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Preface 

The study reported herein was performed as part of NOAA National 

Weather Service ~ Hydrologic Laboratory Contract No. 4-36737, with the 

Uni versi ty of Minnesota, St. Anthony Falls Hydraulic Laboratory. It 

formed a major portion of the Ph .D. Dissertation of Kwonshik Kim. and 

was performed under the direction of Professor C. Edward Bowers. 

Snow melt runoff usually forms a substantial portion of the runoff 

from spring floods in the upper midwest. In Minnesota such floods 

usually crest in the latter part of March or early two-thirds of April, 

although an unusually early. melt sometimes results in early floods. 

The National Weather Service River Hydrologist for this area usually 

releases spring flQod forecasts about March 15. These are based on the 

water content of snow on the ground plus the addition of normal amounts 
" 

of precipitation over the critical period of .the next three to four 

weeks. 

As it is not possible to predict precipitation and temperature over 

a three-week period, the study reported herein was undertaken with the 

objective of performing a stochastic analysis of spring meteorological 

data. A second objective was the development of a stochastic model for 

the purpose of generating temperature and precipitation data for use in 

a deter.ministic mathematical simulation model which would transform the 

data into flood runoff. 

The 16,200 square mile Minnesota River Basin was selected for the 

study area although time did not,per.mit.the runpff analysis for the 

complete area. A sub-watershed, the 2,430 square-mile Blue Earth River 
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watershed" was used for the runoff analysis. 

As temperature" precipitation and water content of snow on the 

ground are the pr:irnary data available. for flood analysis" the stochastic 

analysis was confined to precipitation and. temperature; water content of 

snow on the ground is usually available in the form of a state wide map. 

An initial analysis :indicated that for the months of February" 

March and April precipitation and temperature could be treated as in

dependent variables. It was found. that temperature in this period could 

be represented by deterministic and stochastic components. 'The de

tenninistic component can be represented by a single second-order 

regression line for all years. It was found that the stochastic com

ponent can be represented by a 'first order autoregressive' - 'first 

order moving average' model. It was also found that daily precipitation 

at a particular station can be simulated by a two-state MarkQv chain 

model and a gamma distribution. 

'Ihese models were used to generate 500 years' temperature and 

precipitation for February, March and April. 'Ihese data were then 

analyzed in terms of 4 levels of severity for both precipitation and 

temperature. ,Selected data sets were used as :input to the SSARR model 

for the Blue Earth River Watershed. 'Ihe results of this phase of the 

study were very interesting. 'Ibis phase of the study provides a basis 

for evaluating the probabilities of past severe floods and warrants 

much more study. 

'Ihe support of NOAA, the National Weather Service for this study 

is sincerely appreciated. JVh:>. Joseph H. Strub of the National Weather 
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Service provided encouragement for the study and advice on flood 

forecast procedures and problems. Professor Christopher Bingham and 

graduate teaching assistant Lawrence ~1ibodeau provided excellent 

guidance on many aspects of the statistical analysis. 
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1. INTRODUCTION 

The objective of this study was the development of models by 

which air temperature and precipitation data can be ge,nerated for 

spring periods for use in mathematical runoff models, to predict the 

range. and probability of snowmelt floods. 

In the upper midwestern United States, spring floods due to a 

combination of snowmelt and rainfall inflict large amounts of damage. 

To predict snowmelt floods, information is needed concerning the water 

equi valent of snow on the ground, soil conditions and hydrometeorologi

cal data. The water equivalent of snow and soil conditions can usually 

be obtained at the time of the forecast. However, it is currently not 

possible to predict temperature, preCipitation and other meteorological 

factors over a three or four-week interval critical to the spring floods. 

Simulation of such data by stochastic models should provide a basis for 

determination of flood probabilities and the range of possible flood 

magnitudes for current conditions. 

In most areas of the world, rainfall is the only source of runoff. 

So it is natural that many hydrologic studies are concerned only with 

runoff from rainfall. In some areas, where winter precipitation is 

accumulated in the form of snow, snow is the dominant source of runoff 

for many of the major floods. Any program for the effective control, 

conservation, and optimum development of water resources in these areas 

must take into account the vital contribution of snowmelt runoff. 

Record floods auring the springs of 1965 and 1969 caused a corrbined 

total of more than $300 million darrage in the upper midwest. (Paulhus, 

1967, Paulhus and Nelson, 1971). Early warnings· of floods reduced the 
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aDXlunt of damage both in 1965 and in 1969. However, it is believed 

that improved forecasts can be made by studying various factors affect

ing snowmelt runoff, by extending the use of mathematical simulation 

models, and by a stochastic analysis of meteorological data such as air 

temperature and precipitation. 

Hydrologic systems, which produce runoff as an output, can be 

divided into two major components. One component consists of input to 

the system such as precipitation and air temperature, and the other is a 

transformation function relating input and output. 

To predict runoff from snowmelt, input data is needed for a fore-

cast period and the input must be transformed to output by a transformation 

function. 

lliere are two methods by which snowmelt can be computed. One is 

the energy budget method which uses air temperature, dew point temperature, 

solar radiation, wind velocity, albedo, and precipitation. 'Ihe other 

method is the degree-day method which uses only air temperature as an index 

of snowmelt. llie energy budget method is not suitable for forecast pur

poses for large .water sheds, because too many unknown variables are in

volved. To compute snowmelt runoff by the degree day method, precipitation 

and air temperature are the only hydrometeoro1ogical input data usually 

available for consideration. 

Forecasting precipitation and air temperature probabilities for the 

forecast period involves a statistical analyses of historical data. 

Historical precipitation and air temperature data are regarded as sample 

realizations from·an infinite population of time series that could have 

been generated by stochastic processes. The properties of time series 
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are derived by statistical analyses of sample realizations, that is, 

the observed meteorological data. Generating models, which are best 

suited to the time series, are developed and are used to generate pre

cipi tat ion and air temperature data which can be applied to the hydrologic 

system, as represented by the transformation function. 

Usually a transformation function is represented by a mathematical 

model. One of the earliest mathematical models was the stanford model 

(Crawford, 1962). Since that time, a great many models have been de

veloped. lJhe performance of several mathematical models was evaluated 

with respect to their usefulness in predicting snowmelt and rainfall 

floods in the Upper Midwest (Pabst, 1973, Kim, 1974). It was determined 

that the Streamflow Synthesis and Reservoir Regulation (SSARR) model 

(Corps of Eng:i.,neers, 1972) was the best, as a transformation function for 

this study. lJhe NWSRFS was of primary interest in this study, but the 

snowmelt routines have not been fully implemented at the University of 

Minnesota so it was not feasible to use the NWSRFS in this study. 
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2. ANALYSIS OF HYDROlVIEITEOROLCXUCAL DATA 

Temperature and precipitation were the only meteorological variables 

studied because they are of primary importance for snowmelt runoff fore

casting and are available for large watersheds. Since we were mainly 

interested in snowmelt, the forecast period for this study is February 1 

to April 30. The statistical analysis of temperature and preCipitation 

data consisted of three steps. The first step was to deterrrrrne whether 

or not temperature and precipitation can be treated as independent var

iables. The second step was an analysis of temperature, and the third 

was an analysis of precipi ta tion . 

The second and third steps were further divided into two substeps. 

First, temperature and precipitation at only one station was analyzed, 

then the analysis was applied to the other stations. 

2.1 Watershed for the study 

The area selected .for study was the Minnesota River Basin, shown 

in Fig. 1, which drains an area of approximately 16,200 square miles in 

southwestern Minnesota and small areas of South Dakota and Iowa. 

There are 10 weather stations in the basin where air temperature 

and precipitation were recorded from 1940 to the present. Among the 10 

stations 5 were chosen to represent the whole basin for the purpose of 

this study (Fig. 2). The 5 stations are Bird Island, Morris, St. Peter, 

Tracy, and Winnebago, all in Minnesota. 

2.2 Preliminary Analysis of Temperature 

A preliminary statistical analysis of temperature data at St. Cloud, 
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Minnesota was perfo!'lred in order to investigate the properties of air 

temperature in this region. St. Cloud, where 24 years (1948-1971) of 

meteorological data are available on magnetic tapes .. from the National 

Weather Service (Pabst, 1972) ~ is one of the primary weather stations 

in the state of Minnesota. st. Cloud is located just outside of the 

Minnesota Rt ver Basin but close enough to be characteristic of the 

watershed. Also data are available back to 1900, if needed. 

lJhe average mean daily terrperature and the standard deviation were 

computed for the whole year (by days) based on 24 years data (Fig. 3 

and Fig. 4). 'lhe average mean daily temperature was plotted against the 

logarithm of the standard deviation (Fig. 5). 'Ihe result shows that the 

higher the terrperature, the lower the standard deviation of temperature. 

To obtain a constant standard deviation of terrperature> the transformed 

terrperature was defined by 

t = e-ST = geT) (2.1) 

where t = transformed temperature 

T = mean daily terrperature, OF 

S = slope of the linear regression equation between air 

temperature and the logarithm of standard deviation. 

Let the standard deviation be represented by 

ln 0T = a + S ~T (2.2) 

where 0T = standard deviation 

a,S = regresSion coefficients 

~~ = average mean daily terrperature. 

lJhe variance of the transformed temperature can then be approximated by 

Var ('[) :=. (g' (11) ) 2 oT2 (Rao, 1965). After simple computations we obtain 
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Var(~) = ~2e2a = constant 

Linear regression analysis gives 

(2.3) 

Thus the constant standard deviation of temperature was obtained by 

the transformation 

~ = 0.01098T e 

The above conclusion was verified by Fig. 6. 

(2.4) 

Linear regression analysis was performed with the temperature 

data for the fonecast period, i.e., from February 1 to April 30. 

It was found that 

~ = 0.0105T e 
(2.5) 

would give a constant standard deviation for the forecast period. 

The coefficients in the equations 2.4 and 2.5 were found to be 

statistically the same. 

2.3 Test of Dependence Between Temperature and Precipitation 

To test whether or not temperature and precipitation can be 

treated as independent variables, a 3:~',:X. 3 contingency table (Table 1) 

was constructed with 35 years temperature and precipitation data at 

Winnebago, Minnesota. 
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Table 1 

A 3 x 3 Contingency Table Between Precipitation and Air 

Temperature with 35 Years Data (1940-1975) 

at Winnebago, Minnesota 

TRANSFORMED TEMPERATURE RESIDUAL 

<' z .- -0.1 -0.1 < z < 0.1 > z - 0.1 

p < 0.3 690 1605 630 
< 

0.3 - p <: 1.0 39 95 37 
> p - 1.0 1 15 3 

Note: z = Residual of the transformed temperature 

p = Precipitation in inches. 

The daily precipitation events were divided into 3 groups. 

The first group consists of the precipitation events with the amount 

of precipitation less than 0.3 inches. The precipitation events 

with the amount between 0.3 and 1.0 inch from the second group, 

and the third group consists of the precipitation events greater 

than 1 inch. The division was made based on the size of the basin 

and the mathematical watershed runoff model. It is generally 

considered that ill1Y daily precipitation less than 0.3 inches does 

not affect the resulting runoff for a big basin such as the Minnesota 

River Basin. Precipitation between 0.3 and 1 inch tends to increase 

the resulting runoff moderately, while precipitation in excess of 

1 inch has a potential to produce substantial runoff. 
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The transformed temperature was used to determine the standard 

deviation constant at Winnebago, Minnesota by the following 

equation: 

(2.6) 

A second order polynomial regression equation of the transformed 

temperature was computed for every year, then the transformed 

temperature residual was computed for each day by 

z = ~ - Regression Line. 

The transformed temperature residuals were then divided into 

three groups to give degrees Of departure from the regression lines. 

The transformed temperature residuals were used for division instead 

of the transformed temperature, because departure from the normal 

temperature was a maj Qr concern in this study. 

Independence between temperature and precipitation was tested 

by the X2 -test of the contingency Table 1. It was found that 

temperature and precipitation can be treated as independent variables 

in this study. 

2.4 AnalysiS of Temperature at a Particular Station 

Among the 5 weather stations in the watershed Winnebago was 

chosen for the analysis of temperature at a particular station. 

It was found that the transformation eO.00912T would yield a 

constant standard deviation at Winnebago, Minnesota. The transformed 

temperature was assumed to consist of two components, i.e., deterministic 
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and stochastic components. 

where 

1" ::::1.1 +z ij ij ij' j :::: 1, 2, --~, 35 

1"ij :::: transformed tempeI'ature for ith day, jth year, 

~ij :::: deterministic component, 

Zij :::: stochastic component. 

2.4.1 Deterministic Component 

The deterministic component of the transformed temperature can be 

determined by many different methods. Average mean daily temperature 

is considered to be a good approximation to the deterministic component. 

But the average mean daily transformed temperature does not yield a 

smooth curve because the historical record is not long enough. On 

the other hand, a regression analysis gives us a smooth curve which 

is close to the average mean daily transformed temperature curve. 

First, linear regression analysis was applied to the average 

mean daily transformed temperature. It is apparent from Fig. 7 that 

a straight line can not satisfactorily match the observed data for 

the entire period. Thus, second and third order polynomial equations 

were fitted to the observed data as shown in Fig. 7. The third order 

equation yielded a better approximation to the observed data than the 

second order equation. But it was found that improvement is not signi-

ficant enough to use the third order equation. Hence the second order 

polynomial equation was used for further study. 
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A second order orthogonal polynomial equation was applied to 

each year's mean daily transformed temperature. The equation is 

given by 

(2.8) 

where ~ij = deterministic component of the transformed temperature, 

~O(i) = 1 

~l(i) = i - 45 Orthogonal functions [Hartley, 1966J 

~2(i) = (i-45)2 __ "660 

bo,bl ,b2 = orthogonal polynomial coefficients. 

The orthogonal polynomial coefficients bO' bi and b2 were computed for 

each year and the results are shown in Table 2. 

Analysis of variance was employed to test whether or not there 

is one true value of the parameters bO' bl and b2 respectively and 

that variations from the true value are due to experimental error 

and not to yearly effects. It was determined that the null hypo-

thesis can not be rejected by an F test. In other words, b O' bl 

and b2 may be assumed to be constant for all years. 

where 

The deterministic component was determined as: 

bO = 1.33084 

bl = 0.12220 

b2 = 0.02004. 

(2.9) 
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Table 2 

Orthogonal Polynomial Coefflclents of the Transformed Temperature 

at Winnebago, lliinnesota 

Year bO b1 b2 

1940 1.3275 0.0893 0.0:;09 

1941 1. 3501,.~ 0.1532 0.0492 

194-2 1.3927 0.1390 0.0377 

1943 1.3174 0.1306 0.0246 

1944 1.3059 0.0899 0.0322 

1945 1.3698 0.1128 ",:0.0335 

1946 1.4213 0.1528 -0.0154-

1947 1.3010 0.1260 0.0095 

1948 ' 1.3395 0.1653 0.0127 

19-1-9 1.3266 0.1500 0.0130 

1950 1.2719 0.0865 0.0155 

1951 1.2704 0.1125 0.0285 

1952 1.3662 0.1108 0.084.7 

1953 1·3339 0.0927 -0.0037 

1954- 1.3899 0.0789 0.0564 

1955 1.)490 0.1662 0.0)46 

195f, 1.28L}6 0.109!' 0.0035 

1957 1.3552 0.1183 0.0480 

1958 1.3336 0.1386 -0.0221 

1959 1.3287 ' 0.1415 -0.0062 

1960 1.2963 0.1232 0.0826 

1961 1.;3397 0.0789 0.0001 

1962 1.2921 0.1245 0.0650 

1963 1.3611 0.1383 -0.0017 
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1963 1.3611 0.1383 ... 0.0017 

1964 1.)447 0.0906 0. 0632 

1965 1.2475 0.1219 0.03.54-

1966 1.3364 0.1034- -0.0202 

1967 1.3172 0.1392 -0.0005 

1968 1. )664 0.1344 -0.0049 

1969 1.3011 ,0.1312 0.0281 

1970 . 1.2987 0.1319 0.0505 

1971 1·3193 0.1391 0.0063 

1972 1.2920 0.1326 ... 0,0044 

1973 1·3793 0.1017 -0.0085 

1974 1.3525 0.1220 0.0108 

Average 1.3308 0.1222 0.0200 
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2.4.2 Stochastic Component 

Equation (2.7) can be written as: 

Tij = ~i + Zij' i = 1, 2, 

j = 1, 2, 

89 (days) 

35 (years) 
(2.10) 

because the deterministic component was found to be constant from 

year to year. Therefore the stochastic component is the remainder 

after the deterministic component is subtracted from the transformed 

temperature. 

Auto-correlation and partial auto-correlation were computed for 

the stochastic component of each year, and average auto-correlation 

and partial auto-correlation were calculated and are shown in Figs. 

8 and 9 and in Table 3. 

It was concluded from the auto-correlation and the partial 

auto-correlation functions that the stochastic component can be 

represented by a first order autoregressive - first order moving 

average (ARMA (1.1» model (Box and Jenkins, 1970). The ARMA (1.1) 

model was represented by the following equation: 

where 

Z. = ¢lz, 1 + E. - 61E. l' i = 1, 2, ---, 89 
l l- l l-

Zi = stochastic component for ith day, 

z. 1 = stochastic component for (l-l)th day, 
l-

(2.11) 

E. = white noise (purely random component) for ith day, 
l 

E. 1 = white noise for (i-l)th day, 
l-

¢l = autoregressive coefficient, 

61 = moving average coefficient. 

There is only one subscript i in the equation (2.11) because a par-

ticular year is considered each time. 
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Ta.ble 3 

Average Autocorrelations and Partial Autocorrelations of the 

StochasMc Component of Tempera.tura at Winnebago, Minnesota (1940-1974) 

la.g Autocorrelation Partial Autocorrelation 

1 0.69.59 0.69.59 

2 0.3859 -:-0.2064 

3" '.{.! 0.2218 6.09687 

4 0.1471 -0.0068 

5 0.0894 .... 0.0010 

6 0.0420 -0.0269 

7 D.OHl ' 0.0010 

8 0.0069 0.0020 

9 -0.0017 -0.0145 

10 -0,0082 -0.0016 

11 -0,0122 -0.0092 

12 -0.0175 -0.0214 

13 -0.0355 -0.0286 

14 -0.03.54 0.0245 

15 ... 0.0375 -0.0305 
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For the ARMA (1.1) model to be complete, the coefficients 

¢l and 81, and distribution of I;:i should be known. Box and Jenkins 

(1970) gave formulas to compute the coefficients ~)l and 81 , 

(2.12) 

(2.13) 

By substituting estimates r l and r 2 for PI and P2' estimates for 

the parameters ¢l and 81 can be obtained. With PI = 0.69587 and 

P2 = 0.38589, it was found that 

¢l = 0.55454 

81 = -0.28520. 

Now the estimated equation (2.11) becomes 

z. = 0.55454 z. 1 + 1;:" + 0.28520 1;:. l' i = 1, 2, --- 89 (2.14) 
1 1- 1 1-

1;:. was computed from the above equation. Then the properties of 
1 

1;:. were derived. First, the auto-correlations of 1;:. were computed to 
1 1 

test whether or not 1;:. is really a sample from white noise. For each 
1 

year the first 22 auto-correlations were computed and it was found that 

only 30 auto-correlations were outside the 95% confidence limits among 

770 auto-correlations. In other words, more than 95% auto-correlations 

were within the 95% confidence limits. 

is really a sample from white noise. 

Thus it was confirmed that E 
1 

Fig. 10 shows the auto-correlation 

function of I;: for a particular year and 95% confidence limits. 

Distribution of the white noise E. was investigated by the W test 
1 

(Shapiro, 1965, Dunn, 1974). The computed W statistic for each year was 

------------------ ----- -- --- -------------
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found to be close to 1 (average = 0.97). Thus it can be said that the 

while noise is normally distributed. 

The mean and variance of the white noise were computed for each 

year, Averages of mean and variance were found to be zero and 0.00680 

respectively. Therefore the white noise is normally distributed with 

mean equal to zero and estimated variance equal to o. 00680. 

2.5 Analysis of Temperature for a Network of Stations 

In the previous section, the temperature data at a particular 

station in this studY, i. e. Winnebago were analyzed. The proposed 

simulation model for temperature at Winnebago can not be applied 

independently to the other stations, because temperature data at 

all five stations in the Minnesota River Basin are highly correlated 

with each other. For instance, the correlation coefficient between 

air temperature data at Winnebago and Tracy was found to be 0.945. 

Similar high correlation coefficients were obtained between the other 

stations. Therefore temperature data at all five stations shown in 

Fig. 2 were analyzed simutaneously. 

Now let us review the analysis of temperature at Winnebago as 

given in a preceding section. The transformed temperature was first 

defined by 

T = e-c .T (2.15) 

where T = transformed temperature, 

T = mean daily temperature, 

c = coefficient (0.00912). 
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It was found that the variances of the transformed temperature are 

constant. The transformed temperature was then divided into the 

deterministic and stochastic comppnents. The deterministic com-

ponents were represented by a second order regression line and 

the stochastic component was very well described by a first order 

autoregressive - first order moving average (ARMA (1.1)) model with 

proper constants. 

For analysis of temperature for a network of stations, the 

coefficients in the definition of the transformed temperature 

(Eq. 2.15) were computed at all the stations in the Minnesota River 

Basin. They are 

c = 0.00942 at St. Peter, 

c = 0.00893 at Bird Island, 

c = 0.00732 at Tracy, 

c = 0.00912 at Morris and Winnebago. 

For three stations, i. e., Winnebago, Bird Island and Morris, a new 

coefficient (c = 0.00906) was obtained by an average of the coefficients 

at the three stations. Once the transformed temperatures are obtained, 

the deterministic and stochastic components must be determined at all 

the stations. Regression analysis was applied to compute the coef-

ficients of the orthogonal polynomial regression equation: 

where 

~i = bO~O(i) + bl~l(i) + b2~2(i) 

~O(i) = 1 

~l(i) = 1-45 

~2(i) = (i-45)2_660 

The coefficients are shown in Table 4. 

----~-'----~--'--- ._._------------_ ... _--_.----_.---------- - -_. 
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Table 4 

Coefficients of Orthogonal Polynomial Regression 

and ARMA (1.1) Model of Temperature (1940-1974) 

Aut 0- Moving 
bO b1 b2 regressive Average 

Winnebago 1.33084 0.12220 0.02004 0.55454 -0.28520 

Tracy 1.26695 0.09299 0.01511 0.55160 -0.30645 
-

St. Peter 1.36731 0.13339 0.01996 0.56945 -0.26461 

Bird Island 1.33848 0.12651 0.01867 0.58061 -0.25743 

Morris 1.30132 0.12651 0.01716 0.56598 -0.24172 

The deterministic component was determined, so the stochastic component 

could then be obtained by subtracting the deterministic component from 

the transformed temperature. 

The autoregressive and moving average coefficients of the ARMA . 

(1.1) model 

where 

Z. = ~lz, 1 + g. = e.g~ 1 
1- 1-- 1- 1- ~-

Zi = stochastic component for ith day,' 

gi = white noise for ith day, 

~i = autoregressive coefficient, 
-

8. = moving average coefficient) 
1-

(2.17) 

were computed from the stochastic component at each station. The 

coefficients ~1 and 81 are also shown in Table 4. 

White noise was computed at all stations from equation 2.17 with 

the coefficients given in Table 4. It was proved in the previous 

section that the white noise at one station is normally distributed 
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with mean equal to zero and variance i. Let the white noise at each 

station be denoted by: 
(.) 2 

e. J .. N(O" 0.) 
J. ' J 

where i = days from February 1 (i = 1, 2, ---, 89) 

j - station index (j = 1, 2, ---, 5). 

But the white noises at the different stations are believed to be 

related to each other. Thus the white noises must be represented by 

a multivariate normal distribution instead of by five independent 

normal distributions. Let E.be a column matrix with the five elements 
J. 

E~l), E. (2), ___ , E~5). 
J. J. J. 

Then (2.18) 

where 0 = a column matrix with all cornponentsequal to zero. 

I = covariance matrix = 0i o~ 

2 
°3 

2 
°4 

2 2 
°15 °5 

f = 0.006840 0.00355 0.00534 0.00504 0.00379 (2.19) 

0.00355 0.00451 0.00473 0.00459 0.00458 

0.00534 0.00473 0.00792 0.00580 0.00540 

0.00504 0.00459 0.00580 0.00757 0.00538 

i 0.00379 0.00458 0.00540 0.00538 0.00243 



This covariance matrix can be used in equation 2.18 to describe the 

white noises at the five stations. 

2.6 Analysis of Precipitation at a Particular Station 

In the previous sections, temperature was analyzed at a par

ticular station and for a network of stations. In this section, 

precipitation will be analyzed at a particular station. 

The analysis of preS!ipitation in this study is based on the 

assumption that any precipitation event consists of sequences of 

wet and dry days and precipitation amounts for a single wet day or 

sequences of consecutive wet days. In this study a wet day is defined 

as one during which at least 0.03 inches of precipitation falls. 

2.6.1 Wet and Dry Day Sequences 

A first order Markov chain probability model was used to 

analyze sequences of wet and dry days in this study, because it has 

been most widely employed among various models by many researchers, 

and because a simple model is required for the generating purpose. 

Amounts of precipitation for wet days were examined by gamma dis

tribution which has been successfully applied by a number of scientists. 

The forecast period, i.e. February 1 to April 30, is divided 

into 3 divisions, because it was found that the parameters of the gamma 

distribution were not stable for periods in excess of four weeks. The 

first division consists of the first 29 days from February 1 to March 1, 

the next 30 days make the second division, and the third division con

sists of the last 30 days, that is, the month of April. 

---.-----~--~------------
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A two-state Markov chain model was applied to describe the 

occurrence of wet and dry days for each division. First, a 2 x 2 

contingency table was obtained for each division so that each cell 

represents the number of dry or wet days given the previous dry day, 

and number of dry or wet days given the previous wet day, respectively. 

Table 5 shows the contingen-cytablesfDral1 three division frOID 35 

years data (1940-1975) at Winnebago, Minnesota. For example, there were 

701 events in which a dry day was followed by a dry day, while there 

were 48 events in which a wet day was followed by a wet day for the 

first division. 

It was concluded by X 2 tests that any single contingency table 

can not adequately describe the occurrences of wet and dry days for 

all three divisions. 

The probabilities of the two state Markov chain models were 

computed from Table 4. Table 6 shows the probabilities. Acco~ding 

to Table 6, the probability of having a wet day after a dry is 

0.1399, while the probability of having a dry day after a wet day 

is 0.7091 for the first division. 

2.6.2 Amount of Precipitation 

Sequences, only, of dry and wet days were studied in the previous 

section. To complete the analysis of precipitation, the amounts of 

precipitation for wet days were examined. The gamma distribution, 

which bas been successfully applied by many researchers, was applied 

in order to describe variation in precipitation amounts for wet day 

sequences in this study. 

_I __ . _. _~~ ___ , _____ . __________ .. __ 
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Table 5' 

Contingency Tables of Precipitation at Winnebago, Minn. (1940-1974) 

~ 
E-i 
0) 
p:; 
H 
rx. 

>-l 

~ 
E-i 

~ 
H 
rx. 

DRY 

WET 

"'TOTAL 

DRY 

WET 

TOTAL 

DRY. 

WET 

TOTAL 

FJ,.RST, Dr.VISIO~ 

SECOND DAY 

DRY 'WET, .. , 

701 114 

117 .48 

,.818 ' 162 

SECOND DIVISION 

SECOND DAY 

DRY WET 

641 148 

149 77 

790 225 

THIRD DIVISION 

SECOND DAY 

DRY WET 

,583 164 

159 109 

742 273 

Note: Division I = February 1. - March 1 
Di v:\.si on II ;:: March 2 - March 31 
Division III = April 1. - April 30 

TOTAL 

81.5 

16,5 

980 

TOTAL 

789 

226 

1.015 

TOTAL 

747 

268 

1015 

Number in a cell represents the number of observations,. 
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Table 6 

Probabilities of Markov Chain Models 
at Wj.nneba,go, Minnesota (1940-1974) 

FIRST DIVISION 

SECOND DAY 

~ DRY ~rET 

~ DRY 
H 

0.8601 0.1399 
fx! WET 0.7091 0.2909· 

SECOND DIVISION 

SECOND DAY 

~ 
DRY WET 

E-i DRY 0.8124 0.1876 U) 
p:; 
H WET 0.6593 0.3407 fx! 

THIRD DIVISION 

SECOND DAY 

:>-I DRY WET 
-~ 

E-i DRY 0·7805 0.2195 
~ 

WET 0.4067 ~ 0.5933 

TOTAL 

1.0 

1.0 

TOTAL 

1.0 

1.0 

TOTAL 

1.0 

1.0 
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The gamma probability distribution is one of the most important 

distributions in applied statistics. The gamma probability ,distribu

tion has a density function: 

fey; 1..,0:) = _1_ >..a yo:-l e-AY ; A, a > 0, y ~, 0 
reo:) 

where r (0:) is the gamma function, and 0: and A are shape and scale 

parameters, respectively. The properties of the gamma distribution 

are not discussed in detail here, because many textbooks on statistics 

deal with the gamma distribution and its properties in great detail 

(Freund, 1971, Johnson, 1970). The mean and the variance of the 

gamma distribution are given by -r- and a2 respectively. 
A 

Approximate maximum likelihood estimates ofa and A in the gamma 

distribution were calculated by the methods developed by Thom (1958). 

a = [1 + (1 + 4A/3)1/~/( 4A) 

Where 

N 
x = (N &)/j~l Yj 

N N 
A = In (I y./N) - ~Illn Yj)/N 

j=l J J-

N = number of observations 

Yj = amount of precipitation for an i-day wet period 

(i = 1, 2, --- 6) 

Table 7 shows the number of observations of i-day wet period, the 

estimates of the parameters a and Ie, and the mean and the variance 

of the gamma distribution for all three divisions. 

After the total amount of precipitation is determined for an i

day wet period, the total amount of precipitation must be distributed 

--- _._-----_._-------- ---- ---
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Table 1', 

Estimates o;f the Parameters in the Gamma Distribution for 

Precipitation at Winnebago, Minnesota 

DIVISION 1 

..... ..-----~.-•• ~,- ...... ----,-~ ... - ....... ---.• -."'. ~~-''! ,," .... ~-.-. - ........... ,- ~ ~. ~ -- , 

"\ '" Number of days 
.'-n_Jl~:t._~~*J._~ __ ~ __ ! __ ._ 

A 
Ol '" -.. ~~~(f ) __ variance~~) A 

1 80 1.233 6.401 0.193 0.030 

2 J4 2.208 5·198 0.425 0.082 

:3 5 3·798 5.971 0.6)6 0.107 

4 1 

5 

6 
.... __ ••• 0_ •• , ...... _,. 

DIVISION 2 

Number of days " '" J 1-
in Wet Period N ~ A mean(x) variance(~~ 

_____ .......... ___ .. _ ........... "'"'....-.-.., .... , .. ~_~_~ ..... ,. ___ .... _.~_ ...... ~ ... ~ .•. __ ... _ ....... ,_,~\ ....... _, .... _ .. _._ ..... ~. ,~" •. '~' .• --- •• ~ ,- .. ' . "-, ."., ,f\ 

1 - 98 1.358 6.009 0.226 0.038 

2 

:3 

4 

5 

6 

42 

12 

3 

2.075 

4.924 

5.424 

4.178 

7.223 

4.508 

0.497 -

0.682 

1.203 

0.119 

0.094-

0.267 
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for every day in the wet period. This was done rather simply by 

distributing the total amount according to the average ratio on 

a particLl.lar day in the wet period. For the purpose of this study, 

this simple method seems satisfactory, because the accumulated 

amount of precipitation over a several day period is more important 

than amount of precipitation on a particular day. 

2.7 Analysis of Precipitation for a Network of Stations 

For the analysis of precipitation at a particular station, any 

precipitation event was assumed to consist of sequences of wet and 

dry days and precipitation amow1ts for the wet days. The sequences 

of wet and dry days were then modeled by the Markov chain probability 

model. The gamma distribution was proposed to simulate the pre

cipitation amounts. 

Precipitation events at the five weather stations in the Minnesota 

River Basin are believed to have high correlations to each other. So 

anyone station can not be modeled independently without considering 

interactions with the other stations. To incorporate correlationq 

between stations, two stations were first studied. Winnebago and 

St. Peter were chosen for the initial analysis of the sequences of 

wet and dry day sequences. 

The sequences of wet and dry days at Bird Island were then examined 

based on the conditions at Winnebago and St. Peter. Next, the sequences 

at Tracy were studied based on the conditions at Winnebago and Bird 

Island. Finally, the sequences at Morris were studied based on the 

conditions at Bird Island and Tracy. 



Number of days 
in Wet Period 

1 

2 

3 

4 

.5 

6 

N 

108 

43 

' 1.5 

3 

4 

1 
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Table '1·--Continued 

DIVISION 3 
-~----'--' 

1.525 6.623 

2.149 2.786 

3·.524 5.064 

23.3°1 21.443 

11.109 6.868 

" .., 
mean(~) variance(~ 

0.230 

0·771 

0.696 

1.087 

1.618 

0.035 

0.277 

0.13'1 

0.051 

0.236 

Note: N = Nt~ber of Observations 
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A 4 x 4 contingency table (Table 8) was made for each division 

to describe the sequences of wet and dry days at Winnebago and 

Tracy. In Table 9, state I represents a dry day at both stations, 

state 2 a day in which it is wet at St. Peter and dry at Winnebago, 

state 3 a day in which it is wet at Winnebago and dry at St. Peter, 

and state 4 a wet day at both stations. To construct Table' 8, the 

number of observations in each of the four states was counted, and 

these are shown under "Total" in Table 8. For instance, there are 

777 observations in state I (dry at both Winnebago and St. Peter), 

38 observations in state 2 (dry at Winnebago and wet at St. Peter), 

73 observations in state 3, and 92 observations in state 4 for the 

first division. These observations were then divided into the 

four states according to the condition of the following day. For 

instance, 656 observations of the 777 observations fall in state I 

(dry at second day at both Winnebago and St. Peter), 30 observations 

fall in state 2, 32 observations fall in state 3, and 59 observations 

fall in state 4, when the condition of the following day is cons.idered. 

Table 9 shows estimated transition probabilities. 

Once the wet and dry day sequences at Winnebago and St. Peter 

were investigated, the known conditions at ,the two stations were 

applied to study the sequences at Bird Island. Transition probabilities 

in a 2 x 2 Markov chain model can be obtained at Bird Island without 

considering the conditions at Winnebago and St. Peter. But the 

sequences of dry and wet days at the different stations are closely 

correlated. Therefore conditional transition probabilities were 

computed at Bird Island and the known conditions at Winnebago and 
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Table 
.,/ 

,6 

4 x 4 Contingency Tables for the Sequences of Wet and 
Days at Winnebago and. St,Peter (1940-1974) 

DIVISION I 

SECOND DAY 

State 1 2 3 4 Tota.l 
~ 
r:I 1 6'562, " 30 32 59 777' 

~ 
. ,'. 

2 , 13 2 11 12 38 
3 5e 6 5' 4 ,~ 73 
4 ' 51 " 2 ,22 ' 17 '192 , 

Total 778, 40 ,70 ,92 980 

DIVISION II 

SECOND DAY 

State 1 2 3 4 Total 
l>i 

, ~ 1 579 42 41 73 735 
~ 2 18 2 15 ' 19 54 
!Xi :3 71 3 5 10 89 H rz. 4 68 7 29 33 137 

Total 736 54 90 ' 135 1015 

DIV):SION III, , 
.' 'i '~' 

• 'I" 

SECOND DAY 
" 

State 1 2 3 4 Total 
~ 
A 1 498 55 33 88 674 
E-I 2 26 4 21 22 73 til 
~ 3 66 4 13 15 98 rz. 4 79 10 32 49 ' 170 . 

Tota.l 669 73 99 174 1015 
! 

Note: State 1 ::0 Dry at bothW1nnebago and St. Peter 
State 2 = Pry at Winnebago and wet at St. Peter 
Sta.te 3 = Wet at Winnebago and 'dry at St. Peter 
State 4 =Weta.t both Winnebago and 'St. Peter 
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Table,g. 

4x 4 Transit10n Probability Matrices for the Sequenee~ 
. ·of Wet and Dry Days at Winnebago and St. Peter 

DIVISION I 

SECOND DAY 

State' 1 2 :3 4 Total 

~ 1 '0.8443 0.0386 0.0412 0.0759 1.0 
~ 2 0.3421 0.0526 0.2895 0.3158 1.0 

.f:-! 3 0.7945 0.0822 0.0685 0.0.')4.8 1.0 
~. 4 0.5.543 0.0217 0.2391 0.1848 1.0 
a Total 0.7939 0.0408 0.0714 0.0939 1.0 

DIVISION II 

SECOND DAY 

State 1 2 :3 4 Total 

g 1 0.7878 0.0571 0.0558 0.0993 1.0 
2 0.3333 0.0370 0.2778 0·3519 . 1.0 

~. 3 0.7978 0.0:r37 0.0562 0.1124 1.0 
4 0.4964 0.0511 0.2117 0.2409 1.0 

Total 0·7251 0.0532 0.0887 0.1330 1.0 
" 

DIVISION III , 

SECOND DAY 
• 

Total 1 2 3 4 Total 

~ 1 . 0.7389 0.0816 0.0490 0.1306 1.0 ~ 2 0.3562 0.0.548 0.2877 0.3014 1.0 
E-"i :3 0.6735 0.0408 0.1327 0.1531 1.0 til 
IX; 4 0.4647 0.0588 0.1881 0.2882 1.0 H 
~. Total 0.6591 0.0719 0.,0975 0.1714 1.0 

. --_ .. - ------.--------~-.~~~. 
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St. Peter. Table 10 shows contingency tables for three divisions. 

Dry-dry, dry-wet, wet~dry, and wet-wet on the first row in Table 10 

represent the conditions of any day and the following day at Bird 

Island. The. transition probabilities are shown in Table II. 

The sequences at Tracy were examined based on the conditions 

at Winnepago and Bird Island. Wmnebago and Bird Island have been 

chosen from the three stations, because they are the closest stations 

to Tracy. Table 12 and Table 13 illustrate contingency tables and 

transition probabilities. 

Similiarly, Bird Island and Tracy were chosen in the analysis 

of wet and dry day sequences at Morris. Table 14 and table 15 show 

contingency tables and transition probabilities at Morris. 

Once the sequences of wet and dry days for a network of stations 

were analyzed, the next question was how to model the precipitation 

amounts for wet days. It is reasonable to assume that a multivariate 

gamma distribution would be a good model for simulation of the pre

cipitation amounts, because the precipitation amounts at one station 

are modeled by a univariate gamma distribution.. But no method has 

been developed to estimate the parameters in the multivariate gamma 

distribution and to generate the multivariate gamma distribution. 

To visualize the relationship between precipitation events at 

any two stations, precipitation at one station was plotted against 

precipitation at the other station for each year. Fig. 11 shows a 

typical scatter plot of precipitation at Winnebago and Bird Island. 

As can be seen from Fig. 11, it seems that there is little relation

ship between precipitation amounts at Wmnebago and Bird Island. 



-42-

Table 10 

Cont1.ngency Tables for the Sequences ofl'let and Dry Days at Bird 
Island according to the Conditions at Winnebago and St. Peter 

DIVISION I 

. FIRST AND SECOND DAYS AT BIRD ISLAND 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET 

1 678 37 715' 60 3 
2 11 17 28 5 7 
:3 29 4 33 29 8 
4 14 46 60 10 22 

TOTAL 732 104 836 104 40 

DIVISION II 

FIRST AND SECOND DAYS AT BIRD ISLAND 

STATE DRY DRY DRY WET TOTAL· WET.· DRY WET WET 

1 621 42 663 62 11 
2 13 27 40 9 5 
3 39 7 46 35 9 
4 12 54 66 22 47 

TOTAL 685 130 815 128 72 

DIVISION III 

FIRST AND SECOND DAYS AT BIRD ISLAND 

STATE DRY DRY DRY WE'r TOTAL WET DRY WET WET 

1524 48 572 82 15 
2 14 40 54 9 1'0 

5 46 36 17 
68 85 24 65 

3 .. 41 
4 17 

TOTAL 596 161 757 151 107 

Note: State 1 ~ Dry at both Winnebago and St. Peter 
State 2 = Dry at Winnebago and wet at St. Peter 
State 3 = Wet at Winnebago and dry at St. Peter 
State 4 = Wet at both Winnebago and St. Peter 

TOTAL 

6) 
12 
37 
32 

144 

TOTAL 

73 
14 
44 
69 

200 

TOTAL 

97 
19 
53 
89 

258 
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Table 11 

Transi tlon ProbabllHi,es at Bird Island according to 
the Cond:ltions at Winnebago and St. Peter 

DIVISION I 

FIRST AND SECOND DAYS AT BIRD ISLAND 

STATE DRY,DRY DRY WET TOTAL WET DRY WET WET 

1 ·9483 .0517 1.0 ·9524 .0476 
2 ·3929 .6071 1.0 .4167 ·5833 
3 .8788 .1212 1.0 .7838 .2162 
4 .2333 .7667 1.0 ·3125 .6875 

TOTAL .8756 .1244 1.0 , ·7222 .2778 

DIVISION II 

FIRST AND SECOND DAYS AT BIRD ISLAND 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET 

1 .9367 •0633 1.0 .8493 .1507 
2 .3250 .6750 1.0 .6429 .3571 
3 .8478 .1522 1.0 .7955 .2045 
4 .1818 .8182 1.0 .3188 .6812 

TOTAL .8405 .1595 1.0 .6400 .3600 

DIVISION III 

FIRST AND SECOND DAYS AT B1RD ISLAND 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET 

1 .9161 .0839 1.0 .8454 .1546 
2 .2593 .7407 1.0 .4737' .5263 
3 .8913 .1087 1.0 .6792 ·3208 
4 .2000 .8000 1.0 .2697 .7303 

TOTAL .7873 .2127 1.0 .5852 .4147 

TOTAL 

1.0 
1.0 
1.0 
1.0 
1.0 

TOTAL 

1.0 
1.0 
1.0 
1.0 
1.0 

TOTAL 

1.0 
1.0 
1.0 
1.0 
1.0 
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Table.12 

Contingency Tables for the Sequences of Wet and Dry Days at Tracy 
acoording to the Conditions at Winnebago and Bird Island 

DIVISION 1 

FIRST AND SECOND DAYS AT TRACY 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET TOTAL 

1 687 20 707 47 0 47 
2 30 26 56 5 3 8 
3 29 11 40 37 5 42 
4 9 38 47 6 27 33 

TOTAL 755 95 850 95 35 130 

DIVISION II 

FIRST AND SECOND DAYS AT TRACY 

STATE DRY DRY DRY \~ET TO'l'AL WET DRY WET WET TOTAL 

1 616 19 635 66 4 70 
2 41 Y+ 75 8 2 10 
3 44 16 60 41 7 48 
4 18 49 67 8 42. 50 

TOTAL 719 118 837 123 55 178 

DIVISION III 

FIRST A}IDSECOND DAYS AT TRACY 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET TOTAL 

1 526 18 544 74 11 85 
2 43 50 93 9 11 20 
'3 44 15 59 40 19 59 
4 9 68 77 23 55 78 

TOTAL 622 151 773 1J}6 96 242 

Note: State 1 = Dry at both Winnebago and Bird ISland 
State 2 = Dry at Winnebago and wet at Bird Island 
State 3 = Wet at Winnebago and dry at Bird Island 
State 4 = Wet at both Winnebago and Bird Island 



STATE 

1 
2 
:3 
4 

TOTAL 
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Ta.blei3· 

Transition Probabilities a.t Traoy acoo~ing to the 
Conditions at Winnebago and Bird Island 

DIVISION I 

FIRST AND SECOND DAYS AT TRACY 

DRY DRY· DRY WET TOTAL WET DRY WET WET 

.9719 .0281 1.0 1.0000 .0000 

.5357 .4643 1.0 .6250 .3750 

.'7250 .2'150 1.0 .8810 .1190 

.1915 .8085 1.0 .1818 .8182 

.8882 .1118 .1.0 .73°8 .2692 

.,' .. . . 

TOTAL 

1.0 
1.0 
1.0 
1.0 
1.0 
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Table 14 

OontingencyTables for the Sequenoes of Wet and. Dry Days at Morris 
a.ccording to the Conditions at Bird Island and Tracy 

DIVISION I 

FIRST AND .SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET 

1 7'05 15 '720 69 11 
2 26 14 40 8 2 
3 24 5 29 6 1 
4 21 52 73 4 1'7 

TOTAL '7'76 86 862 8'7 31 

DIVISION II 

FIRST AND SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAl> WET DRY WET WET 

1 638 29 66'7 .94 6 
2 . 26 21 5'7 9 9 
3 31 4 35 ,6 5 
4 36 61 9'7 7 23 

TOTAL 741 115 856 116 43 

DIVISION III 

FIRST AND SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET 

1 
2 
3 
4 

TOTAL 

Note I 

522 
29 
32 .. 
46 

629 

28 
22 
11' 
87 

148 

550 
51 
43 

133 
'777 

112 22 
13 20 

f3 12 
10 41 

143 95 

State 1 = Dry at both Bird Island and Tracy 
State 2 = Dry at ~ird Island and wet at Tracy 

'State :3 = Wet. at Bird. Isla.nd.anddry at Tracy 
State 4 "" Wet at both Bird Island and Tracy 

: ,'TOTAL 

80 
10 

'7 
21 

118 

TOTAL 

100 
18 
11 
30 

159 

TOTAL· 

134 
33 
20 
51 

238 
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Ta.ble 15 

Transition Probabilities at Morris according to the 
Conditions at Bird Island and Tracy 

DIVISION I 

FIRST AND SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET TOTAL 

1 .9792 .0208 1.0 .8625 .1375 1.0 
2 .6500 ·3500 1.0 .8000 .2000 1.0 , .8276 .1724 1.0 .8571 .1429 1.0 
4 .2877 .7123 1.0 .1905 .8195 1.0 

TOTAL .9002 .0998 1.0 .7373 .2627 1.0 
II 

DIVISION II 

FIRST AND SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET TOTAL 

1 ·9565 .0435 1.0 ·9400 .0600 1.0 
2 .6316 .3684- 1.0 .SODO .5000 1.0 
3 .8857 .1143 1.0 .5455 .4545 Lo 
4 ·3711 .6289 1.0 .2333 .7667 1.0 

TOTAL .8657 .1)43 1.0 .7296 .2704 1.0 

DIVISION III 

FIRST AND SECOND DAYS AT MORRIS 

STATE DRY DRY DRY WET TOTAL WET DRY WET WET TOTAL 

1 .9491 .0509 1.0 .• 8358 .1642 1.0 
2 .5686 .4314 1.0 .3939 .6011 1.0 
3 .7442 .2558 1.0 .4000 .6000 1.0 
4 ·3459 .6541 1.0 .1961 .8039 1.0 

TOTAL .8095 .1905 1.0 .6008 03992 1.0 
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Therefore, it was desirable to test whether or not the amounts 

of precipitation at any two stations are independent. The con-

ventional test based on normal regression can not be employed because 

the bivariate population is far from normal. In fact, the population 

seems to be a bivariate gamma distribution. 

A rank correlation coefficient was employed to test independence 

(Bendecor, 1967). The rank correlation coefficient, due to Spearman 

and usually denoted by r s ' is the ordinary correlation coefficient 

between the ranked values of the two variables. A method of computing 

the coefficient is given by the formula 

where n = number of observations 

d = difference in rank. 

Like ordinary correlation coefficients, the rank correlation can range 

in samples from -1 (complete discordance) to +1 (complete concordance). 

The confidence intervals of rs for various confidence levels are given 

by Beyer (1966). The degrees of freedom are two less than the number 

of observations in a table of the confidence intervals of rs' 

The r.ank correlation coefficients were computed for each of the 

35 years between any two stations among the five stations in this 

study. 

Only one out of 35 rank correlation coefficients is outside of 95% 

confidence limits, and none of the 35 coefficients is outside of 99%. 
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It was concluded by comparing the computed rank correlations 

with cirtical values that the amounts of precipitation at any two 

stations may be assumed to be independent. In other words, the 

amounts of precipitation at any station can be modeled by a univa

rtate gamma distribution with proper parameter values. 
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3. APPLICATION OF THE PROPOSED MODELS 

3.1 Analysis of Simulated Temperature 

In the previous chapter, it was found that the deterministic 

component of the transformed temperature could be represented by 

a single second order regression line for all years and the stochastic 

component could be represented by a first order autoregressive - first 

order moving average model. The proposed model for air temperature 

was applied to generate 500 years temperature data at Winnebago, 

Minnesota. 

Equation (2.14) is 

z. = 0.55454 z. 1 + 8. + 0.28520 8. 1 
1 1- 1 1-

(3.1) 

where z. = the stochastic component of the transformed temperature 
1 . 

for the ith day, 

8. = white noise for ith dE~. 
1 

A random number generater generates 8., i == 1, 2, --- 89, from a 
1 

normal distribution with mean zero and with variance equal to 0.00680. 

Then z. was determined from Equation (3.1) with the given initial con-
1 

ditions. After the stochastic component z. was determined, z. was com-
1 1 

bined with the deterministic component given by Equation (2.0) to give 

the transformed temperature z .. 
1 

Finally air temperature was computed 

by use of Equation (2.6) with the known T •• 
1 

Since determining the range and probability of snowmelt floods is an 

objective of the study, temperature above the freezing point (32°F) were 

considered in the analysis of the 500 years of simulated temperature. 
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Snowmelt is directly determined by degree days in a degree day method 

which was considereq in the study. Degree days for a particular day 

provide some inforrration about snowmelt runoff. But in order to 

understand the snowmelt pattern over the forecast period, it is 

necessary to determine a moving accumulation of degree days over a 

period of several days. An accumUlation of about 50 to 60 degree days 

over a period on the order of 10 days is necessary to start a spring 

flood according to Mr. Joseph Strub, National Weather Service River 

Hydrologist for this area (1972). This h;ypothesis was investigated 

in a study of snow melt methods and appeared to give good results for 

one watershed [Kim, et aI, 1974J. 

Moving accumulations of degree days over periods of 10 days were 

computed from March the first through April the twentieth for the 

500 years simulated temperature. The 500 years data was divided into 

4 groups according to the shape of moving accumulations. The four 

groups , number of years in each group and percentage of each group 

are shown in Table 16. 

Group A consists of temperature sequences whose moving accumulation 

of degree days is increased from less than 13 at any day to more than or 

equal to 60 in seven days. One of the characteristics of temperature 

sequences in this group is that daily temperature remains below freezing 

until it suddenly warms up to above freezing for a period of several 

days. It is believed that any temperature sequence in group A has the 

potential to start a severe spring flood, provided that other necessary 

conditions for a spring flood are met (available snow, etc.). 

Among the 500 temperature sequences generated, there are only seven such 
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Four Groups of Simulated Temperature and Number of 

Counts in Each Group 

Group Description Count Percentage 

A MAl < 13, MA? ~. 60. 7 1.4 % 
B MAt ~ 2, MA7 < 60 79 15.8 % 

C 2 < MAt < 13, 405. MA7 < 60 '136 '27.2 % 

Iv1Al ~ 13, MA7 ~ 40 

D MAt ~ 13, MA7 < 40 278 55.6% 

Note: MAl~' to-day Moving Accumulation of Degree Days at any Day 

MA7 = iO-day Moving accumulation of Degree Days at 

Seven Days later 
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sequences in this group. In other words, it can be said that the 

probability of getting a temperature sequence in group A at any 

particular year is only 1.4%. 

Group B is made up of temperature sequences whose moving 

accumulation of degree days is increased from less than or equal to 

2 at any day to between 40 and 60 in seven days. 79 temperature 

sequences among the 500 sequences are in group B. In other words, 

the chance of getting a temperature sequence in group B at any year 

is 15.8%. A moderate spring flood is expected with a temperature 

sequence in this group. 

Group C consists of temperature sequences which are supposed 

to cause minor spring floods. The probability of getting a temperature 

sequence in group C for a particular year is 27.2%. 

Temperature sequences whose moving accumulations of degree days 

.are not increased drastically in a few days are included in group D. 

In this group, a moving accumulation does not reach 40 in seven days 

after it reaches at least 13 on a particular day. This usually 

happens in a temperature sequence which has two or more warm spells 

in a relatively short time period. A temperature sequence in group D 

is believed to give the most favorable snowmelt, since snow will not 

be melted suddenly in a few days. Therefore the resulting discharge 

with this kind of temperature sequence is expected to be low. The 

probability of getting this kind of temperature sequence in a par

ticular year is 55.6%. In other words, a temperature sequence in this 

group occurs at least once every two years. 

--_._-------_._. 
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3.2 Analysis of Simulated Precipitation 

A two-state Markov chain model and a gamma distribution were 

proposed as simulation models of daily precipitation at a particular 

station in the previous section. The proposed simulation models 

were used to simulate 500 years precipitation. 

First, wet and dry sequences were generated by use of the Markov 

probability models shown in Table 6. Then, the gamma distTibution 
A A 

with shape parameter (a) and scale parameters (II) given in Table 7 

were employed to simulate the amount of precipitation for a period of 

one or more consecutive wet days. Gamma deviates were generated by a 

rejection technique due to Johnk (Phillips, 1972) which is available 

as a package from the IMSL (1973). 

The contribution of precipitation to snowmelt is more difficult 

to analyze than that of temperature. Snowmelt is dependent on precipita-

tion as well as on temperature in the physical world~ But in the degree 

day method used herein, snowmelt depends only on temperature. Therefore 

precipitation only increases water equivalent of snow on the ground if 

the temperature is below freezing, and only adds additional water to 

snowmelt if the temperature is above freezing. In other words, the 

contribution of precipitation to snowmelt runoff depends not only on 

precipitation itself but also on air temperatU1~e. 

Even though the effect of precipitation on snowmelt runoff 

is highly dependent on air temperature, some valuable information about 

the effect of precipitation can be obtained from precipitation alone. 

A large amount of precipitation on a single day would contribute signi-

ficantly to resulting runoff. However, precipitation on a single day 



would usually not make a large difference in the resulting snowmelt 

runoff, especially in large areas such as the Minnesota River Basin. 

Therefore 10-day moving accumulations of precipitation were studied 

instead of daily precipitation amounts. A 10-day moving accumulation 

of the 500 years simulated precipitation was computed and the simulated 

data divided into four groups according to maximum values of the moving 

accumulations of precipitation. Descriptions of the four groups, number 

of years in each group and percentage of each group are shown in Table 17. 

Group 

A 

B 

C 

D 

Note: 

Table 17 

Four Groups of the Simulated Precipitation 

Description Number of Years Percentage 

MAP ::; 2.5 55 10.5% 

1.5 < MAP < 2.5 209 41.8% 

O. 7 ;< MAP 2:1. 5 219 . 43.8% 

MAP .::. 0.7 17 3.4% 

MAP = 10-day moving accumulation of precipitation 

Group A consists of precipitation which may greatly increase 

runoff from snowmelt, if precipitation occurs durn1g an active snowmelt 

period. Precipitation in group B is believed to have the potential to 

moderately increase the runoff from snowmelt. Precipitation in group C 

might have a significant effect on the runoff. It is generally true that 

0.7 inches of precipitation over a period of one·through 10 days (~~oup D) 

would make a small contribution to the resulting snowmelt runoff. 
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3.3 Application of the Simulated Data to SSARR Model 

3.3.1 SSARR Model 

One of the major purposes of this study was to provide input 

data to a mathematical runoff model for a forecast period. Several 

mathematical runoff models were examined to choose a suitable model 

for this purpose. The Streamflow Synthesis and Reservoir Regulation 

(SSARR) model was chosen as the mathematical runoff model for applica

tion of the simulated temperature and precipitation, because (1) the 

model was fitted to the Minnesota River Basin for several snowmelt 

events (2) the model simulated snowmelt runoffs very well in the 

Minnesota River Basin, and (3) because the model takes daily tempetfature 

and precipitation as input and has the capability of computing snowmelt 

by the degree day method [Kim et aI, 1974, Pabst 1973). It would have 

been desirable to use the NWSRFS but snbw melt routines had not been 

implemented at the University of Minnesota and it was feared that time 

limits under this study would not permit such implementation. 

The SSARR model was jointly developed by the National Weather 

Service, Portland District, ffi1d the North Pacific Division of the U.S. 

ArmY Corps of Engineers (Anderson, 1971). The model is briefly discussed 

here. For further detailed discussion the reader is referred to Anderson 

(1971) and U. S. ArmY Corps of Engineers (1972). Figure 12 . is a flow 

chart of the SSARR model. The source of moisture may be precipitation 

as rainfall or precipitation as snowfall with subsequent snowmelt. Once 

the total amount of water available is determined from rainfall or/and 

snowmelt, the water is divided into soil moisture and runoff according 

to the soil moisture index (SM!) which indicates the current moisture 
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condition of the soil. A high SMI value would indicate wet soil and 

high runoff. A part of the soil moisture is lost to the atmosphere due 

to evapotranspiration and the remaining ~oil moisture will inc'rease the 

soil moisture index. Tbe runoff component is then divided into baseflow 

and direct runoff according to a base flow infiltration index (BII). 

Then a portion of the direct runoff is divided into subsurface runoff 

and surface runoff. After the volumes of water have been determined 

for base flow , subsurface runoff and surface runoff components, they 

are transformed into streamflow by the use of synthetic reservoir 

, systems • Among the three runoff components, surface flow is the most 

important and has the shortest time delay. Tbe subsurface flow and 

base flow have relatively longer time delays. 

3.3.2 Application to SSARR Model 

In the previous two sections, simulated temperature and pre

cipitation were analyzed, to obtain information concerning possible 

effects of temperature and precipitation on snowmelt runoff. The 

simulated temperature sequences were divided into 4 groups according 

to a moving accumulation of degree days. One temperature sequence 

from each group was applied to the SSARR model. The s:imulated pre

cipitation data were applied to the SSARR model. ' 

The Blue Earth River Basin was chosen for application among the 

15 sub-watersheds in the Minnesota River Basin, because Winnebago 

where temperature and precipitation were simulated is located in the 

basin. The SSARR model was fitted to the Blue Earth River Basin for 

the snowmelt period of 1969 in earlier studies. The observed and simulated 
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hydrographs for 1969 are shown in Fig. 13. Figure 14 shows the 

observed temperature and precipitation for the snowmelt period of 

1969. 

Temperature sequence A in Fig. 15 is a particular sequence 

from the simulated temperature sequences in group A shown in Table 

16. Temperature sequence B is a particular one from group B. 

Similarly, temperature sequences 0 and D in Fig. 16 are particular 

sequences from groups 0 and D respectively. 

To apply one of the simulated temperature sequences each time, 

the observed temperature sequence for 1969 in the SSARR model was 

lifted and the simulated temperature sequence was substituted; water 

equivalent of snow and precipitation as observed in 1969 were used 

in these runs. 

First, temperature sequence A was applied to the SSARR model. 

Figure 17 illustrates the computed hydrograph using the simulated 

temperature and the observed hydrograph. Then, temperature sequence 

B was applied to the SSARR model to give the computed hydrogL"'aph in 

Fig. 18. Temperature sequences 0 and D were also applied to the 

SSARR model; Figures 19 and 20 show the computed hydrographs and the 

observed hydrographs. 

As discussed in the previous section, the peak discharge was 

drastically increased from 20,000 cfs to 50,000 cfs as shown in 

Fig. 17 by substituting simulated temperature sequence A for the 

observed temperature. In other words, if we had had temperature 

sequence A, the flood might have been much worse than the actual 
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flood in 1969 on the Blue Earth River. (It would have been similar 

to the flow of 1965, the worst on record.) 

In Fig. 18, the peak discharge was less drastically changed, 

when temperature sequence B was used. Figure 19 also reveals an 

increase in peak discharge by substituting temperature sequence C 

but not as much as increases in Figures 17 and 18. 

It is interesting to note that the computed peak discharge for 

temperature sequence D is only slightly greater than the observed 

peak discharge in Fig. 20. As the initial water content of snow 

in the Blue Earth Watershed in 1969 was quite high (about 6" of 

water content), the flood that occurred resulted from a very 

favorable temperature sequence. The actual temperature sequence 

was of the Group D type. 

In comparisons of computed flow with the actual flow in 

Figures 17 through 20 the computed peak occurs much earlier than 

the 1969 observed peak. Further study of the 500 simulated temperature 

sequences is desirable, to determine whether other Group A sequences 

produce large flows at later dates. Time and fund limitations pre-
, 

vented further study at this time. . . 

Two precipitation simulations were selected for use with the 

actual temperature sequence of 1969, in the SSARR model. One was 

chosen from precipitation Group C and one from Group A. These were 

selected to illustrate typical data from the 500 years generated 

with the stochastic model. Many runs would be necessary to explore 

the full range of precipitation data generated. Figures 21 and 22 
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show the observed flow for 1969 and the computed flow with pre

cipitation C and A,. and the actual temperature sequence for 1969. 

The observed precipitation for 1969 belongs to Group C. There

fore it was expected that the peak discharge would not be significantly 

changed in Fig. 21 by substituting the observed precipitation with a 

simulated precipitation from Group C. But in Fig. 22 the result was 

somewhat surprising because the peak discharge did not increase at all 

when a precipitation sequence from Group A was substituted. It was 

anticipated that any precipitation sequence from Group A would have 

the potential to cause high runoff. As can be seen in Fig. 22, the 

first peak discharge increased considerably, because most of the 

simulated precipitation occurred during the first warm spell which 

induced the first peak. 

Therefore it was considered interesting to determine what would 

happen if most of the precipitation occurred during the major snow

melt period. Accordingly, precipitation sequence A was shifted back

ward by 14 days. The resulting hydrograph by use of the shifted 

precipitation sequence is shown in Fig. 23. The peak discharge in

creases from 21,000 cfs to 29,000 cfs. 

This illustrates that the effect of precipitation on snowmelt 

runoff is much more complex than that of temperature. The timing 

of precipitation is as important as the amount, during snowmelt 

runoff. 
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4. CONCLUSIONS 

Stochastic simulation models were developed to simulate 

temperature and precipitation at any particular station for a 

network of stations in the Minnesota River Basin. 

1. It was concluded that air temperature at a particular station 

could be modeled by a series of steps. That is, temperature was 

first transformed to obtain a constant variance. Then the trans

formed temperature was divided into deterministic and stochastic 

components. The deterministic component was represented by a 

second degree regression line and the stochastic component was 

described by a ARMA (1.1) (first order autoregressive - first 

order moving average) model. The white noise in the .ARlVIA (l.l) 

model was found to be normally distributed with a mean equal to 

zero and a variance i. 
The goodness of this model was tested by studying the observed 

and simulated temperature at Winnebago, Minnesota. The test re

sult showed that the model satisfactorily reproduced the properites 

of the observed temperature. 

2. For a network of stations, air temperature was modeled in the 

same manner as for a single station except for modeling of the white 

noise. The transformation coefficients were obtained at all the 

stations to obtain the transformed temperature. The deterministic 

component was represented by a second order regreSSion line and the 

stochastic component by a .ARlVIA (1.1) model at each station. The 
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white noise at the five stations was modeled by a multivariate 

normal distribution, to incorporate the high correlations between 

the stations. 

3. It was also concluded that precipitation at a particular 

station could be represented by a first order Markov chain model 

and a gamma distribution with the proper parameter values. 

4. For a network of stations, wet and dry day sequences were 

modeled by a 4 x 4 Markov model at the first two stations and by 

conditional Markov models based on the conditions at the two closest 

stations. The amount of precipitation for wet days at each station 

was independently described by the gamma distribution, because it 

was determined that amounts of precipitation at all the stations in 

the study area are independent. 

5. In summary, this study presented models by which temperature 

and precipitation can be generatedfoD snowmelt periods at a par

ticular station or for a network of stations. 

6. For the analysis of temperature, the transformed temperature was 

defined by T = e-c .T. The constant c depends on the number of years 

of data. A more reliable constant could be obtained with longer 

records. It is also expected that better approximations of the 

deterministic component of the transformed temperature and the 

variance of white noise in the ARMA. (1.1) model will be obtained with 

more data. 

7. For the analysis of precipitation, any precipitation event was 

assumed to consist of sequences of wet and dry days and precipitation 

amounts for wet days. In a first order Markov model which was used 



for the analysis of wet and dry day sequences, the probability of 

precipitation occurring on any day depends only on whether it did 

or did not occur on the previous day. It is also considered that 

the probability of precipitation depends on the amount of pre

ci~itation on the previous day. Therefore an analysis of pre

cipitation as a time series is recommended so that wet and dry day 

sequences and amounts of precipitation can be studied simultaneously. 

8. Five hundred years of data were generated by the stochastic 

model, for both temperature and precipitation. These data were 

analyzed with reference to four levels of flood potential or 

severity. The temperature was evaluated in terms of a lO-day 

moving accumulation of degree days. Precipitation was evaluated 

in terms of a lO-day moving accumulation of precipitation. Com

parison with past severe floods provided a basis for separation 

into 4 arbitrary levels of severity. The number of years, in the 

500 year record, of each level or group were counted. These provide 

a basis for determining the probability of achieving severe tempera

ture or precipitation sequences. 

9. Four temperature and two precipitation sequences were used in 

the SSARR model to illustrate application of the data and the 

magnitude of floods generated by selected sequences. These proved 

to be quite interesting. It would be of interest to make many more 

runs. 

10. The choice of four levels of severity in temperature and pre

cipitation sequences are somewhat arbitrary. However, this procedure 

appears to warrant much more study. 
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