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Equating error was estimated using the same test
by three linear equating methods in three paradigms:
(1) single-link equating of a test to itself, in which a
test was administered on two different dates and the
later administration was equated to the earlier adminis-
tration ; (2) circular equating through a chain, start-
ing and ending at the same test; and (3) pseudo-circular
equating, in which a test was equated to itself as in
the first approach through equating chains contain-
ing a different number of links as in the second ap-
proach. The mean difference between the actual scores
and the equated scores, as well as the root mean square
of this difference, were used as the criterion measures
for equating error. The results suggested a superiority
of the Tucker method for the conventional circular
equating chain, and the Levine and vci methods
yielded smaller errors in about half the equating chains
for the pseudo-circular chain. Unexpectedly, there was
not found to be a clear relationship between the num-
ber of links in the equating chain and the resulting
error. Index terms: circular equating, equating chains,
equating error, equating methods, linear equating.

The purpose of equating is to express a score
on Test X (administered to population a) as an
equivalent score on Test Y (administered to popu-
lation 0), where Tests X and Y are assumed to
be similar in content and difficulty. One of the
most common equating designs consists of us-
ing a common set of items (anchor items, desig-
nated U) that is included in both test forms. The
anchor items are selected to represent the two
forms both in their content and difficulty.

Two linear equating methods are often used
with this design: the Tucker and the Levine Equal-
ly Reliable Tests methods (Angoff, 1971). These
methods equate a score on Test X to a score on
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Test Y by a linear transformation, based on esti-
mation of the mean and standard deviation of
each of the tests for a synthetic population as-
sumed to take both. The estimation process re-

quires the assumption that the linear regression
of total score on common item score is equal for
populations a and (3. The Tucker method assumes
this equality for observed scores and is usually
indicated for populations similar in ability,
whereas the Levine method assumes this equali-
ty for true scores and is usually indicated for non-
similar populations.

Research findings do not provide unambigu-
ous evidence, however, for the adequacy of us-
ing the two methods in the two contexts. Kolen
and Brennan (1987) showed that differences
between populations a and (3 have a greater in-
fluence on the Levine equating method than on
the Tucker equating method. One method is not
necessarily preferable to the other; rather, the
degree of proximity of the equated scores rela-
tive to the base group scores is reflected in these
results. These results also do not provide any
indication of the size of equating error.
A problem related to evaluating the results of

any equating procedure concerns the choice of
criterion measure. In some situations, the test is
equated to itself; this is done either by single-link
equating, in which a certain form of a test is ad-
ministered on two different dates and treated as
two different forms, or by circular-chain equat-
ing, in which a test is equated through a number
of links back to itself (e.g., X-A-B-C-X).
The advantage of these paradigms is that the
criterion is known and the error is easily estimat-
ed (Angoff, 1987). Brennan and Kolen (1987a,
1987b) showed that the circular paradigm favors

247

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



248

equating methods involving fewer moments,
rather than more; they therefore suggested using
this paradigm for comparisons of equating proce-
dures involving the same number of moments
(e.g., two different linear equating procedures, as
opposed to linear equating versus equipercentile
procedures).

Brennan and Kolen (1987a) claimed that &dquo;it
would seem sensible that the degree of confidence
in the stability of equating should be inversely
related to the number of equating links necessary
to progress from the new form to the initial
form&dquo; (p. 281). It is not clear whether this holds
true for every case. Because it is known that

equating error is influenced by the degree of
difference between the two populations involved
in the equating process (Petersen, Marco, &

Stewart, 1982), it might be possible that a longer
chain involving similar populations would yield
smaller error than a shorter chain involving dis-
similar populations.

It is also possible that in a shorter chain the
errors would not cancel one another, and an ad-
ditional link might decrease the error. Error in
a circular paradigm contains random error,
model misspecification error (error deriving from
the choice of the equating procedure), error that
accumulates from multiple equating, and error
related to the different dates on which the tests
were taken (e.g., error involving differences in
meaning the anchor items might have had at
different times). It is thus possible that random
error increases as the chain becomes longer, while
other types of error decrease, which might yield
an altogether smaller error.
An alternative design to evaluate the quality

of equating would consist of a chain in which the
initial form is identical to the final form, but the
initial population is different from the final popu-
lation. This could be done by administering the
initial Test X twice on two different dates, or by
dividing the population taking the initial test into
two halves, and then equating the test adminis-
tered to the first half of the population to the
same test administered to the second half. This
is referred to below as a pseudo-circular design.

The objective of this study was to compare
empirically the equating error yielded by using
the circular paradigm (in which the initial test and
population were identical to the final test and
population) with the error yielded by using the
pseudo-circular paradigm (in which a test was
equated to itself using two different populations
through a chain). Error accumulated over mul-
tiple equating was compared to the error associat-
ed with single-link equating and an estimate of
the error yielded by chains of different lengths.

Method

A comparison between the error obtained us-
ing single-link equating and using circular equat-
ing should provide an estimate of the error

accumulated through multiple equating. A sub-
stantial difference between error estimates ob-
tained by an equating chain with initial and final
forms identical, and by an equating chain with
initial and final forms identical but administered
to different populations, should indicate an ef-
fect related to some interaction of operation of
the equating method, the paradigm, and possi-
bly the specific dataset characteristics.

In order to examine these two effects (multi-
ple equating and the interaction of equating
method with the paradigm), equating error was
estimated using the same test in three paradigms:
1. Single-link equating of a test to itself, in

which a test was administered to two groups
on two different dates, and the later adminis-
tration was equated to the earlier one

(Paradigm 1);
2. Circular equating chain, starting and ending

at the same test administered at the same
date (Paradigm 2);

3. Pseudo-circular equating, in which a test is
equated to itself (as in single-link equating)
through equating chains containing differ-
ent numbers of links (as in the circular equat-
ing chain; Paradigm 3).

Instruments

The test scores in this study were based on var-
ious forms of the Psychometric Entrance Test
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(PET) constructed by the National Institute for
Testing and Evaluation (NITE) in Israel and writ-
ten in Hebrew (Beller, in press). The test is used
in undergraduate admissions by all the universi-
ties in Israel. It consists of five subtests; the length
of each depends on the specific form:

General Knowledge (GK): 45 to 60 items,

Figural Reasoning (FO): 22 to 27 items,

Verbal Reasoning (RE): 40 items,

Mathematical Reasoning (MA): 30 to 35 items,
and

English (EN): 50 items.

Each subtest is equated separately to two previ-
ous forms of the same subtest, based on anchor
items that constitute about 20% of the subtest

length. Scores on each subtest are reported on a
scale with mean of 100 and standard deviation
of 20. The total score on the battery (PET) is
given by a linear transformation, with the sub-
tests weighted equally, on a scale with mean of
500 and standard deviation of 100.

Form 7 of the test administered in April 1985
was used as the base form (Y) in all the

paradigms; it was also used as the final form in
Paradigm 2. The same form was administered
again in June 1985 and was used as the final form
(X) in the first and third paradigms. In addition
to Form 7, the equating chains used in Paradigms
2 and 3 included the following forms: Form 10
(December 1986), Form 20 (December 1987),
Form 17 (April 1987), Form 13 (June 1986), Form
4 (June 1984), Form 5 (December 1985), and
Form 2 (February 1984).

Population

The examinees were all PET candidates who

registered for examinations for February and
June 1984, April, June, and December 1985, June
and December 1986, and April and December
1987. Table 1 presents the mean and standard
deviation of the raw and standard scores on the
five subtests, and on the PET general score for

the nine groups included in the study. The stan-
dard scores were obtained by equating each form
to two previously-administered forms. The same
parameters used for Form 7, as it was ad-
ministered in April 85, were used for Form 7 ad-
ministered in June 85.

Procedure

Figure 1 shows the five equating chains used
in Paradigms 2 and 3. The arrows in each chain
indicate the direction of the equating; thus, in
chain 1, Form 7 (the final form) was equated to
Form 17, which was equated to Form 20, which
was equated to Form 10, which was equated to
Form 7 (the initial form). The initial and final
form were the same in Paradigm 2 (Form 7, ad-
ministered in April), and in Paradigm 3 the final
form was Form 7 administered in June. For ex-

ample, Chain 1 for Paradigm 3 is described as
illustrated in Figure 2.

Table 2 presents the number of anchor items,
the mean and the standard deviation of the an-
chor item scores, and their correlation with the
test scores for the base group and the equating
group within each of the equating links in each
of the chains. The anchor-test correlations for Fo
and RE are generally lower than for the other
three tests, probably due to the smaller number
of items in Fo and to the relatively higher degree
of heterogeneity of RE.

Three linear equating methods were used: the
Tucker method, the Levine method, and an ad-
ditional method described by Angoff (1971) as
&dquo;Design V: other methods involving score data&dquo;
(denoted here as vci). In this method, a score x,
on Form X, and a score y, on Form Y are found
such that they predict linearly the same score on
the anchor test U; the scores x, and y, are then
considered equated. This method was examined
because it was shown to be the most valid linear
method in the prediction of grade-point averages
obtained at the Hebrew University in Jerusalem
from psychometric entrance scores (Melamed,
1989).

Criterion measure. Form 7 served as the ini-
tial and the final form in the process of equat-

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



250

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



251

Figure 1
Five Equating Chains Used in the Study

ing in all three paradigms; the difference between
the actual score and the equated score (BIAS)
could serve as an estimate of equating error. Be-
cause mean BIAS can be small while its variance
can be fairly large, BIAS by itself is not sufficient.
An additional measure that takes into consider-
ation both mean BIAS and its variance is the root

mean square error (RMSE), which is the square
root of the sum of the squared mean BIAS and
its variance.

Results and Discussion

Tables 3 and 4 present means of BIAS and
RMSE, respectively, for the five subtests and PET
scores using single-link (sL) equating, the five
chains of Paradigm 2, and the five chains of
Paradigm 3. A comparison of the two tables
shows that the absolute size of the two measures
is fairly similar, which indicates small BIAS vari-
ances ; they can therefore be used interchangea-
bly. The sign of the BIAS has not been considered
because it is affected by the direction of the
equating chain.

Paradigm 2 Versus Paradigm 3

Findings based on the five subtests are expect-
ed to be consistent with each other because they
actually serve as five replications of the same de-
sign. Table 4 reveals that although the Tucker
method yielded smaller RMSES for almost every
case using Paradigm 2, this was not true using
Paradigm 3-in 13 out of 25 cases (five sub-
tests x five chains), the Levine method yielded
smaller RMSES than the Tucker method.

Moreover, in the three cases in which the Levine
method yielded smaller RMSES using Paradigm 2,
the corresponding RMSES for the Levine method
using Paradigm 3 were also smaller than for the

Tucker method.
This result throws some doubt on the use of

the conventional circular paradigm for compar-
ison of equating methods with the same number
of moments. It indicates an interaction of equat-
ing method with the paradigm used. As discussed
above, the Levine method, as well as the vci
method, emphasizes the difference between

groups in single-link equating more than the
Tucker method does. This property does not

necessarily hold mathematically for a chain in-
volving more than two groups. It might be,
however, that this attribute, along with group
characteristics and the differences among them
involved in real equating situations, results in
smaller error estimates overall for the Tucker
method when it is used in the circular paradigm
(Paradigm 2) than when it is used in the pseudo-
circular paradigm (Paradigm 3).

Because the chains in Paradigm 3 contain an
additional population (June, Form 7) to those
contained in Paradigm 2, larger RUSES were ex-
pected using Paradigm 3. Such an expectation is
reasonable, even if the additional population had
a similar ability distribution, due to an additional
source of noise (i.e., sampling error). In particu-
lar, such an increase in error is expected when the
additional population has a quite different abil-
ity distribution, as in the present case. However,
the current findings do not support this expec-

Figure 2
Chain 1 as Used in Paradigm 3
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1’able 3
Mean BIAS Using Paradigms 2 and 3, the Three Equating Methods for the

Five Chains, and Single-Link Equating (SL)

tation. An attempt was made to explain the
difference in the results using Paradigms 2 and
3, in terms of the difference between the final
group (June, Form 7, as opposed to April, Form

7) in each paradigm and the group immediately
preceding it. This attempt failed to support the
hypothesis that the larger this difference was, the
larger the error. No consistent pattern could be
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Table 4
Mean RMSE Using Paradigms 2 and 3, the Three Equating Methods for the

Five Chains, and Single-Link Equating (SL)

detected, suggesting an interaction of the datasets
with the different subtests.

The PET general score is a linear composite of
the five subtest scores; thus an examination of

the equating error for that score is not theoreti-
cally appropriate. However, the error in that
equation was of interest because that score is
operationally used for selection. Results for the
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PET general score showed that the errors yielded
by Paradigm 3 were larger than those yielded by
Paradigm 2 for all chains and for all methods.

The question remaining is why the error

accompanying the PET score was so much larger
for the Tucker method when using Paradigm 3.
This was probably due to an accumulating effect
of the BIAS, which was more consistent in its
direction for the Tucker method than for the
other two methods. For example, all five BIAS
estimates related to the subtests in Chain 2 were

negative for the Tucker method, but only three
of the five were negative for the Levine or the vci
methods. Thus, the errors yielded by these two
methods tended to cancel each other by yielding
an overall smaller error estimate, while the errors
yielded by the Tucker method (having the same
sign) accumulated Qver the five subtests.

It is not clear if such a consistency is an

advantage or a disadvantage for an equating
method. Lawrence and Dorans (1988) used con-
sistency of equating results as a criterion for
comparing various equating methods. They
found that results based on the Tucker method
were consistent across representative conditions
and matched-sample conditions. Because the PET
score was the one used for selection in this study,
consistency of the error direction across the

subtest scores was a disadvantage of the method;
however, inconsistency of the error direction was
an advantage, as occurred in the case of the
Levine method.

Equating Stability and Equating Chain Length

It was expected that the longer the equating
chain, the larger the error involved. An exami-
nation of the error relating to the five subtests
in Table 4 shows that this was not necessarily true.
A comparison of the error yielded by the three
equating methods using Paradigms 2 or 3, with
the error yielded using Paradigm 1, revealed that
single-link equating generally yielded a smaller
error than the error yielded by longer equating
chains. A comparison of the errors yielded by the
different chains, however, did not show a con-
sistent pattern. Thus, Chains 2 and 3 were identi-

cal, except for an additional form (Form 4) in
Chain 3, but the error for the longer chain
(Chain 3) was sometimes smaller for the three
equating methods (e.g., RMSES for GK and RE).
Generally, the longer chains were not necessar-
ily accompanied by larger errors. The inconsis-
tency increased when examining PET, but again
there did not seem to be a relationship between
chain length and the resulting error.

One of the factors that was considered to have
a possible effect on the size of equating error was
the degree of variability in test length in the
different chains. It has been shown (Gafni &

Melamed, 1989) that for single-link equating, the
error resulting when equating tests of different
length (e.g., two Fo forms containing, respec-
tively, 27 and 22 items) can be much larger than
when equating tests of the same length. How-
ever, in the present study there was no consisten-
cy found with respect to the size of equating
error as related to variability in length of the
tests included in the different chains. For

example, all forms of GK in Chains 1 and 2

were of identical length; yet, the equating error
for Chain 2 was larger than for Chain 1 (al-
though Chain 2 was a shorter chain). Chain 3,
which included one form of 60 items and three
forms of 45 items each, generally yielded smaller
errors.

A more consistent relationship between vari-
ability in test length and error size was found for
Fo. A comparison of the equating error in chains
of the same number of links (i.e., Chain 2 with
Chain 5, and Chain 1 with Chains 3 and 4),
which consisted of forms of identical lengths
(e.g., Chain 2, 27 items), as opposed to varying
test lengths (e.g., Chain 5, 22, and 27 items),
showed that less variability in test length was
related to a smaller error.

It seems that many factors operate simulta-

neously in determining the amount of error,
among which are the equating method, the type
of test, the number of items, the relationship
between the test and its anchor for each group
involved, the date of administration, and the
characteristics of the groups and their differences.
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Conclusions

The results of this study suggest that the use
of the conventional circular paradigm is not al-
ways appropriate for the estimation of equating
error. Although the Levine and vci methods
tended to yield smaller errors using Paradigm 3,
the Tucker method usually yielded smaller errors
using the same paradigm. These differences could
not clearly be accounted for by factors such as
group differences, anchor item characteristics, or
subtest characteristics. The Tucker method

seemed to be more consistent than the other two
methods across the different subtests in terms of
the direction of error, and this resulted in a larg-
er cumulative error overall for the general score
on PET.

The belief that equating error grows as the
number of links in the chain increases was only
partially supported by the current findings.
Although larger errors were yielded for

Paradigms 2 and 3 than for single-link equating,
within each paradigm a longer chain was not
necessarily accompanied by a larger error.

Some of the larger error estimates are proba-
bly an overestimation of the real error, because
equating of a test is usually based on two previ-
ous forms and not only one. However, it is strong-
ly recommended that any means possible be used
to minimize equating error: lengthen the anchor
test, select items that are a good representation
of test content in its entirety, keep test length sta-
ble, or select populations as similar as possible
for equating. The quality of equating depends
on a plethora of factors, each of which can con-
tribute to error; hence, quality checks should be
performed at frequent intervals in order to avoid
large drifts and surprising results.
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