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The power of significance tests based on differ-
ence scores is indirectly influenced by the reliability
of the measures from which differences are obtained.

Reliability depends on the relative magnitude of
true score and error score variance, but statistical
power is a function of the absolute magnitude of
these components. Explicit power calculations
reaffirm the paradox put forward by Overall &
Woodward (1975, 1976)&mdash;that significance tests of
differences can be powerful even if the reliability
of the difference scores is 0. This anomaly arises
because power is a function of observed score
variance but is not a function of reliability unless
either true score variance or error score variance is
constant. Provided that sample size, significance
level, directionality, and the alternative hypothesis
associated with a significance test remain the same,
power always increases when population variance
decreases, independently of reliability. Index
terms: difference scores, error of measurement, power,
significance tests, t test, test reliability, true scores.

The relation between the reliability of differ-
ence scores and the power of significance tests
based on difference scores has been a trouble-

some issue in psychometrics for more than a de-
cade. Overall & Woodward (1975, 1976) showed
that a paired-samples Student t test can be power-
ful, even though the reliability of the difference
scores from which the t statistic is calculated is
0. This extreme example engendered controversy,
and several authors (e.g., Fleiss, 1976; Nicewander
& Price, 1983; Zimmerman & Williams, 1986) ex-
pressed opinions on the issue.
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Recently, this issue has again come into promi-
nence in an interchange of views (Humphreys &
Drasgow, 1989a, 1989b; Overall, 1989a, 1989b).
The issue is investigated here using concepts of
statistical power analysis developed by Cohen
(1988, 1990), originally in 1969. Calculations are
presented here that demonstrate how the statis-
tical power associated with difference scores is
influenced by reliability. The results of these
calculations reemphasize the importance of the
paradox noted by Overall & Woodward (1975,
1976). The present paper extends to difference
scores some methods originally used to find
relations between reliability and power associated
with a single measurement (Williams & Zimmer-

man, 1989; Zimmerman & Williams, 1986).

Determinants of the Power
of Significance Tests

The power function of a significance test is
determined by sample size, population variance,
significance level, the alternative hypothesis, and
directionality, as well as the use of information
in sample data by the test statistic. The influence
of population variance and the alternative

hypothesis can be combined into a measure of
effect size (Cohen, 1988). Therefore, the question
&dquo;How does statistical power depend on reli-

ability ?&dquo; can be rephrased to &dquo;Everything else
being equal, how does power change as reliability
changes?&dquo; The answer is that statistical power
does not change at all under these conditions. If
the variables just mentioned have fixed values,
then the power of a significance test is completely
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determined and is independent of the reliability
of measurement.

This is not really a serious paradox; it means,
however, that the wrong question has been asked.
The problem is that reliability can change even
when population variance does not, or reliability
can stay the same while population variance
changes. The concept of reliability arises from
partitioning observed score variance into true and
error components. The reliability coefficient is
by definition the proportion of observed score
variance that is true score variance, or the propor-
tion of total variance that is accounted for by
variation among individuals or experimental
objects, and not by error of measurement (e.g.,
Lord & Novick, 1968).

The power of a significance test, on the other
hand, is a function of the total observed score
variance and does not depend on how that
variance is partitioned into true and error compo-
nents. Thus, power changes as reliability changes
only if observed score variance changes at the
same time. Therefore, in order to make the

original question meaningful (&dquo;How does
statistical power depend on reliability?&dquo;), it is

necessary to assume that a change in reliability
can be attributed to a change in true score
variance, a change in error score variance, or
some known combination of the two.

To be more specific, statistical power is a

monotonically decreasing function of population
variance, apart from any consideration of re-
liability. If true score variance is fixed, then
reliability increases as error of measurement

decreases; but under these conditions power
increases, because population variance decreases.
Conversely, if error score variance is fixed, then
reliability increases as true score variance in-
creases, but under these conditions power
decreases, because population variance increases.
Mathematically, this means that statistical power
is related to the reliability of measurement, but
is not a function of the reliability of measurement
unless either true score variance or error score
variance is constant. In other words, reliability
is determined by the relative magnitude of true

and error components of variance, but the power
of a significance test is determined by the abso-
lute magnitude of the total variance.

This conceptualization of the relation between
reliability and power is general and not exclusive
to an experimental design involving treatment
effects or differences between groups. For ex-

ample, it is meaningful when applied to a signifi-
cance test of the hypothesis that a population
mean has some specific value. It applies to both
parametric and nonparametric tests-one

sample, two sample, and many sample versions.
It also applies to both simple and composite
hypotheses, as well as simple and composite
alternatives. In all cases, the concepts are essen-

tially the same as outlined above. This generality
reveals the limitations of the idea suggested by
Humphreys & Drasgow (1989a) that experimental
treatment effects are part of true score variance

(see also the rebuttal by Overall, 1989b). If this
notion were applied to a one-sample significance
test, it would be necessary to associate a different

reliability coefficient with every conceivable

alternative hypothesis.

Power of Significance Tests Based on Differences

When the relation between reliability and
power of significance tests based on difference
scores is investigated, some further complications
arise. This paper considers, first, how the power
of a test based on differences, such as the paired-
samples t test, is related to the power of the same
test applied to separate measures. Also examined
is how the power of a test based on differences
is related to the reliability of the separate mea-
sures. Once again, power is a function of the
variance of the difference, but not a function of
the reliability of the difference. This is because
the variance of a difference depends not only on
the variances of the separate measures, but also
on the correlation between the measures-that

is, if D = Y - X, then
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Moreover, reliability influences the correlation
PXY by virtue of the relation

PXY = p(Tx, Ty)(PxX’pyyY/2 , (2)

that is, by attenuation of the correlation between
true scores. If the reliabilities of the pre-measures
increase because error of measurement decreases,
then the variance of difference scores decreases,
because the variance of X [Var(X)] and the vari-
ance of Y [Var(Y)] decrease and also because pxY
increases. Also, the power associated with the
difference scores increases. Unfortunately, these
relations are not obvious from the usual formu-
las for the reliability of difference scores.

Power Considered as a Function of

Reliability: Some Counterexamples

The relation between reliability and statistical
power can be demonstrated by explicitly calculat-
ing the power of some significance tests when
reliability is known. The examples in this section
make assumptions about true score variance,
error score variance, and reliability, and the

method of power calculations introduced by
Cohen (1988), Welkowitz, Ewen, & Cohen,
(1976), and Howell (1987) is employed. The
results of the calculations are shown in Table 1.

Each column in the table represents a separate
power calculation, based on one-sample Student
t tests performed on difference scores and on the
pre-measures. Each test, based on N = 30, was
assumed to be performed at the .05 significance
level, was directional, and the difference between
the true mean and the hypothesized mean was
1. It was also assumed that the true score and

error score variance were the same for the pre-
and post-measures. Therefore, they have the same
observed score variance and the same reliability
coefficient. The table gives only the values for
the pre-measures-the identical values for the
post-measures are omitted. The correlation
between pre-measures and post-measures was
assumed to be .60.

The variables in Table 1 (and in the equations
below) are:
For the pre-measures:

Table 1
Variances of Differences, Effect Size, and
Power for Three Examples With Different
Values of Pre-Measure Variances (p,, = .60)

Var(T), the true score variance;
Var(E), the error score variance;
Var(X), the observed score variance; and
p,,,,, the reliability.

For the difference scores:

Var(T,), the true difference score variance

Var(E,), the corresponding error score variance,
where Var(E) = 2[Var(E )J;
Var(D), the observed difference score variance

and

p,,,,, the reliability of the differences scores,
[Var(T)/Var(D)], or

The effect size statistics are:

y,, Cohen’s measure of effect size for the pre-
measures,
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Cohen’s measure of effect size for the

differences,

8,, Cohen’s measure that takes sample size into
consideration for the pre-measures,

and

8~ Cohen’s measure that takes sample size into
consideration for the differences,

Power statistics:

P(X), the power of a one-sample Student t test
based on the pre-measures; and

P(D), the power of a one-sample t test based on
the differences. This test is frequently used to de-
termine the significance of the difference in the
means of the pre- and post-measures.
Values of P(X) and P(D), which are functions

of 8, and 6~, were obtained from tables such as
those provided by Cohen (1988), Howell (1987),
and Welkowitz et al., (1976). The columns in
Table 1 are for three examples that represent
various assumptions about Var(T) and Var(E).

The relation between reliability and power is
not a functional relation, which is apparent from
inspection of Table 1. The values in the first and
second columns demonstrate that as the reli-

ability of the differences increases from 0 to .50,
the power of the differences increases from .56
to .64. Comparison of the first and third columns
shows that as the reliability of the differences in-
creases from 0 to .50, the power of the differences
decreases from .56 to .40. The same reliability
coefficients are associated with different values

of P(X ) and P(D), which contradicts the notion
that reliability and power are functionally related.

Table 1 can be considered from another point
of view. All entries in the last six rows depend
solely on the values of Var(X) and Var(D). Pro-

of X that is true score variance [Var(T) +
Var(E)] determines the reliability of X. In turn,
the proportion of the variance of D which is true
score variance, determines the reliability of D.
However, these proportions have nothing to do
with the power calculations-only the sum of
Var(T) and Var(E) [i.e., Var(X)] influences the
calculations. The same is true for difference

scores-only the sum of Var(TD ) and Var(ED )
[i.e., Var(D)] affects power calculations.

The fact that power is not necessarily low
when the reliability of differences is low was

emphasized by Overall & Woodward (1975, 1976)
and by Overall (1989a, 1989b). Example 1 in Table
1 can be regarded as one version of the original
paradox discussed by Overall & Woodward

(1975). For this example, poD’ = 0 and

PXX~ _ .60. Nevertheless, the statistical power
[P(D)] associated with the differences is substan-
tial (.56) and is actually higher than the power
associated with the pre-measures [P(X) = .52].

As another example (using the same assump-
tions as in Table 1), if Var(T) = 49 and

Var(E) = 1, then P(X) = .33 and P(D) = .37.
In this case, the reliability coefficients of both
pre-measures and differences are very high, but
the power associated with both pre-measures and
differences is quite low. Thus, a low reliability of
either pre-measures or differences does not

preclude high statistical power, but high reliability
of either pre-measures or differences does not

guarantee high statistical power. The latter result
is counterintuitive in somewhat the same sense
as the original paradox of Overall & Woodward

(1975). Like their examples, those in Table 1 are
not intended primarily to be typical of practical
testing situations, but are provided as counter-
examples to the proposition that power is a func-
tion of reliability.

Statistical Power as a

Function of Population Variance

Population variance is a major determinant of
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the power of a significance test, which can be
seen in power calculations in mathematical statis-
tics. Reliability influences power only insofar as
it influences population variance, which is why
reliability was omitted above as a determinant of
power. The same reasoning shows how the reli-
ability of differences is related to the power
associated with differences.

The other determinants of statistical power
were all assumed to be constant in making the
calculations in Table 1. If sample size, sig-
nificance level, directionality, and the alternative
hypothesis all remain constant, then the power
of a significance test is indeed a monotonically
decreasing function of observed variance. The
same is true for the power associated with differ-

ences : Assuming that the other parameters are
constant, P(D) is a monotonically decreasing
function of Var(D). How reliability affects the
power of tests of differences, therefore, depends
on how reliability affects the variance of
differences.

Expressed in another way, a significance test
&dquo;sees&dquo; only the variability of measures, however
it arises. Without further information, there is
no way of knowing whether the variability of N
scores is accounted for by sampling error, error
of measurement, or some combination of the
two. Most investigators admit that a difference
between two highly variable groups of examinees
is difficult to detect even with a perfectly reliable
measure. Conversely, a small difference between
two homogeneous groups can sometimes be de-
tected by an unreliable measure.

Power Associated with
Pre-Measures and Differences

In order to demonstrate the dependence of
power on reliability, it is necessary to examine
first how reliability is related to observed vari-
ance. As mentioned before, a change in observed
score variance can be accounted for by a change
in true score variance, error score variance, or
some combination of the two.

It is natural to attribute an increase in reli-

ability to a reduction of error of measurement,

even though some authors have not been explicit
about this point. Textbooks (e.g., Gulliksen, 1950;
Lord & Novick, 1968) present equations that
show the dependence of reliability on &dquo;group
heterogeneity&dquo; or &dquo;range of talent.&dquo; However,
this dependence frequently is treated as a kind
of nuisance that complicates the meaning of test
reliability. Although it is possible for reliability
to increase when true score variance increases and
error score variance remains fixed, this is prob-
ably not what most authors mean in discussions
of the influence of error of measurement on
statistical power.

If true score variance is assumed to be con-
stant and increased reliability is attributed to a
reduction of error score variance, then statisti-
cal power of pre-measures is a monotonically
increasing function of reliability. Every possible
value of the initial (pre-measure) true score vari-
ance determines a different function. Similar

reasoning extends to the case of difference scores.
If the true score variance of a difference score
remains fixed, then the associated statistical

power is a monotonically increasing function of
the reliability of the difference.

Furthermore, under the same assumptions, the
power associated with a difference score is a

monotonically increasing function of the reli-

ability of the pre-measures. In this case, the
function depends on still another parameter-
the correlation between pre- and post-measures.

Power Values for Difference Scores

In these derivations, Var(T) is held fixed. It
is assumed that pre- and post-measures have the
same power (and that Cohen’s y is the same for
both), and that pre- and post-measures have the
same reliability coefficients. These simplifications
do not restrict the generality of the results.

Using Equations 6 and 8 for Cohen’s y and
8, respectively,

Equation 10 shows that the power associated with
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differences depends strongly on the correlation
between pre- and post-measures. The power
associated with differences exceeds that asso-
ciated with the pre-measures when pX,, is high,
because a correlation reduces the variance of a
difference.

Correlations can be attenuated by a person x
time interaction in a repeated measures design,
by measurement error, or both. In a simulation
study, Overall & Ashby (1991) varied interaction
and measurement error independently and
showed that it makes no difference whether lack
of perfect correlation results from interaction
with perfect reliability or from unreliability with
no interaction. In other words, the analysis
&dquo;sees&dquo; only the correlation, whatever its source.

Table 2 shows P(D) as a function of P(X ) for
selected values of pX,,. Equation 10 shows that
when pxy = .50, P(D) = P(X). Table 2 shows
that when PXY > .50, P(D) > P(X), and when
pxy < .50, P(D) < P(X). This result contrasts
markedly with the more familiar relationship in
which a high value of pX,, reduces the reliability
of difference scores relative to the reliability of
the pre-measures.

Table 2

P(D) as a Function of P(X) and pX,,

Reliability of Differences as a Composite
Function of Reliability of Pre-Measures

The identity

can be interpreted as expressing ppp as a func-

tion of pXX- with pX,, as a parameter. After in-

spection of this simple equation, test theorists
(e.g., Gulliksen, 1950) began to comment on the
unreliability of difference scores. Again, however,
it is important to be clear as to what question
is being asked and what is being assumed. If the
question is: &dquo;When pXX- changes, how does ppD-
change?&dquo; then, as mentioned above, it is natural
to assume that pXX- changes because error score
variance is reduced. Furthermore, in examining
the effect of the change on p,,,, it is natural to
assume that the correlation between the true
scores of the separate measures remains fixed.
However, these assumptions have not been

explicit.
From this perspective, pxy is itself a function

of pXX- because of attenuation of the correlation
between true scores, as mentioned in connection
with Overall & Ashby’s (1991) simulation study.
For this reason, Equation 11 does not have the
form Y = f (X, a), where X is a variable and a is
a constant. Rather, it has the form Y = f [X,
g(X)], where g is another function. It is an iden-
tity for any given values of p,,,,, pxx,, and pxy
that characterize the parameters of probability
distributions of random variables and differences
between random variables. However, this iden-
tity does not reveal how a change in pXX- is
associated with a change in poo’ when the corre-
lation between true scores is fixed. In order to
answer this more practical question, a derivation
in which pxy changes as Pxx’ changes is needed.

Table 3 shows poo as a function of p,, with

PXY treated as a parameter, where the relation is

given by the familiar equation:

Many entries in the table give the impression that
pee is often far less than pXX-. Not all combina-
tions of pXX- and p~y, however, yield meaningful
values of p,,,,. The asterisks in Table 3 indicate
these meaningless combinations in which reli-
ability is a negative number. The reason for these
impossible results is that, because of the Cauchy-
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Schwartz inequality (Feller, 1966, p. 151), p,,
cannot exceed pxx,. This is another conse-

quence of attenuation resulting from error of
measurement.

Table 3

PDD’ as a Function of pXX- for Values of the
Correlation of Observed Pre-Measures and

Observed Post-Measures (pXY) and Their True
Score Components [ p(TX, T,.)]

A more informative way of exhibiting the
relation between reliability of pre-measures and
differences also is provided in Table 3. The cor-
relation between true scores is treated as a

parameter, and all combinations of pXX- and

p(T,, Ty) are admissible. The entries are obtained
from

which expresses the dependence of p,,, on p
in a form that is more useful in answering prac-
tical questions. For example, if pXX- is increased
from .50 to .90, and p(T,, Ty) remains fixed at
.40, how is pDD’ influenced? In this situation,
Poo increases from .38 to .84. Of course, as PXA,
changes, pXY will change, although the latter vari-
able is not included explicitly in the equation.
Using Equation 13, the reliability of difference
scores does not seem quite as anomalous as when
using Equation 11, especially when p(Tx, Ty) is

not extremely high.

Power Associated with Differences

and Reliability of Pre-Measures

The reliability of a difference depends in-

versely on the magnitude of p,,. On the other
hand, powerful significance tests are associated
with high values of p,,. In examining how
changes in pXX- influence the power associated
with differences, it is necessary to take into ac-
count how changes in reliability influence pxy.

Using superscripts A and B to represent
arbitrarily selected values of reliability and the
same superscripts to represent the corresponding
values of pxy and 6~,

where the change in pxy is given by

Combining these results,

Once again, this result describes a family of func-
tions with parameters. Table 4 shows the change
in the power associated with differences that
occurs as a consequence of a change from a pre-
measure reliability to post-measure reliability.
It is assumed, as before, that the change in reli-

Table 4
Power for pl , and Three Levels of P(D)

as a Function of pXX- for Two Values of px,
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ability is accounted for entirely by reduction in
error variance. It is not necessary to include par-
ticular values of true score variance or error score
variance when the change is exhibited in this way.

The remaining columns represent the initial
power (.40, .60, or .80), and the entries in the ta-
ble are the augmented power resulting from the
increase in reliability. Table 4 shows that improve-
ment in reliability of pre-measures by reducing
error of measurement can result in substantial in-

creases in the power of significance tests of

differences.

Further Implications

These results, based on explicit power calcu-
lations, show that augmenting the reliability of
measurement by reducing error score variance can
make significance tests of differences more

powerful. Table 4 shows that increasing reliability
of pre-measures as much as .15 or .30 can in-

crease power substantially. However, the calcu-
lations in these tables do not imply that high
reliability guarantees high statistical power.

Again, it is emphasized that reliability is the

proportion of the total variance that is accounted
for by variation among individuals, as opposed
to variation among replicate measurements on an
individual. On the other hand, power depends
on effect size-that is, the magnitude of the treat-
ment effect relative to population variance.

In other words, power can be low, even though
reliability is high, if effect size is small. Of course,
increasing an already high reliability coefficient
to a still higher value (say, from .94 to .98) yields
some modest increase in power (say, from .10 to
.15). High reliability and high power cannot be
simply equated.

Humphreys & Drasgow (1989a, 1989b) and
Overall (1989a, 1989b) generally agreed that the
reliability of measures is always a matter of con-
cern. Humphreys & Drasgow insisted that reli-
ability is always &dquo;directly&dquo; related to power. Once
again, however, it is important to pay close

attention to the way questions are phrased. If
asked, &dquo;Are there any circumstances under which,
given a choice, a lower reliability coefficient

would be preferred by a researcher?&dquo; The answer
is most certainly &dquo;yes.&dquo;

Suppose a researcher designing an experiment
to detect a treatment effect has a choice between
examinees in Group A or Group B. The true score
variance of Group A is 20, the true score variance
of Group B is 5, and the error score variance of
both groups is 5. For Group A, reliability is .80,
and for Group B it is .50. But, everything else
being equal, Group B provides a more powerful
significance test, because the total variance is less.
On the other hand, if the reliability of either

group decreased because of an increase in error

of measurement, power would be lost. Reduction

of reliability is beneficial only when it is accom-
panied by reduction of total variance. Although
manipulating true score variance may have this
outcome, it is normally preferable to achieve the
same end by controlling the error score variance
associated with a measurement technique. If that
is done, then the same technique can be applied
in other experiments, whatever the true score vari-
ance may be, and the power of significance tests
always will be enhanced.
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