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Modeling Individual Differences in
Unfolding Preference Data: A Restricted
Latent Class Approach
Ulf B&ouml;ckenholt
University of Illinois

Ingo B&ouml;ckenholt
University of Karlsruhe

A latent class scaling approach is presented for
modeling paired comparison and "pick-any/t"
data obtained in a preference study. Although the
latent class part of the model identifies homogene-
ous subgroups that are characterized by their
choice probabilities for a set of alternatives, the
scaling part of the model describes the single-
peakedness structure of the choice data. Proce-

dures are suggested for examining the unfolding struc-
ture in an unrestricted latent class solution. Two

applications are presented to illustrate the technique.
In the first application, scaling solutions obtained
from a latent class scaling model and a marginal
maximum likelihood latent trait model are com-

pared. Index terms: latent class analysis, paired
comparison data, pick any/t data, unfolding models.

This research concerned two important data collection methods for measuring choice behavior.
The first technique is a natural and economical one in which respondents are asked to select a preferred
object from a set of objects. Coombs (1964) termed this procedure &dquo;pick-any&dquo; when the set of choice
alternatives is unconstrained, and &dquo;pick-any/t&dquo; when the set of choice alternatives is fixed. In con-
trast to the first technique, the second technique requires people to compare pairs of objects and
to select the preferred one. This is a more time-consuming method, but it is also more useful for
obtaining reliable information about a person’s preference order. For both data collection methods,
a general approach is presented to account for individual differences and to scale the choice alterna-
tives along a continuum. This approach is based on a reparameterization of a latent class model;
thus, parameter estimation and model tests are straightforward. Moreover, simple tests can be per-
formed to examine whether the choice data conform to an unfolding structure.

The restricted latent class analysis (LCA) used in this study complements a latent trait unfolding
model recently introduced by Andrich (1988, 1989) for describing pick-any/t and paired comparison
data.. In order to represent individual preferences and the choice objects under study simultaneously,
Andrich suggested the joint estimation of both person and object parameters. Such a procedure is
complicated by the fact that, with increasing sample sizes, the number of person parameters to be
estimated increases and standard limit theorems do not apply (Bock & Aitkin, 1981). A restricted
latent class approach does not share these difficulties, but it also does not provide as much detailed
information about individual differences. However, a restricted latent class approach may be the method
of choice when a researcher is interested in detecting group structures consisting of respondents with
similar choice patterns.
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Unrestricted LCA is first reviewed for binary choice data. Next, a new approach is presented for
modeling individual differences in choice data by combining the latent class (LC) model and several
one-dimensional unfolding models for pick-any/t and paired comparison data. After estimation and
model tests are discussed, results are presented from two real datasets involving political and con-
sumer judgments. The political judgment dataset was previously analyzed by Hoijtink (1990), who
applied a marginal maximum likelihood latent trait approach. Finally, further extensions are discussed.

Latent Class Analysis

The first systematic treatment of latent class models was given by Lazarsfeld and Henry (1968),
and more recent developments are described by several texts and research monographs (Bartholomew,
1987; Formann, 1984; Goodman, 1978; Langeheine & Rost, 1988; McCutcheon, 1988; Rost, 1988b).
Because these developments are well documented in these sources, only a summary of the fundamen-
tal assumptions of LCA (cf. Formann, 1985) is presented. Let ple be the probability that a person
s in class ~(P = 1, ..., q) selects object m from a set of t objects-that is,

where R,,, is a random 0,1 variable. The prior probability of a person belonging to latent class f is
denoted by p,, and is usually interpreted as a class size parameter. Because the classes are defined
to be exhaustive and disjunctive, the unconditional probability that person s selects object m is

Person responses are also assumed to be stochastically independent within each latent class. Thus
the probability of a person selecting pattern R, = (Rt&dquo; ..., /?J is

and the corresponding unconditional probability of observing a selection pattern RS is

Both sets of parameters, p, and PIIII¡, are obtained by maximizing the kernel of the likelihood function

where n, denotes the observed frequency for a response pattern R,. The expectation maximization
(EM) algorithm (Dempster, Laird, & Rubin, 1977; Goodman, 1978, 1979; Takane & DeLeeuw, 1987)
has proven useful for estimating latent class parameters.

A Synthesis of Unfolding Models and LCA

Pick-Any/t Data

Approaches suggested for modeling pick-any/t data may be roughly classified as either determinis-
tic or stochastic, and as either parametric or nonparametric. An example of a nonparametric and
deterministic approach is a procedure suggested by Cliff, Collins, Zatkin, Gallipeau, and McCormick
(1988) for reordering the rows and columns of a rank-order matrix in order to obtain as close a
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parallelogram structure as possible. Andrich (1988) presented a parametric and stochastic model that
describes explicitly the relationship between the distance of an object to a person’s ideal point and
the probability of endorsing it. Both approaches appear to be most useful at different steps of a
modeling process. For instance, qualitative characteristics of the unfolding structure may be exam-
ined first by a nonparametric procedure, and in a further step, a parametric model may be fitted
to obtain more precise information from the data.

The restricted latent class framework facilitates this sequential procedure. In the first step, the
unrestricted latent-class-specific probabilities are examined to determine whether they conform to an
unfolding structure. If this is the case, a parametric model is fitted to describe the unfolding relation-
ship in a parsimonious way.

This research focused on two different parametric versions of stochastic unfolding models. These
models were selected for their simple structure and their ease of implementation. However, there is
little reason to believe that both models describe exhaustively unfolding preference data. For exam-
ple, both models are symmetric around the ideal point. This characteristic may not always be found
in preference data; if that occurs, other functional relationships may be specified that can be im-
plemented easily in a latent class framework.

The first unfolding model was discussed and applied by Andrich (1988), and DeSarbo and Hoff-
man (1986, 1987). The latter authors specified a multidimensional version of this model. The class-
specific probabilities of the LCA framework are defined here as a function of the distance between
the ideal point of a latent class f and an object coordinate, Xm,

where ie is an additive constant for latent class f. Note that Pmlf approaches 1 only when (ire - xm) = 0
and Te - oo. Another version of an unfolding model has been recently introduced by Hoijtink
(1990). His model can be represented in a latent class formulation as

where y is positive. In contrast to the previous model, this model has class specific probabilities of
1 when (if - xm) = 0. Thus, an object is always chosen when its position is equal to the ideal point.

Further differences between the models are illustrated in Figure 1, which depicts class-specific prob-
abilities as a function of the distance between the ideal point and the coordinates of the objects.
For Model 1 (Figure la), six curves are displayed that are the result of setting the additive constant
T = 0, 1, 2, 3, 4, or 5. The curves are monotonically decreasing and do not intersect. Model 2, on
the other hand (Figure lb), is shown for y = 1, 2, 3, 4, 5, or 20. For small values of y a slowly decreasing
function is obtained, and for large y values the relationship approaches a step function. Not surpris-
ingly, all curves intersect at (if - xm)2 = 1 and Pm If = .5.

Both models have in common the fact that their class-specific probabilities are symmetric around
the ideal point, they predict strong stochastic transitivity (SST), and they satisfy the condition of bilater-
al monotonicity. For example, consider the class-specific probabilities in Table 1 that are presented
for different object coordinates and ideal points ordered by their size. The table depicts an unfolding
structure with the main (block) diagonal of both matrices containing the largest values, and decreas-
ing probabilities. to both sides of the diagonal.

This particular structure exemplifies one necessary condition for fitting the two unfolding Models
1 and 2 in a latent-class framework. Thus, both unfolding models may be of use only if the unrestrict-
ed latent-class-specific probabilities can be reordered to conform to this pattern. Because the number
of latent classes is frequently small, a reordering of the class-specific probabilities provides a straight-
forward examination of the appropriateness of the unfolding models. Moreover, by imposing
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Figure 1
Representation of Models as a Function of the Distance to the Ideal Point

equality constraints on the class-specific probabilities in such a way that they conform to an unfold-
ing structure, unfolding models can be estimated in the form of discontinuous functions. Applica-
tions of this approach can be found in Formann (1988).

Paired Comparison Data

Only few approaches are available for modeling individual differences in paired comparison data.
Takane (1987) developed a comprehensive methodology based on an analysis of covariance struc-
tures approach that facilitates a separation of the systematic individual differences components from
random components. In addition, Takane’s framework includes paired comparison models introduced
by Bock and Jones (1968), and Bloxom (1972) as special cases. Restricted LCA is suggested as an
alternative approach to account for the dependencies among the paired comparison judgments. This

Table 1

Class-Specific Probabilities Generated By Models I and 2

(Columns Represent Object Coordinates and
Rows Represent Different Ideal Point Positions)
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approach has also been applied by Formann (1989), who discussed an LCA version of the Bradley-
Terry-Luce model (Luce, 1959).

In restricted LCA, (2) paired comparisons are modeled. Because the number of possible response
patterns increases rapidly with the number of objects, an LCA of paired comparison data is limited
to a small number of objects. A complete paired comparison of t objects yields 2Ü) possible response
patterns. In contrast, for pick-any/t data, 21 response patterns may be observed. Consequently,
incomplete paired comparison designs (Bock & Jones, 1968) may be of considerable usefulness in
a restricted LCA. Andrich (1989) provides a detailed derivation of Model 1 for paired comparison
data. Following his approach, Model 1 specifies the probability that object m is preferred to object h:

and the additive constant is eliminated. Similarly, for Model 2,

The main difference between both models is that the paired comparison Version 4 of Hoijtink’s model
makes the strong prediction that for an object value identical to the ideal point position, (i.e.,
i, = x,,,), object m is always preferred to object h, regardless of the position of object h.

To illustrate some of the qualitative characteristics of Models 3 and 4, the class-specific probabili-
ties are represented in the form of paired comparison matrices in Tables 2 and 3. These matrices
were computed for the object values, x = (-2, -1, 1, 2), and the ideal point positions, i = (-1.7,
-.6, .5, 1.4). Additionally, the rows and columns of the matrices were reordered so that the paired
comparison probabilities increase from the left to the right columns and from the bottom to the top
rows.

Greenberg (1965) provided a detailed discussion of this gradient pattern for unfolding paired com-
parison data. Models 3 and 4 may be of use only if the unrestricted latent-class probabilities can
be reordered so that they conform to this pattern. This condition can be easily examined for a small
number of objects and latent classes. For a large number of objects, a recursive dynamic program-
ming strategy presented by Hubert and Golledge (1981) can be used to reorganize optimally the rows
and columns of the paired comparison matrices for each latent class.

Table 2

Class-Specific Paired Comparison Probabilities Generated By
Model 3 (x, = -2, x, = -1, x, = 1, and x, = 2)
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Table 3

Class-Specific Paired Comparison Probabilities Generated By

Parameter Estimation: An EM Algorithm

The parameters of the restricted LC models can be estimated using a Newton-Raphson procedure
by maximizing the likelihood function of the Lc model under the constraints imposed by unfolding
Models 1 through 4. However, it is computationally more convenient to modify the EM algorithm
for estimating the unrestricted Lc models. This approach has been adopted before by Rost (1985;
1988a), for example. The main steps necessary for implementing this approach are discussed below
with the notation for pick-any/t data. The corresponding changes in notation for paired comparison
data are straightforward and are omitted.

E Step

Let n, denote the observed frequency for response pattern R,, and p, the probability of response
pattern j. Let nJ.1 denote the frequency of the response pattern j in latent class f, and let p,,, denote
the joint probability of observing the response pattern j in class f. Under the assumption of local
independence, p,,, is computed

The expected number of respondents selecting object m in latent class f is given by

and the expected number of respondents in class f is given by

M Step
In the M step the class size parameters, pp, are estimated by

where n denotes the total number of respondents. Although the class-specific parameters Pmlf for the
unrestricted Lc model are determined by
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in the restricted Lc model, they are constrained to be equal to one of the unfolding Models 1 through
4. Thus the class-specific probabilities constrained under Model 2, for example, are determined by
maximizing the kernel of the likelihood function of the complete data,

where E(j-V.1f) denotes the expected number of respondents who do not select object m in latent
class f. Values of pe and p... If obtained in the M step are then used to determine the parameter esti-
mates in the E step. This procedure continues until convergence is obtained.

Model Tests

Large sample tests of fit of any of the restricted or unrestricted LC models or submodels are avail-
able using the likelihood ratio (LR) X2 statistic:

where h, denotes the expected pattern frequency under the Lc model. When one hypothesis is nested
within another, differences between the likelihood ratio statistics can be computed to assess the im-
portance of the contribution to the likelihood ratio statistic by the additional constraints imposed
by the stronger hypothesis. This difference is asymptotically distributed as a x2 statistic with degrees
of freedom equal to the difference between the number of parameters in the unrestricted and restrict-
ed models.

This approach provides further guidance in selecting a parsimonious model. For the comparison
of models that are not proper subsets of each other, the Aikake information criterion (AIC) statistic
(Aikake, 1974) is applied. For example, the AIC statistic is useful for comparing the fit of unfolding
Models 1 and 2, because these models are not nested. The AIC statistic is defined as

AIC = -2 InL. + 2 d , (17)
where L&dquo;, is the value of the model’s maximum likelihood and d corresponds to the number of effec-
tive model parameters.

Although df = 2’ - 1 under the saturated model, the unrestricted latent class model requires the
estimation of q x t class-specific response probabilities and q - 1 class size parameters. The ideal
point Models 1 through 4 are based on t - 1 scale values, q ideal points, q - 1 class size parameters,
and either one power parameter (Model 2, 4), or q threshold parameters (Model 1). It is necessary
to estimate only t - 1 object coordinates because the origin of the scale is arbitrary.

Application I: Reanalysis of Political Candidate Data

The following example was selected to compare scaling solutions obtained from a marginal maxi-
mum likelihood (MML) latent trait model, and the restricted Lc approach. Takane (1983a, 1983b) point-
ed to the usefulness of treating person parameters as random effects when modeling pick-any data.
Further support for this approach was obtained by Hoijtink (1990), who developed a latent trait for-
mulation of unfolding Model 2. In an application of his unfolding model, Hoijtink estimated the
model parameters (without a priori assumption about the distribution of the person parameters) by
MML methods.

Using the restricted latent-class approach, data were reanalyzed that were collected from 697
delegates who attended the Missouri party convention in March 1980; the delegates were asked to
indicate their opinion, using a five-point favorableness scale, of nine political candidates (Abramowitz
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& Stone, 1984). Six candidates were running for the presidency (Carter, Kennedy, Brown, Reagan,
Bush, and Anderson), and three candidates were running for state offices. The names of these candi-
dates are denoted by Governor, Senator 1, and Senator 2. The five-point rating scale with the labels
&dquo;1 = very favorable&dquo; to &dquo;5 = very unfavorable&dquo; was recoded to a binary scale (1 = 1 ; 2, 3, 4, 5 = 0).

To fit his one-dimensional latent trait unfolding model, Hoijtink removed three politicians, Sena-
tor 1, Senator 2, and Brown, from the analysis. His approach was followed by analyzing the dataset
using an unrestricted latent class approach. Both the LR test compared against the saturated model,
and the AIC statistics in Table 4, suggest a three-class solution. The ordered latent-class-specific prob-
abilities and the class size estimates are presented in Table 5. The first (24.0%) and second class (16.8%)
favor the Democratic candidates, the third class (59.2%) favors the Republican candidates. It is in-
teresting to note that the first two classes disagree considerably on their favorableness ratings for
Carter and Kennedy, which could indicate a split in the Democratic party for the two candidates.

Table 4
Number of Latent Classes (LC), Results
of the Likelihood Ratio Test (LRT),

Degrees of Freedom (df ), and Aikake’s
Information Criterion (AIC) in

Application I for Unrestricted LCA

With one minor exception (Governor in the third class), the class-specific probabilities conform
to an unfolding structure. Fitting Models 1 and 2 to the dataset resulted in likelihood ratio tests of
G2 = 32.00 (df = 53, AIC = 2658.32) for Model 1, and GZ = 32.10 (df = 55, AIC = 2655.42) for
Model 2. Both models provided a satisfactory fit to the data and were considerably more parsimoni-
ous than the unrestricted latent class solution. Model 2 seemed to be somewhat superior, because
it is based on fewer parameters. The coordinates of the judged politicians are similar for both models.
Figure 2 depicts graphical representations of the parameter estimates obtained from Models 1 and
2. Only one ideal point is enclosed by the object coordinates, which indicates that an unfolding represen-
tation is necessary only for the second class. Pearson correlations between the scale values obtained
from Models 1 and 2, and Hoijtink’s MML solution were .995 and .975, respectively, indicating a

Table 5

Class-Specific Selection Probabilities of Three Latent Class
Solutions (Ca = Carter, Ke = Kennedy, Re = Reagan,

Bu = Bush, An = Anderson, Go = Governor)

*Violations of an unfolding structure.
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Figure 2
Three-Class Solutions for Objects Ca = Carter, Ke = Kennedy, Re = Reagan, Bu = Bush,
An = Anderson, Go = Governor (Latent Class Positions are Denoted by t~, £2’ and £3)

high agreement among the different scaling solutions.
In summary, the restricted latent class approach produced results similar to those obtained by

Hoijtink’s MML approach for this dataset. However, in addition to these similarities, the latent-class
solution with three classes revealed a possible split in the Democratic party-a result not obtained
by the MML latent trait procedure. Finally, problems with parameter estimation were not observed.
The estimates of both unfolding models converged quickly to their ML solutions.

Application II: A Consumer Study

In an unpublished paired comparison preference study (conducted by the first author), 50 people
were asked to compare several brands of American cookies. Four cookie brands (Oreos, Chips Ahoy,
Ding Dongs, and Twinkies) were selected from the dataset and submitted to an LCA. Table 6 con-
tains the LR and AIC statistics of the one-class to four-class solutions. A two-class solution provided
satisfactory fit, and the corresponding reordered class-specific probabilities are presented in the
form of paired comparison matrices in Table 7. Although the gradient pattern was almost satisfied
for the latent class probabilities of the first class, several violations occurred for the probabilities
of the second latent class. Because these violations make the order of objects 2 and 4 ambiguous,
two reordered paired comparison matrices are presented (A and B in Table 7) that seem equally
acceptable.

Table 6
Number of Latent Classes (LC), Results
of the Likelihood Ratio Test (LRT),

Degrees of Freedom (df ), and Aikake’s
Information Criterion (AIC) in

Application II for Unrestricted LCA
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Table 7
Reordered Class-Specific Paired Comparison Probabilities of Two Latent Class Solutions

(I = Oreos, 2 = Chips Ahoy, 3 = Ding Dongs, and 4 = Twinkies)

Latent Class 2 With Class Size pz = .46

*Violation of the gradient pattern.

By fitting Models 3 and 4 to the paired comparison data, a likelihood ratio test was obtained for
Model 3 with G2 = 54.95 (df = 57, AIC = 346.86), and for Model 4 with y = 1, G2 = 54.60
(df = 57, AIC = 346.52). The scale values and ideal point positions obtained from Models 3 and
4 are displayed in Figure 3. Although the scale values obtained from both models are similar, the
models differ in two respects. First, for Model 3 the scale value for Twinkies coincides with the ideal
point position of latent class f,. In contrast, for Model 4 the Twinkies scale value and the ideal point
position for latent class fi are well separated, because a scale value and an ideal point coincide in
this model only when an object is preferred all the time. Second, the preference rank order of latent
class f2 is 1, 2, 4, and 3 for Model 3, and 1, 4, 2, and 3 for Model 4. This result reflects the ambigui-
ty in ordering the unrestricted latent-class-specific probabilities as discussed above. It is not clear
which solution is preferable. More choice objects and larger sample sizes are needed for a more powerful
comparison of the two models.

The two class size parameters were almost equal for both models, indicating that half of the peo-
ple had a somewhat &dquo;sweeter tooth&dquo; and preferred Ding Dongs and Twinkies over Oreos and Chips
Ahoy, while the remaining half showed (approximately) the reverse pattern. Moreover, the perceived
difference between Chips Ahoy cookies and Oreos is considerably smaller than the one between Ding
Dongs and Twinkies. Similar to the first application, problems with parameter estimation were not
observed.

Discussion

Although LCA has been used quite infrequently over the last 40 years, Goodman’s (1979) formu-
lation of the EM algorithm and the possibility of imposing constraints on the model parameters have
led to a revival of this model. In particular, constrained latent class models have been applied suc-
cessfully to various areas of psychology (Clogg & Goodman, 1984; Dayton & Macready, 1988; For-
mann, 1985, 1988, 1989; Rindskopf, 1983). Each of these applications demonstrates the usefulness
and flexibility of restricted LCA in terms of implementation and parameter estimation. The present
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Figure 3
Two-Class Solutions for 1 = Oreos, 2 = Chips Ahoy, 3 = Ding Dongs, and 4 = Twinkies

(Latent Class Positions are Denoted by £1’ and £2)

research focused on the application of two one-dimensional unfolding models of restricted LCA for
pick-any/t and paired comparison data. A meaningful classification of the respondents was obtained,
as well as a parsimonious representation of the unfolding structure in the data. These results indicate
that, in particular for choice datasets with a large number of respondents, the synthesis of unfolding
models and LCA may prove to be of considerable usefulness.

Although somewhat different in structure, the unfolding Models 1 and 2, as well as Models 3 and
4, yielded similar fit statistics for the binary choice data. This result may not be unexpected, yet it
demonstrates that choice models cannot always be distinguished on the basis of fit statistics when
the models satisfy certain qualitative characteristics of the data. Therefore, one important advantage
of the proposed synthesis of LCA and unfolding models is that the unrestricted latent class probabil-
ities for these qualitative characteristics (as demonstrated in the two applications) can be inspected
before a particular model (or possibly a family of models) is specified and tested that may provide
a more concise and parsimonious representation of the choice data.

Finally, one-dimensional unfolding models were focused on in this research. Preference data may
be frequently multidimensional, and this limits the range of applicability of these models. B6cken-
holt and Bockenholt (1990) applied constrained LCA to multidimensional preference data (that may
be ordinal) to obtain a wider and more flexible set of models that can account for systematic in-
dividual differences.
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