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An Investigation of Ordinal True Score Test Theory
John R. Donoghue, Educational Testing Service

Norman Cliff, University of Southern California

The validity of the assumptions underlying
Cliff’s (1989) ordinal true score theory (OTST) were
investigated in a three-stage study. OTST makes only
ordinal assumptions about the data, and provides
a means of converting ordinal item information
into summary ordinal information about
examinees. Stage 1 was a simulation based on a
classical (weak true score) test theory model. Stage
2 used a long empirical test to approximate the
true order. Stage 3 was an extensive simulation
based on the three-parameter logistic model. The
results of all three studies were consistent; the
assumption of local ordinal uncorrelatedness was
violated in that partial item-item gamma (y) cor-
relations were positive instead of 0. The assump-
tion of proportional distribution of ties was
violated&mdash;pairs tied on one item were not
distributed on the other as prescribed. The item-
true order tau (&tau;) correlation was consistently
overestimated, although the estimated &tau; correlated

highly with the true &tau;. The &tau; correlation between
total score and true order was also consistently
overestimated. Stage 3 showed that these effects
occurred under all conditions, although they were
smaller under some conditions. Index terms:
classical test theory, item response models, local
independence, monte carlo simulation, nonparametric
test models, ordinal regression, ordinal test models,
test theory.

In many circumstances, test items provide only
ordinal information about the trait being
measured. For example, reading comprehension
or vocabulary items often require the examinee
to select the best response from available alter-

natives ; the keyed response is &dquo;correct&dquo; only in
that it is in some sense preferable to the alter-
natives. The uses of test data are often ordinal

as well. The primary goal of testing is frequent-

ly to provide some type of ranking (e.g., percen-
tile) of examinees. Other scaled scores, such as
IQ or T scores, are often useful only to the ex-
tent that they provide implicit information about
an examinee’s standing (order) relative to some
meaningful reference group.

As a result, there have been repeated attempts
to formulate a truly ordinal theory of testing.
Early advocates of the position were Guttman
(1950) and Loevinger (1947). More recent papers
by Mokken (1971), Schulman and Haden (1975),
Schulman (1976), Cliff (1977, 1979), Mokken and
Lewis (1982), Stout (1988), and Cliff and

Donoghue (in press) indicate that there is ongo-
ing interest in this area. Recently, Cliff (1989) ad-
vanced ordinal true score theory (OTST). OTST
makes only ordinal assumptions and provides a
means of converting ordinal item information
into summary ordinal information about

examinees.

Purpose
This study examined the validity of the

assumptions under which OTST was derived. This
was accomplished in a three-stage study. Stage
1 was a small simulation study in which data were
generated according to a classical (weak) true
score model and then analyzed using the pro-
cedures of OTST,. Stage 2 used empirical data and
investigated the effect of improving the estimate
of the true order. In Stage 3, data were generated
according to a three-parameter logistic item

response theory (I RT) model and then analyzed
using OTST procedures. The relationship between
IRT parameters and OTST assumptions and

estimates was examined. The reasons to expect
the assumptions of OTST to hold when data are
generated according to a different test model are
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discussed below. , .

’ Overview of OTST

Similar to many current test theories, OTST
begins by assuming that a single, unidimensional
latent ability underlies an examinee’s responses
to test items. It differs from most current for-
mulations in that it is assumed that ability (i.e.,
the trait) is defined only up to a monotonic
transformation. Hence, only ordinal statements
can be made about ability. Ability is known as
the &dquo;true order,&dquo; emphasizing the state of

knowledge about the trait. The formulation also
assumes that the items provide ordinal informa-
tion about the underlying trait. Thus, the goal
of the model is to estimate the ordinal relations
between examinees’ orders on the items and the
true order of examinees, and to describe how best
to combine the ordinal information of the items

(as in a total score) to make inferences about the
true order of the examinees.

OTST considers only the probabilities of one
examinee ranking ahead of another. The ranks
as such are not used. Thus, the theory is consis-
tent with the use of Kendall’s tau (T) and the
Goodman-Kruskal gamma (y), rather than

Spearman’s rho.
T describes the probability of agreement of the

ordering of pairs of examinees. Consider the pair
of examinees i and h, each measured on two at-
tributes XJ and X,. On variable X,, examinee i

may have a larger value than h, i may have a
smaller value than h, or the two examinees may
be tied. The same is true for X,. T-A (Kendall,
1970) describes the probability that examinees i
and h are ordered the same on the two variables.
Ties are considered failures to order the two ex-
aminees. Thus, T is the number of pairs ordered
the same minus the number of pairs that are
ordered oppositely, divided by the total number
of pairs:

y (Goodman & Kruskal, 1954) assesses the
probability that a pair of examinees are ordered
the same, conditional on the pair being ordered.

No penalty is exacted for ties: 
’

Assumptions of OTST 
’

Let Y be the latent, true order of examinees
on the trait being measured. It is assumed that
Y is a full order; there are no ties on the latent
true order. Let X, ( j = 1, ..., p) be scores on
items on a test designed to measure Y. OTST has
three underlying assumptions, all of which in-
volve the local relations of items.

Local relations are ordinal relations of pairs
of examinees, conditional on the true order of
those examinees. Assume that the true order of

a pair of examinees on Y is known. Then the
pair’s scores on item £ may be in the correct
order ( + ), incorrect order (-), or the pair may
be tied (0) on X,. The same is true for another
item Xk. Thus, for a pair of items, each pair of
examinees falls into one of nine possible categor-
ies of local relations. These pairwise relations
may be collected into a 3 x 3 table of local rela-

tions, as shown in Table 1. This table is not a
usual contingency table, because entries refer to
pairs of examinees. For example, S++ is the pro-
portion of pairs correctly ordered by both X~ and
X,, and So_ is the proportion of pairs tied on item
J( and ordered incorrectly on item X~.

Table 1
Local Relations Between Two Items

The marginal (zero-order) item-item relations
may be calculated from the cells of the table:

and item-true order relations may be calculated
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from the table’s margins; for example, T~y =

S+ - S_ . Finally, as a direct extension of Ken-
dall’s (1970, pp. 117-122) development of partial
T, Table 1 gives item-item ordinal relations with
true order partialed out, for example,

Table 1 is useful to illustrate the three assump-
tions of OTST. The first assumption of OTST is
called local ordinal uncorrelatedness, and states
that the conditional y correlation of two items
is 0:

The property of local ordinal uncorrelatedness
is based on order, without regard to magnitude.
Thus, local uncorrelatedness was proposed as a
weaker version of local independence and,
therefore, would hold whenever local indepen-
dence held.

The last two assumptions are collectively
termed proportionality of ties. They state that for
all items X~, the pairs that are tied on £-that
is, give the same response-are assumed to oc-
cur on every other item X, in a manner propor-
tional to the marginal distribution of pairs on Xk:

and conversely,

The three assumptions given in Equations 5
through 7 could be replaced by a single assump-
tion that might be termed local ordinal in-

dependence. This assumption states that each cell
in Table 1 is the product of the marginal quan-
tities (i.e., S+ _ = 5’+~-). This assumption is

overly restrictive, however. It unnecessarily
specifies the value of Soo and restricts the values
of the other cells that contain ties (e.g., S +0)
beyond the extent needed for the OTST deriva-

tions. The OTST formulation assumes only what
is necessary for the derivations.

From these assumptions, Cliff (1989) has
demonstrated that the interitem y correlation is
the product of each item’s y with the true order:

Yjk = Y~Y~kY ’ (8)

Equation 8 implies that when OTST holds, a

single factor will underlie the matrix of interitem
y correlations. Further, the loadings on that fac-
tor give they correlations between the examinees’
order on the item and the true order of ex-

aminees, Y. These factor analyses are completely
ordinal and are justified by the derivation of
Equation 8 from the assumptions.

Using concepts borrowed from ordinal multi-
ple regression (Cliff, 1986), Cliff has used the
assumptions of Equations 5 through 7 to develop
expressions for the ordinal reliability (T correla-
tion of the total score with the true order) and
for the ordinal reliability of the optimally
weighted total score. These relationships hold
under two conditions of homogeneity: (1) where
the conditional gamma (YJkIY) = 0 for all j,k;
and (2) a less restrictive case where the weighted
average conditional y is equal to 0. If condition
(1) is true, the y matrix should be unifactor. Con-
dition (2) is intended for the common situation
where a test is composed of different, but highly
correlated, factors, such as a verbal test composed
of vocabulary and reading comprehension items.
In either case, Equation 8 indicates that the

loading on the first centroid factor of the y matrix
provides the estimated y correlation of the item
with the true order. These estimated y correla-

tions provide the basis for estimating the T cor-
relation of items with true order and, in turn, the
T correlation of observed total score with true
order.

This study explored OTST by examining the
degree to which the assumptions of the theory
(local ordinal uncorrelatedness and propor-

tionality of ties) were met in generated and em-
pirical datasets. The degree to which the estimates
of item-true order and total score-true order rela-
tions corresponded to the known characteristics
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of the artificial datasets was also examined.

EMPIRICAL STUDIES

The assumptions of the OTST model were ex-
amined in three ways. In Stage 1, data were con-
structed according to a classical (weak true score)
model for a homogeneous test and then analyzed
using OTST. In Stage 2, empirical samples of 40
verbal items and 29 math items, each ad-
ministered on two occasions, were analyzed. The
empirical samples of verbal items and math items
were used to investigate the effect of improving
the estimate of the true order. Stage 3 was a large
simulation study designed to investigate the con-
ditions under which OTST corresponded to the
IRT model (Birnbaum, 1968; Lord, 1952) and
under which the models yielded different results.

Stage 1: Generated Data Based on
A Classical Test Model 

,

Method 
’

The generated data were tests of 40 items con-
structed according to a homogeneous test model.
Individual items were formed according to a com-
mon factor model. For each dataset, 200 stan-
dard normal N(0,1) deviates, the true order, were
randomly generated. Forty &dquo;errors&dquo; were con-

structed, each an independent N(0,1) variable e,.
Continuous item scores were then constructed by
forming weighted combinations of these 40 er-
ror variables with the true order Y, that is,

The weights v, were constant and either moderate
(.5) or large (.8). The observed score matrix X
was formed by dichotomizing item scores, with
an average probability of passing each item fixed
at .5,

Although it is not intuitively obvious, this model
is mathematically identical to an IRT two-

parameter normal ogive model:

where x = a~(Y, - b~) 
’ 

.. ~ &dquo;

with a difficulty parameter b, = 0.0 and
discrimination parameter

The discrimination parameter a, describes the
steepness of the item response function (IRF), the
function given in Equation 11, at the point
Y = b~. High values of a indicate sharp discrim-
ination between those examinees above and below

b,. The difficulty parameter b, describes the point
of maximum slope (discrimination) for an item.
The value of the difficulty parameter corresponds
to the ability for which the probability of cor-
rect response is exactly .5. See Lord and Novick
(1968, pp. 376-378) for a proof of the equivalence
of these two models. An implication of this
equivalence is that the IRT assumption of local
independence holds for the classical test theory
model as presented in Equation 9.

Classical test theory indicates that it is best for
all items to be close to a probability correct of
.5, and therefore of approximately the same dif-
ficulty. The data were generated as a best case
according to classical test theory. If the assump-
tions of OTST are not compatible with such data,
it is less likely that they will work with less op-
timal data.

The generated data were analyzed according
to OTST using a program written by the authors.
The accuracy of the program was insured by com-
paring results from subroutines to published
analyses and output from commercial statistical
packages. The &dquo;true score&dquo; used to generate the
data, Y, defined the true order for OTST analyses.
To test Assumption 1, the y between items con-
ditional on the order on Y was calculated for each

pair of items. The assumption of proportionali-
ty of ties was assessed by calculating the average
ratio (Qf) of the conditional over the marginal
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occurrence of ties: I 

. 
’

where p is the number of test items. The
numerator of the terms of Qj is the proportion
of pairs tied on item £ and ordered correctly on
item X,, divided by the proportion of pairs tied
on £ and ordered incorrectly on X,. The
denominator is the total (i.e., marginal) propor-
tion of pairs ordered correctly on Xk divided by
the total proportion of pairs ordered incorrect-
ly. If the assumption in Equation 6 is true, this
ratio has a value of 1 for all items, which follows
directly from Equations 6 and 7.

The implication of a unifactor y matrix was
tested by factor analyzing the interitem y matrix.
From the loadings, y and T correlations of items
with true order were estimated by the model and
compared with the actual correlations. Finally,
the estimated T of total observed score with true
order was calculated for both uniform and op-
timal weighting of items, and compared to the
OTST estimates. Only two datasets were generated
for each consistency level because the results were
so clear that additional replications were deemed
unnecessary.

Results

The first assumption, that the partialed y is
0, was contradicted by the data. For the moderate
loading case, the average partialed y was .221
(compared to an average of .340 for the marginal
y), but it was .603 (compared to an average .764

for the marginal y) for the high loading datasets.
Thus, ordinal partialing based on the common
factor order relations had little effect on reduc-

ing the ys. This is inconsistent with Equation 5,
which states that the conditional y is 0. This result

suggests that there is a fundamental difference
between local independence and local ordinal un-
correlatedness. This issue is discussed in more
detail below.

For the assumption of proportionality of ties,
the assumption was consistently violated. The
average value of Qj was .928 for the moderate
loading condition and .673 for the high loading
condition. For every item of every dataset

generated, the ratio Qj was less than 1.0. This in-
dicates that the conditional proportions for ties
were less than the assumption would predict. The
conditional pluses and minuses were closer to
equal than were the marginals.

Surprisingly, the interitem y matrix was found
to be substantially unifactor. For the moderate
loading condition, the eigenvalue of the first fac-
tor was 12.8 and the second was 1.7. For the high
loading case, the average first value was 30.7 and
the second was .95. Despite the clear violation
of all three assumptions, the factor analysis of
the y matrix appears to remain a good indicator
of the underlying dimensionality of the data, at
least in the equidifficulty case examined. This
result indicates that although the OTST assump-
tions in Equations 5, 6, and 7 are sufficient for
Equation 8 to hold, they may not be necessary.
This issue is discussed in more detail below.

OTST yields an estimate of the y of an item
with the true order, the loading on the first cen-
troid factor of the interitem y matrix (Cliff, 1989).

Table 2

Average OTST Estimates and Observed Values for Test Quantities:
Results of Stage 1
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This in turn yields an estimate of the T of the item
with the true order. Table 2 shows that the
estimated Ts of true order with items were

uniformly higher than were the actual is of true
order with items. Yet, in spite of this bias, a close
relation was found between the actual and

estimated is with true order; Pearson correlations
ranged from .883 to .961.

The estimated T correlation of the true order

with total score was calculated, as was the
estimated T between true order and an optimally
weighted combination of items. Table 2 gives the
means for these variables. Both of these
estimated is were consistently larger than the
actual T between total score and the common fac-
tor. Taken as a group, the results of analyzing the
data generated according to classical test theory
indicate that the assumptions of classical test
theory are inconsistent with those of OTST ; when
one theory is true, the other must be false (ex-
cept in the trivial case where all item intercorrela-
tions are 0).

Stage 2: Analysis of Empirical Data

Method

Two empirical tests were used: a 40-item

vocabulary and a 29-item math test. Each test was
administered twice, in the fall and the spring of
the same school year. The sample was obtained
on a random sampling basis from the sixth grade
norms distributions of a nationally standardized
achievement battery, and was obtained from a
well-known test publisher. Data from 321 stu-
dents with complete data for both administra-
tions were used. The sample was equally divided
between males and females.
A set of five items was selected from the fall

administration to serve as the &dquo;test.&dquo; The selected
items were uniformly spaced to span the length
of the full test.

For each scale, the interitem correlations
across administrations of the test averaged ap-
proximately the same as the within-time interitem
correlations. Based on preliminary factor

analyses of both y and 0 interitem correlations,

and on reliability analyses, each of the scales was
deemed to be highly consistent across administra-
tions. Thus, the size of the item pool defining
true order was increased by combining the two
administrations (fall and spring) to form a single
item pool.

Because the data were empirical, the true order
of examinees was not known. However, given the
internal reliability of the scales, the full set of
items for each scale was deemed to be a

reasonable approximation of the true order on
that scale. 

_ _

Results

The assumption that the partialed y cor-

relation is 0 was found to be violated by these
data also. The average partialed ys were .654
for the verbal items and .190 for the math items.

To determine if this result was an effect of

having only an imperfect &dquo;true order,&dquo; the use
of even more imperfect true orders-defined by
only a subset of the items-was tried. If it was
found that the assumption held even more poor-
ly for less well-defined &dquo;true orders,&dquo; it might
suggest that by extrapolation a true order de-
fined by a 1,000-item test or item pool might be
consistent with the assumption. Consequently,
&dquo;true orders&dquo; were defined as follows: (1) 10
items from the fall administration, (2) 20 items
from the fall administration, (3) all the re-

maining items at fall administration (35 items for
the verbal data, 24 for math), and (4) all

the remaining items for both administrations
(75 items for the verbal data, 53 for math).
These analyses sought to determine the effect
on the validity of the assumptions of using
a progressively better estimate of the true

order.
As Figure 1 shows, the partialed y did decrease

(albeit very slowly) toward meeting the assump-
tion as the number of items used to define the

pseudo true order increased. For example, the
partialed y for the 10-item verbal true order was
.805, but for the 75-item true order it was .654.
This pattern appeared to hold true for the math
items, although it was not as clear. There was an
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Figure 1
The Relationship of Partialed y and the Ratio Q,

to Number of Items Defining True Order
for Math and Verbal Items

increase in the average partialed y between the
20-item and 24-item definitions of true order, but
this increase was relatively small, and partialed
y for the 53-item definition was less than that of
both the 20-item and 24-item definitions of true
order. However, the decline appears to be too
slow to suggest that the bias would be 0 for any
reasonable definition of true order.

Figure 1 also shows that the assumption of
proportionality of ties was violated in the data.
The ratio Q, was consistently approximately .95
for the math items and approximately .80 for the
verbal items, indicating-as in the simulation-
that the conditional distribution of pluses and
minuses was more nearly equal than were the
marginal distributions. The ratio of propor-
tionality of ties held constant across true order
estimates; the maximum difference in Q, was .02
across the various definitions of true order within

any given dataset. Thus, it appears that the ratio
is a characteristic of the data.

As was the case with the generated data, the
factor analysis of the interitem y matrix indicated
that the matrix was substantially unifactor,
despite violation of the assumptions. There was
only one interitem y matrix because there was

only one &dquo;test&dquo; involved. The estimated T of item
with true order was consistently larger than the
actual T, although the relationship again ap-
peared to be linear. The estimated T of total score
with true order was again found to be much
higher than the actual correlation. As with the
partialed y, the actual correlation did increase
toward the theoretical estimate with increasing
length of true order, although the increase was
relatively slow. As was the case for the data
generated according to classical test theory, these
results indicate that although the OTST assump-
tions in Equations 5, 6, and 7 are sufficient for
Equation 8 to hold, they may not be necessary.
This issue is discussed in more detail below.

Finally, the test-retest y correlations between
the full verbal (40 items) and math (29 items)
scales were calculated. Analogous to classical test
theory, OTST predicts that the test-retest y

reliability should equal the product of the y of
item total and true order for each of the scales.

These results are summarized in Table 3. As can

be seen, the estimated T correlations are too large
to generate the test-retest y correlation. Indeed,
six of the estimated ys of total with true order

were greater than 1.0.

Stage 3: IRT Simulation Study

Method

As was noted above, the method of data
generation for the classical true score model cor-
responds to a normal ogive IRT model. In order
to directly investigate the relationship between
JRT models and OTST, this stage of the research
was designed to determine the conditions under
which the IRT and OTST models agreed and the
conditions under which they disagreed. Data were
generated according to the three-parameter
logistic model (Birnbaum, 1968). This model
gives the probability of a correct response as:

where:
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Table 3
Test-Retest T Correlations and Correction for Ties

(YXY - T~y/Tyy) for Verbal and Math Tests
I 

- -- - .

. *Proportion of paired comparisons not tied on that test.

0 is the ability that underlies the responses to the
test items,

c, is the guessing parameter, and corresponds
to the probability that an examinee of very
low ability will answer the item correctly,

b, is the difficulty parameter, and
a~ is the discrimination parameter.

The simulation design used a wide range of
values for the item parameters in an effort to in-

vestigate the OTST model in a wide range of con-
ditions. The factors manipulated were:
1. Mean of the discrimination parameters,

AMEAN. Two levels were used: Low (Ila = .8)
and High (Ila = 1.3).

2. Variability of the discrimination parameters,
ASTD. The two levels were None (6Q = 0.0)
and Some (o. = .3).

3. Mean of the difficulty parameters, BMEAN.
Three levels were used: Easy test (Ilb = -.5),
Medium Difficulty (g, = 0.0), or High Dif-
ficulty (Ilb = .5).

4. Variability of the difficulty parameters,
BSTD. The two levels were Low (ab = .7) and
High (a, = 1.3).

5. Value of the common guessing parameter,
coMC. Two levels were used: No Guessing
(c, = 0.0) and Chance Level Guessing
(cj = .2).

These five factors were fully crossed to yield
48 cells. Ten replications were run for each cell,
yielding a total of 480 datasets. The number of
simulated examinees (simulees) was held constant

(200), as was the number of items (40). As
preliminary work had indicated, increasing either
of these values yielded no appreciable change in
the performance of the OTST model.

Item responses were generated as follows:
for each dataset, 200 abilities 6; were generated
from a N(0,1) distribution. Item parameters were
then generated for each of the 40 items. The dif-
ficulty parameters were generated from a normal
distribution with mean Ilb and standard devi-

ation ab. The discrimination parameters were

generated from a normal distribution with
mean Ila and standard deviation (Ja. The guess-
ing parameter was constant for all items, with
the value c,. For each simulee, the probability of
correctly answering each item P(6,) was then
calculated using Equation 14. A uniform

[0,1] number U was generated for each item.
If U was less than or equal to P(6;), the sim-
ulee was deemed to have correctly answered the
item; otherwise, the response was scored as

incorrect.
In analyzing the datasets, 0 was used to de-

fine the true order. For each dataset, four
outcome measures were obtained: (1) the

average partialed y, AVGAM; (2) the average

Q, ratio, AVRAT; (3) the average discrepancy
between the estimated item-true order T and
actual item-true order T, DITEMT; and (4) the
discrepancy between the estimated total score-
true order T and the actual item total-true order

T, DTOTAL.
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~ 

’ 

Table 4
. Descriptive Statistics for Dependent Variables

Results

Table 4 gives the dependent variable means,
standard deviations, minima, and maxima over
all 480 datasets. Considering the OTST assump-
tions, Table 4 shows that the average partial y was
positive in all cases-the minimum was .10 and
the average was substantial, .35. The average Q,
ratio was always below 1.0, averaging .88,
although the maximum was as high as .98. The
average estimated item-true order T was always
an overestimate, with an overall bias of .04 and
an observed minimum of .02. The total score-true
order T was also always an overestimate, with an
average discrepancy of .16 and an observed low
of .05. Thus, when item responses were simulated
with the three-parameter logistic model, the OTST
assumptions did not hold. Furthermore, they led
to appreciable overestimates of item-true order
and total score-true order correlations.

Table 5 shows that, in addition to the very
large effect for &dquo;constant&dquo; (i.e., bias in the overall
mean), all main effects had highly significant in-
fluences on the average partial y. The influences
of AMEAN and coMC were the largest. Several
two- and three-way interactions had small to
moderate effects. Means for the largest of these,
AMEAN X COMC and BMEAN X COMC, are

plotted in Figure 2. Both of these interactions in-
dicate that for conditions for which guessing had
more impact on the data (highly discriminating
items or a difficult test), the presence of guess-
ing (COMC = .2) had a larger effect of decreas-
ing the average partialed y. The results generally
indicate that discrepancies will be smallest with
the least consistent data-that is, with lower
discriminations and/or in the presence of guess-
ing, and with variable difficulties. It was under

Figure 2
Means for Significant Interactions for AVGAM

a. AMEAN X COMC

conditions with the most consistency of response
that the largest discrepancies occurred.

Table 5 also reports the effects of AVRAT, the

proportional distribution of tied pairs. Here
AMEAN and comic had the largest effects,
although BSTD was also appreciable. Figure 3
gives the means for the largest two-way interac-
tion, AMEAN X COMC. In tests composed of

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



344

Table 5
Results of the Analysis of Variance for AVGAM, AVRAT, DITEMT, and DTOTAL

continued on the next page
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Table 5, continued
Results of the Analysis of Variance for AVGAM, AVRAT, DITEMT, and DTOTAL

more highly discriminating items, for which

guessing had more impact on the data, the ab-
sence of guessing (COMC = 0.0) led to larger de-
viations from the assumption of proportionality
of ties. Again, all the effects were overshadowed
by the fact that the overall mean discrepancy was
large. The direction of the effects was again that
the discrepancies were smaller for less consis-

tent data; under the combination of guessing, low
discrimination, and variable difficulty, the mean
ratio was .96; but it was as low as .77 with no
guessing, high discrimination, and small

variability in difficulty.
Table 5 shows that there were a variety of in-

fluences on the accuracy of estimating T~y,
analyzing the discrepancy (i,, - Tj,), DITEMT.
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Figure 3
Cell Means for the AMEAN x COMC

Interaction for AVRAT

Here, the consistency of the data had a relative-
ly small, although significant, effect on the bias.
The larger main effects were found for BMEAN,
BSTD, and COMC,. Several two- and three-way in-
teractions had moderately large effects. Means
for the largest two-way interactions, AMEAN x
COMC and BMEAN x COMC, are plotted in

Figures 4a and 4b, respectively. Both of these in-
teractions indicate that conditions for which

guessing had more impact on the data (highly
discriminating items or a difficult test), the value
of COMC paradoxically had a smaller effect on
the bias in estimating 1&dquo;JY. The smallest bias oc-
curred when the presence of guessing was com-
bined either with high discrimination and low dif-
ficulty, or with low discrimination and variable
difficulty. Under these circumstances, the average
item-true order T was overestimated by approx-
imately .03 relative to the true 1&dquo;JY of approx-
imately .20.

In addition to revealing a substantial tenden-
cy to overestimate the total score-true order T,
Table 5 indicates that all the design factors in-
fluenced the size of this discrepancy. AMEAN and
coMC had the largest effects, and an appreciable
interaction, but there were several other signifi-
cant main effects and interactions as well. Figure
5a shows the means for the AMEAN x COMC in-

teraction, and Figure 5b shows the BMEAN x
COMC means. Here, the discrepancies tended to
be largest with the least consistent data:

Figure 4
Cell Means for Significant Interactions for DITEMT

with lower discriminations and guessing. The lat-
ter interacted appreciably with BMEAN-the

largest cell mean occurred with low discrimina-
tion, guessing, and high difficulty. These are con-
trary to the effects on assumption violation,
where the largest effects occurred with high
discrimination and no guessing.

In general, however, the results demonstrate
the lack of agreement of Cliff’s OTST model with
the simulated data. The assumptions were vio-
lated in all cells, and all cells showed appreciable
overestimation of correlations with the true order.

DISCUSSION AND CONCLUSIONS

Several conclusions may be drawn from these

analyses. First, the assumptions of classical test
theory and OTST are incompatible. It was
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Figure 5
Cell Means for Significant Interactions for DTOTAL

a. AMEAN X COMC

originally thought that the local uncorrelatedness
assumption of OTST was a weaker version of local
independence. This belief was based in part on
Kendall’s (1970, pp. 117-122) demonstration that
the computational formula for partialed T is iden-
tical to that of the partialed Pearson correlation.

Based on the results obtained, this belief was
reexamined and analytically demonstrated to be
false. The common factor model implies that the
partialed interitem tetrachoric correlation should
be 0.0. Kendall (1970, p. 126) has shown that for
bivariate normal variables

E(T) = (2/7c)sin-’(p) , (15)

where p is the product-moment correlation. By
substituting into the formula for the partialed
Pearson correlation, it was found that the

partialed T is greater than 0 for the continuous
variables. By definition, y is greater than or

equal to T; hence, the expected partialed y is

greater than 0. By the same argument, when
OTST is true, classical test theory must be false.
Thus, the two theories make different assump-
tions which cannot be simultaneously true. This
is because local ordinal uncorrelatedness, defined
in Equation 5, is not a weaker form of local in-
dependence.

For OTST to be consistent with classical test

theory, the local ordinal pair relations shown in
Table 1 would have to be redefined in terms of

pairs of examinees who are tied on the true score
Y, which is counter to the assumption that there
are no ties on the true order. In this case, the

subscripts + and - have no meaning, and the
table collapses to a three-way classification: pairs
ranked in the same direction, pairs ranked in the
opposite direction, and pairs tied on the variables.
Also, the assumptions of proportionality of ties
(Equations 6 and 7) have no meaning in this case.
Note that when Yis a complete ranking (i.e., there
are no ties on the true order), all such tables of
local ordinal relations are empty. In summary, a
redefinition of the assumption in Equation 5
would be necessary to be compatible with local
independence and would require the complete
reformulation of OTST, which is beyond the
scope of this paper.

The relationship between OTST and iRr models
is less clear. The OTST assumption that the

partialed y correlation was 0 was uniformly
violated. The reason for this is the same as that
of the classical test theory case; there is a fun-
damental difference between local independence
and the pairwise local ordinal uncorrelatedness
assumed by OTST.

Table 6 shows that the pattern of main effects
on the ratio Q, mirrored those of the bias in the
item sum-true order T, DTOTAL. The pattern of
effects on the item-true order T were different,
as were those of the average partialed y. Notewor-
thy is the fact that for AVGAM, Q~, and DTOTAL,
decreasing item discrimination and guessing were
both associated with better estimates. Yet, both
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of these factors indicate a loss of information.
It appears that a test constructed to satisfy the
OTST assumptions would be a poor test. Because
the item parameters were selected to be more ex-
treme than would be likely to occur empirically,
it appears unlikely that such a test exists. Nor is
it likely that such a test would lead to reliable
measurement.

The bias in partial T mentioned above for the
normal case is part of a more general
phenomenon. In partial T it is not the value of
the control variable that is held constant, as in
the ordinary partial correlation, but rather it is
the relation of pairs on the control variable that
is held constant. A conditional T could be defined
as the average T between items for constant
values of the true score. This conditional T would

be 0 whenever the partial covariance between the
items is 0, because of the relation between T and
covariance in the dichotomous case. Another in-

terpretation would be as the average for pairs that
are tied on the true score. Partial T, on the other

hand, &dquo;holds constant&dquo; the relation of pairs on
the control variable. Somers (1976) provided some
discussion of this issue, although failure to ap-
preciate the distinction remains fairly widespread
(e.g., Hettmansperger, 1984).

The item-true order estimation functioned

fairly well. Figure 6 gives a plot of the estimated
and actual item-true order T for the means of

each of the 48 cells of the design. All the points
fall above the line Y = X, confirming that the
estimate is uniformly too large. The linear regres-
sion is also plotted. As can be seen, the plot is
highly linear, indicating that much of the error
of estimation is systematic and may be correc-
table. The correlation was .994. This is not an
artifact of aggregating the data; correlations

within the 480 individual tests ranged from .851
to .998, with a mean of .975.

The results in Figure 6 were obtained in spite
of the persistent violation of both the assump-
tions of local uncorrelatedness and proportionali-
ty of ties. Thus, although the assumptions
underlying the derivation of ii, were not valid in
the cases examined, the estimate appears to have
some promise nonetheless. Further, the relation-
ship between the estimated and actual item-true
order y and T were both highly linear for every
case examined. Therefore, this method of estima-
tion should be examined further in the future.

These results indicate that the assumptions in
Equations 5 through 7 are sufficient but not
necessary for the result in Equation 8 to hold.
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Figure 6
Cell Means for Estimated and Actual Item-True

Order T Correlations

It would be useful to examine other sets of

assumptions that could lead to Equation 8.

However, the nature of y makes this task difficult
because no restriction is placed on the number
or allocation of tied cases. Thus far, attempts to
determine alternative sets of assumptions have
not yielded any revealing results.

The estimate of the T correlation of the true
order with the total score appeared to be a con-
sistent overestimate of the actual value, but there
was little relation between the estimated and true
values. Figure 7 shows a plot of the estimated and
actual total score-true order T for the means of
each of the 48 cells of the design. All the points
fall above the line Y = X, indicating that the
estimate was consistently too large. As can be
seen, there appears to be little systematic relation-
ship between the estimated and actual values
(T = .091). Further, the estimated T shows much
less variability than does the actual T. The Pear-
son correlation was .152. In contrast, the Pear-
son correlation of the actual total score-true order
T with estimated item-true order T was .883.

Thus, the procedure did not accurately estimate
the total score-true order T.

There are two possible sources for the observed
bias. The first issue is the estimation of the item-
true order relationship, 1jY. These estimates were
derived from a weighted version of the local or-
dinal uncorrelatedness assumption, by centroid

Figure 7
Cell Means for Estimated and Actual Total

Score-True Order T Correlations .

factoring of the matrix of y correlations. The
method of determining these weights is basical-
ly arbitrary and was selected for its intuitive ap-
peal. It may be that this procedure introduced
bias into the estimation of Txy.
A second explanation is that the value of Txy

is derived under an assumption of normality,
based on the central limit theorem. Cliff (1986)
and Charlin (1987) have found the estimate to be
relatively accurate, despite radical departures
from normality. However, in the context of their
work, the indicators had very few ties; the
dichotomous items used here had a large number
of ties. Regardless of the reason, however, the
total score-true order estimate functioned poorly.

Future Directions for Ordinal Test Theory

As was noted above, the goal of deriving an
ordinal theory of test scores is an old one in the
field of psychometrics. The results of the present
study indicate that OTST is no longer a viable
candidate, because the assumptions under which
the theory was derived did not hold for empirical
or generated data.

What alternatives are available for using an or-
dinal test theory? Guttman’s (1950) scalogram
analysis suffers from being deterministic and not
acknowledging the stochastic nature of ex-

aminees’ responses to test items. Lovinger’s
(1947) and Mokken’s (1971) ordinal test theories
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do not provide much specific information at the
item level. Schulman and Haden’s (1975) ordinal
test theory treats the ranks as meaningful
numbers. This has the undesirable effect that

their results are entirely dependent on the specific
sample under study, because the addition of a
single case can alter every other examinee’s true
rank. Thus, each of the ordinal formulations
above suffers from some shortcoming.

Two bodies of research seem most promising
for ordinal test theory. A recent ordinal item
sampling formulation by Cliff and Donoghue (in
press) is an ordinal test theory in much the same
spirit as OTST. They conceptualize items as be-
ing sampled from a larger universe of possible
items and define the &dquo;universe order&dquo; Y;h of ex-
aminees i and h as the total of their orders

(dominances) on the P items in the universe:

where the item dominances are defined as

Using sample quantities, they estimate the ordinal
correlations of the items with the universe order,
the ordinal correlation of the total score with the
universe order, and the probability that a dip-
ference in observed total score reflects a correct

ordering in the universe order. A small simula-
tion in Cliff and Donoghue (in press) and a more
extensive evaluation in Donoghue (1990) indicate
that this approach functions well for both em-
pirical and simulated data. Thus, the ordinal item
sampling formulation appears to offer promise
as an ordinal test theory.

The second body of ordinal work is non-

parametric IR’r-models _in which the shape of
the IRF is not restricted to a particular form. The
work of Mokken (1971; Mokken & Lewis, 1982)
may be considered to fall into this category.

Holland (1981) has examined the minimal con-
ditions under which IRT makes meaningful

predictions about data, and his &dquo;Dutch identi-
ty&dquo; (Holland, 1990) yields some interesting con-
jectures as to the number of parameters that may
be estimated from data. The &dquo;ordinal IRT&dquo; work
of Stout and Junker (Stout, 1988, 1990; Junker,
1989, 1990) also uses nonparametric IRT, but
weakens the assumption of local independence
to what they term &dquo;essential independence.&dquo;
Finally, there have been applications of kernel
smoothing (e.g., Ramsay, 1990) to obtain em-
pirical estimates of the IRFS. The nonparametric
IRT work also appears to hold promise for the
future of ordinal test theories.

Conclusions

Based on the results obtained here, OTST is not
recommended for use in practical testing situa-
tions. The assumptions under which the theory
was derived were violated in both empirical and
simulated tests. Further, the estimate of the total
score-true order T correlation functioned poorly.
On the other hand, the estimates of item-true

order T correlations functioned well, and the
deviations observed were systematic. This method
of estimating item-true order relations should
therefore be studied further. The factor analysis
of the y matrix also appeared to function as an
indication of the underlying dimensionality, but
the results obtained are only suggestive. Further
study, especially of the method’s ability to detect
multidimensionality, is needed.
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