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A monte carlo investigation of three approaches to
assessing the dimensionality of binary items used a
population model that allowed sampling of items
and examinees and provided for variation and con-
trol of important parameters. The model was
realistic of performance of binary items in current
tests of cognitive abilities. Three indices were inves-
tigated : one based on the property of local indepen-
dence of unidimensional tests (the independence
index), one based on patterns of second factor
loadings derived from simplex theory (the pattern
index), and one that reflects the shape of the curve
of successive eigenvalues (the ratio of differences
index). The last index was used for matrices of phi
coefficients, tetrachoric correlations, and variances-
covariances. The local independence index reported
here was the most accurate dimensionality index.
The pattern index was accurate under many combi-
nations of parameters, but decreased substantially
at the highest level of factor correlations and the
widest dispersion of item difficulties. None of the
eigenvalue indices produced satisfactory accuracy,
except under the most favorable combinations of
parameters. Nonetheless, the eigenvalues of
variance-covariance matrices provided a more accurate
basis for dimensionality decisions than tetrachoric
correlations, which have been the statistic of
choice of many investigators. Recommendations
for use are also given. Index terms: binary items,
dimensionality, factor analysis, phi correlations,
tetrachoric correlations.

The issue of dimensionality has come to the
fore with the increase of interest in recent years
in item response theory (IRT; see Hulin, Drasgow,
& Parsons, 1983; Lord, 1980; Stout, 1987, 1990)

and its use in adaptive testing and test construc-
tion. One important assumption in IRT is that of
unidimensionality of the latent space defined by
the measures. Dependable IRT item and person
parameters can be obtained from item pools that
are not unidimensional in the strict sense of the
term-a dominant dimension defined by corre-
lated group factors is sufficient (Drasgow & Par-

sons, 1983; Harrison, 1986). Such item pools are
likely to be considerably more valid in most ap-
plications (Humphreys, 1985a). However, meth-
ods of test administration, such as adaptive test-
ing, that potentially provide a different set of
items for examinees and regularly provide differ-
ent sets of items for examinee subgroups place a
greater demand on the unidimensionality as-
sumption.
A standard method of assessing the dimen-

sionality of a pool of binary items is to compute
tetrachoric correlations among the items, obtain
principal components, and inspect the latent
roots (Gorsuch, 1983; McDonald, 1985). If the
item pool is unidimensional, it is expected that
the first root will describe a major-although nu-
merically uncertain-proportion of total vari-
ance. A large difference is also expected in the
size of the second root relative to the first, and
no sizable gap is expected subsequent to the first
difference. However, these expectations have no
firm quantitative basis.

Tetrachoric correlations are frequently recom-
mended for component analysis because the size
of product-moment correlations is affected by
item difficulties, and because phi coefficients
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produce difficulty factors (Gorsuch, 1983;
McDonald, 1985; VvTherry ~ Gaylord, 1944). If
items produced a perfect Guttman scale, the
matrix of intercorrelations would be a perfect
simplex, not a Spearman hierarchy.

Although the use of tetrachorics is fairly stan-
dard, the tetrachoric matrix has two undesirable
properties for factor analysis and assessing
dimensionality. The sampling errors of individual
tetrachorics vary widely as a function of item
difficulty levels, and the correlation matrix is like-
ly to be non-Gramian. The effects of these

properties become more severe as the spread of
difficulties increases (Gorsuch, 1983; McDonald,
1985; Tucker, 1983).

It is important to determine the accuracy with
which a decision contrasting unidimensionality
with multidimensionality can be made, and to
evaluate both traditional and nontraditional
methods. It is also necessary to have a factor
model of known dimensionality, to sample items
and examinees, and to compare indices in the
same dataset. Various methods of assessing
dimensionality have been proposed and evaluat-
ed (see Hattie, 1985; McDonald, 1981; Reckase,
1985; van den Wollenberg, 1982; Zwick, 1987),
as have various alternative frameworks for dis-

cussing dimensionality (e.g., Rosenbaum, 1984;
van den Wollenberg, 1982). The goal of this study
was to expand this research base and satisfy these
various requirements in an evaluation of three
heuristic methods of assessing the dimensionali-
ty of binary item pools.

Method

Characteristics of a Desirable Model

A main objective of the study was to use a
model that realistically simulated psychological
data, especially cognitive ability data. A starting
point was the model developed by Tucker, Koop-
man, and Linn (1969), who discussed both a
&dquo;formal&dquo; factor model and a &dquo;simulation&dquo; 9

model. Their latter model added a relatively small
amount of variance from a large number of
small, overlapping factors (&dquo;minor factors&dquo;; see

also Humphreys, 1985b; McDonald, 1981; Stout,
1990). The added variance simulates the very
large number of determinants of responses to
items, because neither items nor tests can be pure
measures of a hypothetical factor. It is important
to investigate both models as they affect the as-
sessment of dimensionality, but results are report-
ed here only for the formal model. Thus, one
requirement was that the population model
resemble the formal factor model of Tucker et al.
A second requirement was that the model fur-

nish data with realistic psychometric properties.
Distributions of item difficulties and item inter-
correlations should be at levels typical in cog-
nitive ability item pools. For instance, prod-
uct-moment correlations among such items in

wide ranges of talent are rarely greater than .25,
and frequently are considerably lower (e.g.,
differences in the size of mean correlations be-
tween those found in a heterogeneous intelligence
test and those from a homogeneous test of
mechanical information are quite small).
A third requirement was that the data genera-

tion model be compensatory. In such a model,
an item’s variance is broken down into a linear
combination of loadings on major group factors
and random error. Intercorrelations are the sums
of products of overlapping factors. A compen-
satory model fits psychological data rather well,
and its success is reflected in the predictive va-
lidities of psychological tests for practical criteria.
A final feature of the model was that it be

sufficiently general to be adapted to the several
common models of item functioning. A continu-
ous normal distribution is assumed to underlie
the binary responses of items measuring cogni-
tive abilities. This assumption, given appropri-
ate constraints on the size and variability of
loadings on a single factor, provides for a Gutt-
man scale or for a one-, two-, or three-parameter
IRT model.

Description of the Model

Data were generated so that the structural re-
lations desired were prespecified, which allowed
for evaluating the validity of the factor analytic
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design. With such a generation method, a design
plan can be adjusted in terms of the exact na-
ture and quality of the data desired.

Basic notions. The model specified the exis-
tence of a major domain B, which represented
the most important influences on observed
scores. Every row i in factor matrix B represent-
ed a variable, and every column j represented a
factor. These elements Bii were the conceptual
values in the major domain, and they represent-
ed theoretical notions concerning the composi-
tion and structural relations of the input
variables. The major domain was presumed to
have simple structure. Finally, a restriction of the
factor matrix to positive manifold was required
because cognitive ability item responses were be-
ing simulated.

Factor intercorrelcations. An initial step in

generating the factor model was to determine the
phi matrix (cD)-the intercorrelations among fac-
tors. Significant control of this parameter was
available. First, a value was selected in the range
(0,1) that indirectly determined the desired mini-
mum level of factor correlations. A second,
higher value in the same range was selected from
which the first value was subtracted. This differ-
ence was multiplied by a random number in the
interval (0,1), and that product was added to the
initial value. The procedure was repeated for each
factor by using the same first and second values,
which gave a unique value for each factor in the
desired range. Taking the square root of the
values from the preceding step and obtaining the
cross-products among factors gave the correla-
tions between pairs of factors. In effect, these fac-
tor intercorrelations were the products of factor
loadings on a single, general factor.

Factor correlations in the present application
were determined by initial values (first and second
values) of .20 and .40 for the low, .40 and .60
for the intermediate, and .50 and .70 for the high
levels of intercorrelations. Thus, the average ran-
dom increments to the base value were identical
for the three levels.

Ensuring simple structure. The next step was
to derive a first-order B having simple structure

with a restriction to positive manifold. Initial B
values were determined by selecting random num-
bers in the (0,1) interval. Several checks were car-
ried out to ensure that the structural relations and

general quality of the factor matrix were as
desired.
l. To establish simple structure, a cutoff prob-

ability for establishing zeroes in B was used
to determine the number of zeroes in each
column (i.e., per factor).

2. The presence of at least one high (nonzero)
entry in each row (i.e., per variable) of the
factor was ensured by inserting a nonzero
loading in the column position selected ran-
domly, if no nonzero loading was present.

3. The number of high loadings in each column
was counted. The minimum number of high
loadings was determined a priori. As before,
high entries were inserted until the desired
minimum number of high loadings was
achieved.

4. All pairs of columns ( j,k) were compared to
determine whether there was an appropriate
(specified a priori) number of rows with high
entries on j and 0 entry on k. This was fur-
ther assurance that each variable was

represented and that simple structure was
achieved.

Size qffactor loadings. Adjustments were im-
plemented to influence the absolute size of load-
ings in the final input factor matrix. Two initial
values were set to indicate the range from which

loadings for the nonzero entries in the matrix
were selected. The procedure presented earlier for
factor intercorrelations was used here as well. A

vector of loadings (referred to as GI coefficients)
was obtained, with one coefficient for each vari-
able. These coefficients were randomly selected
from a rectangular distribution in the range Gl~
to GI, (&dquo;start&dquo; and &dquo;end&dquo; values, set a priori),
which represented the hypothesized variance from
the major domain.
An A matrix-the factor matrix transformed

to uncorrelated factors-was obtained next. The
first step in this process was obtaining the

Cholesky decomposition (v) of the 4) matrix. B
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is post-multiplied by v to obtain an initial A
matrix. Next, rows of A and B are adjusted to
take into account the vector of GI coefficients.
After the rows of A are normalized, the same
multiplier is applied to rescale B in accordance
with the transformation to A.

Application to binary scores. The model has
thus far been described in terms of continuous
variates. Model output was converted to binary
data. Each sampled individual had a score on
each of k dimensions. Definitions for scores and
their components are as follows:

X,k = score or measure of individual i on dimen-
sion k;

Z,~ = item score of individual i on item j; and
H{k = weight for item j on dimension k.
A fundamental relation involving these com-

ponents is

To generalize this relation,

where Xi is a vector of scores X¡k, and Zi is a vec-
tor of scores ~;~. ~ is a matrix of factor weights
Wil -

Then weight matrix includes common, specif-
ic, and measurement error factor weights. Specif-
ic and error factors are considered together as the
uniqueness component U. The common factor
weight matrix is designated A, as before. The
weight matrix 12 can be decomposed from one
super matrix to two separate weight matrices, A
and U, representing common and unique in-

fluences. The vector X, can be partitioned simi-
larly into common a; and unique components uj,
with X; _ ~ ~;9u; ) . Expanding Equation 2 results
in

Using this basic factor model, binary scores can
be derived that conform to the qualities of the
simulation model in continuous form. Because
the factor model is a linear model involving the
addition of contributions to item scores, the fac-
tor weight matrix A can be applied to an under-

lying score distribution, and be combined with
unique components to determine item scores. In
computing Z;~ from Equation 1, a random nor-
mal deviate for individual i on each dimension
k (Xak) is selected and multiplied by the factor
loading for itern j on dimension k (a~k)s For in-
stance, the following holds for a three-factor
model:

Uniqueness is factored in by selecting a random
normal deviate for each item and multiplying it
by that item’s uniqueness. This product is added
to the Zij from the common factor influences
(from Equation 4).

Generation of binary responses. To generate
binary scores (s,j), a simulated person’s (simulee)
normally distributed continuous score for item
j (Z¡) is compared to a cutting score for item j.
The cutting score mean and standard deviation
(determined a priori) are used to set up the cut-
ting score values (d~)-one for each item. A vec-
tor of guessing parameters (cj) is set up with a
desired range of guessing probabilities. The equa-
tions that characterize the probabilistic model
used for generating binary responses are:

and

Thus, if the score of simulee a to item j is greater
than or equal to the, cutting score for item j, the
simulee receives a correct score (1) for that item.
If Z;~ is less than the threshold, the simulee
receives a 0 to indicate an incorrect response. The

guessing component is taken into account such
that an incorrect answer to item j is changed to
correct with probability cy. This process is con-
tinued for all j responses and i simulees. The event
of S;y equalling 0 or 1 is independent from occa-
sion to occasion. Finally, the model is probabilis-
tic in that it involves each item as a sampling of
the many influences on item responses.
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Independent Parameters

Five model parameters were varied in a fac-
torial design. Cells in the design were filled with
100 independent samples, with a new population
model being generated for each sample.

Sample sizes. Ns were 125, 500, and 2,000,
providing 2-to-l ratios of expected standard er-
rors. Because this parameter is under the re-

searcher’s control in practice, an adequate N can
usually be established in advance for purposes
of determining dimensionality. All dimensional-
ity indices should vary in accuracy as a function
of sample size.

Number of items. This parameter n took on
values of 20, 30, 40, 50, and 60. For a given num-
ber of factors, the factors are expected to be more
accurately defined as the number of items increases.

Item difficulties. Three distributions of dif-

ficulties were used, varying from flat to peaked.
The distributions defined in normal deviate units
were as follows: 4 = .10, a = .80 (wide);
~. = .00, a _ .50 (medium); ~, = -.13, a = .32

(narrow). The positive sign of ~t indicates a cen-
tral tendency of p values less than .50 in the ab-
sence of guessing. However, the means for all dis-
tributions were greater than .50 after guessing was
applied. An experienced test constructor can ex-
ercise some degree of control over this parameter
in practice. More importantly, item difficulties
can always be known before a decision must be
made concerning dimensionality. Note that var-
iation in the distribution of item difficulties af-
fects the size of item product-moment inter-

correlations, but it only affects the sampling
variability of tetrachoric correlations.

In the final samples, mean proportions correct
of .567, .580, and .615 were obtained with stan-
dard deviations of .215, .155, and .113, respec-
tively. These values included the effects of

guessing.
Factor intercorrelations. The manipulation of

this parameter produced mean correlations of ap-
proximately .35 (low), .55 (intermediate), and .70
(high), which also produced variation in item in-
tercorrelations. Standard deviations were approx-

imately .08. For purposes of determining dimen-
sionality, it is not possible to know the factor in-
tercorrelations. However, the mean product-
moment item correlation can be obtained prior
to a decision; this value can be readily comput-
ed from an internal consistency estimate for to-
tal score.

Number o¢fc~ct~a~s. This parameter was varied
from 1 through 5. A test constructor can control
number of factors only approximately by adher-
ence to item specifications. However, good test
construction practices will not increase the num-
ber of major factors as the number of items is
increased. Conversely, when unidimensionality is
not achieved by an item writer working toward
that goal, the size of the correlations among the
multiple factors is likely to be high. If unidimen-
sionality can be rejected, it becomes imperative
to decide on the number of group factors,
although this decision is not central to the present
research. Finally, variation of this parameter in
the present model resulted in variation in the level
of item intercorrelations (both product-moment
and tetrachoric).

Given that oblique factors are always charac-
teristic of cognitive ability data, increasing
difficulty can be expected in distinguishing be-
tween unidimensionality and multidimensional-
ity as the number of factors increases. Positively
correlated first-order factors determine one or
more second-order factors. In the present model
there was a single second-order factor that
described an increasing amount of total variance
as the number of factors increased. When the
second-order factor was held constant, the total
contribution of five factors was less than the to-
tal contribution of two factors. Thus, as the num-
ber of homogeneously correlated group factors
increased, data appeared to be more unidimen-
sional, and the task of determining dimension-
ality became more difficult in both modeled and
real data.

The Dimensionality Indices

Local independence. If a test is unidimen-

sional, the items are independent of each other
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in a sample of examinees at the same latent trait
level. This property of the test is called local in-

dependence (see Lazarsfeld, 1959; Lord & No-

vick, 1968; McDonald, 1981).
Local independence may be approximated in

fallible data by restricting analyses to members
of the sample who have the same total score (see
also van den Wollenberg, 1982). Total score may
be used as an estimate of score on the latent trait.
If the items are unidimensional, there is no sys-
tematic structure in the intercorrelations in which
total score is held constant. In a relatively new
conceptualization, Stout (1990) discusses &dquo;essen-
tial independence&dquo; and ’essential dimensionali-
ty,&dquo; which more appropriately reflect the nature
of real data. These concepts take into account the
existence of multiple determinants of items, and
attempt to reflect the dominant dimension(s) in
item pools.

Because an index of dimensionality cannot be
formed by analyzing n different matrices in-

dependently, one for each level of total score, an
aggregating procedure was required. This was fol-
lowed by a method for finding structure if it ex-
ists. In greater detail, the procedure was as

follows:’ 1

1. An aggregate variance-covariance matrix was
formed from the separate matrices comput-
ed from samples of simulees with the same
total score. Each submatrix was weighted by
sample size in forming the aggregate.

2. Signs of the aggregate covariances were

changed in accordance with the sign-
changing procedure of centroid factor anal-
ysis to maximize the algebraic sum of the
covariance matrix (Thurstone, 1947). Be-
cause this matrix had total score held con-

stant, there were approximately equal
numbers of positive and negative signs in the
aggregate matrix at the outset.

3. The ratio of the algebraic sum of covariances
following the sign change to the absolute sum
of covariances was formed, disregarding en-
tries in the principal diagonal. Ratios that

approached unity indicate the presence of
more than one factor among the original
item covariances (i.e., there is structure re-
maining in the matrix, although one factor
has been removed).

4. The ratio in Step 3 was compared to the
parallel ratio of algebraic to absolute sum of
the values of the covariance matrix of scores
in which total score was not held constant.
The sign change was placed for this ratio so
that the technique would be applicable to
matrices composed of both positive and
negative correlations among noncognitive
items. This ratio equals 1.0 among cognitive
ability items in the absence of occasional
negative correlations in small samples.

5. The local independence index (LII) was com-
puted as the difference between the ratios in
Steps 3 and 4. The presence of multiple fac-
tors is indicated by small differences. A ra-
tio of these ratios was also evaluated, but no
consistent advantage appeared.

Pattern of second factor loadings. When the

product-moment intercorrelations (phis) of a per-
fect Guttman scale are factored, loadings on the
second factor have a distinctive pattern of signs
and relative sizes. If the obtained intercorrelations
are based on a single factor plus random error,
the second factor loadings are expected to ap-
proximate this distinct pattern. Several means of
obtaining a quantitative index of dimensionality
from the pattern of second factor loadings were
explored. The second index (PI) was thus based
on the sizes and signs of second factor loadings.

The second component in the correlation
matrix formed by a perfect Guttman scale pro-
duces a curve that approximates an ogive. Easy
and difficult items have high loadings of oppo-
site sign, and items of moderate difficulty have
second factor loadings close to zero. The index
was computed as follows:’
1. The R matrix was factored after replacing the

unities in the diagonal with squared multi-
ple correlations.

’Credit for this index is due Ledyard Tucker. 2Credit for this index is due Lloyd Humphreys.
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2. Items were ranked by difficulty and divided
into easy and difficult halves.

3. Four sums of second factor loadings were
obtained-one for each sign in each half.

4. The absolute sums of opposite sign from the
upper and lower halves in the difficulty dis-
tribution were obtained.

5. The smaller of the sums was the dimension-

ality index, which approaches zero in a

unidimensional test.
Ratio of eigenvalue differences. Indices of

dimensionality in the intercorrelations of con-
tinuous variates have long depended on relations
among the successive eigenvalues obtained from
principal factors. Whether known as &dquo;root star-
ing&dquo; or the &dquo;scree test,&dquo; the assumption is that
there will be a break in the eigenvalue curve at
the point the last replicable factor has been ex-
tracted. Thereafter the relations among the latent

roots should have little slope. For the one-factor
case, the index (the ratio difference index, RDI)
was computed as the ratio of the difference be-
tween the first two roots to subsequent differences
(the average of the next two differences was
chosen); this ratio should be large if the data are
unidimensional. This principle was applied to the
eigenvalues of tetrachoric, product-moment, and
variance-covariance matrices.

This ratio of differences to differences reflects
the shape of the curve of eigenvalues more accu-
rately than the ratio of the first to the second root.
The eigenvalue ratio of the variance-covariance
matrix was found to be generally more accurate
than that for the other matrices and its perfor-
mance was evaluated relative to the above two in-
dices. Results are thus given for the ratio index
from variance-covariance matrices. The finding
that this ratio was more accurate in variance-
covariance matrices than the same ratio in tetra-
choric and phi matrices presumably reflects two
different principles. Variance-covariance matrices
and matrices of phi correlations are more stable
from sample to sample than tetrachoric matrices.
However, less weight is given in the variance-
covariance matrix to extreme items that produce
difficulty factors when phis are analyzed.

Use of the &dquo;root I&dquo; index. Even more popu-
lar than a break in the latent roots obtained in
a principal factor analysis is the &dquo;root I&dquo; criteri-
on in principal components analysis. This criteri-
on was not examined systematically when applied
to binary items because it is inappropriate, given
the low level of item intercorrelations in cogni-
tive tests. Inspection of only a few samples is re-
quired to reject &dquo;root I&dquo; as a basis for a decision

concerning dimensionality. Its failure in binary
data also indicates an important reason for failure
in continuous data-that is, the criterion will fail
when replicable factors are determined by rela-
tively small correlations.

Overlap Criterion

In order to determine the effectiveness of the

indices, a measure of separation was needed be-
tween unifactor versus multifactor distributions.
Index distributions for each one-factor sample
and each multiple-factor sample were ordered nu-
merically. Each multifactor distribution was com-
pared with the corresponding one-factor
distribution. The maximum value in the numer-

ically low distribution and the minimum value
in the numerically high distribution were deter-
mined. Then the number of entries in the high
distribution less than the maximum value in the
low distribution, and the number of entries in the
low distribution less than the minimum value in
the high distribution were determined. The sum
of these two values gave a numerical indication
of the overlap of the two distributions.

Because there were 100 replications in each of
the 675 cells of the factorial design, the maximum
value of the measure of discrimination was 200,
which indicates complete independence of distri-
butions. Therefore, the previously obtained sum
was subtracted from 200 to transform the metric
to an index of separation rather than one of over-
lap. A value of 100 indicated complete overlap.
For data in which overlap was small, there was
a single maximum score or small range of con-
tiguous maximum scores. In cases in which over-
lap was large, there was frequently more than a
single maximum, but this was not a defect in the
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measure of overlap, at least for applied purposes.

Experimental Variables

The parameters varied in a factorial design
were as follows: sample size (3 levels), number of
items (5 levels), distribution of item difficulties
(3 levels), number of factors (5 levels), and levels
of factor intercorrelations (3). Other parameters
were set so that the model reflected realistic psy-
chological data. Some items loaded on a single
factor, and others were more complex. A suffi-
cient number of factorially pure items was includ-
ed to provide adequate factor definition, regard-
less of the number of factors.

The size of item intercorrelations was set at
levels typical of cognitive tests in which substan-
tial unique variance is the norm. However, as
number of factors, level of factor correlations,
and distributions of difficulties in the model were

altered, variation in size of resultant item corre-
lations could not be held constant. Resultant
mean correlations for combinations of item
difficulties and factor intercorrelations for the
five factors are presented in Table 1.

Results

Factors in Continuous Variates

Insight into the nature of the model can be
gained by factoring intercorrelations of continu-
ous variates prior to dichotomization. Table 2
presents eigenvalues for three samples of 500 for
30 items and 1 through 5 factors in which squared
multiple correlations served as communality es-
timates. Average intercorrelations were set at .55,
an intermediate level of obliqueness. Also includ-

ed are estimated eigenvalues for random data ma-
trices based on the parallel analysis procedure of
Humphreys and Montanelli (1975) and Mon-
tanelli and Humphreys (1976). In this and the fol-
lowing tables, &dquo;low,&dquo; &dquo;intermediate,&dquo; and

&dquo;high&dquo; refer to the three levels of factor correla-
tions. &dquo;Narrow,&dquo; &dquo;medium,&dquo; and &dquo;wide&dquo; refer
to difficulty distributions.

For the continuous data in Table 2, there are
breaks in the curve formed by successive eigen-
values for the proper number of factors in each

sample. Parallel analysis also led to the expected
number of factors. Eigenvalues for the same
correlation matrices with unities in the diagonal
(also shown in Table 2) have similar breaks for
the expected number of common factors. How-
ever, the &dquo;root I&dquo; criterion failed after four com-
mon factors. Furthermore, investigators
advocating a parallel analysis criterion in prin-
cipal components analysis would commit addi-
tional errors by frequently accepting only three
factors in samples in which either four or five were
required.

With more highly oblique factors or smaller
Ns, the number-of-factors decision would have
been made with less confidence and probably less
accuracy. The distribution of eigenvalues indi-
cates increasing unidimensionality as the num-
ber of factors increases from 2 to 5. It is clear
that the number-of-factors decision would be
made with more errors in all combinations of

parameters after the loss of information from the
conversion of continuous variates to binary scores
and from the introduction of success by guessing.

Table 3 contains Kuder-Richardson (KR-21)
coefficients as a function of number of items and

Table 1
Mean Item Correlations for Combinations of Factor Obliqueness, (Low, Intermediate, and High),

Distribution of Item Difficulties (Narrow, Medium, and Wide), and Number of Factors
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Table 3
Kuder-Richardson Coefficients as a
Function of Number of Items and

Selected Values of Mean Item Correlations

~ ~

selected values of mean item correlations. Values
increase as correlations and number of items in-

crease. This table shows the relation between
mean item correlations and internal consistencies
for total scores. From these values, it can be seen
that the generation model produced realistic out-
put. The mean item correlations presented are rep-
resentative of the values obtained in the data, and
they produced realistic homogeneity coefficients.

Indices

Table 4 contains the measure of discrimina-
tion for LII for all combinations of parameters
for 20 through 60 items, respectively. The index’s s
accuracy increases with sample size and number
of items. It decreases as obliqueness of the fac-
tors, range of item difficulties, and number of fac-
tors increase.

Of interest is the decrease in accuracy with the
increase in number of factors. As mentioned, the
second-order factor defined by the oblique fac-
tors makes an increasing contribution to total vari-
ance as number of factors increases, whereas each
separate factor contributes a smaller amount.
With double the number of factors, high oblique-
ness, and a limited number of items, it would be
difficult to distinguish between unidimensionality
and multidimensionality. However, that difficulty
would have little practical effect because such a
multifactor test-for applied purposes-measures
a single dominant dimension, and thus becomes
essentially unidimensional.

Table 5 contains results for Pal This index is
affected by the parameters similarly to LII, but
there are both attractive and unattractive differ-

ences. One attraction is that the accuracy of PI
is sometimes increased as the range of item
difficulties increases. It is also less adversely af-
fected by the increase from 2 to 5 factors in many
combinations of parameters. However, presence
of large interactions involving sample size, fac-
tor obliqueness, and item difficulties is an unat-
tractive attribute, especially because sample size
can adversely affect discrimination accuracy.
Nevertheless, numerous combinations of param-
eters can be found for which PI is equal or su-
perior in accuracy to Ln. In addition, PI can be
readily computed. When second factor loadings
were weighted by the separation (distance) of the
item from the center of the difficulty distribu-
tion, further modest increases in accuracy were
obtained for wide distributions of item diffi-
culties for a few combinations of parameters.

Table 6 contains overlap results for RDI from
variance-covariance matrices. This index is the eas-
iest of the three to compute, but it has little else
to recommend it. It shares with PI the problem
of interaction with N. However, it was on average
less accurate. Exceptions to this trend are clustered
in the small sample rows. The accuracy obtained
from the eigenvalues of variance-covariance ma-
trices, however, was superior to that from eigen-
values from tetrachorics. This finding extends to
all but large N and the narrow range of item
difficulties (Tucker, Humphreys, & Roznowski,
1986). Therefore, the results indicate that the

eigenvalues of variance-covariance matrices pro-
vide the most accurate index in the family rep-
resenting the &dquo;root staring&dquo; criterion of dimen-
sionality, and that this best representative is quite
inaccurate under a wide range of parameters.

Evaluation of Indices

Because the data were generated in a com-
plete factorial design, analysis of variance was
used to evaluate the strengths and weaknesses of
the indices. Table 7 contains sums of squares for
main effects.3 All main effects were significant

3Means and standard deviations for the three indices are

available from the first author.
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Table 4, continued
Discrimination of One Versus Multiple Factors by LII for 20, 30, 40, 50, and 60 Items and
N = 125, 500, and 2,000, and for Low, Intermediate, and High Levels of Obliqueness and

Tests With Narrow, Medium, and Wide Distributions of Item Difficulty

at p < .01, except for number of items using
RDt. The mean square profiles were quite differ-
ent for the indices. LII was more robust overall
to change in levels of the parameters than were
the other indices. However, all indices showed the
expected sensitivity to sample size, obliqueness of
factors, and number of items. LII was more af-
fected by lV than by any other source of variance.
It was also more affected by sample size than were
the other two indices, although these were also
affected to some degree by N. PI was affected

considerably by factor intercorrelations. RI was
sensitive to number of factors, factor obliqueness,

and item difficulty distribution. The less an in-
dex is affected by parameter changes, the more
accurate is interpolation in reaching a decision
about dimensionality in data that do not precisely
match the parameters investigated here.

Given the low level of item correlations in tests
of cognitive ability, important design considera-
tions are large samples and a very large ratio of
number of variables to number of factors by or-
dinary factor analytic standards. The level of fac-
tor correlations can be controlled only indirectly
through careful item and test construction prac-
tices. Correlations can be increased much more
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Table 5, continued
Discrimination of One Versus Multiple Factors by PI for 20, 30, 40, 50, and 60 Items

and N = 125, 500, and 2,000, and for Low, Intermediate, and High Levels of Obliqueness
and Tests With Narrow, Medium, and Wide Distributions of Item Difficulty

easily than they can be decreased; the latter would
typically be the desired outcome. If a test is not
unidimensional in spite of an item writer’s best
efforts, the multiple factors will probably be high-
ly intercorrelated.

Table 7 also shows 112 values that were com-
puted relative to the total sums of squares for the
main effects total and all interactions. The table
shows that the three-way and higher-order inter-
actions were relatively small, even for All, which
has the smallest total sum of squares. However,
the relatively large two-way interactions are

troublesome and make interpolation difficult.

The data in Table 8 show that the sensitivity
of the indices to sample size carries through to
the two-, three-, and four-way interactions. Sam-
ple size is primarily responsible for the two-way
interactions. Furthermore, N even adds to the size
of the already small higher-order interactions.
The sensitivity to sample size of Ln produced
substantial interactions. However, these interac-
tions are largely spurious due to the scale of
measurement of the separation index; the depen-
dent measure did not contain adequate &dquo;top&dquo; for
LII. Had an index with adequate &dquo;top&dquo; been
used, the large two-way interactions would like-
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Table 6, continued
Discrimination of One Versus Multiple Factors by PI for 20, 30, 40, 50, and 60 Items,
N = 125, 500, and 2,000, for Low, Intermediate, and High Levels of Obliqueness,

and Tests With Narrow, Medium, and Wide Distributions of Item Difficulty

ly largely disappear and the small higher-order
interactions would become even smaller.

Discussion

This research has documented the complexity
of determining dimensionality for binary items.
The results show that it is important to have an
index that is both robust to changes in levels of
parameters and lacks substantial interactions

among parameters. No single index examined
performed best under all combinations of

parameters. However, previous research points to
one index that can be rejected without reserva-

tion (Tucker et al., 1986). That index is the differ-
ence in size of eigenvalues of the first two prin--
cipal factors, and it is not recommended for
use. Furthermore, tetrachorics are probably not
dependable for any purpose when there is a wide
range of difficulties, except in sample sizes sub-
stantially larger than 2,000.

The three indices examined here are fairly
quick and inexpensive to compute. These charac-
teristics make their use, as well as further work

on them, attractive. An index of dimensionality
cannot be recommended for use with small sam-

ples, small numbers of items, or realistic levels of

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



125

Table 7
ANOVA Mean Squares, Degrees of Freedom (df ), and

ill Ratios for LII, PI, and RDI Indices

obliqueness of multiple factors. The local in-
dependence index is recommended for large sam-
ples and many items. The pattern index is

recommended for obtaining a quick estimate of
dimensionality, except with high obliqueness, a
wide distribution of item difficulties, and large
sample sizes.

It may be questioned whether the data gener-
ation model is more complex than data likely to
be encountered in practice. The answer to this
question is negative. Investigators typically find
clear-cut simple structure in analyses of continu-
ous measures only when they start with a good
deal of information about their measures and

then carefully select a battery of tests on the ba-
sis of that information. Just as factorially pure
tests are not common, factorially pure items are
also rare.

Intercorrelations among ability factors defined
by continuous variates also tend to be high in
wide ranges of talent. For example, there are sta-
ble factor correlations of about .55 in the Armed
Services Vocational Aptitude Battery (ASVAB),
for which the factors are defined by tests having
quite dissimilar content (e.g., Arithmetic Reason-
ing and Mathematics Knowledge on the one
hand, and Vocabulary and Reading Comprehen-
sion on the other). Not only is it unlikely that

Table 8
Mean Squares (~ll,~), Degrees of Freedom (df ), and ,,2 Ratios

for the ANOVA Interactions for Those Involving N Versus All Others
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these four types of items would be found in a sin-

gle item pool, it is also unlikely that the two types
that defined separate factors among total scores
would be found together. The selective factors im-
posed on item pools by the test constructor’s con-
ceptualization of the test are likely to produce
high levels of obliqueness among multiple factors.

Finally, the emphasis in IRT applications on
equivalent measurement accuracy at all 0 levels
requires that item pools have a wide range of
difficulties. Without such a range, parameters are
not well estimated. Indices of dimensionality are
expected to be applied to pools of binary items-
many of which are factorially complex, have
highly correlated multiple factors, and include
items that are widely different in levels of

difficulty.
When cognitive data are viewed in terms of a

hierarchical factor model, no serious error is
committed by accepting a unidimensional

hypothesis in the presence of multiple factors that
are substantially oblique. Error becomes progres-
sively less serious as the number of factors and
factor intercorrelations increase. Both number of
factors and factor intercorrelations increase the

general factor’s contribution to total score vari-
ance. The groups factor’s contribution to total
score variance decreases as the number of fac-

tors increases. Consequently, the contribution to
total variance from the sum of five factors is less

than the overall contribution from the sum of two

group factors of the same degree of obliqueness.
It seems counterintuitive, but as long as each
item measures the general factor and the factor-
ial complexity of the test items is high, the total
score will more closely reflect a single dimension.
In most applications, the most valid dimension
is the one defined by the factor correlations
(Humphreys, 1985a). Furthermore, a test con-
structor should avoid choosing to measure only
one of the correlated factors.

Properly weighted multiple dimensions that
are substantially positively correlated are not a
problem for IRT when each examinee is exposed
to every item, as is the case in a standard printed
test. Multiple dimensions do become a problem,

however, in adaptive testing. The expected build-
up of the general factor variance in the total
score occurs only when all secondary factors are
adequately sampled. An algorithm for the selec-
tion of items that depends only on then and b
item parameters cannot be relied on. Secondary
factors must be known or estimated, and that in-
formation used in item selection in order to max-
imize the validity of the test and to avoid the bias
that results if all examinees are not measured on

the same dominant dimension.
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