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Effect of Scale Adjustment on the Comparison
of Item and Ability Parameters
Michelle Liou
Academia Sinica

The standardized mean-squared difference affect the comparison of bias between different
(SMSD) has been used for summarizing the bias of parameters. This research used three methods for
parameter estimates in the three-parameter logistic selecting the common scale. Through a simulation,
(3PL) model. Due to the indeterminacy problem of the three scaling methods were used to numerically
the 3PL model, researchers must select a common demonstrate their effect on SMSD values. Index
scale for comparing the theoretical and estimated terms: equating, indeterminacy problem, Samejima
parameters. The use of different scales can yield scale, standardized mean-squared difference, Stocking
noncomparable SMSD values, which in turn can and Lord scale, three-parameter logistic model.

In the three-parameter logistic (3PL) model, the probability of a person with ability 0 answering
an item correctly is defined as

where a,, b,, and c, are the item discrimination, difficulty, and guessing parameters, respectively, for
the ith item. In the model, the determination of a scale for the a, b, and 0 parameters is purely
arbitrary. If the parameters are linearly transformed with the slope a and intercept [3, such that
a* = a,la, b* = ab, + (3 and 0* = a6 + (3, the value of P, is unchanged. This has been termed the
indeterminacy problem associated with the 3PL model (Lord, 1980). Because the identification of
the parameter scale is arbitrary, parameters calibrated with different datasets are not directly com-
parable. In order to make them comparable, some appropriate scale adjustment or equating is need-
ed to place all of the estimated item response functions (IRF) on a common scale.

The question of statistical accuracy of parameter estimates in the 3PL model is of practical and
theoretical concern. There are many instances in which this question has been answered through evalu-
ation of the standardized mean squared difference (SMSD) for the a, b, c and 0 parameters separate-
ly (e.g., Drasgow & Parsons, 1983; Yen, 1984). If there are m parameter values under consideration,
the SMSD value (Yen, 1984) is defined as the ratio between the two quantities, 1’((0, - 6,)Ilm and
(0:’ + o~)/2, where co denotes the theoretical parameter, Co the parameter estimate, and a2 the vari-
ance of the m parameter values. Due to the indeterminacy problem of the 3PL model, researchers
must select a common scale for comparing the theoretical parameters and corresponding estimates.
The estimated bias of individual parameters could be confounded with the common scale selected,
however, because the absolute and relative sizes of the sntsD are sensitive to the predetermined scale.

This research considered three scaling procedures that have been widely used by researchers as
methods for finding the common scale: the standardized scale (i.e., the mean and standard deviation
of the theoretical and estimated 0 are 0 and 1, respectively), the Stocking and Lord (1983) scale, and
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the Samejima (1984) scale. Two features that differ in these three scales are (1) the definition of the
criterion function in deciding the scaling constants, a and J3 (i.e., the least squares or the principal
axis criterion), and (2) the source of calibration data used in the criterion function (i.e., item or
ability estimates). Within the same dataset these two features would be likely to interact, and the
three scales could result in different patterns of the SMSD values between individual parameters.

This research was designed to investigate the effect of scale selection on error in calibrating item
and ability parameters, with particular reference to the sntsD statistic; it was not intended to provide
a definitive answer to the substantive question regarding the relative merits of the scaling procedures.
Therefore, the three scales used serve only as vehicles for finding a common scale and for demon-
strating the problem of scale selection.

Method and Results

Scale Selection

In order to illustrate the problem of scale selection, a simulation study was conducted by assum-
ing the 3PL model. Three hypothetical tests were simulated, each containing m = 20, 40, and 60 five-
choice items. The 20- and 40-item tests were comprised of items 1-20 and 1-40, respectively, from
the 60-item test. The a, b, and c parameters for the 60 items were generated randomly from the ranges
and quartiles as specified by Lord (1983, p. 238). The simulated item parameters are listed in Table 1.

Five hundred random deviates (n = 500) were generated from a standard normal distribution us-
ing the IMSL subroutine GGNPM (International Mathematical and Statistical Libraries, 1982). These
random numbers were assumed to be the true 0 values. For the ith item and the jth 0, the P,, value
was computed and was then used to generate binary item scores. An item score 4, was simulated
by generating first a random number from a uniform distribution using the IMSL subroutine GGUBS,
and then assigning a score of 1 to g, if the random number was less than or equal to P,,, or a score
of 0 otherwise. All the simulated item scores on the three tests were calibrated by the LOGIST com-
puter program (Wingersky, Barton, & Lord, 1982) using default options.

The simulation of item scores and data calibration were replicated five times with the same true
item parameters and 0 values. The theoretical 0 values and the corresponding 6 values from the first
simulation replication are plotted in Figure 1. The average test mean, test variance, and the internal
consistency index (i.e., Cronbach’s alpha) computed from number-correct scores over the five repli-
cations are listed in Table 2.

The index 7t, = a,(9, - b,) was defined for i = 1, ..., m and j = 1, ..., 500. Because the 7t and
c parameters are unaffected by linear transformation of the item and 0 parameters, the SMSD values
for these two parameters were computed directly. Table 2 also contains the average SMSD values for
n and c over the five replications. The simulation results suggest that an increase in test length decreases
the sntsD value for the n index, but not for the guessing parameter; collectively, then index was much
more accurately estimated than the guessing parameter.

The Standardized Scale

Method. Researchers commonly assume that the mean and so of the distribution of 0 (J.la and
se) can be approximated by those of 6 (Drasgow & Parsons, 1983; Samejima, 1986). Following this
assumption, the origin and unit of A can be set at the sample mean Ug and so sê so that the stan-
dardized 6 values will be comparable to the 0 values, whose origin and unit have also been set at
Ug and 5è, respectively. The a and b parameters, along with their corresponding estimates, are also
adjusted according to the standardized scale.
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Table 1, continued
Theoretical and Estimated Item Parameters for the 60 Simulation Items

Based on 20, 40, and 60 Items Used in Data Calibration

In calibrating the simulation data for this study, 6 values that exceeded 3 in absolute value after
the last iteration were excluded during the estimation of g, and SO (this is also the default option in
LOGIST). Because 6 obtained from LOGIST had been standardized internally during data calibration,
no further transformation was necessary for all the parameter estimates. The true 0 values were stan-
dardized to mean = 0 and sD = 1. The slope and intercept used in the standardization were ap-
plied to rescaling the a and b parameters. The snlsn value between the rescaled parameters and
corresponding estimates from LOGIST were computed for each replication.

Results. The average of the five SMSD values for the three tests are also listed in Table 2. The
simulation results from the standardized scale method suggest that an increase in test length signifi-
cantly improves the accuracy of the b and 0 estimates, and slightly improves the accuracy of the a
estimates. The SMSD values for the a parameter were generally larger than those of the b and 0
parameters. Collectively, the b parameter was most accurately estimated, followed by the 0 parameter,
and the a parameter was least accurately estimated.

The Stocking and Lord Scale

Method. Stocking and Lord (1983) designed a method for equating two calibrations of the same
test, and others (e.g., Yen, 1984) have used it to obtain a common scale for evaluating the SMSD values.
The Stocking and Lord scale is intended to incorporate more of the information available from data
calibration. For example, one calibration of an item yields an estimated IRF P,(~,, b&dquo; ê, I 8), which is
an approximation to P,(a&dquo; b&dquo; c,18). If the estimate is error-free, the proper choice of a and P for the
linear transformation would cause these two curves to coincide. In practice, a and (3 should be select-
ed for a suitable group of trait values, 8°, so that the average squared difference between the true
IRF and their estimates is as small as possible. The criterion function to be minimized in deciding
the scale is:

where
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Table 2

SMSD Values, Average Number-Correct Score Mean
and Standard Deviation, and Cronbach’s Alpha Over

Five Simulation Replications for 30-, 40-, and
60-Item Tests

The minimization of this function normally takes an iterative computer search.
The 500 trait values, 00, needed to determine the transformation constants, a and (3, were gener-

ated by GGNPM with mean = 0 and sD = 1; these trait values were generated independently of the
true 0 values that were used in simulating the item responses. Items with difficulty estimates outside
the range of -5.0,5.0 were excluded in calculating the common scale, because the excluded estimates
contained a relatively large standard error of estimation. For the remaining items, the theoretical
and estimated item parameters and the 500 trait values were substituted into the criterion function.

The Gauss-Newton procedure (Daniels, 1978; Scales, 1985) was used to minimize F(a,~i). After
a and (3 were found, the estimated parameters, 6, b, and 6, were all adjusted by the slope and inter-
cept. The minimization process was repeated for the simulation data from the five replications. In
each replication, the SMSD values between the true parameters and the rescaled estimates were
computed.

Results. The average SMSD values for each parameter are listed in Table 2. The simulation results
indicate that the accuracy of the b and 0 estimates is greatly improved by increasing the test length
from 20 to 40 items. However, the accuracy of the a estimate was improved only when the test was
increased to 60 items. In an IRF, the a parameter is strongly related to the c parameter. Therefore,
the bias pattern between two tests of different lengths is more likely to be the same for both a and
c, and simulation results from the Stocking and Lord scale support this rationale. In other words,
the accuracy of both b and c was not improved when the test was lengthened to 40 items, and it
was improved when the test was lengthened to 60 items.

The difference between the sntsD values for the a and 0 parameters in the Stocking and Lord scale
was not as large as the results from the standardized scale, especially for the 20-item test. The former
scale also resulted in larger SMSD values for the b and 0 parameters than did the standardized scale.
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It was possible that simulation results from the Stocking and Lord scale could change if the number
of 8° values was increased from 500 to 1,000. Therefore, a and b were recalculated with 1,000 00 values
for the five replications. The simulation results from the replicated study differed in no important
ways from the results listed in Table 2.

The Samejima Scale

Method. Samejima (1984) proposed an iterative method that uses the first principal component
as the best fitted linear relationship for the scatter diagram of either a or ~ from two calibrations
of the same test. The method also can be used to find a common scale for evaluating the SMSD.
For example, the a parameter is proportional to the slope of the IRF at 0 = b. If i is error-free, the
second principal component of a and a should degenerate, and a, = (s6ls,)a, (i = 1, ..., m) with

s6 and s, as the standard deviations of the 500 6 and 0 values, respectively. Samejima’s proposal was
used in this study because the a estimate contained error, and the first principal component worked
as the best fitted linear relationship between a and a, or equivalently, as an estimate of sls6.

In order to find the principal component, it was necessary to minimize the criterion function

The rotation of the axis locating the a estimates was through an angle ’P. The minimum of F [cos(~),
sin(’P)] was found by evaluating

where tan(<p) was chosen to be positive. Then the cos(<p) and sin(<p) values were determined by com-
puting cos(arc[tan(<p)]) and sin(arc[tan(<p)]], respectively.

In the above method, equal weights are placed on the values of a and a, which are normally deter-
mined on different ability scales. If a unit in the scale for ability estimates is increased, the values
of 6 and their errors also would become larger. In calculating tan(<p) in Equation 5, the value of
6 that is based on the larger scale unit is more likely to be penalized (Samejima, 1984). Therefore,
a weighting factor was needed to adjust the scale difference. If the true ratio sls6, or its equivalent,
tan(,~o), is known, the weighted parameters a* = sin(</?)<3 and a* = cos(<p)a could be substituted into

Equation 5 to obtain tan(<p). Unlike a and a, a* and a* are comparable.
In practice, however, the value of sls6 is unknown. An estimated ratio based on original a and

6 can be used as its initial estimate. Samejima suggests the following iterative procedure for estimat-

Step 3. Compute tan( <p )fJ), cos( <p) and sin( <p), where j denotes the iteration number.

Step 4. Set tan(<p) = tan(<p)(}) x tan(<p).

The iterative procedure terminates at tan((p)(1) = 1. The last value of tan(~p) is an estimate of S/S8’
Samejima (1984) gives a detailed description of the iterative algorithm.

The b and b values can also be used to obtain an estimate for S/S8’ For example, if ~ is error-
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Samejima suggested that

be minimized to approximate the ratio s/sê’ where J.lb and 4b are the average of the b and b values,
respectively. The minimization of Equation 6 is equivalent to estimating (u.g - 46)ls, with [sin(<p)J.lb -
cos(,p)g6)]Icos(,p). The directional cosine in Equation 6 is found by evaluating

where ab and a) are the variances of the b and b values, respectively, and crbb is their covariance. The
value of tan(<,O) is also chosen to be positive. The aforementioned iterative procedure then was used
to find an estimate for sls6.

Based on the obtained a and b parameters, two separate estimates of tan(~0) are obtained. Sameji-
ma used the geometric mean of the two estimates as the ultimate estimate of the ratio, se/se.

For the simulation data, items with difficulty estimates outside the range of -5.0,5.0 were exclud-
ed in the process of fitting the linear relationship. The two estimates of sls, were calculated and
their geometric mean was found. The theoretical a and b values, accompanied by their estimated
values, were rescaled according to the geometric mean. Thus the a and a values were rescaled by the
slopes, cos((p) and sin(<,O), respectively. Because the b and 0 parameters had to be transformed by the
same slope and intercept, the slope sin(~o) and intercept -sin(<’o)J.lb were used to adjust both the b and
0 values, and cos(w) and -cos(w)ps to adjust the b and 6 values.

Results. The average SMSD values over the five replications are listed in Table 2. Simulation results
from the Samejima scale also suggest that the accuracy of a is improved when the test is lengthened
to 60 items. However, the absolute SMSD values for the a parameter are slightly larger than those
derived from the Stocking and Lord scale. Conversely, the SMSD values for the b and 0 parameters
have comparable sizes to those derived from the standardized scale.

Discussion

The greatest variability of SMSD values occurred between different scales when the test contained
20 or 40 items. Therefore, scale selection is critical for evaluating the SMSD values when error in
calibrating item and 0 parameters is large. The three scales-the standardized scale, the Stocking and
Lord scale, and the Samejima scale-yielded quite consistent SMSD values for the 0 parameter. This
suggests that the problem of scale selection is of particular importance when accuracy in calibrating
item parameters is of major concern.

The simulation results also suggest that the source of calibration data used for determining a com-
mon scale is also important in determining the magnitude of SMSD values. For example, the stan-
dardized scale uses information primarily from the calibration of 0 parameters for placing IRFS on
the same scale. The present results suggest that the standardized scale consistently yields larger SMSD
values for the discrimination parameter when compared with the other two scales. How effective
is the standardized scale, then, in practical use for determining a common scale? The answer depends
on the amount of bias in 6. If a researcher is confident that this amount of bias is negligible, or
that there is an efficient way of correcting bias in ability estimates, the standardized scale could still
be a simple and useful tool for finding the transformation constants a and 13.

If the source of calibration data is kept the same, a major change in criterion functions appears
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to have a minor effect on the comparison of accuracy between parameter estimates. For example,
both the Stocking and Lord scale and the Samejima scale use information from the calibration of
discrimination and difficulty. The Stocking and Lord scale follows the least squares principle: It

rescales the estimated IRFS. The Samejima scale, on the other hand, rescales both the theoretical
parameters and the corresponding estimates with their first principal component.

Simulation results indicate that the Samejima and Stocking and Lord scales yield a very similar
pattern of SMSD values for individual parameters, especially as the test is lengthened. A generaliza-
tion of the results to other simulation situations, however, remains to be demonstrated in further
research. The computation requirements for these two scales are substantial, in comparison with the
standardized scale. The Gauss-Newton procedure for minimizing F(a,~i) in the Stocking and Lord
scale is supported on most computers. Therefore, the Stocking and Lord scale might prove to be more
tractable than the Samejima scale. The SMSD equation is closer to the criterion function specified
in the Stocking and Lord scale, and this fact raises some questions about the simulation results presented
in this study; they might be biased in favor of the Stocking and Lord scale.
A limited simulation does not allow for a definite conclusion concerning the validity of any scale.

The three scales are similar in that they all suggest that the b parameters are generally more accurate-
ly estimated than are the 0 and the a parameters, and that an increase in test length will improve
accuracy in calibrating the b and 0 parameters. Because the data source used in a criterion function
determines a portion of the magnitude of SMSD, knowledge concerning the standard error or bias
of the data source is essential. Furthermore, the study suggests that any comparison of the accuracy
between two parameter estimates should be done with reference to more than one scaling procedure.
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