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Abstract

This dissertation is composed of two essays that examine how financial factors affect

real economic activities. The first investigates the role of agency problems in financial

relationships in an economy with uncertainty shocks. The second examines how much

misdirected bank lending accounts for the observed inefficient labor reallocation in the

manufacturing sector in Japan’s 1990s. A common goal of these essays is to shed light

on economic mechanisms that may lower aggregate output and employment in financial

crises.

The first essay explores a new mechanism through which an increase in uncertainty

interacts with agency problems to destroy matches between principals and agents. This

is in contrast with inactive waiting predicted by real options theory. To demonstrate the

mechanism, I develop a continuous-time dynamic matching model between principals

and agents with long-term optimal contracts. In the model, a principal and an agent

form a team to run risky projects and adjust their level of risk-taking. Because the

agent can divert project payoffs, this agency relationship becomes hard to maintain

when higher uncertainty increases the variance of the risky projects and generates more

fluctuations in project outcomes. Teams close to termination break up instantaneously

when uncertainty increases, causing an immediate reduction in aggregate output since

it takes time to set up new teams. In addition, the average level of risk-taking declines

among remaining teams because teams with a history of low output take less risk in

response to the exogenous increase in project riskiness, in order to reduce the probability

of costly separation. This further reduces aggregate output because low-risk projects

have low average returns.

In the second essay, my co-authors and I investigate the efficiency of resource re-

allocation in Japan during the 1990s, a decade of economic recession, by measuring

aggregate productivity growth (APG) using a plant-level data set of manufacturers

from 1981-2000. We find that resource reallocation contributed negatively to APG,

mainly due to inefficient labor reallocation. A possible reason for the inefficient labor

reallocation is misdirected (or zombie) bank lending to failing plants. To quantify its

impact, we develop a model with plant-level heterogeneity, calibrate it based on the

iv



results of plant-level productivity estimation, and conduct a counterfactual exercise, in

which there is no zombie lending. We find that, without zombie lending, aggregate

productivity would have grown by 1.6% more during the 1990s, mostly due to more

efficient labor reallocation.
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Chapter 1

Hidden Actions, Risk-Taking, and

Uncertainty Shocks

1.1 Introduction

Uncertainty about the future appears to discourage real economic activities.1 Previ-

ous literature explores mechanisms through which increased uncertainty lowers output

by applying the real options theory.2 In the real options view, firms become inactive

and stop hiring new workers or investing in new projects. The theory also implies that

firms will stop firing existing employees or closing existing factories when uncertainty

increases. Therefore, this view needs to rely on a high exogenous job separation rate

and capital depreciation rate to explain a reduction in factor inputs when uncertainty

increases. The question is whether there is any channel through which increased uncer-

tainty triggers endogenous job separation or factory closure.3 In this paper, I explore

1 Bloom (2009) shows a stark correlation between aggregate output and a stock-market volatility
index, which is a proxy to uncertainty in the economy. Also, Bloom, Floetotto, and Jaimovich (2009)
document that a number of proxies to uncertainty are strongly counter-cyclical.

2 The seminal papers that study the real options theory are McDonald and Siegel (1986), Dixit and
Pindyck (1994), and Abel and Eberly (1996). See Stokey (2008) for a recent exposition of economics of
inactions due to fixed costs. Bloom (2009) and Bloom, Floetotto, and Jaimovich (2009) apply the real
options theory to study uncertainty shocks.

3 According to the Job Openings and Labor Turnover Survey (JOLTS), the hiring rate in total
nonfarm employment declined from 3.9% to 3.2% from December 2006 to December 2008 in the United
States. The firing rate increased from 1.3% to 1.9% during the same period. The change in the firing
rate was of the same size as in the hiring rate. The unemployment rate increased from 4.4% to 7.4%
during the same period.

1
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such a new mechanism, which I call the “fragile agency” view of uncertainty shocks,

focusing on agency problems derived from asymmetric information.

To demonstrate the fragile agency view, I develop a dynamic matching model be-

tween principals and agents with optimal long-term contracts. My starting point is the

model by DeMarzo and Sannikov (2006), which is a continuous-time principal-agent

model with endogenous contract termination, where a principal and an agent run risky

projects while the agent can undertake hidden actions to divert project payoffs. I extend

their model in three ways. First, I embed the agency problem in an economy with a

simple matching structure between unmatched principals and agents. This enables us

to analyze macroeconomic consequences of individual long-term contracts. Second, I in-

corporate uniform changes in the variance of the risky projects, which I call uncertainty

shocks in this paper. Finally, I add a project portfolio choice that changes both the

mean return and the variance of the risky projects. Hence, we can analyze the optimal

response to the exogenous increase in project riskiness caused by higher uncertainty.

There are two channels through which increased uncertainty lowers aggregate output

in this model. First, the agency relationships become hard to maintain when higher

uncertainty increases the variance of the risky projects and generates more fluctuations

in project outcomes. Therefore, contracts close to termination break up instantaneously

when uncertainty increases. It triggers an immediate reduction in aggregate output since

it takes time to set up new contracts.

Second, the average level of risk-taking declines in response to the exogenous increase

in project riskiness. This is because principals in contracts with a history of low output

take less risk in order to reduce the probability of costly termination of the contract. This

further reduces aggregate output because low-risk projects have low average returns.4

The primary contribution of this paper is to provide new insight into uncertainty

shocks, by showing that increased uncertainty can generate endogenous active destruc-

tion of production units such as job separation and factory closure.5 This is a sharp

4 One of the interesting applications of the theory in this paper is a financial crisis. The implied
volatility index typically jumps up in a financial crisis. In response to such a rise in uncertainty, financial
institutions tend to take less risk, known as a flight to quality. See, for example, Bernanke, Gertler,
and Gilchrist (1996) and Caballero and Krishnamurthy (2008). The implication that aggregate output
declines at the intensive margin due to less risk-taking is consistent with the fact that there is a decline
in measured productivity in a typical financial crisis.

5 A different way to model marketplace uncertainty is a rise in cross-sectional dispersion of firm-
level credit risk, which worsens adverse selection problems in financial markets. See Gilchrist, Sim, and
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contrast to the real options view, in which firms wait to fire workers and/or to close

factories since the option value of waiting is high when uncertainty increases. In the

fragile agency view, increased uncertainty directly lowers the principal’s value of the

contract because increased fluctuations in project outcomes worsen agency problems.

One of the responses to such a reduction in the value of the contract is to immediately

terminate the current contract and attempt to start over with another agent. Another

response is to take less risk to reduce fluctuations in project outcomes so that they

can reduce the probability of costly termination. Which action to take depends on the

history of project outcomes.

Recently, Arellano, Bai, and Kehoe (2010) also explore a mechanism that increased

uncertainty triggers less risk-taking and thus lowers output due to a risk-return trade-

off.6 In their model, when uncertainty increases, firms take less risk to reduce the

probability of costly default. This mechanism works because of the assumption of a

reduced-form incomplete market in their model, whereas it works as the results of the

optimal contract in the presence of agency problems in my model.

This paper also contributes to the literature of continuous-time agency models with

endogenous termination.7 I construct a general-equilibrium environment that al-

lows us to embed the optimal contracting problem in it in a tractable way. The way

I incorporate aggregate states of the economy follows Piskorski and Tchistyi (2010).

My computational strategy of the optimal contract follows the Appendix of DeMarzo,

Fishman, He, and Wang (2009). The addition of a project portfolio choice results in a

formula similar to Merton (1973), because of a similar mean-variance trade-off.

The rest of the paper is organized as follows. Section 1.2 presents the model economy.

Section 1.3 derives the optimal contract. Section 1.4 discusses the results. Section

Zakrajsek (2009) and Shourideh and Zetlin-Jones (2009).
6 Many papers in the literature of economic development also explore the idea that less risk-taking

leads to lower TFP growth in developing countries due to unstable financial systems. For example,
Obstfeld (1994), Acemoglu and Zilibotti (1997), and recently, Aghion, Angeletos, Banerjee, and Manova
(2010).

7 The literature includes Biais, Mariotti, Plantin, and Rochet (2007), Biais, Mariotti, and Rochet
(2010), DeMarzo and Sannikov (2006), DeMarzo, Fishman, He, and Wang (2009), He (2008), Hoffmann
and Pfeil (2010), Piskorski and Tchistyi (2010), and Sannikov and Phillipon (2007). Note that there are
significant differences between the models with and without endogenous termination. Li (2010) studies
a continuous-time agency problem similar to the one in this paper without endogenous termination. His
model does not have a matching environment between unmatched principals and agents because of no
termination.
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1.5 explores empirical implications of the fragile agency view of uncertainty shocks, in

comparison with the real options view. Section 1.6 concludes. All the proofs of lemmas

and propositions and other technical issues are in Appendix.

1.2 Model

Following the setup in DeMarzo and Sannikov (2006), I build a continuous-time dynamic

principal-agent model, where a principal and an agent form a team to run risky projects.

The agent can divert project payoffs for his/her own benefit because project payoffs are

not publicly observable.

There are three additions to the model in DeMarzo and Sannikov (2006). First,

I set up a dynamic matching structure between principals and agents who are out of

contracts. This structure endogenously determines the value at termination of contract.

Second, I incorporate an aggregate uncertainty shock as a change in aggregate state that

follows a two-state Markov switching process, following Piskorski and Tchistyi (2010)

and DeMarzo, Fishman, He, and Wang (2009). Finally, I introduce a control variable

that changes the mean return and the volatility of the risky projects, in order to allow

for endogenous responses to exogenous changes in project riskiness. Due to a risk-return

trade-off, low-risk projects have low average returns.

In this economy, aggregate output fluctuates because of endogenous terminations and

risk-taking choices. Due to a delay to set up a new contract, endogenous terminations

of contracts reduce the number of active production units, and hence, reduce aggregate

output at the extensive margin. Risk-taking choices in ongoing contracts alter the

mean flow of output, and thus, change aggregate output at the intensive margin; high

risk-taking increases output, and low risk-taking decreases output.

I set up the primitives of the model economy in this section, and derive the optimal

long-term contract in section 3.

1.2.1 Environment

Time is continuous and the time horizon is infinite. There are a continuum of principals

with measure MP and agents with measure MA ≫ MP . Both are infinitely lived and

risk neutral. The discount rate is r for principals and is ρ > r for agents. Agents are
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more impatient than principals. A principal and an agent can form a team to run risky

projects that generate a random flow of output.

There is a matching structure between principals and agents. The team production

requires agent’s special management skill and a new idea created by principals. Un-

matched principals take time to create a new idea without producing anything. This

waiting time for a new idea is random and follows an exponential distribution with a

constant arrival rate α. Unmatched principals who have created a new idea can imme-

diately pick an agent searching for a new match, if any, and start the team production.

Since ideas cannot be recycled, the waiting time makes it costly to terminate a team.

On the other hand, unmatched agents can produce at home and generate flow h of

output. They have an option to search for a new match by incurring a searching cost φ.

Both principals and agents are anonymous, and thus, the arrival rate of getting a new

match for searching agents, denoted by πt, is the fraction of the measure of searching

agents over the measure of unmatched principals who have created an idea:

πt =
α(MP −Kt)

Lt
, (1.1)

where Kt is the measure of active matches, and Lt is the measure of searching agents.

Kt evolves according to

dKt = α(MP −Kt)dt−Kt × (termination rate) dt+ (jump term),

where (termination rate) and (jump term) are determined as the results of the optimal

contracting problem.

This matching structure is different from a standard search-and-matching setting,

and results from a simplification for tractability. As is explained in section 1.2.5, the

assumption of a much larger measure of agents than principals ensures that there is

always a positive measure of agents who do not search. It leads that agent’s value

outside a match becomes just equal to the value of home production due to arbitrage

between searching and not searching. The constant arrival rate of a new idea assures

that the principal’s value at termination of team only depends on aggregate shocks, and

does not depend on the measures of unmatched principals and agents.8

8 I will relax this assumption in an extended model in Section 5.1, where α takes two values according
to aggregate states.
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1.2.2 Team Production

If a principal and an agent form a team, they produce a random flow of output that

follows the process below:

dYt = (µ(at)− bt)dt+ atσtdWt,

where Yt is cumulative output from the team production at time t, at ∈ [0, 1] is the

level of risk-taking, µ(at) is the mean return associated with at, bt is a hidden action by

the agent, Wt is a standard Wiener process that represents idiosyncratic shocks and is

independent across matches, and σt is the instantaneous volatility of the output.9 I

exclude short-selling by assuming that there is an upper bound for at.

I specify µ(at) by

µ(at) = mL + (mH −mL)at, mL < mH ,

with an interpretation that at is a project portfolio choice, which exhibits a risk-return

trade-off. They can adjust their level of risk-taking, as they change their project portfolio

between safe, low-return projects and risky, high-return projects.

Agent’s hidden action bt generates output Xt, which can be privately consumed:

dXt = λbtdt, bt ≥ 0,

where λ ∈ (0, 1) is a parameter that reflects the cost of cash diversion. There is no finite

upper bound for bt, and non-negativity of bt implies that the agent cannot secretly

generate Yt at the cost of Xt.
10

The volatility σt of idiosyncratic shocks changes according to the state of the econ-

omy. There are two states of the economy: normal and crisis states, denoted by

st ∈ {N , C}. It follows a two-state Markov-switching process. Let Nt be a counting

9 In this specification, dYt becomes negative sometimes, resulting in negative production. This can
be interpreted as the case where the production technology requires consumption goods as an input in
advance, and ends up with producing less than the input with some probability. There exists a discrete-
time model with this type of production technology that converges to the continuous-time production
technology in this paper. See Biais, Mariotti, and Rochet (2010) for a clear exposition of a limiting
argument from a discrete time setting to a continuous time setting.

10 Also, for integrability, bt is assumed to be a cadlag (right-continuous-left-limit), square-integrable
function of time. The non-negativity may be removed by applying the same argument in DeMarzo and
Sannikov (2006), who allow for agent’s hidden saving.
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process over regime switches, whose arrival rate is ηt ∈ {ηN , ηC}. Note that ηt depends

on the state of the economy so that the probability of getting into the crisis state can be

different from the probability of getting out of the crisis state. The volatility σt takes

two values, {σN , σC} with σN < σC , according to the state of the economy. This creates

aggregate uncertainty shocks in this economy.

1.2.3 Preferences

Both the agent and the principal are risk neutral and their instantaneous utility function

is u(c) = c. The discount rate is ρ for the agent and r for the principal, where ρ > r.

The agent’s total expected payoff in a team at time t is

Vt = Et

[∫ τ

t
e−ρ(u−t)(dCu + λbudu) + e−ρ(τ−t)Uτ

]

, (1.2)

where τ is a stopping time that is the termination date of the team, Ct is the cumulative

consumption of the agent at time t, Ut is the agent’s value at termination of team at

time t. I assume dCt ≥ 0, that is, agent’s publicly observable consumption flow must

be non-negative for all t. It reflects the limited liability of the agent.

The principal’s total expected payoff at time t is given by

Jt = Et

[∫ τ

t
e−r(u−t)(dYu − dCu) + e−r(τ−t)Sτ

]

. (1.3)

where St is the principal’s value at termination of team. The matching structure in

this economy endogenously determines the values at termination of team in a forward

looking way.

1.2.4 Information, Commitment, and Bargaining Power

The information structure in a team is as follows. The agent observes everything,

whereas the principal observes Yt, σt, and at, but not Wt, bt, or Xt. The story behind

this assumption is that the principal cannot observe agent’s action at and bt, but can

figure out at from realizations of Yt for a very short time interval.11 The key

11 This is because of a mathematical property of the Wiener process. This is not the case if we use
a Poisson process, instead. Note that bt cannot be figured out even though we can observe an infinitely
many observations of Yt in a very short time.
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information asymmetry is that the principal cannot identify whether bt or Wt creates

fluctuations in Yt.

I assume that principals can commit, but agents cannot. Agents are free to leave a

team to take an outside option. One-sided commitment implies Vt ≥ Ut for all t.

Lastly, I assume that principals can make a take-it-or-leave-it offer to a newly

matched agent. Thus, they start a new match by promising agents with the value

where the principal’s value is maximized.

1.2.5 Endogenous Termination Values

So far, I finish setting up the primitives of the model economy. Before discussing

the optimal contracting problem, I explain how termination values are endogenously

determined in this economy because it simplifies the exposition hereinafter. First of all,

I restrict parameters such that rSt + ρUt < µ(1) = mH holds, to make sure that the

team production is profitable to run without agency problems. In the following, I will

explain that the agent’s value at termination is constant over time, i.e., Ut = U , and

that the principal’s value at termination only takes two values depending on aggregate

state, i.e., St ∈ {SN , SC}.

By the assumption of a much larger measure of agents than principals, the probabil-

ity of getting a new match for searching agents can be so small that unmatched agents

are indifferent between searching and not searching for a new match. Thus, we have

h = ρUt = h− φ+ πt(V0,t − Ut), (1.4)

where V0,t is the initial promised utility in a new match at time t, which is determined

as the results of the optimal contracting problem in the next section.12 Therefore, we

have Ut = U := h/ρ.

This enhances the tractability of the optimal contracting problem. The value of

contracts does not depend on the measures of unmatched agents and principals if Ut is

constant and the arrival rate α of a new match for principals is also constant. It turns

out that we can describe the optimal contract by two value functions for the principal,

{JN (V ), JC(V )}, where V is the current promised utility for the agent.

12 Equation (1.4) holds if MA >
φα(MP−Kt)

V0,t−U
, which is relevant only if V0,t > U . If φ is positive and

V0,t = U holds, then no unmatched agent will search.
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As a result, the principal’s value at termination is endogenously determined in two

values, {SN , SC}, such that

rSs = α(Js(V0,t)− Ss) + ηs(S−s − Ss), s ∈ {N , C}, (1.5)

where subscript −s is for the other aggregate state. The assumption of full bargaining

power for the principal leads to

V0,t = V ∗
s := argmax

V
Js(V ), (1.6)

if aggregate state at time t is s ∈ {N , C}.

1.3 Optimal Contract

This section derives the optimal contract in forming a team between a principal and

an agent in the economy described in Section 2. First, I discuss the first best contract

and the optimal contract without hidden actions, but with limited commitment. Next, I

derive the optimal contract in the baseline model. The derivation of the optimal contract

basically follows DeMarzo and Sannikov (2006, DS hereinafter). Finally, I describe how

the optimal contract works.

The definition of the contract space is as follows. A contract Π = (at, bt, Ct, τ)

determines planned risk-taking schedule at, planned hidden action bt, agent’s cumula-

tive compensation Ct, and termination date τ based on the history of realized project

outcomes Y = {Yt}t≥0 and the history of aggregate state N = {Nt}t≥0. Technical

assumptions on the contract space are summarized in section A.1 in Appendix.

1.3.1 First Best

In the first best case, there is no hidden action and the agent can commit to the contract.

In this case, it is optimal to take maximum risk (at = 1) to enjoy the highest mean

output, and not to terminate the contract ever (τ = ∞). The agent with promised

value V receives initial lump-sum payment V , and no flow payment thereafter. The

value function of the principal is

Js(V ) =
µ(1)

r
− V, (1.7)
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for each s ∈ {N , C}. Any new contract starts with V = U and all contracts last forever.

Note that the value of the contract does not depend on aggregate state at all. This

is because uncertainty shocks do not change the mean output of the team.

1.3.2 No Hidden Action and Limited Commitment

Here, I consider the case where there is still no hidden action, but the agent cannot

commit to the contract. In this case, it is still optimal to take maximum risk (at = 1) to

enjoy the highest mean output, and not to terminate the contract ever (τ = ∞). Any

new contract starts with V = U and all contracts last forever.

The difference from the first best case is that the principal needs to give the agent

the right incentive to stay with the contract. Therefore, the promised value must be

greater than or equal to U . This requires constant flow payment ρU after the agent

with promised value V receives initial lump-sum payment V − U . The value function

of the principal is

Js(V ) =
µ(1)− ρU

r
− (V − U) <

µ(1)

r
− V.

for each s ∈ {N , C}. The value is lower than in the first best case because of ρ > r.

The limited commitment requires the principal to delay the payment to the agent,

relative to the first best case. Such delayed payments are costly for the principal because

the discount rate of the agent is higher than the discount rate of the principal. In other

words, the gap in the discount rates makes it costly to delay the payment to the agent

because promise-keeping requires to increase the delayed payment at a higher rate than

the discount rate of the principal. Therefore, the gap creates the tension between

incentive provision and the timing of payments, which is a key to understanding the

baseline model in the next subsection.

1.3.3 Hidden Actions and Limited Commitment

This is the baseline case where we consider both hidden actions and limited commitment.

The basic idea is that incentive provision requires the principal to delay the payment to

the agent; however, it is costly to do so because of the difference in the discount rates.

Therefore, in the baseline case, there is an optimal threshold, below which the agent is
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V

J(V)

U0

Limited Commitment Only

First Best

Hidden Actions &
Limited Commitment

B

Slope = −1

Figure 1.1: The Pareto Frontiers.

There is no regime switch. B is an endogenous threshold determined as the results of the optimal
contracting problem. There is no such threshold in the first best and limited commitment only cases.
Above B, all three frontiers have a slope of -1.

never paid, and at which the agent receives a transfer so that the promised value stay

at the threshold. Such an extreme payment schedule stems from linear preferences, and

the same is true in DS.

As a preview of the results, Figure 2.1 shows the Pareto frontier without aggregate

shocks for each case: first best, limited commitment only, and the baseline case. The

principal’s value is lower in the baseline case than in the limited commitment case

because of the cost of delayed payment and costly termination. In the baseline case,

the agent’s promised utility V fluctuates along with the Pareto frontier due to incentive

compatibility constraints, and reflects at an upper boundary B, which is determined as

the results of the optimal contracting problem. The contract will terminate when the

agent’s promised value reaches a lower boundary U , which is the agent’s outside-option

value.

The optimal contract maximizes the principal’s expected payoff subject to the con-

straints needed to incentivize the agent not to divert cash flow and not to leave the
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contract.13 First of all, observe that bt = 0 is always optimal because λ < 1.

The agent’s promised utility Vt can be written in a differential form as follows:

dVt = ρVtdt− dCt
︸ ︷︷ ︸

promise−keeping

+ gt[dYt − µ(at)dt]
︸ ︷︷ ︸

incentive provision

+ ∆t[dNt − ηtdt],
︸ ︷︷ ︸

adjustment for regime switches

(1.8)

where gt is the sensitivity to a change in current output, and ∆t is the sensitivity to

a change in aggregate state. The agent’s promised utility Vt evolves according to this

accounting equation, starting from an initial value V0.

Incentive compatibility in this problem turns out to be fairly simple. An agent

who steals b dollars can privately consume λb dollars, and decreases current output by

b dollars. According to (1.8), it decreases the agent’s future promised value by gtb.

Therefore, incentive compatibility requires gt ≥ λ > 0. In fact, Lemma 2 in Appendix

shows that gt ≥ λ is a necessary and sufficient condition for incentive compatibility, as

it is true for the case with DS.

The participation constraints require Vt ≥ U for all t. Note that Vt = U is not

incentive compatible if at > 0, and thus, termination date τ satisfies τ = min{t|Vt = U}

if at = 0 for all t. This is because incentive compatibility requires Vt to fluctuate

together with output process Yt, and hence, does not allow Vt to stay at U . Intuitively,

the principal cannot further punish the agent if Vt is already set at the outside-option

value U , and hence, cannot give the right incentive to the agent. In the case of at = 0

for some t, τ can be different from min{t|Vt = U}, but still Vτ = U must hold.

In summary, the optimal contracting problem is formulated as follows.14 Given

13 If there is a finite bound b for bt, it may be optimal to allow the agent to divert as much as
he/she wants in some cases. The value of such a contract is the value of limited-commitment-only case,
replacing µ(1) by µ(1)− b. See Zhu (2011) for a model with such a upper bound. Here, I assume that
there is no upper bound for bt, and thus, it is always optimal to keep the agent from diverting cash flow.

14 I formally derive this simplified problem from the original problem in Section A.2 in Appendix.
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some V0 ≥ U , the principal solves

max
(at,Ct,gt,∆t,τ)

E0

[∫ τ

0
e−rt(dYt − dCt) + e−rτSτ

]

s.t.

(PK) dVt = ρVtdt− dCt + gt[dYt − µ(at)dt] + ∆t[dNt − ηtdt],

(IC) gt ≥ λ,

(RC) dYt = µ(at)dt+ atσtdWt,

(PC) Vt ≥ U Vτ = U.

for all t.

I solve this problem by following the same procedure as in DS. First, focus on Markov

contracts characterized by two value functions. Next, to formulate the Hamilton-Jacobi-

Bellman equation, assume in advance that the value functions are concave and that

there are thresholds for the promised utility, below which no payment to the agent

is optimal. Finally, after obtaining the solution of the HJB equation, verify that the

assumptions made in advance are, in fact, satisfied by the solution, and that the optimal

Markov contract is a solution to the optimal contracting problem including non-Markov

contracts.

The optimal contract, derived from the procedure above, is characterized as follows.

Proposition 1 The contract that maximizes the principal’s expected payoff given the

promised value V0 ≥ U to the agent takes the following form.

(i) The principal’s expected value can be obtained from a set of concave functions,
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{Js(V )}s∈{N,C}, each of which satisfies

rJs(V ) = max
as ∈ [0, 1],

gs ≥ λ,

∆s ≥ −V + U

µ(as) + (ρV − ηs∆s)J
′
s(V ) +

1

2
g2sσ

2
sa

2
sJ

′′
s (V )

+ ηs(J−s(V +∆s)− Js(V )). (1.9)

for V ∈ (U,Bs), and satisfies

Js(V ) = Js(Bs)− (V −Bs). (1.10)

for V ≥ Bs, as well as boundary conditions Js(U) = Ss with (1.5), where upper

threshold Bs satisfies J ′
s(Bs) = −1 and J ′′

s (Bs) = 0.

(ii) No hidden action is planned: bt = 0.

(iii) Initial promised value V0,t is given by (1.6).

(iv) The agent’s promised value Vt evolves according to (1.8) with gt = λ.

(v) No payment is given (dCt = 0) if Vt ∈ [U,Bs). If Vt = Bs, then payment dCt

causes Vt to stay at Bs.

(vi) Termination date is given by τ = min{t|Vt = U} if at > 0 for all t. Otherwise,

τ = ∞.

(vii) The planned adjustment ∆t in response to regime switches satisfies

∆t = ∆s(Vt) :=

{

−Vt + U if U < Vt ≤ Vs

[J−s]
−1 (J ′

s(Vt))− Vt if Vs < Vt ≤ Bs

(1.11)

where Vs is, if any, a threshold that solves

J ′
−s(U) = J ′

s(Vs).

(viii) The planned risk-taking level at satisfies

at = as(Vt) := min

{
mH −mL

−J ′′
s (Vt)λ

2σ2s
, 1

}

.
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First of all, properties (ii) - (v) are basically the same as in DS. The equality gt = λ

in property (iv) stems from the concavity of the value functions. Property (v) reflects

what I described at the beginning of this section. The agent’s promised utility Vt has

to fluctuate according to the fluctuations in current output Yt because of incentive

compatibility. Thus, Vt sometimes reaches the outside-option value U after a period

of low output realizations. Hence, the principal would not like to pay to the agent

because doing so reduces the promised value and increases the probability of costly

termination.15 However, such a delayed payment is costly because the discount rate

is higher for the agent than the principal. The optimal strategy with linear preferences

is to pay nothing when the promised utility is low and to start paying when the promised

utility is high enough.

Next, observe that (1.9) in property (i) has two deviations from DS: risk-taking

choices as and a jump term associated with ∆s. The optimal levels of as and ∆s are

determined by the first order conditions in the case of interior solutions, which are

described in property (vii) and (viii). The promised value process also has a jump term

according to regime switches, as is shown in (1.8).

Termination date τ depends not only on Vt but also on risk-taking choice at as is

described in property (vi). There are two cases as follows. The first is that termination

date is determined as a hitting time to U , which is the same as DS, and at > 0 holds

for all t. The second is that there will be no termination of contract because it is more

profitable to keep the current contract by taking zero risk than to terminate and attempt

to start over with another agent. In such a case, at = 0 is optimal only at Vt = U .16

The intuition is the following. Setting at = 0 at some point Ṽ is effectively setting

a new lower bound for agent’s value other than U . This is because Vt will reflect at Ṽ

due to a positive drift and zero diffusion. Namely, setting Ṽ > U has the same effect as

an increase in agent’s outside-option value. Therefore, it is optimal for the principal to

set Ṽ = U .

To demonstrate what the optimal contract looks like, I first explain the case without

15 Even in the case where there is no termination due to zero risk-taking at Vt = U , it is costly to
let Vt reach U because zero risk-taking minimizes mean flow output.

16 Mechanically speaking, the principal would like to take a positive amount of risk as long as the
second derivative of Js(V ) is finite.
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Figure 1.2: The Optimal Contract with Risk-taking Choices.

There is no regime switch. The y-axis on the left shows the principal’s value of the contract. The y-axis
on the right shows the optimal level of risk-taking.

regime switches. Figure 2.2 shows an example of the Pareto frontier with the optimal

level of risk-taking in the case without regime switches. As is shown in property (viii),

the optimal contract requires less risk-taking as the promised utility goes down.

Next, Figure 1.3 shows the Pareto frontier with regime switches. The first order

condition in (1.9) with respect to ∆s gives

J ′
−s(V +∆s) = J ′

s(V ), (1.12)

for each s ∈ {N , C}, if ∆s is an interior solution. This means that the optimal ad-

justment in response to regime switches is to move to the point at which the slope is

the same. The intuition is the following. The principal optimally chooses the value to

promise after the regime switch, considering the principal’s cost of promising a certain

value to the agent. The cost includes the expected cost of termination and the expected

cost of paying to the agent at the upper boundary Bs. At the solution, the marginal

cost must be equal before and after the regime switch.

The important case is the one where there is no point that has the same slope. Since

the value functions are concave and have a slope of negative one at the upper boundary,
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Figure 1.3: The Optimal Adjustment of Promised Utilities to A Regime Switch.

VN is the value at which the slope of JN (V ) is the same as the slope of JC(V ) at termination point U .
Contracts with promised utilities below VN will be immediately terminated when uncertainty increases.

this happens only when the point to jump to is lower than the outside-option value U . In

this case, the contract terminates instantaneously when the regime switches. Therefore,

increased uncertainty leads to active destruction of contracts with low promised utilities,

specifically below Vs defined in property (vii).

This active destruction is a sharp contrast to what the real options theory predicts,

that is, inactive waiting when uncertainty increases. The intuition in this model is that

higher uncertainty directly lowers the value of contract by increasing fluctuations in

project outcomes, and thus, low value contracts with low promised utilities become no

longer profitable. Note that there is no value of waiting in this economy since the output

process is independently and identically distributed for each time t.

1.4 Results

This section discusses the implications of the optimal contract. The first subsection

shows comparative statics for the model without risk-taking choices or aggregate uncer-

tainty shocks. Then, I conduct a numerical experiment with a certain set of parameters.
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Figure 1.4: Comparative Statics with Respect to α and σ.

Next, I use the Kolmogorov’s forward equation to analyze the dynamics of the promised

utility distribution. The last subsection shows the results of a transition analysis using

the method introduced in the previous subsection.

1.4.1 Comparative Statics for A Simplified Economy

I first consider a simplified economy without risk-taking choices or aggregate uncertainty

shocks. The purpose is to demonstrate how the matching structure interacts with this

type of contract. Specifically, I show comparative statics with respect to the arrival rate

of new ideas α and the variance of risky projects σ2.

The left panel of Figure 1.4 shows the Pareto frontiers with different values of the

arrival rate of new ideas α. The principal’s value of the contract goes down as α goes

down. This is because the expected cost of termination increases since expected waiting

time increases as α decreases. Note that it does not converges to the limited commitment

case even if α goes to ∞. This is because of the cost of delayed payments needed to

keep the agent from undertaking hidden actions.

The right panel of Figure 1.4 shows the Pareto frontiers with different values of the

variance of risky projects σ2. The principal’s value of the contract goes down as σ2

goes up. The reason is the following. Take an optimal contract at some level of σ2.

Making σ2 higher increases the probability that Vt reaches two costly points, U and B,

and hence, increases the expected cost for the principal given the same contract. The
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intuition is that higher σ2 increases both the expected costs of terminating the contract

and rewarding the agent. In response, the optimal contract with higher σ2 sets B at

a larger value to offset such an increase in the probability of incurring costs. However,

larger B results in more delay in the payment to the agent, which is socially costly due

to a gap in the discounting factors. Therefore, the surplus of the match in the optimal

contract decreases as σ2 increases.

When σ2 is too large, the principal’s value becomes always below zero. In this case,

any contract is no longer profitable enough to start. That is, there is an upper bound for

σ2, above which no contract will be made. Note that J(U) cannot be less than zero, and

if it is zero, then the value is only attained by terminating the contract instantaneously

when they make a new contract.

Proposition 2 summarizes the effect of increased uncertainty in the simplified econ-

omy.

Proposition 2 In the simplified economy without risk-taking choices or aggregate

uncertainty shocks, the value of the contract decreases as σ2 increases:

∂

∂σ2
J(V ;σ2) < 0 for all V,

in the case of V ∗ > U where V ∗ := argmax
V

J(V ). If V ∗ = U holds, then the inequality

becomes equality only at V = U . Furthermore, there exists a threshold value σ2 such

that, for any σ2 ≥ σ2,

J(V ;σ2) ≤ 0 for all V,

that is, there is no incentive to start a new contract for unmatched principals.

The mechanism in Proposition 2 also works in the baseline model with uncertainty

shocks and risk-taking choices.17 The expectation that increased uncertainty will

come down after a while partially weakens the effect of an uncertainty shock, but not

entirely offset the effect. Low endogenous risk-taking also partially offsets the effect

of increased variance, but such a low risk-taking decreases the value of contract at the

same time, by reducing its mean returns.
17 Unfortunately, it is difficult to obtain similar analytical results in the presence of uncertainty

shocks or risk-taking choices.
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Table 1.1: The Set of Parameters in The Numerical Experiment.

Parameter Value

Principal’s discount rate r = 0.02
Agent’s discount rate ρ = 0.04
The mean return of risky projects mH = 0.15
The mean return of safe projects mL = 0.02
The variance in the Normal state σN = 0.09
The variance in the Crisis state σC = 0.27 = 3σN
Effective cash diversion rate λ = 0.9
The outside option U = 0.1
New idea arrival rate α = 1 = 1/(2 years).
Crisis arrival rate ηN = 0.05 = 1/(20 years)
Recovery arrival rate ηC = 0.2 = 1/(5 years)

An interesting difference in the case with risk-taking choices is that the optimal

contract sometimes sets at = 0 when Vt = U and τ becomes infinite. In such a case, the

terminal condition at U becomes irrelevant, and thus, the value function is independent

of the value of α. I focus on the set of parameters where this zero risk-taking is not

optimal.

1.4.2 Numerical Experiment

In the following subsections, I show the results with a fixed set of parameters to demon-

strate what the economy looks like and how individual contracts affect the macroe-

conomy. Table 1 summarizes the set of parameters that I use. The purpose of this

numerical experiment is not a quantitative analysis, but an illustration of a coherent

overview of the model economy.

Figure 1.5 shows the solution (JN (V ), JC(V )) and (∆N (V ),∆C(V )) under the set

of parameters summarized in Table 1. As for ∆s(V ), I show V + ∆s(V ), rather than

∆s(V ) itself, to show the point to jump to after an uncertainty shock.

The agent’s value will be spread out when aggregate state moves from the normal

state to the crisis state. Contracts with Vt lower than VN will be immediately terminated

when uncertainty increases. If Vt is low but higher than VN , then they keep the contract

but decrease the agent’s values. If Vt is high enough, then they increase Vt. The



21

0.2 0.4 0.6 0.8 1 1.2

5.2

5.4

5.6

5.8

6

6.2
The Principal’s Value Function under the Optimal Contract.

Agent’s Value V

P
ri
n

c
ip

a
l’s

 V
a

lu
e

 
J

N
(V

) 
a

n
d

 J
C

(V
)

0.2 0.4 0.6 0.8 1 1.2

0.2

0.4

0.6

0.8

1

1.2

µ = 0.15, σ
N

 = 0.09, σ
C

 = 0.27, α = 0.5, η
N

 = 0.05, η
C

 = 0.2

Agent’s Value V (Before An Aggregate Shock Occurs)

A
g

e
n

t’
s
 V

a
lu

e
 V

+δ
N

(V
) 

a
n

d
 V

+
δ

C
(V

)

 
(A

ft
e

r 
A

n
 A

g
g

re
g

a
te

 S
h

o
c
k
 O

c
c
u

rs
)

 

 

σ
N

σ
C

Figure 1.5: The Pareto Frontiers and The Adjustment in Agent’s Value.

Use r = 0.02, ρ = 0.04,mH = 0.15,mL = 0.02, σN = 0.09, σC = 0.27, λ = 0.9, U = 0.1, α = 0.5, ηN =
0.05, ηC = 0.2.

principal’s value decreases when uncertainty increases. Figure 1.6 shows the reduction

of the principal’s value for each level of Vt.

Note that the mean return of the risky projects itself does not change across aggre-

gate states. The reason why the contracts with Vt ≤ VN become no longer profitable is

that higher uncertainty increases the possibility of costly termination and costly reward-

ing to the agent, both of which stem from the presence of agency problems. Note also

that, without agency problems, increased uncertainty does not affect aggregate output

at all.

Figure 1.7 shows the optimal level of risk-taking in the model for each aggregate

state. With the set of parameters here, the optimal contract does not require to take

less risk in the normal state. In the crisis state, on the other hand, the optimal contract
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Figure 1.6: The Change in The Principal’s Value Before/After An Uncertainty Shock.

Use r = 0.02, ρ = 0.04,mH = 0.15,mL = 0.02, σN = 0.09, σC = 0.27, λ = 0.9, U = 0.1, α = 0.5, ηN =
0.05, ηC = 0.2. Contracts will be immediately terminated if the agent’s values are below the vertical
dotted line.

requires the agent to take less risk if the agent’s promised utility is lower than AC , which

is defined as a threshold, if any, that solves

J ′′
s (As) =

mH −mL

−λ2σ2
, s ∈ {N , C}.

Figure 1.7 also shows how the optimal level changes in response to an uncertainty

shock. The optimal risk-taking level goes down in a region with low agent’s values after

an uncertainty shock.

The consequences of an uncertainty shock under the optimal contract can be sum-

marized as follows.
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Figure 1.7: The Optimal Risk-taking Level Before/After An Uncertainty Shock.

Use r = 0.02, ρ = 0.04,mH = 0.15,mL = 0.02, σN = 0.09, σC = 0.27, λ = 0.9, U = 0.1, α = 0.5, ηN =
0.05, ηC = 0.2. Contracts will be immediately terminated if the agent’s values are below the vertical
dotted line.

(i) It reduces the principal’s value:

JN (Vt) > JC(Vt +∆N (Vt)).

(ii) It changes the agent’s value Vt depending on the current value; in particular, it

triggers instantaneous termination for contracts with Vt ≤ VN .

(iii) It reduces the average level of risk-taking at.

(iv) It leads to an immediate reduction in aggregate output both at the intensive and

extensive margins.
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1.4.3 Distribution of the Agent’s Values

One of the advantages in continuous-time models is that we can characterize the distri-

bution of state variables via a partial differential equation.18 That is, we can obtain a

deterministic transition of the distribution of the agent’s value, as a function of time and

Vt given a sample path of aggregate states. Using this method, I conduct a transition

analysis and show results in the next subsection.

Let fs(t, V ) denote the density of the agent’s value V at time t in state s. Based

on the dynamics of Vt formulated as (1.8) and gt = λ, fs(t, V ) satisfies the following

Kolmogorov forward equation.

∂

∂t
fs(t, V ) = −

∂

∂V
[(ρVt − ηs∆s(V ))fs(t, V )] +

1

2

∂2

∂V 2

[
λ2σ2sa

2
s(V )fs(t, V )

]
, (1.13)

with boundary conditions as follow:19

fs(t, U) = 0, (1.14)

−(ρBs − ηs∆s(Bs))fs(t, Bs) +
1

2

∂

∂V

[
λ2σ2sa

2
s(V )fs(t, V )

]
∣
∣
∣
∣
V=Bs

= 0.

(1.15)

Note that fs(t, V ) is continuous in V because of continuous fluctuations in Vt caused

by the Wiener process Wt. An instantaneous outflow of terminated contracts at time

t is determined by 1
2

∂
∂V

[
λ2σ2sa

2
s(V )fs(t, V )

]∣
∣
V=U

. Since there is an inflow at V ∗
s =

argmax
V

Js(V ), the first derivative of fs(t, V ) is not continuous at V ∗
s .

20

When aggregate state changes, optimal adjustment ∆s(Vt) will be applied to the

distribution. Let Fs(t, V ) be the cumulative distribution function of the agent’s value

V at time t in state s. If aggregate state switches from state s to state −s at time t,

then we have

F−s(t, V +∆s(V )) = Fs(t, V ), (1.16)

18 Brunnermeier and Sannikov (2010) argue that this aspect of continuous-time models is more
attractive than log-linearization around the steady state if we analyze large shocks, such as a financial
crisis.

19 See Chapter 3.8 in Stokey (2008) for an explanation of the Kolmogorov forward equation. For
appropriate boundary conditions, see Chapter 5.7 in Cox and Miller (1976).

20 This can be seen by integrating (1.13) from U to V ∗
s and from V ∗

s to Bs. Also, see Luttmer (2007)
for a similar argument. There is another gap in the first derivative of fs(t, V ) at As, because as(V ) has
a kink at As.
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Figure 1.8: Time Series of Aggregate Output in The Transition Exercise.

Starting from the distribution in the normal state without regime switches after a while. At period 2,
uncertainty increases. At period 4, uncertainty comes down. Use r = 0.02, ρ = 0.04,mH = 0.15,mL =
0.02, σN = 0.09, σC = 0.27, λ = 0.9, U = 0.1, α = 0.5, ηN = 0.05, ηC = 0.5.

or equivalently,

F−s(t, V ) = Fs(t, V +∆−s(V )), (1.17)

for V > Vs.
21 Hence, we obtain

f−s(t, V ) = fs(t, V +∆−s(V ))(1 + ∆′
−s(V )), (1.18)

for V > Vs. This can be used to compute the density fs(t, V ) right after the aggregate

state changes.

1.4.4 Transition Analysis

This subsection shows the results of a transition analysis to demonstrate how aggregate

output changes when an uncertainty shock hits the economy. The method in section

21 Note that for V > Vs, if V
′ = V +∆s(V ) then V = V ′ +∆−s(V

′) because ∆s adjusts V so that
the first derivative of the value functions are equalized.
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4.3 allows me to conduct a transition analysis given a fixed sample path of aggregate

states.

I conduct the following transition exercise. First, set the initial distribution of all

the agent’s values of contracts in the economy at the limit distribution in the normal

state, which is the distribution that arises if there is no change in aggregate state for

a long time. Next, at period 2, aggregate state changes to the crisis state. Finally, it

comes back to the normal state at period 4. One period corresponds to one year.

Figure 1.8 shows the time series of aggregate output in the transition. Aggregate

output declines immediately when the economy is hit by an uncertainty shock. There

is a jump at the point of recovery because ongoing contracts start taking more risk to

earn the higher mean output.

1.5 Loss of Jobs and Uncertainty Shocks

This section explores empirical implications of the “fragile agency” view of uncertainty

shocks, in comparison with the real options view. Toward this goal, I first show that

an extension of the model exhibits a decrease in the level of entry or job creation when

uncertainty increases. Thus, the model of the fragile agency view can exhibit more

destruction and less creation of jobs, as we observe in the data, whereas models of the

real options view would predict both less destruction and less creation of jobs, when

uncertainty increases.

The second subsection shows a suggestive correlation between a measure of uncer-

tainty and statistics of business dynamics, such as job creation and destruction. The

job destruction rates and the exit rates of establishment are positively correlated with

levels of uncertainty, with coefficients 0.39 and 0.66, respectively.

1.5.1 Endogenous Job Creation: An Extension

This subsection shows an extension of the model, which exhibits a change in the entry

rate of new teams, depending on levels of uncertainty. Specifically, I introduce a convex

cost to accelerate the arrival rate of a new idea for unmatched principals.22 Then, the

optimal level of the arrival rate depends on the value of a new contract, which in turn

22 I thank Nancy Stokey for suggesting this idea of extending the model.
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depends on the current level of uncertainty in the economy, because of the mechanism

shown in Proposition 2. In other words, increased uncertainty reduces the value of

contract that results in not only more destruction of contracts, but also less creation of

new contracts.

Technically speaking, such an extension only changes the terminal condition at U ,

i.e. (1.5). The terminal condition in aggregate state s ∈ {N , C} in the extended model

is the following:

rSs = max
αt

{−Ψ(αt) + αt(Js(V0,t)− Ss) + ηs(S−s − Ss)} , (1.19)

where Ψ(αt) is a convex cost function for increasing αt, which is a new control variable

for unmatched principals. I simply assume that Ψ(αt) = α2
t /(2ψ) where ψ is a parameter

for the sensitivity of αt to the value of contract. Note that αt just depends on aggregate

state because V0,t = V ∗
s := argmax

V
Js(V ) holds under the optimal contract, and let αs

denote the optimal arrival rate in state s hereinafter. With the quadratic specification,

the optimal arrival rate satisfies

αs = ψ(Js(V
∗
s )− Ss), s ∈ {N , C}. (1.20)

Substituting (1.20) into (1.19) yields23

rSs =
ψ

2
(Js(V

∗
s )− Ss)

2 + ηs(S−s − Ss). (1.22)

The extended model using (1.22) in place of (1.5) predicts that the arrival rate αs

is higher if Js(V
∗
s ) is higher.

Proposition 3 In the extended model with a quadratic cost function for increasing

the arrival rate αs of a new idea, we have

Js(V
∗
s ) ≥ J−s(V

∗
−s) ⇒ αs ≥ α−s.

23 I use the fact that Js(V
∗
s ) − Ss ≥ 0 must hold to select one solution from the two implied by

quadratic equation (1.22), and obtain

Ss = Js(V
∗
s ) +

(

1

ψ

)

{

r + ηs −
√

(r + ηs)2 + 2ψ[(r + ηs)Js(V ∗
s )− ηsS−s]

}

, (1.21)

for each s ∈ {N , C}.
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That is, the entry rate of new contracts is higher in the state with the higher value of

new contracts. Therefore, the entry rate is higher in the normal state than in the crisis

state.

This simple extension of the model shows that the model of the fragile agency view of

uncertainty shocks can generate more destruction and less creation of production units

when uncertainty increases. On the other hand, the real options view predicts both

less destruction and less creation because of the increase in the value of waiting to take

actions. This difference is a key contribution to the literature of uncertainty shocks, as

the job destruction rates and the establishment exit rates show positive correlation with

levels of uncertainty in the data. The next subsection summarizes these observations.

1.5.2 Suggestive Evidence

Here, I document a suggestive correlation between a measure of uncertainty and statis-

tics of business dynamics, such as job creation and destruction, and establishment entry

and exit.

Figure 1.9 plots time-series of four statistics, job destruction and creation rates, and

establishment entry and exit rates, together with the implied volatility index (VIX),

which is often referred to as a proxy variable to the level of uncertainty in the economy.

The job destruction rates and the exit rates of establishment are positively correlated

with levels of uncertainty, with coefficients 0.39 and 0.66, respectively. The job cre-

ation rates and the entry rates of establishment are negativity correlated with levels of

uncertainty, with coefficients −0.27 and −0.47, respectively.

The observed pattern of more destruction and less creation when uncertainty in-

creases is consistent with the prediction of the model of the fragile agency view of

uncertainty shocks. This implies a possibility that incorporating the mechanism cap-

tured by the model in this paper may improve the quantitative performance of models

of uncertainty shocks.
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Figure 1.9: Uncertainty Shocks and Business Dynamics.
Source: Business Dynamics Statistics and Chicago Board Options Exchange.

1.6 Conclusion

Due to agency problems, increased uncertainty lowers aggregate output in two ways; (1)

increased fluctuations in project outcomes lower the value of contracts and cause active

termination for fragile contracts, and (2) less risk-taking in response to higher uncer-

tainty lowers output due to a mean-variance trade-off. I demonstrate these effects by

constructing a continuous-time principal-agent model with a tractable dynamic match-

ing structure, uncertainty shocks, and a control over levels of risk-taking. I conduct a

transition analysis and show how an uncertainty shock affects aggregate output. Higher

uncertainty lowers output both at the intensive and extensive margins.

The theory in this paper is abstract, and therefore, we can apply it to various

situations. Matches between a principal and an agent could be jobs, larger production

units, or firms. The principal-agent relationship could be between managers and workers

http://www.ces.census.gov/index.php/bds/bds_database_list
http://www.cboe.com/micro/vix/historical.aspx
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or between financial institutions and entrepreneurs. The point is that the fragility of

agency problems caused by asymmetric information creates another channel through

which uncertainty shocks can generate fluctuations in aggregate output.

This “fragile agency” view of uncertainty shocks has a sharp contrast to the real

options view of uncertainty shocks. Higher uncertainty increases the value of waiting in

the real options view, whereas higher uncertainty directly lowers the value of production

units in the fragile agency view. This difference results in different implications, for

example, for job separation. In the real options view, increased uncertainty induces

firms to stop hiring and firing. In the fragile agency view, it can induce firms to fire

workers, as well as stop hiring, as is discussed in Section 1.5.

We may want to set up a richer matching structure than the one in this paper, in

order to evaluate the potential importance of the fragile agency view for the business

cycles. One possibly tractable way is to use a standard search-and-matching structure.

To solve such a richer model, we have to numerically compute several partial differential

equations iteratively, approximating some of nonlinear functions.24

An important and fundamental question is why idiosyncratic riskiness sometimes

dramatically increases in the economy. In this paper, I take for granted that there are

uncertainty shocks that change idiosyncratic riskiness. One of the economic examples

of uncertainty shocks is a financial crisis, as we observe a large increase in the implied

volatility index of the stock market in the 2007-2008 U.S. financial crisis. We could

argue that a financial crisis increases so-called counter-party risk, and thus, results in

an increase in idiosyncratic riskiness. A further exploration of this point would be an

interesting and important research topic.

24 This kind of a computation procedure can be used to calculate an equilibrium (without approxima-
tion) in a Krusell-Smith type economy in a continuous-time setting, where we have both idiosyncratic
and aggregate shocks and there is a feedback channel from aggregate variables to individual optimiza-
tion through the market prices (Krusell and Smith, 1998). In a discrete-time setting, it is too difficult
to trace and forecast the cumulative effect of idiosyncratic shocks for all individuals, and this is why
Krusell and Smith propose a novel way to approximate the notion of equilibrium, which is arguably
close to the original equilibrium. In a continuous-setting, however, it may be possible to trace and
predict such cumulative effects using the Kolmogorov’s forward equation, as I calculate the distribution
of all agent’s values in the economy.



Chapter 2

Resource Reallocation and

Zombie Lending in Japan’s 1990s

2.1 Introduction

The collapse of the bubble economy of the early 1990s was followed by a decade of

economic stagnation and financial crisis. During the severe economic recession, it was

prevalent that Japanese banks continued to lend to otherwise insolvent firms (Peek

and Rosengren (2005) and Caballero et al. (2008)). Such “zombie lending” must have

impeded efficient resource reallocation by causing resources to reallocate from profitable

firms to unprofitable firms. In this paper, we investigate how effectively resources were

reallocated and how much zombie lending distorted resource reallocation during the

1990s.

In order to measure the efficiency of resource reallocation, we estimate its contri-

bution to aggregate productivity growth (APG) using the method proposed by Petrin

and Levinsohn (2008). APG is defined as aggregate change in output holding input

use unchanged, and its reallocation component captures the change in output resulting

from resource reallocation among existing plants.1 Resource reallocation contributes

to APG if inputs are reallocated from plants with lower marginal product to plants

with higher marginal product, because output increases without additional input use.

1 APG consists of three components: technical efficiency, reallocation effect, and net-entry effect.
We estimate each component at plant-level and obtain APG by aggregating them up over all plants.

31
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Therefore, from the estimated reallocation term, we can learn whether resources were

reallocated in the way to increase output and how much change in output was generated

by the reallocation.

We estimate the reallocation term using a plant-level panel data set of manufacturers

from 1981 to 2000 and find that resources were reallocated in the way to decrease output,

especially during the 1990s. The average reallocation term was -0.18% during the 1980s

and it was -0.85% during the 1990s. This result is in stark contrast with findings for

Chile, Columbia, and the United States, where the reallocation term is typically positive

(Petrin and Levinsohn (2008) and Petrin et al. (2009)).

When we further decompose the reallocation term into input-specific reallocation

terms, we find that labor reallocation made a large negative contribution to APG during

the 1990s. The average labor reallocation term during the 1990s was -0.66% and it

accounted for 78% of the undecomposed reallocation term. The capital and material

reallocation terms were also negative on average during the 1990s.

Now, the question is why resource reallocation negatively contributed to growth in

Japan. The negative reallocation effect means that inputs were reallocated from higher

margin plants to lower margin plants. However, in a fully functioning market, resources

must be reallocated in the opposite way.

As a possible cause of the negative reallocation effect, we will investigate the effect

of misdirected bank lending. As Peek and Rosengren (2005) and Caballero et al. (2008)

document, Japanese banks provided subsidized credit to failing firms during the 1990s.

Such zombie lending must have caused resources to be reallocated from higher margin

plants to lower margin plants.

In order to measure the distortion of zombie lending in reallocation effect, we devel-

oped a model with plant-level heterogeneity based on Restuccia and Rogerson (2008).

Subsidized credit for zombies is captured by effective tax rates in the model. We de-

fine zombies as plants whose technical efficiency has fallen below 20th percentile of its

distribution for a consecutive five years. Then, we calibrate effective tax rates of labor

and capital using the averages of the corresponding estimated margins for zombies and

non-zombies, respectively. Using the calibrated model, we conduct a counterfactual

exercise of the no-zombie-lending case and show that the decline in labor reallocation

effect due to zombie lending is 37% of the estimated negative labor reallocation effect.
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This paper contributes to the literature on Japan’s 1990s by providing new evidence

that resource reallocation was not efficient. Fukao et al. (2006) showed that the contri-

bution of resource reallocation was strong in the 1990s by using a measure which was

originally proposed by Bailey et al. (1992). However, their measure of reallocation effect

is based on plant-level TFP, rather than marginal product, and thus its implication is

misleading in some cases as Petrin and Levinsohn (2008) argued. We use the newly

proposed measure by Petrin and Levinsohn (2008) and document that resources were

reallocated in the way to decrease output.

In addition, the quantitative measure of the zombie distortion contributes to the

ongoing discussion about why APG in the manufacturing sector slowed down during the

1990s. Fukao and Kwon (2006) questioned the quantitative implication of the “zombie

lending hypothesis” by Caballero et al. (2008). They pointed out the fact that the

slowdown of APG in the manufacturing sector was most severe although zombie lending

was least prevalent in the sector. We provided a quantitative implication of zombie

lending on the estimated reallocation effect and showed that zombie lending had a non-

negligible negative impact on APG in the manufacturing sector.

The rest of the paper consists of five sections. Section 2 explains the APG measures

and their decomposition which we will use in our analysis. We also discuss how we

estimate plant-level technical efficiency using plant-level panel data. Section 3 describes

the data we use, and section 4 demonstrates the empirical results. Section 5 describes

the model and the counterfactual exercise. Section 6 concludes.

2.2 Method

There are two conceptually different types of measures of aggregate productivity growth

suggested in the literature; one is proposed by Petrin and Levinsohn (2008) and the

other is proposed by Bailey et al. (1992). First, we explain the index proposed by

Petrin and Levinsohn (2008), which we mainly use in the data analysis. Second, we

explain the other index by Bailey et al. (1992), focusing on similarities and differences.

We also explain that Petrin and Levinsohn (2008) captures the reallocation effect on

the aggregate productivity growth more precisely than Bailey et al. (1992). Third, we

explain how we measure these continuous-time indexes using discrete-time data, and
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how entry and exit effects are captured in this setting. Finally, we explain how we

estimate production functions and unobserved productivity.

2.2.1 PL Aggregate Productivity Growth

Petrin and Levinsohn (2008) propose the following index, PLlevel, in a continuous time

setting as aggregate productivity growth:

dPLlevel :=
∑

i

dVi −
∑

i

∑

k

WikdXik, (2.1)

where dVi is the change in the real value added, Wik is the price of primary input k,

and dXik is the change in primary input k in plant i. Subscript k ∈ {L,K} for primary

inputs represents either labor hours, L, or capital stock, K.

In this way, aggregate productivity growth is defined by the change in aggregate

real value added minus the change in aggregate input cost. Since the index is defined

in a continuous time setting, all variables are the functions of time t. We suppress time

index t in most cases, but sometimes explicitly write it as a subscript, such as Vit.

Entrants (exiters) are considered as plants with zero variables before entry (after

exit). Therefore, a variable may not be a continuous function of time, and may include

jumps. For example, if plant i starts operating at time t∗, then value added in plant

i, Vi, takes zero for all t < t∗, and takes positive values after t ≥ t∗. In this setting,

the sum of a variable over plants who exist at a point of time is equal to the sum over

all plants, including those who may not exist at the point of time. We use
∑

i as the

sum over all plants in the latter sense, and thus the domain of the summation does not

change over time.

We consider gross output production function of the Cobb-Douglas form with plant-

specific technical efficiency:

Yi = AiL
βL

i KβK

i MβM

i , (2.2)

where Ai is the level of technical efficiency, Li is the labor-hour input, Ki is the real

capital stock, Mi is the real intermediate materials in plant i, and β’s are coefficients

for each input.
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For each plant, the real value added, Vi, is calculated by subtracting real intermediate

materials from real gross output, that is,

Vi := PiYi − PM
i Mi,

where Pi is the gross output price, Yi is the real gross output, and PM
i is the price of

intermediate materials for plant i.

To make it the growth rate, we divide (2.1) by the sum of the real value added over

all plants, denoted by V =
∑

i Vi.

dPL :=
dPLlevel

V
=
∑

i

dVi
V

−
∑

i

∑

k

WikdXik

V

=
∑

i

PidYi
V

−
∑

i

PM
i dMi

V
−
∑

i

∑

k

WikdXik

V
,

=
∑

i

PidYi
V

−
∑

i

∑

k′

Wik′dXik′

V
, (2.3)

where subscript k′ ∈ {L,K,M} represents one of the primary and intermediate inputs

with notations WiM := PM
i and XiM := Mi. Thus, PL is an aggregate productivity

growth measure in terms of a percentage to the current aggregate real value added.

We transform differentials in (2.3) into log differentials after separating the entrants

and exiters from the summation over i. For entrants and exiters, log differentials such

as d lnYi are not well defined because level variables such as Yi are equal to zero before

entry or after exit, while log of zero is not well defined or minus infinity. Let S be the

set of plants who operate and neither enter nor exit at time t, and dNE be the effect

on aggregate productivity growth of entry and exit of plants, which is specified later.

Using the formula d lnZ = dZ/Z, (2.3) can be written as

dPL =
∑

i∈S

Did lnYi −
∑

i∈S

Di

∑

k′

sik′d lnXik′ + dNE, (2.4)

where Di := PiYi/V is the Domar weight and sik′ := Wik′Xik′/PiYi is the ratio of cost

to gross output for input k′ ∈ {L,K,M}. We explicitly discuss the effect of entering

and exiting plants in subsection 2.3.

The log differential form, (2.4), has an advantage that we can decompose PL and

investigate the driving forces of aggregate productivity growth. As is stated in Petrin
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and Levinsohn (2008), PL can be decomposed into the technical efficiency term and the

reallocation terms. By substituting d lnYi in (2.4) with

d lnYi = d lnAi +
∑

k′

εik′d lnXik′ , (2.5)

which is the log differential of (2.2), we obtain

dPL =
∑

i

Did lnAi +
∑

i

Di

∑

k′

(εik′ − sik′)d lnXik′ + dNE, (2.6)

where εik′ :=
∂Yi/Yi

∂Xik′/Xik′
is the elasticity of output with respect to input k′ ∈ {L,K,M}.

In our Cobb-Douglas specification, each εik′ is equal to βk′ in (2.2) for all plant i for

k′ ∈ {L,K,M}. Note that (2.6) holds for any estimates of β’s.

The first term in the right hand side of (2.6) represents the effect of technologi-

cal improvement, which we call the technical efficiency term. The second term is the

reallocation term, which represents the effect of resource reallocation across existing

plants. It is the sum of the reallocation terms of each input k′ ∈ {L,K,M}. Each term

is the weighted sum of time differential of logged input. The weight, (εik′ − sik′), is

the margin that captures the difference between marginal productivity and unit cost of

the input. The reallocation terms give us more information about the contribution of

resource reallocation to aggregate productivity growth. For example, we can ask how

effectively labor was reallocated compared with capital. We can also ask which resource

reallocation is induced the most due to a specific policy change.

We construct the technical efficiency term by estimating the residual productivity,

Ai, for each plant. The estimation methods of the residual productivity will be discussed

in the subsection 2.4. The decomposition (2.6) is independent of the method used to

estimate production function. Note that calculating undecomposed PL itself does not

require the estimation of unobserved productivity of each plant.

2.2.2 BHC Aggregate Productivity Growth

A widely used alternative definition of aggregate productivity growth is the one origi-

nally proposed in Bailey et al. (1992). In this subsection, we will explain this type of

index, focusing on similarities and differences compared to PL. We will also explain
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that Petrin and Levinsohn (2008) captures reallocation effects more precisely than Bai-

ley et al. (1992). Among many versions of the measure, we use the version in Foster et

al. (2001);

dBHC :=
∑

i

Did lnAi +
∑

i

lnAidDi + dNEBHC . (2.7)

The first term captures changes in the technical efficiency, the second term captures the

reallocation effect, and the third term, which is specified later, captures the net-entry

effect. Calculating BHC necessarily requires the estimation of unobserved productivity,

Ai.

As is shown in Petrin and Levinsohn (2008), the technical efficiency term of BHC is

equal to the technical efficiency term of PL if we use the same weight, Di. That is, the

two measures capture the technical efficiency in the same way. Therefore, the difference

lies in the reallocation term and the net-entry term.

Each measure captures a different aspect of resource reallocation. PL increases if

resource reallocation leads to more output and/or less input cost. Namely, PL measures

the current increase in output and/or decrease in input cost due to resource reallocation.

On the other hand, BHC increases if resources are reallocated to more productive plants

from less productive plants, in terms of plant-level productivity, Ai. That is, BHC

measures the distribution of resources across plants with different levels of productivity.

PL is more precise than BHC in the sense that PL is based on the marginal

revenue product of each input, whereas BHC is based on the total factor productivity

of the plant where resources are allocated. PL always increases in the case where

market competition results in reallocation of resources from plants with low marginal

productivity to plants with high marginal productivity, while BHC may or may not

increase, depending on the total factor productivity of the plants involved in the resource

reallocation.

There are several examples where PL is more favorable than BHC. Petrin and

Levinsohn (2008) give an example of a neo-classical competitive setting where plants

smoothly reallocate their resource according to the marginal revenue product. In such

a case, the reallocation should not affect aggregate productivity in theory, and the re-

allocation term of PL always takes zero, whereas that of BHC may take the value

other than zero. For another example, if the resource is reallocated from less productive
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plants to more productive plants, then BHC will increase, even if such a reallocation

may decrease output and/or increase input cost. This is the case if plants with low

productivity cannot increase their input up to the optimal level, and end up with de-

creasing their input due to some kind of friction, such as credit constraint. PL will

decrease in this case, while BHC will increase.

Nonetheless, we also calculate BHC, as well as PL, because BHC gives us infor-

mation on the pattern of resource reallocation. If BHC increases, then more resources

are reallocated to plants with high levels of total factor productivity. Thus, we can

infer the direction of resource reallocation in terms of productivity, Ai. This is why it

is interesting to compare the reallocation terms of PL and BHC.

2.2.3 Approximation of Continuous-time Indexes

To measure these continuous-time indexes of aggregate productivity growth, we ap-

proximate them by discrete-time indexes as is often the case for the Divisia index (See

Hulten (2008)). First, we integrate the index with respect to time from t− 1 to t, and

consider it as a ideal discrete-time index. Next, we approximate the ideal discrete-time

index, by Tornqvist approximation (See Appendix A for a detailed description, and also

Hulten (2008)).

Therefore, as to (2.4), we obtain
∫ t

t−1

dPL =

∫ t

t−1

∑

i∈S

Did lnYi −

∫ t

t−1

∑

i∈S

Di

∑

k′

sik′d lnXik′ +

∫ t

t−1

dNE

≃
∑

i∈S

Dit∆ lnYit −
∑

i∈S

Dit

∑

k′

sik′t∆ lnXik′t +

∫ t

t−1

dNE, (2.8)

where Dit :=
Di,t−1+Dit

2 , sik′t :=
sik′,t−1+sik′t

2 , and ∆ lnZit := lnZit − lnZi,t−1 for

Zi = Ai or Xik′ for k
′ ∈ {L,K,M}.

So far, we put aside the issue with entrants and exiters in measuring aggregate

productivity growth, which is captured by the last term of (2.8), i.e.,
∫ t
t−1 dNE. In

theory, entry and exit of plants create a jump in the aggregate productivity growth

measure since we employ a continuous-time setting. We explain as follows how these

jumps in a continuous-time setting will be captured by an approximated integral in a

discrete-time setting.

First, we integrate (2.3) from time t− 1 to t to obtain the ideal discrete-time index.

Next, after exchanging the order of the integral and the sum over all plants, we split
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the sum into the sums over three sets of plants: stayers, entrants, and exiters2 . Thus,

we obtain
∫ t

t−1

dPL =
∑

i

[

∫ t

t−1

PidYi

V
−
∑

k′

∫ t

t−1

Wik′dXik′

V

]

=
∑

i∈St

[

∫ t

t−1

PidYi

V
−
∑

k′

∫ t

t−1

Wik′dXik′

V

]

+
∑

i∈Et

[

∫ t

t−1

PidYi

V
−
∑

k′

∫ t

t−1

Wik′dXik′

V

]

+
∑

i∈Xt−1

[

∫ t

t−1

PidYi

V
−
∑

k′

∫ t

t−1

Wik′dXik′

V

]

, (2.9)

where St is the set of plants who operate throughout the period from time t−1 to time

t, Et the set of entrants who do not operate at time t − 1 but start operating between

time t − 1 and time t, and Xt−1 the set of exiters who operate at time t − 1 but quit

operating between time t− 1 and time t. The sum of the last two terms are denoted by
∫ t
t−1 dNE in (2.8).

Next, we approximate the integral under a reasonable assumption addressed in detail

in Appendix A. For the first term in (2.9), we apply the Tornqvist approximation as we

discussed above. For the rest of terms, we approximate them by ignoring the reasonably

small terms. Finally, we obtain

APG
PL
t :=

∫ t

t−1

dPL ≃
∑

i∈St

Dit∆ lnYit −
∑

i∈St

Dit

∑

k′

sik′t∆ lnXik′t

+
∑

i∈Et

Dit

[

1−
∑

k′

sik′t

]

−
∑

i∈Xt−1

Di,t−1

[

1−
∑

k′

sik′,t−1

]

.

(2.10)

We refer to the last two terms in (2.10) as entry and exit effects, respectively. Note

that we do not need to estimate production function when we use (2.10) to measure

APGPL
t . Thus, the measurement of APGPL

t does not require to estimate unobserved

productivity of plants.

2 In fact, every plant belongs to one of the four sets of plants: plants who keep operating from time
t−1 to time t, plants who do not operate at time t−1 but start at some point before time t, plants who
operate at time t− 1 but quit at some point before time t, and plants who do not operate throughout
the period from time t − 1 to time t. The sum of any variable over the plants in the forth category is
equal to zero.
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By applying decomposition (2.6), equation (2.10) becomes

APG
PL
t ≃

∑

i∈St

Dit∆ lnAit +
∑

i∈St

Dit

∑

k′

(εik′ − sik′t)∆ lnXik′t

+
∑

i∈Et

Dit

[

1−
∑

k′

sik′t

]

−
∑

i∈Xt−1

Di,t−1

[

1−
∑

k′

sik′,t−1

]

. (2.11)

We use (2.11) to measure the decomposed parts of aggregate productivity growth. At

this point, we use the estimates of unobserved productivity and elasticity to measure

each term of the decomposed APGPL
t .

Similarly, BHC is also measured as the integral from time t − 1 to t. Therefore,

APGBHC
t is defined as follows.

APG
BHC
t :=

∫ t

t−1

dBHC =
∑

i∈St

Dit∆ lnAit +
∑

i∈St

lnAit∆Dit

+
∑

i∈Et

[Dit lnAit]−
∑

i∈Xt−1

[Di,t−1 lnAi,t−1] , (2.12)

where lnAit :=
lnAi,t−1+lnAit

2 . Note that equation (2.12) is not an approximation, but

an identity, since the form of BHC allows us to exactly calculate the integral.

2.2.4 Production Function Estimation

Our estimation procedure consists of two steps: plant-level estimation of unobserved

technical efficiency, and aggregation of those estimates over all plants. Specifically,

decomposing PL and calculating BHC require the first step, that is, the estimation of

the plant level technical efficiency Ai and the elasticities εik. By taking log of both sides

of (2.2), we have

lnYit = βL lnLit + βK lnKit + βM lnMit + lnAit. (2.13)

We estimate the logged production functions industry by industry, by assuming that

there is no correlation in error terms between any two industries. We use 2-digit SIC

codes as the definition of industries.

There are many ways to obtain an unbiased estimates of βs, depending on the

assumption on the error term, lnAit. The argument on endogeneity problem in the

production function estimation is well discussed in Griliches and Mairesse (1995). In

this paper, we estimate (2.13) with the Wooldridge-Levinsohn-Petrin (WLP) estimator,
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according to Wooldridge (2009), as our benchmark. To see how the measures are sen-

sitive to estimation methods, we also estimate them using other methods such as the

pooled OLS.

The assumption on lnAit behind the WLP estimator is

lnAit = νit + eit (2.14)

where νit is the unobserved productivity, and eit is the shock which is assumed to

be conditional-mean independent of current and past inputs. According to Levinsohn

and Petrin (2003), we assume that there exists a time-invariant function g(·) such that

νit = g(lnKit, lnMit).

In order to identify (βL, βK , βM ), we assume

E[eit|xit, · · · ,xi1] = 0 (2.15)

E[νit| lnKit,xi,t−1, · · · ,xi1] = E[νit|νi,t−1] (2.16)

where xit := [lnLit lnKit lnMit]
′. Also, we assume there exists a time-invariant function

f(·) such that E[νit|νi,t−1] = f(νi,t−1).

Define the innovation in νit;

ait := νit − E[νit|νi,t−1]. (2.17)

The equation (2.16) means that lnKit, xi,t−1, and all functions of these are uncorre-

lated with ait. Note, however, that lnLit is allowed to be correlated with ait. Hence,

substituting these into equation (2.13) gives the following estimation equation;

lnYit = βL lnLit + βK lnKit + βM lnMit + f [g(lnKi,t−1, lnMi,t−1)] + uit, (2.18)

where uit := ait + eit.

We non-parametrically estimate the two functions g(·) and f(·). For g(·), we use

the 3rd order polynomial. For f(·), we use the 1st order polynomial, that is a linear

function. One reason for these choices is a computational advantage that we can estimate

(2.18) by linear GMM. Another reason is that high order polynomial regression leads

to collinearity problems.

Since lnLit and lnMit can be correlated with ait, we need instruments for them.

Recall that lnKit, xit−1, and all functions of these are uncorrelated with ait by (2.16).

Therefore, we use lnLi,t−1, lnLi,t−2, and lnMi,t−2 as the instruments.
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2.3 Data

We use plant-level panel data on Japanese manufacturing sector for the period of 1981-

2000. The panel data set is compiled from the annual Census of Manufactures, which

covers all plants in the manufacturing sector that hire 4 or more employees.3 The

Census of Manufactures contains information on shipments, number of employees, the

book value of tangible fixed assets, the wage bill, and other values. The census consists

of two parts; one covers all manufacturing plants with more than 30 employees (Part A)

and other covers those with 4-29 employees (Part B).4 There are about 50,000 plants

in Part A and about 550,000 plants in Part B in each year. For Part B, they stopped

asking the book value of tangible fixed assets in 2001.

We use both Part A and B and have 8,149,190 plant-year observations from 1981 to

2000. We drop the plants that do not provide information on the book value of tangible

fixed assets, and the plants that report zero wage bill and intermediate inputs. This

treatment reduced 4,828,041 observations, mainly due to the lack of information on the

book value of tangible fixed assets. As a result, there remain 3,321,149 observations in

our sample.

All nominal output and input variables are available at plant level. Nominal gross

output is defined as the sum of shipments, the revenue from repairing and fixing services,

and revenues from performing subcontracted work. Real output is defined as gross

output deflated using sectoral output deflators derived from the JIP 2008 (2000 base

index).5 Nominal intermediate inputs are defined as the sum of the material, fuel,

and electricity expenditures and subcontracting expenses for consigned production used

by the plant. Intermediate inputs are deflated by intermediate-input deflators provided

3 The construction of the panel data from the Census of Manufactures data was a part of the
RIETI project named “Study on industry and firm level productivity in Japan”. Since the census data
are not stored in a panel format, the project converted them into panel data by assigning a relevant
identification number to each plant.

4 Part A is called “Kou Hyo” and Part B is called “Otsu Hyo” in Japanese. The manufacturing
plants with 1-3 employees are also surveyed in the years ending in 0, 3, 5, and 8. However, the data on
these small plants are not publicly available and were not treated in the RIETI project, either.

5 The JIP 2008 Database was compiled as part of a RIETI research project. The database contains
annual information on 108 sectors, including 56 non-manufacturing sectors, from 1970 to 2005. These
sectors cover the whole Japanese economy. The database includes detailed information on factor inputs,
annual nominal and real input-output tables, as well as some additional statistics, such as Japan’s
international trade by trade partner, inward and outward FDI, etc., at the detailed sectoral level. An
Excel file version of the JIP 2008 Database is available on RIETI’s web site.
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in the JIP 2008 (2000 base index). Labor input is obtained by multiplying the number

of employees by the sectoral working hours from the JIP 2008. The real value of capital

stock is obtained by deflating the nominal book value of capital stock with an industry-

level price index of capital. The nominal book value is the beginning period book value

of tangible fixed assets including buildings, machinery, tools and transport equipment.

The industry-level price index of capital is calculated by dividing the sum of the nominal

book values in the industry by the industry’s real net capital stock, which is obtained

from JIP 2008.

2.4 Results

Our estimation results reveal a sharp contrast between the pattern of APG during the

1980s and 1990s in the Japanese manufacturing sector. We document three main find-

ings in comparison of the 1980s and the 1990s. In addition, we examine the sensitivity

of the main findings to the estimation method used in productivity estimation. All main

findings are fairly robust to different estimation methods, with a few exceptions.

2.4.1 Main Findings

We summarize the estimation results in three main findings. First, the estimated APG

considerably dropped on average from the 1980s to the 1990s. Second, all three com-

ponents, i.e., the technical efficiency, reallocation, and net-entry terms, became lower

on average in the 1990s than in the 1980s. Third, there was a huge drop in the labor

reallocation term on average in the 1990s, which contributed the most to the negative

reallocation effect in the 1990s. In this subsection, we document these findings as well

as explain the main economic events during the 1980s and the 1990s.

The first column of Table 2.4.1 shows the estimated APGPL
t . In the 1980s, APGPL

t

always took positive values and had an increasing trend until the late 1980s. However,

it started decreasing in 1989 and turned to be negative in 1992-93 and 1998-99. The

average of APGPL
t in the 1990s was much lower than in the 1980s: 4.99% in the 1980s

and 1.38% in the 1990s. Japan’s economy was in a deep recession during the 1990s.

The movement of APGPL
t agrees with what happened in Japan. In 1985, when the

G5 countries agreed to intervene in currency markets to depreciate the overvalued U.S.
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Table 2.1: PL Aggregate Productivity and Its Decomposition.

PL Technical

year APG Efficiency Reallocation Net-Entry

1982 3.19 3.02 -0.57 0.74
1983 3.57 4.14 -0.50 -0.07
1984 5.03 5.64 -1.05 0.45
1985 3.10 3.03 -0.36 0.43
1986 3.42 2.85 -0.82 1.38
1987 5.60 5.39 0.10 0.11
1988 8.54 7.43 0.94 0.17
1989 7.44 6.25 0.82 0.37
1990 5.31 4.84 0.02 0.45
1991 3.35 3.03 -0.07 0.39
1992 -1.27 0.44 -1.68 -0.02
1993 -2.85 -0.78 -1.68 -0.39
1994 1.53 3.32 -1.06 -0.73
1995 4.67 4.59 -0.04 0.13
1996 3.85 3.66 0.14 0.04
1997 2.83 3.44 -0.38 -0.23
1998 -2.01 -0.70 -1.61 0.30
1999 -1.60 1.24 -2.15 -0.69
2000 5.63 5.87 0.19 -0.42

1980s Average 4.99 4.72 -0.18 0.45
(Std. dev.) (2.08) (1.71) (0.74) (0.45)

1990s Average 1.38 2.31 -0.85 -0.07
(Std. dev.) (3.05) (2.09) (0.88) (0.42)

dollar (the Plaza agreement), Japan went in a recession due to the acute devaluation of

the U.S. dollar against the Japanese yen. The expansionary monetary policy issued in

the following years boosted the economy, but it led to the Japanese asset price bubble

during 1987-89. The estimated APGPL
t took a relatively lower value in 1985 and rapidly

increased in the late 1980s.

The bubble’s collapse started in 1990 with a plunge in stock, land, and building

values. The estimated APGPL
t started decreasing in 1989 and tuned to be negative

in 1992-93. In 1997, the government decided that the economy started recovering and

increased taxes in April. However, the Asian financial crisis occurred in the summer
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and a series of failures of financial institutions occurred in the winter. The estimated

APGPL
t took negative values again during 1998-99.

Columns 2-4 show the decomposed terms of APGPL
t ; the technical efficiency, re-

allocation, and net-entry terms. This decomposition is based on equation (2.11) and

shows the main sources of aggregate productivity growth. In most of the years, techni-

cal efficiency contributed the most to APG and reallocation of resources had the second

largest impact on APG.

The growth rates of all terms became lower in the 1990s than in the 1980s. For

example, the average technical efficiency term became less than a half in the 1990s:

4.72% in the 1980s and 2.31% in the 1990s. The reallocation term was always negative

except for the bubble period, 1987-1991, and took large negative values in 1992-94 and

in 1998-99. Also, we find that net-entry effect was almost always positive in the 1980s,

but tend to be negative after the collapse of the asset bubble.

The finding that reallocation effect deteriorated during the 1990s is different from

what was reported in Fukao et al. (2006). They find that reallocation effect was stronger

in the 1990s using the BHC definition. We also confirmed this finding using our sample;

the BHC reallocation term increased on average from −7.48% in the 1980s to −1.87%

in the 1990s.6

This difference comes from the different measures of reallocation effect. The BHC

reallocation measures the contribution of input reallocation based on the level of pro-

ductivity, Ait. If inputs are reallocated from a lower Ait plant to a higher Ajt plant,

the BHC reallocation term count it as positive contribution to aggregate productivity.

On the other hand, the PL reallocation term is
∑

iDi
∑

k′(εik′ − sik′)d lnXik′ . If inputs

are reallocated from a plant with a lower margin, εik − sik, to a plant with a higher

margin, εjk − sjk, then the PL reallocation term count it as positive contribution to ag-

gregate productivity. Recall that the margin captures the difference between marginal

productivity and unit cost of the input.

To further investigate the negative PL reallocation term, we break it down into three

terms by input: labor, capital stock, and intermediate materials. The estimates of the

6 However, we also find that the BHC reallocation term is much more volatile than the PL reallo-
cation term. The standard deviation of the BHC reallocation term (9.62) is more than 10 times larger
than that of the PL reallocation term (0.86). Therefore, we have to be careful in comparing the averages
of the BHC reallocation terms.
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Table 2.2: Decomposition of Reallocation Effect.

Decomposition

year Reallocation Labor Capital Materials

1982 -0.57 -0.53 -0.04 0.00
1983 -0.50 -0.36 -0.20 0.06
1984 -1.05 0.19 -0.32 -0.92
1985 -0.36 0.78 -0.22 -0.91
1986 -0.82 -0.57 -0.29 0.04
1987 0.10 -0.62 -0.29 1.01
1988 0.94 0.39 -0.13 0.68
1989 0.82 0.85 -0.10 0.07
1990 0.02 0.11 -0.06 -0.03
1991 -0.07 0.30 -0.22 -0.15
1992 -1.68 -0.80 -0.44 -0.45
1993 -1.68 -1.36 -0.43 0.12
1994 -1.06 -1.22 -0.18 0.35
1995 -0.04 -0.65 0.11 0.50
1996 0.14 -0.32 -0.01 0.47
1997 -0.38 -0.10 -0.14 -0.14
1998 -1.61 -0.89 -0.05 -0.67
1999 -2.15 -1.62 -0.02 -0.50
2000 0.19 -0.82 0.02 0.98

1980s Average -0.18 0.02 -0.20 0.00
(Std. dev.) (0.74) (0.61) (0.10) (0.67)

1990s Average -0.85 -0.66 -0.14 -0.05
(Std. dev.) (0.88) (0.65) (0.18) (0.41)

decomposed terms are reported in Table 2.2. On average, the contribution of labor and

intermediate material reallocation decreased in the 1990s, whereas the contribution of

capital reallocation slightly increased. Among them, the fall in the labor reallocation

term was sizable: 0.02% in the 1980s and -0.66% in the 1990s.

Table 2.2 also shows that reallocating input did not always positively contribute to

APG.7 Growth generated by labor reallocation was positive in the late 1980s, but it

became negative in the 1990s. Especially, the negative growth from labor reallocation

largely contributed to the low APG in the 1990s. The capital reallocation term was

7 See also section B.6 in Appendix B for further decomposed results.
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negative in most of the years, while its magnitude was small. The contribution of

material reallocation was positive in the late 1980s and the early 1990s. The standard

deviation of the intermediate material reallocation term is fairly large in spite of its

small mean.

Now, the question is why resource reallocation negatively contributed to APG. If

input markets were functioning well, inputs should have been reallocated from plants

whose margin was negative to those with positive margin. Therefore, we expect that

reallocating inputs always generate positive aggregate productivity growth. In fact, the

reallocation terms are typically positive in Chile, Columbia, and the United States, as

reported by Petrin and Levinsohn (2008) and Petrin et al. (2009).8 The negative

reallocation effect implies that resource reallocation was not well functioning in Japan’s

manufacturing sector.

As a possible reason for the negative reallocation effect, we will investigate the

effect of misdirected bank lending in Section 5. Caballero et al. (2008) show the wide-

spread practice of Japanese banks of providing subsidized credit to otherwise insolvent

firms. They also argue that this “zombie lending” deteriorated efficiency of resource

reallocation. Peek and Rosengren (2005) also document the misallocation of credit in

Japan. In section 5, we measure the distortion of zombie lending in reallocation effect,

using a model with plant-level heterogeneity of technical efficiency.

Figure 2.1 shows the stacked column of all terms so that we can compare the con-

tributions of each source. In Figure 2.1, it is clear that the largest source of APG was

technical efficiency. The high growth of aggregate productivity in the 1980s was mainly

explained by the high growth of technical efficiency. We also find that technical effi-

ciency growth was volatile during the 1990s. There were two troughs in 1992-93 and

1998-99.

The growth from net-entry was positive in the 1980s, but it tended to be negative in

the 1990s. If we look at entry and exit terms respectively, we can find that the negative

net-entry effect was mainly explained by the decrease in the entry effect. In the 1990s,

entries of new plants did not bring growth in productivity enough to cover the loss from

8 It is known that a decline in aggregate factor input lowers reallocation effect measured in the
PL-APG way. Thus, the decline in aggregate labor input in Japan’s 1990s contributed to the negative
labor reallocation effect. See Figure B.5 in Appendix for time series of hours worked and the number
of workers in the manufacturing sector.
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Figure 2.1: Aggregate Productivity Growth and Its Decomposition.

exit.

2.4.2 Sensitivity Analysis

The estimation of APG consists of two stages: estimation of unobserved productivity

for each plant, and aggregation over all plants. In this subsection, we demonstrate how

the aggregation results change in the second stage if we use a different method in the

first stage.

First of all, our findings on APGPL
t and the net-entry effect are independent of the

method used in productivity estimation. They are estimated without using productivity

or elasticity estimates. The findings on technical efficiency and reallocation terms are

affected by the choice of estimation methods in the first stage. Therefore, the first

main finding will be unchanged and the second and third main findings can possibly

be changed if we use a different estimator in productivity estimation. The results

from different estimators show that both main findings are still observed with a few
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exceptions.

Our choice of different estimation methods is a variation of regression-type methods

along with the baseline proxy estimation. On estimation methods of productivity using

panel data, Biesebroeck (2003) surveys five estimation methods and concludes that

those five ways of measuring plant-level productivities are consistent in the sense that

their estimates are highly correlated and give similar insight on the major topics on

productivity. Biesebroeck (2004) also shows by Monte Carlo simulation that proxy

estimation, introduced by Olley and Pakes (1996) and modified by Levinsohn and Petrin

(2003) and Wooldridge (2009), is the most accurate and robust to measurement errors

among the five proposed estimators. This is why we use a proxy estimation method,

the Wooldridge-Levinsohn-Petrin (WLP) estimator, in our baseline results.

We show the results from four other estimation methods: the pooled OLS estima-

tor (OLS), the fixed-effect estimator (FE), the first-differences estimator (FD), and the

second-differences estimator (SD). Consistency of each estimator depends on the as-

sumption on unobserved productivity νit in (2.14). We also show the results from the

TFP estimator used in Fukao et al. (2006), with abbreviation (FKK). We briefly explain

the advantage and disadvantage for each estimator.

OLS is one of the simplest methods to estimate (2.13). If plants choose labor inputs

Lit and intermediate materials Mit without knowing unobserved productivity νit, there

is no endogeneity problem and thus OLS leads to consistent estimates. However, if

plants choose Lit and Mit after knowing νit, OLS leads to inconsistent estimates due

to the endogeneity of labor inputs and intermediate materials with unobserved pro-

ductivity. Since firms observe their productivity even though they are unobserved for

econometrician, firm’s decision on labor inputs and intermediate materials should be

positively correlated with their productivity.

FE and FD resolve the endogeneity problem if νit is constant over time for each

plant, i.e.,

νit = νi0,
∀t = 1, . . . , T. (2.19)

For consistency, FE requires the strong exogeneity assumption that regressors at time

t must be uncorrelated with eiτ for all τ = 1, . . . , T . FD requires a relatively weak

exogeneity assumption. That is, regressors at time t must be uncorrelated with eit and
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ei,t−1. However, we discard many variations in data by taking the first difference of

all variables. FE also discards variations by taking the mean deviation of regressors.

Such data transformations may deteriorate possible attenuation bias due to measure-

ment errors, as is discussed in Griliches and Mairesse (1998). In addition, as for FD, the

differencing transformation may deteriorate the attenuation bias due to positive auto-

correlation in regressors in panel data (See Cameron and Trivedi (2005) for example).

SD resolves the endogeneity problem if νit grows over time at a plant-specific constant

rate, i.e.,

νit = νi0 + ηi · t,
∀t = 1, . . . , T, (2.20)

which includes (2.19) as a special case with ηi = 0. For consistency, SD requires that

regressors at time t must be uncorrelated with ei,t−2, ei,t−1, and ei,t. By taking the

second difference of variables, we discard more variations in regressors than in the case

of FD.

Finally, we show the results from FKK to compare our results with the ones in

Fukao et al. (2006). FKK assumes that the output elasticities of each input varies

across plants and are equal to the cost shares for each plant. See Fukao et al. (2006)

for a detailed explanation. Note that the TFP estimates in Fukao et al. (2006) are not

exactly the same as the ones used in this paper due to slight differences in the samples

and deflator.

Table 2.3 summarizes the results in production function estimates by estimators.

Since we estimate production functions by industry, we report the industry averages of

the coefficients and the standard errors. The estimates of returns to scale are almost

equal to one for WLP and OLS, a little less than one for FE, and near to a half for FD

and SD. The low estimates for FD and SD can be attributed to the attenuation bias

deteriorated by the loss of variations in regressors due to differencing transformations.

Tables 2.4 and 2.5 summarize the results by estimation method. Since the first main

finding, that is, the fact that APGPL
t declined on average from the 1980s to the 1990s,

remains the same across different estimators, we only show the results associated with

the second and third main findings. We omit the estimates of the net-entry effect since

they are the same across estimators.

Table 2.4 shows the averages of the technical efficiency and reallocation terms in the
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Table 2.3: Production Function Estimates by Method.

Method Coefficients Returns

Labor Capital Materials To Scale

WLP 0.305 0.037 0.617 0.959
(0.009) (0.004) (0.026)

OLS 0.420 0.096 0.522 1.038
(0.008) (0.003) (0.005)

FE 0.368 0.069 0.399 0.836
(0.011) (0.003) (0.007)

FD 0.296 0.022 0.279 0.597
(0.010) (0.003) (0.007)

SD 0.204 0.011 0.246 0.461
(0.013) (0.003) (0.008)

FKK - - - -

Standard errors are reported in parentheses. Our benchmark is WLP.

All values are the averages over industries (2-digit SIC codes).

1980s and the 1990s, by estimation method. According to Table 2.4, the second main

finding is robust to estimation methods, except for the decline in the reallocation term.

The first two columns show that the technical efficiency term declined on average from

the 1980s to the 1990s for all estimates. Columns 3-4 show that the PL reallocation

term also declined for the WLP, OLS, and FKK estimates, whereas it increased for the

FE, FD, and SD estimates. Since the FD and SD estimates are much more volatile

than the others, the increase in the reallocation term for FD and SD may result from

amplified attenuation bias due to differencing transformations.

The last two columns in Table 2.4 show the averages of the BHC reallocation term

by estimators. All the estimates increased on average from the 1980s to the 1990s. The

implication on the reallocation effect differs across the two measurement ways; it was

increased in the BHC way, but decreased in the PL way. This fact is observed for the

WLP, OLS, and FKK estimates.
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Table 2.4: Technical Efficiency and Reallocation Terms by Estimation Method.

Method Technical Efficiency PL Reallocation BHC Reallocation

1980s 1990s 1980s 1990s 1980s 1990s

WLP 4.72 2.31 -0.18 -0.85 -7.48 -1.87
(1.71) (2.09) (0.74) (0.88) (10.94) (7.17)

OLS 4.40 2.43 0.14 -0.97 -0.97 -0.24
(2.99) (2.78) (1.08) (1.10) (1.63) (1.52)

FE 5.37 2.11 -0.83 -0.66 -20.99 -1.83
(4.81) (3.93) (2.89) (1.40) (20.78) (11.14)

FD 7.23 2.34 -2.69 -0.89 -42.17 -4.75
(6.50) (5.23) (4.59) (2.57) (39.75) (19.93)

SD 7.68 1.99 -3.14 -0.53 -52.51 -6.61
(7.19) (5.86) (5.29) (3.15) (52.05) (26.93)

FKK 4.17 2.95 0.37 -1.50 0.28 0.33
(1.75) (1.20) (1.81) (2.15) (0.32) (1.47)

Standard deviations are reported in parentheses. Our benchmark is WLP.

Table 2.5 shows the averages of the decomposed reallocation terms in the 1980s and

the 1990s, by estimation method. Columns 1-2 show that the labor reallocation term

declined on average from the 1980s to the 1990s for all estimation methods. The decline

was large, except for the SD estimate. For WLP and OLS, the decline in the labor

reallocation effect contributed the most to the decline in the whole reallocation effect

in the 1990s. For FE, the decline in the labor reallocation effect was large, but offset

by the material reallocation effect. For FD and SD, the increase in the capital and

intermediate material reallocation effects exceeded the decline in the labor reallocation

effect, and the whole reallocation effect increased in the 1990s as in Table 2.5. Therefore,

as to the third main finding, the labor reallocation effect robustly decreased, but was

not necessarily the main driving force of the average change in the reallocation term

from the 1980s to the 1990s.
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Table 2.5: Decomposed Reallocation Terms by Estimation Method.

Method Labor Capital Materials

1980s 1990s 1980s 1990s 1980s 1990s

WLP 0.02 -0.66 -0.20 -0.14 0.00 -0.05
(0.61) (0.65) (0.10) (0.18) (0.67) (0.41)

OLS -0.00 -1.22 0.80 0.30 -0.66 -0.05
(1.14) (1.19) (0.35) (0.40) (1.54) (0.74)

FE -0.05 -0.92 0.51 0.18 -1.29 0.08
(0.89) (0.89) (0.26) (0.29) (3.30) (1.76)

FD 0.09 -0.74 -0.43 -0.24 -2.35 0.09
(0.78) (0.80) (0.10) (0.27) (5.10) (3.09)

SD 0.12 -0.30 -0.63 -0.33 -2.63 0.10
(0.41) (0.41) (0.14) (0.35) (5.61) (3.46)

FKK - - - - - -

Standard deviations are reported in parentheses. Our benchmark is WLP.
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2.5 Effect of Zombie Lending

We measure the impact of misdirected lending, so-called “zombie lending”, on the neg-

ative labor reallocation effect observed in Japan in the 1990s. We develop a version

of the model with plant-level heterogeneity provided by Restuccia and Rogerson (2008)

and conduct a counterfactual exercise, in which there is no zombie lending. The exercise

shows that, without zombie lending, aggregate productivity would have grown by 1.6%

more during the 1990s, mostly due to more efficient labor reallocation. The decline in

labor reallocation effect due to the distortion of zombie lending is 37% of the negative

labor reallocation effect observed in the data.

2.5.1 Model

There are a mass of plants and one infinitely-lived representative household in the

economy. Each plant produces the same goods using labor and capital. They differ only

in the level of technical efficiency (TFP). TFP of a plant i is modeled as follows;

Ait = Ai ×At, where Ai ∼ h(A), and At = γtA0,

where h(·) is the density of the idiosyncratic component of TFP, Ai.

There is an unlimited mass of potential entrants and they can enter the market by

paying a fixed cost ce. After a new plant pays the cost, the idiosyncratic component of

TFP Ai is revealed and it remains constant over time. Plants exit from the market at

a probability λ ∈ (0, 1).

Each plant faces different tax or subsidy rates on capital and labor. These taxes

capture the government policy behind the zombie lending. The plant-level tax rates are

revealed when Ai is revealed. The probability that a plant with Ai faces a set of tax

rates τi := (τki , τ
l
i ) is denoted by P(Ai, τi). The joint density of (Ai, τi) is g(Ai, τi) :=

h(Ai)× P(Ai, τi).

Since Ait grows at rate γ, we detrend variables by A
1

1−βk
t , which grows at rate

γ
1

1−βk , in order to make the economy stationary. The detrended variables are denoted

with tilde, x̃.
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Household Problem:

max
{C̃t,K̃t+1}∞t=0

∞∑

t=0

βtu(C̃tA
1

1−βk
t )

s.t.
∞∑

t=0

ptA
1

1−βk
t (C̃t + γ

1
1−βk K̃t+1 − (1− δ)K̃t)

=
∞∑

t=0

ptA
1

1−βk
t (rtK̃t + w̃tLt + Π̃t + T̃t)

K0 is given, and Lt = 1 for ∀t.

where β ∈ (0, 1) is the time discount factor, C̃t is consumption at time t, K̃t is capital

at the beginning of period t, Lt is labor supply, pt is the time zero price of consumption

at time t, w̃t and rt are the period t rental prices of labor and capital measured relative

to period t consumption, δ ∈ (0, 1) is the capital depreciation rate, Π̃t is the total profit

from all operating plants, and T̃t is the lump-sum transfer. Note that the household

does not get utility from leisure and thus Lt always equals to 1. We assume log utility

function, i.e., u(·) = log(·).

Existing Plant’s Problem:

π̃(Ai, τi) := max
l,k≥0

{

Aik̃
βk

i lβl

i − (1 + τ li )w̃tli − (1 + τki )rtk̃i − c̃f

}

,

βk, βl ∈ (0, 1), 0 < βk + βl < 1

where c̃f is a fixed cost of operation measured in units of output.9

The policy functions are as follows:

˜̄k(Ai, τi) =

(
βk
rt

) 1−βl
1−βl−βk

(
βl
w̃t

) βl
1−βl−βk

A
1

1−βl−βk

i ,

l̄(Ait, τi) =

(
βk
rt

)−1( βl
w̃t

)

˜̄k(Ai, τ).

Entering Plant’s Problem:

W̃e :=
∑

(Ai,τ)

max
χ̄∈{0,1}

{

χ̄(Ai, τ)W̃ (Ai, τ)− c̃e

}

g(Ai, τ)

9 Note that the value added production function exhibits decreasing returns to scale. This is a key
assumption for a single-good model to allow plants with different levels of technical efficiency co-exist
in equilibrium.
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where χ̄(A, τ) is the optimal entry decision which takes 1 (enter) or 0 (not enter). c̃e is

a fixed entering cost measured in units of output, and W̃ (A, τ) denotes the discounted

present value of an existing plant. In a steady state where rt = r, we have

W̃ (Ai, τi) :=
π̃(Ai, τi)

1− ρ

where ρ := 1−λ
1+R , R := r − δ, and λ is the exogenous exit rate.

Distribution of Plants: Let µ(Ai, τi) be the distribution of operating plants over (Ai, τi).

Then, its law of motion is

µ′(Ai, τi) = (1− λ)µ(Ai, τi) + χ̄(Ai, τi)g(Ai, τi)E

where E is the mass of entering plants.

We can now define a steady-state competitive equilibrium.

Equilibrium: A steady state competitive equilibrium in the detrended economy is prices

(w̃, r̃), a lump-sum transfer T̃ , a invariant distribution of plants µ(Ai, τi), a mass of entry

E, value functions (W̃ (Ai, τi), π̃(Ai, τi), W̃e), policy functions (χ̄(Ai, τi),
˜̄k(Ai, τi), l̄(Ai, τi)),

and aggregate variables (C̃, K̃) such that:10

(1) (Household Optimization) r = 1
β̃
− (1− δ), where β̃ := β/γ

1
1−βk .

(2) (Plant Optimization) Given prices, value functions and policy functions

solve existing and entering plant’s problems,

(3) (Free Entry) W̃e = 0,

(4) (Market Clearing)

1 =
∑

(Ai,τi)

l̄(Ai, τi)µ(Ai, τi),

K̃ =
∑

(Ai,τi)

˜̄k(Ai, τi)µ(Ai, τi),

C̃ − (1− δ − γ)K̃ + c̃eE =
∑

(Ai,τi)

(Ai
˜̄kβk l̄βl − c̃f )µ(Ai, τi),

10 Π̃ is omitted because Π̃ =
∑

(Ai,τi)
π̃(Ai, τi)µ(Ai, τi) must hold by the Walras law.
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(5) (Government Budget Constraint)

T̃ =
∑

(Ai,τi)

{

τ li w̃t l̄(Ai, τi) + τki rt
˜̄k(Ai, τi)

}

µ(Ai, τi)

(6) (Invariant Distribution)

µ(A, τ) = E
χ̄(A, τ)

λ
g(A, τ), ∀(A, τ).

2.5.2 Calibration

We let one model period correspond to one year and assign 6% to R, implying β = 0.994.

As in Restuccia and Rogerson (2008), we set ce = 1.0, cf = 0.0, and λ = 0.1. We assign

0.11 to δ so that the capital-output ratio in the model is equal to aggregate capital over

aggregate value added in the manufacturing sector in data.

As Restuccia and Rogerson (2008) discussed, the most important parameter for a

quantitative analysis of reallocation effect is the extent of decreasing returns to scale at

plant-level because it affects the magnitude of reallocation effect. In order to obtain the

extent of decreasing returns, we estimate the value-added production function by WLP,

assuming the common production function across industries. Thus, the estimates can

be directly used as the values of βs and TFP. The resulting values of β’s are βk = 0.10

and βl = 0.52.

As for h(A), which is the density of the idiosyncratic component of TFP, we approx-

imate the distribution of the estimated plant-level TFP by piecewise linear functions

with 20 grid points, shown in Figure 2.2. As Restuccia and Rogerson (2008) discussed,

h is a key determinant of the magnitude of distortion. The direct use of the estimates

is our advantage.

2.5.3 Quantitative Analysis

If banks provided subsidized credits to the zombie plants (which we call “zombie lend-

ing”), it would deteriorate efficiency of resource reallocation. In this subsection, we

measure the distortion of such lending in each reallocation term.

We assume that Japan’s economy was in different steady states in 1989 and 1999.

The steady state in 1989 was associated with a higher TFP growth, i.e., γ = γ89
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Figure 2.2: Cumulative Distribution of Plant-level TFP Estimates in 1989.

Estimated over manufacturing plants in Japan by the WLP method, assuming a common value-added

production function for all plants. The data less than 1%-tile and more than 99%-tile are trimmed. The

empirical distribution function is approximated by piecewise linear functions with 20 equally-spaced

grid points. Normal c.d.f. shows a normal distribution function with the same mean and variance in

the data.

(=4.72%) and another steady state in 1999 was associated with a lower TFP growth,

i.e., γ = γ99 (=2.31%). We assume that the detrended economy attained the level of

capital stock in the new steady state in 1990 and that the economy grew at the rate of

γ99.
11

We define a zombie plant as a plant whose TFP has fallen below the 20th percentile

of the TFP distribution for 5 consecutive years. The percentage of zombie plants was 9%

of all plants during the 1990s. We assume that zombies and non-zombies faced different

tax rates during the 1990s, while they didn’t during the 1980s.12 The different tax

11 Instead, we could compute the transition path from the initial steady state to the new steady
state. If we do so, we will provide a better measure on capital stocks. Since our approach assumes that
the economy immediately attains the new steady-state capital stock, the generated capital stock in 1999
is over-accumulated, relative to the case with transition analysis.

12 Peek and Rosengren (2005) documented that bank lending to unprofitable firms increased during



59

Table 2.6: Capital and Labor Wedges, and Calibrated Taxes.

1990s Ave.

Wedges 1980s Ave. Zombie Non-Zombie

εil − sil 0.20 -0.21 0.21
εik − sik -0.04 -0.07 -0.05

1999

Calibrated Taxes 1989 Zombie Non-Zombie

τ l 0.62 -0.29 0.68
τk -0.28 -0.42 -0.32

Note: We calibrate τ l89 and τk89 so that the average labor and capital wedges, (εil− sil, εik − sik) implied
by (2.21), are respectively matched with the counterparts in the data in the 1980s. We also calibrate
(τ l99,Z , τ

k
99,Z) and (τ l99,NZ , τ

k
99,NZ) so that the average labor and capital wedges are respectively matched

with the counterparts in the data in the 1990s for zombie and non-zombie plants, respectively.

rates during the 1990s captured subsidized credits to the zombie plants because a plant

faced lower effective rental rates if it received subsidized credit.

We calibrate the tax rates to match the average margins of labor and capital. From

the first order conditions of the existing plant’s problem, we obtain the following theoret-

ical relationship between the tax rates and the margins, which are the wedges between

output elasticities and cost shares:

εij − sij = βj

(

1−
1

(1 + τ ji )

)

, for j = k, l. (2.21)

For the steady state in 1989, we calculate the average labor and capital wedges during

the 1980s and solve for (τ l89, τ
k
89) that satisfies (2.21) given the calculated wedges. For

the steady state in 1999, we take the 90s’ averages of the labor and capital wedges for

zombies and non-zombies, respectively. Then we obtain {(τ l99,Z , τ
k
99,Z), (τ

l
99,NZ , τ

k
99,NZ)}

according to (2.21). The calibrated tax rates are shown in Table 2.6.

Table 2.6 shows that zombie plants actually received subsidized credit during the

1990s. This result confirms that our definition of a zombie plant is reasonable because it

is consistent with the previous studies, such as Peek and Rosengren (2005) and Caballero

et al. (2008). Table 2.6 also documents that non-zombies faced much higher tax rates

the 1990s. Also, Caballero et al. (2008) showed that subsidized credits became prevalent during the
1990s.
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than zombies during the 1990s. It implies that healthy plants had more difficulty to

receive bank credit than unprofitable plants. This tax configuration will lead resource

reallocation from profitable plants to unprofitable plants.

In the model, zombies are the plants whose idiosyncratic component of TFP (Ai)

is bellow the 20th percentile in the steady-state distribution. In the final steady state

in 1999, zombie plants face (τ l99,Z , τ
k
99,Z) and others face (τ l99,NZ , τ

k
99,NZ). In order

to measure the distortion of zombie lending, we consider the case where there is no

misdirected zombie lending. For this “no-zombie lending” case, we assume that taxes

didn’t change at all, i.e. (τ l99, τ
k
99) = (τ l89, τ

k
89) for all plants.

The distortion of zombie lending in reallocation effect is measured as follows.

ZDj := REZ
j −RENZ

j , for j = k, l.

where REZ
j is the reallocation term of input j in the zombie lending case and RENZ

j is

in the no-zombie lending case.

We calculate REZ
j and RENZ

j as follows. First, we need to generate the 1989 and

1999 data from the model. We solve the detrended initial steady state and back out the

level variables for the 1989 data. For the 1999 data, we solve the detrended final steady

state in the zombie lending case. Then, we let all values grow to account for growth

during 10 years from 1990 to 1999 and obtain the 1999 data in the zombie lending case.

Similarly, we obtain the 1999 data in the no-zombie lending case.

The growth rate, denoted by γ̂, is calibrated so that aggregate technical efficiency

(TE) in the no-zombie case is equal to what we observed in the data from 1989 to 1999.

Plant-level TFP grows at the rate of γ̂ for all plants. Output, capital stock, and the

wage rate are multiplied by γ̂
1

1−βk to be consistent with the model.

We calculate PL-APG and its components in the same way as we calculate them from

the data. First, at every grid point of the TFP distribution h, we calculate value added

shares, cost shares over value added, and log differences of factor inputs and productivity.

Second, we apply Tornqvist approximation and aggregate these numbers. At this point,

we assume that the number of stayers is the minimum of the stationary distributions

of plants between 1989 and 1999. That is, the distribution of the plants who stay from

1989 to 1999, denoted by µS(A, τ), is calculated by µS(A, τ) = min(µ89(A, τ), µ99(A, τ))

for each (A, τ).
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Table 2.7: Distortion of the Zombie Lending.

Reallocation Effect

PL APG TE Labor Capital

Data 10.01 14.47 -3.96 -0.50

Zombie Case 12.33 14.57 -0.62 -1.63
No-Zombie Case 13.89 14.47 0.87 -1.44

Distortion of Zombies -1.56 0.10 -1.48 -0.18
As % of Data 37% 36%

Note: Table shows the results between 1989 and 1999. “Data” row shows the PL-APG and its com-

ponents from 1989 to 1999, under a common value added production function for all plants estimated

by the WLP method using intermediate input as proxy. All values are aggregated over the stayers, i.e.,

the plants who operated both in 1989 and 1999. “Zombie Case” and “No-Zombie Case” rows show the

results in the model with and without zombie lending, respectively. “Distortion of Zombies” row shows

the difference of values in the second row and the third row for each column, which is ZDj , j = l, k. The

last row shows ZDj as a percentage of the values in the first row. TE in “No-Zombie Case” is equal to

TE in “Data” because we calibrate plant-level TFP growth rate to let them have the same value. TE in

“Zombie Case” differs a little from TE in “No-Zombie Case” because the number of stayers is different

due to the zombie lending, although the plant-level TFP growth rate is the same in both cases.

In both final steady states, we adjust c̃e so that the wage rate in the final steady state

is equal to the one in the initial steady state. If we don’t control c̃e, the model generates

too much growth in the wage rate as opposed to the data. When the TFP growth rate

is low, the rental rate of capital also becomes low. The cheap capital greatly attracts

potential entrants because the net return from entering increases. In order to satisfy

“free entry condition” in equilibrium, the wage rate becomes high enough to discourage

the excess entry. As a result, all plants down-size their labor given the high wage rate.

We don’t observe such a large increase in the wage rate nor such a down-sizing in the

data.

Table 2.7 shows the results of the counterfactual exercise. Without zombie lending,

aggregate productivity (PL-APG) would have grown by 1.56% more during the 1990s,

mostly due to more efficient labor reallocation. The zombie distortion in labor reallo-

cation effect ZDl was -1.48%. As reported in the last row, the magnitude of ZDl was

37% of the negative labor reallocation effect observed in the data, which was -3.96%.

The zombie distortion in capital reallocation effect ZDk was -0.18%, and its size was
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36% of the negative capital reallocation effect observed in the data, which was -0.50%.13

Capital reallocation effect was negative even without zombie lending, because the

average capital wedge is negative in the 1980s, as well as in the 1990s.

2.6 Conclusion

Subsidized bank credit to poorly performing plants was broadly discussed as a source

of misallocation of resources in Japan in the late 1990s. To the best of our knowledge,

this is the first study that quantifies the loss in aggregate productivity growth (APG)

from misdirected bank lending that led to inefficient resource reallocation across existing

plants. Whereas Caballero et al. (2008) quantify the effect of “zombie lending” on the

change in input and output for individual non-zombie firms, we quantify the aggregated

effect of zombie lending on APG in the Japanese manufacturing sector.

Our approach consists of two parts. First, we measure the effect on APG of resource

reallocation among manufacturing plants in Japan during the 1990s, by applying the

APG measure of Petrin and Levinsohn (2008). Next, we calibrate a version of the

model provided by Restuccia and Rogerson (2008) based on the results of plant-level

productivity estimation, and quantify the effect of the misdirected lending on APG by

conducting a counterfactual exercise, in which there is no misdirected lending.

In the first part, we find that resource reallocation was not functioning well in Japan’s

economy in the 1990s. Resource reallocation was less efficient in the 1990 than in the

1980s, especially due to deterioration of labor reallocation. Such negative reallocation

effect observed in Japan is not common to other countries such as Chile, Columbia, and

the United States, as reported by Petrin and Levinsohn (2008) and Petrin et al. (2009).

In the second part, we find that aggregate productivity in the manufacturing sec-

tor would have grown by 1.6% more during the 1990s, if there is no zombie lending.

The additional growth would mostly come from more efficient labor reallocation. Zom-

bie lending in the 1990s would induce the loss of 37% of the actual decline in APG

due to inefficient labor reallocation in manufacturing plants. Therefore, zombie lend-

ing had a non-negligible impact on resource reallocation in the manufacturing sector,

13 Please note that capital reallocation effect is biased because we do not conduct a transition analysis,
as we discussed in footnote 10.
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although zombie lending was less prevalent in the manufacturing sector than in the

non-manufacturing sectors, as estimated by Caballero et al. (2008).

The novelty of our counterfactual exercise lies on the use of the results of plant-

level productivity estimation in calibrating the model. We apply a version of the proxy

estimation method, originally proposed by Olley and Pakes (1996), to our panel data of

manufacturing plants. Such estimation results allow us to directly assign the parameter

values that are important to resource reallocation, such as plant-level productivity and

implied tax/subsidy schedule, which represents distortions in the economy. A similar

exercise can be applied to assess the efficiency of resource reallocation in other financial

crises, such as the world-wide financial crisis starting in the United States in 2007, if a

plant-level panel data set is available.
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Appendix A

Appendix to Chapter 1

A.1 Technical Assumptions on the Contract Space

Let F = {Ft}t≥0 be the minimal right-continuous filtration of Y = {Yt}t≥0 and N =

{Nt}t≥0. I define the contract space by a set of stochastic processes (at, bt, Ct, τ) such

that

• {at}0≤t≤τ takes values in ∈ [0, 1] and is adapted to F .

• {bt}0≤t≤τ is cadlag (right-continuous-left-limit), non-negative, square-integrable,

and adapted to F .

• {Ct}0≤t≤τ is cadlag, nondecreasing, adapted to F , and square-integrable, i.e.,

E

[(∫ ∞

0
e−ρudCu

)2
]

<∞.

• τ is a stopping time adapted to F .

Note that, by the square-integrability of bt and Ct, I actually mean the square-integrability

of e−ρtbt and e
−ρtCt, to be precise. The same convention is used throughout this paper

for convenience. The square-integrability restricts bt and Ct from exploding at a faster

rate than the rate of e−ρt on a set of sample paths of positive measure.

The square-integrability is assumed because it is a sufficient condition for a stochas-

tic integral with respect to a martingale, such as an Ito integral with respect to the

69
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Wiener process, to be also a martingale. In addition, it allows us to use the martin-

gale representation theorem, which is applicable to square-integrable martingales. See

Theorem 61 of Protter (2005) for a general theorem of the martingale representation,

which includes both standard Wiener process and standard Poisson process. Note that

square-integrable martingales here are called L2 martingales in Protter (2005) as defined

on page 180.

A.2 Simplifying the Optimal Contracting Problem

This is the optimal contracting problem without any simplification.

max
(at,bt,Ct,τ)

E0

[∫ τ

0
e−rt(dYt − dCt) + e−rτSτ

]

s.t. t ∈ [0, τ ],

(PK) Vt = Et

[∫ τ

t
e−ρ(t−u)(dCu + λbudu) + e−ρ(τ−t)U

]

,

(IC) Vt = max
b̂s≥0

Et

[
∫ τ(Ŷ ,N)

t
e−ρ(t−u)dĈu + e−ρ(τ(Ŷ ,N)−t)U

]

s.t. dĈu = dCu(Ŷ , N) + λb̂udu,

dŶu = (µ(au)− b̂u)du+ auσudWu,

(PC) Vt ≥ U,

(RC) dYt = (µ(at)− bt)dt+ atσtdWt, Y0 = 0,

at ∈ [0, 1], bt ≥ 0,

where I have to explicitly write the arguments of at, Ct, and τ in (IC), because they

have to be evaluated based on reported project outcomes, Ŷ = {Ŷ }t≥0.

First, I transform contract (at, bt, Ct, τ) into a more intuitive form. While termina-

tion date τ is an intuitive notion, it is hard to see what criteria are used to decide to

terminate the contract. Lemma 1 shows that τ can be represented by the first hitting

time when the agent’s promised value, Vt, reaches the outside option value U , with two
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control variables over Vt: sensitivity of Vt to realized current output, denoted by gt, and

adjustment in Vt in response to a change in aggregate state, denoted by ∆t.

Lemma 1 For any contract (at, bt, Ct, τ), there exists a set of square-integrable pro-

cesses (gt,∆t) adapted to a filtration generated by Y and N such that (at, bt, Ct, gt,∆t)

with implied τ yields the same promised value for any realization of Y and N .

By Lemma 1, we can focus on a new-form contract (at, bt, Ct, gt,∆t, τ). Next, Lemma

2 establishes that incentive compatibility condition (IC) for this form of contracts can

be reduced into gt ≥ λ.

Lemma 2 Contract (at, bt, Ct, gt,∆t, τ) is incentive compatible, i.e., satisfies (IC) if

and only if gt ≥ λ holds.

Using Lemmas 1 and 2, we can obtain the simplified problem in the main text.

A.3 Proofs

Proof of Lemma 1

Take any contract (at, bt, Ct, τ). The agent’s promised value satisfies

∫ t

0
e−ρudCu + e−ρtVt = Et

[∫ τ

0
e−ρu(dCu + λbudu) + e−ρτU

]

.

From the law of iterated expectations, the right hand side is a martingale with respect

to a filtration generated by Y and N . In addition, this martingale is square-integrable

since bt and Ct are square-integrable by assumption. Therefore, by the martingale

representation theorem, there exists a set of square-integrable adapted processes {gt,∆t}

such that1

∫ t

0
e−ρudCu + e−ρtVt = V0 +

∫ t

0
e−ρugu [dYu − (µ(au)− bu)du]

+

∫ t

0
e−ρu∆u [dNu − ηudu] . (A.1)

1 See the last paragraph in section A.1 for the martingale representation theorem.
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By rewriting it as in a differential form, we obtain

dVt = ρVtdt− dCt + gt [dYt − (µ(at)− bt)dt] + ∆t[dNt − ηtdt]. (A.2)

Hence, the dynamics of the agent’s value Vt is fully described by (at, bt, Ct, gt,∆t) and

underlying shocks, (Yt, Nt).

Conversely, take any (at, bt, Ct, gt,∆t). Construct τ by min{t|Vt = U} with (A.2) as

the dynamics of Vt. Then, (at, bt, Ct, τ) yields the same promised value as (at, bt, Ct, gt,∆t)

yields. �

Proof of Lemma 2

For ease of exposition, I assume that planned hidden action bt is always zero. Take an

arbitrary deviation b̂ = {b̂t}t≥0. Let Ŷt be the reported cumulative cash flows.

dŶt = (µ(at)− b̂t)dt+ atσtdWt. (A.3)

Define τ̂ := τ(Ŷ , N) and Ĉt := Ct(Ŷ , N). Let V̂0 be the agent’s value associated with

deviation b̂. We have

V̂0 = E0

[∫ τ̂

0
e−ρu(dĈu + λb̂udu) + e−ρτ̂U

]

= E0

[

V0 +

∫ τ̂

0
e−ρugu

[

dŶu − µ(au)du
]

+

∫ τ̂

0
e−ρuλb̂udu

+

∫ τ̂

0
e−ρu∆u [dNu − ηudu]

]

= E0

[

V0 +

∫ τ̂

0
e−ρuguσudWu +

∫ τ̂

0
e−ρu(λ− gu)b̂udu

+

∫ τ̂

0
e−ρu∆u [dNu − ηudu]

]

= V0 + E0

[∫ τ̂

0
e−ρu(λ− gu)b̂udu

]

≤ V0 if and only if gt ≥ λ a.s. (A.4)

The second equality follows from (A.1) with t = τ and Vτ = U . The forth equality

follows from a version of the optimal sampling theorems, whose assumptions are satisfied
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because gt and ∆t are square-integrable. The “if” part follows from non-negativity of

b̂t, and the “only if” part is proved by contraposition. Suppose that gt < λ holds on a

set Ω1 of positive measure. Then, by making b̂t positive on Ω1 and zero otherwise, the

last inequality is flipped without equality.

Hence, we have establish V̂0 ≤ V0 if and only if gt ≥ λ holds almost surely. The

same argument holds true for V̂t for any t > 0. �

Proof of Proposition 1

I prove this proposition by basically following DeMarzo and Sannikov (2006, hereinafter

DS), although I need to deal with several deviations from their model.

Step 1: Deriving the optimal Markov contract

Let {Js(V )}s∈{N,C} denote the principal’s value under the optimal Markov contract

where the agent’s promised value is V in aggregate state s ∈ {N,C}. To obtain a usual

Hamilton-Jacobi-Bellman equation, we next need to deal with compensation process Ct,

since this process may not be differentiable with respect to time t.2 Note that Lemma

2 ensures that incentive compatibility does not restrict any payment plan Ct.

As is the case with DS, the optimal Markov contract satisfies J ′
s(V ) ≥ −1. This is

because the principal always has the option to provide an instantaneous payment to the

agent. Also, following DS, I additionally assume that Js(V ) is a concave function and

that there exists Bs such that

J ′
s(Bs) = −1, and J ′

s(V ) > −1 for all V ∈ [U,Bs). (A.5)

These assumptions are confirmed later in Step 2.

The assumptions imply that for any V < Bs, any positive transfer dC is not optimal.

Using the fact that dCt = 0 for V < Bs at the optimum, we can write the following

2 By the assumption of dCt ≥ 0, Ct has non-decreasing paths, which are of finite variation (Theorem
4 on page 86 in Royden, 1963). Thus, we can ignore the second order terms in Ito’s formula. Even so,
we cannot form a Hamilton-Jacobi-Bellman equation because it is the equation for the drift, which is
the time derivative of the expected value of the process. The point is Ct may not be differentiable in t.
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Hamilton-Jacobi-Bellman equation, for each aggregate state s ∈ {N , C}.

rJs(V ) = max
as ∈ [0, 1],

gs ≥ λ,

∆s ≥ −V + U

µ(as) + (ρV − ηs∆s)J
′
s(V ) +

1

2
g2sσ

2
sa

2
sJ

′′
s (V )

+ ηs(J−s(V +∆s)− Js(V )). (A.6)

By concavity of Js(V ), it is optimal to set gs = λ > 0 for any V in any s ∈ {N , C}. As

for ∆s, there are two cases: a corner solution (∆s = −V + U) and an interior solution,

which satisfies the first order condition:

J ′
−s(V +∆s) = J ′

s(V ). (A.7)

That is, the optimal adjustment ∆s does not change the marginal cost from an increase

in the promised utility before and after aggregate state changes. In sum, the principal’s

optimal choice ∆s(V ) given V is3

∆s(V ) =

{

−V + U if U < V ≤ Vs
[
J ′
−s

]−1
(J ′

s(V ))− V if Vs < V ≤ Bs

(A.8)

where Vs is, if any, a threshold that satisfies

J ′
−s(U) = J ′

s(Vs). (A.9)

As for risk-taking level as, the first order condition is

µ′(as) +
1

2
J ′′
s (V )λ2σ2s(2as) = 0. (A.10)

We can solve (A.10) for as and obtain

as =
mH −mL

−J ′′
s (V )λ2σ2s

, (A.11)

which is positive due to J ′′
s (V ) < 0, but may exceed one for some V . This is because the

principal wants to increase risk to attain higher mean output when the probability of

termination is very low. The assumption of the upper limit on as does not allow them

3 Note that [J ′
−s]

−1 exists because J ′′
−s(V ) < 0 holds for V < B−s.
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to unlimitedly increase the mean and variance of risky projects. Note also that as = 0

when 1/J ′′
s (V ) = 0, that is, J ′′

s (V ) = −∞.4 Hence, we have

as(V ) =

{
mH−mL

−J ′′
s (V )λ2σ2

s
if U ≤ V ≤ As

1 if As < V ≤ Bs

where As is, if any, a threshold that solves5

J ′′
s (As) =

mH −mL

−λ2σ2s
.

That is, in the optimal contract, the principal starts adjusting the level of risk-taking

if the promised utility is low as indicated by V < As. Otherwise, it is optimal to take

the highest risk to gain the highest mean output.

Given the policy function as(V ), the functional equation for Js(V ) differs across

possibly two regions with the border at V = As. For U ≤ V ≤ As, by substituting

(A.11) into (A.6), we obtain

rJs(V ) = mL + (ρV − ηs∆s)J
′
s(V ) +

1

2

(mH −mL)
2

(−λ2σ2sJ
′′
s (V ))

+ ηs(J−s(V +∆s)− Js(V )). (A.12)

For As < V < Bs, we have

rJs(V ) = mH + (ρV − ηs∆s)J
′
s(V ) +

1

2
λ2σ2sJ

′′
s (V )

+ ηs(J−s(V +∆s)− Js(V )), (A.13)

which is similar to the case of DS except for a change in aggregate state.

For any V ≥ Bs, we have

Js(V ) = Js(Bs)− (V −Bs). (A.14)

4 This means that if taking zero risk (as = 0) is optimal, then it must be only at V = U . The
reason is the following. Suppose a contract that assigns as = 0 at some point Ṽ > U and taking zero
risk below Ṽ . The value function associated with this contract must have the finite second derivative
in region [U, Ṽ ]. Then, the principal can make more profit by taking a small but positive risk in this
region. Thus, such a contract is not optimal. Therefore, as = 0 must be at V = U , if the optimal
contract assigns as = 0. This fact will be confirmed in Step 3 of the proof.

5 Note that we have As < Bs because a boundary condition J ′′
s (Bs) = 0 implies as → ∞ as V → Bs.
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where

Js(Bs) =

(
r

r + ηs

)
mH − ρBs

r
+

(
ηs

r + ηs

)

(J−s(B−s) +B−s −Bs). (A.15)

according to (A.13), J ′
s(Bs) = −1 and J ′′

s (Bs) = 0. In this region, the optimal value is

attained by an immediate move to the contract with the promised value Bs, by paying

dC = V −Bs when V ≥ Bs.
6 Thus, Bs serves as a reflecting boundary for Vt.

As in DS, there are two terminal conditions, i.e., J ′
s(Bs) = −1 and J ′′

s (Bs) = 0.

The latter is a so-called super-contact condition. Also, we have one initial condition

Js(U) = Ss where Ss satisfies (1.5) by the matching structure of the model. Hence,

there is a unique solution of Js(V ) for V < Bs that satisfies (A.6) with these boundary

conditions.7

Step 2: Checking if the value functions are strictly concave

I need to prove the concavity of the solutions to (A.12) and (A.13). For (A.13), we can

apply the same argument of the proof of Lemma 2 in Piskorski and Tchistyi (2010).

Note that their argument is independent of the type of aggregate shocks. For (A.12),

concavity directly follows the fact that as(V ) is strictly positive in this region. Therefore,

I have confirmed that the value functions are strictly concave in [U,Bs).
8

Step 3: Checking if the solution is the optimal contract

We can apply the same argument in DS to prove this part. Take an arbitrary contract Π

that is incentive compatible. Define the valueGt of the contract that follows Π up to time

6 Moreover, it can be shown that this is the only way to attain the optimal value defined by (A.14),
as is the case of DS. Consider a strategy of just letting V fluctuate according to (1.8) when V > Bs.
According to (A.13) and (A.14), the value of doing so, denoted by Ĵs(V ), is equal to

Ĵs(V ) =

(

r

r + ηs

)

mH − ρV

r
+

(

ηs

r + ηs

)

(J−s(B−s) +B−s −Bs) < Js(V ),

because of ρ > r and V > Bs. Intuitively, it is not optimal to delay the payment to the agent if V
is above Bs because it increases the amount of future payments at a higher rate than the principal’s
discount rate.

7 See section A.4 for an explanation of how to solve Js(V ) and ∆s(V ) together.
8 Precisely speaking, I need to prove the concavity in the case where Js(V ) follows (A.13) but

J−s(V + ∆s(V )) follows (A.12). It turns out that we can prove it by applying step 3 in the proof in
Piskorski and Tchistyi (2010), because their step 3 shows that Js(V ) satisfying (A.13) must be strictly
concave in a region where J−s(V +∆s(V )) is strictly concave, which is true if J−s(V +∆s(V )) follows
(A.12).
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t but follows the optimal Markov contract after time t. Show Gt is a supermartingale,

and is a martingale only if Π satisfies gt = λ and as(V ) > 0 for V > U , and that Vt does

not cross over Bs under Π. Observe that the principal’s value of contract Π is equal

to limt→∞ E0(Gt∧τ ). Use the property of supermartingales and a version of optional

sampling theorems to conclude that the value of contract Π is less than or equal to the

value of the optimal Markov contract. �

Proof of Proposition 2

The structure of the proof is the following. First, I prove that there is a unique solution

to the optimal contracting problem in the simplified economy given parameters. Next,

I show that the solution is continuously differentiable in parameters. Finally, I derive

the derivative of the solution with respect to σ2, and show that it is negative.

Step 1: Existence of a unique solution

The optimal contracting problem in the simplified economy, letting µ denote the mean

return of risky projects, which is constant in this case, results in the following free-

boundary problem:

J ′′(V ) =
2

λ2σ2
[
rJ(V )− ρV J ′(V )− µ

]
, V ∈ (U,B), (A.16)

J(B) =
µ− ρB

r
, J ′(B) = −1, (A.17)

J(U) =
α

α+ r
max
V

J(V ), (A.18)

with J ′(V ) ≥ −1 implied by optimality of payment to the agent only at Vt = B.

Consider a solution to an initial value problem defined by (A.16) and (A.17) given

an arbitrary value of B.9 I will show that there exists B such that the solution satisfies

the last boundary condition (A.18). Let JB(V ) denote such a solution for any B. By

a version of the Cauchy-Peano theorem, JB(V ) uniquely exists for any B, because the

LHS of (A.16), as a function of V, J(V ), J ′(V ), is continuously differentiable.10 Hence,

JB(V ) is a well-defined function with respect to B.

9 In fact, the initial value problem defines a solution backward because V = B is actually a terminal
point.

10 See Theorems II and III on page 127 in Walter (1998).
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Claim: JB(V ) is continuously differentiable in B.

In the following, I will show that JB(V ) is continuously differentiable with respect to

B. We can show that JB(V ) is strictly concave in V ∈ (U,B), using J ′(V ) ≥ −1 and

ρ > r as follows:

J ′′(V ) =
2

λ2σ2
[
rJ(V )− ρV J ′(V )− µ

]

≤
2

λ2σ2
[rJ(V ) + ρV − µ]

<
2

λ2σ2
[rJ(B) + ρB − µ] = 0,

where the third inequality comes from the fact that the match surplus, rJ(V ) + ρV , is

strictly increasing in V under the two conditions above. The strict concavity of JB(V )

implies

JB(V ) ≤ JB(B) + J ′
B(B)(V −B) =

µ− ρB

r
− (V −B), (A.19)

by the Mean Value Theorem. In particular, at V = U , we obtain

0 ≤ JB(U) ≤
µ− ρB

r
− (U −B),

where non-negativity of JB(U) is implied by the fact that the value at termination has

to be greater than the value of doing nothing. This inequality gives an upper bound for

B:11

B ≤
µ− ρU

ρ− r
+ U. (A.20)

Therefore, B takes value in
[

U, µ−ρU
ρ−r + U

]

, which is a non-empty interval under the

assumption of µ > ρU . By this fact, we can restrict the domain of V into an interval
[

U, µ−ρU
ρ−r + U

]

. Then, the LHS of (A.16) satisfies the Lipschitz condition with respect to

(J(V ), J ′(V )) in the domain, together with V ∈
[

U, µ−ρU
ρ−r + U

]

. Therefore, we can apply

Theorem VI on page 151 in Walter (1998), and establish that JB(V ) is continuously

differentiable in B.

11 This upper bound is also useful in numerically solving B using a binary-search algorithm. Still, we
need to start searching points close to the lower bound, since the RHS of (A.20) is too large in practice.
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Claim: JB(V ) is strictly decreasing in B.

Next, I will show that JB(V ) is strictly decreasing in B for every V ∈ (U,B), by showing

that its first derivative, denoted by dJB
dB (V ), is negative for every V ∈ (U,B).

Note first that a change in B affects the initial value problem in two ways: a change

in the initial point V = B, and a change in the initial value J(B) = µ−ρB
r . Let ∂JB

∂B (V )

denote the derivative of JB(V ) with respect to the change in the initial point V = B,

given the initial value JB(B) fixed. Let ∂JB
∂JB(B)(V ) denote the derivative of JB(V ) with

respect to the change in the initial value JB(B), given the initial point V = B fixed.

By the chain rule, we have

dJB
dB

(V ) =
∂JB
∂B

(V ) +
(

−
ρ

r

) ∂JB
∂JB(B)

(V ). (A.21)

Theorem X on page 154 in Walter (1998) implies ∂JB
∂B (V ) = ∂JB

∂JB(B)(V ). Thus, (A.21)

becomes

dJB
dB

(V ) =

(
r − ρ

r

)
∂JB
∂B

(V ). (A.22)

Furthermore, the theorem also implies that ∂JB
∂B (V ) satisfies the following second order

differential equation:

∂J ′′
B

∂B
(V ) =

2

λ2σ2

[

r
∂JB
∂B

(V )− ρV
∂J ′

B

∂B
(V )

]

, (A.23)

with boundary conditions ∂JB
∂B (B) = 1 and

∂J ′
B

∂B (B) = 0.

In the spirit of Lemma 4 in DS (or the Feynman-Kac formula in general), we can

prove that ∂JB
∂B (V ) satisfies

∂JB
∂B

(V ) = E

[

e−rτ ∂JB
∂B

(U) | V0 = Vt

]

= E
[
e−rτ | V0 = V

] ∂JB
∂B

(U).

By one of the terminal conditions, i.e., ∂JB
∂B (B) = 1, we obtain

∂JB
∂B

(V ) =
E[e−rτ | V0 = V ]

E[e−rτ | V0 = B]
. (A.24)

In this simplified economy, τ is almost surely finite. Hence, ∂JB
∂B (V ) is positive for every

V ∈ [U,B]. Thus, by (A.22) and ρ > r, dJB
dB (V ) is negative for every V ∈ [U,B].
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Claim: There is a unique B satisfying (A.18).

Now, I show that there is a unique B such that the last boundary condition (A.18)

holds.12

Define R(B) by

R(B) = JB(U)−

(
α

α+ r

)

JB(V
∗
B). (A.25)

where V ∗
B is a unique maximizer of JB(V ).13 By the argument so far (and the envelope

theorem), we know that R(B) is continuously differentiable in B. At B = U , V ∗
B has to

be equal to U , and therefore, we have

R(U) = JU (U)−

(
α

α+ r

)

JU (U) =

(
r

α+ r

)(
µ− ρU

r

)

> 0.

At the other boundary, i.e., at B =
(
µ−rU
ρ−r

)

, (A.19) implies JB(V ) < U − V ≤ 0 for

every V ∈ [U,B], and hence, we have

JB(U) ≤ JB(V
∗
B) <

(
α

α+ r

)

JB(V
∗
B) < 0.

This implies R(B) < 0 at B =
(
µ−rU
ρ−r

)

. By the Intermediate Value Theorem, there

exists B such that R(B) = 0.

Finally, I show that dR(B)
dB is negative. By (A.22) and (A.24), we have

dR(B)

dB
=

dJB(U)

dB
−

(
α

α+ r

)
dJB(V

∗
B)

dB

=
dJB(U)

dB

(

1−

(
α

α+ r

)

E[e−rτ | V0 = V ∗
B]

)

< 0.

Namely, R(B) is strictly decreasing in B, which establishes the uniqueness of B that

solves R(B) = 0.

Step 2: Continuous dependence of the solution

So far, I proved the uniqueness and the existence of a solution to the initial value problem
12 The approach here is applicable to any other terminal condition than (A.18), as long as the residual

function of the terminal condition, such as R(B) defined just below in the main text, is continuously
differentiable in B.

13 The uniqueness comes from the strict concavity of JB(V ) for any B.
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defined by (A.16), (A.17), (A.18), and J ′(V ) ≥ −1. Now, I turn to the comparative

statics of the solution with respect to σ2. Note that a similar argument also holds for

other parameters than σ2.

Let B(σ2) and JB(σ2)(V ;σ2) denote the boundary value and the value function that

solve the free-boundary problem indexed by σ2. First, B(σ2) is continuously differen-

tiable in σ2 in (0,∞], because of dR(B)
dB 6= 0 and the Implicit Function Theorem. Second,

JB(V ;σ2) for any given B is continuously differentiable in σ2 in (0,∞], because the LHS

of (A.16) satisfies the Lipschitz condition with respect to (J(V ), J ′(V )) in the domain

for any σ2 ∈ (0,∞], and we can apply Theorem V on page 150 in Walter (1998). There-

fore, JB(σ2)(V ;σ2) is continuously differentiable in σ2 in (0,∞].

Step 3: No incentive to start a new contract

Using the continuity established above, I show the existence of a threshold σ2, above

which no contract will be made between unmatched principals and agents.

Let JB(∞)(V ;∞) be the solution to the initial value problem defined with 1/σ2 →

0. Since the LHS of (A.16) becomes zero, we have J ′′
B(∞)(V ;∞) = 0 and hence

J ′
B(∞)(V ;∞) = −1 for all V . That is, the value function in this case is just a line with

slope −1. Therefore, we have V ∗ = U and (A.18) implies J ′
B(∞)(V ;∞) = U − V ≤ 0.

By the continuity established above, we have

lim
σ2→∞

JB(σ2)(V ;σ2) = JB(∞)(V ;∞) = U − V ≤ 0,

that is, there exists σ2 such that for any σ > σ2, the principal’s value of contract is

always below zero, and thus, there is no incentive to start a new contract for unmatched

principals.14

Step 4: Reduction in the value of contract due to increased variance

Finally, I show that increased variance reduces the value of contract, by showing that

the derivative of JB(σ2)(V ;σ2) in σ2 is negative. Hereinafter, I suppress B(σ2) and let

J(V ;σ2) denote the value function.

14 If there is a transfer scheme that subsidizes an unmatched principal with a new idea to make a
new contract using a lump-sum tax for all agents, then it is possible to encourage them to make new
contracts. This is because there is still a positive match surplus, defined as J(V ) + V − U , for some
V > U . Note that the match surplus will be zero for all V at the limit of σ2 = ∞.
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By Lemmas 4 and 6 in DS, we have

∂J(V ;σ2)

∂σ2
= E

[∫ τ

0
e−rt

[
1

2
λ2J ′′(V ;σ2)

]

dt+ e−rτ ∂J(U ;σ2)

∂σ2
|V0 = V

]

, (A.26)

where

∂J(U ;σ2)

∂σ2
=

(
α

α+ r

)
∂J(V ∗;σ2)

∂σ2
.

Evaluating at V = V ∗, we obtain

∂J(V ∗;σ2)

∂σ2
= E

[∫ τ

0
e−rt

[
1

2
λ2J ′′(V ;σ2)

]

dt|V0 = V ∗

]

+ E
[
e−rτ |V0 = V ∗

]
(

α

α+ r

)
∂J(V ∗;σ2)

∂σ2
,

⇒
∂J(V ∗;σ2)

∂σ2
=

E
[∫ τ

0 e
−rt
[
1
2λ

2J ′′(V ;σ2)
]
dt|V0 = V ∗

]

1− E [e−rτ |V0 = V ∗]
(

α
α+r

) < 0, (A.27)

if V ∗ > U where the last inequality stems from the strict concavity of J(V ;σ2). The

inequality becomes weak if V ∗ = U , in which case, we have J(V ∗;σ2) = J(U ;σ2) = 0

for any σ2. Combining with (A.26), we conclude

∂J(V ;σ2)

∂σ2
< 0

for all V ≥ U if V ∗ > U . In the case of V ∗ = U , the inequality becomes equality at

only V = U . �

Proof of Proposition 3

By (1.22), we have

(r + ηs + η−s)(Ss − S−s) =
ψ

2

[
(Js(V

∗
s )− Ss)

2 − (J−s(V
∗
−s)− S−s)

2
]

=
ψ

2
(Js(V

∗
s ) + J−s(V

∗
−s)− Ss − S−s)(Js(V

∗
s )− J−s(V

∗
−s)− Ss + S−s)

(A.28)

This implies
(

r + ηs + η−s +
ψ

2
(Js(V

∗
s ) + J−s(V

∗
−s)− Ss − S−s)

)

(Ss − S−s)

=
ψ

2
(Js(V

∗
s ) + J−s(V

∗
−s)− Ss − S−s)(Js(V

∗
s )− J−s(V

∗
−s)). (A.29)
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Because (Js(V
∗
s ) + J−s(V

∗
−s)− Ss − S−s) ≥ 0 must hold, (A.29) implies

Js(V
∗
s ) ≥ J−s(V

∗
−s) ⇔ Ss ≥ S−s. (A.30)

On the other hand, (A.28) also implies

(r + ηs + η−s)(Ss − S−s)

=
ψ

2
(Js(V

∗
s ) + J−s(V

∗
−s)− Ss − S−s){(Js(V

∗
s )− Ss)− (J−s(V

∗
−s) + S−s)},

which yields

Ss ≥ S−s ⇔ (Js(V
∗
s )− Ss) ≥ (J−s(V

∗
−s)− S−s). (A.31)

Finally, using (A.30), (A.31), and (1.20), we obtain

Js(V
∗
s ) ≥ J−s(V

∗
−s) ⇔ ψ(Js(V

∗
s )− Ss) ≥ ψ(J−s(V

∗
−s)− S−s)

⇒ αs ≥ α−s.

�

A.4 Numerical Computation

This section explains how to solve the optimal contract and how to solve the dynamics

of the agent’s value distribution in the transition analysis.

Step 1: Numerically solving the optimal contract

As for the optimal contract, I numerically solve for Js(V ) and ∆s(V ), following a iter-

ative procedure described in the appendix of DeMarzo et al. (2010). When I solve for

Js(V ) given the guess of J−s(V ), ∆s(V ), and ∆−s(V ), I first guess Bs and numerically

solve (A.6) backward with two terminal conditions, using a MATLABR© function called

“ode45.m”, and check if Js(U) = Ss implied by (1.5). Note that (A.6) has two forms

depending on V , that is, (A.12) and (A.13).

Then, I update the guess by a binary search algorithm. In the binary search algo-

rithm, I need to initially start with more weights, such as 99/100, on the lower bound

because the theoretical upper bound for Bs is too high in practice and the middle point
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between the two bounds as a guess for Bs sometimes results in a computational prob-

lem.15 I change the weights to a half once the guessed Bs turns out too large.

Step 2: Computing the limiting distribution

To conduct a transition analysis, I need to first calculate the limiting distribution in

the normal state, which arises if there is no aggregate regime switch for a long time.

Let f s(V ) denote the density of such a limiting distribution in state s. This can be

done by solving the second-order ordinary differential equation that we obtain by set-

ting the LHS to zero in equation (1.13), with boundary conditions (1.14) and (1.15).

I use a MATLABR© function called “bvp5c.m”, setting the initial guess to the station-

ary distribution in the case where there is no as(V ) or ∆s(V ), which can be solved

analytically.

It is important to deal with two possible kinks in the limiting density f s(V ). One

of the kinks is located at V ∗
s due to the entry of new contracts, and the other is located

at As due to the fact that the dynamics of Vt changes at this point. Such kinks create

gaps in the first derivative of the density. The size of the gap at the first kink is equal

to the size of entry of new contracts. The size of the second kink is determined by the

relationship as follows:

f
′
s(As−)− f

′
s(As+) = −2a′s(As−)f s(As), (A.32)

where f
′
s(As−) and a′s(As−) are the left-derivatives at As and f

′
s(As+) is the right-

derivative at As. These two conditions on the gaps can be seen by integrating (1.13)

with respect to V , setting the LHS to zero. Note that the integral must be divided at

the points of discontinuity.

We need to solve the unknown size of the gaps together with the limiting density

itself. The size of the gap at V ∗
s is just a matter of normalization. Since the limiting

density fs(V ) is homogenous of degree one with respect to the size of entry, we can first

solve for the limiting density for any size of entry, and then, divide the whole thing by

the integral of the calculated density to obtain the limiting density with measure one.

15 Solving (A.12) may sometimes be more problematic than solving (A.13) because it results in
J ′′
s (V ) = −∞ if a guess of Bs is too high. For numerical stability, we can change the problem such that

there is a small but positive lower bound for the risk-taking level. Still, solving (A.13) also requires a
guess for Bs to be not so large.
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Given a guess of entry size, I iteratively solve the limiting density with a guess of the

size of the gap at As, updating the guess via (A.32) until it converges.

Step 3: Applying the optimal adjustment ∆s(V )

Next, I apply the optimal adjustment ∆N (V ) when uncertainty increases to the limiting

distribution computed in Step 2. Specifically, I use equation (1.18), and thus, need to

compute ∆′
C(V ). From (1.12), we have

1 + ∆′
s(V ) =

J ′′
s (V )

J ′′
−s(V +∆s(V ))

. (A.33)

The numerical computation of ∆′
s(V ) using (A.33), however, is not stable in a region

close to Bs, because of the fact that both the numerator and the denominator in the

RHS converges to zero as V → Bs. To avoid this numerical instability, I first obtain

1 + ∆′
s(Bs) using the l’Hôpital’s rule as follows:

lim
V→Bs

1 + ∆′
s(V ) = lim

V→Bs

J ′′′
s (V )

J ′′′
−s(V +∆s(V ))(1 + ∆′

s(V ))
,

⇒ 1 + ∆′
s(Bs) =

√

J ′′′
s (Bs)

J ′′′
−s(B−s)

=
σ−s

σs
. (A.34)

And then, I linearly interpolate (A.33) and (A.34), ignoring some points close to Bs,

which suffer from numerical instability.16

Step 4: Computing the transition of the distribution

I calculate the transition of the density of agent’s values by numerically solving par-

tial differential equation (1.13), with boundary conditions (1.14) and (1.15), starting

from the initial distribution calculated in Step 3. I use a MATLABR© function called

“pdepe.m”, which can solve “parabolic” partial differential equations, such as the Kol-

mogorov’s forward equation. As in Step 2, it is important to deal with two possible

gaps in the first derivative of fs(t, V ). I iteratively solve fs(t, V ) and the time series of

gaps at V ∗
s and at As until they converge.

I derive the conditions that must hold at these kink points as follows. Remember

first that Kt =
∫ Bs

U fs(t, V )dV if the current aggregate state is s ∈ {N , C}. Then, we
16 The instability in calculating ∆′

s(V ) close to Bs results in fairly large computational errors, and
may require very high accuracy in computing Js(V ) and its derivatives to obtain reliable results.



86

have,

dKt

dt
=

∫ Bs

U

∂fs(t, V )

∂t
dV

=

∫ Bs

U
−
∂

∂V
[(ρVt − ηs∆s(V ))fs(t, V )] +

1

2

∂2

∂V 2

[
λ2σ2sa

2
s(V )fs(t, V )

]
dV

=
1

2
λ2σ2s

[
−2a′s(As−)fs(t, As) + f ′s(t, As−)− f ′s(t, As+)

]

+
1

2
λ2σ2sa

2
s(V

∗
s )
[
f ′s(t, V

∗
s−)− f ′s(t, V

∗
s+)
]
−

1

2
λ2σ2sa

2
s(U)f ′s(t, U), (A.35)

where f ′s(t, V ) = ∂
∂V fs(t, V ). For the last equality, I use terminal conditions (1.14) and

(1.15), and also continuity of fs(t, V ), ∆s(V ), as(V ), and a′s(V ) except for V = As.

The terms in (A.35) related with a kink at As stem from the fact that we have two

different dynamics across the border at As. Therefore, they must be summed up to

zero, and hence, we have

f ′s(t, As−)− f ′s(t, As+) = −2a′s(As−)fs(t, As), (A.36)

which is the same condition as (A.32).

The remaining terms in (A.35) are associated with inflow at V ∗
s and outflow at U .

The measure of unmatched principals, MP −Kt, satisfies

d(MP −Kt)

dt
=

1

2
λ2σ2sa

2
s(U)f ′s(t, U)− α(MP −Kt), (A.37)

where the first term on the RHS captures instantaneous outflow and the second term

reflects the instantaneous measure of unmatched principals who hit upon a new idea.

Combining (A.35), (A.36), and (A.37) gives

1

2
λ2σ2sa

2
s(V

∗
s )
[
f ′s(t, V

∗
s−)− f ′s(t, V

∗
s+)
]
= α(MP −Kt). (A.38)

Thus, we have two conditions (A.36) and (A.38) at two kink points.

Finally, I apply the optimal adjustment, again, at the point in time when uncertainty

comes down, and calculate the transition of the density thereafter. This concludes the

numerical computation in the transition analysis.
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Appendix to Chapter 2

B.1 A Detail Description of Discrete-time Approximation

B.1.1 Tornqvist Approximation

The Tornqvist approximation is a way to approximate a Riemann-Stieltjes integral by

the values of functions at both endpoints of the domain of the integral. The general

formula is as follows.
∫ t

t−1

g(x)dF (x) ≃

[

g(t− 1) + g(t)

2

]

[F (t)− F (t− 1)] .

This approximation is exactly the same as the true value if integrand g(x) is a linear

function of F (x) in interval [t − 1, t]. In other words, by applying the Tornqvist ap-

proximation, we approximate function g(x) by a linear function of F (x) on [t − 1, t]:

g(x) ≃ aF (x) + b, with some constants (a, b). See Hulten (2008) for a discussion on the

relevance of the Tornqvist approximation.

In this paper, we apply the Tornqvist approximation in the following form.
∫ t

t−1

sid lnZi ≃
[sit−1 + sit

2

]

[lnZit − lnZit−1] = sit∆ lnZit,

with notation sit :=
sit−1+sit

2 .

B.1.2 Approximation of Entry and Exit Effects

In this subsection, we explain in detail how we deal with entrants and exiters when we

derive (2.11). To begin with, we assume that there are only four possibilities for a plant

during the period from time t− 1 to time t; a plant keeps operating, enters once, exits

87
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once, or does not operates at all. That is, we exclude the case where a plant repeats

entering and exiting more than once during the period time t− 1 to time t.

For ease of exposition, we explain the idea by applying it to aggregate value added

growth. The ideal discrete-time index for aggregate value added growth is the integral

of the sum of dVi

V over all plants from time t − 1 to time t. We split the sum over all

plants into the sums over three sets of plants: stayers, entrants, and exiters.1

∫ t

t−1

∑

i

dVi

V
=

∑

i

∫ t

t−1

dVi

V

=
∑

i∈St

∫ t

t−1

dVi

V
+
∑

i∈Et

∫ t

t−1

dVi

V
+

∑

i∈Xt−1

∫ t

t−1

dVi

V
(B.2)

We explain how to deal with (B.2) term by term. For the first term, which is the

sum over stayers, we transform the integrand into a log form and apply the Tornqvist

approximation.

∑

i∈St

∫ t

t−1

dVi

V
=

∑

i∈St

∫ t

t−1

(

Vi

V

)

dVi

Vi

=
∑

i∈St

∫ t

t−1

svid lnVi ≃
∑

i∈St

svit∆ lnVit,

(B.3)

where svi :=
Vi

V , and svit :=
svit−1+svit

2 .

For the second term, which is the sum over entrants, we first split the domain of

the integral into the three parts: before, at the time, and after the plant enters. Let

τEi denote the time when plant i starts operating. Since Vi = 0 for all t < τEi , the first

term is equal to zero. The second term is calculated as a Riemann-Stieltjes integral.

1 By the way, in this case, the integral has a closed-form solution as follows.

∫ t

t−1

∑

i

dVi

V
=

∫ t

t−1

dV

V
= lnVt − lnVt−1. (B.1)

This formula doesn’t hold for (2.9).
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And then, we apply integral by parts to the third term.

∑

i∈Et

∫ t

t−1

dVi

V
=

∑

i∈Et

[

∫ τE
i

t−1

dVi

V
+

∫ τE
i

τE
i

dVi

V
+

∫ t

τE
i

dVi

V

]

=
∑

i∈Et

[

0 +

(

V
τE
i

i

V τE
i

)

+

∫ t

τE
i

dVi

V

]

=
∑

i∈Et

[(

V
τE
i

i

V τE
i

)

+

(

V t
i

V t

)

−

(

V
τE
i

i

V τE
i

)

−

∫ t

τE
i

Vid

(

1

V

)

]

=
∑

i∈Et

[

(

V t
i

V t

)

+

∫ t

τE
i

Vi

V 2
dV

]

≃
∑

i∈Et

(

V t
i

V t

)

=
∑

i∈Et

svit (B.4)

For the last approximation, we assume that Vi << V 2 and hence Vi/V
2 ≃ 0.

For the third term, which is the sum over exiters, we take the same way for the sum

over entrants. Thus, we obtain

∑

i∈Xt−1

∫ t

t−1

dVi

V
≃

∑

i∈Xt−1

−

(

V t−1
i

V t−1

)

=
∑

i∈Xt−1

−svit−1, (B.5)

in the same way to obtain (B.4). Note that we have a negative sign in this case.

Combining (B.3), (B.4) and (B.5), we finally obtain
∫ t

t−1

∑

i

dVi

V
≃

∑

i∈St

svit∆ lnVit +
∑

i∈Et

svit −
∑

i∈Xt−1

svit−1 (B.6)

In this way, we derive (2.11) from (2.9). We apply to each term of (2.9) the same

way of calculation and approximation as we described so far, and hence obtain (2.11).
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B.2 Supplemental Tables and Figures

In this appendix, we show several supplemental tables and figures as a reference.

B.2.1 Another Decomposition of APGPL
t

Table B.1 shows APGPL
t and its components using (2.10), not using (2.11) as in the

main text. As is shown in (2.10), APGPL
t is calculated as aggregate gross output minus

aggregate cost, which is the sum of aggregate labor cost, capital cost, and intermediate

material cost, plus the entry and exit effects.

B.2.2 Time Series by Estimation Method

Figure B.1 shows the time series of the technical efficiency term for each estimation

method. All technical efficiency estimates are positively correlated, but the magnitude

of movement over time differs across estimators. Figure B.2 shows the time series of

the PL reallocation term for each estimation method. Figure B.3 shows the time series

of the BHC reallocation term for each estimation method. Comparing Figures B.2

and B.3, we find that the BHC reallocation term fluctuates much more than the PL

reallocation term. Figure B.4 shows the time series of the BHC aggregate productivity

growth, APGBHC
t , for each estimation method. In general, all APGBHC

t estimates show

a similar pattern and are highly positively correlated. Most of the time variations of

APGBHC
t are attributed to the BHC reallocation term, because the BHC reallocation

term varies much more than the technical efficiency term as in Figures B.1 and B.3.
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Table B.1: PL Aggregate Productivity Growth and Its Components.

Aggregate

PL Gross Aggregate Cost

year APG Output Labor Capital Materials Entry Exit

1982 3.19 1.79 -0.54 1.10 -1.21 3.67 -2.92
1983 3.57 2.51 -0.30 0.98 -1.81 2.98 -3.05
1984 5.03 20.20 0.22 1.03 14.36 3.11 -2.66
1985 3.10 9.43 0.53 0.84 5.38 4.09 -3.65
1986 3.42 -10.81 -0.55 0.92 -13.21 4.60 -3.22
1987 5.60 12.69 -0.62 0.75 7.07 2.75 -2.65
1988 8.54 23.53 0.23 0.54 14.39 2.43 -2.26
1989 7.44 20.85 0.51 0.63 12.64 2.42 -2.05
1990 5.31 12.04 -0.05 0.75 6.48 2.59 -2.15
1991 3.35 5.87 -0.09 0.97 2.04 2.45 -2.05
1992 -1.27 -7.79 -0.85 1.08 -6.77 1.82 -1.85
1993 -2.85 -8.87 -1.49 0.87 -5.79 1.59 -1.98
1994 1.53 0.17 -1.29 0.31 -1.11 1.71 -2.44
1995 4.67 9.06 -0.50 -0.14 5.15 1.99 -1.86
1996 3.85 7.34 -0.24 0.00 3.78 1.43 -1.39
1997 2.83 10.77 -0.13 0.12 7.72 1.84 -2.06
1998 -2.01 -14.55 -1.02 0.14 -11.36 2.24 -1.94
1999 -1.60 -5.04 -1.52 0.09 -2.70 2.12 -2.81
2000 5.63 15.58 -0.55 -0.08 10.16 1.78 -2.20

1980s Average 4.99 10.02 -0.06 0.85 4.70 3.26 -2.81
(Std. dev.) (2.08) (11.76) (0.49) (0.20) (9.67) (0.79) (0.52)
1990s Average 1.38 0.90 -0.72 0.42 -0.26 1.98 -2.05
(Std. dev.) (3.05) (9.43) (0.59) (0.45) (6.35) (0.37) (0.38)
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Figure B.1: Technical Efficiency by Estimation Method.

−
1

0
.0

0
−

5
.0

0
0

.0
0

5
.0

0
1

0
.0

0

1980 1985 1990 1995 2000
year

PL_RE_OLS PL_RE_FD

PL_RE_FKK PL_RE_FE

PL_RE_SD PL_RE_WLP

Figure B.2: PL Reallocation Effect by Estimation Method.
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Figure B.3: BHC Reallocation Effect by Estimation Method.
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B.2.3 Comparison with Macro Data

Tables B.2 and B.3 compare value added and productivity estimates between macro

and micro data. All the macro data are obtained from JIP 2008. The micro data are

the plant-level panel data we use in this paper.

The first two columns of Table B.2 show growth rates of the economy-wide and man-

ufacturing value added, which are highly positively correlated; the correlation coefficient

is 0.89. Thus, the manufacturing sector seems to represent Japan’s economy as a whole

in terms of growth rate of value added. The last column shows growth rate of manu-

facturing value added obtained from our data set, which is highly positively correlated

with the one obtained from JIP 2008; the correlation coefficient is 0.85. Therefore, our

sample of plant-level data represents the manufacturing sector as a whole.

Table B.3 shows growth rates of TFP (Total Factor Productivity) estimates in the

whole economy and the manufacturing sector, and PL-APG measured in this paper.

The manufacturing TFP positively correlates with aggregate TFP with coefficient 0.50,

which is smaller than in the case of value added growth rates. PL-APG positively

correlates with the manufacturing TFP with coefficient 0.69, although the two measures

are conceptually different.

Figure B.5 shows the log differences of hours worked ∆ lnH and the number of

workers ∆ lnN in Japan’s manufacturing sector. ∆ lnH was negative during 1989-93.

There was a change in the legislation on the regular hours worked per week from 44

hours (1988) to 40 hours (1993). ∆ lnN was negative after 1993.

B.2.4 Further Decomposition of Reallocation Effect

Table B.4 shows a further decomposition of reallocation effect. First, we divide all plants

into four groups, depending on whether they increase or decrease the factor input and

whether they have positive or negative margins. Then, we estimate reallocation effect

for each group. Panel A shows that plants with positive margins contributed more,

in both positive and negative ways, to aggregate productivity growth through labor

reallocation, compared to those with negative margins.
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Figure B.5: Hours Worked and Number of Employees.

The data are from JIP 2008. Manufacturing sector only. Note: Labor input (L) = Hours worked (H) ×

Number of workers (N). ∆ lnH was negative during 1989-93. There was a change in the legislation on

the regular hours worked per week from 44 hours (1988) to 40 hours (1993). ∆ lnN was negative after

1993.
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B.2.5 Industry-level Results

Tables B.5-B.8 show the estimates at the industry level by taking the averages of annual

estimates in the 1980s and in the 1990s.
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Table B.2: Comparison of Growth Rate of Value Added.

Aggregate Manufacturing Manufacturing

Value added Value added Value added

year (Macro Data) (Macro Data) (Micro Data)

1982 3.01 5.38 2.80
1983 3.11 4.86 2.97
1984 4.86 8.90 5.55
1985 5.01 9.80 3.93
1986 2.12 0.08 2.72
1987 4.23 5.32 5.66
1988 6.23 8.66 8.79
1989 5.04 7.35 8.57
1990 5.25 3.04 6.70
1991 3.95 5.34 4.39
1992 0.58 -1.81 -0.91
1993 0.31 -3.40 -4.08
1994 0.56 -1.73 -0.31
1995 1.82 3.98 4.24
1996 3.48 4.17 3.78
1997 1.43 2.33 3.01
1998 -1.92 -5.41 -3.04
1999 -0.08 -0.92 -3.64
2000 1.68 5.43 5.96

1980s Average 4.20 6.29 5.12
(Std. dev.) (1.36) (3.12) (2.48)

1990s Average 1.54 0.56 1.01
(Std. dev.) (2.14) (3.67) (3.88)

Correlation AGG VA MF VA MF VA Micro

AGG VA 1.00 0.89 0.87
MF VA . 1.00 0.85

MF VA Micro . . 1.00

The macro data are from JIP 2008. The micro data are what we use in this paper.
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Table B.3: Comparison of TFP and PL-APG.

Aggregate TFP Manufacturing TFP PL-APG

year (Macro Data) (Macro Data) (Micro Data)

1982 0.10 1.27 3.19
1983 -0.09 0.51 3.57
1984 0.78 1.08 5.03
1985 1.26 2.25 3.10
1986 -0.24 -0.25 3.42
1987 0.62 1.76 5.60
1988 1.49 1.45 8.54
1989 1.00 1.53 7.44
1990 1.65 -0.13 5.31
1991 0.79 0.94 3.35
1992 -0.44 -0.62 -1.27
1993 0.24 -0.25 -2.85
1994 -0.16 -0.17 1.53
1995 -0.17 1.69 4.67
1996 1.15 1.37 3.85
1997 0.39 0.66 2.83
1998 -0.81 -0.76 -2.01
1999 0.33 0.34 -1.60
2000 -0.16 1.57 5.63

1980s Average 0.62 1.20 4.99
(Std. dev.) (0.64) (0.77) (2.08)

1990s Average 0.30 0.31 1.38
(Std. dev.) (0.75) (0.83) (3.05)

Correlation AGG TFP MF TFP PL-APG

AGG TFP 1.00 0.50 0.57
MF TFP . 1.00 0.69
PL-APG . . 1.00

The macro data are from JIP 2008. The micro data are what we use in this paper. JIP 2008 contains
their estimates of TFP, using the following equation:

∆ lnTFPt = ∆ lnYt − νL,t∆ lnLt − νK,t∆ lnKt − νM,t∆ lnMt, (B.7)

where νX,t is the average of the cost shares of input X ∈ {L,K,M} in time t − 1 and t. See Fukao et

al. (2007), which is for JIP 2006, but the same applies to JIP 2008.
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Table B.4: Further Decomposition of Reallocation Effect.

Panel A: Labor Reallocation Effect -
Decomposition by Margin and Input Growth.

Positive Margin Negative Margin
εL − siL ≥ 0 εL − siL < 0

d lnLi ≥ 0 80s 1.55 -0.07
90s 1.03 -0.05

d lnLi < 0 80s -1.55 0.08
90s -1.73 0.11

Panel B: Capital Reallocation Effect -
Decomposition by Margin and Input Growth.

Positive Margin Negative Margin
εK − siK ≥ 0 εK − siK < 0

d lnKi ≥ 0 80s 0.30 -0.75
90s 0.21 -0.68

d lnKi < 0 80s -0.15 0.41
90s -0.16 0.48

Panel C: Intermediate Material Reallocation Effect -
Decomposition by Margin and Input Growth.

Positive Margin Negative Margin
εM − siM ≥ 0 εM − siM < 0

d lnMi ≥ 0 80s 2.67 -1.93
90s 2.15 -1.13

d lnMi < 0 80s -1.80 1.06
90s -2.22 1.14

Each cell shows reallocation effect aggregated over subgroups defined according to whether the plant

increased or decreased their input and whether the plant’s margin was positive or negative. Rows of

80s and 90s respectively correspond to the averages during the 1980s and the 1990s. The sum of the

four values in all cells for each decade is respectively equal to the average reallocation effect in the 1980s

and the 1990s: 0.02 and -0.66 for labor, -0.20 and -0.14 for capital, and 0.00 and -0.05 for intermediate

material.
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Table B.5: PL-APG and Its Decomposition - Average in the 1980s by Industry.

PL Technical Reallo Net

SIC Industry Name APG Efficiency -cation -Entry

9 Foods 0.24 -0.32 0.50 0.06
10 Beverages and tobacco 3.30 0.85 0.09 2.37
11 Textile products 0.92 2.92 -0.53 -1.47
12 Wearing apparel and other 4.45 2.65 0.52 1.28

textile products

13 Timber and wooden products 2.59 4.29 -0.69 -1.01
14 Furniture and fixtures 1.77 1.36 0.75 -0.34
15 Pulp and paper products 4.73 6.28 -1.45 -0.11
16 Printing 4.03 3.70 0.15 0.18
17 Chemical products 10.05 9.48 0.44 0.13
18 Petroleum and coal products 2.69 3.06 -0.18 -0.19
19 Plastic products 6.72 5.96 0.45 0.31
20 Rubber products 4.35 3.96 0.09 0.30
21 Leather and miscellaneous -0.67 -0.77 0.21 -0.11

leather products

22 Ceramic, stone and clay products 2.75 2.96 -0.06 -0.16
23 Iron and steel 4.16 5.62 -1.54 0.09
24 Non-ferrous metals 2.86 5.57 -2.40 -0.31
25 Metal products 3.91 3.10 0.25 0.56
26 General machinery 3.70 3.08 0.07 0.55
27 Other electrical machinery 4.45 2.79 0.41 1.25

and apparatus n.e.c.

28 Electronic computing equipment 13.68 10.79 1.13 1.77
and communication equipment

29 Semiconductor devices 16.15 8.97 4.35 2.82
and electronic components

30 Transportation equipment 4.40 7.97 -3.39 -0.18
31 Precision instruments 4.69 5.09 0.11 -0.51
32 Miscellaneous manufacturing 4.16 2.37 0.48 1.32

products

41 Publishing 1.26 -0.79 2.41 -0.36

All values are the averages in the 1980s. Industries are defined by 2-digit SIC codes.
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Table B.6: PL-APG and Its Decomposition - Average in the 1990s by Industry.

PL Technical Reallo Net

SIC Industry Name APG Efficiency -cation -Entry

9 Foods 1.45 1.52 -0.42 0.35
10 Beverages and tobacco 0.74 3.54 -2.40 -0.40
11 Textile products -2.53 -0.67 -1.13 -0.73
12 Wearing apparel and other -1.49 0.78 -1.57 -0.71

textile products

13 Timber and wooden products -1.30 0.04 -0.87 -0.47
14 Furniture and fixtures -3.32 -0.92 -1.70 -0.70
15 Pulp and Paper products -0.22 1.08 -1.22 -0.08
16 Printing 0.76 0.75 -0.17 0.18
17 Chemical products 1.97 2.34 -0.32 -0.05
18 Petroleum and coal products 1.33 1.95 -0.33 -0.29
19 Plastic products 0.99 1.60 -0.56 -0.05
20 Rubber products 0.09 0.84 -0.77 0.03
21 Leather and miscellaneous -3.61 -0.85 -1.51 -1.24

leather products

22 Ceramic, stone and clay products -0.48 1.04 -1.19 -0.33
23 Iron and steel -1.03 0.29 -1.17 -0.14
24 Non-ferrous metals 0.37 1.27 -0.87 -0.04
25 Metal products 0.33 1.25 -0.88 -0.04
26 General machinery -0.15 0.73 -0.72 -0.17
27 Other electrical machinery 1.53 2.43 -0.47 -0.43

and apparatus n.e.c.

28 Electronic computing equipment 7.20 9.98 -2.76 -0.02
and communication equipment

29 Semiconductor devices 12.83 12.05 0.24 0.54
and electronic components

30 Transportation equipment 0.19 1.04 -0.99 0.14
31 Precision instruments 1.47 3.02 -0.77 -0.79
32 Miscellaneous manufacturing 2.44 3.79 -0.87 -0.47

products

41 Publishing -1.90 -1.80 -0.64 0.54

All values are the averages in the 1990s. Industries are defined by 2-digit SIC codes.
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Table B.7: Decomposition of Reallocation Effect - Average in the 1980s by Industry.

Reallo Decomposition

SIC Industry Name -cation Labor Capital Materials

9 Foods 0.50 -0.20 0.15 0.55
10 Beverages and tobacco 0.09 -1.08 0.08 1.08
11 Textile products -0.53 -0.41 -0.25 0.13
12 Wearing apparel and other 0.52 0.08 -0.13 0.57

textile products

13 Timber and wooden products -0.69 -0.27 -0.25 -0.16
14 Furniture and fixtures 0.75 0.21 -0.07 0.61
15 Pulp and Paper products -1.45 0.05 -0.56 -0.94
16 Printing 0.15 0.83 -0.46 -0.22
17 Chemical products 0.44 -0.20 -0.17 0.81
18 Petroleum and coal products -0.18 -2.27 0.20 1.89
19 Plastic products 0.45 0.96 -0.58 0.07
20 Rubber products 0.09 0.23 -0.44 0.30
21 Leather and miscellaneous 0.21 -0.01 0.12 0.11

leather products

22 Ceramic, stone and clay products -0.06 -0.25 -0.22 0.41
23 Iron and steel -1.54 -0.64 -0.48 -0.42
24 Non-ferrous metals -2.40 -0.22 -0.45 -1.73
25 Metal products 0.25 0.36 -0.22 0.11
26 General machinery 0.07 0.18 -0.06 -0.05
27 Other electrical machinery 0.41 0.48 -0.23 0.16

and apparatus n.e.c.

28 Electronic computing equipment 1.13 0.45 0.22 0.46
and communication equipment

29 Semiconductor devices 4.35 0.47 -0.96 4.84
and electronic components

30 Transportation equipment -3.39 0.53 -0.27 -3.65
31 Precision instruments 0.11 -0.09 -0.37 0.57
32 Miscellaneous manufacturing 0.48 0.23 -0.01 0.25

products

41 Publishing 2.41 0.30 -0.13 2.24

All values are the averages in the 1980s. Industries are defined by 2-digit SIC codes.
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Table B.8: Decomposition of Reallocation Effect - Average in the 1990s by Industry.

Reallo Decomposition

SIC Industry Name -cation Labor Capital Materials

9 Foods -0.42 -0.35 -0.01 -0.05
10 Beverages and tobacco -2.40 -1.27 -0.06 -1.07
11 Textile products -1.13 -1.04 -0.10 0.01
12 Wearing apparel and other -1.57 -1.00 -0.09 -0.47

textile products

13 Timber and wooden products -0.87 -0.83 -0.15 0.11
14 Furniture and fixtures -1.70 -0.71 -0.11 -0.87
15 Pulp and Paper products -1.22 -0.97 -0.36 0.11
16 Printing -0.17 -0.02 -0.20 0.05
17 Chemical products -0.32 -0.32 -0.13 0.13
18 Petroleum and coal products -0.33 -0.69 -0.18 0.55
19 Plastic products -0.56 -0.33 -0.15 -0.07
20 Rubber products -0.77 -0.27 -0.19 -0.32
21 Leather and miscellaneous -1.51 -0.96 -0.13 -0.42

leather products

22 Ceramic, stone and clay products -1.19 -0.45 -0.14 -0.60
23 Iron and steel -1.17 -1.39 -0.32 0.54
24 Non-ferrous metals -0.87 -0.60 -0.52 0.25
25 Metal products -0.88 -0.55 -0.10 -0.23
26 General machinery -0.72 -0.33 0.03 -0.42
27 Other electrical machinery -0.47 -0.70 -0.13 0.35

and apparatus n.e.c.

28 Electronic computing equipment -2.76 -1.16 0.00 -1.60
and communication equipment

29 Semiconductor devices 0.24 -0.21 -0.55 1.01
and electronic components

30 Transportation equipment -0.99 -1.19 -0.16 0.36
31 Precision instruments -0.77 -0.51 -0.09 -0.17
32 Miscellaneous manufacturing -0.87 -0.48 0.15 -0.54

products

41 Publishing -0.64 -0.33 -0.20 -0.11

All values are the averages in the 1990s. Industries are defined by 2-digit SIC codes.
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