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An Empirical Study of the Effects of Small
Datasets and Varying Prior Variances on
Item Parameter Estimation in BILOG
Michael R. Harwell and Janine E. Janosky

University of Pittsburgh

Long-standing difficulties in estimating item
parameters in item response theory (IRT) have been
addressed recently with the application of Bayesian
estimation models. The potential of these methods
is enhanced by their availability in the BILOG com-
puter program. This study investigated the ability
of BILOG to recover known item parameters under
varying conditions. Data were simulated for a two-
parameter logistic IRT model under conditions of
small numbers of examinees and items, and different
variances for the prior distributions of discrimina-

tion parameters. The results suggest that for
samples of at least 250 examinees and 15 items,
BILOG accurately recovers known parameters using
the default variance. The quality of the estimation
suffers for smaller numbers of examinees under the
default variance, and for larger prior variances in
general. This raises questions about how practi-
tioners select a prior variance for small numbers of
examinees and items. Index terms: BILOG, item

parameter estimation, item response theory, parameter
recovery, prior distributions, simulation.

Mislevy (1986) presented a marginalized Bayesian procedure for estimating item parameters that
is a direct extension of the approach of Bock and Aitkin (1981). A distinguishing characteristic of
Mislevy’s procedure is its ability to constrain item parameter estimates (e.g., discrimination) from
assuming unreasonable values. The conceptual and mathematical advantages of the Bayesian ap-
proach over earlier procedures, along with preliminary empirical evidence (Mislevy, 1986), suggest
that this procedure may solve many of the remaining estimation problems in item response theory
(IRT) (e.g., poorly determined parameter estimates even for large numbers of examinees).

The implementation of the key components of the marginalized Bayesian procedure in the BILOG
computer program (Mislevy & Bock, 1986) allows practitioners to take advantage of its comprehen-
sive nature and mathematical elegance. However, relatively little is known about the performance
of BILOG in estimating item parameters for small datasets (e.g., small numbers of items or examinees).
Furthermore, little empirical evidence is available about the effects of different prior distribution
variances on item parameter estimation in BILOG or the extent to which the default prior variance
in BILOG is appropriate for small datasets.

The purpose of this study was to investigate the ability of BILOG to recover known item parameters
for different numbers of items, examinees, and variances of the prior distributions of discrimination
parameters for the two-parameter logistic IRT model. The intent was to determine the lower limit
(in terms of numbers of examinees, items, and prior variance) at which the program satisfactorily
recovers item parameters. The results should help to define limits on the appropriate use of BILOG
and its default prior variance for small datasets. The two-parameter model was selected because of
its applicability in a variety of settings (e.g., constructing multiple-choice items that respondents are
unlikely to guess correctly) and because parameter estimation in this model is less intractable than
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in the three-parameter model. Once the effects of small datasets and varying prior variances have
been documented for the two-parameter model, the research focus would naturally be expected to
shift to the more complex three-parameter model.

Characteristics of BILOG

Prior Distributions

A distinguishing characteristic of BILOG is its ability to impose prior distributions on the dis-
crimination parameters. The default option in BILOG is designed to impose a prior distribution on
discrimination parameters but no prior distribution for location parameters; it also permits prior
distributions to be imposed on location parameters if desired. Ability (0) is assumed to be a con-
tinuous random variable with a prior distribution. Imposing a prior distribution on discrimination
parameters has the effect of constraining estimates of these parameters from assuming unreasonable
values, which is a problem that has plagued item parameter estimation in IRT (Mislevy, 1986). However,
this advantage depends on the specification of appropriate prior distributions and an appropriate
IRT model.

One assumption underlying specification of a prior distribution for discrimination parameters is
that the parameters are independently and identically distributed (Swaminathan & Gifford, 1985).
It is also assumed that such parameters are exchangeable (i.e., the prior probability distribution for
a particular parameter is no different from that of any other parameter of the same type). By com-
parison, the estimation of location parameters usually proceeds smoothly and there is less need to
impose prior distributions on these parameters (Mislevy, 1986).

The variance of a prior distribution plays a key role in estimating parameters. A prior distribution
is said to be informative if its variance is small. A small variance implies that the values of a parameter
will be tightly clustered around the mean of the prior distribution, with some values of the parameter
more likely than others. The primary effect of an informative prior on parameter estimation is to
&dquo;shrink&dquo; the estimate toward the mean of the parameter’s prior distribution by an amount that is
proportional to the information contained in the prior distribution of that parameter (Mislevy &
Stocking, 1989). Other things being equal, smaller prior variances lead to estimates that are nearer
the mean of the prior than do larger variances. This makes it less likely that the estimates will assume
unreasonable values.

The discrimination parameters (aj) in most testing settings are typically greater than zero. This
suggests that the distribution of aj can be modeled by a unimodal and positively skewed distribution
such as the lognormal. For computational simplicity, BILOG performs a logarithmic transformation
of the form aj = log a,. This results in each aj having a normal distribution with a density that is
proportional to

Following Lindley and Smith (1972), !l&OElig; and a§ are known as hyperparameters. Imposing (normal)
prior distributions on the as makes it unlikely that unreasonable estimates will be obtained. This may
also improve the estimation of location and 0 parameters (Swaminathan & Gifford, 1985).

Parameter Estimation

Consider the probability of a correct response under a two-parameter logistic IRT model for
dichotomous item response data:
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for i = 1, 2, 3, ..., n examinees, and j = 1, 2, 3, ..., J items; y,~ = 0,1 is the binary response of
examinee i to item j, Oi is the ability of examinee i, aj is the item discrimination parameter, and bj
is the item location parameter.

The Bayes marginalized estimation equations used in BILOG to estimate aj and bj for the two-
parameter logistic model are

and

(Harwell & Baker, in press). The solutions to Equations 3 and 4 require an integration over the prior
distribution of 0 to produce a marginalized likelihood. BILOG uses numerical quadrature to approx-
imate this integration. X, represents the finite 0 value of the kth 0 group. - rik and -nj, reprcsent &dquo;artifi-
cial&dquo; data related to the use of numerical quadrature (Harwell, Baker, & Zwarts, 1988).

The (aj - Jl,,)/o; term in Equation 3 represents the contribution of the prior distribution imposed
on a; to the marginalized likelihood equations, and it requires estimates of the Jl&dquo; and 0; terms. No
prior distribution is imposed on the bj; thus, there is no term in Equation 4 representing the con-
tribution of a prior distribution. BILOG permits the value of Jl&dquo; to be specified or estimated from
the item response data with the &dquo;~~~’r&dquo; option. This reduces in BILOG to taking the arithmetic average
of the J estimated aj. Mislevy and Stocking (1989) suggest that practitioners should employ this op-
tion in most instances. The results of Baker (1990) suggest that for large datasets (e.g., 1,000 examinees
and 40 items), it makes little difference whether or not the FLOAT option is used. Note that BILOG
assumes that the means of the prior distributions are correct. The effect on parameter estimates when
these means are incorrect is not known. The value of 0; cannot be estimated from the data; it must
be specified, or the default value must be employed.

BILOG permits prior distributions with different variances to be specified for each item parameter.
This may improve estimation in some instances. In this study, all of the prior distributions for the
aj were assumed to be normal with mean /l&dquo; and variance 0;.

Previous Research Using BILOG

Mislevy (1986) simulated data for 1,000 examinees on 20 items and reported that BILOG accurate-
ly recovered true item parameters. Yen (1987) compared the estimation capabilities of the BILOG and
LOGIST (Wood, Wingersky, Barton, & Lord, 1982) computer programs for the three-parameter logistic
IRT model. Yen examined the ability of BILOG to recover known parameters for tests of varying dif-
ficulty, different numbers of items (10, 20, 30, and 40); and different prior 0 distributions. In all
cases, the simulated item response data were based on 1,000 examinees. Normal priors with ~,b = 0,
6b = 1 were used for b;. Normal priors with Il&dquo; = 0, c~a = .52 were used for log-transformed aj. Yen
found that BILOG capably recovered known item parameters as measured by several indices, including
the correlation between true and estimated parameters and the root mean square deviation (RMSD),
which was computed as the square root of the average of the squared differences between the estimated
and true parameters.

Baker (1990) used a parameter-recovery study to examine the equating of BILOG results to an
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underlying metric for the two-parameter logistic IRT model. Baker varied the true discrimination and
location parameters to produce tests with designated properties (e.g., a difficult test with moderate
discrimination). All results were based on tests of 40 items and 1,000 examinees. Baker also varied
the variance of the prior distributions for the log-transformed discrimination parameters (.751, .51,
and .252). The accuracy of parameter estimation was assessed by comparing the mean estimated and
equated discrimination, location, and 0 parameters to the mean of the true parameters. Baker’s results
indicated that BILOG accurately recovered item parameters. Different prior variances had little effect
on the accuracy of parameter estimation.

Lim and Drasgow (1990) compared marginal maximum likelihood estimation (MMLE; with no prior
distributions for item parameters) and Bayes modal estimation when assessing differential item func-
tioning using a two-parameter logistic model. These authors examined the parameter recovery
capabilities of BILOG for samples of 250 or 750 examinees on a 20-item test. Normal priors with
p~ = 0, ob = 2 were used for by in Bayes modal estimation. Normal priors with P. = 0, o~ = 1

were used for the log-transformed aj. Unlike the other studies, Lim and Drasgow performed 50 replica-
tions for each combination of conditions, which permitted an investigation of the role of sampling
error. They reported that Bayes modal estimates showed less estimation error than MMLE estimates
when n = 250. The estimation error associated with the Bayes modal and MMLE estimates for
n = 750 was similar.

Results for all of these studies are consistent with those of Swaminathan and Gifford (1985), who
employed slightly different Bayesian methods to estimate parameters. However, none of these studies
investigated the ability of BILOG to recover item parameters under conditions of small datasets and
varying prior variances.

Method

This study investigated the ability of BILOG to recover item parameters for small numbers of ex-
aminees and items, and different variances of the prior distributions of aj. Three factors were
examined: number of examinees (75, 100, 150, 250, 500, or 1,000), number of items (15 or 25), and
variance of the prior distributions for c~, (no prior, .75~, .5 , .25~, or .12 in a lognormal metric). The
number of examinee conditions was selected to represent a range from a small (n = 75) to a moderately
large sample (n = 1,000). The n = 250 condition was included because this value often appears when
Bayesian estimation methods are employed (e.g., Mislevy, 1986). The number of items conditions
were believed to represent very short (i.e., 15) and moderately short tests.

In the no-prior-variance case, parameter estimation took place in the absence of prior informa-
tion for o!;. In this condition, item parameter estimation (assuming that an appropriate prior is im-
posed for abilities and that the IRT model is correct) is equivalent to the marginalized maximum
likelihood solution of Bock and Aitkin (1981). The remaining prior variances (.75~, .5~, .25~, and
.F) represent increasingly strong (i.e., informative) prior distributions (Mislevy & Stocking, 1989).
In BILOG, .5z is the default prior variance for aj.

The means and variances of the selected prior distributions for aj are given in the metric of the
~~ in Table 1. The transformation equations are given in Brown and Aitchison (1957, p. 8). The ~ta
and 02 are also given in Table 1, assuming that f.la = 0. Note that the BILOG default values of ~u« = 0
and aa = .5~ are equivalent to f.la = 1.13 and (32 = .36.

All combinations of conditions were examined, resulting in 5 x 2 x 5 = 50 BILOG computer runs.
The following process was repeated for each BILOG run: (1) item response data corresponding to a
two-parameter logistic model were generated for a specified number of examinees and items using
the GENIRV (Baker, 1982) computer program; (2) aj and bj were sampled randomly for each item and
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Table 1
Mean and Variance of the Prior Distributions
of the Discrimination Parameters Used in the

Simulation Study (~~ = 0)

0 value for each examinee; (3) 0 and bj were sampled from a range of -3 to + 3 from a normal distribu-
tion with mean = 0 and SD = 1; and (4) aj were sampled randomly from a uniform distribution
from a range of .6 to 1.9 (in the logistic metric). This range was selected because estimated discrimi-
nation parameters for real data often fall within these values.

Additional computer runs were made to determine if sampling aj from a uniform distribution with
a range of .1 to 3 produced approximately the same pattern of results as those for the .6 to 1.9 range.
Several computer runs were also made sampling 0 and bj from uniform distributions to ensure that
sampling from a particular distribution in GENIRV did not predispose the results. No systematic dif-
ferences in the accuracy of estimation were observed when sampling 0 and bj from normal versus
uniform distributions.
A trial-and-error process led to the following method of generating item response data in GENIRV.

For a given number of items, the same random seed was used for the various numbers of examinees
and prior variance conditions. This resulted in the same aj and bj being sampled and serving as the
true parameters for each of these conditions. Based on these data, BILOG was used to recover the
same item parameters for 15 items across all numbers of examinees and prior variance conditions.
Because GENIRV used a single seed to generate item parameters and responses, these parameters and
responses for the 15-item case served as the first 15 items for the 25-item case. Thus, the 15- and
25-item cases are directly comparable. The means and SDs of the aj and bj sampled in GENIRV are
given in Table 2.

The above decision was based on the following reasoning. First, it was desired to hold the effect
constant for all but one of the conditions in order to examine the effect of the condition that was
varied (e.g., a§ = .5~ versus .25~). Second, initial computer runs using different seeds for small datasets
led to tests that seemed, at best, &dquo;randomly parallel.&dquo; For example, tests with very different item
parameters resulted when item response data were generated by using (1) a particular seed for the
15 items, n = 100 examinees, and no-prior-variance case; and (2) a different seed for the 15 items,
n = 100 examinees, a§ = .751 case. The tendency for one seed to produce a very different pattern
of large and/or small item parameters than other seeds made it difficult to compare reasonably the
ability of BILOG to recover item parameters across conditions.

Table 2
Mean and Standard Deviation of the Parameters

Sampled in GENIRV (Logistic Metric)
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The item response data generated using GENIRV were submitted to BILOG for analysis. The MINITAB
(1989) statistical package was used to transform the estimated a; and bj from BILOG to the same metric
used in GENIRV, based on the equating equations in Baker (1990). These estimates were compared
to the corresponding true item parameters in GENIRV. A variety of statistics were used to assess the
accuracy of parameter estimation. Consistent with previous parameter recovery studies, the correla-
tions of the estimated and true parameters, and the RMSDS, were computed, where

and ij is an estimated discrimination parameter.
Smaller values of RMSD indicate less estimation error. RMSD’ was also computed after the 10%

most extreme squared deviations were trimmed.

Results

The results of assessing BILOG’S ability to recover true aj and bj are presented in Tables 3 and 4.
Selected results for aj are presented graphically in Figures 1 and 2. (The correlations between the
estimated and true parameters were relatively uninformative; thus, the discussion below relies on the
RMSD and RMSD’ indices.) For the 15-item test, smaller prior variances led to more accurate estima-
tion for n = 75, 100, and 150 examinees. For n > 150, smaller prior variances did not noticeably
improve the accuracy of item parameter estimation (Figure la). There was little difference in the
accuracy of parameter estimation for C5~ = .25~ and .12 across the number of examinees conditions.
However, both 6a = .252 and C5~ = .12 resulted in less estimation error than the default C5~ = .52 2

value for n < 250. The same results were observed for RMSD’ (Figure lb).
The accuracy of parameter estimation for the 25-item test (Figure 2) was very similar to the results

obtained for the 15-item test (Figure 1). The various prior variances had little effect on the accuracy
of estimation once n > 100. In fact, the RMSD values for the smallest prior variance were slightly
larger than those for the remaining prior variance conditions for larger numbers of examinees; this
pattern persisted for the RMSD’ values. This may result from the fact that such a small prior variance
causes the slopes comprising the prior distribution to be very close to the mean of the distribution.
This produces, in effect, a one-parameter IRT model with varying bj and a common slope. Parameter
estimation of slopes in this model would not be as sensitive to increasing numbers of examinees as
it would be in a model in which slope variability in the prior distribution was greater.

One aspect of Tables 3 and 4 deserves further comment. The estimation error for aj and bj was
typically greater for 25 items than for 15 items, especially when n < 250. This suggests that for smaller

samples there is a test length by prior variance interaction in terms of estimation error. For example,
the n = 75 condition in Table 3 shows less estimation error for a~ for a 15- versus a 25-item test for
all the prior variance conditions (including no prior variance). Once n exceeds 250, the estimation
error for the two test lengths tends to be reasonably similar. One explanation for these results is that
they are attributable to sampling error.

Additional computer runs were made to assess the credibility of the sampling error explanation.
Because the RMSD values favoring the 15- versus the 25-item case were most distinct for the smallest
number of examinees, five replications were performed for each of the no-prior, .51, and .12 prior
variance conditions for n = 75. This process was repeated for the 15- and 25-item cases. Item

parameters were randomly sampled for each replication (i.e., item parameters for the 15- and 25-item
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Figure 1
RMSD and RMSD’ for Discrimination Parameters (15 Items)

cases differed). The average of the five RMSD values, the SD of the five ~mts~s, and the average of
the five SDs of the randomly sampled and bj values in GENIRV are reported in Table 5 for each
condition.

The results for a; in Table 5 suggest that the apparent prior variance by test length interaction
is attributable to sampling error. In particular, the variability in the aj in Table 5 is very similar for
both the 15- and 25-item cases; it is also similar to the variability in the aj for 25 items in Table 2.
However, the variability in the a; in Table 2 for 15 items is noticeably less than that reported in Table
5. This suggests that the a; that were initially randomly sampled in GENIRV for 15 items were less
variable than would be expected.

The smaller-than-expected variability in these true aj values may partially account for the lower
RMSD and RMSD’ values in Table 3 for 15 items. Under these conditions, the a; values would tend
to be relatively close in value, which would make very large or very small values unlikely and thus
improve estimation. In the case of bj, the initially sampled values in GENIRV (Table 2) for the 25-item
case are more variable when compared to the values in Table 5. This might account to some extent
for the smaller RMSD and RMSD’ values for 25 items in Table 3, as compared to those in Table 5.
No distinguishable pattern emerged for the 15-item case. Table 5 generally shows less estimation
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Figure 2
RMSD and RMSD’ for Discrimination Parameters (25 Items)

error for n = 75 than do Tables 3 or 4.

Figure 3 presents results on the accuracy of parameter recovery in BILOG when the sampled range
of aj was .1 to 3. This provided a check on whether the pattern of results for the aj parameter would
change in a systematic way if a wider range of values were sampled in GENIRV. Comparison of Figure
1 with Figure 3 shows that, except for the large error in the no-prior-variance case for n = 75 ex-
aminees, approximately the same pattern of RMSD and RMSD’ values were obtained for the .6 to 1.9
and the .1 to 3 ranges.

When n > 150, the size of the prior variance made little difference in the accuracy of parameter
estimation for both the 15- and 25-item tests as measured by the RMSD and RMSD’ (except for
02 = .lz). These results are probably related to the role of the likelihood function and the prior
distributions in estimating item parameters. Other things being equal, as the number of examinees
increases, the contribution of the likelihood to estimating item parameters (based on the observed
data) increases relative to the contribution of the prior distributions. For smaller numbers of examinees
(e.g., n = 75, 100, or 150), prior variances noticeably affected the accuracy of parameter estimation
for both 15- and 25-item tests.
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Table 5

Average of Five RMSD Values (~tRMS~1), SD
of the Five RMSDs (oRms~,), Average

of the Five SDs of the aj (oj and bj (6b)
Randomly Sampled in GENIRV, for

Additional BILOG Computer Runs Under
Three Prior Variance Conditions

The results of this study suggest several conclusions. For tests of 15 and 25 items, samples of 250
examinees or more neutralize the effect of prior variance s-probabl y because of the increasing role
of the likelihood function in estimating item parameters for larger samples. For smaller numbers
of examinees and a very short test (i.e., 15 items), the size of the prior variance plays a prominent
role in the quality of item parameter estimation. For longer tests (i.e., 25 items), the role of prior
variance is neutralized when n > 100. These results suggest that practitioners should not rely on the
BILOG default prior variance of .51 for discrimination parameters for short tests (i.e., 15 items) and
small numbers of examinees (,~ < 250). However, the literature still lacks guidelines to assist practi-
tioners in selecting prior variances less than or greater than the BILOG default value of .5B
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Figure 3
RMSD and RMSD’ for Discrimination Parameters When the Sampled Range of aj Was .1 to 3
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