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Abstract 

It has long been recognized that catchment geomorphology relationships can be 
used as predictors of catchment flood characteristics. These geomorphologic relation
ships can be determined for river networks which have been automatically extracted 
from digital elevation data. If scaling properties exist in a catchment or river network 
then laws which hold at one scale (for example, basins with horizontal length scale 
of 1 kilometer) can be extrapolated with appropriate scaling to other scales (such as 
basins with horizontal length scales of tens of kilometers). This research has examined 
several basins for the purpose of (1) differentiating between the hillslope and channel 
scales from digital elevation data, and (2) identifying the presence of scaling in river 
networks and estimating the scaling laws. The ultimate goal of such research is to 
relate the findings about scaling in river networks to measures of hydrologic response 
of the river basin. 

There is evidence that river networks are fractals which means that small basins, 
such as subbasins of a larger basin, have statistically similar structure with larger 
basins. Two methods were used to estimate the fractal dimensions of the terrain 
surface and the river networks: (1) the variation method, and (2) the box-counting 
method. Artificial river networks were generated from Iterated Function Systems (IFS) 
for verification of the box-counting results. Neither ofthe two methods for determining 
the fractal dimension of a surface were capable of predicting the breakpoint between the 
hillslope and channel scales, at least from the resolution at which the digital elevation 
data were available for this study. 

The fractal dimension of the branching structure of a river network can be expressed 
as 10gRB/logRL (where RB and RL are Horton's bifurcation and length ratios) which 
is equivalent to the fractal dimension of the river network when individual streams 
have a fractal dimension of unity. In this research we investigated the reliability of 
estimating the fractal dimension of river networks based on Horton's ratios RB and 
RL as opposed to estimation from indirect methods such as the box-counting method. 
It was found that Horton's ratios can be difficult to estimate, and that they remain 
constant when the threshold area defining the network sources is varied and when the 
resolution of the digital elevation data is varied. For the two river networks studied 
(the fractal dimensions of individual streams in both networks were unity) the box
counting method was shown to be in agreement with the fractal dimension of the 
branching structure estimated from Horton's ratios. 

Future research should address the following two problems: (1) Determination of 
the hillslope scale from morphometric properties of the river network based on the 
assumption that threshold area does not remain constant over the basin but changes 
with local slope, and (2) Exploration of Diffusion Limited Aggregation (DLA) models 
for studying the evolution and structure of river networks and their hydrologic response. 
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1 Introduction and Objectives 

It has long been recognized that catchment geomorphology relationships can be used as 
predictors of catchment flood properties. For example, mean channel length is commonly 
used in empirical formulae predicting the time of concentration of a basin [Eagleson, 1970] 
and the mean annual flood or flood quantiles are often related to the drainage area of the 
basin or to the drainage density of the river network {Carlston, 1963]. Hydraulic distances 
(along the drainage network) and corresponding travel times from points in the basin to the 
outlet play an important role in determining the Geomorphologic Unit Hydrograph (GUH) 
of a basin. In fact, the Geomorphologic Instantaneous Unit Hydrograph (GIUH), which 
is the impulse response of a basin to a unit pulse of precipitation excess, may be viewed 
as the probability density function (pdf) of travel times to the outlet of water particles 
injected uniformly in space [Rodriguez-Iturbe and Valdes, 1979; Gupta et al., 1980]. 

From the above it is apparent that the practical need arises for defining the drainage 
paths in a network, that is, for extracting the so-called river network or channel network 
from the topography or landscape of the basin. Field studies can be used to define the 
drainage paths in a network, but this is a very tedious, time-consuming, and expensive 
method which becomes impractical in most studies. An alternative is to use Digital Eleva
tion Models (DEM) and available algorithms to automatically extract the river network. 

Digital Elevation Models are available from the-United States Geological Survey for all 
of the contiguous United States, Hawaii, and limited portions of Alaska in 10 by 10 blocks 
with elevations given at a spacing of 3 arc-seconds. The resulting grid spacing of these 
DEMs depends on latitude and is approximately 65 by 90 meters in Minnesota. For some 
portions of the United States more detailed data are available in 7.5- by 7.5-minute blocks 
which correpond to the U.S.G.S. topographic quandrangle maps and have elevation data 
on a regularly spaced grid of 30 by 30 meters. 

Once the DEM data are available procedures for extracting the river network and 
delineating the basins and subbasins exist (see for example, O'Callaghan and Mark [1984], 
Jensen [1987], Jenson and Domingue [1988], and Mark [1988]). These network extraction 
algorithms are usually based on a steepest gradient type of drainage path. That is, water 
flows along one of eight possible paths (following a square grid discretization) depending 
on the steepest slope. Pits or points surrounded by neighbors with higher elevations can 
Occur in the DEM data as a result of data errors, sampling effects, and natural features. 
A "flooding" procedure, where pits are made to drain in the direction that water would 
overflow from the pit, is often used to determine the flow direction from a pit [Mark, 1988]. 
Although this automatic way of river network extraction from DEMs has considerably 
enhanced the ability to perform quantitative geomorphologic and hydrologic analysis, it 
has a major problem. To extract a river network one has to specify the so-called threshold 
area (Ath) which is the minimum area required to drain to a point for a channel to form. 
This threshold area is usually specified arbirtarily although it is recognized that different 
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threshold areas will result in substantially different river networks for the same basin (for ',; 
example, see Figure 12). fi 

Recent studies which have concentrated on identifying scaling laws in a basin (for exam- r 
pIe, Tarboton, et al. [1988], and LaBarbera and Rosso [1989]) have ignored this issue and r 
have assumed that river networks can be seen as extending down to the grassroots, that is, t 
to infinitesimally small scales. This assumption, although it may not affect the identifica
tion of scaling laws, results in unrealistic river networks and does not provide any insight 
as to the drainage mechanisms in the river basin. The actual river network or the network ... 
that one would determine from a field study is time variant since first order channels ex
pand and contract according to water availability from precipitation and the subsurface. 
However, for a particular time period a field trip to the basin would clearly indicate the 
beginning of channels, and would enable one to differentiate between well formed channels 
and unchanneled areas where runoff is transferred to the downstream channels through 
overland flow. The two different regimes of flow are known as hillslope and channel flow 
and the corresponding areal scales as hillslope and channel scales, respectively. 

The first objective of our research relates exactly to the issue of differentiation between 
the hillslope and channel scales from digital elevation data or from other geomorphologic 
properties of a river basin. The idea behind our approach of solving this problem is 
based on the hypothesis that scaling laws, for which there is evidence at the channel 
scale (see for example, Tarboton, et al. [1988], and LaBarbera and Rosso [1989]), would 
break down below a characteristic critical support area and therefore indicate a scale 
just larger than the hillslope scale. This break in scaling laws would occur since the 
mechanisms of runoff production and distribution and sediment transport are expected 
to be different at the hillslope and channel scales. Our efforts on this problem will be 
described in detail in a later section. Both the scaling of rivers and river networks and 
scaling of the three-dimensional elevation surface (landscape) were examined. The results 
were not very conclusive under the initial assumption that the threshold area is a constant 
within a basin and is independent of other morphologic parameters such as slope. 

Recent evidence by geologists [Montgomery and Dietrich, 1992] has suggested that the 
threshold area (critical support area) is a function of local slope and therefore may vary 
within a basin. Based on extensive field studies, their research has identified an empirical 
relationship (power law) between threshold area and slope. However, the determination of 
the parameters of this relationship is very tedious and is based on extensive field studies. 
We are currently investigating the possibility of determining these parameters in a statis
tical way based on morphometric properties of the basin. More details on this research 
will be given in later sections. 

Recently, evidence has been presented that rivers are fractal curves [Tarboton, et 
al., 1988]. The practicality of this theoretical finding is that river length will depend _ 
on the scale of measurement. That is, different lenghts will be estimated from maps of 
different resolution. Obviously, this scale or resolution dependence is not desirable since 
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Figure 1: Self-similarity in a basin (after Montgomery and Dietrich (1992]). 

it would imply that if river length is used in empirical formulae of flow estimation, runoff 
characteristics would also be resolution dependent. Acknowledging that rivers are fractals 
and estimating their fractal dimension enables one to adjust lengths measured from maps 
of different resolutions and obtain resolution independent estimates of river lengths to be 
used in the runoff prediction formulae. 

Evidence also has been presented that river networks are fractals [Tarboton, et al., 
1988; LaBarbera and Rosso, 1989]. This means that small basins, such as subbasins of a 
larger basin, have a statistically similar structure with larger basins. For example, viewing 
a small subbasin which is enlarged in scale and in which more detail is visible, would be like 
viewing a larger basin (see Figure 1). The practical implication of such a statistical self
similarity would be that one could study the properties' of a small basin and extrapolate 
the results to larger basins .. 

The second objective of our research was to study scaling properties of river basins and 
networks and clarify some aspects related to the estimation and meaning (as it existed in 
the literature) of the fractal dimension of a river network. There are two important aspects 
in research related to scaling in river networks. The first is related to identification of the 
presence of scaling and the second to the estimation of the scaling exponent or fractal 
dimension, if scaling exists. We have closely examined both these issues and the results 
are reported in later sections. 

The ultimate goal of our research was to relate our findings about scaling in river 
networks to measures of hydrologic response of the river basin. This difficult problem has 
been and continues to be at the heart of geomorphologic research. Our research so far has 
addressed several subproblems on which further research towards this goal will be based. 
Some ideas along this direction are presented in the section describing future research 
plans. 
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In closing it is pointed out that the practical implication of scaling and self-similarity 
in river networks is that laws found to hold at one scale (for example, basins of horizontal 
length scale of 1 kilometer) can be extrapolated with appropriate scaling to other scales 
(for example, basins of horizontal length scales of tens of kilometers or fractions of kilo
meters). The presence of simple scaling or multiscaling in several properties of a river 
network is important because it provides the possibility for generalization of theories of 
runoff production and hydrologic response of catchments and for understanding the spatial 
variability of hydrologic processes in a river basin. 
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6 Future Research 

In our future research we plan to address the following two problems: (1) Determination of 
the hillslope scale from morphometric properties of the river network, and (2) Exploration 
of Diffusion Limited Aggregation (DLA) models for studying the evolution and structure 
of river networks and their hydrologic response. 

6.1 Determination of the hillslope scale 

Montgomery and Dietrich [1992] recently suggested that the threshold area (critical sup
port area) is not constant in a basin but is a function of the local valley slope (the slope 
immediately upstream of the channel source in the un channeled valley). They suggested 
the power relationship 

Ath = CS-2 ( 44) 

where C isa constant empirically determined from field data and S is the local valley 
slope. This relationship indicates that the larger the local slope the smaller the threshold 
area defining the initiation of a channel, as is intuitively expected. This finding gives 
us hope and new avenues for approaching the problem of predicting the threshold area 
Ath' and in particular the (Ath, S) relationship, from the morphometric properties of the 
channel network. It is emphasized that the practical importance of this problem stems 
from the need to extract realistic river networks from DEM data as opposed to expensive 
and time-consuming field studies. 

In approaching this problem we make the following hypothesis: The symmetry or 
dissymmetry (order or disorder) of nature is imprinted in the actual river network and 
should be reflected on the morphometric or scaling properties of the network, for example, 
on the width function, RB, RL, RA, statistical properties of stream lengths, etc. One should 
be able to detect "differences" in the properties obtained from the actual river network 
(extracted with the "correct" (Ath, S) relationship) and any other "artificial" river network 
(extracted with the "wrong" Ath). 

A tremendous help in our analysis and in testing this hypothesis is the existence of 
several data sets which include very detailed DEM data plus detailed field observations 
indicating the location of stream sources 'and the associated stream network. Montgomery 
and Dietrich [1992] who collected these data sets have used them to estimate the form 
and parameters of the (Ath, S) relationship. We plan to use these unique data sets in our 
further studies, provided we can get access to them. 

In particular, to test our hypothesis we plan to investigate the following questions: 

1. Are the distributions of internal links, external links, and source basin lengths con
verging to a single unique distribution when the correct (Ath, S) relationship is used 
to extract the river network? 
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2. How does the width function (that is, the number of links at a given flow distance 
from the basin outlet) change as we vary the threshold area and slope function and 
does it have a special form at the correct (Ath' S) relationship corresponding to the 
actual river network? 

3. Do we get "better" (more stable) estimates of RB and RL when the actual river 
network (defined in field studies) is used? It is worth noting that the original work 
of Horton has been based on extensive field observations and the river networks he 
used to establish scaling laws of river network composition were probably very close 
to the actual river networks. 

6.2 DLA models, river network structure and hydrologic re
sponse 

Recently Liu [1992] has reported some interesting results and clarifications on the fractal 
structure of river networks based on a comparison of river networks and loopless random 
aggregates which have been extensively and fruitfully studied as disordered systems using 
fractal concepts. 

Meakin [1991] in providing a review and topics for possible further research in fractal 
aggregates presents some interesting arguments that motivate the use of Diffusion Lim
ited Aggregation (DLA) models to study the formation, evolution and structure of river 
networks. In DLA models [Witten and Sander, 1981] particles are added one at a time to 
a growing cluster or aggregate of particles via random walk trajectories originating from 
outside the region of the space containing the growing duster. The DLA model may be 
considered to represent the random growth process in- ~hich the growth probabilities at 
the surface of the growing cluster are given by a scalar field <p( r) (or its gradient normal 
to the surface) that obeys the Laplace equation 

(45) 

with the boundary conditions <p( r) = 0 at all positions r occupied by the cluster and <p( r) 
== 1 (or some other constant value) for Irl = 00. The probability P( r) that a random 
walker will visit the lattice site at position r is proportional to <p( r). Meakin [1991] asserts 
that a variety of processes related to DLA may play importnat roles in the formation of 
river networks. He bases this assertion on the fact that several investigators [Jones 1971' . ' , 
GIlman and Newson, 1980; Dunne, 1980] pointed out that soil-water through flow with 
piping seepage outflow may play an important role in the initiation and extension of surface 
drainage networks. Since the flow of water through a porous medium can be described in 
terms of the Darcy/Laplace equations, the relationship between the processes responsible 
for network initiation and extension and DLA seems relatively direct. 

A DLA-like model for the formation of river networks by surface erosion can also be 
motivated if the land height h( r) at position r is considered to be the scalar field that obeys 
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the Laplace equation and the rate of river growth is proportional to the local gradient of 
her). Meakin [1991] presents the results from a simple erosion model for river network 
formation. 

Further research should explore (1) the connection of the DLA model parameters to 
parameters of the GIUH, (2) the calibration of the DLA model parameters to reproduce 
the hydrologic response of the basin, (3) the determination of the travel times from the 
particle paths in the DLA models; and (4) the connection of DLA model parameters to 
scaling parameters of the river network such as RB and RL . 
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