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Congeneric Modeling of Reliability
Using Censored Variables
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This paper explores the use of J&ouml;reskog’s (1970)
congeneric modeling approach to reliability using cen-
sored quantitative variables, and discusses the com-
pound problem of non-normality and attenuation that
occurs when estimating censored continuous variables.
Two monte carlo studies were conducted. The first

study demonstrated the inappropriateness of using nor-
mal theory generalized least-squares (NTGLS) for esti-
mating reliability on censored variables. The second
study compared three different estimation procedures
&mdash;NTGLS, asymptotically distribution free (ADF) esti-
mators, and latent TOBIT estimators&mdash;as to their effi-

ciency in estimating individual and composite reliabil-
ity on censored variables. Results from the studies
indicate that problems of non-normality and attenua-
tion must be addressed before accurate reliability esti-
mates may be obtained. Index terms: censored vari-
ables, congeneric model, covariance modeling, monte
carlo study, reliability, TOBIT correlations.

Of the various procedures that have been pro-
posed to estimate reliability, many have been based
on an analysis-of-variance (ANOVA) approach (Hoyt,
1941). These include intraclass correlation and

generalizability theory (Cronbach, Rajaratnam, &

Gleser, 1963). Though these procedures are fre-
quently used, they require accepting a number of
assumptions (Saal, Downey, & Lahey, 1980). One
major assumption is that all the measures must have

the same unit of measurement, which is sometimes

referred to as &dquo;essentially tau equivalent&dquo; (Lord
& Novick, 1968). In response to this assumption,
a covariance modeling procedure that is based on
Jbreskog’s (1970) general model for the analysis
of covariance structures has been proposed (van
der Kamp & Mellenbergh, 1976; Werts, Linn, &

Jbreskog, 1974).
Although the covariance modeling procedure

provides details about the assumptions surrounding
the use of ANovA-based reliability measures, it is

limited. One major assumption-and subsequent
limitation-is that the observed variables that are

provided in the sampled covariance matrix (S) ac-
curately represent variables from a multivariate
normally distributed population, if normal theory-
based estimators are to be used (e.g., maximum
likelihood or generalized least squares). The ap-
propriateness of using procedures based on normal
theory for estimates is questionable when analyzing
a covariance matrix based on ‘ ‘censored variables&dquo; 9

(variables with a high concentration of cases at

either or both ends of the distribution; Hald, 1949),
due to the compound problem of non-normality and
attenuated covariances.

This paper explores the use of J6reskog’s ( 1970)
congeneric modeling approach to reliability using
censored quantitative variables, and provides a pos-
sible solution to the compound problem of non-
normality and attenuated covariances brought about
by censored variables.
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Congeneric Modeling Approach
to Reliability

The ANOVA approach to reliability generally con-
siders a two-way ANOVA model (Werts et al., 1974),
in which the reliability of the ith measure (item or
test) may be estimated, assuming similar units of
measurement, by

where ms, refers to the mean square between mea-
sures and MSr is the interaction (residual) mean
square term, over p measures. An estimate of com-

posite reliability may be obtained by

The congeneric approach to reliability is based on
covariance modeling of a data matrix Y(N x k),
denoting scores for a randomly selected group, where
IV is the number of observations over k measures.

It is assumed that the rows of Y are independently
distributed, each having a multivariate normal dis-
tribution. The congeneric model for a four-indi-
cator reliability model may be written as

where X and 0, are parameters to be estimated for
each y, with % representing the true component and
0, the error component. Assuming uncorrelated
measurement errors, with variables that have a mean
of 0 and a factor variance of 1, the variance-co-
variance matrix for this model may be defined as

which may be rewritten as

where ~£ is ~ k x k diagonal matrix of error var-
iances, and A is a vector of loadings on a single
common factor. Using this model, it is possible to

test the initial assumption that all measures have
the same underlying true score ~. For example, if
four items are assessed for reliability, the A loading
matrix and the error variances 8E are estimated. For
convenience, as previously mentioned, the vari-
ance of the true score may be standardized

[U2(lq) = 1 ] . This approach provides two over-
identifying restrictions in the four-variable model
(two degrees of freedom), allowing the null hy-
pothesis in Equation 5 to be tested.

If the differences are considered small enough
to be regarded as sampling fluctuations, based on
the chi-square distribution, item reliability can be
estimated as

with composite reliability estimated as

Subsets of the Congeneric Model

If the assumption of tau equivalence is not met
in computing the reliability of a set of measure-
ments, then averaging scores would not be mean-
ingful, and using ANOVA-based procedures would
not be appropriate. Jbreskog (1970) provided a pro-
cedure based on a subset of the congeneric model
to test for essential tau equivalence. This assumes
that measures are equivalent if the regression weights
~; are equal in A. The essentially tau-equivalent
model tests Ho: 1B1 = 1B2 = À.3 = À4 with .5k(k +
1 ) - ( k + 1) degrees of freedom. A total of k + 1
parameters would then be estimated. If the essen-

tially tau equivalent hypothesis is rejected, then
ANOVA procedures should be rejected for estimating
reliability and/or generalizability coefficients (Wefts
et al., 1974). Green, Lissitz, and Mulaik (1977)
have indicated that coefficient alpha as an estimate
of composite reliability may be robust to this vi-
olation when k is large. If the hypothesis is not
rejected, the parameter estimates may be used to
estimate item reliability,
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and composite reliability,

In addition, the reliabilities estimated from Equa-
tion 8 may vary depending on error variances 0,.
Because Equation 1 assumes that all measures have
the same reliability, Werts et al. (1974) suggested
testing for equal error variances. This may be tested
using another subset of the congeneric model,
sometimes referred to as a &dquo;parallel model&dquo; (Gul-
liksen, 1968; J&reg;reskog, 1970). This model implies
equality constraints on both the A~s and the 0~,; thus
the hypotheses tested are H,,: hl = X~ = ~3 = X~
and Ho2: 0~~ = 0,, = ee3 = eq with .5k(k + 1) - 2
degrees of freedom. This model will estimate two
parameters. If the essentially tau equivalent hy-
pothesis (Ho,) is not rejected, but the equality of
error variances (H(12)is rejected, then ANOVA-based
procedures may be used to estimate composite re-
liability but not individual item reliability. Werts
et al. (1974) asserted that if the parallel model is
rejected (Hoi and H02), use of ANOVA-based pro-
cedures would underestimate the composite relia-
bility. If the parallel model is not rejected, the

reliabilities can be estimated using either ANOVA-
based procedures or by

with composite reliability as

Tests of these hypotheses amount to tests of the
validity of specific assumptions about the model;
these tests are not provided in the ANOVA-based
reliability estimates (Werts et al., 1974). Although
the J6reskog (1970) procedure seems attractive for
answering questions regarding measurement unit
equivalency and stability of error variances in re-
liability models, the procedure has limitations of
its own.

Congeneric Model Limitations

Testing Hoi and ~Io2 using covariance modeling
depends on a number of conditions. First, sample

size is crucial. Monte carlo studies based on normal

theory distribution sampling have indicated that when
N < 50, normal theory maximum likelihood (NTML)
and normal theory generalized least-squares (NTGLS)
estimation procedures result in model convergence
problems, while sample sizes of N = 25 result in
improper solutions (Anderson & Gerbing, 1984;
Boomsma, 1982, 1983, 1985; Gerbing & Ander-

son, 1987). Minimum sample size recommenda-
tions for unbiased estimates are typically N ? 100.

Second, distributions with aberrant skewness and
kurtosis values seem to result in higher than usual
model rejections (Boomsma, 1983) and poorer pa-
rameter estimates. This paper concentrates on this

second condition.

Censored Continuous Variables

One source of aberrant skewness and kurtosis
values in sample variables has developed from ana-
lyzing sample truncated normal distribution vari-
ables. Hald (1949) has called such variables cen-
sored variables, because the population from which
the sample variable was drawn is considered nor-
mally distributed, and the sample being considered
is incomplete. More formally, a continuous cen-
sored variable may be defined as:

where c, and c~ represent known lower and upper
censoring constants, which may take on values - on
to +00, with y the sampled value and y* the pop-
ulation value. Censored variables may thus be con-
sidered variables that have limited variability with
a large proportion of cases occurring at one or both
endpoints of the scale. An example of a censored
sample variable would be a test score which has a
&dquo;floor&dquo; or a &dquo;ceiling&dquo; that produces a large pro-
portion of cases based on an extreme response (e.g.,
all correct).
Muthén (1985, 1987a) has shown that increases

in censoring have a substantial effect on attenuating
the correlation/covariance estimates, which will

underestimate the reliability when using procedures
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based on typical normal theory. This leads to a
compound problem of non-normality brought about
by attenuated measures of covariance; as Hollis and
Muthén (1987) have indicated, both problems must
be addressed to provide correct estimates.

Monte Carlo Studies

To demonstrate the inappropriateness of using
normal theory estimation procedures while disre-
garding the attenuation problem brought about by
the censored variables, a simulation study was con-
ducted using the NTGLS estimator.

Study 1 Design
In this study NTGLS estimates were obtained from

the computer program LISCOMP , Version 1.1 (Mu-
th6n, 1987b). A standardized population co-
variance matrix I was created for a four-variable
single-factor congeneric model using Equation 5.
This model was selected purely for computational
convenience. Two separate single-factor model
population covariance matrices were created based
on the design in Figure 1.
The first matrix (3i 1 was based on high reliability

(pi = .~1) with (J’2(’q) = 1 and A, = ~.9,.9,.9,.9).

The second matrix (~2)~ based on low reliability
(p; = .36), was established using Cr2(lq) = 1 and
1~2 = [.6,. 6,. 6,. 6]. Variances in the errors of mea-
surement (uniquenesses) were defined for both

models as et = 1 - X2 . According to Equation 6,
item reliability for the congeneric model in this
example may be reduced to X2 . Each ill; matrix was
then used to generate 100 above-censored sample
covariance matrices (S) for each sample size con-
dition (N = 25, 50, 100, 400). Above-censoring
was accomplished by assigning all normal distri-
bution values above a specific percentage value to
the data value at that percentage. For example, a
50% above-censoring distribution would consist of
transforming the upper half of the distribution to
the value at the 50th percentile. A mixed censored-
variable design was then used with the first two
variables normally distributed and the last two var-
iables censored from above at 0% (no censoring),
25%, 50%, and 75%.

Study 2 Design

To demonstrate the influence of the attenuated

covariance matrix resulting from the censored var-
iables, Browne’s (1982) asymptotically distribu-
tion free (ADF) generalized least-squares estimates

Figure 1
Mixed Censored-Variable Design for the Monte Carlo Study
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were obtained using LISCOMP. It was hypothesized
that the ADF procedure would not be hampered by
non-normality, but would still perform poorly due
to attenuation. LISCOMP was also used to obtain
NTGLS estimates. As a final solution to the com-

pounded problem brought about by the censored
variables, Muthen’s (1985, 1987a) latent TOBIT es-
timates were obtained using LISCOMP and were
compared to the other estimators. [Based on the
rubric of LOGIT and PROBIT analyses, the term TO-
BIT was coined by Tobin (1958) in referring to his
regression approach to censored variables, and is
used here in similar context.]
A single-factor congeneric model [pi = .81,

ht = .9, with 0, = 1 - X2 and a2(it) = 1] with N
= 100 was considered for the comparison analysis
using the mixed censored-variable design (Figure
1). One hundred above-censored sample co-
variance matrices (S) were generated using the same
procedures defined in Study 1. Again, the selection
of the single-factor four-variable model was based
solely on computational convenience.

Estimation Procedures

Estimates are represented by the general family
of fit functions for analysis of covariance struc-
tures, as proposed by Browne (1977). The NTGLS
procedure may be defined as the fit function

where sand 0&dquo; refer to y based on a Pearson cor-
relation/covariance with a weight matrix ~’ _ ~ X
3l or S x S, where 3l = A(DA, + @~ and 0&dquo; =

Vec[l] (J6reskog & Goldberger, 1972).
The fitting function for Browne’s (1982) ADF gen-

eralized least-squares estimator is

where

where sij and Ski are biased sample covariances, and
Sijkl is the fourth-order multivariate cumulant (Ken-
dall & Stuart, 1977).

]VIuthén’s (1985, 1987a) latent TOBIT estimator
has the same fitting function as NTGLS, except that
instead of y referring to a sample-based Pearson

correlation/covariance, y* refers to a latent TOBIT
correlation/covariance, based on the underlying as-
sumption of individual univariate normality. The
TOBIT fitting function is

where s* and or* refer to y* TOBIT-based correla-
tion/covariances with a weight matrix of ~* x ~*
or S* x S*, where ~,~ = 1~ ~t + 813 and or*
Vec[3l*] (IVIuthen9 1985; Muthén & Kaplan, 1985).
The TOBIT approach is a two-stage estimation of
s*. The first stage is the univariate estimation of

f-1 and a2 based on a normal distribution for cen-
sored variables (Gupta, 1952). The second stage
estimates the covariances from the bivariate infor-
mation using maximum likelihood, by holding f-1
and u2 constant at the univariate estimated levels

(Muthén, 1985).

Results

The results of Study 1 support previous findings
(Anderson & Gerbing, 1984; Boomsma, 1985) that
the nonconvergence rate is inversely related to sam-
ple size at 0% censoring. Table 1 shows the percent
of nonconvergence for the NTGLS estimates for the

single-factor model over two levels of model re-
liability, four levels of sample size, and four levels
of variable censoring.
The asymmetry provided in the higher censoring

conditions seems to enhance nonconvergence. This
effect is greater in the high-reliability model than
in the low-reliability model, with the exception of
the small-sample (N = 25) condition. Table 2 in-
dicates that variable censoring has a dramatic effect
on the percent of congeneric model rejections (a ~
.05), using NTGLS estimates. The percent of model
rejections for small samples (e.g., N = 25 and lV =

50) should be interpreted cautiously.
Table 3 presents the percent of bias in the esti-

mates of individual and composite reliability over
the studied conditions for the NTGLS estimates. In
the larger samples studied (N = 100 and N = 400),
the percent of bias in the above-censored variables

(p, and P4) relates positively to the amount of var-
iable censoring, with stronger bias occurring in the
low-reliability model (p = .36). The small-sample
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Table 1
Percent of Nonconvergent Solutions for NTGLS Estimates

for Low and High Population Reliability Models
(N = 25, 50, 100, 400)

low-reliability model conditions (p = .36, N = 25
and 1V = 50) produced erratic results, as expected.
The percent of bias in the noncensored contin-

uous variables (p, and P2) may be considered triv-
ial, with the exception of the small-sample low-
reliability model conditions (p = .36, lV = 25 and
N = 50). The bias in p, and P2 for the high-relia-
bility model tended to be negative, or underesti-
mated when censoring was present, whereas the
estimates for the low-reliability model tended to
fluctuate more (Table 3). Composite reliability was
also underestimated by censoring, but not with the
magnitude of the individual values, due to the mixed
censored design used in the study.
The results from Study 2 are provided in Table

4, which gives the percent of model rejections for
the three estimation procedures (NTGLS, ADF, and
TOBIT) across the four levels of above-censoring.

All three procedures similarly reject few con-
generic models at 0% censoring, but as censoring
increases (increasing the asymmetry in the distri-

butions, as well as the attenuation in the matrix),
the percent of rejection increases in both NTGLS
and ADF. This is to be expected with the NTGLS
estimator. The ADF procedure does not do better
because of the attenuation in the covariance matrix
used in this mixed design.

Table 5 shows the percent of bias occurring in
the estimates of individual and composite reliabil-
ity. Again, the percent of bias for the censored
variables strongly relates to the amount of above-
censoring for both NTGLS and ADF estimation pro-
cedures. The TOBIT estimates, on the other hand,
produced very little bias. The percent of bias oc-
curring for noncensored variables was negligible
for the TOBIT and NTGLS estimates, but resulted in
slightly larger negative bias with the use of the ADF
procedure as censoring of companion variables in-
creased.

Table 5 also indicates a strong positive relation-
ship between the level of above-censoring and the
percent of bias in the estimate of composite reli-

Table 2
Percent of Model Rejections Adjusted for Nonconvergence

Based on a s .05 for Low and High Reliability Models
(N = 25, 50, 100, 400)
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Table 3
Percent of Bias in NTGLS Estimates of Reliability
_______ 

(N = 25, 50, 100, 400)

---_.~-

’Individual and composite reliability estimates.

ability for both NTGLS and ADF procedures. The
percent of bias for the TOBIT estimates of composite
reliability was trivial.

Discussion

Study 1 demonstrated the inappropriateness of
using the NTGLS estimation procedure to retrieve
correct reliability estimates and model fit indices
(likelihood ratios) with small sample sizes, as in-
dicated by the general lack of model convergence
and the erratic estimates for the small-sample low-
reliability model conditions (p = .36, N = 25 and
IV = 50). This may prove to limit the use of con-
generic modeling techniques in reliability studies.
Although not reported in this paper, increases in
improper solutions (e.g., negative 9E estimates) due

to small sample sizes would also cause diffi-

culty in estimating reliability. In general, the NTGLS
estimations for both individual and composite re-
liability for above-censored variables were poor,

Table 4

Percent of Model Rejections
Based on ~ < .05

apercentages adjusted for noncon-
vergence.
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Table 5

Percent of Bias in

Estimates of Reliability

’Individual and composite reliability
estimates.

and can probably be attributed to problems of non-
normality and attenuation in the covariance matrix.

Study 2 demonstrated that attempting to deal
with the problem of non-normality alone (e.g., us-
ing the ADF procedure) was not enough to provide
accurate reliability estimates. The attenuation in the
correlations/covariances must also be considered.
This study demonstrated the superiority of latent
TOBIT estimates in dealing with these two prob-
lems. If underlying normality exists in censored
variables, then latent correlation/covariance-based
estimates of reliability, such as TOBIT estimates,
may provide an effective estimation procedure for
congeneric modeling of reliability, though sample
size is still a limiting factor.

Although the TOBIT procedure has definite ap-
peal for estimating reliability with censored vari-

ables, some model limitations exist. Heavy com-
putational demands usually restrict the size of the
weight matrix used in the estimation procedure; for
example, estimation becomes impractical when the
number of y variables exceeds 20 to 25.
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