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A Structural Theory of Spatial Abilities
Ruth Guttman, Elizabeth E. Epstein, Marianne Amir, and Louis Guttman
Hebrew University of Jerusalem

A cylindrical-wedge model is proposed to
represent the correlational structure of a variety of
spatial ability tests. The model corresponds to the
design of the tests’ content, according to three
facets: (1) type of rule task, (2) dimensionality of
the test items, and (3) need to mentally rotate test
objects in space. Additional facets are suggested to
refine the theoretical and empirical structure. The
model emphasizes regionality for representing in-
terrelationships as an alternative to factor analytic
models which seek meaningful reference axes. The
axis approach has not supplied an unambiguous
theory that unifies content classification with the
empirical structure of spatial abilities; it is also

technically more awkward and less parsimonious
than the regional approach. This paper advances
theory and data analysis in the field of spatial
ability by providing a unified conceptual frame-
work that can be refined and expanded systemati-
cally, and that serves as an actual experimental
design that can be easily executed by other workers
in the field. Existing data are shown to support
the regional cylindrical-wedge model. Index
terms: facet theory, factor analysis, intelligence, map-
ping sentence, Smallest Space Analysis, spatial
ability.

Anastasi (1983) stated that major trait theories
on the structure and organization of intelligence
can be subsumed under four types of models: (1)
two-factor, (2) multiple-factor, (3) facet, and (4)
hierarchical. Numerous critiques of the use of
factor analysis in the study of cognitive abilities
have appeared in the literature. The most recent
is that of Carroll (1988). The present paper deals
with one particular group of intellectual abilities
within the framework of two of the above-
mentioned models. A brief critical review is

provided of the respective contributions of fac-
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tor analysis and regional analysis to the elabora-
tion of the structure of spatial abilities. A facet
design and regional model for spatial abilities is
then presented that makes explicit the relation-
ship between theory construction, test design,
and subsequent empirical analysis of the data.

The Contribution of Factor Analytic Studies
to a Theory of Spatial Abilities

Since the 1920s, when spatial ability was treat-
ed by factor analysis as a subtype of intellectual
ability (Brown & Stephenson, 1933; El-Khoussy,
1935; Kelly, 1928; Murphy, 1936), numerous ef-
forts have been made to further differentiate spa-
tial ability into at least two or more sub-abilities.
Research done in the 1940s and 1950s consistently
suggested two possible spatial factors: spatial
orientation and spatial visualization (Michael,
1954; Michael, Guilford, Fruchter, & Zimmer-

man, 1957; Michael, Zimmerman, & Guilford,
1950).

Subsequently, the many later studies based on
factor analytic methods resulted in a large and
apparently non-convergent collection of articles,
each presenting its own definition of spatial sub-
factors. Lohman (1988) listed ten spatial factors
with specific tests that appeared in Eliot and
Smith (1983). Because Lohman gave a synopsis
of the enormous factor analytic literature, only
some of the factor analytic studies that show the
continuing problems in constructing a definition-
al system for spatial abilities are reviewed here.

Table 1 summarizes major factor analytic
studies on the definition and structure of spatial
abilities. The table includes some of the tests

designed to measure abilities represented by desig-
nated factor names. Factor names are capitalized
and are generally defined in the authors’ words.

Guilford and Lacey (1947) reported that fac-
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tor analysis of Army Air Force (AAF) tests ad-
ministered to Air Force personnel suggested two
spatial factors: spatial relations (SR), and spatial
visualization (~). Thurstone (1950) suggested
three spatial factors: S&dquo; S2, and 83. French (1951)
proposed his version of spatial factors: space (S)
and spatial orientation (so). French also suggest-
ed a visualization factor: V,.

In an effort to synthesize &dquo;decidedly differ-
ent notations and somewhat different psycholog-
ical interpretations of the factors,&dquo; Michael et al.
(1957, p. 187) organized the factor names pro-
posed in previous studies into three more gener-
al factor names: spatial relation and orientation
(SR-o), visualization (~), and kinesthetic imagery
(K). To distinguish among these three hypothe-
sized factors, the Michael study considered the
psychological aspects of each factor in tests of
spatial ability. These aspects included complexi-
ty of stimulus, manipulative operations, ex-

aminee’s bodily orientation to stimulus,
movement of parts of stimulus object versus
movement of entire object, and speed and pow-
er conditions. The Kit of Reference Tests for Cog-
nitive Factors (French, Ekstrom, & Price, 1963)
described Spatial Orientation and Visualization,
using definitions similar to (but not identical to)
those of Michael et al. (1957).

Smith (1964) summarized factor-analytic the-
ories of spatial abilities proposed prior to 1964
and concluded that &dquo;a remarkable feature of the
American research on spatial ability is the

difficulty the American psychologists are find-
ing in clarifying the distinctions between the
different spatial factors and especially between
SR-O and ~&dquo; (p. 95).

Subsequent studies proposed a &dquo;single spatial
visualization factor&dquo; (Wilson, De Fries,
McClearn, & Vandenberg, 1975), and a &dquo;gener-
al spatial factor&dquo; (Goldberg & Meredith, 1975).
Yen (1975) used marker tests for the visualization
and orientation factors. However, Yen also took
into account aspects of the stimulus (dimension-
ality) and mental processes (rotation). She no-
ticed that although tests of spatial orientation
demanded mental rotation to solve the problems,

tests of visualization did not. After analyzing
eight spatial ability tests, Poltrock and Brown
(1984) proposed a single factor representing broad
visualization ability; they attempted by means of
path analysis to decompose spatial visualization
into cognitive components.

In his review of spatial studies, McGee (1979)
concluded that &dquo; ... after 70 years of psycho-
metric research, there is still vast disagreement
about just how best to classify standard tests of
spatial abilities&dquo; (p. 892). He offered one general
definition for all the visualization factors and one
for all the spatial orientation factors (see Table 1).

The 1979 monograph of Ekstrom, French, and
Harman was a revision of the 1963 Kit of Refer-
ence Tests for Cognitive Factors (French et al.,
1963). New tests were added to existing test bat-
teries as markers for four factors with spatial abil-
ity names &dquo;figural fluency, visual memory, speed
of closure, and spatial orientation.&dquo; The 1979

monograph provides an example of a basic prob-
lem in the history of factor-analytic studies of
spatial abilities: Even though researchers have
used marker tests and have hypothesized about
their factorial content, there has been no success
in building an integrated theory of the organiza-
tion of spatial abilities based on a priori defini-
tions of specific tests and their roles in the model.
Certain factor names, such as visualization and

orientation, reappear in several different studies,
but the various authors have not been consistent
in assigning the same definitions to the same
names. Table 1 shows that these studies have not
resulted in a theoretical framework for the struc-
ture of spatial abilities because the factor names
are often for vague and overlapping concepts.
A structural theory of spatial abilities, rep-

resented by a three-dimensional model based on
facet theory and coupled with Smallest Space
Analysis (SSA) of regionality, is discussed below.
Instead of seeking reference axes (common fac-
tors) and attempting to name them a posteriori
by the content of tests that correlate highly with
them, the tests were classified a priori by facet
design of their content. The space of smallest
dimensionality for representing the test inter-
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correlations was then sought, in which regions
(not reference axes) corresponded to the facet de-
sign. Shye (1988, appendix) elaborates further
points of contrast between smallest space and
factor analysis, such as parsimony, dimension-
ality, and clarity of conceptual differentiation.
(See also Sternberg & Powell, 1982, pp. 988-989.
See Canter, 1985, for a more detailed introduc-
tion to facet theory.)

Facet Theory and Regionality

Mapping Sentence and Smallest Space Analysis

The mapping sentence device was introduced
by Louis Guttman as a general way to define a
universe of observations for a theory. A mapping
sentence has two main parts: a formal part made

up of its facets, and a less formal part compris-
ing the phrases linking the facets together (see
Shye, 1978, pp. 179-180; see also Hans, Bernstein,
& Marcus, 1985; Levy, 1976, 1985). The mapping
sentence in Figure 1 includes the three basic
varieties of facets: population, content, and

range. X designates the population of persons,
and together with the facets that classify the con-

tent of the variables (ABC ... N), makes up the
domain of the mapping sentence. The third type
of facet, the range (R) is the set of response
categories specified for the item studied. Each
respondent (x) in the population has one response
in the range for each question classified by the
elements of the juxtaposition ABC of the three
content facets.

In essence, the mapping sentence serves to de-
fine a priori exactly what is being studied (the
population and the content of variables), and the
range of the possible responses. The example in
Figure 1 is for the design of the Wechsler Intelli-
gence Scale for Children (wise; Wechsler, 1949).
The 12 Wechsler subtests are a subset of the 27
kinds of tests defined by this 3 x 3 x 3 ABC
design of content. This mapping sentence and the
subsequent discussion are presented here to show
how the faceted model of the structure of spa-
tial ability tests is an integral part of the general
facet model of intelligence tests.

The facets here are for the design of empiri-
cal test items, in contrast to Guilford’s (1959,
1967) use of facets for classifying factor names
(see Guttman, 1958). Facet A lists elements for

Figure 1
Mapping Sentence for the Wechsler Intelligence Scale for Children (Levy, 1985; Reproduced by Permission)
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the method expression, elements of facet B in-
clude three languages of communication, and
facet C distinguishes among rule tasks imposed
on the examinee.

Facet design thus provides the definitional sys-
tem of the observations specified by the mapping
sentence, which in turn suggests a rationale for

empirical hypotheses. The set of intercorrelations
among observations is the empirical aspect. The
set of intercorrelations can be analyzed by SSA,
in which a set of variables and their intercorre-
lations are geometrically portrayed in space

(Guttman, 1965, 1968; Lingoes, 1973).
The division of the space into regions comes

from boundary curves determined by structuples
of the variables. A structuple is a profile of scores
on each variable, composed by selecting an ele-
ment from each facet. Each facet element (e.g.,
a, is an element of the facet A) is called a struct,
and structuples are made up of one struct from
each facet (Shye, 1978). For instance, an oral
vocabulary item on the msc would have the fol-
lowing structuple: alblc3.

SSA treats each variable as a point in an Eu-
clidean space, such that the higher the correla-
tion between two variables, the closer are the
points in the space. The content facets specified
in the mapping sentence can then be studied in
conjunction with this empirical space to see if
they correspond to regional partitions of the
space. Each content facet has its own regional
hypothesis-namely, that it corresponds to a par-
titioning of the SSA space into as many regions
as there are elements to the facet.
A region should not be confused with a

cluster. A cluster is defined as a subset of points
that is separated from other points by relatively
empty space around the subset. This is only a spe-
cial kind of region; more generally, a region is
a subset of points separated from other points
by a boundary, and there need be no empty space
or special gradient at all around the boundary.
In particular, any uniformly distributed set of
points can be partitioned into regions, without
the slightest suggestion of clustering. Facet de-
signs such as the one above usually imply a con-

tinuous space, in principle, for the universe of
variables. Apparent clustering in sample data
may be simply an artifact of unbalanced selec-
tion of a sample of variables from the universe
of the mapping sentence.

The mapping sentence on the intelligence tests
in Figure 1 led first to a two-dimensional

representation-a radex-of its facet elements,
and eventually to the cylindrex-a three-
dimensional model of intelligence tests suggest-
ed by Guttman (1980). The radex, originally de-
veloped by Guttman (1965) and extended by
Schlesinger and Guttman (1969), is shown in

Figure 2. This radex represents a two-dimensional
partitioning of the space into three polar and
three modular regions. Each polar region cor-
responds to an element of facet B, Language of
Communication-these are verbal, numerical,
and figural (or spatial). Polar regions partition
a circular space into wedge-like regions, all

emanating from a common point. That facet B
should play a polar role is to be expected, because
its elements are unordered but related; the lan-
guages of communication are different, yet can
impose the same rule tasks, and can be tested by
the same modality of expression. This is an ex-
ample of how facet roles correspond to specifi-
cations (related or not, ordered or unordered) for
the facet elements. For a general discussion of
the roles of facets (polar, modulating, axial) see
Levy (1985).

Rule Task, or facet C, plays a modulating role,
which means that elements of this facet are or-
dered with a maximal (or minimal) element that
corresponds to the origin of a polar facet. The
modular regions are concentric rings around an
origin, each ring corresponding to an element of
the modular facet. The order of the rings cor-
responds to the order of the facet elements. A
rationale for the modular order for the facet of
Rule Task is that rule application or rule learn-
ing does not require inference, whereas rule in-
ference tasks cannot be solved by application or
learning alone (for a description of such tasks see
below).

The radex here is a two-dimensional space
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Figure 2
The Radex of 18 Intelligence Tests (From Schlesinger and Guttman, 1969; Reproduced by Permission)

partitioned according to two facets-one polar
and one modular-the two partitions intersect-
ing each other to yield finer subregions than from
each facet separately. (For a discussion of the sig-
nificance of the radex for intelligence theory, and
examples of radexes in intelligence research, see
Adler & Guttman, 1982; Koop, 1985; Marshalek,
Lohman, & Snow, 1983; Shye, 1988; Sternberg &

Powell, 1982, p. 988; Tziner & Rimmer, 1984.)
Figure 3 shows a three-dimensional represen-

tation of the variables derived from the entire

mapping sentence, including a third facet beyond
the polar and modulating ones. Facet A refers
to modality of expression, which may be oral,
manual, or paper-and-pencil. Facet A plays an
axial role. It enlarges the universe of variables,
in a way that requires another dimension for the
SSA representation of the enlarged correlation
matrix. The regional hypothesis now becomes
that of a three-dimensional cylindrex. The base
of the cylindrex is a radex with the above-
described two-dimensional regionality. Each two-

dimensional subregion in the radex becomes the
three-dimensional solid in the cylinder rising ver-
tically from that subregion. The vertical solids
are divided, in turn, into three subsolids cor-
responding to three modalities of expression
(facet A): oral, manual, and paper-and-pencil.
The test items found in the cylindrex in Figure
3 were taken from intercorrelation matrices of
msc tests given to several age groups of both
American and Israeli children; these data con-
formed to the cylindrical regional hypothesis
(Guttman & Levy, in press; Levy, 1985).

For example, the middle section of the cylin-
drex in Figure 3 shows that, according to the
regions in which it falls, Test 10 imposes an ap-
plicative rule task on the examinee (element 2 of
the modulating facet C), deals with a geometri-
cal (spatial) language (element 3 from the polar
regions of facet B), and is solved through manu-
al manipulations (element 2 of axial facet A). If
the same test were written, it would have ap-
peared in the same radial place but on the bot-
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Figure 3
Schematic Representation of the Cylindrical Structure of the Wechsler Intelligence Scale for Children

(Adapted from Levy, 1985)

tom layer of the cylinder, because it would have
fallen in the paper-and-pencil (not the manual
manipulation) region of axial facet A. Test 10 is
the Object Assembly Test from the wlsc battery;
its characteristics correspond to those depicted
by its place in the cylindrex.

A Faceted Model of Spatial Ability Tests

Amir’s Study

Amir (1976), Guttman and Shoham (1979),
and Shilo (1985), used a faceted design of spa-
tial abilities to assess the structure of the inter-
correlations among tests and among items of

spatial tests. According to the regional theory,
spatial tests generated by the partnership between
the facet design and SSA are represented by a

polar wedge in the cylindrical structure of intel-
ligence tests (Geometrical in Figure 3).
A mapping sentence was constructed for

designing a test battery in accordance with cer-
tain basic facets. In order to construct the map-
ping sentence that appears in Figure 4, the
literature on spatial abilities, tests, and reported
factors was surveyed to arrive at content facets
that could be defined with clear and unambigu-
ous elements. Facet A, Rule Task, was taken from
the radex model of intelligence (Guttman, 1965,
1980; Schlesinger & Guttman, 1969). Presence or
absence of Mental Rotation, facet B, appears in
the spatial visualization factor of Guilford and
Lacey (1947), in Thurstone’s (1950) S2 factor, and
has also been described by Bock and Kolakowsky
(1973), and by Stafford (1961). The importance
of Dimensionality, facet D, in spatial ability was
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Figure 4
Mapping Sentence for Spatial Ability Tests

suggested by Vandenberg (1969), Yen (1975), and
McGee (1979). Facet C (presence or absence of
Reflection) was added by Amir (1976) as an origi-
nal content facet.

Because Amir’s battery included only paper-
and-pencil tests, there was no need for a facet of
modalities of expression. The first three facets
refer to the type of mental processes needed to
solve the problem. Rule Task (facet A) specifies
the type of reasoning needed: Either the examinee
must find the rule necessary to solve the problem
(rule inference), or he or she must apply the rules
of a given relationship (rule application). For ex-
ample, items on Raven’s Progressive Matrices
(Raven, 1960) require rule inference because the
examinee must determine the logic of the pattern
and then make an inference as to which piece will
complete the pattern according to the rule or
rules. The Hidden Blocks test (taken from a bat-
tery of the Israel Ministry of Education), how-
ever, is a rule application test; the examinee is told
to find the number of blocks and to apply this
&dquo;rule&dquo; by counting blocks. Rotation (facet B)
means that a figure (or its parts) needs to be men-
tally rotated to reach a solution, and Reflection
(facet C) is a recognition of the mirror-image of
a figure or part of a figure. The facet of Dimen-
sionality (facet D) classifies the stimulus as be-
ing either two- or three-dimensional.

Each of the eight tests was assigned one or

more structuple. The tests, with their structuples,
are described below.

Hidden Patterns (French et al., 1963). This
test is a rule application test (a2) and all items are
two dimensional (d,). It was modified for this

study by rotating some of the hidden figures.
Thus it covers all four possible combinations of
facets B and C (i.e., it includes items with and
without rotation and/or reflection). Four struc-
tuples are represented:

a2blcldu with rotation, with reflection.

a2b2cldl, without rotation, with reflection.

a2blc2dl, with rotation, without reflection.

a2b2c2d&dquo; without rotation, without reflection.

Hidden Blocks (taken from a battery of the Is-
rael Ministry of Education). This is also a rule

application (a2) test. All items are three-
dimensional drawings (d2), and no mental rota-
tion (b2) or reflection (c2) is involved. It is

represented by the structuple a2b2c2d2.
Shepard-Metzler Mental Rotation (Shepard &

Metzler, 1971). All items are three-dimensional

(d2) and the test is of rule application (a2). All
items involve rotation (b,), but no reflection (c2).
Thus the test is represented by the structuple
aZb,cZd2.
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Thurstone Test of Figure Analogies (Thurstone,
Thurstone, & Thurstone, 1947). This is a rule
inference (a,) test in two dimensions (d,). It is

represented by the structuple al b2c2dl.
Identical Blocks (Stafford, 1961). This is a

rule application (a2) test, and all items are three-
dimensional (d,). All items involve rotation (b,).
The structuple is a2blc2d2. (This structuple is the
same as for the Shepard-Metzler test.)

/&~~~ PA-c~~~~ M~~’c~ (Raven, 1960; 15Raven’s Progressive Matrices (Raven, 1960; 15
selected items). This is a well-known rule in-
ference (a,) test. All items are two-dimensional
(d,), and none involves rotation (b2) or reflection
(c2). It is represented by the structuple alb2C2d,.

Differential Aptitude Test (see Guttman & Sho-

ham, 1979). The Differential Aptitude Test
(DAT) of abstract reasoning is a rule inference (a,)
test. The items used are two-dimensional (d.),
and do not involve rotation (b2) or reflection(C2) .
The structuple is a,b2c2d,. (Tests 4, 6, and 7 have
the same structuple.)

Card Rotation Test (French et al., 1963). This
is a two-dimensional (d,) rule application test
(a,). All items involve rotation (b,), but not

reflection (c~). It is represented by the structuple
a2blc2dl.

This battery, therefore, comprised 11 structu-
ples out of a possible 16 (2 x 2 x 2 x 2).

The tests were administered to 90 students at
the Hebrew University. The intercorrelations

among 11 variables are shown in Table 2. These
are coefficients of monotonicity (J.l2) that are
more appropriate than Pearson coefficients for
variables with unequal marginals (Guttman,
1986; Raveh, 1978). The Hidden Patterns Test is
presented as four subtests, each having a differ-
ent structuple, as described above. The tests in
Table 2 are ordered according to the rotation
facet; tests 1 through 5 require rotation, and tests
6 through 11 do not.

The correlation matrix was analyzed by SSA-I
(Lingoes, 1973). In SSA, each test score is regard-
ed as a point in the derived geometrical space.
The relative distance between two points express-
es the relative size of correlations of those two
variables. The larger the correlation between two

variables, the smaller the Euclidean distance
separating their points. Only relative distances be-
tween points are of concern here. Coordinate sys-
tems for the (smallest) space, or rotations of axes,
have no intrinsic meaning. In a Euclidean space,
distances between points do not depend on the
choice of any -particular coordinate system.

Amir (1976) hypothesized that an SSA of the
data from these spatial tests (11 I structuples)
would result in a space of at least three dimen-

sions, partitioned according to at least four con-
tent facets. Actually, she found differentiation in
a three-dimensional space for all facets except
Reflection. Figure 5 shows a two-dimensional
projection that divides the space into two clear
regions of Rule Task: three tests involving rule
inference, and eight remaining tests of rule ap-
plication. These results represents a further repli-
cation of the Schlesinger-Guttman (1969) radex.
The high intercorrelations of the four Hidden
Patterns subtests, as can be seen in Table 2, are
expressed in their proximity in this projection.

Using three separate projections of Amir’s
SSA, a composite three-dimensional model was
constructed of the structure of spatial ability
tests, as represented by the 11 structuples. This
model is shown in Figure 6. The model represents
the spatial wedge of the facet, Languages of
Communication, in the cylindrex of intelligence
shown in Figure 3. In Figure 6, the regions into
which each spatial test falls can be easily locat-
ed. For instance, points 3 and 4, representing the
Shepard-Metzler and Identical Blocks tests, are
placed according to their structuple, azb,d2
(Reflection, facet C, has been omitted). Both tests
require rule application; the points are in the out-
er ring of the Rule Task regions. The tests de-
mand rotation (represented by the left polar
region of facet B), and are three-dimensional (the
middle region of the axial facet D).

Points 9 (DAT), 10 (Raven), and 11 (Thurstone)
each have the same structuple profile. They are
all rule-inference tests, they do not require rota-
tion, and they are two-dimensional. The points
are located accordingly in the model; the points
representing the Hidden Patterns subtests (1, 2,
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Table 2
Intercorrelations Among Spatial Subtests (Decimal Points Omitted)

6, and 7), are close to one another in the two-
dimensional application region, but fall in the
regions &dquo;rotation&dquo; or &dquo;no rotation,&dquo; in accord-
ance with the hypothesized structuples. Test 8
(Hidden Blocks, a2b2c2) is represented by a point
located on the application side of the no-rotation
region of the polar facet B. It is a three-

dimensional, rule application test.
A further examination of Figure 6 shows that

the facet of dimensionality conforms to region-
ality, but not in a simple fashion. The three-
dimensional tests are all in the central region of
the cylindrex, and the two-dimensional tests are
divided into the two extreme regions of the cylin-

Figure 5
Two-Dimensional Projection of Amir’s SSA Space Divided Into Regions

of Rule Inference and Rule Application Tests
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Figure 6
A Schematic Representation of the Eight Spatial Ability Tests (11 Structuples)

Corresponding to Three Facets in Amir’s Study (1976)

drex. However, a further facet (&dquo;hidden&dquo; versus
&dquo;non-hidden&dquo; objects) may be needed to distin-
guish between the Hidden Patterns structuples
and the other two-dimensional tests. Thus, this
model represents a preliminary structure based
on three hypothesized facets of spatial ability: the
rule task, the need for rotation, and dimen-
sionality.

Factor Analysis of Amir’s Data

To provide a basis for comparison between
SSA and factor analysis of the same data matrix,
the matrix presented in Table 2 was also subjected

to factor analysis using SPSS (Nie, Hull, Jenkins,
Steinbrenner, & Bent, 1975). The analysis showed
one eigenvalue greater than 1, and therefore fac-
tor extraction was stopped at one common fac-
tor (see Table 3). In normal use of factor analysis,
the conclusion would be that the correlation
matrix contained a single factor plus error. Three
factors were then requested, and a varimax rota-
tion with three common factors is presented in
Table 4. This rotation should reveal a simple
structure if one exists for the data, but the vari-
max program lacks an actual test of the simple
structure hypothesis. An examination of the
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Table 3
Factor Matrix of Amir’s Data Using

Principal Factors With Iterations

*Eigenvalue for Factor 1 = 1.40.

highest loadings on the first factor revealed Iden-
tical Blocks to be the &dquo;purest&dquo; test. Two other
tests, Shepard-Metzler and Card Rotation, had
high loadings on the first factor; all three tests
require rotation. Identical Blocks, however, also
had among the highest loadings on factor 2. No
relationships were found between the loadings
and the designs of the tests in factors 2 or 3.
A more direct comparison would be to do an

SSA on the observed variables and (rotated) fac-
tors combined-that is, on the (n + 3)(n + 3)
matrix, instead of the original n x n correlation
matrix. Then the factors would also appear as

(three) points in the ssA space, and the regions
into which these points fall could be seen. This
was done for other mental test data by
Schlesinger and Guttman (1969) and others (see
references in Guttman, 1982), and showed imme-
diately the superiority of the regional approach
in obtaining correspondence with the definitional
facets. The factor analytic results here were so
poor that it was not deemed necessary to proceed
to a more detailed analysis of their failure, and
the SSA results provided a good correspondence
with the hypothesized structure (see appendix in
Shye, 1978).

The Guttman-Shoham Study

In a second, larger study, an attempt was made
to validate the structural model presented in
Figure 5. In accordance with Amir’s results, the
original mapping sentence was modified by omit-

ting the facet of reflection and adding a new facet
to represent the test format. Because this was a

behavior-genetic study and the sample consisted
of families (see Guttman & Shoham, 1979), a
facet of the examinees’ family role was also
added. The modified mapping sentence appears
in Figure 7. (This mapping sentence has also
appeared in Eliot & Smith, 1983.)

The new test battery included seven of the
eight tests used by Amir. The rotation items were
omitted from the Hidden Patterns Test. A new
test was designed by Ruth Guttman and Ilana
Shoham (Ilana Rotations) to incorporate the need
for rotation in a two-dimensional test of rule in-
ference. The structuple of this test is blc,d,e,. A
sample item of this test appears in Figure 8. As
in Thurstone’s Test of Figure Analogies (Thur-
stone et al., 1947), the examinee needs to infer
the relationship between the two rotated sample
figures and then find which of the four examples
given relates in the same way to the figure in the
box.

The battery of eight tests was administered to
260 families in Jerusalem (Guttman & Shoham,
1979), and the intercorrelation matrix of the test
scores was analyzed by SSA-I. This matrix inter-
correlated test scores from fathers, mothers, and
each of two children; it was thus a 32 x 32 vari-
ables matrix. The matrix appears in full in Gutt-
man and Shoham (1979).

The results of the SSA again revealed a region-
al type of correspondence between facet elements
and correlation coefficients. It was found that
several two-dimensional projections related sys-

Table 4
Varimax Rotated Factor Matrix for Amir’s Data
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Figure 7
Modified Mapping Sentence for Spatial Ability Tests (from Guttman & Shoham, 1979; Reproduced by Permission)

tematically to facets of the tests’ design. Clear
regions were found for facets A (Family Role),
B (Rule Task), D (Rotation), and E (Type of Test).
Three projections of the four-dimensional space
are reproduced in Figures 9, 10, and 11.

Figure 9 shows a two-dimensional projection
of the ssA space corresponding to Rule Task that
divides the space into rule application and rule

inference regions. In Figure 10, the space is divid-
ed into regions of rotation versus no rotation, ac-
cording to facet E (Type of Test). For different
family roles, the same tests tend to fall, with few
exceptions, into the same subregions; the tests
have essentially the same structure of interrela-
tionship for father, mother, first child, and sec-
ond child, respectively. In fact, Figure 11

Figure 8
An Example of the Ilana Rotations Test
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represents an internal replication of the region-
ality of the Rule Task facet within each family
group. Each family member-father, mother,
older child, and younger child-has his or her
own region in which the points of the eight tests
are located. Within each family member’s region,
there is a clear partitioning of rule inference ver-
sus rule application tests. This shows that the tests
in this study have essentially the same interrela-
tionship for each of the family members, thus
providing further evidence that two- and three-
dimensional projections, and not individual refer-
ence axes, can lead to empirical lawfulness.

Again, this analysis did not give a clear parti-
tioning of the SSA space for elements of facet C
(Dimensionality). Therefore, the role of dimen-
sionality in spatial tests remains unclear. Except
for this facet, this SSA structure replicated the
structure of the Amir data. The two-dimensional

projections in Figures 9, 10, and 11 can fit into
the three-dimensional model presented in Figure
6. An SSA of 51 selected items from the eight tests
of the Guttman-Shoham battery also replicated
the spatial structure according to the facets of

Rule Task and Rotation (Guttman & Shoham,
1982).

The Shilo Study

In a further study by Shilo (1985), two new
tests were designed that required the &dquo;comple-
tion&dquo; and &dquo;construction&dquo; of figures with Lego
blocks. In the first test the rule was given, and
in the second test the examinee was required to
find the rule for solving the problem. These tests
were added to the Guttman-Shoham spatial bat-
tery and given to 80 pairs of school-aged twins
as part of another behavior-genetic project. Shi-
lo’s intercorrelation matrix is given in Table 5. His
SSA analysis replicated the results by Amir, and
by Guttman and Shoham, with regard to the
facets Rule Task and Rotation. Both new tests fell

into a separate region of Manual Manipulation,
with Completion in the rule application region,
and Construction in the rule inference region.
The model presented in Figure 6 could therefore
be extended to include these two tests of manual

manipulation, and could fit as a spatial wedge
into two levels (paper-and-pencil, manual man-

Figure 9
Projection of the SSA Space Divided Into Regions of Rule Inference and Rule Application Tests

(From Guttman & Shoham, 1979; Reproduced by Permission)
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Table 5
Intercorrelations Among Spatial Subtests in Shilo’s Study

(Decimal Points Omitted)

ipulation) of the Guttman-Levy cylinder of in-
telligence, as shown in Figure 3.

Discussion and Conclusions

Replicated faceted regional analyses of the
structure of intercorrelations among spatial abil-
ity tests have been presented above. The lawful-
ness that is established was compared with results
published in the factor-analytic literature. A sum-
mary of that literature in Table 1 shows a lack
of consistency in assigning the same definitions
to factors with the same names, and a subsequent
absence of a unifying theory of framework.

The analysis of specific tests of spatial ability
resulted in a preliminary model of the structure
of spatial ability tests as part of the general model
of intelligence tests; this clearly designates an a
priori choice of tests and tasks to use, according
to a definition of each test on the basis of its

structuple. The universe of spatial tests generat-
ed by three facets-rule inference versus rule ap-
plication, presence versus absence of need for
rotation, and tests of paper-and-pencil versus
manual manipulation-can be viewed in terms
of a three-dimensional structure that represents
a wedge in the cylindrex of intelligence tests pro-
posed by Guttman (1980; Guttman & Levy, in
press; Levy 1985).

The mapping sentence used here served as a
definitional system to stipulate and organize into
facets the variables being studied. Thus,
hypotheses were made before tests were selected
and empirical data collected. Also, three origi-
nal tests were designed to combine rule inference

with the need for rotation, and two tests of manu-
al manipulation were designed that distinguished
between inference and application.

The facets of spatial ability tests can now be
incorporated into the original Guttman-Levy
mapping sentence (Figure 1), as shown in Figure
12. Rotation becomes an expansion and refine-
ment of facet B, and gives an improved partition
of the space. Dimensionality of Test Items ap-
parently requires at least one additional facet.
This study showed this facet to be problematic
and to require further conceptualization and item
construction.
Much more research is necessary for replica-

tion and expansion of the model proposed here.
Tests need to be designed to represent the struc-
tuples theoretically possible in the mapping sen-
tences, but missing from the particular studies
relating to this research. For instance, two- and
three-dimensional rule inference tests, with or
without rotation, need to be designed. There is
a need for many more tests requiring manual
manipulation with elements of the other facets.
Additional facets relating to spatial ability tests
can be designated. The facet of Speed of Per-
formance, for example, might be added, with ele-
ments of this facet comprising different time
periods allowed for solution of the problem.

Lohman (1988) stated that &dquo;although the num-
ber of potentially identifiable spatial factors is
quite large (perhaps even unbounded), a ration-
al analysis of the factors in [his] Table 6.1 sug-
gests that the number of distinct psychological
processes required by spatial tasks may be much
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Figure 12
Modified Guttman-Levy Mapping Sentence

smaller&dquo; (p. 188). In his &dquo;faceted spatial task,&dquo;
he lists processes seemingly required by marker
tests that include different types of speed: in per-
ception, closure, visualization, and in activities
the examinee must perform, memorize, synthe-
size, relate, and match. Another facet (or set of
facets) suggested by Lohman refers to the stimu-
li involved in the spatial task.

The approach suggested in this paper, of com-
bining facet theory construction with a regional
analysis, should facilitate fruitful progress in the
classification and design of spatial ability tests,
and in the conceptualization of spatial and other
abilities.
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