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Abstract

With a newly developed symmetry-adapted tight-binding molecular dynamics

(MD) capability, we performed microscopic calculations on a variety of quasi-

one dimensional silicon, carbon, and molybdenum disulfide nanostructures. In

symmetry-adapted MD the helical symmetry instead of the standard translational

symmetry is used. In the considered nanostructures, equivalent calculations can

now be performed with a substantial smaller, in terms of the number of atoms,

repeating domain. The symmetry-adapted method was utilized in the studied

highlighted below.

The stability of the most promising ground state candidate silicon nanowires with

less than 10 nm in diameter was comparatively studied with with nonorthogo-

nal tight-binding and classical potential models. The computationally expensive

tight-binding treatment becomes tractable due to the substantial simplifications

introduced by the presented symmetry-adapted scheme. It indicates that the

achiral polycrystalline of fivefold symmetry and the hexagonal (wurtzite) wires of

threefold symmetry are the most favorable quasi-one-dimensional silicon arrange-

ments. Quantitative differences with the classical model description are noted

over the whole diameter range. Using a Wulff energy decomposition approach it

is revealed that these differences are caused by the inability of the classical po-

tential to accurately describe the interaction of Si atoms on surfaces and strained

morphologies.

The elastic response for a large catalog of carbon nanotubes subjected to axial

and torsional strain was next derived from atomistic calculations that rely on an

accurate tight-binding description of the covalent binding. The application of the

computationally expensive quantum treatment is possible due to the simplification

in the number of atoms introduced by accounting for the helical and angular

symmetries exhibited by the elastically deformed nanotubes. The elasticity of

nanotubes larger than 1.25 nm in diameter can be represented with an isotropic

elastic continuum.

The torsional plastic response of single-walled carbon nanotubes is studied with

tight-binding objective molecular dynamics. In contrast with plasticity under
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Abstract iii

elongation and bending, a torsionally deformed carbon nanotube can slip along a

nearly axial helical path, which introduces a distinct (+1,−1) change in wrapping

indexes. The low energy realization occurs without loss in mass via nucleation of a

5-7-7-5 dislocation dipole, followed by glide of 5-7 kinks. The possibility of nearly

axial glide is supported by the obtained dependence of the plasticity onset on

chirality and handedness and by the presented calculations showing the energetic

advantage of the slip path and of the initial glide steps.

Symmetry-adapted MD combined with density-functional-based tight-binding made

possible to compute chiral nanotubes as axial-screw dislocations. This enabled the

surprising revelation of a large catalog of MoS2 nanotubes that lack the prescribed

translational symmetry and exhibit chirality-dependent electronic band-gaps and

elastic constants. Helical symmetry emerges as the natural property to rely on

when studying quasi-one dimensional nanomaterials formally derived or grown via

screw dislocations.

The nonlinear elastic response of carbon nanotubes in torsion was derived with

the symmetry-adapted MD and a density-functional-based tight-binding model.

The critical strain beyond which tubes behave nonlinearly, the most favorable

rippling morphology, and the twist- and morphology-related changes in funda-

mental band gap were identified from a rigorous atomistic description. There is

a sharply contrasting behavior in the electronic response: while in single-walled

tubes the band-gap variations are dominated by rippling, multiwalled tubes with

small cores exhibit an unexpected insensitivity. Results are assistive for experi-

ments performed on nanotubes-pedal devices.

Despite its importance, little is known about how complex deformation modes alter

the intrinsic electronic states of carbon nanotubes. We considered the rippling

deformation mode characterized by helicoidal furrows and ridges and elucidate

that a new intralayer strain effect rather than the known bilayer coupling and σ-π

orbital mixing effects dominates its gapping. When an effective shear strain is

used, it is possible to link both the electrical and the mechanical response of the

complex rippled morphology to the known behavior of cylindrical tubes.
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Moving on to graphene, to describe the strain stored in helical nanoribbons, we

supplement the standard elasticity concepts with an effective tensional strain. Us-

ing π-orbital tight binding and objective molecular dynamics coupled with density

functional theory, we show that twisting couples the frontier conduction and va-

lence bands, resulting in band-gap modulations. In spite of the edges and ridges of

the helical nanoribbons, from the effective strain perspective these band-gap mod-

ulations appear strikingly similar with those exhibited by the seamless carbon

nanotubes.
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Chapter 1

Introduction

The discovery of quasi one-dimensional organizations of matter with distinct shapes

- nanotubes [9, 10], nanowires [11, 12], and nanoribbons [13, 14] - opened a new

frontier in science and engineering. Understanding the behavior of these structures

is not only of fundamental but also of practical importance because by capitalizing

on the science emerging from the newly accessible size range, engineers can develop

technologies that will benefit humankind. The success of these nanotechnologies

depends on our ability to understand and control the nanoscale mechanics. As

experimental difficulties are numerous on this small scale, computer simulations

emerge as a powerful predictive tool with great effects on technological innovation.

It should be noted that atomistic simulation methods are required at the nanoscale.

However, because of the structure of interest extent over several micrometers or

more in one direction, a full atomistic treatment is prohibitive. This situation

demands new simulation methods and the vision is that nanoscale modeling will

be achieved through a multiscale approach, where the continuum emerges from a

precise, quantum mechanical description of the atomic scale [15].

The first important step to achieve multiscale modeling is designing an atomistic

scheme to compute the nanomechanical response with high accuracy. Based on the

obtained result, one can further construct a continuum model of the nano objects.

The research proposed here is addressing this first critical step by implementing

1
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Figure 1.1: Translational cell of a (6,3) nanotube in the (a) unfolded and (b)
folded representation.

a new symmetry-adapted microscopic modeling approach, which is applicable to a

large class of quasi one-dimensional nanostructures.

Since computing nanomechanical response requires relatively large systems (at

least a few hundred of atoms), computationally affordable but less accurate clas-

sical atomistic treatments of the atomic scale are heavily adopted [5, 16–20]. To

date, only multiscale classical atomistic-to-continuum bridging is achieved [21–28].

Unfortunately, the inaccuracy of the “parent” atomistic model directly transfers

to the continuum one and this severely limits our predictive power. The accurate

atomistic tools to study the properties of matter are the methods that explic-

itly account for the quantum mechanics of the electrons. Originally developed

in the context of quantum chemistry and condensed matter physics, these pow-

erful methods combine fundamental quantum-mechanical predictive power with

atomic resolution in length and time. These methods include density-functional

theory [29–31] and tight-binding [32, 33] molecular dynamics.

An accurate atomistic description is highly desirable in computational nanome-

chanics. In order to deliver quantitative prediction, suited for further engineering

use, the accurate quantum-mechanical description of chemical bonding is needed.
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Furthermore, because the electronic subsystem is treated explicitly, electronic, op-

tical or piezoelectric properties can be also derived. Unfortunately, the size range

covered by quantum-mechanical methods (of a few hundred atoms) is the major

impediment for using these methods in nanomechanics. (This is in spite of the

face that the size limit increases rapidly due to parallel computing.)

This work does not intend to advance nanomechanics by trying to enlarge the

current computational limit for number of atoms that can be treated with quantum

mechanical accuracy. Instead, within the current computational limits, the main

idea is to introduce a substantial simplification in the atomistic computations by

making recourse to the helical symmetry of the nano objects.

The concept is illustrated in Figure 1.1 for a single walled carbon nanotube struc-

ture, which can be viewed as the result of rolling up into a seamless tube a flat

sheet of graphite, called graphene. The hexagonal structure of graphene, see Fig-

ure 1.1(a), is described by translating a two-atom cell (orange shaded) along the

lattice vectors T1 and T2. Rolling into a tube can be performed under various

curvatures in different directions. For example, Figure 1.1(b) shows a chiral tube

obtained by rolling the graphene along the circumference vector C having distinct

components (6 and 3, respectively) along T1 and T2. Through folding, the T1

and T2 directions wind up in helixes. To describe the resulting tube structure,

one must apply both translations (T1 and T2) and rotations (θ1 and θ2) around

the tube axis to the shown two-atom cell.

When computing properties of a system with crystalline order, current implemen-

tation operating under periodic boundary condition, makes recourse to the specific

translational symmetry of the structure to simplify the problem to the extent that

microscopic calculations are performed on the small translational repeating cells.

For example, to obtain bulk properties of graphene [Figure 1.1(a)], a calculation

on the two-atom unit cell suffices [34]. However, in a system with helical symme-

try the translational periodicity doesn’t bring the same advantage. For example,

Figure 1.1(b) shows that the translational cell of a chiral nanotube (with axial

periodicity T ) contains a large number of atoms. As discussed in Chapter 2, often

such translational cells are even too large to allow a quantum treatment. How-

ever, calculations would become as convenient as in the flat graphene, if one can
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take advantage of the helical symmetry and further reformulate the problem with

augmented repetition rule to include translations and rotations.

The use of helical symmetry at the nanoscale is very much in its infancy. To

date, it has attracted the interest of the research community working on carbon

nanotubes [35–37]. Fortunately, the type of simplification portrayed in Figure 1.1

actually applies to a large category of quasi one-dimensional nanostructures, re-

cently called objective structures [38, 39]. In Chapter 2 we present the structure

of single-walled carbon nanotubes as the prototype structure suitable to apply the

helical symmetry ideas.

In the first part, our main research objective is to develop a versatile tight-binding

computational tool able to operate under the new helical boundary condition. We

will call symmetry-adapted modeling, the new scheme that operates under helical

boundary condition. It is not necessary to create this capability from scratch.

Instead, the strategy is to implement the new helical boundary condition into an

existing tight-binding solver, now able to operate with the translational periodic

boundary conditions. Chapter 3 details the necessary steps that were be under-

taken to modify the existing computational package Trocadero [40]. This code is

well tested and it is intensely used in our group [41]. By using this code we inher-

ited important features such as atomistic models for various chemical elements as

well as numerical algorithms (such as dynamics under constant temperature) that

can be immediately used in conjunction with the new symmetry-adapted bound-

ary conditions. Some of these features are summarized in the last section of this

chapter.

In the second part, our goal is to employ the created computational capability

to obtain the accurate modeling and the nanomechanical response of various one-

dimensional nanostructures to various types of deformations. Besides the imme-

diate interest, these results will be of great interest for multiscale modeling since

such data is needed to construct and validate continuum models (However, this is

aspect is beyond the scope of the present work).

In Chapter 4 we study the stability of the most promising ground state candi-

date silicon nanowires. We demonstrate that the achiral polycrystalline of fivefold

symmetry and the hexagonal (wurtzite) wires of threefold symmetry are the most
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favorable quasi-one-dimensional silicon arrangements. Furthermore, we highlight

the inability of the classical potential to accurately describe the interaction of Si

atoms on surfaces and strained morphologies.

In Chapter 5 we study the elastic properties – linear or nonlinear – of carbon

nanotubes under fundamental type deformations, including tension, torsion and

bending. We address the limitations of the current periodic boundary condi-

tion formulation of the atomistic methods for applying mechanical deformations.

Meanwhile, we show that to compute the nanomechanical response for structures

with helical symmetry, it is not essential to enlarge the size range (in terms of

the number of atoms) covered with quantum-mechanical accuracy. Instead, this

can be achieved through the simplifications introduced by the new scheme that

performs calculations on the small repeating cells under the helical boundary con-

dition (translations + rotations).

Chapter 6 discusses the plastic properties of carbon nanotubes. When carbon

nanotubes is under tensional deformation, the onsets of dislocation can be initialed

and a possible glide takes place along the near circumferential direction. On the

contrary, we show that a nearly axial glide could be achieved in carbon nanotubes

in torsion with symmetry-adapted MD. We find that this glide can change the

index of carbon nanotubes from (n, n) to any chiral nanotubes (n + i, n − i) via

i steps of such glide. We also notice that this is not only for carbon nanotubes

but can happen to any nanotubes structures with hexagonal wall such as MoS2

and BN nanotubes. With this knowledge, we discover an intrinsic twist in MoS2

nanotubes, a phenomenon hidden by imposing periodic boundary conditions.

Besides the mechanical properties, we are also interested in electronic proper-

ties of carbon nanotubes, especially in the strain-turnable electromechanical re-

sponse aspects. With the one-atom-layer wall, carbon nanotubes are susceptible

to helically ripple, developing helicoidal furrows and ridges. Even though the

electronic structures of idealized-twist carbon nanotubes with cylindrical shape is

well understood theoretically, little is known about how rippling in carbon nan-

otubes under mechanical manipulation, affects the electronic states. In Chapter

7, we use symmetry-adapted MD to obtain the important electromechanical data
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of helical rippled carbon nanotubes in torsion. To understand the electrome-

chanical response of this complex morphology, we introduce the new concept of

effective strain. With the concpet, the electronic structure of helically rippled car-

bon nanotubes can be linked to the known electronic properties of flat graphene.

Most importantly, the effective strain concept can be applied to a variety of car-

bon nanostructures, such as graphene nanoribbons. Despite the complex helical

morphology, using an effective tensional strain, we demonstrate that for graphene

nanoribbons with armchair shaped edges, the electromechanical response appears

strikingly similar with those encountered in carbon nanotubes. A detailed discus-

sion can be found in Chapter 8.

Finally, Chapter 9 presents the conclusions of this work and suggested research

directions for the future.



Chapter 2

The Structure of Carbon

Nanotubes

To illustrate the special symmetries encountered at the nanoscale we discuss in this

chapter the structure of single-walled carbon nanotubes (SWCNTs). A SWCNT

can be regarded as a strip of graphene (a single layer of crystalline graphite) rolled

into a seamless cylinder. The structural properties of SWCNT can be conveniently

understood by analyzing this corresponding graphene ribbon.

2.1 Graphene

A single graphene sheet consists of sp2-hybridized carbon atoms packed in a two-

dimensional (2D) hexagonal lattice. As shown in Figure 2.1, the Cartesian co-

ordinate system is oriented with respect to the hexagonal lattice in such a way

that the armchair (A) direction lies along the x-axis and the zigzag (Z) direction

along the y-axis. The graphene sheet is generated from the unit cell by the lattice

vectors a1 and a2, which make an angle of 60◦:
a1 =

√
3a

2
x̂ +

a

2
ŷ

a2 =

√
3a

2
x̂− a

2
ŷ.

(2.1)

7
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Figure 2.1: A single graphene sheet. The unit cell is composed of the two atoms
labeled by 1 and 2. The lattice vectors a1 and a2 are shown by arrows.

Here a =
√

3aCC = 0.246 nm is the lattice constant for the graphene sheet,

aCC = 0.142 nm is the nearest-neighbor interatomic distance, and (x̂, ŷ) are the

unitary basis vectors. The vectors a1 and a2 are shown by arrows in Figure 2.1.

Note that the choice of the unit cell is arbitrary due to the random selection of the

center of the coordinate system. Considering that the symmetry of the graphene

sheet is described by the point group D6h, we place the center of the coordinate

system at the center of the hexagon through which the high-symmetry rotation

axis C6 goes. Knowing the lattice vectors a1 and a2 and the positions of the two

carbon atoms labeled by 1 and 2, Xn, we can construct the whole 2D graphene

layer as:

Xn,(ζ1,ζ2) = ζ1a1 + ζ2a2 + Xn, n = 1, 2. (2.2)

where ζ1 and ζ2 are integer numbers labeling the various replicas of the initial unit

cell containing the two atoms.

2.2 Translational Symmetry

The fundamental property of an infinitely long SWNT is its translational period-

icity. The purpose of this section is to briefly describe the translational unit cell

structure.
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Figure 2.2: (a) A (4, 2) SWCNT. The translational periodicity vector T is
shown. (b) The rectangle shows the translational unit cell of the (4, 2) SWCNT
projected on the graphene sheet. The dashed lines indicate the edges of the
graphite ribbon corresponding to the unrolled SWCNT. The arrows show the chi-
ral vector Ch that spans the circumference of the SWCNT and the translational
vector T. The chiral angle χ is also shown.

2.2.1 The Chiral Vector

When matching a SWCNT with the corresponding nanographite ribbon, the cir-

cumference of SWCNT corresponds to the width of the nanographite ribbon. Plot-

ted on a flat graphene sheet, this width is known as the chiral vector Ch. When

decomposed along the a1 and a2 vectors, the chiral vector writes:

Ch = l1a1 + l2a2. (2.3)

where, (l1, l2) is a pair of integers, which conveniently label a SWCNT. For ex-

ample Figure 2.2(a) shows a (4,2) SWCNT and its unfolded graphene ribbon

Figure 2.2(b) of width

Ch = 4a1 + 2a2. (2.4)

Further, a chiral angle labeled by χ in Figure 2.2(b), is defined as the angle made

by the vector Ch with the graphene’s lattice vector a1. Considering that the

symmetry of the graphene sheet is described by the point group D6h, all unique

chiral vectors could be confined in a 30◦-section. In other words, χ and (l1, l2) are

in the ranges: 0◦ 6 χ 6 30◦ and 0 6 l2 6 l1.
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Figure 2.3: The schematic models of zigzag (5, 0), armchair (3, 3), and chiral
(4, 2) SWCNTs that contain 3, 5, and 1 translational unit cells, respectively. The
chiral angle χ is given for each SWCNT.

Note that at the lower limit χ = 0 and l2 = 0, Ch is along the zig-zag direction

and nanotubes are labeled as (l1, 0) SWCNTs. At the upper limit χ = 30◦ and

l1 = l2, Ch is along the armchair direction and nanotubes are labeled as (l1, l1)

SWCNTs. These SWCNTs are also called achiral. The general case 0◦ < χ < 30◦

or 0 < l2 < l1 corresponds the chiral SWCNTs.

To visualize the concept of the SWCNT chirality, the schematic models of zigzag

(5, 0), armchair (3, 3), and chiral (4, 2) are drawn in Figure 2.3. The length of

chiral vector, which is π multiplied by the diameter of the SWCNT, as well as the

chiral angle are easily related to the l1 and l2:
|Ch| = a

√
l21 + l1l2 + l22

χ = tan−1

√
3l2

2l1 + l2

(2.5)

2.2.2 The Translational Vector

The translational vector is defined as a vector starting from one hexagon and

ending at another equivalent one in the direction perpendicular to the chiral vector
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Figure 2.4: Number of atoms (N0) in the translational unit cell for all (l1, l2) as
a function of diameter. The red solid line corresponds to N0 = 1000. Below this
line there are about 1100 SWCNTs.

Ch, as shown in Figure 2.2(b) for the (4, 2) SWCNT. Mathematically, it can be

easily obtained that:

T = t1a1 + t2a2, (2.6)

where t1 = (2l2 + l1)/dR, t2 = −(l2 +2l1)/dR, dR = GCD(2l2 + l1, l2 +2l1) and the

function GCD(i, j) denotes the greatest common divisor of the two integers i and

j.

The rectangle area confined by chiral vector Ch and the translational vector T

corresponds the translational unit cell of the SWCNT (see Figure 2.2). The number

of carbon atoms in the translational unit cell N0 is calculated by dividing this area

by the area of unit cell of graphene. Using equations (2.1) (2.3), and (2.6):

N0 = 2
|Ch ×T|
|a1 × a2|

=
4(l21 + l1l2 + l22)

dR

. (2.7)

For the (4, 2) SWNT, we find dR = 2, (t1, t2) = (4, 5), and N0 = 56. One can see

in Figure 2.2(b) that the vector T connects the two equivalent hexagons in the

adjacent translational unit cells. Since GCD(t1, t2) = 1, the vector T can never

connect the two inequivalent hexagons within the same translational unit cell. On

the contrary, the structural indices can be arbitrary within the range 0 < l2 < l1,
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so that d = GCD(l1, l2) can take any values between 1 and l1. Therefore, the chiral

vector Ch connects d nonequivalent hexagons in the circumferential direction of

the SWNT. The rotational vector in the circumferential direction, corresponding

to the azimuthal symmetry of the SWCNT, is thus given by |Ch|/d.

N0 is plotted for (l1, l2) SWCNTs as a function of diameter |Ch|/π. One sees that

the number of carbon atoms grows rapidly with both diameter and chirality, see

Figure 2.4.

Knowing the translational vector T and the position of the N0 in the translational

cell, Xn, the infinite nanotube structure can be described as:

Xn,ζ = ζT + Xn, n = 1, ..., N0. (2.8)

where integer ζ labels the various replicas of the initial translational cell containing

the N0 atoms.

2.3 Helical Symmetry of SWCNTs

The vectors Ch/d and T define the pure rotational and translational symmetries,

respectively. Additionally, SWCNT has helical symmetry described by the helical

vector comprised of both rotational and translational components. Exploiting

this symmetry is central for the proposed work. The purpose of this section is to

present an equivalent description of the infinitely long SWCNT from smaller cells,

by augmenting the repeating rules from translation to translation+rotation, i.e.,

screw operations.

2.3.1 The Helical Vector Z

To describe a SWCNT, the choice for the screw operation is not unique. We pro-

pose to work with the helical vector Z proposed by M. Damnjanovic et al [42].

Among other possibilities, this vector has the smallest component in the axial di-

rection of the SWNT. For the (4, 2) SWNT, the helical vector satisfying this con-

straint is given by the vector Z = a1, see Figure 2.5. For the general (l1, l2) SWCNT
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Figure 2.5: The unfolded representation of the (4,2) SWCNT showing the
rotational vector Ch/d, the translational vector T, and the helical vector Z.

we write the helical vector Z in the form

Z = v1a1 + v2a2. (2.9)

In order to find the unknown integers (v1, v2), we rewrite the aforementioned con-

straint in terms of vector algebra. Having the smallest component in the axial

direction yields

|Z×Ch| = d|a1 × a2|. (2.10)

There are d distinct vectors that satisfy this condition. Among these d vectors,

choosing the one with the smallest component in the circumferential direction

implies 0 < |Z × T| < N0/d|a1 × a2|. Substituting Z, Ch, and T into these

expressions, we obtain  l2v1 − l1v2 = d,

0 < t1v2 − t2v1 < N0/d.
(2.11)

These equations uniquely determines the (v1, v2) components of the helical vectors

Z. For the (4, 2) SWNT, we find (v1, v2) = (1, 0), as expected.

The helical vector Z defined by eq. (2.11) is expressed in terms of the graphene

unit vectors a1 and a2. However, it is more instructive to rewrite them in terms

of the SWNT unit vectors Ch and T. Reversing eqs. (2.3) and (2.6) and utilizing

eq. (2.7) gives Na1 = l2T − t2Ch and Na2 = t1Ch − l1T. Substituting these
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Figure 2.6: Constructing the translational unit cell of the (4, 2) SWCNT in
the “angular-helical+translation” representation. Helical vector Z is applied for
14 times to the two-atom domains depicted here as filled red ellipses. The ellipse
at the middle of chiral vector is obtained by applying the rotational vector Ch/2
on the red ellipse at the origin. Once the translational unit cell is obtained, the
infinite SWCNT is constructed by repeated translations.

expressions into eq. (2.9) and using eq. (2.11) one finds:

Z =
2W

N0

Ch +
2d

N0

T, (2.12)

where the new quantity W = t1v2 − t2v1 is defined. For the (4, 2) SWNT, we

obtain W = 5.

We next present two possibilities for generating the whole SWCNT structure from

a reduced unit cell composed of only two atoms.

2.3.2 SWCNT in the “Angular-Helical+Translation” Rep-

resentation

Figure 2.6 vividly illustrates how a (4, 2) SWCNT can be generated by applying

the rotational vector Ch/d, the helical vector Z, and translational vector T, hence
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the name “angular-helical+translation” representation. For simplicity the reduced

two-atom domain was lumped into the red ellipse the lower-left corner. Note that

a (4, 2) SWCNT has a two-fold rotational symmetry (d = 2) and 28 two-atom

pairs in the translational unit cell. By applying once a Ch/d vector on the red

ellipse at the origin, another red ellipse is obtained at the end of Ch/d. Next,

applying the helical vector Z for 14 times on these two red ellipse, all shown gray

and green ellipses are obtained. This way the translational unit cell is generated.

Finally, the infinite SWCNT can be obtained by applying translations T on the

translational unit cell.

Mathematically, a SWCNT could be described in the “angular-helical+translation”

representation, with

Xn,(ζ,ζ1,ζ2) = Rζ2
2 Rζ1

1 Xn + ζ1T1 + ζT. (2.13)

Index n runs over the two atoms at locations Xn inside the reduced domain, while

integers ζ, ζ1 and ζ2 label various replicas of this block. Note that both ζ1 and

ζ2 take finite values and −∞ < ζ < ∞. As before, T is the axial translational

vector. Rotational matrix R1 of angle θ1 = 360◦ · 2W/N0 and the axial vector

T1 = 2dT/N0 indicate a screw transformation corresponding to Z applied to the

reduced domain while the rotational matrix R2 indicates an axial rotation of angle

θ2 = 360◦/d corresponding to Ch/d. For example, for (4, 2) SWCNT whereW = 5,

d = 2 and N0 = 56, we have θ1 = 64.28◦ and θ2 = 180◦.

2.3.3 SWCNT in the “Angular-Helical” Representation

It is also possible to construct a SWCNT from the reduced two-atom unit cell with-

out making recourse to the translational symmetry: In Figure 2.7, the red ellipse at

the end of the rotational vector Ch/d is obtained by applying the rotational vector

Ch/d on the red ellipse at the origin. To generate the infinite SWCNT, we apply

the helical vector on these two cells. This is the “angular-helical” representation.

Mathematically, we adapt eq. (2.13) to:

Xn,(ζ1,ζ2) = Rζ2
2 Rζ1

1 Xn + ζ1T1, (2.14)
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Figure 2.7: Construction of a (4, 2) SWCNT in the “angular-helical” represen-
tation. Helical vector Z is applied an infinite amount of times to the two-atom
domains depicted here with filled red ellipses. The ellipse at the middle of chiral
vector is obtained by applying the rotational vector Ch/2 on the red ellipse at the
origin. The translational unit cell is not explicitly accounted.

Figure 2.8: (a) a (3,3) SWCNT with 5 translational cells; (b) Construction of a
(3,3) SWCNT by a four-atom domain labeled from 1 to 4. The arrows indicate the
translational vector (T), helical vector (Z), and rotational vector (Ch/d). Here Z
coincides with T.

where integer ζ2 takes a finite number of values (sufficient to cover the circum-

ference of the nanotube with no overlap) and −∞ < ζ1 < ∞. The translational

vector T is not explicitly accounted for and all the axial translations are performed

with the help of the screw operation. As before, Xn label the positions of the two

atoms situated in the reduced unit cell, i.e., the red ellipse.

Both representations discussed above are equivalent. However, the “angular-

helical” one is more general since it can be applied to describe situations where

there is no translational symmetry, such as in arbitrarily twisted SWCNTs.
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It is important to note that although both “angular-helical+translation” and

“angular-helical” representations discussed above used a minimal “two-atom” re-

duce cell, it is also possible to describe the SWCNTs with these representations

from somewhat larger domains. Of course, the parameters for the rotational and

screw operators should be readjusted. For example, the (3,3) SWCNT shown in

Figure 2.8 can be also generated from a four-atom domain: The rotational vector

Ch/d with d = 3 is applied three times on this four-atom domain to generate the

translational cell, boxed with dashed lines. Next, to generate the infinite SWCNT

translational operations T are applied. Thus, eq. (2.13) becomes

Xn,(ζ,ζ2) = Rζ2
2 Xn + ζT, (2.15)

where index n runs over the four atoms of the employed “super-cell”. Therefore,

these two representations are general and can be extended to nanotubes and chiral

nanowires by adjusting the input parameters, T, T1, θ1 and θ2. Finally, other

representations are possible, such as a “helical-helical” one (see Figure 1.1 from

Chapter 1) but they will not be used here.



Chapter 3

Development of a

Symmetry-Adapted

Tight-Binding Molecular

Dynamics Code

Tight-binding is a basic semi-empirical method which offers a satisfying descrip-

tion of the electronic structure and bonding of covalent systems in an intuitive

localized picture. The tight-binding method of modelling materials lies between

the very accurate, very expensive, ab initio methods and the fast but limited

empirical methods. When compared with ab initio methods, tight-binding is typ-

ically two to three orders of magnitude faster, but suffers from a reduction in

transferability due to the approximations made; when compared with empirical

methods, tight-binding is two to three orders of magnitude slower, but the quan-

tum mechanical nature of bonding is retained, ensuring that the angular nature

of bonding is correctly described far from equilibrium structures. Tight-binding is

therefore useful for the large number of situations in which quantum mechanical

effects are significant, but the system size makes ab initio calculations impractical.

More specifically, with relatively modest resources up to about 500 atoms can be

comfortably treated with tight-binding.

18
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Invoking the Born-Oppenheimer approximation, from the electronic structure one

can extract a tight-binding potential that can be used to carry out tight-binding

molecular dynamics simulations.

Most existing tight-binding implementations are designed for modeling a bulk

infinite crystalline system. In this formulation, calculations are performed on

atoms situated in one repeated translational unit cell, while the rules describing

the repetition are strictly translations. The approach reduces the infinite-size

problem to a finite number of atoms, typically within the tight-binding reach.

For example, to obtain bulk properties for a graphitic layer, a minimal size unit

cell containing only two atoms can be used. However, exploiting translational

symmetry of chiral nano-objects does not bring the same degree of simplification.

As illustrated in Chapter 2, translational unit-cells for most carbon nanotubes

have computationally prohibitive sizes. In fact, due to this size limitation only low

diameter/achiral symmetric nanotubes (with manageable sizes of the translational

unit cells) have been simulated with quantum methods. On the other hand, smaller

repeating cells can be identified if one takes advantage of the helical symmetry and

augments the repetition rule to include translations and rotations. In this case,

calculations would become as convenient as in the flat graphene.

Our objective is to create a symmetry-adapted tight-binding facility that explicitly

accounts for helical symmetry and thus will significantly reduce the computational

effort through a drastic reduction in the number of atoms to be accounted for.

This Chapter first describes the widely used formulation of tight-binding under

periodic boundary condition. Next, it identifies the technical changes that need

to be implemented in order to make possible performing simulations on the re-

duced domains under the new helical boundary condition. In the first part of

this research, these changes will be implemented in the computational package

Trocadero [40], which is well tested and growing in popularity in the simulation

community. A brief description of this code is given.
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3.1 Formulation of Tight-Binding Molecular Dy-

namics in a One-Dimensional Bravais Lattice

In tight-binding the electronic states of a periodic structure are obtained by solving

the one-electron Schrödinger equation

[− ~2

2m
52 +V (r)]|j〉 = εj|j〉, (3.1)

where m is the electron mass, ~ the Plank’s constant, V (r) an effective periodic

potential, and |j〉 and εj are the one-electron wavefunction and energy for the state

j, respectively. This equation is solved with the ansatz that the single electron

states can be represented in terms of atomic orbitals located on each single atom.

The number of atomic orbitals nα is usually taken equal with the number of valence

electrons for the atomic species (for example nα = 4 for carbon and silicon).

Let Nt (usually a large number) the number of translational cells over which

periodic boundary condition are imposed and let N0 be the number of atoms

in each cell. If no explicit recourse to translational symmetry is made, the one-

electron eigenfunctions |j〉 are represented in terms of localized orbitals functions

|αn〉, where α labels the orbital symmetry (s, px, py, pz for our case) and n the

atomic location:

|j〉 =
∑
α,n

Cαn(j)|αn〉, j = 1, ..., N. (3.2)

The number of eigenstates N = nα ·N0 ·Nt equals the total number of valence elec-

trons in the Nt translational cells considered. The expansion coefficients grouped

in the vector C(j) should be obtained from the one-electron generalized N × N

eigenvalue problem

H ·C(j) = εjS ·C(j), j = 1, ..., N, (3.3)

which can be easily obtained by substituting equation (3.2) into (3.1). Equation

(3.3) is known as the matrix form of the Schrödinger equation. In tight-binding,

the matrix the elements of the Hamiltonian H matrix – e0α diagonal and t0α′,α off-

diagonal – and of the overlap S matrix s0
α′,α are not explicitly calculated. They

are replaced with a parameter which depends only on the internuclear distance
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and the symmetry of the orbitals involved. The parameterization is performed

by using the available experimental data [43, 44] or by making recourse to more

accurate but computationally expensive first principles [45, 46] calculations.

The total energy contained in the electronic states writes:

Eband = 2
N∑

j=1

fjεj, (3.4)

where f is the Fermi distribution function.

3.1.1 Tight Binding under Periodic Boundary Condition

– The Electronic Structure

Of course, in a crystalline structure with N on the order of 1023, the N × N

eigenvalue problem (3.3) cannot be solved directly. The usual approach is to

introduce a significant computational simplification by explicitly accounting for

the translational symmetry. For simplicity, we are next presenting this approach

only for the one-dimensional crystal. (The expansion to the three-dimensional

case is trivial.)

Let T be the lattice periodicity vector and {Xn : n = 1, . . . , N0} the atomic

positions within the unit cell. The atomic locations in one-dimensional periodic

structure can be obtained with

Xn,ζ = ζT + Xn, (3.5)

where ζ = 0, . . . , Nt − 1, and n = 1, . . . , N0. To incorporate the translational

symmetry, instead of eq. (3.2) the one-electron solutions are represented in terms

of the Bloch sums:

|αn, k〉 =
1√
Nt

∑
ζ

eikTζ |αn, ζ〉, (3.6)

where the wavenumber k takes Nt uniformly spaced values in the interval −π/T ≤
k < π/T , with δk = 2π/TNt. |αn, ζ〉 represents the orbital α located on atom n

located in the translational cell ζ, with ζ = 1, ..., Nt. The advantage is that in the
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representation (3.6), the tight-binding Hamiltonian and overlap matrix elements

between two 〈αn′, k′| and |αn, k〉 sums are vanishing unless k = k′. Thus, the

eigenvalue problem becomes block-diagonal and it can be solved separately for

each Nt block labeled by k and having dimension (N/Nt)×(N/Nt):

H(k) ·C(j, k) = εj(k)S(k) ·C(j, k), j = 1, ..., N/Nt. (3.7)

In other words, instead of solving the single N × N eigenvalue problem (3.3) to

obtain the N electronic states, one solves instead Nt eigenvalue problems (3.7) of

size N/Nt×N/Nt to obtain the same N electronic states, now labeled by j and k.

Formally, in the two-center approximation, the k-dependent elements of Hamilto-

nian H and overlap S matrices write:

〈α′n′, k|H|αn, k〉=
∑

ζ

e−ikTζt0α′α(Xn′,ζ −Xn), (3.8)

〈α′n′, k|αn, k〉=
∑

ζ

e−ikTζs0
α′,α(Xn′ζ −Xn). (3.9)

As before, Xn represent the atomic coordinates in the initial ζ = 0 cell.

3.1.1.1 Illustrative Example: Tight-Binding π Electronic Bands in Poly-

acetylene

We now illustrate how a simple tight-binding model in the translational formula-

tion can be used to describe the electronic states in polyacetylene, shown schemat-

ically in Figure 3.1. As one-dimensional zigzag chain with an angle of 120◦, poly-

acetylene has two sp2-hybridized carbon atoms and two hydrogen atoms in the

translational unit cell. We would like to describe only the π bonding between lo-

calized pz orbitals. The hydrogen atoms have no π electrons and each carbon atom

has single π electron. Thus, for the π band problem, N0 = 2. With one α = pz

orbital for each carbon atom, the k-dependent Hamiltonian and overlap matrices

are small 2 × 2 matrices. We label the C-C bond length as a. The translational

vector T is of a length of
√

3a, and the wavevector k varies within the interval
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Figure 3.1: A segment polyacetylene as a periodic structure. The translational
unit cell is bounded by a box defined by the dotted lines. Beyond the box, the
arrow shows the translational vector T. The two non-equivalent carbon atoms are
labeled by 1 and 2, respectively.

−π/T ≤ k < π/T . Within the nearest-neighbor approximation, the k-dependent

Hamiltonian and overlap matrices are

H =

[
ε0pz

(1 + e−ikT )t0pzpz

(1 + eikT )t0pzpz

ε0pz

]
,

S =

[
1

(1 + e−ikT )s0
pz

(1 + eikT )s0
pz

1

]
.

The secular equation writes:∣∣∣∣∣ ε0pz
− E(k)

(1 + e−ikT )(t0pzpz
− E(k)s0

pz
)

(1 + eikT )(t0pzpz
− E(k)s0

pz
)

ε0pz
− E(k)

∣∣∣∣∣ = 0 (3.10)

The eigenvalues E(k) are obtained in term of ε0pz
, t0pzpz

and s0
pzpz

, viewed as pa-

rameters:

E±(k) =
ε0 ± 2t0 cos(k

√
3a/2)

1± 2s0 cos(k
√

3a/2)
. (3.11)

As a visualization, Figure 3.2 shows the obtained π bands as functions of wavevec-

tor k. E+, the lower valence band is called bonding while the E− is called the

antibonding energy band. When periodic boundary condition is imposed over a

finite number of cells (Nt = 20 in Figure 3.2(a)), the wavevector k is discrete and

the interval between the allowed values is ∆k = 2πT/Nt. As Nt → ∞, ∆k → 0

and the energy bands become continuous, as shown in Figure 3.2(b).
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Figure 3.2: The energy dispersion relation E± as functions of wavevector k
given by eq.(3.11) letting t0pzpz

= −1, s0
pz

= 0.2 and ε0pz
= 0: (a) the energy was

computed at each discrete k where Nt = 20; (b) The electronic energy becomes
continuous with k when Nt →∞.

3.1.2 Tight-Binding Molecular Dynamics under Periodic

Boundary Condition

In the translational formulation, the total energy contained in the electronic states

writes:

Eband = 2

N/Nt∑
j=1

δk(Nt−1)/2∑
k=−δk(Nt−1)/2

fj(k)Ej(k), (3.12)

and depends parametrically on the coordinates of the nuclei. In the framework of

the Born-Oppenheimer approximation [47], once the electronic energy is found, it

can be directly used to give the motion of the nuclei, which are treated classically.

More precisely, to perform molecular dynamics, the forces acting on the N0 atoms

located in the initial cell, are needed. In tight-binding molecular dynamics, the

force due to the band energy on the atom at Xm located in the initial cell due to

the band energy, Fm = −∂Eband/∂Xm, writes:

Fm = −2
∑
j,k

fj(k)

(
C†(j, k)· ∂H(k)

∂Xm

·C(j, k)− εj(k)C
†(j, k) · ∂S(k)

∂Xm

·C(j, k)

)
,

(3.13)
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Figure 3.3: A schematic of the localized valence orbitals s, px, py, and pz atomic
orbitals of the carbon atom. The white shaded area corresponds to the positive sign
of the wavefunction amplitude while the gray shaded area indicates the negative
wavefunction amplitude.

which is the Hellmann-Feynman force. Typical derivatives of the TB Hamiltonian

and overlap matrix elements are:

∂〈α′n′, κ|H|αm, κ〉
∂Xm

=
1

Nt

∑
ζ

e−iκζ
∂t0α′,α(Xn′,(ζ) −Xm)

∂Xm

. (3.14)

∂〈α′n′, k|αm, k〉
∂Xm

=
1

Nt

∑
ζ

e−ikζ
∂s0

α′,α(Xn′,(ζ) −Xm)

∂Xm

. (3.15)

In tight-binding one assumes a form for the Hamiltonian and overlap matrix ele-

ments without specifying anything about the atomic orbitals except their symme-

try. The values of the matrix elements may be derived approximately or may be

fitted to experiment or other theory.

3.1.3 Harrison’s Two-Centre Tight-Binding Model

Among the various models, a simple orthogonal (i.e., S=0) tight-binding model

was proposed by Harrison [48] in which the hopping element t0α′,α scales as d−2,

where d is the interatomic distance. For sp system, such as C and Si, the localized

atomic orbitals are shown in Figure 3.3. In this convenient approximation, the
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Figure 3.4: Schematic representation of off-orthogonal matrix element tsn,pxn′ .
The σ and π interactions respectively involve orbitals oriented parallel and per-
pendicular to a joining vector d from site n to n′. The π interaction vanishes
because p and s orbitals have odd and even parity, respectively.

hopping Hamiltonian matrix elements are given by [48]:

tsn,sn′ = ηss
~2

me

1

d2
,

tsn,pµn′ = lµηsp
~2

me

1

d2
= −tpµn,sn′,

tpµn,pvn′ = [lvlη(ηpp − η
′

pp) + δvηη
′

pp]
~2

me

1

d2
= tpvn,pµn′ .

(3.16)

Here µ and v denote the cartesian index, i.e., x, y or z. lv = dv/d and lµ = dµ/d

are the direction cosine between sites n and n′ separated by distance d. ηpp and

η
′
pp correspond to the σ and π bonds, respectively. me is the electron mass and

the quantity ~/me is approximately 7.62 eV/Å2. As an example, Figure 3.4 shows

how the matrix element tsn,pxn′ is evaluated. The η’s are parameters which char-

acterize the amount of overlap between orbitals of particular symmetries. They

are responsible therefore for the strength of the chemical bonds. They are em-

pirically adjusted to correctly reproduce electronic properties such as the band

gap. A widely used set of parameters was given by Vogl et al [49]. Because of

the explicit distance dependence, the Hellmann-Feynman forces can be computed

analytically and molecular dynamics can be performed. The ability of a potential

to work properly in different environments is called transferability. Although the

model offers an excellent description of the bulk configuration for which it was

fitted (in some sense better than ab initio methods) it is less transferable to other

configurations such as when modeling surfaces.
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3.1.4 Two-Centre Density-Functional-Based Tight-Binding

Model

First-principles calculations can be used to generate data for the tight-binding

parametrizations. One possible approach consists of using first-principles calcula-

tions with an atomic-like basis set to obtain band structures that can then be used

as input data to fit the Hamiltonian and overlap matrix elements. This has been

done by Porezag et al [45], that constructed a model known as density functional

tight-binding (DFTB). In their approach the tight-binding energy is written as a

sum of a band-structure term and a pair-repulsion term. Slater-type orbitals and

spherical harmonics Yljmj
are used to construct an atomic basis:

|α〉 =
∑

n,β,lα,malpha

anβr
lj+ne−βrYlαmα

(r

r

)
. (3.17)

Using this ansatz, a modified Kohn-Sham equation was solved self-consistently:

[− ~2

2m
52 +V ps−at(r)]|α〉 = εpsat

α |α〉, (3.18)

where V ps−at is the one-electron effective pseudo-atom potential

V ps−at(r) = Vnucleus(r) + VHartree[n(r)] + V LDA
xc [n(r)] +

(
r

r0

)N

, (3.19)

consisting of ionic potential Vnucleus, repulsion potential of all the other electrons

VHartree and exchange-correlation potential in LDA approximation V LDA
xc . n(r)

is the charge density at r. The additional term (r/r0)
N is used to avoid the

wavefunction extending far away and results in a compressed electron density.

Porezag et al. [45] indicated that good choices for these parameters are N = 2 and

r0 = 2rcov, where rcov is the covalent radius of the element in question.

Once the |α〉 have been obtained, it was used as the localized basis function of

the system and the tight-binding parametrization was carried out. The overlap

matrix elements are tabulated as a function of the internuclear distance directly.

In order to obtain the Hamiltonian matrix elements, an effective potential Veff is
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constructed for each structure from atomic contributions:

Veff (r) =
∑

n

V n
0 (r−Rn), (3.20)

where Rn is the atomic position vector and V0 is the Kohn-Sham potential due

to this atom, i.e. (3.19) but without the term (r/r0)
N . Using this potential, the

Hamiltonian matrix elements are tabulated from:

Hαα′ =


εfreeatom
α

〈α′n′|[− ~2

2m
52 +V n

o + V n′
o ]|αn〉

0

α = α′

n 6= n′

otherwise

(3.21)

where, n and n′ label different atoms on which the atomic functions and the

Kohn-Sham potentials are centered. As can be seen, only two-center Hamiltonian

matrix elements are treated. Note that the correct energy limit of isolated atom

is guaranteed since the eigenvalue of free atom, εfree atom
j is used as the diagonal

matrix elements.

The DFTB total energy consists of both the electronic band energy and a short-

range repulsive two-body potential Erep:

Etot = Eband + Erep

=
∑

i

fiεi +
∑

n

∑
n′>n

Vrep(|Rn′ −Rn|).
(3.22)

Erep models the ion-ion repulsion and the electron-electron interaction which is

double counted in the sum over electronic eigen-states. Here fi is the occupation

number of orbital i. The repulsive potential is usually fitted to results for diatomic

molecules, though in some cases this could lead to difficulties arising from level-

crossings, in which case it is possible to fit using results from other structures.

The DFTB approach has been successfully applied to various problems in differ-

ent systems and materials, covering carbon [45], silicon [54], germanium struc-

tures [55], boron [56], carbon nitrides [57], silicon carbide [58], oxide [52], and

GaAs surfaces [59].
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Table 3.1: Comparison of Young’s modulus (TPa) of SWCNTs obtained with
the DFTB model, the classical Tersoff-Brenner model, experiment, and DFT cal-
culations.

SWCNT DFTB [50] Tersoff-Brenner [51] Experiment [52] DFT [53]
(10, 0) 1.22 - - -
(10, 10) 1.24 0.69 1.25 1.20

Perhaps the most transferable and widely used DFTB parameterizations are for

carbon materials [45]. Indeed, the model was proved extremely useful in model-

ing the amazing variety of structures found, including graphite, diamond, buck-

yballs [60], nanoclusters, and nanotubes. The fact that it compares in accuracy

with density functional theory modeling of molecules, clusters and bulk phases, it

demonstrates that, in spite of its simple nature, this method produces parametriza-

tions with good transferability properties. In comparison with the widely used

empirical models, significantly improved results have been reported. For example,

in Table 3.1, the Young’s modulus of zigzag (10, 0) and armchair (10, 10) carbon

nanotubes are summarized, as obtained with various theoretical and experimen-

tal approaches. In experiment, the Young’s modulus is measured by thermally

inducing vibration in cantilevered SWCNTs. Comparing with the average value

of 1.25 TPa measured in experiment [52] and the average 1.20 TPa of DFT [53],

we see that the classical Tersoff-Brenner potential [51] severely underestimates the

Young’s modulus. The DFTB model [50] is in agreement with both the experiment

and DFT calculations.

The parameterization for silicon [54] shows again significant advantages over the

existing classical potential descriptions. Consider for instance the surface recon-

struction of the (001) surface of silicon shown in Figure 3.5(a). With the most

popular classical potentials, Stillinger-Weber [61] and Tersoff [62], the p(2×1) sym-

metric dimer pattern shown in Figure 3.5(b), was found to be the most stable [63]

with energetic benefit of ∼ 2 eV/dimer over the unreconstructed surface shown

in Figure 3.5(a). However, with density-functional theory it was found that the

asymmetric buckling of the dimers in a p(2×1) asymmetric pattern (Figure 3.5(c))

lowers the energy significantly, by ∼ 150 meV/dimer. A further ∼ 80 meV/dimer
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Figure 3.5: Top view and side view of different patterns of surface reconstruction
of silicon (001) surface. Large white circles and grey circles represent the atoms
in the surface layer while the small dark circles represent the atom in the second
layer. The non-reconstructed surface (a), the (2 × 1) symmetric reconstruction
(b), the p(2× 1) asymmetric buckling reconstruction (c), the p(2× 2) alternating
asymmetric buckling reconstruction (d). The red dashed boxes define the surface
translational unit cell for each reconstruction pattern.

energy lowering was obtained in a p(2× 2) reconstruction with alternating asym-

metric buckling of surface dimers (Figure 3.5(d)). Remarkably, both asymmetric

p(2 × 1) and alternating asymmetric p(2 × 2) patterns could be described with

DFTB [54].

DFTB parameterizations exist not only for monoelemental but also for multiele-

mental systems, where the chemical bonding is more complex. Consider the case

of boron nitride [64], where the model must account for the partially ionic char-

acter in addition to the covalent bonding. This parameterization is successfully

describing the linear properties of boron nitride nanotubes, which has the largest

elastic modulus among the insulator nanomaterials. The Young’s modulus of ex-

emplified BNNTs obtained by different methods are listed in Table 3.2 where the

experiment data [65] were obtained via the same way as the measurement of CNTs

in the above. All the theoretical models lead to positive deviation from the average

of 0.722 TPa of experiment. The Tersoff-Brenner models [66] even overestimates

the Young’s modulus by about 50%. Both DFTB [50] and ab initio [67] models

give good values around 0.85 TPa,in good agreement with experiments.
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Table 3.2: Comparison of Young’s modulus (in unit of TPa) of BNNTs obtained
by DFTB model, Tersoff-Brenner model, ab initio model and experiment.

(n, m): DFTB [50] Tersoff-Brenner [66] ab initio [67] Experiment [65]
(10, 0) 0.837 - -
(12, 0) - 1.078 0.850 0.722
(10, 10) 0.901 1.064 -

The above examples show that DFTB model offers a significant advantage over

empirical treatment while avoids the high DFT computational costs. Because

of the the high transferability and the large database of available parameteriza-

tions (see www.dftb.org), the DFTB approach is becoming increasingly popular

in modeling low dimensional structures. In fact, DFTB has already been applied

to many different nanomaterials, such as hydrogen passivated carbon [68] and sil-

icon systems [69] and other multi-component systems including WS2 and MoS2

nanotubes [70]. DFTB model was also applied to the metal systems such as gold

nanowires [71] and copper clusters [72] for both elastic and electronic properties.

Because the DFTB approach is becoming increasingly popular in modeling low

dimensional structures with the high transferability and the variety of available

parameterizations, we have selected this microscopic model to couple it to the

symmetry-adapted tight-binding molecular dynamics.

3.2 Detailed Formulation of the Proposed

Symmetry-Adapted Tight-Binding

Molecular Dynamics

A major disadvantage of DFTB is still its high computational cost: Computing

the electronic structure energy and forces from a TB Hamiltonian by direct diag-

onalization results in a cubic scaling of the computational time with the number

of electrons considered [O(N3)]. This limits the system size to about 1000 Si or

C atoms. In a Bravais lattice, the number of atoms is small. Thus, the above
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approach is suitable in simulations of bulk crystals. However, the simplifications

due to the periodic boundary condition are insufficient for comprehensive calcu-

lations of quasi one-dimensional objects such as nanowires and nanotubes. This

is because the number of atoms in the translational unit cells can be very large,

leading to a large-size matrix equation for the electronic problem. Note that there

is a current research line that attempts to alleviate this notorious dependence of

computation time with O(N) methods [73]. However, the errors introduced [74]

in the electronic band structure could affect the outcome.

As described in Chapter 2, chiral nanostructures can be described more econom-

ically using two representations – “angular-helical+translation” and “angular-

helical”– which are equivalent as long as there is translational symmetry. Ob-

viously, the “angular-helical+translation” is invalid if the nanostructure does not

posses translational symmetry (such as arbitrarily twisted structures).

The “angular-helical” representation, on the other hand, is always valid, as it

requires the helical and rotational symmetries. For a higher flexibility, both repre-

sentations will be implemented. The “angular-helical+translation” representation

is particularly useful for band structure calculations, as the linear wavenumber k

shows up in the formulation. An example showing the utility of this representa-

tion in computing the band structure of a (3,3) SWCNT is given in subsection

3.2.2.1. We now discuss the tight-binding implementation of the more general

“angular-helical” representation.

3.2.1 Symmetry-Adapted Tight-Binding Molecular

Dynamics in the “Angular-Helical” Representation

As discussed in Chapter 2, in the “angular-helical” representation, a chiral struc-

ture can be described with

Xn,(ζ1,ζ2) = Rζ2
2 Rζ1

1 Xn + ζ1T1, (3.23)

where index n runs over the N0 atoms at locations Xn inside the repeating

symmetry-adapted domain (only two-atoms for carbon nanotubes), while integers
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ζ1 and ζ2 label various replicas of the domain. Rotational matrix R1 of angle θ1

and the axial vector T1 indicate a screw transformation applied to the symmetry-

adapted domain while the rotational matrix R2 indicates an axial rotation of angle

θ2.

We will accommodate this representation into the one-electron wavefunction solu-

tions by representing them in terms of symmetry-adapted sums [35–37, 75–77] of

localized orbitals, suitable for the helical and angular symmetry. We discuss next

the steps that will be undertaken to enhance to symmetry-adapted modeling the

current periodic boundary condition implementation in the computational pack-

age Trocadero [40]. We remind the reader that the microscopic model of interest

is the nonorthogonal density functional theory-based tight binding model with

two-center terms of Porezag et al. [54].

3.2.2 Symmetry-Adapted Tight Binding – Treatment of

The Electronic Structure

Consider Ns the number of screw operations (typically ∞) over which the helical

boundary condition is imposed and let Na be the number of θ2 rotations needed to

fill the circumference of the quasi one-dimensional nanostructure. The symmetry-

adapted Bloch sums write

|αn, lκ〉 =
1√

Na ·Ns

Ns−1∑
ζ1=0

Na−1∑
ζ2=0

eilθ2ζ2+iκζ1|αn, ζ1ζ2〉, (3.24)

where the phase factors [78] are the eigenvalues of the commuting rotation and

screw operators [36]. Here l = 0, 1, ..., (Na− 1) represents the angular number. To

avoid the discomfort of introducing helical distances, −π ≤ κ < π represents the

helical wavevector already normalized by the helical periodicity. As in eq. (3.23),

index n runs over the atoms located in the symmetry-adapted computational cell

and |αn, ζ1ζ2〉 refers to the orbital with symmetry α located on atom n, all in the

symmetry-adapted cell indexed by ζ1 and ζ2. Lastly, to satisfy the generalized

Bloch theorem, the |αn, ζ1ζ2〉 orbitals are obtained by applying a R(ζ1,ζ2) rotation

to the orbitals |αn〉 located in the (ζ1, ζ2) cell that are parallel with those situated
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in the initial (0, 0) cell . Specifically, for our sp case:
|sn, ζ1ζ2〉
|pxn, ζ1ζ2〉
|pyn, ζ1ζ2〉
|pzn, ζ1ζ2〉

 =


1 0 0 0

0 cos(ζ1θ1 + ζ2θ2) − sin(ζ1θ1 + ζ2θ2) 0

0 sin(ζ1θ1 + ζ2θ2) cos(ζ1θ1 + ζ2θ2) 0

0 0 0 1

 ·


|sn〉
|pxn〉
|pyn〉
|pzn〉

 .

(3.25)

Note that the s orbitals are not affected because of their intrinsic symmetry while

the pz ones are invariant as they are oriented along the NW axis.

The symmetry-adapted Bloch elements between different angular and helical num-

bers of the Hamiltonian and overlap matrices vanish. Therefore, the eigenvalue

problem for the atoms contained in the Ns · Na symmetry-adapted domains be-

comes block-diagonal and it can be solved separately for each block labeled by l

and κ:

H(lκ) ·C(j, lκ) = εj(lκ)S(lκ) ·C(j, lκ), j = 1, ..., N. (3.26)

The elements of eigenvector C represent the expansion coefficients in the basis

(3.24) of the one-electron wavefunction solutions of the Schrödinger equation. Hav-

ing [54] the elements of the Hamiltonian matrix – ε0α diagonal and t0α′,α off-diagonal

– and of the overlap matrix s0
α′,α, the elements of lκ-dependent Hamiltonian H

and overlap S matrices are:

〈α′n′, lκ|H|αn, lκ〉=ε0αδnn′δαα′ +
∑
ζ2,ζ1

e−ilθ2ζ2−iκζ1tα′α(Xn′,(ζ1,ζ2) −Xn), (3.27)

〈α′n′, lκ|αn, lκ〉=δnn′δαα′ +
∑
ζ2,ζ1

e−ilθ2ζ2−iκζ1sα′,α(Xn′,(ζ1,ζ2) −Xn), (3.28)

where

tα′α(Xn′,(ζ1,ζ2) −Xn) =
nα∑

α′′=1

t0α′′,α(Xn′,(ζ1,ζ2) −Xn)R
(ζ1,ζ2)
α′,α′′ , (3.29)

sα′,α(Xn′,(ζ1,ζ2) −Xn) =
nα∑

α′′=1

s0
α′′,α(Xn′,(ζ1,ζ2) −Xn)R

(ζ1,ζ2)
α′,α′′ . (3.30)

In comparison with the tight-binding under periodic boundary conditions [33], in
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Figure 3.6: A (3, 3) single walled carbon nanotube (left panel) projected on a
graphene sheet (right panel). On the graphene sheet, the arrows show the trans-
lational vector T, rotational vector Ch/d and helical vector Z. The translational
cell is bounded by a box defined by dash lines. a1 and a2 are the basis vectors.
The solid 1 and 2 dots, colored by yellow and green, respectively, indicate the two
sublattices.

eq. (3.26) we obtained a size reduction of the eigenvalue problem at the expense of

carrying out diagonalizations at additional lκ points. In view of the O(N3) com-

putational time scaling, the advantage of the symmetry-adapted basis is evident.

3.2.2.1 Illustrative Example: Band Structure of Carbon Nanotubes

We now illustrate the above ideas to describe the band structure for the simple

case of the (3,3) carbon nanotube shown in Figure 3.6. In the unfolded picture,

the parameters of the (3, 3) carbon nanotube are: translational vector T = a1 −
a2, circumference vector Ch/d = a1 + a2, and the screw vector Z = a1. If we

label C-C bond length with a, the length of translational vector T is T =
√

3a.

The two atoms, labeled by 1 and 2 represent the domain needed to describe the

nanotube structure in either representation. The translational cell bounded by

the translational vector T and circumference vector Ch contains 12 atoms.

We would like to now illustrate that the symmetry-adapted approach gives a peri-

odic boundary condition equivalent answer to the electronic band structure prob-

lem. For the convenience of direct comparison with periodic boundary conditions,



Chapter 3. Symmetry-Adapted Tight-Binding 36

Figure 3.7: Analytical energy bands for π bonding in a (3, 3) armchair SWCNT
as obtained in (a) translational and (b) symmetry-adapted tight-binding. The
symmetry-adapted domain contains 2 atoms with single localized π (pz) orbital
on each atom while the translational cell contains 12 atoms. Valence (conduction)
bands are represented with continuous (dashed) lines.

we will show this equivalence in the symmetry-adapted tight-binding basis cor-

responding to the “angular-helical+translation” formulation. This is because the

translational vector is explicitly accounted and the linear wavevector k still stands.

In this representation the Bloch sum writes [36]

|αn, lk〉 =
1√

Na ·Ns

Ns−1∑
ζ1=0

Na−1∑
ζ2=0

eil(θ2ζ2+θ1ζ1)+ikζ1|αn, ζ1ζ2〉. (3.31)

In comparison with formula (3.24) κ is replaced by the linear wavevector k. Here

l = 0, 1, ..., (Na−1) represents the angular number. For the (3, 3) SWCNT, Na=6,

θ1=60◦, T1=T/2 and θ2=120◦ The elements of Hamiltonian and overlap matrices

are:

〈α′n′, lk|H|αn, lk〉=ε0αδnn′δαα′ +
∑
ζ2,ζ1

e−il(θ2ζ2+θ1ζ1)−ikζ1tα′α(Xn′,(ζ1,ζ2) −Xn), (3.32)

〈α′n′, lk|αn, lk〉=δnn′δαα′ +
∑
ζ2,ζ1

e−il(θ2ζ2+θ1ζ1)−ikζ1sα′,α(Xn′,(ζ1,ζ2) −Xn). (3.33)

Considering the one pz orbital on each carbon atom, two Bloch sums are built to

construct the 2×2 Hamiltonian and overlap matrices. The elements of Hamiltonian
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and overlap matrices are:

H =

[
ε0

t0(1 + e−ilθ+ik T
2 + e−ilθ−ik T

2 )

t0(1 + eilθ−ik T
2 + eilθ+ik T

2 )

ε0

]
,

S =

[
1

s0(1 + e−ilθ+ik T
2 + e−ilθ−ik T

2 )

s0(1 + eilθ−ik T
2 + eilθ+ik T

2 )

1

]
.

With these two matrices, the secular equation is written in a full matrix form as:∣∣∣∣∣ ε0 − E

(1 + e−ilθ+ik T
2 + e−ilθ−ik T

2 )(t0 − s0E)

(1 + eilθ−ik T
2 + eilθ+ik T

2 )(t0 − s0E)

ε0 − E

∣∣∣∣∣ = 0.

The eigenvalue E is then solved as:

E(lk) =
ε0 ± t0

√
3 + 4 cos kT

2
+ 2 cos lπ

3

1± s0

√
3 + 4 cos kT

2
+ 2 cos lπ

3

. (3.34)

Using ε0 = 0, t0 = −1 and s0 = 0, we are plotting in Figure 3.7(b) the obtained

energy bands separately for different l values. Note that due to symmetry, the

l = 1, 5 and l = 2, 4 bands are degenerate. Since there are two π electrons

per cell, these two π electrons fully occupy the lower π band (the solid line).

The anti-bonding π band is empty (the dash line). For a comparison, we have

separately calculated the bands of the full translational cell by solving instead

the 12 × 12 eigenvale problem. The obtained result was plotted in Figure 3.7(a),

showing 12 bands . Because both the usual translational and the symmetry-

adapted one are associated with unitary transformations, the electronic eigenvalue

spectrum should be the same. Indeed, the equivalence of the two approaches can

be seen by inspecting Figure 3.7(a) and Figure 3.7(b). If all bands corresponding

to all 6 l values shown in Figure 3.7(a) would be plotted on the same graph, we

would see perfect overlap with the ones computed from the full translational cell

of Figure 3.7(a). Thus, in the symmetry-adapted formulation the same result can

be obtained by solving six 2× 2 eigenvalue problems.
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3.2.3 Symmetry-Adapted Tight-Binding Molecular Dynam-

ics

The total electronic energy contained in the Ns · Na symmetry-adapted domains

writes:

Eband = 2

nαN0∑
j=1

δκ(Ns−1)/2∑
κ=−δκ(Ns−1)/2

Na−1∑
l=0

fj(lκ)εj(lκ), (3.35)

where f is the Fermi function and δκ = 2π/Ns. Because Eband is invariant under

the screw and angular rotations as well as under the permutations of atoms, the

conditions for carrying out Symmetry-adapted MD from the TB potential are

fulfilled. To perform MD, the forces acting on the N0 atoms are needed. The force

on the atom at Xm located due to the band energy, Fm = −∂Eband/∂Xm, writes:

Fm = −2
∑
j,lκ

fj(lκ)(C
†(j, lκ)· ∂H(lκ)

∂Xm

·C(j, lκ)

− εj(lκ)C
†(j, lκ) · ∂S(lκ)

∂Xm

·C(j, lκ)),

(3.36)

which is the Hellmann-Feynman force. The above expressions are considered as

Ns → ∞ and κ becomes continuous. The derivatives of the Hamiltonian and

overlap matrix elements are:

∂〈α′n′, lκ|H|αm, lκ〉
∂Xm

=
1

NaNs

∑
ζ2,ζ1

e−ilθ2ζ2−iκζ1

nα∑
α′′=1

∂t0α′′,α(Xn′,(ζ1,ζ2) −Xm)

∂Xm

R
(ζ1,ζ2)
α′,α′′ .

(3.37)

∂〈α′n′, lκ|αm, lκ〉
∂Xm

=
1

NaNs

∑
ζ2,ζ1

e−ilθ2ζ2−iκζ1

nα∑
α′′=1

∂s0
α′′,α(Xn′,(ζ1,ζ2) −Xm)

∂Xm

R
(ζ1,ζ2)
α′,α′′ .

(3.38)

Derivatives ∂t0α′′,α/∂Xm and ∂s0
α′′,α/∂Xm are given in Ref. [54]. We note that the

two-body repulsive part of the tight-binding potential [54] does not necessitate

specific adjustments for symmetry-adapted molecular dynamics.
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3.3 The Atomistic Simulation Package Trocadero

The changes highlighted above will be implemented in the computational package

Trocadero [40], which already can perform tight-binding molecular dynamics under

periodic boundary conditions. A brief description of this code is given next.

This multiple-algorithms multiple-models strategy allows for an easy expansion of

both new models and algorithms (our case). This code organisation allows for the

easy expansion of the program, as both new models and new simulation algorithms

can be incorporated into the program with minimum disruption to the pre-existing

program.

In terms of available simulation algorithms, the simplest form currently imple-

mented is what we refer to as a single configuration calculation, in which, given a

model and a configuration of the system (a set of atomic coordinates, and in the

case of periodic systems also the lattice vectors), the program returns the energy

of the configuration, the atomic forces, and in a periodic system also the stress on

the simulation cell. Information on the neighbours of each atom is provided, and

in the case of electronic structure models the electronic density of states is cal-

culated. However, single configuration calculations are not in themselves terribly

useful, and are rarely used with the simple models currently implemented.

More useful is the possibility of performing structural relaxation calculations, i.e.

moving the atoms in the simulation box so as to reduce the forces acting on them

to zero, thus reaching a configuration of minimum energy, which in general will

be a local minimum. The implemented conjugate gradients algorithm efficiently

performs such structural relaxation calculations.

Both single configuration calculations and structural relaxation are concerned with

the static properties of the system under study, and thus are not appropriate for

studying the thermal properties of the system. For doing this we need to involve

the temperature, or in other words, atomic motion. There are two well-established

families of methods for doing this, namely Monte Carlo and molecular dynamics

methods. The code contains only molecular dynamics methods and several different

techniques have been implemented. Standard microcanonical molecular dynamics

consists of numerically integrating the Newtonian equations of motion for the
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atoms. These equations conserve the total energy of the system, and therefore this

procedure samples the microcanonical ensemble, in which the number of particles,

the volume and the energy are conserved quantities. A standard algorithm for

integrating Newton’s equations of motion is that due to Verlet and this is actually

the one implemented in for microcanonical MD simulations.

The microcanonical ensemble is not, however, the most appropriate one in which

to perform simulations, as it does not correspond to the conditions under which

experiments are most commonly carried out; it is usually the temperature and/or

pressure that are kept constant. These conditions correspond to the canonical and

isothermalisobaric ensembles, respectively [79–82]. Molecular dynamics calcula-

tions in these ensembles are also possible in Trocadreo.

Regarding the microscopic models currently implemented, besides orthogonal and

non-orthogonal tight-binding models, Trocadero has Tersoff and EDIP [83] clas-

sical potentials designed with the aim of modelling covalent systems, in which

the bonding has a well-defined directionality. This feature will facilitate perform-

ing symmetry-adapted calculations under both tight-binding and classical micro-

scopic descriptions. Note that the symmetry-adapted modeling was previously

implemented [38] in conjunction with the Tersoff potential. For modeling metallic

systems, where the packing density is larger and the bonding has a less directional

character, a Glue potential [84, 85] is available to use. The symmetry-adapted

implementation for the Glue potential follows the lines described in Chapter 4 for

the Tersoff potential.



Chapter 4

Investigating the Stability of

Silicon Nanowires via

Symmetry-Adapted

Tight-Binding Molecular

Dynamics

In spite of a large body of experimental [86–89] and theoretical [90–98] research,

the ground state of quasi one-dimensional silicon structure at the lowest diameters

is not yet known. Relying on thermodynamic arguments, one conjectures that in

relatively thick NWs the influence of surfaces is less important and arrangements

with bulklike cores are more likely. However, as the diameter is decreased, sur-

faces are becoming increasingly important in the NW energetic balance [94], and

quasi one-dimensional organizations with non-cubic core structures but low surface

energies are possible.

To describe the ground state Si NW structure at sizes of below 10 nm, several

candidates have been already envisioned: It was predicted [94] that an enhanced

stability can be obtained in polycrystalline achiral Si NWs constructed with five

identical crystalline prisms exposing only low energy (001) Si surfaces. In another

recent study [95], wurtzite NWs with hexagonal cross sections were found to be

41
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Figure 4.1: (a) Pentagonal Si NW (labeled P ). Surface is shown in a reconstruc-
tion with symmetric dimers, as described with a Tersoff potential. Dotted lines
indicate the stacking fault planes. The computational “angular-helical” domains
are shown in blue atoms. (b) Wurtzite Si NW (labeled H) with hexagonal cross
section. The surface is shown as unrelaxed. Domains with same ζ1 are shown in
same color. For both NWs only axial views are shown.

the most stable. Note that although NWs with wurtzite cores are prevalent in

III-V zinc-blende semiconductors [99], they have been synthesized also in Si [89].

Finally, icosahedral Si quantum dots [100, 101] constructed from tetrahedral blocks

were proposed. Because of the low formation energy of the exposed (111) surfaces,

these dots are very stable. One-dimensional NWs assembled from icosahedral dots

appeared [97] more favorable than the achiral pentagonal NWs of Ref. [94].

4.1 Structures of the Considered Si Nanowires

We now discus the structure of the three NW motifs presented in Figure 4.1

and 4.2. Although all three motifs have translational symmetry, they can be

more economically described in the “angular-helical” representation discussed in

Chapter 2.

Table 1 summarizes the exact values of the domain parameters θ1 and θ2 as well as

algebraic expressions for the number of atoms N0 and the number of surface atoms

Nsf in the Symmetry-adapted domain as a function of the number of atomic layers

L. The precise T1 value is model dependent and will be determined by simulations.
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Table 4.1: Comparison of the symmetry-adapted cells for the P , H, and I NWs.
L is the number of layers, N0 is the total number of atoms, and Nsf is the number
of surface atoms.

NW: P H I
θ1: 0 π/3 π/5
θ2: 2π/5 2π/3 2π/5
N0: 2(L− 1)(2L− 1) 2L2 0.5L(L+ 1)(2L+ 1)
Nsf : 2(L− 1) 2L L(L+ 1)

The NW shown in Figure 4.1(a), labeled P , exhibits a five-fold rotational symme-

try. The exposed five equivalent (001) surfaces have dimer rows oriented parallel

with respect to the NW axis. At the center of this NW there is a channel of pen-

tagonal rings. The symmetry-adapted computational domain shown in blue (dark

gray) is a triangular prism limited by two (111) and one (001) surfaces. The asso-

ciated angular parameters are θ1 = 0 and θ2 = 2π/5 while T1 equals the periodic

boundary condition periodicity T . Thus, in comparison with the traditional peri-

odic boundary condition scheme, symmetry-adapted molecular dynamics reduces

to 1/5 the number of atoms that need to be accounted for. Note that to form the

NW, the (111) surfaces of the symmetry-adapted domains are connected through

low energy stacking fault defects. Because in the bulk Si the two (111) planes of

the triangular prism form an angle θ = 2tan−1(1/
√

2), which is slightly different

from θ2, each domain stores elastic energy corresponding to a shear deformation

with ε = θ2 − θ.

Figure 4.1(b) shows the structure of a NW motif with a hexagonal cross section,

but three-fold rotational symmetry. This NW, labeled H, has a wurtzite core

structure. Although its surfaces are equivalent, they are shifted in an alternating

manner along the NW axis by half of the translational period T . The symmetry-

adapted computational domain represents 1/6 of the translational domain. Its

parameters are θ1 = π/3, T1 = 0.5T , and θ2 = 2π/3. The non-zero value of θ1

indicates that the H NWs is generated by repeated screw and pure rotations.

The last NW motif considered, labeled I, also exhibits a five-fold rotational sym-

metry. The tetrahedron block shown in Figure 4.2(a) is truncated directly from
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the bulk. It exposes only low-energy (111) surfaces and all faces are equilateral

triangles. Twenty such blocks are combined through low-energy stacking faults to

form the dot shown in Figure 4.2(b), having icosahedral Ih symmetry. The com-

bination of three blocks shown in Figure 4.2(c) represents the symmetry-adapted

domain for the I NW shown in Figure 4.2(d). The associated angular parameters

are θ1 = π/5, θ2 = 2π/5. Thus, with eq. (3.23) this NW is built from screw and

pure rotation isometries.

In the I NW one can identify two types of blocks: blocks (shown with yellow/light

gray and blue/dark gray) that, like in the Ih dot, expose one facet and blocks

(shown in gray) in which all facets are in contact with other blocks. As discussed

before [97], the I NW can be also thought of as being composed of aligned poly-

crystalline Ih Si quantum dots that share the tetrahedron blocks shown in gray

(i.e., five tetrahedral blocks at each interface). In this respect, the two crosses

separated by a distance T1 in Figure 4.2(c) mark the centers of two virtual Ih dots

sharing the gray blocks. This picture helps to comprehend the strain accumulated

in the I NW, discussed next.

As in the case of the P NWs, the mismatch resulted when combining the bulk

tetrahedron blocks to form the Ih dot and the I NW introduces strain. In the

high symmetry of the Ih dot the 20 tetrahedron blocks are equivalent and thus the

mismatch strain will be equally distributed among them. More specifically, since at

each vortex a radial channel of pentagonal rings is formed, each tetrahedron block

around it accumulates elastic shear energy corresponding to a strain ε = θ2 − θ.

As each tetrahedron is delimited by three radial channels, it follows that the

exposed faces are equilateral triangles, as can be also noted from Figure 4.2(b).

The symmetry lowering to the I NW superposes additional elastic energy. In

an icosahedron the tetrahedron building blocks are not regular (i.e., the exposed

faces are equilateral while the internal ones are isosceles triangles). Thus, the (110)

planes of the gray blocks of Figure 4.2(b) (to be shared in the I NW construction)

are not perpendicular on the NW long axis. Consequently, the internal blocks will

undergo additional elastic deformation, specifically by decreasing the angle made

by the two (111) facets that join into the circumferential edge, Figure 4.2(b),

such that the middle transversal (110) plane becomes perpendicular to the NW

axis. The other tetrahedron type will also be affected by this adjustment and



Chapter 4. Stability and Mechanical Properties of Silicon Nanowires 45

Figure 4.2: (a) A tetrahedron building block truncated from the bulk Si exposes
four (111) surfaces. (b) Icosahedral Si dot composed of twenty equivalent tetra-
hedron building blocks. With a domain composed of three tetrahedron blocks,
shown in (c), a NW (labeled I) with pentagonal cross section, shown in (d), can
be constructed based on formula describing the NW in the “angular-helical” and
parameters entered in Table 4.1 corresponding to L = 5. Alternatively, the I
NW can be constructed from aligned icosahedral Si dots sharing the tetrahedron
building blocks shown in gray.

the exposed faces will become isosceles triangles in the one-dimensional structure.

From this qualitative picture one can immediately conjecture that the I NWs will

store a larger strain than the P NWs and the Ih dots.

We finally note that in the I NWs the periodic boundary condition treatment is

unnatural as T is L-dependent and the number of atoms in the cell under periodic

boundary condition increases significantly (as ∼ L3). For example, for L = 6

there are 2730 Si atoms in the cell under periodic boundary condition but only

273 atoms in the symmetry-adapted one.

4.2 Structural Optimizations

Which non-bulk NW structural motif is in fact more energetically favorable and

therefore more likely to be stable? To answer this question we recognize that the

accuracy of any microscopic investigation depends critically on the level of theory
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Figure 4.3: (a) Symmetry-adapted domain (axial view) for the P NWs with
L = 2 and L = 4. The alternating buckled dimer reconstruction pattern of the
surface can be observed. (b) Side view of the symmetry-adapted domain for the
H NWs with L = 3 of length 4T1, showing on top the buckled dimer alternating
pattern.

behind the description of the Si-Si interatomic interactions. Unfortunately, accu-

rate ab initio methods formulated in the typical periodical boundary conditions

context are computationally demanding and studies employing these methods can

be carried out only at the smallest diameters [91, 93, 96]. They are used to com-

plement larger scale microscopic calculations based on empirical classical poten-

tials [61, 62], which are typically assumed to be less accurate only in the smallest

size range due to the enhanced role of surfaces.

Consider for instance the description of the surface reconstruction as obtained

with the widely used Stillinger-Weber [61] and Tersoff [62] classical potentials,
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both used in Refs. [94, 95, 97] to describe the pentagonal NW that exposes (001)

facets. The (001) Si surface has been studied with these potentials [63] and a

p(2×1) symmetric dimer pattern was found to be the most stable. However, with

density-functional theory (DFT) it was found [102] that the alternating asymmetric

buckling of surface dimers p(2 × 2) is more favorable (see Figure 3.5). Since

the asymmetric buckling is not captured, the classical treatment [61, 62] for the

thinnest NWs exposing (001) surfaces will not be accurate.

We performed the structural optimization on the three selected NWs by the pro-

posed symmetry-adapted tight-binding molecular dynamics method, carried out

with a 1 fs time step, followed by conjugate gradient energy minimization scans for

several T1 parameter values until the optimal configuration was identified. Com-

putations were carried out on the fundamental domains addressed in Table 4.1 for

all I NWs and for the H NWs with odd L. Larger domains, with 2T1 for the P

NWs and 2θ2 for the H NWs with even L, were also used in order to describe the

alternating reconstructions of the surfaces. Exploiting symmetry has the potential

danger of missing minima with lower symmetry. Our additional calculations under

periodic boundary condition carried out for the smallest NWs (with L=2) showed

agreement with the symmetry-adapted data.

Figure 4.3(a) presents the optimal surface reconstruction for two P NW domains,

showing an alternating buckled dimer reconstruction on top. Accounting cor-

rectly for the surface reconstruction appeared important especially for the thinnest

NWs where the surface to volume ratio is largest. For example, we obtained a

20 meV/atom energy lowering from the non-alternating buckled to the alternating

buckled pattern for the P NW with L = 2.

Remarkably, our simulations indicated that symmetry-adapted molecular dynam-

ics is more efficient than periodic molecular dynamics under periodic boundary

condition in finding the optimal surface reconstruction of the NWs. In general,

during molecular dynamics the system samples many different potential energy

minima, spending more time in the deeper ones. Because the small symmetry-

adapted domain forbids several local minima, the system avoids these unimpor-

tant states and thus can reach faster the lowest potential energy state. This is

demonstrated in Figure 4.4, which compares the evolution of temperature for a P
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Figure 4.4: Temperature as a function of time in (a) symmetry-adapted molec-
ular dynamics and (b) periodic DFTB molecular dynamics for the P NW with
L = 2. Arrows mark transitions to an alternating surface dimer buckling.

NW with L = 2 in symmetry-adapted molecular dynamics and periodic molecular

dynamics. To make the comparison meaningful, both simulations were initiated

with velocities corresponding to the same temperature while the initial configu-

rations exhibited an asymmetric non-alternating buckling of the surface dimers.

On one hand, symmetry-adapted molecular dynamics shows for the first 10 ps an

equilibration to an average temperature of ∼ 450 K, followed by a sharp increase to

a new equilibrium temperature of ∼ 550 K. The ∼ 100 K temperature increase is

caused by the lowering of the potential energy caused by the concerted transforma-

tion event to an asymmetric alternating buckling of the dimers on all five surfaces.

The actual configuration (after the conjugate gradient run) can be seen in Figure

4.3(a). On the other hand, the temperature evolution in periodic molecular dy-

namics, shown in Figure 4.4 (b) exhibits a gradual increase to the ∼ 550 K final

equilibrium temperature. When analyzing the NW structure we noted a sequence

of transformations to an alternating buckled pattern occurring at the simulation

times marked by arrows. Thus, although under the same temperature conditions

the transformation starts earlier in periodic molecular dynamics, after 4.9 ps, and

it is completed on all five faces after 20 ps. None of the states in the 5-20 ps
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interval are described in symmetry-adapted molecular dynamics. In contrast, the

concerted transformation occurs on all faces in the symmetry-adapted molecular

dynamics run after 10.8 ps (see the up arrow in Figure 4.4 (a)). Similar compar-

isons were carried out for the next two larger P NWs and the symmetry-adapted

molecular dynamics advantage was still noted.

The H NW surface exposes dimer rows aligned perpendicularly on the NW axis.

Our symmetry-adapted tight-binding molecular dynamics optimization procedure

obtained again an alternating buckled pattern of the surface dimers, as presented

in Figure 4.3(b). This appears in disagreement with our obtained classical descrip-

tion which does not account for the buckling effect. Regarding the surfaces of the

I NWs, we noted that the characteristic surface buckling of the (111) surface was

severely reduced with the increase in diameter. In fact, above 2R = 2.5 nm the

surface was practically built up from flat hexagonal rings. The alternating buck-

led pattern was obtained on the edge surface dimer rows formed at the interface

between tetrahedrons. By contrast, the surface did not appear flattened and the

edge dimers did not buckle in the classical treatment.

In Figure 4.5 we report the obtained stability data for the three NW motifs as

described by the two microscopic models. As can be seen from Figure 4.5(a),

which plots the NWs formation energies E (measured with respect to atomic

energy values) in the TB model as a function of diameter 2R, the P and H NW

motifs emerge as the most favorable. (Practically the two curves are overlapping

at diameters above 2 nm.) Surprisingly, the I NW is favorable only at the very

small diameters, below ∼ 2.5 nm, when the I curve intersects the P one. Above

this value, this NW becomes unfavorable. Interestingly, Figure 4.5(b) shows that

a very different conclusion can be obtained if one relies on the classical potential

data. The formation energy curves for the three NWs are very close together. In

agreement with previous investigations [97], the I wire appears now more favorable

than the P one and the intersections between the I and P curves, marked by

the down arrow, is delayed until ∼ 9 nm. In agreement also with the previous

comparison [95] based on the classical Stillinger-Weber potential, the H NW motif

appears overall more favorable than the P one. Comparing now the I and H NWs,

we see that below 6 nm in diameter the I NW is favored.
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Figure 4.5: Size dependence of the cohesive energy for the P , H, and I Si NWs.
The (a) DFT-based TB potential and (b) classical Tersoff potential give different
energetic orderings. Arrows mark intersections of I and P energy curves.

4.3 Comparison of the Tight-Binding and

Classical Simulation Results

To rationalize the differences between Figure 4.5(a) and (b) we have analyzed

in more detail how the two microscopic models are describing each NW motif.

Figure 4.6(a)-(c) plots over a large diameter range the obtained E − Ebulk values

for all NWs as obtained with the TB and Tersoff atomistic descriptions. We found

it instructive to perform a Wulff decomposition of the obtained cohesive energy
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data as:

E − Ebulk = δEbulk + Esf + Ee, (4.1)

where Ebulk represents the cohesive energy of the crystalline NW bulk, i.e., cubic

diamond bulk (−4.953 eV and −4.628 eV for TB and Tersoff potential, respec-

tively) for the P and I NWs and the wurtzite bulk Si (−4.943 eV and −4.625 eV

for the TB and Tersoff potential, respectively) for the H NW. In (13) δEbulk is the

bulk energy correction, which captures the elastic strain stored in the NW core.

The surface Esf and edge Ee energies have analytic expressions constructed by

taking into account the structural parameters of the NWs. A Wulff decomposi-

tion extrapolation approach was used before to predict formation energies of NWs

at larger sizes [94]. Here, by identifying in the atomistic data the magnitude of

the various contributions, we use it to obtain more insight about the differences

between the two models.

In Figure 4.6(a) we see that overall the TB description of the P NW gives a lower

energy. The differences are especially significant at the smaller sizes (44 meV at

L = 2) and they diminish as the NW diameter is increased. Using the structural

information entered in Table 1 and recognizing that this NW structure has no edge

energy penalty, we obtain that the cohesive energy should scale with the number

of layers L as

EP (L)− Ec
bulk = δEbulk +

γP

2L− 1
, (4.2)

where γP is the surface energy penalty per surface atom and δEbulk represents the

shear elastic energy stored in these structures. Fitting to the atomistic data we

obtained γP of 1.25 eV/atom with TB and 1.39 eV/atom with Tersoff description.

For both models we found that δEbulk is small and can be neglected. Thus, the en-

ergetic differences noted in Figure 4.6(a) can be attributed mainly to the inability

of the Tersoff potential to correctly describe the exposed Si (001) surfaces.

Moving on to the H NW, Figure 4.6(b) shows similar differences with a classical–

TB agreement at large diameters. The H NW does not contain edge and bulk

correction terms. Relying on the algebraic form

EH(L)− Ew
bulk =

γH

L
, (4.3)
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Figure 4.6: (a) P , (b) H, and (c) I Si NWs described with the TB (full markers)
and Tersoff (open markers) potential. The zero of energy is taken to be the cohesive
energy of the cubic diamond Si in (a) and (c), and the wurtzite Si in (b).
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a least-squares fitting of the two data sets obtained γH as 0.88 eV/atom in TB

and 0.97 eV/atom with the classical potential.

Figure 4.6(c) shows even larger differences between the two I NW descriptions.

While at the lowest diameter the TB model yields a lower energy, the classical

potential-based modeling gives a lower energy for L ≥ 4 or 2R ≥ 2.5 nm. We

fitted the data to the algebraic form

EI(L)− Ec
bulk = δEbulk +

γI

L+ 0.5
+

12δ

(L+ 1)(2L+ 1)
, (4.4)

which was constructed based on the structural parameters entered in Table 4.1 and

the observation that there are 6L edge atoms in each computational domain. Due

to the different surface reconstruction above 2.5 nm in diameter, the first two TB

data points were not included in the fitting. For δEbulk we obtained 36 meV/atom

with TB versus 21 meV/atom with classical. Both models confirm the I NW stores

significant strain energy but due to the errors in reproducing the elastic constants,

the strain component is not well represented by the classical model. Further, we

found the flattened surface obtained with TB has a higher 980 meV/atom cost

when compared with the 900 meV/atom obtained classically. Finally, we found

that the buckling of the dimers located on the edges lowers the TB energy as

δ = −37 meV/atom. A δ value of 38 meV/atom obtained from the classical data

agrees with our observation that this model does not capture the dimer buckling.

As can be seen from eq. (4.4), the edge energy component is the least important,

and the TB description gives a higher energy because the bulk correction and the

surface energy count more in the energy balance. We have summarized all the

fitted data of the energy components in the Wulff decomposition in Table 4.2.

In conclusion, from our investigations on the stability of Si NWs we see that the

use of a quantum-mechanical description of the atomic bonding is critical as the

classical potentials [62] introduces significant errors. Moreover, these errors are not

systematic: On one hand, for the P and H NWs the errors are larger at smaller

diameters as they are mainly caused by the inability of the classical potential to

describe the surface reconstruction. On the other hand, for the I NW the errors

are large even at large diameters, as they are due to the inability to describe the

strain stored in the NW core as well as the higher surface energy penalty. The
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Table 4.2: Summary of energy values obtained from the Wulff-like energy de-
composition of the three NWs.

NW: P H I
Ebulk TB −4.953 −4.943 −4.953
(eV) Tersoff −4.628 −4.625 −4.628

δEbulk TB 0 – 36
(meV) Tersoff 0 – 21

γ TB 1.25 0.88 0.98
(eV) Tersoff 1.39 0.97 0.90

δ TB – – −37
(meV) Tersoff – – 38

magnitude of these errors are causing the energetic ordering of the NW structures

not to be identical in the two microscopic descriptions. Hence, different stability

conclusions [95, 97] can be reached from the two data sets. We note that the

usual approach [94, 95] of complementing the large scale classical calculations

with expensive quantum calculations carried out at the smallest diameters (i.e.,

that assumes that corrections are needed at the smallest diameters only) should

be used with care. For example, judging the I NW stability by combining the

Tersoff data with the affordable first two TB data points under periodic boundary

condition would be deceiving.

We plan to further investigate with symmetry-adapted tight-binding molecular

dynamics the mechanical response of the H, P , and I NWs to mechanical defor-

mations. In addition to the already noted advantage of the method in imposing

mechanical deformation, with tight-binding we will also have an accurate descrip-

tion of the surface reconstruction. Thus, we will be able to capture correctly the

influence of the surface stress on the mechanical response. It will be very interest-

ing to see wether the Young’s modulus increases or decreases with size. We will

consider not only NWs with bare Si surfaces but also with hydrogen termination.

The deformation-induced changes in the electronic band structure will be quan-

tified. The response of these NWs to severe bending deformations will be also
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studied. Unlike with the classical potential treatment, brittle failure is described

by the tight-binding model and thus it can be a possible way of response. We

will also continue our comparison with the behavior obtained with the Tersoff po-

tential. The obtained results will be able to clarify whether or not the quantum

mechanical description of bonding is necessary in describing Si NWs.



Chapter 5

Studies for the Mechanical

Properties of Carbon Nanotubes

via Symmetry-Adapted Molecular

Dynamics

Among the numerous subjects of nanomechanics research (tips, contact junctions,

pores, whiskers, etc.), carbon nanotubes have earned a special place, receiving

much attention. Their molecularly precise structure, elongated and hollow shape,

effective absence of a surface (which is of no difference from the bulk, at least

for the single-walled carbon nanotubes), and superlative covalent bond strength

are among the traits that put carbon nanotubes in the focus of nanomechanics.

However, experiments are difficult at this small scale. A detailed understanding

of CNTs’ mechanical response is essential for advancing applications [103, 104].

Atomistic calculations prove to be valuable tools of investigations. Often they are

used to provide the necessary input for deriving practical continuum models [5,

21, 105], such as the linear-elastic isotropic continuum [5], which can be used

for understanding the CNTs’ mechanics using the well-established relations of

macroscopic elasticity, without the need of repeating the microscopic calculations.

Multi-scale modeling of CNTs has been recently addressed. Belytschko et al. [21]

developed a membrane model tied to the atomistic description provided by the

56
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Figure 5.1: Scaling of the Young’s modulus with diameter (2R), as obtained
with different theoretical approaches: (a) a continuum model relying atomistic
computational data, from Ref. [1]. (The Young’s modulus is plotted considering
several values for the thickness of the associated nanoshell (b) a lattice dynamics
model from Ref. [2]. For the solid circles, “A” stands for “armchair” and “Z” for
“zigzag”. Between them, the open circles correspond the chiral SWCNTs; (c) a
force-constant model, from Ref. [3].

Brenners potential [106]. Huang et al. [107] developed an atomic scale finite-

element method linked to the same potential. Both approaches are valuable be-

cause they show how continuum can be built from the atomic scale by means of the

Cauchy-Born rule [108]. However, both methods are lacking predictive accuracy.

Briefly, the continuum elastic potential is obtained by equating the deformation

energy of an symmetry-adapted cell of the lattice to that of an equivalent volume of

the continuum. The resulting constitutive model will depend only on the accurate

atomistic description of the system, without additional phenomenological input.

Thus, any inaccuracy of the “parent” classical atomistic model directly transfers

to the continuum. In the classical potential of Brenner [106] the inaccuracy is

severe. For example, the computed CNTs Young’s moduli deviate by ∼ 0.5 TPa

from experiment or quantum mechanical predictions [53].

It is important to note that it is not a coincidence that both approaches mentioned

above are relying on a short-ranged classical potential. The atomistic-continuum

linking procedure equates the energy dependence on stretch and curvature of the

hyperelastic field with the one obtained from the atomistic description of graphene.

As it also becomes apparent from the next section, the atomistic bending calcu-

lations can be carried out with classical potentials but not with the quantum

mechanical description under periodic boundary conditions.
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5.1 Difficulties of the Traditional Periodic

Boundary Condition Formulations

in Modeling Linear Elastic Properties

of SWCNTs

Young’s modulus of elongated achiral SWCNTs was accurately computed with

density functional theory [67] and tight-binding [50] methods. However, because

of the large number of atoms in the translational unit cells of chiral nanotubes (see

Figure 2.4 from Chapter 2), the scaling with chirality and diameter cannot not

be computed with the most accurate quantum method in the periodic boundary

condition formulations. As a result most scaling laws for the Young’s modulus were

obtained either from direct empirical atomistic molecular dynamics simulations or

from continuum elastic models build on an empirical atomistic description [1, 3,

51, 109, 110]. Contradictory results were reported: For example, (i) calculations

carried out with the continuum model of SWCNT proposed by Endo et al. [1]

predicted that the Young’s modulus decreases with diameter, from ∼ 1.2 TPa at

1 nm to ∼ 0.1 TPa at 10 nm. Yet, (ii) a model based on lattice dynamics by

Popov et al. [2] obtained a qualitatively different behavior: in the range of 0.4 nm

to 0.8 nm the Young’s modulus increases with diameter, from 0.8 TPa to 1.0 TPa.

Beyond the 0.8 nm diameter, the Young’s modulus remained constant at about

1.0 TPa, regardless of chirality. Although this second trend seems reasonable,

the values predicted by Popov do not compare well with the values predicted

with DFT and tight-binding methods. Finally, (iii) full atomistic calculation [3]

using force-constant pair potential showed that the Young’s modulus is roughly

constant over the whole range of diameter. We have summarized the results (i)-

(iii) in Figure 5.1, which illustrates the unreliability of modeling the mechanical

properties of SWCNTs within the classical empirical approaches.

Very important, we have to note that because the CNT’s walls are monolayers,

their thickness h is not well defined. There is debate [5] centered around the

appropriate h value. To see the differences that arise solely due to the interatomic

potential one can compare the surface Young’s modulus [50] Ys = Y h, which is

independent of h. With Brenner’s first- and second-generation potentials [106,
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111], Ys is 159 GPa·nm [112, 113] and 236 GPa·nm [112], respectively, much lower

than the 345 GPa·nm reported with DFT [67].

Imposing torsional deformation to SWCNTs described under the traditional peri-

odic boundary condition is cumbersome. This is because under periodic boundary

condition, the “available” torsional angles are discrete and constrained by the ro-

tational symmetry of the SWCNTs and the number of translational cells satisfying

periodic boundary condition. The large number of translational cells needed to

carry out calculations of SWCNTs under small torsional angles prohibit a quan-

tum microscopic approach even for achiral SWCNTs. For instance, a medium-

sized (12, 12) SWCNT has a translational unit cell with only 48 atoms. However,

300 such cells, containing 14, 400 atoms are needed to impose a 0.04◦/Å torsional

deformation. Thus, only continuum model and atomistic classical potentials are

feasible to calculate quantities such as the torsional modulus.

5.2 Elasticity of Ideal Single-Walled Carbon

Nanotubes via Symmetry-Adapted

Molecular Dynamics

Since we want to establish the scaling of the elastic response, the range of the

isotropic continuum have to be clarified in advance. Therefore calculations have

to be performed to cover a wide diameter range and most possible chirality. Under

periodic boundary conditions, such calculations can not be accomplished.

As in Chapter 2, a carbon nanotube (Figure 2.5) can be descried with only two-

atom repeating domain (objective domain) under a “helical-angular representa-

tion” with

Xn,(ζ1,ζ2) = Rζ2
2 Rζ1

1 Xn + ζ1T1, (5.1)

where, θ1, θ2 and T1 stand for the parameters for a (n,m) carbon nanotubes.

In order to define infinitesimal elastic moduli of a CNT, it is essential to first

identify the stress-free equilibrium states. Note that given the (n,m) indexes, the

values for θ1 and θ2 are exact. However, the isometric mapping that wraps the
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Figure 5.2: (a) Curvature-strain energy W0. (b) Young’s Ys and (c) shear
modulus Gs as a function of the CNT diameter 2R. Inset shows W0 dependence
with χ at a constant diameter.

graphene sheet into the cylindrical geometry is not precisely a CNT at equilibrium

as the carbon-carbon bond lengths will differ in general from their values in the flat

geometry. We identified the equilibrium CNT configurations through conjugate

gradient potential energy surface scans performed on the two-atom reduced cell

under different |T1| values.

In Figure 5.2(a) we plot the obtained strain energy W0, defined as the difference

in energy (measured per atom) between the optimal CNT configuration and the

corresponding flat sheet, as a function of the CNT diameter 2R. The charac-

teristic behavior W0 = C/2R2 is obtained with C = 4.13 eVÅ2/atom, which is

in very good agreement with the DFT data [67]. Note the large difference with
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the 2.2 eVÅ2/atom and 1.8 eVÅ2/atom values obtained [21] using the first- and

second-generation Brenner’s potentials, respectively. No χ-dependence was ob-

tained, as can be noted also from the insert showingW versus χ for an equal-radius

CNT family. Adopting a surface-without-thickness membrane [21] representation

of graphene, the associated bending rigidity is Db = C/S0, where S0 = 2.6 Å2 is

the surface per atom defined by the tube at equilibrium.

Axial extension and compression to a (n,m) CNT was applied by changing |T1|
to (1 + ε)|T1|, with the applied strain ε being varied in the (−0.5% : 0.5%) range.

The intrinsic θ1 and θ2 angles were kept fixed. The obtained size dependence of

Ys = (1/So)d
2W/dε2 is displayed in Figure 5.2(b). In contrast with other re-

sults [114], Ys appears insensitive to χ. The axial elasticity of CNTs appears

similar to the in-plane one of graphene apart from effects due the tube curva-

ture. Above ∼ 1.25 nm Ys is practically constant and takes the 430 GPa·nm

value of graphene. The agreement with previous TB calculations [50], carried

out in the translational representation of the CNTs, confirms the validity of our

symmetry-adapted scheme. For 2R < 1.25 nm Ys softens, which is in disagreement

for example with the data [107] obtained using the second-generation Brenner’s

potential [111].

An axial twist rate γ was imposed by varying the intrinsic angle θ1 to θ1 + γ|T1|.
Because translational periodicity is not explicitly accounted for in our symmetry-

adapted MD [115], any torsional strain rate can be prescribed. By contrast, in

the translational formulation limited choices for γ are available [116], making cal-

culations of elastic moduli cumbersome. The resulting shear strain ε′ = γR was

varied in the (−0.5% : 0.5%) range, while |T1| was kept constant.

Figure 5.2(c) displays the obtained surface shear modulus, Gs = (1/So)d
2W/dε′2.

For 2R > 1.25 nm, Gs is not sensitive to χ and converges quickly to the 156 GPa·nm

value of graphene. This value is higher than the 113 GPa·nm [117] reported re-

cently from the second-generation Brenner’s potential [111] and is in excellent

agreement with the 157 GPa·nm from DFT [116]. For 2R < 1.25 nm there is a

pronounced splitting over χ with Gs bounded from above by zig-zag tubes and

from below by armchair CNTs.
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Figure 5.3: (a) The strain energy of a SWCNT with diameter ∼ 1.2 nm as
a function of the bending angle. The tip in the curve is associated with the
emergence of buckling. (b) Buckled SWCNT corresponding to the linear region of
the strain energy shown in (a). Adapted from Ref. [4]

The χ-dependence for Gs for 2R < 1.25 nm unequivocally shows anisotropy. Inter-

estingly, the HiPco-produced CNTs fall within this size-range. However, our TB

data for 2R > 1.25 nm shows that both Ys and Gs are practically converged to the

values of isotropic graphene. Thus, the isotropic CNT model is justified and we

have [21] Gs = Ys/2(1 + νs). The resulting value for the Poisson ratio νs = 0.38 is

lower than the one obtained with the Brenner’s potential [21] but still larger than

in experiment. In spite of previous criticism [21], for practical reasons it is also

useful to give a CNT elastic thin-shell model [5]. Thus, we expressed Db = Y h3/12

and Ys = Y h. Using our TB data we obtained h = 0.8 Å and Y = 5.2 TPa.

In summary, we performed an extensive study of CNTs’ elasticity. The use of

the TB potential is needed since the transferability of commonly used bond-order

potentials for hydrocarbons is very limited. The good agreement obtained here

for Ys and Gs with the available DFT data assures that the employed TB poten-

tial gives a reliable quantitative description of CNTs’ elasticity. We addressed a

large catalog of CNTs and obtain the scaling of the elastic response beyond the

errors of the numerical procedures. Calculations were possible due to the substan-

tial simplifications in the number of atoms introduced by the symmetry-adapted

description of mechanically deformed CNTs. The unique conjuncture of the size

and chirality dependence for both Ys and Gs validates the isotropic continuum

idealization for CNTs with 2R > 1.25 nm.
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5.3 Improper Boundary Conditions of

Conventional Formulations in

Modeling Non-linear Elastic

Properties of SWCNTs

Beyond the linear regime, the SWCNTs exhibit buckling both under extreme

bending [4, 5] and torsional [5] deformations. Buckling has been the subject of a

number of theoretical investigations, most dealing with the understanding of the

morphology of the buckling and how their emergence scales with the nanotube di-

ameter. On one hand, atomistic calculations based on the classical Tersoff-Brenner

potential [62, 106] showed that SWCNTs under severe bending strains [5, 118, 119]

are reaching a critical curvature beyond which buckling occurs. In the two regimes

the strain energy varies qualitatively different with the bending curvature. While

initially the strain energy increases quadratically, it becomes linear beyond a crit-

ical curvature. For example [4], Figure 5.3(a) plots the strain energy as a function

of bending angle (curvature). One can see that the linear region of strain energy

is up to 120◦ where the CNT is free of defect or fracture even under severe strain.

When the bending strain is released, the SWCNT returns to its initial straight

configuration without any hysteresis. Figure 5.3(b) shows the atomistic structure

of the buckled SWCNT, showing a characteristic kink in the middle. On the other

hand, simulations based on continuum models of SWCNTs considered longer nan-

otubes [18, 22, 120, 121] and found the existence of an additional intermediate

post-buckling regime where a rippling mode is developed consisting of multiple

kinks instead of local kink.

It should be noted that in all atomistic simulations [18, 22, 118–123] bending

was imposed by fixing the two ends of SWCNTs. More precisely, the SWCNTs

were fully relaxed and then bent with uniform curvature. Finally, the ends were

fixed and the SWCNTs were again relaxed. Clearly, in addition to bending, this

procedure introduces a surplus of strain that is not properly quantified. For small

computational cells, such as in the simulations reported in Ref. [4], this effect could

dominate the observed behavior.
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Figure 5.4: A longer SWCNT cylinder flattens into a straight axial spiral (a). A
shorter SWCNT collapses locally from the cross-section (b). In both simulations
the torsional deformation was imposed by keeping fixed the end atoms (which are
not shown in (a)). Adapted from Ref. [5] and [6]

The torsional deformation of CNTs were also intensively studied theoretically [22,

124–126] under the same type of boundary condition in which the end atoms are

kept fixed and circular. On one hand, this approximation could be physically jus-

tifiable by a presence of rigid caps on normally closed ends of a molecule, which

deter the through flattening necessary for the helix to form. On the other hand,

this approximation is too strong considering that the simulated nanotube is much

shorter than the experimentally observed. Indeed, to describe the structural in-

stability of SWCNTs when the torsional strain is beyond the linear elastic regime,

two-buckling states were identified [5, 6, 127]. For longer nanotubes, a global tor-

sional buckling in terms of a flattened axial spiral across the whole length of CNTs

was obtained [5]. As shown in Figure 5.4(a), see Ref. [5], the buckling deformation

distributes uniformly along the SWCNT. In Figure 5.4(b), see Ref. [6] we show

the result of a simulation on a shorter SWCNT under severe torsional strain. The

two ends of SWCNT were kept fixed. When the buckling deformation is initiated,

a local collapse at the cross-section is developed. However, the relaxation is pro-

hibited at the fixed ends. This ending effect will reinforce the applied strain more

than the torsional strain of interest.

Finally, we emphasize that because of the high computational demand in terms

of the number of atoms, all microscopic studies of SWCNTs under severe bending
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Figure 5.5: Rippling patterns in a (12,12) CNT under 100/nm twist. Colors
correspond to azimuthal replicas of the repeating cell.

and torsion are employing a classical description of the carbon-carbon bonding,

with the Tersoff-Brenner potential as the most widely used. In addition to the

deficiencies of this potential outlined above, the difficulties in describing the frac-

ture mechanics should be also noted. Recently, it has been demonstrated [128]

that SWCNT fracture by direct bond breaking is a likely response mechanism of

SWCNTs under large deformations. On the other hand, a quantum mechanical

description such as tight-binding, would be able to describe alternative to buckling

mechanisms that could involve the breaking of the bonds.

5.4 Rippled States in Carbon Nanotubes under

pure Torsion via Symmetry-Adapted

Molecular Dynamics

We indicate the utility of the symmetry-adapted MD method in situations involv-

ing bifurcation and complex shape changes under torsional deformations. The

examples presented in Figure 5.5 demonstrate that we can describe severe buck-

ling patterns that arise when a (12, 12) tube is subjected to a twist of 10◦/nm.

These wave-like modes involve long range rippling along axis, possessing larger

translation periodicity with the repeating cell containing up to 1728 atoms.

In symmetry-adapted MD, the procedure for applying an arbitrary axial twist

per unit length of α rad/nm at fixed strain is as follows: while preserving the
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Figure 5.6: Strain energy vs. twist rate γ for cylinder idealized shape and
rippling modes. Torque (in arbitrary units) for the two-lobe mode reveals two
stages of rippling, also marked with two gray levels.

equilibrium value for T1, the angle θ1 is modified to θ1 − α |T1|. This simple

procedure contrasts with the relative rigidity imposed by periodic MD, where α

is constrained by the rotational symmetry of the tube and the number of unit

cells. The wave-like modes were individually computed from three repeating cells

delineated by the translational vector T but different θ2 values, 1800, 1200, and

900. These cells contain 24, 18, and 12 atoms, respectively.

At this moment, it is also worth pointing out that in the translational MD frame,

not only a large translational cell is inevitable but also discrete twist rate is allowed

merely.

The capability of allowing an arbitrary twist along with the ability to study in

a decoupled way the distinct deformation modes allows one to precisely pinpoint

the critical level of twist beyond which the cylinder shape becomes unstable, i.e.,

the bifurcation point. To identify the optimal configurations we used symmetry-

adapted MD as an optimization tool by carrying out a combination of MD followed
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by conjugate-gradient energy minimizations. We were able to unambiguously iden-

tify the fundamental rippling mode and pinpoint the level of twist beyond which

the cylinder shape becomes first unstable, i.e., the bifurcation point. The results of

a series of careful energy minimizations are summarized in Figure 5.6, where plots

of energy vs. the twist angle α are shown for three choices of repeating domains.

The importance range of the various modes can be judged from Figure 5.6, which

shows the computed strain-energies vs. γ. The curve obtained from a 4 atom

repeating cell with θ2 = 300 (thin line) is a useful reference as the CNT’s cylinder

shape is preserved. At lower strain this state is stable but beyond 40/nm the two-

lobe buckling state lowers significantly the elastic energy. The perfect structure

can also assume the three- and four-lobe buckled states at 70/nm and 90/nm,

respectively, but the two-lobe morphology stays favorable. We conjuncture that

modes exist as distinct states and twisting doesn’t mix them by driving further

circumferential rippling.

The evolution of torque (energy derivative with γ), Figure 5.6, reveals that the

two-lobe rippling develops in two stages. The first is a transient one and initiates

at the bifurcation, where the linear torque variation is interrupted by a rather

abrupt drop. The cylinder shape develops ridges and furrows as the torque’s rate

is negative. The minimal distance between furrows decreases until a van der Waals

equilibrium distance of 3.4 Å is reached at 7.20/nm. Here the transient stage is

complete and torque’s rate of growth switches from negative to positive. In this

second stage there is no notable change in shape of the collapsed cross section.

We emphasize that although the nonlinear instabilities under torsion have been

noticed before [5] and [6], the symmetry-adapted MD method allows for an un-

precedented characterization of bifurcation points and a decoupled study of the

various response modes. The planned tight-binding treatment will offer the first

accurate description of the nonlinear response of nanotubes to severe torsional

deformations. Because we will explicitly account for the electronic states, we will

also be able to describe the changes in electronic properties under various levels

of deformations. Such results are of great interest for the NEMS device [103].
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Figure 5.7: (a) Energy of a (12,12) SWCNT (black line) and its derivative
dE/dθ (red line) as functions of bending angle. The two arrows indicate the
critical bending angles where the quadratic growth of energy ends (left arrow)
and where the linear growth of energy starts (right arrow). The shown nanotube
structures correspond in (b) to linear elastic regime with θ2 = 6◦ and to the
nonlinear bending regime in (c) with θ2 = 20◦ and (d) with θ2 = 35◦. Simulations
were carried out on a 480 atom cell shown in yellow. The blue atoms indicate
replicas of the simulation cell.

5.5 Rippled States in Carbon Nanotubes under

pure Bending via Symmetry-Adapted

Molecular Dynamics

We also indicate how the method can be used to study bending deformations in

nanotubes: In the framework provided by formula (3.23), bending can be imposed

via the rotation matrix R2 and by choosing R1 = I, T1 = 0, while the selected

simulation domain should capture the full circumference of the tube.

Figure 5.7(a) shows results from a series of optimization calculations performed

on a translational cell containing 480 atoms from a (12, 12) tube with a length of

2.6 nm. We found that the bending energy can be expressed as

E =
1

2
Kθa

2 , (5.2)

where K is the bending force constant. At small bending the energy measured
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Figure 5.8: (a) Bending energy (dark line) and its derivative dE/dθ (red line)
as functions of bending angle θ. Like in the previous figure, a (12,12) SWCNT
containing 480 atoms was considered. However, here bending was imposed by
freezing the end atoms.

grows quadratically (a = 2), where K = 0.43 eV rad−2. The optimized bent geom-

etry of Figure 5.7(b) presents the relaxed bent structure (yellow) and two replicas

(blue) obtained with formula (3.23). Under higher bending for θ2 beyond a critical

angle of 7.1◦, the SWCNT does not break but instead it buckles, as can be observed

in Figures 5.7(c) and (d). The critical angle separating the linear-buckling regime

was determined by analyzing the derivative of bending energy to the bending an-

gle, shown in red curve in Figure 5.7(a). One can clearly see the descending of the

derivative starting from the point marked by the first down arrow. The gradual

decreasing of the red curve indicates 0 < a < 1, corresponding to the transient

regime identified recently from large scale atomistic simulations [122]. This regime

is not well explored and many previous works on the subject did not identify such

transient bending regime [4, 5]. The second down-arrow marks the ending of the

transient regime. The derivative curve becomes horizontal indicating the linear

growth of bending energy (a = 1). This regime was previously identified by most

workers [4, 5]. We suspect that the difficulty of previous methods in describing

the transient bending regime are related with the ad hoc method of imposing the

bending deformation, by keeping the end atoms fixed. The same boundary condi-

tions were used in Ref. [122] but the size of the nanotube was larger, such as the

end effects became less important.
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Figure 5.9: Bending energy E (dark line) as functions of the bending angle θ (a)
(10,10), (b) (8,8) and (c) (6,6) SWCNT with a length of 2.6 nm. The derivative
dE/dθ (red line) is also shown. As before, the down arrows mark transitions to
another bending regime.

Interestingly, in our preliminary investigations we have seen that the bending-

strain energy dependence is very different under the traditional fixed-ends bound-

ary conditions. This is demonstrated in Figure. 5.8 showing the 480 atoms (12,12)

CNT now bent under the traditional fixed-end boundary conditions. The strain

dependence beyond the critical point (marked by the down arrow) is very different

from the one noted in Figure 5.7, which confirms our suspicion and also illustrates

the importance of the new approach.
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Figure 5.10: (a) Bending critical curvature (CC) as a function of diameter for
armchair, zigzag and chiral SWCNTs. The dependence was fitted as CC = a/4R2,
where the a = 0.124 nm. (b) Critical curvature coefficient a as a function of length
for a (6,6) SWCNT.

In order to further explore the observed 0 < a < 1 buckling behavior, we have

considered the role played by the diameter of SWCNT. We have performed bend-

ing simulations on (6, 6), (8, 8) and (10, 10) SWCNT having the same length of

2.6 nm and studied their buckling behavior. As shown in Figure 5.9, the transient

regime narrows with decreasing size but still exists. We plan to continue these

investigations with the more precise tight-binding approach.

Turning to our symmetry-adapted MD calculations, we can also establish the de-

pendence of the critical buckling curvature on diameter, length and chirality. Some

obtained results are summarized in Figure 5.10. Figure 5.10(a) shows that the ob-

tained dependence for the critical curvature, which varies inversely proportional

with the square of diameter, which is consistent with previous works [4, 5]:

CC =
a

4R2
. (5.3)

The length of the various SWCNTs considered in the simulation was taken equal.

The fitted value for the coefficient a was 0.124 nm. Figure 5.10(a) also shows that

the critical curvature is almost independent of the chirality. We have also obtained

that the critical curvature coefficient actually is function of length, as can be seen

in Figure 5.10(b), showing the CC value for (6,6) SWCNT of various lengths L.
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Figure 5.11: Bending energy is plotted according to different bending modes at
different bending angles. For the atomistic (6, 6) SWCNT structures, the sections
marked with yellow color are used in the simulation: single translational cell (I),
15 translational cells (II) and 30 translational cells (III).

The fitted function was obtained as:

a = 0.14(L− 0.253)−0.911. (5.4)

Another interesting aspect of buckling state is that there may be several harmonic

modes [5] along the axis of SWCNTs. We here show how various harmonic modes

can be studied. We have selected a (6,6) SWCNT with a translational cell of length

of ∼ 8 nm. Supercell bending calculations were performed and various bending

instabilities appeared under the same bending conditions during the simulations

carried out at various lengths. In Figure 5.11 the computational cells are again

shown in yellow. The unbuckled state shown in (I) was obtained when a single

translational cell where buckling cannot be acomodated. The buckling mode with

two kinks (II) was simulated by using 15 translational cells while the buckling

mode with single kink (III) emerged in a simulated using 30 translational cells.

As can be seen in Figure 5.11, the buckling states are initialed at ∼ 60◦. In the

energy aspect, the non-buckled state has the highest energy while the two buckled

mode presents a lower energy. In agreement with continuum theory predictions,

the single kink mode corresponds to the fundamental mode and has the lowest

energy.



Chapter 6

Hexagonal Nanotube Structures

as Screw Dislocations.

As discussed in Chapter 2, a stress free carbon nanotube can be described by a

minimal two atom repeating domain with “helical-angular representation”. When

the repeating rule is modified from translation to translation + rotation, symmetry-

adapted MD enables the economical computational costs in computing the elastic

constants. However, this minimal two atom domain forbids structural relaxation

beyond linearity. As discussed in Chapter 4, to study the nonlinear mechanical

response of carbon nanotubes under external deformations, larger domains were

employed. The feature of the nonlinear elasticity – buckling – was then obtained.

Nevertheless, for the purpose to study the plasticity, what is the best choice of the

repeating domain then?

6.1 Screw-Dislocation Construction of

Hexagonal Nanotubes

Symmetry-adapted MD represents a generalization of the widely used MD un-

der periodic boundary conditions (PBC). In PBC MD, the solution satisfies the

specified translational invariance of a CNT. In symmetry-adapted MD, the helical

73
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Figure 6.1: Symmetry-adated MD cells shown in red (dark), for (8, 8), (9, 7),
and (10, 6) CNTs, all contain 32 atoms. Screw vectors b and 2b specify the glide
steps. Horizontal arrows show the right-handed applied-twist.

symmetry of a CNT is no longer concealed and the solution is invariant to the

specified screw (translation and rotation) group operations of a CNT.

Figure 6.1 (left) shows a (n, n) CNT formed by rolling-up a carbon ribbon with

zig-zag edges. The infinitely long tubule can be mathematically generated by

repeated axial translations with Burgers vector b3 = a1−a2 applied to the atoms

located in the translational ring below. Figure 6.1(center) shows a (n+1, n−1) NT

obtained by rolling-up the same ribbon, followed by an additional axial glide with

b3. This glide creates an axial screw dislocation with respect to the armchair NT,

with Burgers vector ib3, where i is an integer. The glide induces a torque that

produces an atomic-scale Eshelby’s twist, and formation of a (n + i,n − i) chiral

pattern. For example, a (10, 6) CNT (Figure 6.1 (right)) is obtained with glide

2b.

In symmetry-adapted MD, we describe a chiral (n+ i, n− i) NT from the same N

atoms belonging to the translational cell of the (n, n) hexagonal NT. Let Xj be

their atomic positions after axial glide with ib3. This collection of N atoms stands

for the new symmetry-adapted MD cell. Positions Xj,ζ of the atoms located in

the repeating cell replica indexed by integer ζ are obtained with

Xj,ζ = RζXj + ζb, j = 1, ..., N. (6.1)

Axial vector b combined with rotational matrix R of angle θ characterize the

helical transformation. These structural parameters are analogous to the lattice
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vectors in PBC MD.

Again, the major advantage of symmetry-adapted MD is that it treats on the

same footing chirality and torsional deformations and thus can model chiral CNTs

under arbitrary torsional distortion from relatively small repeating domains. By

contrast, the widely-used PBC MD requires large translational cells or supercells,

and describes only discrete torsional deformations, compatible with the assumed

translational symmetry. The introduced simplifications in the number of atoms

allows us to apply an accurate, quantum-mechanical treatment of the chemical

binding [115].

6.2 Dislocation Onset and Glide in Carbon

Nanotubes under Torsion

With this new repeating domain, we show that the plastic property – glide –

can be also conveniently dealt with by symmetry-adapted MD. Despite the well

known near circumferential glide in carbon nanotubes under tension deformation,

we found that a near-axial glide can be achieved in nanotubes with hexagonal wall

under torsion.

Our motivation of this work is invoked by the recent experiments on superplas-

ticity [129, 130] where CNTs can undergo large elongation and thinning without

abandoning their perfection and also the theoretical studies [131–133] indicat-

ing that superplasticity relies on primary microscopic mechanisms, like a mass-

conserving glide along nearly-circumferential helical paths, as well as on a nearely-

axial pseudoclimb, with dimers directly breaking out of the lattice. Remarkably,

each mass-conserving glide step lowers the CNT’s diameter and changes its index

from (n,m) to (n,m-1) or (n-1,m). Plasticity under bending [134, 135] was also

described in terms of the kink motion along the nearly-circumferential paths.

Indeed, the remarkable physical properties of CNTs originate in their objective

atomic structure [39], where each carbon atom sees precisely the same environment

up to rotation and translation. Modulating these properties is highly desirable for

various applications and systematic ways to manipulate the perfect arrangement
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of hexagonal rings are needed. Due to the strong carbon-carbon covalent bonding,

inducing such structural changes requires high temperature and/or irradiation

conditions. A wealth of experimental data [136] shows that the near-sublimation

thermal agitation does not necessarily destroy CNTs. Instead, it can have a benefic

effect, especially when combining the significant random agitation of the atoms

with a coherent component caused by an externally-applied deformation.

Then, a logic question would be raised: Besides the near circumferential glide

under tension, what other primary transformations can be induced by external

deformation on the hot CNT lattice? To address this question we considered

CNT’s plasticity under another fundamental type of deformation – torsion. The

popular atomistic modeling tools are unsuitable for modeling this deformation. We

describe the CNT’s torsional response with symmetry-adapted molecular dynamics

(MD) and predict the possibility of a mass-conserving nearly-axial glide. We first

indicate by direct calculation the susceptibility of twisted (n,m) CNTs to glide

along this path. Next, we show that the practical realization does not necessitate

any preexisting defects and it can be triggered by the nucleation of a 5-7-7-5

dislocation dipole. Once nucleated, the 5-7 kinks glide away from each other,

leaving behind an (n+1,m-1) CNT.

6.2.1 Nearly Axial Glide Path in Carbon Nanotubes under

Torsion

We now start to identify the slip path befitting single-walled CNTs under right-

handed twist. It is convenient to represent the CNT’s translational, rotational,

and helical symmetry with vectors in the unrolled representation projected onto a

graphene sheet. Screw vectors describe helical symmetry and have components

along translational and circumferential vectors. The three Burgers vectors of

graphene [130] indicate three non-equivalent helical slip paths for CNTs. We will

show with direct symmetry-adapted MD calculations that the path indicated by

the screw Burgers vector b with the smallest component in the circumferential di-

rection [34] is desirable under twist. For right-handed CNTs, b = a1−a2, where a1

and a2 are graphene’s lattice vectors. It is easy to see that a slip step achieved by

a global network motion has the effect of changing the (n,m) CNT’s circumference
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Figure 6.2: Strain energy versus the applied-twist rate, starting from (a) arm-
chair and (b) zig-zag CNTs. The energy minima corresponds to the undeformed
CNTs of indexes indicated below each curve.

vector from C =na1+ma2 to C′ = C + b = (n+1)a1 + (m-1)a2, and thus leading

to an (n+1,m-1) CNT. For example, starting from the (8,8) CNT, Figure 6.1, glide

with b and 2b, leads to (9,7) and (10,6) CNTs, respectively. The (8,8) CNT of

Figure 6.1 is described from the 32-atom translational domain, shown with red

(dark gray). Thus, in eq. (6.1) R is the identity matrix (θ0 = 0) and index i

runs over the atoms located in the translational domain of periodicity T. Once

the stress-free configuration was identified through conjugate gradient potential

energy scans under different |T| values, a torsional strain rate γ = (θ − θ0)/|T|
was imposed by increasing the screw angle θ. The procedure was repeated for the

(9,7) and (10,6) CNTs, both described from the 32-atom domain altered by b and

2b glide steps, respectively.

The obtained strain energy (measured with respect to the energy of the (8,8) CNT)

versus γ is presented in Figure 6.2. Starting from left, one sees the expected

quadratic increase in the energetics of the (8,8) CNT. Beyond a 0.4 deg/Å twist

rate the armchair structure becomes unfavorable against the reversely-twisted

(9,7) CNT. As γ is further increased, the (9,7) CNT’s strain energy decreases

until the stress-free state is reached, beyond which this CNT is forwardly-twisted.

Eventually (9,7) CNT looses its advantage to the (10,6) CNT and so on until

the zig-zag (16,0) CNT is obtained after 8b (not shown). The similar calcula-

tions presented in Fig. 1(c) started from the zig-zag case show that the vertical
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glide introduces a change in handedness. The (16,0) CNT was represented as a

(0,16) CNT from a 32-atom domain with a -8b slip and θ0 = −11.25o, which is

the new reference value for measuring γ. Under applied twist the (1,15) CNT (-7b

glide left-handed) becomes quickly favorable, followed by (2,14) CNT (-6b glide,

left-handed) and so on, until (8,8) CNT is regained.

6.2.2 The Onset of Dislocations in Carbon Nanotubes

under Torsion

The next logical step is to investigate the realization of the glide through discrete

dislocation motion rather than by the unlikely coherent motion of the graphene

strip edges past one another. It is natural to conjecture the nucleation of a primary

Stone-Wales (SW) defect with two 5-7 dislocation cores of ±b Burgers vector. The

importance of the SW defect in CNT’s plasticity under tension and bending is well

recognized [128, 134, 135, 137] but its role under torsion was not revealed.

In a pristine CNT, the SW defect forms via a 900 bond flip. The encountered

energy barrier is high [128, 137] and the transformation requires high temperatures

or irradiation. Notably, the SW defect structure will slightly elongate along the

direction given by the pentagons. In the tubular geometry, the SW transformation

of a non-circumferential or a non-axial bond, locally twists and lengthens the

CNT. If the CNT is under torsion, a properly-oriented defect can relive strain and

eventually make the SW defected state energetically favorable over the pristine

one. For example the calculations presented in Figure ??(a) show the energy

dependence on the twist rate for the perfect and SW-defected (16,0) CNT. The

minimum of the SW curve gives the twists rate γSW = 0.17 eV/Å and formation

energy ESW = 4.0 eV. The intersection of the two curves gives the critical twist rate

γ∗ = 0.72 eV/Å above which the defected state becomes energetically favorable.

We now focus on the χ-dependence of the plasticity onset. Generally, in a chiral

CNT there are three sets of non-equivalent bonds, labeled 1, 2, and 3 in Fig-

ure ??(b), that make distinct angles β with respect to the CNT axis. Depending

on the bond to undergo the SW transformation, there are three possible non-

equivalent defect orientations. Given an applied twist handedness, the most likely
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Figure 6.3: (a) Energy versus applied-twist rate for a perfect and SW defected
(16, 0) CNT. The simulation cell contains 128 atoms and it is derived from the
translational cell of an (8, 8) CNT via 8b glide steps. (b) Schematics of the non-
equivalent 5-7-7-5 dislocation dipoles formed by 900 rotation of the three non-
equivalent bonds, labeled 1, 2, and 3. In (a), bond 2 underwent the SW trans-
formation. Under twist, a 5-7 core can glide along the Burgers screw vectors b,
shown in blue (light gray), via a 900 rotation of the adjacent “shoulder” bond.
Chirality is measured by the angle χ made by its projected circumference with
graphene’s lattice vector a1. Thus, dashed lines indicate the armchair (χ = ±300)
and zig-zag (χ = 00) directions.
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Figure 6.4: (a) The twist rate γSW introduced by the SW transformation of a
bond that initially makes an angle β with respect to the CNT axis. Calculations
(open circles) were carried out on the [(8,8), (9,7), ..., (16,0)] CNT family described
from 128-atom repeating domains. The continuous line is the fitting to lowest order
in β. The reduced-zone representation, i.e., γSW as a function of chirality, in (b)
right- and (c) left-handed CNTs. The three branches 1, 2, and 3, correspond to
the three distinct bonds in a CNT, shown in the schematics in the armchair and
zig-zag orientations. Plasticity onset as a function of chirality in (d) right- and (c)
left-handed CNTs.

bond to flip is the one that produces the largest γSW and thus the smallest γ∗. In

order to quantify γSW and then determine [138] γ∗, we have carried out a series of

SW calculations for a series of nearly-equal 5.8 Å in radius CNTs: (8,8), (9,7),...,

(15,1), and (16,0), all described with the 128-atom translational supercell of the

(8,8) CNT, as altered by the 0, b, ..., 8b glide steps, respectively. Calculations

obtained ESW = 4.04± 0.5 eV and a distinct β-dependence for γSW , as evidenced

by Figure 6.4(a). Fitting this atomistic data, to the lowest order in β we have

γSW/[deg/Å] = −0.19 · sin(2β).
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Figure 6.5: (a) Splitting of the 5-7-7-5 defect with axial glide of the 5-7 kink,
in an (8,8) CNT under torsion. The first (7-7-6-7-5) and second (5-7-6-6-7-5)
glide step configurations are next shown. (b) Energy versus applied twist rate
for the pristine, SW defected, first, and second glide steps. Shaded area indicates
the strain range where all defected CNTs become energetically favorable over the
pristine one. The down arrow indicates the possibility of glide through the lower
energetic states towards the (9,7) CNT.
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More understanding can be gained by examining the added “reduced-zone” plots,

that present γSW introduced by the three distinct sets of bonds in a CNT of chiral-

ity χ. As χ varies from armchair to zig-zag in right-handed CNTs, Figure 6.4(b),

our data shows that at χ = 15◦ the bond most prone to the SW flip changes

from 1 to 2. When going from zig-zag to armchair (left-handed CNTs indicated

by negative χ), Figure 6.4(c), only bond 2 can be flipped by applied twist. Note

that the bonds identified here do not generally coincide with the ones prone to

flip under external elongation [137]. The obtained χ-dependence for the onset

of plastic deformation is correlated with the pronounced angular dependence of

γSW . For right-handed CNTs, Figure 6.4(d), the γ∗ dependence indicates that

the thermodynamic conditions for plastic yield are met latest at χ ∼ 150 where

a crossover-cusp dependence is noted due to the change on the most favorable

bond choice. For left-handed CNTs, Figure 6.4(e), the dependence is smooth and

bounded by the 0.7-0.85 deg/Å interval.

Once nucleated, the 5-7-7-5 defect splits into two 5-7 cores via a succession of 900

bond flips [132]. Notably, under applied twist the SW defect splits in a distinct

way, such that the 5-7 core moves along the (n,m) CNT along the Burgers vector

directions indicated in Figure 6.5(b), to leave behind an (n+1,m-1) CNT region.

We demonstrate the initial stages of glide by direct calculations carried out on

a (8,8) CNT described with a supercell containing 256 atoms. Figure 4 shows

the the topology of the SW defect obtained by the rotation of bond 1, followed

by the two initial stages of the glide process, as well as the energy dependence

with the applied twist rate for these configurations. Several important features

can be noted. All curves appear to have similar curvatures but their minimum

points are shifted towards higher strain rate values, from 0 deg/Å for (8,8) CNT

to 0.3 deg/Å for the second glide step. Additionally, the formation energy of the

second glide step didn’t increase much compared to the first. As a result, the

configurations with more glide steps are intersecting the pristine (8,8) CNT curve

earlier than the ones with fewer. By the time crossover of the SW curve with

the pristine one occurs at 0.73 deg/Å, all following glide states would be lower in

energy and the (8,8) CNT’s lattice can slide down through a series of glide steps

towards the energetically preferred (9,7) CNT.
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6.3 Intrinsic Twist in MoS2 Nanotubes

New findings often come with new viewpoints. Adopting the screw-dislocation NT

construction view with symmetry-adapted MD, we find out a large collection of

MoS2 NTs are of lacking the standard translational symmetry. Thus, the usual

roll-up construction needs to be amended: while the circumference vector is being

rolled, the translation vector should turn into a helix. Deriving the parameters

for this helix is complex and requires both the ability to describe the nonlinear

microscopic response of the MoS2 to rolling and an accurate description of the

interatomic interactions.

It is likely that many other NTs have a locked twist, including very small diameter

CNTs. With symmetry-adapted MD relying on the helical symmetry of the Es-

helby’s twist [139], the structure, properties and dynamical behavior for other chi-

ral nanostructures, including lead sulphide [140] and lead selenide [141] nanowires

grown via a screw dislocation mechanism, polymers and certain biomolecules can

be also studied conveniently. Here we showed that helical MoS2 NTs have intrinsic

twist, and χ-dependent fundamental band-gaps and elastic responses. Although of

practical interest [142], the elastic torsional response of MoS2 NTs was not studied

extensively until now due to the incompatibility of PBC with this type of defor-

mation. The knowledge of the band-gap and elastic-constant variations with χ

opens the possibility to design new NT-pedal [142] electromechanical devices and

experiments using MoS2 NT components.

Having the hexagonal wall lattice, the atomistic structure of MoS2 nanotubes can

be described as a screw dislocation similarly as in carbon nanotubes. Figure 6.6(a)

(left) shows a (n, n) NT formed by rolling-up a MoS2 ribbon with zig-zag Mo and

S edges. The infinitely long tubule can be mathematically generated by repeated

axial translations with Burgers vector b3 = a1 − a2 applied to the atoms located

in the translational ring below. Figure 6.6(a)(right) shows a (n + 1, n − 1) NT

obtained by rolling-up the same ribbon, followed by an additional axial glide with

b3. This glide creates an axial screw dislocation with respect to the armchair NT,

with Burgers vector ib3, where i is an integer. The glide induces a torque that

produces an atomic-scale Eshelby’s twist, and formation of a (n + i,n − i) chiral

pattern.
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Figure 6.6: (a) Symmetry-adapted computational cells (below) for (10,10) (left)
and (11,9) (right) MoS2 NTs. The NT structures (above) were obtained by the
helical replication of the symmetry-adapted MD cells along vector b3. (b) Strain
energy vs. θ for the (10,10) ... (20,0) NT family with nearly-equal diameters. The
energy minima correspond to the stress-free NTs of indexes indicated under each
curve.

We have performed calculations on five families (n = 10, 14, 16, 18) generated by

introducing axial screw dislocations in (n,n) NT structures. Additionally, a large

collection of armchair and zig-zag NTs of 1− 9 nm diameter was considered. The

initial structural information for a (n,m) NT is adopted from the rolled MoS2 layer,

for which the free parameters of eq. (6.1) can be obtained with the simple expres-

sions |b0| =
√

3a(n +m)/2
√
n2 + nm+m2 and θ0 = π(n −m)/(n2 + nm +m2).

Parameter a = 3.27 Å is the length of the primitive vectors of the flat layer. Addi-

tionally, the radius of this tubule writes [38]R0 = |C0|/2π = a
√
n2 + nm+m2/2π.

The stress-free atomic positions and the Eshelby’s twist parameters (|bE| and θE)

are identified by applying a symmetry-adapted modeling procedure, symmetry-

adapted MD within conjugate gradient minimization of the total potential energy.
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Figure 6.7: Scaling of the intrinsic (a) axial (ε), (b) radial (ε∗) strains with NT
diameter. (c) Torsional shear strain and (d) axial strain (both multiplied by R1.55)
for the chiral MoS2 NTs, as obtained from the DFTB model.

Most unusually, we find that for a large catalog of NTs the structural parameter

predictions given by the roll-up are not adequate. This is exemplified in Fig-

ure 6.6(b) for the (10, 10)...(20, 0) NT family. Indeed, axial relaxation under fixed

angle θ0 only is not sufficient, and further angular relaxation in the vicinity of

relaxed |bE| lowers the energy. The angle values of the stress-free chiral structures

θE deviate from the predicted θ0 indicated by down arrows. Thus, the chiral NTs

possess an intrinsic twist with respect to roll-up configuration.



Chapter 6. Hexagonal Nanotube Structures as Screw Dislocations 86

6.3.1 Nonlinear Mechanical Response of MoS2 Monolayer

to Rolling

More insight into the structural parameters of stress-free NTs is obtained by

analyzing the variations shown in Figure 6.7(a) and (b). The axial prestrain

ε = (|bE| − |b0|)/|b0| and the radial prestrain ε∗ = (R − R0)/R0 are essentially

zero in the large diameter region. No intrinsic twist was found at these diameters

and we conclude that pure roll-up is achieved for diameters larger than ∼ 7 nm.

At lower diameters however, the behavior is nonlinear. The rolling of the MoS2

layer couples both with the in-plane strain and the rolling curvature. Figure 6.7(a)

shows that while armchair NTs slightly elongate with increasing curvature, the zig-

zag ones shrink. As a result, in chiral NTs the axial prestrain values are spread

between these two curves. Concurrently, NTs undergo a decompression with re-

spect to the rolled-up configuration, Figure 6.7(b), with practically no chirality

dependence.

For a compact characterization, we combined simple symmetry arguments with

the extensive numerical computations and derived simple functional forms for all

prestrains. Ignoring the small chirality effect, the radial prestrain can be described

by a simple fitting of the atomistic data, as ε∗ = 5.4(R/Å)−1.55. We further as-

sume the same radial scaling for the other prestrains. At constant R, the developed

anisotropy between special armchair and zig-zag directions implies that both ε∗

and the shear prestrain γ = (θE − θ0)R/|bE|, must have a 60o period in their

chirality angle dependence. Fig. 2(c) and (d) both show a nearly linear depen-

dence of γ and ε (both R1.55 augmented) to the symmetry-allowed lowest-order

in chiral angle χ. Thus, to a good approximation γ = 0.52(R/Å)−1.55sin6χ and

ε = −(R/Å)−1.55(0.18 + 0.24cos6χ).

To summarize, a (n,m) NT obtained by pure rolling has translational symmetry,

with T0 =
√

3|C0|/d, where d is the greatest common divisor of 2n + m and

2m + n [34]. However, the nonlinear roll-up effect introduces an intrinsic twist.

For example, a (14, 6) MoS2 NT locks a 0.87 deg/nm twist rate. How can we

describe the atomic order in the chiral NTs without the translation property?

Our comprehensive investigation of the fully relaxed structures found that the

helical invariance is present to the extent that the NT structures can be described
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Figure 6.8: (a) Band structure for a (19,1) MoS2 NT. The Fermi level, located
at zero, is marked by a horizontal line. The horizontal axis represents the helical
quantum numbers. (b) Calculated band-gap energies as a function of chirality.

by applying successive commuting helical transformations to the MoS2 molecule,

as

Xj,(ζ,ζ′) = R′ζ(RζXj + ζb) + ζ ′T, j = 1, 2, 3. (6.2)

Of course, the structural parameters for the old helical operator are |bE| and θE.

The new helical transformation is characterized by a translation T = T0(1 + ε)

and an axial rotation matrix R′ of angle θ′ = γT . Note that, if γ is vanishingly

small, eq. (6.2) becomes the translational-helical representation [34]. The heli-

cal polymers [143] generated with (6.2), regardless of the positions of the atoms

in the molecule, belong to the larger class of recently defined objective molecu-

lar structures [39]. Informally, in an objective molecular structure corresponding

atoms in different molecules see exactly the same environment up to orthogonal

transformation (translation and rotation).
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Figure 6.9: (a) Young’s and (b) shear modulus vs. NT diameter. The wall
thickness was taken to be 6.15 Å.

6.3.2 Chirality- and Size-Dependence of MoS2 NTs

Properties

The helical symmetry introduced by the Eshelby’s twist combined with symmetry-

adapted MD is a suitable framework to study the chiral MoS2 NTs. For example,

in PBC calculations the common way to analyze the electronic energy is by plot-

ting the electronic bands as a function of the linear momentum. Analogously, in

symmetry-adapted MD calculations electronic states are plotted as a function of

the helical quantum number k, as exemplified in Figure 6.8(a) for the tight-binding

states of a (19, 1) NT. Our analysis found that all computed chiral NTs have in-

direct band-gaps. Within the same family, band-gap decreases smoothly with

increasing χ, Figure 6.8(b). The chirality dependence is pronounced at smaller

diameters.

If the structural parameters |bE| and θE are varied around their optimized values,

the NT’s property of being an objective molecular structure is retained but helical
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strain states are introduced [143]. Using this strategy we studied pure tensile and

torsional deformations [144] within the adiabatic approximation, i.e. when forces

on atoms are derived from the electronic ground state at each strain configuration.

Evaluation of the elastic constants was then accomplished with simple second-order

polynomial fits to the ground-state energy’s dependence on strain.

When the nonlinear elasticity under rolling-up arises, this should alter the isotropic

elastic behavior of the MoS2 NTs. Indeed, for diameters under ∼ 7 nm there is

a discernible diameter- and chirality-dependent anisotropy in the elastic response,

as can be seen in the obtained Young’s Y and shear G elastic constants displayed

in Figure 6.8. Microscopically, this originates in the significant distortion of the

hexagonal lattice symmetry, as quantified by the ε, ε∗, and γ prestrains. The

similarity between the elastic quantities of NTs and the flat MoS2 layer holds only

at diameters larger than ∼ 7 nm, consistent with the prestrain analysis. In this

region, typical values Y = 230 GPa, G = 88 GPa, and Poisson ratio ν = 0.3

(obtained from the isotropic elasticity relation G = Y/2(1 + ν)), and bending

rigidity D = 34.4 eV/molecule (obtained from the strain energy of NTs) compare

favorably with experiment [145], demonstrating the reliability of the employed

treatment.



Chapter 7

Electromechanical

Characterization of Carbon

Nanotubes in Torsion via

Symmetry-Adapted Molecular

Dynamics.

Besides mechanical properties, carbon nanotubes also exhibits exceptional tunable-

by-strain electronic properties under fundamental types of deformations. Indeed,

it is now possible to perform conductivity measurements in CNT-pedal devices

which employ CNTs as torsional springs [8, 103, 146]. Since experimental uncer-

tainties are numerous, the atomistic simulation find an opportunity in such area.

As we developed the capability of symmetry-adapted molecular dynamics, the

complex morphology of deformed nanostructures can be economically modeled

with a small repeating domain, the accurate quantum mechanical computation

becomes affordable, where the electrons are explicitly accounted for.

As discussed in Chapter 5, under external deformations SWCNTs are susceptible

to rippling. It is interesting to point out that such rippling gives rise to a new

morphology of carbon nanostructures with helicoidal furrows and ridges. Due to

the complex morphology, the electromechanical response of CNTs under rippling

90
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cannot be computed with traditional methods. In spite of this complex morphol-

ogy, we will show that the electromechanical response in rippled carbon nanotubes

can be related the known electronic properties of flat graphene. Hence, we start

this chapter by reviewing the electronic properties of idealized cylindrical carbon

nanotubes under torsion, as derived directly from flat graphene.

7.1 Electronic Response of Idealized Carbon

Nanotubes under Torsion

From a mechanical viewpoint, rolling of the isotropically-elastic graphene into a

SWCNT is practically linear [147], i.e. it does not couple with other deformations

such as twisting, as noted in MoS2 NTs [148]. Curvature hardly affects the elec-

tronic states and the elastic [144] and electronic [34] properties can be understood

from those of flat graphene. For example, the electronic bands of a SWCNT of

radius R are equispaced 1/R sub-bands, labeled by the angular quantum number

l, in graphene’s band structure. For a (n, n) SWNT, l = 0, ..., n − 1 and kF,

the Fermi momentum of graphene, is located on the l = 0 sub-band. Notably,

the changes imposed on the electronic states by a homogeneous deformation can

still be derived from the flat graphene picture. A CNT’s response to torsion is

described by the Yang and Han (YH) nonperturbative model [149], formulated

in terms of π-orbitals. Use the flat graphene representation, the hamiltonian of

torsional deformed carbon nanotube can be easily obtained. Refer to Figure 2.1,

the minimal repeating cell contains two carbon atoms, denoting two sub-lattice.

Each of them has three nearest neighboring atoms. According to Bloch theory

discussed in Chapter 3, the hamiltonian reads:

H =

(
0

∑
ζ tζfζ(ka, kc)∑

ζ tζf
∗
ζ (ka, kc) 0

)
. (7.1)

where, the sum runs over the three nearest neighbors of the referred carbon atom.
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kt and kc are wavevector components in axial and circumferential directions, re-

spectively. fζ(ka, kc) is the relative Bloch phase. Parameter tζ is the hopping en-

ergy varying according to Harrison relation: tζ = t0r
2
ζ/r

2
0. Apparently, a quadratic

energy dispersion is obtained as:

E2 = |
∑

ζ

tζfζ(ka, kc)|2 (7.2)

We note that although the axial component of wavevector ka is continuous, the

circumferential component is discrete. In our notation, kc, associated the rota-

tional symmetry of carbon nantubes, is replaced with an integer number l named

as angular quantum number. Therefore, in the language of symmetry-adapted

MD, the key features of Yang-Han π-orbital model are summarized as follows:

When applying a torsional rate Γ, the wall of an ideal SWCNT experiences a ho-

mogeneous shear strain ΓR. The l sub-bands remain invariant under torsion. In

a (n, n) SWNT torsion shifts the location of kF in the circumferential direction

by ∆kF = ΓR/dC−C , where dC−C is the equilibrium C-C bond length. Due to the

linearity of the dispersion relation near kF, the band gap variation of a SWCNT is

proportional to ∆kF . When ∆kF = 1/R, kF reaches the l = 1 sub-band and the

band gap of the twisted tube vanishes. The band-gap is maximum at the midpoint

between these two sub-bands.

7.1.1 Demonstration of Yang-Han π-orbital Model

via Symmetry-Adapted Molecular Dynamics

Efforts have also been made to obtain the driven-by-strain band gap. In one ab

initio calculation [150], the improper boundary conditions where the atoms the

edge was chosen to apply the external torsion. Due to the effect of edge, the

band gap varies quite randomly. Thus it can not verify the Yang-Han prediction

perfectly. Turning to symmetry-adapted MD, since arbitrary pure twist rate can

be applied, the relation of band gap to the twist can be conveniently obtained.

The first ever simulated band gap vs. twist rate γ is posted at Figure 7.2.
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Figure 7.1: Electronic bands dispersion in (12,12) CNT, for two shapes and
several γ values: (a) idealized strain-free (left), under 5 deg/nm (middle), and
10.5 deg/nm (right). Thick dashed (green) and continuous (red) bands have l of
0 and 1, respectively.

As we see, the band gap is periodically modulated. During one period ∆γ, it

grows in a linear fashion, reaches a maximum at halfway, then decreases to zero.

These features are in agreement with predictions of Yang and Han [149] developed

from the band structure of graphene: Uniformly twisted CNTs are metallic only

when the metallic wavefunction of graphene is commensurated with the CNT’s

circumference. Otherwise they are semiconducting. Due to the linearity of the

dispersion relation of graphene near its Fermi level, band gap varies in a linear

fashion with a 3t0R slope. R is the CNT’s radius and t0 is the TB hopping

element. It also follows [149] that ∆γ = dC−C/R
2, where dC−C is the C-C bond

length. Fitting to our data gives t0 = 2.72 eV and dC−C = 1.42 Å, in agreement

with the actual values of these parameters.

Next, it is instructive to identify the twist-related changes in the electronic band

structure, Figure 7.1. In the strain-free case, the metallic character is due to the

intersection of the non-degenerate l = 0 valence and conduction bands. Note

that most bands in the strain-free structure appear double degenerate due to

symmetry. Twisting the idealized cylinder SWCNT removes degeneracies, opens

a fundamental direct gap between l = 0 valence and conduction and decreases the

gap between l = 1 valence and conduction. Beyond 5.5 deg/nm, the gap is still
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Figure 7.2: (a) Band gap vs. twist rate γ for cylinder idealized shape (solid blue
line) and two-lobe rippling mode (open circle). The two-lobe rippling mode can be
seen in (b): a side view of rippled (12,12) SWCNT under twist rate γ = 10 deg/nm.

direct and given by the l = 1 bands. The metallic character is regained when l = 1

bands intersect.

7.2 Electromechanical Response of Rippled

Carbon Nanotubes under Torsion via

Symmetry-Adapted Molecular Dynamics

However, from the discussion in Chapter 4, SWCNTs are susceptible to ripple un-

der torsion, especially when the diameter is large. When accounting for rippling

the band gap for all modes undergoes major changes, which are distinct form

the idealized predictions. Focusing on the two-lobe mode in Figure 7.2(b), we

note that in the transient mechanical stage (Figure 7.2(a)) band gap departs only
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Figure 7.3: (a) Critical shear strain vs. CNT’s diameter for SW armchair CNTs.
(b) Changes in the band gap with the shear strain for armchair SWCNTs.

slightly from the idealized model. Immediately after bifurcation, when the for-

mation of ridges is initiated, the band gap exhibits a small decrease. The sudden

onset of inhomogeneous strain manifested in the creation of furrows is reflected

in a ∼ 0.15 eV band gap drop. Note that in this process the minimum distance

between furrows drops from 10.3 Å to 6 Å, not enough to cause electronic cou-

pling. Next, as rippling becomes pronounced and the distance between furrows

decreases rapidly, reaching ∼ 3.4 Å at 7.20/nm, the band gap maintains a con-

stant value. This indicates that the now present electronic coupling between faces

and the inhomogeneous strain effect cancel each other.

In the second mechanical stage of rippling, the idealized model of the band-gap

variations is not applicable, even though the band gap is still related to the twist.

The generality of the above behavior is demonstrated in Figure 7.3, summarizing

results from a series of similar calculations performed on armchair CNTs. During

torsion the ideal CNT wall experiences a shear strain ε = γR. Figure 7.3(a) plots

the obtained critical shear εc, which exhibits a scaling εc = 0.1([nm]/2R)0.99 qual-

itatively inconsistent the ∼ R−3/2 dependence [151] obtained with atomistic simu-

lations using classical potentials and different boundary conditions. Figure 7.3(b)

reveals the band gap dependence with ε. In agreement with the idealized model,

the linear regime data collapses onto a common line with a 3t0 slope. However, be-

yond εc, the idealized model based on the homogeneous strain assumption cannot
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be used.

7.3 Gapping by Effective Shear Strain in

Rippled Carbon Nanotubes

Our symmetry-adapted MD data revealed the complexity of rippled carbon nan-

otubes. One can also conclude that the Yang-Han model constructed from the

homogeneous torsional deformation in carbon nanotubes can not explain such re-

sults. Rippling represents a way of lowering energy by creating an inhomogeneous

torsional strain coupled with the development of helicoidal ridges and furrows of

positive and negative curvature, respectively. Recent experiment findings indicate

that rippling is a popular phenomenon of hollow nanotube structures [152–155].

When rippling happens, the modification of electronic structures comes of several

possibilities. In one class of experiments, it was found that small band-gaps (less

than ∼ 100 meV) open under mechanical lateral squeezing of metallic CNTs.

This behavior is attributed to the bilayer-coupling that arises between the two

sides of the flattened tube [156]. The σ − π orbital mixing due to the creation

of inhomogenous curvature is secondary but it is suggested to become important

under severe squeezing [157]. The consequences of the complex helical rippling that

arises during mechanical manipulation, i.e, the locked twist state of a collapsed

CNT [152, 155], are not yet understood. It is suggested that the observed changes

in the electronic states [155] originate in the same bilayer-coupling and σ − π

orbital mixing effects.

Using perturbation theory and symmetry-adapted molecular dynamics, here we

show that an intralayer effect and not the known bilayer-coupling and σ − π or-

bital mixing dominate the gapping of metallic tubes. Relying on the new concept

of the effective strain experienced by the CNT wall, the electromechanical response

of rippled CNTs can be still related to the behavior of flat graphene. We first con-

sider isolated SWCNTs and uncover the dominant role played by the inhomoge-

nous helical strain present in the rippled wall, an effect that was not considered

before. A developed π-orbital perturbative treatment defines an effective shear
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Figure 7.4: (a) Cross section (top) and side (bottom) views of a two-lobe rip-
pled (30,30) SWCNT under 10.70/nm twist, as computed with DFTB symmetry-
adapted MD. (b) Band-gap vs. the applied twist rate for the rippled state (circles).
The ideal YH behavior (dotted) is shown for a comparison. (c) Circumferential
distribution of the averaged shear strain on atom A. Shading indicates the region
at the furrows stacked in a Bernal pattern.

strain under which the intra-wall band-gap variations follow the YH recurrent be-

havior of the ideal state in spite of the morphological change. These predictions

are confirmed by symmetry-adapted MD calculations performed on a four-orbital

symmetry-adapted [115] DFTB basis. Next, we simulate the consequences of the

gradual presence of interior walls and give a clear mechanical interpretation of the

effective strain. The observed differences between the applied strain and the effec-

tive strain has experimental implications. It suggests that some caution should be

taken when using the YH model to interpret the conductivity measurements car-

ried out in CNT-pedal devices when SWCNTs and MWCNTs with large diameter

and small number of walls are employed.
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7.3.1 Development of a Degenerate Perturbative π-orbital

Model

Consider a (30, 30) SWCNT. Such a large-radius tube is very susceptible to rip-

pling [158] and exhibits large hysteresis in twisting-untwisting cycles with stable

and metastable rippling states. In fact, this SWCNT remains locked in a squeezed

shape upon complete untwisting. We first focus on the bilayer-coupling. Fig-

ure 7.4(a) suggests that rippling has electronic effects since a large portion of the

contact within the van der Waals interaction distance stacks in a Bernal lattice

pattern. For more insight, we model the bilayer coupling with degenerate pertur-

bation theory in the framework of simple π-orbital tight-binding (TB). Only two

quantities are essential: t, the intra-layer hopping between the A and B sublat-

ices, and γ, the inter-layer coupling between the AA sites [159]. A (n,n) SWCNT

is obtained from a two-atom AB cell under repeated N helical and n azimuthal

operations [144], indexed by ζ1 and ζ2, respectively. The electronic bands Elκ,

labeled also by the helical quantum number −π ≤ κ < π, are represented in terms

of two symmetry-adapted Bloch sums [158]

|j, lκ〉= 1√
nN

N−1∑
ζ1=0

eiκζ1
(
|j, ζ1〉+ eilπ|j, ζ1〉′

)
, j = A,B. (7.3)

Here |j, ζ1〉 and |j, ζ1〉′ are partial sums
∑

ζ2
eilθ2ζ2|j, ζ1ζ2〉, with angular index ζ2

limited over the upper and lower circumferential half, respectively. |j, ζ1ζ2〉 is the

symmetry-adapted π orbital on the atom j of the ζ1 and ζ2 site, and θ2 = 2π/n.

The interaction of the furrows at the κ points corresponding to the metallic state,

couples strongly the valence and conduction bands with same l via the Hamiltonian

Hl =

(
γcosπl

∑
ζ tfζ(l, κ)∑

ζ tf
∗
ζ (l, κ) 0

)
. (7.4)

The lower diagonal element is zero as the nonessential B −B inter-layer coupling

effect is being ommited. Index ζ runs over the three intra-layer nearest-neighbor

atoms and fζ(l, κ) is the difference in Bloch factors. The bilayer-coupling results

in the quadratic dispersion
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Figure 7.5: (a) Band-gap for a (30,30) SWCNT – ideal (dotted) and two-lobe
ripping (circles) – vs. the effective shear strain. The intralayer contribution is
shown for a comparison. (b) Closeups of the two bands around the Fermi level (set
to zero) for the two-lobe rippling mode, without (6=) and with (=) bilayer-coupling,
at three εeff values, 0 (left), 0.03 (middle), and 0.06 (right), also indicated by
vertical double arrows. The dashed (continuous) lines are bands with l = 0 (l = 1).

(
Elκ −

γ

2
cosπl

)2

=
(γ

2
cosπl

)2

+ |
∑

ζ

tfζ(l, κ)|2. (7.5)

Interestingly, the rigid γ/2 shift in energy moves the energy bands with even (odd)

l up (down).

Turning to Figure 7.4(b), one notes that the DFTB band gap variations don’t

follow the ideal YH recurrent behavior. However, the band-gap γ of ∼ 40 meV for

the squeezed (30,30) SWCNT (Γ = 0) is much smaller than the ∼ 200 meV gap

calculated for the rippled state at Γ = 4 deg/nm. Thus, this effect alone cannot

explain our electromechanical data.
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Figure 7.6: (a) Two-lobe rippling (cross-sectional view) in a MWCNT family
with (30,30) SWCNT as the outermost wall. (b) Critical strain for rippling vs. the
number of walls. (c) Effective strain in the outermost wall vs. applied twist rate.
Torque in the outer wall (d) vs. twist rate and (e) vs. effective strain. Dashed
line is the idealized case.

What is the origin of the large band-gap opening in rippled armchair SWCNTs?

Rippling creates an inhomogeneous shear strain distribution, an effect that is not

present in squeezed armchair CNTs. Thus, to answer this question we considered

another possibility – gapping by shear strain. Figure 7.4(c) confirms the presence

of local shear strain in typical two-lobe rippling. Turning back to Figure 7.4(c),

one can distinguish around the circumference a low-strain nearly-homogeneous re-

gion located at the furrows and a narrow high-strain region at the ridges. This
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distribution suggests a perturbative picture in which most of the SWCNT is un-

der the influence of the averaged strain at the furrows εf and the unperturbed

band-gap follows the YH behavior with a period dC−C/R. We use the framework

provided by the simple π-orbital TB and the Bloch sum basis (1) to account for

the perturbation introduced by the averaged strain at the ridges εr. The effect of

shear [73] is introduced in the off-diagonal elements of eq. (7.4) via the dependence

of the hopping parameter on dζ , the bond length under shear, tζ ∼ t(dC−C/dζ)
2.

If the perturbation acts alone, the eigenspectrum writes

E2
lκ = |

∑
ζ

(
tζ(ε

f ) + nr[tζ(ε
r)− tζ(ε

f )]
)
fζ(l, κ)|2

' |
∑

ζ

tζ(ε
eff )fζ(l, κ)|2, (7.6)

where nr is the fraction of A atoms at ridges and εeff = εf +nr(ε
r−εf ). Thus, the

intra-layer band-gap variations still follow the YH behavior but under an average

strain εeff , interpreted as the effective strain. This effect could dominate gapping,

as twist creates a band gap typically much larger than the bilayer-coupling one.

7.3.2 The Effective Shear Strain

We now confront these predictions with nonperturbative symmetry-adapted MD

calculations of CNTs. When plotted against the εeff extracted from the DFTB

data [160], the band-gap variations from the untwisting cycle display the YH

behavior, Figure 7.5(a). This is because the response is dominated by the intra-

layer contribution which shows ideal behavior, in agreement with eq. (7.6). Note

that εeff has a nearly-linear dependence on Γ and equals ΓR for the ideal SWCNT.

One concludes that the σ−π mixing does not alter the band structure around the

Fermi point.

Despite the decrease of inter-layer distance with increasing Γ (∼ 3 Å at the largest

Γ), the bilayer-coupling effect remains secondary. It is more visible at the cusp

points of the YH variations: As detailed in the band structures of Figure 7.5(b),

when the intra-layer band-gap vanishes, the coupling of the l = 0, Figure 7.5(b)

left, and l = 1 bands, Figure 7.5(b) right, creates a direct band-gap predicted
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Figure 7.7: Band-gap in the rippled (30,30) outermost wall of a 2-, 3-, and 6-
walled CNT vs. (a) the applied twist and (b) the effective strain. Dashed line is
the idealized case.

by eq. (7.5). In the strain region around the central maximum, the intra-layer

valence-conduction gaps of the l = 0 and l = 1 bands become comparable in

size and are exactly equal at the cusp, Fig. 2(b) middle. The preferential γ/2

shift introduced by bilayer-coupling, irrelevant at other strain levels, now becomes

important. By shifting the l = 0 (l = 1) bands downwards (upwards), it creates a

lower, indirect band-gap.

MWCNTs also exhibit stable two-lobe rippling [158], Figure 7.6(a), and prac-

tically lack the hysteresis effect observed in SWCNTs. The critical torsional
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strain marking the onset of rippling increases significantly as the core space of

the (30, 30) SWCNT is filled with concentric tubes, Figure 7.6(b). It is interesting

to examine the effect of the inner walls on the εeff in the outermost wall, Fig-

ure 7.6(c). At a given Γ, the double-walled CNT has the lowest εeff . Rippling

fades with the further addition of inner walls as the distinction between εeff and

ΓR gradually washes out. In all cases εeff keeps a nearly-linear dependence on Γ.

Notably, the effective strain, derived earlier from the simple π-orbital model is

also relevant in the mechanical domain, when σ bonding is significant. From the

symmetry-adapted MD data, the rippling-induced changes in the elastic response

of the outer wall can be obtained by studying the strain energy vs. Γ relation. For

all the tested MWCNTs we find that the rippled outermost wall exhibits a nearly-

linear elastic response with a reduced torsional constant when compared with the

ideal state. This behavior can be clearly observed in the torque (energy derivative

with Γ) vs. Γ plots of Figure 7.6(d), where the torsional constant represents the

slope. Comparing Figure 7.6(c) and (d), one notes a striking correlation in how εeff

and torque depend parametrically on the number of inner walls. It suggests that

the apparent decrease in the torsional constant originates in the lower-than-ideal

effective strain felt by the CNT wall. Indeed, when plotting the torque vs. εeff

scaled by the CNT radius, Figure 7.6(e), data collapses onto the ideal behavior.

This insight reveals that rippling lowers the strain energy by lowering the strain

felt by the CNT wall, essentially without affecting the original sp2 bonding of flat

graphene.

Our findings bring a new perspective into the observed rippling-indiced electronic

structure changes in collapsed CNTs [155]. In CNT-pedal experiments, εeff can

be extracted from the measured torque-Γ relation. Our symmetry-adapted MD

calculations presented in Figure 7.7 demonstrate that this knowledge is valuable

in the electrical domain, for understanding the variations of the conductance oscil-

lations: The inter-layer band-gap variations computed for the (30,30) outermost

wall have various oscillation periods with Γ, Figure 7.7(a), depending on the num-

ber of inner walls. Only when εeff ∼ ΓR, as in the closed core MWCNT case,

the band-gap variations show overlap with the YH ideal behavior. However, all

data collapses onto the ideal behavior when plotted against εeff , Figure 7.6(b),

indicating the validity of the perturbative picture even under large torsion. Such
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rescaling makes it possible to apply the simple YH model to any CNT. The effective

strain concept and symmetry-adapted MD simulations can be applied to further

our understanding of the electromechanical response of CNTs to other complex

deformations, such as rippling under bending [161], and of other nanoscale forms

of carbon, such as the twisted nanoribbons [162, 163] discussed in Chapter 8.



Chapter 8

Electromechanical

Characterization of Graphene

Nanoribbons in Torsion via

Symmetry-Adapted Molecular

Dynamics.

The newly discovered graphene nanoribbons (GNRs), the honeycombe atomic

structures shaped into strips with nanometer-size widths, are mechanically ro-

bust and electrically conducting, and thus are well suited for use in nano nano-

electromechanical systems (NEMS). The recent progress in preparation technolo-

gies [164, 165] and the demonstrated potential for use in NEMS [166], call for

a rapid understanding of their electromechanical characteristics [167, 168]. At

the same time, the vast knowledge gained so far about their seamless single-wall

carbon nanotube (CNT) counterparts [8, 149, 158] viewed now as a paradigm

nanomaterial, invites comparisons between the properties exhibited by the two

nanostructures.

However, despite the scientific importance of graphene nanoribbons, little is known

about their electronic structure other than in the ideal flat forms. In this chapter,

we discuss the scaling rules for the band-gap of helical nanoribbons emerging from

105
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Figure 8.1: (a) Side view of 19 deg/nm twisted H-terminated 11 GNR with arm-
chair edges and (12, 0) CNT, as computed with symmetry-adapted MD. Effective
shear and tension strain vs. twist rate for (b) 11 GNR and (c) (12, 0) CNT.

torsional forces applied externally or internally by the edge chemistry in order to

provide a critical atomistic mechanism for electromechanical response of GNRs

under fundamental types of deformations. Helical atomistic structure created by

torsion usually has inhomogeneous strain distribution.

To deal with these complex shapes, we rely on the concept of effective strain

which was introduced when we were studying helically rippled carbon nanotubes.

Indeed, in spite of the edge effects, the band-gap modulations in the effective strain

rescaling appears strikingly similar with those encountered in carbon nanotubes.

symmetry-adapted MD combined with density-functional-based tight-binding con-

firm these predictions and show that the effective strain enables links to the be-

havior of fractional carbon nanotubes.
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8.1 Effective Tension Strain Induced by Twist in

GNRs

We describe the response of H-terminated GNRs to various levels of twist using

the technique of symmetry-adapted MD [38] coupled with symmetry-adapted den-

sity functional theory-based TB [40, 54, 147]. Because twisted GNRs typically

have large translational periodicities, the usual translation-invariant quantum-

mechanical (QM) microscopic formulation become computationally prohibitive.

However, our computational method takes explicitly into account helical symme-

try. This feature enables describing the interplay between the classical ionic and

QM electronic degrees of freedom under an atomic-scale twist [144, 147, 148, 158]

by considering only the atoms located in a primitive motif. We supplement the

standard macroscopic elasticity concepts with an effective tensional strain εeff and

develop a theory for the electronic states of GNRs under an arbitrary twist. εeff

is a microscopically extracted quantity particularly useful for characterizing the

strain stored in resilient one-layer-thin nanostructures. From the twisted GNRs

morphologies we extract local tensional strains. On the basis of the analogy with

the popular effective mass of electrons concept, we interpret the average over all

atoms of these quantities as the effective tensional strain felt by electrons.

The utility of the effective strain concept first transpires from Figure 8.1, compar-

ing a twisted H-terminated 11 GNR with a (12, 0) CNT. Because of the similar

orientation of the hexagonal atomic structure with the long axis, one may guess

that these two nanostructures exhibit also a similar electromechanical response.

However, Figure 8.1(b) and (c), reveals a sharp difference between the types of

strains dominating the deformation of these two systems under the same γ: While

in GNR, the honeycombed-shaped atomic structure is mostly in tension, the CNT’s

wall is mostly sheared. It is known that in zig-zag CNTs shear does not couple

the conduction and valence bands [149]. However, the effective strain immediately

reveals that a different microscopic mechanism operates inside GNRs and thus,

band-gap variations could be expected.

New findings often come by using combinations of new investigation methods and
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concepts. Due to the presence of two edges, the electronic behavior of GNR is os-

tensibly distinct from that of CNTs. Instead, we show that in the εeff rescaling of

the deformation, twisted armchair GNRs exhibit band-gap variations similar with

the ones encountered in axially elongated zig-zag CNTs. The εeff rescaling also

helps delineate a pronounced Peierls effect in very narrow N = 3p + 2 GNRs.

Symmetry-adapted MD simulations show that wider GNRs are susceptible to

nonlinear-elastic rippling. Interestingly, the rippled GNRs assume the morphology

of the recently synthesized fractional carbon nanotubes (FCNTs) [169, 170]. The

role of the intra-wall strain in modulating the FCNT’s band-gap is revealed here

for the first time.

8.2 Electromechanical π-orbital Modeling Based

on Effective Tension Strain

The presence of the two edges critically influences the GNRs’ electronic proper-

ties. Consider the case of stress-free GNRs with H-saturated armchair edges. The

GNR’s width is commonly specified in literature in terms of the number of C-C

dimer lines, N . Ab initio calculations predict a flat morphology in which the bond-

ing characteristic changes abruptly at the edges, with atomic-scale compression in

the 1 and N dimer lines [7]. The electronic character cannot be fully understood

only by considering the quantum confinement effect in a simple π−orbital tight-

binding (TB) [171] with hopping parameter t0 = 2.72 eV. Indeed, the ideal model

predicts N -dependent direct band gaps ∆0 at the k = 0 wavevector given by

t0|2−4cos(pπ/N + 1)|, t0|2−4cos(p+ 1π/N + 1)|, and 0, for N = 3p, 3p+1, and

3p + 2 respectively. Here p is a positive integer. However, to obtain agreement

with the ab inito calculated band-gaps, this ideal model needs to be enhanced by

including the shrinking of the outermost dimers [7].

What is less commonly appreciated is that to predict the band-gaps in stress-free

morphologies, the torsional response of GNRs is also needed. Indeed, if there is

atomic-scale elongation at the edges, such as in the case of pristine [162, 163] and

F saturated armchair edges, GNRs can give up on the two-dimensional planarity
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and acquire an edge chemistry- and width-dependent intrinsic twist. This remark-

ably simple phenomenon can be exploited to establish new principles of design for

objective nanostructures [39] with a high degree of control for the helical parame-

ters. Because of the large translational periodicities, the objective molecular [38]

description of such twisted GNR structure becomes fundamental. Informally, in

an objective molecular structure corresponding atoms in different molecules see

exactly the same environment up to orthogonal transformations (translation and

rotation).

In symmetry-adapted MD, we describe the atomic locations Xi,ζ of the twisted

GNR with

Xi,ζ = RζXi + ζT. (8.1)

Index i runs over the finite number of atoms located at positions Xi inside the

primitive molecule motif. Index ζ labels the various identical molecules. Rota-

tional matrix R of angle θ and the axial vector T characterize the discrete screw

repetition rule applied to the molecule. Although the group operations indicated

by eq. (1) are discrete, the shape of the twisted nanostructures computed with

symmetry-adapted MD is nicely smooth, as confirmed by the morphologies de-

picted in Figure 8.2(a). It is interesting to note that unlike in the flat strip case,

the distance between corresponding atoms in neighboring ζ cels varies along the

GNR’s width. Thus, twisted GNRs store an inhomogeneous tensional strain dis-

tribution, with the outermost dimer lines being the most stretched, Figure 8.2(b).

Yet, the twisted structure can be described with only one unique axial length |T|.
We define the twist rate as γ = θ/|T|.

The electronic response to twisting can be predicted in the framework of sim-

ple π-orbital TB. For simplicity, our starting model is the widely-used idealized

model [7], which at the important k = 0 position in the band structure is topo-

logically equivalent with a two-leg (u = 1, 2) ladder system [7, 168] shown in

Figure 8.2(c). The Hamiltonian writes

H0 = −
N−1∑
n=1

2∑
u=1

(t
||
n,n+1a

†
u,nau,n+1 + h.c.)−

N∑
n=1

(t⊥n a
†
1,na2,n + h.c.) (8.2)
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Figure 8.2: (a) Axial view of 19 deg/nm twisted H-terminated 11 GNR. The
atoms located in the repeating molecule unit are shaded. The 11 C-C dimer
lines are labeled. Along the directions delineated by the dimer lines, the distance
between corresponding atoms in neighboring cells varies from 4.6 Å(outermost
n = 1 line) to 4.2 Å(central n = 5 line). (b) Distribution of tensional strain
along the dimer lines, as measured with respect to the stress-free GNR. (c) For
the special k = 0 point, a two-leg ladder with N rungs is topologically equivalent
to armchair N GNR [7].

where a†u,n (au,n) is the creation (annihilation) operator at the dimer site n and

leg u. By assuming t
||
n,n+1 = t⊥n ≡ t0, the analytical eigenvectors write:

|ψl〉 = (|χl〉, |χl〉)† (8.3)

where |χl〉 =
(
sin lπ

N+1
, sin 2lπ

N+1
, ..., sin Nlπ

N+1

)†
.

Usually, the effect of edges is included in the above model or a third-neighbour one

in a perturbative manner by accounting only for the length variations of the C-C

bonds along the dimer lines [7]. However, applying the same procedure to capture

the distinct mechanical effect of twisting turns out to be less satisfactory. Instead,

we account for the inhomogeneous tensional strain along the dimer lines, via the

induced changes in the two hopping strengths t⊥ and t||. Keeping only the linear

corrections to the atomic displacements from their ideal positions, these changes

write [168] δt⊥n = 2t0εn and δt
||
n = t0(1− 3νε̄n). Here εn in the tensional strain in

dimer n, ε̄n = (εn + εn+1)/2, and ν = 0.26 is the Poisson ratio [50]. Degenerate

perturbation theory with respect to the intrinsic states of the ideal GNR gives a
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correction to the band-gap ∆0 as

|δ∆| = 4t0

(
εeff − 1

N + 1

N+1∑
n=1

εncos
2nαπ

N + 1

)

+ 2t0(1− 3ν)

(
εeff − 1

N + 1

N∑
n=0

ε̄ncos
(2n+ 1)απ

N + 1

)
cos

απ

N + 1

≈ t0

(
4− 2(1− 3ν)cos

βπ

N + 1

)
εeff .

(8.4)

The last approximation is accurate at large N . The quantities εN+1, ε̄0, and ε̄N all

take the −εeff value. Index β takes the value p when N = 3p, and p+1 otherwise.

Index α equals N − β. As defined earlier,

εeff = (1/N)
N∑

n=1

εn (8.5)

The last result in eq. (8.4) can be further simplified by noticing that cos(βπ/N + 1)

= 0.5 when N = 3p + 2 and ≈ 0.5 otherwise. Therefore, we obtain that for all

GNR types, twisting leads to a linear variation of the HOMO-LUMO gap vs. εeff

with a 3(1 + ν)t0 = 10.3 eV slope [172]. Thus, we predict that to describe the

dominant contribution to the band-gap variations, only the average εeff of the

detailed inhomogeneous tensional strain distribution is needed. Interestingly, the

3(1 + ν)t0 slope value is characteristic for a zig-zag CNT in tension [149].

8.3 The Effective Tensional Strain Concept

To probe this theory, we carried out symmetry-adapted MD simulations for a

variety of H-terminated GNRs under various levels of twist. The agreement is

evident from the analysis performed in Figure 8.3, plotting the band-gap variations

for a set of narrow GNRs withN = 9, 10 and 11. Note that we considered the effect

of elongation of |T| during the twisting process since it may introduce considerable

band-gap deviations. Therefore, in Figure 8.3 we included data in which the axial

component |T| was both kept fixed (open circles) and allow to relax (filled circles)

at each twist level. In both cases, the quadratic band-gap variations with γ rescale
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Figure 8.3: Fundamental band-gaps of H-terminated armchair GNRs with N =
9, 10 and 11 vs. (a) the applied twist rate and (b) the effective tension strain.
Filled (open) circles correspond to simulations in which |T| was kept fixed (relaxed)
during twisting.

into linear variations with εeff . The measured slopes, 10.7 eV (N = 9), 10.5 eV

(N = 10), and 11.1 eV (N = 11) are all close in value.

The displayed band-gap variations with εeff for 11 GNR reveals an unexpected

feature. The band-gap for the stress free state is solely due to the edge compression

effect [7]. The application of twist gradually cancels this effect, leading to the

closure of the gap noted earlier [173]. However, the jump exhibited immediately

after, at γ = 19 deg/nm, is new, and not captured in the effective model. We

interpret this behavior as a Peierls effect since the gap opening coincides with the

relaxation of the twisted GNR into a Kekulé type bond alternation pattern [174],
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Figure 8.4: (a) Schematics of the Kekulé type bond alternation pattern in 11
GNR. The H atoms are represented with open circles. The thicker (blue) lines
identify the bonds that suddenly shrink at 20 deg/nm. (left) Evolution of the
selected bond lengths vs. twist rate. (right) (c) Broader view in the band-gap
response to the Peierls distortion for twisted N = 3p+ 2 GNR of various widths.

Figure 8.4(a). Although in wider N = 3p + 2 GNRs this effect emerges at lower

γ, the resulted band-gap jumps are rapidly vanishing with N , Figure 8.4(b), and

the behavior around the cusp is dominated by the averaged strain.

Further symmetry-adapted MD simulations reveal that the perturbative model

based on εeff can be applied with confidence in wide GNRs as well. Interest-

ingly, we uncovered rippling deformations, a phenomenon not reported before.

The developed rippling state, Figure 8.5(a), represents a FCNT [169, 170], i.e.,

a bilayer GNR structure connected by one central ridge. The FCNT wall stores

elastic tension, which is most significant at the two edges and the central ridge,

Figure 8.5(b). Nevertheless, the effective strain lumps effectively this strain dis-

tribution, as it is evident from Figure 8.5(c). The emergence of rippling at γ = 7

deg/nm, interrupts the linear band-gap variation with γ, but becomes invisible in

the εeff space.

Of special interest is the observation that in the εeff space, the H-terminated 41-

GNR behaves similarly with the seamless (42, 0) SWNTs in tension, Figure 8.5(c)

right. (For CNT, the effective strain is identical with the homogeneous one.)
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Figure 8.5: Electromechanical behavior of H-saturated 41 GNR (a) Under γ =
21 deg/nm the GNR folds into a bilayer structure known as a fractional nanotube.
(b) The distribution of local tensional strain in the molecule motif. Band gap
vs. (c) twist rate and (d) effective tension strain. The bang-gap variation in a
(42, 0) CNT in tension (solid blue line) is shown for a comparison. (e) Closeups
of the band structures around the Fermi level (set to zero) at three εeff values:
0.001, 0.032 and 0.064. Horizontal axis is the helical quantum number κ. The
two bands around the Fermi level are depicted with distinct lines to show their
coupling with γ.

While the identity in slope is no longer surprising, the coincidence in oscillation

period deserves further investigation. The coupling to the frontier valence and

conduction bands detailed in Figure 8.5(e), is qualitatively similar with the one

observed earlier in CNTs [158]. A very small deformation leads to gap closure,

Figure 8.5(d) left. Next, twisting couples in an inverse manner to the frontier

bands: While it opens a gap between HOMO and LUMO bands (thick continuous

line), at the same time it decreases the gap between the HOMO-1 and LUMO+1

one (thick dashed line). At the next shown sequence, Figure 8.5(e)-center, the
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fundamental band-gap is already given by the HOMO-1 and LUMO+1 bands.

Under further twisting, Figure 8.5(e) right, the metallic character is regained when

the HOMO-1 and LUMO+1 bands intersect [175]. From the initial Hamiltonian

H0, we can obtain analytically that band-gap between the HOMO-1 and LUMO+1

levels follow an identical linear dependence with εeff . Knowing the initial HOMO-

1 and LUMO+1 gap value and the 3t0(1+ν) decreasing slope, the obtained GNR’

oscillation period is δεeff = 2π/
√

3(1 + ν)(N + 1). Indeed, this oscillation period

is characteristic for a (N+1,0) CNT [149].



Chapter 9

Conclusions

Computational nanomechanics is the very topic of this research. When size scales

down to the nano level, the structure-property relationship differs from bulk. New

effects, such the surface relaxation and interface interaction, have to be considered.

Quantum confinement and structural discreteness also become important. New

computational tools and theories are needed for runderstanding of these emerging

phenomena. Symmetry-adapted MD is one of the responses.

Despite the complex morphology of nanostructures involving chirality, buckling,

rippling, defects, and glide, we are able to extract the mechanical and electronic

data via the newly developed symmetry-adapted MD capability. This is because,

standing for a generalization of the conventional MD under periodic boundary con-

ditions (PBC), symmetry-adapted MD displays more flexibility than PBC MD. In

symmetry-adapted MD, we make recourse of helical symmetry instead of transla-

tion. We note that both translation and rotation can be treated as special helical

symmetries. There are multiple choices of helical vectors. Hence the computation

can be performed on a relative small repeating domain which is compatible to cor-

responding helical vector, disregarding the translational periodicity, which could

be huge. On one hand, the helical symmetry exists in a large class of quasi-one

dimensional nanostructures, so called nanowire, nanotube, nanorobe, nanoribbon

and so on. On the other hand, the helical symmetry may also be created by the

external fundamental type of deformations such as bending and torsion. We also

note that the utility of helical symmetry comes from the fact that, without the
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constrain on the point symmetry group of three dimensional bulks, other symme-

try components than translation such as rotation, screw are available to simplify

the computations.

Therefore the concept of symmetry-adapted MD opens a new area of computa-

tional nanomechanics which, on the contrary, is largely forbidden to PBC MD due

to the computational limit for number of atoms that can be treated with quantum

mechanical accuracy. Indeed, we have successfully perfomed the calculations of

mechanical and electronic properties for carbon & MoS2 nanostructures and the

outcomes are useful.

For the first time, we present an extensive study on elasticity of carbon nanotubes

(CNTs) under small tension or shear deformation lower than 0.5% and a scaling

of elastic reponse of CNTs are obtained. The unique conjuncture of the size and

chirality dependence for both Young’s modulus and shear modulus validates the

isotropic continuum idealization for CNTs with diameter > 1.25 nm.

Regarding the nonlinear elastic response of CNTs, we found a transient state

intermediate between the linear regime and the buckling regime, which is allowed

since pure bending or torsion is applied. On the contrary, in PBC MD, to study

the nonlinear mechanics, a cluster representation is employed. The deformation

is loaded to finite long CNTs via frozen atoms at the two ends. First, the carbon

nanotubes are fully relaxed, then bent with uniform curvature or twisted with

uniform twist rate. Finally, the ends were fixed and the SWCNTs were again

relaxed. This frozen-atom boundary conditions screen the transient state out.

With symmetry-adapted MD, we are able to simulate NTs with hexagonal wall

as screw dislocations. This new viewpoint bring us new findings. A near axial

glide in NTs under torsion is revealed despite that the previous reported near

circumferential glide of CNTs under tension. More interestingly, we found that in

MoS2 NTs, a non-vanishing intrinsic twist exists in most chiral NTs.

With symmetry-adapted MD, it is also convenient to obtain band structure in-

formation of NTs, which enables us to study the electromechanical response of

CNTs under fundamental type of deformation, torsion, for example. Despite of

the complex morphology of helically rippled CNTs and Graphene nanoribbons,
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our efforts demonstrate that the turnable-by-strain electronic structures can be

understood based on the well known behavior of flat graphene. Specifically, we

introduce a new concept of effective strain, stimulated by the concept of effective

mass in solid state physics.

Indeed, we found that the concept of effective strain is the key to understand the

band-gap modulations in twisted carbon nanostructures including nanotubes and

nanoribbons without involving any complex physics. It bridges the already-known

CNT’s and the less-known behaviors of rippled CNTs or GNRs. We indicate that

for other nanotubes and nanoribbons made from a one-atom-thick planar sheets,

such as boron-nitride systems, the concept of effective strain can be also valid.

Even though effective strain was introduced to provide a simple physics under-

standing in electronic domain, it can also be used in mechanical domain. For exam-

ple, for multi-walled CNTs under torsional deformation, a second linear mechan-

ical behavior was observed when the twist is beyond the idealized linear regime,

where the rippling is initialized. This is known as bilinear behavior. However,

when effective strain is used, this second linear regime resume the idealized linear

behavior. Thus effective strain finds itself a mechanical interpretation.

9.1 Future Research

Therefore, towards multiscale modeling, the next step will construct the continuum

description of nano-objectis with the symmetry-adapted MD data. This would be

our ultimate goal of the research conducted in our group. To do this, here we would

not try to derive all the formulations [21, 23–27, 126] to build the continuum by the

means of Cauthy-Born rule, which could be another research. Instead, to delineate

the logic concisely, we indicate the usage of symmetry-adapted MD data for contin-

uum modeling by examples for carbon nanotubes (CNTs). In reality, CNTs have

been employed to use as elastic spring. Figure 9.1 shows a nano electromechanical

device made from single CNT, from which, both elasticity and conductivity could

be studied by manipulating the rotating metal pendant suspended on the CNT.

Such a problem is a paradigm where both atomistic (symmetry-adapted MD) and

continuum treatments can be used.
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Figure 9.1: Torsional pendulum based on a SWCNT. Image shows a rotating
metal block suspended on the SWCNT. Adapted from Ref. [8].

In practice, one is prone to choose the linear elasticity as the first trial. To conduct

the mechanics, the macroscopic Hooke’s law is employed. The force exerted on

objects responses to the strain in a linear fashion. The strain energy is evaluated

via an integral of strain. The only parameter needed is the force constant, κ,

reflecting the resistance of materials, which can be measured microscopically in

terms of elastic constants (Young’s modulus and shear modulus).

Very often, CNTs will encounter severe mechanical manipulation. For example, a

CNT under torsion with cylindrical shape will develop the helical rippled morphol-

ogy when the twist is beyond certain threshold. SWCNTs will collapse completely

into a flatten shape eventually. The dramatic change of morphology will alter the

mechanical behavior of CNTs. Therefore the critical twist rate will reflects the

mechanical properties of CNTs. Our symmetry-adapted MD calculations indicate

that the critical twist heavily depends on the size of CNTs (Figure 7.3).

Rippling can also take place in multi-walled NTs under torsion. Figure 7.6 indi-

cates that when the core consisting of small size CNTs are absented, MWCTNs

can also collapse into flatten shape when the twist beyond the threshold. More

interestingly, we see that the force constants (also called torque) of rippled MWC-

NTs vary linearly with twist, indicating that the rippled MWCNTs display linearly

mechanical response to twist. We also note that no similar transient regime which

links the idealized linear region and the rippled region as in SWCNTs was found.

Those features are called bilinear mechanics [126].
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As discussed in Chapter 7, compared to idealized MWCNTs, rippled MWCNTs

become softer in the second linear regime, where MWCNTs are of lower value of

torque than the idealized MWCNTs with cylindrical shape (Figure 7.6). We indi-

cate that this softening can be understood with effective strain. Indeed, when the

curve of torque is rescaled with effective strain, the MWCNTs resume the ideal-

ized linear behavior, indicating that Hooke’s law for the idealized linear mechanics

can be extended to study rippled states.

Therefore, for rippled MWCNTs in torsion, to construct the continuum descrip-

tion, two extra parameters are necessary – critical twist and of effective strain –

besides the force constants in Hooke’s law. We note that a parallel argument can

also made to the rippling induced by bending deformation. Apparently, a database

for critical twist and scaling of effective strain of a large class of CNTs has to be

constructed by symmetry-adapted MD calculations.

Turning to the conductivity, another important aspect of CNTs, we also indicate

how critical twist rate and effective strain can be used for continuum descriptions.

For idealized CNTs in torsion, a standard Yang-Han π-ortibals modeling could be

used to obtain the scaling of the fundamental energy gap tuned by twist. For large

diameter CNTs, a zigzag periodical variation of energy gap between zero and a

maximum can be achieved with moderate twist. Figure 7.4 shows several periods

of the energy gap vs. twist. Therefore, even though the amplitude of the conduc-

tance could not be derived from the energy gap directly, a metal-semiconductor-

metal/semiconductor-metal-semiconductor periodical transition, one of the most

important functions expected for nano-devices can be obtained using energy gap

information merely.

Figure 7.7 presents that such transition periods in terms of twist rate varies as the

rippled state is initialized. But when we use effective strain rescaling, the period

for idealized CNTs with cylindrical shape is resumed. Therefore, critical twist

and effective strain can also be important parameters of continuum description of

conductivity as well.
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Mat. Design, 4(20):53, 1997.

[53] D. Srivastava, C. Wei, and K. Cho. Nanomechanics of carbon nanotubes

and composites. Applied Mechanics Reviews, 56:215, 2003.
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1. Dong-Bo Zhang and T. Dumitrică, Effective Tensional-Strain Driven Bandgap
Modulations in Helical Graphene Nanoribbons, Physical Review Letters (under
review).
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