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A Numerical Approach for Computing
Standard Errors of Linear Equating
Lingjia Zeng
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A numerical approach for computing standard
errors (SES) of a linear equating is described. In
the proposed approach, the first partial derivatives
of the equating function needed to compute the
SES are derived numerically. Thus, the difficulty of
deriving the analytical formulas of the partial
derivatives for a complicated equating method is
avoided. The numerical and analytical approaches
were compared using the Tucker equating method.
The SES derived numerically were found to be

indistinguishable from the SES derived analytically.
In a computer simulation of the numerical
approach using the Levine equating method, the
SES based on the normality assumption were found
to be less accurate than those derived without the
normality assumption when the score distributions
were skewed. Index terms: common-item design,
Levine equating method, linear equating, standard
error of equating, Tucker equating method.

A number of authors have derived standard errors (SES) of linear equatings. Lord (1950) reported
formulas for computing the SES of linear equatings under a variety of different designs. Lord’s SE
formulas were derived with a strong assumption that the scores of the tests being equated have a
normal bivariate distribution in the population from which the sample is drawn. Braun & Holland

(1982) and Kolen (1985) suggested that SEs based on the normality assumption might produce mis-
leading results when the score distributions are skewed or more peaked than a normal distribution.
SES of linear equating derived from a general delta method without making a normality assumption
were reported by Braun & Holland (1982) for the randomly equivalent groups design, and by Kolen
(1985) for the Tucker equating method (Angoff, 1971, pp. 579-583).

The delta method, as described by Kendall & Stuart (1977, pp. 246-247), is a general method for
deriving the sampling variance of a function of random variables. The delta method is derived from
a first-order Taylor’s series. By using the delta method, the sampling variance of a linear equating
can be derived from the first partial derivatives of the linear equating function and the variances
and covariances of the moments that are involved in the equating function. The analytical expres-
sions for the first partial derivatives of the equating function can be fairly simple for a simple equat-
ing function such as linear equating with the random groups design (see Braun & Holland, 1982),
or very complicated for a complicated equating function such as one using the common-item-
nonequivalent-groups (CING) design (see Kolen, 1985). Using numerically derived derivatives is an
easy way to circumvent the difficulty of deriving the analytical formulas needed to compute SES of
an equating. Lord (1975) presented an example of using numerical derivatives in computing asymp-
totic sampling variances.
A numerical approach for computing SES of linear equating is described. In the proposed approach,

the first partial derivatives of the equating function are computed numerically. The assumption of
normality is optional when using the proposed approach for computing SES of a linear equating.
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The accuracy of the numerical derivatives was examined using the Tucker equating method. The pro-
posed approach also was applied to the Levine equating method.

Method

Consider a linear equating function l(x) that transforms score x of one test form, say Form
X, to the scale of another form, say Form Y. In linear equating, the function l(x) is based on p
random variables that are the central moments of the score distributions of Forms X and Y. For

example, in a random groups design, l(x) involves four moments-the means and variances of the
score distributions of the two test forms. In the CING design, l(x) is based on 10 moments of the
bivariate score distributions of the two forms. Let 8u 62, ..., 0, be the p central moments in-
volved in l(x), and 6&dquo; Az, ..., 6, be their estimates. According to Kendall & Stuart (1977), the
sampling variance of 1(x), which is an estimate of the linear equating function l(x), can be estimated
by:

where

all as, is the partial derivative of the linear equating function l, with respect to moment 8&dquo;
var(6,) is the variance of 6&dquo;

cov(6&dquo;6,) is the covariance of 0, and 0,, and
r is the higher-order remainder term, which is small and can be ignored.

The SE of 7(x) is the square root of var[/(j<- j [ 01 , 82, ..., 8p)]. Moment estimates 8,, 62, ..., 6p may
be obtained from one sample as in a single-group design, two samples as in a random-groups design
or CING design, or three or more samples as in a chain of equatings. If 6, and 61 are moment esti-
mates obtained from two independent samples, then cov(8,, 6,) is 0. When two or more samples are
used, Equation 1 can be rewritten to exclude all the 0 terms from the summation.

The computation of the variances and covariances of the moments needed in Equation 1 depends
on what data collection design is used in equating. In the random-groups design, the moments used
in the equating functions are obtained from univariate distributions. The computation of variances
and covariances of univariate moments is straightforward. However, for the CING design or single-
group design, the variances and covariances of bivariate moments need to be found. Kendall & Stuart

(1977, p. 250) described a general method for deriving the variance and covariance of bivariate
moments. Using Kendall and Stuart’s method, Kolen (1985) derived formulas for computing the
variances and covariances of bivariate moments for equatings with the CING design (see Table 1).
The formulas in the column labeled &dquo;normal&dquo; assume that the score distributions are bivariate normal.

The formulas in the column labeled &dquo;general&dquo; do not make such an assumption. These formulas
were incorporated with Equation 1 to compute the SES for the Tucker and Levine equating methods
in this study.

The Lord (1950), Braun & Holland (1982), and Kolen (1985) derivations solved the first partial
derivatives analytically. However, the first partial derivatives needed in Equation 1 also can be com-

puted numerically. There are a number of formulas available for numerical differentiation, and they
can be found in many numerical analysis textbooks (e.g., Burden & Faires, 1985, pp. 140-141). Let
0 denote a vector of moments 6&dquo; i = 1 to p, where p is the total number of moments used in l(x).
Then, the first partial derivative of l(x) with respect to 0, can be approximated by
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Table 1

Sampling Variances and Covariances of Bivariate Moments
Based on Large Sample Theory (From Kolen, 1985)

where O(hz) is the error of the approximation, 6, is the ith row of the diagonal matrix A, and

where h, is a small value. Here, h, is set to 6,/1,000. Because Equation 2 is derived by expanding l(x ~ 10)
at two neighboring points (0 + 8,) and (0 - 8,) with a second-order Taylor’s series, the magnitude
of the error is based on the magnitude of the third partial derivative. If the third partial derivative
with respect to 0, is 0, then the first partial derivative with respect to 0, approximated by Equation
2 is the exact value; otherwise, error is involved in the approximation. The error of approximation
is bounded by Ch; where C is the maximum absolute value of the third partial derivative with respect
to 0,.

Equation 2 is known as the three-point approximation formula. A more accurate method is the
five-point approximation formula, which involves evaluating l(x) at more points and has the follow-
ing form:

Equation 4 is derived by expanding l(x ~ 10) at four neighboring points-(9 - 26,), (0 - 8,), (0 + 6,),
and (0 + 28,)-with a fourth-order Taylor’s series. The error term in Equation 4 is O(h4), which means
that the error of approximation is bounded by Ch;, where C is the maximum absolute value of the
fifth partial derivative with respect to 0,.

In summary, given a linear equating function l, the sampling variance of the linear equating
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function 1(x) can be computed with the following steps:
1. Find the estimates of the variances and covariances of the p moments that are used in 1(x).
2. Find the first partial derivatives with respect to all the p moments evaluated at x.
3. Compute var[d(x)] by substituting estimates in the first partial derivatives and in the variances

and covariances into Equation 1.

These three steps can be incorporated easily into a computer program to perform equating and to
compute SEs.

Accuracy of the Numerical Approach
The accuracy of the SEs of equating computed with the numerical approach was examined using

the Tucker equating function described by Kolen & Brennan (1987; see Table 2). In Table 2, w, and
w2 are used to weight the strata in defining the synthetic population. Conceptually, the synthetic popu-
lation contains two strata-Population 1 and Population 2. Examinees administered the new form are
considered to be a random sample from Population 1, and examinees administered the old form are
considered to be a random sample from Population 2. The two populations are proportionally weighted
by w, and w2, where w, + w2 = 1 and w&dquo; w2 >_ 0. Here, w, and wz were set equal (i.e., w, = w2 = .5).
More detailed discussion about the synthetic population and weights can be found in Kolen & Brennan

(1987). Kolen (1985) described an analytical approach for computing SEs of Tucker equating. The ana-
lytical derivatives and the SEs of Tucker equating based on the analytical derivatives were used in this
example as criteria to evaluate the accuracy of the numerical approach.

Table 2
General Equations for Common-Item Linear Equating with
Nonequivalent Populations (From Kolen & Brennan, 1987)
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Data from Forms X and Y of a 125-item professional certification examination were used in this
example. Form X was the new form, and Form Y was the old form. The two forms contained a com-
mon set of 30 items designated as V. The scores of the common items contributed to the total scores.
Form X was administered to a sample of 773 examinees, and Form Y was administered to 795
examinees. The two forms were administered one year apart. This dataset also was used in Kolen

(1985). The descriptive statistics of the score distributions of the two test forms are presented in Table
3. The score distributions were negatively skewed.

Table 3
Score Summary Statistics for Forms
X and Y and Common Items V

Values of the first partial derivatives with respect to each of the 10 central moments involved in
the Tucker equating function are shown in Table 4. These partial derivatives were evaluated at a score
level of 80 using the analytical formulas derived by Kolen (1985). The bias of the numerical deriva-
tives computed with the three-point and the five-point approximation formulas (Equations 2 and
4, respectively) also is presented in Table 4.

Table 4
First Partial Derivatives (at x = 80) and Bias of

Estimates for 3-Point and 5-Point Approximations

The third- and higher-order partial derivatives of the Tucker equating function with respect to f.11(X)
and f.12(Y) were 0; therefore, these two first partial derivatives derived numerically should be the ex-
act values. Table 4 shows that the partial derivatives with respect to f.11(X) and f.12(Y) estimated with
the three-point and five-point approximation formulas were essentially identical to the exact values
(with the bias of estimate less than 10-’6). For the partial derivatives with respect to the other moments,
some errors were involved in the approximations, but these errors were very small. Table 4 shows
that the maximum bias of the estimate was less than 10-6 for the three-point approximation and less
than 10-&dquo; for the five-point approximation.
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Table 5
Standard Errors of Tucker Equating and Bias of

Estimates for 3-Point and 5-Point Approximations

Table 5 shows the SEs of Tucker equating at selected score levels (x) computed using the exact deriva-
tives (see Table 4) and the bias of the estimates using the numerical derivatives. These results indicate
that the numerical approach was very accurate. The maximum difference between the SEs computed
using the three-point approximation derivatives and those using the exact derivatives was less than 10-6.
The results from the five-point numerical approach and the analytical approach were indistinguishable
(with the maximum bias of the estimate less than 10-’2).

Computer Simulation

Method

The numerical approach was used to compute the SES of Levine observed score equating (also
called Levine equally reliable equating) with an external set of common items. Due to the compli-
cated form of the Levine observed score equating function with external common items (see Kolen
& Brennan, 1987), the first partial derivatives are very difficult to derive analytically. The advantage
of the numerical approach is apparent in such a case. The Levine observed score equating function
is given in Table 2.

The numerically derived SEs of Levine equating were investigated in a computer simulation in which
the numerically derived SEs were compared to the estimated true values. Suppose two test forms,
Form X and Form Y, are to be equated. Designate Form X as the new form and Form Y as the old
form. Both forms contain a set of common items designated as V, which is treated as external. That
is, the score for V is not counted in the total test score.

To estimate the true SE of equating, a pair of population bivariate distributions of test scores must
be specified so that a large number of random samples can be drawn from the specified populations.
Here, two population bivariate distributions of test scores for Form X with V and Form Y with V
were estimated by fitting the data used in the previous example with a bivariate log-linear model
(Agresti, 1990, sections 13.1 and 13.2). A computer program written by Hanson (1991) was used.
Because V was external, scores on V were not counted in the total test scores.

The log-linear model fit the data in such a way that the first five moments of each marginal distri-
bution and the correlation between scores of equating items and nonequating items were the same
for the fitted and observed distributions. The likelihood ratio x2 was 887.26 [with 2,962 degrees of
freedom (df ) and p > .99] for fitting the bivariate distribution of the Form X data. The likelihood
ratio x2 was 918.45 (with 2,964 df and p > .99) for fitting the Form Y data. These fit statistics sug-
gested that the model fit the data quite well. The simulation was conducted using the following steps.
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Step 1. A pair of bivariate distributions were generated from the score distributions of the speci-
fied populations. This pair of distributions represented observed score distributions obtained from
administering Form X (with V) and Form Y (with V) to a pair of random samples of size n drawn
from two populations of examinees under the CING design and determining the scores from the two
samples on V (the set of 30 common items). Levine observed score equating was performed with
the randomly generated score distributions. Form Y equivalents of Form X scores and SEs with and
without the normality assumption were computed for all integer score points between 0 and 95. The
partial derivatives were computed using the three-point approximation formula.

Step 2. Step 1 was replicated 5,000 times. The means and standard deviations (SDs) of Form Y
equivalents and SEs derived with and without the normality assumption were computed for all score
points from the values over the 5,000 replications.

The true SE of equating for a score point x was computed as

where

was used to estimate l(x).
The bias and variability of the numerical SEs derived with and without the normality assumption

were investigated by comparing the estimated values to the true values. The simulation was conducted
with different sample sizes (n = 100, 200, 400, 1,000, and 2,000). Average absolute bias, defined as

was computed across all score points for each sample size,
where

SE[I(x)] is the true SE at a score level of x,

sE[I(x)] is the average estimate over the 5,000 replications, and
P(x) is the proportion of examinees in the population taking the new form who had a score of x.

Results and Discussion

The results of the simulation are presented in Table 6. The estimate of the Form Y equivalent for
each selected score point of Form X is the average value of 7(x) over the 5,000 replications. Because
a very large number of replications was used, this estimate was quite stable. The different sample
sizes had little effect on the estimated Form Y equivalents. For n = 1,000 and n = 2,000, the esti-
mated Form Y equivalents were almost identical.

The Form Y equivalent 1(x) for a particular Form X score was computed from a pair of random
samples of examinees drawn from the populations. Random errors due to sampling were, therefore,
involved in Î(x). Suppose an infinite number of random samples are drawn from the population and
1(x) is computed for each sample; then the SD of the I(x) distribution is the SE of the Form Y equiva-
lent of score x. In the simulation, a large finite number of random samples was used to estimate
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1’able 6
Results of Computer Simulation, With and Without Normality Assumption, for

x = 40, 50, 60, 70, and 80, and Average Absolute Bias (AAB), for n = 100 to 2,000

the true SE of i(x). It was found that 5,000 random samples were enough to make the estimates very
close to the true SEs. In this study, the estimates obtained from the simulation were treated as true
SEs of equating and were used as criteria for evaluating the SEs derived numerically.

The results of the simulation (see Table 6) indicate that for a particular score point (x), the SE
of equating decreased as the sample size increased. This trend is consistent with the notion that if
the sample size is infinitely large, then the expected SE of equating would be 0. For a fixed sample
size, the SES were smaller for score points near the mean than for score points at the two ends of
the score range.

The bias of the numerically derived SEs of 7(X) for each selected score point and the average abso-
lute bias across all score points for each sample size are reported in ’1’able 6. The SDs of estimation
also are reported in Table 6. In general, the bias of the estimate derived without the normality
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assumption was smaller than the bias of the estimate derived with the normality assumption. This
result indicates that if the score distributions are not normal, then the SEs of equating derived with
the normality assumption will be inaccurate and, therefore, the SEs derived without the normality
assumption should be used. Similar results have been reported by Braun & Holland (1982) and Kolen
(1985).

Table 6 shows that with small sample sizes (n = 100 and n = 200), the SEs derived numerically
have large deviations from the true values, especially at the two ends of the score range. As sample
size increases, the differences between the true and the numerically derived SEs become smaller. With
larger sample sizes (n = 400 and larger), the SEs derived without the normality assumption are very
close to the true values. The SDS of the estimates show the same trend. Larger SDS of estimation are
associated with smaller sample sizes. This trend is reasonable, because the variances and covariances
of the moments used in computing the SEs of equating are based on large sample theory and are
computed from higher-order central moments that are very sensitive to sampling errors. In fact, all
the general delta methods that are not based on the normality assumption require large sample sizes.
Otherwise, the obtained SEs might not be accurate.

The Levine observed score equating method requires some statistical assumptions. One important
assumption is that the correlations between true scores on X and Y, X and V, and Y and V are all
1.0 (Kolen & Brennan, 1987). In the present study, the assumptions required by the Levine method
were not examined when deriving the population distributions. The SES of equating studied here only
reflect the equating error that is due to sampling error, and equating error due to the failure to meet
the assumptions required by the equating method is not reflected in the SEs. Whether or not the simu-
lated observed score distributions meet the assumptions required by the equating method should not
affect the conclusion that can be reached from the simulation results about the precision of the
estimated SEs.

Advantages and Usefulness of the Numerical Approach

The advantage of the numerical approach for computing SEs of linear equating is that it is simple
to implement. It is also fast in terms of computation speed, because there are no iterations involved
in approximations. Each partial derivative is computed with two straight function evaluations if the
three-point approximation is used, or with four straight function evaluations if the five-point
approximation is used. Based on the implementation of the numerical approach on a Macintosh IICX
computer, only a few seconds of time are needed to compute the equating function and the SES of
equating from samples of 2,000 examinees.

The numerical approach is especially useful for computing SEs of complicated equating methods
for which the analytical derivatives are not available or are too complicated to derive. A possible
application is to apply the numerical approach to deriving SEs of a chain of equatings. Braun & Hol-
land (1982) presented a formula for computing the SEs of a chain of equatings with the assumption
that each equating experiment conducted in the chain is statistically independent of all others. In
many testing programs, especially those using the CING design, the equating experiments conducted
in a chain are not statistically independent. In such situations, the SEs must be derived from the partial
derivatives of the equating function and the moments of the score distributions. The analytical
expressions of partial derivatives involved in a chain equating function are more complicated than
those involved in a single equating. Use of the numerical approach can avoid this difficulty.
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