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ABSTRACT 

The problem of pulsating supercavitiesunder artificial ventilation 

is analytically treated as a resonance problem of a two-dimensional gas- liquid 

system using a linearized method. A simple kinematical consideration and a 

dynamical model of the flow lead to solutions for frequency and amplitude of 

pulsations. The criteria of pulsation is given in terms of a formula relating 

(Tv and (T. Maximun air carrying capacities of pulsating cavities ar e also 

estimated. Most of the formulas involve an undetermined constant which must 

be estimated by using experimental data. The analytical results are compared 

with the experimental data obtained at the St. Anthony Falls IWdraulic Labora

tory, and in general, good agreement is obtained. 

It is found that pulsation is possible only for a two-dimensional 

ca vi ty or a cavity in whi ch a subs tan tial portion of the span can be re

garded as two-dimensional. The existence of a free surface is also essential 

to pulsation. The strong effect of the free surface suggests that pulsation 

may become an important problem in the open sea only when submergence is rela

tively small. 
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PULSATION OF VENTILATED CAVITIES ------ --- ------- --- --------

I. INTRODUCTION 

In recent years considerable interest has been given t o simulating 

natural supercavities by ventilation. Simulation has wide practical applica

tion such as elimination of cavitation damage, reduction of cavitation noise, 

and reduction of skin friction, to name a few. The economy and success of 

this type of work hinge upon two problems , the amount of gas required to pro

duce a desired cavity and the circwnstances under which it is possible to 

maintain a stable cavity. 

It has been shown by many investigators that it is pos sible to in

crease the cavity pressure by air inje ctioni resulting in a decrease in cavi

tation number and an increase in cavity size. However, a smooth relationship 

between gas supply rate and cavitation number does not necessarily always 

exist. When air supplyrate reaches sone value, depending upon circwnstances, 

abnormal conditions occur and, from tria point on, an increase in air supply 

rate is not necessarily followed by an increase in cavity pressure or increase 

in cavity size. To date, the following three SQurces of the anomalies are 

lmown : 

1 ) hollow vortex tubes) this phenomenon is associated with a 

towingtank experiment where a gravitational field is per

pendicular to the direction of flow. It was found by Cox 

and Clayden [1, 2)* t hat the circulation induced by the 

head difference between two cavity walls creates two hol

low vortex tubes at the tail of t he cavity resulting in 

sharp increase in the gas flo>1 rate. 

2) tunnel blockage; this phenomenon is associated with a 

closed tunnel test. RecentlyLang and Daybell (3) report

ed thatwhen the cavitation number reached that of tunnel 

blo ckage the tunnel was choked and further reduction of 

the cavitation number was impossible. 

3) pulsating cavity; this is a phenonenon associated with a 

free surface. Pulsating cavities were first found by 

*Numbers in brackets refer to the List of References on p. 22. 
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Silbennan and Song [4] while studying ventilated cavi-

• ties in a free jet twmel o A similar phenomenon was also 

observed by Wetzel andSchiebe [5] ina towing tank. There 

were two free surfaces in the former case, but there was 

only one free surface in the latter case. 

The mechanism of the first two phenomena is well known ani needs no 

.further discussion here o There is a discussion of the possible mechanism of 

the pulsating cavities in a paper by Cuthbert [6]. However, quantitative 

analysis of the phenomena is still lacking. The purpose of the present paper 

is, therefore, to present an analytical treatment of the problem together with 

some data to support the result. 

This research has been supported by the Office of Naval Research of 

The U. S. Ilepar"bnent of the Navy under Contract Nonr 710 (24). Task NR 062-052. 

The entire project was under the direction of Dr. Lorenz G. Straub, Director 

of the St. Anthony Falls lWJ.raulic Laboratory. Professor Eliward Silber.man has 

been the leader of the project and critically reviewed the present work. Stim

ulating discussions with Messrs. J. M. Wetzel and F. R. Schiebe are acknowl

edged. ilie manuscript was prepared for printing by Marjorie Summers under the 

general supervision of Loyal Johnson. 

II, MECHANISM OF PUISATING CAVITIES 

It was reported in Reference [4J that the cavity pressure, and hence 

the cavity size, may he increased by ventilating a given cavity. The higher 

the air supply rate the higher the cavity pressure. This relationship holds 

until a critical point is reached. Further increase in air supply rate be

yond the critical point fails to increase the cavity pressure, but rather, 

will caUSe the cavity pressure to fluctuate. High speed motion pictures as 

reported in Reference [4J revealed that the cavity walls of the pulsating 

cavi ties consist of traveling waves. (Figure 10 shows typical views of pul

sating cavities.) 

It was found that. pulsation occurs only when air is introduced in

to the cavity. It was also found that the phenomenon is independent of the 

air supply system. The size and length of the air pipe , the location and 

distribution of the air entrance to the cavity, or any other possible change 
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in the air supply system did not seem to affect the pulsation. The pulsating 

cavities were classified by stages according to the number of waves appearing 

on the cavities. It was revealed that for each stage of pulsation there ex

ists a unique relationship between the average cavitation number of the cavity 

and the cavitation number based upon vapor pressure. That is, for each stage 

of pulsation there is a relationship between the five variables: P , P, 
(jJ c 

P, p, and U, suggesting that the phenomenon is an interaction of pressure 
v 

and momentum forces o 

The experimental facts stated above lead to the suggestion that pul

sation is a resonance phenomenon of the gas-liquid (cavity-jet) system. The 

traveling surface wave on the cavity walls causes the cavity volume to change 

periodically, hence changing the cavity pressure periodically. The pulsating 

cavity pressure sets the bounding liquid into radial motion, creating new dis

turbances at the body and new surface waves. In order for the pulsation to 

be self sustaining, the frequency of the volume change due to the moving Sur

face waves must be equal to the natural frequency of the gas- liquid system. 

If this idea is correct, then the problem is to find the frequency of the vol

ume pulsation due to the surface wave and the natural frequency of the gas

liquid system. The first part of the problem can be solved by considering 

the kinematics of the pulsation, whereas the second part of the problem re

quires a dynamical consideration o 

III. KINEMATICS OF PUISATING CA1.[TIES 

Consider a steady cavity profile as shownin Fig.l(a). The cavity 

is assumed to be so long that the length of the solid body may be neglected, 

and the cavity is assumed to start from the leading edge. Consider, next, a 

moving wave of constant amplitude and wave length as shown in Fig. l(b). For 

simplicity, first consider a single-stage pulsation of which the wave length 

is equal to the average cavity length e. Superimposi tion of the wave pro

files on the steady cavity profile will create a new profile which changes 

with time. 

Since the boundary condition at the leading edge requires that the 

cavity width be constant throughout a period of pulsation, the wave profiles 

to be superimposed on the steady cavity profile do not allow a finite amplitude 
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at the leading edge. This means that waves with growing amplitudes along the 

direction of flaw are necessary. Wave profiles sketched in Fig. l(c) meet 

this requirement. Superimposition of (c) on (a) results in new profiles as 

shown in Fig. l(d). These predicted cavity shapes resemble the actual cavi

ty shapes as shown by motion pictures in Fig. 8 of Reference [4]. Because of 

the variable amplitude of the waves to be superimposed on the steady cavity 

profile, the resulting cavity will have variable cross-sectional area as in

dicated in Fig. l(d). The period of the area pulsation of the cavity is seen 

to be equal to the period of the traveling wave. '!his leads to the following 

formula: 

T = tic or u/c 1 

where T = the period of the traveling wave, 

f the frequency of cavity pulsation liT, 

t = the average cavity length, and 

c = the apparent speed of the wave. 

(1) 

Similar argument for n-stage pulsating cavities will lead to the 

following formula: 

T = tlnc or u/c = n (la) 

Attentionis now directed to the apparent speed of the surface wave. 

Consider a small mass of liquid leaving the solid boundary at point A as 

indicated in Fig. 2(a). If pressure were constant in the cavity, the tra

jectory of the particle would describe a solid line ~. When pressure in 

the cavity exceeds thatof the steady cavity, the corresponding pressure gra

dient normal to the direction of the flow will be smaller and, therefore, the 

curvature of the trajectory will be smaller, and vice versa. General shapes 

of pressure fluctuation curves are sketched in Fig. 2(b) by using uct as the 

horizontal scale. Here U is the speed of liquid particles on a steady cav-e 
ity wall and t is time. It is readily seen that if the particle leaving A 

follows the upper pressure curve, then the trajectory of the particle 
~ 

~ 
AB' C' 

will lie outside of line ABC. On the other hand, if the particle leaving A 

follows the lower pressure curve, then the trajectory of the particle 
~ 

ABII C" 
,.--... r--

will lie inside of line ABC. All other trajectories will lie between AB' C' 
~ ~ 

and AB"C". Line AB ' C' is the envelope of the pulsating cavity as sketched 
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~ 
inFig. led) andline AB"C" isthe trace of the neck appearing in the sketches. 

Since the liquid particle is moving with average speed Uc' the average ap

parent speed of the surface wave will also be equal to U c. The apparent av

erage wave speeds were measured by means of motion pictures for different 

stages of pulsations and in all cases confirmed the present statement. The 

apparent wave speed appears to change within a cycle of pulsation and any 

measurement not covering a complete cycle may give different results. This 

is why a statement was made in Reference [4] that for first- and second-stage 

cavities the speed is less than U
c

• New measurements covering a cycle of 

pulsation disproved the statement. 

Equation (la) may now be replaced by 

ft/U = n c 
(lb) 

To check the validity of Eq. (lb) the data reported in Reference 

(4) and some new data were analysed and the results are shown in Fig. 3 . Since 

the data shown in Fig. 3 cover different test bodies of variable shapes and 

dimensions over a wide range of flow conditions, Eq. (lb) is believed to be 

universally applicable. 

It is also noteworthy that, according to Fig. l(d), the length of an 

n-stage pulsating cavi ty changes periodically from (1 - 1/4n) t to (1 + l/4n)t. 

The apparent wave 

mately from U~2 

speed, or the speed of the cavity tail, 

to 2U during a period of motion. 
c 

changes approxi-

The remaining part of the problem is to find the resonance frequency 

of the gas- liquid system. Small pulsation of a spherical cavity was solved 

by previous investigators and is well summarized in a paper by Devin (7). 

Since the present problem is a two-dimensional one, a similar analysis will 

be carried out for the case of resonating cylindrical gas bubbles in liquid. 

IV. THE MATHEMATICAL MODEL AND ITS SOLUTION FOR PULSATING CAVITIES 

A. Mathematical Model 

Consider a two-dimensional steady cavity of unit width in a finite 

free jet as shown in Fig. 4( a). The pressure difference P - P is in CO c 
balance with the centrifugal force due to the motion of liquid along curved 

stream lines. Be cause of this equilibrium, it may be assumed as a first 
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approximation that the natural frequency of the dynamic system is equal to 

that of tIE static system shown in Fig. 4(b). Of course, under the static 

condition a real cavity will not take a form as shown in Fig. 4(b), but will 

rather be a circle. Fortunately, the natural frequency of the volume pulsa

tion of a gas cavity is nearly independent of its shape (8], and the cavity 

in Fig. 4(b) may be replaced by a circular cavity of equal area without caus

ing too much error. 

In reality, a cavity is filled not only with air but also with wat

er vaporand water particles. Since the water within the cavity plays no part 

in pressure change, the part of the area occupied hy water must be left out 

of consideration. Furthermore, the role of water vapor in volume pulsation 

is not completely understood. It is perhaps a reasonable assumption if vapor 

pressure is treated as a constant and left out of consideration. The model 

(b) can now be replaced by model (c) in Fig. 4; here, the total cavity area , 
S has been reduced to S by subtracting theinternal area occupied by water 

o 
and water vapor. Finally, the two walls of the free jet will be replaced by 

a circle of diameter Ro as shown in Fig. 2 (d). The problem is now reduced 

to that of calculating the natural frequency of the cylindrical air-water 

system., 

B. Natural Frequency of the Gas-Liquid System 

Let us now applya small change of the cavity area s to the equi_ 

librium condition. This will destroy the equilibrium and will set up a flow. 

If the space outside of tIE external boundary is large the pressure on the 

external boundary will remain essentially constant. Furthermore, if the ap

plied area change is such that the resulting area is a circle, the flow will 

be radial. 

Lagrange's equation of motionin a general coordinate system for an 

irrotational motion is (9) 

where s. ~ general coordinates, 
1. 

E = kinetic energy plus potential energy, and 

~ = external force. 

(2) 
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Here it is convenient totake the change of cavity area, s, as t.:e 

ized coordinate. The potential energy of the bubble with reference to tllI! 

equilibrium condition is 

, 
S + s 

0 
r 

P. E. =) pds 

, 
S 

0 

where S' is the area of the gas bubble at equilibrium condition. 
o 

Assuming that the flow of the gas is isentropic so that 

, K 
P (So + s) 

where K = a gas constant, and 

P = average partial pressure due to gas, a 

the potential energy of the gas takes the following form: 

P. E .. (3) 

Assuming incompressible flow the potential energy of the liquid is equal to 

zero. 

Since the density of the gas is so small compared with . that of the 

liquid, the kinetic energy of the gas may be negle cted. Therefore, it is ne c

essary to calculate the kinetic energy of the bounding liquid only. By con

Sidering the continuity requirements, we have 

2 2 s = nCr - r l ) 

where r is the radial distance of a particle at any instant, and r
l 

is 

the corresponding distance at equilibrium condition. Differentiating the a

bove equation with respect to time and noting that dr/dt is the velocity 

q, we get 

q = ~/2nr (4) 
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The kineti c energy is 

K. E. S 2 
(2nr) • 2n rdr 

R 
In...2.... 

r o 
(5) 

Retaining the first two terms only in Eq. (3) the total energy of the system 

is 

(6) 

The only external force actingon the system is the constant pressure Pa act

ing on the external boundary of the liquid. Consequently, it can be shown 

that 

Finally, the substitution of (6) and (7) into (2) yields 

(
..L In :0) 
2n 0 

KP 
S + _" "a_ 

So 

s = 0 (8) 

Equation (8) is the equation of a vibrating spring without damping and excita

tion. The frequency of the vibration is 

f 
2nKP a 

, Ro 
P S 1n-o r 

o 

(9) 

Since the part of the cavity space filled with water is not mown, we may 

write 

where S is the total cavity area at equilibrium condition, and 

K is a constant for a given cavity. 



Using K 1.4, Eq. (9) takes the following form: 

f 

KpS 
R 

In-2-
r 

o 

9 

(9a) 

Since both S and r are functions of the cavity length $ and R is a 
o 0 

function of the jet width, w, we may write 

f 
F ($ , w) (9b) 

The frequency data for pulsating cavities produced by normal flat plates and 

circular cylinders obtained in t~ free jet are shownin Fig. 5. The function

al relationship between f~ and cavity length as indicated by Eq. (9b) 

is thus clearly demonstrated by the experimental data. 

From (9a) it is expa cted that the frequency of the pulsation is al

so weakly affected by the jet width. Frequency should decrease as the jet 

width increases and should be come zero as Ro- CO. This means that pulsation 

is possible onlyin a finite jet with free boundary unless the liquid is oom

pressible. It is also natural to expect pulsation to be easier to attain in 

a narrower jet than in a wider jet. In fact, it was observed in the towing 

tank experiments at the St. Anthony Falls Hydraulic Laboratory under a sepa

rate contract that ventilated cavities are more likely to pulsate at low sub

mergence than at higher submergence. For deep submergence the hollow vortex 

tubes take the place of the pulsation. To show the effect of the jet width 

on the frequency of pulsation, existing data [4) and some newdata are plotted 

inFig. S(c). Although there is some scatter the trendis clearly demonstrated. 

C. Cavitation Ntunber of Pulsating Cavities 

By virtue of Bernoulli's equation and the definition of cavitation 

number, Eq. (lb) may be written as 

u/U = 'Vh + cr (10) 

where U is the undisturbed stream velocity and cr is the cavitation num

ber defined as 
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CY= 

The combination of (9a) and (10) leads to the following formula: 

2 8.93 K n (1 + (11) 

1/2 p if 

Here the cavity area S and the cavity length t will have to be calculated 

by one of the know -methods for steady cavities. For the purpose of illus

tration, for example, Wu' s [10] solution for thin wedges in an infinite fluid 

may be taken. It was show by Wu that 

and 

CY= [1 + O(l/t)] 

where e is the half vertex angle. 

For a long cavity we may thus write 

S n 7 =-CY 
/, 4 

Using the above condition Eq. (11) may be written as 

~ 2 R ---"'-- = 7.01 K n (1 + CY) CY In -'?.. 
r 

o 1/2 P if' 

By definition it follows that 

or 

(lla) 



where 

0" = (1 + 
v 

0" ~ 
v 

R 
(7.01 Kn

2 In r 
0 )0"2 
o 

II 

(12) 

The empirical formula given in the previous report [4), which was 

intended to be used for all stages except the first stage, is 

2 
n 

0" = -=-0" v 0.29 
(13 ) 

The strong resemblance of Eq. (12) ani the empirical equation is noted. The 

last term in Eq. (12) may be considered as the correction factor for the em

pirical formula (13). 

The factor 
R 

In.-£.. is presumably a function of jet width and cav
ro 

ity size. Ibwever, the exact evaluation of this factoris not to be attempted 

in this report. For most of the tests performedin the 10-in. jet, this val

ue is believed to range from near unity to 2.3. Tc make the first term of (12) 

agree with (13) for n - (lJ 

(14) 

This means the value of K - is 

0.2 < K < 0.5 (15) 

indicating a large part of _ the cavity is filled with water and water vapor 

[see equations following Eq. (9)). By (14) the equation for cavitation num

ber becomes 

The data given in the previous report [4) are reproduced in Fig, 6., Solid 

lines are for Eq. (16) and dotted lines are for the empirical formula (13). 
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plotted 

The data of Fig. 6 for full 

in Fig. 7 on log-log paper. 

span normal flat plates have been re

This plotting shows that Eq. (16) does 

not fit the data too well at the highest cavitation numbers for a small num

ber of stages. A new empirical formula can be written from Fig. 7 that fits 

the lower stage cavities well. It is 

(13a) 

and is plotted as broken lines in Fig. 7. 

On the whole, however, the semi-empirical Eq. (16) fits the avail

able data well for all stages of pulsation as is apparent from Figs. 6 and 7. 
It should be recalled, however, that the present theory is based on the cal

culated cavity behind a thin wedge; the relation between s and e so ob

tained mayor may not be applicable to the bodies represented in Fig. 6. 

D. Amplitude of Pulsation 

So far, computations in this section of the paper have been based 

on the average air pressure in the cavity, Pa. Thetrue air pressure fluctu-

6P 
ates, however, and varies between the limits P + a 

a 2 
To estimate the 

ampli tude of pressure pulsation, reference will be made to the sketches of 

Fig. 1. It may be observed that the main source of the cavity area change 

has been attributed to the assumption that the wave to be superimposed on a 

steady cavity has zero amplitude near the leading edge and increasing ampli

tude downstream. The maximum area change of the first-stage cavity is given 

by 

j3 S' 
o 

of the upper wave of Fig. l(c) where j3 is an unknown parameter presumably a 

function of cavity size and air supply rate. In the case of a multi-stege 

cavity, the change of cavity area may be assumed to occur mainly within the 

first wave length as may be deduced by examination of Fig. 10. This concept 

leads to the follOwing expression for a cavity at any stage n: 
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(17) 
n 

By the adiabatic law of perfect gas, it can be calculated that 

, K 
(S - s ) = p o max amin 

I K I K 
(S + s ) = p (S ) 

o max a 0 

or 

(18) 

where 

lip =p -p 
a . amax amin 

Some of tm existing (unpublished) and new amplitude data are analysed and 

shown in Fig. 8. Ths dimensionless amplitude II P /p is plotted against the 
a a 

air supply coefficient '\. (defined in the next section) for a number of dif-

ferent stages. Solid lines are from Eq. (18) with ~ = 0.18. It is seen 

that with this empirical value of ~ the experimental data can be made to 

approach the the creti cal values as '\. increases for each stage. 

Ths rela ti va amplitude of pressure pulsation outside of a cavity is 

to be examined next. The linearized velocity potential, cp, in the liquid 

region is, from Eq. (4), 

cp = ...L In r/R (19) 
2n 0 

The solution of Eq. (8) satisfying the condition s(O) = 0 is 

s = Smax sin 2nf t (20) 

The Bernoulli equation for unsteady, incompressible, irrotational flaws with 

constant external conditions is 

l/2 + pip - acp/at = constant (21) 
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Solving Eqs. (19), (20), and (21) simultaneously, 

p - p 
_--:a=- = _ 1/2 f2 

p 

R 
+ 2nf2 s (In ~) sin 2nft (22) 

max r 

'!he maximum amplitude of the pulsation occurs when sin (2nft) = :l: 1 and may 

be written in dimensionless form as 

where ~ P = P - P
min 

in the liquid outside the cavity. 
max 

(23) 

Within the cavity, the adiabatic law, Eq. (18), may be written approximately 

or 

Smax ;::::. S' 
o 

Combination of Eqs. (9) and (24) then leads to 

Using Eq. (25), Eq. (23) is reduced to 

R 
ln~ 

r 

(24) 

(25) 

(26) 
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It is readily checked that (26) satisfies the following boundary conditions: 

(1) 

(2) t,p=O 

at r = r 
o 

at r = R o 

Equation (26) is plotted in Fig. 9(a) as a family of curves with R Ir as 
o 0 

a parameter. 

To study the amplitude variation in the liquid outside of cavities 

a pressure transducer was installed flush with the tunnel wall side by side 

with an existing pressure transducer which measured internal cavity pre ssure. 

Pressure amplitudes of first-stage pulsations were lOOasured both inside and 

outside the cavity for a 3/4 in. long wedge with 27 degree vertex angle in 

various size jets. The relative pressure amplitude is plotted against the 

relative distance of the pressure transducer from the center line of the cav

ity in Fig. 9(b) for several ratios of jet width, w, to cavity length t. 

Contourlines for constant wit are drawn tentatively. Since Ro is related 

to w and r 0 to e, the contour lines in Fig. 9(b) should be related to 

those in Fig. 9(a ) . Since, .however, the exact R VB w and r VB e rela-
o 0 

tionships are not \mown, Fig. 9(b) confirms only the general trend of Eq. (26). 

V. DISCUSSION 

A. Inception of Pulsation 

Fora given flow condition, U
c 

and n are constant. This lOOans, 

referring to Eq. (lb), the frequency of pulsation is a function of cavity 

length only. This frequency must also be equal to the natural frequency of 

the system given qy Eq. (9) in order for pulsation to exist. In other words, 

the cavity length must be constant across the span of the cavity--the cavity 

must be a two-dimensional cavity. Practically, a pulsating cavity need not 

be perfectly uniform across the span; it is sufficient if the cavity is nearly 

uniform over part of the span. In the case of a two-diroonsional cavity the 

whole cavity pulsates severely as is illustrated in the photograph of Fig. 

10(a). For a finite aspect ratio foil, a cavity may pulsate only at a cen

tral part of the cavity where the cavity length is nearly uniform. A photo

graph obtained in the towing tank and shown on the left in Fig. 10(b) illus

trates this point. It is a known fact that a full span test body pulsates 



16 

more easily and more strongly than a similar half span test body (4). Another 

striking example is shown on the right in Fig. lO(b) where a foil with end 

plates is seen to have a more uniform cavity than the foil without plates and, 

consequently, pulsates more easily and strongly. 

Finally, to have a pulsation, the cavity size and the reentrant jet 

must adjust themselves sothat the amount of water in the cavity, pressure in 

the cavity, and the cavity length are compatible with the resonance conditions. 

It was pointedout in Reference (4) that there was an experimental upper limit 

to each of the ."'" vs J curves shown in Fig. 6, beyond which no pulsation 
v 

occurred. The existence of upper limi ts to the (J" vs (J" curves is probably v 
attributable to the fact that at those upper limits cavities are so short and 

the influence of reentrant jets so great that practically no space is avail

able for air to make the natural frequency of the cavity agree with that of 

the surface wave. 

B. Effect of Air Supply Rate 

When external air supply rate is kept constant the air inflow is 

balanced by the air outflow on the average, so that the amount of air stored 

in the cavity is kept nearly constant. This is one of the bases of the pres

ent quasi-steady, linear theory. That is, the theory assumes the air supply 

rate has no effect on the cavity pulsations as long as no stage-shift takes 

place. 

Neglecting the part of the air carried out by turbulent diffusion 

across cavity walls, the only way the air can escapefrom the cavity is through 

the final wave length, indicated by dotted lines in the upper sketch of Fig. 

l(d), which breaks and separates from the main cavity. For the ideal case of 

zero air exchange as assumed in the theory, this final wave length which may 

be called the "residual cavi tyll must have zero volume.. The residual cavity 

grows with the air supply rate. The maximum sjze of the residual cavity, 

however, cannot exceed the original wave size. Therefore, it can be concluded 

that each pulsating cavity must have its maximum air carrying capacity given 

by the following formula: 

(27) 



where WA weight rate of air supply, 

L span length, and 

Pa = air density in cavity. 

Using Eq. (10) and the fact that for long cavities [10] 

S acr-3 

.... -2 t av 

Equation (27) may be written in the following dimensionless forms: 

or for small cr 

where 1. is an air supply coefficient defined as 
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(28) 

(28a) 

and B is a characteristic dimension of the test body. Here the constant 

K' includes the various proportionality factors and the constant K from 

Eq. (9a) which changes with reentrant jet and cavity size. It is therefore 

clear that K' is not a universal constant, but rather a parameter varying 

with many factors. Since the interaction of the reentrant jet with the ven

tilating air is the main factor, K is believed to be a function of both 

Reynolds number and Froude number as well as boundary conditions. In the free

jet tunnel, however, the Froude number is unimportant so thatfor a given test 

body, 

cr 1. ~ K' (Re, boundary conditions) (28b) 

It should be noted that 1. is the air supply coefficient corres

ponding to maximum air supply rate for each stage of pulsati on of a given flow 

condition. To teat the validity of Eq. (28b), data for a half span, 2-in. 

chord, flat plate hydrofoil testedin a 10-in. jet reported in [4] as well as 

data for a 3-in. chord by 7-1/2-in. span flat plate hydrofoil testedin a tow

ing tank by Wetzel and Schiebe [unpublished] are shown in Fig. 11. Since a 
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half .span 2-in . chord flat plate in the free jet tunnel is equivalent to a 

2-in. chord by $-in. span flat plate in a towing tank, . the two test .bodies 

have equal aspect ratio of 2.$. Solid lines shown in Fig. llare for Eq. (28b) 

with K' equal to 0.014 and 0.010 respectively. The present theory and the 

experimental data are not sufficient to determine the variable constant Kt 

completely for all flow conditions. 

Figure 7 demonstrates the fact that the air supply rate has little 

effect on the amplitude of pulsation. Frequency data of Fig. $ cover a wide 

range of air supply rates, varying from 1 to 9 times critical air supply rates, 

and yet the scatter is considered to be small. In fact the maximum frequency 

change due to air supply change was observed to be of the order of 10 per cent. 

C. Other Effects 

1. Boundary Conditions 

I t cannot be denied that the mathemati cal model of the present theory 

is very simple compared to the actual flow conditions which it trys to repre

sent. For cavities in a free-jet tunnel where two free surfaces exist, the 

approximation should not be as serious as for the cavities in a towing tank 

where only one free surface exists. In view of the rather good agreement be

tween data and the theoretical results, the error due to the oversimplification 

of the hcundary condition in the former case is believed to be small. The 

answer to the question as to how well the present theory approximates the lat

ter case must await more experimental data or the development of a more re

fined theory. However, it is clear that the existence of a free surface is 

a necessary condition for this kind of pulsation to occur. It may also safely 

be said that pulsation is more likely to occur when a free surface is close 

to a cavity than when it is remote. This means that, in an open sea, submer

gence is an important criteria determining pulsation. 

One other factor which may affect the accuracyof the theory is the 

size of the air space surrounding the jet in the free-jet tunnel. Due to the 

physical limitation of the tunnel, this hcunding air space is finite whereas 

the theory treated the case when the bounding space is infinite. Finite bound

ing space leads to a variable bounding pressure and, therefore, leads to a 

different solution. A problem of this kind should not be difficult to solve. 

In fact, the only modification required is to have an additional term in Eq. 
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(3) representing the P. E. of the air bounding the jet. However, the detailed 

calculation will not be included in this paper. 

Finally, an interesting topic is the significance of the reentrant 

jet on the pulsating cavities. (The reentrant jet is also the main feature 

determining the air entrainment capacities of steady cavities. Detailed dis

cussion of this will not be included here.) As was mentioned earlier, the 

reentrant jet regulates the amount of space available for air in the cavity 

so that the natural frequency of the air-water system can be made compatible 

with Eq. (lb). Suppose, for some r eason or other, that the strength of the 

reentrant jet is restricted. Then the regulatory power of the reentrant jet 

is reduced and the cavity will not pulsate so easily. To test out this idea, 

a wedge was made so that a long thin plate could be attached to the rear end 

of the wedge dividing the cavity into two parts. This plate served not only 

as a partition wall, but also served to reduce the strength of the reentrant 

jet by friction. Remarkably enough, this partition wall eliminated the pul

sation almost completely. This finding may have an important application to 

practical problems of artificial cavities. However, the detailed discussion 

of this problem is considered as outside of the scope of this paper and will 

be discussed in later reports. 

2. Cavity Shape 

The greatest source of error should be expected from the assumption 

that the cavity is a circular cylinder. The vibratory flow of the liquid 

bounding the cavity will not be radial if the cavity cross section is not a 

circle. TIle error increases as the cavity becomes more slender. Moreover, 

for unsymmetrical bodies like hydrofoils, the resulting cavity shape is not 

symmetrical, and thus it deviates even more from a circle. To completely 

eliminate errors of this type, the actual flow conditions should be considered; 

that is, the steady flow part and the vibratory flow part cannot be separated 

as was done in this theory. A general theory of unsteady cavities in a finite 

fluid with free surface is required. 

3. Compressibility and Viscosity of Water 

If one examines Eqs. (5) and (23) it is apparent that both the ki

netic energy and the pressure are logarithmically singular if the liquid ex

tends to infinity. Moreover, when Ro is large, there is a large volume of 

water surrounding the cavity, and small local compressions may sum up to a 
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significant value. These facts point out that the compressibility of water 

may become important when jet width or submergence is large. 

The greater the viscosity the greater the viscous loss. Consequent

lY, the greater the viscosity the weaker the reentrant jet. For the reason 

stated in paragraph 1, above, therefore, the cavity should be more difficult 

to pulsate for a highly viscous liquid than for a low viscosity liquid. 

4. Gravitation 

As was statedin the introduction, a phenomenon pertinent to gravi

tational effect is the appearanoe of vortex tubes. When both gravitational 

force and a free surface exist, as in the case of towing tank experiments, the 

relative importance of the two factors must depend upon the relative thick

ness of the cavity and the relative depth of submergenoe. For large relative 

thickness and relative submergence it is likely that vortex tubes will occur, 

and conversely, for small relative thicknes s and relative submergence, a pul

sating cavity is likely. Whether the two phenomena can occur simultaneously 

or not is a question that cannot yet be answered. 

5. Non-linearity 

The present theory is based upon an assumption that the amplitude 

of pulsation is small so that the second or higher order terms may be neg

lected. It is therefore expected that the theory will apply better to weaker 

pulsations than to stronger pulsations. By Eq. (18), pulsations are weaker 

for higher-stage cavities than for lower-stage cavities. This leads to the 

expectation that the theory should be better applicable to high-stage cavi

ties than to low-stage cavities. This is probably why Eq. (16) fits the data 

from fourth- and higher-stage cavities better than the data from lower stages 

as shown in Fig. 7. 

A non-linear differential equation corresponding to Eq. (8) has been 

deri ved, but it appears that the solution can be obtained only by a numerical 

integration method. No attempt has been made to solve the equation. 

VI. CONCLUSIONS 

Theresult of the analysis and the experimental data have proved the 

validity of the assumption that pulsation of ventilated cavities is a peculiar 

phenomenon of mechanical resonance of the air-water system which occurs when 
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one or more free surfaces exist. I t is the motion of surface waves on the 

cavity walls which causes the cavity to change its volume periodically. This 

periodical volume change is accompanied by a vibratory motion of the sur

round.Ulg water and a pressure pulsation in the cavity. The pulsation is pos

sible only when the natural frequency of the air-water system agrees with the 

frequency of the surface waves. 

There may be any integral number of surface waves appearing on a 

cavity wall, from one to infinity. Hence, pulsating cavities may be classi

fied according to the number of waves and called first-stage, second-stage, 

etc. To each stage there corresponds a definite amplitude of pulsation and 

air carrying capacity. It is also noteworthy that both frequency and ampli

tude of pulsations are very insensi ti ve to air supply rate change. The form

ula relating () and () [Eq. (16) 1 permits prediction of the beginning of 
v 

pulsation for a given natural cavity. 

The results presented in this paper should be applicable to all 

shapes of test bodies as long as they are two-dimensional or nearly two-dimen

sional, since the shape does not appear explicitly in the analysis. It is 

also an important conclusion thatin an open sea only when the submergence is 

relatively small may pulsation become a matter of concern. 

As was observed in Section V, there are many sources of inaccuracies, 

and therefore care must be taken when the present theory is to be applied to 
different flow conditions. It is believed that the present theory is only a 

first step toward the complete understanding of the compli cated problem of 

pulsating cavities in particular, and ventilated cavities in general. 
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