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ABSTRACT 

Water quality of rivers and reservoirs or lakes is a main compon~nt of 
the quality of life in a state like Minnesota, where free surface waters 
are abundant. A major key to managing water quality is dissolved oxygen 
concentration. Low oxygen concentrations result in fish kills, gaseous . 
releases from sediments, and the release of toxic chemicals from sediments. 
The understanding of oxygen dynamics is therefore imperative in order to 
predict the impact of future developments along a river. One of the main 
ways of oxygen replenishment is the transfer of oxygen from air into the 
water through the water surface (reaeration). Reaeration in river
reservoir systems. occurs most effectively through the turbulence of flowing 
water, turbulence and surface waves caused by the wind, and air entrainment 
caused by flow over hydraulic structures. 

Recent studies of air-water gas transfer and comparisons between large 
and small wind wave flume data have indicat~d the potential importance of 
waves in the gas transfer process. Experimental evidence is presented in 
this paper showing that. non-breaking deep-water gravity waves significantly 
influence gas transfer. Experiments were performed in a flume with a 
mechanical wave maker. Oxygen was used as a tracer gas, and the flume was 
chemically deoxygenated. Oxygen concentrations and wave characteristics 
were recorded over time at various locations along the flume. Hori~ontal 
mass transport was determined from conductivity measurements, using salt as 
a conservative tracer. Semi-empirical correlations of the transfer velo
city and the wave characteristics were obtained. The transfer velo-
city is shown to increase proportionally to both wave height and frequency. 
Comparison against data reported in the literature indicates that approxi
mately 50 percent of the observed gas transfer in wind wave flume experi
ments can be attributed to non-breaking wave.s. The presence of bubbles or 
bubble entraining breaking waves enhances the transfer velocity con
siderably. Visual correlation between breaking intensity and the tra.nsfer 
coefficient was very good, although the relation has not been quantified. 
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I. INTRODUCTION 

Interest in the exchange of gases between the atmosphere and 
underlying water bodies and its effect on water quality dates back to the 
beginning of the century. One of the first papers presented was "The 
Atmospheric Reaeration of Sewage Polluted Streams," by Streeter [19Z6] in 
the first symposium about stream pollution. More than 50 years later an 
international symposium'on gas transfer at water surfaces was held at 
Cornell University in 1983. Papers from this symposium are published by 
Brutsaert and Jirka [1984]. The editors in the foreword of the book note: 

"Interfacial mass transfer is, by its very nature, highly 
complex. The air and water are usually in turbulent motion, and 
the int,erface between them is irregular, and disturbed by waves, 
sometimes accompanied by breaking, spray and bubble formation. 
Thus, the transfer involves a wide variety of physical phenomena 
occurring over a wide range of scales. As a consequence, scien
tists and engineers from diverse disciplines and problem areas, 
have approached the problem, often with greatly differing analy
tical and experimental techniques and methodologies." 

All these indicate that air-water gas transfer is still an important 
isaue, and interest in it has increased in recent years. This is due to 
the growing concerns over environmental pollution and the movement of 
atmospheric pollutants. Many of these pollutants are ultimately trans
ferred across the air-water interface and as a result problems concerning 
aesthetics, eutrophication and toxicity develop. These problems are not 
only of environmental importance, but of economic significance as we1l, 
considering the cost of treatment and control methods required to address 
them. Water bodies, especially the oceans, also represent a sink for 
greenhouse gases, like carbon dioxide, methane and chlorofluorocarbons, 
which have an impact on climatic variations. 

Gas transfer through a river-reservoir system is controlled both by 
the flow and the weather. High winds create extra turbulence on the water 
surface as well as wind waves that can significantly enhance the gas 
transfer rate'and increase the dissolved oxygen concentration of a water 
body. This should also be taken into consideration when field surveys are 
planned. The gas transfer on reservoirs and lakes is significantly lower 
on calm days than on windy days. 

As projected water quality and required wastewater treatment are 
highly sensitive to the estimate of gas transfer rate, accurate estima
tions, as well as further research in the area to provide more in-depth, 
understanding of the phenomena involved, are required. 

Traditionally, the transfer of oxygen gas (reaeration) has been of , 
most interest and is the main subject of the research presented here, since 
the dissolved oxygen (D.O.) present in surface waters is often used as an 
index of water quality. This is based on the fact that biological systems 
in water are quite sensitive to D.O. concentrations. 



Reaeration and photosynthetic activity of plants are the two main 
sources of D.O. and represent the natural purification capacity of a water 
body. Consequently, they impose a limit on its capacity to assimilate 
organic waste, such as municipal and industrial sewage. The utilization of 
oxygen by organic material can turn the water body anaerobic, cause fish 
mortality, and damage the entire ecosystem. 

A large number of predictive equations for reaeration exist. However, 
they give a wide range of values of the reaeration coefficient for the same 
flow parameters. This has been generally attributed to the fact that some 
important parameters have not been included in the existing models, two 
such parameters being wind and waves. 

Some measurements of wind influenced gas transfer coefficients have 
been made in wind wave flumes, and the transfer 'velocity has been related 
to wind shear. In several studies, the authors have noted the rapid 
increase in air-water gas transfer velocity, that occurs with the onset of 
waves on water. However, little systematic investigation of the effects of 
waves on gas transfer in wind tunnels has been done. The effect of waves 
should, therefore, be studied separately, where the effect of wind shear 
and associated turbulence is not present. 

An experimental investigation of the effect of deepwater waves on 
oxygen transfer is presented here. 

2 
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II. LITERATURE REVIEW 

A. Background 

Air water gas transfer is a complex phenomenon including a number of 
different subjects as fluid mechanics, wave dynamics, turbulence, molecular 
diffusion, equilibrium chemistry, and surfactants chemistry_ Despite a 
remarkable increase of knowledge and experimental skill in some areas 
pertinent to the field, surprisingly little is still known on the subject. 
On the one hand, this is due to the fact that the rate of transport is 
controlled by a region very near the interface and the actual mechanism 
remains a subject of debate. On the other hand, no attempt has been made 
to incorporate the various processes involved into an integrated model. 
Thus, every model has a limited perspective, neglecting a number of 
parameters which are out of the field of interest of the researcher. 

The flux of any dissolved chemical across the air-water interface is 
often given by the equation 

where 

J = K(C /H' - C ) a w 

J = flux/unit projected surface area [MT-1L-2] 

K = overall transfer coefficient [LIT], 
-3 C == concentration in air [ML ], a 

H' = 

. c = w 

Henry's law constant, an equilibrium constant, and 

concentration of the dissolved chemical in water • 

C IH is often called the saturation concentration, C • . a s 

(1) 

With this formulation, using a projected area, any increase in surface area 
due to waves or other forms of roughness is incorporated into the overall 
transfer coefficient. The overall transfer coefficient can be thought of 
as the reciprocal of the resistance to the gas flow. In the case of air
water gas transfer, this resistance can be split into resistances in· the 
air (r) and in the water (r ) and the followng relation holds [Liss, 
1983]:8 w . 

1 
- == K 

r + 1 + 1 
w ra == fE~ H'Ka 

(2) 

where ~ = liquid film coefficient, representing transport in the water; 

K 
a 

gas film coefficient, representing transport in the air; and 

3 



fE = an enhancement factor accounting for the reactivity of the gas 

in water, e.g. S02 + H2S04 • fE = 1 for a chemically unreactive 

gas. 

The gas film coefficient depends upon the forced convection and 
natural convection of the air and is fairly well understood from studies on 
evaporation and heat transfer [Gulliver and Stefan, 1986; Sill 1983], which 
are controlled by the air side of the interface. Henry's law constant 
(related to the saturation concentration) is a function of temperature, 
pressure, salinity, etc., and is well studied for the more comttl.on gases 
such as 02' N2, and C01• It is usually found from a ratio of the vapor 
pressure to tne solubility of the chemical. There is a wide variety of 
compounds for which data on Henry's law constant is currently being 
collected [Gerrard, 1980]. The '17 volume IUPAC Solubility Data Series 
publi,.shed by Pergamon Press is an indication of the extenSive amount of 
work being performed in this area. 

The liqUid film coefficient is influenced by the ordering of water 
molecules into a "film" on the water surface, and the important process is 
the breakdown of this film by fluid motion. 

Gas transfer may be divided into three categories: 

1) gas phase controlled, when ra » rw e.g. H20, S02, S03, HgCR.2, 
HgCR.CH3, and toxaphene, 

2) liquid phase controlled, when rw » ra, e.g. 02, N2, C02, SF6, Hg, 
Hg(CH3)z and the noble gases, in which case K ~ ~ for a chemically 
unreactive gas, and 

3) a category when neither resistance can be neglected. There are 
only a few gases in this category (i.e. HCHO, H2S for pH ;. 8), but air
water transfer of several intermediate and high molecular weight organic 
compounds (e.g. DDT, PCB's, napthaline, dieldrin, and chl()rdane) is also 
subject to transfer resistance from both media. 

The liquid film coefficient is the topic of this paper. It relates to 
low solubility and relatively unreactive compounds, where, transfer i's 
controlled by water phase or by both phases. Experimental results 
presented in this paper were obtained using oxygen as a tracer gas. The 
liquid film coefficient for oxygen will be referred to as the oxygen 
transfer coefficient. The results are expected to be applicable to 
compounds in category 2 and to the liquid side resistance of compounds in 
category 3. 

B. The Reaeration Coefficient 

For oxygen Eq. (1) can be written as: 

.J = K (C - C) -1. A 

4 



where KL = oxygen transfer coefficient or liquid film coefficient 

for oxygen into the water [LIT], 

C = dissolved oxygen (D.O.) concentration at a reference depth, 

usually at mid-depth for rivers, and 

C = saturation concentration, 
s 

The saturation concentration depends on the pressure, the temperature 
and the chlorinity of the water. Tables giving Cs = f(T,chlorinity) are 
available and the effect of pressure is taken into account by multiplying 
by the term p/760,where p is the atmospheric pressure in rom Hg. 

and surface area A For a well-mixed water body of volume V 
(available for oxygen transfer), assuming that 
reaeration, we get: 

C is changed only due to 

or 
v!.!.2.=JA= dt 

where H = mean depth, and ~ = K2H. 

Upon integration, equation (3) yields: 

where 

C C 
tn s 0 = 

C - C s t 

Co,Ct = bulk concentration of oxygen at time 0, and t, 

respectively. 

K2 reaeration coefficient, with units of a rate coefficient 

[T-l ] and is often used when results are reported. 

(3) 

(4) 

Equation (4) serves as a basis of the practical evaluation of the reaera
tion coefficient. Herein, KL will be referred to as oxygen transfer 
coefficient. Since gas transfer is a surface phenomenon, ~ is the 
coefficient describing the process. 

In the literature, expressions similar to Eq. (4), but employing 
common logarithms (base 10), have also been used. In this way, a "new" 
mass transfer coefficient is defined: 
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k = 1).. 
"L 2.303 (5) 

The reason for this is that data were plotted on semi-log paper and k2 was 
estimated directly from the graph. This is an additional cause of con
fusion and one must be careful, when using the variou~ equations appearing 
in the literature. Now that desk calculators and computers are widely 
aV.a.ilable, the use of ky. and k2 should be eliminated. Unfortunately, even 
in recent publications !Nemer ow , 1985] equations for k2 are still given 
and the confusion is perpetuated. 

C. Models of n.o. in Streams 

Gas transfer across the air-water interface is a source (or sink) term 
in the transport equation. Gas transfer cannot be measured directly. 
Therefore, the influence of the rest of the terms in the transport equation 
on the concentration has to be known in order to estimate gas transfer. 
The correct choice of transport equation affects the accuracy of gas 
transfer measurements significantly. Data from earlier studies are not 
always reliable because certain processes were neglected. In a laboratory 
setup some sources of error can be eliminated, but still caution should be 
used. For these reasons a review of the models used for D.O. in streams 

.will be presented. 

1. Deterministic models 

The first model in this area was presented by Streeter and Phelps [1925] 
and has the following formulation: 

where: 

D = Cs - C = D.O. deficit, 

L = carbonaceous BOD (CBOD), 

K1 = deoxygeneration coefficient [T-l), and 

La = L at the point where the waste is added to the stream. 

(6) 

(7) 

In this model, only oxidation of CBOD and reaeration process are con
sidered. However, processes other than these may also be important. 
Streeter and Phelps, although they included only these two processes in 
their model, were aware of the possible effects of inflow along the reach, 
sedimentation and scouring in the reach and photosynthesis. 
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Gradually, more complete models were developed to include nitrogenous 
BOD, organic N2, ammonia, nitrates, respiration (phytoplankton mass), 
phosphorus and orthophosphorus. 

O'Connor [1970] gives the following formulation. 

ac -.-==-at Q ac + K (C - C) - Kd L(x) 
A ax 2 s 

- K N(x) + P(x,t) - R(x) - Sex) n 
(8) 

where: 

Q == volumetric water flow [L3 T-1], 

A == cross-sectional area, 

K2 = reaeration coefficient [T-l] , 

Kd == coefficient of carbonaceous oxidation [T-1], 

L(x) == L e-KdX/U, U = Q/A , carbonaceous BOD, o 
Kn == coefficient of nitrogenous oxidation [T-1], 

() N -Knx/U i BOD N x = oe , n trogenous , 

R(x) == algal respiration sink, 

Sex) == benthic bacterial respiration sink, 

P(x,t) = algal photosynthetic oxygen source, 

pet) = P sin[1T/p'(t-t )] when t <; t<;t +p' m s s s 
= 0 when ts+P'< t< ts+l, 

Pm == max photosynthetic oxygen production, 

ts = time at which the source begins (days), and 

p' == fraction of the day over which the source is active (usually 

between sunrise and sunset). 

Lo, No == denote the values of L(x), N(x) at the point where 

the waste is added to the stream (x=O) 

The analytical solution of the above equation is given in the reference. 
The part of the solution corresponding to photosynthesis is expressed in 
Fourier series. 

The model was applied to five rivers (Grand, Clinton, Flint, Truckee 
and Ivel River) and the computations agree reasonably well with the obser
vations. K2 was calculated from 

(D U)1/2 
m 

K2 = --:""'l=--
H3/ 2 

where D is the molecular diffusivity of 02 in water. 
m 

7 

(9) 



2. Stochasticmodels 

Stochastic models are based on the same transport equations as the 
deterministic models, but the various rate constants, and initial 
conditions if desired, are interpreted as expected values and represented 
by a probability distribution (usually gaussian) and the solution for the 
pollution (BOD) or the D.O. concentration has also the form of a 
probability distribution. This is much more important, because "having 
enough oxygen averagely is not sufficient to prevent fish kills" [Thayer 
and Krutchkof, 1967]. 

Stochastic models are more complicated and will not be presented here 
in detail. Only the basic concepts and results will be given. 

The first stochastic model was' developed by Thayer and Krutchkof 
[1967], who considered the following factors: 

1) The pollution (BOD) 
bacteria. The rate 
pollution present. 
oxygen present. 

and 0.0. are both decreased by the action of 
is assumed proportional to the amount of 
It is also assumed that there is always some 

2) The D.O. is increased due to the process of reaeration. 

3) The pollution only is decreased by sedimentation and adsorption on 
the rocks. The rate is again pr()portional to the amount of pollu
tion present. 

4) The pollution is increased from small sources along the water 
course, the rate of increase being independent of the level of 
pollution. 

5) The D.O. is decreased at a constant rate due to benthal demand, 
photosynthetic respiration and photosynthesis. (All three pro
cesses are combined in one term and photosynthesis is not modeled 
as a function of time.) 

The developed model, according to the above assumptions, was applied 
to the Sacramento River. Results are presented in Figure 1. 

The derived model gives much more information at downstream points 
than is possible by other methods. Using parameter values and initial con
ditions that reflect expected changes in population or industry, one can 
obtain the probability distributions for the future. These results can aid 
in sensible long term planning. One can use the expected minimum flow and 
the parameters associated with it to calculate the probability distribu
tions. This would give an extra degree of protection. Pollution by tribu
taries can also be taken into account. 

Another stochastic model was developed by Esen and Rathbun [1976]. 
Its application for Sacramento River is shown in Figure 2. 
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Fig. 1. Predicted D.O. concentrations (mean and lower confidence limits) 
by the stochastic model of Thayer and Krutchko£ fot Sacramento 
River. [From Thayer and Krutchkof, 1967]. 
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Fig. 2. Predicted D.O. concentrations (mean and lower confidence limits) 
by the stochastic model of Esen and Rathbun and comparison to 
Sacramento River data and deterministic model. [From Esen and 
Rathbun, 1976] 
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This model, using a Monte-Carlo technique for simulating a random walk 
process, was used to predict BOD and the distribution of D.O. deficit for 
points downstream from a waste source, assuming that the deoxygenation 
coefficient and the reaeration are normally distributed random variables. 
The model has the capability of considering the mean and the variance of 
both the reaeration and the deoxygenation coefficient as functions of the 
time travel through the reach. Equations for approximating the mean oxygen 
deficit and the variance of oxygen deficit were developed by expanding the 
basic equation of the stochastic model in Taylor series. The equations for 
the mean amounts of pollution and D.O., as derived from this model, are 
identical to the equations of the deterministic model presented by Dobbins 
[1964] • 

The theoretical results, especially the variance, were checked against 
laboratory experiments with good agreement. Application of the model to 
the Sacramento River yielded some interesting results: 

• The variance reaches its maximum at approximately the same point 
at which the mean level reaches its minimum. This is an important 
phenomenon, because one must protect against low concentrations 
in order to protect the fish. 

• The critical time of travel estimated from the stochastic model 
was always larger than the critical time of travel computed from 
the deterministic model. The difference decreased as the ratio of 
the reaeration and deoxygenation coefficient decreased. 

• The critical time of travel for both the stochastic and deter
ministic models was extremely sensitive to the reaeration coef
ficient, when the deoxygenation coefficient was small, and 
extremely sensitive to the deoxygenation coefficient, when the 
reaeration coefficient was small. 

• The predicted frequency distributions of the oxygen deficit became 
flatter and skewed to the right as travel time increased. This 
type of skewness is favorable in the determination of probabi
listic water quality standards, because the percentile limits of 
the oxygen deficit will be less sensitive to errors in the values 
estimated for the variation of the deoxygenation and reaeration 
coefficient and the correlation coefficient between them. 

More stochastic models, some of them including more variables, e.g. 
nitrogenous oxygen demand, have been developed and used in decision making 
in the last decade [Padgett, Schultz and Tsokos, 1977; Dewey, 1984]. 

Stochastic models by giving the solution in a probabilistic form 
provide information about the variability to be expected. The results are 
more realistic when the input parameters and the initial conditions are 
given accurate values or are modeled correctly. The reaeration coefficient 
is one of those parameters, and some proposed models for it are reviewed in. 
the following section. 
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~. Models for Prediction of O~ygen Transfer Coefficient 

Various models have been proposed for the prediction of the o~ygen 
transfer coefficient. They can be divided into three categories: 
conceptual, semi-empirical and empirical models. A complete review of the 
models is presented by Bennett and Rathbun [1972J and Rathbun [1977]. Here 
only a brief review, including the most important and more commonly 1,lsed 
models will be given. All equations presented herein were converted to th~ 
metric system (SI units; meter (m) is used for length and second (sec) for 
time) to facilitate comparison and be consistent. KL is given in m/sec. 
A lot of existing equations in the literature involve inconsistent units 
and are dimensionally incorrect and one. should be extremely careful when 
using them. The equations were also adjusted for temperature to 20°C 
according to the equation: 

KL(T) = ~(20) (1.0241)T-20 

1. Conceptual models 

Conceptual models are derived from equations describing an interpreta
tion of the physical conditions governing mass transfer at a gas liquid 
interface. The most commonly used is the differential equation describing 
non-convective diffusion. The boundary conditions chosen vary from model 
to model. In some models the parameters arising from the solution of the 
differential equations With the given boundary conditions are not clearly 

·related to the mean flow parameters such as mean velocity, depth of flow, 
or turbulent intensity. In such models, discovering the relation of· the 
former parameters to the latter is a problem requiring considerable thought 
and experimental verification. 

The models may be divided into the following general groups: 

1) Film models 

2) Renewal, including penetration, film penetration and surface
renewal-damped-eddy diffusivity models 

3) Kinetic theory models 

4) Turbulent diffusion models 

The film model assumes that mass transfer takes place 1n a laminar 
layer by molecular diffusion and that the concentration gradient across the 
film 1s linear. Therefore, 

D 

~ 
m 

== -.-
IS (10) 

where: 

D = molecular diffusivity IL2/T] , and m 
c5 = thickness of the film [L] , 

) 1 



15 depends on the hydrodynamic characteristics of the flow. 

The penetration model, included in the general class of renewal 
models, postulates that the surface of the liquid is a laminar film, the 
thickness of which is large with respect to the depth which can be 
penetrated by molecular diffusion during the life of the film. The film 
lifetime is the time elapsed between the formation of the film on the sur
face and its replacement by fresh liquid from the bulk flow. Then, the 
oxygen transfer coefficient is expressed as 

(11) 

where r = the average rate of surface renewal [T-l] and probably is a 
parameter related to the average residence time of the large flow eddies at 
the surface. No attempt for such a correlation was made, when the model 
was fits': presented. 

The film model and penetration model, as presented above, are 
currently the most often used and easy to deal with, due to their simple 
form. 

The film-penetration model combines the two previous models as 
follows: 

.1'2 1/2 
~ = ';Dmr coth (~U ~ 

m 
(12) 

but this form is more involved and not very practical because 6 and r 
must be determined simultaneously. 

A presentation of the rest of the models is given by Bennett and 
Rathbun [1972] and will not be given here. These models, however, for the, 
most part cannot be used for predicting KL of streams because of parame
ters such as film thickness, surface renewal rate, and eddy size, that have 
not been, and generally cannot be, determined for a stream. 

Here only some equations, 'bas,ed on conceptual models and containing 
parameters that can be determined,will be presented. The equations are 
modified from their original form to give KL in (m/sec) and all the input 
p~rameters are in SI units. 

O'Connor and Dobbins [1958] presented the following equations based on 
the film penetration theory. 

Non-isotropic turbulence 

1/4 

~ = 1.58( (13) 
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Isotropic turbulence (for Chezy C > 17) 

where: 

D U 
lL = ( ~) 
-1. R 

1/2 

S = channel slope (m/m), 
2 Dm = molecular diffusivity of 02 in H20 (m Isec), 

H = depth (m), and 

U = velocity (m/sec) 

(14) 

The above equations do not include any adjusted constants. The validity of 
the assumptions for isotropic turbulence has been questioned. 

Later, Dobbins [1964, 1965] presented another, more complicated 
equation, where some constants were obtained from experimental data. The 
prediction equation for KL is 

where: 

2.03 x 10-5B 
F 

lL = --------~~~------- coth -1. c3/2 
4 

BF = 1 + F2 , F = uN gH, 

C4 = 0.9 + F , 

A = 9.68 + 0.054 (T-20) , 

B = 0.976 + 0.0137 (30-T)3/2 

E = 30.0 S U , and 

T = temperature (OC). 

2.751 BEllS 
( 1/2) 

C4 

Another predictive equation was presented by Fortescue and Pearson 
[1967] based on the large-eddy model 

D u' 1/2 

~ = 1.46 (1-) 

where A = turbulent macroscale of the flow, and 

u' = longitudinal turbulence intensity. 
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Using the relation u'/A = UIH, equation (16) yields 

D U 1/2 

~ = 1.46 ( : ~ (17) 

which is similar to Eq. (14). Thus O'Connor and Dobbin's [1958] model can 
be seen as a form of the large eddy model. The large-eddy model, although 
different in concept, is no more realistic than the other models. A more 
realistic relation for surface values, u'/A might improve the predictions 
made by the model. 

2. Semiempirical models 

The semiempirical models result from a consideration and combination 
of the factors that should affect mass transfer at a free surface. These 
models rely on regression correlation analysis of experimental data for 
esta~lishment of a prediction equation and for verification of the assumed 
relations between the mass transfer coefficient and the flow parameters. 
In genera,l, the steps in the derivation of these models are: 

1) From intuition, a knowledge of previous conceptual models, a 
knowledge of the results of previous empirical studies or a com
bination of these, to postulate that KL is a function of certain 
parameters of the flow. 

2) If necessary, to manipulate the assumed relation to obtain a rela
tion for the oxygen transfer coefficient in terms of easily 
measured mean flow parameters. 

3) Use regression-correlation analysis to fit experimental data to 
the assumed relation and to check its validity. 

The determination of the usefulness of these models must be based on 
the reliability of the data from which they were derived, or how well they 
predict the mass-transfer coefficient and on ease of use. Models based on 
the rate of energy dissipation and models in which the reaeration coef
ficient is correlated with the longitudinal dispersion coefficient are also 
included in the group of semiempirical models. 

The first semiempirical models were those by Krenkel and Orlob [1963] 
and Thackston [1969]. Some predictive equations resulting from 
semiempirical models will be presented. The parameters involved are in Sl 
units, KL is in (m/sec) and T = 20°C. 

Krenkel-6rlob 
RL = 2.265xI0-3(U S)0.408 HO. 34 (18) 

The model of Thackston showed some discrepancy, when applied to two 
different cases, indicating that some variable (may be the width of 
the channel) is missing, and will not be given here. 
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Cadwallader-McDonnel [1969] 
~ ~ 2,423xl0-3 (U S)0.5 

Tslvo81.u-Wallace [1972] 

~ • 0.177 (U S H) 

(19) 

(20) 

(21) 

(U S) is equivalent to the energy dissipated per unit mass of liquid divided 
by the acceleration of gravity. 

Some more equations, including the shear velocity u* or the slope of 
the energy gradient Se, are also given in this group. . 

Thackston-Krenkel [1969] 

-4 .0.5 
~ ~ 3.25x10 (1 + F )u* (22) 

Churchill, Elmore, Buckinghaa [1962] 

(23) 

Bennett-Rathbun [1972] 

IL ~ 4.24x10-4 uO•413 sO.273 H-O•408 
--r, e (24) 

Lau [1972] 

u* 3 
~ .. 0.0328 U ( u) (25) 

3. Empirical models 

The empirical prediction equations result from ieast squares multiple 
,regression analysis of the variables considered pertinent by the investiga
tor or from dimensional analysis of the mean flow and gas-liquid 
parameters. Empirical predictive equations usually have KL proportional to 
the average flow velocity raised to some power and inversely proportional 
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to the average flow depth raised to some different power. All equations 
below are in 81 units and for T = 20°C. 

Churchill, Elmore &nd Buckingham [1962] performed many multiple 
regression analyses on the pertinent stream flow, gas and liquid parameters 
corresponding to the KL measurements. None of the prediction equations was 
found to be statistically any more significant than any of the others. So, 
the simplest was recommended for use. 

~ = 5.804 x 10-5 UO•969 H-0•673 (26) 

Owens, Edwards, Gibbs [1964] by analysis of their data derived 

(27) 

Langbein-Durum [1967] 

~ = 5.943xl0-5 U H-0 •33 (28) 

Isaacs-Gaudy [1968] 

~ = 1.472xl0-5 C U H-1/ 2 (29) 

C = 2.44, 3.053, 3.739 for various sets of data that were analyzed. 

It was pointed out that C can be interpreted as X[Dml/2/(vg)1/6]20°C where 

the constant X is dimensionless and v is the kinematic viscosity. 

Negulescu-Rojanski [1969] give 

(30) 

and 

(31) 

where Dx = longitudinal dispersion coefficient in m2 /sec. 

A critical review and comparison of the above equations is given by 
Rathbun [1977]. Their predictive capabilities will be reviewed in Section 
II.F. 
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E. Temperature Effect 

Physical properties of the liquid and gas phases are temperature 
dependent. However, empirical equations are usually used to account for 
the temperature variation. The similarity between a theoretical equation 
showing the dependence of 1<,. on the Schmidt number and the commonly used 
empirical formula with e=1.t:1241 is presented here. The former is suggestad. 
for use, since it is applicable to all gases. 

A temperature correction factor, f c , can be defined as: 

(32) 

where KL(T) is the value of KL at T(Qe) and Tr is the reference temperature 
(Tr = 20 De is most commonly used and will be used herein as well). For air and 
water in the temperature range encountered in the field (ODe - 40 DC), it is 
generally assumed that fc can be expressed as a function of temperature 
alone, incorporating the temperature dependence of all physical properties 
involved. 

Early approaches (Downing and Truesdale, 1955; Truesdale and Van Dyke, 
1958; Elmore and West, 1961] to the problem modeled f as either a linear 
or an exponential (Arrhenius type) function of temperafure: 

f = 1 + e' (T - T ) c . r 

f = eT - Tr 
c 

where e and e' are constants. 

(33) 

(34) 

The Arrhenius relation, derived for the temperature dependence of the 
equilibrium constants of ideal gas mixtures and shown to fit data for the 
temperature dependence of many reaction rate constants, has been used 
extensively, It is important to note though, that gas transfer is a 
diffusion process controlled largely by the hydrodynamic conditions near 
the interface, and ~ is not a reaction rate coefficient in contrast to the 
deoxygenation coefficient, K1• Therefore, Eq. (34) for KL is not 
theoretically based. . 

The value of e' , though, depends on the value of Tr • To convert 
Eq. (33) from one reference temperature, Trl ' to another, Tr2 ' the 
following relation should be used: 

e' = e t / (1 - e' (T T) ] 2 1 1 r1 - r2 

Thus, values of e' 
value. 

reported without the corresponding 
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, This is not true for 6. Once a 6 value has been determined, 
Eq. ,(34) can be used with this 0 value and any other reference 
tem~eraturewithin the range that the equation is assumed tQ apply. This 
is a matheniatical result and should not be confused with some experimental 
results indicating that the temperature relat:l.on changes for different ' 
temperature ranges and different 6 values should be used at each range. 

Equations (33) and (34) are purely empirical, and all of the data used 
to determine 0 and e' have been for oxygen transfer. Truesdale and Van 
Dyke [1958] report that values of 6'15 in the literature vary from 0.008 to 
0.047 and suggest e'15 = 0.015 as the most suitable for flowing water. For 
0, values ranging from 1.008 to 1.047 have been reported [Metzger, 1968]. 
More x:ecently, Howe [1977] obtained values of 6 less than one, but this 
work has ,been criticized by Brown and Stenstrom [1980]. Chao et al. [1987] 
also report KL decreasing with temperature for very low flow velocities 
(0.8'em/sec). Such velocities, however, are not representative of flows 
obtained in the field. 

Elmore and West [1961], after reviewing prior work concluded that the 
effect of temperature had not been definitively established. Consequently, 
they perfQrmed a series of carefully controlled, high precision laboratory 
experi'ments in a stirred container and concluded that 0 = 1.0241 would give 
the'most accurate results. This value has been widely used to account for 
the effect of temperature and is recommended in the APHA Standard Methods 
for the Examination of Water Wastewater [1980] and in, the ASCE Standard 
Measurement of Oxygen Transfer in Clean Water [1984]. In some cases 
[Isaae~ and Gaudy, 1968] e = 1.0241 has even been used to deduce functional 
relations between the physical properties. 

Churchill, Elmore and Buckingham [1962] tried to incorporate tem
perature effects in the development of their empirical model. The predic
tive equation for K2 with temperature correction, involving only U and 
R (hydraulic radius), produced as good a fit as that obtained without using 
the temperature correction. Some attempts to allow the effect of water 
temperature on reaeration rates to reveal themselves through the Schmidt 
number (Sc = v/Dm) were not very successful. Apparently, the distribution 
of observed temperatures was such that the influence of temperature in this 
group of Held observations was not strong enough to be separated from the 
stronger influences of the hydraulic variables. ' 

Although these empirical relations are convenient'to use, in a complete 
model the temperature dependence should reveal itself through the 
temperature variation of the physical properties involved. Metzger and 
Dobbins [1967] and Metzger [1968] worked in that direction using the film 
penetration model (Ei. 12). For temperature dependence, they assumed that 
ro: pv 3/ 4 and IS 0: v3 4 , where p = densifY and v =jinelllatic viscosity of 
the water. Metzger [1968] also gives rL .. 1300 pv (in SI units). The 
constant was determined experimentally and assumed to be applicable for 
ail cases. With these assumptions 
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where 

f = f • c r 

coth [a1 f 1] 

coth a1 

-0.5 
"20 Dm20 

( T+273 0.5 "20 0.125 
= 293) ( v) 

(36) 

and the subscript 20 denotes values of the corresponding parameters at 
20°C. According to this model, f depends not only on temperature but also .. . ... ... c 
on the value of the liquid film coefficient and varies for different gases. 
Met~ger and Dobbins [1967] presented experimental data to corroborate their 
theory, using helium, oxygen, argon, and nitrogen in a stirred container at 
.~ variety of mixer speeds. Met~ger demonstrated that, when comparing the 
results of this model with Eq. (34) fora given temperature, a varies 
continuously with KL , and suggested that the value of a to be employed 
should be based on KL , as shown in Fig. 3a. This approach was used by 
Parkhurst and Pomeroy [1972]. However, Eq. (12) has two limits for which 
f c depends only on temperature: the renewal model, KL = 1Dme r, for large 
values of r, and the film model, ~ = Dm/~, for small values of r. The 
corresponding limits of Eq. (36) are: 

and 

f (renewal) c 

f (film) c = 

T + 273 0.5 "20 0.125 
= ( 293 ) ( v ) = fr 

( T + 273 P20 "20 1.75 
293 ) -P- (-v- ) 

(37) 

(38) 

It is interesting to note that at the limits, fc depends only on 
temperature and the corresponding a, determined from Eq. (34), is a 
decreasing function of temperature, whereas in the interval between the two 
limits a is an increasing function of temperature and depends on 
KL (20 DC) and Dm2D , as illustrated in Ftg. 3b for oxygen. For all 
temperatures e is a decreasing function of KL(20 DC), indicating that 
temperature effects are more significant when ~ is low. 

Jahne et ale [1987] in their studies of the wind effects on gas 
transfer provide evidence that ~ is a function of the Schmidt number, 
Sc = "/D, via a relationship that changes from KL tt Sc-2/ 3 to KL tt Sc-1/ 2 
with the onset of waves on the water surface. Coantic [1986] obtains the 
same Schmidt number dependence based on theoretical considerations. The 
KL tt Sc-2/ 3 relationship results from considering the water surface as a 
rigid surface. This analogy holds only for very low wind and water 
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velocities, which result in an undisturbed water surface and very low 
liquid film coefficients. When the shape of the water surface is 
considered deformable, the free surface regime relation, KL ~ Sc- l / 2 , 
is obtained. From experiments with CO2 in the 3°C - 35°C range, Jahne 
et al. show that for the free surface regime the data agrees well with the 
Sc-1/ 2 dependence, Thus, for a "rigid" surface 

f ;:: ( Sc(20) )2/3 ;:: ( 273+T )2/3 ( v 20 )4/3 ( P20 )2/3 
c . Sc 293 v . p 

(39) 

and for a "free" surface 

fc ,.. ( Sc(20) ) 1/2,.. ( 273+T ) l/2( v 20 ) ( P20 ) 1/2 
Sc .293 v. P (40) 

In Fig. 4 the standard temperature correction, Eq. (34) with 8=1.0241, 
is compared against Eqs. (39) and (40) and the limits of Metzger and 
Dobbins' [1967] model, Eqs. (37) (renewal) and (38)(film). It is 

, interesting to note that Eq. (39) is closer to Metzger and Dobbins' film 
model and Eq. (40) is closer to Metzger and Dobbins' renewal model, 
indicating that temperature effects are more pronounced for low transfer 
coefficients. In most cases, however, the surface of a natural water body 
is disturbed by wind, waves, and streamwise vortices. Moreover, cases of 
very low gas transfer are usually not of interest. The similarity between 
Eq. (34) with e = 1.0241 and Eq. (40) with a Sc-1/ 2 dependence of KL'· is 
striking. The maximum difference between the predicted values is 11% at T 
==lDC. For the range lOoe - 40°C the values are almost identical. Thus, 
the correction factor which results from Elmore and West's [1961] careful 
laboratory experiments agrees very well with the Sc-1/ 2 dependence. 

Experimental data from various researchers are compared against 
Eq. (40) in Figure 5. Data points are scattered around Eq. (40). The 
scatter can be partly attributed to the difficulty in obtaining accurate 
gas transfer data. As an example, we refer to the preliminary experiments 
by Elmore and West [1961] where "the reaeration coefficient of an 
experiment could be more than doubled by simply removing the electrode 
column from the reaction flask." This was one of the main reasons that 
c.aused them to abandon the membrane electrode system. A similar 
sensitivity of gas transfer data has been noted by most researchers. 

Although experimental data by Metzger and Dobbins [1967] follow the 
trend for increased temperature effect at low gas transfer rates, data 
reported by Downing and Truesdale [1955], as well as some data points for 
CO2 by J"ahne et a!. [1987], experience the opposite trend. Downing and 
Truesdale [1955] presented data for slowly stirred and wind ruffled 
surfaces for distilled water, tap water and sea water. The results for the 
three different kinds of water were very close, but the more pronounced 
temperature effect was obtained for wind ruffled surfaces (with high KL), 
contrary to Metzger's and Dobbins' findings. It is also unfortunate that 
Elmore and West [1961] report their results in terms of K2 and do not 
provide necessary information for their conversion to KL, preventing in 
this way any further comparison. Whether the turbulence intensity (or the 
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value of KL) affects the value of fc has still to be clarified, since the 
available data are contradictory. Until further experimental evidence, Eq. 
(40) seems to adequately describe the temperature effect on gas transfer 
for the cases of practical interest. 

FroIn the above comparison of models and equations for the prediction of 
a temperature correction factor, we conclude that Eq. (40), with a Sc-1/ 2 
depend'ence, derived theoretically and verified experimentally, is the 
appropriate one to be used for the conversion of data from one temperature 
to another. 

Equation (34) with 0 = 1.0241, currently used, is a purely empirical 
eqtlation for oxygen transfer which gives nearly identical results. Irt 
effect, variations in temperature have been accounted for reasonably well. 
The dependence on Sc-1/ 2 indicates that the temperature correction factor 
is ,the same for all gases, since it depends only on water properties. In 
addition, it allows the translation of gas transfer coefficients between 
various gases. 

In the preceding ap.alysis the relationships given by Heggen [1983] 
were used for the evaluation of the temperature dependence of water 
properties. For the molecular diffusivity, a Stokes-Einstein type 
relation was used: 

D "p m 
~(~T~+~2~7~3~) = const or 

Dm (T+273) "20 P20 
Dm20 = 293 v -P- (41) 

The above equation gives very good results for the temperature range fro~ 
5°C to 40°C [Wilke and Chang, 1955]. For oxygen Dm(25°C) = 2.13x10-5 cm /s 
[Goldstick and Fatt, 1970]. 

F. Analysis of Predictive Equations 

The predictive equations for the reaeration coefficient were evaluated 
by Bennett and Rathbun [1972], Wilson and MacLeod [1974], and Brown [1974]. 

Bennett and Rathbun used the following procedure: First, they 
compared the equations with respect to how well they predicted the 
reaeration coefficient (K2) for two sets of data: the original data set, 
from which the equation was developed, and all applicable data. Second, a 
multiple linear regression analysis was completed for the data for which 
all four variables (depth, velocity, width and slope) were available. 

It was found, that flume data equations were significantly different 
from field data equations, and also that the combined data equations were 
also significantly different from both of the others. In terms of the par
tial correlation coefficient, the most important variable for the field 
data equation was the depth of flow, followed by the average velocity and 
the slope of the energy gradient. The channel width had a negligible 
effect. For the flume data, the most important variable was the slope, 
followed by the width, depth, and average velocity. 
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Wilson and MacLeod presented a similar type analysis on a much larger 
body of data. They divided the predictive equations into two groups: 
equations involving only velocity and depth, and energy dissipation-surface 
renewal equations requiring the slope of the energy gradient. Flume and 
field data were considered as one set of data and 16 equations were eva
luated. Plots of experimental coefficients vs. predicted coefficients were 
alSo presented, and it was suggested that these may be used as the primary 
basis for choice. Although some equations were better, considerable 
scatter existed. Wilson and MacLeod concluded with the suggestion that 
the scatter in the data is probably not entirely the result of experimental 
error, but of the failure to include one or more significant variables. 

They also summarize the causes of predictive errors as follows: 

a) experimental errors in the data as a whole, 

b) errors in the data used to evaluate the model parameters, and 

c) fundamental falsity of the physical model, the assumptions on which 
it is based, or its mathematical analysis. 

A very interesting evaluation of the prediction equations is also given 
by Morel-Seytoux and Lau [1975]. They give a plot of k2 vs. discharge (Q) 
for various equations for a particular set of data, as shown in Fig. 6. 
The most striking aspect of Fig. 6 is the opposite trend of the variation 
of k2 with discharge displayed by the Tsivog10u-Wa11ace equation as com
pared with the others. It raises the question of whether the reaeration 
coefficient is a decreasing or increasing function of discharge. Perhaps, 
as suggested by Lau [1972] "the true values of k2" do not "follow a smooth 
function of discharge." The range of discharge, where the equations con
verge, is also not fixed and can shift along the discharge axis, depending 
on the stream characteristics. 

It is true that most authors of the formulas have warned the users 
that their formulas would be applicable only for conditions similar to 
those obtained during the laboratory experiments or the field measurements. 
This, however, leads to a serious cause of confusion. 

The preceding analysis suggests that important variables, in modeling 
of the reaeration coefficient, have been omitted and if its prediction is 
to be. improved, new models for the oxygen transfer coefficient in natural 
streams must be proposed and verified. 

G. Other Parameters Affecting Gas Transfer 

1. Wind 

Wind can significantly increase the rate of transfer. O'Connor [1961],. 
for example, notes that "an adjustment was made in the reaeration 
coefficient to allow for the increased oxygen transfer induced by the wind 
effect on the water surface," but no details were given in the paper apart 
from a reference to the unpublished manuscript, "Effects of Winds on the 
Oxygen Transfer Coefficient." 

25 



N 
0'1 

30 

10' 

2 
10 

k2 

(da.y 5- 1) 

-TSIVOGLOU- WALLACE 
-I 

10 <:) THA CKSTON - KRENKEL I ~~ =---$ 
• PARKHURST- POMEROY ~ 
A LAU 
[!) BANSA L 
... BENNET-RATHBUN 
o O·CONNOR - DOBBINS 

I 0-2 , t , "" , I '" , , 'II I , , '" I , , I II 

10' 10 2 103 10 4 105 106 

DISCHARGE ( C F S) 

Fig. 6. Reaeration coefficient predictions as a function of discharge using Pettis' 
stream characteristics. [From Morel-Seytoux and Lau, 1975] 



In most cases, however, the effect of wind has not been included in 
the prediction equations. 

Wilson and MacLeod, in their analysis of predictive equations, 
reasoned that wind would have a slight (almost negligible) effect on the 
reaeration coefficient, because oxygen absorption is controlled by pro
cesses on the liquid side of the air-water interface. This is not true. 
because when wind blows over water, shear is exerted at the interface, 
establishing the structure of the boundary layers in both media. 
Near-surface turbulence is increased through wind shear, creating Langmuir 
circulations, and wind waves can develop, causing upwelling and, in the 
case of breaking waves, bubble entrainment. The action of wind is even 
more prominent in water bodies such as lakes, reservoirs, and oceans, where 
the effect of bottom turbulence is not so pronounced. Wind waves depend 
both on wind shear and wind fetch, the latter being restricted for lakes 
and reservoirs. The above processes determine the dynamic characteristics 
of the interface and, consequently, influence the rate of gas transfer 
between air and water. 

In the last fifteen years measurements of wind influenced gas transfer 
coefficients have been performed and the coefficients have been related to 
wind velocity or wind shear velocity [Mattingly, 1977; Eloubaidy and Plate, 
1972; Broecker et a1., 1978; .tahne et a1., 1979; Liss et a1., 1981; 
Sivakumar and Herzog, 1978; O'Connor, 1983]. Liss [1983] presented a 
composite plot (Figure 7) incorporating the findings of several different 
wind tunnel studies. (The data were obtained using linear wind tunnels and 
refer to various gases with liquid-phase control.) Linear tunnels have a 
limited fetch. An elegant alternative is the use of circular tunnels in 
which the wind flows continuously over the unconstrained water surface. 
The results though are not in good agreement with those of the linear 
tunnels, the effects of wind waves being evident in the data. From Fig. 7 
and other comparisons, a general trend of increased gas transfer with 
increasing wind velocity is evident in the data, but discrepancies exist 
both between different sets of laboratory data and between field and 
laboratory data [Jihne et al., 1985]. The relation is approximately linear 
for low winds, but for higher winds the dependence on wind velocity becomes 
stronger. Field data in general show a weaker dependence on wind speed, 
but the reason is not obvious, and the data are not extensive [Deacon, 
1981; Liss et a1., 1981; Wanninkhof et a1., 1985]. 

Two predictive equations, for the effect of wind on oxygen transfer, 
based on experimental studies, are presented here. 

Laboratory experiments by Mattingly [1977] indicated, that the 
influence of wind on the reaeration process is extremely significant. 
Based on the experimental results, two empirical equations were formulated: 

where 

(r = 0.977) 

UA, Uw = air, water velocity (m/s), and 

2.806xlO-5 U 0.607 H-0•689 
w 
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as given by Bennett and Rathbun [1972] for the case when wind effects are 
neglected. 

Another correlation was also given 

(r := 0.978) (42) 

Of course, it remains to be seen how these equations predict reaera
tion phenomena under full-scale conditions. The use of equation (42) is 
restricted to a certain range of values, since it cannot be used for 
UA < Uw • In the conducted experiments, UA was greater than Uw. 

Eloubaidy and Plate [1972] developed an equation to predict reaeration 
rates in natural streams and rivers with the wind blowing over the water 
surface, based on the concept that the reaeration rate is controlled by an 
effective turbulent diffusion coefficient at the surface and by the rate of 
surface renewal. The diffusivity of the drift current beneath the water 
surface was taken as a measure of the rate of surface renewal. The experi
mental results give support to the theoretically developed equation. 
The reaeration rates were found to significantly increase when waves appear 
on the surface. The increase is much larger than can be accounted for by 
the increase in surface area. The increase was attributed to the increased 
turbulence in the water, which finds its expression in the shear velocity 
of the air at the water surface. The developed equation is 

where 

H 

(r = 0.989) 

= IgHS shear velocity of the channel bed, 
c 

= depth, 

= u* h/v - shear Reynolds number - This dimensionless 
n~ber has the appearance of a Reynolds number, but it 
arose as the ratio of eddy to kinematic viscosity, a 
physical concept usually not associated with a Reynolds 
number, 

S = S + l/p g x dp/ dx c e pressure adjusted channel slope, 

dp/dx = air pressure gradient in longitudinal direction, 

(43) 

Se = slope of energy gradient (channel slope for uniform flow), 

= IT /p s a surface shear velocity, 

p = water denSity, and 

p = air density. a 



Because of the random nature of wind, both in direction and intensity, 
scatter could easily be introduced into measured reaeration coefficients as 
a result of wind effects. Measurements of wind speed and direction should, 
therefore, be a part of any experiment for gas transfer coefficient. In 
addition, the effects of wind sheltering, especially for small water 
bodies, needs to be determiried •. 

Finally, it should be mentioned that, although in several wind-tunnel 
studies, the authors have noted the rapid increase in air-water gas 
transfer velocity, which appear to occur with the onset of waves on water 
[Kanwishef, 1963; Broecker et a1. t 1978; Jahne et a1., 1979J, systematic 
investigation of the effects of waves on gas transfer in wind tunnels has 
been limited and in most cases the wave characteristics have not been 
reported or measured. -

2. Waves 

As noted in the previous section, the effect of wave.s on gas transfer 
has .not,been investigated systematically, and almost no attempt has been 
made·to'include that effect in a predictive equation. 

. It ~.s .usually assUliled that capillary waves are the ones affecting gas, 
transfe,r •. Considering the resulting increase in surface area avail~ble for 
gas 1iratl,sfer and their extent on the sea surface though, it can be argued 
that the·enhancement of the transfer coefficient is not very important. 
However, capillary or gravity waves can influence gas transfer if the. 
circulation created by the waves acts to replace the water particles on the 
surf.~ce. It has also been suggested that capillary waves may not be the 
cause o'f the observed enhancement in gas transfer, but may merely act as 

. indicators· of a change in the nature of the gas transfer process close to 
the water surface [Liss, 1983]. 

Only recently [Jahne et al., 1985, 1987; Merlivat and Memery, 1983] 
the need for parameterization of the wave field, in order to explain the 
observed differences, has been realized. Coantic [1986] proposed a 
theoretical model incorporating the effect of capillary waves on gas 
transfer. Although the assumptions used need to be refined, as the author 
indicates, the model qualitatively explains the observed increase in gas 
tt'jinsfer coefficients at low and moderate wind speeds. Gravity waves and 
wave breaking due to higher winds were not included in the model. Jahne et· 
a1. [1984, 1987] noted that the mean square slope seems to be a better 
parameter than the capillary wave slope, indicating an influence of gravity 
waves on gas transfer. 

A fe~ experiments on the effect of waves alone had been performed by 
Down,ing and Truesdale [1955] in their investigation of factors affecting 
o:1tygen transfer. They concluded that increasing the height and frequency 
of stable progressive waves and the height of choppy waves generated 
mechanically in the water caused an approximately linear increase in the 
~ijt~ of oxygen transfer. 

Hosoi et al. [1977] presented a study on the effect of waves on 
reaeration; they conducted two sets of experiments. In the first set, the 
effect of mechanically produced waves, and in the second, the effect of 

30 



wind-waves on reaeration was investigated. Hosoi et al. concluded that 
a) the reaeration coefficient of wind waves is relatively high as compared 
to that of waves produced by a wave producing board~ and it has a close 
relationship to the friction velocity u* of wind above the wave surface 
and b) in the case of wind waves, increased input of oxygen as a result of 
the reentry of water particles into the water seemed to be a more 
influential factor than the rate of surface renewal directly below the 
boundary layer. However, the waves produced by the wave producing board 
and the wind waves in the above research were different, the former having 
significantly lower dominating frequency than the latter. Thus, the 
comparison between the two sets of experiments is not appropriate in the 
manner presented in (a) above. Moreover, wind waves were probably breaking 
("reentry of particles") causing an increase in gas transfer. 

To apply results obtained from wind tunnels to natural water bodies, 
proper scaling should be used. This is not simple since wave development 
is considerably different at the large fetches of natural water bodies and 
the wave effect on gas transfer has not been fully determined [Liss, 1983; 
Kerman, 1984; Jahne et a1.~ 1985]. This may also explain the observed 
discrepancies in measured liquid film coefficient between field and 
laboratory data and between data from different types of wind wave flumes. 

Further research is needed on the subject before the effects of waves 
can be incorporated in the predictive equations. 

3. Bubbles 

Although there is considerable theoretical and experimental infor
mation on the role of bubbles in gas transfer [Thorpe, 1982; Merlivat and 
Memery, 1983], they have been largely ignored in wind tunnel experiments. 
Experiments by Broecker [1980] have shown an abrupt increase in the depeu"
dence of the gas transfer coefficient with wind velocity, after a critical 
value. The change can be attributed to the production of bubbles by 
breaking waves. 

Breaking waves are associated with the formation of bubbles causing an 
additional increase in gas transfer. According to Long and Huang [1976] a 
wind.shear velocity of approximately 30 cmls is a critical value, 
independent of fetch, separating two different ranges of wave development. 
It can be interpreted as the transition between the moderately rough (no 
wave breaking) and fully rough (breaking waves) water surface regimes 
[Gulliver and Song, 1986]. Kerman [1984] suggested that the enhanced gas 
transfer at higher wind speeds results from bubble entrainment in small 
scale breaking waves and the enhancement is proportional to the extent of 

·wave breaking. Monahan and Spillane [1984] using climatological and 
oceanographic data demonstrated a statistically significant correlation 
between the liquid film coefficient and whitecap coverage. The correlation 
was further extended to a relation between the liquid film coefficient and 
the. third power of wind speed. Thus, the modeling of the effect of bubbles 
may be incorporated with that of the waves, but considerable research still 
needs to be done on this topic. 

Although it seems clear that bubbles are important in gas transfer in 
the oceans for conditions under which a substantial bubble population 
exists, quantitative assessment of the effect is extremely difficult. 
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4. Pollution 

As in the case of wind effects, pollution effects (detergents, etc.) 
are usually not included in the predictive equations. 

Various pollutants alter the ability of gas molecules to enter and 
escape water. This alteration causes the value of the gas transfer 
coefficient to vary under identical hydraulic and environmental conditions, 
depending upon whether clean or polluted water is flowing in the stream. 
The pollutctnt effect on reaeration is not only related to the pollutant 
constituertts and concentrations but also to the turbulent mixing regime 
within the fluid. In order to evaluate the effect of various pollutants on 
reaeratiou, a series of laboratory tests was conducted on both natural and 
artificial stream waters by Tsivoglou and Wallace [1972] and some values 
for the coefficient: 

l{2 polluted 
a = =-----~~--~ K2 unpolluted 

were obtained. 

The conducted experiments indicated the following; 

a) LAS (linear alkylate sulfonate) and similar pollution appear to 
bring about the greatest reduction of reaeration capacity at water 
features such as rapids and shoals in streams, where reaeration 
would otherwise be expected to be at a most beneficial maximum. 

b) Mineral oil enhances gas transfer capacity of water. Effect 
decreases as mixing increases (not many practical applications). 

c) NTA (nitrilo triacetic acid) showed no significant effect. 

The effects of pollutant films at the sea surface on gas transfer can 
be divided into two types; 1) Direct or static, where the film directly 
affects exchange by presenting a significant additional resistance to 
transfer as compared to the 'clean' surface and 2) Indirect or dynamic, 
where the film material, although possessing little or no intrinsic 
resistance, alters some property of the surface water, which is important 
in the gas transfer process. 

The effect of oil films falls in the first category and wa.s studied by 
Liss and Martinelli [1978]. For 02, a. thickness of 10 J.Im was required 
before a decrease in the exchangecoefficiertt could be detected. 
Martinelli [1979] presented a 3 film model that provides a reasonable 
description of the observations. It is interesting to note that the 
effects of films for substances with gas-phase control is much more pro
nounced, since resistance of the liquid phase becomes important, where 
there was practically none previously. 

In the second category, the major indirect effect of films reported is 
their ability to damp capillary waves [Garret, 1963, 1967]. 

There is also some evidence from laboratory tank experiments that 
soluble surfactants, although possessing no intrinsic transfer resistance, 
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can lead to significant reduction in the transfer velocity of 02 under con
ditions of high stirring in aqueous phase [Mancy, 1965; Martinelli, 1979]. 

Due to the large number of existing pollutants and their different 
effect on the transfer of each gas, no further attempt will be made here 
either for modeling or for reporting of such effects. 

H. Measurement Techniques 

The developed techniques for the determination of the reaeration coef
ficient will be presented here briefly. 

1. Dissolved oxygen balance technique 

This technique was first used by Streeter and Phelps [1925] to measure 
K2 in the Ohio River. 

For the selected reach to be studied, all sources and sinks of 
dissolved oxygen except reaeration are measured or evaluated and then 
reaeration is determined by the difference needed to give the D.O. con
centration observed at the downstream end of the reach. 

Serious errors may result with this technique from the omission of one 
or more significant sources. 

2. Disturbed equilibrium technique 

The disturbed equilibrium technique was developed by the Water 
Pollution Research Laboratory [Gameson and Truesdale, 1959]. 

The technique consists of measuring the D.O. concentrations at the 
upstream and downstream ends of the reach at two different levels of D.O. 
concentration. These two levels are usually obtained by injecting sodium 
sulfite and a cobalt catalyst into the stream. If photosynthesis, respira
tion, reaeration coefficient, mean velocity, and saturation concentration 
remain constant during the measurements, then the reaeration coefficient 
can be computed. The use of this technique is generally limited to small 
streams because it is necessary to artificially produce a D.O. deficit. If 
photosynthesis is appreciable, experiments have to be done at night. We 
must also note that the assumption that respiration is independent of the 
D.O. concentration level, has been questioned. Gulliver and Stefan [1984] 
found respiratory inhibition at D.O. concentrations below 4 ppm. 

3. Tracer technique 

The tracer technique [Tsivoglou, 1965, 1967] is unique in that it does 
not require the measurement of any of the sources and sinks of D.O. in the 
stream. 

The basis of the technique is the observation that the ratio of the 
rate coefficient for the desorption of a tracer gas from water to the rate 
coefficient for the absorption of oxygen by the same water is independent 
of temperature and flow conditions. It was found that in stirred 
containers, using Krypton-85 as tracer gas, 
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where K G = tracer-gas transfer coefficient. The mechanics of gas 
transferrn a stirred container though may not be the same as in a natural 
stream. 

The technique uses an instantaneous injection of three tracers at a 
point upstream from the reach over which the reaeration coefficient is to 
qe measured. The tracers are (1) a fluorescent dye, the purpose of which 
fs to enable field personnel to follow the movement of the tracers; (2) 
tritiated water, which is used as a conservative dispersion tracer; and (3) 
the radioactive tracer gas Kr-85, which is used to measure the gas transfer 
capacity of the flow. Samples of stream W'ater are removed from the flow as 
the dye peak passes the upstream end and then again as it passes the 
doW'Ustream end of the reach. the transfer capacity of the flow for the 
tracer gas is obtained from the relative concentrations of the gas and tri
tiated water tracers at the two ends of the reach. 

The tracer technique is far superior to the other two. However,it 
requires the use of radioactive tracers and there are strict controls on 
such use in the natural environment. For this reason, the U. S. Geological 
Survey [Rathbun, 1979] developed a modification that does not require 
radioactive tracers. This modification uses low-molecular weight hydrocar
bons·(usually ethylene or ethylene and propane) as the tracer gas and 
Rhodamine-Wt fluorescent dye as the dilution-dispersion tracer. 
Concentrations of the gas tracer are determined using a gas chromatographic 
technique. Results are encouraging. Recently [Wilcock, 1984] methyl 
chloride was also used as a tracer with good results. 

4. Steady-state propane gas tracer method 

Despite increasing popularity and usage of the gas tracer method, as 
presented in the previous section, some questions still remain concerning 
the accuracy and reproducibility of field data and the soundness of field 
procedure. A modification of the tracer method is suggested by Yotsukura 
et al. [1983]. In thh case, the gas tracer is injected continuously at a 
uniform rate for a long period to produce a steady~state gas ... tracer con
centration in a plume that would be mixed uniformly in a cross-section. 
This is in contrast to the methods of Tsivoglou and Rathbun, which employ 
short duration injections and measure transient concentrations. Since the 
gas concentration with the new method is obtained under steady-state 
uniformly-mixed conditions, no correction is required for dispersion coef
ficient, and sampling errors can be easily detected. 

the gas tracer measurements are restricted to small streams because a 
large river would not mix properly in a short·dlstance and would require a 
gtaat deal of tracer. An alternative, utilizing winter conditions, is pro
PQ~ad by Gulliver et ale [1980]. 
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5. Winter measurements 

Reaches of streams are chosen so that there is a long reach with ice 
cover upstream and a reach of open water downstream (usually due to cooling 
water from a thermal power plant). Saturation concentration during winter 
is high and D.O. concentration under ice cover is low. Consequently, a 
considerable D.O. deficit exists at the upstream end of the open-water 
reach and then D.O. measurements along the reach can yield a value of the 
reaeration coefficient, after taking into account the effect of 
respiration. 

6. Analysis of errors 

The following may be sources of errors in the above techniques 
[Bertnett and Rathbun, 1972; Holley and Yotsukura, 1984]: 

1) Differences between the dynamic stream condition and the quiescent 
conditions in the various bottle techniques developed for measuring 
the D.O. balance parameters. 

2) The difficulty and expense of obtaining a sufficient number of 
representative samples to describe accurately the stream conditions 
and the cross-section of interest. 

3) Deviations from the assumptions inherent in the derivation of the 
D.O. balance equation • 

. 4) The accuracy of the D.O. measurement procedure used in the various 
techniques for determining the D.O. balance parameters. 

5) Possible corrosion of metals in laboratory flumes is also a D.O. 
sink not considered [Liu et al., 1972]. 

6) Uncertainties of parameters used in analyzing the data. Such para
meters are Cs and the ratio of transfer rate coefficients for a 
tracer gas and oxygen (R). Cs changes with water quality and 
tabulated values are usually not directly applicable for rivers. 

7) Finally, random errors exist in all measurements. If these errors 
can be quantified, it is possible to analyze the propagation of 
errors through the calculations and obtain error bounds on results. 
In cases where many variables are involved, an alternative is sen
sitivity analysis or Monte Carlo simulation [Holley and Yotsukura, 
1984] • 
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III. EXPERIMENTAL PROCEDURE 

A. General Description 

From January 1984 through July 1984, a series of 35 experiments were 
carried out in order to determine the effect of waves on the process of 
gas transfer. The experiments were conducted in a wave tank with a 
mechanical wave maker. There was no net flow through the flume. The water 
was chemically deoxygenated and then oxygen concentration was measured over 
time as it increased towards a saturation value. Oxygen concentrations 
were determined by the Azide modification of Winkler titration method. 
Waves were recorded at various locations along the flume both at the 
b~girining a;nd the end of the experiments. 

The iirst eight experiments (RUN1-RUN8) were preliminary. An oxygen 
probe was used in these experiments in addition to the Winkler samples. 
Use·of the probe proved inconvenient because frequent calibration and tem
perature adjustment were needed, since the water temperature was changing 
in the course of the experiment. The data for RUN 1 through RUN 8 are not 
presented because oxygen sampling locations and frequency were insufficient 
for a meaningful analysis. Sampling locations were rearranged for the sub
seq'1ent ,experiments so that information for virtually the whole length of 
the flume 'could be obtained. One capacitance and one resistance-type probe 
were. initially used for wave recording. The resistance probe seemed to be 
more reliable and consequently two resistance probes were used for the rest 
of the experiments. 

RUN 9 through RUN 35 were experiments where both waves and oxygen con
centration were recorded systematically. Figure 8 shows a typical diagram 
of oxygen concentration versus time. The five different curves represent 
the five sampling locations along the flume. The difference in concen
trations along the channel was initially attributed to uneven distribution 
of chemicals. However, this was not the case. The observed difference was 
mainly due to change of wave height along the channel and in some cases air 
entrainment near the paddle, when breaking waves were present. 

In order to calculate the flux through the air-water interface for 
each segment of the flume, the horizontal flux in the flume needed to be 
determined. This was done by performing conductivity measurements. A 
small amount of salt was added in the area behind the paddle and conduc
tivity measurements were taken over time along the flume. Conductivity is 
proportional to salt concentration (at low concentrations). A typical 
graph of conductivity versus time is shown in Figure 9. From these data 
the horizontal diffusion coefficients were determined. This was done for 
the last ten experiments (RUN 26 through RUN 35). 
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B. Wave Flume Characteristics 

Figure 10 shows a schematic diagram of the wave flume used for the 
experiments. The flume had metal bottom and glass sidewalls. The dimen
sions of the flume were 12.14xO.15xO.37 (LxWxH) in meters. The mechanical 
wave maker was located 1.72 m from one end of the flume, referred to as 
the upstream end. The frequency, amplitude and angle of rotation of the 
paddle movement could be controlled by the attached mechanism. Frequency 
and amplitude could be changed in a continuous manner. Angle of rotation 
could be altered by changing the location of the paddle's supporting beams. 
Five holes (positions) were provided for each supporting beam. In the 
experiments, only symmetrical positions were used. The water depth in the 
experiments was usually 15-25 cm. At the downstream end of the channel 
there was a small reservoir of approximately 0.30 m length. This was iso
lated from the rest of the channel and was not used in the experiments. At 
both ends of the flume, an inclined surface with wire mesh on top was pro
vided to absorb waves and keep reflection to a minimum. Both beaches were 
pervious, and the volume under each beach was included in the water mass of 
the channel. 

Five locations for oxygen sampling were selected along the channel. 
The origin of the axis (x=O) was located 2.02 m away from the upstream end 
of the channel. The locations selected for sampling were at x = -1.13, 
0.20, 2.25, 5.35, and 8.45 m named, respectively, points A, B, 1, 2, and 3. 
The same locations were used for taking conductivity measurements. For the 
oxygen sampling, plastic tubes (3/8" outer diameter and 1/4" inner diame
ter) were installed at the above mentioned locations. The tubes were taped 
on the wall of the channel and their opening was located 7.5 cm above the 
bottom of the channel. 

C. Wave Recording 

Wave height and wave period were recorded using a two-channel Sanborn 
wave recorder along with two resistance probes (diameter ~ 0.5 mm). 
Calibration was done at the beginning and at the end of each experiment. 
The measurements were taken at x = 0.50, at points 1, 2, 3 and midway 
between points 1-2 and 2-3. Wave length was initially measured using two 
light probes. The light probes were moved until simultaneous flashing was 
aChieved; then, the distance between the probes, as well as the number of 
wave forms between the two probes, was determined. However, this method 
proved difficult and required a great deal of time for adjusting. So, 
grids were attached to the glass wall at locations x = 0.0, '2.0, 6.0 and 
8.0 m and pictures were taken with a Crown Graphic camera, from which the 
wave length was determined. 

D. Dissolved Oxygen 

1. Chemical deoxygenation 

Initially, the tank was filled with water to the desired level for the 
experiment. Then the water was chemically deoxygenated. The reagents used 
for the deoxygenation were sodium sulfite (Na2S03)-technical grade and 
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coba1tous chloride CoC12,6H20 as a catalyst. The CoC12 was dissolved in 
warm water and added to the tank as uniformly as possible. Na2S03 was also 
dissolved in water and added in the same manner. 

Suggested qua~tities by Standard Methods (Sec. 208A) are 8.05 gr/m3 
CoC12 and 117 grIm Na2S03 for an initial D.O. concentration of 10 mg/!. 
The actual quantity of CoC12to be used was calculated from the above 
recommendation for the desired water level of each e:x:periment. For Na2S03, 
.the saturation concentration was first estimated using the water 
temperature and the existing atmospheric pressure and the above given 
!number was adjusted accordingly. This was done in most experiments since 
the tap water was very close to saturation, especially during winter. 
However, around spring, the oxygen concentration of the ~ater was lower. 
Ther.efore, the new practice adopted was to determine D.O. concentrations in 
the tank directly and thereby compute the required Na2S03' In all cases, 
an additional 10% was added to ensure complete deoxygenation. 

The saturation concentration (Cs ) as a function of temperature and 
chloride concentration in water is given in tabular form in Standard 
Methods. Zero chlorinity was used and linear interpolation between the 
given values was employed whenever needed. Cs was then corrected for 
pressure. 

where: . 

C =C'-lL-
s s 760 

p = atmospheric pressure in mm Hg, 

C' 
s 

= saturation concentration obtained from table (mg/R.), and 

Cs :::; actual saturation concentration. 

Values of Cs from Standard Methods (for every °C) and interpolated values 
(for every O.l°C) used for the experiments and data evaluation are given in 
Table 1. 

The mean water temperature, pressure correction term, p/760, 
saturation concentration, C's, and Schmidt number for the performed 
experiments are given in Table 2. 

2. Determination of D.O. concentration 

Water samples were taken over time at the various locations along the 
flume to determine the D.O. concentration. The Winkler titration azide 
modification method was used (Standard Methods, Sec. 421.B). This method 
is especially effective if samples contain more than 50 ~g N02 NIl, and not 
more than 1 mg ferrous iron/!. Other reducing or oxidizing materials 
should be absent. If 1 ~ KF-so1ution is added before the sample is 
acidified and there is no delay in titration, the method is applicable in 
the presence of 100-200 mg ferric iron/!. However, there was no need to 
perform this test in the experiments. 
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TABLE 1. VALUES OF SATURATION CONCENTRATION (C' ) 
e· 

AS A FUNCTION OF TEMPERATURE (T in ·C) 

.1 .2 .• 3 .4 .5 .6 .7 .8 

12.40 12.37 12.34 12.31 12.28 12.24 12.21 12.18 
12.09 12.06 12.03 12.00 11.98 11.95 11.92 11.89 
11.80 11.77 11.75 11.72 11.69 11.66 11.63 11.61 
11.52 11.49 11.47 11.44 11.41 11.38 11.35 11.33 
11.24 11.22 11.19 11.17 11.14 11.11 11.09 11.06 

10.99 10.96 10.94 10.91 10.89 10.86 10.84 10.81 
10.74 10.71 10.69 10.66 10.64 10.62 10.59 10.57 
10.50 10.47 10.45 10.43 10.41 10.38 10.36 10.34 
10.27 10.25 10.22 10.20 10.18 10.16 10.14 10.11 
10.05 10.03 10.00 9.98 9.96 9.94 9.92 9.89 

9.83 9.81 9.79 9.77 9.75 9.73 9.71 9.69 
9.63 9.61 9.59 9.57 9.55 9.53 9.51 9.49 
9.43 9.41 9.39 9.37 9.36 9.34 9.32 9.30 
9.24 9.22 9.20 9.18 9.17 9.15 9.13 9.11 
9.05 9.04 9.02 9.00 8.99 8.97 8.95 8.93 

8.88 8.86 8.85 8.83 8.81 8.79 8.77 8.76 
8.70 8.69 8.67 8.66 8.64 8.62 8.61 8.59 
8.54 8.53 8.51 8.50 8.48 8.46 8.45 8.43 
8.38 8.37 8.35 8.34 8.32 8.30 8.29 8.27 
8.23 8.21 8.20 8.18 8.17 8.15 8.14 8.12 
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TABLE 2. TEMPERATURE, SATURATION CONCENTRATION AND 

SCHMIDT NUMBER VALUES 

Mean P 
Run Temp. 760 C SC s 

CC) (mg/O 

9 14.3 0.961 9.82 735 
10 16.4 0.970 9.48 654 

11 16.1 0.977 9.60 665 
12 16.8 0.981 9.51 640 
13 17.1 0.974 9.38 630 
14 16.7 0.979 9.51 643 
15 15.9 0.963 9.50 672 

16 16.4 0.968 9.46 . 654 
17 15.5 0.970 9.66 687 
18 15.3 0.981 9.81 695 
19 16.9 0.979 9.47 636 
20 16.1 0.973 9.56 665 

21 16.8 0.973 9.43 640 
22 17 .8 0.977 9.27 606 
23 16.5 0.959 9.35 651 
24 17.5 0.974 9.30 616 
25 17 .6 0.973 9.27 613 

26 15.0 0.984 9.91 707 
27 19.9 0.970 8.82 542 
28 20.6 0.977 8.76 523 
29 18.0 0.980 9.26 600 
30 21.9 0.977 8.54 489 

31 22.0 0.974 8.49 487 
32 21.9 0.977 8.54 489 
33 22.9 0.974 8.36 465 
34 22.6 0.968 8.34 472 
35 22.8 0.971 8.34 468 
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The samples were collected in 300 ~ bottles. lmmediately after 
sampling, 1 ~ MnS04 solution and 1 ~ alka1i~iodide-azide agent were 
added. The stopper was carefully replaced to exclude bubbles and then the 
bottle was inverted approximately five times to assure mixing. After 
sufficient precipitate had settled, to leave a clear supernate above the 
manganese hydroxide flocculant, 1.0-2.0 ~ H2S04 were added. The bottle 
was restoppered and mixed until dissolution was complete. Then, the sample 
was ready for titration. 

After correction for sample loss by displacement with reagents, a 
volume corresponding to 200 ~ original sample, in this case 300/(300-2) = 
201 ~, was titrated. This assumes that only sample and no reagent is 
lost. Titration followed with 0.025 N Na2S203 solution to a pale straw· 
color. Near the end some starch solution was added and titration continued 
to first disappe'arance of blue color. If the point were overrun, a 
measured amount of sample was added and the same procedure followed. The 
final results were corrected for the added amount. For titration of a 200 
nl.R. sample 

1 ~O.025N Na2S203 = 1 mg P.O./p-

The reactions taking place are: 

MnS04 + 2NaOH + Mn(OHh + Na2S04 

2 Mn(OH)2 + 02+ 2 MnO(OH)2 ~ 

H+ 
MnO(OH)2 + 2NaI+ H20 + Mn(OH)2 + 12 + 2NaOH 

2 -2 -1 
12 + 2S203- + S406 + 21 

All reagents used were those recommended by APHA Standard Methods 
[1980] and were purchased ready-made. All reagents were purchased from 
Mallickrodt Inc., with the exception of the Starch Indicator, which was 
from Fischer Scientific Co. 

E. Conductivity Measurements 

Conductivity measurements were performed in the last 10 experiments in 
order to determine the horizontal diffusion coefficient. A small amount of 
salt (NaCP-), usually around 45 gr, was added in the area behind the paddle 
and conductivity measurements were taken along the Channel over time at 
the same locations where oxygen samples were taken. 

A Cole":'Parmer 1481-50 Digital conductivity meter used for the 
measurements is illustrated in Fig. 11. The sensor is contained in a 
remote PVC probe with two stainless steel electrodes located just below the 
PVC cap. A probe sleeve protects the electrodes and is perforated to 
direct the flow of liquid during measurements. It is not possible to take 
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Fig. 11. Conductivity meter. 
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readings without the protective sleeve. The electrode is kept dry in the 
air and will not give a reading in a dry state. It has three ranges: 
0-1.99.9, 0-1.999.0, 0-19,990 j.lmho. It also has a temperature compensation 
and an adjustable cell constant. 

The temperature compensation switch was set at 25°C because it had 
an insufficient resolution. Temperature correction was made using the 
relation 

where: 

k25 = kT/(l + 0.0191(T-25» 

k25 ,T = conductivity at 25°C, T(OC), respectively, and 

T = temperature of measurement (OC). 

The above relation indicates that electrolytic conductivity increases 
with temperature at a rate of 1.9% per °c. This is representative of both' 
natural waters and NaCR, solutions. It is important to note that 
significant errors can result from inaccurate temperature measurements. 

The meter was calibrated against the standard solution that came with 
it. It was also checked for linearity of conductivity versus salt con
centration with KCl solutions at 25°C in the range from lxlO-4 N to 
5xlO-2 N. The calibration was not checked frequently because it was found 
to be relatively stable and the absolute value of conductivity was not of 
interest. ' 

47 



IV. DATA .ANALYSIS 

A. Wave Characteristics 

1 • .Wave length (L) 

Wavelength was calculated from the pictures taken during the experi
ment. Depending on the location, where the picture was taken, and on the 
wavelength of the experiment, usually 1/2 - 3~ wavelengths were included 
in the,picture, and consequently one to four measureQ1ents of wavelength 
could be obtained from each picture. There were some pictures near the 
paddle that did not give any measurements, since the focus was on the 
development of the crest and air entrainment, and it was not clear what 
portion of a wavelength was pIctured. 

An average wavelength·was computed for each picture and then the, 
average of these numbers was taken to be the wavelength for the experiment. 
If available and reliable, the measurement of L with the light probes was 
also included in the averaging. 

Wavelength was assumed to be constant throughout the whole flume, 
since no trend appeared in the measured wavelengths for the four locations 
along the channel. 

; •. /, 

In.' Table Al (Appendix I), a summary of the wavelength computations 
is given. The parameters in Table Al are: 

RUN 

L 

PI 

MAXI 

MINI 

P2 

MAX2 

MIN2 

= code number of experiment, 

= wavelength of the experiment (em), 

= standard deviation when computing the final average (em), 

= number of values used for averaging, 

= MAXI - MINI * 100 
L 

= maximum value of averages of pictures, 

= minimum value of averages of pictures, 

= MAX2 - MIN2 * L 100 , 

= maximum of all values computed, and 

= minimum of all values computed. 

The range of wave lengths in the experiments was L = 23.7 + 62.8 em. 
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2. Wave period (T) 

The wave period was determined from the wave recorder charts. For a 
certain time period the number of waves going through were counted and T 
was determined. Wave period was constant for all locations and throughOut 
the experiment, so a single value is given for each experiment in Table 
Al, Appendix I. 

The wave period ranged from 0.380 - 0.627 sec, with a corresponding 
frequency (f ;: l/T) in the range 1.59 - 2.63 Hz. Following a classifica
tion of ocean surface waves by frequency, as presented in Kinsman {1984], 
these waves fall in the ultragravity wave range. 

3. Wave height (H) 

Wave heights were recorded at six locations along the flume (eight for 
RUN 9), as described in Section III.C. At locations x ;: 3.80 m and x= 
6~90 m, waves were recorded at various times during the experiment. At the 
rest of the locations waves were usually recorded at the beginning and at 
th~ end of the experiments and occasionally during the experiments. The 
wave height for every location was calculated separately, since it was 
diminishing with distance from the paddle. Calibration of the wave 
recorder was done both before and after each experiment. The calibration 
sometimes changed as much as 20 percent during the course of the experiment 
(3-5 h). Therefore, data sets as close to calibration time as possible 
were preferred in order to minimize· errors. For data halfway through the 
experiment, linear interpolation with respect to time was employed between 
initial and final calibration factors. 

For experiments 27 through 31 conductivity measurements were taken at 
the same time as oxygen measurements. Changes in conductivity affect the 
calibration of the wave recorder quite strongly. In this case the cri
terion for selection of data sets near calibration was followed even more 
strictly, with the additional requirement that locations recorded with the 
same wave probe did not have significantly different conductivity. The 
exact effect of conductivity changes on calibration could not be 
determined, since the calibration was changing even without changes in 
conductivity. 

For every location and time, 30-60 wave heights were measured off the 
wave recorder chart and the arithmetic mean, the standard deviation, and 
the RMS (root mean square) values were computed. The wave heights were 
measured from trough to crest. The RMS value was taken as the represen
tative value. These values are given in Table A2, Appendix I, for all 
e~periments and locations. Further, these values were plotted versus 
distance along the channel and a wave height "profile" curve was fitted byl 
eye, as given in Figs. A1 through A9 in Appendix I. The fitted values 
from these graphs were used in the computations and are given in Table A3, 
Appendix I. These numbers were rounded to the nearest 0.5 mm wave height, 
ranging from 0.70 cm to 5.35 cm. 
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4. Computations 

Wave steepness defined as the ratio of wave height to wave length, is 
given in Table A4, Appendix I. The range is 0.027 - 0.1028, a small number 
compared to unity, allowing the waves to be classified as small amplitude 
waves. 

Wave slope, s, is defined as the mean surface slope and is taken to be 
equal to (~112 H/L),which is exact for a sinusoidal wave. 

The phase velocity or celerity, c = Lef, was computed from the 
measured wave length and frequency (Table A1, Appendix I). 

The group velocity, Cg, was computed from the wave recorder chart at 
the onset or the end of waves by measuring the distance between the two 
wave probes and dividing by the time required for a specific wave in the 
waVe train to go through, as illustrated in Fig. 12. 

The ratio of mean depth over wave length (h/L) was between 0.333 C!.nd 
1.038 and was lower than 0.5 for only six experiments (Table A1). 
Therefore, in most experiments the waves could be considered deep water 
waves. For small amplitude waves . 

and 

2 c gL t h 2~h = 5" an L 

1 
cg = 2 c (1 + 41f h/L ) 

4~h 
sinh L 

where g is the acceleration of gravity and h is the mean water depth. 

(44) 

(45) 

The deviation from the linear dispersion relation for deep gravity 
waves, c2=gL/2~, (expressed as 1 - Ig/(2~Lf2), was 2 percent on the average 
and was within ± 6.S percent in all cases (Table AS, App. I). The highest 
errors (Run 18, Run 33) occurred along with the maximum standard deviation 
in the computation of the wavelength, indicating an uncertainty in 
estimating L, rather than a significant deviation from the deep water 
approximation. This also implies that the independent wave characteristics 
are reduced from H, L, and f to Hand f (or Hand L). 

In the same table the values of c , as computed from the charts and as 
cdmputed from Eq. (45), are given. Th@ percentage error was less than 8 
percent in absolute value, indicating again fairly good agreement with the 
sinusoidal wave formulas. The sinusoidal waves are also often referred to 
as first order Stokes waves. 
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B. Numerical Scheme for the Transport Equation 

The one-dimensional transport equation can be written in the general 
form: 

where: 

a ~ + u !t = L (D ~, + S 
at ax ax xaxJ (46) 

$ = concentration [M/L3 ], 

U = mean stream velocity [LIT], 

OX = longitudinal dispersion coefficient in the x-direction [L2/T], 

and 

S = source and sink terms per unit volume [M L-3r-l ]. 

S > 0 for sources and S < 0 for sinks. 

In the wave tank, since there is no net flow, U = 0 and Eq. (46) reduces to 

~ = L (D ~) + S 
at ax x ax 

For oxygen gas the concentration will be denoted with C and the only 
source in the case of the performed experiments is oxygen transfer through 
the water· surface. 

where: 

~A 
S = -V- (Cs - C) 

~ = - (C - C) h s 

A = surface area [L2 ], 

V = volume [L3 ], 

~ = oxygen transfer coefficient [LIT], and 

h = mean water depth [L]. 

(47) 

Samples fixed and titrated some hours after sampling showed no dif
ference from those fixed immediately after sampling. Therefore, deoxygena
tion was assumed negligible and was not included in the equations. Thus, 
the oxygen transport equation is 

!9.. = L (0 2.£) + ~ (C .. C) 
a t ax x ax h s (48) 

For NaCR. the source term is zero. Since conductivity is directly 
proportional to NaC1 concentration, and only differences are involved in 
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the equation, conductivity measurements (after temperature corrections) 
will be used directly to obtain the horizontal diffusivity coefficient. 
The transport equation becomes: 

where k ~ conductivity (pmhos). 

(49) 

Once the longitudinal dispersion coefficients have been. determined, 
the oxygen transfer coefficients will be found using the oxygen data. 

Equations (48) and (49) must be discretized for the evaluation of the 
coefficients from the obtained data. A control volume approach will be 
followed for the discretization. Equations (48) and (49) can be written as 

£1. ;II L (D !t.) + s 
at ax x ax (50) 

Integrating Eq. (50) over the control volume given in Fig. 13 and 
assuming that a~/at and S can be represented by their values at point i, 
we get: 

b b b 
f.· £1. dx == f L (D ~) dx + f S dx 

at ax x ax a a a 
(51) 

or 

!t.L =[D!t.] -[D!t] +SL 
at i xax b xax a i1 

(52) 

Using a linear profile assumption between grid points, a~/ax can be written 

~i+1 - ~i 
= 

a 

With these expressions, Eq. (52) becomes: 

a'" Di i+1 Di - 1 ,i 
L ::L = . , ( ~ - ~ ) - ( ~ i - cf> i-1·.) + Li,S i (53) 

i at Li ,i+1 i+1 i L i - 1,i 

or 

(54) 
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where Kij = Dij/Lij • a~/at can be approximated as 

~ = ,( t+A t) - ~ ( t) 
at At 

By assuming that the ~i's. in the right-hand side are evaluated at 
t+At • the scheme described by Eq. (54) is fully implicit. With 
Si = (~S~i)~/h, Eq. (54) can be rewritten: 

A(l)~ i "" B(l)~ i+l + O(I)~ i-I + D(l) 

where: 

A(l) 
Li 

= At + Ki ,i+l + Ki - 1 ,i 
~iLi 

+ h 

B(l) = Ki ,i+1 
0(1) = Ki _1 i , 

D(l) 
Li ~i(t) Li 

~s = At + ~i h 

time 

(55) 

For oxygen ~ = C, ~s = Cs and ~ is the oxygen transfer coefficient. For 
conductivity ~:: k and KL ... o. 

Equations (54) and (55) will be used to evaluate the obtained data and 
determine the coefficients Dx and ~,as described in detail in the 
following sections. The wave flume was divided into five control volumes 
with no flux conditions applied at the ends. The grid used to represent 
the wave flume is shown in Fig. 14 and the lengths used are given in meters 
as: 

LA = 1.72 m LAB ;::: 1.33 m 

LB = 1.00 m LB1 = 2.05 m 

L1 = 3.10 m L12 = 3.10 m 

L2 = 3.10 m L23 = 3.10 m 

L3 = 3.22 m 

Location of points A, B, 1, 2, and 3 are the same as given in Section 
III.B. 

The set of equations presented by Eq. (55) can be easily solved using 
the tridiagonal matrix (TDMA) or Thomas algorithm with the no flux con
ditions applied as B(5) = 0 and C(l) = 0 [Patankar, 1980]. 
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For a conservative substance (S=O) such as salt, and no flux con
ditions at the ends, Eq. (54) gives: 

where 

Thus, the mean value over the entire flume remains constant over time. 

c. Determination of Longitudinal Dispersion Coefficient 

A first attempt to determine longitudinal dispersion coefficients 
using Eq. (54) over every experimental time interval (At = time between 
measurements) yielded results with considerable scatter. The reason for 
this was probably that the computation was very sensitive to the value of 
the time derivative. 

As a second attempt, the method of successive approximations was 
employed. The mean value of the first attempt was taken as the initial 
guess for the new method. Using Eq. (55) with At IV 1 min and a measured 
initial conductivity distribution along the channel, conductivities were 
predicted for subsequent times until the end of the experiment, when com
puted values were compared against the experimental ones. A normalized RMS 
error was calculated each time as: 

RMS = 
!. E(k 
N comp 

Ek expt 
N 

Coefficients KAB, KB1, K12, K23 
minimum RMS value was obtained. 

k )2 
expt 

were changed one at a time until a 

(56) 

The values of the Kii' giving the minimum RMS error were taken to 
be representative for the ex~eriment in consideration. The computer 
program used, details of the computation, and obtained values of Dij are 
given in Appendix II. 

A correlation of the longitudinal dispersion coefficients 
Dtj ;; KijLiJ was then attempted with the wave characteristics. Since 
DAB describes the transfer across the paddle, it was expected to be dif
ferent from the rest of the d1ffusivities, describing only the effect of 
waves. However, DAB vl1lues follow the same trend as the rest of the dif
fusivities with slightly more. scatter. Therefore,all Dij'S were analyzed 
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together. Six data points were excluded from the correlation, four 
D23 values and t~o DAB values. The D23 values were excluded because it was 
suspected that in the corresponding experiments the no flux condition at 
the downstream end did not hold, since the small reservoir was not comple
tely isolated from the rest of the flume. The two DAB values were 
excluded because they did not follow the general trend of the rest of the 
points. 

As documented by Phillips [1977], although the Eulerian mean velocity 
at any point below the wave troughs is exactly zero, the Lagrangian mean 
velocity of all water particles is a non-Zero second order quantity and is 
always in the wave propagation direction. 

The particle displacement over one wave period due to a first order, 
Stokes wave is given by 

c(z) = 
2'IT2i cosh (~ (z+h») 

L2 sinh2 e~h~ 
(57) 

The net area, Al in F:lg. 15, over which the particles in a vertical 
line travel in one wave period, is given by the relation [Kit, 1981]: 

-h 2 Sinh( L4'IT (h-hr ») 
A1 = J r c(z)dz = 'IT; 

-h sin~ 2'ITh 
L 

(58) 

where h, hr are water depths defined in Fig. 15. Setting hr 
. the deep water approximation (h/L > 0.5) Eq. (58) yields: 

= 0 and with 

2 
4'ITh 

Al 
'ITa L 2 

!::! -2- = 'ITa 2'ITh 
L 

If we now assume that the dispersion coefficient can be written as 
D ij IX AlIT, we get 

'lTi 'IT i i 
Dij a: T = "4 T" 0.8 T (59) 

Consequently, an equation of the form 

i = const. -= 
T 

const. i· f 

was fitted to the data by least squares (y=ax + a = r.yx/r.x2), and the 
following equation was obtained: 
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Dij = 1.215 rt · f (i = 0.543) 

Equation (61) is shown along with the data in Fig. 16. Other attempted 
correlations didn't give better results. More details are presented in 
Appendix II. 

D. Determination of Oxygen Transfer Coefficients 

(61) 

The oxygen transfer coefficients were initially determined for RUN 26 
through RUN 35. The computations were performed using a) the dispersion 
coefficients obtained from the minimum RMS error procedure and b) the ones 
predicted from Eq. (61). OXygen concentration profiles were determined 
every 16 minutes from graphs similar to the one presented in Fig. 8. The 
term dC/dt was also determined by measuring the slope of the curves off the 
graph. The oxygen transfer coefficients, proceeding from point A to point 
3, were computed from Eq. (54); 

h 
~i = ""'C-s ..... _;;.......",C-i 

(62) 

The temporal mean value of the obtained coefficients for every point was 
calculated. 

Then, specifying a measured initial oxygen concentration distribution 
along the channel, and the oxygen transfer coefficients as determined from 
the .above procedure, the oxygen concentration curves were predicted from 
Eq. (55) until the end of the experiment. The RMS error between measured 
and predicted D.O. concentrations was computed. For the first case the 
mean RMS error in D.O. concentration for the seven experiments was 0.160 
mg/R,. For the second case, it was 0.178 mgfR,. The difference in RMS 
errors for the two cases was small. Therefore, it was judged that Eq. (61) 
could be safely used for the rest of the experiments where no conductivity 
data was available. Details of the computation are given in Appendix II. 

Obtained values of the oxygen transfer coefficients as well as the 
corresponding RMS errors in the prediction of D.O. concentration are given 
in Table 3. The oxygen transfer coefficients for the area near the paddle 
(points A, B) are generally higher than those for the main part of the 
flume (points 1,2,3), but the variation along the flume is not monotonous, 
poSsibly because of uncertainties in the estimation of the longitudinal 
dispersion coefficients. 

Because of the uncertainty inherent in 
transfer, only two representative values of 
coefficients were used for each experiment: 
paddle, KLAB , and one for the main part of 
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Run 

·9 
10 
11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

TABLE 3. OXYGEN TlWTSFEJl COEFPICIENTS, 'Ll (a/.), 

AlIID 1lMS KnOR (.,,/1,) 

1).A 1).B ~l 1).2 1).3 

9.25xlO-5 3.53xlO-4 3.23xlO-5 3.43x10-5 2.66xlO-5 
6.12x10-5 2.61xlO-4 2.12x10-5 3.24x10-5 8.84x10-6 
1.20xlO-4 8.61x10-5 4.2b:10-5 2.14x10-5 6.31x10-5 
5.81x10-5 5.04xlO-5 4.37x10-5 1.60x10-5 3.14x10-5 
3.95x10-5 4.28x10-5 2.87:dO-5 7.25x10-6 1. 65x10-5 
7.11x10-5 1.29x10-4 2.30x10-5 3.60xlO-5 3.08x10-5 
7.95x10-5 1.58x10-4 1.13x10-5 2.S8x10-5 2.43x10-5 

5.15x10-5 4.79x10-5 3.18x10-5 1.75x10-5 2.30x10-5 
3.37x10-4 9.38x10-5 2.17x10-5 3.97x10-5 3.96x10-5 
6.44xlO-5 6.77x10-5 3.13xlO-5 3.21x10-5 3.28x10-5 
4. 16x10-5 6.00x10-6 4.06x10-5 2.08x10-6 1. 46xlO-5 
3.83x10-5 2.38x10-5 2.32x10-5 1. 52xlO-5 8.02x10-6 

1.06xlO-4 4.27x10-5 2.92x10-5 3.89xlO-5 1.88x10-5 
1.36xlO-4 1.47x10-4 3.92xlO-S 4. 25xlO-5 4.69x10-S 
9.71xlO-5 3.34x10-4 8.06x10-6 3.93x10-5 3.S8xlO-S 
9.29xlO-5 2.80x10-4 1.77x10-5 3.30x10-5 3.37x10-5 
9.37x10-5 3.30x10-4 1.62x10 .... 5 2.73x10-5 3.S1xio-S 

9.21x10-4 1.01xlO-3 2.03x10-S 3.1Sx10-5 6.36x10-S 
2. 24x10-4 8.08xlO-S 4.S0x10-S 4.88x10-5 S.44x10-S 
2.30xlO-4 6.7SxlO-4 3.66xlO-S S.15x10-5 4.8Sx10-5 
2.08xlO-4 7.93x10-4 1.48x10-S 4.26x10-S S.18x10-S 
3.28x10-5 8.49x10-5 1.61x10-5 * * 

3.18xio-5 5.S1xlO-5 1.35x10-5 8.05x10-6 7.77x10-6 
5.84xlO-S S.56x10-5 1. 56xlO-S 2.03xlO-? 2.38x10-5 
3.30xlO-5 8.73xlO-5 L75xlO-S 2.53x10-5 6.09x10-6 
3. 27xlO-S 3.52x10-5 2.10x10-5 1.95x10-5 1.43x10-5 
2.68x10-5 9.46x10-6 1.70x10-5 L 7bdO-5 1.38x10-S 

*Not enough data available for computation of ~ , RMS error 
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RMS ~trot 
(mg.lt) 

0.142 
0.128 
0.106 
0.146 
0.185 
0.185 
0.158 

. 0.153 
0.176 
0.159 
0.200 
0.141 

0.2S4 
0.094 
0.124 
0.093 
0~200 

0.131 
0.2S5 
0.212 
0.121 

* 

* 
0.200 

* 
0.193 
0.133 



were obtained as weighted averages (by length) of KLA, KLB, and KLl, KL2, 
KL3, respectively and correlated with the wave characteristics of points B 
and 2. It was assumed that the wave characteristics in the area behind and 
in front of the paddle were similar. KLABand KL values are given in 
Table 4, along with the corresponding R.f values which were used in the 
finally proposed correlation. 
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TABLE 4. AVERAGE OXYGEN TJlANSlEllCOEFFICIENTS AND B.f VALUES 

H· f l:l. f 
RUN ~AB at point B ~ at point 2 

(m/sec) (m/sec) (m/sec) (m/sec) 

9 1.88x10-4 0.0588 3.10x10-5 0.0407 
10 1.35x10-4 0.0550 2.07x10-5 0.0288 

11 1.08x10-4 0.0718 4.25x10-5 0.0654 
12 5.53xlO-5 0.0625 3.04x10-5 0.0490 
13 4.07x10-5 0.0545 1.75x10-5 0.0380 
14 9.24x10-5 0.0631 2.99x10-5 0.0401 
15 1.08x10-4 0.0625 2.05x10-5 0.0409 

16 5.02x10-5 0.0557 2.41x10-5 0.0452 
17 2.47x10-4 0.0680 3.37x10-5 0.0420 
18 6.56x10-5 0.0582 3.21x10-5 0.0403 
19 2.85x10-5 0.0526 1.90x10-5 0.0383 
20 3.30x10-5 0.0573 1. 54x10-5 0.0372 

21 8.27x10-5 0.0531 2.88x10-5 0.0305 
22 1.40x10-4 0.0680 4.29xlO-5 0.0530 
23 1.84x10-4 0.0674 2.78x10-5 0.0411 
24 1. 62x10-4 0.0602 2.82x10-5 0.0359 
25 1. 81x10-4 0.0647 2.63x10-5 0.0439 

26 9.54x10-4 0.0847 3.88x10-5 0.0755 
27 1.71x10-4 0.0796 4.95x10-5 0.0605 
28 3.94x10-4 0.0693 4.56x10-5 0.0574 
29 4.23xlO-4 0.0735 3.66x10-5 0.0619 
30 4.97xlO-5 0.0487 *1.61x10-5 *0.0371 

31 4.04x10-5 0.0486 9.75x10-6 0.0301 
32 5.74x10-5 0.0520 2.00x10-5 0.0393 
33 5.30x10-5 0.0407 1. 62xlO-5 0.0276 
34 3.36x10-5 0.0395 1.82xlO-5 0.0263 
35 2.04xlO-5 0.0447 1. 59xlO-5 0.0338 

*value of point 1 
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v. RESULTS AND DISCUSSION 

A. Correlation of Experimental Data with Wave Characteristics 

Dimensional analysis as well as mUltiple -linear regression were used 
to correlate the measured oxygen transfer coefficients to the wave 
chtracteris~ics~ 3A number of different wave parameters, e.g. Hof, soHof, 
g- k Hl.Sf , Erf /g etc. were developed and compared to the KL 
measurements. All of these successful parameters shared a common feature: 
KL could be linearly correlated with the parameter, whereas most KLAB 
values.were considerably higher without following a certain trend. 

Comparing the KLAB values with the pictures of the area near the 
paddle, a visual correlation with the intensity of wave breaking and the 
extent of bubbles entrained can be obtained. Experiments were classified 
into three categories: 

(a) experiments where extensive breaking occurred, 

(b) experiments with limited breaking or with a few 
bubbles present, and 

(c) experiments where no breaking or bubbles appeared. 

Breaking caused by the movement of the paddle did not extend to the rest of 
the flume, limiting the classification to the area near the paddle. 

Figures l7a through 17h, traced from photographs, give examples for 
each of the above categories. Figures 17a and l7b illustrate two phases of 
a plunging breaker, which results in one of the highest oxygen transfer 
coefficients measured during the experiments. Figures 17c, 17d, and l7e 
show a sequence of three experiments under category (a) indicating a 
decreasing extent of bubbles and breaking intensity with a corresponding 
decrease in the oxygen transfer coefficient. In Figures 17f and l7g, a 
limited extent of bubbles (category b) can be observed and finally Figure 
6h shows no bubble disturbance (category c). KLAB values of experiments in 
category (c) fall in the same range as the KL values. The higher ~AB 
values for categories (a) and (b) indicate the importance of breaking waves 
in gas transfer. Though the increase in gas transfer seems to be 
proportional to the extent of bubbles entrained, a quantitative relation 
has yet to be obtained. 

From the obtained equations for KL the one including Hof, although not 
having the highest coefficient of determination, provides the best 
comparison to data from other flumes and has a very small constant term 2 
which can be dropped without affecting the coefficient of determination (r ). 
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Moreover, H·f can be related to the resultant wave velocity ';v2 + V2 = 1T.H.f . . x y 
at the water surface for deep water waves, providing somephysical insight. The 
obtained equation is 

-1/2 
~ = 0.0159 H.f Sc (i = 0.638) (63) 

and is ShOwn. in Fig. 18 along with the Ky and ~AB data. 
the equations are presented in Appendix tIl. 

The remainder of 

Using"Eq. (63) for the prediction of the liquid film coefficients KL1, 
KL1 and KL3, the measured KLAB value for KLA, KLB, and the predicted 
longitudinal dispersion coefficients, D.O. concentrations were computed by 
the method described in Section IV.D. The computed and measured D.O. 
concentrations are compared in Fig. 19. The RMS error of the computed 
versus measured D.O. is given for each experiment. The comparisortsare 
relatively good by the standard of gas transfer experiments. This is 
especially true when one considers that the uncertainties of both the 
predicted longitudinal dispersion coefficients and the liquid film 
coefficients are incorporated into the computations. 

B. Comparison with Other Data 

1. Mechanical Waves 

Downing and Truesdale [1955] investigated the effect of waves on 
oxygen transfer in a steel tank 19 m long, 1.22 m wide and 1.22 m deep. 
They presented three groups of experiments: 

(a) Experiments with f = 1.25 Hz (L = 99.3 cm) and varying 
wave height from 2.8 cm to 10.8 cm, where the oxygen 
transfer coefficient varied almost linearly from 
2.67x10-5 to 1.03x10-4 m/sec. 

(b) Experiments with H = 8 cm and varying frequency from 
0.60 Hz to 1.25 Hz, corresponding to a variation of 
~ between 4.06x10-5 and 7.56x10-5 m/sec. 

(c) Experiments with irregular (choppy) waves at f = 1.27 Hz. 
In this case they reported the wave height as the mean 
of the wave heights of the 20% highest waves, H20%, 
varying from 6.36 cm to 13.25 cm. The liquid film 
coefficient varied from 3.06x10-5 to 6.94xlO-5 m/sec. 
All waves were mechanically produced and were not breaking. 

The results were plotted as three separate curves (Fig. 20). In each 
caa~ K,.was plotted versus the varying wave parame.ter and the variation was 
approxtmately linear (their Fig. 4). Assuming that wave heights in group 
(c) follow the Rayleigh distribution, the reported wave height can be 
converted to the average height of all waves, H = 0.5566 H20% [Longuet
Higgins, 1952]. After this conversion, curves (a) and (c) coincide. All 
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data al'e plotted against Eq. (63), in Fig. 21, using wave height i for 
curve (c)·and Sc = 537 (T=200C). The agreement is excellent. Although the 
range of H~f is almost twice that of our experiments, the agreement is as 
good in the extrapolation of Eq. (63) as in the range of our data. 

Additional gas transfel'4atawith mecbanically generated waves were 
taken by Hosoi et a1. [1977] in a 27.5111 long, 0.6 mwide and 1.2 m deep 
(0.35 m water depth) f1ume1 Reported wave charactel'istics are the wave 
period and the variance, C1 , of the water surface elevation. Wave length 
and height, H=2.82C1, were computed assuming a first order Stokes wave. 
From the wave length determination, the h/L value is shown to be between 
O.11,·and 0.15, indicating that the waves tend to be shallow water waves 
rather than deep watel' waves. The correlation presented in this report 
d()es~o~ attempt to account for low h/L values and therefol'e the above data 
are not expected to agl'ee with Eq. (63). They are plotted in Fig. 21 for, 
comparison, and fall below the prediction line. 

2 • Wit.ld.waves 

Equation (63) was further compared against the wind-wave data of Hosoi 
~t a1. [1977] and JOahne et a1. [1984, 1985]. In Hosoi's experiments the 
wave height ranged from 1.08 to 4.59 cm and the frequency from 1.49 to 2.56 
Hz. The transfer coefficient was between 2.58x10-5 and 1.15x10-4 m/sec. 
The data are compared with Eq. (63) in Fig. 22. 

J~ahne,et al. measured the mean square slope, s2. and frequency of the 
waves. For the comparison, the mean wave height was computed assuming deep 
Water waves and s=(ll'//Z)H/L. For experiments in the circular Heidelberg 
tunnels [Jahne et al., 1984], we estimated the dominant wave frequency and 
square s19pe from the given graphs [Jahne et al.,1984, Figs. 8 and 10]. 
For'the large IMST facility [Jahne et a1., 1985], slope and frequency 
me.asul'ements are reported for four different fetches. Wave data for the 
middle of the tunnel (fetch = 21 m) were taken as representative and used 
for. the comparison. All data are shown in Fig. 22. 

Experimental results from the Heidelberg tunnels, fol' C02 in the large 
facility and for O2, He, Kr and CH4 in the small facility, were reported 
normalized to Sc = 600 with n = 1/2. In the large IMST facility, tracer 
gases were He and Rn. For the He experiments both invasion and evasion 
experiments were performed, the invasion expel'iments yielding results with 
high scatter, as indicated by the error bars shown on Fig. 22. 

Circled points indicate experiments with a wind sheal' velocity less 
than 30 emls which is our presumed delineation between breaking and 
nOll""btea\t1ng waves. They fall fairly close to the prediction developed 
hel'ein for waves alone, with no wind shear. This is contrary to the 
general belief, prevalent prior to the recent work of Mer1ivat and Memery 
[1983] and Jahne et a1. [1985, 1987], that waves do not contribute 
~1inificant1y to air-water gas transfer. Although mechanically generated 
waves do not perfectly simulate wind waves, the 't'esu1ts of the 
parametel'ization with. H.f suggest that all of the gas transfer observed 
with' non-breaking wind waves may be described. by the wave pal'ameters. This 
may indicate that at low wind sheal' waves are the primary source of gas 

70 



5 -(f) 
" E 4 -.... 

o HOSOI ET AL (1977) 

f{). o DOWNING AND TRUESDALE (1955) 
0 3 
x 

~ 2 -...J 
0 .... 

<..) 

(J) 

o ------
00 ---. _ ....... 
;..---

• 
-.J 

~ 

o ~ v.v VJ·" T 

a 0.04 0.08 0.12 0.16 

H· f (m!s) 

Fig. 21. Comparison of Eqilation 63 (solid line) with other mechanical wave data. 



....---. 
(/) 

........ 

E 15 
'-"'" 

r<l 
0 

Ul)( . 
0 

() 

(J) 10 
• 
...J 

~ 

o HOSOI ET AL (1977) (Sc=537) 

JAHNE ET AL (1984) (Sc=600) 

~ SMALL HE IDE LB ERG CHA N N EL 

~ LARG E HEIDELBERG C H ANN E L 

JAoHNE E T AL (1985) - I M S T facility 

'Y He INVASION (Sc=IIO) 

A He EVASION 

6 R n EVASIO N (Sc=690) 

o 0.04 0.08 0.12 0.16 

H • f (m / s ) 

Fig. 22. Comparison of Equation 63 (solid line) for non-breaking waves, 
with data from wind wave flumes. Circled points indicate a 
wind shear velocity lower than 30 em/sec, the presumed 
delineation between breaking and non-breaking wind waves. 
The shaded area indicates the range of our breaking waves data. 

72 



transfer, the circulation produced by the waves being more important than 
the water side turbulence generated by the wind. Still, the comparison of 
the gas transfer between mechanically generated waves and wind waves is far 
from ideal. The authors believe that these measurements point out the 
importance of waves in wind influenced gas transfer. Thus, the wave and 
wind shear influences should be considered simultaneously. 

FoX' e)!:periments with wind shear velocity higher than 30 cm/s breaking 
waves might have been present. On the average the prediction of Eq. (63) 
can account for approximately 42% of the helium and oxygen transfer and 70% 
of the Rn transfer observed under wind waves when breaking might have been 
present. The shaded area in Fig. 22 indicates the range of our breaking 
waves data. The magnitude of the liqu:Ld film coefficients observed with 
mechanically generated breaking waves corresponds well to that of wind 
waves with a wind shear velocity greater than 30 cm/sec. The range of wave 
characteristics where breaking occurred, however, depends on the 
characteristics of the paddle. Since breaking was caused by the paddle 
movement and not by the steepening of the wave itself, no attempt should be 
made to relate them with the phenomenon of breaking in natural water 
bodies. 

c. Fetch dependence 

As proposed by Wilson [1965] and Mitsuyasu [1973], the characteX'istics 
of wind-generated wave spectra have the following dependence of fetch (F) 

(64) 

" "1/2 H rv F (65) 

where f is the dominant wave frequency, and H is a characteristic 
~ .-0\ A 

wave height. f, H, F are dimensionless quantities and are given by the 
" " 2" 2 relations: f = u*f/g~ H = gH/u* ' F = gF/u*. Eqs. (64) and (65) in 

dimensional form are: 

(66) 

H rv -1/2 Fl/2 
g u* (67) 

Usip.g the above relations, the fetch dependence predicted by Eq. (63) can 
be determined as follows: 

H. f rv (gF)1/6 u* 2/3 (68) 

Thus, the fetch dependence is shown to be small. If Eq. (68) represents 
the contribution of waves to gas transfer, one must consider wind fetch in 
the application of wind-wave flume results. For example, the wave 
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enhancement of gas transfer due to the waves themselves comp~red to a 10 m 
wind-wave flume, is a factor of 1 • .5, 2.2, 3.2, and 6.8 for a 100 m, 1 km, 
10 km, and 1000 km fetch, respectively, if u* is assumed fetch independent. 
At this point, however, no definite conclusion can be drawn concerning the 
dependence of the gas transfer coefficient on fetch, since Eq. (63.) has not 
been derived on theoretical grounds. 
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VI. CONCLUSIONS 

An ex.perimenta1 study was undertaken in order to determine the effeet 
of deep water waves on gas transfer, using oxygen as a tracer gas. Results 
show that the oxygen transfer coefficient can be correlated with the wave 
characterisfics through a power relation; a number of equations having a 
good fit (r = 0.64 - 0.71) to the experimental data were obtained, with 
the wave height exponent varying from 1 to 2 and the wave frequency 
ex.ponent varying from 1 to 3. Equation (63), indicating a linear dependence 
both on wave height and wave frequency, presented the most reasonable 
comparison to other data. Equation (63) predicts the gas transfer 
coefficient due to non-breaking waves only. Data from Downing and 
Truesdale [1955] for non-breaking waves agree fairly well with the proposed 
equation. 

When breaking waves or bubbles were present, the gas transfer 
increased considerably. A good visual correlation of the gas transfer 
enhancement with breaking intensity and the extent of bubbles exists, hut 
has not been quantified. 

Comparison with data from experiments with wind waves indicate that 
about 50%, and possibly more, of the observed gas transfer can be accounted 
for by the wave forms alone. 

The above comparisons imply that the wave and wind shear influences 
should be considered simultaneously. A wind wave flume cannot simulate the 
waves which occur at larger fetches. In order for experimental results to 
be translated for application in the field, the scaling parameters of both 
the wind shear and the wave influence should be identified. 

If equation (63) applies to wind waves, the fetch dependence of the 
oxygen transfer coefficient is shown to be F1/6, assuming u* to be 
independent of fetch. This is important for application of wind-flume 
data, where F '" 10 m, to field situations, where F "" 100 m - 1000 km. 

Additional mass transport experiments, in wind wave flumes where wave 
parameters and wind shear are measured, should be performed to test any 
theory for the delineation between wind shear and wave influences. This 
delineation is important because the development of waves in' wind wave 
flumes is different from that on the open sea. 

Finally, we attempted to identify the properties of the mechanically 
generated waves contributing to gas transfer. The following possibilities 
were considered: . 

1. The circulation and microturbulence generated by the dominant 
wave motion causes gas transfer by surface renewal or other 
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mechanism. In this c~se, the wave pa~ameters developed 
herein, e. g. Eq. (63), would give a good indication .of the 
gas tr.ansfer due to waves. "low v:l.sualbation experiments, 
though, have failed, to produce vi~ual indication of 
significant microturbulence ne~r the water.surface. 

2. Capillary waVes eminating from the side wall boundary layer 
;0£ wave flumes, although relatively small, could influence 
a process such as gas transfer. The param~ter:tzation of. the 
dominant waves would then be a secondary indicator of the gas 
transfer due to these capillary waves. Jahne et ale [1985, 
1987], however, found that their wind wave flume data were 
better co~related with the mean wave slope than with the mean 
capillary wave slope. A non-intrusive teclmique to measu:re 
these waves is currently being -investigated. 

3. Secondary currents due to the no-slip condition at the 
bound,aries and the Particle veloc~ty under the waves may also 
be a source of gas transfer. the s.econdary currents of the 
flume used herein were visualized and found to be 
insignificant. 

In conclusion, it has been demonstrated that mechanically generated 
Waves can produce a significant air-water transfer. Still, th~ scaling 
parameters should be further investigated. More experiments are currently 
underway in this direction focusing on the first and second mechanism. 
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TABLE AI. APPENDIX I. 

WAVELENGTH, PERIOD, CELERITY AND WATER DEPTH. 

SYMBOLS ARE DESCRIBED IN SECTION IV.A.l,2. 

RUN L a aiL n PI P2 T c h h/L 
(em) (em) (%) (%) (sec) (m/see) (em) 

9 31.1 0.82 0.026 4 5 28 0.442 0.7036 19.19 0.617 
10 24.5 0.61 0.025 3 5 55 0.382 0.6414 19.02 0.776 

11 62.8 3.63 0.058 3 11 12 0.627 1.0016 19.41 0.309 
12 43.0 1.24 0.029 6 7 12 0.520 0.8269 19.07 0.444 
13 56.4 0.64 0.011 3 2 7 0.606 0.9307 18.80 0.333 
14 31.6 0.94 0.030 5 8 36 0.436 0.7248 19.25 0.609 
15 31.4 0.26 0.008 3 2 6 0.440 0.7136 23.82 0.759 

16 60.8 2.72 0.045 6 13 13 0.619 0.9822 23.54 0.387 
17 32.1 0.98 0.030 8 9 22 0.441 0.7279 24.77 0.772 
18 34.1 2.10 0.062 9 19 32 0.447 0.7629 24.28 0.712 
19 61.2 1.37 0.022 7 6 6 0.627 0.9761 23.63 0.386 
20 42.8 0.60 0.014 9 4 5 0.524 0.8168 24.63 0.575 

21 23.8 1.07 0.045 8 12 35 0.377 0.6313 24.19 1.016 
22 40.2 1.09 0.027 7 8 16 0.500 0.8040 25.07 0.624 
23 31.0 1.14 0.037 7 10 18 0.438 0.7078 24.36 0.786 
24 30.7 0.75 0.025 7 7 31 0.432 0.7106 24.56 0.800 
25 31.0 0.58 0.019 7 5 28 0.433 0.7159 23.90 0.771 

26 58.4 2.03 0.035 6 11 11 0.609 0.9589 24.07 0.412 
27 40.3 1. 26 0.031 9 9 10 0.496 0.8125 24.69 0.613 
28 41.7 1.42 0.034 7 9 14 0.505 0.8257 24.80 0.595 
29 44.4 0.86 0.019 6 5 20 0.517 0.8588 25.23 0.568 
30 29.2 0.41 0.014 9 4 14 0.431 0.6775 23.21 0.795 

31 28.8 0.73 0.025 10 8 31 0.432 0.6667 23.62 0.820 
32 30.7 0.78 0.026 9 8 40 0.433 0.7090 24.09 0.7e5 
33 25.9 2.27 0.088 9 19 73 0.381 0.6798 25.00 0.996 
34 23.7 0.48 0.020 7 5 36 0.380 0.6237 24.59 1.038 
35 40.0 0.45 0.011 8 4 5 0.503 0.7952 24.68 0.617 
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CXI 
V1 

~ ---~- -_._-.,.------
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-TABLEA2. APPENDIX I: MEASURED WAVE ImIGHTS (em). 

Start of Experiment End of Experiment 
RUN x(m): 0.50 2.25 3.80 5.35 6.90 8.45 0.50 2.25 3.80 ·5.35 6.90 8.45 

2.57 
(1) (3) 

1.44 2.01 1.52 9 2 .• 45 (2)2.09 1.73(4) 1.59 
2.29 1. 78 

10 2.34 1.53 .1.40 1.21 0.86 0.80 1.78 1.58 1.25 1.13 0.95 0.72 

11 4.43 4.35 4.64 4.17 3.87 3.43· 
12 2.82 1.99 3.24 3.19 2.68 2.50 2.56 2.45 

I 
13 3.48 3.06 2.45 2.50 2 .. 04 2.27 2.99 3.04 2.49 2.41 1.93 2.03 
14 2.99 2.89 2.07 1.85 1.45 1.34 2.42 2.24 1.94 1.69 1.43 1.23 I 

1.5 2 .• 72 2.29 1.83 1.74 1.48 1.34 2.84 2.49 2.31 1.82 1.56 1.30 

16 3.69 3.53 3.10 2.90 2.79 2.42 3.23 2.96 2.59 2.71 2 .• 23 2,09 
17 3.25 2.65 ·2.15 1.84 1.60 1.45 2.73 2.45 2.00 2.00 1.66 1.35 
18 2.66 2.42 2.15 1.74 1.41 1.25 2.54 2.50 2.26 1.85 1.58 1.33 
19 3.31 3.15 2.76 2.23 1.89 2.10 2.42 2.12 
20 3.01 2.73 2.18 1.99 1.80 1.74 1.95 1.62 

21 2.09 1.87 1.41 1.05 0.83 0.67 1.72 1.65 1.39 1.09 0.87 0.68 
22 3.54 3.44 2.98 2.24 2.36 1.98 3.30 3.12 3 .• 00 2.6;3 2 .. 42 2.16 
23 2.91 2.57 2.14 1.82 ·1.40 1.32 3.01 . 2.66 2.14 1.83 1.40 1.26 
24 2.73 2.11 1.91 1.47 1.25 1.08 2.46 2.16 1,.83 1.49 1.31 1.13 
25 2.90 2.51 2.03 1.90 1.59 1.41 2.70 2.34 2 .. 17 1.98 1.62 1.33 

26 5.76 . 5~61 4.93 4.82 4.31 4.05 4.90 4.90 4 .. 44 4.57 4.30 4.01 
27 3.37 2.85 3.90 3.89 3.19 3.04 2.86 2.39 
28 3.31 3.52 3.16 2.96 2.58 2.29 3.47 3.40 3 .. 12 2.96 2.60 2.23 
29 3.83 4.22 3.63 3.12 2~72 2.76 3.40 2.90 
30 2.80 2.44 1.37 1.25 1.05 0.91 2.03 1.39 1 .• 28 0.91 0.86 0.76 

31 1.81 1.67 1.49 1.25 1.01 1 .• 02 2.06 1.84 1.47 1.55 1.18 1.14 
32 2.24 2.00 1.62 1.55 1.32 1.19 2.28 2.15 1.97 1.65 1.46 1.20 
33 1.43 1.35 1.11 0.96 0.73 0.64 1.49 1.37 1.23 1.00 0.85 0.69 
34 ··1.54 1.31 1.10 1.07 0.96 .0.80 1.56 1.4.4 1.19 0.98 0.83. 0.71· 
35 .. " . 2.40 2 .. 07 1.71 1.75 1"43 1.29 1.99 1.83 1.62 1.73 1.54 1.31 -
(1)· (2) 

x = 2.00m,x = 2.50m, 
(3) (4) 

x = 5.10m,. .x = S •. 60m. 



':tABLE.,. AfPENJ)IX I - WAVJ BBIGBTS (ca) USED poa C()MPUTATIONS 

RUN X(lIl) : -0.30 0.20 0.70 2.25 3.80 5.35 6.90 8.45 
Point: A-B B B-1 1 1-2 2 2-3 3 

9 2.80 2.60 2.60 2.30 2.05 1.80 1.60 1.40 
10 2.50 2.10 2.05 1.60 1.30 1.10 0.90 0.75 

11 4.50 4.50 4.45 4.35 4.20 4.10 4.00 3.90 
12 3.25 3.25 3.25 3 .• 20 2.7~ 2.55 2.45 2.45 
13 3.30 3.30 3.25 3.00 2.65 2.30 2.20 2.20 
14 2.80 2.75 2.70 2.50 2 •. 10 1.75 1.50 1.30 
15 2.90 2.75 2.70 2.40 2.10 1.80 1.50 1.25 

16 3.55 3.45 3.45 3.20 2.95 2.80 2.65 2.50 
17 3.30 3.00 2.95 2.50 2.t5 1.85 1.60 1.25 
18 2.70 2.60 2.60 2.45 2.20 1.80 1.50 1.30 
19 3.35 3.30 3.30 3.10 2.60 2.40 2.10 2.10 
20 3.00 3.00· 3.00 2.75 2.20 1.95 1.80 1.70 

21 2.00 2.00 1.95 1.75 1.45 1.15 0.90 0.70 
22 3.40 3.40 3.40 3.25 3 • .00 2.65 2 .. 40 2.15 
23 3.00 2.95 2.90 2.60 2.20 1.80 L40 1.25 
24 2.80 2.60 2.55 2.20 1.85 1.55 1.25 1.10 
25 2.95 2.80 2.80 2.50 2.20 1.90 1.65 1.40 

26 5.35 5.30 5.30 5.15 4.90 4.60 4.30 4.10 
27 4.00 3.95 3.95 3.85 3.40 3.00 2.80 2.55 
28 3.50 3.50 3.50 3.45 3.20 2.90 2.60 2.30 
29 3.85 3.80 3.80 3.70 3.50 3.20 2.85 2.70 
30 2.35 2.10 2.05 1.60 1.30 1.05 0.90 0.80 

31 2.30 2.10 2.05 1.~0 1.45 1.30 1.20 1.10 
32 2.35 2.25 2.25 2.05 1.90 1.70 1.45 1.20 
33 1.60 1.55 1.55 1.40 1.20 1.05 0.90 0.70 
34 1.55 1.50 1.50 1.35 1.20 1.00 0.90 0.75 
35 2.35 2.25 2.25 2.05 1.85 1.70 1.50 1.30 
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TABLE A4. APPENDIX I - WAVE STEEPNESS (H/L) 

RUN X -0.30 0.20 0.70 2.25 3.80 5.35 6.90 8.45 
Point A-B B B-1 1 1-2 2 2-3 3 

9 0,0900 0.0836 0.0836 0.0740 0.0659 0.0579 0.0514 0.0450 
10 0.1020 0.0857 0.0837 0.0653 0.0531 0.0449 0.0367 0.0306 

11 0.0717 0.071 7 0.0709 0.0693 0.0669 0.0653 0.0637 0.0621 
12 0.0756 0.0756 0.0756 0.0744 0.0640 0.0593 0.0570 0.0570 
13 0.0585 0.0585 0.0576 0.0532 0.0470 0.0408 0.0390 0.0390 
14 0.0886 0.0870 0.0854 0.0791 0.0665 0.0554 0.0475 0.0411 
15 0.0924 0.0876 0.0860 0.0764 0.0669 0.0573 0.0478 0.0398 

16 0.0584 0.0567 0.0567 0.0526 0.0485 0.0461 0.0436 0.0411 
17 0.1028 0.0935 0.0919 0.0779 0.0670 0.0576 0.0498 0.0389 
18 0.0792 0.0762 0.0762 0.0718 0.0645 0.0528 0.0440 0.0381 
19 0.0547 0.0539 0.0539 0.0507 0.0425 0.0392 0.0343 0~0343 
20 0.0701 0.0701 0.0701 0.0643 0.0514 0.0456 0.0421 0.0397 

21 0.0840 0.0840 0.0819 0.0735 0.0609 0.0483 0.0378 0.0294 
22 0.0846 0.0846 0.0846 0.0808 0.0746 0.0659 0.0597 0.0535 
23 0.0968 0.0952 0.0935 0.0839 0.0710 0.0581 0.0452 0.0403 
24 0.0912 0.0847 0.0831 0.0717 0.0603 0.0505 0.0407 0.0358 

'.' 25 0.0952 0.0903 0.0903 0.0806 0.0710 0.0613 0.0532 0.0452 

26 0.0916 0.0908 0.0908 0.0882 0.0839 0.0788 0.0736 0.0702 
27 0.0993 0.0980 0.0980 0.0955 0.0844 0.0744 0.0695 0.0633 
28 0.0839 0.0839 0.0839 0.0827 0.0767 0.0695 0.0624 0.0552 
29 0.0867 0.0856 0.0856 0.0833 0.0788 0.0721 0.0642 0.0608 
30 0.0805 0.0719 0.0702 0.0548 0.0445 0.0360 0.0308 0.0274 

31 0.0799 0.0729 0.0712 0.0590 0.0503 0.0451 0.0417 0.0382 
32 0.0765 0.0733 0.0733 0.0668 0.0619 0.0554 0.0472 0.0391 
33 0.0618 0.0598 0.0598 0.0541 0.0463 0.0405 0.0347 0.0270 
34 0.0654 0.0633 0.0633 0.0570 0.0506 0.0422 0.0380 0.0316 
35 0.0588 0.0563 0.0563 0.0513 0.0463 0.0425 0.0375 0.0325 
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RUN 

9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

. iq 

TABLE AS. eOMPAttsoNOF WAn PElIOI) AND GROUP VELOCITY 

TO THE TliEOUTtOn VALUES 

/gl(2'1fLf2 ) 1 -/gl(2'1fLf2 ) c' c 
Meas6red from Eij. (45 ) 

(%) (mlsec) (mlsec) 

0.990 1.0 0.3769 0.3541 
0.964 3.6 0.3388 0.3211 

0.989 1.1 0.5415 0.5809 
0.991 0.9 0.4477 0.4309 
1.008 -0.8 0.4882 0.5247 
0.969 3.1 0.3758 0.3650 
0.981 1.9 0.3553 0.3573 

0.992 0.8 0.4921 0.5280 
0.973 2.7 0.3746 0.3644 
0.956 4.4 0.3746 0.3823 
1.001 -0.1 0.4901 0.5251 
1.001 -0.1 0.4161 0.4127 

·0.966 3.4 0.3077 0.3157 
0.985 1.5 0.4247 0.4045 
0.983 1.7 0.3523 0.3543 
0.974 2.6 0.3713 0.3556 
0.972 2.8 0.3553 0.3584 

0.996 0.4 0.5487 0.5075 
0.976 2.4 0.4276 0.4091 
0.977 2.3 0.4261 0.4163 
0.969 3.1 0.4276 0.4343 
0.997 0.3 0.3370 0.3391 

1.006 -0.6 0.3533 0.3336 
0.976 2.4 0.3758 0.3549 
0.935 6.5 0.3370 0.3399 
0.975 2.5 0.3246 0.3119 
0.994 0.6 0.3912 0.4002 
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c' 
( c g - 1) 

g 
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APPENDIX II 

A. Computational Procedure 

1. Longitudinal Dispersion Coefficients 

Conductivity values at each sampling point, measured at consecutive 
times during the experiment, were given in matrix form. In the computer 
programs, sampling locations were numbered from 1 to 5, but in the output 
they were printed out as A, B, 1, 2, and 3 following the experimental 
setup. 

Program HAlK was developed to obtain a first estimation of the coef
ficients Kij using the conductivity data. Equation (54) was used with a 
forward approximation for the time derivative 

elki ki(t+At) - ki(t) 
-a -t = ---A::'""t:------ (A1) 

and the arithmetic mean over the time interval At (between sampling times) 
for the values of ki 

ki (t+A t) + ki(t) 
ki = 2 

Solving Eq. (54) for Ki ,i+1 we get: 

with C(l) = Ki-1,i = 0 and B(S) = Ki i+1 = 0 
the ends) equation (A3) can be written ~s 

(A2) 

(A3) 

(no flux condition at 

(A4) 

Equation (A4) was used in the program for the computation of all Kij'Se 
Dispersion coefficients were obtained as 

(AS) 

toO 



Progr .. ALID employs the method of successive approximations, mini
mi~ing the RMS error between experimental and predicted values of conduc
tivities, for the determination of the hori~ontal diffusivities. 

In Section IV.B it was proved that the conductivity values should 
satisfy the relation k ~ const. Computations showed that k was varying 
over time. The following could have contributed to the observed 
unsteadiness: 

a) measured ki values not representative mean values of the chosen 
control volumes. 

b) errors due to temperature adjustment of data (not expected to be 
important). 

c) Non-uniform, although not extensive, leaking along the channel. 

Since there was not enough information available to include a!!J of the 
above in the model, experimental data were adjusted to constant k over . 
time. Proportional adjustment was used and k of the first sampling time 
was selected for each experiment. The adjusted values were obtained as: 

where kit(t) = modified conductivity of point i at time t, 

ki(t) • conductivity as obtained from the data file, 

t1 • first sampling time, and 

t = any other sampling time. 

(A6) 

An initial guess was provided for every coefficient Kij' Then, ~sing 
the data of the first sampling time as initial condition, conductivity 
values until the end of the experiment were predicted by Eq. (55). 
Comparison of the predicted values to the modified data yielded the 
corresponding RMS error (Eq. 56). 

Then, for one· coefficient at a time the following procedure is 
followed: the coefficient is changed to (1 ± AI) times the initial guess 
(AI = 0.3 was usually used) and tbe RMS errors are computed for each case 
to yield a set of three values of the coefficient with corresponding RMS 
errors. These are used for the prediction of a new value for the coef
ficient resulting in a smaller RMS error. Depending on the relative p6si~ 
t~on of the above points, either a linear extrapolation (using the steeper 
slope (S) towards the minimum RMS error point and a relaxation factor) or a 
second order Langrangian polynomial is fitted and the value minimizing the 
polynomial is taken as the next guess. The various cases are illustrated 
in Fig. AlO (a = lowest value of Kij, b - middle value of Kij, c = upper 
value of Kij)' Retaining the new value and the two values used for the 
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Fig. AlO. Illustration of the procedure used to find the value 
of each disper"sion coefficient resulting "in min RMS error. 
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extrapolation or the points on each side of the new value, in the case of 
the polynomial, a new set is obtained and the same procedure is followed 
over. New values are restricted within the 1/3 to 3, times the coefficient 
giving the minimum RMS error, interval to avoid divergence. In the case 
that the new value coincides with the previous one, a new value, moved ± 10 
percent away, is prescribed to allow further search for the minimum RMS 
error. This procedure is executed ITMAX (usually ITMAX ~ 5) times for 
every coefficient (inner iteration) and ITTM times (usually ITTM ~ 10) for 
the whole set of the four coefficients (outer iteration). 

If after one 
putation stops. 
and lead to less 
outer iteration, 
met, the program 
in most cases.) 

outer iteration a new minimum value is not found, the com
Moreover, if all coefficients changed, less than 1 percent 
than 1 percent change in the minimum RMS error after one 
the computation stops. If none of the above conditions is 
stops after ITTM outer iterations. (This did not happen 

When computation stops, the set of Kij is printed out along with the 
RMS error and the predicted and modified data for this set. For the pre
dictions a time step At = 1 min (or At ~ 0.5 min in some cases) is used. 

Program ISSY combines the two previous programs. MAIK is included as a 
subroutine and is executed twice: once for the experimental data and once 
for the modified data and the computed Kij'S are printed out. At this 
point the program stops and Kij'S should oe provided by the user. Usually 
Kij'S as computed from the modified data, or a value between the Kij from 
experimental and modified data was provided as initial guess. The com
putation continues as described for M~INE. 

In Table A6 ~omputed dispersion coefficients DAB, DB1, D12, D23 . and 
the values of It IT at points B, B-1, 1-2, 2-3, respectively, are given for 
RUN 26 through RUN 35. Predicted dispersion coefficients from equation 
(61) are also given in the same table. 

In Table A7 values of It/T and predicted diffusivities (Eq. 61) are 
given for the rest of the experiments (RUN 9 - RUN 25). 
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DAB 

DB1 

D12 

D23 

* 

TABLE A6. COMPUTED AND PREDICTED (USING EQUATION 61) 
DISPERSION COEFFICIENTS FOR RUN 26 THROUGH ION 3S 

Computed Dispersion DijCQmp 
Dispersion Coefficient 

RUN Coefficient If. f from Eq. 61 Dijpred 

2 (m Is) (m2 /s) 

26 7.34x10-3 4.70x10-3 5.71x10-3 1.30 
27 1.65x10-3 3.23x10-3 3.92x10-3 0.42 
28 9.40x10-~ 2.43x10-3 2.95x10-3 3.19 
29 2.05xl0- * 2.87xlO-3 3.49x10-3 5.87 
30 1.01x10-3 1. 28x10-3 1. 56x10-3 0.65 
31 1.40x10,...3 1. 22x10-3 1.48x10-3 0.95 
32 1.80x10-3 1.28x10-3 1. 56x10-3 1.15 
33 4. 62x10-3* 6.72xl0-4 8.16xlO-4 5.66 
34 2.23x10-3 6.32x10-4 7. 68xlO-4 2.90 
35 1.06xlO-3 1.l0xlO-3 1.34xlO-3 0.79 

26 5.41x10-3 4.61x10-3 5.60x10-3 0.97 
27 4.92x10-3 3.15x10-3 3.83x10-3 1.28 
28 4.78x10-3 2.43x10-3 2.95x10-3 1.62 
29 5.10x10-3 2.79xlO-3 3.39x10-3 1.50 
30 9. 16x10-4 9.75x10-4 l.l8xl0-3 0.78 
31 1.00xl0-3 9. 73xlO-4 1. 18x10-3 0.85 
32 9.35xl0-4 1. 17 xI 0-3 1.42x10-3 0.66 
33 1.40x10-3 6.31x10-4 7.67x10-4 1.83 
34 1.20x10-3 5. 92x10-4 7. 19x10-4 1.67 
35 6. 66x10-4 1.01x10-3 1.23xl0-3 0.54 

26 4.65x10-3 3. 94xl0-3 4.79x10-3 0.97 
27 4.15x10-3 2.33xl0-3 2.83x10-3 1.47 
28 3.72x10-3 2.03xl0-3 2.47xl0-3 1.51 
29 3.94xl0-3 2.37xl0-3 2.88xl0-3 1.37 
30 7.87xl0-4 3.92xl0-4 4.76x10-4 1.65 
31 1. 34xl0-3 4.87xl0-4 5.92x10-4 2.26 
32 1.09xl0-3 8.34x10-4 1.01x10-3 1.08 
33 1.0lx10-3 3.78x10-4 4.59x10-4 2.20 
34 1.02xl0-3 3. 79x10-4 4.60x10-4 2.22 
35 1.47x10-3 6.80x10-4 8. 26x10-4 1.78 

26 3.50x10-3 3.04xl0-3 3.69x10-3 0.95 
27 3.05x10-3 1.58xlO-3 1.92x10-3 1.59 
28 1.97xl0-3 1.34x10-3 1.63x10-3 1.21 
29 2.37x10-3 1. 57xl0-3 1.91xl0-3 1.24 
30 3.00x10-3* 1.88x10-4 2. 28xl0-4 13.16 
31 4.06x10-3* 3.33xl0-4 4.05x10-4 10.02 
32 6.45x10-4 4.86x10-4 5.90x10-4 1.09 
33 3.10xl0-4 2.13x10-4 2.59xl0-4 1.20 
34 1.00x10-2* 2.13x10-4 2.59x10-4 38.61 
35 3.82x10-3* 4.47xl0-4 5.43x10-4 7.03 

Values excluded in correlations. 
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TABLE A 7. PREDICTED DIFFUSIVITIES AND MEASURED VALUES OF HZ IT FOR RUN 9 THROUGH RUN 25. 

HZI HZ HZ HZ 
RUN T"I B- 1 T"1 1 - 2 T"12-3 DAB DBI Dl2 D23 T B 

(m/s) (m/s) (m/s) (m/s) (m/s) (m/s) (m/s) (m/s) 

9 
-3 . -3 -4 -4 -3 -3 -3 -4 

1. 77x10_3 1. 53x1O_3 9.5IxIO_4 5.79xIO_4 2.15xIO_3 L86x10_3 1.56xlO -4 7.03xlO_4 
10 1. 64xl0 1.10xlO 4.42x1O 2.12x10 L99xlO 1. 34xlO 5.37x1O 2.58xlO 

11 
-3 -3 -3 -3 -3 -3 -3 -3 

3.23xl0_3 3.16xlO_3 2.8IxlO_3 2.55xlO_3 3.92xl0_3 3.84xI0_3 3.41xlO_3 3.10xlO_3 
12 2.03x1O_3 2.03xlO_3 1. 45xlO_3 1.15xlO_4 2.47x1O_3 2.47xlO_3 1. 76xlO_3 L40xlO_4 
13 1. 80x10_3 1. 74x10_3 L16xlO_3 7.99xlO_4 2.19xlO_3 2.11xIO_3 L41xlO_3 9.71xlO_4 
14 1. 80xlO_3 L67x10_3 1.01x10_3 5.16xlO_4 2.19xlO_3 2.03xlO_3 1.23xlO_3 6.27xlO_4 
15 1. 91xlO 1.66xlO LOOxlO 5.11x1O 2.32xl0 2.02xlO 1. 22x10 6.21x10 

0 
16 -3 -3 -3 -3 -3 -3 -3 -3 

\JI 2.04xlO_3 L92x10_3 L41x1O_3 L13xlO_4 2.48xlO_3 2.33xlO_3 L 71xlO_3 L37xlO -4 
17 2.47xlO_3 L97xlO_3 L05x10 -3 5.80xlO_4 3.00xl0_3 2.39xlO_3 L28x10_3 7.05xl0_4 
18 L63x1O_3 L51xlO_3 L08x1O_3 5.03xlO_4 L98xlO_3 L83x1O_3 L31x1O_3 6.11xlO_4 
19 1. 79xlO_ 3 1. 74x1O_3 L08x10_4 7.03xlO_4 2.17xlO_3 2.11x10_3 1.31xlO_3 8.54xlO_4 
20 1. 72xlO L 72x10 9.24xlO 6.18xlO 2.09x1O 2.09x10 1.12x10 7.51x1O 

21 
-3 -3 -4 -4 -3 -3 -4 -4 

L06xl0_3 L01xlO_3 5.58x10_3 2.15x10_3 1. 29xlO_3 1. 23xlO -3 6.78xlO_3 2.61xlO_3 
22 2.31x1O_3 2.31x10_3 1.80x10_3 1.15xlO_4 2.81x1O_3 2.81x1O_3 . 2.19xlO_3 1.40xlO_4 
23 2.05xlO_3 1.92xlO_3 1.11x1O_4 4.47xlO_4 2.49xlO_3 2.33xlO_3 1.35x1O_4 5.43x1O_4 
24 1.81x1O_3 1. 51x1O_3 7.92x1O_3 3.62xlO_4 2.20xlO 'J L83xlO_3 9. 62x10_3 4.40x10_4 
25 

-..) 

2.01xlO 1.81xlO 1.12xlO 6.29x1O 2.44xl0 2.20xlO 1.36x1O 7.64x1O 



2. Program MARKOS 

Program MARKOS does not perform any iterations or computations of the 
coefficients. When coefficients are specified and exerpimenta1 data pro
vided, MARKOS predicts the values of ~ until the end of the experiment 
and computes the RMS error of all data points together and of each sampling 
location. MARKOS can be used for conductivities as well as for oxygen 
concentration. Saturation concentration C's and water depth h should 
be given also in the case of conductivity, although they are not used in 
the computation. 

In the case of conductivities RMS errors of experimental and modified 
data compared to predicted values are obtained. The RMS errors for con
ductivity measurements are given in Table A8 for the following cases: 

a) Dij computed from the minimum RMS error procedure. 

b) Dij predicted using Eq. (61). 

c) Dij predicted from the following equation 

Dij = 1.36 ~.f + 3.21x10-4 (r2=O.619) (A7) 

The difference in RMS errors for cases band c is very small. 
Equation (61) was preferred for use, since it involves no constant term. 
Moreover, both the average and the standard deviation of the RMS errors in 
conductivity are smaller when Eq. (61) is used (7.04, 2.96, respectively), 
than the ones when Eq. (A7) is used (7.25, 3.06). 

MARKOS can be used for testing various correlations either for Dij or 
KLi by comparing the resulting RMS errors of the experiments. 

3. Oxygen T-ransfer Coefficients 

The oxygen transfer coefficients were computed using Eq. (54) and a 
desk calculator as described in Section IV.D. Variable saturation 
concentration (due to varyi~g water temperature) and decreasing water 
depth, as obtained from the experimental data, were used in the 
computations. Computations were performed using computed Dij'S for RUN 26 
- RUN 35 and predicted va1uesof Dij'S from Eq. (61) for all experiments. 

Further, program MARKOS, assuming a mean depth and a mean saturation 
concentration, was used to compute RMS errors for oxygen concentrations for 
the following cases: 

1.) D;J.spersion coefficients as computed from the minimum RMS error 
procedure and oxygen transfer coefficients computed as described above 
(RUN 26 - RUN 35). 

2) Dispersion coefficients from Eq. (61) and oxygen transfer 
coefficients computed with this assumption using oxygen data. 
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RUN 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

TABLE A8. RMS EJUlOR AS A PERCENT OF MEAN CONDUCTIVITY FOR THE 

EXPERIMENTAL AND MODIFIED (it .. CONSTANT) DATA 

EXPERIMENTAL DATA MODIFIED DATA 
(k = constant) 

Dij Dij Dij Dij Dij Dij 

Computed Eq. A7 Eq. 61 Computed Eq. A7 Eq. 61 

5.88 5.24 6.10 2.57 3.70 2.97 
3.56 8.42 8.23 1.87 7.82 7.29 
2.76 7.65 10.42 1.78 6.68 9.33 
1.61 4.63 6.69 0.98 4.65 6.76 

11.13 11.70 11.83 4.68 10.34 7.49 

5.29 7.31 6.17 3.01 7.39 4.65 
1.31 5.60 3.26 0.82 5.09 2.76 
5.43 9.00 14.52 2.54 6.68 12.07 
7.65 8.92 13.87 3.38 4.62 9.33 
9.13 12.85 10.41 5.61 13.40 . 9.86 
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TABLE A9. RMS ERBOR AS A PERCERT OF MEAN OXYGEN 

CONCENTRATION lOR EXPERIMENTAL DATA 

Mean Oxygen Predicted Dij Predicted Dij Computed 1Dij 
Concentration 

RUN (mg/t) Computed 1). Predicted 1). Computed !Kr. 
(%) (%) (%) 

9 6.41 2.21 9.05 
10 6.41 1.99 6.55 

11 7.63 1.39 2.62 
12 5.98 2.44 4.85 
13 5.10 3.62 12.55 
14 6.46 2.87 8.51 
15 6.62 2.39 5.44 

16 5.18 2.95 4.05 
17 6.75 2.60 12.44 
18 6.18 2.57 6.31 
19 4.70 4.26 17.45 
20 5.38 2.63 12.09 

21 6.65 3.82 6.92 
22 7.36 1.27 5.02 
23 6.37 1.94 12.87 
24 6.24 1.49 12.66 
25 6.81 2.93 7.49 

26 8.31 1.58 3.37 1.60 
27 6.62 3.85 6.04 1.89 
28 6.89 3.08 7.84 3.48 
29 7.18 1.69 5.16 1.85 
30 * * * * 
31 * * * * 32 5.51 3.62 9.25 3.58 
33 * * * * 
34 4.68 4.12 6.20 3.32 
35 5.10 2.61 7.85 2.67 

*Not enough oxygen data available for 
computation of the RMS error. 
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I . 

3) Dispersion coefficients from Eq. (61) and o~ygen transfer 
'coefficients from Eq. (63) for the main portion of the channel and KLA ~ 
KLB' These are the results given in Fig. 19, but here the RMS error is 
given a percentage of the mean oxygen concentration. 

Results are given in Table A9. 
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A(5) 

AA 

ADD 

AI 

AL(5) 

ALS 

AMD 
B(5) 

C(5) 

CEX(5,35) 

CM(35) 

CMS 

CON(5) 

CDIF 

CS 

D(5) 

Dr 

H 

HK(O:5) 

HKC 

HKI(4) 

HKM(4) 

HKN 

HKP 

HKR(5) 

I 

IA(35) 

IC,I1 

LIST OF FORTRAN VARIABLES 

coefficient of <l>i in the TDMA algorithm 

relaxation factor 

coefficient of the reaeration term 

factor used in determining the first set of values in the iteration procedure to 

find Kij 

length of control volume 

sum of lengths of all control volumes 

determines the time step in the printout 

coefficient of <l>i+l in the TDMA algorithm 

coefficient of </>i-I in the TDMA algorithm 

experimental data, first index denotes sampling location and second 

sampling time 

mean conductivity for each experimental time 
5 

the sum L kiLi 
i=l 

i in in the TDMA algorithm 

the difference ki - ki+l as defined by equations AI, A2 

saturation concentration value 

constant term of the discretization equation in in the TDMA algorithm 

time step of the computation 

water depth 

coefficients Kij.[ HK(O)=HK(5)=O for the no flux conditions at the ends] 

Kij of point b (mid value of Kij) 

Kij values giving minimum RMS error during one iteration 

Kij values giving minimum RMS error, obtained throughout the 

computational procedure 

Kij of point c (higher value of Kij) 

Kij of point a (lower value of Kij) 

reaeration coefficients KLi 

temporary index -denotes distance along the channel in subroutine SOLVE 

counter of experimental data sets 

temporary index 
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,1: 

IT 
ITER 

l1MAX 
m 
l'ITM 
I 

IMAX 
K,L 
NI(5) 

NM 
N 

NN 
NR 

OXY 

P(5), Q(5) 

R 

RC 

RE(5) 

REF 

RIM 

RM 
&M(5) 

RN 

RP 
SES' 

SK 

SLCN 

SLM 
SLPC 

counter of inner iterations 

iteration counter 

maximum number of outer iterations 

counter of inner iterations 

maximum number of outer iterations 

temporary index-denotes time in SOLVE 

largest value of I for which computation is perfonned 

temporary index 
-used in SOLVE as a counter of values used in the computation of the RMS 

error for each sampling location 

~used in subroutine MAIK as a counter of values of Kij used to compute 

the first estimate of Kij 
temporary storage of N 

number of experimental data sets 
counter in the computation of the RMS error 

code number of experimental run 

when OXY=l the reaeration term is included in the computation 

ifOXY:# 1, KLi = 0, i =1, 5 

transformed coefficients in the IDMA algorithm 

RMSerror 

RMS error for point b 

same as SES but for every sampling location 

for REF = 1 experimental data are printed out along with predicted values 

. for the minimum RMS error case 

minimum RMS error obtained during one outer iteration 

minimum error obtained during the whole procedure 

same as SK but for each sampling location 
RMS error for point c 

.. RMS error for point a 

sum of squared differences between experimental and predicted values 

sum of experimental values 

slope She 

min or max slope 

slope Sab 
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SLPN 

SSUM 

SUM(J) 

TEX(35) 

TIME 

TIMEX 

1MAX 

slope Sac 
i 

the tenn I,Li aki / at in equation A4 
j=l 

sum of all positive values of Kij obtained with subroutine MArK 

experimental time (sampling time) 

temporary value of computational time 

temporary value of experimental time 

maximum time for which prediction is computed 

LAGPOL subroutine 

AP, BP, CP coefficients a, b, c of polynomial ax2 + bx + c 

HKI 

F(I), X(I) 

PP(I) 

OUTPUT 

C(A), C(B), 

C(l), C(2), 

C(3) 

value minimizing the polynomial 

values for the RMS error and Kij of points a, b, c (I = I, 3) 

variable used in the computation of the coefficients AP, BP, CP 

values of oxygen concentration at points A, B, 1,2,3 respectively 

K(A), K(B), values of conductivities at points A, B, 1,2,3 respectively 

K(I), K(2), 

K(3) 

KAB, KBl, coefficients KAB, KBl, K12, K23 

K12, K23 (Note: Kij = Dij /Lij) 

KRA, KRB, oxygen transfer coefficients KLA, KLB, KLl, KL2, KL3 

. KRl, KR2, 

KR3 
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PROGRAM MAIK 
00100 PROGRAM MAIK(DATINA,OUTPUT,TAPE5~DATINA,TAPE6~OUTPUT) . 
00110 OIMENSION AL( 5), HK( 4), CEX( 5.20) , TEX( 20) .IA( 20) , SUM( 4), NI (4) 
00120 DATA AL /1.715,1.00,3.10,3.10,3.223/ 
00 130C 
00140 READ(5,1000)NR 
00150 READ(5,1000)N 
00160 READ(5.1100)«IA(I),TEX(I),(CEX(~,I),~~1,5».I~1,N) 
00170 WRITE(6,1200) NR.N 
00180 WRITE(6, 1500) 
00190 WRlTE (6, 1100) « I A (I) , TEX(l ) • (CEX (.). I) ,.)= 1,5) ) , 1=1, N) 
00200 WRITe(6,1600) 
00210 1000 FORMAT(I4) 
00220 1100 FDRMAT(I4,F6.1,5F7.0) 
00230 1200 FORMAT(/aX.'RUN',14//5X,'N=',I2) 
00240 1300 FORMAT(5X,F4.0) 
00250 1400 FORMAT(9X,4E15.4) 
00260 1500 FORMAT(/6X,'TIME',3X,'K(A)',3X, 'K(B)',3X,'K(1)',3X,'K(2)', 
00270+3X,'K(3)') 
00280 1600 FORMAT(//5X.'TIME',8X,'KAB',12X,'KB1',12X,'K12',12X,'K23'/) 
00290 1700 FOR~AT(/5X,'MEAN VALUES'/) 
00300C~~~~~~~~~~~~~~~~~~-~--~~--~-~~--~--~--~~--~-~~--~-------~------

00310 DO 400 .)=1.4 
00320 SUM(.)=O. 
00330 400 NI(')=O 
00340C 
00350 DO 200 I=2,N 
00360 SSUM=O. 
00370 WRlTE(6, 1300) TEXO-1) 
00380 DO 100 .)=1,4 
00390 SSUM=SSUM+AL(,J)*(CEX(~,I)-CEX(~,1-1»/(TEX(I)-TEX(I-1))/60. 
00400 COIF= (CEX('), I )+CEX( J, I -1) -.(cex( ~+ 1,1 )+CEX( J+ 1,1-1» )/2. 
00410 HK(.)=-SSUM/COIF 
00420 100 CONTINUE 
00430 WRITE(6,1400) (HK(L),L=1,4) 
00440 DO 300 .)=1,4 
00450 IF(HK(~).LT.O.) GOTO 300 
00460 SUM(~)=SUM(J)+HK(~) 
00470 NI(~)=NI(')+1 
00480 300 CONTINUE 
00490 200 CONTINUE 
00500 WRITE(6,1300) TEX(N) 
00510 DO 500 ~=1,4 
00520 500 HK(~)=SUM(J)/FLOAT(NI(~» 
00530' WRlTE(6, 1700) 
00540 WRlTE(6, 1400)(HK(L),L=1,4) 
00550 STOP 
00560 END 
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PROGRAM ALINE 

00100 PROGRAM INA(OATINA,INPUT,OUTPUT,TAPE5=OATINA,TAPE6=OUTPUT, 
ool10+TAPE1=INPUT) 
00120 DIMENSION HKI(4).CM(20) 
00130 COMMON /0/ AL(5).HK(0:5),HKM(4) 
00140 COMMON /TD/ A(S),B(S).C(S).D(S).Q(S),P(S).CON(5) 
OO1S0 COMMON /V/ CEX(S.20),TEX(20),IA(20) 
00160 COMMON /Vl/ JMAX.N.OT.REF,RP,RC,RN,R,RM,AA,IC,AI 
00170 COMMON /LAG/ HKP.HKC,HKN 
00180 DATA AL.RIM /1.71S.1.00,3.10,3.10,3.223.1.E+OS/ 
00190 DATA AA,Al.REF,HK(0),HK(S)/0.70,.3,3*0./ 
00200 DATA DT.ITMAX.ITTM /1.OO,OS.10/ 
oo2.10C-----------------------------------------------------------
00220 REWIND S 
00230 READ(S.10oo) NR 
00240 READ(S.1000) N 
OO2S0 READ(S.11oo)«IA(I).TEX(I).(CEX(J.I),J=1,S»,I=l,N) 
00260 READ(l.*) (HK(I).I=1.4) 
00270 WRITE(6.17oo) ITMAX.AA .AI ,DT 
00280 WRITE(6,1200) NR.N 
00290 WRITE(6,1400) 
00300 WRITE(6,1100)«IA(L),TEX(L),(CEX(J.L).J=1,5»,L=1,N) 
00310C 
00320 1000 FORMAT(I4) 
00330 1100 FORMAT(I4.F6.1.SF7.0) 
00340 1200 FORMAT(/SX,'RUN'.I4//5X.'N=',I2//5X.'EXPERIMENTAL DATA'/) 
00350 1400 FORMAT(/6X.'TIME'.3X.'K(A)'.3X.'K(B)', 
00360+3X,'K(1)'.3X.'K(2)'.3X.'K(3)'/) 
00370 1401 FORMAT(//5X.'MODIFIED DATA'/) 
00380 lSoo FORMAT(//5X.'ITER',8X,'KAB'.7X,'KB1',7X,'K12', 
00390+7X.'K23'.7X.'RMS'/) 
00400 1600 FORMAT(SX.214.4El0.4,E12.S) 
00410 1700 FORMAT(//SX.'ITMAX='.I3/SX,'AA =',F4.2/SX,'AI ='.F4.2/ 
00420+SX.'DT ='.F4.2//) 
00430 1800 FORMAT(/SX,'RMS ERROR='.F6.4,' PERCENT'/) 
00440 1900 FORMAT(SX,'KAB=',El0.4/SX,'KB1=',El0.4/SX,'K12=',El0.4/ 
oo4S0+SX.'K23='.El0.4/) . 
00460 2000 FORMAT (5X,60(lH-» 
00470 2010 FORMAT (lX.'ITT='.I3) 
00480C----------------------------------------------------------
oo490C 
ooSoo ALS=O. 
00510 00 101 J=1.5 
00S20 101 ALS=ALS+AL(J) 
ooS30 00 102 I=l.N 
00540 CMS=O. 
oo5S0 00 103 J=1.5 
00560 103 CMS=CMS+CEX(J.I)*AL(J) 
00570 102 CM(I)=CMS/ALS 
00580 00 lOS I=1.N 
00590 00 lOS J=1.S 
00600 105 CEX(J,I)=CEX(J,I)*CM(l)/CM(I) 
00610 WRITE(6.1401) 
00620 WRITE(6, 1400) 
00630 WRITE(6,1100) (IA(L),TEX(L),(CEX(J,L),J=1.S).L=1,N) 
00640 WRITE(6.1500) 
00650C 
00660 TMAX=TEX(N)+5 
00670 JMAX=INT(TMAX/OT) 
00680 ITER=O $ IT=O 
00690 CALL SOLVE 
00700 WRITE(6.1600) ITER.IT,(HK(I).I=1.4).R 
00710 RP=R 
00720 RM=R 
OO730C----------------- ITERATIONS -----------------------------
0074000 100 ITT=l,ITTM 
00750 IF(lTT.EQ. 1) GOTO 190 
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00760 00 1~0 K=1,4 
00770 120 HKI(K)=HKM(K) 
00780 190 RIM=RM 
00790 WRITE(6,2010) ITT 
00800 DO 110 IC=1,4 
00810 HKC=HK(IC) 
00820 HKP=(1-AI).HK(IC) 
00830 HKN=(1+AI)*HK(IC) 
00840 HK(IC)=HKC 
00850 CALL SOLVE 
00860 RC=R $ lTER=ITER+1 
00870 WRITE(6,1600) ITER,IT.(HK(I),I=1,4),R 

00880 HK(IC)=HKP 
00890 CALL SOLVE 
00900 RP=R $ ITER=ITER+1 
00910 WRITE(6,1600) ITER,IT,(HK(I),I=1,4),R 
00920 HK(IC)=HKN 
00930 CALL SOLVE 
00940 RN=R $ ITER=ITER+1 
00950 00 200 IT=1.ITMAX 
00960 IF(IT.EQ. 1) GO TO 3000 
00970 ITER=ITER+1 
00980 IF(RP.GT.RC.ANO.RN.GT.RC) THEN 
00990 CALL LAGPOL $ GOTO 3000 
01000 ELSE 
01010 SLPC=(RC-RP)/(HKC-HKP) 
01020 SLCN=(RN-RC)/(HKN-HKC) 
01030 SLPN=(RN-RP)/(HKN~HKP) 
01040 IF(SLPN.GT.O.) GO TO 2600 
01050 IF(SLPN.LT.O.) GO TO 2700 
01060 ENOIF 
01070C 
01080 2600 SLM=AMAX1(SLPC.SLCN.SLPN) 
01090 IF(SLM.EQ.SLPC) THEN 
01100 RN=RC $ HKN=HKC 
01110 RC=RP $ HKC=HKP 
01120 ELSEIF (SLM.EQ.SLPN) THEN 
01130 RC=RP. $ HKC=HKP . 
01140 ENOIF 
01150C 
01160 HKP=HKC-AA*RC/SLM 
01170 IF(HKP/HK(IC).GT.3.) HKP=3.*HK(IC) 

01180 IF(HKP/HK(IC).LT.(1./3.» HKP=HK(IC)/3. 

01190 IF(HKP.EQ.HK(IC» HKP=0.90*HK(IC) 
01200 HK(IC)=HKP 
01210 CALL SOLVE 
01220 RP=R 
01230 GOTO 3000 
01240C 
01250 2700 SLM=AMIN1(SLPC.SLCN,SlPN) 
01260 IF(SLM.EQ.SLCN) THEN 
01270 RP=RC SHKP=HKC 
01280 RC=RN $ HKC=HKN 
01290 ELSEIF (SLM.EQ.SLPN) THEN 
01300 RC=RN $ HKC=HKN 
01310 ENOIF 
01320C 
01330 HKN=HKC-AA*RC/SLM 
01340 IF(HKN/HK(IC).GT.3.) HKN=3.*HK(IC) 

01350 IF(HKN/HK(IC).LT.1./3.) HKN=HK(IC)/3. 

01360 IF(HKN.EQ.HK(rC» HKN=1. 1*HK(IC) 
01370 HK(IC)=HKN 
01380 CALL SOLVE 
01390 RN=R 
01400C 
01410 3000 RM=AMIN1(RP.RC.RN.RM) 
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01420 IF(RM.EQ.RP) HKM(IC)=HKP 
01430 IF(RM.EQ.RC) HKM(IC)=HKC 
01440 IF(RM.EQ.RN) HKM(IC)=HKN 
01450 WRITE(6.1600) ITER.IT.(HK(I).I=1.4).R 
01460 200 CONTINUE 
01470 HK(IC)=HKM(IC) 
01480 WRITE(6.2000) 
01490 110 CONTINUE 
01500 IF(ITT.EQ.l) GOTO 100 
01510 IF(RM.GE.RIM.AND.ITT.GT.l) GoTo 3010 
01520 DO 130 K=1.4 
01530 IF(ABS(HKI(K)-HKM(K»/HKM(K).LT.l.E-02) GOTO 130 
01640 GOTO 100 
01550 130 CONTINUE 
01560 IF(ABS(RIM-RM)/RM.LT.l.E-02) GOTO 3010 
01570 100 CONTINUE 
01580C----------- PRINT OUT RESULTS FOR MIN RMS ----------------
01690 3010 R=RM 
01600 REF= 1. 
01610 WRITE(6.1800') R* 100. 
01620 WRITE(6.1900) (HKM(I).I=1,4) 
01630 WRITE(6.1400) 
01640 CALL SOLVE 
01650 WRITE(6.1800) R*100 
01660 STOP 
01670 END 
01680C 
01690C********************************************************** 
01700C 
01710 SUBROUTINE SOLVE 
01720 COMMON/Oj AL(5),HK(0:5).HKM(4) 
01730 COMMON /TD/ A(5).B(5).C(5).D(5).Q(5).P(5).CON(5) 
01740 COMMON /V/ CEX(5.20).TEX(20).IA(20) 
01750 COMMON /Vl/ JMAX,NrOT,REF.RP.RC.RN,R.RM,AA.IC.AI 
01760C----------------------------------------------------------
01770C 
01780 11=1 
01790 TIME=TEX(l) 
01800 DO 111 1=1.5 
01810 111 CON(I)=CEX(I.l) 
01820 II=II+l 
01830 TIMEX=TEX(II) 
01840 SES=SK=O. 
01850 NN=O 
01860C----------------------------------------------------------
01870 DO 400 J=l.JMAX 
01880C-------- COEFfICIENTS -----------
01890 DO 401 1=1.5 
01900 B(I)=HK(I) 
01910 C(I)=HK(I-l) 
01920 A(I)=B(I)+C(I)+AL(I)/(DT*60.) 
01930 401 0(1)=CON(I)*AL(I)/(OT*60.) 
01940C------ SOLVE,PRINT ------------
01950 TIME=TIME+DT 
01960 CALL TOMA 
01970 AMO=AMOO(TIME.5.) 
01980 IF«AMD.NE.O).AND.(TIME.NE.TIMEX» GOTO 400 
01990 IF(REF.EQ.1.) WRITE(6,1500) TIME.(CON(K).K=1.5) 
02000C--------- RMS ERROR -----------
02010 IF(TIME.EQ.TIMEX) THEN 
02020 00 402 1=1.5 
02030 SES=SES+(CON(I)-CEX(I,II»**2. 
02040 SK=SK+CEX(I.II) 
02050 402 NN=NN+1 
02060 IF(REF.EQ.l.) THEN 
02070 WRITE(6.1050) (CEX(I.II).I=1.5) 
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· ''1' 

02080 WRITE(6,1051) (CON(I)-CEX(I,II),I=l,5) 

02090 ENDIF 
02 100 I I = II + 1 
02110 TIMEX=TEX(lI) 
02120 ENDIF 
02130C--------------------------------~

 

02140 400 CONTINUE 
02150 R=SQRT(SES/FLOAT(NN»/(SK/FLOAT(NN» 

02160C----------------------------------------------------------

02170 1500 FORMAT(4X,F7,l,5FT,0) 
02180 1050 FORMAT(11X,5F7.0) 
02190 1051 FORMAT(14X,5F7.0/4X,45(lH-» 
02200 RETURN. 
02210 END 
02220C********************************************************** 

02230 SUBROUTINE TDMA . 

02240 COMMON /TD/A(5),B(5),C(5),D(5),Q(5),P(5),CON(5) 

02250 P(1)=B(1)/A(1) 
02260 Q(1)=D(1)/A(1) 
02270 DO 200 1=2,5 
02280 P(I)=B(I)/(A(I)-C(I)*P(I-l» 
02290 200 Q(I)=(D(I)+C(1)*Q(!-1»/(A(I)-C(I)*P(1-1» 

02300 CON(5)=Q(5) 
02310 DO 300 1=4,1,-1 
02320 300 CON(I)=P(I)*CON(1+1)+Q(I) 
02330 RETURN 
02340 END 
02350C********************************************************** 

02360 SUBROUTINE LAGPOL 
02370 DIMENSION F(3),X(3),PP(3) 
02380 COMMON /0/ AL(5),HK(0:5),HKM(4) 
02390 COMMON /V/ CEX(5,20),TEX(20),IA(20) 

02400 COMMON /Vl/JMAX,N,DT,REF,RP,RC,RN,R,RM,AA,IC,AI 

02410 COMMON /LAG/ HKP,HKC,HKN 
02420C------------------------------------

---------------_~-_ 

02430 F(l)=RP $ X(l)=HKP 
02440 F(2)=RC $ X(2)=HKC 
02450 F(3)=RN $ X(3)=HKN 
02460C 
02470 DO 100 1=1,3 
02480 PP(I)=l. 
02490 DO 200 J=1,3 
02500 IF(I.EQ.J) GOTO 200 
02510 PP(I)=PP(I)*(X(I)-X(J» 
02520 200 CONTINUE 
02530 100 CONTINUE 
02540C 
02550 AP=BP=CP=O. 
02560 DO 300 1=1,3 
02570,AP=AP+F(I)/PP(I) 
02580 BP=BP+F(I)*X(I)/PP(I) 
02590 300 CP=CP+F(I)/(X(I)*PP(I» 
02600 BP=BP-(X(1)+X(2)+X(3»*AP 
02610 CP=CP*X(1)*X(2)*X(3) 
02620 HKI=-BP/(2.*AP) 
02630 HK(IC)=HKI 
02640 CALL SOLVE 
02650 IF(HKI.GE.HKP.AND.HKI.LE.HKC) THEN 
02660 RN=RC $ HKN=HKC 
02670 RC=R $ HKC=HKI 
02680 ELSEIF (HKI.GE.HKC.AND.HKI.LE.HKN) THEN 
02690 RP=RC $ HKP=HKC 
02700 RC=R $ HKC=HKI 
02710 ELSE 
02720 WRITE(6,5000) 
02730 5000 FORMAT (5X,'SOMETHING WRONG') 

02740 ENDIF 
02750 RETURN 
02760C·· ••••••••••••••••••••••••••••••••••••••••••••••••••• 

02770 END 
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PROGRAM ISSY 

00100 PROGRAM INA(DATINA,INPUT,OUTPUT,TAPE5=DATINA,TAPE6=OUTPUT, 
00110+TAPE1=INPUT) 
00120 DIMENSION HKI(4),CM(20) 
00130 COMMON /M/ NM 
00140 COMMON /0/ AL(5),HK(0:5),HKM(4) 
00150 COMMON /TD/ A(5),B(5),C(5),O(5),Q(5),P(5),CON(5) 
00160 COMMON /V/ CEX(5,20),TEX(20),IA(20) 
00170 COMMON /Vl/ JMAX,N,DT,REF,RP.RC.RN.R.RM,AA.IC,AI 
00180 COMMON /LAG/ HKP.HKC,HKN 
00190 DATA AL,RIM /1. 715.1.00,3.1O,3.1O.3.223.1.E+05/ 
00200 DATA AA,AI,REF,HK(0),HK(5)/0.70, .3,3*0./ 
00210 DATA DT,ITMAX.ITTM /1.00,05,10/ 
00220C-----------------------------------------------------------
00230 REWIND 5 
00240 READ(5, 1000) NR 
00250 READ(5.1000) N 
00260 READ(5,1100)«IA(I),TEX(I),(CEX(J,I),J=I,5»,I=I,N) 
00270 WRITE(6.1700) ITMAX,AA ,AI ,DT 
00280 WRITE(6,1200) NR,N 
00290 WRITE(6,1400) 
00300 WRITE(6,1100)«IA(L),TEX(L),(CEX(J,L),J=I,5»,L=I,N) 
00310C 
00320 1000 FORMAT(I4) 
00330 1100 FORMAT(I4,F6.1,5F7.0) 
00340 1200 FORMAT(j5X, 'RUN', 14/ /5X, 'N=', 12/ /5X, 'EXPERIMENTAL DATA' f) 
00350 1400 FORMAT(j6X,'TIME',3X,'K(A)',3X,'K(B)', 
00360+3X, 'K( 1)', 3X, 'K(2}' ,3X, 'K(3}' /} 
00370 1401 FORMAT(//5X, 'MODIFIED DATA'/) 
00380 1500 FORMAT(//5X,'ITER',8X,'KAB',7X.'KB1',7X,'KI2', 
00390+7X,'K23',7X,'RMS'/} 
004.00 1600 FORMAT(5X.2I4,4El0.4,EI2.5) 
00410 1700 FORMAT(//5X,'ITMAX=',I3/5X,'AA =',F4.2/5X,'AI =',F4.2/ 
00420+5X,'DT =',F4.2//} 
00430 1800 FORMAT(j5X,' RMS ERROR=', F6. 4, , PERCENT'/) 
00440 1900 FORMAT(5X,'KAB=',El0.4/5X,'KB1=',El0.4/5X,'KI2=',El0.4/ 
00450+5X,'K23=',El0.4/) 
00460 2000 FORMAT (5X,60(IH-}) 
00470 2010 FORMAT (IX,'ITT='.I3) 
00480C----------------------------------------------------------
00490C 
00500 NM=N 

·00510 CALL MAIK 
00520 ALS=O. 
00530 DO 101 J=I,5 
00540 101 ALS=ALS+AL(J) 
00550 DO 102 I=I,N 
00560 CMS=O. 
00570 DO 103 J=I,5 
00580 103 CMS=CMS+CEX(J,I)*AL(J) 
00590 102 CM(I}=CMS/ALS 
00600 DO 105 I=l,N 
00610 00 105 J=I,5 
00620 105 CEX(J,I)=CEX(J,I)*CM(I)/CM(I) 
00630 WRITE(6,1401) 
00640 WRITE(6, 1400) 
00650 WRITE(6,1100} (IA(L),TEX(L),(CEX(J,L),J=l,5),L=l,N) 
OQ~60C 
00670 CALL MAIK 
00680 READ(I,*) (HK(I),I=I,4) 
00690 WRITE(6,1500) 
00700 TMAX=TEX(N)+5 
00710 JMAX=INT(TMAX/oT) 
00720 ITER=O $ IT=O 
00730 CALL SOLVE 
00740 WR IT E ( 6, 1600) IT E R , IT, (HK ( I ) , 1=1 ,4) , R 
00750 RP=R 
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00760 RM=R 
00770C~ - - - - - -- ---- -- -- - ITERATIONS ~----------.--- ---- - - - -- ------
00780 DO 100 ITT=I,ITTM 
00790 IF(ITT.EQ.1) GOTO 190 
00800 DO 120 K=1,4 
00810 120 HKI(K)=HKM(K) 
00820 190 RIM=RM 
00830 WRITE(6,2010) ITT 
00840 DO 110 IC=I,4 
00850 HKC=HK(IC) 
00860 HKP=(I-AI)*HK(IC) 
00870 HKN=(I+AI)*HK(IC) 
00880 HK(IC)=HKC 
00890 CALL SOLVE 
00900 RC=R $ ITER=ITER+l 
00910 WRITE(6,1600) ITER,IT,(HK(I),I=I,4),R 
00920 HK(IC)=HKP 
00930 CALL SOLVE 
00940 RP=R $ ITER=ITER+l 
00950 WRITE(6,16oo) ITER,IT,(HK(I),I=1,4),R 
00960 HK(IC)=HKN 
00970 CALL SOLVE 
00980 RN=R $ ITER=ITER+l 
00990 00 200 IT=I,ITMAX 
01000 IF(IT.EQ.l) GO TO 3000 
01010 ITER=ITER+1 
01020 IF(RP.GT.RC.AND.RN.GT.RC) THEN 
01030 CALL LAGPOL $ GOTO 3000 
01040 ELSE 
01050 SLPC=(RC-RP)/(HKC-HKP) 
01060 SLCN=(RN-RC)/(HKN-HKC) 
01070 SLPN=(RN-RP)/(HKN~HKP) 
01080 IF(SLPN.GT.O.) GO TO 2600 
01090 IF(SLPN.LT.O.) GO TO 2700 
01100 ENDIF 
01l10C 
01120 2600 SLM=AMAX1(SLPC.SLCN,SLPN) 
01130 IF(SLM.EQ.SLPC) THEN 
01140 RN=RC $ HKN=HKC 
01150 RC=RP $ HKC=HKP 
01160 ELSEIF (SLM.EQ.SLPN) THEN 
01170 RC=RP $ HKC=HKP 
01180 ENDIF 
011900 
01200 HKP=HKC-AA*RC/SLM 
01210 IF(HKP/HK(IC).GT.3.) HKP=3.*HK(IC) 
01220 IF(HKP/HK(IC).LT.(I./3.» HKP=HK(IC)/3. 
01230 IF(HKP.EQ.HK(IC» HKP=0.90*HK(IC) 
01240 HK(IC)=HKP 
01250 CALL SOLVE 
01260 RP=R 
01270 GOTO 3000 
01280C 
01290 2700 SLM=AMIN1(SLPC.SLCN.SLPN) 
01300 IF(SLM.EQ.SLCN) THEN 
01310 RP=RC $HKP=HKC 
01320 RC=RN $ HKC=HKN 
01~30 ELSEIF (SLM.EQ,SLPN) THEN 
01340 RC=RN $ HKC=HKN 
01350 ENOIF 
01360C . 
01370 HKN=HKC-AA+RC/SLM 
01380 IF(HKN/HK(IC).GT.3.) HKN=3.*HK(IC) 
01390 IF(HKN/HK(IC).LT.l./3.) HKN=HK(IC)/3. 
01400 IF (HKN. EO. HK( IC» HKN= 1. I*HK(IC) 
01410 HK(IC)=HKN 
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01420 CALL SOLVE 
01430 RN=R 
01440C 
01450 3000 RM=AMIN1(RP,RC,RN,RM) 
01460 IF(RM.EQ.RP) HKM(IC)=HKP 
01470 IF(RM.EQ.RC) HKM(IC)=HKC 
01480 IF(RM.EQ.RN) HKM(IC)=HKN 
o 1 490 WRIT E ( 6, 1600) IT E R, IT , (HK (I ) , I " 1 , 4 ) , R 
01500 200 CONTINUE 
01510 HK(IC)=HKM(IC) 
01520 WRITE(6,2000) 
01530 110 CONTINUE 
01540 IF(ITT.EQ. 1) GO TO 100 
01550 IF(RM.GE.RIM.ANO.ITT.GT.l) GOTO 3010 
01560 DO 130 K=I,4 
01570 IF(ABS(HKI(K)-HKM(K»/HKM(K).LT.l.E-02) GOTO 130 
01580 GOTO 100 
01590 130 CONTINUE 
01600 IF(ABS(RIM-RM)/RM.LT.l.E-02) GOTO 3010 
01610 100 CONTINUE 
01620C----------- PRINT OUT RESULTS FOR MIN RMS ----------------
01630 3010 R=RM 
01640 REF=1. 
01650 WRITE(6, 1800) R*loo. 
01660 WRITE(6,19OO) (HKM(I),I=I,4) 
01670 WRITE(6,1400) 
01680 CALL SOLVE 
01690 WRITE(6,1800) R*100 
01700 STOP 
01710 END 
01720C 
01730C***************************_****************************** 
01740C 
01750 SUBROUTINE SOLVE 
01760 COMMON/of AL(5),HK(0:5),HKM(4) 
01770 COMMON /TO/ A(5);B(5),C(5),O(5),Q(5),P(5),CON(5) 
01780 COMMON /V/ CEX(5,20),TEX(20),IA(20) 
01790 COMMON /Vl/ uMAX,N,OT,REF,RP,RC,RN,R,RM,AA,IC,AI 
01800C----------------------------------------------------------
01810C 
01820 11=1 
01830 TIME=TEX(l) 
01840 DO 111 1=1,5 
01850 111 CON(I)=CEX(I,I) 
01860 II=II+l 
01870 TIMEX=TEX(II) 
01880 SES=SK=O. 
01890 NN=O 
01900C----------------------------------------------------------
01910 00 400 u=l,uMAX 
01920C-------- COEFFICIENTS -----------
01930 DO 401 1=1,5 
01940 B(I)=HK(I) 
01950 C(I)=HK(I-l) 
01960 A(I)=B(I)+C(I)+AL(I)/(OT*60.) 
01970 401 0(I)=CON(I)*AL(I)/(OT*60.) 
01980C------ SOLVE,PRINT ------------
01990 TIME=TIME+OT 
02000 CALL TOMA 
02010 AMO=AMOO(TIME,5.) 
02020 IF«AMO.NE.O).ANO.(TIME.NE.TIMEX» GOTO 400 
02030 IF(REF.EQ.1.) WRITE(6, 1500) TIME,(CON(K),K=I,5) 
02040C--------- RMS ERROR -----------
02050 IF(TIME.EQ.TIMEX) THEN 
02060 00 402 1=1,5' 
02070 SES=SES+(CON(I)-CEX(I,II»**2. 
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02080 SK=SK+CEX(t,tr) 
02090 402 NN=NN+1 
02100 IF(REF .EO. 1.) THEN 
02110 WRITE(6, 1050) (CEX(l,II),I=I.5) 
02120 WRITE(6, 1051)(CON(I)~CEX(I,II),I=1,5) 
02130 ENoIF 
02140 11=11+1 
02150 TIMEX=TEX(II) 
02160 ENoIF 
02170C~-~----------~---~------~-~------

02180 400 CONTINUE 
02190 R=SORT(SES!FlOAT(NN»!(SK!FlOAT(NN» 
02200C-------------------~-~-------------

~-------~~---------~--_ 

02210 1500 FORMAT(4X,F7.1,5F7.0) 
02220 1050 FORMAT(11X,5F7.0) 
02230 1051 FORMAT(14X,5F7.0!4X.45(lH-» 
02240 RETURN 
02250 END 
02260C********************************************************** 

02270 SUBROUTINE TDMA 
02280 COMMON !To! A(5),B(5),C(5),0(5),O(5),P(5),CON(5) 

02290 P(l)=B(l)/A(l) 
023000(1)=0(1)/A(1) 
02310 DO 200 1=2,5 
02320 P(I)=B(I)!(A(I)-C(I)*P(l-l» 
02330 200 O(I)=(D(I)+C(I)*O(l-l»f(A(I)-C(I)*P(I-l» 

02340 CON(5)=0(5) 
02350 DO 300 1=4,1,-1 
02360 300 CON(I)=P(I)*CON(I+1)+Q(I) 
02370 RETURN 
02380 END 
02390C********************************************************** 

02400 SUBROUTINE lAGPOL 
02410 DIMENSION F(3),X(3),PP(3) 
02420 COMMON IDI AL(5),HK(0:5),HKM(4) 
02430 COMMON Iv! CEX(5,20),TEX(20),IA(20) 

02440 COMMON IV1/JMAX,N,DT,REF,RP,RC,RN,R,RM,AA,IC,AI 

02450 COMMON IlAGI HKP,HKC,HKN 
02460C------------------------------------------------_- ____ _ 

02470 F(l)=RP $ X(1)=HKP 
02480 F(2)=RC $ X(2)=HKC 
02490 F(3)=RN $ X(3)=HKN 
02500C 
02510 DO 100 1=1,3 
02520 PP ( I) = 1. 
02530 DO 200 J=1,3 
02540 IF(I.EQ.J) GOTO 200 
02550 PP(I)=PP(I)*(X(I)-X(J» 
02560 200 CONTINUE 
02570 100 CONTINUE 
02580C 
02590 AP=BP=CP=O. 
02600 00 300 1=1,3 
02610 AP=AP+F(I)!PP(I) 
02620 BP=BP+F(I).X(I)!PP(I) 
02630 300 CP=CP+F(I)!(X(I)*PP(I» 
02640 BP=BP-(X(I)+X(2)+X(3»*AP 
02650 CP=CP*X(1)*X(2)*X(3) 
02660 HK1=-BP!(2.*AP) 
02670 HK(IC)=HKI 
02680 CALL SOLVE 
02690 IF(HK1.GE.HKP.ANo.HKI.lE.HKC) THEN 
02700 RN=RC $ HKN=HKC 
02710 RC=R $ HKC=HKI 
02720 ELSEIF (HKI.GE.HKC.ANo.HKI.lE.HKN) THEN 
02730 RP=RC $ HKP=HKC 

121 



02740 RC=R $ HKC=HKI 
027S0 ELSE 
02760 WRITE(6,5000) 
02770 SOOO FORMAT (SX,'SOMETHING WRONG') 
02780 ENOIF 
02790 RETURN 
02800C********··***********···*******···******************. 
02810 END 
02820 SUBROUTINE MAIK 
02830 COMMON /M/NM 
02840 COMMON /0/ AL(S),HK(0:S),HKM(4) 
028S0 COMMON /V/ CEX(S,20),TEX(20),IA(20) 
02860 DIMENSION SUM(4),NI(4) 
02870 WRITE(6,1600) 
02880 1300 FORMAT(SX,FS.l) 
02890 1400 FORMAT(9X,4EI5.4) 
02900 1600 FORMAT(/ /5X, 'TIME' ,8X, 'KAB' , 12X, 'KB l' , 12X, 'K 12' • 12X, 'K23' /) 

g~~~gc~:~~-:~~~~~~~~~:~~~~~-~~~~~:~~~--------------------------------
02930 DO 400 J=1,4 
02940 SUM(J)=O. 
029S0 400 NI(J)=O 
02960C 
02970 N=NM 
02980 DO 200 I=2,N 
02990 SSUM=O. 
03000 WRITE(S, 1300) TEX(I-l) 
03010 DO 100 J=I,4 
03020 SSUM=SSUM+AL(J).(CEX(J,I)-CEX(J,I-l»/(TEX(I)-TEX(I-l))/SO. 
03030 COIF=(CEX(J,I)+CEX(J,I-l)-(CEX(J+l.I)+CEX(J+1,I-l»)/2. 
03040 HK(~)=-SSUM/COIF 
03050 100 CONTINUE 
03060 WRITE(6.1400) (HK(L).L=1,4) 
03070 DO 300 J=I,4 
03080 IF(HK(J).LT.O.) GOTO 300 
03090 SUM(J)=SUM(J)+HK(J) 
03100 NI(~)=NI(J)+1 
03110 300 CONTINUE 
03120 200 CONTINUE 
03130 WRITE(6.1300) TEX(N) 
03140 DO 500 J=1.4 
03150 Soo HK(J)=SUM(~)/FLOAT(NI(J» 
03160 WRITE(6, 1700) 
03170 WRITE(6.1400)(HK(L),L=I,4) 
03180 RETURN 
03190 END 
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PROGRAM MARKOS 

00100 PROGRAM INA(DATINA,INPUT,OUTPUT,TAPE5=DATINA,TAPE6=OUTPUT, 

00110+TAPE1=INPUT) . 

00120 DIMENSION HKI(4),CM(35) 
00130 COMMON /D/ AL(5),HK(0:5),HKR(5),RE(5).RM(5),NI(5) 

00140 COMMON /TD/ A(5),B(5),C(5),D(5),Q(5),P(5),CON(5) 

00150 COMMON /V/ CEX(S,35),TEX(35),IA(35) 

00160 COMMON /Vl/ uMAX,N,DT,R,CS,H,OXY 
00170 DATA AL /1.715,1.00,3.10,3.10,3.223/ 
00180 DATA HK(0),HK(S)/2*0./ 
00190 DATA DT,ITTM /1.00,0/ 
00200C-----------------------------------------------------------

00210 REWIND 5 
00220 READ(5,1000) NR 
00230 READ(5,1000) N 
00240 REAO(5,1100)«IA(I),TEX(I),(CEX(J,I),J=l,5»,I=1,N) 

00250 READ(l,*) «HK(I),I=l,4),(HKR(I),I=1,5» 

00260 WRITE(6,1001) 
00270 1001 FORMAT (/5X,'GIVE H IN METERS, CS IN MG PER LT'/ 

00280+5X,'OXY EQUAL 1 FOR OXYGEN'/) 
00290 READ(l,*) H.CS,OXY 
00300 WRITE(6,1700) DT 
00310 WRITE(6. 1200) NR,N· 
00320 IF(OXY.EQ.l) WRITE(6,1405) 
00330 IF(OXY.NE.l) WRITE(6,1400) 
00340 WRITE(6,1500)«IA(L).TEX(L),(CEX(J,L),u=I,5»,L=1,N) 

00350C 
00360 1000 FORMAT(I4) 
00370 1100 FORMAT(I4,F6.1,5F7.2) 
00380 1200 FORMAT(/SX,'RUN',I4//5X,'N=',I2//5X, 'EXPERIMENTAL DATA'/) 

00390 1400 FORMAT(/6X,'TIME'.SX,'K(A)' ,5X,'K(B)', 

00400+5X' 'K( 1)' .5X, 'K(2)' ,5X. 'K(3)' /) 
00410 140S FORMAT(/6X,'TIME',5X,'C(A)',5X,'C(B)', 

00420+5X,'C(1)',5X,'C(2)',5X,'C(3)'/) 
00430 1401 FORMAT(//5X. 'MODIFIED DATA'/) 
00440 1500 FORMAT(I4,F6. 1,5F9.2) 
004S0 1600 FORMAT (5X,'PERCENT RMS ERRORS'/11X.5E9.3//) 

00460 1700 FORMAT(//SX, 'DT =',F4.2//) 
00470 1800 FORMAT(/5X,'RMS ERROR=',El0.4.' PERCENT'/) 

00480 1900 FORMAT(//5X,'KAB=',El0.4/5X,'KB1=',El0.4/5X,'K12=',El0.4/ 

00490+5X,'K23=' ,El0.4/) 
00500 1905 FORMAT(5X,'KRA=' .El0.4/5X,'KRB=',El0.4/5X, 'KR1='.El0.4/ 

00S10+5X,'KR2=',El0.4/5X. 'KR3=',El0.4//) 

00520C----------------------------------------------------------

00S30C 
00540 GOTO 20 
00550 30 ITTM= 1 
00S60 ALS=O. 
00570 DO 101 J=l,5 
00580 101 ALS=ALS+AL(J) 
00590 DO 102 I=l,N 
00600 CMS=O. 
00610 DO 103 J=l,5 
00620 103 CMS=CMS+CEX(J,I)*AL(J) 
00630 102 CM(I)=CMS/ALS 
00640 DO 105 I=l,N 
00650 DO 105 J=l,5 
00660 105 CEX(J.I)=CEX(J,I)+CM(1)/CM(I) 
00670 WRITE(6,1401) 
00680 WRITE(6. 1400) 
00690 WRITE(6,1500) (IA(L),TEX(L).(CEX(J,L).J=l,5),l=1.N) 

00700C 
00710 20 TMAX=TEX(N)+5 
00720 JMAX=INT(TMAX/DT) 
00730C----------- PRINT OUT RESULTS ----------------

00740 WRITE(6, 1900) (HK(I),I=1.4) 
00750 WRITE(6.1905) (HKR(I).I=1.5) 
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00760 IF(OXY.EQ.l) WRITE(6,1405) 
00770 IF(OXY.NE.l) WRITE(6,1400) 
00780 CALL SOLVE 
00790 WRITE(6,1600) (RM(I),I=I,5) 
00800 WRITE(6,1800) R*I00 
00810 IF(OXY.NE.l.AND .. ITTM.EQ.O) GOTO 30 
00820 STOP 
00830 END 
00840C 
00850C********************************************************** 
00860C 
00870 SUBROUTINE SOLVE 
00880 DIMENSION OIF(5) 
00890 COMMON/of AL(5),HK(0:5),HKR(5),RE(5),RM(5),NI(5) 
00900 COMMON /TO/ A(5),B(S),C(5),0(S).Q(5),P(5),CON(5) 
00910 COMMON /V/ CEX(5,35),TEX(35),IA(35) 
00920 COMMON /Vl/ JMAX,N,oT,R,CS,H,OXY 
00930C----------------------------------------------------------
00940C 
00950 11=1 
00960 TIME=TEX(I) 
00970 DO 111 1=1,5 
00980 RE( 1)=0. 
00990 RM( I) =0. 
01000 NI( 1)=0 
01010 111 CON(I)=CEX(I,I) 
01020 11=11+1 
01030 TIMEX=TEX(II) 
01040 SES=SK=O. 
01050 NN=O 
01060C- - - -- - - - -- - - - - - -.- - - - - - - - - - - - - - - - - - - - - - - - - - -- - - -- - - -- - - -- --
01070 DO 400 J=I,JMAX 
01080C-------- COEFFICIENTS -----------
01090 DO 401 1=1,5 
01100 ADD=HKR(I)*AL(I)/H 
01110 B(I)=HK(I) 
01120 C(I)=HK(I-1) 
01130 A(I)=B(I)+C(I)+AL(I)/(DT*60.)+ADo 
01140 401 D(I)=CON(I)*AL(I)/(DT*60.)+AoD*CS 
01150C------ SOLVE,PRINT ----------.-
01160 TIME=TIME+DT 
01170 CALL TOMA 
01180 AMo=AMDo(TIME.5.) 
01190 IF «AMD. NE .0) . AND. (TIME. NE. TIMEX» GOTO 400 
01200 WRITE(6.1500) TIME,(CON(K),K=1.5) 
01210 IF(OXY.EQ.1.ANo.AMOo(TIME,10.).EQ.0) WRITE(6,10S2) 
01220C--------- RMS ERROR -----------
01230 IF(TIME.EQ.TIMEX) THEN 
01240 DO 402 1=1,5 
01250 IF(CEX(I,II).EQ.O) GOTO 402 
01260 SES=SES+(CON(I)-CEX(I,II»**2. 
01270 SK=SK+CEX(I,II) 
01280 NN=NN+1 
01290 RE(I)=RE(I)+(CON(I)-CEX(I.II»**2. 
01300 RM( 1)=RM(I )+CEX(I, II) 
01310 NI(I)=NI(I)+l 
01320 402 CONTINUE 
01330 WRITE(6,1050) (CEX(I,II),I=1,5) 
01340 DO 500 1=1,5 . 
013500IF(I)=CON(I)-CEX(I,II) 
01360 500 IF(CEX(I,II).EQ.O) oIF(I)=O. 
01370 IF(OXY.NE.l)WRITE(6,10SI) (oIF(I),I=I,5) 
01380 IF(OXY.EQ.l) WRlTE(6,1050)(DIF(I).I=I,5) 
01390 IF(OXY.NE.1) WRITE(6,1052) 
01400 11=11+1 
01410 TIMEX=TEX(II) 
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01420 ENDIF 
01430C---------------------------------
01440 400 CONTINUE 
01450 R=SQRT(SES/FLOAT(NN»/(SK/FLOAT(NN» 
01460 DO 510 1=1,5 
01470 RM(I)=SQRT(RE(I)/FLOAT(NI(I»)/(RM(l)/FLOAT(NI(I») 
01490 510 RM(I) =RM(I)* 100. 
01490c--------~----------------------------------------.--------
01500 1500 FORMAT(4X,F7.1,5F9.2) . 
01510 1050 FORMAT(11X,5F9.2) 
01520 1051 FORMAT(14X,5F9.2) 
01530 1052 FORMAT(4X,55(1H-» 
01540 RETURN 
01550 END 
01560C********************************************************** 
01570 SUBROUTINE TDMA 
01590 COMMON ITO/ A(5),B(5),C(5),D(5),Q(5),P(5),CON(5) 
01590 P(1)=B(1)/A(1) 
01600 Q(1)=P(1)/A(1) 
01610 DO 200 1=2.5 
01620 P(I)=B(I)/(A(I)-C(I)*P(I-1» . 
01630 200 Q(x')=(D(I)+C(I)*Q(I-1»/(A(I)-C(I)*P(I-1» 
01640 CON(5)=Q(5) 
01650 DO 300 1=4,1,-1 
01660 300 CON(1)=P(I)*CON(I+1)+Q(I) 
01670 RETURN 
016900************************************************ ********** 
01690 END 
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ATTEMpTED CORRELATIONS FOR ~ 
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APPENDIX III 

ATTEMPTED CORRELATIONS FOR ~ 

1/2 Multiple regression between KL , KL Sc and the wave characteristics 
(H, f) yielded the following empirical equations 

2 (r =0.708) (A8) 

2 (r =0.673) (A9) 

. - 2 2 3 1.5 2 -Consgquent11 , the parameters H.f, s.H.f= 12 n H f /g, H f /Ig , 
(v/g )1/6 H .5f2.5, all having units of velocity, were developed through 
dimensional analysis and linearly correlated with ~sc1/2. For each 
parameter one correlation with and one without a constant term was obt~ined 
using the method of least squares. The coefficien~ of determination r was 
determined in every case. A small difference in r in the two correlations 
of a parameter indicates that the constant term is not important and can be 
dropped, as in the case of Eq. (63). 

The correlations have the form 

~ Sc1/ 2 = a1 X + b1 

KL Sc1/ 2 = a2 X 

2 2 X, aI' b1 , a2 , r1 ' and r2 are all given in Table A10. 

One more equation was developed for ~ with the form 

(A10) 

(All) 

(A12) 

2 Multiple regression yielded a 1 = 0.611, a2 = 0.35 and r = 0.707. For deep 
. 1 55 2 '55 

water waves Eq. (A12) gives ~ ~ H' f' • All the above equations were 
developed using ~ data only. ~B values in most cases were much higher. 

The dependence of KLScl / 2 on fetch and wind shear velocity, as 
predicted by Eqs. (66) and (67) for the equations of Table A10 is given in 
Table All. The exponents of F range from -1/12 to 1/6 and the exponents 
of u* range from 2/3 to 1. The fact that the exponent of F ranges from 
negative to postive values does not allow us to draw any definite 
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I' 

I· 

conclusions on the influence of fetch on gas t~ansfe~. Mo~e expe~im~nta1 
~.esul ts a~e needed to determine the influence of fetch on wave induced gas 
t~ansfe~. 

Finally, an equation fitting all the data (both KuB and ~ values) 
reasonably well was derived: . . 

(A13) 

This equation though, cannot be used fo~ compa~ison with othe~ data, since the 
wave b~eaking was fo~ced by the paddle and not by the steepening of the.wave 
itself, in which case a critical value of HIt could be used as a c~i ted.on for 
the b~eaking. 

In all cases the coefficient of dete~mination was dete~mined as 

(A14) 

whe~e 1i "" measu~ed value; Yi ... p~edicted value, and Y "" 1: Yi/N. 
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TABLE A1O. COMPARISON OF VARIOUS PREDICTIVE EQUATIONS 

FOR ~ Scl / 2 

X b1 
2 2 a1 r1 a2 r Z 

H.f 1.75x10 -2 -7.39x10 -S 0.643 LS9x10 -2 0.638 

s .H.f 8.01x10 -2 2.36x10 -4 0.640 11. 48x10 -2 0.477 

Hlo5f2 4.39x10-2 1.04xlO -4 0.670 S.08xlO-2 0.646 

Hl •Sf2.S 3.S7xlO -2 8.45xlO-6 0.712 3.6lxlO -2 0.712 

*Va1ues of H in meters and f in Hz were used for the computation of 
all parameters. 

X Cl C2 

H· f 1/6 2/3 

soH· f 0 1 

H1.Sf 2 1/12 S/6 

Hl , Sf2.S -1/12 2/3 
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