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Factor-analytic techniques and multidimensional
scaling models are the traditional ways of representing
the interrelations among tests and items. Both can be
classified as geometric approaches. This study at-
tempted to broaden the scope of models traditionally
used, and to apply an additive tree model (ADDTREE)
that belongs to the family of network models. Correla-
tion matrices were obtained from three studies and
were analyzed using two representation models:
Smallest Space Analysis (ssA), which is a multidimen-
sional scaling model, and ADDTREE. The results of
both analyses were compared for the two criteria of
goodness of fit and interpretability. To enable a com-
parison with the more traditional factor-analytic ap-
proach, the data were also subjected to principal com-
ponents analyses. ADDTREE fared better in both
comparisons. Moreover, ADDTREE lends itself readily
to an interpretation in terms of hierarchical cluster
structure, whereas it is difficult to interpret SSA’s di-
mensions. ADDTREE’S close fit to the data and its co-
herence of presentation make it a convenient means of
representing tests and items. Index terms: additive
trees, ADDTREE, factor analysis, hierarchical cluster-
ing, multidimensional scaling, Smallest Space Analy-
sis.

Much theoretical and empirical work in psy-
chology uses proximity data, from which the struc-
ture in the interrelationships among a set of objects
is derived. Several approaches and techniques have
been developed to achieve this goal. The most

prevalent is the geometric approach, in which ob-
jects are represented as points in a continuous mul-
tidimensional space, such that the order of the prox-
imities between the objects is reflected by the order
of the proximities between the corresponding points
(e.g., Coombs, 1964; Guttman, 1965, 1968; She-
pard, 1962a, 1962b, 1974, 1980). An alternative
is the classificatory approach, in which objects are
represented by discrete clusters (e.g., Carroll, 1976;
Johnson, 1967; Sattath & Tversky, 1977; Shepard
& Arabie, 1979). The clustering structure among
a set of objects can be interpreted as representing
their common and distinctive features, such that
objects that have common features are clustered
together, while different clusters reflect distinctive
features (Sattath & Tversky, 1977; Tversky, 1977).

There is a mutual correspondence between fea-
tures and clusters. The relation between a feature
and the corresponding cluster is essentially that
between the meaning of a concept and the set of
objects to which it applies. The clusters or features
used to classify objects can be specified in advance
or else derived from some measure of similarity or
dissimilarity between the objects, using a suitable
model. Conversely, a clustering model can be used
to predict the observed dissimilarities between the
objects (Sattath & Tversky, 1987). Throughout this
article the terms &dquo;clusters&dquo; and &dquo;common fea-
tures&dquo; will be used interchangeably.

Several studies have attempted to compare the
two approaches, using simulated or real datasets
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from different fields (e.g., Carroll, 1976; Carroll
& Pruzansky, 1980; Gati, 1979, 1982; Johnson &
Tversky, 1984; Pruzansky, Tversky, & Carroll,
1982; Sattath & Tversky, 1977; Tversky & Hutch-

inson, 1986). There are several criteria for com-
paring different representation models, and for as-
sessing which is more appropriate for a given dataset.
The two major criteria, technical and theoretical
respectively, are:
1. Goodness of fit: The degree of correspondence

between the solution and the data.
2. The interpretability and theoretical interest of

the emerging solution.
Although some proximity data may be adequately
represented by both the geometric and the classi-
ficatory approaches, there are datasets for which
one approach is more favorable than the other. The
geometric approach seems to be more appropriate
for perceptual stimuli (e.g., color, sound) that can
be characterized by a few continuous dimensions.
On the other hand, the classificatory approach seems
to be more appropriate for conceptual stimuli char-
acterized by a large number of discrete features,
for example, semantic categories such as countries
or fruits (Pruzansky et al . , 1982; Tversky & Hutch-

inson, 1986).
Research in the area of psychological testing has

traditionally made extensive use of representation
models (e.g., Cattell, 1971; Davison, 1985; Guil-
ford, 1967; ~I&reg;rn, 1968; Schlesinger & Guttman,
1969; Spearman, 1927; Thurstone, 1938; Tryon &

Bailey, 1970; Lemon, 1961). Such representations
are commonly based on observed correlations among
tests. Because correlation matrices are very dense
and difficult to interpret, several methods have been
suggested to represent them in simpler and more
parsimonious ways. These methods have been used
to enhance the understanding of the structure un-
derlying test performance and to corroborate the-
ories on the structure of intelligence (e.g., Guil-
ford, 1967; Spearman, 1927; Thurstone, 1938;
Vernon, 1961).

Different representation models may highlight
different aspects of the data and can lead to dif-
ferent interpretations and theories (e.g., planes
suggest continuous dimensions whereas trees sug-
gest discrete clusters). In the area of aptitude and

achievement testing, the geometric approach has
been used almost exclusively, either in the form
of factor analysis (e.g., Guilford, 1967; Harman,
1976) or by use of multidimensional scaling (MDS)
techniques (e.g., Guttman, 1968; Schlesinger &

Guttman, 1969). Despite their differences, factor-
analytic techniques and MDS models can both be
classified as geometric models because they both
embed the objects (tests) in some coordinate space,
so that the distances between the points represent
the similarity between the respective objects (or,
in the present case, the correlation between tests).
A comparison between MDS and factor analysis is
discussed by several researchers (e.g., Davison,
1983, 1985; Shepard, 1972).
The major goal of the present study was to dem-

onstrate the application of the classificatory ap-
proach to psychometric data and to compare this
approach with the more traditional geometric models.
More specifically, the additive-tree method (ADD-
TREE ; Sattath & Tversky, 1977) was used to rep-
resent the relationships among aptitude and
achievement tests, and among sets of individual
items extracted from such tests. ADDTREE analysis
has been applied in some areas of cognitive psy-
chology (e.g., Gati, 1979; Pruzansky et al. , 1982),
but this is the first attempt to use it to describe the
intercorrelations among psychological tests. The
tree representation, which has several attractive
formal properties (e.g., each pair of objects is joined
by a unique path), permits a parsimonious descrip-
tion and a convenient graphical display.
ADDTREE is a hierarchical clustering model that

represents a distance matrix as an additive or ‘ ‘path
length&dquo; tree-a generalization of the ultrametric
tree (e.g., Johnson, 1967). A tree is a connected
graph without cycles, in which the terminal nodes
represent the objects. ADDTREE first constructs a
tree structure based on a partition of all the quad-
ruples of variables into pairs of immediate neigh-
bors, and then computes least-squares estimates of
the lengths of the links (Sattath & Tversky, 1977).
The distance between the objects is given by the
length of the shortest horizontal path that joins them
along the tree branches (the vertical line is included
only for graphical convenience).
To enhance the interpretation of the structure,
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ADDTREE selects a root for the tree on the basis of
the data. However, the distances in an additive tree
do not depend on the choice of the root. A rooted
tree representation can be viewed as a hierarchy of
clusters, and it can be interpreted in terms of com-
mon and distinctive features (Tversky, 1977). Un-
der such an interpretation, the length of each arc
of the tree corresponds to the measure of the com-
mon features shared by the cluster of all the objects
originating from that arc-and by them alone (i.e.,
common features not shared by objects in any of
the other clusters). The terminal arcs of the tree
correspond to the measure of unique features of
the respective objects (Tversky, 1977; Tversky &

Sattath, 1979). The longer an arc, the more distinct
the cluster originating from it.
The (horizontal) path-length distance between

any two objects is the measure of their distinctive
features (the sum of their unique features). There-
fore, an object connected to the root of the tree by
a relatively short arc is &dquo;central&dquo; in the sense that
it is the &dquo;nearest neighbor&dquo; of the maximal number
of objects (Tversky & Hutchinson, 1986). This
object can be viewed as one with relatively few
distinctive features, hence it is relatively similar to
all other objects. Note that features common to all
objects are not represented in the tree. Thus the
common features that appear in ADDTREE corre-

spond to features shared by some, but not all, ob-
jects. Analysis of the interpretation of common and
distinctive features in a tree is presented in Sattath
and Tversky (1987).

It is instructive to focus on ADDTREE represen-
tation of the following two structures: (1) single
factor-represented by a degenerated single-clus-
ter tree, in which all objects are directly connected
to the root (star), and (2) simplex correlation mat-
rices-represented by a single-branch tree, along
which all objects lie (chain). These two extreme
cases represent the two different meanings of the
term &dquo;unidimensionality&dquo; . More regular structures
would be represented by &dquo;richer&dquo; trees with sev-
eral branches, clusters, and subclusters.

In contrast to ADDTREE, Smallest Space Analysis
(ssA-i; Guttman, 1968) is a nonmetric MDS tech-
nique. This technique yields very similar results to
those obtained by an alternative program-KYST

(Kruskal, Young, & Seery, 1977). SSA was applied
by Schlesinger and Guttman (1969) to represent
the structure among aptitude and achievement tests.
Their analysis yielded a two-dimensional space in
which the tests were represented as points. This
structure was labeled &dquo;radex&dquo; by the researchers,
and was postulated to be a general representation
of the relationships between aptitude and achieve-
ment tests.

The comparison between SSA and ADDTREE is
of particular interest when applied to the psycho-
metric area, because tree and geometric models
have been compared systematically in other areas
of cognitive psychology (e.g., Carroll & Pruzan-

sky, 1980; Tversky & Hutchinson, 1986) and there
are simulation data that provide a good basis for
comparing them (e.g., Pruzansky et al. , 1982).
Because fit improves by adding parameters, it is

important to note that the two models, ADDTREE
and the two-dimensional geometric configuration
(SSA/2D), have approximately the same number of
parameters. In ADDTREE the distances between the

objects are determined by at most 2n - 2 param-
eters (arcs of the tree), where n is the number of
elements of the set (for a further discussion of this
topic see Sattath & Tversky, 1977; Tversky & Sat-

tath, 1979), whereas SSA/2D and SSA/3D have 2n
and 3re parameters, respectively (Pruzansky et al. ,
1982). Furthermore, Pruzansky et al. (1982) have
demonstrated that there is no inherent a priori ad-
vantage, in terms of goodness of fit, of one model
over the other. They found that the ‘ ‘appropriate&dquo;
model (i.e., using MDS to represent data generated
from a plane and ADDTREE to represent data gen-
erated from a tree) was always superior to the &dquo;in-

appropriate&dquo; model. The MDS model fit plane data
about as well as ADDTREE fit tree data, over a wide

range of set sizes and error levels.
In this study, the representations derived from

the ADDTREE analyses were compared with those
obtained by ssA-i (Guttman, 1968; Lingoes, 1970).
The comparisons were carried out with respect to
the two criteria mentioned above (i.e., goodness
of fit and interpretation) for several datasets from
various tests and items. To enable comparisons
between the results obtained from these two models
and the more traditional factor-analytic approach,
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a principal components analysis was performed as
well.

Method

Datasets

Matrices of correlations between tests and be-
tween test items were analyzed by the three meth-
ods. The data matrices were obtained from three
sources. The first two datasets were gathered at the
Hebrew University’s testing unit. In order to broaden
the scope of the comparison, an additional dataset
was adopted from Hoger (1964). This is the dataset
that was previously subjected to SSA-1, yielding the
radex structure (Schlesinger & Guttman, 1969).

Dataset A: The 1980 Psychometric Entrance Test
to the Hebrew University (PET). The PET is a

general scholastic aptitude test used for selecting
students for the various faculties of the Hebrew

University. The test comprises 230 items grouped
into 21 homogeneous subtests according to content.
Table 1 lists the name and the number of items for
each subtest. A detailed description of the test and
its validities can be found in Beller and Ben-Shak-

har (1981).
The raw scores of 2,644 examinees constituted

the basis for computing the correlations among sub-
tests and among test items. Items were scored di-

chotomously and tests were scored as the sum of
the items answered correctly with no correction for
guessing.

Table l’
The PET Subtests (Dataset A)
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Table 2
The 14 Sets of Items Selected from the PET Test

(Median Difficulty Levels: Easy - .75,
Intermediate - .47, Difficult - .34)

For the purpose of exploring the relationships
among individual items, 14 different sets of items
were selected from the 230 items. These sets of
items are described in Table 2. Yule’s Q measure
(also known as Goodman-Kruskal gamma) of pre-
dictive association for categorical data (Hayes, 1981)
was computed between each pair of items within
each set. This measure was chosen because it is

relatively insensitive to marginal distributions (i.e.,
the difficulty levels of the items).

Dataset B: Validation study. These data were
taken from a follow-up study of students, con-
ducted at the Faculty of Social Sciences at the He-
brew University (Beller & Ben-Shakhar, 1981), in
which the predictive validities of 11 tests were in-
vestigated using the academic achievement score
(GPA) at the end of the freshman year (1975) as the
criterion. The 11 predictors included 7 general ap-
titude tests taken from the PET (1974) and 4
achievement tests, taken from the Israeli high school
matriculation tests which, together with the crite-
rion, are listed in Table 3.

Dataset C: Hoger study. Hoger ( 1964) gath-

Table 3
~ Variables Included in the
Validation Study (Dataset B)

ered information about the performance of 519 high
school students in Germany, using 20 subtests (9
general aptitude tests and 11 achievement tests),
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as listed in Table 4. This dataset was chosen be-
cause it had been previously analyzed using SSA-1
(Schlesinger & Guttman, 1969).

Analysis

Each dataset was analyzed using two different
scaling programs: SSA-1 (Lingoes, 1970) in both
two and three dimensions, and ADDTREE/P (Corter,
1982). For each scaling solution, two goodness-
of-fit measures, RL and RM, were used (Kruskal,
1964). RL is the squared product-moment correla-
tion between the solution (the distances between
the variables in the model) and the data (the cor-
relations between the subtests), that is, the pro-
portion of linear variance accounted for by the so-
lution. R2 m is the proportion of variance explained
by the best monotone correlation between the so-
lution and the data. These measures were chosen

because they are not altered by adding a constant
to all the distances. Note that ADDTREE often adds

Table 4
The Subtests of Hoger’s Study

(Dataset C)

a positive constant to all the given distances, to
satisfy the triangle inequality, and therefore it should
be evaluated using measures that are unaffected by
such a transformation. These values, for all test
representations, are shown in the top part of Table
5, while the corresponding values for the repre-
sentations of items (of Dataset A) are shown in the
lower part of Table 5. Recall that in ADDTREE the
distances between the objects are determined by
2n - 2 parameters at most; SSA/2D has 2n param-
eters at most; ss.v3D has 3n parameters (where n
is the number of elements in the set).

Results

Goodness of Fit

The results displayed in Table 5 indicate that
ADDTREE has an advantage over ss,v2D in two out
of the three datasets, and in one case, it even fits

the data better than SSA/3D although the latter is
based on a larger number of parameters. The results
regarding representation of items are even clearer.
In all 14 groups, both the linear fit and the mono-
tonic fit of ADDTREE are higher than that of SSA/
2D, and in all but one group the linear fit of ADD-
TREE is higher even than the fit of ss,v3D. When

a monotone measure was considered, the advantage
of ADDTREE over ssAJ3D was found in nine out of
the 14 groups.’ 1

Interpretation
The application of each model to a given dataset

results in a configuration representing the distances
between the variables (whether tests or items). Due
to space limitations, only examples from the first
two datasets are considered.

1SSA does not assume a linear relationship between the data and
the solution and therefore R2M is a more appropriate goodness-
of-fit measure for that model. The SSA solution minimizes its

own stress formula, the coefficient of alienation (COA; see Lin-
goes, 1970). This measure is similar in principle to the R2M
measure and was also computed for SSA and ADDTREE. The
ADDTREE solution yielded smaller COA values (indicating better
fit) in all datasets.
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Table 5

Goodness-of-Fit Results for ADDTREE, the

Two-Dimensional SSA Solution (SSA/2D), and the

Three-Dimensional SSA Solution (SSA/3D)

The grouping of the objects into clusters is de-
rived directly from the ADDTREE solution. On the
other hand, the SSA solution provides a configu-
ration of points in a space, but the grouping of the
objects into clusters must be carried out separately.

Note that the interpretation of dimensions in MDS
and clusters in ADDTREE is not part of the formal
analysis. It is subjective and open to further dis-
cussion and debate. Construction of formal rep-
resentations always incurs the question of how much
of the formal solution should be interpreted (e.g.,
the labeling of clusters in cluster analysis, factors
in factor analysis, and dimensions in MDS). The
labeling of the arcs in ADDTREE represents an at-
tempt to facilitate the understanding of the config-
uration by providing interpretation in terms of com-
mon and distinctive features. Following the tradition
in the scaling literature (e.g., Shepard, 1980), only
the major and the most distinct clusters were la-
beled. In ADDTREE, labels were given to arcs rel-
atively high on the hierarchy and to those which
are relatively long.

Figure 1 presents the ADDTREE solution for the
21 subtests included in Dataset A. The subtests are

grouped into hierarchically ordered clusters. It can
be seen that the tests are partitioned into two major
clusters that can be labeled &dquo;problem solving tests&dquo;
(i.e., tests that require inductive and deductive
thinking) and &dquo;tests of knowledge&dquo; (i.e., tests of
verbal ability, such as Vocabulary or English, and
tests of General Knowledge). The length of the arc
labeled &dquo;problem solving&dquo; can be viewed as rep-
resenting the common features shared only by the
tests clustered under this arc (Tests 8-16), while
the arc labeled &dquo;knowledge&dquo; represents the mea-
sure of the common features shared by the tests
that cluster under it, and by them alone.

Each of these major clusters is further partitioned
into subclusters. For example, the arc labeled
&dquo;Math&dquo; can be viewed as the measure of common
features shared only by the subcluster of the three
tests that emerge from it (Tests 9-11). These are
mathematical reasoning tests that rely on high-school
mathematical subject matters. This subcluster fur-
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Figure 1
ADDTREE Representation of the PET Tests (Dataset A)

ther divides into two additional subclusters: Math
Problems tests (which require translation of a ver-
bal problem into mathematical terms) and Geom-
etry and Algebra tests. Clearly ADDTREE provides
further subdivisions into smaller and more specific
clusters. A full interpretation of the tree requires a
thorough analysis of each subtest or even of indi-
vidual items. Such an analysis is beyond the scope
of this article.

The terminal arcs of the tree correspond to the
measure of the unique features of the respective
tests. For example, the terminal arc of Test 11 I

represents the unique features of Algebra items not
shared by any other subtest, not even by its close
neighbor-Geometry .
The Verbal Analogies test is connected to the

root of the tree by a relatively short arc, and is
therefore &dquo;central&dquo; in the sense that it is close to
both major clusters. Recall that centrality in a tree
is represented by a short arc, which reflects few
distinctive features (Tversky & Hutchinson, 1986).
The distance between any two tests in a tree is the

(horizontal) length of the path that connects them.
Therefore, a test that is closest to the root of the
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tree has the minimal average distances from all

other tests. Indeed, this representation of the Ver-
bal Analogies test is consistent with the notion that
this test measures general ability and requires both
&dquo;reasoning&dquo; and &dquo;knowledge.&dquo; Note that the

commonality shared by the Verbal Analogies test
and all other tests is not represented by a specific
arc in the tree. Rather than general commonality,
the tree represents the commonality among objects
of a certain subcluster relative to the rest.
The two major clusters in the tree correspond to

the &dquo;operation facet&dquo; suggested by Guttman (1965).
The evidence, however, seems incompatible with
the other facet, &dquo;language of presentation&dquo;, sug-
gested by Guttman. For example, the Figure test
and the Numerical Matrices test are clustered to-

gether despite their different language of presen-
tation. At the same time, the Logic test, which is
verbal, does not cluster together with the other
verbal ability tests although they share &dquo;language
of presentation.&dquo; It appears that the cognitive op-
eration explains more of the variance in the cor-
relations among the tests than does the mode of

presentation.
The SS~2D solution (Figure 2) produces the same

two major clusters. They are reconstructed mainly
along one dimension that can be labeled &dquo;cognitive

operation.&dquo; The Verbal Analogies test is located
in the middle. The subdivision within each cluster
is hardly seen, especially within the reasoning clus-
ter.

As can be expected by its greater number of

parameters, the SSA/3D solution improves the fit (as
compared with the ssrv2~)-but it is more difficult
to grasp, and apparently does not add much to the
interpretation.

For the purpose of demonstration, one group of
items was selected to represent the analyses of the
item correlation matrices (Dataset C in Table 2).
This particular group consists of 42 items that are
relatively heterogeneous in content and of an in-
termediate level of difficulty. The configuration
extracted from the analyses of these items is very
similar to those derived from the analyses of the
subtests (Figures 1 and 2). The items, like the sub-
tests, cluster into two major groups: &dquo;problem
solving&dquo; and &dquo;knowledge&dquo;.
The ADDTREE solution (Figure 3) represents a

clear hierarchical structure of the items, in which
each cluster is subdivided into subclusters. The
resemblance between the items’ structure and the
tests’ structure is revealed not only in the above
two major clusters but also in the further division
into subclusters. It is interesting to note that all

Figure 2
SSA-I Representation of the PET Tests (Dataset A)
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Figure 3
ADDTREE Representation of One Set of Items (Set C) Taken From the PET

4 -...

items of a certain subtest are always clustered to-
gether. Such perfect clustering of the individual
items into their corresponding subtests is nontri-

vial, especially because individual items have rel-
atively low reliabilities. This result strengthens the

content and constrict validity of the psychometric
test.

The SSA/2D solution, presented in Figure 4, clearly
reflects the distinction between the same two clus-
ters : &dquo;knowledge&dquo; items and &dquo;problem solving&dquo;
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Figure 4
SSA-I Representation of One Set of Items (Set C) Taken From the PET

items. Within each cluster the items can be grouped
according to the original subtests from which they
were extracted. This grouping, however, is not given
directly by the algorithm, and it is somewhat less
distinct than in ADDTREE (e.g., Math and Logic
clusters). The horizontal axis can be interpreted as
representing the difficulty level of the items.

Figure 5 presents the ADDTREE solution for the
12 subtests included in Dataset B. Recall that this

study consisted of both general aptitude and
achievement tests. This typology is clearly re-

flected in all of the pictorial representations. In the
ADDTREE solution (Figure 5), the major clusters
are further divided into subclusters. The subclusters
within the aptitude cluster give rise to a structure
very similar to the PET structure described earlier.
This finding suggests that the representation ob-

tained by ADDTREE for the aptitude tests is invariant
to the addition of variables of a different nature

(e.g., achievement tests). It is not clear whether

this finding will generalize to other types of vari-
ables.
The second major cluster-achievement-is

further divided into the criterion and the matricu-
lation tests. The criterion is represented by a rel-
atively short branch, and therefore can be seen as
the central or typical variable. This is compatible
with the fact that all other variables serve as pre-
dictors of the criterion in this validation study. Note
that the length of the tree path between each pre-
dictor and the criterion variable reflects its respec-
tive predictive validity.

Figure 6 presents the SSA/2D solution for these
12 subtests. This is the only dataset in which SSA
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Figure 5
ADDTREE Representation of the Variables in the Validation Study (Dataset B)

yielded a goodness-of-fit measure equivalent to that
of ADDTREE. It seems that these data are the product
of two orthogonal factors: (1) problem solving vs.
knowledge; (2) aptitude vs. achievement. The cri-
terion lies in the middle of the two-dimensional

space.
Dataset C will be discussed without the benefit

of the accompanying figures. As in Dataset B, this
study included both general aptitude and achieve-

ment tests, and this feature was again clearly re-
flected by the major clustering of the pictorial so-
lutions. In ADDTREE, the general aptitude cluster
was subdivided into verbal tests (Tests 1-3), cate-
gorization tests (Tests 4 and 5), and nonverbal
tests (Tests 6-9). In this dataset, the language of
presentation and the type of cognitive operation
were confounded (e.g., all verbal tests are reason-
ing tests). Therefore, the interpretation is some-

Figure 6
SSA-I Representation of the Variables in the Validation Study (Dataset B)
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what ambiguous and the verbal/nonverbal distinc-
tion could be replaced by a reasoning/perception
distinction. The achievement cluster was subdi-

vided into languages (Tests 10, 13, and 14), arts
(Tests 19 and 20), and other high school studies
(Tests 11, 12, 15, 16, 17, and 18).

In the SSA/2D solution, the radex structure ex-
tracted by Schlesinger and Guttman (1969) for 18
variables (out of the 20 variables in the original
study) was not replicated when all 20 variables
were used in the analysis. The inclusion of the two
additional variables (art and music) changed the
structure within the remaining 18 variables. This
casts some doubt on the radex theory as a general
structure of the interrelations between tests, and

especially as a general theory of intelligence.

Comparison With
Principal Components Analysis

Due to space limitations, only the results for
Dataset A are presented. The measure R,2, used
earlier to indicate goodness of fit, was computed
for the principal components analyses with two and
three components (2PC and 3PC), yielding values
of .86 and .95 respectively. These results are very
similar to the IiL measures obtained for SSA with
two and three dimensions, respectively (see Table
5). ADDTREE’S goodness-of-fit measures were sim-
ilar to the 3PC solutions in this dataset as well as

in all other datasets.
Unlike MDS and ADDTREE, factor-analytic tech-

niques are designed to reproduce the zero point of
the correlations. The goodness-of-fit measures used
for the present analyses (RM and R,2) are not sen-
sitive to the zero point and therefore do not capture
this feature in the data. A goodness-of-fit measure
that is sensitive to the zero point (e.g., coefficient
of congruence; Harman, 1976, p. 344) would ob-
viously be more favorable to the principal com-
ponents analysis, but would be meaningless to SSA
and ADDTREE as explained earlier. Clearly, when
it is desired to reproduce the absolute value of the
correlations, factor-analytic techniques will be pre-
ferred.
The loadings of the 21 subtests of Dataset A on

the three components (after varimax rotation) are
presented in Table 6~. The first component repre-
sents General Knowledge tests and Hebrew Vo-
cabulary. The second component represents Prob-
lem Solving tests (verbal, numerical, and figural
reasoning tests). The Verbal Analogy test is loaded
on both factors, which demonstrates again the

&dquo;centrality&dquo; of this variable. The third component
is a specific component representing the three En-
glish subtests (testing English as a foreign lan-
guage). It seems that the three components corre-
spond to the major clusters revealed by both ADDTREE
and SSA/2D. However, only ADDTREE representa-
tion reveals the further division of each cluster into

subgroups.

Discussion

The present study demonstrates the utility of ap-
plying a clustering analysis, ADDTREE, to represent
the structures of tests and test items on the basis
of their intercorrelations. In general, the same ma-
jor clusters emerged for all datasets analyzed and
under all representation models used. This major
clustering corresponds to the cognitive operation
required for solving the test items (i.e., &dquo;reason-

ing&dquo; vs. &dquo;knowledge&dquo;). The language of presen-
tation, which is a major factor in Guttman’s (1965)
and Guilford’s (1967) theories, does not seem to
add much to the interpretation. This may be partly
because in many cases the language is confounded
with the mode of cognitive operation (e.g., tests
that require knowledge or rule application are usu-
ally verbal).
ADDTREE fared well in the present comparisons.

First, it fit the data better than SSA-1 (with two
dimensions). Moreover, the grouping of the objects
(in this case tests and items) into clusters and sub-
clusters in ADDTREE is straightforward and less de-
pendent on the specific interpretation given by the
researcher. By comparison, the SSA solution does
not directly provide clusters; they must be extracted
by the researcher without the benefit of an algo-
rithm. SSA, as a method of MDS, is beneficial to
the extent to which its dimensions are interpretable.
In most datasets analyzed here, it was difficult to
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Table 6

Loadings of the PET Subtests (Dataset A)
on the Three Components Extracted by the Principal

Components Analysis After Varimax Rotation

find meaningful interpretations for the linear di-
mensions. To the extent that such an interpretation
is given, it does not use the dimension’s continuity,
but rather leans toward a division of the space into
discrete regions. The ADDTREE solution, on the
other hand, provides a formal procedure for iden-
tifying clusters and lends itself to an interpretation
in terms of hierarchical structure. The present data

analyses show that the radex structure suggested
by Guttman (1965) is not stable across different
datasets and within datasets when variables are de-
leted or added.

The principal components analyses (with three
components) explained the variance among the
subtests well and yielded high goodness-of-fit mea-
sures (similar to those obtained by ADDTREE). This
justifies the extensive use of this method in psy-
chological testing. The interpretation derived from
the principal components analyses is compatible
with that derived from ADDTREE, although it does
not reveal the hierarchical structure that emerged
from the trees. It seems that apart from clustering,

no significant interpretation could be assigned to
the components of the principal components anal-
yses or to the linear dimensions of SSA. The only
salient result is that the division of the tests ac-

cording to their loadings on the different factors
closely paralleled the clustering revealed by ADD-
TREE. Further research may be required to enable
a more thorough comparison of tree structure to
factor-analytic results.

In general, ADDTREE provides a parsimonious
method for representing datasets characterized by
a relatively large number of orthogonal dimensions
(such that each dimension has a relatively large
unique variance). The fit of ADDTREE to the present
datasets may suggest that the objects represented
(tests and items) have those characteristics that have
been found by Tversky and Hutchinson (1986) to
favor a tree over a spatial representation (i.e., the
objects are characterized by a large number of dis-
crete or specific features, rather than a small num-
ber of continuous dimensions).

Despite the long tradition of using spatial rep-
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resentations as the only formal means of repre-
senting the relations between tests and items, tree
models in general, and ADDTREE in particular, may
serve as an efficient and promising approach. Its
close fit to the data and its coherence of presentation
make ADDTREE a convenient means of representing
individual differences in cognitive tasks. One pos-
sible interpretation of this representation could be
based on the &dquo;contrast model&dquo; (Tversky, 1977).
Application of the contrast model to the relation-
ship among tests and items requires an assumption
that test items can be characterized by a set of
discrete features (common and distinct), such that
the similarity between the variables (reflected by
the correlation between them) increases with their
common features. Ongoing experimental research
designed to discover cognitive processes involved
in problem solving (e.g., Stemberg, 1977, 1980)
can make use of this type of representation.

Another implication of the present study can be
drawn from a psychometric point of view. ADD-
TREE analysis of the items yielded a clustering
structure of the individual items that fully recon-
structed the original subtests from which the items
were extracted as well as the interrelations arnong
those subtests. This provides corroboration of the
construct and content validity of the test, and may
suggest that the application of ADDTREE analysis
to the representation of items can be used in order
to assist the process of test construction and item

analysis. For example, an item that does not cluster
with the other items designed to measure the same
construct should be further examined and its in-
clusion in a test should be reconsidered. An item
that is very distant from the root should be checked,
because it either lacks reliability or measures unique
features not shared by other items.

In the present example (see Figure 3) all items
of a given subtest cluster together, but in some
cases clusters subdivide such that one item seems
to deviate from other items in its cluster. For in-

stance, Item 13 seems to deviate from the rest of
the mathematical items, although it falls within the
Math cluster. This is important and relevant infor-
mation for test constructors, who ought to look
more closely into these items and examine possible
reasons for such occurrences.

Hierarchical representation of tests is highly
suggestive and may offer a starting point for the-
ories about the structure of the intellect, or at least
the structure of mental abilities. The hierarchical
structure suggested here by ADDTREE fits some cur-
rent theories of the intellect (e. g. , Cattell, 1971;
Snow, 1978). On the other hand, the transition
from the analyses of correlations across persons to
a theory of intelligence is a major challenge that
has not been satisfactorily answered nor fully ar-
ticulated. The bridge between them must be built
rather than prejudged.
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