on the overall solution appear. Other obser-
vations that appeared to be outliers, because that re-
spondent was the only one to select a particular
response to an item, were in fact not outliers. That is,
they had no detrimental effect (low influence) on the
overall solution. Such datasets are probably more
typical of those encountered in practice.

Dataset 1. 50 students were asked to answer

11 multiple-choice items for a total of 550 responses
(Tung, 1980). The item options chosen by each ex-
aminee were recorded in a 50 x 11 data matrix. The
number of options per item was 2, 3, 4, or 5. One
examinee in this group (Examinee 20) had unusual
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responses to Items 4, 6, and 7. To determine the
effect of Examinee 20’s responses to Items 4, 6,
and 7, the dual scaling solution was obtained first
for the complete dataset and then for the same
dataset but with Examinee 20’s responses to Items

4, 6, and 7 treated as missing (the reduced dataset).
Also, biweight results were obtained for three val-
ues of k (k = 3, k = 4, k = 5) used in Equation 5. In
addition to the biweight results, two sets of results
were obtained using the MTA. Because Nishisato
(1987) showed empirically that trimming one ob-
servation (q = 1) from each end of the ordered ob-
servations gave good results, this moderate amount
of trimming also was used here for comparison
purposes along with q = 2 (i.e., trimming two ob-
servations).

Datasets 2, 3, and 4. For Datasets 2 and 3, re-

sponses of 40 people to a 10-item four-point Likert
scale were simulated. In Dataset 2, six of the
simulees showed unusual option choices for one or
more items. Dataset 3 contained three outliers. For
both these datasets, the unusual responses were
simulated so that only those simulees selected op-
tion 1 for a particular item.

For Dataset 4, responses of 50 people were simu-
lated to a 15-item five-point scale. Responses were
simulated in such a way that only three simulees
chose options 4 or 5 for one or more items. Re-
sponses to all items were positively skewed so as
to model a psychological scale in which low scores
were the norm (e.g., no pathology). Following

Nishisato (1984, 1987), the detrimental effects of
outlying observations were evaluated by ( 1 ) large
correlations among the items associated with the

unusual option choices, (2) large item-total corre-
lations, (3) unusually large and small item ss, and
(4) unusually large or small option weights.

Results

Dataset I I

Effect of Examinee 20 on the MBMsolution. As

Tables 1 and 2 show, Examinee 20’s responses to
Items 4, 6, and 7 on the dual scaling solution resulted
in spuriously high correlations among these items
along with inflated item ss and item-total correla-
tions. Table 1 shows that the correlations among
Items 4, 6, and 7 ranged from .67 to .95 for the full
and from .12 to .25 for the reduced dataset.
Not only were the correlations among these items
much lower in the reduced dataset, but they were
also more similar to the correlations among all other

items.
Table 2 shows that the item ss and item-total

correlations were greatly inflated for the full dataset
compared to the reduced dataset. Also, the item
option weights for the options selected by Exam-
inee 20 were extremely large in the full dataset. This
is because Examinee 20 was the only examinee to
select option 4 of Item 4 and option 2 of Item 7,
although one other examinee selected option 2 of
Item 6. The latter explains the nonzero weight for
option 2 of Item 6 in the reduced dataset.

Table 1
Dataset 1 Interitem Correlations for the Full (Below the Diagonal)

and Reduced (Above the Diagonal) Datasets
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Table 2

Biweighted Dual Scaling Option Weights, SS,
and Item-Total Correlations for Items 4, 6, and 7

MBM versus MTA solutions. The item option
weights, item SS, item-total correlations, and
interitem correlations for Items 4, 6, and 7 in Table
3 show that the MTA results for q = 1 full between
those obtained with the MBM k = 4 and MBM = 5.
Table 4 shows that ~z f&reg;r ~TA q =1 1 was only slightly
larger than that for MBM k = 4 (.263 versus .262);
thus, MBM k = 4 gave results almost identical to
those observed for MTA q = 1. For MBM k = 5, r¡2 2
was larger than the optimal value under MRA for
the reduced dataset (.270 versus .265). This means
that for MBM k = 5 was closer to the optimum
value of 112 obtained with the MRA for the full dataset
(.293), the theoretical maximum.

Datasets 2~ 3, and 4

The impact of the outliers on the MRA results (full
datasets) are seen by examination of the item ss for
Datasets 2, 3, and 4 shown in Table 5. Clearly, the
effect of outlying responses resulted in spurious item
ss. For example, for Items 1 and 3 in Dataset 2 the ss
were 108.92 and 1.66, respectively. Whereas in the
reduced dataset (outliers removed) all item ss were
in the range of approximately 16 to 57. Similar re-
sults are shown for Datasets 3 and 4 in Table 5.

Stable 3

Option Weights and Item Statistics for the MBM and MTA
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Table 4

~, ,,2, and a for the Full and Reduced MRA, MTA, and M13M

Table 6 shows the item ss for the MTA q = 1 and
the MBM k = 3 for Datasets 2, 3, and 4. Datasets 2
and 4 had item SS that were more similar to those
obtained for the optimal solutions on the reduced
datasets (outliers eliminated) shown in Table 5; but
the item ss for Dataset 3, for both the MTA and the

Table 5
Dual Scaling Item SS From MRA for Full and

Reduced Data for Datasets 2 (10 Items),
3 (10 Items), and 4 (15 Items)

MBM, resembled those for the optimal solution on
the full dataset (see Table 5). Obviously, the MTA, =
1 and MBM k = 3 did not function well for Dataset 3.
It appears that for these values of q and k, both the
trimmed mean and the biweighted mean were being
computed on a set of weights that were all large. Thus,
a larger value of q for the MTA and smaller values
of k for the MBM were required to deal effectively
with these large weights. By fixing = 2 and k =1.5,
1.75, and 2.0, more reasonable results were obtained
(see Table 7).

When the squared correlation ratios, ~2, for the
MBM were compared to those for the optimal MRA
solution for the reduced datasets (see Table 8), 112
for MBM = 2 was larger than the optimal value for
Datasets 2 and 3 (.274 for MBM k = 2 versus .264
for reduced MRA for Dataset 2; .292 for MBM k = 2
and .230 for reduced MRA for Dataset 3) and only
slightly less in Dataset 4 (.213 for MBM k = 2 and
.230 for reduced MRA for Dataset 4). But for MBM
= 3, ~2 was always larger than the optimal MRA
value for the reduced datasets (.279 > .264, Dataset

1; .303 > .251, Dataset 2; .231 > .230, Dataset 3).
Comparing MBM to MTA (see Table 8), the ~2 for
MTA q = 1 was only slightly larger than for lvt~t~ k =
3 in Datasets 2, 3, and 4. These results were similar
to those obtained for Dataset 1.

Discussion

As these results and those of Nishisato (1984,
1987) have shown, the MRA is not robust in the pres-
ence of outliers. Outliers have a detrimental effect
on the optimal solution. These effects include (1)
spuriously large or small item-total correlations and
item SS, (2) spurious interitem correlations, and (3)
extreme item option weights (too large or too small).
The use of these item statistics for item selection and
test development, therefore, is inappropriate when
outliers are present.
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Table 6
The MTA q = 1 and the MBM k = 3 Item SS

for Dataset 2, 3, and 4

A simple solution to the outlier problem in dual
scaling, when only one outlier is present, is to delete
the outlier. Then the MRA can be used to compute the
optimal solution on the reduced dataset, as was done
in Dataset 1. Often, however, datasets contain more
than one outlier. To further complicate matters, some
observations only appear as outliers when other more
obvious outliers are removed first. This is common
in regression analysis. However, in regression analy-
sis, there are well-developed methods for detecting
outliers and influential observations (Belsley, Kuh,
& Welch, 1980; Rousseeuw & Leroy, 1987).

At present, no such methods exist for identify-
ing and dealing with the outlier problem in dual

Table 7
Item SS for Dataset 3 for the MTA g = 2
and the MBM (k = 2, k = 1.759 k = 1.5)

scaling. Use of the leave-one-out method followed
by the computation of the optimal solution using
the MRA on the reduced dataset is very inefficient
when more than one outlier is present because this
process may have to be repeated a large number of
times.

Repeating this process a large number of times
has three obvious negative consequences: (1) a large
amount of data may be lost, (2) removal of observa-
tions may actually create more outliers and thus ne-
cessitate the removal of even more observations
before a stable solution is reached, and (3) options
for certain items may appear to have never been se-
lected due to the removal of earlier observations. A

consequence of this last point is that these options
will be given 0 weights and the item statistics may
identify the item as a poor item and, therefore, an
item that should be eliminated. This may be the cor-
rect decision, but the poor item statistics could be a
consequence of having eliminated too many earlier
observations. If this situation were to occur for more
than one item, then eliminating these items could have
an adverse effect on the validity of the instrument.

Clearly, a more satisfactory solution than the
leave-one-out method is needed for dealing with
the outlier problem in dual scaling. Of the robust
methods proposed by Nishisato (1987), the MTA
seems to be the best of the simple computational
methods. However, this study showed that the MBM
competes favorably with the MTA. Unlike the MTA,
the MBM adjusts the weight of each observation to
reflect its influence on the estimate of location.
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Table 8

il, r¡2, and a for the MRA, MTA, and MBM for
Datasets 2, 3, and 4

Furthermore, because k in the MBM is a continuous
variable and q in the MTA is discrete, the MBM af-
fords more control than the MTA in fine tuning the
final solution. This was demonstrated in the case of
Dataset 3 (see Table 7).
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