
395

Longitudinal Factor Score Estimation
Using the Kalman Filter
Johan H. Oud, John H. van den Bercken, and Raymond J. Essers
University of Nijmegen

The advantages of the Kalman filter as a factor
score estimator in the presence of longitudinal data
are described. Because the Kalman filter presup-
poses the availability of a dynamic state space
model, the state space model is reviewed first, and
it is shown to be translatable into the LISREL
model. Several extensions of the LISREL model

specification are discussed in order to enhance the
applicability of the Kalman filter for behavioral
research data. The Kalman filter and its main

properties are summarized. Relationships are
shown between the Kalman filter and two well-
known cross-sectional factor score estimators: the

regression estimator, and the Bartlett estimator.
The indeterminacy problem of factor scores is also
discussed in the context of Kalman filtering, and
the differences are described between Kalman

filtering on the basis of a zero-means and a
structured-means LISREL model. By using a
structured-means LISREL model, the Kalman filter
is capable of estimating absolute latent develop-
mental curves. An educational research example is
presented. Index terms: factor score estimation,
indeterminacy of factor scores, Kalman filter, LISREL,
longitudinal LISREL modeling, longitudinal factor anal-
ysis, state space modeling.

Over the past few decades, research methodology texts in the behavioral sciences have increasingly
stressed the need for longitudinal research (Coleman, 1968; Harris, 1963; Nesselroade & Baltes, 1979).
However, because of cross-sectional biases, the available analytic procedures are often found to be
unsuitable for analysis of longitudinal data. One example is the simple t test applied to test the level
change in interrupted time-series. This procedure was shown to be inadequate by Campbell and Stanley
(1963, pp. 212-213). Correct tests of the level change that account for the time structure of the data
were later developed using the Box-Jenkins approach (Box & Tiao, 1965; Glass, Willson, & Gottman,
1975), and multivariate analysis of variance (Algina & Swaminathan, 1977, 1979; Oud, 1981).

Factor analysis constitutes another example. Typically designed to handle cross-sectional data (e.g.,
a set of test scores taken from different persons at a single point in time), conventional factor-analytic
procedures are unfit to account for and to take advantage of the dynamic nature of longitudinal
data. Widely-used factor score estimators, such as the regression estimator and the Bartlett estimator
(Lawley & Maxwell, 1971), yield results that are less than optimal when applied to longitudinal data.

The aim of the present study was to demonstrate how longitudinal factor score estimation, which
is the estimation of the evolution of factor scores for individual examinees over time, can profit from
the Kalman filter, an important result of modern control theory (Gelb, 1974; Jazwinski, 1970; Kalman,
1960; Kalman & Bucy, 1961; Kwakernaak & Sivan, 1972). Assuming an appropriate dynamic state
space model, the changing factor scores over time-called states in control theory-are optimally
estimated by the Kalman filter.

Because of its central role in Kalman filtering, the state space model is first briefly reviewed. It
is shown to be translatable into the well-known LISREL model, as explained by Oud (1978). The state
space model is thus made estimable for behavioral science data by means of the LISREL program
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(Joreskog & S6rbom, 1984). Next the Kalman filter and its properties are described. The performance
of the Kalman filter is evaluated on several criteria, in comparison with conventional factor score
estimation. Finally an educational research example is presented to demonstrate the use of the Kalman
filter in practice.

State Space Model and LISREL Methodology

Contrary to the dynamic state space model used in Kalman filtering, most published explanatory
models in behavioral science are cross-sectional. The application of the regression model cross-
sectionally is very popular, for instance. Most applications of the well-known LISREL model are cross-
sectional, as well. However, the state space model can be viewed as a natural extension of the regres-
sion model, as is shown below. The state space model can be formulated fairly easily, too, in terms
of the LISREL model, in order to estimate its parameters.

In a cross-sectional regression model, one or more independent variables represented in vector
u are specified to influence one or more dependent variables in vector x instantaneously, and unex-
plained errors in w are also allowed to enter the dependent variables: x = Bu + w.

Matrix B contains coefficients indicating the influence of each of the variables in u on each of
the variables in x. In the longitudinal case it is convenient to label the variables in u and x, as well
as the influences in B at different time points, with the subscript t: x, = B,u, + w,. In this way, the
cross-sectional regression model is repeated longitudinally. Further, because influences from indepen-
dent variables generally need some time in order to reach the dependent variables, it is usually consi-
dered more realistic in longitudinal research to specify a time lag between dependent and independent
variables: x, = B,_,u,-, + w,-,. Explaining power is almost always considerably enhanced, too, by
the addition of autoregressive effects, implying that x, is influenced by its lagged value x,-,:

Equation 1 is known as the dynamic part or state equation of the linear stochastic state space
model. In Equation 1 x, and x,_, are called state, u,-, is input, and w,_, is process error. The state
transition matrix A,_, in Equation 1 contains the autoregression and cross-lagged effects between the
state variables at t - 1 and t. Matrix B,_, contains the lagged input effects on the state x,. The input
variables in u,_ are assumed to be observed and deterministic. A procedure for handling latent input
variables is discussed below.

The state variables in x, are generally assumed to be latent, and to be measurable only by fallible
observed variables in output vector y&dquo; containing sizeable measurement errors in v,:

Equation 2 is the static part or output equation of the state space model. This equation is in fact
completely equivalent to the model underlying factor analysis: Matrix C, is the factor-pattern matrix
with factor loadings as elements.

The following assumptions are made in the state space model concerning the successive process
error vectors w, with covariance matrices Q,, and the successive measurement error vectors v, with
covariance matrices R,:
1. Zero expectations,
2. Zero covariances between vectors (covariances within vectors are in Q, and R,), and
3. Zero covariances with the initial state X,,,.

From these assumptions, a derivation is possible: w, and v, are uncorrelated with states x, for
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t’ 2: t. The assumptions are used not only for Kalman filtering, but also for estimating the parameters
of the state space model to be performed by the LISREL program. Among the different estimation
methods provided for by the LISREL program, the maximum likelihood method proceeds under the
additional assumption of joint multinormality of the vectors w,, v,, and x,,,. However, robustness
research indicates that the maximum likelihood fitting function may be used profitably to compute
parameter estimates, even if the distributions deviate moderately in specific ways from normality
(Boomsma, 1983; Joreskog & Sorbom, 1984, p. 1.29). In Kalman filtering normality is desirable, but
the results are optimal in a well-defined sense, even without the normality assumption (Kwakernaak
& Sivan, 1972, pp. 528-531).
A precise mathematical definition of the concept of state in the stochastic case is given by Kwaker-

naak (1975, pp. 69-70). The definition makes use of probability distributions, but again no normali-
ty assumption is needed. At every time point, the state contains all the information on the past of
the system that is relevant for the present and the future. Knowledge of the state means that the whole
past of the system can be disregarded. This is exemplified by the Kalman filter: Optimal estimation
of the latent state x, requires no information about the system’s past prior to t - 1, except for an
optimal estimate of x,-,.

Instead of using the general LISREL model, comprised of three equations and eight parameter ma-
trices, Special Case 4 (Joreskog & Sorbom, 1984, pp. 1.11), comprised of only two equations and
four parameter matrices, will be used to estimate the parameters of the state space model:

where q is the vector of latent variables,
y is the vector of observed variables,
~ is the vector of structural equation errors,
E is the vector of measurement equation errors,
B is the structural equation matrix (to be distinguished from B in Equation 1),
A is the measurement equation matrix,
T is the covariance matrix of ~, and
* is the covariance matrix of E.

Somewhat paradoxically, the special case is more flexible than the general model: Although the
state space model presented above could be formulated within the general model, it is only by means
of the special case that several of the extensions discussed below become possible.

In its general form, the longitudinal data matrix to be used for model estimation is of order N x pT:
N examinees with data on p variables for each of T time points. The pT observed variables are speci-
fied in vector y of the LISREL model, starting with mT input variables, followed by rT output varia-
bles : p = m + r. In vector q, qT variables are specified, starting again with the mT input variables
and continuing with nT state variables: q = m + n. When not all of the p variables are available
at each of the T time points, the number of elements in vector y, or in vector y and in vector q,
is diminished accordingly. For convenience it is assumed that y and q contain pT and qT elements,
respectively. In the behavioral sciences, the number of latent state variables is often smaller than the
number of observed output variables (n < r); however, state space models may also have n >_ r.

In Figure 1, the four vectors and four matrices of the LISREL model are shown for the case T = 3,
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Figure 1
LISREL Model Specification of State Space Model (T = 3)

but they are readily extendable to cases T > 3. The E submatrix of the *P matrix is the covariance

matrix of the predetermined variables in the vectors u,~,, u,. -, 1, u,o+2, and x,&dquo;. Because the input vari-
ables are specified as observed and deterministic, they must be considered fixed. Nevertheless, treat-
ing them as random in the LISREL program’s special or general model yields the same results as the
fixed case (Joreskog & S6rbom, 1984, p. 1.30).

The inclusion of input variables is not compulsory. In some longitudinal factor-analytic studies,
the development of the latent variables over time is of primary interest, without consideration of
the possible causal influences exerted on them from outside. The input parts of the vectors and matrices
in Figure 1 may then be skipped. The implied inputless state space model has B,_, = 0 in Equation
1. In other cases, constant input variables are used (e.g., gender and socioeconomic status). It is easi-
ly seen that these need only inclusion in ulo: They may still be taken to influence the states Xlo+2’ Xt,, 1 31
..., after x,(,,,, by selecting nonzero parameters in the appropriate places in B of Figure 1. This

treatment of constant input variables has been previously suggested by Joreskog (1978) for background
variables.

To obtain an identified model, besides the parameters already fixed at 0 in Figure 1, additional

parameters must be fixed (at 0 or some different a priori known value), or equality constraints be-
tween parameters must be specified (e.g., between corresponding parameters at different time points).
A necessary condition for identification requires that the number of unknown parameters (total number
of distinct parameters minus the number of fixed parameters and the number of constraints) does
not exceed pT( pT + 1)/2. Unfortunately, no general and practically useful necessary and sufficient
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condition for identification is available. For the particular model estimated, though, the LISREL pro-
gram performs an almost fully reliable check on the identification of each unknown parameter
(Joreskog & Sorbom, 1984, pp. 1.23-24).
A stepwise procedure for building an identified model is as follows. First, select a restricted model

according to the model in Figure 1, but with B = 0, and choose all factor submodels in accordance
with the sufficient identification conditions given by Joreskog (1979, pp. 40-43). The restricted model
is identified. Estimate the chosen restricted model in the second step. Next, free individually all re-
maining parameters in the factor submodels, and all parameters in B to be included in the final model,
and then reestimate for each added parameter. Before freeing, however, check that the parameter
involved has a nonzero modification index (J6reskog & S6rbom, 1984, pp. 111.18-19) in the previous-
ly estimated model. As explained by S6rbom (1979, pp. 228-229), start with an identified model and
free a single fixed parameter with a nonzero modification index, and an identified model is guaran-
teed. By contrast, freeing a fixed parameter with a zero modification index leads to a nonidentified
model.

Assuming a fully identified model and proper data, the LISREL program gives maximum likeli-
hood (ML) estimates of all parameters left free in the model. Alternatively, instead of using the iter-
ative ML estimation procedure, one of the following can be used: the iterative generalized least-squares
procedure (GLS); the iterative unweighted least-squares procedure (ULS); or IE, a non-iterative, but
consistent, procedure combining instrumental variables with least squares (Joreskog & S6rbom, 1984,
pp. 1.27-35, 11.25-26). IE derives its name from the fact that it is used by the LISREL program to
provide initial estimates for the iterative procedures.

The presence of latent variables in the model causes the relative complexity of all four procedures.
This precludes the direct use of the simpler non-iterative procedures for estimating simultaneous equa-
tion models, such as the two-stage least-squares (2SLS) or the three-stage least-squares (3SLS) proce-
dures from econometrics (Theil, 1971). ML and GLS have much the same properties in large samples,
including the property of minimum variance (Browne, 1977). ULS and, in particular, IE are relatively
easy to compute, but they do not attain minimum large-sample variance. An additional reason for
using ML or GLS is that both provide standard errors for judging the importance of the estimated
parameters. Because an overparameterized model must be avoided in Kalman filtering, the use of
standard errors in the model-building process is strongly recommended. The standard errors, as well
as the x2 goodness-of-fit measure of the model as a whole, are based on the normality assumption
in both ML and GLS. Although the standard errors are rather robust, the X2 measure is very sensitive
to departures from normality. As a final result of the LISREL analysis, the estimates of the succes-
sive matrices A,-,, B,-~, Qt- I Cl, and R, are collected from the LISREL output to be entered into the
Kalman filter.

Extensions of the LISREL Model Specification
The purpose of the extensions is to enhance the accessibility of the state space model, and hence

of the Kalman filter, for behavioral research data. Although the first extension is encountered mainly
in systems and control theory, it is potentially useful in behavioral science. The other two extensions
are appropriate for behavioral research.

Instantaneous Input-Output Effects

By adding instantaneous input-output effects D,u, to Equation 2, leading to the more general equa-
tion y, = C,x, + D,u, + v,, a strongly causal system becomes a weakly causal one. In a strongly causal
system, &dquo;the output lags, at least infinitesimally, the input&dquo; (Willems, 1975, p. 26). Even if it is as-
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sumed that causal processes always take some time and are strongly causal, the inclusion of D,u, may
lead to a more accurate model. One example is the case of temporal measurement inaccuracies.
Measurements y, and u, refer to specific points in time t, even when they are, in fact, measured over
longer periods (e.g., income measured as a sum or average over one-year periods). Whenever the meas-
urement period overlaps with the time required for the causal processes between input and output,
a term D,u, should be included in the output equation. Due to the special LISREL model, however,
matrices D, can be easily included and estimated by replacing the 0 submatrices by Dto, D,,,, D,,,,
..., at the appropriate places in A of Figure 1.

Instantaneous Intra-State Effects

The specification of instantaneous intra-state effects K,x, on x, simultaneously with effects of x,_i
and u,-, on xt,

defines a structural equations model. This model is widely used in econometrics and the behavioral
sciences (Goldberger, 1964; Heise, 1975; J6reskog, 1977). Depending on whether K, can be chosen
as a subdiagonal matrix with Q*, (covariance matrix of w*,) diagonal, the model is called recursive
or interdependent. Premultiplying both sides by M, = (I - K,) - i , where I - K, is assumed to be non-
singular, Equation 5 reduces to Equation 1: At-, = M,A*_,, Bt-, = MtB:’=.I’ w,-, = M,w* t-11
Q<-1 = MtQt*-.M&dquo;.
A structural equations model thus defines a state equation indirectly. The matrices At-1J Bt-1J and

Qt-1J which are required in Kalman filtering, could be estimated directly from the state equation;
consequently, the structural equations model would not be required. However, it has been argued
that first estimating the matrices of Equation 5, and then deriving estimates of A,-,, Bl-&dquo; and Qt-,
in the manner shown gives more efficient estimates and can also be advantageous for several other
reasons (Goldberger, 1964, pp. 364-365, 379-380; Johnston, 1972, pp. 400-404). Estimates of A~-1J
B*~ Q~1J and Kt can be obtained by replacing At-1J B~-&dquo; and Q,-, in Figure 1 by At* B~1J and Qf_ i ,
respectively, and by inserting at the appropriate places in B the matrices K,., 1, Kto + 2’ ..., .

Latent Inputs

Up to now, the input has been assumed to be observed and deterministic. In many behavioral science
models, however, both the state and the input are imperfectly measured, and are thus latent. The
LISREL program permits the inclusion of latent inputs by means of an additional output equation,
specifying how the observed input u, is connected to the latent input ùt: u, = L,u, + z,. In many
cases, the latent inputs show some predictability over time. Otter (1985, p. 38) took advantage of
this by modeling effects between them. This is done most easily by combining the latent input varia-
bles with the state variables in a new state vector Xt, and specifying the following state space model
for x,: ,

and
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As in the case of deterministic input, a structural equations model may be chosen, instead of the
state equation (Equation 6),

Equation 6 is a special case of Equation 8 for K, = 0. Also, for K, # 0, Equation 8 may be reduced
to Equation 6, as explained previously.

This very general state space model has a major advantage, namely that the Kalman filter becomes
capable of estimating both the latent inputs and the latent states simultaneously. A still more general
model results when the latent inputs tut, measured by observed inputs u,, are combined with observed
deterministic inputs u, in the same model. This can be done by adding deterministic input effects
terms and f3* 16,-, to Equations 6 and 8, respectively. As a result, Equations 6, 7, and 8 be-
come equal in form to Equations 1, 2, and 5, respectively, and can be handled in exactly the same
way using Figure 1. The resulting estimates of the successive matrices At-,, At-&dquo; Qr-&dquo; I,, and Rt are
entered into the Kalman filter.

Kalman Filtering
The Kalman filter originates from control theory. It is used to extract an optimal estimate of the

present state of the system from knowledge about the past of a system and from present observa-
tions. For instance, ship steering requires precise knowledge of the position of the ship at successive
points in time. The position is the unknown multidimensional state that has to be estimated at each
point in time. In principle, estimation can proceed in two different ways that the Kalman filter com-
bines optimally.

The first approach to estimation is prediction from the previous state estimate on the basis of
a dynamic causal model. If an estimate of the previous position is known and the influences exerted
on the ship in the intervening time are also known, an attempt can be made to predict the present
position on the basis of the model. In behavioral science terminology the unknown state variables
are called factors, and the prediction can be called a predictive factor score estimate. Because the
prediction makes use of past information of the system contained in the previous state estimate, it
is also called a memory estimate.

The second approach to estimating the state is an instantaneous factor score estimate, based on
present observations. Of course, when no past information is available, this is the only possible way
to proceed.

The Kalman filter or optimal estimator Xt of the unknown latent state Xt combines the two esti-
mators : memory estimator x,_, using the previous state estimate x,-,, and instantaneous estimator
H,y&dquo; using the present observed information in y,:
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The kernel of the Kalman filter is the Kalman weighting matrix H,, to be explained below. The memory
estimator X,_ processes only past information of the system. Its use as the state estimator X, would
be appropriate in the deterministic case (no process error), provided the state equation and the initial
state are perfectly known. Starting with the exact initial state xto, the state equation could be applied
recursively to find the successive states x,~,,, Xto + 2J ..., .

The memory approach does not work in the stochastic case; in general, the initial state and the
process matrices At and B, are not known in this case, and they also require estimation. Together
with model specification errors and the process error, this case causes the successive memory esti-
mates or forecasts to keep deteriorating, or to show increasing estimation error.

The instantaneous estimator Htyt uses only the present observed output y, to estimate the state
x,. This is the approach chosen in cross-sectional factor-analytic studies, where latent factor scores
are estimated by means of observables at the same time point. Writing Equation 9 in the form

makes clear that the Kalman filter corrects the memory estimate Xt _ by putting Hy, in the place of
its memory analogue Hi,- or, equivalently, by adding the linear weighting H, of the output innova-
tions y, - yt_ . No correction takes place when y, - Yt- = 0-that is, when there is no innovation or
&dquo;surprise&dquo; in the observed y,.

The amount of past information used and the amount taken from the present output are defined by

H, bilinearly transforms the factor pattern matrix C,, postmultiplying it by the inverted measure-
ment error covariance matrix R,, and premultiplying it by the covariance matrix P, = E(e~e~) of the
Kalman estimation error e, = x, - i,:

The computation of the Kalman covariance matrix P, does not need knowledge of the output yt, so
its time path can be evaluated before the filtering process starts. The quality of the filtering results
is thus known in advance. There are many alternative formulations for Ht and P,, for example:

These formulations have the advantage that only one matrix, the innovations covariance matrix
C,P,-C, + R,, must be inverted. This matrix may be invertible, even when P_ or R, is singular.

Thus far, the treatment of the Kalman filter has been restricted to strongly causal systems, or sys-
tems without the instantaneous input-output matrix Dt. For systems with latent inputs ut that in-
stantaneously influence y,, no problem arises if Equation 7 is chosen. The D, matrix is then handled
as part of C, and is entered that way into the Kalman filter. For systems with deterministic inputs
u, that instantaneously influence y,, the only change required is to replace y, in Equation 9 with
yt - D,u,, thus treating this new quantity as the output y,.
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As can be seen intuitively from H, in Equation 11, the Kalman filter reduces to the memory esti-
mator (1) when the model approaches the deterministic, perfect knowledge case (Q - 0), and (2)
when the measurement errors in the observed output become very large (Rt-I - 0). Because 1~ -* 0
in the latter case, P, will reduce to the forecast error covariance matrix P_ . On the other hand, Equation
9 shows that the Kalman filter becomes equal to the instantaneous estimator when memory effects

Connections Between the Kalman Filter and Two Cross-Sectional Factor Score Estimators

There are close connections between the instantaneous estimator H,y, and two popular cross-
sectional factor score estimators: the regression estimator and the Bartlett estimator. In fact, these
estimators are equal to Hy, when the regression covariance matrix (Lawley & Maxwell, 1971, pp.
109-110),

and the Bartlett covariance matrix

are substituted for the Kalman P, in H,; W, in the regression P is the factor or state covariance matrix
E(x,x§). Moreover, by setting A,-, = B,-, = 0 in the cross-sectional case, the Kalman P, reduces to
the regression P. From A,-, = B,-, = 0,

can be derived. Thus P-’ in the Kalman P, (Equation 12) becomes equal to «Ðt-I in the regression P
(Equation 15). A condition under which the Kalman P reduces to the Bartlett P, is Q,_i - 00, and
thus Q=1 - 0, implying also HtCt ~ I. This condition is discussed more extensively below.

Because of the term «»t-1, which appears in the regression Q but not in the Bartlett ~, the regres-
sion estimator has smaller variance than the Bartlett estimator. In fact, the regression estimator has
minimum variance among all linear cross-sectional estimators (Lawley & Maxwell, 1971, p. 107). On
the other hand, the Bartlett estimator has the minimum variance property within the class of un-
biased linear estimators (Lawley & Maxwell, 1971, pp. 110-111). Therefore, when unbiasedness is a
desirable property in the cross-sectional case, the Bartlett estimator is to be preferred.

Four Properties of the Kalman Filter

In the longitudinal case, if the initial estimator X,o is unbiased and its covariance matrix P,, is as-
sumed minimum, the Kalman filter is unbiased and has minimum variance in the class of all linear
estimators. These properties result in the Kalman filter being referred to as &dquo;best linear&dquo; in control
theory (Kwakernaak & Sivan, 1972, pp. 528-530; Otter, 1985, pp. 60-63). &dquo;Best&dquo; or &dquo;optimal&dquo; is
used in the sense that P of any other linear estimator exceeds that of the Kalman filter by a non-
negative definite matrix; thus P of any other linear estimator minus P of the Kalman filter is always
non-negative definite. Because P=’ exceeds «»t-1 and «»t-I exceeds 0 by non-negative definite matrices,
it is immediately clear from Equations 12, 15, and 16 that the Kalman filter is better than the
regression estimator and the Bartlett estimator. The linearity restriction can be dropped when xto,
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successive w,, and successive v, are jointly multinormally distributed, and the Kalman filter becomes
the best of all estimators, both linear and nonlinear (Kwakernaak & Sivan, 1972, pp. 528-531; Otter,
1985, p. 64).

Although the optimality of the Kalman filter holds only if the initial estimator Xto is optimal (i.e.,
unbiased with P,,, minimum), control engineers are often not greatly concerned with the initial value
problem. They typically insert some plausible estimates for :i,. and ~o’ This is because of a third
property of the Kalman filter: Under rather mild conditions after sufficient time points, the Kalman
filter estimates become independent of both Xto and Po (Jazwinski, 1970, pp. 239-243). As more and
more data are processed, the Kalman filter &dquo;forgets&dquo; the initial values Xto and P,(,. This property in-
sures that biases stemming from the chosen initial values become smaller and smaller as time pro-
ceeds. Regardless of how valuable this result may be, because of the small numbers of time points
typically used in behavioral research the initial values do matter and must be chosen carefully. There-
fore, the Bartlett estimator is proposed as the standard initial estimator. It is well known in cross-

sectional factor analysis, and has the property of minimum variance unbiasedness when multinormality
is assumed.

The fourth property of the Kalman filter is time-variance, which appears in the subscript t added
to all matrices involved. Unlike many other results in systems and control theory, the Kalman filter
has the advantage that time-invariance is not needed anywhere. In behavioral science it is often

unrealistic to assume that the same causal mechanisms are still working at the end of an extended
period of time that were working at the beginning. The Kalman filter allows different matrices to
be inserted as time proceeds, and thus seems especially suitable for longitudinal behavioral research
studies. (See, however, the typical advantages of time-invariant C, matrices for interpretation of the
latent factors discussed below.)

Time-invariance can be specified and tested with the LISREL program by the introduction of equality
constraints between corresponding parameters in successive matrices. For example, when the influences
of each first state variable on the second one are hypothesized to be equal over time, a,, in A,. should
be specified to be equal to a,, in A,~,+&dquo; a2, in Ato+ should be specified to be equal to a2, in At~+z,
and so on. In order to avoid identification problems, it is probably a good strategy to start with time-
invariances wherever possible, and to change to time-varying parameters only when the relaxing of
equality constraints leads to a significant improvement of model fit.

Special attention should be drawn to longitudinal models in which the factor pattern matrices
are different over time-that is, with time-varying C,. Examples have been given and analyzed by
S6rbom (1975, p. 148; 1979, pp. 228-230), and by Joreskog and S6rbom (1977, pp. 300-301). The
import of time-varying C, for Kalman filtering differs, however, according to whether the LISREL
model analyzed has zero means or structured means.

Kalman Filtering on the Basis of a Zero-Means LISREL Model

A zero-means LISREL model, E(y) = E(q) = 0 in Equations 3 and 4, is appropriate in a consider-
able number of factor-analytic and related studies in behavioral science. This is because the origin,
as well as the measurement unit of the observed variables, are often considered arbitrary. As a conse-
quence, differences in means and standard deviations between variables are not informative, and
the interpretation of analysis results can be made more convenient by transforming to zero means
and standardizing all variables (setting additionally all standard deviations at 1). Analysis of the data
covariance matrix by the LISREL program implies that all observed and latent means are set auto-
matically at 0. Furthermore, the so-called standardized solution of the LISREL program provides the
analysis results with all latent variables standardized. Finally, the LISREL solution can be trans-
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formed to standardized observed variables after it has been obtained (analyzing the data correlation
matrix directly instead of the data covariance matrix is generally not permitted; Cudeck, 1989; Joreskog
& Sorbom, 1984, p. 1.39).

The application of the Kalman filter on the basis of a LISREL model with standardized latent vari-
ables (and thus zero latent means) enables the evaluation of an examinee’s position in the group for
which the model has been estimated. In a similar way, the use of a standardized psychological test
with a normative group does not require the examinee to be a member of the group, but only of
the population from which it is drawn. When, for example, the Kalman filter estimates of a particu-
lar examinee decrease over time from 2 to 0, it can be concluded that this examinee’s position changed
from 2 (unknown) standard deviations above the (unknown) mean in the first latent distribution to
the (unknown) mean in the second latent distribution.

This is a legitimate use of the Kalman filter, and it gives the appropriate answer for a considerable
number of practical problems in behavioral science, particularly those concerned with the normative
assessment of people at consecutive time points. Moreover, this use does not presuppose time-invariant
C,. Time-invariant C, are attractive because they result in latent variables that can firmly be assumed
to keep the same meaning over time, but time-varying C, are allowed in Kalman filtering and cannot
be avoided in practice. It is often not possible in behavioral research to use the same measurement
instruments over the whole age range, due to an insufficient ceiling for some persons and an insuffi-
cient bottom for others. In addition, many important psychological and educational constructs, such
as intelligence and reading comprehension, are known to change content across developmental stages,
and thereby to manifest themselves differently in the observables over time. Whether the latent varia-
bles keep exactly the same meaning over time, or keep their C, time-invariant, it is always meaning-
ful to consider the development of an individual in terms of his or her changing position within suc-
cessive latent distributions of a well-defined group of individuals. As already explained, this is done
optimally with the Kalman filter, based on a LISREL model with zero means.

Kalman Filtering on the Basis of a Structured-Means LISREL Model

In many situations, however, interest is focused not only on an examinee’s relative position in a
group, but also on the estimation of an examinee’s or a group’s absolute developmental curve. The
zero-means LISREL model is not able to solve this problem, but the LISREL model with structured
means is (Joreskog & Sorbom, 1984, pp. V.14-16). It adds intercept-coefficient vectors a and v to
Equations 3 and 4:

and

The coefficients in a and in v can easily be made part of matrices B and A and estimated in the
form of (3 and À coefficients, if a constant unit input variable is added to the vectors q and y in
Figure 1. The structured-means model yields latent structured means E2) = (I - B)-’a and observed
structured means E(y) = v + A(I - B)-la, which are both possibly different from 0, and also yields
standard deviations, possibly different from 1.

A strategy for identifying, as well as interpreting, the a and v coefficients is (1) to have equality
constraints between the v coefficients of observed variables at different time points that come from
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the same measuring instrument (setting origins of observed variables), and (2) to fix at 0 a coeffi-
cients for the latent variables at initial time point to (setting origins of latent variables). The a coeffi-
cients at later time points can then be estimated, and they result in a mean latent developmental curve,
possibly being nonzero. Estimation of the structured-means model through the LISREL program
proceeds by analyzing the data moment matrix about 0, instead of the data covariance matrix. The
moment matrix must include the unit input variable, with 1 in the diagonal of the moment matrix
and the means of all the other variables as off-diagonal elements. For the application of the Kalman
filter to estimating the latent absolute developmental curve of an individual examinee, the a and v
coefficients are made part of the B, and D, matrices, respectively, and are multiplied by the constant
unit input added to each input vector u,.
When estimating an absolute developmental curve on the basis of a structured-means model, it

is crucial-in sharp contrast to the discussed use of the zero-means model-that the latent variables
keep exactly the same content over time, or equivalently that the observed variables at different time
points measure exactly the same latent traits. If not, speaking about growth or decay in the latent
variables and trying to estimate these changes would be meaningless. Time-invariance of corresponding
z, coefficients in successive C, matrices (and of corresponding v coefficients in successive D, matrices)
would provide very convincing evidence for this sameness in content, and hence for the appropriate-
ness of the use of the structured-means model. Time-invariance is testable by the LISREL program
through the introduction of equality constraints between the corresponding parameters.

However, when the C, matrices are time-varying (as may happen, for example, when different in-
struments are used at different time points), the latent variables could measure different things and
thus the meaningfulness of estimating an absolute developmental curve becomes questionable.
Fortunately, this situation need not be hopeless, because different observed variables may measure
the same latent trait or be &dquo;congeneric&dquo; (Joreskog, 1974, pp. 5-6), even though their factor loadings
are not equal. For congeneric observed variables that originate from the same time point, it is essen-
tial that the correlations between their underlying latent variables equal 1. This, too, can be tested
by the LISREL program, as explained by Joreskog (1974, pp. 9-12). Longitudinally, however, this test
for congenericity does not help, because the latent values underlying congeneric observed variables
from different time points may have changed over time, and as a result, correlations may be less than 1.
An indirect test of longitudinal congenericity is possible when measuring instruments used at differ-

ent time points overlap in time-for example, when instrument A is used at time points 1 and 2,
B (being a little more difficult and thus appropriate at somewhat higher age levels) at time points
2 and 3, C at time points 3 and 4, and so forth. Overlap of measuring instruments, with equality
constraints specified between À and v coefficients of the same instrument at different time points,
is also essential for obtaining identification of the a coefficients. The procedure proposed aims at
keeping constant the latent origin and measurement unit: Between pairs of consecutive time points,
at least one instrument should remain the same, with its k and v coefficients constrained to be equal
over time. At each time point, different instruments are tested for congenericity in order for their
À and v coefficients to be linkable by a common underlying latent variable. Suppose that congeneric-
ity could be demonstrated between instruments A and B at time point 2, between B and C at time
point 3, and so forth. It is then indirectly implied that congenericity exists between A and C at differ-
ent time points, and that they, too, may be considered linear transformations of the same underlying
variable. Although perhaps less convincing than testing for time-invariance of the C, matrices, this
indirect congenericity test gives some evidence that the latent variables keep the same content over
time, and therefore that the structured-means model would be applicable as a basis for estimating
an individual’s absolute developmental curve by means of Kalman filtering.
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Two Additional Properties of the Kalman Filter, and the Indeterminacy Problem

In the literature of traditional orthogonal factor analysis, factor score estimators are evaluated
in terms of (1) unbiasedness, (2) size of estimation error variance, (3) univocality, and (4) orthogonal-
ity. Orthogonal factor analysis assumes that the factors or true factor scores are uncorrelated-that
is, E(xrx~) = I for standardized x,. Univocality, E(Xrxi) = I, means that the covariances between es-
timator and true factor scores are equal to the true factor scores’ variances and covariances. Orthogo-
nality, E(i,i,) = I, means that the variances and covariances of the estimator are equal to those of
the true factor scores.

These two additional criteria can easily be generalized to the oblique case and to factors not being
standardized. Ideally, it should be the case that

In practice, though, most estimators deviate from the ideal. Lawley and Maxwell (1971, pp. 109-110)
show for the regression estimator that

and for the Bartlett estimator that,

Hence only E(i,x,) of the Bartlett estimator meets the criterion entirely, but at the cost of having
its E(XIXi) deviating more than that of the regression estimator: r-’ exceeds (4)t-’ + 1;)-1 by a non-
negative definite matrix.
How does the Kalman filter behave on the two additional criteria? The covariance matrices involved

can be derived as follows:

It is known for the regression estimator that E(etx~) = 0 (estimation error uncorrelated with
estimator-see McDonald, 1985, p. 163) and P, = (Ot-I + I;)-’ (see Equation 15). Therefore, the
covariance matrices in Equation 23 are seen to be special cases of those of the Kalman filter. Similar-
ly, for the Bartlett estimator, the Kalman covariance matrices specialize to those in Equation 24, be-
cause the Bartlett estimator has E( e¡x~) = 0 (estimation error uncorrelated with true factor scores-see
McDonald, 1985, p. 163) and P = T-’ (see Equation 15). Gelb (1974, pp. 112-113) proved the fol-
lowing recursive relation for the Kalman filter:
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and hence

Non-optimal initial estimators could have E(et X~~ ~ 0, but even then it can be proven, under rather
mild conditions, that E(e,i,) goes to 0 as time proceeds. It thus holds for the Kalman filter, exactly
or with arbitrary accuracy after sufficient time points, that

Because fj exceeds Ot- 1, and 4D,- exceeds 0 by non-negative definite matrices, Equations 23, 24,
and 29 show the Kalman E(XtX~) to be closer to (Dt than either the regression or the Bartlett E(i,i,)
is, and the Kalman E(i,x,) to be closer to <Ðt than the regression E(i,x,). In summary, the Kalman
filter is as good or better than the two other estimators on all four criteria mentioned, except that
the Bartlett estimator is better on E(Xtx~), but at the cost of being worse on E(i,i,) and estimation
error variance.
A final point that has received much attention in traditional factor analysis is the indeterminacy

of factor scores (Elffers, Bethlehem, & Gill, 1978; Guttman, 1955; McDonald, 1974; Mulaik, 1976).
Indeterminacy refers to the same factor model being consistent with different factor score assign-
ments for the examinees in the population, even when their values on the observed variables are as-
sumed to remain the same. This indicates that what has to be estimated by a factor score estimator
is, in a certain sense, indeterminate: For a given model and observed value assignment, there exist
different but equally good factor candidates (consistent factor score assignments).
A much debated topic in traditional factor analysis is how to measure the amount of indeter-

minacy or determinacy. McDonald (1974) argues that the determinacy measure should be the squared
multiple correlation between the true factor and the observed variables, or equivalently, the squared
correlation between the true factor and its least-squares estimator, based on the observed variables.
This measure is shown by Mulaik (1976) to give a lower bound to the average correlation between
pairs of factor candidates independently drawn from the total set of factor candidates. Guttman (1955)
took the correlation between maximally different factor candidates in the total set as a measure of
factor determinacy. Both measures are simply related, however: Guttman’s correlation is equal to
2p2 - 1 in terms of McDonald’s squared multiple correlation p2. The debate seems motivated primarily
by the interpretation of levels: A multiple correlation p as high as .707 with corresponding p2 as high
as .50 implies a zero determinacy in terms of Guttman’s 2p2 - 1.

The factors or latent variables in x, can be standardized with the LISREL program by taking the
factor model matrices C,, R,, 0,, as well as (in the longitudinal case) A,_, and Q,_, from the stan-
dardized solution. When this occurs, and X, is the least-squares estimator of x, with E(M,x§) =
E(X, x~), p2 simply equals the corresponding factor’s diagonal element in E(i,x,).

In cross-sectional factor analysis, the regression estimator is the least-squares estimator and E(i,x,)
in Equation 23 is thus appropriate. In the longitudinal case, E(Xtxl ) of the Kalman filter in Equation
29 should be chosen: In the longitudinal case, the Kalman filter is the least-squares estimator that
minimizes each of the diagonal elements of P (Jazwinski, 1970, p. 203), and thus yields diagonal
elements of E(i,x,) as great or greater than any other estimator. In particular, the determinacies in
terms of the Kalman filter must be at least as great as those in terms of the regression estimator.
This means that extending a cross-sectional factor model longitudinally by making it part of a state
space model cannot diminish the determinacy of the latent variables, and actually always increases
it. The indeterminacy problem is therefore lessened in the longitudinal case, and depending on the
quality of the state space model chosen, it may be lessened considerably in practice.
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Educational Research Example

Reading disabilities in primary school children were assessed by means of Kalman filtering, based
on a dynamic LISREL model for Beginning Reading. Because the LISREL analysis was performed on
the data covariance matrix (computed by the LISREL program from the correlations in Table 1 and

the standard deviations in Table 2), and standardized latent variables were chosen using the stan-
dardized LISREL solution, the ensuing Kalman filtering is an example of Kalman filtering on the ba-
sis of a zero-means LISREL model. The objective was not to estimate absolute increase or decrease
in reading ability of individual children, but only the relative change in comparison to a normative
group. As indicated above, such a use of the Kalman filter does not require that the latent variables
retain exactly the same content over time.

The LISREL Model

The model (see Figure 2) was a longitudinally extended version of the Beginning Reading model
described by Mommers and Oud (1984), and by Mommers (1987), and a simplified version of the
one in Mommers, van Leeuwe, Oud, and Janssens (1986). The model was estimated by means of
ML from a group of 225 Dutch primary school children in first through third grade. It contained
three latent state variables: Decoding Speed (DS), Reading Comprehension (RC), and Spelling (sP).
These latent state variables were measured at five successive time points by means of 26 observed
variables. The intervals between the successive states in Figure 2 were 6-month periods, with the first
or initial state xlo (comprising DSI, RC,, and sP,) after 7 months of reading instruction, and the fifth
state x,&dquo;+4 (comprising DS5, RC5, and sPs) after 31 months of reading instruction. The model shows
instantaneous intra-state effects, represented in matrices K, of Equation 5, in addition to autoregressive
or memory effects between states, represented in matrices Ai_i of Equation 5. The model does not
contain any deterministic input-effects, and thus Bjiu,_1 = 0 in Equation 5.

Model identification and estimation. The LISREL model was identified by means of the following
fixed and constrained parameters in the four parameter matrices B, ‘I’, 0, and A. Except for the
22 free parameters in B, which correspond to the arrows between circles in Figure 2, all parameters
in B were fixed at 0. Matrix ‘P was specified to be diagonal with free diagonal elements, except for
the submatrix of the predetermined variables DSI, Rci , and SR, which had all elements freed. 0 was
specified to be diagonal. In the eight cases where only a single observed variable was available to
measure the latent variable (y&dquo; yz, y,, Y6’ Y)o’ Y16’ Ym y2, in Figure 2), the corresponding measure-
ment error variance (diagonal element of 0) was fixed at sz(1 - r) (see Table 2). For the remaining
18 observed variables, s2(1 - r) was used as a starting value for estimating the measurement error
variance in the diagonal of 0.

Table 2 also shows all nonzero fixed, constrained, and free factor loadings in A. The factor load-
ings correspond to the arrows connecting circles and squares in Figure 2. The usual procedure of
fixing columnwise one factor loading at the arbitrary value 1 was used for the five latent DS varia-

bles, as well as for the five latent RC variables. For the latent sP variables, however, only one of the
factor loadings in the sP, column was fixed at 1. The latent variances of the four remaining SP varia-
bles could all be identified in the sq metric by specifying equality constraints between the factor load-
ings of five pairs of observed variables (see Table 2). Each pair came from the same measuring
instrument used at two consecutive time points, but the pairs also showed overlap in time (i.e., y4
measuring sp, and y, measuring sP2 came from the same instrument, y, measuring SP, and Y14 meas-
uring sP, came from the same instrument, and so forth). The five equality constraints were one more
than is necessary for identification, because the latent variables sP3 and sP4 were connected by two
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Table 2
Standard Deviations of Observed Variables s,

Reliability Coefficients r From Previous
Research, Unstandardized Factor Loadings 1,
and One Child’s Observed Standard Scores z

° Measurement error variance fixed at s2 (1 - r).
b Fixed value.
equality constraint between hs of y, and y~.
d Equality constraint between hs of y, and yw.
eEquality constraint between hs of Y13 and y,,.
fEquality constraint between hs of y,s and Y19.
gEquality constraint between hs of yzo and yzs.

equality constraints: one between the factor loadings of Y13 and Y,,, and one between those of YIS
and y,9. Because the decrease in x2 proved to be less than 1 when one of the two restrictions causing
the overidentification was relaxed, time invariance of the factor loadings involved could be confirmed.
This gave some evidence that at least the latent variables SP, and SP, had the same content.

Although the overall fit of the model (x2 = 445, df = 283, adjusted goodness-of-fit index = .840)
is perhaps insufficient from a strictly statistical standpoint (formal x2 testing of the overall fit should
be avoided for several reasons-see Joreskog & Sorbom, 1984, pp. 1.38-39), it may be judged reasonable
in view of the large size of the model and the many restrictions placed on it by the state space model.
The state space model allows only relatively few parameters to be freed. For example, parameters
referring to effects between latent variables backward in time, or to effects overlapping more than
one time interval are not allowed. In general, overfitting is not as much of a problem in state space
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Figure 2
Dynamic LISREL Model for Beginning Reading

(All Variables Standardized)

modeling using LISREL as it is in cross-sectional LISREL modeling, and the problem decreases still
more as the number of time points increases.

In addition to the causal arrows, Figure 2 gives the estimated values of the factor loadings, as
well as estimates of the coefficients in the matrices K, and A* ,. All indicated values were taken from
the standardized LISREL solution with the factor loadings being additionally transformed to stan-
dardized observed variables. Because each observed variable is only influenced by a single latent vari-
able, the square of each indicated factor loading equals the observed variable’s reliability coefficient.
The large memory effects of each state variable on itself are very conspicuous. In comparison, the
influences between Decoding Speed, Reading Comprehension, and Spelling are low and tend to
decrease even more as time proceeds. The application of the Kalman filter for estimating the latent
states promises to be advantageous, because of the large memory effects found. One compelling
argument for longitudinal research and the use of the Kalman filter is that strong causal effects found
cross-sectionally often turn out to decrease or disappear, in favor of memory effects, when dynamic
models are used (Oud, 1982).

Comparison of Kalman Filter and Bartlett Estimates

Kalman filter estimates of the latent standard scores for Decoding Speed, Reading Comprehen-
sion, and Spelling were determined and compared to the estimates of its main cross-sectional compe-
titor, the Bartlett estimator applied to each time point separately. The computation of the Kalman
filter and Bartlett estimates proceeded as follows. First, from the unstandardized LISREL solution,
the estimated matrices K,, Ai-1O Q* &dquo; C,, and R, were collected. Next, all K,, A* &dquo; t- and C, were
transformed to standardized latent variables, as in the standardized LISREL solution. The resulting
triples K,, A,* , and Q* , for each time point t were reduced to A,-, and Q,_,. Finally, the Bartlett
estimator (using C, and R,) and the Kalman filter (using A,-,, Qt-ll C,, and R,) were applied to the
children’s observed deviation scores (raw observed scores minus mean raw observed scores).

All of the computations were carried out by the LISKAL program, which uses as input LISREL pro-
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gram output (unstandardized LISREL solution) and individual examinees’ observed deviation scores
(observed raw scores in the case of a structured-means LISREL model).

Because the Bartlett estimator is taken as the initial estimator for the Kalman filter, the Kalman
and Bartlett estimates in Figure 3, as well as the corresponding estimation error variances in Table
3, coincide at the initial time point to. As expected, in view of its use of past information, the Kalman
filter estimates in Figure 3 for an arbitrarily chosen child (see Table 2 for this child’s observed stan-
dard scores z; the child’s observed deviation scores, entering the Kalman filter, can be computed as
sz) exhibit more memory and change more cautiously over time than those of the Bartlett estimator.
The Bartlett estimates vary much more unpredictably, and because the Kalman filter uses more and
more information over time, its estimation error variances in Table 3 (diagonals of :P,o+ 1J ..., Po+4)
are considerably smaller than those of the Bartlett estimator. As mentioned in the previous

Figure 3
Latent State Estimates of Decoding Speed, Reading Comprehension,

and Spelling for One of the Children by Two Estimators
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Table 3
Estimation Error Variances

section, the Kalman filter gives the smallest estimation error among all linear estimators. Because
the latent variables are standardized in this research example, each diagonal in I - P, may be inter-
preted as the proportion of latent variance accounted for by the Kalman filter (the proportions in
Table 3 are at least .825, and often considerably higher); the square roots of the P diagonals may
be used as standard errors for computing interval estimates of an individual child’s latent scores.

To test the effect of different initial values on the series of Kalman estimation error variances,
the extremely deviant initial value 5 was inserted for all three state variables, in addition to the Bart-
lett initial values .053, .111, and .304. As Table 3 shows, the convergence proved to be very fast. By
the second estimate at time point to + 2, none of the differences in estimation error variance was
larger than .006. For Decoding Speed, the difference at to + 2 was virtually 0. In this latter case,
the small measurement error variances of the observed variables for Decoding Speed must have been
responsible. Small measurement errors, in fact, have a dual effect on the Kalman filter: First, as men-
tioned in the previous section, the instantaneous part Hty, becomes more important, in comparison
to the memory part; second, as shown in Equation 12, small values in Rt cause P to decrease more
quickly.

The Kalman filter is specifically designed to give optimal estimates of latent values at the individual
level. Its aim is not to estimate latent group means, standard deviations, or correlations; the estima-
tion of such latent group characteristics is more appropriately performed in other ways-for exam-
ple, by means of the LISREL program. The correlations between the Bartlett estimates and those
between the Kalman estimates for the entire sample of 225 children were computed for comparison.
They were then compared with the latent state correlations, as estimated by the LISREL program.
The LISREL correlations must be considered closer to the true values because the Bartlett and Kalman
correlations are only indirect estimates based on LISREL solution matrices, whereas the LISREL solu-
tion uses all information on the sample level directly. The differences between the Bartlett and Kalman
correlations and the LISREL correlations are given in Table 4. On the average, the Kalman correla-
tions were closer to the LISREL correlations than the Bartlett correlations. The Bartlett correlations
also showed the most extreme differences: -.15 between Rcz and RC3, -.20 between RC3 and RC4, and
-.17 between RC4 and RC5. The Kalman correlations were particularly good where there were large
memory effects in the model: successive correlations between DS,, DS3, DS4, DS,, between RCz, RC3,
Rc4, RC5, and between sPz, SP~, SP~, sP~. The reasons why the Bartlett correlations were systematical-
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Table 4
Kalman Estimate Correlations Minus LISREL Correlations

(Above Diagonal) and Bartlett Estimate Correlations Minus
LISREL Correlations (Below Diagonal)

ly lower than the Kalman correlations are, first, that the Bartlett standard deviations are larger than
those of the Kalman filter (the latter deviate in the opposite direction from the true standard devia-
tions ; compare Equations 24 and 29), and, second, that the memory component incorporated in the
Kalman filter is absent from the Bartlett estimator. For illustrative reasons, Table 5 gives the comput-
ed correlations between the estimates at to + 1, and the estimates of the same state variable at later
time points.

Table 5
Correlation Between Estimates at to + 1

and Those at Later Time Points

Conclusions

These results show that Kalman estimates change more cautiously over time, have lower estima-
tion error variances, and reproduce the LISREL program latent state correlations more precisely. Two
points should be stressed, however, concerning the applicability of the Kalman filter in practice.

First, although Kalman filtering requires the availability of a dynamic model, and a more precise
model yields smaller estimation errors, no perfect model is needed. Even when all relevant state vari-
ables cannot be included, or when some relationships are moderately nonlinear, application of the
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Kalman filter instead of the Bartlett estimator usually results in better estimates of the factor scores.
As has been pointed out by Lewis (1986, p. 205), the Kalman filter is rather robust for dynamic modeling
errors, provided that the process errors are sufficiently large. To prevent the process error variances
from being spuriously low, the LISREL model on which the Kalman filter is based should not be over-
parameterized. This would result, for example, when too many effects of too many state variables
are specified. Modeling errors in the state equation, which do not result from overparameterization,
would be expected to increase the process error covariance matrix Qt_&dquo; as estimated by the LISREL
program, and this would lead to an increased forecast error covariance matrix f (see Equation 12).
The Kalman P becomes equal to the Bartlett P, in the limit Qt-1 - ~, and P,=1 -- 0, when the Kalman
filter becomes equal to the Bartlett estimator. There is a built-in mechanism, changing the Kalman
filter in the direction of the Bartlett estimator for dynamic modeling errors.

The second point concerns the kind of information that is available when applying the Kalman
filter. It has tacitly been assumed here that for the estimation of the state at time point t, no future
output information after t is available. This is true when the goal is to obtain an optimal estimate
of the most recent state. Then no future information is available, and the Kalman filter estimates
cannot be improved upon. However, an improvement of the state estimates at past time points t can
occur by exploiting output information from subsequent time points t’ > t, as well as from time

points t’ :5 t. So-called smoothing techniques, instead of the Kalman filter, achieve this effect (Gelb,
1974, pp. 156-159; Lewis, 1986, pp. 127-134). Optimal smoothing-combining (forward) Kalman filter-
ing with a specific type of backward filtering-is outside the scope of this article, but it should be
considered when optimal estimates of all values of a developmental curve, including past ones, are
desirable.
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