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A Monte Carlo Examination
of External Unfolding
Paul Thompson
Ohio State University

Monte carlo techniques were used to examine
regression approaches to external unfolding. The pres-
ent analysis examined the technique to determine if
various characteristics of the points are recovered
(such as ideal points). Characteristics of the situations
were manipulated, including number of stimuli, error
level, and measurement level. Generally, monotonic
analyses resulted in good recovery. Recovery was
poor when the data were generated by a weighted Eu-
clidean process. Negative weights were commonly en-
countered, apparently due to error in the data. In this
approach, estimation is done by statistical techniques,
and some statistical concerns should be taken into ac-
count when examining the results. Index terms: ex-
ternal unfolding, monte carlo simulation, multidimen-
sional scaling, nonmetric methods, parameter
estimation, unfolding.

Unfolding is one of a number of techniques used
for the analysis of rectangular or two-way, two-
mode data (Bennett & Hays, 1960; Carroll, 1972,
1980; Coombs, 1964; Gold, 1973; Heiser, 1981;
Sch6nemann, 1970). The entries in the data matrix
are measures of relation between the row and col-
umn stimuli. For clarity, the row stimuli will be
referred to as &dquo;persons,&dquo; while the column stimuli
will be referred to as &dquo;objects.&dquo; These could be
preferences, ratings, or dominance values. The

matrices can be analyzed to recover the parameters
for persons and objects (Coombs, 1964; Heiser,

1981; Sch6nemann, 1970), or used to interpret
stimulus spaces (Schiffman, Reynolds, & Young,
1981) in an objective fashion.

Models for Unfolding
Several models have been used in the unfolding

situation. These models generally represent per-
sons and objects as points in a multidimensional
metric (usually Euclidean) space (Bennett & Hays,
1960; Heiser, 1981; Schonemann, 1970). Relations
between persons and objects are often expressed
as a squared Euclidean distance:

where k is the index for K dimensions,
Xjk are the coordinates for object j,
yi, are the coordinates of person i on di-

mension k,
Wik is the weight for person i, and
d~ is the relation between person i and ob-

ject j. (d; will represent this theoretical
relationship, while squared distances will
be assumed throughout. If preferences
or similarities are used, they must be
converted to dispreferences.)

Equation I implies elliptical iso-preference con-
tours ; that is, those points x, which are equally
preferred by ideal point yi form a hyper-ellipse.

Relations between persons and objects may also
be modeled with a linear model (Tucker, 1960):
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where bik is the importance of dimension for per-
son i. This approach does not postulate an &dquo;ideal

point&dquo; but rather a preferred direction, along which
preference increases without limit. Iso-preference
contours are straight lines, perpendicular to the pre-
ferred direction.

External Unfolding

In external unfolding, coordinate values for the
objects are known. These values are either stated
a priori from theory, or recovered from the rectan-
gular proximity matrix during an earlier step, such
as the successive unfolding process (Rodgers &

Young, 1981; Thompson, 1988). The approach in-
corporates the persons into the space by determin-
ing the appropriate model for the relationships be-
tween persons and objects as well as the specific
coordinates for the objects.

Carroll’s (1972, 1980) hierarchy of nested models
may be used for this process. This hierarchy is

examined here, with the exception of Model I.

Although Model I is a logical generalization of
Model II, it has seldom been found useful above
and beyond the simpler models.
Model IV: The vector model. This is a scalar

products model (Equation 2). In this model, pref-
erence increases without limit, which may not be
a reasonable description of actual behavior. There
is no ideal point for persons, although an infinitely
distant ideal point can be postulated (Carroll, 1980);
such a concept represents a mathematical rather
than an interpretable notion.
Model III: The circular ideal point model. The

remaining models assume that preferences are sin-
gle-peaked (Coombs, 1964). The &dquo;ideal point&dquo; is
the location which is most preferred by the person.
If wj, = 1, this model is stated in Equation 1. The
coordinates for the inserted points may be esti-

mated :

where

(Carroll, 1980, pp. 250-251). Here, 8~ represents
the observed dispreference value, and ci includes
an error term. In Model III, all dimensions are

equally weighted, making iso-preference contours
circular.
Model II: The weighted ideal point model. In

Model II, the assumption of equally weighted di-
mensions is relaxed, and iso-preference contours
are elliptical. The weighted ideal point model is
stated in Equation 1. Estimates for the unknown
coordinates may be obtained:

where
&dquo;f .,

Comparisons and contrasts. These models are

simple approaches to the estimation of parameters
to interpret preferences/dissimilarities. One simple
linear model can represent Models IV, III, and II.

Equation 6 represents Model II, while the other
models are obtained by restriction in the parameter
estimates for the model. Model III may be obtained
from Model II by requiring

Model IV may be obtained from Model II by
requiring

Parameter Estimation and Model Selection

These different approaches to external unfolding
may be implemented in a number of ways. Stan-
dard least-squares methods (regression approaches)
may be used to estimate parameters (Carroll, 1980).
In some cases, negative weights are obtained for
Model II. Negative weights may be interpreted as
&dquo;anti-ideal&dquo; points (Carroll, 1972), or least-pre-
ferred points.
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The linear regression approach is simple to im-
plement, easy to use, and understandable. These
methods have been implemented as strictly metric
approaches; that is, a linear relation between data
and disparity values is assumed. The linear regres-
sion approach may be easily generalized to the
nonmetric situation, using an alternating least-squares
approach to linear regression (Young, de Leeuw,
& Takane, 1976). Thus, the regression approach
is very general.

If negative weights are not desired, other ap-
proaches must be used. Davison (1976a, 1980) used
a constrained quadratic programming technique to
obtain a solution with the weights restricted to be
positive, while Srinivasan and Shocker (1973) used
a linear programming method (LUNMAP) to accom-
plish much the same purpose. While these are in-
teresting alternatives, the standard linear approach
is probably the method most often used by persons
interested in external unfolding.

Estimation Using Linear Regression

Quadratic regression. Equation 6 represents a
quadratic or polynomial regression problem. In the
full model for Equation 6, each dimension (rep-
resented by values xi, E k) is presented both as a
single value and as a squared value. The colli-
nearity problems inherent in such polynomial
regression problems are well known (Neter, Was-
serman, & Kutner, 1985, p. 301). Collinearity causes
several difficulties. First, the standard errors of
coefficients are much larger. Second, the signs of
coefficients may be affected by the inherent vari-
ability. Because the matrix X is usually column-
wise centered, this should be a very minor problem.

Ratios ofparameter estimates. A second prob-
lem arises in obtaining the estimates of Yia, using
Equation 5. Both coefficients involved in such

computations are point estimates with inherent de-
grees of variability. Point estimates must be ex-
amined in the context of their standard errors (Neter
et al., 1985), and this is difficult to do when ratios
are formed from other point estimates. The prob-
lem is magnified by placing the term with the larg-
est standard error (the coefficient of the squared

term) as the denominator of the ratio. In such cases,
the ratio is likely to be quite unstable.
Model selection. Methods for selecting the

correct model are not often discussed, but PREFMAP
(Carroll, 1972, 1980) compares models using in-
cremental l~z tests. Such tests assume an additive
error term (see Equation 9). It must also be assumed
that this error term is normally distributed. These
assumptions are strong and have some problems
(e.g., error-perturbed distances may be negative).
However, in considering this problem, Ramsay
(1977, p. 245) stated that &dquo;this is usually very
small&dquo; in the usual case.

Takane ( 1981 ) also considered normal errors for
distances. Normal errors for distances were also
used for the current analysis. Because this as-

sumption is made in the Gauss-Markov approach
to the general linear model (Timm, 1975), standard
tests of significance for the values of RZ may be
used to determine fit.

Conclusions

The external unfolding models are very inter-
pretable models for preferences. However, the.
method for fitting the models depends on a number
of assumptions. Additionally, the effect of error
on the process is not known. As the technique is
frequently used in data analysis (Carroll, 1980; Green
& Wind, 1973; Schiffman et al., 1981), answers
to these questions are of practical interest.
The inherent variability of parameter estimates

must be considered in any evaluation of the mean-

ing of the estimates. In general, users of regression
are often counseled not to interpret parameter es-
timates, but rather to examine the significance of
the predictor variables, the size of the standard
error, and the confidence intervals for estimating
the parameter. Do these concerns for regression
estimates apply to external unfolding using regres-
sion methods?

Monte Carlo Examinations of Unfolding

This question was evaluated using monte carlo
methods. Other evaluations have examined the model
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selection problem for extant datasets (Davison,
1976b); such examinations have face validity, but
are not really helpful in examining a technique, as
the true situation is unknown. A monte carlo anal-

ysis affords the opportunity to study a technique
while knowing all of the important information.

Error in Monte Carlo Evaluations

Monte carlo evaluations. It is often difficult to

interpret the error variances in monte carlo anal-
yses, as error is often defined in an arbitrary or ad
hoc fashion. In order to interpret error variance,
the variance of the data before the error is added
should be compared to the variance after the error
is added. One interpretable method for examining
error is as a reliability, defined as the ratio of &dquo;true&dquo;
to &dquo;observed&dquo; (error-perturbed) variance (Lord &
Novick, 1968).
An overall model for error. The different f&reg;rrns

of error involved in a dissimilarity may be viewed
as

where Emij is an error associated with the dissimi-

larity between person i and object j for the rrcth
comparison. This is a variant of the Hefner (1958)
model for multidimensional dissimilarity judg-
ments (Zinnes & MacKay, 1983). For this discus-
sion, ~&dquo;,~~ ~ ~1(0,~2). The assumption of normality
simplifies the error addition process, and it is needed
to ensure the correctness of significance testing us-
ing incremental R2 approaches.

Method

A monte carlo experiment was run to examine
the ability of the external unfolding analysis to
recover important characteristics of the situation.
Data generation. Data were generated and

analyzed using the Statistical Analysis System (SAS
Institute, 1986). Each dataset consisted of three
types of data: the object points, the person points,
and weights for the person points. There were vary-
ing numbers of object points. The person points
consisted of 20 points to be inserted into or related

to the object points. Person and object points (or
importance directions, as the case may be) were
generated using standard normal random numbers.
Weights were generated using uniform (0,1 ) ran-
dom numbers. All three components (inserted points,
fixed points, weights) were initiated from different
seeds. A SAS matrix macro which performs external
unfolding (PREF; Thompson, 1986) was used for
estimation.
Model type. The data for analysis were gen-

erated using either Model IV, III, or II. For Model
IV, the data were scalar products; for Models III
and II, the data were squared dissimilarities. The
discussion will concern estimates obtained under

the same model from which the data were generated
(the Model Type factor, 3 levels-numbered 2, 3,
and 4 below).
Number of fixed points. Matrices were gener-

ated with either 8, 16, 25, 35, or 50 fixed points
(the Fixed Points factor, 5 levels).

Error level for data. Error was added to the

preferences using a normal error process. Let a E
represent the standard deviation of the errors, and
let o-o represent the standard deviation of the ob-
served values prior to error perturbation. The factor
was defined by setting o~£/~~ = 0.0, .05, .10, .20,
.40, or .80 (the Error Level factor, 6 levels).
Data categorization. After error was added to

the data, the data were either categorized or not.
The dissimilarities were categorized by rounding
the values. No effort was made to retain equal
numbers of categories, or categories with equal
numbers of values. Values more than 3 standard
deviations from the mean were truncated to 3 stan-

dard deviations. This categorization represents a
monotonic function of the original dissimilarity,
precisely the type of function that monotonic

regression approaches (Kruskal, 1964) are de-

signed to recover. Cases were called Uncategorized
or Categorized (the Categorization factor, 2 levels).
Measurement level. The data were analyzed

using an interval-level (linear) or ordinal-level

(monotonic) analysis. In the latter, analysis was
done using Kruskal’s (1964) primary (ties untied
optimally) approach (the Measurement Level fac-
tor, 2 levels).
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Design Summary

Two replications were run for each of the cells
defined by the factors given above. Overall, there
were 2,160 treatments, as the design consisted of
3 (levels for the Model Type factor) x 5 (Fixed
Points) x 6 (Error Variance) x 2 (Categoriza-
tion) x 2 (Measurement Level) x 2 (Replication)
cells. For the analysis, the Model Type, Fixed Points,
Error Variance, and Categorization factors were
completely randomized factors, while the Mea-
surement Level factor was a randomized block fac-

tor. For some analyses, each matrix was analyzed
under all models in order to determine some effects
on model selection and frequency of negative
weights. However, this was the exception.

Interpretation of Error

Mean reliability values for the different levels
of Error Level (in the Uncategorized cases) ranged
from .997 (Error Level = .05) to .612 (Error
Level = .80). With the exception of Error Level =
.80, the reliability values are roughly equivalent to
their theoretical values (obtained from p = cr,/cr,,
where t represents the true score and x the observed

score). The data included a range of situations en-
countered in well-designed experiments.

Statistics for Recovery Fit

Correlations ~°3. The matrix correlation r3(
(Ramsay, ten Berge, & Styan, 1984) between true
inserted set points (represented by matrix T) and
recovered coordinates (represented by matrix R) is
defined as

where 3JR9 R, and V’ are components of the

singular-value decomposition of R. This correla-
tion is not sensitive to dispersion (as measured by
singular values), but does assess similarity in point
shape (Ramsay et al., 1984). The correlation is

close to 1 if the matrices have similar orientations
and shapes. In this case, recovery is assessed with
a fixed orientation because the stimulus points are
fixed.

Model identification. The best model was se-
lected using incremental RZ tests between different
models. The simplest model which was significant
at a = 0 l (and for which no better models existed,
determined by the incremental Ii2 test using a =
.01) was chosen as the best model. The R2 of the
correct model was also examined.
Number of negative weights. For the analysis

of each dataset, Model II was used to examine the
frequency of negative weights. Both the number
of such negative weights and their size are inter-
esting, and will be examined.

Results

Recovery of Structure

The analysis of the simulation results concen-
trated primarily on presentation of means. The fac-
tors manipulated were examined primarily to de-
termine appropriate places for collapsing means.
Several different multivariate analyses of variance
(multivariate split-plot analysis; &reg;9~rian ~ Kaiser,
1985; Timm, 1975) were used to examine the mea-
sures of recovery and fit (Equation 10 and R2, re-
spectively). The analysis examined all factors and
interactions. The multivariate five-way interaction
was not statistically significant, nor were any of
the four-way interactions. Only 2 of the remaining
interactions ( of 6 three-way, and 1 of 4 two-way
interactions) of any variable with Measurement Level
were significant. The other two- and three-way in-
teractions (of the remaining four variables) were
almost all significant.

In order to present means, the Categorization
and Measurement Level factors were collapsed into
a single factor called the Measurement/Categori-
zation factor. Analyses discussed below are the
analysis of the uncategorized data using the interval
approach (the Uncategorized/Linear level) and the
categorized data using the monotonic approach (the
Categorized/Monotonic level). Means are pre-
sented in the simplest possible manner, collapsing
over some significant (but practically unimportant)
interactions.

Fit measure: R 2. The mean R2 for the 20 in-
serted points, using the same model to analyze as
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was used to generate the data, is examined first.
Table 1 presents mean R2 values for the Uncate-

gorized/Linear cases (Categorized/Monotonic re-
sults were similar). These values are mean adjusted
R2 values, to correct for overfitting when few stim-
uli are used. RZ = 1.0 when Error Level = .00,
thus validating the analysis. The substantial break
in R2 occurs when Error Level drops to .20 from
.40. These adjusted R2 values may be compared to
the reliability values, as reliability is a limit to the
valid variance in a measure. In this case, the roots

of the adjusted RZ values are roughly equivalent to
the reliability values, indicating that the procedure
is extracting all meaningful variance from the data.
Recovery measure: Correlation r3’ Results for

correlation r, (Equation 10) are presented in Table
2. This table presents results for analyses using the
same model for analysis as was used to generate
the data. Table 2 presents results for the Uncate-

gorized/Linear cases (Categorized/Monotonic re-
sults were similar). Additionally, because r°3 = 1.00
when Error Level = .00, these cases are excluded
from the table. Other categories are combined as
necessary for clarity and conciseness. This corre-
lation ignores scale and is appropriate for all levels
of Model Type.

This measure is sensitive to small deviations from

an optimal relationship (Thompson, 1988). Table
2 shows that Error Level had a large effect on
recovery (depending on Model Type). When Model
Type = 2, recovery degraded very quickly as Error
Level increased. For the other levels of Model Type,
recovery did become degraded, but not to the same

Table 1

R2 for Correct Model, Averaged
Over Model Type and Adjusted for

Number of Parameters, for

Uncategorized/Linear Cases Only

Table 2
Correlation r3 for Correct Model,

for Uncategorized/Linear Cases Only

degree. Recovery improves as Number of Points
increases; this result is intuitive and reasonable.
The increase in recovery reaches its asymptote when
Number of Points = 25; there seems little reason
to believe that the addition of more objects will
substantially change the results.
Recovery measure: Selection of correct

model. In the external unfolding analysis, the pa-
rameter estimates obtained using different models
for analysis of a given dataset may be compared.
The differential fit of these estimates may be ex-
amined using the incremental RZ test of fit (Neter
et al., 1985). This approach is especially appro-
priate for external unfolding, as the models are
nested within one another. The proportions of cases
in which the correct model was selected are given
in Table 3.
When the data were generated using Error

Level = .00, the correct model was found in all

Uncategorized/Linear cases; thus they are not pre-
sented. When the data were generated using Model
Type = 2, the selection of correct model was very
poor. When the data were generated using Model
Type = 3, selection was better than Model Type =
2, but degraded as large amounts of error are
added. When the data were generated using Model
Type = 4, the correct model was frequently
selected, provided at least 25 points were in-

cluded in the fixed set. Generally, the correct model
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Table 3

Proportion of Correct Model
Selections for Uncategorized/Linear

- - 

Cases Only

was frequently selected only when number of
points -- 25.

Although Categorized/Monotonic cases are not
presented, results for these analyses were generally
similar to Uncategorized/Linear results presented
in Table 3. Two important types of differences
were found in comparing Uncategorized/Linear and
Categorized/Monotonic cases. Performance is poorer
in the Categorized/Monotonic cases (in comparison
to the Uncategorized/Linear cases) for Error

Level = 0 and Model Type = 2. In this case, Model
III was often selected instead of Model II. Clearly,
the categorization process degraded some of the
information required to discriminate between these
models. On the other hand, performance was better
in the Categorized/Monotonic cases when Error
Levels were high and Model Type = 2 or 3.
Performance measure: Number of negative

weights. Several discussions of external unfold-

ing have discussed negative weights in the Model
II analysis and suggested interpretations (Carroll,
1980; I~eSarbo ~ Carroll, 1985). Such invalid val-
ues could also be due to sampling fluctuation. Con-
sidering the collinearity inherent in models such as
these, this is an important consideration. Table 4
presents the proportion of negative weights for Model
II analysis (for Uncategorized/Linear cases only).

Analysis of data generated under Model II re-
sulted in several negative weights when any error
at all was present. Clearly, error affects the prob-

Table 4

Proportion of Negative Weights,
Model II, for Uncategorized/Linear

Cases Only

ability of obtaining negative weights. More inter-
estingly, specifying the wrong model results in a
very large proportion of negative weights. When
Model Type = 4, a large proportion (about 50%)
of negative weights is encountered. In this case,
the weights wi, = 0. Thus, by chance, the weights
should be positive or negative about 50% of the
time.

Discussion

The Monte Carlo Experiment

Recovery and model type. Recovery, as mea-
sured by R2, was strongly affected by error. When
Model Type = 2, recovery was generally poor, and
was strongly affected by even small amounts of
error. This is a matter of concern, as this is a

popular model for preference data. Recovery under
Model Type = 3 was better, and under Model

Type = 4 it was very good indeed. Thus, in all
cases except Model Type = 2, the model per-
formed well.

Model identification. The correct model was
not identified consistently when error was present.
The proportion of correct identifications dropped
quite low when error was high, but there was an
interaction with the number of stimuli. Identifica-

tion was best with Model Type = 4 and worst with
Model Type = 2. As the number of stimuli in-

creased with Model Type = 2 (holding error level
constant), the proportion of correct model selection
did not appreciably increase when large amounts
of error were present. With Model Type = 3 or 4,
only small differences in correct identifications were
seen from 16 to 50 stimuli. Thus there is some
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reason to be confident in the performance of these
models, a posteriori to model identification. When
faced with observations with an unknown mea-
surement model, it is difficult to assess the like-
lihood of making the correct decision. It is clear,
however, that there should be serious reservations
about the identification process using incremental
I22 statistics.

Negative weights for Model II. The results ob-
tained here suggest that negative weights generally
result from either sampling fluctuation (when Model
Type = 2) or inappropriate model choice. The re-
sults suggest that negative weights should be in-
terpreted very cautiously. Interpretations of nega-
tive weights as anti-ideal points (Carroll, 1972,
1980) are not parsimonious. It is simpler to regard
them as a product of sampling error or incorrect
model choice. If the number of negative weights
is approximately 50%, this is diagnostic informa-
tion suggesting that Model IV is really appropriate.
For Model II analyses, negative weights also arise
frequently. If this model is considered, constrained
methods (Davison, 1976a, 1980; Srinivasan &

Shocker, 1973) should be employed.
Interpretation of the estimation process. One

problem is clear in the use of regression models
for estimation. In the use of Model II, the primary
parameters are ratios of estimates from a regression
model. The concerns noted earlier about colli-

nearity and ratios of statistics were well-taken. In
general, using estimators without attention to the
standard errors can result in uninterpretable con-
clusions.

Conclusions

External unfolding. The use of regression ap-
proaches to external unfolding must be considered
with some degree of caution and a little skepticism.
The external unfolding approach is clearly a useful
method, but not entirely free from problems. Gen-
erally, these problems arise from neglecting the
statistical nature of the estimation process. Typical
problems of statistical estimation, such as the sam-
pling fluctuation of parameter estimates, require
care in their interpretation. If a single general state-
ment is to be extracted from the current results, it

is &dquo;Simpler external unfolding models perform bet-
ter. Model II should almost never be postulated.&dquo;
Although Model I was not examined, these results
imply that it would perform worse than Model II.

Effects of categorization. The effect of cate-

gorization may be generally summarized as being
rather mild and reasonable. The monotonic analysis
resulted in good recovery for many statistics. The
exception is found in the model identification prob-
ability, which was generally poorer with the mono-
tonic approaches. Because the categorization pro-
cess used here is a rather simple one (in which
classes were of equal width), the conclusions drawn
here certainly are not entirely general. Yet the re-
sults are encouraging.

Choice of model. The results suggest that mod-
erate amounts of error make it difficult to determine
the correct model for estimation. Users of external

unfolding should use theory rather than data to
guide them in the model selection process. In this
case, using an appropriate error model and some-
what artificially clean conditions, the correct model
was selected less frequently than might be desired.
Model selection. Traditional methods for model

identification in external unfolding rely on more
qualitative aspects of recovery. The vector model
may be interpreted as an ideal point model with
infinitely remote ideal points (Carroll, 1980). Thus,
when ideal points fall outside of the stimulus space,
this is a necessary (but not sufficient) diagnostic
for the vector model. The current research suggests
that the incremental 122 test is not a necessary and
sufficient diagnostic tool for making this important
decision. Davison (1976b) suggested the use of a
cross-validation approach, which has the advantage
of incorporating external information into the de-
cision process.

Theoretical considerations should also be ad-
dressed. For instance, can the preference function
be considered single-peaked? Such situations would
lead to the consideration of Model lI or III. If it is

conceivable that preference increases without limit
through the domain of stimuli considered, this would
suggest the use of Model IV. Although the vector
model has some rather peculiar assumptions in the
entire universe of stimuli, it may hold locally. Fi-
nally, future research should consider incorporat-
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ing a priori information about the appropriate model
into the situation. Perhaps this could be done in
some Bayesian fashion.
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