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Abstract 

The development of an item bank to be used in a CAT frequently requires the 

administration of subsets of different test items to different groups of examinees, along 

with a set of common items, which requires linking to place parameters of a bank onto a 

common scale. Whereas previous linking research has mainly focused on methods of 

linking, the present study looked at the resulting metric of the linking process. Study 1 

investigated the performance of full-metric concurrent calibration by varying the number 

of groups to be equated, the equivalence in θ among examinees, and the number of 

common items. The statistical characteristics of anchor items in full-metric calibration 

were examined in Study 2. Results indicated that as more groups were linked, full-metric 

concurrent calibration tended to have poorer recovery (i.e., larger bias, RMSE), 

especially for non-equivalent groups. The number of common items seems not important 

in full-metric concurrent calibration. Better linking was obtained when the average of 

anchor item discriminations was higher than that of the total test discrimination and the 

average of anchor item difficulties was the same as that of the total test difficulties. 

Larger standard deviation of anchor item discrimination and anchor item difficulty 

parameters, on the other hand, decreased parameter recovery in full-metric concurrent 

calibration. Limitations and implications of the current study are also discussed. 
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CHAPTER 1.  INTRODUCTION 

 

Because computerized adaptive testing (CAT) functions best with large test item 

banks – (Wainer et al., 2000) sometimes several hundred items – to estimate item 

parameters for an item bank to be used in CAT, it is practically impossible for all 

examinees to take all the items in an item bank. Thus, the development of an item bank to 

be used in a CAT frequently requires the administration of subsets of different test items 

to different groups of examinees, along with a set of common items. In maintaining an 

item bank, new items are also regularly added to the existing item bank. Item parameters 

for the items in the item bank are empirically determined through this process; the 

estimated item parameters are then administered in CAT. Therefore, for subsets of items 

in test administration to be useful, achieving a common scale among sets of items 

administered at different times to different groups of examinees is one of the important 

issues in the implementation of CAT.  

Linking is a process used within item response theory (IRT) to obtain a common 

metric of item parameters (Kim & Cohen, 1998; Kolen & Brennan, 2004; Vale, 1986). 

Through a linking procedure, item parameters from two or more test administrations can 

be placed on a common metric, resulting in comparable test scores for examinees taking 

different subsets of items from the bank. Under IRT, the score equating process, which 

converts test scores to obtain a common metric, is not necessary if item parameters have 

been previously linked since persons and items are placed on the same scale by the 
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linking process. A common IRT metric can be constructed by either a series of linear 

transformations or by concurrent estimation (Kolen & Brennan, 2004). 

 

Item Response Theory 

IRT is an attempt to model the responses of examinees as a function of latent 

ability and the characteristics of items in a test. An item response function (IRF) is 

mathematically defined and relates the probability of correct response at given 

ability/trait () level to each item. Considered as an improvement over classical test 

theory (CTT), IRT methods are now applied to many testing objectives such as test 

development, differential item functioning, item bank development, and adaptive testing 

(e.g., Hambleton, Swaminathan, & Rogers, 1991; Kolen & Brennan, 2004). 

IRT models are based on several assumptions. First is the assumption of local 

independence. Under local independence, the responses to the items are statistically 

independent other than their relationship that is attributable to the latent trait(s). This 

property is essential in estimating IRFs and examinee s. Another common assumption of 

IRT models is unidimensionality. In the use of the unidimensional family of IRT models, 

each test is assumed to measure only one latent trait. Therefore, the probability of a 

correct response is defined as a function of a single latent trait. 

Among unidimensional models, three models have been widely used in testing 

applications.  The one-parameter logistic model (Rasch, 1960), is the simplest model. It 

can be expressed as 
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where ( 1| )ij jP x   represents the probability of item i answered correctly by a examinee 

j at a given level of ability j , and  ib is the difficulty parameter of item i. Items in the 

Rasch model differ only in their difficulty parameters. 

The two-parameter logistic model (Birnbaum, 1968) is defined as 
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               (2) 

where ia  is the discrimination parameter of item i and  the constant D is typically set to 

1.7 to approximate the normal ogive curve.  

Under the three-parameter logistic model (Birnbaum, 1968), the probability of a 

correct response is defined as 

1
( 1| ) (1 ) ,

1 exp ( )
ij j i i

i j i

P x c c
Da b




   
    

             (3) 

where ic represents the guessing parameter and indicates the lower asymptote of the IRF. 

In the three-parameter model, only item discrimination (a) and item difficulty (b) 

parameters are scale related, since they are on the  metric. The pseudo-guessing (c) 

parameters, which are on a probability metric, are not affected by linking. 

Item parameters and s need to be estimated when using IRT in practice. Both 

item and person parameter estimations are accomplished simultaneously (see de Ayala, 
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2009 for a detailed discussion) based on responses to the test. Various methods have been 

used for item parameter and person parameter estimation (e.g., joint maximum 

likelihood, marginal maximum likelihood; see de Ayala, 2009; Embretson & Reise, 2000, 

for details). The basic idea of the estimation procedure is to find estimates that maximize 

the likelihood of the observed data by treating other parameters as known. While one 

parameter is estimated, other parameters use previous estimates or an assumed 

distribution. An iterative process repeats until the theoretical IRF adequately fits the 

observed response data. 

One of the important features in IRT is parameter invariance. The invariance 

property indicates that when the model holds, item parameter estimates from different 

groups of examinees are the same within a linear transformation, and  estimates from 

different sets of items are identical, also within a linear transformation (Hambleton & 

Swaminathan, 1991). Thus, item indices are not group-dependent and   estimates are not 

test-dependent. This person-free, test-free characteristic of IRT is a major distinction 

from CTT, in which parameters are group-dependent. Mathematically, the parameter 

invariance of item and examinee parameters for distinct populations of items and 

examinees implies that      

          * / ,i ia a A                    (4) 

        * ,i ib Ab B             (5) 

* ,i ic c             (6) 

and, because   and b are on the same scale, 
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        * ,j jA B              (7) 

where the asterisk (*) denote parameters from a second population and ia , ib  and ic  are 

defined in Equation 3, A and B are regression constants indicating the slope and the 

intercept, respectively. Equivalently, the parameter invariance of item and examinee 

parameters implies that        
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In Equation 8, *

ia , *

ib , *

ic  and *

j  in *( 1| )ij jP x   were replaced with Equations 3–7 and 

then simplified to ( 1| )ij jP x  . 

In practice, the indeterminacy in the  scale is typically resolved by requiring the 

s for a given group of examinees to have a mean of zero and unit variance. This means 

that  estimates from each group are scaled to a mean of 0 and a standard deviation of 1, 

even though the groups have different underlying   distributions. Therefore, the metric 

of parameter estimates from different tests or groups needs to be transformed onto a 

common scale so that estimated values are comparable. In the context of IRT, linking is a 

procedure to achieve a common scale between groups. Equations 4 through 7 accomplish 

this transformation through the A and B regression constants. Much of the linking 
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research has focused on methods to estimate these constants through subsets of linking 

items. 

 

Anchoring Designs 

Linking item parameters can be accomplished under various anchoring designs. 

One of the basic anchoring designs is a random groups equating design (Kolen & 

Brennan, 2004), or a no-anchor design (Vale, 1986). Subsets of items are sampled from 

an item bank, with no overlap, to create different test forms. Different group of 

examinees take different forms of the tests. Under a no-anchor design, test forms are 

constructed to be as equivalent as possible by sampling items from a common domain 

with long test length. Also, groups are made by random assigning of the examinees with 

large sample size. Once groups are assumed to be randomly equivalent, no further 

transformation is needed for item parameters. Instead, all item responses for the random 

groups are used to simultaneously estimate the item parameters for all items – a 

procedure referred to in the literature as ―concurrent calibration‖. Concurrent calibration, 

which will be defined further in detail, is a method that estimates parameters with a single 

run of the parameter estimation program while treating the items which an examinee did 

not take as not reached or missing (Wingersky & Lord, 1984). However, it is difficult to 

construct equivalent test forms and examinee groups in practice. 

In the single-group design (Kolen & Brennan, 2004), the same group of 

examinees take all test items on both forms of a test. Under this design, item parameters 

taken by all examinees, for example, are estimated separately for each form. Then item 
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parameters are put on the same scale by finding the transformation constants A and B that 

yielded   estimates in both tests to be equivalent (Equation 7). The single-group design 

does not require the assumption of equivalence either for the items or for the examinees, 

as needed for the no- anchor design. However in practice, it is difficult to find examinees 

who will take all the items in a large item bank.  

The common-items non-equivalent groups design is the most commonly used 

anchoring design in practice (Skaggs & Lissitz, 1986). In this design, different groups of 

examinees take different forms of the test. Each test contains a subset of items in 

common. Parameter estimates of these common items are used to find a linear 

transformation that places all item parameters for both tests onto a common scale defined 

by one of the groups. No equivalence assumption for either items of each test or groups 

of examinees need to be made. The current study also focused on a variation of the 

anchor test design (i.e., the common-items design). 

 

Target-Metric versus Full-Metric Calibration 

Since 1980, many studies have focused on linking methods, which has led to the 

more systematic development of a conceptual, statistical framework for linking (Kolen, 

2004). Previous linking research has mainly focused on the methods of linking. 

Comparisons were made between different methods, such as linking designs (Vale et al., 

1981), transformation methods (Baker & Al-Karni, 1991; Ogasawara, 2001), separate 

versus concurrent calibration (Kim & Cohen, 1998; (Hanson & Béguin, 2002), 

considering factors that affect linking results (i.e., the numbers and characteristics of 
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anchor items, software used for calibration), mostly in the context of parameter recovery. 

An alternative way to look at calibration methods is focusing on the resulting metric of 

the linking process. Two types of linking process based on the resulting metric can be 

defined: target-metric and full-metric calibration. This distinction has not been previously 

made in the literature but is an important way of approaching the problem, especially for 

the development of CAT item banks. 

Target-metric calibration is defined as a linking process that places item 

parameters and   estimates onto the metric of a target group. A target group is a group of 

examinees whose metric is used as a common metric in the linking process. It also 

represents the test form that was administered to the target group. In target-metric 

calibration, parameters for each group are estimated, and then item parameter estimates 

of the common items are used to find scaling coefficients for the linear transformations 

shown in the Equations 4 to 7. Using these coefficients, parameter estimates of the non-

target groups are linearly transformed onto the metric of the target group.  

The target-metric approach is appropriate when we have an already developed 

metric in use and want to explain scores or items in terms of that metric. For example, if 

new test Form X is developed, scores on Form X are linked onto the metric of the old test 

Form Y to use scores on both forms interchangeably. In an item bank context, target-

metric linking is appropriate when new sets of items are added into an existing bank. In 

this case, the item parameter estimates of the new sets of items need to have the existing 

metric of the items in the item bank. The target metric approach can be problematic, 

however, if used at the early stages of developing a CAT item bank. Target-metric 
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calibration results in item parameter estimates that depend on the distribution of the trait 

in the target group. Oftentimes in real situations, a group of examinees does not cover the 

full range of the trait for the entire group of examinees to whom a CAT will be 

administered. Therefore, linking onto the metric of one test form or a group of examinees 

may result in a restricted range of item parameters or  in the item bank. 

Full-metric calibration is a method that can be used to link the IRT item 

parameters from two or more groups differing in   level onto a scale that reflects the full 

 range for the total group of examinees in an item bank. Full-metric calibration does not 

need a target group. Instead, it combines responses in all forms and simultaneously 

estimates item parameters in the combined response matrix, using concurrent calibration 

methods. Full-metric calibration requires one common set of linking items that all groups 

have taken in order to define the full-metric. The full-metric that is achieved from the 

common items is then used to define the metric of the unique items in each subset of 

items. The items not taken by a particular group are treated as not reached, or not 

administered. For example in Figure 1, Test 1 is given to Group 1, Test 2 is given to 

Group2, etc. and all examinees get all linking items. The eliminated cells indicate not 

administered items, and the shaded column indicates a set of common items. 
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Figure 1. Full-Metric Design for Common-Item Equating 

  

  Test 1 link Test 2 Test 3 

 1      

Group 
2      

 
3     

 

For the initial development of a CAT item bank, full-metric calibration is the 

more appropriate approach than target-metric calibration. For a CAT item bank, item 

parameters should be estimated on the full scale of   in the target population. In the full-

metric approach described above, a set of common items are administered for all sub tests 

to all groups of examinees. Thus, the item parameter estimates in the common items 

reflect the full range of the  distribution. The remaining unique items are simultaneously 

linked onto the metric of common items, resulting in the metric that reflects the full range 

of  in the entire item bank.  

 

Research on IRT Linking 

Linking Methods 

Linear transformation. Studies of transformation linking methods are related to 

the target-metric approach. In target-metric calibration, the metric of a non-target group is 

placed on to the metric of the target group through a linear transformation. Various 
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methods have been developed to find the linking coefficients A  and B in Equations 4 to 

7, though the detailed description of each method is beyond the scope of this paper (see 

Kolen & Brennan, 2004 for details). The transformation coefficients are obtained using 

item parameter estimates from the common items, estimated separately in the two groups. 

The mean and the standard deviation of item parameter estimates of common items are 

typically used. The Mean/Mean method uses the mean of the a-parameter estimates to 

find the constant A and the mean of the b-parameter estimates to find the constant 

B (Loyd & Hoover, 1980). The Mean/Sigma method uses the mean and the standard 

deviation of b-parameter estimates to find the linking coefficients A  and B (Marco, 

1977). Another approach is called the ―characteristic curve‖ method. This method 

minimizes the difference between test characteristic curves (i.e., test response functions) 

of sets of common items on the two different scales that result from the separate item 

calibrations for the two groups (Haebara, 1980; Stocking & Lord, 1983); the advantage of 

this more complicated method is that it takes account of all item parameters 

simultaneously. 

Research comparing the scale transformation methods has found that the 

Mean/Mean and Mean/Sigma method are generally outperformed by the characteristic 

curve methods. The characteristic curve methods yielded more stable results than the two 

moment methods (Baker & Al-Karni, 1991; Ogasawara, 2001). The errors in Mean/Mean 

and Mean/Sigma methods are larger than errors in the Stocking-Lord and Haebara 

methods (Hanson & Béguin, 2002). Also, the characteristic curve methods were more 

accurate than the mean and standard deviation methods. Ogasawa (2002) demonstrated 
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that an item characteristic curve could be accurately estimated even when the item 

parameters were not very precise. Therefore, characteristic curve methods are preferred 

over mean and standard deviation methods. 

Separate versus concurrent calibration. Recent studies compared separate 

calibration and concurrent calibration. In separate calibration, each form of the tests is 

calibrated using separate runs of a parameter estimation program. Once item parameters 

in each form are estimated, then the common item parameter estimates are used to find a 

linear transformation equation that will place the metric of item parameter estimates of 

one form onto the metric of item parameter estimates for the other form. The moment 

methods (Mean/Mean, Mean/Sigma) and the characteristic curve methods described 

above are two typical methods used in separate calibration. Separate calibration in the 

literature, when using the metric of the target group as a common scale, is equivalent to 

the concept of target-metric calibration. 

Concurrent calibration is defined as an item parameter estimation using a single 

program run (Wingersky & Lord, 1984). Items not taken by examinees are treated as 

unreached or missing. A set of common items are used for each tests to be linked, unless 

random assignment of examinees is assumed (Wingersky et al., 1987). Then item 

parameters for both unique items and common items are described as being estimated 

simultaneously onto a single scale with no further transformation (Wingersky & Lord, 

1984; Wingersky et al, 1987). However, the role of common items through which a 

single scale is defined, and the resulting metric of the simultaneously calibrated 

parameter estimates have not been clearly described in previous literature (Petersen et al., 
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1983; Wingersky & Lord, 1984; Wingersky et al., 1987). Instead, any calibration, if 

parameters are estimated in a single program run, tended to be broadly called as 

concurrent calibration.  

Concurrent calibration is possible using joint maximum likelihood estimation 

(JMLE) and marginal maximum likelihood estimation (MMLE). According to Kolen and 

Brennan (2004), computer programs BILOG-MG (Zimowski et al., 1996), ICL (Hanson, 

2002) can be used for the concurrent calibration. XCALIBRE 4.0 (Assessment Systems 

Corporation, 2011) can also be used to estimate item parameters concurrently.  

Few studies have compared concurrent and separate calibration. With small 

numbers of common items (5, 10 and 15 items), target metric concurrent calibration was 

more accurate than the test characteristic curve method (Kim & Cohen, 1998) and tended 

to have lower mean squared error than the separate estimates (Hanson & Béguin, 2002). 

As the number of common items increased, the two procedures provided similar accuracy 

levels (Kim & Cohen, 1998). Also, with less than 10 common items, concurrent 

calibration provided more stable results (Petersen, Cook, & Stocking, 1983). However, 

separate calibration (the Stocking/Lord method) resulted in more accurate linking than 

concurrent calibration with multidimensional data (Béguin & Hanson, 2001), which 

indicates that concurrent calibration may be less robust to the violation of unidimensional 

assumptions than separate calibration methods. 
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Full-Metric Concurrent Calibration  

The previous literature has not distinguished concurrent calibration based on the 

resulting metric of the calibration. Yet it can be divided into target-metric concurrent 

calibration and full-metric concurrent calibration. In target-metric concurrent calibration, 

item and   parameters in form X (target group) and Y are simultaneously estimated with 

a single run of the software, on the metric of the target group. This method can be 

extended to any number of test forms given common items linking the forms together, 

resulting in parameter estimates of test forms to be equated on the metric of form X. For 

example, BILOG 3 (Mislevy & Bock, 1990), which was used in Kim and Cohen (1998), 

is known as linking parameter estimates onto the metric of the specified target group (or 

on the first group entered into the program, unless specified otherwise). However, target-

metric concurrent calibration in this paper is defined only at the conceptual levels. The 

exact mechanisms to accomplish target metric target metric concurrently are uncertain.  

In full-metric concurrent calibration, parameters in form X and Y are estimated 

and equated simultaneously, using a set of common items. Since common items are 

administered to all examinees who take either form X or Y, parameter estimates for 

common items reflect the full range of s in the entire sets of items comprised of a 

combination of forms X and Y. If parameter estimates for the common items are then 

used to scale the other unique items, the resulting metric for unique items will also reflect 

the full range of s. Full-metric concurrent calibration can also be extended to multiple 

test forms, producing a single IRT scale on the metric of all the forms.  For full-metric 

concurrent calibration of multiple tests, different tests involve only one set of common 
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items. The metric of common item parameter estimates is then reflected in the estimates 

of unique items. 

Despite its practical importance in CAT and other applications, research on 

linking/equating using full-metric calibration has rarely been reported. Rich research has 

been done on target-metric separate calibration methods (see Kolen & Brennan, 2004; 

Skaggs & Lissitz, 1986 for review), which have large practical demand while only a few 

studies have been done on full-metric concurrent calibration. Lack of understanding of 

the concept of full-metric calibration could be one reason of this. Since the metric has 

never been focused on in the literature, concurrent calibration has been defined without a 

conceptual distinction of the resulting metric. In addition, the importance of full-metric 

concurrent calibration for the initial development of CAT item banks may not be fully 

recognized in the field of study.  

In addition to the lack of literature, some studies on concurrent calibration seem to 

implement target-metric linking, although it is difficult to tell which design has been 

implemented. The simulation designs simply used only two test groups and the metric 

used for the linking has not been explicitly specified in most of the literature. However, 

in some studies (Kim & Cohen, 1998; Lee&Ban, 2010), the metric from concurrent 

calibration was explained as based on the metric of a target group. Petersen, Cook and 

Stocking (1983), applied concurrent calibration to a chain of different forms of a test. In 

this design, a pair of the tests in the chain was concurrently linked, sequentially for all 

tests in a chain. Under this design, tests in a pair were calibrated simultaneously using 

LOGIST (Wingersky, Barton, & Lord, 1982) but each pair was calibrated separately with 
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a resulting metric of the target group. In other words, if three tests X, Y, and Z are 

equated, Y is concurrently linked on X, and then Z is concurrently calibrated to Y, 

resulting in all of the tests linked to have a metric of test X. Therefore, based on the 

explanation of the concept of concurrent calibration and equating design in these studies, 

the researchers seemed to have implemented a target-metric concurrent calibration. 

Some studies on concurrent calibration seem neither target-metric nor full-metric 

due to the neglect the resulting metric due to the linking design. For example in 

McKinley and Reckase (1981), item parameters in a chain of three tests, having items in 

common with previous test forms (e.g., Form B with Form A, Form C with Form B), 

were estimated in a single run using LOGIST (Wingersky, Barton, & Lord, 1982). Since 

no items were administered to the entire group of examinees, there is no means of 

determining the resulting metric for the calibrated item parameters. In Wingersky et al. 

(1987), each of two real-data sets were separately calibrated using concurrent calibration 

to obtain true values for the simulation study. Each data set consisted of three test 

editions and two common item sets. One test edition was the same for both data sets, 

while the other two test editions and two sets of common items were unique for each data 

set. For each data set, four groups of examinees took the test: each group took one of the 

test editions and one of the common item sets, which means common items were partially 

administered to the subsets of examinees in a data set. Therefore, the resulting metric 

from each concurrent calibration of a data set is uncertain. However, the authors 

explained that the metric of two separately calibrated data sets are the same since they 

have one test edition in common, without further explaining the mechanism of why.  
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Computer programs used in concurrent calibration studies have been potentially 

limited in their ability to implement full-metric concurrent calibration. BILOG 3 

(Mislevy & Stocking, 1990), used in Kim and Cohen (1998), has been described as not 

appropriate for non-equivalent groups equating/linking (Kolen & Brennan, 2004; Hanson 

& Béguin, 2002). BILOG-MG (Zimowski et al., 1996) and MULTILOG (Thissen, 1991) 

were used in many concurrent calibration studies (e.g., Kim & Cohen, 1998; Hanson & 

Béguin, 2002; Lee & Ban, 2010). According to the BILOG-MG manual (Zimowski et al., 

1996), it has a capability to implement full-metric concurrent calibration as it handles 

non-equivalent groups to link onto a single scale; whether the researchers who used the 

program intended to implement full-metric concurrent calibration is uncertain. 

MULTILOG(Thissen, 1991) does not have a capacity to handle groups with different 

standard deviations of   (Hanson & Béguin, 2002). Since in practice, examinee groups 

are often different in their mean and variability, MULTILOG also has a limited capacity 

to implement full-metric concurrent calibration.  

 

Anchor Test Characteristics 

Anchor test length. When using an anchor test design, the properties of anchor test 

items in relation to the total test must be considered (Cook & Petersen, 1987). Much of 

the research conducted on anchor design linking examined how many common items are 

necessary to place item parameter estimates on the same scale. Vale et al. (1981) used 5, 

15, and 25 common items in the context of separate calibration. Vale et al. found that 15 

to 25 items were necessary. Raju et al. (1983) found that 6 common items were necessary 
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in the context of separate calibration. McKinley and Reckase (1981) explored the length 

of anchor tests in the context of large item banks using concurrent calibration; the metric 

of the calibration is unclear by their study design. The results suggested that 5 items were 

not adequate, 15 items were adequate, though 25 items yielded better linking results than 

15 items. In Wingersky and Lord (1984), two good linking items worked almost as well 

as 25 items in the context of full-metric concurrent calibration. In practice, however, 

items are not as good as those used in simulation studies in respect to limited range of 

item difficulties and lower item discriminations. Therefore, common items with 20% of 

the length of a total test containing 40 or more items are typically recommended (Kolen 

& Brennan, 2004). 

Anchor test characteristic. The anchor test has been recommended in the 

literature to be a mirror of the total test, with respect to content and statistical properties 

(Cook & Petersen, 1987). However, studies on the characteristics of anchor tests did not 

provide a clear guideline of selecting anchor items in relation to the total test. Wingersky 

et al. (1987) investigated the effect of anchor item characteristics on IRT true score 

equating. In IRT true score equating, the ―true scores‖ (i.e., model-predicted number-

correct score) on two different forms associated with a given   are considered to be 

equivalent. Item responses from the College Board Scholastic Aptitude Test (SAT-V) 

were used and item parameters were linked using full-metric concurrent calibration. 

Slightly better equating results were found in linking items when standard error of 

estimates (SEE) of item discrimination and item difficulty were similar to those typically 

found in SAT-V linking items than when SEEs of linking items were smaller. Shinharay 
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& Holland (2007) examined the equipercentile equating performance of anchor tests, by 

varying statistical characteristics relative to the total test. The results showed that anchor 

tests with a spread of item difficulties less than that of a total test performed as well as 

anchor tests with the same spread as that of a total test. In the absence of similar studies 

in the context of IRT linking/equating, nor in full-metric concurrent calibration, an 

investigation of how statistical characteristic of anchor items in relation to the total test 

affect the performance of IRT linking would be worthwhile.  The effect of statistical 

characteristics of anchor items is especially important in the early stage of developing a 

CAT item bank, since item parameters in the item bank are not known yet. 

In sum, previous studies have offered empirical examinations of the various 

methods of linking. Although it has major practical implications, the resulting metric of 

the linking procedure has generally remained unspecified, leaving open the question of 

full-metric concurrent calibration. The concept of full-metric calibration needs to be 

clarified, in addition to its important implications for CAT item bank development. Also, 

more systematic studies on the performance of full-metric concurrent calibration are 

needed, using calibration software that has the capacity of full-metric concurrent 

calibration, with more extended designs, reflecting a more practical situation in the 

development of a CAT item bank.  

 

Purpose 

This study examined the performance of full-metric concurrent calibration. 

Different data situations were used to examine factors that might affect the performance 
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of full-metric calibration. In particular, number of groups, difference in   among groups, 

and number of common items used were varied in the simulation designs. These are 

typical factors varied in separate calibration simulation studies. Also, characteristics of 

anchor tests to make full-metric concurrent calibration more effective under the anchor 

test designs have not been carefully studied. Through the different sets of common items, 

the full-metric concurrent calibration method was examined across a span of examinee 

groups with different   levels as well as equivalent groups. 

Many studies in linking used parameter recovery methods that take account of the 

discrepancy between true parameters and estimated values (e.g., Baker & Al-Karni, 1991; 

Petersen, Cook, & Stocking, 1983; Hanson & Beguin, 2002; Vale, 1986). Since true 

values of parameters are never known in real situations, the ideal method to estimate 

parameters in an item bank is administering all items in an item bank to a large number of 

examinees. However, in reality, because of practical constraints, one set of items is 

administered to one group of examinees and another set of items is administered to 

another group of examinees. In a simulation study, however, it is possible to have a 

response set from the ideal situation as well as true parameter values. A response set 

representing an ideal situation is referred to as a full matrix and a response matrix 

representing a real linking matrix of item responses in practice is referred to as a reduced 

matrix, in this study. The discrepancy in item parameter estimates between the full matrix 

and the reduced matrix was used as a criterion of recovery. Also, the study used a test 

information criterion, which has rarely been used in linking studies, in order to evaluate 

full-metric concurrent calibration. 
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CHAPTER 2. STUDY 1 

 

This study investigated the performance of full-metric concurrent calibration 

focusing on the anchor test design (i.e., the common-items design). Using simulated data, 

the study compared the conditions for obtaining a common metric under IRT in the 

context of recovery. Number of groups, difference in   among groups, and number of 

common items were varied. The item parameters and examinee s in the study were 

estimated using the computer program XCALIBRE 4.0 (Assessment Systems 

Corporation, 2011). 

 

Method 

 Number of Groups 

Previous studies (Kim & Cohen, 1998; Hanson & Béguin, 2002) used two groups 

for examining the performance of calibration methods. In reality, usually more than two 

groups might need to be linked, especially when an item bank is being developed for 

CAT purposes. Thus, the current study varied the number of groups to generalize the 

results for linking. Two, three and five groups were used for the experimental design.  

 

  Parameter Generation  

Both equivalent and non-equivalent designs of  s were used. The non-equivalent 

groups design was used to represent the situation when the tests are administered to 

different group of examinees with different   levels. For the development of an item 
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bank, subgroups of items are administered to different groups, whose  s are oftentimes 

non-equivalent. According to Vale et al. (1981), the accuracy of linking procedures was 

different whether the groups were equivalent or non-equivalent. To examine the 

performance of the calibration using the full matrix on the equivalence of groups, both 

equivalent and non-equivalent group conditions were used with two, three, and five 

groups in each condition. 

 For equivalent groups, 500   parameters were randomly generated from a 

normal distribution with mean of zero and standard deviation of 1 for each condition. A 

normal distribution is, in many cases, a representative   distribution of a real examinee 

population (Junker, 1992). A group distributed N(0,1) represents an average-level 

examinee population. For example, for the 3-group condition, each of the three groups 

was generated from N(0,1).  

For non-equivalent groups, normal distributions with different means and 

standard deviations were used to generate s. For the two non-equivalent groups 

condition, N(0,1) and N(1,1) were used. For the three non-equivalent groups condition, 

N(1,1), N(0,1), N(1,1) were used. For the five non-equivalent group condition, 

parameters for   were generated for each form from N(0.5,0.5
2
), N(0.2,0.5

2
), 

N(0,0.5
2
), N(0.3, 0.5

2
), N(0.7, 0.5

2
) respectively; asymmetric  distributions were used to 

cancel out the possible symmetric effect in the three non-equivalent groups condition. 

None of the examinee groups had   exceeding ±3. The number of s generated was 500 

for each group. 
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Item Parameter Generation 

Five sets of 50 item parameters — Form A, B, C, D, and E — were generated. 

Each form consisted of ten sets of five item parameters randomly sampled from a 

population distribution. The item discrimination parameters (a) were randomly sampled 

from a lognormal distribution with mean of log(a) = 0, and standard deviation of log(a) = 

.5., excluding values below .2 and over 2.5 in the IRT scale (resulting in a mean = 1.0 and 

SD = .45 on the standard IRT metric). Item difficulty parameters (b) were randomly 

sampled from a uniform distribution with a range between 3 and 3. The pseudo-

guessing parameter has a range between 0 and 1, theoretically. However, for four-choice 

items, the expected value of guessing is .25 and items with guessing parameters greater 

than .35 are unacceptable in practice (Baker, 2001). Therefore, as recommended in 

Orlando & Thissen (2000),  the guessing parameters (c) were randomly sampled from a 

logit normal distribution with mean of logit (c) = 1.1 and standard deviation of logit (c) 

= 0.16, which resulted in a range between .15 and .35 on the IRT probability correct scale 

(mean = .25 and SD = .03).  

 

Common Items 

Previous studies recommended the portion of common items to be set to at least 

20% of the length of a total test containing 40 or more items (Kolen & Brennan, 2004). 

Following this recommendation, three different numbers of common items 5, 10, and 15, 

representing small, medium and large numbers of common items respectively, were used 

within a 50-item test. For the 5-common item condition, the first five item parameters 
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from Form A were used. For the 10-common item condition, item parameters 1-10 of 

Form A were used. For 15-common item condition, items 1-15 of Form A were used. 

 

Form Generation 

The generated five forms A, B, C, D, and E, with 50 items each did not have any 

items in common. Items on each of these five forms were divided into ten sets of five 

items, which were randomly sampled from a population, such that the means and 

standard deviations of the ten sets were as similar as possible. To create forms having 

common items, all 50 item parameters of the first form were used to create Form A. 

Other forms were created by replacing the first one, two, and three sets of five items from 

their original set of item parameters with the corresponding items from Form A. For 

example, for the five-common-item, five-group condition, the first five items of Form B 

were replaced by the first five items of Form A. The first five items of Form C were also 

replaced by the same five common items of Form A. The same process was applied to 

Form D and E. When the number of groups was three and the number of common items 

was 10, again, all parameters of Form A remained. The first 10 items from Form B and C 

were replaced by the first 10 items from Form A. Through this process, all the forms in 

the full data matrix had one common item set, whose statistical characteristics were 

similar to those of the total test. Table 1 summarizes the number of common items and 

remaining items used for form generation.  
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Table 1 

Form Generation by Replacing Common Items From  

Form A in the Five-Group Condition 

Form 
No. common items = 5  No. common items = 10  No. common items = 15 

Common Remaining  Common Remaining  Common Remaining 

A 1-5 6-50  1-10 11-50  1-15 16-50 

B 1-5 from A 6-50  1-10 from A 11-50  1-15 from A 16-50 

C 1-5 from A 6-50  1-10 from A 11-50  1-15 from A 16-50 

D 1-5 from A 6-50  1-10 from A 11-50  1-15 from A 16-50 

E 1-5 from A 6-50  1-10 from A 11-50  1-15 from A 16-50 

 

 

Data Generation 

Data were generated for 50 items and 500 examinees per form using a computer 

program written in R (R Development Core Team, 2010). The three-parameter logistic 

model (3PLM; Equation 3) was used. θs were randomly selected from normal 

distributions that corresponded to the condition of the number of groups and θ differences 

among groups.  The probability of correct response was calculated using the 3PLM and 

corresponding item parameters. The probability of correct response for each item was 

then compared to a randomly selected number from a uniform distribution [0, 1]. If the 

probability was greater than the random number, the response to that item was coded as 

1, and coded as 0 otherwise. For 30 replications for each cell of the 18 conditions (3 

number of groups × 2 target ability × 3 number of common items) , responses were re-

generated using the same parameters, under the same procedures. The overall design is 

presented in Table 2. 
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Table 2  

Simulation Design With 18 Conditions 

  
Number of Groups 

  
2 3 5 

Equivalent Groups Number of 

Common Items 
5 5 5 

10 10 10 

15 15 15 

     
Non-Equivalent Groups Number of 

Common Items 
5 5 5 

10 10 10 

15 15 15 

 

Full Matrix 

The full matrix included responses for all items from all examinees based on 

generating item parameters and s. A full matrix was constructed for each condition by 

combining unique item parameters across forms in a row in Table 1 (within a specified 

number of common items); that is, items that were common were placed in the same 

column. For the 5-common-item, 5-group condition, the full 50 sets of item parameters of 

Form A were used, item parameters for the 45 items excluding the common items from 

Forms B, C, D, and E were added; therefore, the full matrix consisted of a total of 230 

sets of item parameters in the row. For the 10-common-items, 3-group condition, all 

parameters of 50 items of Form A were used, and 40 items excluding common items of 

Forms B and C were added resulting in a set of 130 item parameters in the row. 

Similarly, for the 15-common item, 2-groups condition, all 50 items in Form A were 

used, and 35 unique item parameters of Form B were added, therefore creating 85 items 

in the row. Each form had 500 examinees, resulting in a full matrix having examinee 

multiples of 500. For example, in the 2-groups condition, a full matrix had 1,000 
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examinees and in the 3-groups condition, a full matrix had 1,500 examinees. 

Dichotomously scored response vectors for the full matrix were generated based on 

corresponding item parameters and   values, using the method for data generation 

described above. Figure 2 describes a full matrix in the 3-groups five-common item 

condition by combining unique item parameters and 500 θs for each form.  

 

Figure 2. Full Matrix for the 3-Groups, 5-Common-Items Condition 

  
Form A B C 

  
Items 1-5 6-50 51-95 96-140 

 1 
    

Group 2 
    

 3 
    

 

 

 

 

Reduced Matrix 

A reduced matrix represents a real situation when a group of examinees take a 

subset of items in an item bank. A reduced matrix was constructed by deleting subsets of 

responses. Items in the remaining forms were those ―actually administered‖ to the 

corresponding examinees to create the full-metric linking design. Responses from other 

forms or by non-corresponding examinees in a full matrix were those not actually taken. 

For example, in the 5-common-item 3-groups condition, items 1-50 in Form A were 

taken by examinees 1-500. However, items in Form B, C were not taken by examinees 1-
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500. Figure 3 describes a reduced matrix in the 5-common-item 3-groups condition. The 

shaded areas represent items administered. 

 

Figure 3. Reduced Matrix for the 3-Groups, 5-Common-Items Condition 

  
Form A B C 

  
Items 1-5 6-50 51-95 96-140 

 1 
    

Group 2 
    

 3 
    

 

In this study, item parameters and s were estimated both from a full matrix and a 

corresponding reduced matrix. Estimated values from those two types of matrices were 

used to evaluate the recovery of parameters. Accuracy of the calibration has generally 

been evaluated by the discrepancy between the true value (generating parameters in a 

simulation study) and the estimated values. The differences between true and estimated 

parameters from a reduced matrix were also used in this study to evaluate the recovery of 

full-metric concurrent calibration. However, true values are never known in a real data 

situation. In addition, because the true   values were generated with restricted ranges to 

simulate group differences in , a common true full   metric was not available. 

Therefore, the true-and-reduced matrix comparison was not made for the recovery of . 

Also, the discrepancy between the estimates from a full matrix and estimates from a 

reduced matrix were evaluated as a new way to look at the level of recovery. Estimated 
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parameters from a full matrix could be a more achievable alternate to true values. A full 

matrix represents an ideal situation when all examinees take all items in the item bank— 

in an ideal world, this is how a CAT item bank would be calibrated. Thus, the full-and-

reduced matrix comparison represents the extent to which the calibration of real data 

recovers the ideal situation.  

 

Calibration 

XCALIBRE (Assessment Systems Corporation, 1997) was used to estimate item 

parameters for full-metric calibration, using common prior distributions, the 3PLM, and 

the floating prior options. Under the common prior option, the prior distribution for the 

item discrimination parameters for each item was a lognormal distribution with a mean of 

.75 and a standard deviation of .12. The prior distribution of b parameters was a normal 

distribution with a mean of 0.0 and a standard deviation of 1.0. The prior distribution for 

the c parameters was a normal distribution with a mean of .25 and a standard deviation of 

.025. The floating priors option allowed item parameter prior distributions to be updated 

at each EM loop. For θ estimates, the maximum-likelihood method was used, which was 

bounded at ±4. The maximum number of loops was set at 12: all of the conditions 

converged within 12 loops. First, item parameters for all 18 conditions were estimated 

from the full matrices. Then item parameters were estimated from the reduced matrices 

for the 18 conditions, with ―not administered‖ items appropriately coded so that they 

would be skipped in the estimation process. Calibration for a given matrix was made 
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concurrently across forms. These procedures were repeated for 30 replications in each 

condition. 

 

Evaluation Criteria 

When there are more than two populations, IRT parameter estimation programs 

standardize   so it has mean of 0 and standard deviation of 1.0 in each calibration 

sample. This matters for the non-equivalent group conditions, where  s were generated 

by combining different metrics. As a result, values including true  s may mislead the 

extent to which the conditions recover the generating parameters. To deal with this 

problem, indices including the generating  s (i.e., bias, root mean squared error) were 

not reported. Only criteria between full versus reduced matrix were reported for . 

Bias. Bias was used for evaluating the accuracy of estimation. The smaller the 

bias, the better the condition was in recovering the common metric. Bias is the signed 

difference between the estimated value and the true value of the parameter being 

estimated. The average bias for item discrimination was defined as 

          
1

1
ˆ ˆ( ) ( ),

n

i i

i

Bias a a a
n 

            (9) 

where ˆ
ia is an estimated parameter , ia  is a generating item parameter and n is total 

number of items. For item difficulty, the average bias was defined as 
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n
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i
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n 

           (10) 
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where ˆ
ib is an estimated parameter and ib  is a generating item parameter. For guessing, 

the average bias was defined as  

          
1

1
ˆ ˆ( ) ( ),

n

i i

i

Bias c c c
n 

               (11) 

where îc  is an estimated parameter and ic  is a generating item parameter. 

Average signed difference (ASD). ASD is defined as the signed difference 

between two estimated values. In this study, estimated parameters from the reduced 

matrix and estimated parameters from the full matrix were used to calculate ASD. The 

ASD of item discrimination was defined as 

 ( )

1

1
ˆ ˆ ˆ( ) ( ),

n

i i full

i
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                 (12) 

where ( )
ˆ

i fulla  is an estimated item discrimination from the full matrix that contains all 

responses. The ASD for item difficulty was defined as  

( )
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ASD b b b
n 

           (13) 

where ( )
ˆ
i fullb  is estimated difficulty from the full matrix. The ASD for the pseudo-

guessing parameter was defined as 

( )

1

1
ˆ ˆ ˆ( ) ( ),

n

i i full

i

ASD c c c
n 

           (14) 

where ( )î fullc  is the estimated parameter from the full matrix. For, the ASD was defined 

as 

( )

1

1ˆ ˆ ˆ( ) ( ),
N

j j full

j

ASD
N

  


                 (15) 
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where  ( )
ˆ

j full  is estimated   from the full matrix. 

Root mean squared error (RMSE). As an indicator of recovery, RMSEs between 

estimated parameters and generating parameters were calculated separately for each 

parameter (Kim & Cohen, 1998). RMSE could result from either bias in estimation or 

non-symmetric differences between a parameter and its estimate, whereas bias gives 

information of the direction of the average difference. The RMSE for item discrimination 

was defined as 

2
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i i
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           (16) 

For item difficulty, the RMSE was defined as  
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           (17) 

For guessing, the RMSE was defined as  

2

1

1
ˆ ˆ( ) ( ) .

n

i i

i

RMSE c c c
n 

           (18) 

For, the RMSE was not reported due to the artificiality described previously. 

Root mean squared difference (RMSD). RMSDs are defined as the square root of 

average squared difference between two estimated values. In this study, estimated 

parameters from the reduced matrix and estimated parameters from the full matrix were 

used to calculate RMSD. Following this, the RMSD of item discrimination was defined 

as 
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          (19) 
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The RMSD of item difficulty was defined as 

         2
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          (20) 

For guessing, the RMSD was defined as 

         2
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          (21) 

For, the RMSD was defined as 

         2
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          (22) 

 

Correlation. Correlation was also used as an alternative indicator of recovery, 

especially for the non-equivalent group conditions.  For correlation, the variance of two 

variables does not matter, but the order of the values matters. When the order of the 

estimated values is similar to the true value, the correlation is high, which indicates better 

recovery. The correlation between the generating parameters and the estimates from the 

reduced matrix was used. For item discrimination, the correlation between generating–

reduced was defined as 
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         (23) 

where â , a , ˆ( )s a  and ( )s a  are the mean of the estimates, the mean of the generating 

parameters,  and the standard deviation of the estimates and generating parameters, 

respectively. The correlation for item difficulty was defined as 
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where b̂ , b , ˆ( )s b  and ( )s b  are the mean of the estimates, the mean of the generating 

parameters,  and the standard deviations of the estimates and generating parameters, 

respectively. The correlation for the guessing parameter was defined as 
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where ĉ , c , ˆ( )s c  and ( )s c  are the mean of the estimates, the mean of the generating 

parameters,  and the standard deviations of the estimates and generating parameters, 

respectively.  

The correlation between estimates from the full matrix and the reduced matrix 

was also computed. For item discrimination, the correlation between full–reduced was 

defined as 
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where ˆ
fulla  and ˆ( )fulls a  are the mean and the standard deviation of estimates from the full 

matrix. The correlation for item difficulty was defined as 
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where ˆ
fullb  and ˆ( )fulls b  are the mean and the standard deviation of estimates from the full 

matrix. The correlation for the guessing parameter was defined as 
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where ˆ
fullc  and ˆ( )fulls c  are the mean and the standard deviation of estimates from the full 

matrix. For , the correlation was defined as 
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where ˆ
full , ˆ( )fulls  ,̂ , and ˆ( )s   the mean and the standard deviation of estimates from 

the full matrix and the reduced matrix, respectively. 

Test information. Test information was assessed to evaluate the recovery of the 

item parameters in combination. The amount of information indicates the level of 

estimation precision conditional on θ level.  Test information was defined as  
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n

i

i
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where ( )iI   is item information for item i that is defined as 
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where '( )iP   is the first derivative of ( )iP  , which was defined in Equation 3, with 

respect to   and ( ) 1 ( )i iQ P   .  

 For analysis, the  continuum was divided into 60 segments at .10 intervals and 

the resulting 61 points were used to compute bias, RMSE and RMSD for examining the 

difference between information functions. Bias for test information was defined as 
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where ˆˆ ˆ( | , , )I k a b c   is estimated test information at the k
th

   point from the reduced 

matrix, and ( | , , )I k a b c  is test information from the true item parameters at the k
th

  

point. ASD for the test information function was defined as 
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where ˆˆ ˆ( | , , )full full fullI k a b c   is the estimated test information function for the full 

matrix. RMSE for the test information function was defined as 
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        (34) 

RMSDs between the estimated information function of the full matrix and the estimated 

item information function from the reduced matrix were also computed. The RMSD for 

the test information was defined as 
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Results 

 

Bias, ASD, RMSE, RMSD, and Correlation for Item Parameters 

Bias. The means and standard deviations of biases for item parameters are 

summarized in Appendix Table A-1. In the figures, a dotted blue horizontal line indicates 
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the zero point. Figures 4a, 5a, and 6a show that the non-equivalent group conditions 

generally yielded larger biases than equivalent group conditions. For item discrimination, 

biases increased as more equivalent groups were linked, while biases slightly decreased 

for 3 groups but increased substantially for 5 groups when groups were non-equivalent 

(Figures 4a and 4b). For item difficulty, number of group conditions and equivalence of 

groups did not have large influences, except for the 2-non-equivalent group condition. 

Biases were large for non-equivalent 2-groups (Figure 5a and 5b).  The number of 

common items conditions generally yielded smaller biases as the number of common 

items increased for item discrimination (Figure 4b). Although biases were similar across 

the three number of common item conditions, more common items yielded larger biases 

for item difficulty under the 5-groups condition (Figure 5b). For guessing, estimated 

values were generally unbiased, with no differences between both number of groups and 

number of common items conditions (Figures 6a, 6b). 
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Figure 4.  

Biases of Item Discrimination for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 5.  

Biases of Item Difficulty for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 6.  

Biases of Guessing for Number of Groups, Equivalence of Groups, and Number of Common Items 
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ASD. The means and standard deviations of ASDs for item parameters are 

summarized in Appendix Table A-2. Figures 7 through 9 show that the reduced matrix 

yielded smaller estimated values than the full matrix, which was indicated by negative 

values in ASDs. As with bias, ASDs for non-equivalent groups were larger than 

equivalent groups for item discriminations (Figure 7a). Also similar to bias, ASDs for 

non-equivalent group conditions yielded larger values than equivalent groups for item 

difficulty, except for the 5-groups conditions (Figure 8a). The recovery, indicated by 

ASDs, for item discrimination and item difficulty slightly decreased as more equivalent 

groups were linked (Figures 7a, 8a). The largest ASDs were found in 3 groups while 

ASDs for 5-groups were slightly smaller than 2-groups for item discrimination and item 

difficulty, when groups were non-equivalent (Figure 7a, 8a). For guessing parameters, 

estimated values from both matrices were similar, with differences in ASDs across 

conditions in the third decimal place (Figure 9a). As with bias, more common items 

yielded smaller ASDs for item discrimination (Figure 7b). For item difficulty, fewer 

common items tended to yield smaller ASDs, except for the 2-groups conditions, though 

values in ASDs were close across conditions (Figures 8b). ASDs for guessing were rarely 

different across different numbers of common items (Figure 9b).   
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Figure 7.  

ASDs of Item Discrimination for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 8.  

ASDs of Item Difficulty for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 9.  

ASDs of Guessing for Number of Groups, Equivalence of Groups, and Number of Common Items 
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RMSE. The means and standard deviation of RMSEs are summarized in Appendix 

Table A-3. Equivalent groups yielded more stable RMSEs than non-equivalent groups 

(Figures 10a, 11a). For item discrimination, RMSEs tended to increase as more groups 

were linked, especially for five non-equivalent groups (Figure 10a). RMSEs for non-

equivalent groups were slightly lower than for equivalent groups, except for the 5-groups 

conditions for item discrimination (Figure 10a). For item difficulty, equivalent groups 

yielded smaller RMSEs than non-equivalent groups (Figure 11a).  No large differences in 

RMSEs for discrimination were found for equivalent groups across different number of 

group conditions (Figure 11a). For item difficulty, the 3-groups conditions yielded the 

lowest RMSEs for non-equivalent groups. The 2-groups conditions yielded lower RMSEs 

than the 5-groups conditions (Figure 11a). RMSEs of item discrimination and item 

difficulty tended to decrease as the number of common items increased (Figures 10b, 

11b). For guessing, RMSEs were similar across different conditions (Figure 12). 
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Figure 10.  

RMSEs of Item Discrimination for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 11.  

RMSEs of Item Difficulty for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 12.  

RMSEs of Guessing for Number of Groups, Equivalence of Groups, and Number of Common Items 
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RMSD. The results for RMSDs are summarized in Appendix Table A-4 and 

Figures 13 – 15. Values of RMSD were generally smaller than those of corresponding 

RMSEs. As shown in Figures 13a and 14a, the non-equivalent group conditions yielded 

larger RMSDs than the equivalent group conditions, except for 5-groups conditions of 

item discrimination. For equivalent groups, RMSDs tended to increase as more groups 

were linked for item discrimination and item difficulty (Figures 13a, 14a). For non-

equivalent groups, RMSDs were the largest in the 3-groups condition and then decreased 

in the 5-groups conditions for all three item parameters (Figures 13a, 14a, and 15a), 

though differences in guessing were negligibly small. For item difficulty, RMSDs in the 

5-groups condition were larger than in the 2-groups condition, but smaller than 2-groups 

for item discrimination. Similar to RMSEs, RMSDs tended to decrease as the number of 

common items increased for item discrimination and item difficulty (Figures 13b, 14b), 

with a slightly larger effect for difficulty. No large differences were found for guessing 

across conditions (Figure 15). 
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Figure 13.  

RMSDs of Item Discrimination for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 14.  

RMSDs of Item Difficulty for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 15.  

RMSDs of Guessing for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Correlation. Means and standard deviations for correlations are reported in 

Appendix Table A-5. Correlations between generating parameters and estimates from the 

reduced matrix (
GRr ) are shown in Figures 16 – 18. Equivalent groups generally yielded 

higher correlations than non-equivalent groups, except for item discrimination in the 2-

groups condition. Also, correlations were more similar for equivalent groups than non-

equivalent groups across number of groups conditions (Figures 16a, 17a, and 18a). For 

item discrimination, the correlation tended to increase slightly as more groups were 

linked for equivalent groups, whereas the correlation decreased for non-equivalent groups 

(Figure 16a). Correlations for item difficulty were all above .95, indicating that the order 

of their generating parameters remained similar to the order of their estimates. For item 

difficulty, the non-equivalent 3-groups conditions yielded the lowest correlations, with 

the highest correlation for the 2-groups conditions (Figure 17a). For guessing, the 3-

groups conditions had the highest correlation and the 5-groups conditions had the lowest 

correlation for equivalent groups, while the 2-groups conditions were the lowest for non-

equivalent groups (Figure 18a). 

The effects of the number of common items were not consistent for item 

discrimination and guessing. More common items yielded lower correlations except for 

the 5-groups conditions for item discrimination (Figure 16b). For difficulty, as more 

common items were used, higher correlations were found (Figure 17b).Larger 

correlations were found when more common items were used for guessing, except for he 

3-groups conditions, where 5-common-items yielded slightly larger correlations than 10-

common items conditions, keeping 15-common-items the highest (Figure 18b). 



 

54 

Correlational parameter recovery for the guessing parameter was generally poor, with the 

highest correlations in the mid-.30s, likely due to the small variance of the guessing 

parameter estimates. 
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Figure 16.  

Correlations of Item Discrimination Between Generating Parameter and Estimates from Reduced Matrix for Number 

of Groups, Equivalence of Groups, and Number of Common Items 

   

 

 



 

56 

Figure 17.  

Correlations of Item Difficulty Between Generating Parameter and Estimates from Reduced Matrix for Number of 

Groups, Equivalence of Groups, and Number of Common Items 
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Figure 18.  

Correlations of Guessing Between Generating Parameter and Estimates from Reduced Matrix for Number of Groups, 

Equivalence of Groups, and Number of Common Items 
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Correlations between estimates from the full matrix and the reduced matrix (
FRr ) 

are shown in Figures 19 – 21. They were generally higher than corresponding 

correlations between true parameters and the parameters estimated from the reduced 

matrix. As shown in Figures 19a, 20a, and 21a, equivalent groups yielded higher 

correlations than non-equivalent groups, except for the 5-groups condition for item 

difficulty and guessing. Correlations decreased in equivalent groups as more groups were 

linked. Non-equivalent groups for item discrimination (Figure 19a) yielded lower 

correlations as more groups were linked. For item difficulty and guessing (Figures 20a, 

21a), correlations decreased in the 3-groups condition but increased in the 5-groups 

condition. 

For item discrimination (Figure 19b) 2-groups and 5-groups yielded similar 

correlations between 5-common-items and 10-common-items conditions, with 15-

common-items the highest correlation condition. For 3-groups, the 5-common-items 

conditions yielded slightly higher correlations for item discrimination than the other 

number of common items conditions. For item difficulty, more common items tended to 

yield higher correlations (Figure 20b), although the differences were small. For guessing, 

correlations across number of common items conditions were similar, while 15-common-

items yielded higher correlations than both 5 and 10 common items across number of 

groups conditions.  For 3-groups and 5-groups conditions, 5-common-items were slightly 

better than 10-common-items conditions (Figure 21b).  
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Figure 19.  

Correlations of Item Discrimination Between Full Matrix and Reduced Matrix for Number of Groups, Equivalence of 

Groups, and Number of Common Items 
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Figure 20.  

Correlations of Item Difficulty Between Full Matrix and Reduced Matrix for Number of Groups, Equivalence of 

Groups, and Number of Common Items 
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Figure 21.  

Correlations of Guessing Between Full Matrix and Reduced Matrix for Number of Groups, Equivalence of Groups, 

and Number of Common Items 
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ASD, RMSD, and Correlation for θ 

ASD. The means and standard deviations of the bias, ASD, RMSD and correlation 

between full and reduced matrix for θ are presented in Appendix Table A-6. As shown in 

Figure 22a, equivalent groups yielded smaller ASDs than non-equivalent groups, except 

for the 3-groups conditions, where the two groups were almost identical. Equivalent 

groups tended to have larger ASDs as more groups were used, though differences were in 

the third decimal place. ASDs for 5-common items were larger than the other two 

number of common items conditions. For 2- and 3-groups conditions, 10-common items 

and 15-common-items conditions were similar, whereas more common items yielded 

smaller ASDs for the 5-groups conditions (Figure 22b). 

RMSD. Equivalent groups yielded smaller RMSDs than non-equivalent groups 

conditions. RMSDs tended to increase as more groups were linked, especially for the 5-

groups condition for non-equivalent groups (Figure 23a). RMSDs tended to decrease as 

more common items were used (Figure 23b). 

Correlation. Correlations between estimates from the full and reduced matrix 

dropped as more groups were linked. Equivalent groups yielded higher and more stable 

correlations across the number of groups conditions, whereas the non-equivalent groups 

correlation dropped significantly in the 5-group condition (Figure 24a). Similar to 

RMSD, correlations of θ were higher when more common items were used (Figure 24b).  
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Figure 22.  

ASDs of θ for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 23.  

RMSDs of θ for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 24.  

Correlation of θ Between Full Matrix and Reduced Matrix for Number of Groups, Equivalence of Groups, and 

Number of Common Items 
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Bias, ASD, RMSE, RMSD, and Correlation for Test Information 

The results for test information are summarized in Appendix Table A-7 and 

Figures 25 – 30. Patterns of test information were similar to those of item discrimination 

but larger in magnitude. The reduced matrix underestimated both full matrix and 

generating parameters, as indicated by negative values in biases and ASDs. 

Bias. As shown in Figure 25a, equivalent groups were more biased than non-

equivalent groups, except for the 5-groups conditions, where non-equivalent groups were 

substantially biased. Biases for test information increased as more groups were linked, 

except for the 3-non-equivalent-groups condition. Biases tended to decrease as the 

number of common items increased (Figure 25b), with a large increase for the 5-groups 

condition.  

ASD. In Figure 26a, ASDs were smaller for equivalent groups than non-

equivalent groups. ASDs for test information slightly increased as more groups were 

linked for equivalent groups, whereas they dropped in the 3-groups condition and then 

increased in the 5-groups condition for non-equivalent groups. Similar to biases, ASDs 

decreased as more common items were used (Figure 26b). 

For equivalent groups, ASDs were smaller than biases. For non-equivalent 

groups, ASDs were smaller than biases only for 5-groups conditions. The largest 

discrepancy between the reduced matrix and generating parameters was found in 5-non-

equivalent-groups conditions, whereas the reduced matrix differed most from the full 

matrix in 3-non-equivalent-groups conditions. 
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Figure 25.  

Bias of Test Information for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 26.  

ASD of Test Information for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Results for RMSEs and RMSDs for test information are presented in Figures 27 

and 28. Similar to biases and ASDs, patterns for RMSEs and RMSDs for test information 

were similar to those for item discrimination, except for RMSD in the 5-non-equivalent-

groups conditions. 

RMSE. Equivalent groups yielded lower RMSEs for test information than non-

equivalent groups, except for the 3-groups condition (Figure 27a). RMSEs for equivalent 

groups increased as more groups were linked. For non-equivalent groups, RMSEs 

dropped slightly for the 3-groups condition then increased substantially for the 5-groups 

conditions. More common items yielded smaller RMSEs, though 10-common-items and 

15-common-items yielded very similar values (Figure 27b). 

RMSD. As shown in Figure 28a, RMSDs were smaller for equivalent groups than 

for non-equivalent groups. The minimum RMSD for non-equivalent groups was larger 

than the maximum value for equivalent group conditions. RMSDs for equivalent groups 

increased as more groups were linked. For non-equivalent groups, RMSDs were the 

largest in 3-groups, and the other two conditions yielded similar values in RMSDs 

(Figure 28a). RMSDs decreased as more common items were used (Figure 28b). 

RMSEs were generally larger than RMSDs for equivalent groups (Figures 27 and 

28), indicating larger discrepancy between generating parameters and the reduced matrix 

than the reduced matrix and the full matrix. For non-equivalent groups, RMSDs and 

RMSEs were similar when 2- or 5-groups were linked. For 3-groups, RMSDs were larger 

than RMSEs. 
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Figure 27.  

RMSE of Test Information for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Figure 28.  

RMSD of Test Information for Number of Groups, Equivalence of Groups, and Number of Common Items 
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Correlations between test information values based on generating parameters and 

estimates from the reduced matrix are shown in Figure 29. As shown in Figure 29a, 

equivalent groups correlations were generally greater than or equal to those from non-

equivalent groups. Equivalent groups correlations increased as more groups were linked, 

whereas for non-equivalent groups, 3-group conditions yielded the highest correlations 

and 5-group conditions yielded substantially lower correlations. The effect of number of 

common items was inconsistent across number of group conditions (Figure 29b). When 

two groups were linked, 5-common-items yielded highest correlations while 10-common-

items and 15-common-items were very similar. When three groups were linked, all three 

common items conditions yielded similar correlations. For the 5-groups conditions, more 

common items yielded higher correlations. For correlations between test information 

values based on generating parameters and those estimated from the  reduced matrix, 5-

group conditions had the best recovery while the other two number of groups conditions 

also yielded high correlations above .90 for equivalent groups (Figure 29a). For non-

equivalent groups, 3-groups performed the best, while 2-groups and 5-groups had 

correlations below .8. 

Correlations between information estimates from the full matrix and the reduced 

matrix are presented in Figure 30. Equivalent groups yielded correlations close to unity, 

which were consistently higher than the non-equivalent groups across number of group 

conditions (Figure 30a). Correlations for non-equivalent groups decreased as more 

groups were linked. Higher correlations were found when more common items were used 

(Figure 30b). For correlations between full and reduced, both equivalent and non-
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equivalent groups yielded high correlations above .98, though they dropped in the non-

equivalent 5-groups condition to around .9. 
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Figure 29.  

Correlations of Test Information Between Generating Parameters and Estimates from the Reduced Matrix for Number 

of Groups, Equivalence of Groups, and Number of Common Items  
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Figure 30.  

Correlations of Test Information Based on Full Matrix and Reduced Matrix Item Parameters for Number of Groups, 

Equivalence of Groups, and Number of Common Items 
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Summary 

Study 1 investigated the performance of full-metric concurrent calibration in 

placing three-parameter logistic parameter estimates onto a common scale using a 

common-items linking/equating design. The number of groups, equivalence in   among 

groups, and number of common items used were varied.  Results from Study 1 indicated 

that the recovery of item parameters of full-metric concurrent calibration was affected by 

(1) the number of groups to be equated, (2) the equivalence in θ among examinees, and 

(3) the number of common items. As more groups were linked, full-metric concurrent 

calibration tended to have poorer recovery (i.e., larger bias, ASDs). The results were 

more accurate in equivalent groups than in non-equivalent groups. When item parameters 

were accurately estimated (i.e. small bias), only a small number of common items were 

needed. For example, increasing the number of common items had less effect when two 

groups were linked.  The findings are consistent with the literature based on linking 

methods other than full-metric linking (Kim & Cohen, 1998; Vale et al., 1981). 

 

 

CHAPTER 3. STUDY 2 

 

When using a common-items non-equivalent groups design, a set of common 

items should be carefully chosen (Cook & Petersen, 1987). In selection of common items, 

the properties of the anchor test items in relation to the total test are usually of concern. 

Many studies have addressed the question of how many common items are necessary to 
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place item parameters on the same scale. For example, Vale et al. (1981) used 5, 15, and 

25 common items in a simulation study. The results recommended that 15 to 25 items are 

necessary. Also, studies on the anchor test length consistently reported that the accuracy 

of linking improved as the number of common items increased (Vale et al, 1981; Kim & 

Cohen, 1998). This rule seemed to partially hold for full-metric concurrent calibration in 

the present Study 1. 

The role of the statistical characteristics of anchor items in full-metric concurrent 

calibration still remains unknown. There exists wide agreement on a belief that anchor 

items should be a mirror of the total test (Kolen & Brennan, 2004). Petersen et al. (1983) 

demonstrated that linking results are more confident when the anchor test is a miniature 

version of the total test. In practice, the mean and the spread of the item difficulties of the 

anchor test are selected to be close to those of the total test to ensure statistical 

representativeness for a conventional test. However, Sinharay and Holland (2007) 

demonstrated that anchor tests with a spread of item difficulties less than that of total test 

performed as well as a miniature of the total test in conventional tests. In a CAT 

environment, anchor items that broadly represent the item bank are normally used 

(Hambleton, 2005). However, efficacy of linking with different means and standard 

deviations of anchor items in the context of IRT is still unproven. This would have an 

important implication for the development of a CAT item bank, since there is no known 

mean and standard deviation in advance when selecting a set of common items. 

This study investigated the effects of characteristics of anchor items in the context 

of full-metric concurrent calibration using IRT. To examine whether a wide belief that 
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recommends an anchor test as a miniature of the total test also applied to full-metric 

concurrent calibration, the simulation study varied means and standard deviations of 

discrimination and difficulty parameters in the anchor test. Differences in   among 

groups were also varied.  

 

Method 

 Number of Groups 

The number of groups was set to three. Two groups have a limitation to 

generalize the results and five groups tended to yield larger biases, ASDs, RMSEs, 

RMSDs and correlations in Study 1. Based on these reasons, and for simplicity of the 

study design, the current study used only the three group conditions for the experimental 

design.    

 

  Parameter Generation  

Both equivalent and non-equivalent distributions of   were used. The 

distributions of  s were the same as the 3-group condition in Study 1. For equivalent 

groups,  parameters were randomly generated from a normal distribution with mean of 0 

and standard deviation of 1.0. For non-equivalent groups, N(−1,1), N(0,1), N(1,1) were 

used. The number of s generated was 500 for each condition. 

 

Item Parameter Generation 
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Three sets of 50 item parameters — Form A, Form B, and Form C — were 

generated. Each form consisted of five sets of 10 item parameters randomly sampled 

from a population distribution. The item discrimination parameters (a), item difficulty 

parameters (b) and the pseudo-guessing parameters (c) were generated from the same 

distributions used in Study 1. These sets of parameters were used for the total tests. The 

means and standard deviations of item discrimination and item difficulty in the total test 

are summarized in Table 3. 

 

Table 3  

Means and Standard Deviations of Item Parameters in the Total Tests 

 

Form 

Item Discrimination  Item Difficulty 

Mean SD  Mean SD 

Form A 1.064 0.443  0.322 1.738 

Form B 1.127 0.363  0.271 1.810 

Form C 1.049 0.392  0.199 1.707 
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Common Items 

In Study 1, as the number of common items increased, full-metric concurrent 

calibration tended to perform better. Following this result, more common items were 

expected to yield better recovery. However, the differences between conditions were 

small, mostly in the second or third decimal place of the criterion values. Also fewer 

common items used could be advantageous such that more new items can be used and 

there would be less item exposure. Balancing these two points, the current study used 10 

common items across conditions.  

In Study 2, how the mean and standard deviation of the anchor tests separately 

affected linking was of interest. Thus, mean and standard deviation of both anchor item 

discrimination and anchor item difficulty were varied. To simplify terminology, item 

discrimination of the anchor test is denoted as Anchor α, and item difficulty of the anchor 

test is denoted as Anchor β. The mean of anchor items had two levels: (1) higher mean 

and (2) the same mean relative to the mean of the total test. The standard deviation of 

anchor items also had two levels: (3) higher standard deviation and (4) the same standard 

deviation relative to the standard deviation of the total test. For each common item 

discrimination and common item difficulty condition, the combination of mean and 

standard deviation yielded four conditions: (1) high mean – high standard deviation; (2) 

high mean – same standard deviation; (3) same mean – high standard deviation; and (4) 

same mean – same standard deviation, resulting in 16 (4 × 4) different linking situations. 

Table 4 summarizes the overall design for the anchor test.  
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 Table 4  

16 Conditions for the Anchor Test 

 
 Anchor Item Discrimination 

(Anchor α) 

 Anchor Item Difficulty 

(Anchor β) 

 Mean SD  Mean SD 

1. High Mean High SD  High Mean High SD 

2. High Mean High SD  High Mean Same SD 

3. High Mean High SD  Same Mean High SD 

4. High Mean High SD  Same Mean Same SD 

5. High Mean Same SD  High Mean High SD 

6. High Mean Same SD  High Mean Same SD 

7. High Mean Same SD  Same Mean High SD 

8. High Mean Same SD  Same Mean Same SD 

9. Same Mean High SD  High Mean High SD 

10. Same Mean High SD  High Mean Same SD 

11. Same Mean High SD  Same Mean High SD 

12. Same Mean High SD  Same Mean Same SD 

13. Same Mean Same SD  High Mean High SD 

14. Same Mean Same SD  High Mean Same SD 

15. Same Mean Same SD  Same Mean High SD 

16. Same Mean Same SD  Same Mean Same SD 

 

A set of 10 Anchor α parameters were randomly selected from a log normal 

distribution for each condition and a set of 10 Anchor β parameters were randomly 

generated from a uniform distribution for corresponding conditions. Distributions used 

for parameter generation are summarized in Table 5.  

 

Table 5 

Distributions Used for Anchor Item Parameter Generation 
Condition  Distribution 

Anchor Item Discrimination (Anchor α) 

High Mean High SD (HMHS)  Log normal (1.2, 1
2
) 

High Mean Same SD (HMSS)  Log normal (1.2, .5
2
) 

Same Mean High SD (SMHS)  Log normal (0, 1
2
) 

Same Mean Same SD (SMSS)  Log normal (0, .5
2
) 

 

Anchor Item Difficulty (Anchor β) 

High Mean High SD (HMHS)  Uniform [‒3, 5] 

High Mean Same SD (HMSS)  Uniform [‒2, 4] 

Same Mean High SD (SMHS)  Uniform [‒4, 4] 

Same Mean Same SD (SMSS)  Uniform [‒3, 3] 

 



 

82 

From each distribution, 10 parameters were sampled so that the same conditions 

had the same statistics as the total test, as closely as possible, and the higher conditions 

had evenly higher statistics across all three Forms A, B, and C. The means and standard 

deviations of item discrimination and item difficulty in the anchor tests are summarized 

in Table 6. 

Table 6  

Means and Standard Deviations of Item Parameters in the Anchor Tests 
 

 Anchor Item Discrimination 

(Anchor α) 

 Anchor Item Difficulty 

(Anchor β) 

 Mean SD  Mean SD 

High Mean High SD 

(HMHS) 

1.227 0.776  1.482 2.432 

High Mean Same SD 

(HMSS) 

1.323 0.468  1.473 1.710 

Same Mean High SD 

(SMHS) 

0.950 0.778  0.234 2.357 

Same Mean Same SD 

(SMSS) 

0.985 0.468  0.344 1.763 

 

Form Generation 

The procedures were similar to Study 1. The three generated forms — Form A, 

Form B, and Form C — with 50 items each did not have any items in common. Items on 

each of these three forms were divided into five sets of ten items, which were randomly 

sampled from a population, such that the means and standard deviations of the five sets 

were as similar as possible. To create forms having common items, a set of 10 common 

item parameters corresponding to each condition, replaced the first set of 10 items in the 

three forms. The three forms, as a result, had 10 items in common and 40 items specific 

to each form.  
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Data Generation 

Three forms were generated following a similar process described in Study 1. The 

number of common items and remaining items used for form generation were the same as 

the 3-group 10-common item condition in Study 1. For Study 2, the separately generated 

10 common items for each condition replaced the first ten items of Form A, Form B and 

Form C. The full response matrix and the reduced matrix were also generated following 

the same process described in Study 1. The item parameters and examinee  s in the 

study were estimated using the computer program XCALIBRE (Assessment Systems 

Corporation, 1997) with the same options described in Study 1. 30 replications for each 

condition were performed based on the same generating parameters. 

 

Evaluation Criteria 

The same criteria used in Study 1 were also used in Study 2 to evaluate the 

results. Bias, ASD, RMSE, RMSD, and correlation were calculated for each item 

parameter,   and test information. Criteria including generating   were not reported for 

the same reasons explained in Study 1. 

 

 Results 

 

Bias, ASD, RMS, RMSD, and Correlation for Item Parameters 

Bias. The results for the biases of item parameters of the total test are shown in 

Figures 31 through 33 (and Appendix Table A-8). In these figures, black lines indicate 
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conditions of Anchor α, red lines indicate conditions of Anchor β, solid lines indicate 

―High‖ condition, and dashed lines indicate ―Same‖ condition.  Consistent with 3-group 

conditions in Study 1, parameter estimates in the reduced matrix underestimated true 

values for item discrimination and item difficulty. For guessing, the reduced matrix 

slightly overestimated true values. For all item parameters, the magnitude of bias was 

small, especially for item difficulty and guessing. Also consistent with Study 1, 

equivalent groups were more biased than non-equivalent groups for item discrimination 

(Figure 31), but less biased for item difficulty and guessing (Figures 32 through 33).  

The results indicated that higher mean of Anchor α yielded smaller biases on total 

item discrimination (Figure 31a) and larger biases on total item difficulty (Figure 32a) 

than the same mean conditions of Anchor α. Small differences were found on the bias of 

total item discrimination due to the mean of Anchor β conditions (Figure 31a). High 

mean conditions of Anchor β were slightly less biased for equivalent groups but slightly 

more biased for non-equivalent groups for item discrimination. High mean of Anchor β 

yielded larger biases on item difficulty than the same mean conditions of Anchor β 

(Figures 32a and 33a). Biases on guessing differed only in the 4
th

 decimal place across 

the mean conditions of Anchor α and Anchor β. The mean of Anchor α had more 

influence for item discrimination than item difficulty while the mean of Anchor β yielded 

larger difference in item difficulty than item discrimination. 

Higher standard deviation of Anchor α yielded larger biases for total item 

discrimination (Figures 31b) but slightly smaller biases for item difficulty (Figure 32b), 

though differences among conditions were small for all item parameters. For item 
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discrimination, biases were larger when the standard deviation of Anchor β was high 

(Figures 31b). High standard deviation of Anchor β yielded slightly larger biases for 

equivalent groups but yielded smaller biases for non-equivalent groups (Figure 32b). For 

guessing, different standard deviations of the anchor test did not make large differences: 

biases were different in the third decimal place. 
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Figure 31.   

Biases of Item Discrimination for Different Means and SDs of Anchor Test 
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Figure 32.   

Biases of Item Difficulty for Different Means and SDs of Anchor Test 
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Figure 33.   

Biases of Guessing for Different Means and SDs of Anchor Test 
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ASD. Results for ASDs for item parameters are summarized in Figures 34 through 

36 and in Appendix Table A-9. High mean of Anchor α yielded smaller ASDs for item 

discrimination (Figure 34a). Larger ASDs were found in equivalent groups and smaller 

ASDs were found in non-equivalent groups for item difficulty when the mean of Anchor 

α was high (Figures 35a). For item discrimination, high mean of Anchor β yielded the 

same ASDs for equivalent groups and larger ASDs for non-equivalent groups (Figure 

34a). For item difficulty, Anchor β of high mean conditions yielded smaller ASDs for 

equivalent groups and larger ASDs for non-equivalent groups (Figure 35a). For guessing, 

differences between conditions were negligible (Figure 36a). 

SDs of anchor test had a greater effect for non-equivalent groups than equivalent 

groups. For item discrimination, high standard deviation of both Anchor α and Anchor β 

yielded larger ASDs, with a larger effect for non-equivalent groups (Figure 34b). For 

item difficulty, the standard deviation of Anchor α did not have an effect on ASDs for 

both equivalent and non-equivalent groups. High standard deviation of Anchor β yielded 

slightly larger ASDs for item difficulty when groups were equivalent, while larger ASDs 

were found for non-equivalent groups (Figure 35b). Again, differences between 

conditions were negligibly small for guessing (Figure 36b) 
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Figure 34.   

ASDs of Item Discrimination for Different Means and SDs of Anchor Test 
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Figure 35.   

ASDs of Item Difficulty for Different Means and SDs of Anchor Test 
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Figure 36.   

ASDs of Guessing for Different Means and SDs of Anchor Test 
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RMSE. The RMSE results are presented in Figures 37 through 39 (and Table A-10 

in the Appendix). Consistent with Study 1, equivalent group conditions generally yielded 

slightly larger RMSEs for item discrimination and smaller RMSEs for item difficulty. For 

guessing, RMSEs were close to zero with no noticeable differences across conditions 

(Figure 39). For item discrimination, different mean conditions of anchor item parameters 

yielded similar values (Figure 37a). High mean of Anchor α yielded smaller RMSEs for 

item discrimination and high mean of Anchor β yielded larger RMSEs for item difficulty 

(Figure 38a). 

High standard deviation of Anchor α and Anchor β both yielded larger RMSEs for 

item discrimination and item difficulty (Figures 37b, 38b). Effects of Anchor β on 

RMSEs for item difficulty were larger for non-equivalent groups (Figure 38b). For 

guessing, standard deviations of anchor item parameters did not yield different values 

across conditions (Figure 39b). 
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Figure 37.   

RMSEs of Item Discrimination for Different Means and SDs of Anchor Test 
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Figure 38.   

RMSEs of Item Difficulty for Different Means and SDs of Anchor Test 

 

 

 



 

96 

Figure 39.   

RMSEs of Guessing for Different Means and SDs of Anchor Test 
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RMSD. Figure 40 through 42 presents RMSDs for item parameters (See Table A-

11 in the Appendix for means and standard deviations). Consistent with Study 1, 

equivalent groups yielded smaller RMSDs than non-equivalent groups for item 

discrimination and item difficulty (Figures 40, 41). RMSDs for equivalent conditions 

were not influenced by different means and standard deviations of anchor item 

parameters for item discrimination and item difficulty.  High mean of Anchor α yielded 

smaller RMSDs for item discrimination (Figure 40a) and item difficulty (Figure 41a) for 

non-equivalent groups. High mean of Anchor β yielded larger RMSDs for item 

discrimination and item difficulty when groups were non-equivalent (Figures 40a, 41a). 

For guessing, RMSDs were not different among two levels of mean conditions (Figure 

42).   

High standard deviation of both Anchor α and Anchor β yielded larger RMSDs 

for item discrimination and item difficulty, when groups were not equivalent (Figures 

40b, 41b). For equivalent groups, RMSDs were almost identical for two different levels 

of standard deviations in anchor item parameters. The standard deviation of anchor item 

parameters did not influence RMSDs for guessing (Figure 42b).    
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Figure 40.   

RMSDs of Item Discrimination for Different Means and SDs of Anchor Test 

  

 

 



 

99 

Figure 41.   

RMSDs of Item Difficulty for Different Means and SDs of Anchor Test 
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Figure 42.   

RMSDs of Guessing for Different Means and SDs of Anchor Test 
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Correlation. Results for correlations between generating parameters and estimates 

from the reduced matrix are presented in Figures 43 through 45 (and in the Appendix 

Table A-12). Correlations were higher for equivalent groups than non-equivalent groups, 

consistent with results from Study 1. Correlations for guessing were generally low and 

differences between conditions were small in magnitude. High mean of Anchor α yielded 

slightly higher correlation for equivalent groups and lower correlation for non-equivalent 

groups for item discrimination and guessing (Figure 43a and 45a). High mean of Anchor 

α yielded higher correlation for item difficulty when groups were non-equivalent (Figure 

44a). Higher mean of Anchor β yielded lower correlations, except for item difficulty, for 

equivalent groups (Figures 43a, 44a, and 45a). For item difficulty, mean of both Anchor 

α and Anchor β did not make a difference for equivalent groups. 

High standard deviation of Anchor α yielded higher correlations for item 

discrimination and slightly higher correlations for non-equivalent groups for the guessing 

parameter (Figures 43b, 45b). For item difficulty and equivalent groups, lower 

correlations were found for guessing, when the standard deviation of Anchor α was high 

(Figures 44b, 45b). High standard deviation of the Anchor β yielded lower correlations 

for item discrimination and non-equivalent groups for item difficulty (Figures 43b, 44b). 

For item difficulty, high standard deviation of Anchor β did not make a difference 

between conditions (Figure 44b). For guessing, high standard deviation of Anchor β 

yielded higher correlations (Figure 45b) and the same SD resulted in the lowest 

correlations.  
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Figure 43.   

Correlations of Item Discrimination Between Generating Parameter and Estimates from Reduced Matrix for Different 

Means and SDs of Anchor Test 
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Figure 44.   

Correlations of Item Difficulty Between Generating Parameter and Estimates from Reduced Matrix for Different 

Means and SDs of Anchor Test 
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Figure 45.   

Correlations of Guessing Between Generating Parameter and Estimates from Reduced Matrix for Different Means and 

SDs of Anchor Test 
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Results for correlations between the full matrix and the reduced matrix are 

presented in Figures 46 through 48 (and in Appendix Table A-13). Equivalent groups 

generally yielded higher correlations than non-equivalent groups. For item 

discrimination, high mean of Anchor α yielded higher correlations for equivalent groups 

and lower correlations for non-equivalent groups, though differences were small (Figure 

46a). For item difficulty, high mean of Anchor α yielded higher correlations for non-

equivalent groups and no differences for equivalent groups (Figure 47a).  For guessing, 

high mean of Anchor α yielded lower correlations (Figure 48a). High mean of Anchor β 

yielded lower correlations for item discrimination of equivalent groups and item 

difficulty of non-equivalent groups (Figure 46a and 47a). No difference was found for 

item discrimination of non-equivalent groups and item difficulty of equivalent groups 

across different levels of Anchor β means. For guessing, high mean of Anchor β yielded 

slightly lower correlation for equivalent groups and higher correlation for non-equivalent 

groups (Figure 48a). 

 High standard deviation of Anchor α yielded higher correlations for item 

discrimination and guessing (Figures 46b, 48b). For item difficulty, the standard 

deviations of Anchor α and Anchor β did not yield differences for the correlations of 

equivalent groups (Figure 47b). For non-equivalent groups, correlations were lower when 

the standard deviation of either Anchor α or Anchor β was higher than that of the total 

test. High standard deviation of Anchor β yielded lower correlations for item 

discrimination (Figure 46b) and higher correlation for guessing (Figure 48b).
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Figure 46.   

Correlations of Item Discrimination Between Full Matrix and Reduced Matrix for Different Means and SDs of Anchor 

Test 
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Figure 47.   

Correlations of Item Difficulty Between Full Matrix and Reduced Matrix for Different Means and SDs of Anchor Test 
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Figure 48.   

Correlations of Guessing Between Full Matrix and Reduced Matrix for Different Means and SDs of Anchor Test 
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ASD, RMSD, and Correlation for θ 

ASD. The means and standard deviations of ASD, RMSD and correlations 

between full and reduced matrix for θs are summarized in Appendix Table A-14. As 

shown in Figure 49, different means of Anchor α and Anchor β resulted in differences of 

ASD for θ in the third decimal place with average ASDs for all conditions close to zero. 

RMSD. Equivalent groups yielded smaller RMSDs for θ than non-equivalent 

groups (Figure 50). As shown in Figure 50a, high mean of Anchor α yielded smaller 

RMSDs and high mean of Anchor β yielded larger RMSDs for θ. Differences between 

conditions were larger for non-equivalent groups. High standard deviation of both 

Anchor α and Anchor β yielded larger RMSDs for θ (Figure 50b). 

Correlation. As shown in Figure 51, equivalent groups yielded larger correlations 

than non-equivalent groups. High mean of Anchor α yielded larger correlation between 

the full and reduced matrix for θ, while high mean of Anchor β yielded smaller 

correlations (Figure 51a). Differences between conditions were larger for non-equivalent 

groups. High standard deviation of both anchor test parameters yielded lower correlations 

(Figure 51b).   
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Figure 49.  

ASDs of θ for Different Means and SDs of Anchor Test 
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Figure 50.  

RMSDs of θ for Different Means and SDs of Anchor Test 
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Figure 51.  

Correlations of θ between Full Matrix and Reduced Matrix for Different Means and SDs of Anchor Test 
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Bias, ASD, RMSE, RMSD, and Correlation for Test information 

Bias. The means and standard deviations of bias for test information are 

summarized in Appendix Table A-15a for equivalent groups and Table A-15b for non-

equivalent groups. Figure 52 indicates that equivalent groups generally yielded larger 

negative biases than non-equivalent groups. Effects of means and standard deviations of 

anchor item parameters were larger for non-equivalent groups.  High mean conditions of 

Anchor α yielded smaller negative biases for equivalent groups and positive, but small, 

biases for non-equivalent groups (Figure 52a). High mean of Anchor β yielded slightly 

smaller biases for equivalent groups and slightly larger biases for non-equivalent groups 

(Figure 52a). High standard deviation of both Anchor α and Anchor β yielded slightly 

larger negative biases for equivalent groups but smaller positive biases for equivalent 

groups (Figure 52b). 

ASD. As shown in Figure 53, equivalent groups yielded smaller ASDs than non-

equivalent groups. High means of Anchor α yielded smaller ASDs, with larger influence 

for non-equivalent groups. High means of Anchor β yielded larger ASDs for non-

equivalent groups but did not make a difference for equivalent groups (Figure 53a).  High 

standard deviation of both Anchor α and Anchor β yielded larger ASDs (Figure 53b). 

Different from bias, ASDs were negative in all conditions. Also, ASDs were smaller than 

biases for equivalent groups, while larger than biases for non-equivalent groups. 
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Figure 52.  

Biases of Test Information for Different Means and SDs of Anchor Test 
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Figure 53.  

ASDs of Test Information for Different Means and SDs of Anchor Test 
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Results for RMSEs and RMSDs for test information are presented in Figures 54 

through 55.  The equivalent groups yielded larger RMSEs than non-equivalent group 

conditions. High means of Anchor α and Anchor β both yielded smaller RMSEs, with 

larger differences between conditions for equivalent groups (Figure 54a). High standard 

deviations of Anchor α and Anchor β both yielded larger RMSEs for equivalent groups. 

For non-equivalent groups, high standard deviation of Anchor α yielded no difference, 

while high standard deviation of Anchor β yielded smaller RMSEs (Figure 54b). 

For RMSDs, equivalent groups yielded smaller values than non-equivalent groups 

(Figure 55). The means of anchor item parameters hardly influenced parameter recovery 

for equivalent group conditions. High mean of Anchor α yielded smaller RMSDs, with 

larger difference between conditions for non-equivalent groups. High mean of Anchor β 

yielded no difference for equivalent groups but slightly larger RMSDs for non-equivalent 

groups (Figure 55a). High standard deviations for anchor item parameters both yielded 

larger RMSDs (Figure 55b). RMSDs were smaller than RMSEs for equivalent groups, 

whereas larger than RMSEs for non-equivalent groups. 
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Figure 54.  

RMSEs of Test Information for Different Means and SDs of Anchor Test 
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Figure 55.  

RMSDs of Test Information for Different Means and SDs of Anchor Test 
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Correlation. Correlations between true information and information from the 

reduced matrix are presented in Figure 56. Larger correlations were found for equivalent 

groups than non-equivalent groups. High mean of Anchor α and Anchor β both yielded 

larger correlations (Figure 56a). The means of Anchor β had slightly more influence than 

means of Anchor α. High standard deviations of anchor item parameters yielded lower 

correlations, again with a larger effect of Anchor β than Anchor α. 

Figure 57 shows correlations between information from the full matrix and the 

reduced matrix. Equivalent groups yielded larger correlations than non-equivalent 

groups, and almost were not influenced by different means and standard deviations of 

anchor item parameters. High mean of Anchor α yielded larger correlations for non-

equivalent groups, whereas high mean of Anchor β yielded lower correlations for non-

equivalent groups (Figure 57a). High standard deviation of Anchor α and Anchor β both 

yielded lower correlations, with a slightly larger effect of Anchor β. 
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Figure 56.  

Correlations of Test Information Between True Test Information Estimated Test Information from Reduced Matrix 

for Different Means and SDs of Anchor Test 
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Figure 57.  

Correlations of Test Information Between Estimated Test Information from Full Matrix and Reduced Matrix for 

Different Means and SDs of Anchor Test 
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Summary 

Study 2 examined full-metric concurrent calibration by varying statistical 

characteristics of common items. Means and standard deviations of anchor item 

parameters, specifically anchor item discrimination (Anchor α) and anchor item difficulty 

(Anchor β), were varied relative to the mean and the standard deviation of the total test. 

Better linking was obtained when the mean of anchor item discrimination was higher 

than the total test and the mean of anchor item difficulty was the same as the total test. 

Larger standard deviations of anchor item discrimination and anchor item difficulty 

parameters, on the other hand, decreased the recovery of full-metric concurrent 

calibration. However, the size of effects was small; many of the differences were in the 

second decimal place. 

 

 

CHAPTER 4. DISCUSSION 

 

The current study introduced a new way to look at calibration methods focusing 

on the resulting metric of the linking process. Despite active investigations on linking 

methods in the past few decades, the fact that the resulting metric has not been clearly 

defined in previous studies is surprising. Full-metric concurrent calibration is a 

calibration method that reflects the full range of the   distribution using a set of common 

items that are administered to the entire group of examinees in the combined data set. 

This research attempted to expand the understanding on how concurrent calibration can 
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better be applied for the purpose of the initial development of CAT item banks, which is 

having increased demand in education and other applications. The current findings have 

direct implications for item bank development and common item selection. 

 

Performance of Full-Metric Concurrent Calibration 

Study 1 investigated the performance of full-metric concurrent calibration 

focusing on the anchor test design (i.e., the common-items design) under the three-

parameter IRT model. The present findings indicated that (1) the number of groups to be 

equated, (2) the equivalence in θ among examinees, and (3) the number of common items 

affected the recovery of item parameters of full-metric concurrent calibration. The 

performance of full-metric concurrent calibration tended to be poorer (i.e., larger bias, 

ASDs) as more groups were linked. Better linking was achieved when groups were 

equivalent than non-equivalent. Results on the number of common items were consistent 

with previous literature (e.g., Kim & Cohen, 1998; Vale et al., 1981) which indicated that  

the number of common items had a larger effect when the parameters of the common 

items were less accurately recovered (e.g., non-equivalent 5-group conditions).  

 

Number of Groups 

Results suggest that the number of groups is not important in full-metric 

concurrent calibration when groups are equivalent. For equivalent groups, the recovery 

slightly decreased, mostly in the second decimal place, or at least stayed the same, as the 

number of groups increased. For non-equivalent groups, the number of groups had a 
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larger influence on the recovery of item discrimination. For example, with monotonic 

decreases in recovery, 5-groups yielded larger biases by .4, larger RMSEs by .2, and 

smaller correlations by.2, than 2-groups, for item discrimination. The recovery of item 

difficulty for non-equivalent groups was lower in 3-groups than 5-groups. Compared to 

2-groups, ASDs increased in the second decimal place, RMSEs increased by .2, and 

RMSEs increased by .2 with 3-groups. For guessing, effects of number of groups were 

hardly distinguishable between conditions. 

Missing data might be a reason for the poorer performance of more groups. As 

more groups are linked, the amount of missing data, treated either as unreached or as not 

administered, increased, which possibly reduces information that is needed for 

calibration. However, if a calibration program estimates parameters for the common 

items first, then uses that scale for the other items, the amount of missing data might not 

be a problem. Therefore, more investigations on how computer programs estimate 

parameters concurrently are needed. The lower recovery in 3-groups than 5-groups for 

item difficulty, however, is not explained by the amount of missing values. The limited 

capacity of programs can be another potential problem related to the number of groups. 

Theoretically, as many item as possible can be used for full-metric concurrent calibration, 

but current programs have a limited number of items they can handle. For example, a 

maximum of 750 items can be handled by the version of XCALIBRE used.  
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Equivalent versus Non-Equivalent Groups 

Among the factors examined in these studies, the equivalent versus non-

equivalent factor seemed to affect the results the most. Overall, non-equivalent group 

conditions yielded lower recovery than equivalent group conditions for most cases. For 

example, full-metric concurrent calibration underestimated item discrimination 

parameters more for non-equivalent groups (bias about −.5) than for equivalent groups 

(bias about −.15) when 5-groups were calibrated. For some conditions, however, non-

equivalent groups yielded better recovery than equivalent groups. For item 

discrimination, non-equivalent groups underestimated in smaller magnitude than 

equivalent groups for 3-groups conditions. Also, RMSDs for item discrimination were 

smaller for 5-groups and item discrimination estimates between true and the reduced 

matrix for 2-groups were correlated higher than equivalent groups. For item difficulty, 

the discrepancies between full and reduced matrices were smaller, and the correlations 

between full and reduced matrices were larger for 5-groups when groups were non-

equivalent than equivalent. 

Equivalent groups also generally showed stable results across number of group 

conditions when evaluating item estimates from the reduced matrix to the true values. 

The unit and origin of the estimated parameters may cause generally poorer performance 

for the non-equivalent group conditions. In the current simulation design, for non-

equivalent group conditions, different metrics of θ were combined, while the resulting 

metric was standardized to have a mean of zero and a standard deviation of one. The 

current study used full matrix and reduced matrix comparison to overcome this metric 
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difference; however, the results of poor recovery for the non-equivalent groups showed 

that the full and reduced matrix comparison still reflected the statistical artifact.    

 

Parameter Estimation  

Both discrimination and item difficulty in the current study yielded negative 

values of bias, which indicates that full-metric concurrent calibration underestimated true 

values for those item parameters. Biases for item discrimination were around −.1, except 

for the non-equivalent 5-groups conditions, where they exceeded −.4. Biases for item 

difficulty were mostly close to zero, except for the non-equivalent 2-groups conditions, 

where they were close to −.5. Relative to small biases, with some exceptions though, 

RMSEs for these item parameters were unusually large, especially for the non-equivalent 

5-groups conditions. For item discrimination, RMSEs were around .4 on average but the 

non-equivalent 5-groups conditions exceeded .6. For item difficulty, RMSEs for non-

equivalent groups for 5 groups were around .8. These results are further discussed below. 

Estimates for guessing were almost unbiased with small RMSEs but yielded lower 

correlations than the other two item parameters. The paucity of persons at the lower end 

of the continuum and underestimated item discriminations may cause poorer recovery of 

the guessing parameter for full-metric concurrent calibration.  

 

Evaluation Criteria 

Correlational indices were used in examining the recovery of item parameters to 

overcome statistical artifacts due to the different metric. The estimated full   metric is 
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standardized to have a mean of 0 and a standard deviation of 1, while non-equivalent 

group conditions combined several different metrics. This metric difference also 

influences item parameter estimation. Therefore, comparison between true and estimates 

is not as useful when the scale onto which the parameters are linked is different from the 

true scale (i.e., bias, RMSE). Based on high correlations between true parameters and 

estimates for item difficulty above .95, however, full-metric seemed to correctly recover 

the rank-order in the true parameters.  

Also, the current study compared the true and reduced matrices to evaluate the 

recovery of parameters. The study expected that the comparison between full and reduced 

matrices contains smaller error as the effect of the different metric is reflected in both the 

full and the reduced matrix. The results showed that values for full and reduced matrices 

comparison (ASD, RMSD) were smaller than corresponding values for the true and 

reduced matrix comparison (bias, RMSE). Results also showed that larger differences 

between equivalent and non-equivalent groups were found more frequently in the true 

and reduced matrix comparison than the full and reduced matrix. Equivalent and non-

equivalent groups also yielded similar stability of results when evaluating parameter 

estimates between the full and reduced matrices than the true and reduced matrix 

comparison.  

Full-metric concurrent calibration underestimated test information and generally 

yielded larger values in Bias, ASD, RMSE, and RMSD than other criteria based on item 

parameters ands. The fact that the discrepancy between the true parameter and estimates 

of item discrimination was quite large could explain this. The estimates of item 
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discrimination were more biased than item difficulty estimates and the values for RMSEs 

were not as large as RMSEs for item difficulty, but quite large; about .3 to .4 for most 

conditions and above .6 for the non-equivalent 5-groups conditions. Since amount of 

information is primarily a function of item discrimination (when the number of items is 

held constant), this discrepancy between true and estimates should be reflected in item 

information and in test information, which sums all information in 50 items; large values 

for the information criterion may reflect these cumulative discrepancies.  

 

Anchor Test Characteristics 

Study 2 showed that the effects of different means and standard deviations of 

anchor item parameters on the performance of full-metric concurrent calibration were not 

consistent, though had some major direction, and were larger for the non-equivalent 

groups than for the equivalent groups. For the equivalent groups, means and standard 

deviations of anchor item parameters did not yield noticeable differences, and even for 

the non-equivalent groups, many of the differences were in the second decimal place. 

High mean of Anchor α, in which anchor items had higher item discriminations than 

those of the total test, tended to yield better recovery for the non-equivalent groups. For 

example, RMSDs decreased by .05 for item discrimination, by .15 for item difficulty and 

.1 for θ. Effects of the mean of Anchor α were in the second decimal place, for example, 

the correlation between the full matrix and the reduced matrix. Also, no differences were 

found, for example, in biases and ASDs for item discrimination, RMSEs for item 

difficulty. High mean of Anchor β conditions, in which anchor item difficulties were 
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higher those of the total test, yielded lower recovery in the second decimal place, with 

some exceptions of no differences found. High standard deviation of anchor item 

discrimination and difficulty parameters mostly yielded lower recovery for the non-

equivalent groups. Item discrimination parameters were underestimated relative to both 

true parameters (bias) and the full matrix (ASD) more when the standard deviation of 

anchor item discriminations (Anchor α) was higher than that of the total test. However, 

no noticeable difference was found between true and estimates for item difficulty when 

the standard deviation of Anchor β was larger than the total test.  

In contrast to the previous belief that the anchor test should be a mirror of the total 

test (Kolen & Brennan, 2004; Petersen et al., 1983), the effect of the mean and the 

standard deviation of the anchor test may not be critical to the performance of full-metric 

concurrent calibration.  Better linking was obtained when the mean of anchor item 

discrimination was higher than the total test and the mean of anchor item difficulty was 

the same as the total test. Larger standard deviation of anchor item discrimination and 

difficulty parameters decreased the recovery of full-metric concurrent calibration. 

However, the size of effects was small; many of differences were in the second decimal 

place. Hence, requiring a mean and a standard deviation of anchor test as a mirror of the 

total test may be too restrictive in the context of full-metric concurrent calibration, and 

indeed might be impossible for the development of a CAT item bank. This implication 

comforts the practical random selection of anchor items for the development of CAT item 

banks, without knowing item parameters in advance. 
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Limitations and Future Directions 

The primary goal of the current research was to examine the performance of full-

metric calibration. Through the new calibration method used in this study, linking designs 

with different situations were used to examine the quality of linking. The more 

fundamental motivation of this research was to examine how well the full-metric 

procedure performed in a CAT item bank environment in terms of recovery of 

distributions of θ and item parameters. 

There are some limitations in the current studies. First, full-metric concurrent 

calibration was examined with one set of common items, using XCALIBRE 4.0 

(Assessment Systems Corporation, 2011). In previous studies, the role of common items 

in determining the resulting metric has not been explicitly defined. For example, some 

studies on concurrent calibration used more than one set of common items, so that none 

of the items were common in the entire set of tests calibrated (McKinley & Reckase, 

1981; Wingersky et al., 1987). Therefore, comparisons by varying anchor item designs 

(i.e., multiple anchor item sets) are needed as references to further understand the role of 

common items in determining the metric of calibrated item parameters. Also, 

comparisons across different computer programs would be helpful, as it has not been 

clearly understood how each calibration programs works in performing full-metric 

concurrent calibration.  

Second, the current study used the same responses to generate the full-matrix and 

the corresponding reduced-matrix by simply deleting responses that were not actually 

administered from the full matrix. This could artificially increase the correlations 
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between the full-matrix estimates and the reduced-matrix estimates as estimates for the 

administered items are based on the same responses. The larger correlations between the 

full and reduced matrix than correlations between the true and reduced matrix found in 

the results, therefore, reflect this statistical artifact to some extent. In future studies, 

different response sets need to be used to generate the full-matrix and the reduced-matrix 

for clear interpretation of the results on the comparison between the full and reduced 

matrix. 

Lastly, unit and origin of estimated parameters should be more carefully 

considered in evaluating the recovery of full-metric concurrent calibration. Different 

metrics of  were combined in generating non-equivalent conditions while estimates were 

standardized to have a mean of zero and a standard deviation of one. Initially, it was 

anticipated that full and reduced matrix comparisons could overcome the problem of 

metric difference. However, larger values for the non-correlational indices in full and 

reduced matrix comparison indicated that statistical artifact might be still reflected due to 

the unit differences. Also, the current study considered metric differences limited to the 

recovery of . However, the same patterns of poorer recovery for the item parameters 

were found when groups were non-equivalent, which indicates the possible influences of 

metric differences on the estimation of item parameters. This possible statistical artifact 

could mislead the interpretation of full-metric concurrent calibration. An additional linear 

transformation to place the full-metric estimated parameters onto the original metric is 

one way to obtain meaningful non-correlational indices (see Kim & Cohen, 1998), 

although re-linking is unrealistic in practice.  
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The current study only used maximum likelihood to estimate . Comparison of 

the performance of full-metric concurrent calibration with different  estimation methods 

— expected a posteriori (EAP), maximum a posteriori (MAP) and weighted likelihood 

estimation (WLE) — would also be worthwhile. Further studies of the comparison 

between target-metric concurrent calibration and full-metric concurrent calibration are 

also needed to evaluate the advantages and disadvantages of full-metric concurrent 

calibration over the target-metric method to recover θs and item parameters in an item 

bank. 

As anchor item characteristics, only the higher mean and higher standard 

deviation conditions was considered in the current study. Therefore, additional research 

with lower means and smaller standard deviations of anchor tests would be beneficial for 

further understanding of the effects of anchor test characteristics in full-metric concurrent 

calibration. Linking items are generally recommended to have relatively high 

discrimination with middle range difficulty (Zimowski et al., 1996). This might reflect 

the statistical characteristics of a conventional test. However, in IRT, a test or a CAT item 

bank does not necessarily have to be constructed with high discrimination and middle 

difficulty. Thus, further study on the characteristics of an anchor test in relation to various 

types of item banks would also be needed. 

 

Conclusion 

As the quality of the item bank is one of the critical factors in determining the 

efficiency and effectiveness of CAT, the attempt to achieve better item banks is important 
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for its practical implications. The present study suggests that the resulting metric, which 

has not been a focus in the previous literature, is also one of the important factors that 

determines the quality of linking outcomes. Full-metric concurrent calibration was 

examined for the purpose of initial CAT item bank development. Results suggest that 

when groups are equivalent, full-metric concurrent calibration well recovered true values, 

while the performance of full-metric concurrent calibration decreased when the number 

of non-equivalent groups was increased. Results for non-equivalent groups need to be 

further investigated by adjusting metric differences between groups. Also, the present 

findings suggest that requiring a mean and a standard deviation of an anchor test as a 

mirror of the total test may be too restrictive in the context of full-metric concurrent 

calibration. Although additional studies are needed to overcome the statistical artifact in 

generating groups, and to explain the poorer performance of full-metric concurrent 

calibration in non-equivalent groups, it is hoped that this study contributes to creating a 

good item bank for adaptive testing, which is having increased demand in education and 

other applications.  
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APPENDIX 

 

Table A-1. Mean and SD of Bias for Item Parameter Estimates (Study 1) 

    
a
 Number of groups, 

b 
Number of common items 

 

 

 

 

 

Table A-2. Mean and SD of ASD for Item Parameter Estimates (Study 1) 

    
a
 Number of groups, 

b 
Number of common items 

NG
a Target 

Ability 
NC

b a  b  c  
Mean SD  Mean SD  Mean SD 

2 Equivalent 5 -0.125 0.013  -0.017 0.018  -0.001 0.003 

10 -0.115 0.013  -0.023 0.021  0 0.003 

15 -0.121 0.013  -0.02 0.021  -0.001 0.003 

Non-

Equivalent 

5 -0.132 0.017  -0.497 0.016  -0.001 0.003 

10 -0.118 0.02  -0.508 0.019  -0.001 0.003 

15 -0.092 0.02  -0.498 0.019  -0.001 0.004 

3 Equivalent 5 -0.143 0.018  0 0.012  -0.001 0.003 

10 -0.148 0.017  -0.015 0.015  -0.001 0.002 

15 -0.146 0.015  -0.016 0.014  -0.003 0.003 

Non-

Equivalent 

5 -0.117 0.016  -0.004 0.017  0.002 0.003 

10 -0.052 0.02  -0.011 0.016  0.001 0.004 

15 0 0.016  -0.013 0.016  -0.001 0.004 

5 Equivalent 5 -0.168 0.01  -0.01 0.01  -0.001 0.001 

10 -0.164 0.012  -0.009 0.009  0 0.002 

15 -0.166 0.01  -0.007 0.01  0 0.002 

Non-

Equivalent 

5 -0.443 0.007  0.011 0.015  0.019 0.002 

10 -0.439 0.006  -0.006 0.016  0.017 0.002 

15 -0.44 0.006  -0.042 0.014  0.014 0.002 

NG
a Target 

Ability 
NC

b a  b  c 
Mean SD  Mean SD  Mean SD 

2 Equivalent 5 -0.051 0.013  -0.013 0.014  -0.003 0.002 

10 -0.045 0.009  -0.016 0.012  -0.003 0.002 

15 -0.046 0.009  -0.012 0.012  -0.002 0.002 

Non-

Equivalent 

5 -0.144 0.016  -0.034 0.013  0 0.002 

10 -0.13 0.018  -0.032 0.015  0 0.003 

15 -0.1 0.015  -0.03 0.013  0 0.002 

3 Equivalent 5 -0.074 0.017  -0.022 0.014  -0.007 0.003 

10 -0.081 0.014  -0.032 0.018  -0.008 0.004 

15 -0.074 0.014  -0.022 0.015  -0.006 0.003 

Non-

Equivalent 

5 -0.297 0.028  -0.045 0.019  -0.005 0.002 

10 -0.223 0.027  -0.052 0.024  -0.007 0.005 

15 -0.19 0.029  -0.068 0.022  -0.009 0.004 

5 Equivalent 5 -0.072 0.015  -0.067 0.013  -0.014 0.003 

10 -0.061 0.014  -0.075 0.013  -0.014 0.003 

15 -0.071 0.014  -0.065 0.013  -0.013 0.002 

Non-

Equivalent 

5 -0.088 0.008  0.011 0.017  0.001 0.003 

10 -0.076 0.007  -0.012 0.017  -0.001 0.003 

15 -0.07 0.008  -0.033 0.019  -0.002 0.003 
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Table A-3. Mean and SD of RMSE for Item Parameter Estimates (Study 1) 

a
 Number of groups, 

b 
Number of common items 

 

 

 

 

 

 

Table A-4. Mean and SD of RMSD for Item Parameter Estimates (Study 1) 

      a
 Number of groups, 

b 
Number of common items 

NG
a Target 

Ability 
NC

b a  b  c 
Mean SD  Mean SD  Mean SD 

2 Equivalent 5 0.362 0.009  0.265 0.017  0.028 0.001 

10 0.355 0.007  0.259 0.013  0.027 0.001 

15 0.36 0.007  0.264 0.014  0.027 0.001 

Non-

Equivalent 

5 0.359 0.012  0.667 0.014  0.029 0.001 

10 0.356 0.01  0.628 0.016  0.028 0.001 

15 0.348 0.01  0.605 0.019  0.029 0.001 

3 Equivalent 5 0.392 0.011  0.266 0.015  0.028 0.001 

10 0.393 0.009  0.248 0.011  0.028 0.001 

15 0.386 0.008  0.25 0.014  0.028 0.001 

Non-

Equivalent 

5 0.39 0.007  0.586 0.013  0.028 0.001 

10 0.364 0.008  0.433 0.014  0.028 0.001 

15 0.354 0.004  0.403 0.013  0.028 0.001 

5 Equivalent 5 0.409 0.006  0.287 0.011  0.028 0.001 

10 0.404 0.007  0.265 0.009  0.028 0.001 

15 0.399 0.007  0.261 0.01  0.027 0.001 

Non-

Equivalent 

5 0.613 0.006  0.827 0.011  0.035 0.002 

10 0.607 0.005  0.759 0.014  0.033 0.001 

15 0.609 0.006  0.736 0.012  0.032 0.001 

NG
a Target 

Ability 
NC

b a  b  c 
Mean SD  Mean SD  Mean SD 

2 Equivalent 5 0.105 0.008  0.134 0.01  0.008 0.001 

10 0.096 0.008  0.127 0.012  0.008 0.001 

15 0.095 0.008  0.118 0.011  0.007 0.001 

Non-

Equivalent 

5 0.197 0.016  0.386 0.018  0.008 0.001 

10 0.185 0.016  0.299 0.027  0.008 0.001 

15 0.16 0.012  0.232 0.021  0.007 0.001 

3 Equivalent 5 0.168 0.012  0.171 0.039  0.014 0.006 

10 0.167 0.011  0.16 0.029  0.014 0.004 

15 0.162 0.011  0.15 0.025  0.012 0.004 

Non-

Equivalent 

5 0.401 0.019  0.626 0.053  0.024 0.009 

10 0.347 0.015  0.474 0.065  0.028 0.009 

15 0.324 0.015  0.391 0.071  0.026 0.009 

5 Equivalent 5 0.229 0.009  0.367 0.032  0.034 0.004 

10 0.224 0.007  0.373 0.031  0.034 0.004 

15 0.226 0.009  0.348 0.037  0.032 0.004 

Non-

Equivalent 

5 0.164 0.006  0.494 0.025  0.019 0.004 

10 0.154 0.005  0.416 0.032  0.02 0.004 

15 0.15 0.005  0.381 0.035  0.019 0.004 
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Table A-5. Mean and SD of Correlations Between Generating – Reduced  

and Full – Reduced for Item Parameter Estimates (Study 1) 

    
a
 Number of groups, 

b 
Number of common items 

 

 

 

 

NG
a Target 

Ability 
NC

b a  b  c 
Mean SD  Mean SD  Mean SD 

Generating – Reduced 

2 Equivalent 5 0.801 0.021  0.988 0.002  0.321 0.049 

10 0.803 0.021  0.988 0.001  0.32 0.054 

15 0.795 0.02  0.987 0.001  0.351 0.051 

Non-

Equivalent 

5 0.821 0.02  0.964 0.002  0.217 0.043 

10 0.819 0.024  0.974 0.002  0.236 0.066 

15 0.811 0.017  0.978 0.002  0.237 0.067 

3 Equivalent 5 0.84 0.014  0.987 0.001  0.336 0.04 

10 0.827 0.014  0.989 0.001  0.332 0.036 

15 0.835 0.013  0.988 0.001  0.375 0.036 

Non-

Equivalent 

5 0.819 0.013  0.937 0.003  0.338 0.032 

10 0.805 0.017  0.967 0.003  0.325 0.041 

15 0.796 0.017  0.975 0.002  0.375 0.033 

5 Equivalent 5 0.824 0.011  0.985 0.001  0.298 0.032 

10 0.815 0.01  0.988 0.001  0.284 0.038 

15 0.819 0.016  0.988 0.001  0.344 0.044 

Non-

Equivalent 

5 0.617 0.02  0.956 0.001  0.218 0.026 

10 0.643 0.02  0.966 0.001  0.234 0.027 

15 0.662 0.017  0.966 0.001  0.28 0.03 

 

Full – Reduced 

2 Equivalent 5 0.945 0.009  0.997 0.001  0.911 0.02 

10 0.95 0.009  0.997 0.001  0.913 0.02 

15 0.953 0.007  0.997 0.001  0.918 0.025 

Non-

Equivalent 

5 0.919 0.014  0.974 0.002  0.861 0.022 

10 0.917 0.011  0.984 0.002  0.877 0.026 

15 0.919 0.015  0.99 0.002  0.886 0.031 

3 Equivalent 5 0.924 0.03  0.995 0.003  0.834 0.122 

10 0.928 0.021  0.996 0.002  0.866 0.071 

15 0.93 0.024  0.996 0.002  0.862 0.095 

Non-

Equivalent 

5 0.838 0.054  0.926 0.016  0.584 0.175 

10 0.801 0.06  0.95 0.016  0.534 0.172 

15 0.813 0.055  0.963 0.015  0.587 0.192 

5 Equivalent 5 0.794 0.032  0.978 0.004  0.41 0.072 

10 0.778 0.029  0.977 0.004  0.395 0.057 

15 0.796 0.029  0.979 0.004  0.426 0.081 

Non-

Equivalent 

5 0.748 0.02  0.976 0.003  0.669 0.087 

10 0.769 0.023  0.982 0.003  0.663 0.088 

15 0.793 0.025  0.984 0.003  0.685 0.095 
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Table A-6. Mean and SD of ASD, RMSD, and Correlations  

Between Full – Reduced  for θ (Study 1) 

a
 Number of groups, 

b 
Number of common items 

 

NG
a Target 

Ability 
NC

b ASD  RMSD  Correlations 
Mean SD  Mean SD  Mean SD 

2 Equivalent 5 0.012 0.003  0.298 0.011  0.964 0.002 

10 0.01 0.002  0.283 0.012  0.968 0.002 

15 0.01 0.002  0.265 0.011  0.972 0.002 

Non-

Equivalent 

5 0.021 0.004  0.442 0.019  0.922 0.006 

10 0.016 0.002  0.355 0.015  0.951 0.004 

15 0.017 0.003  0.316 0.018  0.962 0.003 

3 Equivalent 5 0.013 0.001  0.338 0.009  0.954 0.002 

10 0.011 0.002  0.332 0.013  0.956 0.003 

15 0.012 0.002  0.317 0.011  0.96 0.003 

Non-

Equivalent 

5 0.013 0.003  0.532 0.013  0.886 0.005 

10 0.011 0.004  0.386 0.02  0.941 0.005 

15 0.01 0.003  0.33 0.024  0.957 0.006 

5 Equivalent 5 0.015 0.001  0.378 0.009  0.942 0.002 

10 0.014 0.002  0.367 0.008  0.946 0.002 

15 0.014 0.002  0.356 0.009  0.949 0.002 

Non-

Equivalent 

5 0.054 0.004  0.722 0.014  0.759 0.01 

10 0.036 0.004  0.606 0.009  0.837 0.005 

15 0.031 0.005  0.548 0.01  0.871 0.005 
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Table A-7. Mean and SD of Bias, ASD, RMSE, RMSD, and Correlation for Test Information (Study 1)  

NG
a
 

Target 

Ability NC
b
 

Bias ASD 
 

RMSE RMSD 
 Correlations 

(GR) 

Correlations 

(FR) 

Mean SD Mean SD  Mean SD Mean SD  Mean SD Mean SD 

2 Equivalent 5 -1.089 0.136 -0.458 0.119  1.298 0.129 0.514 0.123  0.891 0.015 0.999 0.001 

10 -0.966 0.112 -0.378 0.08  1.191 0.101 0.425 0.084  0.911 0.009 0.999 0.001 

15 -0.953 0.121 -0.365 0.077  1.19 0.101 0.409 0.082  0.889 0.013 0.999 0.001 

Non-

Equivalent 
5 -1.072 0.169 -1.466 0.151  1.722 0.102 1.684 0.16  0.536 0.037 0.994 0.002 

10 -0.894 0.183 -1.25 0.151  1.583 0.114 1.45 0.16  0.598 0.042 0.994 0.003 

15 -0.625 0.164 -0.905 0.122  1.459 0.085 1.074 0.13  0.536 0.035 0.994 0.003 

3 Equivalent 5 -1.873 0.227 -0.888 0.215  2.154 0.24 1.068 0.223  0.981 0.003 0.996 0.002 

10 -1.811 0.218 -0.889 0.152  2.099 0.225 1.046 0.155  0.979 0.004 0.997 0.002 

15 -1.658 0.158 -0.785 0.164  1.956 0.165 0.942 0.172  0.976 0.005 0.997 0.001 

Non-

Equivalent 
5 -1.531 0.185 -4.384 0.365  1.797 0.199 5.506 0.415  0.981 0.003 0.965 0.006 

10 -0.45 0.259 -2.946 0.369  0.762 0.174 3.797 0.421  0.98 0.003 0.985 0.004 

15 0.25 0.201 -2.232 0.343  0.724 0.155 2.992 0.409  0.974 0.005 0.993 0.002 

5 Equivalent 5 -3.684 0.237 -1.259 0.344  3.89 0.25 1.431 0.362  0.994 0.001 0.997 0.003 

10 -3.318 0.255 -0.95 0.285  3.539 0.265 1.083 0.295  0.992 0.003 0.999 0.001 

15 -3.041 0.19 -1.054 0.238  3.369 0.2 1.226 0.256  0.989 0.003 0.999 0.001 

Non-

Equivalent 
5 -10.419 0.143 -1.872 0.139  11.296 0.118 1.935 0.14  0.671 0.043 0.849 0.04 

10 -9.425 0.112 -1.426 0.099  10.261 0.099 1.482 0.104  0.769 0.029 0.926 0.019 

15 -8.59 0.142 -1.187 0.147  9.443 0.124 1.241 0.145  0.842 0.025 0.94 0.019 

   
a
 Number of groups, 

b 
Number of common items 
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Table A-8. Mean and SD of Bias for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  -0.121 0.013  -0.022 0.015  0.002 0.003 

    S  -0.122 0.016  -0.008 0.014  -0.001 0.003 

   S H  -0.136 0.012  -0.009 0.017  0.003 0.003 

    S  -0.115 0.015  -0.004 0.016  0 0.003 

H S  H H  -0.116 0.018  -0.015 0.015  0.001 0.003 

    S  -0.113 0.014  -0.011 0.014  -0.003 0.002 

   S H  -0.116 0.014  -0.012 0.015  0.001 0.002 

    S  -0.118 0.017  0.002 0.016  -0.002 0.003 

S H  H H  -0.141 0.012  -0.004 0.017  0.002 0.003 

    S  -0.138 0.014  -0.017 0.015  0.001 0.003 

   S H  -0.14 0.016  0.005 0.012  0.002 0.002 

    S  -0.157 0.019  0.01 0.012  0 0.002 

S S  H H  -0.119 0.017  -0.014 0.018  0.003 0.003 

    S  -0.102 0.015  -0.014 0.014  -0.001 0.002 

   S H  -0.138 0.016  0.009 0.015  0.001 0.002 

    S  -0.115 0.017  0.002 0.017  0 0.003 

Non-equivalent Groups 

H H  H H  -0.033 0.023  -0.028 0.016  0.005 0.004 

    S  -0.007 0.021  -0.052 0.011  -0.001 0.003 

   S H  -0.04 0.018  0 0.016  0.004 0.003 

    S  0.029 0.027  -0.032 0.015  -0.001 0.003 

H S  H H  -0.034 0.02  -0.022 0.016  0.003 0.003 

    S  0.042 0.017  -0.055 0.012  -0.001 0.003 

   S H  -0.001 0.019  -0.001 0.016  0.003 0.004 

    S  0.051 0.022  -0.034 0.018  -0.001 0.003 

S H  H H  -0.098 0.019  -0.017 0.018  0.003 0.003 

    S  -0.053 0.021  -0.038 0.013  0.001 0.003 

   S H  -0.075 0.017  0.006 0.018  0.003 0.003 

    S  -0.082 0.017  -0.024 0.019  -0.001 0.003 

S S  H H  -0.065 0.016  -0.02 0.015  0.004 0.003 

    S  0.027 0.019  -0.043 0.019  0 0.003 

   S H  -0.049 0.023  -0.006 0.017  0 0.002 

    S  0.009 0.017  -0.027 0.015  0 0.003 

        H: Higher than total test; S: Same as the total test 
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Table A-9. Mean and SD of ASD for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  -0.064 0.017  -0.005 0.011  -0.003 0.002 

    S  -0.059 0.013  -0.009 0.012  -0.003 0.003 

   S H  -0.07 0.012  -0.006 0.014  -0.002 0.002 

    S  -0.057 0.016  -0.012 0.014  -0.003 0.002 

H S  H H  -0.064 0.013  -0.006 0.012  -0.003 0.002 

    S  -0.06 0.013  -0.009 0.014  -0.004 0.002 

   S H  -0.06 0.014  -0.011 0.015  -0.003 0.002 

    S  -0.055 0.014  -0.011 0.011  -0.004 0.002 

S H  H H  -0.079 0.012  -0.002 0.015  -0.002 0.003 

    S  -0.079 0.013  -0.014 0.012  -0.004 0.003 

   S H  -0.075 0.014  -0.006 0.014  -0.002 0.002 

    S  -0.083 0.013  -0.006 0.012  -0.002 0.002 

S S  H H  -0.073 0.015  -0.002 0.014  -0.002 0.002 

    S  -0.06 0.015  -0.008 0.016  -0.003 0.002 

   S H  -0.073 0.012  -0.008 0.013  -0.002 0.002 

    S  -0.061 0.014  -0.004 0.009  -0.002 0.002 

Non-equivalent Groups 

H H  H H  -0.257 0.022  0.027 0.015  0.001 0.003 

    S  -0.228 0.023  -0.006 0.012  -0.001 0.003 

   S H  -0.261 0.016  0.026 0.011  0 0.002 

    S  -0.196 0.024  -0.006 0.013  -0.002 0.003 

H S  H H  -0.254 0.019  0.025 0.013  0.001 0.003 

    S  -0.184 0.018  -0.005 0.012  -0.001 0.002 

   S H  -0.231 0.017  0.028 0.013  0.001 0.003 

    S  -0.179 0.021  -0.009 0.017  -0.001 0.003 

S H  H H  -0.313 0.015  0.032 0.017  0 0.003 

    S  -0.265 0.019  0.011 0.011  -0.001 0.003 

   S H  -0.282 0.018  0.028 0.017  0 0.003 

    S  -0.282 0.018  -0.002 0.016  -0.001 0.003 

S S  H H  -0.288 0.018  0.03 0.014  0.001 0.003 

    S  -0.212 0.017  0.01 0.017  -0.001 0.003 

   S H  -0.259 0.02  0.013 0.017  0 0.003 

    S  -0.213 0.015  -0.001 0.013  -0.001 0.002 

        H: Higher than total test; S: Same as the total test 
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Table A-10. Mean and SD of RMSE for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  0.357 0.007  0.271 0.013  0.028 0.001 

    S  0.347 0.009  0.25 0.01  0.028 0.001 

   S H  0.356 0.006  0.255 0.011  0.027 0.001 

    S  0.331 0.008  0.234 0.011  0.028 0.001 

H S  H H  0.332 0.008  0.246 0.012  0.027 0.001 

    S  0.324 0.007  0.244 0.012  0.027 0.001 

   S H  0.33 0.007  0.237 0.013  0.027 0.001 

    S  0.32 0.008  0.231 0.012  0.027 0.001 

S H  H H  0.362 0.008  0.276 0.018  0.027 0.001 

    S  0.354 0.009  0.255 0.011  0.028 0.001 

   S H  0.359 0.01  0.259 0.014  0.027 0.001 

    S  0.364 0.012  0.242 0.014  0.027 0.001 

S S  H H  0.334 0.009  0.252 0.013  0.027 0.001 

    S  0.319 0.007  0.251 0.014  0.028 0.001 

   S H  0.338 0.008  0.234 0.011  0.027 0.001 

    S  0.319 0.009  0.236 0.015  0.027 0.001 

Non-equivalent Groups 

H H  H H  0.335 0.008  0.481 0.013  0.028 0.001 

    S  0.318 0.007  0.423 0.016  0.028 0.001 

   S H  0.326 0.007  0.476 0.013  0.028 0.001 

    S  0.3 0.006  0.395 0.014  0.028 0.001 

H S  H H  0.311 0.007  0.474 0.018  0.027 0.001 

    S  0.298 0.006  0.407 0.011  0.027 0.001 

   S H  0.304 0.005  0.44 0.013  0.028 0.001 

    S  0.291 0.006  0.394 0.013  0.027 0.001 

S H  H H  0.347 0.007  0.601 0.015  0.027 0.001 

    S  0.324 0.007  0.451 0.012  0.028 0.001 

   S H  0.336 0.008  0.505 0.019  0.028 0.001 

    S  0.331 0.007  0.48 0.018  0.027 0.001 

S S  H H  0.316 0.007  0.544 0.011  0.028 0.001 

    S  0.296 0.006  0.419 0.015  0.028 0.001 

   S H  0.309 0.007  0.458 0.014  0.027 0.001 

    S  0.294 0.006  0.404 0.013  0.028 0 

         H: Higher than total test; S: Same as the total test 
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Table A-11. Mean and SD of RMSD for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  0.136 0.012  0.144 0.009  0.01 0.001 

    S  0.135 0.009  0.143 0.013  0.01 0.001 

   S H  0.144 0.008  0.146 0.01  0.01 0.001 

    S  0.136 0.01  0.145 0.013  0.01 0.001 

H S  H H  0.139 0.009  0.143 0.009  0.01 0.001 

    S  0.133 0.01  0.142 0.01  0.01 0.001 

   S H  0.136 0.011  0.145 0.011  0.01 0.001 

    S  0.131 0.007  0.141 0.011  0.01 0.001 

S H  H H  0.148 0.01  0.15 0.009  0.01 0.001 

    S  0.147 0.011  0.149 0.008  0.01 0.001 

   S H  0.146 0.01  0.15 0.012  0.01 0.001 

    S  0.148 0.008  0.149 0.01  0.009 0.001 

S S  H H  0.143 0.011  0.146 0.01  0.01 0.001 

    S  0.135 0.011  0.142 0.012  0.01 0.001 

   S H  0.142 0.009  0.144 0.009  0.01 0.001 

    S  0.134 0.009  0.144 0.012  0.01 0.001 

Non-equivalent Groups 

H H  H H  0.332 0.02  0.433 0.02  0.012 0.001 

    S  0.306 0.023  0.342 0.02  0.011 0.001 

   S H  0.334 0.015  0.445 0.016  0.011 0.001 

    S  0.281 0.019  0.288 0.02  0.011 0.001 

H S  H H  0.329 0.018  0.439 0.021  0.011 0.001 

    S  0.27 0.013  0.286 0.018  0.011 0.001 

   S H  0.306 0.016  0.389 0.018  0.011 0.001 

    S  0.265 0.017  0.271 0.015  0.011 0.001 

S H  H H  0.378 0.015  0.596 0.019  0.011 0.001 

    S  0.336 0.017  0.423 0.021  0.011 0.001 

   S H  0.351 0.017  0.49 0.028  0.011 0.001 

    S  0.353 0.015  0.474 0.021  0.011 0.001 

S S  H H  0.355 0.015  0.542 0.017  0.011 0.001 

    S  0.291 0.014  0.331 0.017  0.011 0.001 

   S H  0.331 0.018  0.435 0.02  0.011 0.001 

    S  0.293 0.013  0.337 0.016  0.011 0.001 

         H: Higher than total test; S: Same as the total test 
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Table A-12. Mean and SD of Correlation (G‒R) for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  0.779 0.021  0.989 0.001  0.302 0.036 

    S  0.802 0.018  0.99 0.001  0.272 0.039 

   S H  0.805 0.015  0.99 0.001  0.316 0.035 

    S  0.832 0.014  0.991 0.001  0.269 0.035 

H S  H H  0.781 0.018  0.991 0.001  0.313 0.046 

    S  0.798 0.014  0.99 0.001  0.292 0.04 

   S H  0.794 0.015  0.991 0.001  0.333 0.043 

    S  0.809 0.019  0.991 0.001  0.308 0.05 

S H  H H  0.799 0.016  0.988 0.002  0.332 0.04 

    S  0.808 0.015  0.989 0.001  0.251 0.035 

   S H  0.801 0.015  0.989 0.001  0.304 0.034 

    S  0.802 0.02  0.991 0.001  0.301 0.043 

S S  H H  0.781 0.022  0.99 0.001  0.305 0.043 

    S  0.797 0.019  0.99 0.001  0.26 0.047 

   S H  0.787 0.019  0.991 0.001  0.32 0.037 

    S  0.802 0.018  0.991 0.001  0.283 0.044 

Non-equivalent Groups 

H H  H H  0.774 0.02  0.965 0.002  0.292 0.046 

    S  0.786 0.017  0.974 0.003  0.262 0.034 

   S H  0.784 0.017  0.963 0.002  0.291 0.033 

    S  0.818 0.016  0.979 0.002  0.281 0.045 

H S  H H  0.765 0.022  0.966 0.003  0.298 0.042 

    S  0.784 0.018  0.979 0.002  0.297 0.034 

   S H  0.768 0.015  0.97 0.002  0.302 0.042 

    S  0.79 0.019  0.98 0.002  0.289 0.041 

S H  H H  0.782 0.014  0.943 0.003  0.32 0.033 

    S  0.804 0.016  0.967 0.002  0.264 0.037 

   S H  0.789 0.02  0.958 0.003  0.303 0.038 

    S  0.802 0.014  0.96 0.003  0.31 0.046 

S S  H H  0.77 0.016  0.953 0.002  0.309 0.034 

    S  0.776 0.016  0.975 0.002  0.259 0.034 

   S H  0.773 0.025  0.966 0.002  0.302 0.044 

    S  0.788 0.015  0.975 0.002  0.26 0.036 

        H: Higher than total test; S: Same as the total test 
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Table A-13. Mean and SD of Correlation (F‒R) for Item Parameter Estimates (Study 2) 

Anchor α  Anchor β  a  b  c 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  0.913 0.011  0.997 0  0.86 0.026 

    S  0.918 0.012  0.997 0.001  0.824 0.033 

   S H  0.908 0.013  0.997 0  0.854 0.025 

    S  0.922 0.009  0.996 0.001  0.835 0.027 

H S  H H  0.906 0.009  0.997 0  0.832 0.034 

    S  0.915 0.011  0.997 0.001  0.809 0.03 

   S H  0.908 0.01  0.997 0.001  0.835 0.027 

    S  0.917 0.011  0.997 0.001  0.828 0.028 

S H  H H  0.906 0.012  0.997 0.001  0.857 0.024 

    S  0.913 0.011  0.996 0.001  0.854 0.03 

   S H  0.907 0.012  0.997 0.001  0.856 0.02 

    S  0.913 0.01  0.997 0.001  0.843 0.025 

S S  H H  0.904 0.014  0.997 0.001  0.837 0.028 

    S  0.908 0.012  0.997 0.001  0.827 0.024 

   S H  0.911 0.011  0.997 0  0.833 0.027 

    S  0.914 0.011  0.997 0.001  0.831 0.023 

Non-equivalent Groups 

H H  H H  0.876 0.016  0.972 0.002  0.812 0.021 

    S  0.878 0.014  0.98 0.002  0.776 0.023 

   S H  0.867 0.013  0.97 0.002  0.812 0.031 

    S  0.885 0.01  0.985 0.002  0.792 0.032 

H S  H H  0.86 0.018  0.971 0.003  0.782 0.034 

    S  0.871 0.016  0.985 0.002  0.774 0.042 

   S H  0.858 0.016  0.976 0.002  0.782 0.036 

    S  0.876 0.012  0.986 0.001  0.767 0.031 

S H  H H  0.873 0.013  0.951 0.003  0.807 0.032 

    S  0.889 0.012  0.973 0.002  0.814 0.038 

   S H  0.872 0.013  0.966 0.003  0.807 0.031 

    S  0.879 0.015  0.966 0.003  0.792 0.029 

S S  H H  0.867 0.014  0.959 0.002  0.798 0.034 

    S  0.873 0.016  0.981 0.002  0.781 0.029 

   S H  0.874 0.018  0.972 0.002  0.771 0.04 

    S  0.875 0.015  0.981 0.002  0.767 0.031 

         H: Higher than total test; S: Same as the total test 
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Table A-14. Mean and SD of ASD, RMSD, and Correlation for θ (Study 2) 

Anchor α  Anchor β  ASD  RMSD  Correlations (FR) 

Mean SD  Mean SD  Mean SD  Mean SD  Mean SD 

Equivalent Groups 

H H  H     H  0.015 0.002  0.342 0.01  0.952 0.003 

    S  0.011 0.002  0.329 0.01  0.956 0.002 

   S H  0.017 0.002  0.343 0.009  0.952 0.002 

    S  0.012 0.002  0.315 0.011  0.96 0.003 

H S  H H  0.015 0.002  0.344 0.01  0.952 0.002 

    S  0.01 0.002  0.326 0.011  0.957 0.002 

   S H  0.016 0.002  0.335 0.009  0.954 0.002 

    S  0.013 0.002  0.313 0.01  0.96 0.002 

S H  H H  0.017 0.002  0.364 0.01  0.947 0.003 

    S  0.012 0.002  0.346 0.011  0.952 0.003 

   S H  0.018 0.002  0.347 0.008  0.951 0.002 

    S  0.014 0.002  0.353 0.009  0.95 0.002 

S S  H H  0.016 0.002  0.352 0.008  0.95 0.002 

    S  0.012 0.002  0.332 0.009  0.956 0.002 

   S H  0.015 0.001  0.344 0.01  0.952 0.003 

    S  0.013 0.001  0.327 0.011  0.957 0.003 

Non-equivalent Groups 

H H  H H  0.008 0.004  0.473 0.02  0.913 0.006 

    S  0.005 0.005  0.43 0.028  0.929 0.008 

   S H  0.011 0.004  0.476 0.017  0.911 0.005 

    S  0.008 0.004  0.372 0.025  0.946 0.006 

H S  H H  0.008 0.004  0.481 0.022  0.91 0.007 

    S  0.005 0.005  0.395 0.023  0.94 0.006 

   S H  0.01 0.004  0.446 0.02  0.923 0.006 

    S  0.008 0.004  0.384 0.027  0.943 0.007 

S H  H H  0.008 0.004  0.611 0.021  0.856 0.008 

    S  0.005 0.005  0.471 0.025  0.915 0.007 

   S H  0.011 0.004  0.493 0.017  0.905 0.006 

    S  0.011 0.004  0.504 0.024  0.902 0.007 

S S  H H  0.01 0.004  0.548 0.017  0.882 0.006 

    S  0.003 0.005  0.418 0.029  0.933 0.007 

   S H  0.011 0.004  0.469 0.019  0.914 0.005 

    S  0.009 0.005  0.403 0.019  0.937 0.005 

       H: Higher than total test; S: Same as the total test 
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Table A-15a. Mean and SD of Bias, ASD, RMSE, RMSD, and Correlation  

for Test Information for Equivalent Groups (Study 2)  

Anchor α  Anchor β  Bias ASD  RMSE RMSD  
Correlations 

(GR) 

Correlations 

(FR) 

Mean SD  Mean SD  Mean SD Mean SD  Mean SD Mean SD  Mean SD Mean SD 

Equivalent Groups 

H H  H   H  -1.463 0.149 -0.752 0.187  1.624 0.148 0.817 0.193  0.971 0.004 0.996 0.002 

    S  -1.467 0.188 -0.701 0.17  1.661 0.199 0.767 0.18  0.983 0.002 0.996 0.002 

   S H  -1.757 0.156 -0.868 0.138  1.964 0.146 0.936 0.143  0.929 0.008 0.992 0.003 

    S  -1.438 0.187 -0.672 0.166  1.604 0.19 0.744 0.168  0.986 0.002 0.996 0.003 

H S  H H  -1.376 0.199 -0.76 0.158  1.528 0.196 0.823 0.163  0.973 0.004 0.996 0.002 

    S  -1.342 0.164 -0.669 0.149  1.549 0.166 0.735 0.159  0.982 0.003 0.997 0.002 

   S H  -1.481 0.172 -0.715 0.165  1.661 0.167 0.78 0.169  0.952 0.007 0.994 0.003 

    S  -1.434 0.228 -0.627 0.193  1.631 0.232 0.691 0.197  0.982 0.003 0.996 0.002 

S H  H H  -1.856 0.165 -0.98 0.168  2.008 0.161 1.047 0.174  0.951 0.006 0.994 0.003 

    S  -1.722 0.169 -0.912 0.137  1.96 0.17 0.983 0.147  0.967 0.003 0.996 0.003 

   S H  -1.81 0.211 -0.926 0.188  1.928 0.209 0.998 0.195  0.959 0.006 0.994 0.003 

    S  -2.015 0.224 -1.026 0.161  2.306 0.221 1.097 0.162  0.953 0.007 0.994 0.003 

S S  H H  -1.465 0.207 -0.907 0.176  1.615 0.203 0.979 0.186  0.968 0.004 0.994 0.003 

    S  -1.327 0.171 -0.697 0.165  1.502 0.171 0.761 0.169  0.978 0.003 0.997 0.002 

   S H  -1.717 0.203 -0.881 0.164  1.913 0.202 0.953 0.17  0.973 0.005 0.994 0.003 

    S  -1.471 0.209 -0.738 0.194  1.647 0.209 0.798 0.202  0.975 0.004 0.996 0.002 

H: Higher than total test; S: Same as the total test 
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Table A-15b. Mean and SD of Bias, ASD, RMSE, RMSD, and Correlation  

for Test Information for Non-Equivalent Groups (Study 2)  

Anchor α  Anchor β  Bias ASD  RMSE RMSD  
Correlations 

(GR) 

Correlations 

(FR) 

Mean SD  Mean SD  Mean SD Mean SD  Mean SD Mean SD  Mean SD Mean SD 

Non-equivalent Groups 

H H  H   H  -0.273 0.259 -3.69 0.231  0.846 0.105 4.444 0.244  0.958 0.004 0.964 0.007 

    S  0.25 0.252 -3.143 0.276  1.039 0.141 3.795 0.302  0.957 0.004 0.98 0.004 

   S H  -0.422 0.223 -3.74 0.2  1.122 0.084 4.475 0.219  0.904 0.009 0.969 0.007 

    S  0.719 0.341 -2.676 0.295  1.379 0.31 3.265 0.316  0.959 0.005 0.989 0.003 

H S  H H  -0.24 0.239 -3.64 0.22  0.797 0.081 4.367 0.228  0.961 0.005 0.959 0.006 

    S  0.905 0.224 -2.539 0.21  1.553 0.204 3.115 0.232  0.953 0.006 0.984 0.003 

   S H  0.147 0.2 -3.335 0.176  1.049 0.091 4.033 0.202  0.928 0.008 0.974 0.006 

    S  1.028 0.273 -2.454 0.238  1.699 0.288 3.021 0.271  0.947 0.007 0.987 0.003 

S H  H H  -1.304 0.214 -4.492 0.16  1.53 0.182 5.278 0.173  0.935 0.009 0.946 0.007 

    S  -0.513 0.255 -3.708 0.223  1.065 0.111 4.435 0.238  0.943 0.006 0.971 0.004 

   S H  -0.93 0.211 -4.038 0.23  1.231 0.12 4.77 0.247  0.936 0.007 0.965 0.005 

    S  -0.915 0.21 -3.968 0.211  1.373 0.151 4.713 0.223  0.929 0.009 0.964 0.007 

S S  H H  -0.766 0.192 -4.18 0.21  1.032 0.115 4.959 0.225  0.957 0.005 0.948 0.007 

    S  0.542 0.223 -2.961 0.209  1.163 0.182 3.609 0.224  0.96 0.005 0.98 0.005 

   S H  -0.42 0.288 -3.691 0.223  0.981 0.1 4.395 0.245  0.943 0.007 0.969 0.006 

    S  0.354 0.206 -2.984 0.193  1.12 0.138 3.627 0.212  0.947 0.006 0.98 0.005 

H: Higher than total test; S: Same with total test 


