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A need has existed for some time in cavitation research for a means 

of measuring size and concentration of minute air bubbles in "the ambient wa

ters of hydraulic machinery subject to cavitation. 

This problem is particularly acute "with regard to the test watel!' 
, .' . 

of a water tunnel where modelling of a cavitation phenomena is necessary. 

Studies of an air content measuring system were carried out at the 

st. Anthony Falls Hydraulic Laboratory during the period from October 1962 to 

February 1964, under the sponsorship of the David Taylor Model Basin, Contract 

Nonr 710( 42) • 

The authors are indebted to Scott D. Christ and. John A. Almo for 

their assistance i.n the execution of the program. 
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This paper describes a system for measuring the size and concen

tration of free air bubble nuclei in the lirni ted ranges of size and concen

tration thought to exist in a water tunnel. 

The system is based on measuring the amplitude attenuation of an 

acoustic pulse of sound as it is propagated across a water tunnel test· sec

tion. An arbitrary method is proposed for converting the measured sound at

tenuation into size and concentration of air bubbles. 
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I. INTRODUCTION 

The phenomena of cavitation in water is strongly dependent upon the 

existing regions of structural weakness in the fluid. These regions are com

monly called nuclei and are generally assumed to be small air bubbles which 

* have stabilized at some finite size. Strasberg [lJ indicates that such bub-

bles in water are probably of the order of 3 x 10-4 cm, in radius. 

The mechanism of this bubble stabilization process is at present 

only vaguely understood. Three theories which in part explain the phenomena 

are: (a) air entrapment in solid boundary cracks or in suspended particles, 

(b) organic skin on the air bubbles which inhibits diffusion of gas, and ( c) 

minute solid particles collecting on the bubble wall which take part of the 

pressure loading and reduce the liquid wall area. Experimental investiga

tions have not yet validated any of these theories. 

It may be assumed that all modelled cavitation tests, particularly 

those involving cavitation inception, willbe strongly influenced by the num

ber and. size of the air bubble nuclei present in the test water. 

It is postulated that the probability of cavitation depends on the 

probabili ty of a nuclei being swept into a region of flow where the dynamic 

pressure is sufficient to produce sudden vaporous expansion. The critical 

low pressure must depend on the size of the bubble and its gas content. The 

severity of cavitation must depend. on the number of nuclei present in a unit 

volume of the fluid. Since nuclei size and concentration are at prese,nt us

ually unknown, true modelling of cavitation is difficult and inception point 

experiments are generally not meaningful. 

Relationships have been proposed [2J for scale effects in inception 

studies but these depend on knowledge of the bubble size and concentration. 

It appears that scaling of cavitation inception conditions will remain ob

. scure pending development of adequate means to measure nuclei. 

* Numbers in brackets refer to List of References on page 11. 
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Current methods of measuring the influence of gas content in water 

tunnel studies usually involve a direct measurement of the total gas (dis

solved gas plus free gas) [:3, 4 J • However, it has been shown by tests at the 

st. Anthony Falls Hydraulic Laboratory [5, 6Jthat while total gas or the de

gree of saturation is an important factor in establishing the free gas or 

nuclei, it is not the only factor. Under dynamic tunnel conditions many other 

factors influence the formation and growth of nuclei of the critical size. 

Furthermore, these tests have shown that free gas values are frequently tran

sient in character and that measurement of nuclei must take place in the test 

section and must be rapid and continuous in nature if nuclei data are to be 

correlated with other variables in a tunnel test. 

The importance of free air bubbles in cavitation, as evidenced from 

the references cited, and the difficulty of describing both size and concen

tration from indirect methods has served as a stimulus for the present effort 

to measure both size and. concentration of the free gas bubbles in a water tun

nel test section. 

Of the various methods available for the measurement of an air bub

ble suspension the most promising seem to be either acoustical or optical 

[7J. The acoustical was chosen as offering the highest sensitivity and bet

ter averaging over a volume. 

Previous efforts to relate the sonic characteristics with the liquid

gas chara.cteristics of a bubble mixture may be found in Ref. [1, 5, 8, 9, 10 J. 

II. BUBBIE SIZE MEASUREMENTS 

The measurement of bubble size in a water tunnel experiment seems 

generally easy to accomplish. 

The procedure previously reported [6J consisted of exciting the 

gasified flowing water ina tunnel test section with a random noise and plot

ting the noise pressure spedtrum as rE1ceived by a hydrophone mounted in the 

test se~tion. The noise source and hydrophone are physically separated to 

require transmission via the test water. Ablock diagram of the apparatus is 

shown in Fig. I . with a typical record from the Panoramic analyzer shown in 
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Fig: 2. In a non-gasified water, a record of the type shown in Fig. 2 would 

indicate virtually no attenuation across the entire frequency spectrUlll de

picted. In the presence of free gas, the record as shown in Fig. 2 will be 

depressed in those frequency bands which approximate the resonant frequency 

of the free gas bubbles which are present. The relative magnitude of this 

graphical depression is a measure of the acoustic attenuation and is in turn 

a measure of the concentration or nUlllbers of bubbles present. 

The bubble size is related to the frequency of sound attenuation 

by the following equation [llJ: 

where R = bubble radius 
o 

f = resonant frequency of the bubble 
o 
y = ratio of specific heats 

P = static pressure 
o 

P2 = density of the water 

g = a function arising from heat conduction and surface 
a tension which is plotted as a function of static 

pressure and frequency in Fig. :3 and is defined in 
Ref. [11, 12J by the following equation: 

where . ill = 2'ITf 
o 0 

20(1) 

= 1. + 0 

a ~ 3ypo3 
P2 

o = surface tension of water 

a = a function plotted in Ref. [11 and 12J 

(1) 

Preliminary measurements on gasified water in the st. Anthony Falls 

water tunnel test section have shown a frequency attenuation range of approx

imately 20to70 KC at a pressure of 5.2 psia and a temperature of 60 degrees 
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fahrenheit. This gives a rough bubble size range of 0.0028 to 0.0098 em 

radius. (0.0022 to 0.0077 inch diameter). The tests referred . to above are 

limited and should not be regarded as necessarily representative of either the 

st. Anthony Falls water tunnel or water tunnels in general. They are used 

here as a guide in instrument design as they seem to be the only data avail

able. 

The size range quoted above corresponds to the size range which has 

been observed in a number of unrelated forms.of bubble generators and bubble 

studies, and will not be accepted until more detailed experimental data is 

available. 

If an attenuation pattern on the oscilloscope of the analyzer (1. e. 

Fig. 2) is observed as gasification progressively increases in the water tun

nel, attenuation appears first' in the 20 to 70 KC size range and then in

creases in magnitude and moves to lower frequencies. The bubbles in this size 

range are evidently not the very small stabilized nuclei, previously referred 

to in the introduction, which would produce attenuation at a much higher fre

quency. 

The presence of stabilized nuclei would seemingly require a gradual 

attenuation beginning at frequencies higher than70KC and with a progression 

toward lower frequencies as the bubbles grow. The fact that these higher 

frequency attenuations are not observed in the tunnel test section suggests 

that this phase of bubble growth occurs elsewhere in the tunnel circuit. The 

intense shear vortex actions in and downstream of the pump appear a likely 

locale for this phase of growth, although such pump action will be consider

ably modified by the presence of a resorber in the circuit. 

It is evident that the bubble size measurement as performed by the 

methods described here are not defining the basi~ nuclei which are postulated 

to exist in undisturbed waters, but are instead defining the bubble product 

of dynamic tunnel processes. It is these latter large size bubbles which 

accoUI).t for the relative ease with which cavitation may be generated in a 

well gassed tunnel water. 
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III. CONCENTRATION MEASUREMENTS 

Total Concentration by Velocity Propagation 

Bubble size measurements alone can have considerable value in ap

plied tunnel operations; however, the sizes would be much more meaningful if 

associated with a concentration measul'ement. Possibly the most effective 

measurement up to the present time has been a total concentl'a tioD. measul'ement. 

Total concentration meaSUl'ement has been successfully accomplished [6J by 

utilizing the velocity of propagation of an acoustic pulse [5J. The technique 

involved is as follows: 

The change in acoustic velocity as a function of gas concentration 

is given as 

where C = velocity of 
X 

C = velocity of v 

C 
X -= 

C 
v 

sound 

sound 

P a 

XE + (1 .. X)p 
w a 

in the mixture 

in water 

X = concentration of gas by volume 

E = elasticity modulus of water 
w 

Pa = absolute pressure in the gas 

(2) 

..... 

Thel'eissufficient change in velocity of propagation at water tun

nel pressure to indicate a change in concentration of one part per million. 

In order that the foregoing simple relationship applies, it must be 

established that the bubble sizes present are smaller than the resonant size 

corresponding to the frequency of the measuring acoustic signaL 

In this study an appropriate measuring signal was generated by 

repetitively discharging a condenser thl'ough the wihdings of a magnetostl'ic

tive transducer l'esonant at 7.5 KC. A measurement of the delay time of the 

above pulse as it travel'sed the distance between the transmittel' and receivel' 

gave a value/for velocity of propagation which could be applied to the equa

tion to yield a total free gas concentration value. 

Although the total free gas value of the water has some use, the 

most meaningful part of this fl'ee gas is that which occurs as lal'gel' size 
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bubbles. In consequence, a more desirable' concentration measurement would 

be one which yields the concentrations for a series of bubble radii intervals. 

It was to this end that the major effort of the present prograirl'was directed. 

Concentration by Size Intervals Using Random Noise 

The attenuation pattern of a random noise signal'as described pre

viously (i.e. Fig. 2) has an attenuation magnitude for discrete bubble sizes 

in proportion to bubble concentration. 

Two difficulties arose with attenuation measurements with such 

r~ndom noise. First, for water in which bubbles were not in evidence, stand

ing waves appeared; standing waves did not appear in the presence of bubbles. 

In consequence, measurement of acoustic pressure levels at a single hydro

phone location could not yield a measure of gas concentration. Second, it 

was found difficult to generate a sufficiently high random signal noise level 

to override the inherent noise level of the water tunnel at higher wa.ter vel

ocities. 

In initial studies the first difficulty was circumvented, at the 

expense of increased complexity in readout, by moving the transmitter or re

ceiver an incremental distance along the tra.nstnission path in the bubbly mix

ture. With this technique, the data were obtained by recording th.e random 

signal received by the hydrophone on one channel of a data tape recorder while 

another channel recorded th~hydrophone position. 

Attenuation measurement consisted of measuring ~he output of the 

tape recorder at a series of frequencies with a frequency analyzer and plot

ting amplitude against displacement at each frequency on an x':'y' plotter. 

From the slope of the resulting li.nes, attenuation in db per unit length 

could be ~easuredat each frequencY. 

The method of traversing the transducer units to avoid standing 

, wave influen,ce provided acceptable signals at low water tunnel velocities, 

but was unsatisfactory at high water tunnel velocities because of the high 
" , 

background noise and limited output of the electronic noisemaker. Consider-
. '. . 

able effort was expended in trying to develop a more powerful yet compact 

noisemaker utilizing a cavitating fluid. These noisemakers recirculated var

ious fluids (water, oil, mercury) at high speeds through various geometl'ic 
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housings designed to produce severe cavitation. In these studies useful 

acoustic pressure levels and spectrum characteristics were achieved in small 

cavi ta ting venturis. However, a sufficiently reproducible acoustic value 

could not be consistently obtained and these noise sources were abandoned as 

a source for attenuation measurement. 

The random noise method Was deemed inadequate for detailed concen

tration measurements. However, the circuit of Fig. 1 employing a noise gen

erator is a valuable monitor of tunnel gas content in a qualitative way when 

used in conjunction with the procedure to be described later and is desirable 

to retain for that purpose. 

Concentration by Size Intervals Using Pulsed Sine Waves 

As an alternative, a pulse system was adopted as shown in Fig. 4. 
A piezoelectric transducer is pulsed for a few cycles of a sine wave at var

ious frequencies between 20 and 100 KC. The decrease in amplitude at a hy

drophone a short distance ·from the transmitter gives a measure of attenuation 

along the transmitted path. 

The measurement procedure adopted is the conventional one. The 

attenuator is adjusted (Fig. 4) so that the size of the pulse on the oscil

loscope screen is the same regardless of the attenuation present. In this 

way the incremental increase in attenuation can be read directly from the 

attenuator box. 

Figures 5 and 6 show two photographs of the oscilloscope screen for 

typical water tunnel conditions. 

The theory and procedure of conversion of attenuation to concentra

tion is a graphical one, described in Appendices I and II. 

Description of Eguipment 

The equipment used was assembled from available laboratory compon-

ents. 

The interconnection of equipment has been shown in Figs. 1 and 4. 



8 

* The pulser : used is a non.;..standard item which was available from 

earlier work. Its s,chematic diagram is shown in Fig. 8. This is a modifica

tion of the circuit shown in Ref. [13J. 

The transmitting transducer construction is shown in Figs. 9 and 10. 

It was constructed by st'acking 4 Honeywell type C-ll ceramic transducer ele

ments so that they were excited in parallel. The elements were 3/4-in. in 

diameter by lIS-in. thick. The whole assembly was mounted in a lucite block 

as shown so that it could be inserted in a port in the water tunnel test sec

tion. Figures II and 12 show the acoustic pressure response and the electri

cal characteristics along the axis under pulse conditions . The response to 

random noise is shown in Fig. 2. 

The transducer was driven by a Scott amplifier which was used 

throughout most of the testing .' This amplifier is not particularly well sui t

ed to the task. Apower stage which works quite well has been added recently 

to the pulser shown in Fig. 8. 

The receiving hydrophone was a type LC33 Atlantic Research. This 

hydrophone is a very convenient shape for mounting in a water tunnel; however, 

its acoustic area is much too large. A smaller hydrophone would seem desir

able to reduce diffraction patterns. It should be possible to develop a small 

hydrophone along the line suggested in "Ref. [13J. 

Figure 5 establishes zero attenuation for a no-gas condition. Fig

ure 6 shows a typical pattern occurring with 10 db attenuation and a gas

ified condition. 

The sound attenuation bya group of different size bubbles (i.e. 

Fig. 6) forms the analogue of a band suppression network in the frequency 

domain. A typical hypothetical response of such a" network to a packet of sine 

waves is sketched .in Fig. 7 as it could appear on an oscilloscope screen. 

When measuring attenuation in a simple way, comparison of amplitudes must be 

made in regions of the pulse where the change nf amplitude between successive 

cycles is small. This requires a long pulse duration which is difficult to 

obtain in the short distances and at the low frequencies of this particular ., 

application. 

*General Radio type 1396-A Tone Burst Gener~tor should serve this purpose. 
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The change in pulse shape is apparent in Figs. 5 and 6. The atten

uator under these conditions can only be adjusted to a visual average of the 

amplitude reduction. However, the large attenuation, which results from small 

bubble concentrations at the reduced pressures in a water tunnel, lessens the 

need for a great accuracy in attenuation measurements. 

Measurement of attenuation by the pulse system of Fig. 4 at a single 

frequency point can be accomplished in a few seconds and a sufficient number 

of observations can be made in a few minutes to outline the necessary bubble 

spectrum. This is because the range of frequencies in anyone test is not 

expected to exceed 40 to 50 KC. 

The preamplifier had a frequency response flat from 5 cycles to at 

least 500 KC and a gain of 1,000, and, like the pulser, was available as part 

of the general laboratory stock. 

IV. CONCLUSIONS AND RECOMMENDATIONS 

The pulsed noise measuring procedure for estimating free air content 

in a water tunnel fluid as described in this report provides a reasonably 

rapid method for estimating bubble size and concentration. 

The method is currently believed to involve a number of conditions 

and assumptions peculiar to a water tunnel application. These are: 

(a) For sufficient sensitivity the ambient test 
pressure must be low; 

(b) Bubble distribution is continuous across 
any increment of bubble size; 

(c) The pulse technique as employed here re
quires a compromise between numbers of 
cycles in the pulse, frequency range, path 
length, and bandwidth of the region of at
tenuation; 

(d) Bubble sizes occurring must be resonant 
at frequencies between 20 and 100 KC. The 
20 KC limit is imposed by the size of the 
tunnel. The 100 KC is a limit impo sed by 
the particular transducer employed in these 
tests. The present state of the art of 
transducer construction should provide easy 
extension. 
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If the conditions tabulated above can be met for a water tunnel, 

then the proposed method should permit development of a specific instrument 

for routine water tunnel use. The limited tests described in this report do 

not constitute such a validation and' it is for these reasons that further 

refinement of the instrument system is not recommended at this time. 

In view of the fact that the present concepts of the role of nuclei 

in cavitation phenomena are largely conjectural and- that virtually 'no reli

able data exist, specific instrument development is currently premature. 

Since the present form of pulsed noise instrument can provide work

able water tunnel data, it is proposed that a series of typical water tunnel 

cavitating experiments be undertaken. These experiments would serve to dem

onstrate the v~lidity of the assumptions, the limitations of the instrument 

system and, most important, would provide some quantitative data on the role 

of free bubbles in cavitation. 

Completion of such a study should provide a firm base for the final

ized air conte.nt instrument design. 
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Fig. 9 - Transmitter Construction 
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THEORY OF CONCENTRATION MEASUREMENTS 

The measurement of air bubble concentration in water by means of 

its effect on acoustic attenuation involves the considerations discussed be~ 

low. 

The physical effect which can be measured most readily is the de

crease in amplit'ude of a pressure wave as it propagates through the bubbly 

mirlure. 

In bubbly water the reduction in pressure at any point at a dis

tance away from a small transmitter, in the absence of standing waves, can be 

expressed in terms of an attenuation factor, . a, as: 

where 

p 
p ;::: _0_ e-ax 

X 

P ;::: pressure at a unit distance from the acoustic center 
o 

P = pressure at some point of mea~urement .. 

Cla) 

x = distance along the acoustic axis of the transmitter from the 
point where pressure is P . to the point of'measurement 

o 

a l , a2 = attenuation of water and of a bubbly mixture respectively 

If the pressure is measured at a point x in bubble free water, the 

pressure will be given as 
P 

P = _0_ e-~x 
1 x 

and in bubbly water at the same 

point as If 20 times the log of the ratio is 

taken then 20 log Pl/P2 = 8.68(a2 - ~)x. The increase of attenu'ation due 

to the presence of bubbles is then ax = 20 log P 2/Pl where a is now in 

decibels per unit length and is the difference, (a2 - ~). 

The attenuation arising from a number of bubbles, asmeasured above 

has been shown [11, 14, 15J to be a function of size, pressure, density, etc. 

by the follo~ng general relationship: 
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where A(r) = attenuation function 

"(1') = concentration function per unit radius 

rl' 1'2 = limiting radii of the mixture under consideration 

It is "(1') which is sought. 

Rewriting Eq. (2a), 

and assuming an average value of ,. in each integral, then 
n 

where 

a.~L:"I n nn 

{
n+ 1 

In = . A(r),.(r)dr 

n 

(2a) 

(3a) 

(4a) 

Since I needs to be evaluated for a relatively small number, n 
(n), of radii intervals the graphical summation of Eq. (4a) becomes relative-

ly easy. An expression for A(r) has been given in Ref. [14J and is repro

duced here in its essential elements. This involves the equation of motion 

. for a· sing:1..e bubble of small radius compared to the wave length of the exci t

ing pressure· P and can be written 

P jwt 
- e (Sa) 



where M = effective mass of the water surrounding the bubble = p/4rrr 

R = energy dissipation 

K = compressibility of the volum~ 

v = incremental volume change 

w = 2n times the frequency, f 

P = ambient pressure a 

g 
a 

as previously described 

The steady state solution for v is known to be: 
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(6a) .. 

The ;ompressibility of a large number, N, of bubbles of a single 

size becomes: 

where Wo = ~ ~ = the resonant frequency 

N = 'T"/~r3 
'T" = volume concentration 

and where 

2 w r 
0 

2 
K = 

;2'TZ 

222 
w pr [Z .. 1 + 

0 

w 
Z 

0 =-w 

11 
R 

=~ 
0 

2 3YP 
(g) a = 0 p a 

p = water density 

r = resonant radius 
o 

(8a) 

j1lZ] 
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The velocity of propagation ofa wave in a mixture can be written 

in terms of a complex velocity of propagation C, Ref. [14J. 

c - --.:L _ --;:::::::::l====
- ~ - '\Ip(A .. jB) 

and in turn in terms of a complex compressibility where· 

K = A ... jB where A and B are the real and imaginary· parts 

The phase velocity 1 

~~. PA[l +2(1 + -?)~J Cph = 
(1) Real 

part C 
. A 

(9a) 

of K. 

(lOa) 

(lla) 

expressing the attenuation a. in terms of the phase velocity (Cph) and. 

converting to decibels gives 

a.= 8.68 

V2 
in de9ibels/centimeter (12a) 

For a mixture of many bubble sizes in which the concentra.tion per 

cycle is constant and. equal to T(r) and the damping factor is ~ the con .. 

p~essibility becomes: 

where Co = velocity of propagation of bubble free water 

[z + ¥ tan -1 ( l~ 1 ) + 
pw T(r) 

2rryP (g) 
a a 

1; (2Z _y 4 _ ]2~ + ]2)~ Z2 

, (2Z +~4 _~2) + ~2 ~. 
Zl 

(lJa) 

(14a) 
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_ (15a) 

In the range of bubble sizes of particular i~terest the value of ~ 

required in Eq. (l.5a) varies from .05 to 0.1 (see Fig.- lA); consequently, the 

multiplier on the logarithmic term varies from .012.5 to .02.5 while the multi

plier on tan-l is approximately lIz. The log term will be neglected for 
OJ -.:lOJ OJ + dOJ 

o 0 0 0 convenience. The term Z is now equal to OJ and Zz = OJ 

and OJ 0 is now a mid value in the interval Z2 - Zl' The ma~ni tude of B 

can now be written, neglecting small terms in the denominator, as: 

(l?aY-

Substituting for I B I in Eq-. (lZa) 

(17a) 

This will be the working equation. 
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If an effort is made to reduce Eq. (17a) to the relationship for a 

single bubble size given in Ref. [14], as the interval Aw 0 -+ 0 the neglected 

. logarithmic term must be included, thus showing·the approximation becomes less 

valid for very small band'W1.dths (small bubble size range). 

The value of the terms in the bracket in Eq. (17a) are plotted in 

Fig.· ZA for frequencies of 20, ,50', and 100 ki;:Locycles.· The values of the 

. dampingconst~nt are taken from Fig. lAo The value of /lw/w is 1/8, the 
. 0 

snii;tll change in amplitude for each different frequency, and damping shows only 
," .-. 

a slt1a~l dependence on damping. 

The constant in Eq. (1713.) may now be written 

a. 
~"= 

w o 

a. 
~"" 

w 
o 

where 

term. 

P is now in atmospheres and 
a 

2 
w ---r 

w 
o 

.0518 'fer) 

P (E.) 
a a 

(1813.) 

2 w ---z- is incorporated in the bracket 
w o 

The last equation permits evaluation of the concentration, 'f(r) , 

in terms of the applied frequency characteristics, the inherent damping and 

the observed attenuation. 
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CONVERSION OF DATA 

The conversion of attenuation into concentration requires the forma

tion of a SuIll as in Eq. ( 4a), Appendix I. This must, in some manner, be com

mensurate with the physical situation so as to approximate the form of the 

measured total attenuation pattern as a function of frequency. An example of 

this is Fig. 3A which was assembled from attenuation measurements taken in a 

typical water tunnel. As a first step to this end such a graph of total at

tenuation is broken down into a series of immediately adjacent parts on the 

frequency scale. Each of these parts is equivalent to one of the intervals 

(I' + 1 to r) of Eq. (4a) where the bubble radius, r, has been converted n n 

to frequency. 

The function I is given by Eq. (17a) where radii have been con
n 

verted into frequency. The term 
2~w 

o 
w 

o 
expresses the integral of integra-

·tion (rn + 1 to rn) on the frequency scale. 
w ' The value -w- = 1 is a con-
a 

venient midband identification. An example of the division of the frequency 

scale of the measured data into a series of discrete bands is shown by the 

heavy vertical lines on Fig. 3A. Each line is located at ~ equal to . ·w 

unity in its own interval and the lines are 

o 
~w 2- apart. An arbitrary value 
w 

o 

of 1/8 has been chosen for therefore the frequency value for each 

vertical line is 

value derives from 

9/7 times the frequency of the previous line. 

fl x 9/8 = f2 x 7/8 • 

The ordinate of Fig. 3A is plotted in units of 

The 9/7 

where the 

attenuation a, is in db/cm and P is in psi; this mixed combination of a 

units gives a convenient constant of 30. 
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The quantity 

has been plotted in Fig. 2A f'or f'requencies of' 20, 50 and 100 kilocycles. 

Values of' 11 were taken f'rom the experimentally determined values as com

piled by Turner [9J, and as shown in Fig. lAo 
. ill 

The value of' the quantity F(-. -) when plotted on semi-logarith
illO 

mic paper as in Fig. 2A may be used repeatedly like a template on succeeding 

determinations of concentration as will be described shortly. 

On Fig. 3A the usual practice of' plotting fr.equency on a logarith

Il).ic scale has been followed. The linear lengths on Fig. JA should be chosen 

so as to equal the lertgt~ of an equivalent ratio of :: on Fig. 2A. The 
o 

length Z on Fig. 2A must equal the length Z on Fig. 3A. 

From the basic nature of a logarithmic scale, that equal ratios cut 

off equal length at any position on the frequency scale, the templates of' 

Fig. JA maybe superimposeo. at any point along the frequency scale of Fig. 3A. 

However, the variation of 11 with frequency will restrict this Il).ovement to 
ill small distances near the particular value of ill in • When the first tem-
ill 

o 

plate from Fig. 2A is superimposed on the lowest frequency range (20 KC) of' 

Fig. JA, the tail of the template will contribute a value to the attenuation 

in the adjacent f'requency interval. This must be subtracted before the next 
t 

template is superimposed. In this case, the value is measured. as A o.n the 

bottom of the diagram and is subtracted at the top a:s shown on Fig. 3A. The 

ne:x:t template is then superimposed with-its ordinate suppressed by the value 

AI where ~ = 1 (occurring at an int·erval 9/7 x 20 = 25.8 kilocycles) 
ill 

o 
and so on until the complete graph is covered. In this progression templates 

are successively changed as 11 varies with frequency. 
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The loci of the peaks of the templates of Fig. 2A superimposed on 

Fig. 3A are the numbers related to the contribution of bubble concentration 

acting independently on the attenuation in that particular interval. Divi

sion by the peak value of F(~) in each interval and multiplication by ill 
o 

the absolute width of the interval, (2~ill), in cycles gives the total cono 
centration of air in that interval. The frequency limits of each interval 

may now be converted into radii by Eq. (I). 

Typical results of two such determinations in the st. Anthony Falls 

water tunnel are shown in Figs. 4A and 5A. The total time required to reduce 

an attenuation reading to concentration size distribution of this type re

quires about 35 minutes. This time could be reduced as familiarity with a 

particular situation is acquired. Manymechanical aids to the rapid plotting 

of data are available and could be utilized to much reduce the above time. 

It can be noted on Fig. lA that two experimenters have obtained 

much larger values of damping constants than most of the others. The sig

nificant difference between them is that the high value of 'll was obtained 

with swarms of bubbles while the lower values were obtained on single bubbles. 

As Fig. 2A and Eq. (17a) shows, the band width factor ~ill behaves like a 
ill 

a 

damping factor dominating the amplitude while for a single bubble size 'll dom

inates the amplitude. Experimentally the only practical means of producing 

one bubble size is to use one bubble. Production of swarms of bubble invar

iably produce a range of sizes. It is possible then that thesEfhigher values 

of damping have included an effect of radii spread. In consequence the lower 

values of'll, derived from single bubble experiments, currently appear most 

satisfactory for use in calculating Eq. (17a). 
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