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Unidimensionality Versus Statistical Accuracy:A Note on Beiar’s Method for Detecting
Dimensionality of Achievement Tests
Michelle Liou
Academia sinica and National Taiwan University

A simulation investigated use of the difficulty pa-
rameter (Bejar, 1980) to evaluate item unidimensional-
ity. Artificial tests were designed to be nonequivalent
in both length and dimensionality. Simulated item re-
sponses to the tests were analyzed with the LOGIST
computer program. Two indices were calculated: the
slope of the principal axis between the content-area-
based item difficulty estimates and corresponding to-
tal-test-based estimates, and the correlation between
the two sets of estimates. Results show that the mag-
nitude of the correlation coefficient provides no infor-
mation about dimensionality of a set of test items. The
slope of the principal axis, on the other hand, is sensi-
tive to multidimensionality in the data as well as test
length. The size of the slope adequately detects the di-
mensionality of items for relatively long tests. Index
terms: equating, item difficulty parameters, item re-
sponse theory, unidimensionality.

Bejar (1980) proposed using content-area-based
and total-test-based item difficulty (b) estimates to
detect the dimensionality of achievement tests. Be-
jar argued that if a set of test items is unidimen-
sional, then grouping test items into subareas to
calibrate items will be irrelevant. Parameter esti-

mates for items calibrated within different sub-

areas, aside from sampling errors, should be iden-
tical ; they should be close to a theoretical axis with
a slope of 1 and an intercept of 0. The Bejar pro-
cedure fits the principal axis to the content-area-

based b values versus corresponding total-test-based
values. The distance between the principal axis and
the theoretical axis indicates how well the data

satisfy the unidimensionality assumption of the lo-
gistic models.

Because b parameters are generally estimated
with less sampling error than are ability or item
discrimination parameters, Bejar’s method uses b
estimates to analyze dimensionality. However, the
slope and intercept of the theoretical axis selected
in the method show that the interpretation is unique
for b values calibrated with the total test and with
the content areas.

The IRT parameter scale has an indeterminacy
problem that is particularly associated with the three-
parameter logistic model. The same b parameters
calibrated with two separate datasets will scatter
around a straight line (Lord, 1980, p. 36) that does
not necessarily have a slope of 1 and an intercept
of 0. Nevertheless, test equating techniques are
often used to generate comparability between the
parameters.
When the same examinees’ data are involved in

both computer runs, as with Bejar’s method, fac-
tors such as statistical accuracy as a result of test

length and the deviation of item responses from
the logistic function could also affect the calibra-
tion of item and 0 parameters. Because these fac-
tors function differently in the calibration, the total-
test-based and content-area-based data are not likely
to have the same meaning even if they are unidi-
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mensional. Consequently, these factors could also
affect the sensitivity of Bejar’s method in inves-
tigating the dimensionality of achievement tests.

In their subsequent study on the dimensionality
of achievement tests, Hambleton and Rovinelli

(1986) found that Bejar’s method was insensitive
to multidimensionality in the data except when the
correlation between the underlying abilities was

low and when a disproportionate number of test
items measured one of the abilities. However, their

findings were derived from a scale-free measure of
association (the correlation) between the content-
area-based and total-test-based b values.

In the present analyses, tests of unequal lengths
were simulated to measure single and multiple la-
tent traits. The simulated test data were calibrated
with LOGIST5 5 (Wingersky, Barton, & Lord, 1983).
The association between content-area-based and to-
tal-test-based b values was evaluated by calculating
both their principal axis and correlation. The pres-
ent simulation results further highlight the sensi-
tivity of Bejar’s method to multidimensionality in
the data.

Method

The simulation assumed that 1,000 examinees
took all the simulated tests. 0, for each examinee
was generated from a standard normal distribution
with the IMSL generator GGNPM (International
Mathematical and Statistical Libraries, 1982) and
was restricted to the interval from - 2.5 to + 2.5 .
In the first evaluation, a pair of tests with 60 and
45 items were simulated for measuring a general
factor. Each test consisted of three content areas.
The 45-item test was comprised of items 1-15, 21-
35, and 41-55 from the 60-item test. The factor

loading pi,l of each item on the general factor was
generated in an interval ranging from .6 to .7 by
the IMSL generator GGUBS. A standardized latent

response yi was simulated with a process described

by Drasgow and Parsons (1983):

where ei was a random deviate generated from a
standard normal distribution. The item threshold

values y for dichotomizing latent responses into

binary scores were generated in an interval ranging
from - 1 to + 1. Guessing was simulated by gen-
erating item scores and then rescoring the 0 scores
as correct with a probability &reg;f .15 which was the
hypothetical guessing parameter in the evaluation.

In the second evaluation, another pair of tests
were simulated for measuring a general factor and
three group factors. It was assumed that the group
factors were uncorrelated with each other and with
the general factor. Each simulation item also loaded
only on a single group factor. The examinees’ 0,,
63, and 64 on the group factors were independently
generated from a standard normal distribution. Fac-
tor loadings Pia2’ Pi03, and P¡64 of each item on the

corresponding group factor were generated in an
interval ranging from .3 to .5. The communalities
of the items were simulated to have comparable
sizes in the two evaluations. Therefore, a multi-
dimensional counterpart in Evaluation 2 always ex-
isted for each item in Evaluation 1. Latent re-

sponses to the multidimensional tests were also

simulated with the method described by Drasgow
and Parsons (1983):

The item threshold values and the guessing param-
eter selected in Evaluation 1 were also used in

Evaluation 2.

Item responses for the total test and for the sub-
areas were calibrated in different runs with LOGIST
5 using default convergence criteria. The principal
axis for the total-test-based and content-area-based

b values was also calculated. The sum of the squared
distances was minimized in order to find the prin-
cipal axis by

where bil was the ith item content-area-based dif-

ficulty estimate and bi, was the total-test-based es-
timate. The values bl and -6, were corresponding
mean difficulty estimates. The rotation of the axis
locating the content-area-based estimate was through
the angle <1>.

The slope of the principal axis was calculated
from
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(Bejar, 1980), where U2 and ~2 were the variances
of b estimates ~nd ~°,2 ~~s the covariance between
the two sets of estimates. The value of tan§ was
selected as positive. The mean squared distance
(MSD) was calculated by averaging the distances in
Equation 3.

Results

The factor loadings and item threshold values
used to obtain the response data are presented in
Tables 1 and 2. The number of items (N), mean,
standard deviation and KR-20 for each simulation

test and for its content areas are listed in Table 3.
The value of tan§ for the principal axis and the
correlation r between difficulty parameters are also
in Table 3. The slope of the principal axis for the
total test was calculated by combining the content-
area-based b values. Table 3 also shows the MSD

for each content area from its corresponding prin-
cipal axis. The plots of the content-area-based b
values and corresponding total-test-based values for
the simulation tests are shown in Figures 1 and 2.
The 60- and 45-item tests were simulated to be

identical in all respects except for their lengths.
The simulation results from Evaluation 1 indicate

that the values of tan§ for the 45-item tests differ
from 1 even though the test is unidimensional (e.~.,
the third content area has a slope of 1.20). The 45-
item test also has larger MSD values than the 60-
item test.

In Evaluation 2, the pairs of tests were simulated
as multidimensional. The slopes for the 60- and
45-item tests both deviate from 1. However, the

slope of the 60-item test (.878) is as discrepant as
the slope for the 45-item test (1.088) in Evaluation
1. This result implies that the test length and mul-
tidimensionality in the data might both account for
the deviation. For both evaluations, the correlations
between the b values fail to give any interesting
pattern (all the correlations are greater than .9).

Table 1
Item Threshold Values (y) and Factor Loadings (p,ol)

for The Simulation Tests in Evaluation 1
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Table 3
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Figure 2
Plot of the b Estimates for the 60-Item and 45-Item Tests in Evaluation 2

Conclusions

When applying Bejar’s method for detecting di-
mensionality of achievement tests, researchers should
be cautious when interpreting the slope of the prin-
cipal axis. These results indicate that the size of
the slope is sensitive to both multidimensionality
and test length. With studies using empirical data,
factors other than test length might also affect the
magnitude of the slope, so that even more stipu-
lations are needed before accepting the theoretical
axis proposed by Bejar. On the other hand, Bejar’s s
method worked reasonably well for the relatively
long tests, which is illustrated by the fact that the
size of the slope for the 60-item test in Evaluation
2 differed from 1 more than the same length test
in Evaluation 1.

Bejar’s method avoids the computational prob-
lem generally encountered with factor analyses of
binary data. If the researcher accepts the three-

parameter logistic model with some confidence and
the content area test has a reasonable length (at
least 20 items), the Bejar procedure provides a
straightforward check on the unidimensionality of
test data. The present results suggest the necessity
of using other information from the data (c.g.9 test
length, item-total correlations) in conjunction with

~~j~’s method to address the question of item un-
idimensionality.
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